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Abstract

In this thesis we consider sequences of non-negative integers which
arise from counting the periodic points of a map 7': X — X, where X
is a non-empty set. Some of the main results obtained are concerned
with the counting of the periodic points of an endomorphism of a group,
in particular when the group is locally nilpotent, for which class of
groups a local-global property is established. The ideas developed are
applied to some classical sequences, including the Bernoulli and Euler
numbers, which are shown to have certain ‘dynamical’ properties. We
also consider the Lehmer-Pierce construction for sequences of integers,

looking at possible generalizations and their associated measures.
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Notation and Conventions

Sets

e N the natural numbers {1,2,3,...}
e Ny the non-negative integers: {0} UN
e 7  the rational integers
e Q the rational numbers
e R the real numbers
e C the complex numbers
e T" the additive n-dimensional torus R"/Z"
o [F, the field of p elements
o [F, the field of ¢ = p" elements
e 7, the ring of integers modulo n
e S!  the multiplicative circle group {z € C: |z| = 1}
e ) the empty set
| X| is used for the cardinal of the set X.
Number Theory

e gcd(m,n)  the greatest common divisor of m and n
e lcm(m,n)  the least common multiple of m and n
e m|n mdivides n

op |[n p"|nbutptiin

e |z] the greatest integer less than or equal to x

The Mobius function y : N — Z is defined by

1 ifn=1
p(n) =4 (=1F if n=p;---pp with py,...,p. distinet primes

0 otherwise.
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The Euler ¢-function (or Euler totient), ¢ : N — N is defined by
o(n) =k eN:k<nand ged(k,n) = 1}.

Sequences

Sequences are written in the form (u,,) with the subscript n being a
natural number by default. If the subscript comes from a different set
of integers, or if we wish to emphasize the values taken by the subscript,
we will write the sequence in the form (u,)nez, for example.
Groups

Let G denote a group with a,b € G. The binary operation on
G will be written additively as a + b, and in this case G is always
abelian with identity 0 and inverse of a being —a. Sometimes we will
use multiplicative notation and write ab, the identity element being 1,

with the inverse of a being a~!. The default operation is multiplication.

e o(a) the order of the element a

e a’ =b7'ab the conjugate of a by b

e [a,b] =a"'v"tab the commutator of a and b

e H<G (G>H) H isasubgroup of G

e NIG (G> N) N is anormal subgroup of G

e X®=qa"1'Xa the conjugate by a of X C G

e |G: H| the index of the subgroup H in G

e Z(G) the centre of G

e i the identity automorphism of G

If S is any subset of G, the subgroup of G' generated by S is the

smallest subgroup of G containing S and is written as (S). If S is a
finite set then the subgroup (S) is said to be finitely generated. If P
represents certain conditions imposed on the set S, we will write (S : P)

for the subgroup of GG generated by S subject to the conditions P.
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Polynomials

If R is aring, R[z1,...,x,] is used to represent the ring of polyno-
mials in xy,...,x, over R. Let F' € R[z]. We write O(F') for the degree
of F; if F is the zero polynomial, O(F) = —oco. If G € R[xy,...,z,)
this is extended to 0,, (G) for the degree of G in the variable xj. The
polynomial F(x) = a,2™ + -+ + a1 + ag € Z[z] is called primitive if
ged(ap, ..., a1,a0) = 1.

If H € Clz], we say that H is a monic polynomial if
H(z) = 2% 4+ ag_12™ ' + -+ a1 +ag, d > 1.

In this case, the companion matriz to H is

0 1 0 0
0 0 1 0
Ay =
0 0 0 1
—ap —a1 —az -+ —Qd-1

General

e M, (R) the ring of n x n matrices over R
o logtz =logmax{l,z}, r €R, 2 >0
o diag(X®) = U,ex iz} = {(z,2,...) 12z € X}

e x' the transpose of the vector x
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CHAPTER 1

Introduction

The primary concerns of this thesis are the arithmetic properties
of those integer sequences which count the periodic points of a given
map acting on a given set, with particular emphasis being placed on
endomorphisms of groups. In this chapter, the basic concepts are in-

troduced: there are no new results, though some proofs may be new.

1.1. Group Theory

The definitions, notations and properties of groups required in the
thesis are recalled here. For more detail we refer to the books [13], [24],
[25], and for specialized information about p-groups [14]. Throughout
this section we will use G to denote an arbitrary group with binary
operation ‘multiplication’. If H is a subgroup of G we write this as
H < G. Following common practice, the symbol 1 (or 0 in the case
of an ‘additive’ group) is used to denote the identity of GG, and also to

denote the subgroup of GG containing the identity only.

1.1.1. Basics. We assume that the notions of group (abelian and
non-abelian), subgroup, coset, quotient group, group generators and
elementary presentations are all known. We will concentrate here on
terminology and notation.

Denote by X any non-empty subset of G and let ¢ € G. We use

the notation X9 to represent the set
{97 2g  x e X},

and 29 for the element ¢ 'xg when x € G. This operation on the

subsets (elements) of G is known as conjugation. Two subgroups Hy, Ho

1



1.1. GROUP THEORY 2

of G are said to be conjugate if there exists g € G such that HY = Hs.
For a given H < G, the set of subgroups of G, {HY : g € G}, is called
the conjugacy class of the subgroup H. If N < (G is such that N9 = N
for all ¢ € G, then N is a normal subgroup of G, written as N < G
(or, occasionally, G > N). Thus, N is a normal subgroup of G if N
is the only member of the conjugacy class of N. The normalizer of a

subgroup H of G is
Neo(H)={9€ G: H'=H}.

We have H 9 Ng(H), and Ng(H) = G if and only if H is a normal
subgroup of G. The centralizer of a non-empty subset X of G is defined
similarly:

Co(X)={9eG:29 =z forall z € X}.

Given x,y € G, the commutator of x and y is defined to be

1

[z,y] =27y ey = 2~ 1aV.

If A, B < @G, the subgroup [A, B] of G is
[A,B] = ([a,b] :a € A, b€ B).

If A and B are normal subgroups of G then [A, B] = [B, A] < G and
[A,B] < AN B.
If L denotes a group and the map ¢ : G — L is such that

¥(g192) = 9(g1)¥(go) for all g1, g2 € G,

then we call ¥ a homomorphism from G to L. When ¢ is also a bi-
jection, it is called an isomorphism, and in this case we write G = L.
A homomorphism ¥ : G — G is called an endomorphism of G. The
set of all endomorphisms of G' forms a semigroup under the operation
of composition of maps. An isomorphism « : G — G is known as an

automorphism, and the set of all automorphisms is written as Aut(G).
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This has the structure of a group, with binary operation the composi-
tion of maps. When ¢ is a fixed element of G, the map ¢, : G — G
defined by ¢, : © +— 29, is easily seen to be an automorphism of G;
and any member of Aut(G) which has this shape is called an inner au-
tomorphism of G. We note here that if ¢, is the inner automorphism
just defined then Cg(g) = {x € G : ¢y(x) = x}: that is, Ce(g) is the
set of fized points of the map ¢, : G — G.

A subgroup F' of G is said to be fully-invariant if 9(F) C F for
all endomorphisms 9 of GG, and K < (G is known as a characteristic
subgroup of G if a(K) C K when o € Aut(G). It is clear that a
fully-invariant subgroup is characteristic, and a characteristic subgroup
is normal: examples exist to show that the converse is not true. A
weakening of the requirements for a fully-invariant subgroup is: if 9 is
an endomorphism of G, then the subgroup H is called ¥-invariant if
Y(H) C H. Thus, H < @ is fully-invariant if it is J-invariant for all
endomorphisms ¥ of G.

We conclude the basic constructions and definitions associated with
a group by making precise what it means for a group to have local
properties. Thus, if P is a property relating to the class of groups (for
example, being finite) then a group L is said to be locally P if every
finitely generated subgroup of L is contained in a subgroup of L having
the property P. For example, L is a locally finite group if every finitely

generated subgroup of L is in fact finite.

1.1.2. Sylow subgroups. If p is a prime and the group P is such
that every member of P has order a power of p, then P is called a
p-group. A subgroup H of G is a p-subgroup of G if H, considered as
a group in its own right, is a p-group. The mazimal p-subgroups of G
are known as the Sylow p-subgroups of G. The following result, which
dates back to 1872, establishes the existence of Sylow p-subgroups of a
finite group.
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Theorem 1.1.1. (Sylow’s Theorem) Let S denote a finite group with
|S| = p™r, where p is prime, m is a non-negative integer and r is a
positive integer such that p{r. Then
(1) S has a Sylow p-subgroup of order p™.
(2) If P is a Sylow p-subgroup of S and H is any p-subgroup of
S then H < P® for some x € S. In particular, the Sylow
p-subgroups of S form a single conjugacy class.
(3) Let the number of distinct Sylow p-subgroups of S be denoted
by n,. Then n, = |S : Ng(P)|, where P is any particular
Sylow p-subgroup of S; n, | r; and n, =1 (mod p).

1.1.3. Central Series and Nilpotent Groups. First we recall
the definition of the centre of a group. The centre Z(G) of G is defined
by

Z(G)={x € G:g"=gforall g € G}.

It is easy to see that Z(G) is a characteristic subgroup of G.
Let Hy, Hy, ..., H, denote normal subgroups of G with n > 1 and

(1.1) l=Hy<H < < H, =G,

We call (1.1) a normal series for G of length n. If the series is such

that
H,./H,_y <Z(G/H,_), forr=1,...,n,

then it is called a central series for G. It is possible for a group to have a
normal series but not a central series: the group S3, the permutations
of three symbols, is an example of such. If a group does possess a
central series then it is said to be nilpotent. An abelian group A clearly
has a central series: 1 < A; so all abelian groups are nilpotent. An

example of a non-abelian nilpotent group follows.

Example 1.1.2. Let g denote the quaternion group of order §,

QB = {17 _17 i? _i7 ja _j7 ka _k}7
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where the usual rules for the multiplication of quaternions apply. We
have Z(Qs) = {1,—1} and Z(Qs/Z(Qs)) = Qs/Z(Qs). 1t follows that
a central series for Qg is 1 <9 Z(Qs) < Qs, so Qg is a non-abelian
nilpotent group.

Next we consider the two most important cases of central series for

(. The first of these is related to the centre of G and the construction

is suggested by Example 1.1.2. The upper central series for the G is
(1.2) G(G) LG(G) -+ LG(G) Q-+ <G,
where (o(G) =1, and for r > 1,

<T<G)/Cr71<G) = Z(G/Crfl(G»

Obviously, (;(G) is the centre of G and it is clear that the subgroups
¢+ (Q) are all characteristic. If G is a nilpotent group then there exists
a least non-negative integer ¢ such that (.(G) = G: c s called the class
of the nilpotent group. An abelian group A # 1 has class 1.

The lower central series for G is

(1.3) N(G) B 7(G) > (@) > > 1,

where v, (G) = G, and for r > 1,

’YT(G) = [G: Vr—1 (G)] :

If G is nilpotent then there is a positive integer n such that v, (G) = 1.
It is known that if G is a nilpotent group of class ¢, then v..1(G) = 1;
and if ¢ is the least non-negative integer such that 7..1(G) = 1, then

G is of nilpotent class c.
Example 1.1.3. Let G denote the upper triangular matrix group
1 Q/Z Q/Z

0 1 Z
0 O 1
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Here the notation means that the elements of G are matrices of the

form
1 st
01 2 |,
00 1

where s,t € Q/Z and z € Z. The group operation is matrix multipli-
cation, with Z acting on QQ/Z in the natural way. It is clear that G is
an infinite non-abelian group: we will show that is nilpotent, of class 2.

First, the set of matrices

1 0 Q/Z
01 0
00 1

is a subgroup of GG, and it is easy to see that it is in fact the centre,

Z(G), of G. Now let

1 S1 tl 1 S92 t2
r=10 1 2z andy=1 0 1 2z
0 0 1 0 0 1

be any two members of G. Then we obtain

1 0 2981 — 2152
[zyl=1 0 1 0 :
0 0 1

and so 12(G) = [G,G] 9 Z(G). It follows that v3(G) = 1, so G is
nilpotent of class 2.

We finish with two results concerning nilpotent groups, the first of

which guarantees a plentiful supply of such.

Theorem 1.1.4. Let p denote a prime and P a finite p-group. Then
P is nilpotent.
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The proof of this result is a consequence of the fact that the centre
of a finite p-group is non-trivial. The next theorem establishes the

overall structure of a finite nilpotent group.

Theorem 1.1.5. (Burnside and Wielandt) Let G denote a finite group.
Then G is nilpotent if and only if each Sylow p-subgroup of G is fully-

mvariant.

It follows from this and Sylow’s Theorem that in a finite nilpotent
group the Sylow p-subgroups are unique for each prime, and that the

group is the (direct) product of these subgroups.

1.2. Realizable Sequences

A class of sequences is introduced which owes its origins to the
theory of dynamical systems. Many of the definitions and results in
this section are to be found in [22].

An important consideration in many branches of mathematics is
that of the set of periodic points of a map T : X — X, where both
X and T would normally possess some mathematical structure. For
example, X may be a compact topological space and T" a continuous
map, or X may be a group and 7" an automorphism. Ergodic theory
and the study of dynamical systems provide many examples in these
categories. We refer to the books [10], [26] and [29] for information
relating to systems of this type. A natural question arising from the
study of this kind of system is to enquire about the properties of those
integer sequences that count the number of periodic points, leading to
the following definitions.

Let X denote a non-empty set, and 7" : X — X a map; call the
pair (X, T) a system. The set of fized points of the map T is

Fix(T) ={z € X : T(x) = x}.
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For each integer n > 1, the set of periodic points of period n for T is
Per,(T) = Fix(T") = {x € X : T"(z) = z}.

Definition 1.2.1. A sequence (u,) of non-negative integers is said to
be realizable if there exists a system (X, T') such that for every n > 1,
u, = | Per, (T)].

In [22] the expression ezactly realizable is used for this type of
sequence. We will variously use the alternatives: u is a realizable se-
quence; the sequence u is realized by the system (X, T); (X, T) realizes
the sequence u. Although no structure is placed on the system (X, 7)),
it is known that without any loss of generality, X may be assumed to
be a compact topological space and T': X — X a homeomorphism;
see [22] for the details. Indeed, a recent result of Alistair Windsor,
states that without loss of generality, the system (X, 7T) may be taken
to be: X is the 2-torus, T?, and 7 : X — X is a C* diffeomorphism.

A simple example of a realizable sequence follows.

Example 1.2.2. The permutation
T =(1234)(56) acting on the set X = {1,2,3,...,8}

realizes the periodic sequence (2,4,2,8,2,4,2,8,...).

A further example of a realizable sequence, which we will require

later, is given in the next result.

Proposition 1.2.3. Ifa is a positive integer then the sequence (a™),>1

1s realizable.

Proof. Denote by X the set of sequences {0,1,...,a — 1} and let
T : X — X be the left shift map; that is, if z = (21,29, 23,...) € X
then T': x — (x9,%3,74,...). Then it is easy to see that the system

(X, T) realizes the sequence (a"),>1. O
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The following gives an arithmetic criterion for determining whether
or not a given sequence is realizable. For a proof of the result we refer

to [22] where it is called the Basic Lemma.

Lemma 1.2.4. Let (u,) denote a sequence of non-negative integers,
and define the sequence (u)) by
Uy, = Zﬂ(n/d)uch
djn

where u is the Mobius function. Then (u,) is a realizable sequence if
and only if the following two conditions hold for alln > 1,

(1) uf >0

(2) n|w;

..
The two conditions in Lemma 1.2.4 prompt the following defini-
tions. The first we are able to give in a general form, not being re-

stricted to just integer sequences.

Definition 1.2.5. Let z = (x,,),>1 denote a sequence of non-negative
real numbers. We say that x has positivity if the sequence z* = (x})

defined by

x, = Zu(n/d)xd, n=123,...,

din

satisfies the condition x; > 0 for all n > 1.
The second definition is not quite so general.

Definition 1.2.6. Let a = (a,),>1 denote a sequence of integers. We
say that a has divisibility if for every integer n > 1,
Zu(n/d)ad =0 (mod n).
djn
Given a sequence u = (u,,) of non-negative integers, to show that it
is a realizable sequence we now have two means of attack available. The
first (and often the easiest) is to find a system (X, T") which realizes the

sequence u. The other approach is to utilize Lemma 1.2.4 and show
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that u has both positivity and divisibility. On the negative side, the
following result often gives a very quick way of establishing the fact

that a sequence is not realizable.

Lemma 1.2.7. Let p denote a prime and v = (u,) a sequence of non-

negative integers. If u is a realizable sequence then
up —ug >0 and p | u, — uy.

Proof. Since p(p) = —1 and u(1) = 1, this follows immediately from
Lemma 1.2.4. 4

The class of realizable sequences possesses some algebraic structure,
as we will now demonstrate. If u = (u,) and v = (v,) are any two
sequences, then the sum and product sequences are defined as pointwise

operations. That is: u+ v = (u, + v,) and ww = (u,v,).

Proposition 1.2.8. If u = (u,) and v = (v,) are realizable sequences

then u + v and uv are both realizable sequences.

Proof. Let the realizing systems for v and v be (U, T,,) and (V,T,).
Denote by W the disjoint union of the sets U,V and define the map
S:W — W by

T.(x) ifxelU

T,(x) ifzxeV,

S:ix—

for x € W. The system (W,S) realizes the sum u + v. Clearly, the
product sequence uv is realized by the system (U x V, T, x T,). O

The next result basically says that if we have the beginning of a
realizable sequence then we can extend it to give a complete realizable
sequence. It is included firstly for interest, but mainly to assist in the

proof of Lemma 1.2.10.

Lemma 1.2.9. Let m denote a fized positive integer and si,...,S, a
finite sequence of non-negative integers where for each integer n in the

range 1 <n <m
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(1) 2gm p(n/d)sa = 0
(2) 2oy (n/d)sa =0 (mod n).

Then there is a realizable sequence (u,) with u, = sx when 1 < k < m.

Proof. Define the sequence of non-negative integers (a,) by

Zd‘n,u(n/d)sd fl1<n<m

n if n>m.

n —

We note that by the given conditions, a,, > 0 and n | a,, for all n > 1.
Now set u, = >, aq for n > 1. Clearly, (u,) is a sequence of non-
negative integers and the Md&bius inversion formula gives ug = s, when
1 < k < m. Finally, Lemma 1.2.4 shows that (u,) is a realizable

sequence because >, pi(n/d)ug = a, for all n > 1. d

Next we have a (partial) generalization of Proposition 1.2.8 to se-

quences of real numbers.

Lemma 1.2.10. If the sequences x = (x,), y = (yn) of non-negative
real numbers both have positivity, then the sum and product sequences,

x4y = (x, +yn) and xy = (x,y,) have positivity.

Proof. The fact that positivity is preserved by the sum x + 1y is trivial,
so we will concentrate on the product sequence. Fix the integer m > 1
and assume first of all that x and y are both sequences of non-negative
rationals. Then, using Lemma 1.2.9, we can find an integer £ > 1
and realizable sequences (uy,), (v,) so that u, = kx,, v, = ky, when
1 <n < m. Next apply Lemma 1.2.8 to see that the sequence (u,v,)
has positivity. However, when 1 < n < m we have u,v, = k*2,yn, SO
for n in this range
0< Zu(n/d)udvd = k2 Z,u(n/d)xdyd,
djn djn
from which we get

Zp(n/d)xdyd >0, when 1 <n <m.
dn
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Since m was an arbitrary fixed integer it follows that zy has posi-
tivity when x and y are non-negative rational sequences with positivity.
To complete the proof we just appeal to analysis and the fact that the

rationals are dense in the reals. O

We finish this section with a result establishing a simple sufficient

condition for a sequence to have positivity.

Lemma 1.2.11. Ifzx = (x,) is an increasing sequence of non-negative
real numbers which is such that x, > nx, for all n > 1, then x has

positivity.

Proof. First note that because x is an increasing sequence, for any

integer n > 1

Topi1 = Ton = Nxp = [(20 4 1)/2] 2| 2n41)/2),

so we have x,, > [n/2]x|,,/2) for all n > 2. It follows from this and the
fact that p(n) > —1 when n > 1,

Z,u(n/d)xd > T, — Zmd > xp — [n/2])p2 > 0if n > 2.

dn Ctélén
Therefore the sequence = has positivity. U

Alternative proofs of Lemmas 1.2.10 and 1.2.11 can be found in the
second chapter of [22].

1.3. Local Realizability

In many branches of mathematics, it is often possible to throw light
on the structure of an object by looking at it locally. The survey article
[20] examines this process, as applied to number theory, in some depth.
We introduce the concept of a locally realizable sequence in order to
simplify (in some cases) the process of showing that a given sequence

is realizable.
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If a is a positive integer and p a prime, there are integers k > 0
and b > 1 such that a = p*b with p { b: p* is called the p-part of the
integer a; we write [a], = p* and ord,(a) = k. Given a sequence (uy,)
of non-negative integers, (u,) is locally realizable at p if the sequence
([n]p)n>1 is realizable. If u = (u,) is locally realizable at all primes

then w is everywhere locally realizable.

Proposition 1.3.1. If the sequence u = (u,) is everywhere locally

realizable then u is realizable.

Proof. For each prime p there is a non-empty set X, with a map
T, : X, — X, such that (X, T},) realizes the sequence of p-parts ([u,],)-
Define the set X by X = Hp X,, and the map 7' : X — X to be the
corresponding product 7' = Hp T,. Now we have

[Per, (T)] = [ 1 Pera(T)] = [luwaly = .

p

and so the system (X, T) realizes the sequence . O

In general, the converse of Proposition 1.3.1 is not true, as demon-
strated by the following example. However, it is true when the sequence
is realized by a system (X, 1)) where X is a locally nilpotent group and

¥ an endomorphism on X: this is proved in Chapter 3.

Example 1.3.2. Consider the symmetric group of order 6,
Ss=(a,b:a®>=1,0>=1,a" =a™").

If v : S3 — S5 is the inner automorphism, 9 : x +— x% x € S3, then

the sequence realized by the system (S3,) is
u=(3,3,6,3,3,6,...).

The 2-part sequence derived from w is (1,1,2,1,1,2,...), which is not
realizable by Lemma 1.2.7 since 3 1 2 — 1. Hence u is not everywhere

locally realizable.

We will consider this simple example in more depth later.
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1.4. Lehmer-Pierce Sequences

In 1933, D.H. Lehmer published a paper [17] in which he made use
of a construction previously studied by T.A. Pierce [21] in 1917. This
construction results in a sequence of integers and is defined as follows.

Let F' € Z[x] denote a monic polynomial with factorization over C,

Fa)=z—-o) - (x—aq), d=0(F)>1.

The Lehmer-Pierce sequence (A, (F')) is given by the equation:
(1.4) An(F)=]]lex =1, n>1.

It is easy to see that (A,(F')) is a sequence of non-negative integers
since A, (F') is a symmetric function of the zeros of F. What is more,
it is a divisibility sequence in the sense that if m | n, then A, (F) is a
multiple of A,,(F"). This can be seen from the fact that the polynomial

2™ — 1 is a factor of the polynomial ™ — 1 when m | n.

Examples 1.4.1. Let F' € Z[z]| be the monic polynomial defined by
F(x) = 2® —x — 1. If the zeros of F' are a, oy, then using a; +ay = 1

and ayap = —1, we easily obtain
(AL(F)) =(1,1,4,5,11, 16,29, 45,76, 121, 199, 320, 521, 841, 1364 . . .).

Writing u = (u,) = (A,(F)) we note that at least for the number of
terms shown, Lemma 1.2.4 shows that u is a realizable sequence. Also

we note that the terms of u satisfy the linear recurrence relation
Uptg = Upt3 + 2Uppo — Upi1 — Up; U = Lus = 1, ug = 4, uqy = 5.

Let f € Z[z| denote the polynomial f(x) = x 4+ 2. The Lehmer-
Pierce sequence (A,(f)), usually known as the Jacobstal-Lucas se-

quence, is:

(I(=2)" — 1|) = (3,3,9, 15,33, 63, 129, 255, 513,1023, . ...).
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If the polynomial g € Z[z] is given by g(x) = ? — 2z + 2, then the

Lehmer-Pierce sequence (A,(g)) is calculated as
([(L+9)"—1][(1—i)"—1]) = (1,5, 13, 25,41, 65, 113, 225, 481, 1025, . . .).

When the monic polynomial F' € Z[z] is such that no zero of F'is a
root of unity, it is known that the Lehmer-Pierce sequence (A, (F)) is
realizable, arising from the action of an endomorphism on an abelian

group. This will be shown to be the case in Chapter 4.



CHAPTER 2

New Realizable Sequences

In this chapter, various ways of obtaining new realizable sequences
from existing ones are considered. The first section presents some gen-
eral means of obtaining realizable sequences from an existing realizable
sequence. The second section is concerned with the realizability of cer-
tain subsequences of a realizable sequence. The main methods of proof
employed in this chapter are combinatoric arguments in conjunction

with Lemma 1.2.4.

2.1. Generating New Sequences

Given a realizable sequence u = (uy,), by definition there exists a
system (X,T) such that w, = |Per,(T)| for all positive integers n.
This system (or its implied existence) can be utilized to construct new
sequences. For example, we have the following easy result as a way of

introduction.

Proposition 2.1.1. Let m denote a positive integer and {ki, ..., ky}
a set of positive integers. If u = (u,) is a realizable sequence, then the

sequence v = (v,) with terms given by
Up = UkynUkyn ** " Ukpny, 1= 1,2,3,...

1s realizable.

Proof. If the sequence u is realized by the system (X,7’) then the
sequence v is realized by (W, S) where W = X™ and S : W — W is
the map T x T%2 x - .. x Thm, U

16
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Corollary 2.1.2. If m denotes a fixed positive integer and (u,) a re-

m

™) s realizable.

alizable sequence, then the sequence (u
Proof. Let ky = kg =--- = k,, = 1 in Proposition 2.1.1. O

We now establish results which provide a generalization of Corol-
lary 2.1.2 in that the constant integer m is shown to be replaceable by

certain integer polynomial functions of n.

Lemma 2.1.3. Let (u,) be a realizable sequence and p a prime. If r

and m denote positive integers with p t m, then
Uprm = Upr—1,,  (mod p7).

Proof. To shorten the proof we will quote a simple result proved in
Proposition 2.2.1 of the next section: the sequence (U, )n>1 is realiz-

able. Using this and Lemma 1.2.4, we get

P Y " d)uma,

d|p”

from which the result easily follows. O

Theorem 2.1.4. Ifu = (u,) is a realizable sequence, then the sequence

n

") is also realizable.

(u

Proof . Define the sequence v = (v,,) by v, = ul forn =1,2,3,.... We
will prove that v is a realizable sequence by showing that it possesses
both divisibility and positivity. To this end, for each n > 1, we will
write
vp =" uln/dyea = 3 ulnfdyu
dn dn

Fix the value of the integer n: since vj = u; we can suppose that n > 1.

We begin by establishing that v has divisibility. Let p denote a

prime, and r a positive integer where p” || n; put n = p"m, so that

vi= 37 ' m/ g = 37 pum/d)(wea = )

dlprm dlm
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Now,

o prd p'r—ld o p'rd p'rd prd pr—ld
Uprd = Vpr—1d = Uprg — Upp1g = (Uprg — Up, %1 ) + ()51 g — Up1g),

and examination of each of the bracketed terms in this expression gives,

firstly:

p"d p'd
uprd - UpT_ld — (uPTd - up’r—ld)K
p'd

pr—1d- Next we

for some integer K, so by Lemma 2.1.3, p" | uﬁi —u

have, on writing a = uzr_ld

p'd P ptl e o(ph)
UppTrg — Upp1g = @ (a - 1),

where ¢ is the Euler ¢-function. If p t a then by the Euler-Fermat

Theorem,
uz:c_lld — ui::g =0 (mod p");
while if p | a,
A ET

from which it is easy to see that we also get

p"d

upr—ld -

r—1
uzr,lj =0 (mod p").

By combining these results, p” | v¥, and it follows immediately that the
sequence v has divisibility.

To prove that v has positivity, first we note that by the definition
of a realizable sequence, if d | n then uy < u,. Hence, if u,, < 1 then
ul = ug for all d | n. It follows therefore, that if the sequence u is such
that u,, <1, then

vy = Z,u(n/d)ud >0
djn
because u has positivity. Now suppose that u,, > 1. Then

v =+ Y p(nfdyug > wy = g,

dln d|n
d#n d#n
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and so
[n/2]
vy > Uy — Z uk.
k=1
This gives
n/2
vE >t — M >y — ul /2 >,
Up —

and therefore the sequence v does have positivity. Lemma 1.2.4 com-

pletes the proof. O

Corollary 2.1.5. Let a, k denote fized non-negative integers, and (uy,)

an

an®) >1 1s realizable.

a realizable sequence. Then the sequence (u

Proof. If a = 0 this is trivial, so we assume a > 1. Next, the case k = 0
follows from Corollary 2.1.2; so we also suppose that £ > 1. The proof
is now completed by first noting that the sequence (u%) is realizable by

Corollary 2.1.2; and then using Theorem 2.1.4 inductively. O

Corollary 2.1.6. If h denotes a polynomial from Ny[z| and (u,) is a

realizable sequence, then the sequence (uﬁ(n)) 1s realizable.

Proof. If h is the zero polynomial this is trivial. Otherwise, suppose
that h(z) = cgz? + -+ + ¢, where d > 0, ¢p,...,cq > 0 and cg # 0.
Then

h(n) __ cqn® .. ,C1M, ,CO
un - un un un )

and so, from the previous Corollary, we see that the sequence (uz(n))
is a product of realizable sequences. Proposition 1.2.8 completes the

proof. O

2.2. Realizable Subsequences

In this section we show that the realizability of a sequence extends
to certain subsequences. The arguments used are mainly of a combi-
natoric nature, because in most cases the results seem not to be easily

accessible from properties of the realizing systems. However, this is
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certainly not the case for the first (essentially trivial) result which is

well known and is included just for the sake of completeness.

Proposition 2.2.1. Let u = (u,) denote a realizable sequence, and let
¢ denote a positive integer. If the subsequence v = (v,) of u is defined

for each integer n > 1 by v, = U, then v is a realizable sequence.
Proof. This follows immediately from Proposition 2.1.1. O

The aim now is to replace the constant ¢ in Proposition 2.2.1 by
a non-constant function of n. Examples quickly demolish the use of
elaborate functions — though there may be some remaining. The main
result of this section follows, and it shows that we are able to replace
¢ by a simple polynomial multiplier of the form c¢n*~!. In contrast to
Proposition 2.1.1, this does not seem to be readily proved by a con-
struction using the realizing maps. It would appear to be an inherently

more subtle result.

Theorem 2.2.2. Let u = (u,) denote a realizable sequence, and let k

be a positive integer. If the sequence v = (v,) is defined by
Up = Upk, n=1,23 ...,

then v 1s also a realizable sequence.

Proof. Let n € N be such that n > 1 and let the distinct prime divisors
ofnbepy,...,pr, sothat n = pi* --- p’ for some integers sy, ..., s, > 1.

Then,
’U:L = Z,u(n/d)vd = Up — Zl}n/pi + Z /Un/pipj + oo+ (_1)rvn/p1---pra
din Di Di, Dj

where p;, pj, ... are distinct members of the set {p1,...,p,}. It follows

that

(2.1)  vF = — Zunk/pi_c + Z Uk jphph 0+ (= 1) Uy -
bi PisPj
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Set b= nF/pF~t...pF=1; then n | b. Next define the integer E by

(22) E=Y Y u(m/duq

blm

Now, for each m | n* where b | m, since (u,) is a realizable sequence,

Lemma 1.2.4 implies that

Zu(m/d)ud >0 and m | Zu(m/d)ud

dlm dlm

It follows that F > 0 and n | E, so by Lemma 1.2.4 it is sufficient to
establish that &' = v}.

Let m | n® with b | m. Then the form of m is

_ k(s1i=1)+j1 k(sr—1)+jr
m — pl .. pr( ) ,

where the integers ji, ..., j, satisfy 1 < j1,..., . < k. Using this and
(2.2), express the integer E as

(2.3) E=) ) > i),

=l jr=1dm
k(s1—1)+ k(sr—1)+jr
where in this equation m = p; (1=Dta | s =Dt

k(s1—1)+j1, k(s2—1)+72 k(sr—1)4jr
2 .. -p/]ﬂ .

Let m; = m/p; . that is, m; = p

Then

Z p(d Um/d = Z p(d Um/d - “m/md)’

dlmq

and so, because m; is independent of ji,

k k
DD g =D > i) (tmja — tmjpma),
J1=1dm dlmy j1=1
which gives

Z Z,u Vm/a = Z wu(d)(u o up;lc(srl)ml/d).

J1=1 dm d|my
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It follows from (2.3) that

k k

E= Z e Z Z p(d) (up’fslml/d N uplfslm1/plfd)’

j2:1 jrzl d\ml

Ksa—1)iz Ko =1+ .
where m; = p2(52 iz pkler=DHr - Repeating the above procedure,
(s2—1)+j2

first setting my = my / Dy , gives F = E; — Fy where

M 151 Sng/d P 1p282m2/p’2“d)

.73 1 ]r—l d|m2
and
u k k — U ksy k .
Z Z Z p(d Uy 2ma /phd P 1p252m2/p’fp’5d)
Jz=1 Jr=1 d‘mQ

Continuing in this fashion, comparing each expression obtained

with that of (2.1), shows that F = v. d

Corollary 2.2.3. Let u = (u,) be a realizable sequence, and let ¢,k

denote fized positive integers. If the subsequence v = (v,) of u is defined
by

Up = Uepk, N =1,2,3,...,
then v s a realizable sequence.
Proof. This follows from Proposition 2.2.1 and Theorem 2.2.2. U
Corollary 2.2.4. Ifa and k denote positive integers, then the sequence
(a™)p>1 is realizable.
Proof. By Proposition 1.2.3 the sequence (a™) is realizable. So the
result is an immediate consequence of Theorem 2.2.2. Il
Corollary 2.2.5. Let a denote a positive integer and h a polynomial
from No[z]. Then the sequence (a™™) is realizable.

Proof. 1f h is the zero polynomial this is trivial. Otherwise, suppose

that h(z) = cgz® + -+ - + ¢, where d > 0, cp,...,cq > 0 and ¢g # 0. If
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we put a, =a“, r=0,...,d, then
d
o) — al” -+ -ajag,

and so, from the previous Corollary, we see that the sequence (a"™)
is a product of realizable sequences. It follows from Proposition 1.2.8,

therefore, that (a"™) is realizable. O

We note that the previous two Corollaries could equally well have
come from Theorem 2.1.4.

The Lucas sequence (L,) = (1,3,4,7,11,18,...) is shown to be
realizable in [22]. When h(n) = n? + n we get

(2.4) (Lig))us1 = (3,18,...),

and Lemma 1.2.7 with p = 2, immediately shows that (2.4) is not a
realizable sequence. So Corollary 2.2.5 does not extend to arbitrary
realizable sequences.

We end this chapter with a problem, the solution of which would
be very interesting, not only in its own right, but also because it could
provide information relating to sequences realized by the action of an

endomorphism on a group.

Problem 2.2.6. Give non-combinatoric proofs of Theorem 2.1.4 and
Theorem 2.2.2, by using constructions based on a realizing system

(X, T) for the sequence u = (u,) in each case.



CHAPTER 3

Periodic Points from Group Endomorphisms

In this chapter, the arithmetic structure of sequences realized by
endomorphisms of groups is studied, with particular emphasis being

placed on the class of locally nilpotent groups.

3.1. Group Endomorphisms

Certain realizable sequences are known to be realized by systems
(X, ) where X is a group and ¢ : X — X is an endomorphism: such
systems will be called algebraic systems. A sequence which is realized
by an algebraic system will be said to be algebraically realizable. When
it is necessary to distinguish between abelian and non-abelian groups,
the algebraic systems will be called abelian systems or non-abelian sys-
tems. Being realized in this fashion imparts a considerable amount
of structure to the sequence, as we shall demonstrate in this chapter.
First we introduce the notion of a divisibility sequence, not to be con-
fused with a sequence having divisibility, introduced in Definition 1.2.6.
If w = (u,) is a sequence of non-zero integers then wu is a divisibility
sequence if for any integers m,n > 1, m | n implies u,, | u,. A
well known example of a divisibility sequence is the Fibonacci sequence
(1,1,2,3,5,8,...). However, Lemma 1.2.7 proves that this sequence is
not realizable. On the other hand, Proposition 3.1.2 below, shows that
sequences realized by algebraic systems provide an unlimited supply of

divisibility sequences.

Lemma 3.1.1. Let the sequence u = (u,) be realized by the algebraic
system (X,1). Then for each integer n > 1, Per,(¢) is a finite -

invariant subgroup of X.

24
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Proof. 1If z,y € Per,(v) then ¢"(xy) = ¢¥™(x)yY™(y) = zy and so
zy € Per,(v). Also, ¥"(z7!) = (¥"(x))™! = 271, so 7! € Per,(v). It
follows that Per, (1)) is a subgroup of X: it is a finite subgroup since
by the definition of a realizable sequence, | Per, (¢)| = u,, < oo. Lastly,
since Y™ (z) = x, we have ¥"(¢¥(z)) = ¥ (z), so ¥(x) € Per,(¢); hence
the subgroup Per, (1) is ¢-invariant. d

Proposition 3.1.2. If the sequence u is realized by the algebraic sys-

tem (X, ) then u is a divisibility sequence.

Proof. Let the integers m,n > 1 have m | n, so n = mk for some

integer k > 1. Then if z € Per,, (1),
P (x) = " (x) = (™) (2) =,

so Per,,(¢) < Per,(¢). But Per,, (1), Per, (1) are finite subgroups of
X by Lemma 3.1.1, so Lagrange’s Theorem gives | Per,, (1)|| | Per,(¥)],
establishing that « is a divisibility sequence. U

For sequences realized by algebraic systems, the following result
enables a simplification when dealing with bounded sequences, while

also providing information relating to other sequences in this class.

Lemma 3.1.3. Suppose that the sequence u = (u,) is realized by the
algebraic system (W,1). Then u can be realized by an algebraic system
(X, ) where X is a countable locally finite group and o € Aut(X).
Further, if the sequence u is bounded, and m is the least positive integer
so that u,, = max{u, : n > 1}, the system (X, «) can be selected with

| X | = wp,, while the automorphism « has o(a) = m.

Proof. Let X = U, Per,(¥). If 2,y € X, there are positive in-
tegers m,n with = € Per,, () and y € Per,(¥); put r = lem(m,n).
Then Per,, (), Per, () < Per,(¢), so x,y € Per,(J). By Lemma 3.1.1,
Per,(9) is a subgroup of W so zy,z~! € Per,(¢). Hence, ry, 27! € X

and therefore X is a subgroup of W. Next, since Per, (1) is J-invariant
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for each n > 1, X is ¥-invariant. Therefore if o : X — X is given by
a:x— ¥(z) for all z € X, a is an endomorphism on X, and it is clear

that the system (X, ) realizes the sequence u, with Per, («) = Per,,(9).

Let x1, ...,z be a finite set of elements from X. There are positive
integers ny,...,n so that z; € Per, (a), for j = 1,... k. If s =
lem(ny, ..., ng) then 1, ...,z € Perg(a), so (xq,...,2%) < Perg(a),

since Pery(a) is a group. And because Pery(«) is a finite group by
Lemma 3.1.1, [(xy,...,x)| < co. Therefore X is locally finite. Now,

if x € X is such that a(x) = 1, since = € Per,(«) for some n > 1,

It follows that ker(«) = 1, and since it is clear that o : X — X is onto,
« is an automorphism.

Next, let u be bounded and choose m as in the statement of the
Lemma. If the integer n > 1 exists with Per,(a) £ Per,,(a) then
Per,,(a) G Per,,(a) UPer, () which implies Per,,(a) S Per,(c), where
r = lem(m,n). But this gives w,, < u,, a contradiction. Hence,
Per,(a) < Pery,(a) for all n > 1. So, in this case, X = Per,,(«)
which gives o (z) = x for all € X: therefore, o(a) = m.

Lastly, since X is the countable union of finite sets, it is clear that

the group X is countable. U

Proposition 3.1.2 showed that for a realizable sequence u to be
realized by an algebraic system (X,1), it is necessary that u be a
divisibility sequence. The next example shows this is not a sufficient

condition.

Example 3.1.4. The sequence u = (1,1,1,1,6,1,1,1,1,6,...), which

satisfies the linear recurrence relation

Upss = Up, > 15 Uy = ug = uz = ug = 1, u5 = 6,
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is a realizable divisibility sequence which is not realizable by an alge-
braic system (X, ).

First, it is clear that u is a divisibility sequence. Next, the permu-
tation (12345) acting on the set {1,2,3,4,5,6} establishes that u is
realizable. However, if there is an algebraic system (X, 1) which realizes
u, Lemma 3.1.3 allows us to assume that |X| = 6, ¥ is an automor-
phism and 9> = 1x. For any x € X not equal to the identity element,
suppose that there are integers m,n such that 0 < m < n < 4 and
V™ () = 9"(x). Since ¥ is an automorphism, this gives 9"~ (x) = x, so
by the structure of the sequence u, x € Fix(1J). Therefore x is the iden-
tity, a contradiction. Hence Orby(x) = {z,9(x),9*(z), P*(z), 9*(x)},
consists of 5 distinct elements, all of the same order. Since this is not

possible, the sequence u is not realizable by an algebraic system.

In the next Section, Theorem 3.2.11 provides an arithmetical ex-

planation for the previous example.

3.2. Endomorphisms of Locally Nilpotent Groups

We now introduce a class of algebraic systems which strictly con-
tains the abelian systems. Call (X, ) a nilpotent system if X is a locally
nilpotent group and ¥ : X — X an endomorphism. An important prop-
erty of a locally nilpotent group X follows from Theorem 1.1.5: if F'is
a finite subgroup of X, then the Sylow p-subgroups of F' are unique.

We make the following definitions in order to simplify terminology.

Definition 3.2.1. The sequence u = (u,) is nilpotently realizable if
there is a nilpotent system (X, ¢) which realizes u. Also, if there exists
a nilpotent system which realizes the sequence of p-parts of u for some
prime p, we say that the sequence u is locally nilpotently realizable at
p; a sequence which is locally nilpotently realizable at all primes is

everywhere locally nilpotently realizable.
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The following are examples of sequences which are nilpotently re-
alized. The first is realized by an abelian system.

Example 3.2.2. The Mersenne sequence (2" —1),>; is realized by the

2 on the circle group S'. This

action of the endomorphism 9 : x — x
sequence (and its close relatives) serves as a test-example for many

workers in the theory of dynamical systems.

The next example shows that it is possible to have a sequence which

is realized by a nilpotent system, but not by an abelian system.

Example 3.2.3. Let X = Dy, the dihedral group of order 8. Since X
is a finite p-group (with p = 2), X is nilpotent by Theorem 1.1.4. A

presentation for X is
X={ab:a*=1,0"=1,a"=a™").

Using this presentation, let @ : X — X be the map given by the
following table

T 1lala®|a®| b | ab | a®b | a®b

a(z) |1|al|a®|a®|ab|a®b|a®b| b

It is easy to see that « is an (outer) automorphism and that the se-

quence realized by the nilpotent system (X, a) is
(3.1) w=(4,4,4,8,4,4,4,8,...).

We will show that the sequence u of (3.1) is not realizable by an abelian
system. Assume the contrary, so there is an abelian group W and an
endomorphism ¢ : W — W such that u is realized by the system
(W,4). By Lemma 3.1.3, we can assume that |[W| = 8 and that v is

an automorphism where

Fix(1)) = Pery(¢)) = Pers(v)), | Fix(y)| = 4 and o* = 1y
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The quotient group W/ Fix(¢) has order 2: therefore if z € W\ Fix(¢)),
W/ Fix(¢) = {0+ Fix(¢), x + Fix(y) }.
This implies that 2z € Fix(¢), and since | Fix(¢)| = 4,
(3.2) W\ Fix(¢) = {x + f: f € Fix(¢)}.
Consider the orbit of z under v,
Orby(z) = {¢"(x) :n=0,1,2,...}.

Since ¥* = 1y, Orby(z) = {z,¢¥(x),¥*(z),¥*(x)}. We claim that the
four elements of Orby(x) are distinct, and that Fix(¢) N Orby(x) = 0.
To see this, first suppose that ¢™(z) € Fix(¢)) for some integer n,
0 < n < 3. Then ¢¥"*!(z) = ¢"(z), so, because 1 is an automorphism,
Y(x) = x implying x € Fix(¢), a contradiction. Next assume that
Y (x) = ™ (z) for integers k,m where 0 < k <m < 3: put n =m—k,
so that 0 < n < 3. Since ¥ is an automorphism, this gives ¢"(z) = z,
contradicting the above. Therefore Orb,(x) consists of four distinct
elements from W \ Fix(¢). Using this and (3.2) gives ¢(x) = x + f for
some f € Fix(¢). Since 2z € Fix(v),

2r = (2x) = 2¢(x) = 2z + 2f,
giving 2f = 0, and since z and ¢?(z) are distinct members of Orb,,(z),

c# (@) =Y+ f)=cs+ [+ [ ==z

This contradiction establishes that the sequence u is not realizable by

an abelian system.

A particular class of sequences plays an important role in the con-
siderations of nilpotently realizable sequences: we single this class out

in the following.

Definition 3.2.4. For a fixed prime p, (u,) is called a p-sequence if

for all n > 1, u,, = p**, where each k,, € Ny.
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Lemma 3.2.5. Let p denote a prime and suppose that the p-sequence

u = (uy) is realized by the algebraic system (X, «). If

X = U Per,, (@),

then X is a countable, locally finite p-group. In particular, X is a
locally nilpotent group.

Proof. We already know that X is a countable, locally finite group by
Lemma 3.1.3. Suppose that € X has order not a power of p. Since
X is locally finite, this implies that there is a prime g # p such that
q | o(x). Now z € Per,(«) for some n > 1, so ¢ | | Per,(«)|. Therefore
q | u,, which contradicts the fact that u is a p-sequence. Hence, X is
a p-group.

Any finitely generated subgroup H of X is a finite subgroup be-
cause X 1is locally finite, and since a finite p-group is nilpotent by
Theorem 1.1.4, H is a nilpotent subgroup. Therefore, X is locally
nilpotent. Il

Lemma 3.2.6. Suppose that the group G is given by the cartesian
product

G =[G
p

where this product is taken over all primes p and each G is a locally
finite p-group. If the subgroup X of G is locally finite then X is locally
nilpotent.

Proof. Let x = (z,) € X. Since X is locally finite, o(z) < oo: let

k

k = o(x). For each prime p we have z;

= 1 so0 o(z,) | k. But since
x, € G, o(x,) is a power of p, which implies that z, = 1 for all but a

finite number of primes p. Let

supp(z) = {xp : @ = (2p) € X, o(zp) > 1},



3.2. ENDOMORPHISMS OF LOCALLY NILPOTENT GROUPS 31

so that supp(x) is a finite (possibly empty) set for all z € X. If
2 . 2™ is a finite set of elements from X, put S = [J", supp(z"),
and for each prime p define the subgroup X, of G, by X, = (SN G,),
where we interpret this to mean that X, = 1if SN G, = 0. Since S

is a finite set and G, is a locally finite p-group, X, is nilpotent. It is

clear that we have (2", ... 2(™) = [], Xp, and because there are only
a finite number of non-trivial groups in this product, (z, ... z(™) is
nilpotent. Therefore, X is locally nilpotent. O

The next result is a reworking of Proposition 1.3.1.

Proposition 3.2.7. If the sequence u = (u,) is everywhere locally

nilpotently realizable then u is nilpotently realizable.

Proof. For each prime p there is a locally nilpotent group X, with
an endomorphism 9, : X, — X, such that (X,,J,) nilpotently re-
alizes the sequence of p-parts ([us]p)n>1. Without loss of generality
we may assume that X, = J,5, Per,(J,). Since the algebraic system
(X,, V) realizes a p-sequence, Lemma 3.2.5 gives X, is a locally finite
p-group. Define the group G by G = Hp X,, and the endomorphism
¥ : G — G to be the corresponding product ) = Hp vp. Then as in
Proposition 1.3.1, the algebraic system (G, ) realizes the sequence u.

Let X denote the subgroup of G, X = [J,,, Per,(¢), and let
a: X — X begiven by a : x — 9(z), v € X. Then by Lemma 3.1.3,
X is a locally finite subgroup of G and so Lemma 3.2.6 implies that X
is locally nilpotent. Since we know from Lemma 3.1.3 that u is realized

by the nilpotent system (X, «), we have u is nilpotently realizable. [

Lemma 3.2.8. Let G represent a group and p a prime. If G has a
unique Sylow p-subgroup P then any subgroup H < G has a unique
Sylow p-subgroup given by P N H.

Proof. We may clearly assume that G is not a p-group. Suppose that

K is any p-subgroup of GG. Because of the uniqueness of P we have
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P<dGso P< PK <G. But PK is a p-subgroup of GG, and therefore
by the maximality of Sylow subgroups, and the assumption that G is
not a p-group, we get PK = P. Hence, K < P. Now let H < G; any
Sylow p-subgroup of H is contained in P by the argument just given
so H N P is the unique Sylow p-subgroup of H. O

Theorem 3.2.9. If the sequence u = (uy,) is realized by the algebraic
system (X, ) where the group X has a unique Sylow p-subgroup for

some prime p then u 1s locally nilpotently realizable at p.

Proof. By Lemmas 3.1.3 and 3.2.8, we can assume X = [, Per, ()
so that X is locally finite and o : X — X an automorphism. If P
is the unique Sylow p-subgroup of X then because X is locally finite,
any finitely generated subgroup of P is a finite p-group, so is nilpotent.
Hence P is locally nilpotent. Further, P is a-invariant so we can restrict
the domain of o to P. Let §: P — P be defined by g : z — «(x)
for all x € P. Then 3 is an automorphism on P and we can consider
the nilpotent system (P, 3): we will show that this system realizes the
sequence of p-parts of the sequence w.

For any n > 1, if x € Per,(f) then z = p"(z) = a"(z), so
x € Per, (). Hence Per, () < Per,(«) and therefore, by Lagrange’s
Theorem, |Per,(8)| || Per, (). Now, Per,(3) is a finite subgroup of
the p-group P, so | Per, (/)| is a power of p; therefore | Per,, (3)| ‘ [tn]p-
If for some n > 1, |Per,(B8)] # [unlp, then p |[u,],/|Pern(B)] so
p || Per,(a) : Per,(3)|. This implies that Per,(3) is not a Sylow p-
subgroup of Per,(a) and so by Lemma 3.2.8, Per, () # P N Per,(«a).
However, if x € P N Per,(a), since z € P, o™(z) = f"(x) so we get
x € Per, () implying that Per,(3) = P N Per,(«). This contradic-
tion means that for all n > 1, |Per,(8)| = [u,], and so the system
(P, 3) nilpotently realizes the sequence ([uy],)n>1. That is, u is locally
nilpotently realizable at p. Il
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Lemma 3.2.10. Suppose that G is a locally finite, locally nilpotent
group and p a prime. Then G has a unique Sylow p-subgroup consisting

of all elements of G with order a power of p.

Proof. Denote by P the collection of subgroups of G,
P ={P, : P, is a finite p-subgroup of G, w € Q},

where € is an indexing set for the collection, and put H = |J ., P..
We will show that H is the required subgroup of G. If x,y € H, we
can find w,v € € such that P,,P, € P and x € P,, y € P,. It
follows that x=* € P, so 2=! € H. If either of z or y is the identity
element, xy € H. Hence we may suppose that o(x) = p” and o(y) = p*
for integers r,s > 0. Let K = (x,y). Then K is a finite nilpotent
subgroup of GG, and since x € K implies p ‘ |K|, K has a unique Sylow
p-subgroup L. This gives x,y € L, from which K = L. Now L € P, so
xy € H and therefore H is a subgroup of G.

To complete the proof we note that if x € G has order a power of

p, then (z) € P, so for any endomorphism 9 of G, ¥(z) € H. d
The main result of this section follows.

Theorem 3.2.11. Suppose that u = (u,) is a sequence of positive
integers. Then u is nilpotently realizable if and only if u 1s everywhere

locally nilpotently realizable.

Proof. First assume that the sequence wu is realized by the nilpotent
system (X,«). By Lemma 3.1.3 we can assume that X is a locally
finite group with v : X — X an automorphism. Let p denote a prime
number; then by Lemma 3.2.10, X has a unique Sylow p-subgroup.
Therefore, from Theorem 3.2.9, u is locally nilpotently realized at p.
This is true for all primes p, so u is everywhere locally nilpotently
realizable.

The converse result is proved in Proposition 3.2.7. U
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Lemma 3.2.12. Let p denote a fized prime and suppose the sequence
u = (uy,) is equal to a product of nilpotently realizable p-sequences.
Then u s a nilpotently realizable p-sequence.

Proof. Let u be the product of the p-sequences {u*) : w € Q}. For

(w

any w € €, suppose the sequence u*) is nilpotently realized by the
nilpotent system (X,,,?,). Then by Lemma 3.1.3 we can assume that
X, = Un21 Per, (v,), and it follows from Lemma 3.2.5 that X, is a
wen Xw and
Y W — W the endomorphism ¢ = [] .q¥., let X denote the

subgroup of W given by X = |J, ., Per,(¥), with the map a: X — X

locally finite p-group. Now, if W is the group W = []

defined by o : z +— 9 (z). Lemma 3.1.3 gives X is locally finite from
which we easily obtain X is a p-group. Hence X is locally nilpotent
and so, since the system (X, «) realizes u, we have u is nilpotently

realizable. O

The following result provides an alternative view on Theorem 3.2.11
in that it is concerned with the factorization of nilpotently realizable

sequences.

Theorem 3.2.13. The sequence u = (uy,,) of positive integers is nilpo-
tently realizable if and only if it is the product of nilpotently realizable

p-sequences.

Proof. First suppose that u is nilpotently realizable. Then by Theorem
3.2.11, u is everywhere locally nilpotently realizable. Hence, if for any
prime p we write u”) = ([u,]p)n>1, then u® is nilpotently realizable
and since u, = [ [un]p, for n > 1, the sequence u is the product of the
sequences u?). This completes the proof in one direction.

Now suppose that the converse is true so that u is the product
of nilpotently realizable p-sequences for various primes p. For a fixed

prime p, if we group together all of the p-sequences in this product,
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Lemma 3.2.12 implies that this will form a nilpotently realizable p-
sequence. It follows that u is everywhere locally nilpotently realizable,

so Proposition 3.2.7 gives w is nilpotently realizable. O

3.3. Algebraically Realizable p-Sequences

In view of Lemmas 3.1.3 and 3.2.5, if a p-sequence w is algebraically
realized, then wu is nilpotently realizable, so for the class of p-sequences
we can take the descriptions algebraically realizable and nilpotently re-
alizable as being equivalent. In this section we will look at various types
of p-sequence, and establish the algebraic realizability of some general
classes. The types considered do not encompass all algebraically real-
izable p-sequences, but are included just to give a general flavour. We
begin, however, with an example which shows that not all realizable

p-sequences are algebraically realizable.

Example 3.3.1. The permutation
(12 - 6) acting on the set {1,2,...,9}

realizes the periodic 3-sequence u = (3,3,3,3,3,9,3,3,3,3,3,9,...).
We will show that u is not realizable by an algebraic system.
Suppose, on the contrary, that the sequence u can be algebraically
realized. Then by Lemma 3.1.3, there is a group X of order 9 (which
must therefore be abelian) and an automorphism « : X — X such
that the system (X, «) realizes u. If x € X \ Fix(a) then it is easy
to see that the orbit Orb,(z) has order 6. However, since we should
have | Orby(z)| | |X]|, this gives a contradiction, so the sequence u is

not algebraically realizable.

The previous example establishes the fact that the set of all re-
alizable p-sequences strictly contains the set of algebraically realizable
p-sequences. Indeed, this example shows that the set of realizable divis-

ibility p-sequences which satisfy a linear relation is not contained in the
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set of algebraically realizable p-sequences. We will now consider some
of the members of this latter set, with the first to be considered, the
‘geometric’ sequence, being possibly the simplest, arising in a natural
way from the shift operation on a group of sequences.

Throughout the rest of this section, for a given prime p we will
represent the field F,, of order p, by the set of integers {0,1,...,p—1},

where all operations are carried out mod p.

Proposition 3.3.2. For prime p, the geometric sequence (p™)n>1 is

algebraically realizable.

Proof. Let G denote the additive group of the field F,. Then X = GV
is an abelian group in which the group operation is pointwise addition
of the sequences mod p. If A : X — X is defined to be the left shift
map, then A € Aut(X) and the system (X, \) algebraically realizes the
sequence (p™). O

Next we consider various types of bounded p-sequences, arising from
the actions of the endomorphisms of finite p-groups. Before this, how-

ever, we require some results of a technical nature.

Lemma 3.3.3. Let m,p denote integers, with m > 1 and p an odd
prime. Then there exists an integer r > 1 such that v =1 (mod p™),

while r™ Z 1 (mod p™) when the integer n is in the range 1 < n < p.

Proof. Denote by g > 0 a primitive root modulo p™. Since m > 1, if ¢
is the Euler p-function, j = ¢(p™)/p is an integer. Let r > 1 denote the
integer ¢/. Then by the definition of a primitive root, 7 = 1 (mod p™),
and when 1 <n <p, r Z 1 (mod p™). 0

Lemma 3.3.4. Let m,p denote integers, with m > 1 and p an odd
prime. If the integer r is such that 1 <r <p™, r» =1 (mod p™) and

™ Z 1 (mod p™) for all integers n in the range 1 < n < p, then there
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m—+1

s a nilpotent group G of order p with the presentation

<a,b:apm:1,bp:1,ab:ar>.

Proof . First we note that Lemma 3.3.3 guarantees the existence of the
integer r. Denote by C' the cyclic group (a : a?” = 1), and let the
automorphism 3 : C' — C be given by 3(a) = a". Then, 8"(a) = a""
for integer n > 0, so o(f) = p. If the group G is defined to be the
semi-direct product (3) x C, then it is clear that |G| = p™™, so G
is nilpotent by Theorem 1.1.4. Further, by the construction used, the

group G obviously has the presentation
<a,b:apm =1,0W=1, ab:a’">,

which completes the proof. O
The next result is a generalization of Example 3.2.3.

Proposition 3.3.5. Let m denote a fized positive integer and p a

prime. Then the p-sequence u = (u,) given by

P if P n

m+1 Zf pm | n,

Uy =
p

15 algebraically realizable.

Proof. First we will deal with the case m = 1. Denote by Z, the
additive group of the ring Z,2, and v : Z,2 — Z,» the automorphism
v:ax+— (p+ 1)z, x € Z,. Then the abelian system (Z,2,) realizes
the sequence u (with m = 1).

Next we make the assumption that m > 1. Asin Example 3.2.3, the
sequence u is algebraically realized by a non-abelian system. If p = 2,
let k& denote 2™, and X the dihedral group Dy of order 2k = 2™+

with the presentation

(c,d:cF=1,d=1,c"=c").
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Since X is a finite 2-group, X is nilpotent by Theorem 1.1.4. The map
¥ X — X, which is such that

Y(c") = ¢ and ¥(c"d) = ¢ d,

for r =0,...,k — 1, is an automorphism of X. It is easy to see that
the nilpotent system (X, ) realizes the sequence u with p = 2.
Now assume that the prime p is odd, and let the nilpotent group G

of order p™*! be as in Lemma 3.3.4. That is, let
G:<a,b:apm:1,bpzl7 ab:ar>,

where the integer r is such that 1 < r < p™, ¥ = 1 (mod p™) and
r™ Z 1 (mod p™) for all integers n in the range 1 < n < p. Define the
automorphism o : G — G by a : g — ¢° for all g € GG. The nilpotent

system (G, «) realizes the sequence u when p is odd. O

Next we look at the sequences obtained from cyclic groups of prime

power order. To facilitate this we introduce the following notation.

Definition 3.3.6. Let k, m and p denote non-negative integers, with

p prime. For each integer n > 1 we define

gn(ka map) = ng(pk7 [mn - 1]13)

Using the notation of this definition, it is clear that any sequence
of the form (&,(k, m,p)),>1 is a bounded and periodic p-sequence. The

next result shows how such a sequence can arise.

Proposition 3.3.7. Let k,p denote positive integers with p prime. If
C' is a cyclic group of order p* and ¥ : C — C is an endomorphism,

then the p-sequence realized by the abelian system (C,4) is of the form

§ - (fn<k7 mvp))nzlu

where m is an integer with 0 < m < p*.
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Proof. There is no loss of generality by assuming that C' is the additive

group of the ring Z,»: thus we can write
C={0,1,...,p" =1},

where the group operation on C' is addition mod p*. Let m denote
the integer ¥(1). Clearly, 0 < m < p*, and for all x € C, J(z) = mx
(reduced mod p*). Therefore, if n denotes a positive integer, then

x € Per, () if and only if
(3.3) (m"—1)z=01in C.

Now, when [m"—1], < p*, the number of solutions of (3.3) is easily seen
to be [m™ — 1],; while the number of solutions is p* if [m™ — 1], > p".
It follows that |Per,(9)| = ged(p*, [m™ — 1],), which completes the
proof. O

Example 3.3.8. The 2-sequence
(8,8,8,8,8,8,8,16,8,8,8,8,8,8,8,16,8,8,8,8, 8,8, 8,16, .. .)
is algebraically realizable by Proposition 3.3.5, while both 2-sequences
(€.(4,3,2)) = (2,8,2,16,2,8,2,16,2,8,2,16,...)

and
(€.(4,5,2)) = (4,8,4,16,4,8,4,16,4,8,4,16,...)
are algebraically realizable by Proposition 3.3.7.

A periodic p-sequence u = (u,) is called simply periodic if there
are integers k,m > 1 such that u,, = up = p™ for r =1,2,3,..., and
u, = 1 if k1 n; the value of k is called the period of the sequence.
Lemma 3.3.9. Let u = (u,) denote a simply periodic p-sequence of

period k, where up, = p

k|p™—1.

. Then u is a realizable sequence if and only if
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Proof. If k =1 then this is trivial, since we have a constant sequence;
so we will assume that £ > 1.
For the proof in one direction, suppose that u is a realizable se-
quence. Then Lemma 1.2.4 gives
B ik /dyu
d|k
However, since u,, = 1 for all integers n where 1 < n < k, we have
> ulk/dyug =Y p(k/d) + p(1)(ue — 1) = p™ — 1.
dlk djk
Combining these two results gives: k| p™ — 1.

In the opposite direction, assume now that & | p™ — 1, and write

uy =Y p(n/djug, n=1,2.3,. ...
din

*

*, so we will assume

When n = 1 we trivially have v} > 0 and n | u
that n > 1. There are two cases to consider: k | n and k 1 n, the
second of which is easy to dispose of. If k { n, then since uy = 1 for all
d | n, we have u} = 0 by similar arguments to above, so in this case it
is certainly true that v > 0 and n | u}.

On the other hand, if k£ | n then n = kr for some integer r > 1.

This gives

up =Y plkr/dyua + > p(r/e)u,
dk\f; clr
and so
wp =Y plkr/d) + (P = 1) > p(r/o).

d|kr or
It follows that,
p"t—1 ifn=%k
0 ifn>k.

Therefore we have v > 0 and n | w; for all values of n > 1, so

Lemma 1.2.4 implies that the sequence w is realizable. U
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We will show that a realizable simply periodic p-sequence is always
algebraically realizable, but before doing this we require the following

result.

Lemma 3.3.10. Let p denote a prime number and m a positive inte-
ger, and let X represent the group G™, where G is the additive group
of the field F,,. There exists an automorphism o : X — X such that for
all non-zero x € X the orbit of x has the property | Orb,(z)| = p™ — 1.

Proof. Let ¢ = p™: the additive group of the field of ¢ elements, I, is
isomorphic to X and has the structure of a vector space of dimension
m over the prime subfield P = F, of F,. The multiplicative group F
of non-zero elements of F, is cyclic, so there is an element g € F; such
that o(g) = ¢ — 1. The map A : F, — F, given by A : © — gz for
each z € F,, defines a non-singular linear transformation on the vector
space [F, over P and since A"(z) = g¢"z, it is clear that for non-zero
x € F, we have | Orba(x)| = ¢ — 1. It follows from this that there is
an automorphism a : X — X with | Orb,(z)| = p™ — 1 when z € X is

Nnon-zero. O

Proposition 3.3.11. If u = (u,) denotes a realizable simply periodic

p-sequence, then u s an algebraically realizable sequence.

Proof. Let the period of the sequence u be k, with up = p™. Since
u is realizable, by Lemma 3.3.9, k | p” — 1: put ¢ = (p" — 1)/k. If
G represents the additive group of [F,, denote by X the group G™.
Then from Lemma 3.3.10 we know that there exists an automorphism
a: X — X with |Orb,(z)| =p™ —1for 0 # 2 € X. If § € Aut(X) is
defined by 8 = a°, then for all non-zero x € X this gives | Orbg(z)| = k.
If £ =1, we obtain from this: f(z) = x for all z € X, so the system
(X, ) algebraically realizes the sequence (p™,p™, p™,...). Assuming
that & > 1, suppose that 0 # x € Per, (3) where the integer n > 1 is
such that k { n. Then 5"(z) = x, and since | Orbg(z)| = k, 3(z) = .
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There are integers a,b with a > 0, 0 < b < k and n = ak + b. It
follows that 3°(x) = x and so |Orbg(z)| < b < k, a contradiction.
Therefore, the only member of Per, () is the zero element, and so

(X, ) algebraically realizes the sequence u. O

Corollary 3.3.12. Letu = (u,) denote a simply periodic p-sequence of

m

period k, where u, = p™. Then w is an algebraically realizable sequence

if and only if k | p™ — 1.
Proof. This follows from the previous result and Lemma 3.3.9. U

The set of realizable simply periodic p-sequences gives rise to an
uncountable class of algebraically realizable p-sequences as we will now
demonstrate. We begin by describing a general method for constructing
a p-sequence for any prime p; but first we note that given distinct
primes p and ¢ then for any integer » > 1, there is a smallest integer
s = s(p,q,r) > 1 such that p* = 1 (mod ¢"). This follows from the

Euler-Fermat theorem.

Construction 3.3.13. Let p denote a prime: the sequence g = (g,)
is constructed according to the following rules.

First we set g, = 1 for r € Ny. Next, if ¢ is a prime distinct from
p we choose either g, = 1 or g, = p® where s > 1 is the least integer
such that p* = 1 (mod ¢). Suppose that we have made selections for
9g»- - -+ 9gr Where k > 1. Then either we set g1 = g, or we have
gg+1 = ggep' where t > 1 is the smallest integer such that p* = 1
(mod ¢**1). Thus we now have g, defined when n is a non-negative
integer power of any prime number.

To complete the construction, suppose that the integer n > 1 has
prime decomposition n = q]fl .- g% where the q; are distinct primes and

each integer k; > 1, for j = 1,...,r. Then we define g, = Gt Gghr-
1 T
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The sequence g of Construction 3.3.13 is obviously a p-sequence.
We will show that it is algebraically realizable by establishing that it

is a product of realizable simply periodic p-sequences.

Proposition 3.3.14. With the notation of Construction 3.3.13, the

sequence g is algebraically realizable.

Proof. Fix a prime ¢ # p. Then the sequence v@ = (vﬁ[”), which is
defined by: ) = gn if n is a multiple of ¢, and o =1 otherwise, is
easily seen to be a product of realizable simply periodic sequences. It
follows from Lemma 3.2.12 that v is algebraically realizable.

Next we note that

g = H 0@,

q prime

q#Pp
where this product is taken over all primes ¢ # p. A further appli-
cation of Lemma 3.2.12 allows us to conclude that the sequence g is

algebraically realizable. U

The following result shows that there are quite a lot of algebraically

realizable p-sequences for any prime p.

Proposition 3.3.15. For a given prime p, the class of algebraically

realizable p-sequences is uncountable.

Proof. There are an uncountable number of p-sequences of the type
given by Construction 3.3.13. This is so because for a given prime
q # p, when constructing the values of g, g2, g4, - . ., we are required
to make choices as to whether or not the next term in the sequence is to
equal the previous term. Depending on the choice, we can associate the
binary digits {0, 1}: say 0 if the choice was to keep the terms equal, and
1 otherwise. In this manner we associate the sequence (gq, gq2, gg3, - - -)
with the binary expansion of a number in the real closed interval [0, 1];
the reverse association is clear. Since the set of real numbers [0, 1] is

uncountable, we deduce that the number of sequences constructed by
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the rules of 3.3.13 must be uncountable. Hence the class of algebraically

realizable p-sequences is uncountable. Il

It is obvious that not all realizable p-sequences given by products
of realizable simply periodic p-sequences arise in the manner of Con-
struction 3.3.13. Indeed, even if we restrict the sequences to those with

first term 1, the example

(1,1,1,1,1,25,1,1,1,1,1,25,...),

of a realizable simply periodic 5-sequence, is easily seen to be distinct
from the sequences of Construction 3.3.13.
Before we consider a class of realizable p-sequences which does not

arise from simply periodic sequences, we will look at some examples.

Example 3.3.16. Let X represent the group G?, where G denotes
the additive group of the field F3;. The endomorphism ¢ : X — X is
defined by 9 : (a,b) — (b,23a + b), all calculations being carried out
mod 31. The sequence u = (u,,) which is realized by the system (X, )

is given by:
1 if 5¢n
Up =194 31 if5|nbut 155¢n
961 if 155 | n.

It is easy to see that the algebraically realizable 31-sequence u described

in this example is not a product of simply periodic 31-sequences.

Although the previous example is not simply periodic, because it
is defined on a finite group, it is periodic. It is interesting to note
that the sequence from this example has the form (,(2,2,31)): see
Definition 3.3.6. The next example is defined on an infinite abelian

group, and is not periodic.
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Example 3.3.17. Let o : T®> — T3 denote the endomorphism given

by the action of the matrix

010
0 01
1 10

on the elements of T? represented as column vectors. The sequence
u = (uy,) realized by the algebraic system (T2, «) is in fact the Lehmer-
Pierce sequence for the monic polynomial F(z) = 2® — x — 1, which

will be established later. The first twenty terms of the sequence u are
(1,1,1,5,1,7,8,5,19,11, 23, 35, 27,64, 61,85, 137,133,229, 275, . . .).

The p-part sequences derived from wu, for various primes p, lead to
the next class of algebraically realizable p-sequences. Thus the 2-part

sequence derived from w is
(1,1,1,1,1,1,8,1,1,1,1,1,1,64,1,1,1,1,1,1,8,1,1,1,1,1,1,512,...),
while the 5-part sequence is
(1,1,1,5,1,1,1,5,1,1,1,5,1,1,1,5,1,1,1,25,1,1,1,125,1,1,1,5,...).

These are clearly not periodic sequences since it can be checked that

they are unbounded. The nth term of the 2-part sequence is given by

93(1+orda(n))  if 7 ’ n
1 if 7tn.
However, the 5-part sequence is the product of two 5-sequences with

one of them having nth term

siterds(m) if 4| n

1 if 4 1n,
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and the other being the 5-sequence with nth term given by

52(1+ords(n))  if 24 | n
1 if 24 { n.

The previous examples illustrate the next class of algebraically re-
alizable p-sequences. Before the introduction of this class we require

the following.

Lemma 3.3.18. If m denotes a positive integer and p a prime, let
q =p™. Then there exists a matriz A € M,,(Z) with the properties
(1) det(A™ — 1) # 0 (mod p) if ¢ — 11 n,
(2) A1 = I + pB, where B € M,,,(Z) and det(B) # 0 (mod p).

Here, n is a positive integer and I € M,,(Z) is the unit matrizx.

Proof. Adapting the proof of Lemma 3.3.10, there exists a matrix
A € M,,(F,) such that A" — I is non-singular if g—1{n and A4 = I.
By using the representation F, = {0,1,...,p— 1} we can interpret the
matrix A as being a member of the ring M,,(Z), with powers of the
matrix being calculated mod p. Dropping the requirement for reduc-
tion mod p, we have a matrix A from M,,(Z) which satisfies the first
property and is such that A9~! = I + pB for some matrix B € M,,(Z).
We will show that it is possible to select A so that p { det(B).

From A%7! = I +pB we get AB = BA, so A(I+AB) = (I+AB)A.
Consider the matrix A’ = A+ p(I + AB). Since A’ = A (mod p), A’

satisfies the same conditions as the matrix A. However, we have
(A1 = AT 4 p(g = DAT2(I + AB) + p’L = I — pAT™> 4+ p°K,

where L, K € M,,(Z). If we set B' = —A9? 4+ pK then we have
(A7 ! = [ + pB’ and det(B’) = det(—A%?) # 0 (mod p). Replacing
A with A" and B with B’ completes the proof. O

The next definition is made in order to simplify subsequent nota-

tion.
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Definition 3.3.19. Let k£, m and p denote fixed positive integers, with
p being a prime such that p 1 k. For each integer n > 1, the integer
An(k,m,p) is defined by

pm(l-i—ordp(n)) if k | n
An(k,m,p) = )
if kin
Theorem 3.3.20. Let k, m denote positive integers and p an odd
prime with p t k. If the p-sequence u is defined by

U= (An(l{)map))nzh
then w is algebraically realizable if and only if k | p™ — 1.

Proof. 1In one direction, the proof is easy: if u is an algebraically
realizable sequence then it is certainly realizable, so as in the proof of
Lemma 3.3.9, k | p™ — 1.

Now consider the converse result, so assume that the sequence u
is such that & | p™ — 1. It is not difficult to show that u is a realiz-
able sequence in this case, but our aim is to construct a system which
algebraically realizes u.

The set of rational numbers

T, = U{r/p”:r:(),l,...,p”—l}
n>1

has the structure of an abelian group under the operation of addition
mod 1. Using this we denote by X the abelian group T. From
Lemma 3.3.18, there exists a matrix A € M,,(Z) with the properties:
det(A™ — I) # 0 (mod p) if p™ — 1 { n and AP"~' = I + pB where
p 1 det(B). Let ¢ = (p™ — 1)/k and denote by a : X — X the
endomorphism « : z — A for all x € X. For the purposes of this
definition we assume that z is a column vector. The abelian system
(X, ) will be shown to realize u.

If x € Per,(«) where k { n, then (A“*— )z = 0, so since p"™ —1 1 cn,
det(A“* — I) # 0 (mod p). Therefore there is a matrix C' € M,,(Z)
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such that (I + pC)z = 0. It follows that x = 0 so that | Per,(a)| =1
when k t n.
Next, if k | n, write n = p*kr for some integers s > 0 and r > 1,

where p tr. From AP"~1 =1 + pB we get
Acn — A(pm_l)psr — ([ +pB)pST — I _'_ps—l-er L= I +ps+1D7

where D € M,,(Z) and det(D) # 0 (mod p) since p { det(B).! Hence,
if z € Per,(a) we have p*™' Dz = 0 and since p  det(D) this implies
that p**'z = 0. It follows from this that | Per,(a)| = p™+1): that is,

m(14ordy(

| Per,,(a)| = p ™), and so the abelian system (X, o) algebraically

realizes the sequence u. U

Corollary 3.3.21. If p denotes an odd prime, then the sequence (to,,)

1+ordy(n

where w, = p ) forn > 1, is algebraically realizable.

Proof. This follows from Theorem 3.3.20 since p'Tord (™ = X (1,1, p)
for all n € N. O

By an application of the results of this section and Theorem 2.2.2
of Chapter 2, we get the following general result.

Proposition 3.3.22. Let p denote an odd prime and r,s positive in-
tegers. Then the p-sequence with nth term p" 5o %™ s realizable.

r+ordy (n

Proof. Let u = (u,) be the sequence given by u,, = p ). Since we

Itordp(n) it follows from Lemma 3.3.9 and

can write this as u,, = p" " 'p
Corollary 3.3.21 that the sequence u is algebraically realizable. Denote
by v = (v,) the sequence where v,, = u,s; then by Theorem 2.2.2, v is

realizable, and since v, = p"+*°"% (™) the result follows. [l

The methods used in the proof of Theorem 3.3.20 do not work for
the prime 2. However, it is relatively easy to prove a result which is

similar to Corollary 3.3.21.

1t is essential here that p is odd
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Let X9y denote the following subgroup of the multiplicative circle
group S' ={z € C: |z| =1}

{reS': 2% =1forsomer >1} = U{e%’”ﬂr 0<k<2" -1}
r>1
For any = € Xg), let p(z) = 2°. It is easy to see that p : Xo) — X9
is an endomorphism. The sequence realized by the algebraic system

X2y, p) will be shown to be (22Ford2(n)),
(2)

Lemma 3.3.23. Let r denote a non-negative integer. For any odd

integer m > 1 we have 2772 | 52'™ — 1, while 2713 4 52'™ — 1.

Proof. From 5*™ = (1 + 22)>'™ a simple application of the binomial

theorem gives
52rm =14+ 2r+2m + 2r+3K7
for some integer K > 0, and the result follows from this. U

Proposition 3.3.24. The 2-sequence (227792, -, is algebraically re-

alized by the system (X2), p).

Proof. 1f x € Per,(p), where the integer n > 1 is fixed, then by the
definition of the map p, z € Xp) and 2°" ! = 1. We can express n
in the form n = 2"m where the integers r, m are such that » > 0 and
m > 11is odd. It follows from Lemma 3.3.23 that 5" — 1 = 2"+2s where
2kmi /2712

s > 1is an odd integer. Since x € X(y), this implies that x = e
for 0 < k < 22 — 1. It follows that | Per,(p)| = 272 = 22Ford2(n) ]

Corollary 3.3.25. Let r denote a fixed integer where r > 2. Then the

2-sequence (27'92()) s algebraically realizable.
Proof. This follows from Lemma 3.3.9 and Proposition 3.3.24. U

We finish this section by extending Corollary 3.3.21 to the case
where p = 2. This requires new techniques, and these will be developed

in the following.
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Lemma 3.3.26. Let (G, 1), (Ga, ), (Gs,a3), ... denote a chain of

algebraic systems, where the groups G1,Gs,Gs . .. are such that
C1SCrSCis
and for each integer n > 1, the endomorphisms o, a1 satisfy
ani1(2) = ay(x), for all x € G,

Then G = Un21 G, is a group and there is a natural endomorphism

a: G — G such that a(x) = a,(x) whenever x € G,.

Proof. 1t is obvious that G = Un21 G, is a group. Define the map
a:G— Gby a:xz— ayx)if x € G,. This is a well-defined map
since if z € G, and = € G,,, where m < n, then a,(z) = a,—1(z) =

- = ap(x). Also, for any z,y € G, there is an integer n > 1 such
that z,y € G,. Therefore a(zy) = an(ry) = an(x)a,(y) = a(x)aly),
so that a is an endomorphism of G which by definition has the stated
property. Il

Our aim is to prove that the 2-sequence (\,(1,1,2)) is algebraically
realizable. Before doing this, it is necessary to construct certain 2-
groups and automorphisms of them. Let Z, denote the additive group
{0, 1} of the field Fy, and 0 < Z5 the zero group; we define the groups
H, forn=1,2,3,... by:

7 Zy if n = 2% where k € Ny
" 0 otherwise.

The groups H,, are now put together to form an ascending chain of

abelian 2-groups. Denote by K,, the group of order 2" given by
2n71

K= []He. n=123,. ...

k=1

Next, the groups X,, are defined for n > 1 by

——

k=2n—141
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It is clear from the definitions, that the (additive abelian) groups X,
satisfy: X,, = 2, |X,|=2", and X; S Xy S X3 < ---.

Now, for each integer n > 1, denote by A, € Man—1(Fs), the upper

triangular matrix

111 - 1

011 - 1

001 - 1

0 00 1

so that
1111
A= (1), A= 11 A= 0111 y

01 0011

0001

Each of the matrices A,, give rise in a natural way to an automorphism
Fn XK, — X, where F,, : x — A,z for all z € K,,.
Next, extend A, to the matrix A, of size (0o X c0) by means of the

block diagonal matrix

A, 0 0 0

0 1 0 0

A, = 0 01 0
0 0 0 1

Using the matrix A,,, we now define an automorphism 7,, : X,, — X,
(the natural extension of F, : K, — X,) by 7, : x — A,z for all

x € X,,. This gives the chain of abelian systems
(xb,]—l)a (x277-2)7 (x37727>)7 s
and it is clear that for each n > 1,

Toi1(z) = Ty(x), for all x € X,,.
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Hence, the requirements of Lemma 3.3.26 are all satisfied, so we can
define the abelian group X to be Un21xm and the endomorphism
7:X — X by 7(z) = 7,(x) when z € X,,; it is easy to see that 7 is in
fact an automorphism of the group X. The abelian system (X, 7) will
be used below to establish the algebraic realizability of the 2-sequence
(An(1,1,2)), but before doing this we consider an example, and then

determine some facts about the systems (X,,, F,).

Example 3.3.27. The 2-sequences realized by the abelian systems
(J{l,fl), (KQ,FQ) and (j(g,fg) are

(2,2,2,2..), (2,4,2,4,...) and (2,4,2,8,2,4,2,8,...)

respectively. We note that each of these sequences is an approximation
(in some sense) to the sequence (A, (1,1,2)) = (2,4,2,8,2,4,2,16,...);
and that for m = 1,2, the sequence realized by the system (K, 11, Frnt1)
first differs from that realized by (X,,, F,,) at the 2"th term.

Lemma 3.3.28. Let m denote a positive integer, and u'™ = (uﬁf’”‘))nzl
represent the sequence realized by the system (XK,,, Fp). Then for all

mteger n > 1

™ ifom fn

20 if2m | m.

Proof. We will assume that m > 3, since Example 3.3.27 deals with

uglerl)

smaller values of m. Note first of all that o(F,,;1) = 2™: this is easy
to see from the form of the matrix A,,,; over the field Fy. Next, using

block matrix notation, we can write

A?’TL Bm
0 A,

Aerl =

where B,, € Man-1(Fy) is the matrix with every entry equal to 1. For

any integer n > 1, define the matrices cim by: oM = B,,, and for
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n>1, W =A4,C5% " + B,A"'. Then

(n)

PR Crm

m+1 n

0o A
Denote by x = (21, ..., Tom-1,Tom-1,1, ..., Tom) an element of the group
Kins1. Then by construction we have zom-1,7 = --+ = zom_; = 0, so

from the form of the matrix A}, the number of fixed points of 7}, ;,

where the integer n is in the range 1 < n < 2™, is determined by the
number of solutions of the equation A" % = 2, & = (xq,...,29m1)7T,
along with the possible values of xom. That is, the periodic points of
Fins1 are determined by the periodic points of F,,, and the term zom. A

simple induction on m, using o(F,,+1) = 2™, completes the proof. O

Lemma 3.3.29. If m denotes a positive integer, and ul™ = (u%m))nzl

represents the sequence realized by the system (K,,, Fpn), then

u(m) _ (gcd(2m’2l+ord2(n)))

n>1"

Proof. From Example 3.3.27 we have u) = (2,2,2,2,...), so the result
is certainly true when m = 1. Assume that it is true when m =k > 1;

then by Lemma 3.3.28,

ged(2F, 21Ford2(m)) if 9k k
2 ged(2F, 21Fordz(m)) if 9k |

kD)

Now, if 28  n then 1 + ordy(n) < k, so that
ged(2F, 210z (M) — g (k1 gltorda(n)
Alternatively, if 2¢ | n then 1+ ordy(n) >k + 1, so
2 ged (2, 210rd2(0)) — okl _ g9kl gltorda(n)y
Therefore, in both possible cases we get

u;k—i—l) — ng(2k+1, 21+ord2(n))’

and induction completes the proof. O
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Lemma 3.3.30. Ifn denotes a positive integer and m = |logyn| + 1,

then
Per,(71) < Per,(T5) < - -+ < Per,(7,,) = Per,(Zp1) = - - .

Proof . Let r denote any positive integer and suppose that x € Per, (7).
Then since x € X, 7,4+1(z) = Z,(x), and so because X, is 7,-invariant,
x € Per,(7,11). Hence Per,(7,) < Per,(7,,1), which gives the ascend-

ing chain of subgroups of X
Per,(7;) < Per,(73) < Per,(73) < ---.

We will prove that this chain eventually stabilizes by showing that
| Per,,(7,,)| = | Per,,(Zss)| where m = |logon| + 1 and the integer
s > 0.

By definition, the systems (X, F;) and (X;,7;) are essentially the

same for all 7 > 1, and therefore it is easy to see that
| Pery,(7;)| = | Pery(F;)|, for k =1,2,3,....
From Lemma 3.3.29 we have
| Pery(F)| = ged (27, 2140

so when j > 1+ ordy(k) this gives | Pery,(7;)| = 217ord2(®)_ Tt is obvious
that |log, k| > ords(k), so for all j > |log, k| + 1,

|Perk(7;)| _ 21+ord2(k)‘

The result follows from this. O

In the next result, Corollary 3.3.21 is extended to include the case
where the prime p = 2. We note that Proposition 3.3.24 is a conse-
quence of this new result, but since it was possible to prove it without
the effort required for the more general case, we preferred to give the

easier demonstration.
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Theorem 3.3.31. The 2-sequence v = (21142 - is algebraically

realizable.

Proof. We will show that the sequence v is algebraically realized by
the abelian system (X, 7) constructed above.

Let n denote a positive integer and m = [log, n|+1. If « € Per,(7)
then x € X, for some positive integer r, so x = 7"(x) = 7,"(x). Thus,
x € Per,(7,), and therefore by Lemma 3.3.30, x € Per,(7,,): hence
Per, (1) < Per,(7,,). Since it is clear that the reverse inclusion holds,
we have Per,(7) = Per,(7,,). Applying Lemma 3.3.29, it follows that
| Per,,(7)| = 21+°742(") " and this completes the proof. O

The result just obtained does not completely extend Theorem 3.3.20
to the case where the prime p = 2, so we finish this section with the

following problem.

Problem 3.3.32. Extend Theorem 3.3.20 to include the prime p = 2.

3.4. Non-Locally Nilpotent Groups

In the final section of this chapter, we will look at a question which
can be considered to be a converse to Theorem 3.2.11: if the group G
possesses the property that every automorphism o : G — G is such
that the sequence realized by the algebraic system (G, «) is everywhere
locally realizable, then is G locally nilpotent? This question can be

interpreted in the alternative form:

Question 3.4.1. If GG denotes a group which is not locally nilpotent,
does there exist an automorphism « : G — G which is such that
the sequence realized by the algebraic system (G, «) is not everywhere

locally realizable?

We do not have a complete answer to Question 3.4.1, but we do
show that several well known infinite classes of finite non-nilpotent

groups do exist for which the question has a positive answer.
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In a finite nilpotent group, the Sylow p-subgroups are unique, so in
the the following result, where by implication the group has more than

one Sylow p-subgroup, the group in question is not nilpotent.

Lemma 3.4.2. Let X denote a finite group and p a prime with the
following properties
(1) p | [X]
(2) there is an automorphism ¥ € Aut(X) and an integer n > 2
where ntp—1 and |9 =n
(3) for any Sylow p-subgroup P of X, {P,9(P),..., 9" (P)} con-
sists of n distinct Sylow p-subroups of X.
Then the sequence realized by the algebraic system (X,v) is not locally

realizable at the prime p.

Proof. Let the integer r be in the range 0 < r < n, and assume that
p | |Per.(¢)]. Then there is a Sylow p-subgroup P of X such that
P < Per,(¢). This implies that P = ¥"(P) and since 0 < r < n, this
contradicts condition 3. Hence, p { | Per,(9)| for r = 1,...,n — 1. It
follows that the p-part of the sequence realized by the system (X, 9) is

of the form
u=(u)=(1,1,....,1,p,1,1,...,1,p,...)

where p occurs at the n,2n,3n,... positions only. If u is a realizable
sequence then we know from Lemma 1.2.4 that
n | Zudu(n/d).
dn

Now, since n > 1 and u, = 1 for 1 < k < n, we obtain

> uap(n/d) = p(n/d)—1+p=p—1

din dn
son | p— 1, contrary to condition 2. Hence w is not a realizable
sequence, and therefore the sequence realized by (X, ) is not locally

realizable at p. O
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Proposition 3.4.3. Let X denote a non-nilpotent group of order pq,
where p and q are distinct primes. Then there is an automorphism
¥ € Aut(X) such that the sequence realized by the system (X, 1) is not

everywhere locally realizable.

Proof. Since X is not nilpotent, we may assume that the number of
Sylow p-subgroups of X is greater than 1. If we denote this number by

n,, then from Sylow’s theorem we have
n, =1 (mod p) and n, | pq.

It follows that the prime ¢ must be such that ¢ = 1 (mod p) and
n, = q > p, so we certainly have ¢ { p — 1. It is now easy to see from
Sylow’s theorem, that X has a unique Sylow ¢-subgroup @, so that @)
is a normal subgroup of X. Therefore, if P is any Sylow p-subgroup
of X, we have X = PQ = QP. Now @ is cyclic, so we can write
Q = (z:27=1) for some z € Q. If we define the inner automorphism
¥ € Aut(X) by 9 : z — 2%, then || = ¢, and by using Sylow’s theorem
and the fact that X = PQ), we see that the set

{P,O(P),9*(P),..., 99 P)}

consists of the ¢ distinct Sylow p-subgroups of X, whenever P is any
fixed Sylow p-subgroup of X. We now have all of the ingredients nec-

essary for Lemma 3.4.2, and this completes the proof. U

Theorem 3.4.4. Denote by n an odd integer with n > 3, and let Ds,
be the dihedral group of order 2n. Then there is an automorphism
¥ € Aut(Dsay,) such that the sequence realized by the system (Day,, 0) is

not everywhere locally realizable.

Proof. A presentation for Dy, is

Dy, ={a,b:a"=1,0*=1, a®* =a")
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and using this we obtain: B = {1,b} is a Sylow 2-subgroup of Ds,.

For any integer r, we easily compute b = a~%'b, so if we set
P.=B" ={1,a%"b}, for 0 <r < n,
the complete set of distinct Sylow 2-subgroups of Dy, is
{Py, P\, Py, ..., P, 1}.

Denoting by ¥ € Aut(Ds,) the inner automorphism ¢ : = +— z% we
have || = n, and it follows easily that if P is any Sylow 2-subgroup of
X then the set

{P,9(P),9*(P),..., 9" ' (P)}

consists of the n Sylow 2-subgroups of X. Lemma 3.4.2 completes the

proof. O

Theorem 3.4.5. Let n denote an integer with n > 3, and let S,
be the symmetric group of order n!. Then there is an automorphism
U € Aut(S,,) such that the sequence realized by the system (S,, V) is not

everywhere locally realizable.

Proof. The case n = 3 is contained in Theorem 3.4.4, since S3 = Dy,
and therefore we will assume that n > 4. In order to make use of
Lemma 3.4.2, the first task is to show that there is a prime p || |S,|. To
do this we appeal to Bertrand’s Postulate to establish the existence of
an odd prime p with n/2 < p < n. Now, because p < n < 2p, we easily
see that p occurs just once (as a factor of any of the terms) in the list
(1,2,...,n—1,n), and so p || n!. Next, since any Sylow p-subgroup of
Sy, is cyclic and is generated by a cycle of length p, the number n, of

such subgroups is given by

nn—1)---(n—p+1)
ny = .
p(p—1)
Because it is clear that ptn whilep—1 | (n —1)---(n —p+ 1), we

have: n, is a multiple of n, so it is certainly true that n, > 1.
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Let x denote the permutation (12 ---n) € S,. Then if 7 € S, is
any cycle of length p, it is easy to see that 7* # #" for any integer
r. Therefore, if ¥ € Aut(S,) is the inner automorphism given by
Y(w) = w® for all w € S, and if P is any Sylow p-subgroup of .S, the
set

{P,9(P),9*(P),..., 0" }(P)}
consists of n distinct Sylow p-subgroups of S,. Noting that [¢| = n
and n { p — 1, the proof is completed by Lemma 3.4.2. U

Theorem 3.4.6. Let n denote an integer with n > 4, and let A, be
the alternating group of order n!/2. Then there is an automorphism
Vv € Aut(A,) such that the sequence realized by the system (A,, V) is

not everywhere locally realizable.

Proof. The proof of this is essentially the same as that of the previ-
ous Theorem, since the prime p being odd guarantees that the Sylow
p-subgroups of 5, are in fact contained in A,. The only other thing to
note is that when n is even, the automorphism 1 is an outer automor-

phism of A,,, since in this case = &€ A,,. O



CHAPTER 4

Sequences of Lehmer-Pierce Type

A sequence of Lehmer-Pierce type will be shown to be algebraically
realizable when no term of the sequence is zero. This is not a new
result and it is included for completeness. Possible generalizations of
the Lehmer-Pierce construction will be considered, some leading to
known results. The main source of reference for this chapter is [10].

Throughout this chapter we will write ¢ = (s,) for the sequence of
monic polynomials ¢,(z) = 2" — 1, and S. for the finite subgroup of

the circle group S' defined for each integer n > 1 by
Sl=fzeS'izn =1} = {¥ /" =0,1,...,n— 1}.

Finally, S}, is used to represent the countable subgroup of S': {J,, S},

4.1. Integer Matrices and Lehmer-Pierce Sequences

In this section we aim to establish certain results about matrices
with integer entries. Many of the definitions and early results apply
in a wider context but will be given in a form of more use in later
arguments. The books [4] and [8] detail further information.

Let d denote a positive integer. If A € M,4(C), then the charac-
teristic polynomial of A, written as xa € C|z], is the polynomial of
degree d defined by xa(x) = det(A —zI), where [ is the unit matrix in
M4(C). The eigenvalues of the matrix A are the zeros of x4. A notion
corresponding to the eigenvalues of A, is that of the eigenvectors of A:
a non-zero element x of the vector space C? is called an eigenvector
of A if Ax = Ax for some \ € C; in this equation, x is interpreted as

a column vector. It is a standard result of linear algebra that A is an

60
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eigenvalue of A; and further, that 7 is an eigenvalue of A only if there

exists 0 # x € C? such that Ax = nx.

Lemma 4.1.1. Let d denote a positive integer and A a matrix from

M4(C) with eigenvalues ay, ..., aq. Then det(A) = ay - - ay.

Proof. By definition, the eigenvalues of A are the zeros of the charac-
teristic polynomial ya(x) = det(A — xI). This gives det(A) = x4(0)

and the result now follows from elementary algebra. O

Lemma 4.1.2. Let d and n denote positive integers. If the matriz
A € My(C) has eigenvalues ay, ..., o4, then the eigenvalues of the

matriz A" are of, ..., af.

Proof. For some integer 7 in the range 1 < r < d, let x € C¢ denote an
eigenvector of A corresponding to the eigenvalue «,.. Then Ax = a,x,

and from this we obtain
An - An—l o QAn—2 . . n
X = q X =, X = =aqX.

Therefore, x is an eigenvector of the matrix A™ with associated eigen-

value . The result follows from this. g

Keeping with the notation of the proof of Lemma 4.1.2, from the
equation A"x = al'x we easily obtain (A" — I)x = (a] — 1)x, which

r

leads to the following.

Lemma 4.1.3. If d and n denote positive integers and the matriz

A € My(C) has eigenvalues o, . .., g, then
det(A" = I)=(af —1)---(a — 1).

Proof. This follows by the argument just given and Lemma 4.1.1. [

The next result establishes a connection between Lehmer-Pierce
sequences and integer matrices. Although being very straightforward,

it is of great use.
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Proposition 4.1.4. Let d denote a positive integer and A a matrix
from My(Z). The Lehmer-Pierce sequence (A, (xa)) which is derived

from the characteristic polynomial x 4 of A, has terms given by
An(xa) =|det(A" = I)| forn=1,2,3,....

Proof. Let ay,...,aq denote the zeros of the polynomial y 4. Then

by definition, the terms of the Lehmer-Pierce sequence (A, (x4)) are

given by
d
An(xa) = H ;' — 1]
r=1
The proof is completed by Lemma 4.1.3. U

One of the reasons that Proposition 4.1.4 is so useful, especially
when calculating Lehmer-Pierce sequences, is due to the following def-
inition.

Definition 4.1.5. Denote by h a monic polynomial from C[z] of degree
d>1. If h(z) = 2% + ag_1297 1 + - -+ + a1z + ag, then the companion

matriz to h is

0 1 0 0
0 0 1 0
Ay =
0 0 0 1
—ay —a; —as ... —Qg—1

The main property of the matrix A, which we require is the well
known fact that the eigenvalues of A, are the zeros of the polynomial

h: in fact, h = (—=1)%x,, .

Proposition 4.1.6. Let h denote a monic polynomial from Z[x]. The

Lehmer-Pierce sequence (A, (h)) has terms given by

A, (h) = |det(Ay —I)| forn=1,2,3,....
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Proof. This follows immediately from Proposition 4.1.4. O

The previous result gives an alternative demonstration of the fact
that the terms of a Lehmer-Pierce sequence are integers.

The section is completed by showing that a Lehmer-Pierce sequence
which contains no zero terms can be algebraically realized by an abelian
system. The proof is based on that given in [10], the idea being to use
the companion matrix Ay, of the monic polynomial h € Z[x] to construct
an endomorphism on an abelian group.

Suppose that C' is an abelian group and that n denotes an integer.
We can define an endomorphism 9 : C — C' by ¥ : x — nz for all
x € C. If we ask about the order of the subgroup ker(?J) then in general
this question will remain unanswered. However, when C' = T = R/Z,
the additive circle group, it is easy to give an answer. Using the half-
open interval representation: T = [0, 1), with addition carried out mod
1, and writing m = |n|, we have ker(d) = T if m = 0. And when m # 0,
| ker(9)| = m since in this case ker(d) = {r/m :r=0,1,...,m — 1}.
Thus: | ker(9)| = |Z/nZ|.

A natural way to extend this is to consider an endomorphism of the
toral group T¢ defined by the action of a matrix A € My(Z). To make

this precise we have the following definition.

Definition 4.1.7. Let d denote a positive integer and A a matrix from
My(Z). The endomorphism 74 : T¢ — T? is defined by 74 : x — Ax
for all x € T.

If A € My(Z), then it is clear that AZ? = {Ax : x € Z} is a
subgroup of Z¢; and if A is non-singular then A~'Z is a subgroup of Q¢,
containing Z?. Hence, if A € My(Z) is non-singular, Z¢ < A=17Z4 < Q%

Lemma 4.1.8. Let d denote a positive integer and A a non-singular

matriz from Mg(Z). Then A=174)74 =2 74/ A7,
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Proof . Define the map ¢ : Z — A71Z4/74 by ¢ : x — A~ x + Z4 for
all x € Z%. Then it is easy to see that ¢ is a surjective homomorphism
(epimorphism) and ker(¢)) = AZ?. The proof is completed by appealing

to one of the standard isomorphism theorems from group theory. [

Lemma 4.1.9. If A € My(Z) is non-singular then ker(r4) = 74/ AZ4.

Proof. Let x € R be such that x + Z? € ker(74). By the definition of
Ta, Ax € Z% so x+ Z% € A7YZ 7%, which gives ker(t4) < A™1Z4/7°.
The reverse inclusion is also easy to establish, so ker(r4) = A71Z4/7Z.

The result now follows from Lemma 4.1.8. O
Next we have a technical result.

Lemma 4.1.10. If the matriz A = (a;j) € M4(Z) is non-singular with
n = |det(A)|, let A= (a;;) denote the unique matriz in My(Z,) which
1s defined by

Adj(A) = A+ nM, for some M € My(Z).

Here, for the sake of the definition, the elements of the ring Z, are
interpreted as the set of integers {0,1,...,n — 1}, and we assume that
0<a;<n foralll<ij<d.

The subgroup AZ2 of the additive group Z¢& is such that |AZ%| = n.

Proof . [Outline Sketch] Clearly we may assume that d > 2. The matrix
Adj(A) is such that all 2 x 2 minors are divisible by n (see [11]). Tt
follows that the determinantal rank of the matrix A over the ring Z, is
at most 1, and so the row rank of A is either 0 or 1. However, if the row
rank were 0, this would contradict the fact that det(Adj(A)) = £n?"1,

so we must have: row-ranky (A) = 1. From this we deduce that the

number of distinct elements in AZ? is n. O

Lemma 4.1.11. If A € My(Z) is non-singular, |Z?/AZ?| = | det(A)|.
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Proof. Let n = |det(A)| and denote by A the adjoint matrix of
A. Then from standard linear algebra results, A € My(Z) is non-
singular and AA = AA = +nl. By a similar argument to that used
in the proof of Lemma 4.1.8, Z¢/AZ? =~ AZ?/AAZ®, from which we
get: Z4/AZY = AZ4/nZd. If we define the matrix A € My(Z,) as in

Lemma 4.1.10, then it is easy to see that the group led/nZd is iso-
d

ni

morphic to the subgroup AZ?L of the additive group Z¢%, so a further

application of Lemma 4.1.10 completes the proof. O
The main result of this section follows.

Theorem 4.1.12. Denote by h a monic polynomial from Z[x] which
15 such that no zero of h is a root of unity; that is, the set of zeros of h
is disjoint from the set SL. Then the Lehmer-Pierce sequence (A, (h))

18 algebraically realized by an abelian system.

Proof. The condition that no zero of h is a root of unity is clearly
equivalent to the requirement that no term of the sequence (A, (h))
is zero. By Proposition 4.1.6 this implies that the matrix A} — I is
non-singular for each positive integer n. Let d = 0(h), and for ease
of notation, write A = A, € My(Z). We will show that the abelian
system (T¢,74) realizes the Lehmer-Pierce sequence (A, (h)).

Let n denote a fixed positive integer and suppose x € R? is such
that x + Z? € Per,(74). Then by the definition of 74 this is equivalent
to (A" — I)x € Z¢. Writing B for the matrix A" — I, the preceding
arguments give: Per,(74) = ker(7g). It follows from Lemma 4.1.9 that
Per, (14) & Z¢/BZ4, so by Lemma 4.1.11, | Per,,(74)| = | det(B)|. The
proof is completed by Proposition 4.1.6. U

We end this section by defining a special type of realizable sequence.

Definition 4.1.13. The sequence u = (u,) of positive integers is said
to be Lehmer-Pierce realizable if there is a monic polynomial h € Z[z]

such that u,, = A, (h) for all n > 1.
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Since zero is excluded from the definition of a Lehmer-Pierce realiz-
able sequence, this is in fact a special case of an algebraically realizable

sequence, as established above in Theorem 4.1.12.

Example 4.1.14. The sequence (v,) = (1,3,1,15,31,27,127,255, .. .),
which is defined for n =1,2,3,... by

2" —1 if 31n
(23 —1)3 if3|n

Un =

is Lehmer-Pierce realizable since v, = A, (f), where f(x) = 23 — 2.

4.2. Divisibility Sequences of Polynomials

The sequence of polynomials ¢ = (s,) is such that if the positive
integers m,n have m | n, then there is a polynomial x € Z[z| with

S, = KGny: In fact we have
41) 2" —1=@E"-1E""+a" 2™ 4 ).

Extending the notation used for the divisibility of integers, we will
write this as ¢, | ¢,. A sequence (f,,) of non-zero polynomials from the
ring Z[z] will be called a divisibility sequence of polynomials if f,, | fn
when the integers m,n > 1 are such that m | n. The sequence ¢ also
has the property that 1 < 0(s,) < 9(sp+1) for all n > 1. We will call a
sequence (f,) from Z[z] a proper divisibility sequence of polynomials
if: O(fn,) — o0 asn — oo; 1 < O(f,) < I(fpy1) for all n > 1, and
when the positive integers m,n are such that m | n, then f,, | fn.
Thus the sequence ¢ is a proper divisibility sequence of polynomials.
In this section, we will investigate a generalization of the Lehmer-Pierce
construction which utilises divisibility sequences of polynomials.
Given a monic polynomial h € Z[z] with zeros aq,...,aq4 € C,

where d = J(h), the Lehmer-Pierce sequence (A, (h)) is defined by

d
An(h) =] lor =1, n=1,23,....
k=1



4.2. DIVISIBILITY SEQUENCES OF POLYNOMIALS 67

In terms of the polynomial sequence ¢, this can be expressed as

d
An(h) =[] len(en)l, n=1,2,3,...,
k=1
and it is this formulation of the Lehmer-Pierce sequence which leads
to the following generalization.

Definition 4.2.1. Denote by f = (f,,) a sequence of non-zero polyno-
mials from Z[z]. If h € Z[x] is a monic polynomial of degree d with

Zeros av, . .., g, then the sequence (Agf)(h)) is given by

d
AD (Y =T 1 fulan)l, n=1,2,3,....
k=1

Using this definition, the standard Lehmer-Pierce sequence becomes
(AS ) (h)); however, we will keep with the notation previously used when

referring to this sequence.

Example 4.2.2. Let f,, € Z[z] denote the polynomial f,(z) = 2% —1
where d,, is the nth term of the Fibonacci sequence (1,1,2,3,5,...).
Then f = (f,,) is a proper divisibility sequence of polynomials.

Let the polynomial h € Z[x] be given by h(z) = x — 2. Then using

the sequence f from Example 4.2.2 we obtain
(AL () = (1,1,3,7,3L,..),

and it is interesting to note that this sequence of integers is not realiz-

able.

Lemma 4.2.3. Let h € Z[x] denote a polynomial with O(h) = d > 1
and factorization over C, h(x) = a(xr—ay) - - - (x—ay). If the polynomial

g € Zlxy, ..., xy], where the integer m > 1, then fort € {1,2,...,m},

d
Ui(g, h) = a%9) Hg(ml, ey Tty Oy Tpg 1y e ey Ty
k=1
is a member of the ring R = Z[x1,..., % 1,T411, .-, Tm|. Further,

Ui(g, h) = a%(9) det(g(z1, ..., xe1, Ape, Tyg1, oy Tn))
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where Ap,- is the companion matriz to the monic polynomial h* = a~'h.

Proof. Clearly there will be no loss of generality (but a considerable
gain in ease of notation) if we assume that ¢ = m. It is easy to see

that, by grouping terms appropriately, 1,,(g, k) can be put in the form
wm(ga h) = %9 Z TjSj
J

where each 7; € R = Z[zy,...,2y-1] and the s; € Zay, ..., aq4] are
symmetric expressions in the zeros aq, ..., aq of h. It follows from this,
and elementary algebraic number theory, (see [27]) that a%nWs; € Z
and so ¥,,(g,h) € R.

Now, we can think of ¢g as being a member of the ring R[z,,], and

since the eigenvalues of Ay« are aq, ..., ay,

det(g(An-)) = g(ar) - - - g(aw),
from which the result follows. O

We illustrate the previous result with the following example.

Example 4.2.4. Denote by g(z1,x9,23) = 3z122 — x%mxg + 2x1x§ a
polynomial from the ring Z[xy, 7o, 23], and let h(x) = 222 —2+2 € Z[x].

If the zeros of h are a and ( then in the notation of Lemma 4.2.3,
V1(g, h) = 4(—xow30* + (375 + 273) ) (— 292387 + (372 + 273) 3).
Expanding this and grouping the terms,
V1(g, h) = A(23250° 3% — 29w3(3m9 + 223) (@® B+ %) + (312 + 223)2a3)
from which, on using a« + f =1/2 and aff =1,
V1(g, h) = 2(2235 — 3x3 + 18)x5 — 423 (23 — 12)9 + 1675 € Z[12, 73).
Alternatively, the companion matrix to h* = 271h is

0 1
-1 1/2

Ah* ==
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so that g(zy1,x2, Aps) = 221A3. — 239 + 3z1221, where I denotes
the 2 x 2 identity matrix. Hence,

1 121‘2 —4 —41’11'2 —6

g(@1, T2, Ap) = 511
4 4l‘1l‘2 + 6 —QI‘L’L‘Q + 12!E2 -7

and from Lemma 4.2.3,

1 12%2 —4 —4]71332 —6
¢3(97 h) = _‘T%
4$1$2 + 6 —2$1Q32 -+ 12372 -7

Expanding this determinant,
V3(g, h) = 8x52] — 4wy (3wy — 7)) + 2(3625 — 335 + 16)27 € Zlay, 23).

Proposition 4.2.5. Let f = (f,) denote a sequence of non-zero poly-
nomials from Zx]. If h € Z[x] is a monic polynomial, then (Aéf)(h))
1s a sequence of non-negative integers. Further, if f is a divisibility
sequence of polynomials and the integers m,n > 1 are such that m | n,
then A%f)(h) is a multiple of A%)(h), so that in this case (A;f)(h)) is a

divisibility sequence of positive integers if it consists of non-zero terms.

Proof. For each integer n > 1, the fact that AY )(h) is a non-negative
integer follows from Definition 4.2.1 and Lemma 4.2.3. Next, if f is
a divisibility sequence and the integers m,n > 1 are such that m | n,

then f,, = gf,, for some polynomial g € Z[z|, so by Definition 4.2.1,

d
AP (h) = AP () [T laten)],
k=1

where h has the factorization over C: h(z) = (r—ay) - (r—ag). Now
from Lemma 4.2.3, Hizl |g(as)| is a non-negative integer, and this fact

completes the proof. O

In order to consider a converse result to Proposition 4.2.5, we intro-

duce notation to deal with the individual terms of the integer sequence

(A (h)).
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Definition 4.2.6. If g, h € Z[x] denote polynomials with d(g) > 0 and
h having factorization over C, h(z) = ap(z — ay) - -+ (x — ay), then we

define
d
8(g,h) = |an”@ T lg ().
k=1

Thus, in the notation of this definition, the individual term AY )(h)
from the sequence (AY(h)) of Definition 4.2.1, can be written as:
d(fn, h). Note also, that Lemma 4.2.3 guarantees that d(g, h) is a non-
negative integer.

The following example illustrates why a simple converse to the di-

visibility conclusion of Proposition 4.2.5 will not work.

Example 4.2.7. Let g1,9, € Z[z] denote the polynomials given by
gi(x) = 2(z% + 1) and go(2) = z(x + 1)(z* — 1). Then it is easy to
see that d(g1,h) | d(ga, h) for all linear monic h € Z[x]. However,
g1 1 go, although it is obvious that g; is a factor of go in Q[z]. Note
that if k(z) = 2® + x + 1, then 6(g1, k) = 4 and 6(go, k) = 3, so that
(g1, k) 1 6(g2, k).

Lemma 4.2.8. Let p denote a prime number, n a non-negative integer,
and let g(x) = gox™+- - -+ go represent a polynomial from the ring Z[x],
where the coefficients satisfy: g, # 0 and ged(p, go,--.,9,) = 1. Then
there exists a monic polynomial h € Z[x] for which §(g,h) =1 (mod p).

Proof. If d(g) = 0, then the result follows easily from the Euler-
Fermat theorem, so we will assume that d(g) = n > 0. The condition
ged(p, 9o, - - -, gn) = 1 implies that there are polynomials f, k € Z[z| so
that ¢ = pf + k where k is such that: if k(z) = k2™ + - - - + ko then
0<k.<p—1forr=0,...,mandk, # 0. If (k) = 0, so that
k = ko # 0, then we can complete the proof by a simple application
of the Euler-Fermat theorem. Assuming that d(k) > 0, we can find a
unique integer a such that 1 < a < p—1 and ak,, =1 (mod p), and

by a suitable redefinition of the polynomials f, k we have ag = pf + k
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where k is monic. Let the monic polynomial h € Z[x] be given by

h(xz) = k(x) — a. If the zeros of h are oy, ..., a,,, we have

s(ag, h) = [ laglen)l = ] Ipf () + k(ew)| = [ If (o) +al,

the last expression arising from 0 = h(a,) = k(o) —a for 1 <r < m.

It follows that

m

d(ag, h) = [ [ Ipf(ow) +al = [py(aa, ..., am) +a™],

r=1
where 1) is a symmetric expression in aq, ..., q,,, with integer coeffi-

cients, and so is an integer. Hence,
a™8(g,h) = 6(ag,h) = £a™ (mod p),

and therefore, §(g,h) = £1 (mod p). If 6(g,h) = —1 (mod p) then
8(g,h') =1 (mod p) where I/ = h?, so replace h with &/. O

We illustrate the method used in the proof of Lemma 4.2.8 in the

following example.

Example 4.2.9. Let g(x) = 32* — 22° + 522 — 8 and the prime p = 5.
Then write g in the form g(z) = 5(—x3 + 2? — 2) + 3z + 323 + 2. Next,
2g(x) = 5(—22% + 22% — 4) + 62* + 62 4+ 4 which can be rewritten as
2g(x) = 5(at — 23+ 222 —4) + 2t + 2% + 4. Finally, set h(z) = 2* +23+2
and calculate: d(g,h) = 69976 = 1 (mod 5).

Proposition 4.2.10. Denote by f, g non-zero polynomials from Z[z],
and suppose that 0(f,h) | 0(g,h) for every monic h € Z[x] where

5(f,h) #£0. Then f|g.

Proof. Because Z[x] is a subring of the Euclidean domain Q[z], we can
use the division algorithm in Q[z] to find polynomials &, r € Q[z] such
that g = kf + r, where 0(r) < 9(f). We aim to show that r = 0 and
then that k € Z[z] and we begin by obtaining a contradiction to the
assumption that r # 0.
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Fix an integer N > max{|a| : @ € C and f(a) = 0}; then for all
integers n > N we have f(n) # 0. Therefore, if h,(z) = © —n for
n > N, we have: h, € Z[z] is monic and §(f, h,) = |f(n)| # 0. Find

an integer m > 0 so that mk, mr € Z[z]. Then
md(g, hn) = [mk(n) f(n) +mr(n)| = 6(f, hn)|lmk(n) +mr(n)/f(n)],

so since O(f, h,) | (g, h,), and mk(n), mr(n) € Z, it follows that
f(n) | mr(n) for all integers n > N. However, because we are assuming
that 0 < 0(r) < 9(f), we have lim,,_,o, |[mr(n)/f(n)| = 0 and so there
is an integer Ny > N such that for every n > Ny, |f(n)| > |mr(n)|,
which clearly contradicts f(n) | mr(n) for all integers n > N. Tt follows
that 7 = 0 and so g = kf. We will now show that k € Z[z].

There exist integers a and b such that
a
a,b>1, ged(a,b) =1 and k = 7

where the polynomial w € Z[z| is primitive. Similarly, there is an
integer ¢ > 0 such that f = cv, with v € Z[z] primitive. This gives
bg = acwv and it is clear from this that the proof will be complete if
we can show that b = 1. Assuming that this is not the case, let p be
a prime factor of b. Since both w and v are primitive, wv is primitive.
Therefore, by Lemma 4.2.8, there is a monic polynomial h € Z[z] such

that d(wv, h) =1 (mod p). If d(h) =d > 0, then
v45(g, h) = a’cd(wv, h).
Noting that é(wv, h) = é(w, h)d(v,h), we see that §(v,h) # 0, which
implies
0 # (v, h) = d(cv, h) = 6(f, h).
It follows from this that ¢ | §(g, h) since §(f,h) | 6(g, h). Therefore

a? (g, h
ﬁé(wv,h): (g, h)

€L
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so, since p | b and d(wv, h) =1 (mod p), this implies that p | a, which

contradicts ged(a,b) = 1. Hence we must have b = 1. O

The following result is the converse to the divisibility sequence

statement of Proposition 4.2.5.

Theorem 4.2.11. Let f = (f,) denote a sequence of non-zero poly-
nomials from the ring Z[z]. If for any monic polynomial h € Z|x], the
integer sequence (A;f)(h)) is such that A%f)(h) is a multiple of A%)(h)

when m | n, then f is a divisibility sequence of polynomials.

Proof. Given integers m,n > 1 with m | n, the conditions imply that
(fmsh) | 0(fn,h) for every monic h € Z[x] where 6(f,,h) # 0. By
Proposition 4.2.10 we get f,, | fn, and so f is a divisibility sequence of

polynomials. U

From here to the end of the section we will concentrate on divisi-
bility sequences of polynomials f = (f,,) and their associated Lehmer-
Pierce type integer sequences (A;f )(h)) of Definition 4.2.1. The main
task will be to construct algebraically realizable sequences by this
means, though as an aside the techniques will indicate methods for the
production of integer divisibility sequences of quite complex structure.

A natural way of constructing polynomial divisibility sequences is to
analyze the sequence ¢ in order to determine possible routines. So the
first question to consider is: why does ¢, | ¢, when m | n? An obvious
answer is: because of (4.1), but this does not readily provide routines
which can be generalized. However, a closer look at this equation does
in fact suggest some methods.

If we denote the complex number e?™/™ by o,,, then for any positive

integer n we have the factorization

(@) =] —an).

k=1
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Now if m denotes a positive integer such that m | n,

() = [ [ (= = "™,

k=1

which not only explains why ¢, | ¢,, but on noting that
SL={of: 1<k <n}and S, ={o/™:1<k<m},
gives the alternative formulation:

() = H (x — o) and g, (x) = H (x — o).

oeS}, o€eSl,

Since the subgroups S! | S! of S} have S} < S! when m | n, this also
indicates why ¢,, | ¢,, with Lagrange’s Theorem providing a partial
converse. It is this second method of construction which we will utilize
because it suggests further generalizations, a possible candidate being
to replace the groups S} with the torsion subgroups associated with a
particular elliptic curve. We will not pursue this here, but note that it
does lead to divisibility sequences (both integer and polynomial) which
have very interesting structures.

If g € Z[x,y] denotes the simple polynomial g(x,y) = x — y, then
for any n € N,

w() = 1] 9(t.0),
oest

from which we are led to the next definition.

Definition 4.2.12. Let g € Z[z, y] denote a polynomial with the fol-

lowing properties:

(1) 9u(g) 2 1
(2) 0i(g(t,0)) = 0.(g) for all o € SL.

Then for each integer n > 1, the polynomial ¢\ is defined by

()= [T att, ).

o€eS)
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The reason the two conditions are imposed on g in this definition
is to ensure that for all n > 1, ¢\ (t) is never a constant function of
the variable t. Although this is not a strictly necessary restriction, it
simplifies matters considerably and we will assume the conditions to be
in place whenever the notation o\ is used. We will, however, revert to

our customary notation of ¢, for this polynomial when g(z,y) = = —v.

Example 4.2.13. If g € Z[x,y] denotes g(x,y) = (2 — y)z — y, then

the sequence of polynomials (g,(ﬁ) (1))n>1 is
(t—1,3t2 =2t — 1,7t3 — 114* + 5t — 1,15t* — 4 — 61> — 4t —1,...).

Proposition 4.2.14. For each integer n > 1, the polynomial o9 of
Definition 4.2.12 is a member of the ring Z[t]. Further, the sequence

(9(1‘(]))@1 18 a proper divisibility sequence of polynomials.

Proof. The fact that ¢\ € Z[t] is an immediate consequence of
Lemma 4.2.3. And because of the restrictions placed upon the poly-
nomial ¢ € Z[z,y|, it is easy to see that 8(9(;(’)) = nd,(g), so that
1<) < 0(s¥,) for all n > 1. Finally, since SL, < S. when m | n,

the sequence (gr(gq )) is a divisibility sequence of polynomials. O

The next example will help illustrate the theory to follow. It shows
how from a polynomial g € Z[z,y], subject to certain conditions, and
a monic polynomial h € Z[x], we can obtain an algebraically realizable

sequence of integers by using the polynomial sequence (gég)).

Example 4.2.15. Let g € Z[z,y| denote g(z,y) = 122% +6xy+y* and
h € Z[z] the monic polynomial h(z) = z? — z — 1. If the zeros of h are
a and [, denote by g, the polynomial given by: g,(t) = g(«,t)g(8,1t).

Then we calculate

Gn(t) = t* + 61° — 72t + 144 € Z[t).
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It is easy to see that the set of zeros of the monic polynomial g, is

disjoint from the set S, so by Theorem 4.1.12 the sequence of integers
(4.2)  (An(gn)) = (79,16669, 3017089, 451879921, 64312113889, . . .)

is algebraically realizable.

Next we calculate the sequence of polynomials § = (ng) (1)) as:

(12¢% + 6t + 1,144¢* — 12¢* +1,1728¢° + 1,20736t% + 144t* +1,...).
And finally we obtain the Lehmer-Pierce type integer sequence

(A9 (h)) = (79, 16669, 3017089, 451879921, 64312113889, . . .),

n

which is identical with the sequence calculated above in (4.2), and so

is algebraically realizable.

First we note some things about the previous example — apart from
the increasing complications in the notation. Lemma 4.2.3 guarantees
that the function g, is a member of the ring Z[t]. So provided the pair
(g, h) are such that gy is a monic polynomial with a set of zeros which
is disjoint from the group S}, then Theorem 4.1.12 establishes the fact
that the Lehmer-Pierce sequence (A, (gy)) is algebraically realizable.

Next, the equivalence between the two sequences (A, (gn)) and
(A%g)(h)) will be shown to be a property of the various constructions
we have made. Thus we see that Example 4.2.15 results in an alge-
braically realizable sequence of integers mainly because of the choice
of the two polynomials g € Z[z,y| and h € Z[x].

We finish this section with a result in which the number of condi-
tions imposed can certainly be reduced: however, to do so would require
a different approach to the Lehmer-Pierce construction — in particular,
one in which the polynomial does not have to be monic. Although this
approach is not a great deal more difficult — with the first steps in this
direction being already supplied by Lemma 4.2.3 and Definition 4.2.6,
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it does increase the complexity of the notation, and to avoid this we

have sacrificed some generality.

Theorem 4.2.16. Let h € Z[x] denote a monic polynomial with zeros
ai,...,oq, where d = 0(h). For any g € Zlx,y|, we write g, € Z[t] to
denote the polynomial

d

gh(t) = Hg(ara t)'

r=1
Suppose the polynomial g € Z|x,y| is such that the following condi-
tions hold:

(1) 9:(g) =

(2) Oe(y(t, )) = 0u(g) for all o € S,
(3) gn is a monic polynomial

(4) {BeC:gn(B)=0}NS, =0.

If g denotes the sequence of polynomials ( ) then the integer sequence

(A%)(h)) is algebraically realizable.

Proof. By the first two conditions imposed on g and Proposition 4.2.14,
the sequence § is a proper divisibility sequence of polynomials in Z[t],
so the integer sequence (Aﬁ{’ )(h)) is well-defined. Whereas conditions
(3) and (4) alongside Theorem 4.1.12 imply that (A, (gr)) is an alge-
braically realizable sequence of integers. Therefore, to complete the
proof, it is sufficient to show that the two integer sequences are the
same.

Denote by n a fixed positive integer. If the zeros of the polynomial

gn € Z[t] are [y, ..., [, where ¢ = O(gy), then

Gh) = H 1By — 1
k=1

by the definition of the Lehmer-Pierce sequence. Now, by using

g —1=1]B—0),

o€S,
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we get
An(@n) =1 T = 80| = 11 lgn(o)l-
€S} k=1 o€S)L

It follows from this and the definition of the polynomial g, that

Autan) = T TTlotar o).

oeSk r=1

and so by Definition 4.2.12,
d
An(gn) = [T 1 ().
r=1

Therefore, A, (gn) = A%‘})(h) using Definition 4.2.1, and this completes
the proof. O

Problem 4.2.17. Find further classes of divisibility sequences of poly-
nomials for which the associated Lehmer-Pierce type integer sequences

are (algebraically) realizable.

4.3. Generalizations and Measures

In this section we will consider a possible generalization of the stan-
dard Lehmer-Pierce sequence to multi-dimensional polynomials. We
will also briefly look at the important topic of the Mahler Measure of
a sequence. First, however, we prove a simple reciprocal property for

the quantity (g, h) of Definition 4.2.6.

Proposition 4.3.1. If g, h denote polynomials from Z[x| with degrees
8(g), O(h) > 1, then 6(g, ) = 6(h, g).

Proof. Let the factorizations of g, h over C be

g9(z) = ag(x —aq) -+ (v — o) and h(z) = bp(z — B1) -+ - (x — Bn).



4.3. GENERALIZATIONS AND MEASURES 79

Then from Definition 4.2.6,

5(g,h) = |bu|™ H 19(5;)]

= [ba" ] <\%| 1118 - Oék|)
j=1

k=1
= JaoI" ] (Ibhl [Tl - ﬁj|>
k=1 j=1

= Jag|" [T In(ew)]
k=1

= 4(h,9),

which completes the proof. O

Now, if h € Z|z] is a monic polynomial, the nth term of the Lehmer-
Pierce sequence (A, (h)) is equal to d(s,, h), so Proposition 4.3.1 gives
A, (h) =6(h,s,). Therefore we have the formulation

(4.3) An(h) =TT Ino)l;

€S},

and since Proposition 4.3.1 does not require the polynomial A to be
monic, (4.3) could be used as the starting point for the definition of
the Lehmer-Pierce sequence associated with an arbitrary non-zero poly-
nomial h € Z|x]. If this procedure is adopted, then results similar to

those above can be established, and in particular the following is true.

Theorem 4.3.2. Let h € Z[z] denote a non-zero polynomial which is

such that
{a € C:h(a) =0}NS, =10,

If the Lehmer-Pierce sequence A(h) = (An(h)) is defined by (4.3), then

A(h) is algebraically realized by an abelian system.

Proof.. For the proof of this result we refer to [10]. O
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Let m,n denote positive integers. We will write T]" for the group

(SL)y™. Using (4.3), a natural extension of the Lehmer-Pierce construc-

tion to multi-dimensional polynomials is suggested.

Definition 4.3.3. Let f € Z[zy,...,x,] denote a non-zero polyno-
mial. The sequence (A, (f))n>1 is defined by

Af)= JI  fon.iom)l, n=1,23...

We note that if m = 1 then this reduces to the standard Lehmer-
Pierce sequence of integers when f is monic, or to the extension of the
sequence suggested above, otherwise. Obviously, other generalizations
of this sequence are suggested by (4.3): for example, taking each o; in
the above formula from S}Lj where the point (nq,...,n,,) is specified
in some way. Or the o; could be the zeros of some sequence of monic

polynomials. We will not pursue this, though it is of interest.

Proposition 4.3.4. If f € Z[xy,...,x,] denotes a non-zero polyno-

mial, then (A, (f))n>1 is a sequence of non-negative integers.

Proof. This follows inductively from Lemma 4.2.3. (|

Example 4.3.5. If f(x,y) = 22 + y'* — 4 € Z[z,y] then the sequence
(A,(f)) is calculated as:

(1,25,6859, 17850625, 932232699865951, 86482825840140625, . . .).

Apart from special cases, the terms of the sequence (A, (f)) grow

quite fast. Indeed, for the above example we have
Ag(f) = 3532360846405013663662429925057064158597040112831.

A cursory look at this sequence suggests that it is realizable, and this

is indeed the case.
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Theorem 4.3.6. If f € Z[z1,...,x,] denotes a non-zero polynomial,
then the sequence (A,(f)) can be algebraically realized by an abelian

system provided that no term of the sequence is zero.

Proof. Refer to [10] — a special case, and [18] for the general case. [

Example 4.3.7. Denote by f € Z[z,y, z| the polynomial given by

f(xayaz> = (iL‘ - 22)<1 - y2) + 77

and for m = 1,2, 3, let f,&m) denote the polynomial

@ =11 1T row), n=123,...,

o€S} oeSE

where
(t,o0,0), m=1
w =1 (0,t,0), m=2
(0,0,t), m=3.

Lemma 4.2.3 guarantees that fqﬁm € Z[t] for m =1,2,3, n > 1, and

we calculate:

(fV() = (7,2401,9261¢% + 194481¢° + -+~ ,...)
(fD)) = (*+6,9t° — 365 — 436" + 994> + 1920, .. .)

(fO(t) = (7,2401,59270415 — 6223392t° + -+ ,...).

Further calculation gives the generalized Lehmer-Pierce sequence

associated with the polynomial f by Definition 4.3.3:
(4.4) (7,5764801, 61820635482493869899008, . . .).

We note that the sequences ((5(%1),%)), (5(]?,&2),%)) and ((5(]?7&3),91))

are all equal to the sequence (4.4).

The next result is based upon Example 4.3.7.
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Proposition 4.3.8. Denote by f € Z|xy,..., x| a non-zero polyno-

mial, and fork=1,...,m, n>1, let ﬁ(lk) denote the polynomial

f»r(Lk)(t): H H f(gla"'agk—lat7gk+17"'7Qm)'

k7 —
(011 s0k—1)ETH " (Ot 1sees0m ) ETR

Then [ € Z[t] and,

(An<f)) = (5(f7’(Lk)7 <n))n217 k= L...,m.

If for a fized value of j in the range 1 < j < m, the sequence of

polynomials (ﬁ(f'))nzl is such that
St N (U{a eC: fU(a) = 0}) =1,
n>1
then
(45)  SLn (U{a eC: fW(a)= 0}> =0 fork=1,...,m.
n>1
Given that (4.5) holds, the sequence (A, (f)) is algebraically realizable
and fork =1,...,m, (f,(f))nzl is a divisibility sequence of polynomials.
Proof. The fact that f,sk) € Z[t], is a consequence of Lemma 4.2.3; and
(An(F) = (5(FfF,6,)) follows directly from the definition of A, (f). If
for some fixed j in the range 1 < 7 < m we have
St N (U{a eC: fV(a) = 0}) =0,
n>1

then the sequence (A, (f)) has no zero terms, so

Siﬂ(U{ozEC:ﬁ(lk)(a):O}> =@ fork=1,...,m.

n>1
By Theorem 4.3.6, (A,(f)) is an algebraically realizable sequence
if it has no zero terms, and this follows if (4.5) holds. Finally, it is clear
that when (4.5) holds, ( ﬁﬁ’“))nzl is a divisibility sequence of polynomials

since for any positive integers a, b, ¢, if a | b then T¢ < T¥. U
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In the notation of the previous result, since §( ﬁ(lk), Sn) = An( A,(Lk)),

we see that the sequence (A, (f)) of Definition 4.3.3 is a definite gen-
eralization of the original Lehmer-Pierce sequence, and could lead to a
new definition using a divisibility sequence of polynomials (h,,) in place
of the original fixed monic polynomial h.

We will finish this section with a brief look at the Mahler measure
of a Lehmer-Pierce sequence. This is a (logarithmic) measure of the
rate of growth of the sequence. First some technical results, using the

notation of Proposition 4.3.8.

Lemma 4.3.9. Let f € Z[z1,...,x,] be a non-zero polynomial. Then
for each integer n > 1, O( AT(Lk)) < n™ 19, (F). If the leading coefficient
of fA,(Lk) 18 bﬁf), then there exists a positive integer ¢, dependent only upon

the polynomial f, such that |b§zk)| <™ foralln > 1.

Proof. 1Tt is easy to see from the definition of the polynomial f,S’“) that
a(ﬁﬁ’“)) < n™ 19, (f) for every n > 1. For the remainder of the proof,
since the result is clear if f,(lk) = 0, we will assume that f,&’“) is not the
zero polynomial. Further, in order to make the notation easier, we will
assume that k = 1. Thus we will show that for f{"(t) = ant*+- - -+al",
where s = s(n) = J( ﬁ(Ll)), there exists a positive integer constant ¢ such
that |a,| < A" for all n > 1.

We can express the polynomial f in the form

il_|_...—|—g0($2,...,xm)a

flzr, 2o, .. Tm) = ga(Tay .. xm)T
where ¢, € Zlxg, ..., x|, 7 =0,...,d. Here we have d = 0,,(f) > 0.
Consider a non-zero polynomial g, for some 7 in the range 0 < r < d.

This polynomial is of the form

— E T2 T
g""(x27 et 71’777/) - h]2"']mx2 xTTT’

J2,-50m
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where jo, ..., j, are non-negative integers and each h; € Z. We

2]m

define the positive integer ¢, by
Gr=Y |hjpjnl-
J2yeeesdm

Next, if for any r in the range 0 < r < d we have g, = 0, then
we put ¢, = 1. Thus we now have a complete set {qq,...,qqs} of pos-
itive integers. Let the positive integer ¢ = max{qo,...,qs}. We note
that ¢ does not depend on n, but only on the polynomial f. Now,
given any integers jo, ..., jn in the range 0 < j5,...,7, < n — 1, the
polynomial f(t, ¢”2,..., ") € Cl[t], where ¢ = exp(2mi/n), is non-zero
since fi" # 0. Let the leading coefficient of f(t, 02, ..., g™ be by, .
Then the leading coefficient a,, of f,S” is given by,

n—1 n—1
ap = H cee H bjz---jm'

J2=0  jm=0
By the definition of the constant c, since |g| = 1, we clearly have

|bj,-..5,,| < ¢ for all possible choices of ja, ..., jm. It follows that

n—1 n—1
|a,| < H H c.

§2=0  jm=0
This gives |a,| < """ and completes the proof. O

We now consider the sequence (log™ A, (f))n>1, where the polyno-
mial f € Z[xy, ..., 7, and the notation log™ # = logmax{1,z}, * € R
is used. The terms of this sequence will be shown have order O(n™) in
the case where there are no zero terms in the Lehmer-Pierce sequence
(An(f)), so that the sequence (log™ A, (f)/n™) is bounded. This will
enable us to define a logarithmic measure of the polynomial f in terms

of the integer sequence (A, (f)).

Lemma 4.3.10. Let f € Z[x,...,x,] denote a polynomial which is
such that the sequence (A, (f)) has no zero terms. Then for alln > 1,
log" A, (f) = O(n™).
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Proof. If k denotes an integer with 1 < k < m, then Proposition 4.3.8
gives A, (f) = dn( f,S’“),gn). Fix k and n > 1, and let the polynomial

ﬁ(lk) factorize over C as:
F) = aa(t —ar) -+ (t — o), d = (f).

Using Proposition 4.3.1,

d

An(f) = 85, i) = laal" [T laf = 11:

j=1
It follows that
d
log* A, (f) = nlog" |ag| + > log*|a? —1].
j=1

Now, from Lemma 4.3.9 we know that d < n™ b, where by = 9., (f),
and there exists a constant ¢ > 1 such that |ag| < ¢ . This implies
that log" |ag| < loge®™™ " =n" 'loge, so nlog" |ag| < n™log ¢, which
gives nlog™ |ag| = O(n™).

In [10] the authors use Baker’s theorem (see [7]) to obtain the
following estimate, where (3 denotes an algebraic number which does

not belong to SL:

O(n), if 6] # 1

log™ 8" — 1] =
O(logn), if|g] =1

It follows that
d
> log’ o — 1] = O(dn),
=1
and so since d < n™ 1y,
d
leog+ o} — 1] = O(n™).
=1

Thus we have log™ A, (f) = O(n™) + O(n™) = O(n™). O

It follows from Lemma 4.3.10 that the sequence (log™ A, (f)/n™) is

bounded above, so the next definition makes sense.
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Definition 4.3.11. If f € Z[xy,..., x| denotes a non-zero polyno-
mial, then the logarithmic Mahler measure of f, written as m(f), is

defined by
log™ A
m(f) = lim sup log™ An(f)

m
n—o0 n

Example 4.3.12. Let f € Z[z,y| denote f(x,y) = z —y + 3. Then
for a fixed integer n > 1 we calculate:
FO¢ Hfta H((t+3)—0):(t+3)"—1.
o€eS}, o€S)
By Proposition 4.3.8,

Au(f) =[] ((e+3)" =),

oeSh
which gives the approximation m(f) = 1.0986122886681096914 (this is
equal to log3) from the 100th term of the sequence (A,(f)).

The usual definition of the Mahler measure of a non-zero polynomial

f € Z[xq,...,xy) is the multiple integral

/ / log | f(e*™™ ... e*™m)|dt, ... dtp,.

It is easy to check that the value calculated in Example 4.3.12 agrees
with the value of this integral, and it is possible by using more detailed
analysis to show that the measure of Definition 4.3.11 is equivalent to
the usual definition of the measure for a large class of polynomials. We
will not take this further, but instead pose the question: Is it possible to
generalize Definition 4.3.11 in some way to give a (meaningful) measure
for an algebraically realizable sequence of integers? In the case of a
sequence u = (u,) realized on an infinite minimal (in the sense of
Lemma 3.1.3) abelian system (X, ), perhaps something like:

log uy,
m(u) = lim sup Og:L :

n—oo n

where 7 is the rank of the abelian group X.



CHAPTER 5

Periodic Points and Arithmetic

5.1. Introduction

In this chapter, we will look at the sequences of Bernoulli and Euler
numbers from a dynamical point of view. We will require the use of sev-
eral classical results (for example, theorems of von Staudt-Clausen and
Kummer) and this begs the question: can the procedure be reversed so
that the classical results are obtained from dynamical considerations?
We do not attempt to answer this question, but suggest that the results

obtained indicate that it may have a positive solution.

5.2. The Euler Numbers

The sequence of Euler Numbers (E,,),>o is defined by the equation

2 SN

It is known that each E,, n > 0, is an integer. Since the left hand side
of (5.1) is an even function of ¢, £, = 0 for all odd n, and for m > 0,
we have (—1)"Ey,, > 0. A congruence due to Kummer [16] is: for all

n > 1 and odd prime p,
E2n+p71 = E2n (HlOd p)

It follows easily that if the integers m,n are such that 1 < n <m and
2m = 2n (mod p — 1) then Es,, = F», (mod p). Theorem 5.2.3 below
extends this congruence. First though, we introduce some notation and

related results.

87
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For integers m,n with m > 1 and n > 0, we write

An(m) = (=1 FE" =m" — (m — 1)" + -+ 4 (1)1

The next equation is shown to be true in [28]. If p > 1 is odd and
n > 0 then
p—1 " /2n
2 22n+1A ; — E Qn—k'
() -E (e
k=0
We will make use of this equation in the following, with ¢ being used

to denote the Euler p-function.
Lemma 5.2.1. Let p denote an odd prime and suppose that the inte-
gers m,n,r > 1 are such that 2m = 2n (mod ¢(p")). Then

22t Ay () = 22" Ay, (¢)  (mod p"),

where ¢ = (p—1)/2.

Proof. Assume that m > n and put 2m = 2n + sp(p") where s > 0.
Then 22m+1 = 22n+1(2¢("))s and so 22+ = 22"+ (mod p") by the
Euler-Fermat Theorem. Next, if 1 < k < ¢, then a second application
of the Euler-Fermat Theorem gives k*™ = k" (mod p"). It follows

that
P A (¢) = 2T (1 ke
= 2HLS~ (=1 Fk*™  (mod p).
That is, 22" Ay, (c) = 221 Ay, (¢) (mod p"). O

Lemma 5.2.2. If m,n,r are such that 1 <r <2n—1<2m—1, and

p denotes an odd prime with 2m = 2n (mod ¢(p")), then

r—1

1
2m 2n

Eom_ip" = Eop_ip" dp").
O(k)z kP Z(k)Qk:p (mod p")

k=0

k=
Proof. Using (5.2) with ¢ = (p — 1)/2 we get

2m
2m
22m+1A2m(c) _ Z ( L )Ekp2mk

k=0
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and

so Lemma 5.2.1 gives
o (2m ELp2m—h = S (20 B2k d o
;(k)w :g(k) kP (mod p").
Reducing this expression mod p", and adjusting the range of summa-

tion, completes the proof. Il

We now come to the main result in this section, the generalization

of the Kummer congruence stated above.

Theorem 5.2.3. Ifm,n,r € N are such that 1 <r <2n—1<2m—1

and p denotes an odd prime with 2m = 2n (mod ¢(p")) then
EQm = E2n (mod pr)'

Proof. If r =1 in Lemma 5.2.2 then we get Es,, = E5, (mod p) when
2m =2n (mod p — 1) and m > n > 1. Therefore we will suppose that

r > 1, and assume that when 1 < s < r,
2m =2n  (mod ¢(p®)) implies Ey,, = Ey, (mod p%).

Since ¢(p®) | ¢(p") when 1 < s < r, this means that we can assume
that Es, = Es, (mod p"~!) when 2m = 2n (mod ¢(p")). Now, from
Lemma 5.2.2

r—1

— [2n
E2m + ( k > <E2m—k - E2n—k)pk +
k=1

A 2m 2n
+ (( k’ ) - (k )) E2m—kpk = E2n (Il’lOd pT)J
k=1

and by the assumption made, this reduces to

r—1
2m 2n
Eom +; (< I ) - (k )> Emekpk = by, (mod Pr)-
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Since 2m = 2n (mod ¢(p")) and 1 < k < r —1, a simple consideration

of the binomial coefficients gives

(1) 2) e

so we get Fy,, = Fy, (mod p"). O
Corollary 5.2.4. Let p denote an odd prime and suppose b,r > 1 with
ptb. Then Egpyry = Eopr—1p, (mod p").

Proof. The conditions imply 1 < r < 2p"'b—1 < 2p"b—1, and so since
2p"b = 2p"~'b (mod ¢(p")), the result follows from Theorem 5.2.3. [

In [28] the following result is proved.

Theorem 5.2.5. If k,n denote non-negative integers, then
Eop = Eopyor +25  (mod 2F11).

Using this result it is possible to extend Corollary 5.2.4 to include
the prime 2.

Lemma 5.2.6. If b,r denote positive integers with b odd, then
Eyri1y = By (mod 27).
Proof. Using Theorem 5.2.5 gives
Eori1y = Egritp_oryyor = Eoyrip_or +27  (mod 2y,

Applying Theorem 5.2.5 again, Eor+1p_or = Ear1p_(2r2+2" (mod 2"11),
and so Earr1y, = Eors1p_(ary2 + (27)2 (mod 2"11). Continuing in this
fashion we obtain Fyr1, = Egr+1p_9rp, + 270 (mod 271), which gives

FEyri1y = Eorp + 27 (mod 2771, The result follows from this. O

To end this section, we combine Corollary 5.2.4 and the previous

Lemma, to give the next result.
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Theorem 5.2.7. Let p denote a prime and m,r positive integers where

m is such that ptm. Then
Eoprm = Eopr-1,,  (mod p").

Proof. This follows from Corollary 5.2.4 if p is odd and Lemma 5.2.6
when p = 2. Il

5.3. Periodic Points and Euler Numbers

The sequence € = (g,,),>1 is defined by
en = |Ean| = (=1)"E2n, n 2 1,
and we write ¢* = () where

€ = Zu(n/d)ed, n>1.

din

We begin by showing that the sequence £ has divisibility.
Proposition 5.3.1. For every integer n > 1 we have n | €.

Proof. 1If n = 1 this is obvious, so assume that n > 1. Let n = p'm

where p is prime, » > 1 and p t m. Then

er = Z,u(n/d)ad = Z,u(m/d) (€prd — €pr—14)-

din dlm

Now by definition,
eprd — Eprig = (=) UEyprg — (=17 By g
which gives
pra — Eprig = (1) A((=1)P OV, L — By,

If pisodd, orif p=2and r > 1, (—1)5”“1(1’_1)" = 1, so that in either
of these cases ejrqg —€pr—1q = (=1)P"(Boprg — Eoyr-14). The remaining

alternative is p = 2 and r = 1. In this case, (—=1)?" ®"D4 = _1 g0

€9q4 — €4 = Eyg + Eoqg = (Eyqg — Eoq) + 2F2y = Eyqg — Eoy (mod 2).
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We now appeal to Theorem 5.2.7 to obtain p" | g,rq — €pr—14 in all

possible cases, so p" | €f. It follows that n | €. O

Theorem 5.3.2. The sequence € = (g,,) is realizable.!

Proof . 1t is known that (see [1], page 807)

2272(2n)! 1 1 1
Ezn:(_l)”& (1 + — _|_...)’

T2n+1 - 32n+1 52n+1 72n+1

and using this it is easy to show that ¢ is an increasing sequence and
€op > ney, for all m > 1. Since e; = 1 > 0, it follows from Lemma 1.2.11
that € > 0 when n > 1, and so the sequence ¢ has positivity. Propo-
sition 5.3.1 established divisibility for e, hence from Lemma 1.2.4, the

sequence € is realizable. Il

5.4. The Bernoulli Numbers

The Bernoulli Numbers (By,),>o are defined by the relation

t N
et — 1 :ZBHH'

n=0

This sequence of numbers is of great importance in many areas of
mathematics, examples of which include algebraic topology [3] and the
theory of cyclotomic fields [30].

It is clear that (B,)n>0 = (1,—1/2,1/6,0,...) is a sequence of ra-
tional numbers, and since

t —|—1t
et—1 2

is an even function of ¢, By, = 0 for n > 1, while (—=1)""'By, > 0
when n > 1.

The next three results, due to Adams, von Staudt-Clausen and
Kummer, date from the nineteenth century. They provide essential

information about the Bernoulli numbers. These are classical theorems

IThis result has been obtained independently by Juan Arias de Reyna [6].
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with proofs to be found in many journals. We refer in particular to [2],

12], [15] and [16].

Theorem 5.4.1. (Adams) If p denotes an odd prime and n,r are pos-
itive integers with n being such that p — 11 2n, then

p" | n implies that By, =0 (mod p").

Theorem 5.4.2. (von Staudt-Clausen) The denominator d, of the

Bernoulli number By, is given by

d, = H p, n>1.

p prime
p—1|2n

Theorem 5.4.3. (Kummer) Suppose that the integers m,n,r are such
that 1 <r <2n—1<2m—1. Then for any odd prime p where p—11 2n
and 2m = 2n (mod ¢(p")),

B2m

—— = — (mod p").
5 5, (mod p’)

There have been many generalizations of Kummer’s theorem since
it was first published. The next result relaxes the restriction on the

prime p and is a special case of a theorem established in [31] by using

p-adic analysis.
Theorem 5.4.4. Let p denote an odd prime and n,r positive integers
where p" || n and p — 1| 2n. If k =n/p then

BQn

B .
o0 = (g2F — 1)2—% (mod p"),

where g, > 1 is a primitive root mod p such that p* g;f*l —1.

A similar result to Theorem 5.4.4 holds for the prime 2. However,
in this case, since the result requires an adaptation of the theorem in

[31], we give a proof.
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Theorem 5.4.5. Let n and r denote positive integers with 2" || n. If

k =mn/2 then

By, k By,
"—1)— = —1)— 2").
(" - 1)22 = (= )T (mod 2)

Proof. Denote by f the function

and suppose that f has the formal power series expansion

ft)= Z%ﬁ-

J=0

In [31] it shown that if the integers n,r and k are as in the statement

of the theorem, then
(5.3) Aon—1 = Ggi—1  (mod 2°) where s = min{n — 1,7 + 2}.

Now we have

5t t = t
)=t — :fli 5 _ 1\B. o
f() <€5t_1 6’5—1) ‘:0< ) Jj!>

J

and so (5.3) gives

B B
(52n_ 1)2_271 = (52k_ 1>2_2kk7 (HlOd 28), S:mjn{n— 1’7’—0—2}.
n

Noting that for any integer ¢ > 1 we have 2 || 57 4 1, the above gives

(5" — 1)5—2" = (5" -1)

Ba

b
ok (mod 2°),

where b = min{n — 2,7 + 1}. Since when r > 1 it is easy to see that
r < min{n — 2,r + 1}, the proof will be complete if we can show that
the result holds for » = 1. However, this case is easily seen to be true,

so we are done. O
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5.5. Periodic Points and Bernoulli Numbers

In [9] the authors prove that the denominators of the sequence
(|Ban|)n>1 form a realizable sequence, and in an earlier preprint, con-
jectured that both the denominators and numerators of the sequence
(|Ban/2n|)n>1 are realizable; we will show that these conjectures hold.

Throughout this section we denote by 7 = (7,,) and 5 = (3,) the

sequences of positive integers defined by

BQn
2n

-
=" n>1

B T
where ged(7,, 5,) = 1 for each value of n. By Theorem 5.4.2, the

terms of the sequence (3 are all even, so we note for later use that 7
contains only odd numbers. We begin the section by showing that 3 is

an algebraically realizable sequence.

5.5.1. The Denominator Sequence (3. Most of the work re-
quired to demonstrate the algebraic realizability of the sequence (3 has

already been done, and just needs to be gathered together.

Proposition 5.5.1. The sequence w = (w,,) which is defined by

w, =2 H pl—o—ordp(n)’

p prime
p—1|2n

18 algebraically realizable.

Proof. The 2-part of w is the sequence (22+°"42(")) and if the prime
p is odd, the p-part of w has the form (A,((p — 1)/2,1,p))n>1 — see
Definition 3.3.19. Hence by Theorem 3.3.20 and Proposition 3.3.24, w
is equal to a product of algebraically realizable sequences and so w is

algebraically realizable. O

Proposition 5.5.2. If n denotes an integer, with n > 1,

ﬁn -9 H p1+ordp(n).

p prime
p—1|2n
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Proof. We consider the primes 2 and 3 separately. Firstly, by Theo-
rem 5.4.2, the sequence of 2-parts obtained from (d,,),>1 is (2,2,2,...),
where d,, is the denominator of the Bernoulli number B,,. Therefore,
the 2-part of the sequence 3 is (227°r42(™) . Similarly, the 3-part of
(d,) is (3,3,3,...), from which the 3-part of 3 is (3'Fords(™) .

Next assume that the prime p > 5. If n is such that p — 1 | 2n
then the p-part of d,, is p by Theorem 5.4.2, so By, # 0 (mod p). It

1+ordy(n) Alternatively, if

follows that the p-part of 3, in this case is p
p — 11 2n, then Theorem 5.4.1 says that By, = 0 (mod p°¥ (™), so we

get 5, = 1. Summing this up, if p > 5

1 p—112n

b p1+ordp(n) p— 1 | m

The result now follows easily. O

Theorem 5.5.3. The sequence [3 is algebraically realizable.

Proof. This is a consequence of Propositions 5.5.1 and 5.5.2. O

5.5.2. The Numerator Sequence 7. To prove that the sequence
7 is realizable we will show that 7 has both divisibility and positivity.
Thus if 7* = (7}) is the sequence given by
T = Z,u(n/d)Td, n=1223,...,
djn
the following two facts will be established: n | 77 and 77 > 0, when
n > 1. We begin with the divisibility property and so we can assume
that n > 1. If n = p"m, where p is prime, r,m > 1 and p ¥ m, we
will show that p” | 7¥ by considering the separate cases, p — 1 2n and
p— 1| 2n. So to start with, suppose n such that p — 1 { 2n. Then p
must be an odd prime and we can make use of Theorems 5.4.1, 5.4.2
and 5.4.3. If k = n/p then

BZn
2n

_ (_1)n+17—_” and % _ (_1)k+12

Bn 2k Bk’
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so because n = k (mod ¢(p")), Theorem 5.4.3 gives

(5.4) (—1) 1 = (TR nod pr).
671 ﬁk

Now since p is odd, (—1)" = (—=1)*, so (5.4) simplifies to

(5.5) ;—n = % (mod p").

Theorem 5.4.2 implies (3, = 9,0k, where the positive integer 9,, is such
that §, = 1 (mod p"). Using this and the fact that Theorem 5.4.1
guarantees that ged(p, 5,) = 1, (5.5) gives

Tp = 0nTi =7, (mod p").

Since
Tp = Z p(m/d)(Tpra — Tyr-1a),
dlm
we obtain from the above, p" | 7' in the case p — 11 2n.

Next the case p — 1| 2n will be considered.

Lemma 5.5.4. Let n = 2"m where m is odd and r > 1, and put

k=mn/2. Then (5" —1)/2""2 and (5% — 1)/2""! are odd integers with

-1 5F—1
2r+2 = 2r+1

(mod 27).

Proof.. Lemma 3.3.23 implies that both (5" —1)/2"+2 and (5% —1)/2"*!

are odd integers, and from
5" —1 5’“—1_5’“—1 ' —1 ] _5k—1 5% —1
or+2 or+1 — 9r+l 2(5F — 1) T or+l 2

we obtain

-1 5F—1  _ /5F—1Y .
e T g =2 (W) =0 (mod 27),
which completes the proof. U

The next result is the equivalent of Lemma 3.3.23, and is just the

standard result that g, is a primitive root mod p" for all » > 1.
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Lemma 5.5.5. Let p denote an odd prime and g, > 1 a primitive root
mod p which is such that p? ¥ gg_l — 1. If r denotes a non-negative

integer and m a positive integer such that ptm, then
R

Proof . Since p? { gf)”l — 1 and g, is a primitive root mod p, there is an

integer s > 1 with pt s such that 95—1 = 1+ sp. Therefore,
g}gprfprfl)m — (1 4 Sp)prflm =1+ mspr 4 tprJrl
with ¢ € Ny. The result follows. Il

Lemma 5.5.6. Let p denote an odd prime and g, > 1 a primitive root
mod p which is such that p? J[gg_l — 1. If m,r denote positive integers
where p{m, let 2n = p"(p—1)m and set k = n/p. Then (g2" —1)/p" ™
and (gf,”C —1)/p" are both integers prime to p, and
g -1 _g" -1
prtl T

Proof. It follows from the Euler-Fermat Theorem and Lemma 5.5.5

(mod p").

that g>" — 1 = p"'c, where the integer ¢ > 1 is such that p t c. Hence,
(92" —1)/p™*" and (¢g2F —1)/p" are both integers prime to p. Now,

2n 2k 2k 2n
%" -1 g -1 _ g —1< g," — 1 _1)
pr-‘rl " pr p(g;?)k _ ]_) !

from which we get

2n 2k 2k p—1
9p _1_gp_1:gp_1 129%8—1 .
pr+1 pr pr P —~ p

Consideration of the expression in the final set of brackets gives

1 p—1 1 p—1 gzk -1 p—1
- Zgiks 1=z Z(gigks _ 1) _Jp ngik(p—l—s)7
p s=0 p s=1 p s=1

and so

2n 2% 2% 2p-1
9 — 1 9 — 1 T 1 2k(p—1—s)
pT-i-l B pr =Pp Z S‘gp g :
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Next, since p — 1 | 2k and g, is a primitive root mod p, we have

gHP=17) =1 (mod p) when 1 < s < p — 1. This gives

p—1 p—1
ngﬁk(p’l’s) =) s (mod p),
s=1 s=1

and therefore there is an integer b > 1 such that

2 2% 2% 2
9p _1_gp_1_br gp—l
pr—i-l pr =0p T !

The result follows from this. O

Proposition 5.5.7. Let p denote a prime and suppose the integers

n,r > 1 are such that p" || n and p— 1| 2n. Then
T, =7 (mod p"), where k =n/p.

Proof. We deal with the cases p = 2 and p odd separately, though the
arguments used are similar. So to begin with suppose that p = 2 and

that n = 2"m with m > 1 odd. By Theorem 5.4.5

n Zg?n _ (rk 132k r
so when r > 1 this gives
Tn Tk
5" — 1) = (5F —1)=  (mod 2"),
(6" = 1Z = =1 F (mod 2)
and when r =1
Tn Tk
5" —1)— = —(5" —1)— (mod 2).
5" =)= =G =17 (mod2)
However, for any integer z, x = —z (mod 2) so the above implies that
forallr>1
Tn Tk
5.6 5" —1)— = (5F —1)— (mod 2").
(5:5) 6" =1Z = =15 (mod )

Proposition 5.5.2 implies that there are odd positive integers 7, d,,

with 0, = 1 (mod 27), such that 8, = 2""%y,0, and By = 2"y,
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Using this in (5.6) we get

5" —1 Tn 5 — 1\ 7% ,
( 272 ) o ( 27+ )% mod 2
From Lemma 5.5.4, (5" — 1)/2""2 and (5* — 1)/2"! are odd integers,

congruent to each other mod 2". It follows, therefore, that

Tn Tk
= — (mod 2").

Since vy, d, are odd, this gives 7, = §,,7x (mod 2"), so by making use
of 6, =1 (mod 2"), we obtain 7,, = 73, (mod 2").

Now assume that the prime p is odd. Since p — 1 | 2n we have
2n = p"(p — 1)m for some integer m > 1 such that p { m. Using
Theorem 5.4.4 we get

Ban

B
(" —1) 5 = (g2F — 1)2—% (mod p"),

P k

where g, > 1 is a primitive root mod p such that p* { gg_l — 1. Next,
Proposition 5.5.2 gives 3, = p""'v,0, and B, = p"v,, where 7,0,
denote positive integers such that p t 7, and 6, = 1 (mod p"). This

2n 2k
(gp _1) o (B ) T (mod ).
Pt ) ndn )

Using Lemma 5.5.6 and similar arguments to above, we obtain from

leads to

this
Tn = 0nTi =7 (mod p"),
and this completes the proof. Il
The results obtained above can be combined to give the following.

Theorem 5.5.8. If n denotes a positive integer, then n | 7.t

Proof. Since we may clearly assume that n > 1, there are integers

r,m > 1 and a prime p such that n = p"m with p { m. Denoting by
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k the integer n/p, from the above both possibilities p — 1 1 2n and

p — 1| 2n give the result: p” | 7,, — 7%. It follows from the equation
Tp = Z p(m/d)(Tpra — Tyr-1a),
dlm
that p" | 7 and so n | 7\ O
We have now come to the last stage in showing that the sequence

7 is realizable: we will prove that T has positivity (that is, 7;* > 0 for

alln > 1).
Theorem 5.5.9. The sequence T has positivity.

Proof . Define the sequence x = (x,,) of positive rational numbers by

o B2n

n =  n=123,....
X on n

The terms of this sequence are known to be given by the equation

[e.o]

2020 — 1)) = 1
. = — —,n>1.

This is a standard result relating to the Riemann zeta function: a
proof can be found in [5]. Using (5.7) it is easy to show that x,.; > z,
and x9, > nx, when n > 2. Consider the sequence y = (y,) where
11 = Y2 = 0 and y,, = x,, when n > 3. Then y is an increasing sequence
of non-negative rational numbers and y,,, > ny, for alln > 1. It follows
from Lemma 1.2.11 that y has positivity. Now, since the denominator
sequence (3 = (f3,) is realizable by Theorem 5.5.3, Lemma 1.2.4 implies
that [ has positivity. It follows from Lemma 1.2.10, therefore, that the
sequence (y has positivity. If we write ¢ = (¢,) for the sequence [y
then t = (0,0, 73,74,...), whereas 7 = (1,1, 73,74,...). Suppose that
7 does not have positivity. Then there is an integer n > 1 such that
7y < 0. Since the terms of the sequence 7 are all odd numbers, 7, is
even, and because the sequences t and 7 differ only in the values of the

first two terms and ¢; > 0, this implies that 7,7 = —2. Now for this to
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be the case n must be even with u(n) = u(n/2) = —1. However, this

is easily seen to be impossible, so 7 does have positivity. Il
We sum the above results up in the following.
Theorem 5.5.10. The numerator sequence T is realizable.

Proof. Theorems 5.5.8 and 5.5.9 show that the sequence 7 satisfies the

conditions of Lemma 1.2.4, and so 7 is a realizable sequence. Il

5.6. Local Properties of Bernoulli and Euler Numbers

We end this chapter by considering the sequences (3,¢ and 7, in-
troduced above, from a local viewpoint. First, the sequence 3 is al-
gebraically realizable by an abelian system, so by Theorem 3.2.11 3
is everywhere locally (algebraically) realizable. Indeed, the method
of proof employed above was basically to work in the other direction:
construct algebraic realizations of the p-part sequences ([f3,],) for each
prime p, and so conclude that ( is realizable.

The situation is completely different for the sequences € and 7. It
is easy to show, by just inspecting the initial terms of each sequence,

that they are not everywhere locally realizable. Thus we have
e = (1,5,61,1385,50521, 2702765, 199360981, 19391512145, . . .)
and the 61-part of this sequence is
(lenler) = (1,1,61,1,1,1,1,1,1,1,1,1,1,1,1,...)

with the next occurrence of 61 being at the 30th term. This is not a

realizable sequence since
> pu(9/d)[edlsr =1 — 61 = —60
d|9

so it does not possess the property of positivity (or divisibility). Sim-

ilarly, it is easy to check that the 43-part is not realizable. However,
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the 5-part is the sequence which begins

([en]s) = (1,5,1,5,1,5,1,5,1,25,1,5,1,5,1,5,1,5,1,25,1,5,1,5,1, 5,

1,5,1,25,1,5,1,5,1,5,1,5,1,25,1,5,1,5,1,5,1,5,1,125,1,5,...)

and this is of the form (\,(2,1,5)), which is an algebraically realiz-
able sequence by Theorem 3.3.20. The 13-part has a similar form:
(An(6,1,13)). And, trivially, the 2-part sequence is algebraically realiz-
able since every term of € is an odd number. So from just an inspection
of the terms, it seems that the sequence € has a fairly complicated local

structure.

Problem 5.6.1. Determine the primes p for which the sequence ¢ is

locally realizable at p.

The initial terms of the sequence 7 are
(1,1,1,1,1,691,1,3617,43867, 174611, 77683, 236364091, 657931, . . .)

and a first inspection would suggest that this sequence should also
have a complicated local structure, since it clearly has an markedly
erratic global one. However, despite this appearance, it is possible to
determine (in some sense) the local structure of 7, by using the concept
of a regular prime — which dates back to Kummer’s investigations into

the Fermat problem.

Definition 5.6.2. A prime p is called reqular if p t Bs, when the
integer n is in the range 1 <n < (p — 3)/2.

The primes 2 and 3 do not quite fit this definition (except for in
a strictly logical sense) but this is of no great consequence, since it

follows from Proposition 5.5.2 that,

([Tu)p)n>1 = (1,1,1,1,1,1,...)
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when p € {2,3}, so the sequence 7 is trivially locally realizable at the
primes 2 and 3. In fact this simple localization is a property of all

regular primes.

Proposition 5.6.3. Let p denote a regular prime. Then [1,], =1 for

alln € N, and so the sequence T s trivially locally realizable at p.

Proof. Clearly we may assume that p > 5. Suppose that there is an
integer n > 1 such that p | 7,,: choose the value of n minimal with
respect to this property. Then p | Ba,/2n so from Definition 5.6.2,
2n > p — 3 and it follows that p — 1 < 2n. If p — 1 | 2n, then
Proposition 5.5.2 implies that p | 3,, which contradicts p | 7,: hence
p — 11 2n, so if the integer m is defined by 2m = 2n — p + 1 we have

m > 1. Now, Kummer’s theorem gives

B2n _ BZm
2n

(mod p),

from which we obtain p | Bs,,/2m, so that p | 7,,, contradicting the

minimality of n. This completes the proof. O

Because of the previous result, we only need to consider the local

properties of the sequence 7 at the irregular primes, the first of which

are: {37,59,67,101,103,131, 149, 157,233,257, .. .}.

Proposition 5.6.4. Let p denote a prime. The sequence ([T,]p)n>1 is

non-trivial if and only if p is irreqular.

Proof . If ([T,]p)n>1 is not the trivial sequence (1,1,1,...), then p must
be an irregular prime by Proposition 5.6.3.

For the proof in the other direction, suppose that p is an irregular
prime. Then there is an integer m such that 1 < m < (p — 3)/2 with
p | Bam. Since p > 2m this implies that p | 7, and so the sequence

([Tn]p)nzl 1s non-trivial. 0
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Lemma 5.6.5. Let p denote an irregular prime. If k is an integer
in the set {1,2,...,(p — 3)/2} such that p | T, then p { 7,,, where
m=k(p—1)/2.

Proof. By Theorem 5.4.2 — the von Staudt-Clausen theorem — since

p — 1| 2m, the prime p is a factor of the denominator of Bs,,, so that

p | Bm. This immediately gives: p{ 7,. 0

Proposition 5.6.6. If p denotes an irreqular prime, then 7 localized

at p is not realizable.

Proof. Let k denote an integer in the set {1,2,...,(p — 3)/2} such
that p | 7%, and put m = k(p — 1)/2. Then clearly k£ | m and by
Lemma 5.6.5, [7,], = 1, so that [, > [7,n],- However, if the sequence
([7w]p) is realizable, then [7y], < [], since k | m. This contradiction

completes the proof. O
We sum the above up in the final result.

Theorem 5.6.7. The sequence T is not locally realizable precisely at

the set of irregular primes.

Proof. This follows from Propositions 5.6.4 and 5.6.6. O
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