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1. INTRODUCTION

Let f be a polynomial of degree d > 2 in the complex plane and consider the
following statements:

(Ay) “If f has a fixed Siegel disk A of bounded type rotation number, then JA is
a quasicircle passing through some critical point of f.”

(By) “If f has a fixed Siegel disk A such that 0A is a quasicircle passing through
some critical point of f, then the rotation number of A is bounded type.”
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Statement (Aj) is a theorem of Douady, Ghys, Herman, and Shishikura, (By) is
open, even for d = 2, and the main object of this work is to prove (Ajs):

Theorem 14.7. Let P be a cubic polynomial which has a fized Siegel disk A of
rotation number 0. Let 0 be of bounded type. Then the boundary of A is a quasicircle
which contains one or both critical points of P.

Along the way, we prove several results about the dynamics of cubic Siegel poly-
nomials. In fact, we study the one-dimensional slice P§™(f) in the cubic parameter
space which consists of all cubics with a fixed Siegel disk of a given rotation number
f. Many of the results apply to general # of Brjuno type.

Siegel disks are examples of quasiperiodic motion in holomorphic dynamical sys-
tems. Let p be an irrationally indifferent fixed point of a rational map f : C — C.
This means that f(p) = p and the multiplier f'(p) = X is of the form > where the
rotation number 0 < 6 < 1 is irrational. p is called linearizable if there exists a holo-
morphic change of coordinates near p which conjugates f to the rigid rotation z — Az.
The largest domain on which this linearization is possible is a simply-connected do-
main A which is called the Siegel disk of f centered at p. In other words, there exists
a conformal isomorphism h : (D,0) — (A, p) such that h(Az) = f(h(z)) for all
z € D, and A is not contained in any larger domain with this property. While the
Siegel disk A is a component of the Fatou set of f, the boundary of A is a subset of
the Julia set.

Every punctured Siegel disk A~ {p} is foliated by dynamically-defined real-analytic
invariant curves. However, as we get close to 0A, these invariant curves usually
become more and more wiggly, and in the limit, we lose the control over the distortion
of them. So, a priori, we do not even know if the QA is a Jordan curve. This question
is difficult to answer partially because of the delicate analytic issues which arise in
the study of the boundary behavior of the (essentially unique) linearizing map h.

It was conjectured by Douady and Sullivan in the early 80’s that the boundary
of every Siegel disk for a rational map has to be a Jordan curve (see [D1]). This
has still remained an open problem, even for polynomials, even when the degree is
2. Even worse, there are very few explicit examples of polynomials for which we can
effectively verify the conjecture. For instance, it is easy to see that local-connectivity
of the Julia set implies the boundary of a Siegel disk to be a Jordan curve, but
except for one case in the quadratic family [Pe], we do not know how to check local-
connectivity of the Julia set of a rational map which has a Siegel disk (and even in
that single case, the boundary being a Jordan curve is proved without any reference
to local-connectivity!). On the other hand, there are examples of quadratic Siegel
polynomials whose Julia sets are not locally-connected, yet the boundaries of the
Siegel disks are quasicircles [H3] or even smooth Jordan curves [Pr3].

It is known that in any counterexample to this conjecture, the boundary of the
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Siegel disk must either be very complicated (an indecomposable continuum) or very
simple (a circle with infinitely many topologist’s sine curves implanted on it) [R].
Let 0 = [ay, a9, ... ,a,,...]| be the continued fraction expansion of § and p, /g, =
lai,az, ... ,a,] be its n-th rational approximation, with every a; being a positive
integer. According to the theorem of Brjuno-Yoccoz [Y], every holomorphic germ

with an indifferent fixed point of multiplier A = e>™ is linearizable if and only if §
satisfies

> lo

Z g dn+1 < too.

n=1 an

Such 6, or the corresponding A, is called of Brjuno type. It is not hard to show that
this set has full measure on the unit circle. The set of irrational numbers of Brjuno
type contains two important arithmetic subsets: (1) numbers of Diophantine type,
the set of all 0 < # < 1 for which there exist positive constants C' and v such that
|0 —p/q| > C/q" for every rational number 0 < p/q < 1; and (2) numbers of bounded
type, the set of all 0 < # < 1 for which sup,, a, < +o0.

By the above discussion, every rational map with an indifferent fixed point whose
multiplier is of Brjuno type has a Siegel disk. However, whether the multiplier of
every Siegel disk of a rational map has to be of Brjuno type is only known to be true
for quadratic polynomials by a theorem of Yoccoz [Y] (see also [Prl] for a partial
generalization).

Another issue is the existence of critical points on the boundary of Siegel disks. This
problem was first studied by Ghys [G] under the assumption that the boundary is a
Jordan curve and the rotation number is Diophantine. Later Herman improved the
result by showing that when the rotation number is Diophantine and the action on the
boundary is injective, there must be a critical point on the boundary [H1]. The idea
is to extract a circle diffeomorphism from the action on the boundary when there is no
critical point there, and then to use the condition on the rotation number to extend
the linearization to a neighborhood of the boundary, which gives a contradiction. A
very short proof of this theorem is now possible with the knowledge of the “Siegel
compacts” as recently introduced by Perez-Marco [Pr2]. In the case of quadratic
polynomials, no critical point on the boundary of the Siegel disk automatically implies
that the map acts injectively on this boundary. Hence one concludes that for 6 of
Diophantine type, the critical point of Qy : z — >z + 22 is on the boundary of the
Siegel disk centered at 0.

Later Herman gave the first example of a # of Brjuno type for which the boundary
of the Siegel disk for @y is disjoint from the entire orbit of the critical point [H3].

The most significant example in which one can explicitly show that the boundary
of a Siegel disk is a Jordan curve containing a critical point is the quadratic map
Qo : 2z — €27 + 22 with 0 being of bounded type. The idea is to consider the
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degree 3 Blaschke product

_2mit(0) .2 Z_3>

folz) = e (1 ~ 3.
which has a double critical point at 1 and #(6) is chosen such that the rotation number
of the restriction of fy to the unit circle is . Using a theorem of Swiatek and Herman
on quasisymmetric linearization of critical circle maps [Sw],[H2], one can redefine fy
on the unit disk to make it quasiconformally conjugate to the rigid rotation. After
modifying the conformal structure on the unit disk and all its preimages, one applies
the Measurable Riemann Mapping Theorem of Ahlfors and Bers to prove that the
resulting topological picture is quasiconformally conjugate to a quadratic polynomial
. But the image of the unit disk has to be a Siegel disk for @) of rotation number
f, and there is only one such quadratic, so ) = @)y up to an affine conjugacy, which
proves (As).

In any attempt to generalize this result to higher degrees, one must address several
questions. In fact, the main difficulty is not the surgery which can be performed in all
degrees in a similar way, provided that one has the appropriate Blaschke products in
hand. Instead, we have to face a different set of questions, such as the parametrization
of the candidate Blaschke products by their critical points, the combinatorics of
various “drops” of their Julia sets, the continuity of the surgery, and the injectivity
of this operation. None of these questions arises in degree 2, where the corresponding
parameter spaces are single points.

Let us briefly sketch the organization of this paper: In Section 2 we introduce a
normal form for the critically marked cubic polynomials with a Siegel disk of a given
rotation number € centered at the origin. We show that the associated parameter
space PS§™(6) is homeomorphic to the punctured plane and has a symmetry induced by
the inversion ¢ +— 1/¢ through the unit circle. We then study elementary topological
properties of the connectedness locus M3(f) in P§™(0).

In Section 3 we show that the Julia sets of cubics in P§™(#) move holomorphically
away from the boundary of the connectedness locus M3(6) where various bifurcations
do occur. In particular, if some cubic has an indifferent cycle other than the center
of the Siegel disk at the origin, it must belong to the boundary of M3(#). Both facts
resemble well-known properties of the Mandelbrot set.

In Section 4 we study components of the interior of Mj3(#). In the interior of
M3(0), we can observe two possibilities: (1) The free critical point approaches an
attracting cycle. In this case the cubic is called hyperbolic-like and is renormalizable
in the sense of the definition in Section 5. (2) The free critical point eventually
maps into the Siegel disk centered at the origin. This is called a capture cubic.
The hyperbolic-like and capture components are the only possibilities one expects.
However, as in the case of the Mandelbrot set, it is not known if these cases in fact
cover all possibilities. As a third possibily, a cubic in the interior of M3(#) which
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is neither hyperbolic-like nor capture is called queer. The most significant property
of these cubics is that their Julia sets support invariant line fields and in particular
have positive Lebesgue measure. To show this, unlike the quadratic family where
the holomorphic motion of the basin of infinity extends automatically to the whole
plane by the A-lemma, here we must do some extra work. In fact, when the rotation
number f is an arbitrary number of Brjuno type, we do not know if the boundary
of the Siegel disks are Jordan curves. Hence it is difficult to extend the holomorphic
motions to the grand orbits of the Siegel disks in order to construct deformations of
a queer cubic. Following McMullen and Sullivan, we overcome this difficulty by an
application of the so-called “harmonic A-lemma” of Bers and Royden. This section
ends with a static version of an extension lemma, which turns out to be useful later
in the construction of the surgery map.

Section 5 studies the class of renormalizable cubics in P§™(#). From every such
cubic one can extract the quadratic Siegel polynomial Qy : z — €*™ 2z + 22 using the
theory of polynomial-like maps. As an easy byproduct, using a theorem of Petersen
[Pe], we show that the Julia set of a hyperbolic-like cubic or a cubic with disconnected
Julia set has measure zero when 6 is bounded type.

Section 6 supplies a proof of connectivity of Mj3(f). The standard Douady-
Hubbard map on the exterior component of C* \ M;3(#) turns out to be proper
holomorphic of degree 3, so in order to prove that this component is homeomorphic
to a punctured disk one needs to show that the map only branches over infinity.
Again, this difficulty does not appear in the proof of connectivity of the Mandelbrot
set, where the similar map has degree 1.

In Section 7 we characterize the quasiconformal conjugacy classes in Ps™ (). The
most important feature is the quasiconformal rigidity of the cubics on the boundary
of Mj3(6), which will be the crucial step in the proof of continuity of the surgery
map in Section 12. The material here is standard, except possibly for the existence
of centers for capture components, which follows from the fact that the condition of
being capture is open.

Section 8 is the beginning of our study of an auxiliary family of degree 5 critically
marked Blaschke products. To define the parameter space here, we need to show
that our Blaschke products can be parametrized by their critical points, a fact that
is trivial in the polynomial case. We prove that such a “critical parametrization” is
always possible.

In Section 9 we use this critical parametrization to define the parameter space
B (0). Every B € BE™(0) is a degree 5 Blaschke product with superattracting fixed
points at 0 and oo, a double critical point on the unit circle T, and a pair {c, 1/¢}
of symmetric critical points which may or may not be on T. The space of all such
critically marked Blaschke products is homeomorphic to the punctured plane. For a
B € Bg"(0), we study the structure of the preimages of the unit disk which are called
the drops of B.
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Section 10 describes a surgery on Blaschke products in Bg™(6), with 6 being of
bounded type, in order to obtain critically marked cubics in P§™(#). The theorem of
Swiatek-Herman on quasisymmetric linearization of critical circle maps is the main
tool. Unlike the quadratic case, here we must address a new question: Does the result
of the surgery depend on various choices we make along the way? The answer turns
out to be negative by an application of the Bers Sewing Lemma.

Section 11 defines the connectedness locus C5(6) in BE™(0). We present a dynamical
meaning for this locus by finding an alternative description for the Julia sets of
elements in BE™(0). This description turns out to be useful in the study of injectivity
of the surgery map.

In Section 12 we show that the surgery map S : BE™(0) — P5™(6) is continuous.
The proof depends strongly on the fact that the parameter spaces have one complex
dimension. One expects the similar map in higher dimensions to be discontinuous.

Section 13 introduces the notion of a renormalizable Blaschke product. We show
that from every such map one can extract the standard degree 3 Blaschke product fy
introduced by Douady, Ghys, Herman and Shishikura. This will be a very useful fact
in Section 14, mainly because of the simple observation that fj is quasiconformally
rigid.

In Section 14 we prove that the surgery map is injective on the set of all Blaschke
products which map to hyperbolic-like cubics or cubics with disconnected Julia sets.
We actually prove a stronger result: Any two Blaschke products in the fiber over
a noncapture cubic must be quasiconformally conjugate, with the conjugacy being
conformal except on the Julia set. The fact that the surgery map is proper and
restricts to a homeomorphism between the complementary components of Cs(#) and
M;3(0) allows us to deduce that it is surjective. This proves Theorem 14.7.

Finally, in Section 15 we study the set of all cubics in P§™(#) which have both
critical points on the boundary of their Siegel disks. We prove that this is a Jordan
curve in the boundary of M3(6), which in some sense is parametrized by an “angle”
between the two critical points.

Acknowledgements. [ am grateful to Jack Milnor for many inspiring discussions
and his moral support. Among other things, he provided me with his computer pro-
grams to create pictures of various dynamically defined objects and showed me with
great patience how to write them. Further thanks are due to Misha Lyubich and
Dierk Schleicher for very useful conversations during the Spring and Fall semesters
of 1997 at Stony Brook.

2. A CuBic PARAMETER SPACE

We would like to parametrize the space of all cubic polynomials which have a
fixed Siegel disk of multiplier A\ = e*™ centered at the origin, where 0 < 0 < 1
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is an irrational number of Brjuno type. By the theorem of Brjuno-Yoccoz, every
holomorphic germ w + e*w + O(w?) with 6 of Brjuno type is holomorphically
linearizable near 0 [Y]. Therefore, any such cubic polynomial has to be of the form

w — Aw + agw? + azw?,

where (as,a3) € C x C*. We can mark the critical points of this polynomial by
assuming that they are located at the points ¢ and 1 with ¢ # 0. In fact, one can
conjugate the above cubic by the linear map w +— 2 = aw, and the new cubic in the
z-plane will have the form
Z Az + %22 + a—zz‘o’.
Q Q

It is easy to see that a critical point of this map is located at 1 if we choose a to be
any root of the equation Ao + 2asar + 3a3 = 0. In this case, the other critical point
¢ will satisfy

Ao?
c=—
3@3
so that the map gets the form
1 1 1
1 P.:z—=Xz|(1—-—=(1+~- —2>
(1) ? Z( 2( +c)z+3cz

with ¢ € C*.

We denote the space of all critically marked cubic polynomials of the form (1) by
PS(0). In other words, P§™(0) ~ C* is parametrized by the invariant ¢. By an
abuse of notation, we often identify the cubic P. with the parameter ¢. Note that
P. and Py, are affinely conjugate as maps, but certainly their critical points have
different marking. Hence they will be regarded as distinct elements of P5™(6).

In the topology of P$™(0), a sequence P, converges to some P if there exist
cn,c € C, with P, = P, and P = P,, such that ¢, — c as n — oo. In other
words, the topology is given by uniform convergence of cubics on compact sets re-
specting the convergence of the marked critical points.

Notation and Terminology. Throughout this paper, the Siegel disk of the cu-
bic P, centered at the origin is denoted by A.. When we do not want to emphasize
the dependence on ¢, we denote the Siegel disk of a cubic P by Ap. By the grand
orbit GO(Ap) we mean the set of all points in the plane which eventually map to the
Siegel disk under the iteration of P. In other words,

GO(Ap) = |J P7H(Ap).

k>0

Remark. From classical Fatou-Julia theory ([M1], Corollary 11.4), we know that
every point on the boundary of the Siegel disk A. must be in the closure of the orbit
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of either ¢ or 1. According to Herman [H1], P.|sa, has a dense orbit. It follows that
the orbit of either ¢ or 1 must accumulate on the entire boundary 0A..

The “size” of the Siegel disk A. can be measured by the following invariant:

Definition (Conformal Capacity). Consider the Siegel disk A. for ¢ € C* and
the unique linearizing map h. : D(0,7.) — A, with h.(0) = 0 and h.(0) = 1. The
radius r. > 0 of the domain of h,. is called the conformal capacity of A, and is denoted
by k(A.).

Alternatively, k(A.) can be described as the derivative ¢/ (0) of the unique lineariz-
ing map ¢, : D — A, normalized by ¢.(0) = 0 and ¢.(0) > 0. Naturally, one is
interested in the behavior of the function ¢ — k(A.). The following lemma gives a
basic result in this direction (compare [Y]):

Lemma 2.1. The conformal capacity function ¢ — k(A.) is upper semicontinuous.

Proof. Let ¢, — ¢ and k(A,) > r. We would like to prove that x(A.) > r as
well. The sequence of normalized univalent maps h., : D(0,x(4A,, )) — C is normal
on D(0,7), so we may assume that a subsequence converges locally uniformly to a
univalent function A : D(0,7) — C. Since h(Az) = P.(h(z)) trivially, h(ID(0, 7)) must
be contained in the Siegel disk A.. Hence k(A.) > r. O

Since the conformal capacity x(A.) is upper semicontinuous by the above lemma,
a priori it can jump to a lower value by a small perturbation. Intuitively, this means
that the size of the Siegel disk A, can become much smaller by a very small per-
turbation of the cubic P,. Later we will see that for # of bounded type, this cannot
happen. In fact, in this case the closed Siegel disk A, is a quasidisk which moves
continuously in the Hausdorff topology on compact subsets of the plane (see Theo-
rem 14.9). Therefore £(A.) is actually continuous as a function of ¢. On the other
hand, for arbitrary # of Brjuno type, I do not know if ¢ — x(A,) is continuous.
However, we have the following general theorem of Yoccoz [Y]:

Theorem 2.2. Let 0 < 0 < 1 be an irrational number of Brjuno type, and set
W) = >, (loggni1)/qn < 0o. Let S(0) be the space of all univalent functions
f:D — C with f(0) =0 and f'(0) = €, with the mazimal Siegel disk Ay C D.
Finally, define k(0) = infrcg) k(Af). Then, there is a universal constant C' > 0
such that |log(k(0)) + W(0)| < C.

As an immediate corollary of the above theorem, we have:

Corollary 2.3. In the family { P.} of cubic polynomials in (1), the conformal capacity
function ¢ — k(A.) is locally bounded away from 0.
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Definition. We define the Cubic Connectedness Locus M3(6) as the set of all crit-
ically marked cubics P € P§™(f) whose Julia sets J(P) are connected. It follows
from classical Fatou-Julia theory ([M1], Theorem 17.3) that P € M;3(6) if and only
if both critical points of P have bounded orbits. We can formally set

M;3(0) = {c € C*: The Julia set J(FP,) is connected }
= {c € C* : Both sequences {P*(c)} and {P2*(1)} are bounded}.

Since P. and P/, are affinely conjugate as maps, neglecting the marking of the
critical points, M3(f) as a subset of the c-plane is invariant under the inversion
¢ — 1/c with respect to the unit circle. Fig. 1 shows the connectedness locus Mj(6)
for the golden mean § = (v/5 — 1)/2 = 0.61803399... and Fig. 2 shows the details of
the same set near the unit circle.

e

FIGURE 1. The cubic connectedness locus M3(6) for the golden mean
0 = (v/5 —1)/2. The circle in white is the unit circle centered at the
origin.

Proposition 2.4.

(a) Ms(0) is compact and contained in the open annulus A(zg,30).
(b) The complement C* ~. M3(0) has two connected components Qepr and Qiny

which are mapped to one another by the inversion ¢ — 1/c.
Proof. (a) Mj3(0) is clearly closed. To see that it is bounded, we note that
P2)| = |22 = 21+ 1/0)z +1]J2

> (ql37 = 3(c+ Dllz| = Dl2].
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FIGURE 2. Details of the connectedness locus Mj3(6) near the unit
circle centered at the origin.
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Let
(2) me = (4.38) max{|c|, 1}.

If |z| > m,, then

1Pe(2)] = (g (Glel = g leDlzl = Dz

> (0.46|z| — 1)|7|

> 1.0148 |2,

from which it follows that
(3) K(P.) Cc D(0,m,),
where K (P,) is the filled Julia set of P.. Now let |¢| > 30. Then

1 1
[Pe(e)] = [ze = 5llel = (4.5)[c] > me,

which implies P°*(¢) — oo as k — oco. Therefore M3(#) C D(0, 30), hence by sym-
metry M3(0) C A(s, 30).

30

(b) Let Q.4 be the unbounded connected component of C* . M3(6). Since M;3(6)
is invariant under the inversion ¢ — 1/c¢, there exists a corresponding component €2;,,;
of the complement of M3(#) containing a punctured neighborhood of the origin. By
the proof of (a), we have

Qewr = {c € C* : P*(c) — o0 as k — oo},

and similarly
Qint = {c € C* : PF(1) = 00 as k — oo},

Suppose that there exists a bounded connected component U of C* . M3(f) which
is not €2;,;. Then

0 < sup |e|] = R < +o0.
ceoU

If c € AU, it follows from (3) that for each k > 0, |P2%(c)| and |P2%(1)| are not greater
than m,, and

sup m, < (4.38) max{R, 1} < 4oo0.

cedU
Since U # Qini, we have OU C OM3(6) and both P2%(c) and P°*(1) are holomorphic
in U. It follows from the Maximum Principle that the iterates P2*(c) and P2%(1) are
uniformly bounded throughout U, which is a contradiction. [
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Remarks.

(1) The bound 30 in (a) is not sharp. Computer experiments show that it can
actually be replaced by 11.266519.

(2) Later we will prove that €, (hence €;,;) is homeomorphic to a punctured
disk. This will show that M3(f) is a connected set (see Theorem 6.1).

3. STABILITY OF CUBICS

In this section we prove the following result, which is reminiscent of the similar
fact about the Mandelbrot set. For terminology and basic results on holomorphic
motions and J-stability, see [Mc2] .

Theorem 3.1 (Boundary of Mj3(f) is Unstable). The complement C*~OM3(0)
is the set of parameters for which the corresponding cubics are J-stable in P5™(0).

Proof. A polynomial P., € P§™(f) is J-stable if and only if both sequences {P°%(c)}
and {P°%(1)} are normal for ¢ in a neighborhood of ¢y, ([Mc2], Theorem 4.2). If
co € Qext, then ¢y escapes to infinity under P, , while 1 has bounded orbit. For ¢ close
to ¢g, the orbit of ¢ under P. will still converge to infinity while 1 will have bounded
orbit, with a bound given by m, in (2). It follows from the Montel’s theorem that
both sequences are normal throughout a neighborhood of ¢;. Hence ¢, is J-stable.
Similarly, every P., with ¢y € Q;,; is J-stable. If ¢y belongs to the interior of Mj3(6),
then both ¢y and 1 will have orbits contained in D(0, m,, ) and the same holds for all
c sufficiently close to c¢y. Again by Montel, both sequences {P°*(c)} and {P*(1)}
are normal in a neighborhood of ¢y. Finally, if ¢y belongs to the boundary of Mj3(6),
then a small perturbation will make either ¢ or 1 escape to infinity. Hence at least
one of the sequences {P°*(c)} or {P°*(1)} fails to be normal in any neighborhood of
Cco. O

Theorem 3.2. Let P, € P§™(0) have an indifferent periodic orbit other than the
fized point at the origin. Then ¢y € OM;3(0).

Proof. Otherwise ¢y will be a .J-stable parameter by the above theorem. But any
stable indifferent cycle has to be persistent ([Mc2], Theorem 4.2). This means that
the indifferent cycle z(co) — Py (2(co)) = -+ — P2 (z(co)) + 2(co) can be con-
tinued analytically as a function of ¢ in a neighborhood of ¢y and the multiplier
function ¢ — (P2%)'(2(c)) will be constant in this neighborhood. But this cycle can
be continued analytically to the whole c-plane except for a finite number of singular
points by the implicit function theorem, and the multiplier has to remain constant
during the continuation. It follows that for every parameter ¢, the cubic P. has an
indifferent cycle other than 0. This is clearly impossible, since for example when
c = 3 —6), P,(c) = c is a superattracting fixed point, hence there cannot be any
indifferent periodic point other than 0. O



ON DYNAMICS OF CUBIC SIEGEL POLYNOMIALS 13

To prove the next corollary, we use the following lemma in [K] which is a much
sharpened version of an earlier result of Goldberg and Milnor ([GM], Theorem 3.3).
This useful lemma will also be applied in Section 5 below to extract quadratic-like
maps out of renormalizable cubics.

Lemma 3.3 (Separation Lemma). Let P be a polynomial with connected Julia
set. Then there exists a finite collection of closed preperiodic external rays, separating
the plane into disjoint open simply-connected sets {U;}, such that:

e Fach U; contains at most one non-repelling periodic point or periodic Fatou
component of P.

o Ifzi -+ 2z, > 21 48 a non-repelling cycle meeting U;, v -+ - +— Uy +— Uy,
then U?:1 U;; contains the entire orbit of at least one critical point of P.

Corollary 3.4. If P € P{™(0) has an indifferent periodic point other than the fized
point at the origin, then a critical point of P, other than the one which accumulates
on the boundary of Ap, accumulates on the extra indifferent point (in case it is not
linearizable) or on the boundary of the extra Siegel disk (in case it is linearizable). [

4. COMPONENTS OF THE INTERIOR OF Mj(6)

Definition (Types of Components). A component U of the interior of M3(#) is
called hyperbolic-like if for every ¢ € U, the orbit of either ¢ or 1 under P, converges
to an attracting cycle. U is called a capture component if for every ¢ € U, either ¢
or 1 eventually maps to the Siegel disk A.. In case U is neither hyperbolic-like nor
capture, we call it a queer component. We say that P, is hyperbolic-like, capture, or
queer if the corresponding parameter ¢ belongs to such a component.

For example, there is a hyperbolic-like component in the form of the main cardioid
of a large copy of the Mandelbrot set on the lower right corner of Fig. 1. For every
¢ in this component, the orbit of the critical point ¢ of P, converges to an attracting
fixed point. On the other hand, the large component which is attached on the right
side of the unit circle to ¢ = 1 is a capture, consisting of all ¢ for which P.(c) belongs
to A.. Fig. 3-Fig. 7 show examples of the filled Julia sets of cubics in P§™(6).

In the above definition, we tacitly assumed that hyperbolic-like or capture cubics
define components of the interior of Mj3(#). The condition of being hyperbolic-like is
clearly open. So to justify the definition in this case, we have to show that it is also
closed in the interior of M3(0).

Let P be hyperbolic-like and let V' and U be the connected components containing
P of the hyperbolic-like cubics and the interior of Mj3(6) respectively. Clearly V C U.
If V # U, we can choose a (Q € 0V NU. Since @ is J-stable by Theorem 3.1, the
number of attracting cycles remains constant for all )’ in a small neighborhood of Q.
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FIGURE 3. The filled Julia set of a hyperbolic-like cubic in P§™(0)
with § = (v/5 — 1)/2. The large open topological disk on the right is
the immediate basin of attraction of an attracting fixed point.

FIGURE 4. The filled Julia set of a capture cubic in P§™(0) with § =
(v/5—1)/2. Every bounded Fatou component eventually maps to the
Siegel disk centered at the origin. There is a critical point in the large
preimage of the Siegel disk on the right. Hence this preimage maps to
the Siegel disk by a 2-to-1 branched covering.
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FIGURE 5. The filled Julia set of a cubic on the boundary of Mjs(6)
with § = (v/5 — 1)/2. The large open topological disk on the right is
the immediate basin of attraction of a parabolic fixed point. Here the

parameter c is located at the “cusp” of the large cardioid on the right
lower corner of Fig. 1.

FIGURE 6. Another example of the filled Julia set of a cubic on the
boundary of M3(#) with = (/5 — 1)/2. In this example there are

two distinct critical points on the boundary of the Siegel disk centered
at the origin.
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FIGURE 7. The filled Julia set of a cubic in Q. for 0 = (v/5 —1)/2.
It consists of uncountably many connected components. There are
countably many components each quasiconformally homeomorphic to
the quadratic Siegel filled Julia set with the same rotation number.
FEach remaining component is a single point.
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This number is 1 if Q" € V, hence ) has to have an attracting cycle, contradicting
Q€ oV.

Now consider the property of being capture for P € P5™(#). It follows from Theo-
rem 3.1 that when P belongs to the interior of M3(#), the connected component V' of
the capture cubics containing P has nonempty interior. Define U as the component
of the interior of M3(#) containing P. Clearly int(V') C U. If they are not equal, let
Q € 0V NU. Since @ is J-stable, for all Q" in a small neighborhood of @, a critical
point of @' belongs to the Fatou set of @' if and only if the corresponding critical
point of @) belongs to the Fatou set of Q). If we choose @' € V, there is a critical point
of () which hits the Siegel disk A¢. It follows that the same is true for ), hence @ is
capture, which contradicts Q € 9V. This proves int(V) = U. In other words, when
a capture cubic P belongs to the interior of M3(#), the whole interior component
containing P consists of capture cubics, hence the name “capture component.”

However, since there is no a priori reason why the boundary of the Siegel disk
of P € P§™(A) should move continuously, being capture is not trivially seen to be
an open condition. Hence, the above argument does not rule out the possibility of
a capture being on the boundary of the connectedness locus Mj(6). In fact, this
follows from a different type of argument which is standard in deformation theory
for rational maps (see Theorem 7.3). On the other hand, when 6 is of bounded
type, we will show that the boundary of the Siegel disk of a cubic in P§™ () moves
continuously (see Theorem 14.9), hence in this case the condition of being capture is
automatically open.

Conjecturally, queer components do not exist. But if they do, every cubic in a queer
component exhibits an outstanding property: It admits an invariant line field on its
Julia set, and in particular, its Julia set has positive Lebesgue measure. The proof of
this fact depends on the harmonic A-lemma of Bers and Royden [BR] as well as the
elementary observation of Sullivan [Su2] that if the boundary of a Siegel disk moves
holomorphically in a family of rational maps, then there is a choice of holomorphically
varying Riemann maps for the Siegel disks (also see the new expanded version [McS]).

There is a technical difficulty showing up in the proof: For a general 6 of Brjuno
type, it is not known whether the boundary of the Siegel disk of a P € P§™(0) is a
Jordan curve. For this reason, the extension of holomorphic motions to the grand
orbits of Siegel disks will require some extra work. On the other hand, we will prove
later that for 6 of bounded type, the boundary of the Siegel disk Ap of a P € P§™(0)
is a Jordan curve (see Theorem 14.7). In this case the following theorem can be
proved using the more elementary argument of Lemma 4.3 with much less effort.

First we need the following useful lemma of L. Bers [B], [DH2]:

Lemma 4.1 (Bers Sewing Lemma). Let E C C be closed and U and V' be two
open neighborhoods of E. Let o : U — p(U) and ¢ : V. — (V) be two homeo-
morphisms such that
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e ¢ is K;-quasiconformal,
e Y|y g is Ky-quasiconformal,
* ¢lor = 1|op.

Then the map ¢ 111 defined on V' by

e ={ 90 TV,

is a K-quasiconformal homeomorphism with K = max{Ky, Ky}. Moreover, O(p 11
1) = 0p almost everywhere on E.

Throughout this paper, we say that two critically marked cubics P.,, P., € P§™(0)
are quasiconformally conjugate if there exists a quasiconformal homeomorphism ¢ of
the plane such that p o P., = P., o ¢ and ¢(¢1) = ¢z, In other words, all conjugacies
must respect the markings of the critical points.

Theorem 4.2 (Invariant Line Fields for Queer Cubics). Let U be a queer com-
ponent of the interior of M3(6). Then for any ¢ € U, the Julia set J(P,) has positive
Lebesgue measure and supports an invariant line field.

Proof. The beginning of the argument is similar to the case of the Mandelbrot set.
Fix some ¢y € U. We first note that every Fatou component of P,, eventually maps
to the Siegel disk A., and the mapping is a conformal isomorphism: There cannot
be further attracting cycles (since P, is not hyperbolic-like) or indifferent periodic

orbits (see Theorem 3.2). In particular, K(P,,) = GO(A,,).
Choose some ¢ € U with ¢ # ¢y, and let

wC:C\K(PCO)é(C\K(PC)

be the conformal conjugacy given by composition of the Bottcher maps of P,, and
P. (see Section 6). A brief computation shows that ¢.(z) = /c/coz + O(1) and we
can choose the branch of the square root near ¢y for which ¢ (2) = 2. Since ¢,
depends holomorphically on ¢, it defines a holomorphic motion of C \ K(P,,). By
the harmonic A-lemma [BR], this motion extends to a unique holomorphic motion
¢, of the entire plane, which is now defined only for ¢ in a small neighborhood V' of
o, with the following properties:

e For every c € V, ¢, is a quasiconformal homeomorphism of the plane.

A

0P dz . .
e For every ¢ € V, the Beltrami differential agj d—z is harmonic in GO(A,).
Pe 2
It is easy to see that uniqueness of this extended motion implies that ¢, conjugates P,
to P, on the entire plane (compare [McS]). In fact, one can replace ¢, by P 'op.0P,,
on GO(A,,), which also extends ¢., where the branch of P! is determined uniquely
by the values of ¢, on the Julia set J(P.,). Hence ¢. = P, ! o (.o P, by uniqueness.

c
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Next, we want to show that the restriction ¢. : GO(A.,) = GO(A,) is a conformal
conjugacy. As Sullivan observes in [Su2], the fact that the boundary of A., moves
holomorphically (Theorem 3.1) implies that there is a choice of the Riemann map
(. : D — A, such that (.(0) =0 and ¢+ (. is holomorphic in ¢. Define a conformal
conjugacy e : Agy — A¢ by the = (. 0 (', which can be extended to a conformal
conjugacy Y. : GO(A,) — GO(A,) by taking pull-backs as follows. Take any
component W of P."(A,)) and let W, = ¢.(W) be the corresponding component
of P7"(A.). Define o, : W — W, by ¢ = P o1, 0 PJ'. Since ¢ — . is
holomorphic and . = id when ¢ = ¢, it follows that . defines a holomorphic
motion of GO(A,,). By the harmonic A-lemma, it extends to a unique holomorphic
motion 1/30 of the entire plane which is defined for ¢ in a neighborhood V' of ¢y and
has harmonic Beltrami differential on C \ K(P,,). By an argument similar to the
one we used for ¢, it follows that 1/30 respects the dynamics, i.e., it conjugates P, to
P, on the entire plane. In particular, it sends the marked critical point ¢y of P, to
the marked critical ¢ of P.. Let us assume for example that the forward orbit of ¢
accumulates on the boundary of A.,. Then the same is true for ¢ and A.. Since ¢,
was also a conjugacy to begin with, for all ¢ € V NV’ we have 1.(c) = ¢ = @c(co),
and by induction ¢.(PF(co)) = P2*(c) = (P2 (cp)) for all k. Since every point on
the boundary of A, is in the closure of the forward orbit of ¢y, we conclude that J}C
and ¢, agree on 0A.,. Evidently this shows that Y. and @, agree on the boundary
of every bounded Fatou component of P, hence on the entire Julia set J(P,). It
follows then from the Bers Sewing Lemma 4.1 that ¢, L1 ¢, defined by

| @e(2) 2€ CNGO(A)
et ={ 1) T E Goay

is a quasiconformal homeomorphism which trivially has harmonic Beltrami differen-
tial in C\ J(P,,). Note that ¢ 111, is an extension of both ¢, and .. By uniqueness,
we conclude that ¢, = zﬁc. In particular, when ¢ € VNV’ ¢, is conformal away from
the Julia set J(P,,).

Now, if the Julia set J(P.) had measure zero, ¢. would have been conformal,
contradicting ¢ # ¢y. So J(P,,) has positive measure. The desired invariant line field
is then given by ¢*(0p), the pull-back of the standard conformal structure oy on the
plane by ¢.. O

It must be apparent that the existence of holomorphic motions in the above proof
was the crucial fact which made the conformal extensions possible. In the case we
have “static” quasiconformal conjugacies rather than holomorphic motions, such con-
formal extensions are still possible once we assume that the boundaries of Siegel disks
are Jordan curves. To show this, we first need the following definition:

Definition (Conformal Position). Let A be a Jordan domain containing the
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origin, with a marked point b on its boundary. Consider the unique conformal iso-
morphism ¢ : A — D such that ¢(0) = 0 and ¢(b) = 1. By the conformal position
of a point z € A we mean the image ((z) € D. Note that this notion is well-defined
once the boundary marking is given.

Let R, : 2 — €™z denote the rigid rotation on the unit circle. Let ¢ : A — D be
any conformal isomorphism with ((0) = 0. Then a homeomorphism h; : 0A — 0A
of the form h, = (~!' o R, o ( is called an intrinsic rotation of OA. By the Schwarz
Lemma, A, is independent of the choice of (.

Now consider two Jordan domains A; and A, containing the origin and a homeo-
morphism ¢ : dA; — dA,. Suppose that for some irrational angle ¢, p o b} = h? o,
where the A denote the intrinsic rotations of 0A;. Then we can talk about two
points in A; and Ay having the same conformal position even if there is no preferred
choice for the marked points as before. In fact, we may choose any b € 0A; and
©(b) € 0A, as the marked points on the boundaries and define the conformal posi-
tions accordingly. It is easy to check that the notion of having the same conformal
position for two points in A; and Ay does not depend on the particular choice of b.

For our purposes, A; and A, will be the Siegel disks of two cubics in P§™(6) and
the homeomorphism ¢ : 0A; — 0A, comes from a conjugacy between the cubics on
the boundaries of these Siegel disks.

The following result, which will turn out to be useful later (see Proposition 10.2),
tells us how to extend a quasiconformal conjugacy between two cubics in P§™(6) to
the grand orbits of their Siegel disks.

Lemma 4.3 (Extending QC Conjugacies). Let P and Q be two cubics in P§™ ()
such that the boundary of the Siegel disk Ap of P is a Jordan curve. Let ¢ : C — C
be a quasiconformal homeomorphism whose restriction C~ GO(Ap) - CNGO(Ag)
conjugates P to Q. Then

(a) If P is not capture, there ezists a quasiconformal homeomorphism ¢ : C — C
which conjugates P and @), which is conformal on GO(Ap) and agrees with ¢
on C~ GO(Ap).

(b) If P is capture, we can construct a v as in (a) if and only if the captured images
of the critical points of P and @ in Ap and Ag have the same conformal
position.

Proof. (a) When P is not capture, the extension is easy to define. Fix some b; € 0Ap
and let by = o(b;). Consider conformal isomorphisms ¢; : Ap — D and (3 : Ag —
D, with (;(0) = 0 = (2(0) and (3(b1) = 1 = (2(b2), which conjugate P on Ap and
Q on Ag to the rigid rotation Ry : z +— >z on D. Since the boundaries of Ap
and Ag are Jordan curves, ¢; and ¢ extend homeomorphically to the closures. The
composition ¢ = (; ' o (; : Ap — Ag is conformal and conjugates P on Ap to ) on
Ag. Also ¢(by) = ¢(b1) = by and by induction (P*(by))) = Q% (b)) = (P°*(by)).
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Since the orbit of b; is dense on the boundary of Ap, we have ¥|ga, = ¢|oa,-
Therefore, 1) gives the required extension of ¢ to the Siegel disk Ap. It is now easy
to extend v to the grand orbit GO(Ap) as follows: P°* maps any component of
P~*(Ap) isomorphically onto Ap. Hence we can define 1) on any such component
as the composition Q% o 1|, o P°*, where the branch of Q% is determined by the
values of ¢ on the Julia set J(P). Clearly this composition is conformal inside this
component and agrees with ¢ on its boundary. The fact that ¢ defined this way

is a quasiconformal homeomorphism follows from the Bers Sewing Lemma 4.1, with
U=V =Cand E=C\GO(Ap).

B

it

FI1GURE 8. Extending ¢ in the capture case.

(b) Now let P be capture. The construction of ¢ goes through as in case (a)
except for the last part where we want to extend 1 by taking pull-backs. Suppose
that there exists a positive integer £ such that the critical point ¢; of P belongs to
the component U; of P7%(Ap). Let V; = P(U;) and let v; = P(c;) be the critical
value in V;. Since P : 0U; — 0V; is a double covering and ¢ conjugates P to () on
the Julia sets, there must be a critical point ¢y of () in a component U, of Q@ *(Ag),
with 0Uy; = p(0U;). Similarly define V5 and vy. By the proof of part (a) we can
define ¢ inductively up to the (k — 1)-th preimages of Ap, including V. This gives
us a conformal isomorphism ¢ : Vi — V5 which necessarily maps v; to vy, because
by our assumption P°*(c;) and Q°*(c;) have the same conformal position in Ap and
Ag and so one gets mapped to the other by ¢|a,. Choose any simple arc v, in V}
connecting v; to some boundary point ;. The simple arc v, = (1) in V5 connects
ve to the boundary point #, = ¢(6;). Pull 71 back by P to get two branches of a
simple arc passing through the critical point ¢; with two distinct endpoints a; and
o/ on the boundary of U;. Similarly we consider the pull-back of v, by @) and we get



22 SAEED ZAKERI

two endpoints on the boundary of Us, which we label as as = (1) and o), = p(a))
(see Fig. 8). Now the inverse Q' can be defined analytically over V5 \ 7, and has two
branches which take values in two different connected components of Uy \ Q! (72).
Define ¢ on U, as the composition Q! o1 o P, where the boundary orientation tells
us which of the two branches of Q! has to be taken. This way we extend v to U,
and ¢ can then be defined on further preimages of Ap similar to the case (a). O

5. RENORMALIZABLE CUBICS

This section briefly studies the class of renormalizable cubics in P§™(#). These
are the cubics with disjoint critical orbits out of which one can extract the quadratic
Qo : 2 — €™ 222 by straightening. From a different point of view, one may consider
a renormalizable cubic with connected Julia set as the result of “intertwining” the
quadratic @y with another quadratic with connected Julia set (compare [EY]).

For background on polynomial-like maps, straightening, and hybrid classes, see for
example [DH2|.

Definition. Let P € P§™(0). We call P renormalizable if there exists a pair of
Jordan domains U and V', with 0 € U € V/, such that the restriction Ply:U —=Vis
a quadratic-like map hybrid equivalent to Qg : z — €>™¥2 4 22,

When @ is irrational of bounded type, it follows from [D2] that the boundary of
the Siegel disk of )y is a quasicircle passing through the critical point. Hence the
same is true for the Siegel disk Ap when P is renormalizable.

Theorem 5.1. A cubic P € P§™(0) is renormalizable if one of the following condi-
tions holds:

(a) P has a non-repelling periodic orbit other than 0 which is not parabolic.!
(b) P has disconnected Julia set.

Proof. We use the Separation Lemma 3.3. First assume that we are in case (a) so that
J(P) is connected. Let R be the finite collection of the closed preperiodic external
rays given by the Separation Lemma. Let V' be the component of C \ R which
contains 0, cut off by an equipotential of K (P). Finally, let U be the component
of P7'(V) containing 0. Since all the rays in R are preperiodic, P(R) C R, hence
U C V. U necessarily contains a critical point of P since otherwise the Schwarz
lemma and |P’(0)| = 1 would imply that U = V and P|y : U — V is a conformal
isomorphism conjugate to a rotation. This would contradict the fact that U intersects
the basin of attraction of infinity for P. The other critical point of P has to stay
away from V because by the second part of the Separation Lemma its entire orbit

IThat the parabolic case must be excluded was pointed out to me by M. Yampolsky.
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lives in the cycle of components of C \. R which contains the non-repelling periodic
orbit of P.

Since by our assumption the non-repelling cycle of P is not parabolic, the land-
ing points of the external rays in R must all be repelling. Therefore, by a simple
“thickening” procedure (see for example [M3]), we can assume that U C V, so that
Ply : U — V is a quadratic-like map. Since up to affine conjugation there is only
one quadratic polynomial which has a fixed Siegel disk of rotation number #, this
quadratic-like map has to be hybrid equivalent to Qg : z — >z + 22. This proves
the theorem in the case J(P) is connected.

Now suppose that we are in situation (b) so that J(P) is disconnected. For € > 0,
let U, be the connected component of {z € C : Gp(z) < €} containing the Siegel disk
Ap, where Gp : C — {x € R: z > 0} is the Green’s function of K(P). It is not hard
to see that for small €, P|y, : Uc — Us is a quadratic-like map, necessarily hybrid
equivalent to QQy. O

Fig. 3 and Fig. 7 demonstrate the above theorem. In each example, there is a
piece of the filled Julia set which is quasiconformally homeomorphic to the filled
Julia set of Qy : z — €>™ 2 4 22 in Fig. 9. This piece is just the filled Julia set of the
quadratic-like restriction P|y : U — V given by the above theorem.

FIGURE 9. The filled Julia set of the quadratic Qg : z + €>™z 4 22

for § = (v/5—1)/2.

Corollary 5.2. Let 0 be an irrational number of bounded type. Let P € P5™(0) be
hyperbolic-like or have disconnected Julia set J(P). Then J(P) has Lebesgue measure
zero.
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Proof. Let P|y : U — V be the quadratic-like restriction given by Theorem 5.1 with
the filled Julia set K. Since this restriction is hybrid equivalent to Qy : z > €™ 2422
whose Julia set has measure zero when 6 is bounded type [Pe|, we simply conclude
that 0K has Lebesgue measure zero.

It is well-known that the forward orbit of almost every point z € J(P) accumulates
on the w-limit set of the critical points of P ([Ly], Proposition 1.14), which in this
case is just 0Ap union the attracting periodic orbit (resp. 0Ap) if P is hyperbolic-
like (resp. with disconnected Julia set). So the orbit of almost every z € J(P)
accumulates on 0Ap. This implies that for all n > N = N(z), P°"(z) € V. This can
happen only if P°N(2) € 0K or equivalently z € P~V (0K). We conclude that, up to
a set of measure zero, J(P) = Uysq P N (0K). But the right-hand side has measure
zero because OK does. This proves that J(P) has Lebesgue measure zero as well. [J

The next supplementary result will be useful later in the proof of connectivity of
M;(0) (Theorem 6.1). I am indebted to M. Lyubich for pointing out that every
quasiconformal self-conjugacy of the map z ~ z? near the unit circle T extends to
the identity map on T. This fact is the heart of the following lemma.

Lemma 5.3. Let f : U — V and g : U — V' be quadratic-like maps both hybrid
equivalent to the same quadratic polynomial Q : z — 2% + ¢ with connected Julia set.
Let E and F be two subsets of U and U’ respectively, such that

e ENK(f)=0 and FNK(g) =10,

e EUK(f) and F U K(g) are closed in U and U' respectively, and

o [Y(E)C E and g~'(F) CF.
Then any quasiconformal homeomorphism ¢ : UN(EUK (f)) — U'\(FUK (g)) which
conjugates f and g extends to a quasiconformal homeomorphism ¢ : UNE — U'\F.
Moreover, we can arrange Op = 0 on K(f).

Proof. By straightening, we may assume without loss of generality that both f and
g are the quadratic ). Under this assumption, we prove that ¢ extends continuously
to the identity on the filled Julia set K(Q). The last part of the theorem will follow
because the 0-derivative of every hybrid equivalence vanishes on the corresponding
filled Julia set.

Consider the Béttcher map 3 : C\ K(Q) Ni> C~\. D which conjugates Q to z — 22
near K(Q). Put U = (U \ K(Q)) and E = (F), and similarly define U’ and
F. The induced map ¢ = fopo 6‘ : U~ E — U’ F is then a quasiconformal
homeomorphism which satisfies ¢(2?) = (4(2))%.

Consider the universal covering map ¢:H—=CX D defined on the upper-half
plane by ¢(2) = ¢ 2. Let U = ¢~ ( ), E = ¢ Y(E), etc. Lift @ to a quasiconformal
homeomorphism ¢ : U~ E — U’ ~ F which satisfies ¢(z+1) = $(z) +1 and $(22) =
2¢(z). Without loss of generality we can assume that U contains the horizontal strip
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{#:1<Q(%) <2}. Clearly
sup{du(z, () : 2 € UN E,1 < ¥(2) <2} = C < 400,

where dy is the hyperbolic distance in H. Now given any point z € U~ E, choose
n € Z so that 1 < 2"J(z) < 2. Then

du(z, 9(2)) = dg(2"2,2"¢(2)) = du(2"z, 9(2"2)) < C.
By the Schwarz lemma applied to the composition 37! o ¢, we have
sup{d(z,¢(2)): 2 € UN (FUK(Q))} < C,

where d is the hyperbolic distance in C \ K(Q). Hence, as z — J(Q) in U \ (E' U
K(Q)), |z — ¢(2)| = 0. This means that we can define p(z) = z throughout K (@),
and the extension will be a quasiconformal homeomorphism by the Bers Sewing
Lemma. O

6. CONNECTIVITY OF Mj(6)

In this section we prove that Mj3(6) is connected. It will be more convenient
to work with the double cover M3(0), which by definition is the set of all s € C*
such that s2 € M3(6). Proposition 2.4 shows that the complement of Ms(6) in C*
has two connected components Qext and th which are double covers of ., and
Qe and are mapped to one another by the inversion s — 1/s. We would like to
show that these open sets are homeomorphic to punctured disks. Connectivity of
M;(0), hence M;3(0), will follow immediately. The strategy of the proof is more or
less similar to the proof of connectivity of the Mandelbrot set with one additional
difficulty: We construct a holomorphic branched covering ® : €,,; — C ~. D which
extends holomorphically to infinity with ®~'(co) = co. The degree of this map is
3, so to prove that Qear 15 2 punctured disk one has to show that & has no critical
point other than oo. This additional difficulty does not show up in the case of the
Mandelbrot set, where the similar map has degree 1, so it automatically becomes a
conformal isomorphism (see [DH1]).

Recall that the Bottcher map [ associated to a polynomial

Pz agt+ a2+ +az+ay, ag#0

is a conformal isomorphism defined near oo, with #(c0) = oo, which conjugates P to
the map z — 2%; that is, 3(P(z2)) = 3(z)%. This map is unique up to multiplication
by a (d — 1)-th root of unity, so it can be normalized so that the derivative at infinity
('(00) becomes any (d — 1)-th root of 1/ay,.
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There is a classical formula for 3 in terms of the iterates of the polynomial P (see
for example [CG]):

W 8 = Jim (Pm(2)*" =T (;37())))(1

The infinite product converges uniformly out51de a sufficiently large disk centered at
the origin.
For each s € C*, consider the polynomial

1 1 1
PS:zr—>)\z<1—§(s+;)z+522>

which has critical points at s and 1/s. The dilation z — sz conjugates P° to P, in
(1) with ¢ = s%. Hence P* € Ms(f) if and only if P, € Ms(f).

Theorem 6.1 (Connectivity of Ms(#)). The open set Qey is homeomorphic to
C \D. Therefore, M3(0), hence M3(0), is connected.

Proof. Let s € Qeer and let G, be the Bottcher map which conjugates P* to z +— 2°
near infinity, with 3 (o0) = \/3/7)\ It is a standard argument to show that 3, depends
holomorphically on s and can be extended conformally down to the equipotential 7,
passing through the escaping critical point s of P® and it maps outside of v, to the
outside of some closed disk D(0, 7), where r > 1. Note that -, is topologically a figure
eight with s as double point. Define a map & : Qs — CD by

D(s) = fs(P°(s))-
This is a holomorphic map which extends holomorphically to infinity. It is not hard
to show that @ is proper, i.e., |®(s)| — 1 as s — OM3(0). Hence ® is a finite-degree

branched covering from Qemt U {oo} to the topological disk C ~D. Let us compute
the mapping degree of ®. By (4), we have

el L1 1 Y o
— 1[5 -50+ DFre * e
=z 10_0[ Ba(z,8)% ",
n=1
hence
) o(s) = P(s) [T 0u(P(9). 90
where P*(s) = —2s% 4+ 3s. By considering the logarithm of ®, we see that near

infinity the infinite product in (5) is of the form \/§(1 + O(1/s)). Hence ®(s) =
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@(_2334_%5)(1"_0(1/8)). Since @' (00) = oo, this means that the mapping degree
of @ is 3. In particular, oo is a double critical point of ®. By the Riemann-Hurwitz
formula, the Euler characteristic of €l is equal to —n, where n is the number of
critical points of ® in ey. Therefore, (2. is homeomorphic to a punctured open
disk if and only if ® has no critical point in €..;. In what follows, we prove that ®
is locally injective in Qeut. Since @ is also holomorphic, this will prove that there are
no critical points other than oo. X

So assume P (s1) = P(sy) = w for some s, 59 € Qezy. To simplify the notation, put
P, = P51 Py, = P2, Let v; = Pi(s1) and vy = Pa(sq) be the critical values and a;
and as be the co-critical points, i.e., a; # s; and P;(a;) = v; for i = 1,2. Finally, let
~v1 and 5 be the equipotentials of the corresponding Béttcher maps 3; and 3, which
pass through the critical points s; and s (see Fig. 10).

FiGUrE 10. Extending conformal conjugacies.

Define a conformal map ¢ from the outside of 7; to the outside of v, by ¢ = 35 'of;.
We would like to extend ¢ to the entire basin of attraction of oo for P;. Let uq, us, us3
be the cube roots of w. Under 3, every connected component of v; \ {s1,a;} maps
homeomorphically to one of the 1/3-circles joining g, us, us. If sy is sufficiently close
to s, it follows by continuity that the corresponding components of v, \ {s3, as} will
map homeomorphically to the same circular segments joining uy, us, ug (see Fig. 10).
This allows us to extend ¢ to a homeomorphism v; = 7,. Now it is straightforward
to extend ¢ further: The annulus bounded by v; and Pj(7;) has two preimages which
are mapped onto it in a 1-to-1 and 2-to-1 fashion. We can extend ¢ to these preimages
by taking pull-backs, i.e., we define ¢ to be P, ' oo P;, where the boundary values
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of ¢|,, : 71 — 72 tell us which branch of P; ' must be taken. It is not hard to see
that this process of taking pull-backs can be continued until ¢ is defined on the entire
basin of attraction of oo for P;. (One formal way to keep track of various preimages
of these annuli is to consider the pattern associated with each cubic as introduced
by Branner and Hubbard [BH]. In their language, P, and P, have “homeomorphic
patterns of infinite depth.”) The extension of ¢ defined this way is conformal, since
it is a homeomorphism which is holomorphic except on a disjoint countable union of
piecewise analytic curves.

By Theorem 5.1, P, and P; are both renormalizable. Hence there are quadratic-like
restrictions f = Py : U — V and g = Py|yr : U' — V' of both polynomials which are
hybrid equivalent to Qp : z — €™z +2%. Note that K(f) and K (g) are just the com-
ponents of K (P;) and K (P,) which contain the Siegel disks Ap, and Ap,, respectively.
The filled Julia set K(P;) decomposes as U,>q P, "(K(f)) U Gy, where Gy C J(Py)
is the uncountable union of trivial components (see Fig. 7). Similarly, we have
K(P2) = Up>o P; "(K(g)) UGs. Now we are exactly in the situation of Lemma 5.3,
with E = (K(P)~ K(f))NU and F = (K(P,) ~ K(g9)) NU’". By Lemma 5.3, ¢ can
be extended to K(f) — K(g) and then to U,so P; "(K(f)) — Unso P> "(K(9))
by taking pull-backs. Note that this extension has zero d-derivative on this union by
Lemma 5.3 and the Bers Sewing Lemma. It is not hard to see that ¢ also extends
homeomorphically to G; — G5. Therefore, we obtain a homeomorphism ¢ : C — C
conjugating P; to P,, which is quasiconformal at least on C \ J(P).

We would like to show that ¢ is quasiconformal everywhere. One way to do this
proceeds as follows. By Theorem 7.5 below, P; and P, are conjugate by a quasicon-
formal homeomorphism ¢ : C — C. The proof of Lemma 5.3 shows that 1~! o
is the identity map on 0K (f). It easily follows that ¢ = ¢ on the entire Julia set
J(P;). Therefore, ¢ is identically equal to the homeomorphism ¢ IT ) defined by

e = { {6 250"

which is quasiconformal by the Bers Sewing Lemma.

Finally, we show that ¢ is in fact a conformal homeomorphism. Just as in the
proof of Corollary 5.2, up to a set of measure zero, K(P;) = U,>o P, "(K(f)). Hence
the measure of G is zero. It follows that ¢ is conformal on C ~\ K(P;) and has zero
O-derivative almost everywhere on K(P;). Hence ¢ is conformal everywhere, which
means P, = P,. [

7. CuBIC QUASICONFORMAL CONJUGACY CLASSES

In this section we prove that quasiconformal conjugacy classes in P§™(6) are either
open and connected or single points. This result, together with the fact that any
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holomorphic family of rational maps with constant critical orbit relations forms a
quasiconformal conjugacy class, enables us to completely characterize the quasicon-
formal conjugacy classes in P5™(0).

Theorem 7.1 (Parametrization of QC Conjugacy Classes). Let P,,, P., be dis-
tinct cubics in P§™(0) and let ¢ : C — C be a K-quasiconformal homeomorphism

which conjugates P, to P,,, i.e., po P,y = P., o and ¢(cy) = ¢1. Then there exists

a nonconstant holomorphic map t — ¢, from an open disk D(0,7) (r > 1) into C*

which maps 0 to ¢y and 1 to 1, such that for every t € D(0,r), P., is conjugate to P,,

by a K;-quasiconformal homeomorphism ¢, : C — C. Moreover, Ky — 1 ast — 0.

Proof. The idea of the proof goes back to Douady and Hubbard [DH2]: Define a
conformal structure o on C by o = ¢*0y, where, as usual, o is the standard conformal
structure on C. (To simplify the notation, in what follows we identify a conformal
structure on C with its associated Beltrami differential.) Since P,, is holomorphic,
P., has to preserve 0. Since ¢ is quasiconformal, |||/, < 1. Define a one-parameter
family {o;} of complex-analytic deformations of o by o, = to, where t € D(0,r) for
some 1 > 1 such that r||o]| < 1. By the Measurable Riemann Mapping Theorem of
Ahlfors and Bers [AB], there exists a unique quasiconformal homeomorphism ¢; of
the plane which solves the Beltrami equation ;o = 0; and fixes 0, 1 and oco. Define
P* =, 0 P, o, '. Since P,, is holomorphic, it acts as a pure rotation on Beltrami
differentials. Hence P} o = o implies P} o, = 0y and therefore P' is a quasiregular
self-map of the plane which preserves oy and is conjugate to a cubic polynomial. It
is then easy to see that P! itself is a cubic polynomial with a fixed Siegel disk of
rotation number # centered at 0 with a marked critical point at z = 1.

Note that ¢ + o, is holomorphic, so the same is true for ¢t — ¢; and hence t — P!
by the analytic dependence of the solutions of the Beltrami equation on parameters
[AB]. Therefore the map ¢ — ¢, which defines the second critical point of P’ so that
P! = P,, is holomorphic. It is easy to see that ¢; has all the required properties. [

Corollary 7.2. Quasiconformal conjugacy classes in P5™(0) are either single points
or open and connected. In particular, cubics on the boundary OMs3(0) are quasicon-
formally rigid, i.e., their conjugacy classes are single points. [

Theorem 7.3 (Capture is an open condition). Let P, € P§™(0) be a capture
cubic. Then there is an open neighborhood U of cy such that for every c € U, P, is
also capture.

Proof. When 6 is of bounded type, we will see that the boundary of the Siegel disks of
cubics in P§™(#) move continuously (see Theorem 14.9) and in this case the theorem
follows immediately. The following proof uses a standard argument in quasiconformal
deformation theory which is similar to the proof of Theorem 7.1. T am indebted
to X. Buff who pointed out to me that a defomation approach would work in the
general case: To fix the ideas, let us assume that PCOOk(C[)) € A, and k£ > 1 is the
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smallest such integer. First assume that P2*(cy) # 0. Let A C A, be the annulus
bounded by A, and the analytic invariant curve in A,, passing through P2*(co).
Take a conformal isomorphism 1 : A — A(1,¢), with ¢ = e2™44) > 1 which
conjugates P., on A to the rotation on A(1, €). Postcompose ¢ with a (nonconformal)
dilation A(1,€) — A(1, €?) to get a quasiconformal homeomorphism ¢ : A — A(1, €?)
conjugating P,, to the rotation. Define a P, -invariant conformal structure o on C by
putting o = ¢*oy on A and pulling it back by the inverse branches of P, to the entire
grand orbit of A. Set o = 0y everywhere else. As in the proof of Theorem 7.1, we
define o, = to for t € D(0,r) for some r > 1, solve the Beltrami equation ¢;oy = oy
and set P! = ¢, 0 P,, o ¢, *. Then P! is a capture cubic in P§™() and P’ = P,,.
The holomorphic mapping ¢ — P! is not constant because mod(p;(A)) is the same
as the modulus of A equipped with the conformal structure o, which in turn is
(1/27) log(e?) = 2 mod(A). Hence P' # P° and the mapping ¢ — P! is open.

Now consider the case where Pfok(co) = 0. In this case, by Corollary 2.3, the
conformal capacity of A, has a positive lower bound for all ¢ sufficiently close to ¢g.
It follows that there exists an ¢ > 0 such that for all ¢ close to ¢y, A. D D(0,¢).
Hence a small perturbation of P, will still be a capture cubic. [

By a center of a hyperbolic-like component U C M3(f) we mean a cubic P, € U
with one of the critical points ¢ or 1 being periodic. Similarly, a center of a capture
component will be a cubic with one critical point eventually mapped to the indifferent
fixed point at the origin.

Lemma 7.4 (Existence of Centers). Every hyperbolic-like or capture component
of the interior of M3(0) has a center.

By the remark after the proof, centers of hyperbolic-like or capture components
are unique when # is of bounded type.

Proof. First let U be a hyperbolic-like component. For every ¢ € U, consider the
multiplier m(c) of the unique attracting periodic orbit of P.. The mapping ¢ — m(c)
from U into D is easily seen to be proper and holomorphic. Hence it vanishes at a
finite number of points in U.

Now let U be capture. To be more specific, let us assume that for every ¢ € U,
P2%(c) belongs to the Siegel disk A, and let k be the smallest such integer. Since P,
is J-stable by Theorem 3.1, the boundary of A. moves holomorphically. Then, as in
the proof of Theorem 4.2, there is a holomorphically varying choice of the Riemann
maps (. : D — A, with (.(0) = 0. Define a map m : U — D by

m(c) = ¢ (P2 (e)).

(In the language of the definition before Lemma 4.3, this is just the conformal position
with respect to (. of the captured image of the critical point ¢ of P..) Clearly
m is holomorphic. Let ¢, € U be any sequence which converges to ¢ € 0U as
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n — oo. For simplicity, put (., = (.. Let z, = P¥*(c,) € A, and w,, = m(c,) =
¢ (2n) € D. If w, does not converge to the unit circle, we can find a subsequence
Wy(;) such that wy;;y — w € D as j — oo. Since the family of univalent functions
{¢, : D — C} is normal, by passing to a further subsequence if necessary, we may
assume that (,;) — ¢ locally uniformly on D. Clearly ((D) C A.. Therefore,
C(w) = lim; oy (wng)) = limy 2,y = P*(c) € A.. But this means that P, is
capture, which contradicts ¢ € QU. This proves that w, converges to the unit circle.
Hence m is a proper map. Now, as before, m~'(0) has to be nonvacuous and finite. [J

Remark. When the rotation number 6 is of bounded type, there is a simple proof for
the uniqueness of centers. (Compare [Mcl]| or [M2], where this is shown for every
hyperbolic component in a holomorphic family of polynomial maps.) We sketch
such a proof briefly. By Corollary 7.2, it is enough to prove that any two centers
for a component are quasiconformally conjugate. First let U be a hyperbolic-like
component and ¢; and ¢y be centers of U. Let P, = P,. Then, as in the proof of
Theorem 4.2, there is a conformal conjugacy ¢ : C ~ K(P;) — C ~ K(P,) which
extends quasiconformally to the whole plane. Let z; = ¢; — -+ +— 2, — 2z; be the
superattracting cycle of P, which is contained in the cycle Uy +— --- +— U, — U; of
Fatou components. By an argument similar to the proof of Theorem 5.1, there exists
a quadratic-like restriction P : U — V with U; C U which is hybrid equivalent to
z — 22, Similarly we get a quadratic-like restriction P,” : U’ — V' hybrid equivalent
to z — 22. This gives a quasiconformal conjugacy between P; and P, on U;, and
then on the grand orbit of U; by taking pull-backs, which extends ¢ to this set. Since
the boundary of Ap, is a Jordan curve by Theorem 14.7, Lemma 4.3 allows us to
extend ¢ to a quasiconformal conjugacy on the whole plane. (It is easy to check
that ¢ is conformal away from the Julia set J(P;). But J(P;) has measure zero by
Corollary 5.2, hence ¢ is in fact conformal.)

Now let U be a capture component with ¢; and ¢y being two centers of U. As
before, there is a conformal conjugacy ¢ : C\ GO(Ap,) — C~ GO(Ap,) which ex-
tends quasiconformally to the entire plane. Again, by Theorem 14.7 and Lemma 4.3,
@ can be extended to a quasiconformal conjugacy C — C.

Now we can completely characterize the quasiconformal conjugacy classes in P5™(6).

Theorem 7.5 (QC Conjugacy Classes in P5"(6)). Every quasiconformal congju-
gacy class in P§™(0) is one from the following list:

(a) A hyperbolic-like or capture component of the interior of Ms(0) with the cen-
ter(s) removed.

(b) The two components Qezy and Q.

(c) A queer component of the interior of Ms(#).

(d) A center of a hyperbolic-like or capture component.
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(e) A single point on the boundary OMs(0).

Proof. Corollary 7.2 shows that no conjugacy class intersects two distinct members
of the above list. It also proves that (d) and (e) are in fact conjugacy classes. Also
the proof of Theorem 4.2 shows that every queer component is a conjugacy class. So
it remains to prove that (a) and (b) are quasiconformal conjugacy classes.

Recall that a critical orbit relation for a rational map f on the sphere is a coinci-
dence of the form f°(c;) = f°"(cy), where ¢; and ¢, are critical points of f and k
and n are nonnegative integers with k+n > 0 (we may have ¢; = ¢3). A holomorphic
family F of rational maps has constant critical orbit relations if every critical orbit
relation for f € F persists under perturbation of f in F. Any two rational maps
in a holomorphic family with constant critical orbit relations are quasiconformally
conjugate ([McS], Theorem 2.7). In other words, critical orbit relations are the only
obstruction to constructing quasiconformal conjugacies.

Now suppose that U is a hyperbolic-like or capture component with the center(s)
removed, or U = Qg or Q. Then the family F = {P.}.cy has no critical orbit
relation at all. Therefore, U has to be a quasiconformal conjugacy class. [

8. CRITICAL PARAMETRIZATION OF BLASCHKE PRODUCTS

This section is the beginning of a digression in the study of cubic Siegel polynomials.
We look at a somewhat different class of maps, i.e., certain Blaschke products which
will serve as models for the cubics in P§™(0). We will introduce these model maps
in Section 9 and return to their relation with the cubics in Section 10.

Let us consider the following space of degree 5 normalized Blaschke products:

3 (B (222 (222 . gy =1 1 1
© B=(Bizmr? (L) (FEL) B0 = and bl > 1l > 1)

where the rotation factor 7 € T is chosen so as to achieve the normalization B(1) = 1.
Each B € B has superattracting fixed points at 0 and oo and four other critical
points counted with multiplicity. We are interested in the open subset B C B of
those normalized Blaschke products of the form (6) whose four critical points other

than 0 and oo are of the form

1 1
C1, C2y —» —
C1 €y
with |e;| > 1,]ca] > 1. Our goal is to parametrize elements of B by their critical

points ¢; and ¢3. The following theorem provides this “critical parametrization” for
B:
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Theorem 8.1 (Critical Parametrization). Let ¢; and ¢y be two points outside the

closed unit disk in the complex plane. Then there exists a unique normalized Blaschke

11
product B € B whose critical points are located at 0,00, ¢y, o, —, —.
c

The proof of this theorem will be given after the following two supporting lemmas.
We remark that we would like to find a direct proof of this fact which can be gener-
alized to higher degrees, but we have not been able to find such a proof. (Compare
a similar situation in [Z], where a conceptual proof is possible.)

The space B of all Blaschke products of the form (6) can be identified with the set
of all unordered pairs {p, ¢} of points outside the closed unit disk. This is canonically
homeomorphic to the symmetric product of two copies of the punctured plane. The
latter can be identified with the space of all degree 2 monic polynomials

w i (w— w)(w— wy) = w? — (wy + w)w + wyw,

with wyws # 0. It follows that B is homeomorphic to C x C*. In particular, it is an
open topological manifold of real dimension 4.

In the same way, we may consider the space C of all unordered pairs {ci, s} of
points outside the closed unit disk, which has a completely similar description.

We consider the continuous map

v:B—-C

which sends a normalized Blaschke product B ~ {p, ¢} with critical points {0, 0o, ¢1, ¢z,

1 1
—, —} to the unordered pair {ci, ¢2}.
C1 Co

Lemma 8.2. ¥V is a proper map.

Proof. Let By, ~ {pu, qn} be a sequence of normalized Blaschke products in B which
leaves every compact subset of 5. Then either

e Some critical point of B,, accumulates on the unit circle, or
e After relabeling, p, goes to oo, or
e After relabeling, p,, accumulates on the unit circle.

In the first two cases, it is easy to see that W(B,) leaves every compact subset of C.
In the third case, there is a subsequence of B, which converges locally uniformly to
a Blaschke product of degree < 5. It follows that the corresponding subsequence of
U(B,,) has to leave every compact subset of C. [

Lemma 8.3. V¥ is injective.
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Proof. Let A and B be two normalized Blaschke products in B with the same critical

1 1
points {0, 00, ¢y, ¢9, —, —} . Let
C1 Co
=D Z—q
Az 28 ,
A <1—p_1z> (1—@2)
B'Z|—>TBZ3 z T D2 S
' 1—p22) \1 -2/’

and assume by way of contradiction that p; # ps and p; # ¢o. Consider the rational
function

A(z)

B(z)

Clearly deg R = 4 and hence R has 6 critical points counted with multiplicity. We
have

R(z) =

22 11z — ¢)(1 = g2)
(1 —py2)%(1 —q,2)?
from which it follows that

i | {2(—1)f(z —p)(z — ) (1= 7,2) (1 - 7,2) } |

R'(z) = (const.)— H(z —¢;)(1 —7¢z = — (=52 (1 —7.2)?

z

(Note that all the sums and products are taken over j = 1,2.) From the above
expression, R has already 4 critical points at the ¢; and 1/¢;. So the rational function
in the braces should have exactly 2 roots. Since this fraction is irreducible (by our
assumption p; # pe and p; # @o), the numerator should have degree 2. But that
implies

22 11z — ¢)(1 = g2)
(1 =Pp2)(1 — g2)?

A'(2) = (const.) B'(z) = (const.)

P191 = D292,
1+ @) + 7 (1 + o1 ?) = Do(1+ |2?) + T (1 + [p2]?)

from which it follows that p; = py or p; = ¢o, hence ¢ = ¢ or ¢ = po, which
contradicts our assumption. [

Proof of the Theorem (Critical Parametrization). By Lemma 8.2 and Lemma 8.3, ¥
is a covering map of degree 1. Hence, it is a homeomorphism B — C. O

In particular, the theorem shows that B is also homeomorphic to the product
C x C.

Corollary 8.4. Given any two points ¢; and ¢y in the plane, with || > 1 and
leo| > 1, there exists a unique normalized Blaschke product B in the closure B with

.. . 1 1
critical points {0,00, ¢y, Coy, —, —}.
€1 C2
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In other words, critical parametrization is possible even if one or both critical
points ¢y, co belong to the unit circle.

Proof. Take a sequence {c},ch} of pairs of points outside the closed unit disk such
that ¢ — ¢; and ¢ — ¢y as n — oo. The corresponding sequence W= ({c?, c2})
of normalized Blaschke products has a subsequence which converges to a normalized

1 1
Blaschke product which, by continuity of ¥, has critical points at {0, oo, ¢, ca, —, —}.
C1 C2

To see uniqueness, it is enough to note that the proof of Lemma 8.3 can be repeated
word by word even if we assume |¢;| =1 or o] =1. O

Proposition 8.5. Every B € B induces a real-analytic diffeomorphism of the unit
circle. Consequently, if B € B\ B, the restriction of B to the unit circle will be a
real-analytic homeomorphism with one (or two) critical point(s).

11
Proof. Let us consider B € B as in (6) which has critical points at 0, 0o, ¢, ¢, —, —,
c

1 C2
with |¢1| > 1 and |co| > 1 and let us prove that B|r is a real-analytic diffeomorphism.

Since Blr has no critical points, it is a local diffeomorphism, hence a covering map
of some degree d < 5. We will prove that d = 1.

B induces a branched covering from every connected component D of B~(D) to D.
Let D be any such component other than the one whose boundary is T and contains
the origin. Then 0D N'T = () since otherwise every point in the intersection would
be a critical point of B. Since p,q € B! (D), either

(i) There are two components D; and Dy of B~!(D) with p € D; and ¢ € D,
such that B : D; — D is a conformal isomorphism for j =1, 2; or

(i) Both p and ¢ belong to the same component D of B~'(D) and B: D — D is
a 2-to-1 branched covering.

By the Maximum Principle and the fact that all poles of B are inside D, these
components have to be topological disks with piecewise analytic boundaries. It follows
that in either case (i) or (ii) the boundaries of the corresponding components give two
preimages for T counted with multiplicity. Since B7'(T) is symmetric with respect
to the unit circle, we have a total number of 4 preimages for T other than T itself.
Clearly this means that the degree of By is 1.

Now let us assume that B € B ~ B. Then there exists a sequence B, € B which
converges locally uniformly to B. Since B has at least one double critical point on
T, it follows that B|r is a real-analytic homeomorphism. O
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9. A BLASCHKE PARAMETER SPACE

Now we focus on a certain class of degree 5 Blaschke products. These are the maps
B with the following two properties:

(i) B has the form

7 Bz ety [ 2P =1 >1, gl >1
() z ez =72 1-72)" |p| a|‘J|

where p and ¢ are chosen such that B has a double critical point on the unit
circle T and a pair (¢, 1/¢) of symmetric critical points which may or may not
be on T.

(ii) ¢ is the unique number in [0, 1] for which the rotation number of B|r is equal
to 0, with 0 < § < 1 being a given irrational number.

The number ¢ in (ii) is unique because the rotation number of B in (7) is a contin-
uous and increasing function of ¢ which is strictly increasing at all irrational values
(see for example [KH], Proposition 11.1.9).

From the above description, it follows that every B which satisfies (i) and (ii)
can be represented as a normalized Blaschke product in B \. B followed by a unique
rotation which adjusts the rotation number to #. As a consequence, Corollary 8.4
shows that every such B is uniquely determined by the position of its critical points.

The rotation group rot= {R, : z — pz with |p| =1} acts on the set of all such
Blaschke products by conjugation. In fact,

R;l oBoR,:z— ezmtp42’3 : —_pp : —_qp )
1 —=ppz) \1—1qpz

We would like to understand the topology of the space of all “critically marked”
Blaschke products satisfying (i) and (ii) modulo the action of rot. By Corollary 8.4,
the conjugacy class of such a Blaschke product is uniquely determined by the location
of its critical points up to a rotation. In case there is only one double critical point
on T, we can simply represent every conjugacy class by the unique Blaschke product
which has a double critical point at z = 1. Therefore, the quotient space of all crit-
ically marked Blaschke products satisfying (i) and (ii) is canonically homeomorphic
to the space of all configurations of the two marked critical points ¢; and ¢y outside
the unit disk D with ¢; =1 or ¢ = 1. This is just the disjoint union of two copies of
C \ D glued together along the boundary circle by the identification
1

(]_,CQ) ~ (Cl,]_) < Cc=—.
Co

It is not hard to see that the resulting space is topologically a punctured plane (see
Fig. 11).
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o ¢

FIGURE 11. Topology of the parameter space BE™(6).

The space of all critically marked Blaschke products B satisfying (i) and (ii) above
modulo the action of rot is denoted by B£™(f). The identification BE™(f) ~ C*
can be explained by introducing the uniformizing parameter p : C* — BE™(f) as
follows: For o € C* with |p| > 1, the corresponding Blaschke product B,, has marked
critical points at {0,00,¢; = p,1/f, ¢ = 1}. Similarly, if |p| < 1, B, is the unique
Blaschke product with marked critical points at {0,00,¢; = 1,¢o = 1/p,7z}. Finally,
when |p| =1, B, denotes either the unique Blaschke product B with marked critical
points at {0,00,¢; = p, ¢y = 1} or its conjugate R;l o B o R, with marked critical
points at {0,00,¢; = 1,¢c, = 1/pu}. Note that B, = By, as maps, if we forget the
marking of the critical points.

In the topology of B¢ (#), the convergence of a sequence {B,, } to some B, has
the following meaning: If B, has only one double critical point on T so that |u| # 1,
then B, — B, simply means p, — p, i.e., uniform convergence on compact subsets
of the plane respecting the convergence of the marked critical points. On the other
hand, if B, has two double critical points on the unit circle so that || = 1, then
B,, — B, means that {j,} can only accumulate on y or 1/4 = 7i. In other words,
in the topology of local uniform convergence, {B,,,} can only accumulate on B, or
its conjugate R, o B, o R,,.

For future reference, we need a somewhat detailed analysis of the structure of the
invariant set Uy>o B~*(T) for a Blaschke product B € B{™(6). For similar descrip-
tions in a family of degree 3 Blaschke products, see [Pe].

Definition (Skeletons). Let B € BE™ (). Define Ty = T and Ty = B~ (Ty) \ Tp.
In general, for k£ > 2 we define T} inductively as T, = B~ (T},_;). We call the closed
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set T}, the k-skeleton of B. Note that B commutes with the reflection I : z — 1/%.
Therefore, every T} is invariant under /.

Since B is a holomorphic branched covering of the sphere, it is not hard to see
that the preimage of every piecewise analytic Jordan curve under B is a finite union
of piecewise analytic Jordan curves intersecting one another at finitely many points
which are necessarily among the critical points of B. Therefore, each T} decomposes
into a finite number of piecewise analytic Jordan curves with this finite intersection
property.

The next proposition tells us what a k-skeleton looks like.

Proposition 9.1 (Structure of the k-Skeleton).

(a) For k > 1, the k-skeleton Ty, is the union of finitely many piecewise ana-
lytic Jordan curves {T}},--- , T} which intersect one another at finitely many
points and do not cross the unit circle T. None of the T} encloses T. For any
T} in this family, the reflected copy I(T}) also belongs to this family. .

(b) With the notation of (a), let D;, denote the bounded component of C~\ T} for
k>1. Fork =0, Df)'could mean either D or C~D. Then fork > 1, B
maps D% onto some Di_,. The mapping is either a conformal isomorphism
or a 2-to-1 branched covering. As a result, B°* is a proper holomorphic map
from D& onto D or C\ D. _

(¢) If k > 1 and i # j, we have Di N D, = 0. _

(d) For k > 1 > 1, either D} and D] are disjoint or Dj, C Di. Conversely, if
Di, C D], we necessarily have k > 1.

Every D¢ is called a k-drop or simply a drop of B. In other words, k-drops are
the open topological disks bounded by the Jordan curves in the decomposition of the
k-skeleton of B. For k = 0, we have slightly changed the notion of drops. The unit
circle T is the only Jordan curve in the 0-skeleton of B, and we agree to call any of
the two topological disks D or C D a 0-drop. The integer k is called the depth of
D;.

Proof. (a) B~'(T) is the union of T and 2 or 4 piecewise analytic Jordan curves which
are symmetric with respect to the unit circle and intersect it at at most one point.
(In fact, none of them crosses the unit circle because a point of crossing would be a
simple critical point of B on T.) In particular, 77 is the union of these 2 or 4 Jordan
curves. It follows that B~1(D) consists of 1 or 2 open topological disks outside D
together with a subregion of D which is bounded by T and 1 or 2 preimages of T in
D (see Fig. 12).

As we mentioned earlier, from the fact that B is a holomorphic branched covering
of the sphere and by induction on k, it follows that T} is a finite union of piecewise
analytic Jordan curves {T}},--- , T/} which intersect one another at finitely many
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points. These points are necessarily precritical points of B. The fact that none of
the T} crosses the unit circle also follows easily by induction on k.

© (d)

FIGURE 12. Four different configurations for B~(T), where B €
B&™(0). The shaded regions are components of B~'(D). The shaded
subregion of D is mapped to D by a 3-to-1 branched covering with a
superattracting fixed point at the origin. There is a critical point at
z = 1 and the other critical point(s) are symmetric with respect to the
unit circle. They are marked by an asterisk. In (a) both components
of B71(D) outside D are mapped isomorphically to D. In (b) there is
only one component of B~(D) outside D which is mapped onto D by
a 2-to-1 branched covering. (c) is a limiting case of (a) or (b) and (d)
is a limiting case of (a).

(b) By the construction of T}, B maps every T} to some T} ;. Let k > 1 and let
us assume that T} is completely outside of D. Since all poles of B are inside D it
follows that B is holomorphic in D and maps it in a proper way onto Dj_,. In case
T} is inside D, it follows by symmetry that B maps D} onto some Dj. _, (which is the
reflection of the image of I(D})). Since every D} can contain at most one critical
point of B, in either case the map B : D — Dj_, will be a conformal isomorphism
or a 2-to-1 branched covering.

(c) We prove the claim by induction on k. This is obvious for k£ = 0. Suppose that
there exist two distinct k-drops D% and D% which intersect. By (b), B maps both of
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them to some (k — 1)-drops and the mapping is proper. It is easy to see that these
two (k — 1)-drops have to be distinct. Then every point in D% N Di must map to
a point in the intersection of the two (k — 1)-drops. This contradicts the induction
hypothesis. ' . .

(d) Let k£ > [ and Dj N D] # 0. If Dj, is not contained in D, then Dj NT}] # 0.
Applying B°* to Dj, it follows from (b) that B°*(T}) intersects D or C \. D. But
k > [ implies B*(T}) = B°*~/(B°Y(T})) = B°*~!(T) = T. Conversely, if D C D],
then & has to be greater than . This is because D} and D] are intersecting, so by
the above argument k < [ would imply the reverse inclusion D} C Di. O

Definition (Nucleus of a Drop). Let Dj be a drop. We define the nucleus® Nj
of D! as the set of all points in D{ which are not accumulated by any other drop of
B. The nuclei of k-drops are said to have depth k.

It follows from Proposition 9.1(c) that

Ni=Di~JUD].
£k j
Clearly every nucleus is open. It is also nonempty because every drop contains an
open set which eventually maps to the immediate basin of attraction of 0 or oo, and
this open set cannot intersect the closure of any other drop of B.

We have two nuclei of depth zero: Ny, which is the nucleus of D and contains
the immediate basin of attraction of 0, and N, which is the nucleus of C ~. D and
contains the immediate basin of attraction of co. Obviously No, = I(Ny). It is not
hard to see that both Ny and N, are invariant under B:

(8) B(Ny) C Ny, B(Ny) C Ny.

This of course implies that Ny and N, are subsets of the Fatou set of B.

It follows from Proposition 9.1(b) that B maps every nucleus of depth k£ onto some
nucleus of depth k —1 and the mapping is either a conformal isomorphism or a 2-to-1
branched covering. We include the following lemma for completeness:

Lemma 9.2. Let N} be the nucleus of a drop D}, which eventually maps to the unit
disk D. Then

(a) No point in the orbit
Ni=nNjo By yin By By N By g

can intersect any of the reflected nuclei I(N,i’;j), 0<j<k.
(b) For z € Ni, B°* is the first iterate of B which sends z to Ny.

2Terminology suggested by A. Epstein.
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Proof. (a) B commutes with I, so there is a reflected orbit
I(N}) = I(Ni?) =5 I(NiLy) =5 - 5 TN ) 5 N,

Now any point in both orbits would have to map to a point in Ny and N, simulta-
neously, which is impossible since Ny N Ny = 0.

(b) This is obvious if £ = 1. Suppose that & > 1 and that for some 0 < [ < k,
B°(2) € Ny. Then by (8), B*71(2) € Ny € D. But B°*71(2) € B**1(Di) and
B°*"Y(D}) is a 1-drop which does not intersect D. [

Remark. If z € N}, it is not true that B°* is the first iterate of B which sends 2 to
the unit disk. In fact, the orbit of z can pass through D several times before it maps
to Ny (see Fig. 13).

FiGURE 13. The orbit of a 3-drop under the iteration of a Blaschke
product B € BE™(). This dark drop on the right maps successively to
lighter drops. It visits the unit disk once before it maps onto it.

Proposition 9.3.
(a) Distinct nuclei are disjoint.
(b) The map B°* from N} onto Ny or Ny is either a conformal isomorphism or
a 2-to-1 branched covering.

Proof. (a) Let N/ and N/ be two distinct nuclei which intersect. By Proposi-
tion 9.1(c), we have k # [. Without loss of generality, we assume that £ > [ and the
iterate B°! maps N/ onto Ny. So for every z in the intersection Nj N Nj, B°(z) will
belong to Ny. This contradicts Lemma 9.2(b).

(b) Since by (a) distinct nuclei are disjoint, an orbit

Ni=nNjo By niv By o0 By Nt By NG or Ny
can hit every critical point of B at most once. Since the critical point z = 1 of
B does not belong to any nucleus, the above orbit can only hit the pair of critical
points ¢ and 1/¢, with |c¢| # 1. By Lemma 9.2(a), both critical points cannot belong

to the above orbit simultaneously. This means that B°* : Ni — Ny or Ny, is either
a conformal isomorphism or a 2-to-1 branched covering. [

Fig. 14, Fig. 15, and Fig. 16 show the Julia sets of some Blaschke products in
Be™() for 0 = (v/5 —1)/2.
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10. THE SURGERY

From now on, unless otherwise stated, we assume that 0 is an irrational number
of bounded type. We describe a surgery on degree 5 Blaschke products in B£™(0)
to obtain cubic polynomials in P§™(#). A similar surgery was done previously in
the case of quadratic polynomials [D2] using the following theorem of Swiatek and
Herman (see [Sw| or [H2]). Recall that a homeomorphism h : R — R is called
k-quasisymmetric if

1 _ Wz +t) — h(2)|
O<h S @ o)

<k < 4o

for all x and all t > 0. We call h quasisymmetric if it is k-quasisymmetric for some
k. A homeomorphism h : T — T is k-quasisymmetric if its lift to R is such a
homeomorphism.

FIGURE 14. The Julia set of a Blaschke product in B{™(6) for 0 =
(v/5—1)/2. There are two symmetric attracting cycles in the nuclei N,
and N4. The topological disks in black form the basin of attraction
of these two cycles. After surgery this Blaschke product becomes a
hyperbolic-like cubic in P5™(8).
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FiGURE 15. Another example of the Julia set of a Blaschke product
in B&™(0) for § = (v/5—1)/2. There is a critical point in the nucleus of
the large 1-drop attached to the unit disk at z = 1 which maps into Nj.
Hence this nucleus contains the zeros p and q. However, after surgery
this Blaschke product becomes a capture cubic in P§™(0).

Theorem 10.1 (Linearization of Critical Circle Maps). Let f : T — T be a
real-analytic homeomorphism with finitely many critical points and rotation number
0. Then there exists a quasisymmetric homeomorphism h : T — T which conjugates
f to the rigid rotation Ry : t — t + 0 (mod 1) if and only if 6 is an irrational
number of bounded type. Moreover, if f belongs to a compact family of real-analytic
homeomorphisms with rotation number 0, then h is k-quasisymmetric, where the
constant k only depends on the family and not on the choice of f.

Let us briefly sketch what this surgery does on a Blaschke product B € Bg™(6).
By Proposition 8.5, the restriction B|r is a real-analytic homeomorphism with one
(or two) critical point(s). When the rotation number of this circle map is of bounded
type, by Theorem 10.1 one can find a unique k-quasisymmetric homeomorphism
h:T — T with h(1) = 1 such that the following diagram commutes:

T 2 T

hol I h

T o T

Moreover, the family { B|r} pepem () is compact (compare Theorem 13.3), hence h is in
fact k(6)-quasisymmetric, where the constant k(6) only depends on §. We can extend
h to a K (f)-quasiconformal homeomorphism H : D — D whose dilatation depends
only on 6. Possible extensions are given by the theorem of Beurling and Ahlfors [A]
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or Douady and Earle [DE] (which has the advantage of being conformally invariant).
Define a modified Blaschke product B as follows:

~ B(z zl>1
(9) B(z) = { (;5—)1 o Ry o H)(2) IzI <1

FIGURE 16. The Julia set of a Blaschke product in B™(6) for 0 =
(v/5 — 1)/2 outside the connectedness locus Cs(f) (see Section 11).
Surgery makes this Blaschke product into a cubic in $ez;.

This amounts to cutting out the unit disk and gluing in a Siegel disk instead. Note
that the two definitions match along T by the above commutative diagram. Now
define a conformal structure o on the plane as follows: On D, let o be the pull-back
H*oy of the standard conformal structure op. Since Ry preserves oy, B will preserve
o on D. For every k > 1, pull o|p back by B°* = B°* on B=*(D) \ D (which consists
of all the mazimal k-drops of B; see Section 11). Since B°* is holomorphic, this
does not increase the dilatation of o. Finally, let o = oy on the rest of the plane.
By the construction, o has bounded dilatation and is invariant under B. Therefore,
by the Measurable Riemann Mapping Theorem of Ahlfors and Bers, we can find a
quasiconformal homeomorphism ¢ : C — C such that p*oy = 0. Set

(10) P=gpoBop.
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Then P is a quasiregular self-map of the sphere which preserves oy, hence it is holo-
morphic. Also P is proper of degree 3 since B has the same properties. Therefore P
is a cubic polynomial.

Now the action of P on ¢(D) is quasiconformally conjugate to a rigid rotation,
hence (D) is contained in a Siegel disk for P with rotation number . Since (1)
is a critical point for P, it follows that the entire orbit {P°*(¢(1))}x>1 lives on the
boundary of this Siegel disk. But {P°*(¢(1))}x>1 is dense on ¢(T), so ¢(T) is exactly
the boundary of this Siegel disk, which is a quasicircle passing through the critical
point (1) of P.

To mark the critical points of P, hence getting an element of P5™(6), we must nor-
malize ¢ carefully. Recall from Section 9 that BE™(6) is uniformized by the parameter
p € C* as follows: If || > 1, B, has marked critical points at {0, 00, ¢; = p, 1/f, c2 =
1}, while for |p| <1, B, has marked critical points at {0,00,¢; =1,¢, = 1/p,7i}. In
the first case, we normalize o such that p(H~'(0)) = 0 and ¢(1) = 1. Call p(u) = ¢
and mark the critical points of P by declaring P = P, as in Section 2. In the case
|| < 1, we normalize ¢ similarly by putting ¢(H~'(0)) = 0 and ¢(1/p) = 1, but
this time we call (1) = ¢ and set P = P.. It is easy to see that when |u| = 1, both
normalizations produce the same critically marked cubic polynomial in P5™(6).

Let us denote the polynomial P constructed this way by Sy(B), i.e., the cubic
obtained by performing surgery on a Blaschke product B using a quasiconformal
extension H. The first question we would like to address is the following:

“Given a B € Bf™(f), what cubic polynomials of the form Sy(B) can we
obtain as the result of this surgery by choosing different quasiconformal ex-
tensions H?”

We will see that for two quasiconformal extensions H and H’, the cubics Sy (B) and
Sy (B) are quasiconformally conjugate and the conjugacy is conformal everywhere
except on the grand orbit of the Siegel disk centered at the origin. When Sy (B) is
capture, we can certainly end up with two different cubics if we choose the extensions
arbitrarily. In fact, let k£ be the first moment the orbit of the critical point ¢ of B hits
the unit disk, and let w = B°%(c). Then for two quasiconformal extensions H and
H', the captured images of the critical points of Sg(B) and Sg/(B) have the same
conformal position in their corresponding Siegel disks if and only if H(w) = H'(w).
It follows that Sy (B) # Sy(B) as soon as we choose two different extensions H, H'
with H(w) # H'(w).

The following proposition has a very nontrivial content in case the result of the
surgery is a cubic whose Julia set has positive measure (say, in a queer component).
It is the Bers Sewing Lemma which makes the proof work.

Proposition 10.2. Let P = Sy(B) and H' be any other quasiconformal extension
of the circle homeomorphism h which linearizes Blr. Then, if P is not capture,
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Sy(B) = Sy/(B). On the other hand, when P is capture, Sy (B) = Sy/(B) if and
only if H(w) = H'(w), where w € D is the captured image of the critical point of B.

Proof. Let () = Sy/(B) and ¢ and g denote the quasiconformal homeomorphisms
which satisfy P = @y o By o ¢y and Q = g o By o opr as in (10). The homeo-
morphism ¢ defined by

(o) = [ (oo () 2 € C~ GO(Ap)
Pie) = (ng/oB*koH'iloHoBokogpl}l)(z) zEPik(Ap)

is quasiconformal and conjugates P to (). By Lemma 4.3, one can find a quasicon-
formal conjugacy 1) : C — C between P and () which is conformal on the grand orbit
GO(Ap) and agrees with ¢ everywhere else. By the Bers Sewing Lemma, ) = d¢p
almost everywhere on C . GO(Ap). But the latter generalized partial derivative
vanishes almost everywhere on C\. GO(Ap) because the surgery does not change the
conformal structures outside Uyso B *(D). Hence 9y = 0 almost everywhere on C,
which means 1 is conformal. This shows P = Q. [

Convention. For the rest of this paper, we always choose the Douady-Earle exten-
sion of circle homeomorphisms to perform surgery. By the above proposition, this is
really a “choice” only in the capture case. We can therefore neglect the dependence
on H and call

S B"(0) — P"(0)

the surgery map.

As an immediate corollary of normalization of ¢ and construction of S, we have
the following:

Corollary 10.3. Let p € C* and P, = S(B,,) be the cubic obtained by performing
the above surgery.

o If |u| > 1, then 1 € OA, and ¢ ¢ 0A,.
o If |u| <1, then c € 0A, and 1 ¢ 0A,.
o If |u| =1, then both c and 1 € 0A,.. O

11. THE BLASCHKE CONNECTEDNESS Locus C;(6)

Suggested by the case of cubic polynomials, we define the Blaschke Connectedness
Locus C5(0) by

Cs5(0) = {B € Bf™(0) : The Julia set J(B) is connected}.

The following theorem provides a useful characterization of Cs(#) in terms of the
critical orbits.
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Theorem 11.1. B € C5(0) if and only if one of the following holds:

e The orbit of c, the critical point of B in C~. D other than 1, eventually hits
D

e The orbit of ¢ never hits D, but remains bounded.

The proof of this theorem depends on an alternative dynamical description for the
Julia set of a Blaschke product in B£™ () which is obtained by taking pull-backs along
certain type of drops called the maximal drops. This description will be useful later
in the proof of Theorem 14.1.

Definition. Let D: be a k-drop of B € B&™(0). We call D! a maximal drop if
Di =D, orif DD = () and D}, is not contained in any other {-drop of B for [ > 1.

It follows in particular that maximal drops of B are disjoint.

Proposition 11.2. Let B € B&*(0) and let P = S(B) = ¢ o Bo ™" as in (10).
Then
(a) D is a mazimal drop of B if and only if ¢(D%) is a Fatou component of P
which eventually maps to the Siegel disk Ap.
(b) ¢ maps the nucleus Ny, of B onto C~ GO(Ap).
(¢) The boundary of the immediate basin of attraction of infinity for B is precisely
the closure of the union of the boundaries of all the mazimal drops of B. Under

© this set maps to the Julia set J(P).

Proof. (a) and (b) are easy consequences of the definitions. For (c), just note that
under ¢, the boundary of the immediate basin of attraction of infinity for B corre-
sponds to the similar boundary for P, and the closure of the union of the boundaries
of all the maximal drops of B corresponds to the Julia set J(P) by (a). O

Lemma 11.3 (Alternative description for Julia Sets). Let B € B{™(0) and let
Jo be the boundary of the immediate basin of attraction of infinity for B. Define a
sequence of compact sets J, = J,(B) inductively by

(11) J.= |J B*IJ,..nD)nDj,
D,ic mazximal

Then

(12) J(B) = Jn.

Proof. Each J, is compact and contained in J(B). By Lemma 11.2(c), Jy C J; and
it follows by induction on n that .J, C J,,1 for n > 0. Put

Joo = Ju-

n>0
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Clearly J., is compact and contained in the Julia set J(B), and it is not hard to see
that it is invariant under the reflection I. We will show that J, is totally invariant
under B, i.e., B"}(Jy) = Js. This will prove that J,, = J(B).

First we prove that J., is forward invariant. For any n, it follows from (11) that
B(J, ~D) C J, C Js. On the other hand, B(J,ND) = B(IJ, 1ND) =IB(J, | ~
D) C IJw = J. These two inclusions show that B(.J,) C J, hence B(Jy) C Joo.

To prove backward invariance, first note that for any n, B~(J,)\D C J, C Jy by
(11). To obtain the same kind of inclusion for B~!(J,,) N D, we distinguish two cases:
First, B"Y(J,ND)ND = B ({1 J,_;ND)ND C I(B " Y(J,_1~\D)) C I J,_1UJ, C Ju.
Second, BY(J, ~D)ND = I[(B}(IJ,ND)\D) C I(B Y(Jyp1)\D) C IJ,,1 C
Js- Altogether, these three inclusions show that B~'(J,) C J, for all n. Hence
B7'(Jx) C J and this proves (12). O

Remark. In terms of the modified Blaschke product B as defined in (9), one can
also define the sequence J,, by Jy = ¢ }(J(P)) and

J,=J B*(IJ, 1 ND).

k>0

Here B~ refers to any branch of (B°%)~! of the form B~'o...0 B! (k times) where
each branch of B~! satisfies B~'(D) N D = ().

Proof of Theorem 11.1. One direction is quite easy to see: If the orbit of ¢ never
hits the closed unit disk and escapes to infinity, one can easily show that J(B) is
disconnected exactly like the polynomial case by considering the Bottcher map of the
immediate basin of attraction of co for B (see for example [M1], Theorem 17.3).

Conversely, suppose that the orbit of the critical point ¢ either hits D or stays
bounded in C\D. Then the Julia set .J(P) is connected, where P = S(B). Consider
the sequence of compact sets .J,, in (11). By Proposition 11.2(c), Jy is connected and
it follows by induction on n that each J,, defined by (11) is connected. Therefore (12)
shows that J(B) is connected. Hence B € C5(f). O

In what follows, we prove that the connectedness locus C5(f) is compact. Other
facts, e.g., having only two complementary components, or connectivity, will be
proved later using surgery (see Corollary 14.4 and Corollary 14.5). We would like to
remark that unlike the case of cubic polynomials, it is often difficult to prove any-
thing about the topology of the Blaschke connectedness locus, partly because of the
complicated way these Blaschke products depend on their critical points, but more
importantly because of the fact that the family y — B, does not depend holomor-
phically on .
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Lemma 11.4. Let {B,} be an arbitrary sequence of Blaschke products in BE™(6)
and h, : T — T be the unique normalized quasisymmetric homeomorphism which
conjugates By|r to the rigid rotation Ry. Let H, denote the Douady-Earle extension
of hy. Then the sequence {Hy,} has a subsequence which converges locally uniformly
to a quasiconformal homeomorphism of D.

It follows that the sequence {H,'(0)} stays in a compact subset of the unit disk.

Proof. Regarding T as the quotient R/Z, we can lift each h,, to a k(6)-quasisymmetric
homeomorphism %, : R — R which fixes 0 and satisfies h,(z + 1) = h,(z) 4+ 1 for
all z. The space of all uniformly quasisymmetric normalized homeomorphisms of the
real line is compact ([Le], Lemma 5.1), hence a subsequence of {h,} converges uni-
formly to a k(f)-quasisymmetric homeomorphism A : R — R. This homeomorphism
descends to a quasisymmetric homeomorphism A : T — T, which is the uniform limit
of the corresponding subsequence of {h,}. On the other hand, the Douady-Earle ex-
tension depends continuously on the circle homeomorphism [DE]. It follows that the
corresponding subsequence of { H,,} converges locally uniformly on D to the extension
of h. O

Corollary 11.5. Let B € Bg™(0) and pp : C — C be the quasiconformal homeo-
morphism which conjugates the modified Blaschke product B to the cubic P = S(B)
as in (10): P = @po Boyg'. Then the family F = {©B} Besem () is normal.

Proof. By the surgery construction as described in Section 10, F is uniformly qua-
siconformal. Let ¢, = ¢p, be a sequence in F. Let B, = B, and choose a
subsequence, still denoted by B,, such that |u,| > 1 for all n (the case |u,| < 1 is
similar). By the way we normalized ¢,

en(H'0) =0, @n(1) =1, @u(c0) = o0.

But {H,!(0)} lives in a compact subset of D. Hence the three points H,'(0), 1 and
oo has mutual spherical distance larger than some positive constant independent of
n. This implies equicontinuity of {¢,} by a standard theorem on quasiconformal
mappings ([Le|, Theorem 2.1). O

Now we show that the surgery map constructed in the previous section is proper.
Proposition 11.6. The surgery map S : BE™(0) — P5™(0) is proper.

Proof. Let the sequence {B,} leave every compact set in Bg™(f) and consider the
corresponding cubics P, = §(B,) = ¢, 0 Bpoy, . To be more specific, let us assume
that B, = B,, as in Section 9, and the critical point p, tends to infinity. Clearly
P, = P, , where ¢, = ¢, (ftn). Since {p,} is normal by the above corollary, we simply
conclude that ¢, — co. [
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Proposition 11.7. C5(0) is compact and invariant under the inversion u — 1/p.
As a result, there exists an unbounded component Neyy of C* N\ C5(0) which contains
a punctured neighborhood of oo and a corresponding component A,y which is mapped
to it by p— 1/p.

Proof. The invariance follows from the definition of Bg™ () and its identification with
C*. Note that the unit circle T C Bg™(0) is contained in C5(#) by Theorem 11.1. So
Azt and Ay, are actually distinet components of C* \ C5(0).

Cs(#) is clearly closed by Theorem 11.1. Let us prove it is bounded. Assuming not,
there is a sequence B,,, € C5(6) with j,, — oo as in the above proof. It follows from
Proposition 11.2(c) and Theorem 11.1 that the corresponding polynomials P,, =
S(B,,) = ¢n o By, o ¢, ! have connected Julia sets. By Proposition 2.4, 1/30 <
|c,| < 30. This contradicts properness of S. O

12. CONTINUITY OF THE SURGERY MAP

This section is devoted to the proof of continuity of the surgery map S. This
is by no means trivial, and in fact, as we will see, depends strongly on the cubic
parameter space being one-dimensional. The fact that the cubics on the boundary
of the connectedness locus M3(f) are quasiconformally rigid is the most crucial step
in the proof, and it is exactly this fact which makes the generalization of this work
to higher degrees difficult. We would like to point out that the situation is similar to
Douady-Hubbard’s proof of the continuity of the “straightening map” in their study
of the space of quadratic-like maps [DH2]. One additional difficulty here is the lack
of complete information on quasiconformal conjugacy classes in the non-holomorphic
family BE™(6) (the analogue of Theorem 7.5; see however Theorem 13.4).

The idea of the proof is as follows: Given a sequence B,, = B, € Bf™(f) such
that B, — B = B,, we prove that there exists a subsequence {B,;} such that
S(Bn)) — S(B) in P§™(#). The topology of the parameter space P5™(f) is the
uniform topology which respects the marking of the critical points. The same is true
for BE™(6) with one exception (compare Section 10): If y has absolute value 1, i.e.,
if B has two double critical points on the unit circle, then B,, — B means that
every subsequence of {B,} has a further subsequence which either converges to B
or to its conjugate R;l o Bo R,. From the construction of S it is easy to see that
S(B) = S(R;' o Bo R,). Therefore, in order to prove continuity of S, all we have
to show is that B,, — B locally uniformly on C (respecting the convergence of the
marked critical points) implies that for some subsequence { By}, S(Bn(;)) — S(B)
locally uniformly on C (again, respecting the convergence of the marked critical
points).

So consider the sequence { B, |t} and let h,, and h be the unique k(#)-quasisymmetric
homeomorphisms which fix z = 1 and conjugate B,|r and B|r to the rigid rotation
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Ry. It is easy to see that h, — h uniformly on T. Consider the Douady-Earle
extensions H, and H, which are K (f)-quasiconformal homeomorphisms of the unit
disk. By the construction of these extensions, H, and H are real-analytic in D and
H,, — H locally uniformly in C* topology [DE]. In particular, the partial deriva-
tives 0H,, and 0H, converge locally uniformly in D to the corresponding derivatives
OH and OH. This shows that o,|p — olp locally uniformly, where o, and o are
the conformal structures we constructed in the course of surgery for B, and B (see
Section 10).

At this point, the main problem is to prove that B, — B and o,|p — o|p implies
0, — o in the L'-norm on C, for this would show that the normalized solutions
©n = @p, of the Beltrami equations ¢} oy = o, converge locally uniformly on C to
the normalized solution ¢ of the equation ¢*oy = ¢. This would simply mean that
S(B,) — S(B) as n — 0.

Unfortunately, we cannot prove o, — o in L*(C) in all cases. So, following [DH2],
we take a slightly different approach by splitting the argument into two cases de-
pending on whether S(B) is quasiconformally rigid or not. In the first case, we show
continuity directly using the rigidity. In the latter case, however, we prove ¢, — ¢
using the fact that S(B) admits nontrivial deformations.

Theorem 12.1. The surgery map S : BE™(0) — P§™(0) is continuous.

Proof. Consider B,,, B € Bf™(f) and start with the same construction as above to
get a sequence {o,} of conformal structures on the plane with uniformly bounded
dilatation and the corresponding sequence {,} of normalized solutions of ¢’ oy = 0y,.
Since {¢,} is a normal family by Corollary 11.5, it has a subsequence, still denoted
by {¢n}, which converges locally uniformly to a quasiconformal homeomorphism
Y :C—C . ) .

Set P, = ppoBnop, ' =8(B,), P =¢oBoyp ' =8(B),and Q = ¢oBoy 1. All
these maps are cubic polynomials in P§™(#). Also P is quasiconformally conjugate to
@, and P, — @ as n — oo. We will show that P = () and this will prove continuity
at B.

For the rest of the argument, we distinguish two cases: If P = S§(B) is quasiconfor-
mally rigid, then automatically P = @ and we are done. (By Theorem 7.5 this case
corresponds to the points on the boundary of Mj3(6) or the centers of hyperbolic-like
or capture components.) Otherwise, P is not rigid, so the quasiconformal conjugacy
class of P is a nonempty open set U C P§™(f) by Corollary 7.2. Assume by way of
contradiction that P # (). Since P, — @ as n — oo, P, € U for large n. Hence P,
is quasiconformally conjugate to P for large n, i.e., there exists a normalized quasi-
conformal homeomorphism 7, : C — C such that n, o P = P, on,. Observe that
the dilatation of 7, is uniformly bounded, since by Theorem 7.1 the dilatation of
(Yop ™ on, ! goes to 1 as n goes to co (see Fig. 17). By “lifting” 7,, we can find a
quasiconformal conjugacy &, = ¢, ! on, o ¢ between the modified Blaschke products
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B and B,, i.e.,

Again, note that the dilatation of &, is uniformly bounded.

FIGURE 17. Sketch of the proof of continuity of S.

We prove that the sequence of conformal structures {o,} converges in L'(C) to
o. This, by a standard theorem on quasiconformal mappings (see for example [Le],
Theorem 4.6), will show that ¢, — ¢ locally uniformly, hence P,, — P, hence P = @,
which contradicts our assumption.

To this end, we introduce the following sequences of conformal structures (where,
as usual, we identify a conformal structure with its associated Beltrami differential):

E(y) = on(2) when z € U, B, (D)
10 otherwise

and

ko | o(z) when z € Ut B7{(D)
0*(2) = { 0 otherwise

Note that ¥ — o in L}(C) as k — oo and for every fixed k, 0% — o* in L'(C) as
n — 00.

Lemma 12.2. The L'-norm ||, — oy goes to zero as n — oo if the area of the open
set U2, B ' (D) goes to zero uniformly in n as k — oc.
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Proof. For a given € > 0, take kg so large that k > ko implies area(U, By (D)) < €
for all n. Then for a fixed large & > ky and n large enough,

lon = olls < llow — oyl + llog — o*[ly + [lo* — oIy
< llow = oull + 2

= _ ow — oF| dody + 2¢
UiZis B2 (D)
< A4e.

This completes the proof of the lemma. [

So it remains to prove that the area of U, B,*(D) goes to zero uniformly in n
as k — oo. Clearly area(U2, B~*(D)) — 0 as k — oo. Since {&,} is uniformly

quasiconformal, there is a constant C' > 0 such that
C ' area(E) < area(¢,(F)) < C area(E)

for any measurable set E. By (13),
U B.'(D) =& (U B7(D)),
i=k '

so area(UX, B;(D)) < C area(UX, B7H(D)) and this proves that the left side goes
to zero uniformly in n. O

13. RENORMALIZABLE BLASCHKE PRODUCTS

Here we consider those Blaschke products in BE™(6) out of which one can “extract”
the standard degree 3 Blaschke product fy to be defined below. The importance of
this particular Blaschke product comes from the fact that it provides a model for the
dynamics of the quadratic polynomial Qy : 2z — e*™z + 22. It will be convenient to
define renormalizable Blaschke products in B£™(f) as ones which after the surgery
give rise to renormalizable cubics in P§™(6) (see Section 5). In what follows we will
have to work with a symmetrized version of the notion of a quadratic-like map in order
to show that any renormalizable Blaschke product is quasiconformally conjugate near
the Julia set of its renormalization to the standard map f,. The proof of this fact
resembles the proof of [DH2] that every hybrid class of polynomial-like maps contains
a polynomial.

First we include the following simple fact for completeness.

Proposition 13.1. Let 0 < § < 1 be a given irrational number and f : C — C be a
degree 3 Blaschke product with a superattracting fized point at the origin and a double
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critical point at z = 1. Let the rotation number of f|r be 8. Then there exists a
unique 0 < t(0) < 1 such that

(14 1) = fole) = 022 (223

Proof. Clearly f(z) = e27r“z2<lz i ), with |a| > 1 and 0 < ¢ < 1. The fact that
—az

f'(1) = 0 implies a = 3. The rotation number of f|r as a function of ¢ is continuous
and strictly monotone at all irrational values [KH]. Hence there exists a unique ¢(6)
for which this rotation number is . O

FIGURE 18. The Julia set of fy for § = (v/5 —1)/2.

Remark. Computer experiments give the value #(§) = 0.613648 for the golden mean
0 = (v/5 —1)/2. Fig. 18 shows the Julia set of f, for this value of §. This standard
degree 3 Blaschke product was introduced by Douady, Ghys, Herman and Shishikura
as a model for the quadratic Qg : z — €*™ 2+ 22 in the case 6 is irrational of bounded
type [D2]. It was also used in [Pe| to prove that the Julia set of @)y is locally con-
nected and has measure zero.

Definition. A Blaschke product B € B () is called renormalizable if S(B) €
P5™(#) is a renormalizable cubic, as defined in Section 5.

Theorem 13.2. Let B € BS™(0) be renormalizable. Then there exists a pair of
annuli W' € W, both containing the unit circle and symmetric with respect to it, and
a quasiconformal homeomorphism ¢p : C — C such that:

(a) B : 0OW' — OW is a degree 2 covering map,
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(b) SOBO[:[C’(PBa
(c) (ppoB)(2) = (foows)(z) for all z € W'.
Moreover, pg can be chosen to be conformal (i.e., dpg = 0) on K(B) = Nuso B~ (W').

Proof. Consider the cubic P = S(B) = poBop~! € P§™(#) which is renormalizable.
Consider the quadratic-like restriction P|y : U — V and the corresponding regions
U = ¢ '(U) and V; = ¢ (V). Clearly U; € V; and both contain the closed unit
disk. Define the symmetrized regions

W' =U,nIU), W=VinI(W)

which are topological annuli with W’ € W. Note that B sends W' to OW in a
2-to-1 fashion.

Now extend By to the whole complex plane by gluing it to the polynomial z —
z? near 0 and oo as follows: Let r > 1 and w : C~N W' — C~ A(r!,r) be a
diffeomorphism such that

wol=1ow,

w(B(2)) = w(2)?, ze€ oW’
Define the extension of Bly by

B(z) zeW'
PO ={ Ml Sg

Note that F' is a quasiregular degree 3 self-map of the sphere, FFo I = I o F, and
every point outside W' will converge to 0 or co under the iteration of F.

Define a conformal structure o on the plane as follows: Put o = w*oy on C ~ W,
and pull it back by F°" to all the components of F~"(C\W’)NW'. Finally, on K(B)
set 0 = 0. It is easy to see that o has bounded dilatation on the plane, is symmetric
with respect to the unit circle, and F*(o) = 0. By the Measurable Riemann Mapping
Theorem of Ahlfors and Bers, there exists a unique quasiconformal homeomorphism
p of the plane which fixes 0,1,00, such that ¢%(09) = 0. The conjugate map
f = ¢poFopg is easily seen to be a degree 3 rational map on the sphere. The
quasiconformal homeomorphism I o g o I also fixes 0, 1,00 and pulls oy back to o
because o is symmetric with respect to T. By uniqueness, o = [ o ¢g o I. This
implies that f commutes with I, hence it is a Blaschke product. By Proposition 13.1,
f = fp, and we are done. [

While the above theorem establishes a direct connection between some Blaschke
products in BE™(#) and fj, it is curious to note the following entirely different relation:

Theorem 13.3. Let B, = B, be any sequence in BE™(0) such that p, — oo as
n — oo. Then B, — fy locally uniformly on C as n — oo.
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In other words, fy can be regarded as the point at infinity of the parameter space
B:™(0).

Proof. As in Section 9, let

B, : 7 e*Titn 3 £ 7 Pn F )
1-p,2) \1—-7q,%

The logarithmic first derivative B!, /B,, and second derivative (B, B! — (B.)?*)/(B,)?
both vanish at z = 1. A straightforward computation shows that these two conditions
translate into

|pn|2_1 |Qn|2_1 .

(13) 1P = 1F
and
) o =B~ 1) |, (a2 =T )= 1) _

|pn_1|4 |Qn_1|4
Let us write a, ~ a when a is an accumulation point of the sequence a,. Since
ln — 00, both p, and ¢, cannot stay bounded. Hence one of them, say p, gets
arbitrarily large, or p, ~» oo. Then (15) shows that (|g,|> — 1)/|gn — 1]* ~ 2, or
equivalently, |¢, — 2| ~ 1 but ¢, stays away from z = 1. On the other hand, (16)
shows that (¢, — 7,,)(|gn|> = 1)/|gn — 1|* ~ 0, hence (¢, — G,,)/|gn — 1> ~ 0. Since
¢ does not accumulate on z = 1, this implies that (¢, —g,) ~» 0. Near the circle
|z — 2| =1 this can happen only if ¢, ~~ 3.

We have shown that there exists a subsequence B, such that p,; — oo and
qn(j) — 3 as j — oo. Since the rotation number depends continuously on the circle
map, it is easy to see that this implies By;) — fy locally uniformly on C. O

Consider a sequence B,, = B, going off to infinity as in the previous theorem.
Consider the cubics P, = P,, = S(B,) = ¢n 0 B, 0 ¢, as in (10). By the previous
theorem, B, — f, so B, — fy. Since {¢,} is normal by Corollary 11.5, by passing
to a subsequence if necessary, ¢, converges to a quasiconformal homeomorphism ¢.
Since the surgery map is proper by Proposition 11.6, ¢, — co. By examining the nor-
mal form (1), we see that P, — @, where @) : z — Az(1—1/22) is affinely conjugate to
Qo : 2z 27422 Hence, Q = po fyop ! and we recover the surgery introduced by
Douady and others. We conclude that the surgery map S : BE™(6) — P5™(6) extends
continuously to the points at infinity of both parameter spaces, and the extension is
also a surgery.

The next theorem is the analogue of Theorem 7.1 for Blaschke products. It will be
more convenient to formulate it for a general Blaschke product since we would like
to use it for fy as well as the elements of BE™(6).
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Theorem 13.4 (Paths of QC Conjugacies). Let A and B be two Blaschke prod-
ucts of degree d and let ® be a quasiconformal homeomorphism which fizes 0,1, oo
such that ol = Io® and o A = Bo®. Then there exists a path {®;}o<i<1 of qua—
siconformal homeomorphisms, with ®y = id and &, = ®, such that A; = ;0 Ao d;!
is a Blaschke product for every 0 <t < 1. In particular, either A is quasiconformally
rigid or its conjugacy class is nontrivial and path-connected.

Proof. The proof is almost identical to that of Theorem 7.1. Consider o = ®*0y,
which is invariant under A, and take the real perturbations o; = to, 0 <t < 1. Let
®; be the unique quasiconformal homeomorphism which fixes 0, 1,00 and satisfies
&0y = 0,. The map A; =P, 0A0 d)t is easily seen to be a degree d rational map.
By uniqueness, [ o &, o I = &, since the left-hand side also pulls oy back to o, and
fixes 0,1, 00. Hence A; commutes with I. So it is a Blaschke product. O

We will need the next lemma in the proof of Theorem 14.3.

Lemma 13.5 (Rigidity on the Julia Set). Let ¢ be a quasiconformal homeomor-
phism defined on an open annulus containing the Julia set J(fq) of the Blaschke prod-
uct fp defined in (14). Suppose that 1p commutes with I and conjugates fy to itself.
Then | (s, is the identity.

Proof. Extend v to a quasiconformal homeomorphism C — C which commutes with
I and conjugates fy to itself. By the previous theorem, there exists a path ¢ —
of quasiconformal homeomorphisms, with 0 < ¢ < 1 and g = id, 1); = 1, such that
Yy o fyoh, ! is a degree 3 Blaschke product quasiconformally conjugate to fy. B
Proposition 13.1, this Blaschke product has to be fy itself, so ¢, commutes with fy.
Now for any periodic point z € J(fp) of period n, ¢t — 14(z) is a continuous path in
the finite set of all period-n points in J(fp). Since 1y(z) = 2z, we must have 1)(z) = 2.
Since such points z are dense in the Julia set, 1| (s, must be the identity. O

14. ON INJECTIVITY OF THE SURGERY MAP

In this section we prove that the surgery map S : BE™(0) — P5™(6) is injective on
the set of Blaschke products which map to C* \. M3(#) or to hyperbolic-like cubics.
The proof of this fact is based on the combinatorics of drops and their nuclei as
developed in Section 9. Here is the outline of the proof: If S(A) = S(B) for some
A,B € Bg™(0), there exists a quasiconformal homeomorphism of the plane which
conjugates the modified Blaschke products A and B, which is conformal everywhere
except on the union of the maximal drops. A careful analysis will then show that
when S(A) is not capture, one can redefine this homeomorphism on all the drops
of the two Blaschke products to get a conjugacy between A and B everywhere. A
pull-back argument together with the Bers Sewing Lemma at each step shows that
this conjugacy is conformal away from the Julia sets (Theorem 14.1). When S(A) is
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hyperbolic-like or has disconnected Julia set, one can use the renormalization scheme
in Section 13 and the rigidity on the Julia sets (Lemma 13.5) to conclude that the con-
jugacy between A and B is in fact conformal (Theorem 14.3). The main Theorem 14.7
and some corollaries on the connectedness locus C5(6) will follow immediately.

Theorem 14.1. Let A, B € Bg™(0) and S(A) = S(B) = P. Suppose that P is not
capture. Then there exists a quasiconformal homeomorphism ® : C — C which fizes
0,1,00, commutes with I, and conjugates A to B. Moreover, ® is conformal on the

Fatou set C . J(A).

Proof. Following the notation of (10), we assume that P = @o Aop ™l =g oBoy ™"
for some quasiconformal homeomorphisms ¢ and ¢'. Consider the quasiconformal
homeomorphism &, = ¢'~' o ¢ which conjugates A to B on the entire plane and is
conformal (i.e., d®y = 0) everywhere except on Uj~q A *(D).

Note that by Proposition 11.2(b) the open set C ~\ Ujso A—*(ID) is precisely the
nucleus N, as defined in Section 9. Also, Uysq A *(D) is the disjoint union of the
maximal drops of A (which by Proposition 11.2(a) correspond to the bounded Fatou
components of P which map to the Siegel disk Ap). Similar correspondence holds for
the open set Jy~o B~*(D). Therefore, corresponding to any maximal k-drop D& (A),
there exists a unique maximal k-drop Di(B) = ®y(D%(A)). Finally, note that for
any such maximal drops, A°%* : Di(A) — D and B°* : Di(B) — D are conformal
isomorphisms since by our assumption P is not capture.

In what follows we construct a sequence of quasiconformal homeomorphisms &,
which preserve the unit circle T and another sequence Y,, by symmetrizing each ®,,:

_ [ 2u(2) o=l
To(2) = { (ITod,ol)(z) |2 <1

We have already constructed ®g, hence YTy. Consider the sequences of compact sets
{Jn(A)} and {J,,(B)} as in Lemma 11.3. Note that ®;0 A = B o ®; on Jy(A). The
next step is to define ®: Let &; = T everywhere except on the maximal drops of
A. On any maximal k-drop Di(A) we define @, : Di(A) — Di(B) by B FoTj0 A
(When k£ = 0, the only maximal 0-drop is D and by this definition ®4|p = Yo|p.)
Observe that the two definitions match along the common boundary. Hence @, is
in fact a quasiconformal homeomorphism by the Bers Sewing Lemma. Note that
11004y = Po|so(4) and by definition of Ji(A) in (11), &0 A = Bo®y on J;(A). The
homeomorphism T is then obtained by symmetrizing ®;.

Continuing inductively, we define ®,, to be equal to Y,,_; everywhere except on the
maximal drops of A and then on the maximal drops we define it by taking pull-backs.
In other words, @, : Di(A) — Di(B) will be defined by B* o T,,_; o A°*.
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Lemma 14.2. The sequence of quasiconformal homeomorphisms {®,} has the fol-
lowing properties:

(17) Dl 7oty = Pt l5_1a),
and
(18) (Pn 0 A)(2) = (Bo®y)(z) z € Ju(A).

Proof. Both properties follow by induction on n. Let us prove (17) first. We have
already seen (17) for n = 1. Assume (17) is true and let z € J,,(A). We distinguish
three cases:

eCase 1: z € J,(A)ND. Then I(z) € J, 1(A) and we have ®,,1(2) = T,(z) =
(Io®,0I)(z) =(I0o®, 10I)(z) by the induction hypothesis. The latter is clearly
equal to Tp,_1(2) = @,(2).

eCase 2: 2 € J,(A)~D and A°*(2) € D for some k > 1. A°*(2) € IJ,_; and hence
(IoA°%)(2) € Jy_1(A). So ®py1(2) = (B *0T,0A%)(2) = (B *olo®,0l0A%)(2) =
(B *olo®,_;0loA%)(z) by the induction hypothesis. Again, the latter is equal
to (B %o Y,_10A%)(2) = ®,(2).

eCase 3: 2z € J,(A)\D and z is accumulated by points of the form Case 2. Then,
clearly, ®,41(2) = ®,(z) by continuity.

Altogether the three steps show that ®,.1|s,(4) = ®n|s,(4), Which completes the
induction step and the proof of (17).

To prove (18) we have to work a little bit more. We have already seen (18) for
n = 1. Assume (18) is true and let z € .J,,;1(A). We split the induction step into the
following cases:

eCase 1: 2 € J,11(A) D and A(z) ¢ D. Then (®,; 0 A)(2) = (Bo &,,1)(2)
automatically since ®,,,, is defined by pull-backs.

eCase 2: 2 € Joy1(A) N D but A(z) € D. Then (®,,, 0 A)(2) = (T, 0 A)(2) =
(BoB™ 0Ty 04)(2) = (Bobuy)(2).

eCase 3: 2 € J,y1(A) ND and A(z) € D. Then (®,,, 0 A)(2) = (T, 0 A)(2) =
(Io®,0I)(A(2)) = (Io®,0A)(I(2)). But I(2) € J,(A) so by the induction hypothesis,
(Io®,0A)(I(2)) = (IoBo®,)(I(z)) = (Bolo®,)(I(z)) = (BoY,)(2) = (Bo®,.1)(z).

eCase 4: 2 € Joy1(A)ND but A(z) ¢ D. Then I(z) € J,(A). Let w = A(z). Since
A(I(z)) = I(w) € D, we have I(w) € I.J,_1(A), hence w € J,_1(A). By (17), one
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has @, 41 (w) = @, (w) = P, 1(w) =T, 1 (w) =LY, 1ol)(w)=Tod,0])(w) =
(Io®,0I)(A(z)) = (Io®,0A)(I(2)) = (IoBo®,)(I(z)) by the induction hypothesis.
The latter is equal to (Bo I o ®,)(I(z)) = (BoY,)(z) = (Bo®,1)(z). O

Back to the proof of Theorem 14.1. By the Bers Sewing Lemma, the symmetriza-
tion ®, — T, does not increase the dilatation. On the other hand, the modification
T, — ®,,1 achieved by pull-backs along the maximal drops does not increase the
dilatation either, simply because A and B are holomorphic. So we may assume that
{®,} is uniformly quasiconformal. Since all the @, fix 0,1, oo, it follows that some
subsequence ®,,(;) converges locally uniformly to a quasiconformal homeomorphism
®. Lemma 11.3 and Lemma 14.2 imply that ® o A = Bo ® on J(A).

In particular, this shows that ® sends all the drops of A bijectively to the drops of
B (before we only had a correspondence between the mazimal drops of A and B).

It is easy to check that ® obtained this way is conformal on the union N =
Uik NV/(A) of all the nuclei of drops of A at all depths as defined in Section (9) and
in fact conjugates A to B there. Since N is clearly disjoint from the Julia set J(A)
by (8), it remains to show that every Fatou component of A is contained in N.

Consider a component U of the Fatou set of A. Under the iteration of A, U visits
both D and C \. D either finitely many times or infinitely often. In the first case, U
has to eventually map into the nucleus Ny(A) or Ny (A), hence it has to be contained
in N. We prove that the second case cannot occur. In fact, suppose that the orbit
of U visits D and C \ D infinitely often. According to Sullivan [Sul], U eventually
maps to a periodic Fatou component of A which is either an attracting or parabolic
basin or a Siegel disk or a Herman ring. It follows that this cycle of periodic Fatou
components intersects both D and C~\. DD, so in either case a critical point of A has to
enter D and escapes from it infinitely often, which is impossible since S(A) is not a
capture. This shows that N = C\ J(A) and proves that ® is a conjugacy between A
and B everywhere and is conformal on C~ J(A). It is easy to see that ® constructed
this way commutes with 7. O

Theorem 14.3. Let A, B € BE™(0) and S(A) = S(B). If S(A) is hyperbolic-like or
has disconnected Julia set, then A = B.

Proof. A and B are renormalizable by Theorem 5.1. Consider the quasiconformal
homeomorphism ® given by Theorem 14.1. By Theorem 13.2, there exists a pair
of annuli W/, @ Wy (resp. W, € Wp) and a quasiconformal homeomorphism ¢4
(resp. @p) which conjugates A (resp. B) to fy on W) (resp. Wp). Since S(A) =
S(B), we can assume that W = ®(W)) and Wy = ®(W,). The quasiconformal
homeomorphism ¢ = pgo®op,' : (W) — pp(Wp) is a self-conjugacy of fy near
its Julia set which commutes with /. By Lemma 13.5, we must have 1|,y = id.
It follows from the Bers Sewing Lemma that the O-derivative of v is zero almost
everywhere on J(fy). Since by Theorem 13.2(b) ¢4 (resp. ¢p) has zero 0-derivative
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on K(A) (resp. K(B)), we conclude that d® = 0 almost everywhere on K(A). But,
as in the proof of Corollary 5.2, up to a set of measure zero, J(A4) = U,>q A " (K (4)).
Therefore, 0® has to be zero almost everywhere on the Julia set J(A). Hence ® is
conformal, so A= B. [

Remark. We believe that the surgery map is a homeomorphism, at least outside of
the capture components where it might have branching. This would imply that the
connectedness loci C5(0) and M3(f) are actually homeomorphic, a conjecture that is
strongly supported by computer experiments.

Corollary 14.4. The surgery map S restricts to a homeomorphism Aoy — Qeat.
Similar conclusion holds for Ny and Q;ne.  In particular, the connectedness locus
Cs(0) is connected.

Proof. Clearly § maps A,,; into 2., injectively by the previous theorem. Since § is
a proper map by Proposition 11.6, it extends to a continuous injection A, U {00} —
Qerr U{00}. We claim that this injection is onto. To this end, it suffices to show that
for any sequence B,, € A.;; which converges to the boundary of the connectedness
locus C5(#), the sequence P, = S(B,) € Qe converges to the boundary of M;3(0).
If not, there is a subsequence of B, which converges to B € dCs(#) but the corre-
sponding subsequence of P, converges to some P € Q... By continuity, P = S(B).
But B has connected Julia set while J(P) is disconnected. This is impossible by
Theorem 11.1. O

Corollary 14.5. The connectedness locus C5(0) has only two complementary compo-
nents Nogr and Ny

Proof. Let U be a bounded component of C* \ C5(6) which is not A;,;. Without loss
of generality, we assume that U maps into €2.,; by S. Take A € U. By the previous
corollary, there exists a B € A,y such that S(4) = S(B). By Theorem 14.3, A = B
and this is a contradiction. [

Corollary 14.6. The surgery map S : BE™(0) — P$™(0) is surjective.

Proof. Compactify BE™ () and P5™(6) by adding points at 0 and oo to get topological
2-spheres. § extends to a continuous map between these spheres by Proposition 11.6.
This map has topological degree # 0 because it is a homeomorphism Aezy — Qe
and S (Qeyt) = Aczs. Therefore it has to be surjective. [

Since the boundary of the Siegel disk of a cubic which comes from the surgery is a
quasicircle passing through some critical point, we have proved the following:

Theorem 14.7 (Bounded type cubic Siegel disks are quasidisks). Let P be a
cubic polynomial which has a fixed Siegel disk S of rotation number 0. Let 0 be of
bounded type. Then the boundary of S is a quasicircle which contains one or both
critical points of P.
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By a recent theorem of Graczyk and Jones [GJ], we have the following corollary:

Corollary 14.8. Under the assumptions of Theorem 14.7, the boundary of the Siegel
disk S has Hausdorff dimension greater than 1.

Now it is possible to show that despite all the bifurcations taking place near the
boundary of the connectedness locus M3() which give rise to discontinuity of the
Julia sets, the boundaries of the Siegel disks move continuously.

Theorem 14.9 (Boundary of Siegel disks move continuously). The boundary
0A. of the Siegel disk of P, € P§™(0) centered at 0 is a continuous function of ¢ € C*
in the Hausdorff topology.

Proof. Let us fix some P € P§™(0). If P ¢ 0M;3(0), Theorem 3.1 shows that J(P),
hence OAp, moves holomorphically in a neighborhood of P and continuity at P is
obvious. So let us assume that P € dMj3(0) and consider a sequence P, € P§™(0)
which converges to P as n — oo. Since the surgery map is surjective, there exists
a sequence B, € BE™(0) such that S(B,) = P,. By properness (Proposition 11.6),
some subsequence which we still denote by B, converges to some B € Bg™(f), which
by continuity maps to P. Now consider the representations P, = ¢, o B, o ¢, as
in (10). Then the boundary 0Ap, is just the image ¢,(T). Since {p,} is normal
by Corollary 11.5, some further subsequence, still denoted by {,}, converges to a
quasiconformal homeomorphism . The map @ =1 o Boty ! € P§™(#) is quasicon-
formally conjugate to P. Since P is rigid by Theorem 7.5, P = (). Now, as n — 00,
0Ap, = ¢,(T) converges in the Hausdorff topology to ¢(T) = 0Ag = 0Ap. O

15. SIEGEL DIskS WITH TwoO CRITICAL POINTS ON THEIR BOUNDARY

In this section we characterize those cubics in P§™(f) which have both critical
points on the boundary of their Siegel disk. In Theorem 15.4 we will prove that the
set of all such cubics is a Jordan curve I' in P§™(6). The proof of this theorem will
use the fact that the quasiconformal conjugacy classes in BE™ () are path-connected
(Theorem 13.4). We then show that when there are no queer components, I' is in
fact the common boundary of Q.. and Q;,; (Theorem 15.5).

Consider the set I" which consists of all cubics P € P§™(0) such that both critical
points of P belong to the boundary of the Siegel disk Ap. Fig. 19 shows this set in
the parameter space P5™(6).

Since the surgery map S : Bf™(0) — P5™(0) is surjective by Corollary 14.6, every
P € T is of the form S(B,) with B, having two double critical points on the circle.
Corollary 10.3 shows that 4 must belong the unit circle T C C* ~ Bg™(#). Therefore,
we simply have

I'=S8(T).
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In particular, T" is a closed path in P§™(0) ~ C*. Suggested by Fig. 19, we want to
prove that I' is a Jordan curve. This would follow immediately if we could prove that
S|t is injective. However, I have not been able to show this. In fact, I do not know
how to prove that Blaschke products on the boundary of the connectedness locus
C5(#) are quasiconformally rigid. So we take a slightly different approach by showing
that the fibers of S| : T — I' are connected.

Lemma 15.1. Let A, B € B{"(0) and S(A) = S(B) = P. Suppose that P is not
capture. Then there exists a path t — Ay € BE™(0) of Blaschke products for 0 <t <1,
with Ay = A, Ay = B, such that S(A;) = P for all t.

Proof. Since P is not capture, by Theorem 14.1 there exists a quasiconformal home-
omorphism ® which conjugates A to B, which is conformal away from the Julia set
J(A). By Theorem 13.4 there exists a path {®;}y<;<; connecting the identity map to
® and a corresponding path {4, = ®;0 Ao®, ' }<;<; of elements of BE™(#) connecting
A to B. Note that by the definition of ®;, these quasiconformal homeomorphisms
are all conformal away from J(A).

It remains to show that S(A;) = P for all 0 < ¢ < 1. Consider the Douady-Earle
extension H : D — D used in the definition of S(A) in Section 10. Recall that
H|r conjugates A|r to the rigid rotation ¢ — ¢ + 6 (mod 1). Hence, the quasicon-
formal homeomorphism H, = H o ®;' : D — D will conjugate A;|r to the rigid
rotation as well. Note that H; is not in general the Douady-Earle extension of the
linearizing homeomorphism h; : T — T for A;. Nevertheless, Sy,(A;) = S(4;) by
Proposition 10.2. Consider the modified Blaschke products

~ Az zl >1
i ={ @ oreme 131

and
o[ Az) 2] > 1
At(Z)—{ (H7 "o Rgo Hy)(2) 2| <1

Note that &; o A= At o ®,.
Define the corresponding conformal structures o and o as in Section 10. It is easy
to see that

Here we use that fact that @, is conformal away from J(A). Consider the normalized
solutions ¢ and ¢, of the Beltrami equations

prog =0, @,00=0;.
By (19) and uniqueness, we have

gpt:gpo(I)t_l.
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Hence, by Proposition 10.2,

S(4A) :QOtO/ItOSOEI
:(po(IzgloAto(I)togp_l
=poAoyp™!
= S(A4).

This completes the proof of the lemma. [
Corollary 15.2. The fibers of S|t : T — T are connected.

Proof. Let A,B € T C B™(#) and S(A) = S(B). Apply the previous lemma to
A, B. Note that A; € T for all 0 <t < 1, since A; is quasiconformally conjugate to
A, hence has two double critical points on the unit circle. [J

Lemma 15.3. Let ~ be an equivalence relation on the unit circle T such that every
equivalence class is closed and connected. Suppose that the whole circle is not an
equivalence class. Then the quotient space T/ ~ is also homeomorphic to T.

Proof. One can easily construct the homeomorphism as follows: Identify T with R/Z,
and let {S;}ien be the collection of nontrivial equivalence classes of ~. (In case this
collection is empty or finite, the lemma is clear.) Each S; can be regarded as a closed
interval in (0, 1], and we may assume that the right endpoint of S; is 1. Note that
there is a natural order < on the collection {S;}. Define a function f : [0,1] — [0, 1]
by putting f(0) = 0, f|s, = 1, and f|s, = 1/2 and proceed inductively as follows.
Suppose that n > 2 and f is already defined on S; U ---U S,. Consider S,
and let S; and S; be its two neighbors with S; < S, < Sj and 1 < 7,5 < n.
Define fls,., = 1/2(f(S;) + f(S;)). (In case S,41 has no left neighbor, simply set
fls,sn = 1/2f(S;).) This defines f inductively on (JS;. By the construction, f
extends continuously to the closure |J .S;. Interpolate f linearly on each open interval
in (0,1) \US:;.

It is easy to check that f constructed this way is continuous, increasing, and the
preimage of every point is either a single point in [0, 1]\ S; or an interval S;. Clearly
such a function induces a homeomorphism between T and T/ ~. O

Remark. This simple lemma should be thought of as the one-dimensional (baby)
version of the following deep theorem of R. L. Moore [Mo]: Let ~ be a closed
equivalence relation on the 2-sphere S? such that every equivalence class is closed
and connected and nonseparating. Then S?/ ~ is also homeomorphic to S2.

Theorem 15.4. T' is a Jordan curve.

Proof. Consider S|p: T — I' whose fibers are closed and connected by Lemma 15.1.
By general topology, I' is homeomorphic to T/ ~, where A ~ B means S(A) = S(B).
By Lemma 15.3, T/ ~ is homeomorphic to the circle. O



ON DYNAMICS OF CUBIC SIEGEL POLYNOMIALS

FiGUuRrRE 19. The Jordan curve I'. This is the locus of all critically
marked cubics in P§™(0) which have both critical points on the bound-
ary of their Siegel disk. Topologically it can be described as the com-
mon boundary of the complementary regions 2.;; and €2;,;. Note that
[' is invariant under the inversion ¢ — 1/c. In particular, it passes
through ¢ = 1.

65
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Finally, we find a topological characterization of I in P§™(#) under the assumption
that there are no queer components in the interior of Mj3(6).

Theorem 15.5 (Topological characterization of I'). T is a subset of the bound-
ary OMs(0) which contains 0Qeyy N OQins. If there are no queer components in the
interior of M3(0), then T' = 0Qezt N Oy

Proof. First let us show that 0€Q..; N0y C . Let P € 0Qez N 0y and assume
that P ¢ I'. Choose B, € Bf"(6) such that S(B,) = P. We can assume without
loss of generality that || > 1. Choose a sequence P, € €, converging to P and
a sequence B,, € A;,; such that S(B,) = P,. By passing to a subsequence we may
assume that B, — B, as n — oo. By continuity, S(B,y) = P so we must have
|| < 1. Since P is not capture by Corollary 7.3, Lemma 15.1 shows that there is
a path ¢t — B, of quasiconformally conjugate Blaschke products connecting B, to
B, all of which are mapped to P. Since this path must intersect T somewhere, we
conclude that P € I' which is a contradiction.

Now we prove that ' C dM;3(f). Fix some P € I'. Since P has both critical
points on 0Ap, it cannot belong to any hyperbolic-like or capture component. Also,
P cannot be in a queer component U of the interior of M3(#), since otherwise every
@ € U would have to be quasiconformally conjugate to P by Theorem 7.5, which
would imply that () has two critical points on dAg, which would show U C I'. But
this is evidently impossible because U is open and I is a Jordan curve. Therefore, P
has to lie in OIM3(0) = 0Qezr U 0Qjns.

1 belongs to the boundary of A o

¢ belongsto the boundary of A c

FIGURE 20

Now assume that there are no queer components in the interior of Mj(6). To
show that I' = 0Q¢y N 0y, let P = P,, and assume by way of contradiction that
co € 0z 0. Since ¢y has positive distance from €2;,,;, for all ¢ in a neighborhood
D of ¢y the sequence {P2"(1)} has to be normal. Assuming that D is a small disk,

the Jordan curve I' cuts D into two topological disks Dy and D, such that for every
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c € Dy, 1 € 0A, and ¢ ¢ 0A,, and for every ¢ € Dy, ¢ € 0A, and 1 ¢ OA, (see
Fig. 20).

Clearly Dy N 0Qeyr = Dy N Oy, = 0. So Dy has to be a subset of a component U
of the interior of M3(#). Since there are no queer components by the assumption, U
is either hyperbolic-like or capture.

For every ¢ € Dy, we have 1 € 0A, and the restriction P.|sa, is conjugate to the
rigid rotation by angle #. Therefore, P27 (1) — 1 for all ¢ € D,, where the g, are the

denominators of the rational approximations of #. Since {PS™(1)} is normal in D,

for a subsequence {g,(j} we must have P (1) — 1 throughout D. In particular,

if ¢ € Dy, the critical point 1 of P. must be recurrent. This is impossible if U is
hyperbolic-like or capture, since over Dy, ¢ € A, and hence 1 either gets attracted
to the attracting cycle or eventually maps to the Siegel disk A.. O
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