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INTRODUCTION

Let R(z) be a rational function. Assume that there exist constants C' > 0 and
~v > 0 such that the following holds: For any critical point ¢, whose forward orbit
does not contain any other critical point, we have

(0.1) [(R™)'(R(c))| > Ce™, for all n > 0.

Then we say that the map R is Collet-Eckmann (CE). The number R(c) is often
referred to as the critical value.
A parameterisation of all rational functions of a fixed degree d > 2, is given by

0.2) R(Z):P(z):ao—i-alz—l—...—«—adz;’
Q(Z) bo+b1z+...+byz

where a;,b; € C for 0 < i < d. We assume that P(z) = ag + a1z + ... + agz? and
Q(z)=by+brz+...+ byz® do not have any common zero and at least one of ag
and by is non zero. Without loss of generality, we can assume that by = 1. The
case ag = 1 can be treated in exactly the same way. Therefore, the set of rational
functions of degree d is a (2d 4 1)-dimensional complex manifold and a subspace of
the projective space P??+1(C) with two charts corresponding to ag = 1 and by = 1.
We will prove the following.

Theorem A. The set of Collet-Eckmann maps has positive Lebesque measure in
the parameter space of rational functions for any fixed degree d > 2.

The measure is, of course, dependent on the chart which is used. However, the
two measures corresponding to ag = 1 and by = 1 are equivalent. There is also a
coordinate independent measure on the projective space P?¢+1(C), induced by the
Fubini-Study metric (see [20], pp. 30-31). The Fubini-Study measure and Lebesgue
measure on the charts are mutually absolutely continuous.

It will be clear from the proof that the set obtained in Theorem A consists of
functions which have the property that for any critical point ¢ there is a k£ > 0 such
that

(0.3) |(R™) (R*(c))| > Ce™, for all n > 0.

The existence of an absolutely continuous invariant probability measure (acip)
for a positive measure set of rational functions was first proved by M. Rees in the
famous paper [32]. Later we show, using results by Przytycki [30] and Graczyk and
Smirnov [18], that the same holds for the set of CE-functions obtained in Theorem

A.
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0.1. A brief historical background. In the early days in complex dynamics, at
the end of the 19th century, the local analysis of iteration of analytic functions was
developed. A main issue was to describe the local behaviour around fixed points
by conjugation. We say that a function f : U — U is (conformally) conjugate to
gV — V if there exists a conformal map ¢ : U — V such that

(0-4) p(f(2)) = 9(p(2)).

What one hopes for, is to find a simple function g conjugating f. Close to fixed
points this is especially interesting, since fixed points and their derivatives are pre-
served under analytic conjugation; the dynamics is translated into another, hope-
fully easier, coordinate system.

The idea of conformal conjugation was introduced by Schréder in 1871 [35], and
equation (0.4) is often referred to as the Schrdder functional equation. Let zo be a
fixed point, i.e. f(z9) = z9. One distinguishes between five types of fixed points:

e Superattracting: f’(zp) = 0,

o Attracting: 0 < |f'(20)] < 1,

e Rationally Neutral: f/(zg) = 2™ 0 € Q,

e Irrationally Neutral: f(zo) = e>™? 60 ¢ Q,
Repelling: |f'(z0)| > 1.

In 1904 L. E. Bottcher [7] solved the Schroder equation in the superattracting
case, more precisely, when

f(2) =20+ ap(z —20)" +...,

where p > 2, then f is conjugated to g(z) = 2zP. In 1884 G. Koenigs [23] showed
that if

f(z) =20+ Az —20)+...,
where |A| # 1, # 0, then f is conjugated to the linear function g(z) = Az. In this
case we say that f is linearisable. The number X is called the multiplier of f at zp.
The rationally neutral case was resolved by Fatou in [15] (and earlier by L. Leau,
in [25]), where he shows the existence of flower shaped petals (around zg), which
are invariant curves for the dynamics. In 1942 C. L. Siegel [36] was the first to find
a solution to the Schréder equation in the irrationally neutral case; if A = 27,
where 0 is Diophantine, then f is conjugated to an irrational rotation with angle 6,

ie. g(z) = €™, That 6 is Diophantine means that 6 is badly approximable by
rational numbers; there are ¢ > 0 and g < oo such that
b P ‘2 <
q| lql*

for all integers p and ¢ # 0. G. A. Pfeiffer discovered in 1917 [29], the first example of
a polynomial f(z) = zA+...+2%, where A = €™ such that f is not linearisable. H.
Cremer [12] continued his work and showed in 1938 that if |A\| = 1 and liminf |\" —

1|1/ "™ =0, then f is not linearisable. For the quadratic polynomial
Qz) = €™z + 22,

precise conditions for the existence of a linearisation are known. Let p, /g, be the
rational numbers approximating 6 according to the continued fraction expansion.
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A conjugation of @ with the function g(z) = 2™z exists if and only if

log ¢y,
(0.5) Z% < 00

dn

The sufficiency of condition (0.5) was proved by A.D. Brjuno in 1965 [9], and the
necessity was established by J-C. Yoccoz in 1988 [38]. In [40], Yoccoz gave a new
proof of Brjuno’s Theorem. In the second part of the same paper he considers the
linearisability of the quadratic polynomial Py(z) = Az(1 — z). The main result is
that Py is linearisable if and only if every holomorphic function f(z) = Az + O(22)
is linearisable, that is, if the condition (0.5) is satisfied. It is also shown that if Py
is not linearisable, then every neighbourhood of the origin contains periodic orbits.

In the beginning of the 20th century, great advances in global complex dynamics
was made. A decisive step made by Fatou and Julia ([15], [16], [17] and [22]) was the
decomposition of the Riemann sphere into a compact set J(f) and its complement
F(f), consisting of those points z, for which there is a neighbourhood U of z such
that f”|U is a normal family (that is, there is a subsequence ny such that f™* | %
converges on compact subsets K C U in the spherical metric). The set F(f) is
called the Fatou set of f and its complement J(f), the Julia set. At the same time
Fatou and Julia, with help of Montel’s theorem, showed the important theorem that
the Julia set is equal to the closure of the repelling periodic orbits, leading to the
discovery of the dichotomy between these two sets: on the Julia set the dynamics
is chaotic and on the Fatou set it is stable.

The understanding of the structure of the Fatou set was completed in 1985 by
D. Sullivan [34], who proved that there can be no wandering domains. A wandering
domain is a component U of F(f) such that f(U)N f/(U) = ) whenever i # j. So,
by Sullivan’s Theorem, every component of the Fatou set is eventually periodic.

The chaotic behaviour on the Julia is strongly connected to the sensitive de-
pendence on initial conditions, which means that two close points repel each other
under iteration. Thus it is interesting to study the derivatives along orbits, es-
pecially critical orbits. This makes it natural to introduce Lyapunov exponents,
hyperbolicity, Collet-Eckmann maps, invariant measures etc. A function is hyper-
bolic if every critical point is attracted to an attracting cycle. The famous Fatou
conjecture states that the set of hyperbolic maps is open and dense in the space
of rational functions. It is still unsolved. It is also a major conjecture that the
Julia set of a rational function is either the whole Riemann sphere or has zero area.
A little easier problem might be the conjecture that the set of rational maps with
non-recurrent critical points and no attractive cycles, (so called Misiurewicz maps)
has Lebesgue measure zero in the parameter space.

The existence of rational functions for which the Julia set is the whole Riemann
sphere was shown in a nice manner by S. Lattés, [24]. Consider a lattice L in C,
consisting of all points njw; + naws, where nq,ne € Z and w;y /wy ¢ R. Since L is
invariant under multiplication by an integer, any map A(z) = Az for A € Z induces
an endomorphism of the complex torus T? = C/L. The Weierstrass -function,

o-st 3 (o)

weL\{0}
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maps T2 onto C. It gives rise to a rational function f on C, which completes the
commutative diagram below.

C/L —2- C/L

] |

¢ L. ¢
If A(z) = 2z and w; = 1,ws = i then f in the above diagram is the rational
function , ,
f2) = oA,
z2(z22—-1)
where f has its Julia set equal to the whole Riemann sphere. This function is Lattés
example from 1918. In [6] J. Bernard studied the family
Qus(z)=alz+)+5,
for (e, B) near (f%, v/2), which are perturbations of the Lattes example Qfé,\/i(z)
He proves that (o, 3) = (3, V/2) is a Lebesgue density point for the set of points such
that Q. s has an absolutely continuous invariant probability measure and positive
Lyapunov exponent.

Complex dynamics became very popular when B. Mandelbrot made computer
experiments, showing beautiful pictures of Julia sets. Even the most simple func-
tions can exhibit complicated and beautiful Julia sets, for example the quadratic
map f.(z) = 2% + ¢, giving rise to the so called Mandelbrot set, which consists of
those parameters ¢ for which f7*(0) -» co. The Mandelbrot set M looks very com-
plicated. Also, an equivalent definition of M is the set of parameters ¢ such that
the corresponding Julia set J. is connected. In 1982, A. Douady and J. Hubbard
showed in [14] that the set M itself is connected. For ¢ in the complement of M, the
corresponding Julia set is a Cantor set. It is still an unsolved and famous problem
whether the boundary of the Mandelbrot set is locally connected or not. Extensive
work has been going on on this topic.

Let us give a quick glance on the quadratic family f,(z) =1 —a2?, 0 < a < 2,
—1 <z <1, and related works. The quadratic family is by now dynamically well
understood. In the pioneering work [21] in 1981 by M. Jakobson, it is proved that
for a positive measure set of parameters a, f, admits an acip. M. Benedicks and L.
Carleson [4] gave another proof of this in 1985, where they proved subexponential
growth of the derivative at the critical value, for a set of parameters a of positive
Lebesgue measure. This, in turn, implies the existence of an acip. At the same time,
in 1986, M. Rees completed her well-known paper [32], which is a corresponding
theorem for rational functions on the Riemann sphere. In [5], L.S. Young and
M. Benedicks showed stability of the the acip:s for f,, with respect to translation
invariant small stochastic perturbations. Later, M. Benedicks and L. Carleson also
proved that the CE-condition holds for a positive measure set of parameters a, and
this was mainly developed for the purpose to complete their fundamental paper
[4], where they show that for a set of parameters of positive Lebesgue measure,
an attractor exists in families of Hénon maps. L.S Young and Q. Wang made an
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extensive work on the same subject in [37]. In [28], L. Mora and M. Viana extended
the Benedicks-Carleson method to more general perturbations of the quadratic
family and Hénon like mappings to prove a conjecture stated by J. Palis.

The famous real Fatou conjecture, states that the set of functions f, with pa-
rameters a such that f, has attracting periodic orbits, is open and dense in (0, 2).
This problem was solved by Graczyk and Swiatek in [19] and by Lyubich in [26].
Lyubich showed in [27] that the quadratic polynomials f, fall into two categories:
either f, contains an attractive cycle or it admits an acip. Recently A. Avila and
C. Moreira proved in [1] that the set Acg of parameters fulfilling the CE-condition
is almost the same as the set A admitting an acip, i.e. m(A\ Acg) = 0 where m is
the Lebesgue measure. D. Sands [34] showed that the set of parameters a for which
fa(x) = 1 — ax? is Misiurewicz, has measure zero. It is a natural conjecture that
the same is true for the rational functions.

In [39], J-C. Yoccoz gave an extensive survey on the subject concernering the
quadratic polynomial f,, families of Hénon maps and rational functions on the
Riemann sphere. He states a number of conjectures and finishes with a proof
of Jakobson’s Theorem on the existence of an acip for a positive measure set of
parameters a.

As mentioned in the beginning, in 1986 M. Rees proved in [32] that there exists
a positive measure set of ergodic rational functions, which admit an acip. This does
not a priori imply that the CE-condition holds. That the Collet-Eckmann condition
implies the existence of an acip follows rather easily from results of Przytycki,
Smirnov and Graczyk.

Corollary 0.1. The set of maps with an absolutely continuous invariant probability
measure, has positive Lebesque measure in the space of rational functions for any
fixed degree d > 2. Moreover, the number of ergodic components of the invariant
measure is bounded by 2d — 2.

To prove Corollary 0.1 we will use Theorem 1 in [18], which among other things
states that a rational map, which satisfies the first Collet-Eckmann condition (de-
fined below), can have neither Siegel discs, Herman rings, nor parabolic points (nor
Cremer points).

Definition 0.2 (According to [18]). We say that a rational function f satisfies the
first Collet-Eckmann condition (CEy) if there are constants C; > 0 and A\; > 1
such that for any critical point ¢ whose forward orbit does not contain any other
critical point and belongs to or accumulates on the Julia set, the following holds:

[(f") (fe)l = CuAT.

In this thesis, in Theorem A it is proved the existence of a positive Lebesgue
measure set in the parameter space of CE-maps which also satisfies the first CE-
condition. Moreover, the positive measure set obtained consists of functions, which
have the property (0.3), that is, R cannot have attracting or superattracting peri-
odic orbits. Hence, such functions have neither Siegel discs, Herman rings, parabolic
cycles or (super-) attracting cycles. According to the Classification Theorem, the
Fatou set is empty and we have proved the following.
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Corollary 0.3. The set of rational maps which have its Julia set equal to the
whole Riemann sphere, has positive measure in the space of rational functions for
any fized degree d > 2.

In [30] F. Przytycki showed that if the CE-condition and some additional as-
sumptions are satisfied, then there exists an acip. Before stating the precise result
we have to define conformal measure. An «-conformal measure p on the Julia set
J is a probability measure which has the property that for every Borel set B C J
on which f is injective we have

u(f(B)) = /B | dp.

The number « is called the exponent of the conformal measure. Let C(f) be the set
of critical points for f and v is the maximal multiplicity for f™ at ¢ € C(f). The
precise statement by Przytycki is as follows (see also Theorem C in [30]):

Let f: C — C be a rational function and 1 be an a-conformal measure on the
Julia set J = J(f) not having atoms at critical points. Assume that there are no
parabolic periodic points in J and that there exists C' > 0 such that for every n > 1
and for every ¢ € C(f)

dp -1
(06) /diSt(l‘,fn(C))(l(l/V))a <C7.

Moreover, assume that there exists A > 1 such that

(0.7) [(f™) (f(c))| = CA™, for all n >0,

whenever f¥(c) is non-critical for all & > 0. Then there exists an f-invariant
probability measure on J absolutely continuous with respect to p.

Before we turn to the proof of Corollary 0.1, we say that a rational map f is
expanding on its Julia set J(f), if there is a ¢ > 1 such that |(f*)(z)| > 1 for
all z € J(f). An equivalent definition is that there is a metric ¢(z) smoothly
equivalent to the spherical metric, such that

P(fDIf'(2)] = Ap(2),

for all z € J(f) and for some A > 1, where f’ is the derivative in the spherical
metric. Thus the Julia set of an expanding map contains no critical points.

Proof of Corollary 0.1. We have to prove that (0.6) is satisfied for our specific pa-
rameters which satisfy the CE-condition. By Corollary 0.3 the Julia set is equal to
the whole Riemann sphere.

If J = C then it is easy to construct a conformal measure. It is the standard
spherical area measure with exponent o = 2. It is easy to verify that the condition
(0.6) holds independently of n. This finishes the proof of the first part of Corollary
0.1.

The last statement in Corollary 0.1 follows from Theorem B in F. Przytycki [30]:
Let f be a rational map, not expanding on its Julia set, and let x4 be an a-conformal
measure on J. Assume that for any critical point ¢, whose forward orbit does not
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contain any other critical point, we have
(o)
S () < oo
n=0

Then the number of ergodic components of p does not exceed the number of f-
critical points in J and of parabolic periodic orbits, (a parabolic cycle is the same
as rationally neutral periodic point and an f-critical point is a critical point whose
forward orbit does not contain any other critical point).

It is obvious that the functions obtained in Theorem A satisfy the conditions in
the Theorem above, since our a-conformal measure is the standard area measure
with exponent o = 2. Now, by Graczyk and Smirnov [18], as seen above, there are
no parabolic cycles. Since the number of critical points is bounded by 2d — 2 the
proof of the corollary is finished. (]

Here one should mention the family F,(z) = 1—a/2?%. In [27], M. Lyubich showed
that the Julia set for F, is the whole Riemann sphere for a positive measure set of
parameters a, and moreover, that for the same set of parameters, the critical orbit
is dense in C.

Other relevant results can be found in [18] if the Fatou set is non empty; Graczyk
and Smirnov proved that the CE-condition implies that Fatou components are
Holder domains. A Holder domain is a simply connected set  such that the
Riemann mapping ¢(z) : D — Q can be extended to a Holder continuous function
in the closed unit disc. Also, the boundary of Fatou components of CE-maps has
Hausdorff dimension less than 2. If there is a fully invariant Fatou component,
then its boundary coincides with the Julia set (this is a standard result in complex
dynamics, see for example [11], p. 57). This fact applies to polynomials, since the
basin of attraction at infinity is fully invariant. So the Hausdorff dimension of the
Julia set for polynomial CE-maps is less than 2.

In [31] F. Przytycki showed that if a CE-map does not contain parabolic points
and has its Julia set not equal to the whole Riemann sphere, then the Julia set has
zero measure (see Theorem A in [31]).

n [10], S. van Strien and H. Bruin [10] showed that under the condition that
bn|Df™(fc)| — oo for some sequence b, satisfying >, by, < 2 (for f rational on 0),
then the derivative expands for almost every point « € J(f) which does not lie in
the precritical set (i.e. U, f~"(Crit(f))). Their Theorem 1.2 immediately implies
that

limsup — log | Df"(z)| > 0,
n—oo T
for almost every x € J(f) not laying in the precritical set for the CE-maps con-
structed in Theorem A.

0.2. An outline of the proof of Theorem A. Theorem A will be a corol-
lary of Theorem B below, where we prove corresponding results for a real one-
dimensional perturbation of R(z) in any parameter direction. The starting func-
tion R(z) is Misiurewicz-Thurston, which means that all critical points are mapped
into a repelling periodic orbit. The perturbation is given as follows. Let ug =
(ag,---,aq4,bo,-..,bq) be the coefficients of the unperturbed function R(z) above.
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Define any normalised direction v = (eq,...,ed, fo,---, fa_1), where {e;}&_, and
{fi}¥=} are complex numbers such that 3, |e;| + 3, |fi|> = 1. Note that we do
not make any perturbation of the coefficient b3. We make the following parameter-
isation in the direction v for real a:

P(z,a)  (ag+epa) + ...+ (ag—1 + e4—1a)z*"! + (aq + eqa)z*
Q(z,a) (bo + foa) + ...+ (ba—1 + fa—1a)z% 1 + 24

Thus R(z,0) is the unperturbed function. This parameterisation can be viewed as
a real line in C2¢+! = R%+2, For each parameter a we get a point in R**+2 i.e we
have a map

(0.9) R3S a— ug+va=u€ Ry CRUTZ

(0.8) R(z,a) =

where Ry is the space of all rational functions of degree d. The following theorem
is the main result of this thesis. Theorem A then follows by Fubini’s Theorem.

Theorem B. For any direction v define R(z,a) as in (0.8). Assume that all critical
points for R(z,0) are strictly preperiodic. Then the set of parameters a for which
R(z,a) is Collet-Eckmann, has positive Lebesque measure.

The approach to prove Theorem B is the method used by Benedicks-Carleson
(see [3] and [4]), where they prove corresponding results for the quadratic family
fa(z) = 1 — ax® and families of Hénon maps. We will start with a given rational
function R with all critical points strictly preperiodic; in particular the postcritical
set is finite. These maps cannot have attracting periodic orbits, since the basin of
attraction for an attractive cycle always contains a critical point, which would imply
that the postcritical set is infinite. Rotation domains (Siegel discs and Herman
rings) are ruled out by the fact that the boundary of a rotation domain is contained
in the postcritical set (see eg. [11], p. 82). So each critical point must end up in
a repelling orbit. Obviously such functions satisfy the CE-condition. Also, R can
have no superattracting periodic points, and we conclude that the Julia set of R is
the whole Riemann sphere. We then show that in a neighbourhood of R there is
a set of parameters of positive measure such that the corresponding functions also
satisfy the CE-condition. We allow recurrence of the critical points according to
the following approach rate condition:

(0.10) dist(R"(¢),C(R)) > e~ ", for all n > 0,

for some small o > 0, and all ¢ € C(R), where C(R) is the set of critical points
for R. We will consider a small parameter interval wy C [0, ag], for some small
ag > 0, and iterate the corresponding functions simultaneously. To get control of
the geometry we use strong distortion estimates of the derivatives, not only for
the absolute value, but also for the argument. An important result (Proposition
7.3) is that as long as the derivative grows exponentially with at least some “lower
exponent” 7, the geometry is under good control. Then induction will be used to
show the existence of a set of positive measure such that (0.10) holds. Only deleting
parameters not satisfying (0.10) will slowly lower the expansion of the derivative,
i.e. the exponent 7 in (0.1) will tend to zero. Therefore we will use induction over
time intervals of the type (n,2n). First, we assume that at time n, (0.1) holds for
some 7 > 0. After that we delete parameters not satisfying (0.10) in the interval
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(n,2n). We then end up with a set for which the derivative grows with exponent
Yo = /2. To restore 7, a large deviation argument of the type developed in [4] will
be adopted to get positive Lyapunov exponent, i.e. 7 > 0 in (0.1). To handle the
problem with (finitely) many critical points, we use a method described in [2]. This
is explained in the last section. The idea is roughly that we consider parameter
intervals which are “good” for a single critical point up to time n and “good” for
the other critical points up to time cgn (where «q is a small fraction), so that we
may use the binding information of the other critical points. To continue a single
critical orbit, we must delete parameters so that the binding information of the
other critical points can be used longer. The main idea is that the sets deleted in
this way differ very much in size compared to the partition elements of the actual
single critical orbit considered. Therefore we delete only whole partition elements
and in this way overcome the problem of destroying the partitions.
In [32], an example of a rational Misiurewicz-Thurston-map of degree d > 2 is
given by
d
(0.11) ) =220
where 2 and 0 are the critical points which are iterated as below:

20 00— A

Here A is a fixed point, if A = 2/(1 — t), where t4 = 1. Also, f{()\) = dt?=1(1 —t),
so fa(z) above is Collet-Eckmann, if d|1 — ¢| > 1, which is true if ¢ # 1, t¢ = 1.

1. NOTATIONS AND DEFINITIONS

1.1. The spherical metric. The spherical distance between z and w on C is
defined by

dt
|z —wly = do(z,w) :inf/ il 39
v Sy 14t

where the infimum is taken over all (continuous) curves v from z to w. It is natural
to define the spherical derivative of a holomorphic function f to be

_0sf(2) 1+ |22
Dzrf(z) - 9z _f(z)Wa

which coincides with expansion of f measured in the spherical metric. Note that the
spherical derivative satisfies the Chain Rule! Also, define the spherical derivative
w.r.t. the parameter a as

9o f(z,a) _ 0f(z,a) 1
da  Oa 1+|f(z,a)
With these definitions we have, since the Riemann sphere is compact, a bound

on both the z-derivative and the a-derivative: there exist constants B and I' such
that

0,R(z,a)
. —| <
(1) G0l < p
0,R(z,a) r
. — <
(12) Bl oo
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for all z € C. It follows that D,R(z) = 0 if and only if z is a critical point.

In this thesis most constants will be denoted C. These constants can differ from
time to time. For convention C' means just “a constant”, so for example equalities
like 2C' = C' can appear.

Let C(f) be the set of critical points for a function f and define the postcritical
set P = P(f) of f to be the closure of the union of all strict forward orbits of the
critical points:

P(fi= U .
c€C(f),n>0
Now, let R(z) = P(z)/Q(z) be our starting rational CE-map, with strictly prepe-
riodic critical points. The degree d of R is defined by d = max(deg(P), deg(Q®)).
Write
R(2) = P(2) _ Ao —|—a1z+...+adz:’
Q(z) bo+biz+...+byz
as in (0.2), where bg = 1. The procedure which will be used is to iterate different
parameters simultaneously. The set of parameters iterated will be a real parame-
terised line as in (0.8). We sometimes use the notation R(z,a) = R,(2).
Denote by ¢; the critical points of R and let k; > 0 be the smallest integer such
that

(1.3) RFi(c;) = vy,

where v; lies on a repelling periodic orbit.

1.2. Acceleration of R. To make computations easier, we will replace R with an
appropriate iterate R™ such that the repelling cycles become repelling fixed points.
In addition, we can choose n such that k; = 1,2 for all indices 4 in (1.3).

If we can prove that the CE-condition holds for R", clearly it also holds for R.
However, the coefficient by for the accelerated function may not be 1 anymore and
the coefficients a; + e;a and b; + f;a will not be linear for the accelerated function
R™. They will look like a; + ¢;(a) and b; + f;(a) instead, where e;(a) and f;(a) are
polynomials in a. The coefficient fy(a) is not necessarily zero anymore.

Definition 1.1 (Redefinition of R(z,a)). Let ¢;(a) be the critical points of the per-
turbed accelerated function R? and let ¢; = ¢;(0). We will construct neighbour-
hoods U] (see Definition 1.2) around each ¢; and for z € U] we redefine R, such
that R,(z) always means R (z), where k; = 1,2. For z ¢ U’ = U;U!, by R.(2)
we always mean R[(z). Thus, with this definition, R(¢;(0),0) is a repelling fixed
point for all .

Define
vi(a) = R(¢i(a),a).
With this in mind we may drop the constant C in (0.1) and prove that there is a
constant v > 0 such that

[(R™) (vi(a),a)] > e, for all n > 0 and all [,

for a positive measure set of parameters a.
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Let d; be the degree of R at ¢; and define K = max(d;). Choose one critical
point ¢;(a), and define

(1'4) gn,l(a) = Rn(cl(a)?a)'

We shall often drop the index ! in (1.4) to make notations simpler. By &,(a) we
mean &, ;(a) for some critical point ¢;(a) € C(R,).

Note that the newly defined R is of course not meromorphic on the boundary of
those U/ which has that k; = 2. Here we make the following convention, namely
that whenever &, (w) crosses QU we define &, 1(a) = R*(&,(a), a).

1.3. Splitting of the critical points. Reparameterisation. If the multiplicity
of a critical point ¢; is higher than one, it may split into several critical points under
perturbation. Assume that every ¢; is split into the critical points ¢;j(a), 1 < j <
N;, under the perturbation (0.8). The critical points for R, in a neighbourhood of
¢; € C(R) are the zeros of R'(z,a) = 0. Hence the numerator N(z,a) of R'(z,a)
(in local coordinates, see Subsection 1.4), which is a polynomial in z and a, has to
satisfy
N(z,a) =0.

Assume without loss of generality that (z,a) = (0,0) is a solution. Let F(z,a) be
an irreducible factor of N(z,a). We now use the standard theory of the structure of
zero sets of irreducible polynomials, see eg. Theorem 1 in [8], p. 386. The solutions
set to F(z,a) = 0 is parameterised as below:

z=g(t),
a=1t",

where g(t) is analytic, for ¢ in some neighbourhood U of 0. The number m > 0 is
order of N(z,a) in the variable z. Since g is analytic, we have a convergent power
series

o0
z=g(t) = chtj.
3=0

Now, taking any branch ¢t = a'/™ we get
(1.5) z = g(al/m) - chaj/m’
j=0

where a?/™ is to be interpreted as (a'/™)7. The series (1.5) is a so called Puiseux
expansion of the curve with equation F(z,a) = 0.

For two different irreducible factors we get two corresponding solutions sets 21
and zz as in (1.5);

oo
z1(a) = Z cja]/m,
j=0

z2(a) = chaj/l.
=0
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It follows that either the two series are equal or
21(a) — 22(a) = ca?/1 4 O(|a| P+ 1)/9)

for some positive integers p and ¢, and ¢ # 0.

Reparameterising the line a'/™ for positive a with v(a) = ae’ for § = arg(a®/™),
we see that g(ae'®) is an analytic curve in a. Thus, for a suitable reparameterisation
of the perturbation R(z,a), replacing a with a™ for some suitable n, it follows that
all curves ¢;j(a) are analytic and of constant multiplicity for 0 < |a| < ag, for
sufficiently small ag > 0. The sum of the multiplicities of ¢;;(a) is the same as the
multiplicity of ¢; (of course). Define

N;
(1.6) Ci(a) = | ¢ij(a).

j=1
It follows from above that the set C;(a) is a union of solution sets called critical
stars, each one corresponding to an irreducible factor of N(z,a), (see Figure 1).

PSfrag replacements

&
cij(ao)
cir(ao)

FIGURE 1. The critical points emerging from ¢; under perturbation.

Convention 1. Sometimes we shall drop the index i or 47, writing only ¢(a) for some
c(a) € C(R,). Also, recall that the points ¢;(a) are the critical points of R,.

1.4. Local coordinates. We will now introduce the notion of local coordinates on
the Riemann sphere C = C U {oc}. The reason for this is that we want to view
&n(a) for a € w as a curve in a coordinate system where the metric is equivalent to
the spherical metric. Here w is a parameter interval in [0, ap]. We now introduce
a number S such that if the spherical length of £, (w) reaches S then the curve is
immediately cut into pieces with equal lengths at most .S, where S is a number to
be defined later. We also cut the parameter interval w correspondingly. Later we
define how the partition is carried out in more detail. To ensure that we can use
one coordinate system for every whole curve ,(w), for any partition element w,
the charts have to overlap each other. To do this, cover the Riemann sphere with
the two charts Uy = (z, B1) and Uy = (271, By) where By = {2z : |2] < p + 5’} and
By = {z : |z| > p— S} U {00}, for some suitable S > 0 chosen such that &, (w)
cannot cross both B(0,5 + 5') and B(0,p — 5), provided the spherical length of
&n(w) is less than S. Note that the spherical length is comparable to the length in
the local coordinate system where the curve segment ¢, (w) lies. We let ¢ : C— C,
be the local coordinates so that ¢(z) = Z, (so Z is z viewed in local coodinates).
If z € BY then ¢(z) = 1/z and if z € B§ then ¢(z) = z. In the overlapping set
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B;j N By, there is an ambiguity of how to define ¢. However, we will let the curve
&n(w) define ¢ here (see below). Also, we associate to each Z = Z(z) an “indicator”
telling in what chart z lies, so that ¢ can be inverted. Define

Enla)  if &u(w) N BY =10,
En(a)™t if &, (w) N BS # 0.

For z = £,(a), where a € w for some interval w C [0, aq], define

Qp(gn(a)) = £7L(Cl) = {

R(%Z,a) = Ra(i) =poR,o0 @71(2).
This gives the recursion formula
€n(a) = R(€ni(a).a).
Thus R is R viewed in local coordinates, so R can (locally) be viewed as an analytic

function from C into itself. It is easy to verify that R’ satisfies the Chain Rule. We
use the same chart for an entire partition element w, i.e. for all a,b € w we consider

R(€a(a),b) = po Ry o o™ (6u(a)),

where the coordinates ¢ and ¢~! are constant for all a,b € w. The curve énH(a),

a € w determines the coordinates uniquely.

It follows that R’ is equivalent to the spherical derivative, that is, R (2,a) =0
if and only if Z is a critical point. Also, &J%(Z,a) is equivalent to the spherical
a-derivative.

Convention 2. Since we only deal with spherical derivatives or equivalent deriva-
tives, from now on R’ and R” always mean the first and second derivative respec-
tively in local coordinates and |z — w| always means the distance in the proper
coordinate system, unless otherwise stated. We also assume that the bounds (1.1)
and (1.2) are valid also when we refer to R’ or d,R. Obviously, there is also a
bound on R” and O,R’ by the same reasoning. Choose the number g above such
that
dist(C(R), {|2 = p}) > 10p,

where p will be defined precisely in Subsection 1.7. The definition will ensure that
if the curve &, (w) with length at most S crosses the circle of radius p, then the
curve is far from a critical point.

We define neighbourhoods of the postcritical set P = P(R) by

N N N
Py = | JR(B(c:,6%), Ps=|JR(B(c:,9)) and Py = | R(B(c:,0")),
i=1 i=1 i=1
where R is the accelerated function as in Definition 1.1. So P, is a neighbourhood
of the repelling fixed points for R, n = 62,6, 4’
With some for the whole thesis fixed 0 < 7 < 1, we determine fixed constants
a, B, 70,7 with the following relations (remember that K = max(d;)):
T < log A/ (24K + log \) F=(1-7)log\ Yo =7/2 vy =7/4
o < min(y/(1000K?),7°/(4000K°T)), B =5Ka.
(1.7)
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The number A in (1.7) is the minimum of the expansion in Lemma 3.6, and all

multipliers p = i[nf = |R'(p(a),a)|, where p(a) is a repelling fixed point. The
a€l0,ao
quantity

1 .
v = lim —log|(R")(v(a),a)l

is usually referred to as the Lyapunov exponent at v(a), and we will show that
7> (1—=7)logAh — Ka > 0in (0.1), for a positive measure set of parameter a in
an interval wy C [0, ag]. Hence Theorem A implies that the Lyapunov exponent is
positive for a positive measure set of parameters. We will in the inductive proof of
Theorem B need to have (0.1) satisfied with exponent ~.

Now we make some definitions about neighbourhoods of the critical points.

Definition 1.2 (Critical neighbourhoods). For integers A" < A set §' = =
e~2. Let ag > 0. Let D; be the diameter of Uae[0,a0)Ci(@) and let 0 = 10 max(D;).
Choose § such that 62 > § and 7 such that 6 = e~". Define
Ul = B(c;,8"), Ui =B(c;,8), U?=B(ci,6%), Ui=B(c;,0),
and put
U=ulU;, U =uyU,, U?*=yU? U=uyl,.
Thus the parameter dependence is very small compared to the size of U, U "and UZ2.
The neighbourhood U should be thought of as a border around the critical stars
Ci(a) such that outside U the distance to the critical points C;(a) are almost equal

and we view them a single one, and inside U we have to deal with each critical
point in C;(a) separately.

Definition 1.3 (Annular neighbourhoods). For any integer » > A’ and a € wy C
[0, ap] we make the following definitions. If 7+ > r > A’ define

Ji={z:e"<|z—c| <e T
For r = 7 + 1 define

Ji(a) = {z:e " <inflz —¢;(a)],|z —ci] <e T}
j

For r > 7 4+ 1 define

J:(CL) = {Z : e—r S inf|Z _ Cij(af)l < €_T+1}_
J

For simplicity, we will often drop the explicit parameter dependence and simply
write J! = Ji(a) even if r > 7. Define J, = U;J¢ in any such case.

Assume that A(z) and B(z) are two expressions depending on some variable .
By A ~ B we mean that there is a (universal) constant C' not depending on 2, such
that

C™'B(x) < A(z) < CB(x),

for all  considered.
The classical definition of bound period, as in [3] and [4], is as follows:
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Definition 1.4 (Bound period). Assume z € J.(a) C U’. Choose c(a) € C(R,)
nearest to z and put R,(z) = z9. Define p = p(r, a) to be the greatest integer such
that

IR (20,0) — B (v(a), 0)] < e,
for j=0,...,p— 1, where v(a) = R(c(a),a).

Given a return z = &, (a), the number p is called the bound period for the actual
return.

1.5. Free orbits, deep and shallow returns. After the bound period the free
orbit begins and stops when &; ;(a) returns to U. This return is either essential or
inessential depending on the length of the curve &;;(w), under the assumption that
the geometry is “good”.

Given a parameter a, we define the free return times of every single critical orbit
&i(a) = & (a) where 1 <1 < 2d — 2, to be vy(a),v1(a),... and its corresponding
bound periods pg(a), p1(a),.. ..

Definition 1.5. If &, (a) is a free return, and p; its bound period, then ;(a) for
Jj=mpi+1,...,v41 is the called the free orbit. The length of the free orbits are

denoted by ¢;(a) = vit1(a) — (vi(a) + pi(a)).

Definition 1.6. If &, (a) returns into U \ U? then we speak of a shallow return and if
€,(a) returns into U? we speak of a deep return, with corresponding bound orbits
as above. The length of the free orbit following a deep return until the next deep
return is denoted by p(a). For example, if v;(a) is the first deep return after a deep
return v;(a), then p;(a) = v;(a) — (vi(a) + pi(a)).

1.6. The partition of parameter intervals. In Subsection 5.2, we show that if
&n,1(w) returns into U, where w is an interval in wy = [koao, agl, for some kg < 1 close
to 1 (defined in Subsection 5.1), then the length of &, ;(w) is exponentially much
larger than the length of ¢;(w). This means that the set J,.(a) depend insignifically
on the parameter a. In the following, we will have this in mind.

In the definitions below, we assume that the curves §,, ;(w) satisfy the following
condition where n is a return time, i.e. &, ;(w) C U:

Definition 1.7 (Good geometry control). For an interval w C [0, ap], we say that
w € gml if

Z,z(a)
n1(0)

The above condition implies that the curve &, ;(t), t € w, is indeed very straight,
and G, ; stands for “good” geometry control.

Each critical orbit &, ;(w) gives rise to its own partition. We consider one critical
point at a time. For simplicity, let us drop the index [. Also, in the following we
assume that w C wy.

The partition for free returns ¢, (w) is carried out as follows, (no partition is
made during bound periods). Let w = [a,b] and assume that &,(w) C U. We
have that &,(a) C J,,(a) for some ro > A. Take the smallest a; > a such that
&n(a1) € Jp (ay) where |11 —rg| = 1 (if there is no smallest such ay, take the infimum

(1.8)

— 1‘ < 1/100, for all a,b € w.
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instead). Cut w at a;. Take the smallest as > ay such that &, (az) € J,.,(az) where
|ro—r1| = 1. Cut w at as and so on. Either the sequence ay, terminates at a,, = b for
some 7 or not. If not then it means that &,(a’) = ¢;(a’) for some o’ € w. In this case
we get an infinite sequence ay terminating at a’. If a’ = b then do nothing more.
There are at most finitely many parameters a}, such that &, (a},) = ¢;(a},). In all the
intervals (ay,aj ;) do the same procedure to determine a partition of (aj,aj_ ).
This gives a partition of w into disjoint intervals wy, such that &, (wy) C J;, (a) for
all a € wy.

There are some special cases here, namely that the curve &, (ax) crosses the
boundary J,(ar) for many consequtive ai for some fixed r (i.e. it is almost a
tangent to Jy(ay)). For instance, there is a sequence wy such that &,(wy) has
length less than e~"*/(2r}), where r, = r. If this is the case adjoin the set wy, to
an adjacent set wy+1 until the length of &, (wp Uwi1 U. .. Uw;) exceeds e~ " /(2r?)
and view the curve &, (wp Uwg+1 U...Uw;) as a return into J,.(a”), where a” is the
midpoint of wy Uwgy1 U... Uw.

Now, we are ready to refine our partition. For simplicity, we drop the parameter
dependence for the sets J,(a) and write instead only J,.

Definition 1.8. A free return &,(w) C J,. is essential if the length of the curve is
larger than or equal to e="/r2. Otherwise it is inessential.

Definition 1.9 (Generic partition of w). Assume that &,(w) C J,. is an essential
(free) return for some r > A. Cut the curve &,(w) into smaller curves of equal
length at most e~"/r?, and as close to e~ "/r? as possible. Cut the parameter
interval w according to the partition of &,(w). For inessential free returns and
bound returns make no partition.

This defines a partition of w corresponding to the orbit of the critical point ¢;(w)
for free returns &, ;(w) C U, under the assumption that the curvature is small. We
will show in Section 7 that this is the fact for “good” returns. In particular, the
length of &, ;(w) C J,, after partitioning w, is between e~"/(2r?) and e~ /r2.

Now, we simply divide the parameter interval w according to the partition of
&n,1(w) and then continue to iterate these smaller intervals. This procedure implies
that the partition becomes finer as the iterate n grows. We say that &, ;(a) and
&n,1(b) have the same history if &;;(a) and &;,;(b) belongs to the same undivided
curve for j < n.

We may now also speak of bound periods for a whole parameter interval w C
[0,a0]. Let A and B be two sets and define

d(A,B) = inf |z —
(4, B) = sup inf |z — |
and let the Hausdorff distance between A and B be
HD-dist(4, B) = max(d(A, B),d(B, A)).

Definition 1.10 (Bound period for essential returns). Let &, ;(w) C J, be an es-
sential return. Choose k such that HD-dist(cx(w), &y, 1(w)) is minimal. The bound
period p = p(r,w) is defined to be the greatest integer p such that

|Rj(z,a) - Rj(wa b)| S e_ﬁj
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for j=0,...,p—1, for all a,b € w, and for all z,w € K(§,+1,(w) U vg(w)), where
K(E) is the convex hull of F and vi(a) = R(ck(a), a).

In the case of inessential returns, we will use the notion of host curve from [4]:

Definition 1.11 (Bound period for inessential returns). If &, ;(w) C J, is an inessen-
tial return, it means that &, ;(w) is contained in a larger curve which has length
between e~"/(2r?) and e=" /r?. Also, it is possible to enlarge &, (w) in a way so that
it is is almost straight, i.e. such that (1.8) is satisfied. To do this, draw a straight
line L starting at &, ;(b) and going through &, ;(a), so that the length of L is equal
to e="/(2r?). This divides L into two parts L and Lo, where L; has &, ,(a) and
€,.1(b) as its endpoints. The curve &, (w) = &,1(w) U Ly is called the host curve
for &, 1(w). Define &, ;1 ;(w) = &nq1,1(w) U Ra(Lz). The bound period for &, ;(w) is
then defined to the greatest integer p such that
|Rj(z7 a) — R (w,b)| < e HI

for j =0,...,p—1, for all a,b € w, and for all z,w € K(&, 41 ,(w) Uvg(w)).

Remark 1.12. We shall write K(&, 1, vi(w)) and never K(&u41,1,vk(w)) in the

Definitions 1.10 and 1.11, that is, with EnJrU(w)7 we mean the host curve in the
case of inessential returns, or the original curve in the case of essential returns.

We also need an additional condition on the partition elements, namely that

(1.9) I€k1(a) = Era(b)] < S,

for all a,b € w, all k < n, where S = §/C5. The only exception from this rule
is the very first iterates and during bound periods, (see Section 5 and Subsection
5.1). This, since during bound periods we have still very good distortion estimates
(see the Main Distortion Lemma). We determine the number Cy > 1 in the proof
of the Main Distortion Lemma (there is also a condition in Lemma 4.3 on Cj, not
depending on 4). It will be clear that Cy depends on the unperturbed function
Ry and not on §. Therefore, we may choose § so that S/el’ > §/A2% > §2, where
|R'(z,a)| < €' for all (z,a) C C x [0,a0]. During free periods, we have to cut
the curve &, ;(w) before it exceeds S in length to have control of the geometry. To
achieve this, we cut the curve, just before it exceeds S in equal number of pieces
and make a corresponding partition of the interval w. If the length of &,(w) has
exceeded S during the bound period, then when the bound period has ended we
immediately cut the curve into equal pieces, such that (1.9) holds again for every
partition element.

Definition 1.13 (The partition). We say that an interval w € P, ; if a and b has
the same history up to iterate n for all a,b € w and such that w € Gi; (“good
geometry”, see Definition 1.7) for all return times & < n and such that the length
in local coordinates of £ ;(w) is at most S for all k < n, where k belongs to a free
time period or a return time.

In fact, we show inductively (Proposition 7.3) that the geometry is under good
control at all times as long as the derivative of R™ grows exponentially with at least
7o in (0.1). Also, since each critical orbit gives rise to its own partition we have
to be careful. However, in most lemmas we consider only one orbit at a time and
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assume that we can use the binding information of all the others. In Section 9 we
give an inductive method to handle this in detail.

1.7. The choice of ¢§'. Linearisation. The definitions of d; and v; mean that we
have a Taylor expansion around ¢; which looks like
R(z) = v + ti(z — )% + O(|z — ¢;| 1.
We will now choose §’ according to the rule that the Taylor expansion of R at ¢; is
valid up to a multiplicative constant say 1/100 in U’ = U; B(¢;,d'), i.e.
|R(z)] < 101
100 — |T3(2)| — 100’
if |z — ¢;| < ¢’, where T;(z) is the first order Taylor expansion of R at ¢;. We will

always assume that 6 < 6’. We need more conditions on ¢’. First, define a so called
“expansive” neighbourhood N, of the union of the repelling fixed points v; as

Ny =tz s 12— il < o}

where p = (5’)% and such that |R'(z,a)| > |\;| — € for all (z,a) € N, x w, where
e < (JA;] = 1)/1000. Assume now that ¢’ is chosen according to the rule above. A
return into U’ \ U is called a pseudo return.

Moreover, in the neighbourhood N, the Schrioder functional equation shall be
valid; i.e. that there exists conformal maps ¢; : N, — N}, where N} is a neigh-
bourhood of ¢;(p(t)), such that

(1.10) gt ° pi(2) = w1 0 Ri(2),

whete gy(2) = A( — @ (p(£))) + 91 (p(1)), and A, = Ry(p(t)). Also, y(2) is analytic
in ¢t which can be shown by identifying coefficients in the power series on each side
of (1.10) and noting that [A;| > |A| > 1 for all ¢ € [0, aq], (see eg. [11], pp. 31-32).
We may normalise ¢¢(2) so as to fulfil ¢}(p(t)) = 1 and ¢:(p(t)) = p(t). So gi(w)
becomes

gi(w) = M (w — p(t)) + p(t).

1.8. Exponential growth of derivatives, the basic assumption and the free
assumption. We need to show Theorem B for all critical points simultaneously,
for even if we choose one critical point, we need to use the expanding orbits during
the bound periods for the other critical points. To do this we make the following
setup where ag = 2K a /.

Definition 1.14 (Exponential growth of derivatives). Let A, (v,1) be the set of pa-
rameters a such that

|(R*Y (v(a),a)| > e ~KD* for all k < n and

(R (vi(a),

where v; = vj(a) are the returns times for ¢ and p; the corresponding bound
periods. Recall v;(a) = R(¢;(a), a). Define

En(1,1) = An(7,1) ﬂ(ﬂ Aagn (7, k))-

k#l

a)| > €* for all k such that v; + p; < k < min(v;41,n),
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In the the following definition we give the important approach rate condition,
called the basic assumption.

Definition 1.15 (Basic assumption). Let B;L’l be the set of parameters such that

(1.11) k() —cla)| > e ®* for all k such that 0 < k < n,

for all critical points c(a) € C(R,). Similar to the above definition, let

B = B'In,l ﬂ (m Blo«,n,k’)'

k#l

This condition B, ; or B;ﬂ ; is called the basic assumption, and we will prove induc-
tively that the set N, ;B,; has positive measure.

Also, to get positive Lyapunov exponent, it is crucial that the frequency of the
deep returns is bounded from below. The following definition reflects this.

Definition 1.16 (Free assumption). Set F,,;(a) = >_7_, p1;(a), where y;(a) are the
deep free periods, for some critical point ¢;(a). Let F,,; be the set of parameters a
such that

(1.12) Frila) > k(1—7), 0<Ek<n,
where 0 < 7 < 1 is the constant in (1.7).

To be able to use induction in the proof of Theorem B, we will need to delete
parameters from the sets £, (7,1) and B, ; respectively, so that, for a single critical
orbit, we may use the binding information from the other critical orbits for a long
time. For this purpose, we make the following definition:

Definition 1.17. Define

Bt = Bpi V() Bl ) and

k£l

E,0n1.) = 4, DY) A1)

k£l

The choice of oy comes from Lemma 6.3, where by the basic assumption p <
d;r/v < Kan/v if n was a return time. Thus &,(v,!) and B,,; are good parameters
for the orbit &, ;(a) and we can use the binding information of all other critical
points in the next step, if n was a return time. In particular, the fact that a €
M, 1En (7, 1) means that R, is Collet-Eckmann, if v > 0.

Convention 3. To make notations simpler, by &,(v), we mean &,(v,1) for some
critical point ¢;(a). Also, by Py, Fn, By and By, we mean Py, i, Fp 1, By and By
respectively, for some index [. In the statements of all sublemmas, lemmas and
propositions, we keep the indices, but in the proofs we shall drop the indices.
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2. SOME LEMMAS
We begin with the following lemma.
Lemma 2.1. Let u,, € C be complex numbers for 1 <n < N. Then

ﬁ(l + Up) — 1‘ < eXp(iv: u) —1.

n=1 n=1

(2.1)

Proof. We will prove (2.1) by induction. The case N =1 is trivial. Let

N N
aN:H(1+un) and by :eXpZ|un|.
i=1 n=1

Note that 1+ 2z < e”, for all € R, so |a,| < b,. Now, assume that (2.1) holds for
N =m, ie. |ay — 1| < by — 1. Then
lam+1 — 1 = am (1 + um1) = 1 < |am — 1] + [um1|[am]
S bm -1+ |um+1||am| S (]- + |um+1‘)bm -1 S bm+1 - L
|
The following lemma deals with the behaviour of R/, near the critical points.

Recall that we consider R, in local coordinates. In a neighbourhood of ¢;, the first
and second derivatives of R, can be written

di—1
(2.2) R, (2) = ¢(2) [] (z = ck(a)),
k=1
and
di—1 di—1
Ri(z)=¢(2) Y [[(z—exl@) +¢'(2) ] (2= ¢;(a)),
J=1 k#j =1

where 1/A < |p(z)| < A for z € U/, for some A > 0.

Lemma 2.2. Assume that z € U]. Let c(a) € C;(a) be the nearest critical point to
z and put v(a) = Ry(c(a)). Then

(2.3) |R(2,a) = v(a)] < Cilz = c(a)||R'(,0)|,

for some Cy > 0, depending only on §'. Moreover,

(24) Cl—l‘z — C(a) d;i—1 < |R/(Z,CL)| < Cl|Z _ c(a) d;—1
and
(2.5) IR"(z,a)| < Ci|z — c(a)|%2,
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Proof. Define z(t) = c(a) + t(z — ¢(a)), 0 < t < 1. Since ¢(a) is the nearest
critical point to z, we have |z(t) — ¢j(a)| < 2|z — ¢;j(a)] for all other critical points
¢j(a) # c(a), where ¢;(a) € Ci(a). Thus,

[R(2,a) = R(c(a),a)| < |z — C(G)I\R'(Z(t) a)l
= [z = c(a)lle(z IHI ) —¢jla

<lz—cla |2d*1AH|Z—C; )| < Clz = c(a)||R'(2, a)],

which proves (2.3).
To prove (2.4), since c(a) is nearest to z we can define d; so as to fulfil

[1l= - ela)l =z — cla)
k

It it obvious that 2 < d; < d;, which proves (2.4), since 1/A < |p(z)| < A. To show
(2.5), again assume that z is nearest to ¢(a). Then we get

di—1

di—1 di—1
s = ct@lIRs(a)] < = el | 3 [T = entall + T I+ - et
=1 k#j i=1
< Clz — cla)|¥7t,
for some constant C' > 0, which proves (2.5). Now take C as the largest constant
obtained for (2.3), (2.4) and (2.5). The lemma is proved. O

Remark 2.3 (Generic degree). In particular, |R;,(z)| ~ [[; e7", where [z —¢;(a)| =
e”" whenever z € U. If z = &,(a) is a return into J: (or J,, J:,, etc), then by
Definition 1.3 and Lemma 2.2 we get

[R(2)] ~ e,

where 2 < d; < d;. This fact will be used frequently in the rest of this thesis.
Of course, d; depends on z. However, we let d; (z) be constant on each partition
element.

The following lemma shows that we can use the expansion of the first bound
steps of the critical value if a (large) iterate returns into a neighbourhood of a
critical point. There is an analogue to this in [4].

Lemma 2.4 (Bound period distortion). Assume that z € J}(a) and a € B}, ;.. Let
ci(a) € C(Rg) be nearest to z. Put zg = Rq(2). Then, for0 <j<p-—1,

(R7)'(20,0)
VIR0 | <,
(R7) (vk(a),a) | =7
where p is the bound period, and vi(a) = Ry(ck(a)). The number eg — 0 as § — 0.

In particular, there is a constant Cy close to 1 such that, during the bound period
we have

(2.6)

< Cp.



22 MAGNUS ASPENBERG

Proof. We use the notation R(z,a) = R,(z). Set wg = v(a) = Rq(c(a)), z, =
R (zp) and w,, = R} (wp). By Lemma 2.1 and the Chain Rule, (2.6) follows if

N Ru(z) | %R IRL(zy) — Ri(wy)
Rl (w;) 1“2 TATH]

a

< log(1 + &),

3=0
independently of p. Since z € J/(a) we have |z — cg(a)] ~ e™". By Lemma 2.2,
|20 — wo| < Cre~%". Now define J = d;r/10(Ka + T'), where T is as in (1.2) and

K = max(d;). We divide the sum into two parts:

= RL(z) — |R.(z) — Ri(w;)| | %= |RL(z) — Rl(w;)]
2 |R'<wj Z |R/ W T R

7=0 j=J+1

In the first sum, we use that |zj —wj| < eM]zg—wp|. Moreover, |R.,(z;)— Rl (w;)| <
C|zj—wj| < Cet|zg—wpl, since |R”(z)| is bounded. The definition of bound period
together with (1.11) gives an estimate to the first sum, namely

J y J
3 |R.(zj) — Rl (w;)| < O3 K Du Ny )

20 Ry (wy)] 2

J
< Cze(a(K—l)ﬁ-F)j—dir < Ce—%dﬂ' < Ce—%A
Jj=0

In the second sum we use that |2; — w;| < e=#:

Z |R/ Zj (w]) < pzf Ce—(ﬁ (K=1)a)j < Z Ce—aKJ < Ce™ 5A
/
‘R )| j=J Jj=J
The lemma is proved. 0

The following corollary shows that we have very good distortion estimates of
(RZ) for fixed a, during the bound period. In fact, Lemma 2.4 implies that R,
j < p—1is almost affine on the convex set K(&,(w),vi(w)) (see below), for a
fixed parameter a.

Corollary 2.5. Assume that &, (w) C Jr, w € Py, w C By, and let k be chosen
such that HD-dist(&n,1(w), cx(w)) is minimal. Take any zo, wo € K(€,,41,1(w), vk(w))
and any a € w. Put wo = vi(a) = Ra(ck(a)), zj = Ri(20) and w; = RI(wy). Then
(2.7) Gz — wy] < |20 — wol|(RL) (u)] < Cglz; — wyl,

whenever j <p—1, u € y(t) = zo + t(wo — 20)-

Proof. We write

25— w; = (20 — wp) /O (R3Y (20 + t{wo — z0))dt,

where the integral is the mean value of the derivatives of RZ. Note that the line

Y(t) = 20 + t(wy — 20) is contained in K(&,;(w) Uvg(w)), which means that the

orbit RZ((t)) of any point on 7(¢) is bound to the orbit wj, j < p—1. By Lemma
4, (R7)' changes arbitrarily little on v(t) and we conclude that (2.7) holds.
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d

Remark 2.6. The number Cj in Corollary 2.5 is easily seen to be close to 1. There-
fore, from now on, we replace Cj with Cy so that the constant Cy can be used in
both Corollary 2.5 and in Lemma 2.4.

The following lemma will be used in connection with pseudo returns (see Section
1.7), and it will be used in Lemma 4.2, Lemma 4.3 and Lemma 6.5.

Lemma 2.7. Assume that z; € Py and zo € Py \ Ps. For a,b € [0, ag] we have

(R7)' (21, 0)
(R7)'(22,0)

whenever R¥(z1,a), R*(22,b) € N, for 0 <k < j.
Moreover, assume that z € J: C U/, and put v; = Ro(c;). Then

(2.9) |R(Ro(2)) = vil < Clz = ei| “[(Rg) (v3)-

whenever RE(z) € N,, for 0 < k < j, where C' only depends on p and the unper-
turbed function R(z) = Ro(z).

(2.8) ’ - 1‘ < 1,/1000,

d;

Proof. Let ag be such that

[€5(a) = &;(0)] < 6°F,
for all j < N and all a € [0,a9], where N is the upper bound on the number of
iterates such that RN (z,a) € N, if 2 € Py \ Ps and a € [0,a9]. Indeed, let ||
be the minimal multiplier of R(z,a), i.e. |\| = min|R'(p;(a),a)| where p;(a) is the
repelling fixed point. Then

1> p> (A =)z = pi(a)| = (]A —e)Ve ™,
where € < (JA\| —1)/1000. So N < CA, where C only depends on |A|.
We use the linearisation of R; around p(t) according to Subsection 1.7 to get

(2.10) (R (2) = (0 1) (a7 (@e(2)))(98) (9:(2)) 1 (2),
where

gr(w) = A(w —p(t)) + p(t).
The multipliers A\, = R} (p(t)) are analytic, so

Ao = Ao + chod! + O(alH).
For small perturbations we get

A= (Ao + choa! + O(a )™ = N2 (1 + ca’ + O(aTH)™ ~ N2 (1 + nea).

We get that nca! < NCAca!, which is very small if a < a¢ and ag is very small
compared to d. Therefore,
1+ nct!

_Tne )<
1 + ncs! =€

-1 =]

can be fulfilled if a¢ is small enough. Since ¢; is conformal, by continuity and (2.10)
we can get (2.8) if p is chosen appropriately.
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To prove (2.9), now note that z € J,.. By the linearisation we get immediately
that g¢ (w) = AJ(w — p(0)) + p(0). By the continuity of ¢ and Lemma 2.2, this
implies

|R§(Ro(2)) — vi| < C|(RG) (vi)l|Ro(2) — vi] < COL(RY) (vi)]|z — eil ¥,

where C' = C(p). This completes the proof of the lemma. (]

3. THE HYPERBOLIC METRIC

In this section we introduce the hyperbolic metric and show how it leads to
the important so called Outside Expansion Lemma. The hyperbolic (or Poincaré)
metric on the unit disc D, is defined by

2|dz|
1— 2>’

pp(2)|dz| =
for z € D.

Lemma 3.1. Let f be a meromorphic function of degree at least 2. Assume that
f has finite postcritical set P, which consists of at least 3 points. Then there exists
an expanding metric ¢(z) on C\ P such that

(fIf(2)] > ¢(2),
forall z€ C\ (PU f~1(P)).

Proof. Let m : D — ¢ \ P be the universal covering map. Since P consists of at
least 3 points, C\ P is a hyperbolic domain and D is conformally equivalent to the
open unit disc. Now, consider a lift A~ of f~! to D induced by 7, see below.

h—l
D — D

wl lw
E\P - &\ fU(P)

Since f(P) C P we get f~(C\ P) c C\ P. Since {f*(P)}, is dense in
the Julia set the last inclusion is strict. Thus, h=1(D) C D is also strict inclusion.
Hence, h~! is strictly contractive w.r.t. the hyperbolic metric on D and thus A is
strictly expansive on D, by Schwarz Lemma. Hence f is strictly expansive on the
induced hyperbolic metric on C\ (P U f~1(P)). O

Remark 3.2. The induced hyperbolic (or Poincaré) metric will be denoted by ¢(z)
from now on. There is no obstruction to assume that P consists of at least 3 points
as can be seen from the examples (0.11), where the critical points 2 and 0 are
mapped as shown below:

20— 00— A

where A is a repelling fixed point, and the postcritical set is P = {0, 00, A}.

Using the metric ¢ on ¢ \ P we will now construct a metric which is expansive
for the function R(z,u) for u sufficiently close to ug (see (0.9)).
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Definition 3.3. Let R(z,up) be the unperturbed function R(z) and let u be a pertur-
bation in any parameter direction defined in (0.9). Let the Jacobian in the metric
¢ be defined by

Jo(zu) = |R’<z,u>|9”“§j)“”, Jo(2) = Jo(u0).
Define
() = [[ (R (), JE(2) = T2z o).
j=0

In particular,

o Ry G 0)
T w) = (R () P 2,

Lemma 3.4. Let D be a hyperbolic domain and let §(z) be the distance from 0D
to z. Then the induced hyperbolic metric ¢(z) satisfies

1+ 0(1) a2
S Toe 100 = P =50y
as z — 0D.

Proof. See [11], p. 13. O

In the following lemma we consider the unperturbed accelerated redefined func-
tion described in Definition 1.1. We distinguish between two types of critical points:
Denote by c;- the critical points not intersecting P, and for those intersecting P, by
c;-’ . By the construction of the metric ¢, and Lemma 3.4, it follows that ¢ has a
singularity at ¢/ but not on ;. The idea is to remove the singularity at c7/, replacing
 with a suitable constant there and redefine ¢ in the repelling neighbourhood Pis .
Recall that the function R in Definition 1.1 maps all critical points onto repelling

fixed points.
Lemma 3.5. There is a metric 1(z) which satisfies
Jy(z) = A,
for all z ¢ PUR™Y(P) and some X\ > 1, (where \ does not depends on §). Moreover,
lim Jy(2) = '/,

where v is a repelling fized point, |R'(v)| = u, and d is the maximal degree of R at
some critical point ¢ mapped onto v.

Proof. The Taylor expansion of R near c is
R(z)=v+t(z — )+ O((z — )%,

where we assume that d is the maximal degree of all such expansions for all critical
points ¢ mapped onto v under R. In the neighbourhood N, of v we have

R(z) = v+ pu(z = v) + O((z = v)?),
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where |R'(v)| = u > 1. Define

Ay = Py \ R™!(Py),

Az = R(Py) \ Py,

A3 = R*(Ps)) \ R(Py).
Then R(A;) = Az and R(Az) = As. Let U} be those components of R™"(Ps)
which have the property that there is a critical point ¢ € UY, such that ¢} also
lies in the postcritical set. Let A7 be the annular components of R™'(Az) which
touch U7, and put U” = U;U}" and A” = U;A7. Also, assume that all the sets U;
are the preimages of Py under R in this proof.

We shall construct a continuous metric 1(z), defined by

w(z), if z¢ R(Ps)UU" U A",
g(z), if z € Aq,
Y(z) = C'|z — |7, if z € Py,
" it zeU”,
hz), if z € A",

for some suitable C’ and C”, where

1—d
9(2) = p(2) +0(2)(C'|z —v[ T —p(2)), and  h(z) = @(z) + 01(2)(C" — p(2)),
for some continuous #(z) and 6;(z), defined on A; and A” respectively. Moreover,

0<0(z) <1, forall z€ Ay and 0 < 01(z) <1, for all z € A”. The functions 6(z)
and 61 (z) shall satisfy the following boundary conditions:

o(z) = 0, if 2 € OR(Py), 0,() = 0, if z € A(R™L(R(Py)) N A"),
1, if z € 9Py, ! 1, if z € (R~Y(Py) N A”).

The existence of 6(z) and 6,(z) follows from Urysohn’s Lemma (see for example
[33], p. 39). Let
P(R(2))

W(z)
We have to show that Jy(z) > A > 1 for some A only depending on 4.

First, we consider J,(z) on Py U R™}(Ps). Clearly, Jy(z) > A > 1 for z ¢
Ps: UR™Y(Ps), since (Pss U R™1(Ps:))¢ is compact and both sides of the inequality

P(R(2)) R (2)] > ¢(2)

Ty(2) = [R'(2)]

are continuous. So,

(3.1) Jo(2) = A,

for all 2z € (Py U R™(Py))¢, for some A > 1, only depending on ¢’
Let us show that v is expansive on U’. First, take any z € Uj’v containing a

critical point ¢ ¢ P. Then o(c) is well defined, in fact ¢(z) # 0 if z € C\ P. We

have, by definition, that R(z) € Ps. By the definition of ¢ we get

U(R(:)) g Cla=di | cc
¥(2) pz) 7 elo)

>Clz —

(3:2)  Jy(2) =|R'(2)] >A>1,
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if C' is chosen suitable (large enough). Note that C’ only depends on the unper-
turbed function and the hyperbolic metric ¢. Taking another critical point ¢; # ¢
mapped onto v under R, the Taylor expansion of R at ¢; is

Riz)=v+ti(z—c)® +0((z — c;l)dl“)7

where d; < d. If ¢ € P then by the definition of ¢ it is easy to check that (3.2)
holds if z € U}, where Uy’ C U" is the neighbourhood of ¢/. If ¢ is a critical point
outside P and ¢} # ¢ then by the fact that d; < d, it is again easy to conclude that
(3.2) holds in U] containing cj.

Assume that A} is a component of R71(A5), so that A} is the annular neigh-
bourhood around a critical point ¢ € U’. If z € A}, then R(z) € Ay and we get,
again by the definition of v,

9(RE) e min(CR(E) o' p(R()
o = max (O, (=)

since we can choose ¢’ so that C”" < ¢(z) for z € U” U A”, (this is possible since
o(z) = o0 as z — P).

If we take z € WU A", where W is some component of R~!(U}') not containing
any critical point and A" is the component of R’l(A;-’ ) which touches W, then
|R'(z)| > Cs for z€ WUA", and R(z) € U" U A", where Cs only depends on §'.
By the definition of 1 we may choose C” such that

Y(R(2)) min(C"”, p(R(2)))
¥(2) (2)

since p(z) > C > 0 on W U A"”. Here C” only depends on ¢', and (3.2) follows

directly.

Now, we prove that Jy(w) — put/4 as w — v. Indeed, using the Taylor expan-
sion, we get for small z

Jy(2) = R ()]

>A>1,

Tu(z) = R (2)] > Cy

>A> 1,

i Y +pz+0ED))  Cll)TT s
Jy(v+z) = |R'(v+2)| 01 2) — p o =p-pd =plh

So, for example, Jy(2) > (i — )%, for z € Py \ Ay, where ¢ < (u — 1)/1000.

So far, we have proved that Jy(z) > A > 1, if 2 ¢ (4; U A2) U (P U R™Y(P)),
where \ only depends on ¢'.

Let us show that 1 is expansive on the annular neighbourhood Asy. Take any z
such that w = v+ z € Ay. Since R(A2) = A3 C R(Ps/ )¢ we get

w) = 1R (w) LE) iy 2B i, p(R(w))
Tylw) = IR )= e = IR W) E e = IR @)l e .

We have two cases. If
1—d
o) = C'Jw — o] 7
then we get Jy(w) > A directly from (3.1). If

p(w) < C'lw —o| 7",
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then we use Lemma 3.4 and the Taylor expansion around the fixed point v;

Rv+z)) 1 (—pl2|log(ulz]) !
Jy(w) > R (v +2)| 2B ED) S Lpre M
O e e

207 270 log =)

since |z| < ¢’. Here ¢’ depends on C’, so A depends only on §’.
Finally, if w € A; then, from the above calculations,

. / _ %
o) = 1) S min(e (R, CR) —ol'5)
C'lw —wv|a C'lw —wv|a
So, indeed, Jy(2) > A > 1 for all 2 ¢ PUR™(P). O

Lemma 3.6. There exists a neighbourhood V' of ug and a A > 1 such that
Jy(z,u) > A,

foru € V and for all z ¢ Ps2 U R™(Ps2).
Proof. Let S(ag) = {u : |u —ug| < ag} be the closed ball in the parameter space
R44+2 of radius ag (see (0.9)).

By Lemma 3.5
(3-3) (R(z,w) R (2, u)] = M(2),
holds if u = up and z ¢ P U R~'(P). By the continuity of both sides of (3.3),
for any z € (P52 U R71(Ps2))¢, there is a perturbation a; = a1(z) > 0 such that
(3.3) holds whenever |u — ug| < ay(z), for some slightly smaller A\. Of course,
a1(z) is continuous. Therefore, by the compactness of (Ps2 U R™!(Pj2))¢, there is
a perturbation 0 < ag < a1(2) for all z € (P52 U R™!(Ps2))¢ such that (3.3) holds
for all (z,u) € (P52 U R™Y(Ps2))¢ x S(ag), for some A > 1, (This is possible if ay is
sufficiently small compared to 62, the radius of U?). The lemma is proved. O

Now, we are ready to prove the main lemma of this section. It will give uniform
expansion outside U?. We will often use the lemma with U? replaced by U instead.
Of course, the lemma still holds in that case.

Lemma 3.7 (The Outside Expansion Lemma). If R¥(z,u) ¢ U? (or U) for k =
0,...,7—1 and R (z,u) € P§ then

(R7) (z,u)] = Co N,

for some constant C, > 0, for u € V, where V is the same as in Lemma 3.6. The
numbers C, and X\ depend only on &', i.e. the unperturbed function.

Proof. Tt follows from Lemma 3.4 that

- ) 4
7y _ i _ we) j
|(R ) (Z,U)‘ _Jw(z’U)w(R](Z,u)) ZOJJw(Z,U>,
for some constant C,, only depending on &', since R (z,u) € P§. If RF(z,u) ¢
Ps> UR™Y(Ps2), for 0 < k < j — 1, Lemma 3.6 and Lemma 3.5 implies that

Ji(z,u) >\,
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for some A > 1, only depending on ¢’, the perturbation ag and R(z).

It may happen that w = R¥(z,u) belongs to some component of R~!(Ps2) not
intersecting U? or Ps2. Then R(w,u) € Ps>. If R*(w,u) € Py, for 0 < k <[—1, and
RY(w,u) ¢ Ps, then | > N = N(6%/6'). This is easily seen from the linearisation
around the fixed point p(u). Put

— min | R’
p = min |R(p(u), w)| > 1,
where p(u) is a repelling fixed point, (¢ < (u—1)/1000). Put R, (z) = R(z,u). For
some A > 1, we get
(R (w,u)| = R (w, ) | (R (Ru(w),u)| = Clu =€) 7" = C'(n—e)' = N,

if 62/§" is small enough, since |R'(w,u)| > C > 0 in any component of R~%(Pj2) not
intersecting U2. Apply this argument for all intervals (k;, k;+1;), where RFi (z2,u) €
Py, Rk(z,u) € Py for kj <k< k‘j + lj —1 and Rkt (z,u) ¢ Ps:.

Obviously, R¥(z,u) ¢ R™1(Ps2) U Ps2 for kj +1; < k < kj41. Since ¢(z) tends
to 0o as z — P we can make the neighbourhood Ps so small so that z € R(Pj)
and w ¢ R(Ps) implies ¢(z) > ¢(w). Note that this condition on ¢’ comes only
from the unperturbed function R under sufficiently small perturbations. Since
RFitli(z,u) € R(Ps) and RFi+1(z,u) ¢ R(Ps/), we get

|(RFs+1= (st Y (R H (2, )| > Aka+1= (ki)
Putting all these cases together, and using the Chain Rule it follows that
(R7)(2,u)| = Co N,
for some A > 1 and C, > 0. O
Lemma 3.8. If RF(2) ¢ U? (or U), for 0 <k < j—1 then
[(R7) (z,u)] = CN7! ol |R' (R (2,u),w)l,

for allu € V. The constant C' > 0 does not depend on §.

Proof. Put R,(z) = R(z,u). Let | < j be the largest integer such that R (z) €
U’'\ U2 Then R.1(2) € Ps.. If R, (2) € P§, The Outside Expansion Lemma gives

(R (B (2)) 2 CoN 11
If R} (z) € Py then ¢(RJ,(2)) blows up and we use the derivative instead. We have
(R (RS () 2 (= 7Y

where p = ming,ey |R,, (p(u),u)| > 1 and € < (u—1)/1000. The Outside Expansion
Lemma can be used to estimate |(R.,)"(2)|:

|(RL)'(2)] > CoX.
Finally,
(R ()] = [(R™H (R ()R (RL () (RL) (=)

> G—l—1y1 - I ok S ov-l o /' ( pk
> O inf RL(REG)] 2 OV inf (R (R(E))]

for some A > 1, since p > 1. O
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4. BASIC GEOMETRY

First, we give a general formula to estimate the curvature of a parameterised
curve (or, rather a point on the curve) ~y(s) iterated n times under a holomorphic
function f. Set f™(v0(s)) = yn(s) and let x,(s) be the curvature of v, (s) at the
point s.

Lemma 4.1. Forn > 1,

9<S 1 £ (i1 (5))] A
)= Z (= il L it ) T (o) 14 (s) 2

Proof. By the Chain Rule

(41)  (s) = %f"(%(s)) = f' (1)) (yn—2(s)) - .- f'(v0()) % (s)-

Hence,

n n

(42) () =Y i) vmi () [T s () + 76 () [T £ (s

i=1 VE J=1
Substituting (4.1) into (4.2) gives

n

43 ) =3 £ Gus) [T s (o) TT £ 0e(5)

= = k=i+1
+  (m-1(5)) -+ f' (0 ()70 (5)-

For v, =z, + iy, the curvature k,, satisfies

ol ol o0 I "n_r 1
(4.4) = \ﬂlcnzyn x/ngng\p _ m(vngvn)l < I |2
|(23)? + (v7.)? 72l 721

Substituting (4.1) and (4.3) into (4.4) we finally get the desired formula. O

Next, we give a uniform estimate of the curvature of v, (t) outside U. The
following lemma will be used in Lemma 4.3 to give expansion between two close
points iterated under R, for fixed a.

Lemma 4.2. Let 7o(t) be a curve in C and put v,(t) = R™(70(t)). Assume that
Ye(t) ¢ U for 0 < k < n and let k;(t) be the curvature at the point t of v;(t). If
v;(t) € Py, then

K(t)
[(R2)' (o(t))]
if § > ag, where () = |v§ )|/ ®#)?, ie. the upper bound for ko(t). The
constant Cs does not depend on 8, (recall that we always have 6 < §').

k;(t) < Cs +

)

Proof. Since we look at the curvature at a specific point ¢, let us fix ¢ for the
moment. The estimate of the curvature is partially a sum of terms of the form

! | Ra (ve-1(2))]

(4.5) T RS (Ra (e (0))] | B (it ()
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We will estimate the sum of all terms x;; for k =1,...,j. For z ¢ U’ we have an
obvious bound on

IRI(2)]

e/ <

[Ra(2) =7

depending on ¢’ but not on 4.

So let us assume that 6 < |z —¢;| = e™" < ¢’, i.e. z is a pseudo return and
A’ <r <A. Put z =9_1(t). We may use the Taylor expansion of R at a pseudo
return. Let T; be the first order Taylor expansion of R around c¢;;

Ti(2) = v; + ti(z — ;).

Replace R, (z) with T;(z) in the expression (4.5). Lemma 2.2 gives

1 [Ba(2) _ 3 1
R (R R ()P = “ [(RE) (Ra2)l|z — cil

Put R,(z) = zo. Let N be the greatest integer such that RJ(zg) € N, for 0 < j <
N. Since zg € Py \ Ps we have, by an argument identical to that in the beginning
of the proof of Lemma 2.7, that N < C'A. Also, the difference

|RN (20,a) — RN (20,0)| < BNa < B9%qy

(recall B = sup|0,R(2)]), can be made arbitrary small if ag is sufficiently small
compared to §. Now Lemma 2.7 implies

i o ]
|(B2) (Raz)le™"" = (3/4)|(RY) (20)le™"" > Z IR (20) = vil
> S5 lRY (o) —uil 2 L5 =

Thus for each pseudo return, we get that

- 1 1 |Ry (vi-1(1))]
RN (R (i n O)| RY) (a(0)] TR (-1 (1)) 2
C/

(R ™YY (Ra (v ()]

Now, put z; = R¥(y(t),t). Summing over all terms which correspond to pseudo
returns zi,—1 and their corresponding periods N = N, as above, we get by the
Outside Expansion Lemma,

K d (t) < Z 1 |RZ(ZI€1,—1)‘ < CIZ 1
P T S (R () Rz 1) P T (RN TR ()

<G AT,
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Finally, summing the terms corresponding to pseudo returns (m) and the other
terms (m') separately, according to Lemma 4.1, the total curvature becomes

1 | R (z1-1)| K(t)
k(1) < — + —
] le(m)zwm» (B ()l (a0l (L) (v0(0))]
_ c’ o K(t)

<C AT — Y AT

2 s [(R2) (o ()
< O %,
[(Ra)" (0(t))]

where C3 depends on ¢’ but not on 4. O

Now, choose d such that ! > Cs, and so that S = §/Cy < C3. This relation
between S and C3 will be used in the following lemma where we prove that two
points repel each other under iteration of R, for a fized parameter a. The following
lemma is only used in Lemma 6.7.

Lemma 4.3. Let v(t) = zo+t(wo —20), 0 < t < 1, and assume that R¥(v(]0,1])) N

U=0fork =0,1,....5 — 1, |RF(20) — RE(wo)] < S for k = 0,1,...,j and

RI(v([0,1])) C P§. Then

(RL)'(v(s) _ 1‘ < oIBT0() — BT (v (1))

(Ra)'(v(t)) - 0

for any s,t € [0, 1], where C does not depend on ¢.
Moreover, if RE(v([0,1]))NU =0 fork =0,1,...,5—1 and |R¥(20) — RE(wo)| <

S fork=0,1,...,7, then

(4.7) |R;,(20) — R (wo)| = (15/16)|(RY)' (7(t))]]z0 — wol,

for all t € 10,1].

Proof. Put (x = R¥(y(s)) and nx = R¥((t)) for arbitrary s,t € [0,1] and let
Yi(u) = G + u(nr — Ck), 0 < u < 1. Using Lemma 2.1, we estimate

S |RL(G) — Ryl
= ACS]

Let r;(u) be the curvature of the curve R =¥ (vj(u)). By Lemma 4.2, we have
kjk(u) < Cs, if RI(y(t)) € P§, since the curvature of v (u) is zero. Since the
length of the curve BRI (v;(u)) is less than S < C3, this means that

(4.9) 16 = mjl = CIRE) (o (W )1Ck — mel,

for some C'= C(§',5) — 1 as §/6’ — 0 and «’ € [0,1]. So C is very close to 1 here,
take C' = 31/32. By the Outside Expansion Lemma

16 = ml = (31/32)I(RE™) (o (W )I1Ck — miel > (31/32)Co X 7F[Ce — mil.

Let us see how the terms look like near the critical points. By Lemma 2.2,

IR (Chr0) = B (i, @)| < [R” (0(8), 0)[|Ge — mie| < 2C1e7"E=2|¢ — gy,

(4.6) ' < 1/20,

(4.8)
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The denominator in (4.8) is estimated from below, using Lemma 2.2, by
Clnk — c(a)
So, for Cx,mi € U\ U we get

|R;, (Ce) — Ry ()] ICe — | Gk — M|
A G

Ciifl 2 Cef(dl'fl)’r‘.

For (i, ni ¢ U’ we have a trivial estimate;

| R (Cr) — R ()|
| Ry (k)|

< Csr|Ce — 1kl

Equation (4.8) becomes

J=1 |1 o J=l il —(j—k)
‘Ra<Ck?R)l Ra(nk)| < CZ |Ck 5 77k| < Z |<J*1 773;1|>\
k=0 | ()| k=0 k=0
|G—1 = mj—1] S
<C2—— < (0= <
< 5 sCsz s
if Cy is chosen suitable, since S = §/Cy. This proves (4.6). By (4.9) with & = 0,
(4.7) follows if RI(v([0,1])) C Pg.
We have to deal with the case RJ(v([0,1])) C Psr. Then there is a largest integer
n < j such that

1/20,

Ry(v([0,1])) nU" #0,
i.e. the last pseudo return. By the previous argument we have
| Ra(20) = Rg(wo)| = CI(RZ)' (v(t))l]z0 — wl,

for C =C(6/8') — 1 as §/8' — 0. Remember that |R?(z9) — R (wq)| < S = §/Cs.
Put 4(t) = R%(z0) + t(R7(wo) — R%(zp)). Since 4(t) NU = ), by the definition on
S, both the argument and absolute value of R/ (¥(t)) changes not more than, eg.
1/20 if Cy is chosen appropriately. The curve 4(t) is also very close to the curve
R (v(t)) since the curvature of R”(v(t)) is at most Cs. Therefore,

|R&* (20) — Ry (wo)| > C|RG (20) — R (wo)l| Ry (3(2))]
> C'|Ri(20) — Ry (wo)|| Ry (RE (v(1))],
for all t € [0,1], where C” depends on S (C" — 1 as S/0 — 0). Therefore,
|Ra™ (20) = Ry (wo)| = CIRET (v(1))ll20 — wol,

for all ¢ € [0, 1], where C' = C(S). In the neighbourhood N, we use the linearisation
described in Subsection 1.7;

Pa © Ra(z) = 4ga © (Pa(z)a

where g,(2) = Aa(z — p(a)) + p(a) and ¢, is conformal. By the continuity of ¢,
and Lemma 2.7, it is obvious that, for z,w € N,

|[R).(2) — Ri(w)| > CI(R])()]|2 — wl,
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whenever R¥(2), RE(w) € N, for all k < j, and where 2’ € R""!(y(t)) € Py \ Ps.
Thus,

| R) (20) = R} (wo)| = C(6/6")C(S)C(p)|(RL) (7(1))l|20 — wol
> (15/16)|(R])' (v(1))l|z0 — wol,

if the constants 4, ag, p, S are chosen suitable. (Il

5. INITIAL DISTORTION ESTIMATES

First, we estimate |{/,(a)| in the neighbourhood N, where n is the very first
iterates, (see Subsection 1.7 for the definition of N,). In the following there will
be some conditions on N, to get sufficiently good distortion estimates. However,
p still does not depend on ¢. We will study one critical orbit at a time. Let

(5.1) 2(a) = v(a) - p(a) = Kra* + O(a"*),

where k£ > 0, v(a) is a critical value, i.e. R(c(a),a) = v(a) and p(a) is the re-
pelling fixed point for R, such that Ry(v(0)) = p(0), (the case kK = 0 means that
v(a) = p(a), which is a trivial case). Around p(a) we use the linearisation by the
conjugation ¢, (z), described in Subsection 1.7. By the normalisation of ¢, (2) we
have ¢4 (v(a)) = v(a) + (v(a) —p(a))® +.. .. Let & (a) = a(én(a)) = gz (@a(v(a))),
be the curve in the new coordinates. Since @, (p(a)) = p(a) we get

(5.2) €n(a) = Aj(2(a) + O(x(a)?)) + pla),
whenever &,(a) C N,, where A, = R'(p(a),a). Also, A, is analytic in a so
(5.3) Ao = Ao + chod + O(a'th),

for a < ag. On the other hand, since ¢; is conformal there is an error €, (a) with
len(a)] < e, where € = £(p)0, such that

(5.4) &n(a) = Agz(a) + pla) + en(a).
By the Chain Rule,
&n(a) = (97" (€n(a)én (@) + Bap " (n(a)).

If we can show that |€/ (a)| grows exponentially then &/ (a) and &, (a) are compara-
ble;

&n(a) —1\/(§ ‘ |0atpa (gn(a)”
= —(¢a ) (&n S ——=V
R T

since dq0, ' (2) is bounded from above. If we let A7) be such that |(¢, ') (2) —
‘ =

)

(2o 1) (p(0))] = |(02 1) (2) — 1] <1/1000 for all z € N} and all a € [0, ], then we
get
/ —1(¢
(5.5) én(a) . 1‘ < 2|8a§09 (gn(a))l
§.(a) €0 (a)]
In particular, |¢/,(a)| grows exponentially if |€/,(a)| does. By (5.2)

656 & = (n3el@)(1 + Olala) +4' @)1+ Ofe(@) e + 5'a).

a
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Definition 5.1 (Large annular neighbourhoods). We define annular neighbourhoods
N =N, \Np/(%)’
Qo = Nyy2n) \ Npjan2),
Q3 = Npyanz) \ Nyysas),
Q=0,UQUQs,

where A is the maximal multiplier |R'(p(a), a)|, over all repelling fixed points p(a)
and all a € [0, ao).

This means that for any a € [0, ao], if £,(a) € Q1 then there are k1 > 1 and
ko > 1 such that &y, (a) € Qo and &uqp,(a) € Q3 and &,15(a) € Q for all
0 < j < max(kq, k). That is, every critical orbit £, (a) has to pass over all ; sooner
or later. These annular neighbourhoods will be used frequently in Subsection 5.1.

Let k{j, and N be such that for all a € [k{ag, ag], we have that {x(a) € Q. By
(5.4) we get

14 N
< <2p<1
L <alMa(@) <20 <1,
SO
5.1) ~logr(a)| +loa(p/(16A%) _ - ~log|e(a)
log [Aal log [Aa|

Therefore, since 2’(a) ~ a*~! we get
Al A
N)\—ax(a) +2'(a) ~ —k(log a)ak/\—“ + Kika*™1 ~ 2/(a),
a a
if a is small and since A, # 0. If |€)(a)] is large, then (5.7) and (5.5) gives
€ (a)] = Cléy(a)] 2 Cla’ (a)]|Aa]V = Celos (N oz el

k—1)log a+N log | A N(1—%*21)log |Ag 'N
> Celk—1)log gl > CeNO="F)log[Aal > VN

for some v < (1/k)log|\,|. Since 2'(a) is dominant in (5.6), (5.5) implies
En(a)

A ' (a)
whenever £y(a) € 2, a < ag if ag is small enough.

Now, we present the following lemma. Recall that the index [ stands for a specific
critical “branch” ¢;(a) for a € [0, ag] and v; = Ra(ci(a)).

(5.8) — 1| < 1/2000,

Lemma 5.2. Let N; be an integer such that {n, 1(w) C Q, for some interval w C
0, a0, (and & (w) C N, for all k < N;). Then

(5.9) [€n,1(a) = Enya(B)] = Cel Ao M |z7(a)[|a — b].
for all a,b € w, or, equivalently,
(5.10) [€n1(0) = €, (D)) = CLeMfa — 0]
for all a,b € w, where v = (1/k;) log|Ao|.

Moreover,

(20" (vi(a))

(511 BN (D))

— 1| < 1/1000,
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for all a,b € [0, ag], and

[€n(@) = Ena(B)] = CII(R™) (i (1)) (a)l|a — ],

for all t € w. The constants Ce,CL,CY only depend on the function x(a) = z;(a)
defined in (5.1).

Proof. Let a > b and a,b € [0,a0]. In the following, we use that |p(a) — p(b)| =
O(Ja* — b*|) and that N is so large such that &x([a, b]) C

[En(a) = En(b)] = [€n(a) — pla) — (En (b) — p(b))| — Ip(a) — p(b)]
> TPNa(a) — AYa(0)] - lp(a) - p(0)
> 2\(%(1 +ca'))Va(a) — (Ao(1+ b)) Na(b)| — [p(a) — p(b)]
> SPol¥|(1+ Nea!) Kyak — (1 + Neb) Ky8#] ~ [p(a) — ()
(5.12) > %\AoINIKl(a’“ — )1+ Ne'd')| — [p(a) - p(b)]
(5.13) > %\)\0|N|K1(a—b)ak’1(l+Nc’(k+ 1a)].

Using the right inequality in (5.7), since x(a) ~ a*, we have N < —kloga, so

a'loga — 0 as a — 0. Thus, by (5.13) we get
3kK,
8

AoV a — bla*!

|En(a) —En(b)| >

for all a,b € [0, ag], if N is large. Also,

3
[€v (@) = En ()] = gl Ve = blla"(a)].
Moreover, by (5.7) we get

3kK
(@) = En ()] 2 eV NIk — )

> %67 log |z(a)| k=1 | _ |

B 142 talet@
10

kK
11

We have proved (5.10) and (5.9), and we need to verify (5.11). By the analyticity
of Ay we get that AN /AN — 1] is very small if s,¢ € [0, ag] and ag is small enough.
Also, by the linearisation described in Subsection 1.7, we get that

5.14) ’(Rﬁ)’(v(t)) e

(RY) (p(t)) -
where ¢ is sufficiently small if p is chosen appropriately. Now, (5.11) follows. The
last inequality follows directly from (5.11). O

>

> eN%|a—b|

€
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Now, we come to a very basic result in this theory of dynamical systems, which
says that parameter and space derivatives are comparable as long as the space de-
rivative grows exponentially. We here follow an analogue of the following important
proposition in [4].

Define
Qn = Qn,l(a) = 8Rn(glcfa)?a)/aRn(ng(a)7a)’

where v;(a) is a critical value, i.e. v;(a) = R(c;(a),a) for some ¢;(a) € C(R,).

Proposition 5.3. Assume that a € B! and that

m—1,17

>e™, form=0,...,m,

‘ oR" (gz(a% a)

" < B, forallze@,

where v > v — Ka. Then forn= Nj,...,m

|@n,i(a) — Qn,i(a)| < |Qn,,i(a)]/1000,

where Ny is an integer such that &y, (a) € Q, and such that &g (w) C N, for all
k< Nj.

Proof. As usual, set N; = N, &, (a) = &,(a) and v;(a) = v(a). First, we will use
(5.8) and prove by induction, that

€ (@) = VR,
where v/ = v/k — €, k is as in (5.1). Take ¢ = (y — 1)/1000, which is possible if N
is sufficiently large. We get by equations (5.8) and (5.14) that
€ (@)l = (1/2)(RY) (v(a))]|2' (a)] = (1/2)eV |2 (a)] = ™.
So, assume that
€04 ()] = e NFD for all j < k.
We want to prove that
€4 (a)] > N for all j < k+ 1.
First note that the basic assumption on a and Lemma 2.2 gives
(5.15) [R'(¢(a),a)] > Cyle @Y.

By the Chain Rule we have the recursions (remember the notation &,(a) =
R 1(v(a),a))

OR"(v(a),a)  OR(&n(a),a) OR™(v(a), a)
(5.16) 0z N 0z 0z ’

IR (v(a),a) _ OR(én(a),a) IR (v(a),a) OR(n(a),a)
(5:17) da N 0z da * da '
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Now, the recursion formulas (5.16) and (5.17), together with (5.15) and (5.8), gives

€ (@] 2 IRafEv @€ (o) (1= e et )
a +

k
> |(REFY) (ex (@)l €k (@)l T (1 - 90 Ra (Ex+5(a)) )
7=0

a(Enti ()€ 4, (a)l

k
2 e,y(k-_l’_l)ery/N H(l _ B/eK(X(N-'rj)e_'YI(N"Fj))

7=0

k
> (=) (1) o7 (N+kA+1) H e(Ka=7)(N+i)) > o7 (N+k+1)

if N is large enough, since 7' > 2K «, (here B’ = BC}). The sum
oo
S Ble 0 KW < o
§=0
and can be made arbitrarily small if N is large enough.
By the definition of @, (a), we have

n

Qnin(a) = Qn(a) H (1 n = OaRa(Enj(a)) )

=0 a(gN-‘rj (a>)€§\/+j(a’)

So,
|@n+n(a) — Qn(a)| < |@n(a)[/1000,
if N is sufficiently large. (I

Remark 5.4. The number @y (a), for general a € [0, ag] can be estimated by equa-
tion (5.8) and the fact that \Y /(RY) (v(a)) is very close to 1 (equation (5.14)), in
the following way;

@n(a)
a'(a)
where €1 is small. If we want good argument distortion of an interval wy = [koao, agl,
i.e. the quotient Qn(a)/Qn(ao) is very close to 1 for all a € wp, then we must have
a'(a)
a'(b)

_1’ Sgla

(5.18)

_1‘ §€27

for all a € wp, where wy is a sufficiently small interval at the right end of [0, ap] and
€9 is small enough. Equation (5.18) gives an estimate of the number ko; it follows
from (5.1) that it is enough to have

|k§_1 - 1| S €3,

for some suitable e5 = €3(e2). In Subsection 5.1 we define a starting interval wy,
at the very right end of [0, ag], so as to fulfil (5.18) for all critical points. More
precisely, we have
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Corollary 5.5. If wg = [koao, ag|, where kq satisfies (5.18) for all critical points,
then

(5.19) Omala)

Qn,.i(ao)

for all a € wy and all 1, (if the €;:s are chosen suitable).

< 1/500,

We also see that

lx'a a :M x’a
510/ (@)] < Qn(a)] = e 2o < 20 (@),

if a < ap for some sufficiently small ay > 0. In particular, if 2/(0) # 0 then
Qn(a) = Ko + O(a) in a neighbourhood of a = 0, so the equation (5.19) is valid
in a whole interval [0, ag] instead of only a small wy at the very right end of [0, ag].
The parameter directions for which z’(0) # 0 are usually called non-degenerate.

5.1. The first return. Definition of wj. Here we shall define the interval wg C
[0,a0]. Also, we show that all critical orbits &, ;(wo) will grow to size S, before
leaving the repelling neighbourhood N,,.

Assume that M; is the first return time of [0, ag] into Ja_o under &, ;, i.e. M; >0
is the least integer such that

Ea1,,1([0,a0]) N Ja—o # 0.

Let M = min(M;) and assume that ¢;(a’) is a critical point which is mapped into
Ja—2, ie. &ni(a’) C Ja—g, for some a’ € [0,a0]. The curve &u7,:([0,ao]) has to
cross Ja_j. If there is more than one index [ for which &yr(a) C Ja_g, for some
a € [0, ap], then we choose the least a € [0, ag] such that {pr(a) C Ja_q, for some
I. Then it follows that &s,([0, a]) N Ja—s = 0 for all indices I. Now redefine ag such
that agp = a for this smallest a. We now study the orbits &, ([0, ao))-

First, note that to every critical point ¢;(ap) there is a number N; such that
En,i(ao) € Qo, (see Definition 5.1. Also, compare with N; in Lemma 5.2). Let us
construct the interval wy C [0, ag):

SubLemma 1. There is a 0 < ko < 1, such that wy = [koao, ag] has the following
properties: Every curve {n, 1(wo), has length at least S. Moreover, for every interval
w C wo, such that &,(w) C Q (and &k (w) C N, for all k < n), we have low argument
distortion, (1.8) is fulfilled.

Proof. As usual, let us drop the index [ in the proof. By the definition of 5 in
Definition 5.1, there is an N < M such that {y(ag) € Q2. Choose kj such that

(5.20) p/(8A%) < [€n(ao) — En(kgao)| < p,
and &n ([khao, ap]) C Q. Now, let k) < ko < 1 be so that

¢y (a) ‘
5.21 —1| < 1/200,
21 qm =Y
for all a,b € wy = [koao, ap]. By (5.8) and (5.1), (5.21) is fulfilled if
(5.22) k&=t — 1] < e3,

for some sufficiently small e5. We choose the minimal k¢ such that (5.22) is fulfilled
for every k corresponding to a critical point as in (5.1).



40 MAGNUS ASPENBERG

The length L of the curve £ (wp) is

L = |&y(a')llag — aoko| > (1/2)[Xo]™ |2’ (a)|ao(1 — ko)
> (1/4) | Mo|V kK (agko)* Yao(1 — ko) = (1/4)|Xo|N kK af ki1 (1 — ko).

Reversing the inequality (5.12) we get
(5.23) [én(a) = En(D)] < 2|0 ¥ K1 (a* = bF),

if fN([a,b]) C Q.
By (5.3) and (5.7), it follows that

)\N
(5.24) ‘j‘v - 1‘ < éq,
>‘b

for all a,b € [0, ag] if ag is small enough. Note that €3 and &4 are chosen such that
1/200 in (5.21) is fulfilled. Putting a = ag and b = k{ap in (5.23), using (5.20) and
(5.24), we get

p/(8A?) < |en(a0) — € (kpao)] < ot [Mo|V[ak — (khao)

3
8K
= T|)\0|Na§|1 - (k(/))k|a

where A is the maximal multiplier over all repelling fixed points for R,, a € [0, ag],

as in Definition 5.1. Thus,

Lo 1k Dl R ho) R ko)
IR = 8 al¥ (1= (p)F) = (L= (kp)F)

So the length L of the curve {n(wg) is L > S, since p > S = 6/Cy, if 0 is
small enough. Also, by (5.21), it is almost straight, i.e. it has bounded argument
distortion.

By the definition of kg, all critical orbits {n, i1(wo) of the interval wy = (koao, ao)
grow to size at least S before they leave the neighbourhood N,,, if § is small enough
compared to p.

It follows from the construction of wy that if £x, ;(w) C § for some w C wy, then
¢n,.1(w) has small argument distortion for every [, i.e. (5.21) is satisfied. O

According to the partition rule, we cut the interval wg so that w € Py, ; means
that &n,.1(w) is of size at most S. Note that we do not delete any parameters from
wp until time M. However, the partition Py, ; may look different for different [.

Later we show that

5?\/5,!(@)
SYRIQ)

for all a,b € w € Puy,,1,w C wo, where M are the first return times for the orbits
of the sets ¢;(wp) as above.

- 1’ < 1/100,
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5.2. The length of ¢;(w) is very small compared to the length of &, (w).
We now deal with the problem that the critical points may move as the parameter
a moves, and therefore the sets J,.(a) moves (see Definition 1.3). We will always
assume that the parameter interval [0, ag] is chosen such that ap < 62. Let w be
an interval in [0, ag]. The idea is that the exponential growth of the derivative will
imply that the part of the curve &, (w) which returns into U (call it &, (w")) is almost
straight and also that the corresponding parameter interval is exponentially small
compared to the curve &, ('), ie. || < I(&n(w')), where I(€,(w’)) is the length
of &, (w'). Let us assume that we have exponential growth of the z-derivative, i.e.
[(R?) (v(a))| > €™, for some v > 9. The Mean Value Theorem, Remark 5.4 and
Proposition 5.3 implies that

(en (@) = &/ lIEn(a)] = (1/2)[o ||’ (a)]e™™ = (1/2) w €™,
for some a € W', where v/ > v = (1/k)y (as in Lemma 5.2). Thus |[o'| <

21(&n(w'))e™'™. By the analyticity of ¢;(a), |w'| > Cl(c;(w')), where ¢;(w') is the
set of critical points for the parameters w’ and a € w’. Thus,

(&) > Ce M (es(w)).
Now, the basic assumption (1.11) will imply
(5.25) |&n(a) — ci(a)| > |w'l,

where ¢ € w' and &,(w’) C U;. Indeed, since &,(w") C U; for some i we have
(€ (w') < 36, if £,(w') is sufficiently straight, and therefore

W] < 60e77™ < T < e < gy (a) — cila)],

since o < ' and ¢ is small. Again, by the analyticity of ¢;(a), || > Cl(¢; (W),
and we get

(5.26) [én(a) = ci(a)] > U(ei(w)),

if 4 is sufficiently small. We have proved that the basic assumption (1.11) implies the
condition (5.26) as long as we have exponential growth of the derivative (v’ C &,(7),
v > 7o) and control of the curvature.

Hence the parameter dependence for J,.(a) is neglectable on a local level, i.e.
if one looks only at &,(w’) and compare it with the corresponding critical points
ci(w).

5.3. The relative sizes of ¢;;(w) and ¢;;(w) . We assume in this subsection that
the interval wy is defined as in Subsection 5.1, i.e. wy = [koag, ap], where kg is very
close to 1.

If &, (w') is almost straight (and w’ C wp), we want to show that the sets ¢;;(w’)
and ¢;(w'), for arbitrary 4, j, k, are with a large amount of the relative sizes sepa-
rated from each other:

I(cij(w'))
for a € W', j # k and where [(c;;(w’)) is the length of ¢;;(w’).

Since the critical points ¢;;(a) are analytic functions of the parameter a, we have

(527) cij(a) =c; + ki]’ar + (’)(CLT—H),

> 100,
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for some r > 1, (the case r = 0 means that the critical points do not move under
perturbation, and we can skip the definition of 6 (see (1.8)), everything is then much
easier). Let us, for simplicity, consider the largest critical star in the set C;(]0, ao]),
i.e. the smallest r in (5.27). The other (smaller) critical stars can be treated in a
similar way. Now, since 4 is defined in terms of the diameter of the sets C;([0, ao)),
it follows that there is a constant C’, only dependent on the unperturbed function
R(z) and the parameter direction, such that s< ay, if ag is small enough. Assume
that &,(w') C U, for w’ C wp. If the basic assumption allows a return into U, then

e < § < 2ky"C'a" = Ca”,
for a € wy = [koao, ao], since kg is close to 1. By Proposition 5.3, Remark 5.4, and
since the length of &, (w’) is less than 24, we have
|/ (@)[[w'[e™™ < 2w'||&,(a)] < 4,
k—1

for some a € w’. By (5.27), l(c;j(w)) ~ |w'la""!. So, since z'(a) ~ a*~
Section 5,

as in

I(cij(W)) < Ce oa"ta=*=1) < Cem a7k,
The distance |¢;;(a) — ¢k (a)| is bounded from below by Ca®, for some integer s > 0
as shown in Subsection 1.3. Thus, if s —r+k > 0,

|cij(a’) - clk(b)| Z Case'ynafr+k Z Cefna(sfrjtkr)/re'yn
I(eij(w"))
= Celr—als—rtk)/rn 100,

if n is large enough, and if v — a(s —r + k)/r > 0. If s —r + k < 0 then the
estimate is trivial. Since every critical branch c¢;;(a) in the set C;(a) gives rise to
corresponding numbers s;;, 75, k;; we can apply this argument to all critical points.
Let a be such that v — a(s;; — 135 + k;j)/r > 0 holds for all critical points.

6. INSIGNIFICANT PARAMETER DEPENDENCE

We will in this section study the behaviour of a given orbit &, ;(w), between two
return times. We count on the parameter dependence and show that under certain
conditions, it is indeed insignificant. The last three lemmas of this section will be
used inductively in the proof of the Main Distortion Lemma.

Definition 6.1 (Endpoint-stretch). Given a partition element w € P,, ;, we say that
w € Sn,l(’)/l) if

(6.1) [€n(a) = Ena(b)] > €7 ™a —D].
for all a,b € w € Py ;.

The number ' is highly dependent on which critical point that is iterated. In
analogy with (5.1), let
z(a) = Ko™ + O(af1).
We call vy, = (1/ki)(70 — €), the “lower endpoint-stretch” exponent, where, eg.
e = (70 — 1)/1000, and 7y is as in (1.7).
We begin with the the following basic fact which will be used frequently in the
rest of this section.
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SubLemma 2. Assume that w € Pn i, w C E(7,1) N B, ; for some v > o and
that n is a return time. Then w € Sy,1(v;) where 7] > 75, = (1/ki)yo — €.

Proof. Certainly, the condition w € P, means by definition that w € G,,, so the
curve &, (w) is indeed almost straight. By Proposition 5.3 and Lemma 5.2 we get
that the length L of &, (w) is

L = [wligy(a)] > (1/2)wl|Qu (@) IR (v(a),a)| > (1/2)[a’ (a)|e™
= (1/2)(Klak +.. .)e”’NeV(”*N) — V' Ny(n=N)

where (1/k)y —e <4’ <~y —e. O

/Tl
e’

The main ingredient is that the condition w € S, ;(7]) enables us to neglect the
parameter dependence for j < (1 + o)n for some fraction o of the time. We let «
be sufficiently small and define ¢ so as to fulfil the following:

4K '
(6.2) e 1 ,
Y 4max(log B,log B’)
where 7" = (1/2)min(vyg;) = (1/2) min((yo — €)/ki) is half the lowest endpoint-
stretch exponent over all critical points, and

B =max|9,R(z,a)] and B’ =max|0,R (z,a)|.

The left inequality in (6.2) ensures that given a return at time n, we may neglect
the parameter dependence during the bound period. The crucial fact is that the
expansion of the z-derivative will imply that the parameter dependence is always
neglectable!

Recall that we drop the index [ and therefore we shall often only write &, (w)
instead of &, 1(w). Also, S,,(7") and v means Sy, ;(77) and v ; respectively, for some
l.

Let N = min(Ny,), where

N; = i 1 &n e Oy}
F=min (s éni(a) € o}

ee dection efinition 5.1 for the definition of {23). We choose ag so small suc
(See Section 5, Definition 5.1 for the definiti f Q). We ch 11 h
that

(6.3) e~ (B /N <e K070 =7 and e Ve < 28K,

This is possible if the perturbation is sufficiently small compared to § = e™® (the
number 10719 has no real significance, but it must be small). We also assume that
Cos > 1000E.

Let us illustrate the meaning of the number . Assume that w € P, N S, (7).
We have, in general,

(6.4) [n+5(a) = Ents (0)] = |7 (€n(a), @) — R (€n(b), a)l
(6.5) = R (€u(b), @) = R (€ (b), b)]].
The idea is that the parameter dependence (the term (6.5)) is much smaller than the

right hand side of (6.4). We estimate (6.5) by the trivial estimate |0, R(z,a)| < B,
for all (z,a) € C x [0, ap], and by the fact that w € S, (v'):

R (€n(b),a) = B (6 (b),D)| < la = BB < |€x(a) = &n(b)]e™ 7187,
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Now, assuming that j < on and 7' > 7', we get
e—'y/n+jlogB < e—n('y'—i—alogB) < e_(Sl//4)n < e—(31’/4)N <%
The following lemma deals with the behaviour of a curve &,(w), which has re-
turned into U. We show that the curve &, (w) contracts with an amount equivalent

to the derivative of R,. Recall that J,. means the annular neighbourhood defined
in Definition 1.3.

Lemma 6.2 (Critical step). Assume that &, (w) C J, C U and w € Py, w C
En(v,1) N By, where v > . For a,b € w, we have

Co 'R (€ni(a), a)l[éni(a) = €ni(D)] < [€nsr1(a) = Engra(D)]
(6.6) < Co| R (§n.a(a), a)l|€ni(a) — &na(B)],
if A is sufficiently large.

Proof. We want to use the fact that the parameter dependence is neglectable. So
first, we show that

(Co — &) (§n(a), a)l[€n(a) — & (B)] < |R(¢n(a), a) — R(§n (D), a)]

(6.7) < (Co = )| R (§n(a), a)l[gn(a) — &n (D),

for some very small € > 0. Let v(t) = &,(a) + t(£,(b) — &€,(a)). The length of the
curve R, (y(t)) for 0 <t <1is

/ R/ (4(t), a)ldt = € (a) — ED)IR' (At a),
for some t' € [0, 1]. Note that
(6.8) €a(@) — Ea(b)] < &7 /1% < [En(a) — c(a)] ~ e

where c¢(a) is the nearest critical point to &,(a). By (6.8), it is easy to verify
that R/ (v(t)) changes very little, for 0 < ¢ < 1, if A is sufficiently large. In-
deed, looking at the formula for R/, in (2.2), we have |arg(R. (v(t))/R,(v(s)))] <
2N; arctan(1/72), where N; is the number of critical points in the set C;(a). Also,
it is obvious that |R’ (v(t))|/|R.(v(s))] < 2(1 — 1/r?)Ni if A is large. So, if A is

large enough, we have
/
LW < 1an,

Ry (v(s))
for all s,¢ € [0,1]. The curvature k(t) of the curve R,(y(t)) is by Lemma 2.2 and
Lemma 4.1 for the case n =1,
[R"((t), a)] < e,

() € 755 <
[R(7(t), a)?
since the curvature of y(t) is zero.

If L is the length of R,(~(t)), then

AL < [€n(a) = & B[R (4(1), @) CFe™™ < © C e~ gted < Cf

which is very small if A is large. Thus the curve Ra('y(t)) is almost straight, and
therefore the length of the curve is almost the same as |R(¢,(a),a) — R(&,(b),a)l,
o (6.7) holds.
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On the other hand, by Lemma 2.2 and the basic assumption B, (the basic
assumption implies that r < an + 1),

IR (¢€4(a),a)| > Cle™ (1 > O e K7 > e Kom,
By (6.1)
|R(€n (), a) — R(£a(b),b)| < Bla — b < Be™"[&,(a) — & (b)].
So, finally
l€nt1(a) = &nt1(b)] = [R(€n(a), @) — R(&n(D), a)| — |R(&n (D), a) — R(& (D), b)]
> ((Co — &) 'R/ (énla),a)] — Be ™) |&n(a) — £ (b))
> C 'R (6n(a), a)[€n(a) — & ()]

since e Kom > ¢=7'" if 4/ > 40 > Ko, and n is large. The right inequality in (6.6)
is proved in the same way. O

The following two lemmas deal with the bound period. First, we show that
the bound period is bounded from above and below, and after that, we give an
estimate of the derivative after the bound period. Before presenting these two
lemmas, we give an estimate of the diameter of convex set K(&,,, 1 ,(w), vk (w)), if
&ni(w) C J. C U is a return, and if k is chosen such that HD-dist(&,, ;(w), cx(w))
is minimal. Assume that w € P, , and w C &,(v,1) N B,;. By Lemma 2.2,
|€nt1.0(8) —vi(s)| < Cre™"% for all s € w.

In the case of an essential return in Lemma 6.2, by Lemma 2.2, we get

[Enr1.0(a) = & a (D) ~ R, (Ena (@) [Eni(a) = Ena(B)] ~ 6_”“72 =2

Let us consider a host curve &, ;(w) = &ui(w) U Ly, as in Definition 1.11 instead,
which has length e="/r2. An easy argument very similar to that in the proof of
Lemma 6.2 shows that any two points z,w € £, ;(w) has that

CTHR(Z)llz = w| < [Ra(2) = Ra(w)| < C|R(2)]|2 = wl,

where C'is close to 1. This, together with Lemma 2.2, implies that the endpoints of
the curve &, ;(w) is separated from each other with at least e=%"/r?. Altogether,
this means that we have the following:

SubLemma 3. Assume that &, (w) C Ji, w € Ppy, w C En(7,1) N Bpy. Assume
that k is chosen such that HD-dist(€, 1(w), cx(w)) is minimal. Then

J—" . B .
< diam (K4 (@), k() < Cem

(6.9) c~
where C does not depend on § and diam(X) stands for the diameter of the set X.

Lemma 6.3. Assume that &, (w) C J, C U is a return and w € Py, w C
En(,1) N By, for some v > . Then the bound period p = p(w) < (Ka/v)n and
(CL‘ — 1)7‘ < CZiT

<
T _P_,y,

(6.10)
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where I' = sup log | R/ (2)].
zeC

Proof. Let us consider the case of an essential return. If £, (w) is an inessential
return, we use the host curve &, (w). In that case the proof goes through in the
same way. Assume that w = [a,b]. Set z = &,(a),w = &, (b) and let zg = &,41(a)
and wg = &,41(b). By Lemma 6.2 we have

(6.11) |z0 — wo| > (1/Co)|R (2,a)||z — w|.
By the definition of bound period, Corollary 2.5 and (6.11),
e > R} (20) — Rj(wo)| = (1/Co)|z0 — wol|(R') (20, a)]
> (1/Co)|(R7) (20, a)||R' (2, )|z — wl,

for j < p — 1. By the definition of an essential return (or the host curve) we have
|z —w| >e7"/(2r?). Since a € &,(y), Lemma 2.2 and Lemma 2.4 gives

e > (1/CoCh) (R (20, a)|e "% De™ /(202) > CoCree % /(2r2).
Therefore,
Ve (dit(2/r)loen)r < Ce=Fi  for j < min(p, n).

The basic assumption implies e="+*! > |z —¢;(a)| > e 2", so 7 < an+1. This gives

1 - d;r +1 d; 1) +1
§ < ((di+ (2/r)og2e)r = B +1050) < ”vogc < (0””7” sC _,

)

if n is sufficiently large, since v > ad;. So, for sufficiently large r > A

p< (d; + (2/r)log 2r)r < d;r
v+ 5 Y
and the right hand side of (6.10) is proved.
On the other hand, at time j = p we have

(6.12) |RP(20,a) — RP(wo,b)| > e PP,

)

for some zp,wo € K(&,,1(w) Uvi(w)) and some a,b € w. By (1.2), Lemma 2.2 we
get

[P (20, a) = R (wo, b)| < |R(20,a) — RP(wo, a)| + |RF(wo, a) — RP(wo, b)|
< |(RY) (v(®)ll20 — wol + |a — b| B”.

By the right hand side of (6.10), which we just proved, and (6.2) we have p <
Kr/v < Kan/y < on. Since w € S,(v'), v > 7, we get

la — b|BP < e~V ntplog B o p—n(olog B=') < ,=(37/4)n  o=hn < (1/4)e= PP

Since the diameter of the set K(&,,; (w), v;(w)) is at most Ce~d: | we get |20 —wo|
Ce . Let y(t) = 2z + t(wg — 2p). We have

IN

(6.13) |R”(20,0) — RP (w0, b)| < 2|(RE) (v(t))l| 70— wo| < 4Cye"Pe" 4 (1/4)e™7,
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for some t € [0, 1]. Finally, by (6.12) we have
(d; — 1)r
F )
since 8 < T. O

P2

Definition 6.4 (Pseudo bound period). Assume that &,(w) C U’ \ U, i.e. a pseudo
return. Then we define the pseudo bound period to be the largest integer p such
that &,4j(w) CN,, forall 0 < j <p.

Lemma 6.5. Assume that w € Py, w C E,(7,1) N By, for some v > 7. If
Ena(w) CUN\U? (ice. &n1(w) is a pseudo return or a shallow return), then
[(RPY (€nal@),a)] > (INi] — /(D)

for all a € w, where p is its bound period, and where \; is the multiplier of the
repelling fixed point p;(a) (¢ < (|A;| — 1)/1000, provided & is sufficiently small and
0 > ag). For general returns, i.e. if &,(w) C U, we have

|(RP) (&n,1(a),a)| > ePV/(dit1)

Proof. First, we assume that &, (a) € U \ U?. By Lemma 6.3,
p < & < K7A = C'A.
Y Y

Now if |wp| (or, rather ag) is sufficiently small compared to §2, we have
[€5(a) = &(0)] < 6,
for all j < p < C'A and a € wy. This means that
e 7+ 6 > |€ni(a) = &(a)l +1€;(0) = &(a)] = |€nsrs(a) — &/(0)]
(614) = ‘£n+j(a) — ’UZ".

Assume that z = &,(a) € J!, ie. |z — ¢i(a)] ~ e ". By the definition of bound
period we have
|RP (20, a) — RP(wp,b)| > e PP,

for some zy,wy € K(&,1(w) Uvi(w)) and some a,b € w, as in Lemma 6.3. Let
v(t) = z0 + t(wo — 20). We can use precisely the same calculations from equation

(6.12) to equation (6.13) in Lemma 6.3. We have |zg — wp| < Ce~"%i | again by
(6.9). Therefore,

(3/4)e™ P < |RP(20,a) — R (wo, b)| < 2|(RE)' (v(1))l]20 — wol
< OI(REY (1),
for some ¢ € [0,1]. Now, using Lemma 2.4 we get
e*Td?Dp,l > Ce B=1) > Cehp,
with Dy, = |(R*)'(R4(2),a)|. This implies

e r(di=1) > Oefgp(tiﬁl)/ciiDl(pl_—lJi)/Ji.
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By the Chain Rule and Lemma 2.2,
‘(Rp)/(z7 (I)| = ‘R/(z, a)‘Dp—l > Cl—lefr(dlfl)Dp_l
(6.15) > C’e‘ﬁp(‘ii—l)/riiD;/_d}’

if p is sufficiently large, i.e. if A is sufficiently large (see Lemma 6.3). By Lemma
6.3 we have e PP < e P1/T < ¢ FA/T < 5o €, ,(a) € N, by (6.14). Thus the
bound period for shallow returns, ends before leaving the neighbourhood N, of the
repelling fixed points. Therefore we can use the multiplier A\; to get

(6.16) |(R?Y (z,0)| = (I =)/ (@),

if A is sufficiently large, (¢ < (|A;] — 1)/1000).

For pseudo returns, i.e. z =§,(a) € U'\U, (so § < |z —¢;| < '), we use the
Taylor expansion around c;;

R(Z) :U1+(Z—Cz)db + ...
Assuming that |z — ¢;| ~ e™" we get, for small perturbations, |Rq(2) — v;| ~ e~ %",
By an argument similar to that of the beginning of the proof of Lemma 2.7, we get
p < CA. Thus, for small perturbations,
|RP(z,a) — RP(2,0)| < aBP < aB%?,

which can be made arbitrary small if a < ag is sufficiently small compared to 9.
Thus, by Lemma 2.7, with A\; = R'(p;(0),0), we get
IR(R(2)) = il < 2RB(Ra(2)) — i < 2(Ai] + PP 7 < 2p < 1,
which implies p < d;r/log(|\;| + &) < d;r/v. Thus, we get the same upper bound
on p as in Lemma 6.3 and also, we can use the same estimate as in (6.16).
For general returns, if a € &,() then (6.15) gives
(RP) (2, a)| > P/ (di+1)
O

In the following lemmas in this section, for every partition element w, we roughly
prove that
[Enti(a) = &nrg (D) ~ [(R7) (€n(a), a)[|En(a) — & (D)],
for all a,b € w under the basic assumption and if the derivative has expanded
exponentially up to time n. These “inductive” lemmas will be used repeatedly in
the proof of the Main Distortion Lemma, which in turn, will give control of the
geometry, by Lemma 7.1. Let us start with the bound period:

Lemma 6.6 (Bound period). Assume that &, (w) CU andw € Py, w C Ep(y, )N
By for some v > ~y. Then for all a,b € w

(6.17)
Co IR (¢n1(a), @)l€n,i(a) = €ni(B)] < [€ntja(a) = Entsa(D)]
< Gol(R?) (éni(a), a)||€ni(a) = &ni(D)],
for j <p.
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Proof. The condition w € P,, implies by definition that (1.8) is fulfilled. By Sub-
lemma 2 we have w € S, (7') for some ' > 7. We have

[n+(@) = &t (0)] = | R (€n(a), @) — R (€n(D), a)]
— |[R(€a(b), ) — R? (£ (1), D)].
By Corollary 2.5,
|Rj (€n+1(a)v a’) - Rj (§n+1(b)ﬂ a)' 2 C(;l|(Rj)/(§n+1(a)7 a)||§n+1(a) - £n+1(b>"
Lemma 6.2, Lemma 2.2 and the basic assumption implies
[€n+1(a) = Ens1(D)] = Cg 'R/ (€n(a), @) | (a) — &n(D)]
> Cem K00 g (a) — £, (b)] > e o7 |a — b

= e('y/_Ko‘)”|a -
So, w € Sp41(7}), where 41 =+ — Ka. This implies

R (€1 (), @) = B (i1 (0),0)] < Ble 10V (a) = i (D).

Therefore, we get

(6.18)  [én+5(a) = s ()] 2 |Cq (R (€nsi(a), @)] — 0D 108 B (D)

J&n+1(a) = Ens1(D)].

The second term in (6.18) is less than € when j < o(n + 1), where o is as in (6.2).
By Lemma 6.3,

dir  Kan _ Kan
<——<

v Y Yo
by (6.2). Since, by Lemma 2.4, |(R7~!)(¢,41(a), a)| > C5'e?=Y which is much
greater than g, we get

[€n+(a) = €nr (b)) 2 CoTH(RY) (€n(a), @)||€n(a) — En(b)]-
The other inequality is proved analogously. ([l

p<

<o(n+1),

The following lemma show that points &, (a) and &,(b) repel each other during
the free period. During the free period, we have a uniform expansion from Lemma
3.8. So, assume that R’ (z) ¢ U for 0 < j < ng. For sufficiently large time periods
ng we have

(Rze)'(2)] = CA™ inf |Ry(R)(2))] = CA"0em 8K > elogA=e/2mo,
0<j<no

where € = (79— 1)/1000. The condition S, (") enables us to go forward on iterates
with insignificant parameter dependence. Therefore, we may choose the pertur-
bation ag sufficiently small so as to fulfil N > nyg, (see (6.3). This expansion is
much larger than the parameter dependence Z in (6.3), and we will get the endpoint
stretch condition satisfied at time (14-0)n, (@ € S(140)n(7")). We can go on in the
same manner and until a return occurs.
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Lemma 6.7 (Free period). Assume thatw € P, 1, w C &, (v,1)N By, 1, for v >0
and [€ 1(a) =&k (D)| < S foralla,b € w and all k such that vi+p; <k <m < ;.
Take any t with vj +p; <i<m. If §(w) NU =0, for all v; + p; < k < m then
[€m,i(a) = Ema(D)] = (7/8)'|(R™ ") (€iu(a), a)|[€1(a) — &, (D)
foralla,b € w, wheret <log(m—i)/log(14+0) and o is asin (6.2). If & (w)NU =
0, forvi+p; <k <m <wvji; and &y (w) C PS, then
[€m,1(@) = Ema(b)] = Coe ORI g, 1 (a) — &, (b)],
for all a,b € w.

Proof. Part 1. The case i = v; +p;. We first show that w € S, p,(71), for some
slightly smaller v; > 0 instead of v = (1/k)y —e. By Sublemma 2, Lemma 6.5 and
Lemma 6.6 we get

€049, (@) = Euyp; (0)] 2 CGTH(RE) (€, (@)[[€0, (@) — &,y (D)
> Cy e/ BV, (a) — &, (0)]
> C(/Jflevpj/(KJrl)ew’Vj la—b| > M1 itPi)|g — b,
for some 7{ < +'. Indeed, since p < Kav;/vy, we have, eg. v > v — Ka >

v—Ka > +'. We want to use the fact that the parameter dependence is neglectable
as long as n — i < o as in Lemma 6.6, where o is as in (6.2). Indeed,

|Ry ™ (&(b),a) — Ry (&(b),b)| < |a—b|B" ™" <&
For m < v;41, Lemma 4.3 implies
|R ™ (&i(a)) — RZH(&(D)] > (15/16) (R ™)' (&i(a))||€i(a) — &(D)]-

There are two cases. First, assume that m—i < oi. We estimate |[(R™%)'(&;(a))|
by Lemma 3.8;

(R ™) (&ia))] = O™ inf |R;(&;(a))l.

1<j<m
So, since &j(a) NU =0 for all i < j <m,
|RL(&5(a)] = e 25 > 10'%,
we get
[€m(a) = En ()] = [R™ 7 (&i(a), a) — R™H(&(b), a)]
— [R™7(&i(b),a) — R™ 7' (&(D), b))
> ((15/16)| (R ™) (&(a))] — e 18 B19) 65 (a) — &(b)]
> (T/8)|(Ry ") (&i(a))[€i(a) — & (b)]-
If &,(w) C P§ then we estimate |(R™7%)(;(a))] with the Outside Expansion
Lemma;
(R (&i(a))| > CoA™ " > Cy > 1000z,
Thus,
[€m(a) = Em ()] = (T/8)CoA™ " [&i(a) — &(D)]-
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On the other hand, if m — ¢ > o then let n be such that n — ¢ = oi. Now we
estimate [(R?)'(&;(a))| with Lemma 3.8;

[(Re™") (&i(a)] = CX" Jnf R, (¢(a))]
> Ce(n—i) log A\ —AK > e(n—i)(log)\—s/2)7

if n — i = o1 is sufficiently large, i.e. if i > N for sufficiently large N, (¢ = (o —
1)/1000). Since o is chosen such that the parameter dependence e("—9108 B=71i < ¢
we get by the initial endpoint-stretch condition (5.10)
(6.19) [&n(a) = & (D)] = |R" " (6n(a), a) — R" " (€n(b), a)]

— [R" 7 (&n(b), @) = R"™*(&a (D), b)|

> ((15/16)|(Ry ™) (&u(@))| — e =18 501065 (a) — &(0)]

> (T/8)I(R; ") (&i(a))lIgi(a) — & ()]

> (7/8)6(n7i)(10g )\75/2)6'yii|a _ b‘

> e(n=DogA=e)+ini g _ b > ™M|g — b,
since 7] < log A—¢ (see after Definition 6.1). So the endpoint-stretch condition (6.1)

holds also at time n, i.e. w € S,(7]). Repeating this argument gives a sequence of
times ng, with ng = ¢, and exponents -y, > -1 such that

t—1

[6n,(a) = &n ()] = [T ((15/16)[(REF) (6 (a))] = €% 8 B € (@) — &ng (B)],

k=0

where ji = ng41 — ng = ong,. Thus, (recall ng = 1),

[€n. (@) = &n, (B)] = (7/8)" 1:[ [(REF) (6, (0))][€no (@) = €ng ()]

k=0
= (7/8)"[(Rg' ") (€no (@))[€no (@) = &no (B)]-

In the case & (w) C Py, by the Outside Expansion Lemma we get

[6m (@) = Em(0)] = (7/8)'|(R™) (&i(a), a)|€i(a) — &(B)]
> (7/8)' CoA™ ™ €ng (@) = &y (D))
> Cae((99/100) log/\)(m—i)|£i(a) _ fz(b)|
Part II. The case v; +p; <1i < v;41. We only have to show that w € S;(v{),

for some 7Y > vy — 2Ka > 7.
We have just proved that

[i(a) — &) = (7/8) (RS 7P7) (&up; (@) €wy 1, (@) = &yt (D),
where ¢ < log(i — p; — vj)/log(1 + o). To estimate |(Rff”j7pj)’(§yj +p, (@))] we use
Lemma 3.8;

(6.20) [(Ra™77) (0,4, (@) = CN'T79 700 inf R (&5(a)l

vj+p; <j<i—vi—pj
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We have that e 52 > ¢~V a5 in (6.3), and therefore
|R,(&j(a)] 2 e K8 2 emd e > emiti=De,
since j > N. Thus,
[€i(a) = &(B)] = (7/8) |(RG™779) (€u4p; (|€n 49, (@) = Euytp, ()]

> Celi=vi —Pj)(logk)—i(K—l)ae’Y{(Vﬁ'Pj)|a —b|

> e(M=Kai|g _p| = |q — b,
where v{ = 7] —Ka > 7)—2Ka > 7. Hence the lemma is proved also for arbitrary
7 S Vjyl- O

Finally, using the three Lemmas 6.2, 6.6 and 6.7, let us prove that a curve £, (w)
has indeed expanded between two consecutive returns.

Lemma 6.8. Assume that &, 1(w) C JL w e Pyi, w C Ey(7,1) N By, 1, where
v >0 and €k (a) — &k i(b)] < S for all k such that v; +p; < k < wv,y1. For the
next free return &, ., 1(w) where a,b € w we have

160, 000(a) = &uppra(D)] = 160, 1(a) — &y, a(b)]em 200/ 2
> 2[&,;0(a) = &, ()]
Moreover, we have w € S, 1(7'), w C Ay (7,1), for all n such that v; < n < vjiq,
for some v >~" and v > ~.

Proof. By Sublemma 2, w € S,,(7'), for some 7' > ~5. An interval §,(w) in an
essential return position has length ~ e~ /r2. Put

T

ly; =16y, (a) = &, (b)] = k%’

ll/j+1 = |§Vj+1 (CL) - 5”j+1 (b)|7
for some 0 < k < 1, and a,b € w, (the case k =~ 1 means that we are considering an

essential return).
By Lemma 6.6 and Lemma 2.2

€0+, (@) = &vyp; (D)] 2 KC

e T

;2 (R23Y (&, (a))]
e—rdi
> KO | (RP ) (6, 41(a):

By the definition of the bound period,
Rz, ) — B (o, )] 2 e,
for some zg,wp € IC(Zijrl(w) Uwv;(w)) and some a,b € w. By Corollary 2.5
|RP 7 (z0,a) = R~ (wo, b)| < |(RE ™) (20)l120 — wol + |a — b| B~
Since w € S, (7), 7' = 70, by Sublemma 2, we get (with p = p;)

|a_ b|Bp—1 < e—’y/n—&-plogB < e—n(alogB—fy’) < 6—(31//4)n < e—ﬁn < (1/4)6—ﬁp_
Therefore, by Lemma 2.4
(3/4)e=7P < |(RE=)(20)l120 — wo| < [(RE™Y)(&y,41(a))l[20 — wol-
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Now, since the diameter of the convex set IC(EVJ 4+1(w) Uvi(w)) is by bounded from
above by Ce™"%i (see (6.9)), we get |29 — wo| < Ce"%. Thus,

e*’l‘CL‘

€540 (@) = €y (O)] 2 RC—5=|(RE 1) (€,41(a))]
> kC(3/4r%)e PPi > ke PP,

By Lemma 6.7 and Lemma 6.3, (with g; as the free period)

T

(€011 (a) = €,y (D)) 2 KC—5|(RE ) (&, (a)) | Co e/ 100 M08 V15

-

,,,.2
_5pj _d.'mﬁ"‘/'y ~

> koS > kot > ke 2diBr/v,
r2 2

Therefore,
Iy > lye7"(172d~iﬁ/'7)r2 > 21,.

To prove the last statement of the lemma, we use Lemma 6.2, Lemma 6.6 and
Lemma 6.7 to conclude that in any situation where v; <n < v;;, we have

[6n(a) = & (b)] = C(7/8)" (R ™)' (&0, (a))]I€y, (@) — &, (D)1,

where t < log(n —v; +p;)/log(l+ o) if n > v;+p; and t = 0if n < v; + p;.
Since w € P,; and w C &,,(y) N B,, we have, by Sublemma 2 that S,,(y") for
some 7' > 5. The basic assumption on w and the condition w € &, (), implies
w C &Ey(y — Ka). Indeed, by Lemma 3.8,

|(B) (w@Dl(BG™) (vj(a))| 2 e CA"™ i |Rq (&(a)]

J
; —v; —(K—1)aj -K
> WO~ (K-1)aj > (- Kajn,

if n is large enough. Note that 7o — Ka > v according to (1.7). Therefore,
|60, (a) = &, (D) = C(7/8)"|(Ra ™)' (&, (a))[[(R?) (v(a))|Qn (a) ||
> C(7/8)'|(Ry)' (v(a))|2"(a)lla — b]
> C(7/8)te K™ 2/ (a)||a — b > €7"|a — D),
where 71 > v — 2Ka > v — 2K, if n is sufficiently large. Therefore,
[6n(@) = &n(D)] 2 € a — b]
where 7' > 75 — 2Ka > /. O

7. STRONG DISTORTION ESTIMATES AND GEOMETRY

This section is devoted to two main distortion estimates. We show strong dis-
tortion estimates, i.e. not only for the absolute value, but also for the argument.
Recall Proposition 5.3, which shows that parameter derivatives and z-derivatives
are comparable. The Main Distortion Lemma presented soon, gives a strong dis-
tortion estimate on the derivatives of R™ for different parameters, i.e. the quotient
(R™) (v(a),a)/(R™) (v(b),b) is very close to 1 for all a,b € w € P,,. This implies
immediately Lemma 7.1, which shows that the tangent slope of the curve &,(a)
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varies very little. This introduces the notion of argument distortion, i.e. low dis-
tortion of the argument of (R™)(v(a),a) which will imply low distortion of &/, (t)
for t € (a,b) =w € P,,.

Lemma 7.1. Assume that w is an interval in wo, w C A, (y,1) N B;,_;; for some
v 2 - Moreover, assume that

(R*)' (u(a), a)
() ) Y </
for all a,b € w and N} < k <n. Then
n1(a)

(72 7.0

1‘ < 1/100,

for all a,b € w.

Proof. By Proposition 5.3 and Corollary 5.5, we have
(Qi.1(a0) +e(a))(R™) (vi(a), a) = &, y(a),

where |e(a)| < |@n,,1(a0)]|/500. Equation (7.1) implies

n1(@) (Qn, i(ao) + £(a))
n1(0) (@ i(ao) + (b))
and hence (7.2) follows. O

— 1| < 1/500,

Equation (7.2) gives precisely the control of geometry we need. The curvature
kn(a) of the curve &,(a) is bounded by

[§n(a)]
kn(a) < .
&0 (a)?
If (7.2) is satisfied the curvature may in principle be locally large, but in average,
the curvature must be low. We have the following;

/ L E((®)
0

(7.3)  1/100 > [log&;,(a) —log&, ()| = | [ P58 (v(1)y' (t)de |,

&.(v(1))?

for all a,b € w, for any partition element w € P,,.
We are ready to prove the following important lemma.

Lemma 7.2 (Main Distortion Lemma). Assume thatw € P,,_j,w C &, (v,1)NB,.
for v > ~9. Moreover, assume that |k 1(a) — Ek1(b)] < S for all a,b € w and all
Vs +ps <k <n, where vgs <n < vgp1. Then

(7.4) ‘<Rk><z<>>

@y ()b | Y20

for Ny <k <n.

Proof. By Lemma 2.1 is suffices to show that

R(€la). @) - R (x(0),)
(r5) X REm )

If (7.5) holds, then the lemma will follow from equation (5.11) and the Chain Rule.

<log(1 + 1/400).
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Let us first see how the terms look like near critical points, i.e when &,,(a), ,,(b) €
U!. Assume that &, (w) C J,, (r > A’). We have |&,,(a) — c¢(a)] ~ |Em (D) — c(b)| ~
e~ ". By Lemma 6.8 it follows that

R (&m(b), @) = R'(Em (D), b)] < |a = bl|0a R (§m (D), a')
< B'e Mg (a) = &n(d)],
where B’ = max |0, R/(z,a)|. Also, since Ka < 7/,

(7.6)

efr(d~i72) > efam(czi72) > 67(K72)am > e,,y'm.

Therefore,

R (Em(a),a)— R (& (D), )]
< R (Em(a),a) = R'(En(b), )| + | R (En(b), a) — R (€ (b),b)]
< 2|R"(2,0)||ém(a) — En(D)| + |a — bl|0a R (€m(b), d')]
< 401" @D, (a) — Em (D)),

for some z on the line segment joining &, (a) and &,,(b). The denominator in (7.5)
is also estimated from below using Lemma 2.2 again by

|R/(§m(b),b)| > Ofle*(Jifl)r'

For the rest of this proof, set d; = d. In particular, near critical points, i.e. for
&m(a),&n(b) € U’ we have the estimate

B (€m(a),a) = R'(Em(b),b)] _ ~|&m(a) = &m ()]
[R! (&m (D), 0)] - e r
We have [£;(a) — ¢(b)] > 6" when & (b) ¢ U’. Now, by Lemma 6.8 we have that

w C Sp(7') for some 4" > 5. This implies that, in general, the terms in (7.5) can
be estimated by

[7'(Er(a),a) — R'(&:(b),0)] _ I&k(a) — &k (b)]
| R (€5 (D), b)) ~ k(@) — ()]
where C' does not depend on 4. So (7.5) holds if
1€ (a) = & (0)]
7 S o <°

for some sufficiently small € only depending on 4.

Now we can estimate the contribution from the bound orbits. Note first that
€, (a) =&, (b)] < €77 /r? and that [(R?)'(v(a),a)| ~ [(R") (2, a)| for |z —v(a)| small
if i < p(a), by Lemma 2.4. By assumption we have w € P,,, and w C &,(y) where
7 = 7o, for every return v;, for j < s. From the definition of the bound period,
Lemma 2.2 and Lemma 6.6 we have

€(a) — E:(b)] < CoCul(RI9Y (&, (b), b)Ey, () — &, (b))
€, (a) = &, (b)] 00—

SOOTT N )




56 MAGNUS ASPENBERG

for the nearest ¢(b) € C(b). Moreover, if Ny > 0 is the smallest integer such that
§u, 4N (W) MU' # 0, then for i —v; > Ny
1§:(b) = c(B)] = 1€:(b) = §imv; (B)] = |€iv; (B) — c(D)|

> emali-vy) _ o—Bli-v;) > %e—a(i—w).

If i — v; < Ny then |£;(b) — c(b)] > ¢’. So in any case
vitpj—1 vitpj—
‘N |B(Gla),a) - RIG(D), & i) — &)
<C B — SiF)]
Z; | R (& (b), b)) Z 1§ (D) — c(b)]
VH'PJ 1 |£VJ _(b)|e—ﬁ(i—ug‘)

C .
= Z \gy ~e(b)]e—atim)
3 C|suj<a> e (b >|

—_r )
e

where C = C(¢’). By Lemma 6.8,
2|§Vj (a) - fl/j (b)| < ‘gl/j+1 (Cl) - §Vj+1 (b)|a

if ¢ is sufficiently small, summing over all returns v; we get

Vj+pj—

R (§i(a). @) — R (i(b) ACK AU
22 T 3

<C max |£Vj (a) B ng (b)|

je(r) e’

where (r) is the j:s which have that £, (w) NJ, # . Note that the constant €, can
be made arbitrarily small if ¢ is small. So the contribution to the sum (7.5) from
the bound periods only depends on §.

To estimate the contribution from the free periods, assume that v; are the return
times for the parameters a and b for v; <n =y, (the return times for a and b are
equal; vj(a) = v;(b) since a,b € P,). According to Lemma 6.7 we can estimate the
sum of |&;(a) — &(b)] for v; + p; < i < wv;y; — 1 until a return occurs by the last
term times a constant:

Vi+1—1
Z |€Z(a) - gl(b” < O|£Vj+l_1(a’) - 5”j+1_1(b)|'
1=vj+p;
We have |§;(a) —c¢;(a)] > ¢ for all critical points ¢; and for i = v; +p;,...,vj41 — L.

Again, by Lemma 6.8, 2|¢, (a) — &, (b)] < [&y,,,(a) — &, (b)], if 0 is sufficiently
small, summing over all returns v; we get

s Viy1—1

60) = &) _ o Jna(a) — &, 0)
2 2 Jem—col <° 5 e

j=01i=v;+p;
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where C' does not depend on . Here € is sufficiently small, if C is large enough,
since |€;(a) — &;(b)| < S =6/Cy, for all j <.
The lemma is proved for v; <n < vj11 + pjy1. We have to deal with the case
when v; + p; <n < v;q1, for some j. For v; +p; <7 <n, Lemma 6.7 gives
[6n(a) = £n(b)] > Cp /10008 NE=D65(a) — & (b))

as long as [£,(a) — &, (b)] < S and if &,([a,b]) C P§. Assume that v; was the last
return time. The contribution of the iterates after v; + p; is thus

"R(G(a),a) — RED).D)] O~ Cléila) — &)
2 [R(&®).b) P> 5

1=v;+p; 1=V;+p;

C'ﬁn(a) —&n(b)] < C§ <e,
) )
where again ¢, is sufficiently small if Cy is chosen appropriately.

Finally, we have to show that if &, (w) C Py, then we still have strong distortion
estimates. However, in this case, the distortion cannot be estimated by the last
term in (7.7), since a contraction for a pseudo return depends on ¢. Assume that
n > v; + p; is the last pseudo return time, so & (w) C U’ \ U. By Lemma 6.7 we
have

[€n(a) = & (0)] > (T/8)"[(RG™"71) (€t (a))l|€as1(a) — Ersa (D)
> (7/8)" (1= €)" " ar1(a) = Eara ()]
1

where ¢ < log(n —n — 1)/log(1 4+ o) and p is the minimal multiplier |R'(p(a), a)|
over all a € [O ao] and € < (u — 1)/1000. It follows immediately that

[R'((a) = RGO _ [ala) — &) |~ [R(E(0) = R'(&(0))]
Z IR’ fg b),0)| &) —e)] 2 [ R (&;(b), b))

< S/5+C—|§"(a) O CS < Epseudos

j=n+1

which is small if C5 is chosen appropriately.
Choosing C5 such that e, + €5+, + €pseudo is sufficiently small then (7.5) holds,
hence (7.4) holds, and the proof is finished. O

We end the geometry part of this thesis with the following important proposition:

Proposition 7.3. Assume that w € Py and w C E(7,1) N By, for some v > 7,
then w € G, for all Ny < k < n. Moreover, if w € Py, —11, w C &, (7, 1) N By, 1,
then w € Gy, 11

Proof. The first statement follows directly from the Main Distortion Lemma and
Lemma 7.1. If w C B, ; then w C B],, for all n < vs11, since e~ < 4, by (6.3).
Also, Lemma 6.8 implies that w C Ays+1(fy, [) for some v > 7. Again, Lemma 7.1
and the Main Distortion Lemma implies w € G,, - O

So we have indeed control of the geometry whenever a partition element interval
w has that |(R}) (vi(a))| grows exponentially for all @ € w. Also, the second
statement ensures that given a “good” partition element w C &,(v,1) for some
v > 79, where n is a return time, we can ensure that the curve is straight at
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the next return, so we can indeed make partitions. This is a crucial fact about
the geometry in the whole thesis and we show in the following sections that the
measure of the set of parameters belonging to &,(7,!) has positive measure, where
7= (1-7)logA.

8. LARGE DEVIATIONS

We prove that the set N, F,, has positive measure following [3], where the large
deviation method is developed, and [13], where an exposition can be found. Having
control of the geometry, the use of the large deviation argument will be very similar
to [4]. The main idea is that we start from a partition element w C &, (7,1, *)NBy, 1 «
at time n, so that we may use the binding information of all other critical points
up to time 2n. In the time interval (n,2n) we first delete those parameters not
satisfying the basic assumption (Proposition 8.2). Next, we delete those parameters
not satisfying the free assumption, and give an estimate of the measure of the set
deleted (Proposition 8.11). For the remaining parameters the exponent 7 is restored
(Proposition 9.1).

Let us first estimate the measure of those parameters not satisfying the basic
assumption:

Lemma 8.1. Assume that &, ;(w) C J, is an essential return and w € P, ;, w C
E(v, )N By, for some v > . Let V' be the next return time. Let w’' C w be the
parameters not satisfying B,,. Then

Proof. In view of Proposition 7.3, the tangent slope of &,(¢), for v < n < v/, is
under sufficient control until the next return time /. If [, is the length of the curve
¢n(w), by Lemma 6.8

ll,/(w) > e—QKﬁr/'y > e—QKﬁau/'y’
if the length of &,(w) never exceeded S between the return times v and v'. By

strong argument distortion, the fraction which fails to fulfil the basic assumption
at each return, is equivalent to

m({a €w: 6 () - cla)] > =) _ oV
m(w) = Ce—2Kﬂo¢y/'y

< Ce—ov(1=(2KB/7)) < e—(a/2)v

If the length of &, (w) has reached size S for some v < n < v/, it means that w
is partitioned into smaller elements w; so that Uw; = w. On each element wj,
we have that the fraction which fails to fulfil the basic assumption is less than
e~ /S < Ce™®. So in any case, (8.1) holds. O

In fact, by the uniform distortion of the a-derivative, repeating the Lemma 8.1
for every return we will get that the set satisfying 5, for all n can be estimated by

m(ﬂ Bn> > |wol H(l — e~ (@/2m) 5 0,
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Proposition 8.2. Assume that @ € Py, w C Eu(F,1,%) N By« Putw = {a €
wW:aC By, b Then w C Ea,(v0,1) and the Lebesgue measure of m(w) of the set w

satisfies m(w) > m(@)(1 — Ce~(@/2n),

Proof. We shall inductively construct the set w, deleting those parameters from @,
not satisfying the basic assumption at every return. Lemma 8.1 implies that the
measure of the set deleted between two consecutive return times v and v/ is less
than e~ (*/2" if the former return was essential. For inessential returns in (n, 2n),
the basic assumption is automatically fulfilled. To see this, we may consider the last
essential return ¢, (w) into, say J,.. By Lemma 6.8, the interval &,/ (w) has length
at least twice the length of £, (w). Thus, since the return v/ is inessential it means
that &, (w) C J,v, where v’ < r, which directly implies that w C BJ,.

By the fact that w C &,(7,4,%) N B, «, we can use the binding information
of all other critical points for all returns in the time interval (n,2n). Also, since
p < Kan/vy < 1, the same exponent %7 can be used during the bound periods.
Indeed, if p is the bound period following v € (n,2n) and ¢ the free period, we get
by Lemma 6.5 and the Outside Expansion Lemma

|(RZ’7”)'(£V(CL))| > ezﬁ/(KH)Oa/\q > ePT(2K)

whenever a € wy for some partition element w; C @ such that w; C B,’M- NE(y,1),
for some v > 7. We have consecutive free returns v;(a), where j € (n,2n), and
assume for simplicity that n = vg. Inductively, using Lemma 6.5, removing the
parameters which do not satisfy the basic assumption, we get

(R (v(@)] = TT IRz =) (@) | (RLY (v(a))| > €7 = €727,
k=0

where v; > 7(vj/n) > 0. In general,
|(R§)/(U(a),a)| > e(')’j—Ka)k’

for all k& < v;, by the basic assumption. So, indeed, at every return we have, for
any partition element wj, that w; C Bf,j N Ay, (7,i), for some v > ~o. By the
assumption on w, this implies that w; C B,'jj N &, (7,1). According to Proposition
7.3, the geometry is under good control, and we can go on to the next return until
time 2n. It follows that w C &3, (70, %). O

Remark 8.3. Proposition 8.2 immediately implies that the partition elements in the
set w satisfies w € Gay, g, i.e. we have good geometry control.

Thus, we can delete parameters not satisfying the basic assumption in the time
interval (n,2n) and still have control of the geometry. We will now use the large
deviation argument to show that the set of parameters wNé&s, (7,1) is only a slightly
smaller set.

We define the notion of escape, which briefly means that a curve segment &, (w)
has reached the length S = §/C2. The number Cy does not depend on ¢, so we
may choose § such that S/el’ > §/A? > §2, where e!' = max|R/(z,a)|.

Definition 8.4 (Escape). We say that the curve &, ;(w) has escaped, or equivalently,
w is in escape position if &, ;(w) has length at least S/el = §/(eF Cy).
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The notion of escape is already introduced in [4], and the above definition is an
analogue of that in [4]. The following lemma shows that the escape time is bounded
from above in proportion to the “depth” of the return.

Lemma 8.5. Assume &, ;(w) is an essential return and w € Py j,w C Ey(7,1) N
By 1, fory > o, where V' is the next essential return time after v or the time when
&, .1(w) has escaped, whichever comes first. Let q be the time spent on the first free
period and the following inessential returns until the next essential return or until
escape occurs. Then

qgighra
Y

where h = £

Yo
Proof. The length of &, (w) must by definition not exceed S/el’, because then it
escapes. Assume first that no returns takes place at all after time v. Since w C
&, (y) N B, for v > 79, Proposition 7.3 implies that the geometry is under full
control during the time period (v,r’) considered. By Lemma 6.6, Lemma 6.7 and
Lemma 3.8 implies

(8.1)

67?”
S >

> 53 | (B € (@)I(T/8) (RE) (Evtpo (@)] = Ce20rogiolioed) o =AU,

where pg + qo = p and ¢t < logqp/log(1 + o). Thus (8.1) implies
log C' — 20po + (99/100)go log A < (K — 1)A.
Since pg < cZﬂ‘/’Y < Kr/vy we get

4KpBr (K —-1)A _2Kr
qo S + S )
~vlog A log A 5y

since § < 4logA, v < logA and r > A. Lemma 6.8, together with the strong
argument distortion, shows that the length [,,,; of an inessential return &,,,(w)
enlarges by a factor at least e(!=2508/)7i  Thus the length L after all inessential
returns satisfies

e 2BKr/y Hem(l—?Kﬁ/v)Jrqj logA < 1< §

J

where ¢; are the corresponding free periods. This implies

2K
er(l —2KB/v)+gjlog\ < ’yﬂr.

J
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Assume that the number of inessential returns is s. The total time spent on inessen-
tial returns and its bound and free periods becomes

5 5 Kr 2Kr
4= pita=pota+) (pj+qj)S7 5 ;E:Tﬂw%
: i

3Kr
+ T;
v —2Kﬁ/v Z !
3Kr  AK?pBr Kr
< - < AT
v Y v
We used that 8 < v/(4K), which follows from (1.7), and v < log . O

—2K3/v) + q;log A

If ¢, (w) is an escape situation then it will return with a length at least ~ S. By
Proposition 7.3 and since 62 < S, when the curve &, (w) has returned into U?, it
has very low argument distortion, i.e. it is almost straight, compared to §2.

Now, let us return to the set @ € Pp 1, w C E,(F,1, %) N By 1 and put wy = {a €
W :a € By,,;}. The measure of parameters not satisfying the basic assumption
which are deleted every return, is exponentially small in terms of the return time
(Lemma 8.1). Therefore, the portion of a partition element w C w; which has
consecutive essential returns to J,,_, and .J,, in the time interval (n,2n), is

e "

(8.2) e—2di_1Bri_1/v’

by Lemma 6.8, if no escape has taken place between the two returns. This is the
core of the geometry; that we can estimate the portion as in (8.2).

More generally, the subset wy C w that has a specific history, i.e. specific essential
returns to Jy,, Jp,, ..., Jr,, starting at J,, can be written

S

m(ws) 5 e_ri
= < s T o3 A o
m(L«J) Ps = c 1—[1 e—2di_157”7‘,—1/’)’7
i=

where m(FE) is the Lebesgue measure of E.

Assume &,(w)NU # (. Then a part P; of &, (w) lies inside U and the other part
P, lies outside U. We now make the following convention. If P» is smaller than
5/(2A%) then we just adjoin P, to P;. Otherwise cut P off and iterate it further.
It will grow to size S, and hence escape, rapidly during the pseudo bound period
(see Definition 6.4) because

5 diB/~ _d;AB 2d;BlogA —A(M 2]QgA
= e = e Y

A2 v e ~ )>>S*6A/C'2,

if A is sufficiently large.

Fix ri+ro+...+7r; = R for the moment. Let us calculate the number of possible
combinations of the sequence rq,79,...,75 for s and R fixed, i.e. the number of
possibilities of dividing the number R into s parts r; > 0. This number is the same
as the number of possibilities of putting s — 1 balls in R+ s — 1 boxes, with at most
one ball in each. If we, for a start, neglect the fact that every curve returned into J,
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is divided into 2 smaller sets for each essential return, the number of combinations
is thus
R+s—1
s—1 )’
Using Stirling’s formula for large R and that R > sA > A we get

1 (R+s— 1)R+S_16_R_5+1 R+s—1 _ RR"'%(I + %)(14—3)1%
V2r  RBe F(s—1)s—le=s R(s—1) — RR(%)R/A

R
< (ermarsa PR ) <o)

if A is large enough, where n(A) — 0 as A — co. Since the critical set is finite the
total number of combinations of the returns v;(a) is estimated by

O+ n(A)FTr? < Cet R4 n(A)R.
=1

Definition 8.6. Let wy,(a) € P, be the set of parameters laying in the same
partition element as a, for the first n iterates.

Definition 8.7 (Escape time). If &, ;(w,. (a)) is an essential return into U? then de-
fine Ej(a,v) = {inf k > 0 : w,4x,(a) is in escape position and k > p(a)}. Ei(a,v)
is called the escape time.

According to Lemma 8.5, if the number of essential returns is s before escape
takes place, then the escape time is

E(a,v) = Ei(a,v) < Zhri =hR+ hrg
=0

if v is a return time into J,,.

For R = Zle r; let As r be the set of parameters a € w, which have a specific
starting return v(a) into J, and after that have s essential returns without escaping
until the (s + 1):st return. By the above calculations we have at most (14 n(A))%
possibilities, i.e. the interval w is at most divided into (1 4 n(A))# intervals. Let
ws be the largest one. We can rewrite the fraction ¢4 as

(83) ps < Cse_% o rit2dio1fBro/y — Cse—%R-ﬁ-Z(foﬂro/fy.

The fraction |ws| of |w| not escaping after s essential returns starting at ro with
R =737 _, r; is thus estimated by

(8.4) |As,r| < @s|(1+ n(A))Fef/16,

We want to make an estimate of the escape time for a given return vy into J,,.
Assume that E(a,vy) =t. Then t < hR + hrg, so R > % — 19, where h = 4K /.
Summing over all possible combinations of sequences r; satisfying R > % — 79 we
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get from (8.3) and (8.4)
m{acw: Blaw)=t}) = Y |Arl< Y (&1 +n(A)) e

RZ%*T[), RZ%*TQ,
s<R/A s<R/A
o R/A )
< |l Z Z (1+ n(A))ReR/mCSe_%R“dOWO/’V

R:%_TO s=1

o R/A _ )
<l > %QR(—%‘FW(A))-FQ%@”O/’Y

R:%frg

< Celk—ro)m(A)=$)+2doBro/y < (o= H+(F+220)r0

Since 2Cioﬁ/ v is small we get with ¢ > 2hrg an estimate for large escape times;
(85) m({a cw: E(CL, 1/0) = t}) < O@fﬁ.

We have 2hrg = 6Krg/v < 6Kro/v < 6Kavy/vo. Since ¢ = 6Ka/vg is small we
get that so the estimate (8.5) holds for ¢ € (v9(1 4 ¢),2n), assuming that n < vy <
2n.

Assume v;(a) € U? are deep returns for i = 1,...,s. Their corresponding escape
times are E(a,v;). We want to estimate the sum of all escape times in time intervals
of the type (n,2n). Define

s(a)—1
To(a) = Tou(a) = Y Ei(a,vi(a)),
i=0
where s(a) = s is the largest integer such that n < vy(a) < v1(a) < ... <vs_1(a) <
2n, where v (a) are essential deep returns after escape has occurred. We assume
that all s escape periods have ended before time 2n, so by definition F(vs_1,a) <
n—~Vvs_1.

Remark 8.8 (Blind escapes). If there is a deep return vg(a) < n, which does not
escape until after 2n, then we delete those parameters if E(a,vs) > tn. According
to (8.5), those parameters correspond to an exponentially small fraction of the
interval w,_(a). If E(a,vs) < n, (¢ = 6Ka/v0) then this escape time will normally
not be counted in the sum 7}, (a). However, we simply disregard from these “blind
escapes”. It will make very little difference at the end, by the fact that we may

choose 7 > 100¢, see (1.7).
1
— / 9Tl g,
w w

for some suitable 6. Choose 8 = 1/(6h), (remember h = 4K /7). Then 6§ > 7, (see
(1.7)). The shallow returns into U \ U? are treated in the usual manner but we do
not speak of escape times from such situations. We do this since shallow returns
do not deteriorate the expansion of the derivative (see Lemma 6.5). If w,(a) is in
escape position then the escape time stops and the free escape orbit begins until
it returns to U2 again. Since the escape time is larger than the bound period by

We will estimate
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definition, the sum of all free escape orbits in the time interval (n,2n) is at least
n—T,(a). If we let M be the first return time for a given critical orbit s ;(w), let
m € N be such that 2™ M = n. Then

(8.6) Fapi(a) = > 28 M — Toipgy(a).
k=0

Note that, by definition 7}, ;(a) is constant on each component of P, ;.

Lemma 8.9. Let W € Py, © C E(F,,%) N By s Put ' ={a€w:ae€ By, }.
Moreover, assume that w € P, for some w C ', and some n < v < 2n, where
&,1(w) is an essential deep return into J:. Then

/ e/Frlav) qg < Ce_r/?’\w\,
{a€w:2hr<E;(a,v)<n—v}

/ VB a) dg < Ce™/3|w].
{a€w:E;(a,v)<2hr}

Proof. By (8.5)

() gq < Z Ce wetw| < C'e_t(Tlh_e)ku\
t>2hr

_ C/e—t9|w| < C/e—r/3|w|,

/{a€w:2hr§E(a,y)§n—v}

since 6 = 1/6h. The last integral follows directly. O

Lemma 8.10. Letw € Py 1, W C En(F, 1, %) N By j s Putw ={a €w:a € By, }.
Then

/ eTnt(a) g < 672"\w|.
w

Proof. Let s = s(a) be the largest integer such that vs(a) < 2n and let w° be the
subset of w such that every a € w® has escaped precisely s times, for some fixed s.
For every parameter a € w°, w® C ... C w! C W is a nested sequence of parameters
following a for s consecutive deep essential returns after escape situations. So
&, (wy, (a)) are essential deep returns after escape situations.

Since Ty, (a) = >.i_, E(a,v;) and E(a,v;) is constant on w’~! but not on w’ we
get

/ eOTn(a)da:eOZf;gE(a,ui)/ OB (avs—1) g,

ws—l

The set w*~! is a union of sets w®~ 17" where ¢, (w*~b7") C J,, i.e

o
w571: U wsfl,r.

r=2A
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In the following equations we use that &, _, (wy,,_, (a)) has length O(d) ~ S (since
it has escaped before the deep free return). So by Lemma 8.9

00
/ e@E(a,Vs,l)da < |ws—1| + Z / e@E(a,us,l)da
ws—1 Jon Jwstr

oo

=+ Y

|:/ eaE(avusfl)da
r=2A {acws— 17" 2hr<E(a,vs_1)<n—vs_1}

+ / eGE(a,us_l)da
{acws—b7:E(a,vs—1)<2hr}

< |ws—1| +C Z (e—r/S +er/3)|ws—17r|
r=2A
[ o
< ws—l +C e—r/3+er/3 z
<kl Y <

= [w* M1+ Ce ) = w1+ 0(4)),

ws—1|

where n(A) — 0 as A — oo.
To calculate the integral over w®~?2 instead we note first that the set w,_s is also
a union of w27 i.e.

oo
ws—2: U ws—2,7".
r=2A

For each r the set ws_o , is again a union of sets of the type w®™! on which E(a, vs_2)
is constant. Hence,

/ e I / HB (a1 g,
w372,r w572,7‘mw571

ws—lcwa‘fzw“
< Y B gAY

ws—lCws—2.7

=(1+ n(A))/ P (awvs=2) g,

s—2,r

Thus,
/ e@(E(a,VS,l)+E(a7l/s,2))da _ Z eO(E(a,us,l)+E(a7us,2))da
ws—2 ron Jws2r
= (1+0(8) Y / /B2 da
r=2A ws =T
=(1+ n(A))/ eVE(avs=2) g
ws—2

< (14 n(8))|w 2],
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Repeating this argument s times we get finally
[ Oda < (4 @)yl < ),
for some suitable 7 > 0 with 8 > 7 if A is sufficiently large. We used also that
s < m. Since this is valid for all such sets w?, the lemma follows. O

We can now show that the set of parameters in N,F,, has positive Lebesgue
measure.

Proposition 8.11. Assume that W € P, @ C (7,0, %) N By s Putw ={a €
w:a€ By, }. Then

m({a € w: T, y(a) >n}) < e 7O,

Proof. We have

m({a €w:Ty(a) >1n}) < / 1@ g
{a€w:Ty (a)>Tn}

/ 0Ty, (a)da < 67— n|w|

by Lemma 8.10. So

m({a cw: Tn(a) > T'ﬂ}) < 6—97n672n|w| _ 6—7'(9—7')71|w|.

9. CONCLUSION AND PROOF OF THEOREM B

The following proposition follows an analogue in [13]. Roughly one can say that
once the basic and free assumption holds, then the original exponent 7 is restored.

Proposition 9.1. Assume that w € Pap andw C Ep(F, 1, *)NBy 1. If, in addition
w C Bén,l n fgn’l, then w C ggn(ﬁ, l) n Bgn’l, i.e.

|(RE) (vi(a)| = T,
for all k < 2n.

Proof. Fix any a € w. First we estimate |(RE)’(z)| for z = {;(a) € J, for some
j < 2n. Since p < 2Kan/y < agn < n, Lemma 6.5 gives
|(RR)' ()| > e/ (FHD).,

For simplicity put m = 2n. Now, let p; be the bound periods, u; as the free deep
periods and v; as the free deep return times, where vy = 0 and v; = M, the first
return time. The Outside Expansion Lemma, Lemma 6.5 and the Chain Rule gives

(R (v(a))] = |[(RG™) IHI (B 77 (8w, ()]

s—1
> | ) (G, (@) T ern/UetDens e,
=0
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If m — v, > ps then |[(R™7) (&,.(a))| > ePs?/(K+D|(Rm=v=Ps)/(2)|. The basic
assumption implies |R., (&, (a))| > C7 Y ém(a) — c(a)|*! > e~ E=Do™ | Lemma 3.8
implies

|(RZn_VS)/<£V5 (a))l > Cepsfy/(K—i-l)e(m—uS—pS) log Ae—(K—l)am.

If m — v, < ps instead then
(R (6, (@) 2 e (D,
So in any case
|(R™) (v(a))| > Oy Xipi/ (K+1) Jlog A Y pi o —(K—1)am

_ Cse'y(m—Fm(a))/(K-&-l)eFm(a) log /\e—(K—l)am.

We have p; > C'A (see Lemma 6.3) so m — Fp,(a) > sC’A and therefore

Csefy(m—Fm(a))/(K—i-l) > eslogC+'ysA/(K+1) >1

if A is large enough. Thus, if a € Fa,

‘(RZL)/(’U(G))‘ > eFm(a) log )\e—(K—l)am

> em((lf‘r) log A\—(K—1)a) > e'ym’
where v = (1 — 7)log A — Ka. O

Proof of Theorem B. We will use induction over time intervals of the type (n,2n).

To start the induction, choose the first return as in Subsection 5.1, which gives
a starting interval wg, where |wg| < 0, and such that tangent slope distortion is
very low. Therefore, wy C Ep(7,1) for all Il and v > 7 = (1 — 7)log A\, where

Emi(w) C Ja—q for some partition element w € Pas;. Also, A here is the minimum
1/d7,

%

, where pi; = sup |R'(pi(a),a)|, and
a€0,a0]

pi(a) are the repelling fixed points. Thus we can use binding information until time

M /oy is reached for all critical orbits &, ;(a), a € wy.

We now give an inductive method of how to handle finitely many critical points.
We use the ideas described in [2]. Assume that we have constructed sets 0y =
En(7, k) N By i of Lebesgue measure |wo|(1 — Ce™™), for all k and for some n,
such that m(NgQx) > 1/2. Before continuing the orbit of ¢;(a), we have to delete
parameters in €2, so that we can use binding information of the other critical points
up to time 2n. Consider the set

ann,k = Aaon(ﬁa k) \ Aann(ia k)

for k # [ which is a union of finitely many intervals which are deleted during the
time interval (aon,2a9n). We shall show that intervals in the sets Eq,n , are very
much larger than the partition elements in P, ;. Indeed, if [, is the length of the
curve &qy5,k(w1), (the orbit of some critical point ci(a)) and n < j < 2n, where
w1 € Pagjkrwi C Aagn (7, k), k # 1. Then by Proposition 5.3

of the expansion in Lemma 3.6 and all p

lawj (1) ~ |wil (BT (vi(a))| < |wile" !
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Assume now that this wy is deleted, i.e. wi C Egyn k. We delete only parameter
intervals which covers some whole partition element fully. This means that

—r

e

. —2aagn
lao] >— 27,2 >— €

)

if w1 € Bagn. Thus, the size of the partition elements of E,, » can be estimated
by
|W1| > Ce—2aaon—Faon _ Ce—aon(Qa—i-F).

On the other hand, to estimate the size of the partition elements P, ; of &,(7,1),
we use Proposition 5.3 to get

S > In(w2) ~ |wo| [(Rg) (vi(a))] > |wale™,
for some wy C &,(7,1),ws € Pp . So
1 S pena-aam) 5 1.
|wa|

since ¥ > ap(2a + I'), (follows from (1.7)). Thus intervals in the sets Eqyn 1 are
very much larger than the partition elements P, ;. Therefore the partition P,
will not be damaged, we will only delete whole elements which intersect Eqp,  for
some k # [. In particular, if E,,  only partly covers some partition element in
Pp, then delete the whole partition element. Thus we delete a little more than
necessary, but this fraction is very little by the fact that |wq| > |ws|. This ensures
that the new set

‘c"n(ia la *) N Bn,l,*

consists of whole partition elements in P,, ; for which we can use binding information
of all critical points up to time 2n. With Q = NQ, note that

(@, DN Br) \ (En(F, 1, %) N Brii)) N = 0.
Now, in view of (8.6), by Proposition 8.2 and Proposition 8.11 we get

m((Fana 0 Bant) 01 (E(T ) 1 Boe))
> m(En(F, 1, %) N By ) (1 — e 7O (1 — Cem(@/Dm),
Proposition 9.1 gives
m(Exn(7,1)) = m(En(F,1,%)) (1 — e~ ") > 0,

for some C; > 0, for every I. Thus, if N is the number of critical points, the measure
of the set deleted from €2 is at most

NeCan,

Applying the above procedure to every time interval (n,2n) we get

N oo
m<ﬂ N An(y,l)) > Jwo| [J(1 = Nemm) > 0.

l=1n=0
The proof of Theorem B is finished. U
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