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Chapter 1

Semiconjugacies between the
Julia sets of geometrically finite
rational maps

1.1 Introduction

Let f: C — C be a rational map of degree d > 2. We call such a map geomet-
rically finite if all critical points contained in the Julia set J(f) are eventually
periodic. A geometrically finite rational map can have (super)attracting and
parabolic basins, but no Siegel disks or Herman rings. In particular, if a rational
map is (sub)hyperbolic or parabolic, then it is geometrically finite.

In this chapter, we discuss perturbations of a geometrically finite rational
map f within Raty, the space of all rational maps of degree d. The topology of
this space is defined by uniform convergence on the sphere with respect to the
spherical distance d,(-,-). Our aim is to study the dynamical stability of f on its
Julia set; that is, structural stability of f restricted on the Julia set.

Perturbations of f. Let us consider a family of rational maps of degree d > 2,
{fc € Raty: € €0, 1]} with the following conditions:

e fo=/f;and
® SUP,c¢ da(fe(x)7f($)) —Oase \« 0.

We represent this family in the convergence form, f. — f, and call it a perturba-
tion of f.

For this perturbation f. — f, let us consider whether the dynamics on J(f) is
perturbed continuously to that on J(f.). More precisely, we consider the existence
of amap h. : J(f) — J(f) for each € € [0, 1] such that

e /. is a homeomorphism with h. o fo = f o h. on J(f.); and
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o W7t J(f) — J(f) tends toid : J(f) — J(f) as e — 0.

Such an h, with the first condition is called a (topological) conjugacy between f.
and f on their respective Julia sets. In addition, for the first condition, if h. is
not a homeomorphism but merely continuous and surjective, then such an h. is
called a semiconjugacy between f. and f on their respective Julia sets.

By the Mané-Sad-Sullivan theory[15], if f has a connected neighborhood U C
Raty where each f. € U has the same number of attracting cycles as f, then for
each f. € U there exists a unique quasiconformal conjugacy h. : J(f.) — J(f) as
above. This means any small perturbations of f have desired conjugacies. For
example, hyperbolic rational maps have this property.

On the other hand, when f is geometrically finite f can have parabolic cycles:
As we will describe, those parabolic cycles may change into attracting cycles
under some perturbations. Thus the number of attracting cycles may change and
we cannot apply the Mané-Sad-Sullivan theory. Moreover, by a perturbation of
parabolic cycles into attracting cycles, the topology of J(f) may change and we
cannot even hope that J(f) and J(f.) are homeomorphic in general.

However, in our main theorem (Theorem 1.1.1), we will give a sufficient con-
dition for perturbations f. — f to be accompanied by such conjugacies as above
or best possible semiconjugacies between the dynamics on their Julia sets.

Parabolic points. Let f : C — C be a rational map of degree d > 2, and let
a be a periodic point of f with period [ and multiplier (f)'(a) =: \. We say a is
a parabolic (periodic) point if A is a root of unity.

Now let us suppose that a is a parabolic point and A is a primitive ¢g-th root
of unity. Taking a local coordinate near a which maps a to 0, we obtain

fl92) = 2+ Apyp 2P+ O(2P12) (1.0)

with A1 # 0 and p > 1. (Moreover, we can normalize A,.; to be 1 by using
a linear transformation.) It is known that p is a multiple of ¢ which does not
depend on the choice of local coordinates. We call p = p(a) the petal number of
a. We also say that a has p petals.

Note that a is a fixed point of f of multiplicity p+ 1. By a perturbation of f
into f., a splits into p+ 1 fixed points of f“ counting with multiplicity. This may
cause drastic change of the dynamics, so we have to control the perturbation in
order to change the original dynamics tamely.

Horocyclic perturbations. After C. McMullen, we say a perturbation f. — f
is horocyclic if each parabolic point a of f as above satisfies the following:

(a) There are fixed points a, of f! with multipliers (f!)(a.) = A satisfying
a. — a and A\, — A;



(b) There is a neighborhood D of a with local coordinates ¢., ¢ : D — C such
that:

1. ac € D and ¢.(a.) = ¢(a) = 0;
2. ¢ — ¢ uniformly on D; and

3. If we represent the actions of f% and f! on D by ¢, and ¢ respectively,
we obtain the local representation of the perturbation as:

fl(2) = XNz 4 2P 4 O(2P12) — fl9(2) = 2 + 2P 4 O(2FP2). (1.1)

(c) If we set exp(L, + i) := A9, which tends to 1 as € — 0, then 6% = o(|L|)
as L., 0. — 0.

Form (1.1) implies that the symmetry of the local dynamics near a is preserved
by the perturbation. In particular, ¢, ¢. are not necessarily conformal, can be
just homeomorphisms from D to their images. By condition (c¢), a avoids being
perturbed into an irrationally indifferent periodic point. See §2 for more details.

Horocyclic perturbation was originally defined as horocyclic convergence of
rational maps, to study the continuity of the Hausdorff dimensions of the Julia
sets of geometrically finite rational maps[12, §7-9].

J-critical relations. A geometrically finite rational map may have critical
points in its Julia set. Here we introduce a condition which controls the per-
turbations of the orbits of such critical points.

Let ¢y, ..., cy be all critical points of f contained in J(f), where N is counted
without multiplicity. A J-critical relation of f is a set of non-negative integers
(i, 7, m,n) such that f™(¢;) = f™(c;).

Let deg(f, =) denote the local degree of f at z. We say a perturbation f, — f
preserves the J-critical relations of f if:

e For all i = 1,..., N, the maps f. have critical points ¢;(¢) (may be in the
Fatou set) satisfying ¢;(¢) — ¢; and deg(fe, ci(€)) = deg(f,¢;) as € — 0; and

e For each J-critical relation (7, j,m,n) of f, f. satisfies f"(c;(e)) = fI'(c;(€)).

If f is geometrically finite, then the maps f. are also geometrically finite. If
f is hyperbolic or parabolic, then C(f) N J(f) = 0 and any small perturbation
of f automatically preserves its J-critical relations.

Our main result is:

Theorem 1.1.1 Let f : C—-Cbea geometrically finite rational map of degree
d, and f. — f a horocyclic perturbation which preserves the J-critical relations
of f.

For each € which s sufficiently small, there exists a unique semiconjugacy
he : J(fe) — J(f) with the following properties:
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1. If card(h7*(y)) > 2 for some y € J(f), then there exists an n such that
f™(y) is a parabolic point of f and card(h'(y)) = deg(f™,y) - p(f™(v)).

2. he can be arbitrarily close to the identity on J(f.). That is, if we fir an
arbitrarily small v > 0, then for all sufficiently small €, h. satisfies

sup {dy(he(x),x) :x € J(f)} <.

Property 1 implies that the injectivity of h. may break on the backward orbits
of parabolic points of f. Since such points are countable, we say that h. is almost
bijective. However, even though f has parabolic points, h. can give a topological
conjugacy. The precise condition for this is described in Corollary 1.7.3. In
addition, Property 2 implies:

Corollary 1.1.2 For f. — f as above, J(f.) converges to J(f) in the Hausdorff
topology.

For a given geometrically finite rational map, the existence of such perturba-
tions is guaranteed by [10].

Example 1. Let us consider perturbations of a geometrically finite map f(z) =
2(1+2z)™ with m > 2. Now —1 is a preparabolic critical point and 0 is a parabolic
fixed point with one petal. Here are two typical perturbations:

o fo(2) =Az(1+ 2)™ with real A \/ 1
o f(2) =Az(1+2)" with real A, /1

For both cases, 0 is split into a pair of attracting and repelling fixed points, 0 and
—1+1/%/A.. For the first case, 0 is the repelling one, and for the second case,
the attracting one. In Figure 1.1, curves roughly show the shape of the Julia sets
for m = 3. These split fixed points and their first preimages are shown by heavy
dots. Figure 1.2 shows the equipotential curves in the Fatou sets.

Both two perturbations are horocyclic and preserving the J-critical relations
of f. For the first case, we obtain h. as a topological conjugacy. For the second
case, h. is a semiconjugacy which pinches the backward images of —1 + 1/ ¥/A.
onto those of 0. The injectivity is broken only at these points.

Remark on the Goldberg-Milnor conjecture. Theorem 1.1.1 gives a par-
tial and affirmative answer to the following Goldberg-Milnor conjecture[6]: For
a polynomial f which has a parabolic cycle, there exists a small perturbation of f
such that

e the immediate basin of the parabolic cycle is converted to basins of some
attracting cycles; and



Figure 1.1: The perturbations f.(z) = Acz(1 + 2)? with real A\ — 1

Figure 1.2: Equipotential curves for the Fatou sets of f. and f.



e the perturbed polynomial on its Julia set is topologically conjugate to the
original polynomial f on J(f).

Some horocyclic perturbations of a geometrically finite polynomial explicitly
give such perturbations. For example, the first perturbation in Example 1 gives
an affirmative answer to this conjecture for f(z) = z(1 + 2)™.

In general, any geometrically finite rational map has such a perturbation. See
[10]. For other partial solutions of this conjecture, see [3] and [7].

Example 2. Let us consider a Blaschke product f(z) = (3224 1)/(3 + 2?) with
a parabolic fixed point at z = 1, which has 2 petals. The critical points of f are
0 and oo. The Julia set is the unit circle and the Fatou set is the parabolic basin
of z=1.
Let us consider perturbations of f of the form
(24+X)z2+2— )\

(2) = ith real ) — 1.
J&) = oy @ oA Mithreal A~

For e < 1, f. are also Blaschke products and the Julia sets are contained in the
unit circle. By this perturbation, the parabolic point z = 1 of f splits into the
following three fixed points (counting with multiplicity): zo = 1 with multiplier
Ae, 21 = (A + 2v/=1+A) /(=2 + A) and 29 = (=X — 2v/=1+ A) /(-2 + )
with the same multipliers —1 4 2/A..

Now consider the case of real A, with (a)A. \, 1 or (b)A. /' 1 (See Figure
1.3). For each cases, one can check that f. — f is a horocyclic perturbation.

When (a), zp = 1 is repelling and z, zo are attracting. The Julia set of f is
also the unit circle. By Theorem 1.1.1, there is a conjugacy between f, and f on
the unit circle.

When (b), zg = 1 is attracting and 27,z are repelling. The Julia set of
fe is a Cantor set contained in the unit circle. By Theorem 1.1.1, there is a
semiconjugacy between f. and f on their respective Julia sets. Note that the
semiconjugacy maps a Cantor set onto the unit circle.

Sketch of the proof of the main theorem. Let us roughly sketch the proof
of Theorem 1.1.1; the construction of the semiconjugacy between f. and f on
their respective Julia sets.

Let f be a geometrically finite rational map and let f. — f be a horocyclic
perturbation which preserves the J-critical relations of f. We investigate the
properties of such a perturbation in §2.

In §3, we prepare the ingredients for the semiconjugacy. For f, we construct
a compact set © such that J(f) C Q C f(2). Correspondingly, for each fixed
fe, we construct a compact set Q. such that J(f.) € Q. C f(Q). We also
construct a certain surjective map ho(= ho.) : 2 — Q as the “0-th” step to the
semiconjugacy.



Figure 1.3: The equipotential curves for the Fatou sets of f. of type (a), f, and
fe of type (b).
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Then in §4, we inductively construct a sequence of “lifts”

{hn<: hn,ﬁ) : fe_n(QE) - f_n(Q)}Zozl
satisfying f o h, 1 = h, o f.. In §5, we investigate the expanding property of f;
in other words, the contracting property of f~!. By using this property, in §6,
we show that {h,} converges uniformly to a surjective map h. on J(f.) if e < 1.

fe f
£72Q0) —2 Q) J(fo) == J(f)
: ; al s
FAUQ) M ) J(f) " J(f)
fe f

Q. ho 0

In §7, we check that h. satisfies the properties in Theorem 1.1.1. To simplify the
argument, from §3 to §7, we suppose that J(f) # C. The case of J(f) = C is
treated in §8.

Notes.

1. For the basic properties of the Julia sets and parabolic points, refer to [1],
2] and [5], etc.

2. If f is hyperbolic, we obtain h. as a topological conjugacy. In particular,
by uniqueness, h. coincides with the quasiconformal conjugacy obtained by
using A-Lemma in [15]. In general, for a perturbation f. — f as Theorem
1.1.1, if each f. for € € (0, 1] is hyperbolic, then each h,. is characterized as
a uniform limit of quasiconformal conjugacies.

3. If a rational map f has no Siegel disks or Herman rings and f. — f horo-
cyclically, it is known that J(f.) — J(f) in the Hausdorff topology[8],[12,
Theorem 9.1]. Corollary 1.1.2 gives another proof of this fact in a special
case by using the existence of the semiconjugacy.

4. Theorem 1.1.1 is an improvement of an author’s result on horocyclic per-
turbation of parabolic rational maps in [9] or [8].



Notation. Here we list some notation used throughout this chapter.
e 0 :=2|dz|/(1+|z|?) is the spherical metric on the Riemann sphere C.
e d,(-,-) : the spherical distance measured in o.

B,(z,r) :={y € C:d,(z,y) <r}

F(f) : the Fatou set of f

C(f) : the set of all critical points of f.

P(f):={f"(c):c€ C(f),n=1,2,...}; the postcritical set of f.

For any map f, f° denotes the identity map on the domain of f.

n > 0 means that n > 0 is sufficiently large.

€ < 1 means that € > 0 is sufficiently small.

1.2 Horocyclic perturbations

Bifurcations of parabolic periodic points have a strong effect on the local dy-
namics as well as the global dynamics. In this section, we describe a horocyclic
perturbation f. — f of a geometrically finite rational map f in further detail.
In particular, we introduce the notion of planet and satellite for periodic points
generated by perturbation of parabolic points. Roughly speaking, a planet is the
central periodic point which determines the properties of the perturbed local dy-
namics. Satellites accompany a planet. Moreover, we will show a key lemma on
horocyclic perturbation (Lemma 1.2.2), and see the local dynamics near parabolic
points change tamely under such perturbations.

1.2.1 Planets and satellites.

First we consider condition (b)-3 of horocyclic perturbation. Let a be a parabolic
point of f as in the preceding section, which has a local representation as (1.0).

As we will see afterward, condition (b)-3 is important to keep the original
symmetry of the local dynamics for the petals of a. However, if we suppose only
conditions (a), (b)-1 and (b)-2 for f. — f, we just obtain a local representation
of the convergence near a as the following:

fl(z) =Mz + A2+ 4 Ap 2T+ O(2FP)
() = 2 Ay P O (e - 0), 2.1)
where 2 < r < p. In [12, §7], C. McMullen gave some conditions which insure

form (2.1) becomes form (1.1) by taking suitable local coordinates. One of such
conditions is:



Proposition 1.2.1 If ¢ = p, then through a continuous change of coordinates
near a, we obtain the normalized form of the convergence as (1.1).

Proof. For the local representation as (2.1), consider a coordinate change by

Aer

= QPer = _Berrv Ber:—-
(= 0er(2) =2 e ; A1 —1)

Since A is a primitive p-th root of unity and A\, — A, we obtain A\T~! # 1 for all
e < 1. Thus B, — 0 as A., — 0 and ¢, — id uniformly near the origin. For
each €, changing the coordinate by ¢.,, we obtain

Ger 0 062, (C) = NC+O(C™).

So we can continue the discussion by replacing r with r 4+ 1 until » + 1 becomes
p + 1. Finally, take a linear coordinate change so that A,1; = A.,41 =1. A

The key point of the proof above is that B, , does not diverge as € — 0. Here we
used the condition that A is a primitive p-th root of unity, however, we can replace
this by the condition that B, converges as e — 0 for each step ofr =2,...,p. In
the original definition of horocyclicity by C. McMullen, he formulated and studied
this condition as dominant convergence of analytic germs[12, §7-9]. For example,
by using [12, Proposition 7.1], we can improve Proposition 1.2.1 as follows: For
the form (2.1) above, if Ac;/(A—1) converges as € — 0 for each r < i < p, then
through a continuous change of coordinates near a, we obtain the normalized form
of the convergence as (1.1).

Planets and satellites. Next, we consider the effect of condition (c¢) of horo-
cyclic perturbation. Let f. — f be a horocyclic perturbation. Now M\ =
exp(L, + 10,), with the assumption that 6> = o(|L.|) as L., . — 0. By this
relation, L. = 0 implies . = 0. In other words, if |A\?| = 1 then a, is persistently
a parabolic point of f. with the same multiplier A as a. This means, perturbations
of a into another kind of indifferent periodic point are prohibited.

Let us look the relation 6> = o(|L.|) in the complex plane. If we fix a pair
of arbitrarily small closed disks on the both sides of the imaginary axis, so that
they are tangent to the axis at the origin, then they contain L.+ 6, for all € < 1.
Thus L, + 16, cannot converge to 0 along the imaginary axis, but can converge
along a curve tangent to the imaginary axis with order < 2.

From (1.1), the solutions of the equation fY(z) = z near the origin are z = 0
and z ~ (1— )\2)1/ P and they correspond to the symmetrically arrayed fixed points
of f' generated by the perturbation of a (See Figure 2). We classify them into
two types: planet and satellite.

First, we consider the case of multiple petals: That is, p > 2. Then we have
the following three cases corresponding to L, = 0, < 0, or > 0:
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Figure 1.4: A horocyclic perturbation of a parabolic fixed point of !9 of 3 petals (left)
into a repelling fixed point of f.? (right).

(1) a. is persistently a parabolic point with p petals and the multiplier A, = X;

(2) ac is an attracting periodic point, and there are p symmetrically arrayed
repelling periodic points near a.; or

(3) a. is a repelling periodic point, and there are p symmetrically arrayed at-
tracting periodic points near a..

For cases (2) and (3), these symmetrically arrayed periodic points have the same
period lg and the multipliers ~ A\_P9. Moreover, they are contained in an open
ball centered at a. with radius O(|1—\¢|*/?). We call them the satellites of a, and
a. itself the planet. In particular, for case (2), we say that the parabolic point a
1s perturbed into an attracting planet a.. As we will see in the following sections,
attracting planets are the cause of non-injectivity of the semiconjugacies. For
case (1), we also call a. the planet, although it has no satellite.

Next, we consider the case of one petal. Now p = 1, then automatically ¢ = 1
and A = 1. If A, = A(= 1), a, is persistently a parabolic point with one petal.
In this case, we also call a. the planet. If A\, # A, a splits into a pair of repelling
and attracting periodic points. Which one is suitable for the planet? To define
the planet in this case, we need to consider the .J-critical relations.

Preparabolic critical orbits in J(f). Let b be a preimage of a such that
a = fi(b) = fi+i(b). If deg(f!,b) = m, we can take a local coordinate near b such
that ¢(b) = 0 and

7o £ F1(Q) = CH+ ¢+ O,

with a suitable branch of f~%. This implies that there are mp petals attached to
b as preimages of the petals of a.

Let us suppose that a horocyclic perturbation f. — f preserves the J-critical
relations of f. Then there exists b, such that a. = fi(b.) = fi!(b.) and deg(f,b.) =
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m. Taking a suitable local coordinate near b, such that {(b.) = 0, we obtain the
corresponding normalized form of f;

foo flto FU(Q) = NIC+ ™+ O(CMF).

If N2 # 1 (that is, L. # 0) and p > 2, there are symmetrically arrayed mp
“satellites” near b. as the preimages of the satellites of a.. Recall that a. may be
attracting: this implies, b, may be in the Fatou set.

Now let us return to the definition of the planet when a has one petal. In
the case of \c = A(= 1), it has been defined by a.. In the case of \c # A, a
splits into a pair of repelling and attracting fixed points of f!, say a} and a_
respectively. If a has a critical point in its preimages, then either af or a_ has
a critical point in its preimages because the J-critical relations are preserved. In
this case, we define the planet as one containing a critical point in its preimages,
and the satellite bas the other one. In particular, if a_ is the planet, we also say
that a is perturbed into an attracting planet a_. If a has no critical point in its
preimages, then we formally define the planet as af and the satellite as a_ .

Example. Let us consider perturbations of f(z) = z(1+z)™ with m > 1 again.
Recall that 0 is a parabolic fixed point with one petal.

For both perturbations in Example 1, 0 is the planet and —1 + 1/ ¥/, is
the satellite (See Figure 1). For the second perturbation, 0 is perturbed into an
attracting planet.

On the other hand, for a trivial perturbation fc(z) = z(1+Ae2)™ with A, — 1,
where f. are conjugate to f by linear transformations, 0 is the planet with no
satellite.

Prerepelling critical orbits in J(f). By geometric finiteness of f, some crit-
ical orbits in J(f) land on repelling cycles. Since the J-critical relations are pre-
served, such repelling cycles are perturbed into repelling cycles of f. for ¢ < 1.
Let us consider local representations of the perturbations near such cycles.

Let b be a repelling periodic point of f in P(f) N J(f), with multiplier A and
period [. Then there exists a repelling periodic point b, of f. in P(f.)NJ(f.), with
multiplier A\, and period [, such that b — b and A\, — \. By using a fundamental
fact about linearization near repelling fixed points, we can take suitable local
coordinates 1), ¥ on a neighborhood of b such that ¥.(b.) = 1(b) = 0 and

Yeo fio (2) = Az = o floyTH(2) = Az, (2.2)

where 1), converges to ¢ uniformly near b. See [5, 8.3 Remark].

1.2.2 Key lemma on horocyclic perturbation.

Here we show a key lemma on horocyclic perturbation, which describes the per-
turbation of an orbit which accumulates on parabolic periodic points. We will

12



see how horocyclic perturbations control the parabolic bifurcations.
Let ag be a periodic point of f with period [. The cycle « of ag is defined by

Q= {a07 f<a0>a T fl_l(CLO)}'

When qq is parabolic (resp. attracting, etc.), we call a a parabolic (resp. attract-
ing, etc.) cycle.

Let us fix an z € C whose orbit accumulates on a parabolic cycle a. For
an arbitrarily small 6 > 0, set A = A(6) = U,e, Bo(a,9), and take Ny =
No(z,9) > 0 such that f"(z) are contained in A for all n > Ny. Now the key
lemma is described as:

Lemma 1.2.2 If the perturbation f. — f is horocyclic, then there exists an
N > Ny such that fI'(x) are contained in A for alln > N and all e < 1.

To simplify the proof of this lemma, we use “linearization” of parabolic bifur-
cations due to C. McMullen[12].

Proof. We begin the proof with constructing a simpler representation of the
perturbation.

Linearizing parabolics. Let us take an integer k so that f*(a) = a and
(f*)(a) = 1 for any a € «, and replace f by f¥. Then we may assume that
a = {a} is a fixed point with multiplier 1 and that A = B,(a,d). It is sufficient
to prove the statement in this case.

From the conditions of horocyclic perturbation, there exists a fixed point a,
of f. converging to a. We may assume € < 1 such that a. is contained in A and
sufficiently close to a. Now we set

Ae = exp(Le +1i0.) := 1/ fl(ac),

which tends to 1 with 62 = o(|L|).
By replacing A = A(d) with smaller ¢ and the definition of horocyclic pertur-
bation, we can take a normalized convergent form on A as (1.1);

fe(Z') _ )\6—12+Zp+1 —G—O(Zp+2) N f(z) =z 4+ Zp—irl —I—O(Zp+2)

where z(a.) = z(a) = 0 and p is the petal number of a. Moreover, we take a
simpler form of the convergence as follows.
First, by using local coordinates such that z(a.) = z(a) = oo, we obtain

) = A+ 20T > f) =24 2P 40T (23)

as a normal form of the convergence. Next, by using [12, Theorem 8.3] and
additional linear conjugacies, we can show that there exist quasiconformal maps
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Ge0s Qo With ¢ g — ¢p near infinity and ¢.o(00) = ¢p(0c0) = 0o such that

T.(2) 1= ¢epo feo g p(z) = (N2 +1)'/P
= T(2) = oo fogy'(z) = (X + )" (2.4)

Where p-th roots are taken so that (\PzP+1)/? = \.z4+O(1) and (22 +1)"/? = 2+
O(1). Note that T, and T are p-fold branched coverings of linear transformations
T.(w) = Ww + 1 and T(w) = w + 1 respectively (where w = 2?). We call this
form (2.4) a linearized model of the perturbation f. — f near a.

Let ¢. (resp. ¢) be the composition of local coordinates of a. (resp. a)
as (2.3) with ¢.o (resp. ¢o) as (2.4). Then we obtain ¢. — ¢, a uniformly
convergent family of local coordinates near a, which satisfies ¢.(a.) = ¢(a) = 0o
and conjugates f. — f to T. — T. Finally, by replacing A = A(d) with much
smaller ¢, we may assume that A is the domains of ¢. and ¢.

Now let us show the lemma by using the linearized model as (2.4). Take a
constant R > 0 and a closed disk D := {|z| > R}, such that D is contained in
both ¢.(A) and ¢(A). Then there exists an Ny > Ny such that ¢(f"(z)) € D
for all n > N;. Moreover, by uniform convergence of f. — f and ¢. — ¢, we
may assume that ¢ (fN (x)) € D. To prove the lemma, it is enough to show that
there exists an N > N; such that ¢.(f"(z)) € D for all n > N.

The proof breaks into the cases of p =1 and p > 2.

Case 1: p=1. Now ¢. — ¢ conjugates f. — f to
T(z)=Az+1—-T(z)=2+1 (2.5)

on D, with ¢(a.) = ¢(a) = co. (See Figure 3. The four regions are centered at
infinity. )
When A\, = 1, T, is still parabolic and

TH@(f (2))) = 6e(f (2)) + k€ D

for all k > 0. This implies that fN'™*(z) never escapes from ¢-1(D) C A for all
k > 0. Hence we take Ny as N in this case.

We henceforth assume that |[A\.| # 1. By the perturbation, a splits into a
pair of attracting and repelling fixed points. We may suppose that a. is the
repelling one, and let b, denote the attracting one. (Here we do not consider
which the planet is.) Then [1/A| = |f!(ac)| > 1, that is, L. / 0. Moreover, in
the linearized model (2.5), ¢.(b.) must be the attracting fixed point of T;; thus
be(be) = (1 — A\)~t =: 0/, and the multiplier of 0. is ..

Since the real part of 7"(z) tends to infinity, there exists an integer N > N,
such that ¢(f™(x)) is in DN{|argz| < 7w/4}. By uniform convergence of f. — f
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Figure 1.5: The dynamics on a neighborhood of infinity.

Figure 1.6: The orbits of f¥(z) and f¥(z) in the model.
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and ¢, — ¢, we may also assume that y := ¢.(fV(z)) is in D N {|argz| < m/4}
for all e < 1(Figure 4).
To see the dynamics of T, in detail, we take a Mobius conjugacy of T, by

z =0
w_we(z)_y_b/67

which maps oo — oo, b. +— 0 and y — 1. This conjugates the action of T, to
w +— Aw with |[A < 1. Hence 1 = #(y) is attracted to 0 = (b.) by the
iteration of w — A.w.

Now we claim: For any fized e < 1, f*(x) is contained in A for alln > N,
and converges to b, as n — oo. In other words, the whole orbit of 1 = v.(y) is
contained in 1.(D) where the conjugation between T, and w +— A.w holds.

Set B:=C — D and B := 1e(B). Then B’ is defined by this inequality:

b |_ R
vo—y| b=yl

‘w — (2.6)
We will show that the orbit of 1, that is, {1 = (y), A, A\2,...}, never enters
B

For all € < 1, the center b./(b. — y) of B’ is approximately 1 — y(L. + i6.).
On the other hand, for any k such that |k(L. +i0.)| < 1, A\* is approximately
14+k(Le+16,). Since |argy| < /4, the direction of first several points of the orbit
{1, A\, A2,...} is opposite to the center of B’ with respect to 1. This means, at
least, the orbit does not go to B’ immediately (Figure 5).

AF a1+ k(L. + i6.)

L. + 10,

—
—_

/

Figure 1.7: The orbit of 1 = 1(y) near 1

Suppose that 8. = 0. Then the orbit of 1 accumulates on 0 along the real
axis, and it is disjoint from B’.

Suppose that 6. # 0. We may assume that 6. > 0 because the signature of 6,
determines only the direction of the rotation by the action of w — Aaw. Then
the orbit of 1 returns near the positive real axis by nearly 27 /6. times iterations
of w +— Acw. Now we have to handle the case where the order of 8. \, 0 is lower
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Figure 1.8: The orbit of 1

than that of L. ' 0: Then the orbit might touch B’. However, we will show that
it cannot occur if € < 1.

Now note that the following two facts: when the orbit of 1 returns near the pos-
itive real axis, the distance between 0 and the orbit is nearly [, := exp(27L./0.);
on the other hand, by (2.6), B’ is contained in a ball centered at 1 with radius
O(|Le + i6]), that is, every point in B’ tends to 1 as € — 0.

By these facts, if liminf |L./6.| # 0, [, does not tend to 1 and the orbit of 1
never touches B’ (Figure 6).

Otherwise we can take a decreasing sequence €, “\, 0 such that L., /6. — 0.
Now [, — 1 as n — oo. In this case, |1 — I, | = 27|L.,|/6., for n > 0 thus

O(|Le, +1b.,)|)
|1 _len|

= O(|6., +i02 /|Le.|]) =0 (en —0). (2.7)

This means, for any choice of {¢,}, every point in B’ tends to 1 faster than [,
does. Note that the order of convergence in (2.7) depends only on the order of
L, 8. — 0 (not on the choice of {¢,}). Hence for € < 1, the orbit of 1 is attracted
to 0 without entering B’.

Case 2 : p>2. Now ¢ — ¢ with ¢.(a.) = ¢(a) = oo conjugates f. — f to
T.(z) = (N2P + 1)VP — T(2) = (2P + 1)'/P (2.8)

on D. As in the case of p = 1, we may assume that

@y el {

J=0

for an N > Ny, and

2mg
argz — ——
p

v=odr?wn e U{

J=0

- T
4p
for all e < 1.
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Let us consider a semiconjugation of 7, by a branched covering w = 7(z) = 2?.
Then the dynamics of 7, on D is reduced to the dynamics of T.(w) = APw + 1 on
(D) = {Jw| > RP}(Figure 7). Similarly, 7(z) gives a semiconjugacy from T'(z)
on D to T(w) =w + 1 on 7(D).

T.

&

D= {|2| = R} {lw| = R}
Figure 1.9: w =m(z) = 2P

By the same argument as the case of p = 1, when A\, = 1, the orbit of 7(y)
tends to w = oo and never escapes from 7(D). Similarly, if |A¢| # 1, the orbit of
7(y) tends to an attracting fixed point, which is either w = oo or w = 1/(1 — A?),
and never escapes from (D). Thus the original orbit of ¢ (fY(z)) by T. never
escapes from D. B

Remark. One can easily check that the same result holds if we replace z with
a compact set in the parabolic basin of a. We will use this in the proof of
Proposition 1.3.2.

1.3 Construction of () and €2,

In this section, we prepare the ingredients for the construction of the semiconju-
gacy; ), Q. and hg : . — €.

To simplify the arguments, from this section to §7, we assume that J(f) # C.
The case of J(f) = C is treated in §8.

Let us introduce some notation. Let A denote the finite set of all parabolic
points of f. We define the sets of all preperiodic critical orbits in the Julia sets
by

z = e na U FHC(f) N I(fe)-

In addition, we set Z! := f~4(Z) and Z! := f71(Z.). Since f. — f preserves
the J-critical relations of f, card(Z,) < card(Z) < oo in general. The equality
holds precisely if none of the parabolic points of f is perturbed into an attracting
planet.
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1.3.1 Construction of ).

Here we construct a compact set €2 for f.

Proposition 1.3.1 There exists a finitely connected compact set ) C C with the
following properties:

1. QN(P(HUC() =J(H)N(P(fYUC(f)). This set is the union of A and
all critical orbits in J(f).

2. J(f) CQand f71(Q) C Int(Q2) U A.

Proof. To define the compact set €2, we will construct two open sets F' and V
which consist of finitely many simply connected components.

Let a be an attracting or parabolic periodic point of f and « the cycle of a.
First, we construct F: If « is attracting, we take a small disk neighborhood Fj,
for each a € a such that f(F,) C Fj). Here we can take {F,} to be pairwise
disjoint. If «v is parabolic, we take F, for each point a € « to be a small “fower”
(that is, a union of attracting petals for each attracting directions of a) such that
f(F,—{a}) C Fj). Here we can also take {F,} to be pairwise disjoint, and each

O0F, to be tangent to the repelling directions.

Now we set
F=JJF

o aco

where o ranges over all attracting and parabolic cycles. Note that f(F—A) C F.

Next, we construct V: Let C(f,a) denote the set of all critical points of f
whose orbits accumulate on o but never land on it. Now let us set Fy, := (J ., Fa-
For each ¢ € C(f, «), there exists a natural number N = N(c) such that f"(c) €
F, for all n > N. Then we can take a family of open disks {Vc’}f\io satisfying the
following conditions (See Figure 1.10):

e V' is a small disk-neighborhood of f*(c);

ViNnVI =0 fori # j;
VN C F,; and

f(Vi)y c Vit for alli < N.

Now we set N
v=U U Uw
a ceC(f,a) =0

where o ranges over all attracting and parabolic cycles. Note that f (V) CVUF.
Using F' and V', we define Q as C — (F'U V). Then we can easily check that
Q) satisfies the conditions in the statement. l
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Figure 1.10: The orbit of ¢ and {V/}

1.3.2 Construction of (), and the “0-th” map hy.

Next we consider a horocyclic perturbation f. — f preserving the J-critical
relations of f. For each f., we construct a compact set ). corresponding to
1 =C— (FUYV), and the correspondence is represented by the map ho(= ho,) :
Q. — Q.

Proposition 1.3.2 For each € < 1, there exists a compact set €. C C and a
continuous map ho(= ho.) : Qe — Q with the following properties:

1. QN (P(f)UC(fe)) = J(f) N (P(f)UC(fe)), and this set is the union of
all parabolic points of f. and all critical orbits in J(f.).

2. J(f) € Q. and f7H(Q) € Q..
3. hg : Q¢ — Q is surjective.

4. If there exists y € Q such that card(hy*(y)) > 2 then y is a parabolic point
and card(hy ' (y)) = p(y). Moreover, y is perturbed into an attracting planet
and hy'(y) is the set of p(y) repelling satellites of the attracting planet.

5. For each b, € Z!, there exists a unique b € Z' such that b. — b, and

ho(be) = b.

Moreover, for any fived r > 0, we can make hy satisfy
sup {d,(ho(z),x) :x € Q} <
for all e < 1.

For example, suppose that f is hyperbolic; that is, both A and J(f) N C(f)
are empty. For e < 1, f. is a very small perturbation of f, thus every attracting
cycle of f is perturbed into an attracting cycle of f.. By uniform convergence
of f. — f, we obtain f.(F) C F for all e < 1. Similarly, if ¢ < 1, V satisfies
f.(V) C VUF. Hence we can set Q.= Q =C — (FUV) and hg := id.
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For general geometrically finite rational maps, to construct . for f. — f, we
need to modify F'; in particular, certain parts of the flowers {F,} .,. We also
need additional modification near the critical orbits in the Julia set.

Let us fix an 7 > 0 and set B, := B,(x,r/2) for each x € AU Z'. We suppose
that r is sufficiently small so that B, N B, = 0 for different z, 2’ € AU Z! and
that B, C Int(Q) for x € Z! — A.

Modification of 2 near the parabolics. Fix a parabolic point of f, say
a € A. Set E, :== QN B,. We may assume that F, is a union of p(a) narrow
cusps near the repelling directions.

Lemma 1.3.3 For each ¢ < 1, there exists a compact set E! and a map h, :
E! — E, with the following conditions:

e 0B, NOB, = 0FE! N0B,, and h, is the identity on this set.

fo (Bj,y) N Ba C Ej.

Ba - E(/IL - F(fe)

he : B! — E, is continuous and surjective.

If y € E, and card(h;*(y)) > 2, then y = a. In this case, a is perturbed
into an attracting planet a. and h;'(y) is the set of all repelling satellites

of a..

o d,(ha(x),x) <7 for any x € E.

Proof. For simplicity, here we only treat the case where «a is a fixed point with
multiplier 1. The case of a with multiplier # 1 or period # 1 is similar.

As f. — f horocyclically, suppose that a is perturbed into the planet a., a
fixed point of f..

Let us consider the local dynamics by f~! and f! restricted near B,. We
denote by g (resp. g.) the branch of f~1 (resp. f-!) near B, which fixes a (resp.
a.). Then a is still a parabolic fixed point of g and a, is a fixed point of g. with
multiplier 1/f/(a.). Note that g. — ¢ is a locally defined horocyclic perturbation,
thus we can apply Lemma 1.2.2.

Set p := p(a), the petal number of a. The construction of E! and h, breaks
into the cases of p =1 and p > 2.

Case 1: p=1. In this case, we may assume that a, is an attracting or parabolic
fixed point of g.. (Here we need not distinguish planet from satellite.)

Now 0F,NOB, is an arc. Let e; and ey be its end points. Since r is sufficiently
small, we may assume that e; and ey are enough close to the attracting direction
for g, and that their orbits by g accumulate on a within E,. Then we may apply
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the argument in Lemma 1.2.2 to the orbits of e; and e; by g.. For € < 1, joining
the orbits of e; (i = 1,2) by g. contained in B,, we obtain a piecewise smooth
Jordan arcs n; with the following properties:

e Joining from e; to a..
i 95(%) cn C Ba U {el} and fe(nz) - Ba - Fa

o Ny = {ac}.

In fact, joining e; and g.(e;) by nearly straight curve and taking the union of
their forward images by g., we obtain such a curve 7,. We define E! as the
closure of the region in B, enclosed by 7, ns and 0F, N 0B,. Then we see that
foHEL) N B, C K.

B, B,
Figure 1.11: Construction of E,

We claim that B,—E! C F(f.) for e < 1. Let us take an arbitrary x € B,—F/.

If the orbit of x never escapes from B, and is attracted to the parabolic or
attracting point of f. in B,, then = € F(f.). So we consider the case where
the orbit of z escapes from B,. Then for some i > 0, f!(x) is contained in the
compact set F, — B, C F(f).

By the local dynamics in F,, there exists N > 0 such that fY(F, — B,) is
contained in B, and is sufficiently near the attracting direction of a. By uni-
form convergence of f. — f, we may suppose the same holds for fN(F, — B,).
Furthermore, since f"(F, — B,) converges uniformly to a within B, as n tends
to infinity, we may apply the argument in Lemma 1.2.2 to the forward images
of fN(F, — B,) by f.; thus f"(F, — B,) converges uniformly to the parabolic or
attracting point of f. within B,. This implies x € F(f).

Finally we define the map h, : E, — E,: Let us take a Riemann map R, :
Int(E£!) — D, here D is the unit disk. Since the boundary of E! is a Jordan
curve, R, is extended to a homeomorphism R, : E/, — D. Similarly, we take an
extended Riemann map R : E, — D. By choosing a suitable topological map
H.:D — D, we obtain h, := R~' o H. o R, such that:

e h,: E/ — E, is a homeomorphism;
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e h,|(OE, NOB,) = id; and
e hy(a.) = a.

Furthermore, since the radius of B, is r/2, we obtain d,(h,(z),x) < r for any
r e E].

Case 2 : p > 2. Now E, is the union of p narrow cusps which intersect only
at a. We distinguish these p cusps as {E1, ..., E,}; that is, each E; is a union of
{a} and one of the p connected components of E, — {a}. Let e;; and ey; be the
end points of 0E; N 0B, for j =1,...,p.

As in the case of p = 1, let us apply the argument in Lemma 1.2.2. Then we
can take g.-invariant path 7;; which joins e;; and a parabolic or attracting point
of g. generated in B, by the perturbation of a. We define E} as the compact set
in B, enclosed by 1y;, msj, and E; N dB,. Note that we obtain the following
three cases:

1. The planet a, is a parabolic fixed point of f, that is, the multiplier f!(a.)
satisfies f{(a.) = 1. In this case, each £’ joins E;NJB, to a. and ﬂ?zl =

{ac}.

2. The planet a. is a repelling fixed point of f,, that is, the multiplier f(a.)
satisfies | f{(ac)| > 1. In this case, each £ joins E;N0B, to ac and (Y;_, £} =
{a.} (Figure 1.12).

3. The planet a, is an attracting fixed point of f., that is, the multiplier f(a.)
satisfies |f!(ac)| < 1. In this case, each E} joins E; N 0B, to one of the
symmetrically arrayed repelling satellites of a. and (;_, £} = 0 (Figure
1.12).

PACHIE |[filad)] <1
Figure 1.12: Cases 2 and 3 of E],

Now we set E! = U?;é E}. We can show B, — E;, C F(f.) for e < 1 by the
same argument as the case of p = 1.
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For each EJ’-, let us take a homeomorphism £, ; : E; — Ij in the same way as
h, for p = 1, and define a continuous map h, : £/, — E, by ha\E;- = hy ;. Then
hq has the following properties:

e h,|(OE,NIB,) = id;
e h,: E' — E, is surjective; and

e if y € E, and card(h;'(y)) > 2, then y = a. Moreover, a is perturbed into
the attracting planet a., and h;'(y) consist of p repelling satellites of a..

In particular, we also obtain d,(hs(x),z) < r for any z € E/. &
Finally let us show the existence of €.

Proof(Proposition 1.3.2). For each fixed € < 1, set

Q.= (Q— UBa> ulJE.
acA acA

By the construction of E!, one can easily check that J(f.) C Q. and f71(Q.) € Q..

To check that Q. N (P(f.) UC(f.)) = J(fe) N (P(fe) UC(f)), it is sufficient
to show that the critical orbits in the Fatou set never land on )..

Let us take ¢, € C(f.) N F(fe). Then there exists ¢ € C(f) such that ¢, —
c (e —0).

If ¢ € J(f), by geometric finiteness of f, the orbit of ¢ lands on a parabolic
or repelling cycle, say «. Since the J-critical relations of f are preserved, c.
also lands on a cycle. By our assumption that ¢, € F(f.), @ must be parabolic
and the orbit of ¢, must land on an attracting cycle which is generated by the
perturbation of a. Thus the orbit of ¢, never lands on €2, by the definition of
UaeA Et/z

If ¢ € F(f), the orbit of ¢ accumulates on a parabolic or attracting cycle. By
the construction of €2, ¢ is not contained in 2. Similarly, by the definition of €,
we may assume that c. ¢ €. Let us suppose that f*(c.) € €. for some n. Then
ce € f7™(2) € Qc and it is a contradiction. Thus f7(c.) ¢ Q. for all n.

Finally we define hq : 2. — €). Since f. — f preserves the J-critical relations
of f, we may assume that for any b € Z!' — A, B, contains only one point of
Z! say b, such that b, — b. Recall that B, C Int(Q2), by the assumption for r.
Let hy : B, — By be an arbitrary topological map which satisfies hy(b.) = b and
hy|0By = id. Then we obtain d, (hy(x),z) < r for € B.

Let us define hg : Q2. — € by

hog=h, on E. fora € A,
ho=hy, on By, forbe Z' — A, and

ho =id otherwise.
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1.4 Construction of h,
For Q. and €2 constructed in §3, we set
OF = £7(Q,) and Q"= Q) (n=0,1,2,...).
In addition, we set U := Int(Q2?) and U" := Int(Q"). By the construction of
these sets, f. : Q" — Q" and f : Q"' — Q" are branched covering maps, where

the critical values are contained in Z. and Z respectively. Note that {2"} and
{Q"} form the decreasing sequences as below:

Qe =Q0 202 200 201 2 2 J(f),
Q=0"20'2.-- 20" 20" 2 2 ().

In this section, we inductively construct a sequence of lifts of hy : Q0 — QO
{hp(= hne) 1 QF = Q"7
satisfying f o hpiq = hy 0 fe.

Proposition 1.4.1 For ann > 0, assume that there exists hy(= hy) : QF — Q"
satisfying the following properties:

(1,n) hy, is continuous and surjective.

(2,n) hy, maps U onto U™ homeomorphically. Moreover, if there exists y € Q"
such that card(h,;'(y)) > 2 then f™(y) is a parabolic point of f perturbed
into an attracting planet and card(h ' (y)) = deg(f™, y) - p(f™(y)).

(3,n) For any b. € Z}, there exists a unique b € Z' such that

ha(be) = b.

Under these assumptions, there exists hy1(= hpyi1e) : Q0T — Q" satisfying
fohn-l—l :hnofe

and properties (1,n+1), (2,n+1) and (3,n +1).

Recall that the map ho : Q0 — QY has properties (1, 0), (2, 0), and (3, 0).
Thus this proposition gives us desired {h,, : QF — Q"}* .

Proof. The proof breaks into 3 steps.
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Step 1: Interior correspondence. The first step is to try to construct a
homeomorphism between U™ and U™*!. To begin with, we construct h,,; such
that the following diagram commutes:

Un+1 _7 hn1 Un+1 _7
€ €

A |s

ur— 2z, s un-z
Here (U™ —Z") and f|(U"™ —Z!) are d-sheeted covering maps. Moreover, by
properties (2,n) and (3,n), h,|(U — Z,) is a homeomorphism. We will construct
prospective h,4; in the diagram by lifting this h,|(U — Z.). Note that U and
U™ for n > 1 are either connected or finitely many connected components. (For
example, suppose that J(f) is a Cantor set.) Hence we construct h, 1 on each
connected component of U — Z1.

Let Q! be a connected component of U™ —Z! and take a base point z} € Q..
Set Q. := f.(Ql), a connected component of U", and set zq := f.(z}) € Q..
Moreover, set @ := h,(Q.) and yo := h,(x¢) € Q.

Let y§ € U™ be the closest point to xf in f~'(yp). Such y} is uniquely
determined, since critical values in the Fatou sets stay a bounded distance away
from Q. and Q. Let Q' denote a connected component of f~'(Q) containing y;.
We will lift A, to h,1 such that the following diagram commutes:

hn
(Qe,20) —— (@)

| |s

(QeaxO) L} (QJyO)

Take a point x! € Q! and a curve 7, : [0,1] — Q! such that n.(0) = z} and
ne(1) = z'. Then the curve h,(f.(n.)) has the initial point yo. We lift this curve
ton :[0,1] — Q' with the initial point 3}, and define h,;(x') as its end point
n(1).

Since h,,|Q. is a homeomorphism and the J-critical relations of f are preserved,
for the fundamental groups m;(Q!, z§) and 71 (Q", v}),

€

(hn)s t (f)umi(Qe, 20) — fum(Q, o)

is a group isomorphism. Hence the above definition of A, (z') gives the home-
omorphism A, 1 : (Q}, x}) — (Q', ) as a lift of hy, : (Qc, o) — (Q,vo) (See [11,
Ch.II]).

Now we have a homeomorphism h,,,; : U™ — Z! — U™t — Z1. For x €
U.NZ! let us set b, q1(x) := h,(x). Then we obtain a homeomorphism A, :
Urtt — U™+l as a natural lift of h, : U™ — U™.
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Step 2: Boundary correspondence. The second step is to extend h, ;1 de-
fined on U™ to the boundary QU™ = 9Q"*! | in a natural way. Here we should
be careful about the boundary correspondence near the preimages of a parabolic
point which is perturbed into an attracting planet. Note that the injectivity of
h,, has already been broken at some of these points.

To construct hy,1|0Q"T! it suffices to construct h,1|0Q! for each Q! in Step
1. For z} € Q! and z' € Q! take a curve . : [0,1] — QL U{z'} with n.(0) = z}
and 7.(1) = z'. Now the value of h,; at 2! is defined by

(o) = lim b (1) € 0Q"

One can easily check that this value does not depend on the choice of 7.

By this definition, if @ € 0Q' is a parabolic point with p > 2 petals and
is perturbed into an attracting planet, then h,},(a) is p distinct points in 0Q!
corresponding to p distinct accesses to a in E,. The case of k-th preimages of a
with k& < n+1 is similar. Moreover, note that h, 1 (x!) = h,(2') if 2* € Q' NZL.

Step 3: Checking the properties. Now we have already defined a continuous
map A,y : Qe — €. For the last step, we check that h,, ;1 has properties (1,n+1),
(2,n+1) and (3,n+ 1).

Note that h,1|Q! is a homeomorphism and h,1|Q! is continuous. Thus
bijectivity of h, .1 may break only at the boundary points. For a boundary point
y' of @, take a curve 1 : [0,1] — Q' U {y'} such that n(0) = y} and n(1) = y'.
Then the limit of A, },(n(t)) as t — 1 determines an element of h,},(y') which
is contained in the boundary of Q!. Hence h,,1|0Q! is surjective and we obtain
property (1,n + 1).

Next, suppose that ¢ := card(h,,;(y*)) > 2. Note that 1 determines an access
to y' within Q' and an element of h,1,(y"). Thus ¢ > 2 means that there are
two or more distinct accesses to y' (more precisely, there are two or more distinct
prime ends of Q' at y'). By the definition of Q"' f"*1(y') must be a parabolic
point with p > 1 petals such that ¢ = p - deg(f"',y') > 2. By the definition
of Q" such a must be perturbed into an attracting planet, since otherwise all
possible 1 determines the same element of h;}rl(yl). Thus we obtain property
(2,n+1).

Finally, we obtain property (3,n + 1) by the fact that h, 1 (z') = h,(2') if
ezl

1.5 Contracting property of f!

By the construction above, h,, is one of the branches of f= o hg o f. This
implies, to obtain the convergence of {h,} on J(f), it is necessary to use some
kind of contracting property of the branches of f~! (in other words, some kind
of expanding property of f) near the Julia set. In this section, to obtain such a
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property of f, we follow [16, Step 2-5] with brief sketches of the proofs. The idea
is originally due to A. Douady and J. H. Hubbard[l, Exposé No.X].

1.5.1 Branched covering of (2

There exists a function v : 2 — N such that v(z) is the multiple of v(y) - deg(f,y)
for each y € f~!(z). For example,

vi@)= ] deg(f.y)

my)==

satisfies this condition. Here we take v as the function which takes minimal
possible values. Note that Z = {z € Q : v(x) > 2}.

Let O be an open é-neighborhood of 2 with 6 < 1. Then O contains a
neighborhood of each a € A. For x € O — Q, set v(z) = 1. Let us take an
N-sheeted branched covering ¢ : O* — O such that:

e (O is connected;

e there are N/v(x) points over = € O; and

e for any y € q_l(m), deg(q,y) = v(x).

Now set U := Int(Q), U* := ¢~ }(U) and Q* := ¢~ }(Q). For U* let us take
the universal covering 7 : D — U*, where D is the unit disk. Then we obtain a
branched covering p:=qon: D — U.

Let I' be the fundamental group of U* and A(I") the limit set of I". By lifting
paths in 2* terminating at boundary points, we can continuously extend 7 to
the ideal boundary, 7|(0D — A(I")) — 02*. Thus we obtain a branched covering
p:D—A) — Q.

Remark. For a parabolic point a of f with multiple petals, every component
of B, — {a} defines a different access to a. For such accesses, corresponding ideal
boundary points of 9D — A(I") over a are distinct.

1.5.2 Lifting f!
Next, we lift f~' to the branched covering D — A(I") of .

Proposition 1.5.1 There is a holomorphic map g : D — D such that fopog = p.
Moreover, g can be extended to g : D — A(I") — D — A(I") continuously.
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Sketch of the proof. For x € ), we take a small disk neighborhood B,. Let
G be one of the components of ¢7'(B,), and H that of (f o q)~'(B,). Then
there exists a unique y such that {y} = f~!(z) N ¢(H). By taking suitable local
coordinates, ¢|G — B, and (f o ¢)|H — B, are represented as z — z°@® and
2+ z*Wdeefy) regpectively. Thus we can define the unique map goy : G — H

which has the form
5 s p0(@)/(v(y) deg(fy))

as a branch of (foq)™!ogq.

Let us fix zg € Q — Z and Ty € p~'(z). Let 5 be a curve n : [0,1] — Q*
with 7(0) = m(Zy) and n((0,1)) C U*, and 7' be the unique lifting of n by =
with 7(0) = Zo. Now we consider analytic continuation of the function elements
{gagu} along 7. Let gg,m, be a function element at 7(%,). Since D — A(I)
is simply connected, the analytic continuation of gg,m, along 7 determines a
unique function element at 7(1). Next, by ranging over all possible 1, we obtain
g:D—A(") — D~ A(I). Tt is clear that g|D is holomorphic.H

1.5.3 The metric p

Proposition 1.5.2 There exists a piecewise continuous metric p with the follow-
g properties:

e p is defined on U — Z and small disk neighborhoods for each parabolic point
of f.

o For every C* curve n C f71(Q) = Q1

length,,(f on) > length ().
So f is expanding for p in the sense of this inequality.

Sketch of the proof. Let py = uo(z)|dz| be a metric of U — Z induced from
the Poincaré metric of D by the branched covering p : D — U. Note that
uo(z) < |z — b7 /*® near b € Z. Thus any rectifiable curve n : [0,1] — U
passing through Z has finite length with respect to py.

However, any curve in f~1(Q) terminating at A has infinite length with respect
to pg. So we try to modify pg so that such a curve has finite length.

For a sufficiently small 6 > 0 and for each a € A, set D, := B,(a,d) and
D := U,caDa- Note that Q@ ND is a finite union of narrow cusps near the
repelling directions. Thus on each D,, we can take a suitable local coordinate
(o such that f is strictly expanding from the metric |d(,| to the metric |d(s(q)]
on any compact subset of f~1(Q N D)) N D, — {a}. Furthermore, we take a
sufficiently large M > 0 so that for any a € A, f is expanding from pg to M |d(,|
on a relatively compact set f1(QND, — Z) — D. Set uy(z)|dz| := |d{,|. Then
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we define the metric p = u(z)|dz| on UUD — Z by u(z) := min {ug(2), Mus(z)}
for z € D,, and by u(z) := uy(z) otherwise.
By construction, it is not difficult to show

u(f () (2)] > u(z)
for 2 € f~1(Q — Z) — A. This implies
length (f o 1) > length, ().
for every C! curve n C f71(Q2). W

1.5.4 Continuous modulus

Let p be the lifting of p on p~ (U — Z). Since f~'(2) = Q! has one or more
connected components, p~1(Q!) is either connected or has countably many con-
nected components. Take one of the components of p~1(Q'), say Q, and take
xr, y € Q). We define the distance by

ds(z,y) = inflength;(7),
7
where 7) ranges over all rectifiable curves such that
7 :[0,1] = p~H(QY), 7(0) = 2, and (1) = y.

Note that such 7 has finite length with respect to p. Now (Q,d;) is a complete
metric space. For different components Q and Q' of p~1(Q'), we formally define
ds(z,y) =00 ifx € Q and y € Q.

For g, a lifting of f~', we define a function 7, : Ry — R, by

74(s) = sup {d;(g(x), g(y)) 1 @, y € p1(Q'), ds(x,y) < s}.
Furthermore, we define 7 : R, — R, by
7(s) :=sup {7,(s) : g a lifting of f~'}.
Then we obtain:

Proposition 1.5.3 7 has the following properties:

(1) T is an increasing and right-continuous function;

(17) s> 7(s) for any s;

(131) the function s — s — 7(s) is also increasing; and
)

(iv) For any x, y € p~ Y (') and any lifting g of f~1,

ds(9(x),9(y)) < 7(ds(z,y)).
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Sketch of the proof. If we replace 7 by 7,, then (i), (ii) and (iv) are almost
clear by definition. (iii) follows from the fact that 7,(s1 + s2) < T,(s1) + T4(s2).
A calculation shows that there exist d distinct liftings of =1, say g1, ..., g4, such
that any 7, coincide with one of 7,,,...,7,,. Thus

7(s) =sup {7, (s) : 1 <i <d},

and satisfies properties (i)-(iv). W

1.6 Convergence of h,

e}

In this section, we give the proof of the convergence of the sequence {h,, : Q' — Q"}>_.

Here the expanding property of f with respect to p plays an important role. For
instance, we can easily show the convergence when f is hyperbolic:

Proposition 1.6.1 Suppose that f is hyperbolic. For ¢ < 1, the sequence h,,
converges uniformly to the limit he on J(f.) which satisfies f o he = he o fe.

Proof. Since f has no parabolic point nor critical point in J(f), the metric p
in Proposition 1.5.2 is the Poincaré metric on U. Now Q! C U thus there is a
constant C' such that f*p/p > C > 1 on Q.

Note that the constant

M :=sup {d,(ho(z), hi(z)) : © € QL }
is finite since ho(Q2!) C U. For any z € Q2 we obtain
Cdy(hy(x), ho(x))
<d,(f(h(2)), [(ha())) = dp(ho(fe(2)), ha(fe(x)))
§M>
thus d,(hi(z), he(z)) < M/C. Similarly, for any « € J(f.), we obtain
dp(hn (), hnya(2)) < M/C™ =0 (n — o0).

(Recall that J(f.) C QF and thus h,|J(f.) are defined for any n > 0.) Hence h,,
converges uniformly and rapidly to the limit A, on J(f.). The relation f o h, =
he o f. follows from foh, 1 =h,o f.. B

Let us consider the general case. When f has parabolic points, it is not uni-
formly expanding on Q!. However, since it is uniformly expanding on each com-
pact subset of Q! with respect to the metric p, h, converges slowly to the limit:

Proposition 1.6.2 For e < 1, the sequence h,, converges uniformly to the limait
he on J(fe) which satisfies f o he = he o f. Moreover, h. can be arbitrarily close
to the identity map: That is, for arbitrarily small r > 0, if € < 1, h. satisfies

sup {d,(he(x),x) :x € J(fo)} <.
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Proof. Let us fix an arbitrary L > 0. Then we may assume that
dp(ho(x), hi(z)) < L —7(L)

for any x € J(f.). Infact, by the construction of hy and hy, if e < 1, d,(ho(z), hi(z))
can be arbitrarily small for any x € J(fe).

We claim that d,(ho(x), h,(z)) < L for any n > 1 and any z € J(fe). If n = 1,
d,(ho(x), hy(x)) < L—7(L) < L. For n = k, let us assume that d,(ho(x), hi(z)) <
L for any z € J(f.). We first show that

d,(hi(x), i (z)) < 7(L).
By assumption, we can take a rectifiable curve 7 : [0, 1] — Q' such that
e 1(0) = ho(fe(z)) and n(1) = hx(fe(2));
e nNZ =(); and
e L > length,(n).

Fix 29 € p~'(ho(fc(x))), and let 7 be the lifting of n by p whose initial point is
2p. Then the end point over hy(f.(x)) is uniquely determined, say z;, and

L > length,(n) = length (7))
> dﬁ(Z07 Zl)'

By using the function 7,

(L) > 7(d5(20, 21)) = dp(9(20), 9(21)),

where g is a lifting of F71 such that p o g(z9) = hi(x). Then we can take a curve
7' 2 [0,1] — D — A(I") such that

* 7/'(0) = g(2) and 7'(1) = g(z1);
e 7 Np *(Z)=0; and
e 7(L) > length(77).

Hence

7(L) > length;(7') = length,(p o 77')
> dy(p(9(20)), p(9(21))) = dp(ha(2), hit1(2)).

Then for n =k + 1 and for any = € J(f),
dyp(ho(2), hi1 () < dy(ho(x), hi()) + dp(Pa(2), hisa(2))
<L—-7(L)+7(L)=L.
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Thus we have shown the claim by induction on n.
Let us show the convergence. By the same argument as above, for sufficiently
large integer [, m,

dp(hu(), hina(2)) < 7 (dp(ho(fE(2)), B (f(2))))
<7(L) =0 (I — 00).

Because we can take arbitrary x € J(f.), h, converges uniformly on J(f.) with
respect to the distance d,. Since the topology of 2" defined by d, is equivalent to
the topology defined by the spherical distance d,, h,, also converges uniformly on
J(f.) with respect to d,. By continuity of each h,, the limit A, is also continuous.
The relation f o h. = h. o f. follows from f o h,1 = h, o f..

Finally we show the last part of the statement. Let us fix any » > 0 and
suppose that € < 1. Then we can take hg such that d,(x, ho(z)) < r/2 for any
x € J(fe). On the other hand, by the claim above, we obtain d,(ho(x), he(z)) < L
for arbitrarily small L. Since we may also suppose that L is sufficiently small such
that d,(ho(z), he(x)) < r/2 for any x € J(f.), we obtain

do(z, he()) < dy(x, ho(z)) + dy(ho(z), he(z)) < 7.
|

1.7 Almost bijectivity and uniqueness of h,

In this section, we prove that the continuous map h. in Proposition 1.6.2 maps
J(f.) onto J(f) “almost bijectively”; that is, there are at most countably many
points in J(f) where A, is not one-to-one. Furthermore we prove the uniqueness
of such an h..

First we show:

Proposition 1.7.1 h. maps J(f.) to J(f).

Proof. Let X denote the set of all repelling periodic points of f.. Since h.o fI' =
f" o he for any n, he maps X to a set of periodic points of f in €2, which must be
a subset of J(f). Since h, is continuous and J(f.) = X, h. maps J(f.) into J(f).
|

Next, we complete the proof of Theorem 1.1.1 under the assumption that
J(f) # C. For fixed €, let A_ = A_. C A be the set of all parabolic points
of f which are perturbed into attracting planets of f,.

Proposition 1.7.2 Ife < 1, he : J(f.) — J(f) has the following properties:

o (Surjectivity) h is surjective.
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o (Almost injectivity) If h.(x) = he(z') for distinct x, x' € J(f.), then there
exists an integer N such that fN(x) and fN(z') are repelling satellites of
an attracting planet a. generated by the perturbation of a point in A_.

e (Uniqueness) he is the unique semiconjugacy between f. and f on their
respective Julia sets which satisfies properties 1 and 2 in Theorem 1.1.1.

By the almost injectivity above, we obtain the precise condition for A, to be
a topological conjugacy.

Corollary 1.7.3 h. is a topological conjugacy if and only if A_ = (; that is,
none of the parabolic points of f is perturbed into an attracting planet.

Proof of Proposition 1.7.2: Surjectivity. Fixanyy € J(f). By surjectivity
of h,, there is a sequence x,, € Q" C Q. such that h,(x,) = y. Since €2, is compact,
{z,} has an accumulation point = € €, and we can choose a subsequence x,,, so
that x,, — x (kK — o00). Now we claim that x € J(f.). If x € F(fe), f*(x) is
attracted to an attracting or parabolic cycle as n — oo. Thus there exists an N

and a small disk neighborhood D such that f*(D) is outside of . for all n > N.
On the other hand, for all £ > 0, we have n, > N, z,,, € D, and f*(x,,) € Q..
This is a contradiction.

Since h,, — h, uniformly and the family {h,} is clearly equicontinuous, the
inequality

dp(y, he()) < dp(Pny (), o (€)) + dp (B, (), he ()

implies y = h(x). Thus h. is surjective.

Preliminary to the almost injectivity and uniqueness. Since f is geo-
metrically finite and the assumption that J(f) # C, f has at least one critical
point in the Fatou set, and so does f.. Now we take suitable conjugations of
f. — fo = f by rotations of C so that oo € C(f)NF(f.). By the construction of
Q., there exist R > 0 such that D(R) := C — {|z| < R} is a disk neighborhood
of oo which is not contained in €2, for all 0 < ¢ < 1. Then Q. and J(f.) are
bounded sets in the complex plane.
For 0 > 0 and z € C, we set

B(z,0) :={2€ C: |z — x| <},
which is an open Euclidean ball. Now we fix § to be sufficiently small so that the

set
B = U B(x,0)
rcAUZ!

is a disjoint union of balls satisfying the following conditions:
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e if an z € AU Z! is periodic, then there exists a local chart on B(z,d) as
(2.2) or (2.4); and

o forx e Z' — A, P(f)N B(z,0) = {z}.

Set 5 :=d(P(f), J(f)—DB), where d(-, ) is the distance between sets measured
by Euclidean distance. Since f is geometrically finite, every critical orbit either
accumulates on an attracting or parabolic cycle, or is already contained in Z?.
Hence we obtain 0 < § < 4.

Now we claim that d(P(f.),J(f) — B) > 5/2 for all ¢ <« 1. It suffices to
restrict our attention to the perturbation of the critical orbits accumulating on
A or Z'. First, take a parabolic cycle o C A and a critical orbit accumulating to
a. By horocyclicity of f. — f, we may apply Lemma 1.2.2. That is, for e < 1,
the corresponding perturbed critical orbit of f, is contained in U,eoB(a,d) C B
except finitely many points in the orbit. Since f. — f uniformly, such finitely
many points are very close to the original ones. On the other hand, J(f.) is very
close to J(f) with respect to the Hausdorff topology, since h. maps J(f.) onto
J(f) and r-neighborhood of J(f) with respect to the spherical distance contains
R (J(f)) = J(f.). (Recall that r is fixed and arbitrarily small for € < 1.) Thus
such finitely many points stay away from J(f.)—B for € < 1, and the distance can
be at least 5/2. Next, take b € Z!. Since f, — f preserves the J-critical relations
of f, for all € < 1, we may suppose that there exists a unique b € f1(P(f.))
such that |b — b.| < §/2. For such b, d(b., J(f.) — B) > §/2 > 5/2. Thus we
conclude the claim.

Replacing f. (resp. f) by its suitable iteration, we may consider the extreme
case where every point in hy*(A) U Z, (resp. AU Z) is a fixed point of f. (resp.
f), and the multipliers of all parabolic points are 1. Then Z, and Z are the sets
of all critical values of f. and f on their respective Julia sets.

Set I = I := hy'(A_), the set of all repelling satellites generated by the
perturbation of parabolic points in A_. Note that now every element in A_ or
I'_ is a fixed point of f or f. respectively. Also, note that I~ and Z. are disjoint.

Almost injectivity. Now let us start the discussion on the almost injectivity
of h.. We suppose that h.(x) = h.(2') for distinct z, =’ € J(f.). Set z, := f(z)
and z,, := fI'(2'). Then h(x,) = hc(z]) because f" o h = h. o f. Recall that
dy(z, he(x)) < r for any x € J(f.). Thus we obtain

do(Tp, , ) < do(xn, he(zn)) + drf(hE(x;z)a 1’;) <2r

n

and it implies [z, — 27| = O(r). Indeed, since the Julia set is contained in
C — D(R), there exists a constant M =~ 1+ R? such that |z, — 2},| < Mr for
sufficiently small . Now we set

Fi=supl|z, — 2| (< Mr).
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Then we may suppose that r is sufficiently small such that 7 < Mr < §/2 for
e < 1. Note that 7 < Mr < §/2 also holds.
For the orbit of the x and 2/, we consider the following three cases:

1. Both x,, and z/, land on I"_.
2. x, lands on I'_ but z/ never lands on I_.

3. Both z,, and ], never land on I_.

Case 1: Suppose that z,, lands on h-'(a) for some a € A_ when n = N. Here
h-'(a) C I'_ is a set of repelling fixed points contained in B, (a,r). By the facts

that
B,(a,r) C B(a,Mr) C B(a,d/2)

and 7 < §/2, x/, must be contained in B(a,d) for all n > N. If 2y & h-'(a),
by the local dynamics of f. on B(a,d) in the form (2.4), x], goes out of B(a, ).
Thus 'y € h;'(a); that is, z,, and 2/, simultaneously land on repelling satellites
in h-'(a), when n = N.

Hence we need to show that the other cases cannot occur.

Case 2: We suppose again that z,, lands on h_'(a) for some a € A_ when
n = N. By the same argument as Case 1, z/, must be contained in B(a,d) for
all n > N. However, z/, ¢ h-'(a) C I'_, and thus by the local dynamics of f. on
B(a,d) in the form (2.4), 2/, goes out of B(a,d). This is a contradiction.

Case 3: Furthermore we need to consider the following three cases:
I. z, lands on Z, but 2/, never lands on Z..
II. Both z,, and 2/, land on Z..

III. Both z,, and 2/, never land on Z..

Case 3-1: Suppose that z,, lands on h_'(b) for some b € Z when n = N. Here
h1(b) C Z. is a repelling or parabolic fixed point of f. contained in B,(b,r). By
the same argument as above, x/, must be contained in B(b,d) for n > N. Now
x!, never lands on Z.. This implies, by the local dynamics of f. on B(b,d) in the
form (2.2) or (2.4), !, goes out of B(b,d). This is also a contradiction.

Case 3-II: Since 7 < §/2 and all elements of Z! remain at leaset ¢ apart, the
orbits of z and x’ have merged before landing on Z.: That is, there exist two
integers N7 and Ny with Ny < N, such that

/ _
o Ty, # Ty, and Ty, 41 = Ty, and
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— 1 —
® Iy, =T, € Z; and Ty, 41 = Ty, 4 € Ze.

Set w := wy,41 = Ty, ;. Since w is not contained in Z,, which is the set
of critical values, the inverse image f'(w) consists of d distinct points. (Recall
that d is the degree of f.) Similarly, by the construction of A, h.(w) =: z is not
contained in Z and f~!(z) also consists of d distinct points. Moreover, since h,
is surjective, h_'(f~!(z)) must consist of at least d points.

Note that f='(w) C h7'(f~(2)). Since he(zn,) = he(ly,) for distinct zy,, 2y, €

€

71 (w), there exists an 2 € h7'(f~'(2)) — f7 ' (w) which satisfies f.(2”) # w and
he(fe(z")) = z. Setting w' := f.(x"), we obtain he(w) = h.(w') for w # w’. Let us
replace z and 2’ by w and w’ respectively. This reduces Case 3-1T with zy, € Z!
to Case 3-1 or 3-II with zy, n,_1 € Z!.

However, as we have seen, Case 3-1 implies a contradiction. In Case 3-1I, we
can repeat the argument above. Hence we eventually consider the case where
he(z) = he(z') for x # 2’ with z € Z}.

Suppose that f.(z) = h7'(b) for some b € Z. Then f.(x) is contained in
B, (b,r) and is a repelling or parabolic fixed point. On the other hand, since the
elements of Z! remain separated, x # ' implies ' ¢ Z! and thus f.(z') ¢ Z..
By the local dynamics of f. on B(b,d) in the form (2.2) or (2.4), f.(z) is not a
fixed point and goes out of B(b,d). This is a contradiction.

Case 3-III: If either z,, or x/, lands in B, it goes out of B by finitely many
iterations of f.. Now we take a subsequence {n;} of {n} so that each z,, is never
contained in B; that is, z,,, € J(f.) — B. Recall that d(P(f.), J(f.) — B) > 5/2.
For any s satisfying 7 < s < §/2 and for any k > 0, there exists a branch g,, of
f-™ on B(zy,,s) which is univalent and g, (z,,) = x. Set V,,, := gn, (B(xp,,7)).
Then V,,, contains « and 2’. By applying the Koebe distortion theorem to g,, on
B(zy,,s), we obtain

diam V., = O(|g, (zn,)]) = O1/|(f*) (x)]).

If |[P(f.)| < 3, f. is conjugate to z — 2%, and thus it is hyperbolic. On the
Julia set, |(f™)'(z)] — oo as k — oo hence lim(diam V) = 0. It contradicts
x#£x.

If |P(f.)] > 3, let p. be the Poincaré metric of C — P(f.). By [13, Theorem
3.6], since z,, ¢ P(f.) for any n, we obtain

_ pe(fE @) (f) ()]
pe pE(SL’)

(72 ()

— 00 (n— 00).

Now recall again that d(P(f.), J(f.) —B) > §/2. Since z,,, and x stay away from
P(fe), pe(f*(x)) and p.(z) are bounded. Hence |(f)'(z)| — oo as k — oo, then
lim(diam V,,,) = 0. It contradicts x # 2’ again.
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Uniqueness. From Proposition 1.6.2, Proposition 1.7.1 and the proof of the
almost bijectivity above, it is easy to check that h, satisfies properties in Theorem
1.1.1. In particular, we obtain property 1 in Theorem 1.1.1 from the almost
injectivity discussed above and property (2,n) of h, in Proposition 1.4.1.

Let h. be another semiconjugacy between f. and f on their respective Julia
sets with properties 1 and 2 in Theorem 1.1.1. Take a repelling periodic point z
of f. which has period more than one. By our assumption that h_'(A) U Z, is
a set of fixed points, = does not belong to I'_ U Z.. By surjectivity of h., there
exists an 2’ € J(f.) such that

he(z) = he(2').

It is easy to see that h.(x) and 2" are also repelling periodic points with the same
period as x.

Set x,, := fI'(z) and z], := f’(«’). Then h(z,) = h(z]) because h. and h.
are semiconjugacies. Moreover, we obtain d,(x,,x,) < 2r from property 2 in
Theorem 1.1.1. Thus

|z, — x| < Mr < §/2

for all n and we may suppose that z/, belongs to I’ U Z, as well as z,,.

Now we can apply the same argument as Case 3-11I of the proof of the almost
injectivity, and we conclude that # = 2’. This means that h. = h. on the dense
subset of J(f.), because repelling periodic points are dense in the Julia set. Since
he and h. are continuous, h. must coincide with h, on J(f.). B

1.8 Geometrically finite maps with the empty
Fatou set

In this section, we prove Theorem 1.1.1 for a geometrically finite rational map f
with J(f) = C by using the same idea as in the case of J(f) # C.

Now f has no parabolic or (super)attracting periodic point. Moreover, by
the geometric finiteness, every critical point of f is preperiodic; that is, f is
postcritically finite. Then we can consider the orbifold O; with base space C
which is parabolic or hyperbolic type[l3, §A]. This O has an orbifold metric
p = p(z)|dz| which is induced from the Euclidean or hyperbolic metric of the
universal covering. In both cases, there exists a constant C' > 1 such that

, Ip
'l = > C.
£, g

(See the argument in [13, Theorem A.6]). Note that p has singularity at b € P(f)
as |d(z — b)1/v®),

Let us consider a horocyclic perturbation f. — f preserving the J-critical
relations of f. Since f has no parabolic point, horocyclicity is trivial. By the
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J-critical relations of f, f. is also postcritically finite. Since f has no attracting
or superattracting periodic point, f. has no superattracting periodic point: This
implies J(f.) is also the whole sphere (See [13, Theorem A.6] again).

Now let us begin the construction of h..

Proof of Theorem 1.1.1 in the case of J(f) = C. First, set Q := C and
Q. :=C. We take hg: Q. — Qasa homeomorphism which satisfies condition 5 of
Proposition 1.3.2. For any fixed r > 0, if € < 1, such hq satisfies d, (ho(z),x) < r
for all z € C.

Next, we lift kg to the family of homeomorphism {h, : C — C}*, as in
Proposition 1.4.1. We can show that h,, converges to the limit A, in the same way
as Proposition 1.6.1. In fact, we may replace the Poincaré metric in the proof of
Proposition 1.6.1 with the orbifold metric p of Oy. Furthermore, we can also lift
hy' to the uniformly convergent sequence of homeomorphisms {h;'}. The limit
must be surjective and thus h, : C—Cisa homeomorphism.

Finally, we show the uniqueness in the same way as Proposition 1.7.2: Let
h. be another conjugacy with property 2 in Theorem 1.1.1, and = be a repelling
periodic point of f, which does not belong to P(f). Since h. is a homeomorphism,
there exists a unique z’ such that h.(x) = hl(z'). Set z, := f*(z) and z/, :=
f*(z"). By using the uniformly expanding property of f. with respect to the
orbifold metric p. of Oy, d, (z,2') is bounded by d, (z,,z,)/C! with C. > 1.
This implies © = 2’. Thus h, = h. on a dense subset of the sphere, which is a set
of repelling periodic points. By continuity of h, and A, we obtain h. = h. on the
whole sphere. H

Remark. If the orbifold O; does not have signature (2,2,2,2) , by Thurston’s
theorem([5], [13, Theorem B.2]), h. is a Mdbius transformation which conjugates
fe to f. Here we gave a general construction of the conjugacy h. including such
a particular case of signature (2,2,2,2).
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Chapter 2

Regular leaf spaces of parabolic
quadratic polynomials

2.1 Introduction

As an analogy to hyperbolic 3-orbifolds associated with Kleinian groups, Lyu-
bich and Minsky/[3] introduced hyperbolic orbifold 3-laminations associated with
rational maps. For a given rational map f : C — C = C U {oco} of degree > 2,
considering its natural extension Ny and regular leaf space R is the first step to
the construction of such a hyperbolic orbifold 3-lamination. The natural exten-
sion N7 is the set of all backward orbits (“history”) of the dynamics. The regular
leaf space Ry is an analytically well behaved part of Ny. The leaves of R are
Riemann surfaces and the natural lift f of f acts leafwise isomorphically.

However, the global structures of the regular leaf spaces of rational maps are
not precisely known except only a few examples. Here are some of such examples.
For f.(z) = z? + ¢ with ¢ in the main cardioid of the Mandelbrot set, all regular
leaf spaces of f. are topologically the same as that of fy(2) = 2%, which is 2-
dimensional extension of 2-adic solenoid[4, Example 2][3, §11].

In [2], the author introduced the method of tessellation for f. with ¢ € (0,1/4]
and describe the structure of the regular leaf space of f;/4 as a degeneration of
that of f. with ¢ € (0,1/4). Such an f. and fi/4 have topologically the same
dynamics on and outside the Julia sets, and thus their natural extentions have
topologically the same parts. Such a part of Ny, ,; contains the backward orbit
staying at the parabolic fixed point on the Julia set. The intriguing fact is,
the backward orbit is not in Ry /49 while corresponding backward orbit in N7,
staying at the repelling fixed point on the Julia set is in Ry,. To describe this
phenomenon, we need to investigate the degeneration of the dynamics inside the
Julia sets. The tessellation is defined for the interiors of the filled Julia sets
and works like external rays of the dynamics outside the Julia sets. Then we
obtain a precise description of the degeneration and we can lift it to their natural
extentions. Now we have a clear picture of the phenomenon.
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In this chapter, we develop the method of tessellation to treat the case where
fe has a parabolic fixed point of multiple petals. In §2, we survey some of basic
notion on the dynamics of quadratic polynomials. In §3, we show a fundamental
lemma which is necessary for the definition of tessellation. The tessellation for a
quadratic polynomial with an attracting or parabolic fixed point is defined in §4.

In §5, we construct a semiconjugacy H : C — C from a hyperbolic f = f.
to a parabolic g = f,, by gluing tile-to-tile homeomorphisms and the topological
conjugacy outside the Julia sets induced from Bottcher coordinates. Then we
have the precise description of the degeneration of the dynamics.

In §6, we first survey the basics of natural extensions and regular leaf spaces.
By lifting the semiconjugacy H above to H:N + — N, we describe how the reg-
ular leaf space degenerates, in detail. The significant degeneration happens only
on the periodic leaves corresponding to the repelling directions of the parabolic
fixed point of g. We construct an analytic model of these degenerating periodic
leaves.

In §7, we apply the method of tessellation to some quadratic polynomials with
attracting cycles.

2.2 Dynamics of quadratic polynomials

In this section we first recall some basic facts on the dynamics of quadratic poly-
nomials on the Riemann sphere.

2.2.1 Douady-Hubbard theory of quadratic polynomials

In [1], Douady and Hubbard developed the theory of complex polynomial dy-
namics. Here we survey some basic results and notions used throughout this
chapter.

The Julia set. Let us set f(z) = f.(2) = 22+ ¢ (c € C) and consider it as a

rational map on the Riemann sphere C = C U {co} with f(0c0) = co. The filled
Julia set Ky of f is defined by

Ky :={z€C:{f"(2)}, is bounded}.

The Julia set Jy of f is the boundary of K. One can easily check that those sets
are forward and backward invariant under the action of f.

Bottcher coordinate and external rays. Now suppose that K is connected.
(Thus so is J;.) We denote the unit disk by D. For the outside of K, there exists
a unique conformal map ¢; : C — Ky — C — ID such that

o ¢p(fe(2)) = d5(2)? and
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® ¢r(2)/z — 1as z— o0.
For 0 € R/Z, the external ray of angle 6 is defined by the following set:
Rs(0) = {¢}71(7"e2”9) 11 <r<oo}.

If the limit of gzﬁj?l(re%w) as r — 1 exists, it is called the landing point of Rs(6),
and we denote it by v;(6).

If J; is locally connected, ¢; continuously extends to gzgf . C— K$ — C —D.
In this case, 7¢(-) defines a semiconjugacy 7y : R/Z — Jy from 0 — 20 to f];,.
¢ is a conjugacy if and only if J; is a Jordan curve.

Linearizing coordinates. Suppose that f = f. has an attracting fixed point
a with multiplier A # 0. (That is, we take ¢ from the main cardioid of the
Mandelbrot set other than the origin.) Then K3 is its attracting basin and
contains the critical point z = 0. Moreover, J; is known to be a quasicircle, and
thus is a Jordan curve.

On a small neighborhood of «, there exists a linearizing coordinate ®; which
analytically conjugates the action of f near o to w — Aw near the origin. More-
over, we can extend this map to @y : K7 — C, and it is unique up to multiplication
by a constant[5, §8]. Now let us normalize it as follows:

o Ps(f(2)) = A;s(2);
° (I)f(Oé) = 0, @f(O) = 1; and

e ®;isan infinitely branched covering whose branch points are | J,~, f~*({0}),
and their ramified points (critical value of ®;) are {1, A1, \72 ...},

In this chapter, by the linearizing coordinate of o we mean this extended and
normalized ®;.

2.3 Internal landing lemma

In this section we deal with the case of f.(z) = 2% + ¢ with an attracting fixed
point. We will show “Internal landing lemma” for such an f, which gives a nice
invariant arc system in the filled Julia set. In the case of fo(z) = 2%, the external
rays naturally penetrate the Julia set (the unit circle) and land at the origin. The
lemma gives a similar fact in the case of ¢ # 0.

Combinatorial rotation number. We assume from now on that p and ¢ are
relatively prime positive integers. (That is, (p,q) = 1 where we allow p = ¢ = 1.)
Then the following is well-known:
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Lemma 2.3.1 Forp and q above, there is a set of ¢ distinct angles © = {61,...,0,}
in Q/Z with 0 < 6, <--- <0, <1 such that:

(1) For each 6; € O, there exists 0, € © such that 0, = 20; in Q/Z; and
(2) for such j and k as above, k = j + p mod q.

Then © s a periodic cycle of period q under doubling. In particular, such a © is
determined uniquely by the value p/q € Q/Z.

We consider that the subscripts {1,...,q} of angles of © are the elements of
Z/qZ. For © = ©(p/q) above, p/q € Q/Z is called the (combinatorial) rotation
number. Note that each 6; € © has the form n/(27 — 1) € Q/Z.

Let g(z) := f,(2) = 2? + 0 be a quadratic polynomial which has a parabolic
fixed point of multiplier w := exp(27ip/q). Note that 0 = w/2—w?/4. Now let us
fix an r € (0,1) and take a value ¢ := rw/2 — (rw)?/4 from the main cardioid of
the Mandelbrot set. Then f(2) := f.(z) = 2* + ¢ has an attracting fixed point of
multiplier A := rw and Jy is a Jordan curve. The dynamics on J; is topologically
the same as that of fo(z) = 2% on the unit circle.

For the rotation number p/q, let F(p/q) denote the family of such an f., that
is,

Fplq) = {fe:c=rw/2 - (rw)?/4, r € (0,1)}.
For example, F(0) = F(1) = {fe: c € (0,1/4)} and F(1/2) = {f.: c € (=3/4,0)}.

By Douady-Hubbard theory[1], above lemma implies:

Lemma 2.3.2 For f = f. € F(p/q) and © = O(p/q) = {bh,...,0,} above, f
maps Ry(0;) onto Ry(0)) univalently iff k = j+p mod q. Thus each Rf(;) has
period exactly q, that is, fi(R(0;)) = Rs(6;).

Note that v(6;) is a repelling periodic point of period ¢. In the case of g = f,,
the external rays R,(6:), ..., R,(6,) also have the same properties as (1) and (2)
though they have the same landing point at the parabolic fixed point, say 3. The
set of angles of external rays landing at (3 is exactly © = {6,,...,0,}, and is
called the portrait of 3.

Internal landing lemma. For f € F(p/q), those rays R;(6:),...,Rs(0,)
above continuously extend to the inside of the Julia set, and meet at the at-
tracting fixed point:

Lemma 2.3.3 (Internal landing) Let « be the attracting fized point of f. For
b1,...,0, as above, there exist open arcs 1(61),...,1(0,) such that:

e For each j modulo q, 1(0;) joins o and v¢(0;).

o f maps I(6;) onto 1(0)) univalently iff k = j+p mod q.
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Proof. For w € C, set T(w) = M = (rw)w. Let ®; : K} — C be the
linearizing coordinate of «, that is, ®f(a) = @£(0) — 1 = 0 and ®;(f(z)) =
T(®s(z)). Note that the critical points of ®; are |J,.,f%(0), and thus the
critical values are the form T7%(1) = A% (k=1,2,...).
Set
g—1
Up:=C— U {tw*:t € (1,00)}; and
k=0
g—1
Uy :=C-— U {tw* : t € (r,00)}.
k=0
Note that T'(Uy) = Uy € Uy. Let pg and p; denote the Poincaré metric on Uy and
U, respectively. Since T : Uy — Uy is a conformal isomorphism,

T"m < " p
P1 Po

=1

by Schwartz-Pick.
Note that U does not contain critical value of ®;. Thus we can take a
univalent branch W of (® ¢, )" such that ¥(0) = a. Set

U :=9(U;) and p):=T¥*p; (i=0,1).

Then U; are f-invariant regions in K73 and pj are their respective Poincaré metric
with f*p}/p) <1 on Uj.
For each integer k£ modulo ¢, set

I, = {texp((2k — 1)7i/q) : t € (0,00)} C Up,

and set [} := W([;) C Uj. Now it is clear that f maps [} onto [} univalently iff
k=j+p mod q. We claim that I is one of I(6,),...,1(6,) in the statement.

First we show that each [, lands at a periodic point in the Julia set J;. By f9,
I, is mapped univalently onto itself. Take {z,},-, in I} such that f9(z,41) = 2,.
Set wy, := P s(z,). -

Now let n, denote the line segment of I, which joins w, and w,,;. Then
length,, (1,) are bounded for all n since (77)*p1/p1 < 1. By pushing forward by
U, U(n,) is getting uniformly closer to J¢ since f is hyperbolic. Thus if we set
p1(2) = u(z)|dz|, for any z € ¥(n,), u(z) uniformly tends to +oo as n — oo.
Thus |z, — z,+1| — 0 as n — 0.

Let ¢ € J; be an accumulation point of z,. By taking a subsequence {n;} C
{n}, we may assume that z,, — (. By continuity, we also have z,,, 1 = f9(2,,) —

£9(¢). Thus

| £4(¢) — ¢
<|fUCQ) = 1z )| + [2n,-1 = 2ny] + |20, — ]
—0 (j — o0).
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I

I

Figure 2.1: Uy and I}, in the case of p/q = 1/3 (w = €>™/3). The dotted lines are
removed from C.

This implies f%(¢) = (. It is not difficult to show that any accumulation point
of I; is that of z,. Since the set of accumulation points of I} is connected |5,
Problem 5-b] and fixed points of f? are finite, I} accumulates only on ( above.
In other words, I}, lands on ¢ € Jy, a fixed point of f9. Since ( € J; and Jy is a
Jordan curve, there exists an angle ¢ such that { = v(6},).

If f maps v¢(0;) to v¢(0},), then 0 = 20; by the dynamics on the Julia set
and k = j +p mod ¢ by the dynamics of I,...,I;. Thus {9’1, . ,9:1} has the
combinatorial rotation number p/q and thus {6;,... ,9;} = {6y,...,6,}. By
shifting subscripts such that 0 < ¢} < --- <6, < 1, we have §; = 0; for all j and
then I} satisfies the conditions of I(¢;) in the statement. W

Degenerating arc system. For © = {6;,....0,}, set

U

Since this set contains no critical orbit, its preimages are univalently spread
around in K73. Let Iy denote (J,-, f""(I(©)). We call I} the degenerating arc
system of f with rotation number p/q (See Remark below). Note that I; is a
forward and backward invariant set of f.

For each connected component I of Iy, there is a unique set of ¢ distinct angles
o = {9’1, . ,9;} such that:

={a}U U ) U5 (05)})-

(1) there exists an n > 0 such that ¢; = 2"¢’ for all j =1,...¢; and

(2) TN Jp={yp(61),...,77(0))}.

We denote such an I by I(©'). By I(¢;) we denote the open arc in 1(©’) which
is an n-th preimage of I(f;) joining o/ and v;(¢}). In addition, I contains a
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unique o’ such that f"(«/) = a. Thus we abuse the term “portrait” and call ©’
the portrait of o with rotation number p/q, or simply, the portrait of o/ in our
situation.

Now we may consider that I; degenerates to |J,~,9 "({8}) as r — 1, and
denote it by I,. For ©' as above, there is a unique ' € I, which is the landing
point of external rays Ry(6)),. .., Ry(0;) and satisfies g"(3') = . Thus we also
call © the portrait of .

.ﬁ ‘
6’
ﬂ N
: Q\;..q‘,
bv‘ ff A 4
g 5
;. I3
s,
"Q\_ P 7
b e

-
By
-

g

Figure 2.2: Left, the Julia set for an f € F(1/3) with its degenerating arc system
with rotation number 1/3 drawn in. Right, the Julia set for g with rotation
number 1/3. Colors distinguish the regions mapped to distinct copies of C in the
linearized models (§4).

Remark. It is known that for any two ¢, ¢ in the main cardioid of the Man-
delbrot set other than the origin, f. and f. are topologically conjugate. Thus for
any f.(c # 0) with an attracting fixed point, the degenerating arc system with
any rotation number exists.

2.4 Tessellation: Making tiles

In this section, we develop the method in [2] and we tessellate the interior of the
filled Julia sets for such f and g in the proceeding section. Tiles are parameterized
by an address, which consists of an angle € Q/Z, a level € Z, and a signature
€ {+,—}. Let © = O(p/q) be the set of angles which eventually land on one of
the angles in © by iteration of angle doubling. For each § € © and m € Z, we
will define the tile T¢(6,m, ) with the property

F(TH(0,m, £)) = Tr(20,m + 1, £).

We will also define the tiles for g having the same property.
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2.4.1 Tiles of KJ?

Linearized model. Let ®;: K7 — C be the linearizing coordinate of o with
multiplier A = rw and with portrait © = {6,,...,0,}. Recall that ®;(1(6,)) = I,
for each j modulo ¢, which is renumbered in the proof of Lemma 2.3.3. Now
{0} U U, £; divides the plane into g open sectors. For each j modulo ¢, let X
denote the union of /; and one of the ¢ sectors bounded by I; and I;1;. We also
set ¥; 1= X3 U {0}.
Let C; be a copy of C. For w € X;, we define x : £; — C; by
1
W =x(w) = m(l —w?) € Cj,

where R := 17 = )\ € (0,1). Note that x(¥7) = C; —{1/(1 — R)} and 1/(1 — R)
is fixed by the map W +— RW + 1. Set a := 1/(1 — R). Now y naturally glues
the copies Cy,...,C, of C along x(I1),...,x({,) and at x(0). Thus we consider
that x is not branched at w = 0. Let | JC; denote this glued set homeomorphic
to C =J%,. Let us define F': |JC; — |JC, by

C; > W +> RW+1 € Cjpp
Then x conjugates w +— Aw on C = [J3; and F on |JC;:

(e} f (e}
Ky —— K

q% l<1>f

c-Uz; —- c=Ux,

Y| |

uc, — UG
Fundamental semi-annuli. For m € Z and j modulo ¢, set
A(m, +); = {W € C; = x(L;) : R"a < |W —a| < R"a, ImW > 0}
A(m, =); = {W € C; =x(L) : R™a < |W —a| < R"a, InW < 0}

and we call them the fundamental semi-annuli.
Note the following three facts:

e [ maps A(m,+£); onto A(m + 1, £);4, univalently.

e x o d; maps the grand orbit of 0 (critical point) to vertices of fundamental
semi-annuli on the ¢ copies of the interval (—oo, a). In particular, all of the
ramified points (critical values) of y o ®; are on the ¢ copies of the interval
(—00,0].
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e For any 0 € ©, (f) is mapped univalently onto one of the copies of the
interval (a,o0) by x o ®;.

For the boundary of A(m,+);, we call the edge on the interval (—oo,a) (resp.
[a,00)) the critical-edge (resp. degenerating-edge). We call the edges shared by
A(m—1,%); or A(m+1, %), the circular edges. Note that the degenerating edge
is not contained in A(m, %);.

Figure 2.3: Linearized models for f and g.

Definition of tiles. Let o/ be a preimages of « such that f™(a’) = « for some
n > 0. Then ®;(a’) = 0 by the definition. Since Uy C C in the proof of Lemma
2.3.3 does not contain ramified points (critical values) of @y, <I>JI1 : Up — K7
is a multivalued function with univalent branches. Now we take such a branch
U : Uy — K5 such that ¥(0) = o'. Let ©' = {6} be the portrait of /. Then we
may assume that W(I;_,,) = I1(0}).

For m € Z and j modulo ¢, ¥ o ™" maps the interior of A(m,+); into K}
univalently. Since W o x~! extends to the whole A(m,+); homeomorphically, the
set

1

Tf(H;»,m, +) = Vo x ' (A(m,+);) C K3

is well defined. Similarly, we set
T¢(0;,,m,—):=Vo X ' (A(m, —);) C K3.

For any 6 € O and m € Z, we can define T¢(6,m,£) in this way and we call it
the tile of address (0, m,+). Now one can easily check the desired property:

F(TH(0,m, £)) = TH(20,m + 1, %).

For the boundary of T' = T¢(6, m, +) or T¢(6, m, —), the critical, degenerating and
circular edges are defined by the edges corresponding to the critical, degenerating,
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circular edges of A(m,=+);. Note that 07" has degenerating edge on I(#) while T
does not contain the edge itself.
We call the family of tiles

'Z} = {Tf(ﬁ,m,*)ge é,mEZ,* S {+)_}}

defined as above the tessellation of K} with rotation number p/q. Indeed, K —1If
is tessellated by 7; and K is the closure of the union UTGTf T.

2.4.2 Tiles of K;

Let 3 be the parabolic fixed point of ¢ with multiplier w = e*"?/¢ and with
portrait © = {6;}. Now {f} U R,(#;) divide C into ¢ sectors. For each j
modulo ¢, let S; denote the sector bounded by R,(#;) and R,(6,4+1). (That is, the
union of external rays with angles satisfying 6; <6 < 6,,,(< 6;+1).) S; contains
an attracting petal II; C K such that g?(Il;) C II;. Set I = U2, g~ ™(11;).
Note that K = |_|1:I]-. We take g copies Cy,...,C, of C again.

Let us fix & modulo ¢ such that S), contains the critical point 0 of g. On Iy,
there is a unique Fatou coordinate ®,, : ﬁk — Cj, such that

o Ou(g1(2)) = Op(2) + ¢
o $,(0) =0; and

e & is an infinitely branched covering whose branch points are (J,,,-, 97™({0}),
and their ramified points (critical value of ®;) are {0, —q, —2g, . ..}.

([5, §10]. We used the fact that w — w + 1 is conjugate to w — w + q.) We
extend @, to ®, : K, — [ |C; as following: For any j modulo ¢, there is an n

such that k = j + pn mod ¢, that is, g”(ﬁj) — II,. We define ¢, on ij by

II, > = LN ®,(g"(2)) —n € C;.

Then for z € C;, we have ®,(g(2)) = ®4(2) + 1 € Cj4,. We define G : | |C; —
LIC, by
C; > W 5 W1 e Cp,

and then ®, semiconjugates g on K and G on | |C;:

K° L) K°
g g

| |2

G
Uec, —%- g,
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Fundamental semi-cylinders. For m € Z and j =1,...,q, set

Cim,+); ={WeC;:m<ReW <m+1, ImW >0}
Cim,—); ={WeC;:m<ReW <m+1, ImW <0}

and we call them the fundamental semi-cylinders.
Note the following two facts, and compare with the case of f:

e G maps C(m,+); onto C(m + 1,+),4, univalently.

e &, maps the grand orbit of 0 to the vertices of fundamental semi-cylinders
on the ¢ copies of the real axis (—o0,00). In particular, all of the ramified
points of ®, are on the ¢ copies of the interval (—oo, 0].

For the boundary of C(m,=);, we call the edge on the real axis the critical-
edge. We also call the edges shared by C(m —1,4); or C(m+1,+); the circular
edges. Note that C'(m, £); has no edges corresponding to degenerating edges of
fundamental semi-annuli.

Definition of tiles. Let ' be a preimage of § such that ¢" (') = g for some
n>0,and © = {9;} be the portrait of 3 with 6; = 2"¢’ for each j modulo g.
Note that {5 }UJ Ry(0}) divide the plane into ¢ sectors. For each j modulo g, one
of the g sectors bounded by Ry(0}) and R,(¢’,,) contains a component I of I,
attached to #’. Let (—o0, 0]; denote the copy of (—oo, 0] in C;. Since C;—(—o0, 0];
does not contain ramified points (critical values) of ®,, &' : C; — (—00,0]; —
ij is a multivalued function with univalent branches. Now we take a branch
¥ : Cj — (—00,0]; — K of ;" above such that ¥(C; — (—o0,0];) C II".

For m € Z and j modulo ¢, ¥ maps the interior of C(m,+); into K univa-
lently. Since ¥ extends to the whole C(m,+); homeomorphically, the set

Tg(Qg-,m, +) == ¥ HC(m, +);) C K;
is well defined. Similarly, we set
Tg(9;+17m7 _) = m—l(C(m’ _)j> - K;

For any 6 € © and m € Z, we can define T,(6,m, %) in this way and we call it
the tile of address (0, m,+). Now one can easily check the desired property:

g(Ty(0,m, %)) =T,(20,m + 1,+).

For the boundary of T = T, (6, m, +) or T,(6, m,—), the critical and circular edges
are defined by the edges which are mapped to the critical and circular edges of
fundamental semi-cylinders by ®,. Note that 7" has no edge corresponding to the
degenerating edges of {T¢(0,m,=£)}.
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We call the family of tiles
T, = {Tg(Q,m,*) 0O mel,xc {—i—,—}}

defined as above the tessellation of K with rotation number p/q. Indeed, K g 18
tessellated by 7, and K is the closure of the union UTeTg T.

Figure 2.4: The tessellation for an f € F(1/1) and 2%+1/4, which has a parabolic
fixed point with one petal.

.

W % %w
iy = e

Figure 2.5: The tessellation for an f € F(1/2) and anther f € F(1/3).

2.4.3 Edge sharing

Here we describe how tiles share their edges with one another.
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Circular edges. For f and g, by the definition of 7y and 7, one can easily
check the following:

For € ©, m € Z and % € {+,—}, the tile of address (6, m,x*)
shares its circular edges with the tiles of addresses (6, m — 1,%) and
(0,m+ 1,%).

Degenerating edges. Only tiles in 7; have degenerating edges. By the defi-
nition, one can also check the following:

For 0 € © and m € Z, Tr(0,m,+) shares its degenerating edge with
Tf(Q, m, —).

Critical edges in K};. The combinatorics of tiles are essentially determined by
the connection of critical edges. Here we consider the critical edges of tiles in 7.

We begin with some notation. Let ¢ denote the angle doubling map on R/Z
to itself. For © = ©(p/q) and n = 0,1,..., set O_,, := 6 (). Then O_,

consists of 2"q angles. We denote them by (9§‘”>, e ,6’5;: ) with cyclic order

o << 95;;‘) < 6™ + 1 and with subscripts modulo 2"¢. One can easily

check that ©_,, C©_,,_; and © = U, ©—n.

First we consider the insular part of the tessellation. Let us take an o' such
that f"(a’) = a with minimal n > 0. Then the portrait ©' of o/ is a subset of
©_p. In the w-plane which is the target space of @y : K3 — C, we take a closed
disk B_, := {|w| <r""'}. By the definition of ®;, there exists a univalent
branch ¥ : B_,, — K§ of ®~'|p_ with ®(0) = o/. The image W(B_,) consist of
the tiles of addresses of the form (0, m,+) with § € © and m > —n which are
univalent pull-backs of fundamental semi-annuli in B_,,. Thus we have:

Such a tile Tr(6,m,+) with 8 € © and m > —n shares the critical
edge with Ty(6',m,—) where 0" is the angle next to 0 in the cyclic
order of ©'. More precisely, if we set © = {9/1, o ,9;} with cyclic
order 0y < --- <0, < 0;+1 and with subscripts modulo q, then 6 = ¢
and ¢ =0, for some j.
Next we consider the other part of tessellation. Take the univalent branch
U of <I>171 on the unit disk of the w-plane such that ¥(0) = . Let Cj denote
the pull-back of the circle {|w| = /r} by ¥, which is a simple closed curve in
K3 passing through each tile of address (6,0, %), where ¢; € ©. Let Dy denote

the topological disk bounded by Cj, which contains a. For n = 0,1,..., we set
C_,:= f7(Cy) and D_,, := f~™(Dy). Then we have:

e Each C_, is also a simple closed curve, passing though the tiles of addresses
(05, —n, %), where 6 € ©_,.

® D_n S D—n—1~
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e f:D_, 1 — D_, is a proper 2-fold branched covering.

Since Cy intersects I(6;) once for each j modulo ¢ in the cyclic order of ©, C_,

intersects [ (93(»7")) once for each 5 modulo 2"¢ in the cyclic order of ©_,,. Thus
we have:

Such a tile T(8, —n,+) with § € ©_,, shares the critical edge with
T¢(0', —n,—) where 0" is the angle next to 0 in the cyclic order of

©_,. That is, 0 = 91(-7”) and §' = (9](-;?) for some j modulo 2"q.

More precisely, the angle ¢ is given as following: Now 2"¢ = 6; € © for some
J modulo ¢. Then 2"0" must be 6;,; € ©. Let ¢ denote the length of the interval
of angle [0;,6,.1]. Then ' is given by

, 14
0 —6+2—n.

Critical edges in K. The same argument works for the tiles in 7, with a
little modification. Instead of the insular part of 77, we use the “flower part” of
the 7,. More precisely, instead of o/ and ¥(B_,,) in the argument above, which
is the union

{o} U J{Ty(0,m, +) : 0 € ©',m > —n},

we take 3’ € I, with portrait ©" and use the union
{BruJ{T,(0.m. ) : 0 € @, m > —n}.

Instead of the simple closed curve Cy and the topological disk Dy, we may use the
curve C and the topological disk Dj, constructed as following: First take attract-
ing petals II;, ..., II; as in the construction of 7; such that ®, univalently maps
each petal II; onto the half plane {IW € C, : ReW > 1/2}. Then the boundary
of each II; passes through the tiles T(6;,0,+) and T¢(6;41,0, —). Next we take
a small open disk centered at 3, say A. Then the boundary circle of A intersects
each boundary of II; twice, and each R,(;) once. Now Dj := A U||II; is a
topological disk containing [ as desired. Let C{ be the boundary curve of Dj.
One can easily check that C”, := ¢7"(C}) and D’ := g~ "(D}) have similar
properties to C'_,, and D_,,, and we can apply the same argument.

2.5 Pinching semiconjugacy
In this section we construct a semiconjugacy H : C — C by gluing tile-to-tile

homeomorphisms inside the Julia sets and the topological conjugacy induced from
Bottcher coordinates outside the Julia sets.
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Theorem 2.5.1 For f, g as above, there exists a semiconjugacy H : C — C
from f to g such that

o H maps C — Iy to C - I, homeomorphically and is a topological conjugacy
between fle_r, and gle_p,;

e For each o € |, f"(a) with portrait ©', H maps 1(©') onto a point
B" € 1, with portrait ©'.

Proof. The rest of this section is devoted to the proof of this theorem. The
proof breaks into four steps.

Conjugacy on the fundamental semi-annuli and semi-cylinders. First
we make a topological map h : | |(C; — x(£;U{0}) — || C; which maps A(m,+);
to C(m,=+); homeomorphically. Note that each C; — x(I; U {0}) is a copy of
C — [a,00). For j modulo ¢ and W € C; — x(I; U{0}), set W := a + pe' where
p>0and 0 <t < 2m. We define the map h by

_logp —loga m—t

h(W) : oz R + i tan

€C;.

Then one can check that h conjugates the action of F' on | |(C; — x(I; U {0})) to
that of G on | |C; and h maps A(m,=+); to C(m, £); homeomorphically.

0 1 R
Figure 2.6: h maps A(0,+); to C(0,+);.

Tile-to-tile conjugation. Fixa §' € I, with portrait ©' = {9;} For j modulo
q, the boundary of T = T, (¢}, m, +) contains v,(0}), and T"itself is contained in
the sector bounded by R,(¢;) and R,(¢,,). In particular, T" C I1;. Since ®,
does not branch over C; — (—o0,0];, there exist a univalent branch ¥, = W,[0’] :
C; — (—00,0]; — II; which maps the interior of C(m,+); to that of T. By
extending U, to the edges of C'(m, +);, we have a tile-to-tile homeomorphism ¥, :
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C(m,+); — Ty(0;,m,+). In the same way, ¥, also extends to ¥, : C'(m, —); —
T4(05, 1, m,—). Now we define tile-to-tile homeomorphisms

H| Ty(05,m, +) — Ty(05,m,+)  and

Hi Tf(9;+1,m, -) = T9<0;'+17m7 -)

by H := W,0ho®;. By gluing such tile-to-tile homeomorphisms along the edges
of tiles, we obtain the topological conjugacy H : Ky — Ir — K. (Here we used
the fact that the combinatorics of 7; and 7, are the same.)

Continuous extension to the Julia set. For ' € I, with portrait ©' above,
we define H(I(©')) := 3'. Then H maps Iy onto [, and H : K;U I — KJ U,
semiconjugates f Kgur,- Now we claim that H continuously extends to
H:Ky— K,

Take z, € K7 U Iy converging to a point ¢ € Jy. Since Jy is a Jordan curve,
there exists 0 € R/Z such that ¢ = ;(0). We show that w, := H(z,) € K; U I,
converges to 7,(f) € J,. (Recall that J, is locally connected and v,(0) € J,
exists.)

Kul; 10 g

Take a small interval of angle [t,'] containing 6, where ¢, t' € ©_,, with
m > 0. Then 7;(¢) and 4(#') bound a small piece of J¢, and the piece, say J,
is a Jordan arc containing ¢. Take an open arc C' C K} joining 7;(t) and ~(t)
via I(t), C_p, and I(#'). Let V denote the small open set with 9V = C'U J;. By

the definition of H, H(V) N J, =: J, is a small piece of J, which is the set of all
landing points of external rays of angles in [t,t'].

Since z, € VU J; for all n > 0, w, € H(V)U J, for all n > 0. If there
exists a subsequence {n;} C {n} such that w,, converges to a point in K, then
Zn; — ¢ € K} — Iy by the definition of H. This contradicts ¢ € J;. Thus wy,
accumulates on Jj. Since t and ¢’ are arbitrarily close to ¢, w, must converges to

Vg (0).

Global extension. Finally we define H outside the Julia set by

H:C-K F— C—-K 9
Z— gbg_l o ¢s(z),
which gives a topological conjugacy on the domain, and continuously extends to

the semiconjugacy H : C — K3 — C — K. Then H inside and outside J; are
continuously glued along J;. Now H : C — C is a desired semiconjugacy. B
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2.6 Degeneration of the regular leaf spaces

2.6.1 The regular leaf space

We first survey the basic notion on the regular leaf spaces of quadratic polyno-

mials. We follow [3, §3].

The natural extension. For general f = f. (¢ € C), let us consider the set of
all possible backward orbits

Ny ={2=(20,2-1,...)t 20 €C, flz_p1) =25}

This set is called the natural extension of f, and is equipped with a topology from
C x C x ---. On this natural extension, the lift of f and a natural projection are
defined by

~

f(2) == (f(20),20,2-1,...) and

mf(2) := 2.

Q>

It is clear that f is a homeomorphism, and satisfies 7y o f = fomy. For a fixed

point ¢ € C of f, set ¢ := ((,¢,...) € Ny.

The regular leaf space. An element Z = (29, 2_1,...) € N} is regular if there
exists a neighborhood Uy of zy such that its pull-back U_,, along the backward
orbit Z are eventually univalent. For example, co = (00, 00, .. .) is not regular for

any f = f. (ce C).

Let Ry denote the set of regular points in Ny. Ry is called the regular leaf
space of f. A leaf of Ry is a path connected component of R¢. By [3, Lemma
3.1], leaves of R are Riemann surfaces:

Lemma 2.6.1 Leaves of Ry have following properties:

o For each leaf L, we can introduce a complex structure such that 7y : L — C
18 an analytic map.

o m;: L — C branches at 2 = (29,2_1,...) € L if and only if 2 contains a
critical point in {z_,}.

° f maps a leaf to a leaf isomorphically.

This lemma holds for any ¢ € C. In our case, we have:

Proposition 2.6.2 Suppose f. has an attracting or parabolic fixed point (. Then
Ry, has the following properties:

o Ry =Ny —{x0,(}
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o Fach leaf of Ry, is isomorphic to C.

Thus the regular leaf spaces of f and g in the preceding sections have these
properties. This proposition is immediate from lemmas in [3, §3].

2.6.2 Semiconjugacy on the natural extensions

Here we investigate the structure of R,, the regular leaf space of g. We begin
with some notation and remarks.
For the portrait © = {6;} of the attracting fixed point « of f, set v; := v,(6;),
and
Vi = (Vs Vimps Vi-2ps - - -)-

Then 44, ..., 4, are periodic cycle of period ¢ under the action of f and contained
in Ry. On the other hand, for g, the lift of the parabolic fixed point 8= (6,0,...)
is not regular and thus ( ¢ R,.

For each 7 modulo ¢, we set

Lj = {7:’ = (20,2_1, .. ) - Rf ‘R —ng — ’7]}

L= {2=1(20,2-1,...) ERy: 2pg — I} for all n>> 0},

where H;r is a repelling petal of 3 containing the end of R,(6;) near J,. Then
each L (resp. L) is invariant under the action of f4 (resp. ¢7), and actually is a
leaf isomorphic to C. (We will construct the isomorphisms later.) In particular,
f (resp. ¢) maps L; (vesp. L) to Lj,, (vesp. L}, ) isomorphically, and thus L;
(resp. L) is periodic leaf of period g.

For each 7 modulo ¢, we define a component fj of 77171([(@)) in L; by

A

Ij = {(20,2_1, .. ) S Rf T2, € I(‘gj—np)} - Lj.

Then each fj is an open arc in Ny which joins & and ;.

Let us set Z; := 77171(1}) and Z, := m,'(I;). Take a backward orbit g =
(By, B4, --.) € I,. Then it uniquely determines a sequence ©' := (0,0 ,...)
of portraits of each 5’ ,. We call ©’ the portrait of 3. On the other hand, ©'
bijectively corresponds to a component of Z; which consists of backward orbits
(20,7_1,...) with z_, € I(©'_,). We denote this component by I(6’). Set © =
(0,0,...). Then /3 has the portrait © and f(é) contains &. Note that 3 and
& are irregular points. However, I(©) — {a} = | |(; U {¥;}) is contained in the
regular leaf space Ry. Now the main result is:

Theorem 2.6.3 For f and g as above, there exists a semiconjugacy H: Ny —
N, from f to g with the following properties:
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(1) H : Ny — Iy — N, — I, is a topological conjugacy between f\Nf,If and
9lny-z,-

(2) For any 3 with portrait ©' as above, HY(3') = 1(©'). In particular, H(() =
1(©).

(3) For each j modulo q, Fl’l(L;) = L; — I[;U{%}.
(4) H maps a leaf of Ry — | | L; onto a leaf of Ry — LI L.
(5) For aleaf L of Ry — || L}, HY(L) is a leaf of Ry — | | L;.

Proof. For z = (29,2_1,...) € N}, set

A

H(2):= (H(z0), H(z-1),...) € Nj.

Since H is a semiconjugacy from f to g, one can easily check that His surjective,
continuous, and satisfies H o f — goH. Thus H is a semiconjugacy from f to § on
their respective natural extensions. In particular, since H : C — I; — C — I, is a
topological conjugacy, corresponding lift to the natural extensions H:N, =1Ly —
N, — I, is also a topological conjugacy. Thus we obtain property (1).

Property (2) comes from the definition of H above and the one-to-one corre-
spondence between ' with portrait © and [ (@’ ).

Now let us show properties (3) to (5), by using the idea of [3, Lemma 3.2]. Take
aleaf L' in R, and fix two distinct points 2’ = (2(, 2’ ,,...) and @’ = (wg, w’,...)
in L'. Let 7/ be a path in L’ joining 2’ and @’. Then n’, :=m,0 (') is a path
joining 2’ and w’,, and 1", has a neighborhood U_,, whose pull-back along 2’
and W' is eventually univalent. (That is, n",, (n > 0) does not pass through 3
and co.)

Choose any 2 = (z9,2_1,...) € H1(&) and & = (wp,w_q,...) € H ().
For N > 0, even if 1’y passes through I,, H'(n’_y) is a path connected set
by the definition of H. Since z_y and w_y are contained in H~'(n ), we can
choose a path n_y joining z_x and w_y. Since we may assume that 1’ contains
neither 3 nor co, we may assume that 7_y contains neither 7(©) nor co. Then
we can take a neighborhood of 1_y whose pull-back along z and w is eventually
univalent. Since we can lift paths {n_y_,} to a path in N} joining z and w, 2
and 1 are in the same leaf in Ry, say L. Now we have H'(L') C L, and thus
L' c H(L).

Case 1: Suppose that H(L) contains either 3 or co. Since H1(3) = 1(6) and
H™(c0) = o, it is equivalent to LNI(O) # 0, that is, L = L; for some j modulo
q. Since 8 and L' are disjoint, we have

~

HN (L) C Ly—H'(8) = L; = 1(©) = L; — [; u{%;}.
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Let us set L := L; - I;u {”yj} for simplicity. Then we have L' C H (Lj). Since

L7 is path connected sois H (L;) and thus contained in a leaf of R, Wthh must

be L'. Thus we have H (Lj) = L" and it implies
— r—17 13 — -1 —
L; c HY(H(L;) = B (L)) C L;.
Let us show (3) by checking L' = L. Set

Rj = {ZA’ = (Z(), Z_1y-- ) € Rf A Rf(ej—np)} and
Ro={2=(20,2-1,..) € Ryg: 2n € Ry(0;_np)}.

Then Rj C Lj and R; C L};. Moreover, H maps I%j onto I%; univalently. Thus
L' = H(L;) must be L.

Case 2: Suppose that H (L) contains neither B nor co. It is equivalent to L # L;
for any j modulo ¢. Since H (L) C R, is path connected, there is a leaf of R,
containing H (L), which must be L. In particular, by property (3), L' # L for
any j modulo ¢. Now we have H(L) = L’ and thus

Lc HYHL)=H'L)CL.

Hence we conclude property (5). )
Property (4) comes from (3) and (5). Take aleaf L € Ry —| | L;. Then H(L)
is path connected and thus contained in a leaf L' € R, — [ | L. Then we have

L C HY(L')=Lby (5), and it implies H(L) = L', a leaf in R, — | | L. W

2.6.3 Degeneration of periodic leaves.

Let us describe property (3) in further detail. For any j modulo ¢, L; compactly
contains all but one component of Zy N L;. The exception is HYB) N L,

I; U {vy;} € 1(©). Since I; U {4} and § are invariant under the action of f¢ and
gq respectively, the map

H L - L;U{%}=L; — L

is a semiconjugacy from f9|,- to ¢4 L Let us describe this semiconjugacy more
J
precisely.

An analytic model. We start with an analytic model of the dynamics on | | L;
and | | L}. Let Cy,...,C, be g copies of C again, taking subscripts modulo ¢. Set

=/ fon) - ()
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where the ¢-th root is taken to be the closest to 1. Set @ := 1/(1 — ). Then
a is fixed by the linear map S(W) = A\(W — &) + @ = AW + 1. Note that as
r—1(f —g),|al — oo and S converges to W — W + 1 on any compact subset
of C;. Now we define a “linear map” F :| |C; — | |C; by

C, > W L SW) € Cyup

Then for each j modulo ¢, F9| C; — C, is the same as SI(W) = X(W — @) + a.

On the other hand, we define a map G as a copy of G : | |C; — ||C, in
the construction of 7,. Then for each j modulo g, éq] C; — C; is the same as
W — W +q.

Simultaneous uniformization. For f (resp. g), take a linearizing (resp. Fa-
tou) coordinate ®; on a neighborhood V; (resp. repelling petal II]) of 41 (resp.
£3) such that the action of f¢ (resp. ¢?) is conjugate to S¢(w) = N(w — @) + a
(resp. w +— w + q). In particular, for p > 1 sufficiently close to 1, V; (resp. II7)
contains ¢y = ¢ (pe®™) (resp. ¢, ' (pe®™)) and ®1(¢p) = 0. Then for any
2 = (20,2_1,...) € Ly, there exists an N such that z_,, € V; (resp. II{) for any
n > N. By [3, §4], an isomorphism between L; and C; is given by:

by, (2) 1= (S)N(D1 (2 ng)).
Similarly, an isomorphism between L} and C; is given by:
byl14(2) == @1(2-ny) + Na.

One can easily check that they do not depend on the choice of N. For k =
L,...,q—1, we define ®; : Ly p, — Ciypp and &, 2 L, — Cipyy by

;= F*odyy, 0 f % and d,:=G*o éf|L/1 o "

Then for each j modulo g, (i>f| L; — C; and @g| L; — C; give isomorphisms
respectively. Moreover, ®¢ : | |L; — | |C; has a property that for any 2 € L;,
d,(f(2) = ADs(2) + 1 € Cjip. AOn the other hand, ®, : LIL; — [C; also
}Alas a property that ®,(g(2)) = ®,(2) + ¢ € (~Cj+p for any z € L;. Informally,
®(95) = a € C; tends to “o00” as f — g and [; := ®((I;) C C; is an open path
joining a € C; and “00” which is invariant under the action of F7.

Now let us consider the map

b ot o (b7 | |(C;— Lufa)) —| ],

which is a semiconjugacy from F’u(cjffju{a}) to G. The “slits” I; U {a} of each
C, are just like pinched and pushed away to “infinity”. Topologically the same
thing happens on the periodic leaves. By H, the slits I ; U{#,} are pinched, and
pushed away to their common “point at infinity” 3. As a result, each 7r;1((]g) nL;
is split into two components. (See Figure 2.7)
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Figure 2.7: Invariant leaves of an f € F(1/1) and g = f1/4, parabolic with one
petal.

Notes.

1. Both Ry and R, have the structures of Riemann surface lamination. More
precisely, each point of Ry (resp. R,) has a neighborhood homeomorphic to
D x T, where D is a topological disk and T is a Cantor set, and each t € T',
D x {t} corresponds to a topological disk on a leaf of Ry (resp. R,). (See
3, §2].) H preserves the Cantor set direction of such neighborhoods, and the
holonomies of fibers of 7y and 7.

2. The hyperbolic 3-lamination of f is constructed by adding “height” to the
leaves of R ; to obtain leaves isomorphic to H?. Though the actual construction
in [3] is very complicated, we may hope that the pinching H will naturally
extend to this hyperbolic 3-lamination and describe the degeneration as f
tends to g.

2.7 Bifurcation of the regular leaf spaces

Next we investigate the regular leaf space of another f. which has an attracting
cycle of period g generated by bifurcation of the parabolic fixed point 3 of g = f,
in preceding sections.

By Douady and Hubbard theory, ¢ in the parameter space is the root point of
p/q-wake. Let H = H(p/q) be the hyperbolic component attaching to the main
cardioid at ¢. Then it is known that for any ¢ € ‘H, f. has an attracting cycle
of period ¢, and there is a canonical homeomorphism from the unit disk D to H
which parameterize the multiplier of the attracting cycles. For fixed 0 < R < 1
(which is distinct from R in §4), we take the unique ¢ € H such that f = f.
has an attracting cycle with multiplier R?. For any ¢ € H other than the center
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(that is, the image of the origin by the canonical homeomorphism above), f. are
quasiconformally conjugate to f. Thus the structure of the regular leaf spaces
are topologically the same, and it is enough to consider the structure of R;.

We start with some notation. Let ay,...,aq, taking subscript modulo ¢, be
the attracting cycle of f with f(«o;) = a;4,. Let v be the repelling fixed point
with portrait © = O(p/q). Here the term portrait means the set of angles of
external rays landing at the point, just as in the case of 3. For any preimage '
of v, we also use this term. For each j modulo ¢, set

A

G = (aj, @j_p, aj_ap, ...) € Ny
Then Proposition 2.6.2 easily extends to the following:

Proposition 2.7.1 Ry is a Riemann surface lamination with the following prop-
erties:

L4 Rf :Nf - {Ob,dl,...,dq}
o Fach leaf of Ry is isomorphic to C.

According to the method described in the preceding sections, let us describe
the structure of Ry for this new f by reconstructing the semiconjugacy H : Ny —

N,

2.7.1 Linearizing coordinate and tessellation

Linearizing coordinate. For each j modulo g, let V; be the attracting basin
of o by the action of f9. Take g copies Cy,...,C, of C again, and define the
“isomorphism” F' : | JC; — |]C; by the same map as in §4. Suppose that
Vi contains the critical point 0 of f. There is a unique linearizing coordinate
Oy 0 Vi, — Ci such that & (f%(z)) = RY(Pr(z) — a) + a and P,(0) = 0, where
a=1/(1-R). Foranyn=0,...,q — 1, we redefine ®; : K¢ = |V; — | |C; by

@
Vienp 2 2 s Fo®pof"e Cyyp.

Tessellation of K73. For each j modulo ¢, take a univalent branch W; : C; —
(—00,0]; — V; of ®; such that ¥;(a) = ;. Let I; be the copy of the interval
(a,00) in C;. Then one can check that I := W;(I;) is invariant under the action
of f¢ and is an open arc joining «; and . The rays Rs(60:),..., Rs(0,) divide the
plane into ¢ sectors, and now we may suppose that [ J’ is contained in one of the
q sectors bounded by Ry (6;) and Rg(6;41). We also denote I} by I(¢;). For the
portrait © of v, we redefine 1(©) by

1(©) = U 10;) = {ryu [ JU6;) u{ay}),

Jj=1 Jj=1
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and the degenerating arc system Iy by |-, f"(/(0)).

For each j modulo ¢ and m € Z, we redefine A(m,+); by replacing x(I;)
in the previous definition in §4 by this ;. Let v € f~"(y) (n = 1,2,...) with
portrait ©" = {9’1, - ,9;} satisfying 2"0; = 6;. Then there is a component V' of
V; attached to 7/ contained in the sector bounded by R;(6;) and R;(6,+1). On
C; — (—00,0];, there is a univalent branch ¥ of q)]?l which maps /; into V. By
extending ¥ on the interiors of A(m, &); to their edges, we define the tiles in K7
by

Ty (0, m,+) == ¥ (A(m,+);) C V;
Tf(Q;‘Jrlvmv _) = \II_I(A(m, _)j) - VJ

For # € © and m € Z, the family {T4(0,m, %)} gives the tessellation 7 of K3 —1I;.

Edge sharing. Tiles of 7; has the same property of edge sharing as those of 7.
To check the fact, one can start with the closed path C defined as following. For
each j modulo ¢, take a path n; C C; which comes from 400 along the real axis
in the negative direction, turn around the circle [IW — a| = v/ Ra anticlockwise,
and then return to +oo along the real axis in the positive direction. Then the
pull-back 7 of n; by ®; is a path in V; and the union Cy := {7} U[{J7; is a closed
path. Now we may consider Cy as a map Cj : R/Z — C with Cy(#;) =~y for any
J modulo q. Let C'_,, be the pull-back of this path by f™", and then the same
argument in the case of 7, works.

Note that for a preimage +' of v with portrait @' = {6’1, . ,9;} as above,
Ty(0;, m, +) shares its degenerating edge with T¢(0},,,m, &).

Remark. We can simplify the tessellation above and 7, without changing the
combinatorics of tiles. For each angle and signature, glue ¢ tiles along their
circular edges such that the two vertices of the critical edge of this new tile are
contained in the grand orbit of the critical point 0. (Compare Figure 2.5 and
Figure 2.8.)

2.7.2 Semiconjugacies

By gluing tile-to-tile homeomorphisms and the conjugacy outside the Julia sets
induced from Béttcher coordinates, we have a semiconjugacy H : C — C from
f to g which corresponds to the semiconjugacy in Theorem 2.5.1. In particular,
H pinches a component of I; containing a preimage 7' of v into ' € I, with the
same portrait as «y'.

Let us consider the pinching in the natural extentions. Now we can redefine
1(©"), Z; and Z, in the same way as §6. Note that [(©) contains {ay,...,d,},

~

however, [(©) — {d4,...,4,} is in Ry. In fact, if we set

Li={2=(20,72-1,...) €ERs: 2_n — 7},
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Figure 2.8: Simplified tessellation for an f € H(1/2) and another f € H(1/3).
(Here we identify ¢ in the parameter space with f.. )

which is an invariant leaf isomorphic to C, then L contains 1(0) — {ay, ..., d,}

non-compactly. In addition, the action of f on Ly is conjugate to that of W
/()W on C. The result corresponding to Theorem 2.6.3 is:

Theorem 2.7.2 For f and g as above, there exists a semiconjugacy H: Ny —
N, from [ to g with the following properties:

(1) H : Ny — Iy — N, — I, is a topological conjugacy between f|Nf_If and
Gl -z,

A A

(2) For any (3 with portrait é’, T-1(() = 1(6). In particular, H-(5) = 1(O).
(8) For each j modulo q, H'(| | L)) = Ly — 1(6).
(4) H maps a leaf of Ry — Ly onto a leaf of Ry — || L}

(5) For aleaf L of Ry — | | L, H (L) is a leaf of Ry — Ly.

Sketch of the theorem. Follow the argument in Theorem 2.6.3. To show
(3), (4) and (5), take a leaf L' in R,. Then H~'(L') is contained in a leaf
L of Ry. If H(L) intersects the irregular points (Case 1), then L = L; and
H L) C Ly — 1(0) := L. Note that L} is the union of ¢ sectors divided by
1(©). By the correspondence of R; C Ly to f{; C L}, we obtain H(L ) =UL
and this implies property (3). If H(L) and the irregular points are dlSJOlIlt (Case
2), then L # L. Now (4) and (5) follows as in Theorem 2.6.3. W

Structure of Ry. As c of f. changes from 0 to the center of the H, the
transversal Cantor set direction of the Riemann surface lamination Ry is pre-
served. However, the periodic leaves Ly,...,L, of f € F(p/q) with an affine
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loxodromic dynamics are pinched to be the periodic leaves L, ..., L, of g with
an affine parabolic dynamics, and then L], ... ,L; merge into the invariant leaf
L of f € H(p/q) with an affine loxodromic dynamics.

X2

Figure 2.9: Periodic leaves of f € F(1/2) become those of parabolic g € F(1/2)N

H(1/2), and merge into an invariant leaf of another f € H(1/2).

Note. For any quadratic polynomial with an attracting cycle, we can consider
its degeneration to a parabolic cycle with multiple petals. To investigate the
associated degeneration of the regular leaf spaces, the method developed in this
chapter is useful. For any quadratic polynomial with an attracting or parabolic
cycle, we can define the tessellation of the interior of its filled Julia set by using
the notion of orbit portrait. The degeneration of tiles induces a semiconjugation
from a hyperbolic map to a parabolic map, and we can naturally lift it to their
natural extensions. Then the lifted semiconjugation gives us essential information
about the degeneration (or bifurcation) of the regular leaf spaces.
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