Dynamical Cocycles with Values
in the Artin Braid Group

J.-M. Gambaudo and E. E. Pécou

Abstract: By considering the way an n-tuple of points in the 2-disk are linked together under
iteration of an orientation preserving diffeomorphism, we construct a dynamical cocycle with
values in the Artin braid group. We study the asymptotic properties of this cocycle and derive
a series of topological invariants for the diffeomorphism which enjoy rich properties.

1 Introduction

When one is concerned with the study of a group of automorphisms on a probability space
(X, B, i), the knowledge of some cocycle associated to this group is useful. Indeed, cocycles
carry into a simple, well understood, target group G the main dynamical features. By
using subadditive functions on G, for instance left-invariant metrics, one is able to define
asymptotic invariants with relevant dynamical properties. As an illustration, see the Oseledec
theory of the Lyapounov exponents ([7]).

In this paper, we start by recalling some basic definitions related to cocycles in general
and we state some nice asymptotic properties when a subadditive function on the target
group is given. Namely, we show the existence of asymptotic invariants and give conditions
for their topological invariance (section 2).

Section 3 deals with the study of orientation preserving C'-diffeomorphisms of the 2-disk
which preserve a non atomic measure. Given a n-tuple of distinct points in the disk, we
construct on the group of diffeomorphisms we are considering a cocycle with values in the
Artin braid group B,,. Indeed, we show that given a diffeomorphism there is a well defined
way to associate a braid to a n-tuple of orbits. This construction generalizes a well-known
construction for periodic orbits.

Despite the relative complexity of the Artin braid group, there are naturally defined subad-
ditive functions on B,. Therefore, we can consider the asymptotic invariants associated to
these cocycles. These invariants turn to be topological invariants that we can relate to other
well known quantities such as the Calabi invariant and the topological entropy (section 4).
In this last case, we generalize a result of minoration of the entropy by Bowen (see [3]).
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2 Cocycles

2.1 Asymptotic behaviour

Let (X, B,u) be a probability space, Aut(X,p), the group of all its automorphisms, i.e.
invertible measure preserving transformations and G a topological group (with identity ele-
ment e). For any subgroup I' of Aut(X, i), we say that a measurable map o : X xI' = G
is a cocycle of the dynamical system (X, B, u,I') with values in G if for all 4 and v, in T’
and for p-a.e. x in X:

a(z,1172) = alz, 1) a(nz,72).

A continuous map 6 : G — R™, which satisfies, for all g; and ¢, in G:

0(g192) < 0(g1) + 0(g2)

is called a subadditive function on G.
For example, if the group G is equipped with a right (or left) invariant metric d, then it is
clear that the map:

G — R

r — d(g,e)

is a subadditive function.

The following Theorem is a straightforward application of the subadditive ergodic theo-
rem (see for instance [8]).

Theorem 1 Let o be a cocycle of the dynamical system (X, B, u,T') with values in a group
G and 0 a subadditive function on G. Assume that there exists an automorphism ~ in I’

such that the map:
X — R
z = O(a(z,7))

15 integrable. Then:

1. For p-a.e. x in X, the sequence ~0(a(x,y™)) converges, when n goes to +oo to a limit
denoted by O(z,, a).

2. The map:
X — R
z = O(z,7,0)

1$ tntegrable and we have :

n—-+oo N n—-+oo N

lim l/G(Oz(gl",v’z))clu = inf l/G(Oz(gl",v’z))clu = /@(x,%a)du.

We denote by ©,(v, @) the quantity [ O(z,~,a)dpu.
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2.2 Invariance property

Let a and 3 be two cocycles of the dynamical system (X, B, i, ') with value in a group G.
We say that a and [ are cohomologous if there exists a measurable function ¢ : X — G
such that for all v in I and for p-a.e. x in X:

B(z,y) = ¢(x)alz,) (p(yz)) .

Consider two probability spaces (Xi, By, 1) and (Xo, B, p2) and an isomorphism A :
X; — Xs, (i.e. an invertible transformation which carries the measure y; onto the measure
o). Let Ty be a subgroup of Aut(Xy,p;) and T'y = hl'yh™'. Given a cocycle a; on
(X1, Bi, 111, T'1), we denote by h o «; the cocycle defined on (X, By, po, I's) by:

hoai(x,72) = ar(h™(x2), ™ 'y2h),
for all v, € I'y and for all x, € Xos.

Given two dynamical systems (X, By, 1, 1) and (Xy, Bs, o, I's) and given two cocycles
a1 and ay defined respectively on the first and the second system and with values in the
same group G, we say that the two cocycles oy and ay are weakly equivalent if there exists
an isomorphism h : X; — X5 which satisfies :

1. Ty = h[L A,

2. ay and h o ay are cohomologous.

Theorem 2 Let a; and s be two cocycles defined on the dynamical systems (X1, By, p1, ')
and (Xs, By, p2, I's) respectively and with values in a group equipped with a subadditive func-
tion 0 . Assume that oy and oy are weakly equivalent through an isomorphism h.

If vi € Ty and , = hy h™" satisfy that both maps:

x> 0 (i (z1,71)) and x5 — 0 (aa(12,72))
are integrable respectively on X, and Xo, then:
@ul (717041) = 9#2(72@2)-
Before proceeding to the proof of the theorem, let us recall a basic lemma in ergodic theory:

Lemma 1 Let (X, B, u) be a probability space, v an automorphism on X, G a group, 6 a
subadditive function on G and ¢ : X — G a measurable map. Then, for p-a.e. x in X:

liminff(p(7"z)) < +oo.

n—-+00
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Proof: Let N be a positive integer and
Ev = {z e X ]0(¢(z)) <N}

Since the map ¢ is measurable the set £y is measurable and has a positive measure for N
big enough. From the Poincaré recurrence theorem (see for instance [8]) we know that, for
p-a.e x in Ey, the orbit y"(x) visits Ey infinitely often and thus:

liminf0(p4(y"z)) < N.
n—-+00
Since the union Uy>¢€y is a set of p-measure 1 in X, the lemma is proved. O

Proof of Theorem 2: The weak equivalence of the cocycles as and a; leads to the existence
of some measurable function ¢ : X9 — G such that, for all n > 0, for all 75 in I'y and for
[o-a.e. Tg in Xa:

aa(T2,75) = B(x2) hoar(w2,75) (P15 22))

The subadditivity property of the map 6 : G — R™ gives us:
0(az(22,73)) — O(hoai(w2,73))] < 0(d(2)) + 0(d(522) ).
From Lemma 1, it follows that for all 5 in 'y, and for ps a.e. x5 in Xs:
lribfgl&ﬂe(%(%ﬁg)) — 0(hoai(zz,7))] < +oo.

Thus: 1 1
liminf|59(a2(x2,fyg)) — ﬁe(hoal(:cz,vg))l = 0.

n—+o00
Since the map 6 (o;(.,7;)) is integrable for i = 1 and ¢ = 2, it results from Theorem 1 that
for p-a.e. x in X;:

1
lim —6 (a;(z, 7)) = O(x, v, ;)

n—-+4oo N,
Recalling that the definition of h o a;(x9,7%) is ag(h™' (z2), ™'y h), we get that, for uy-a.e.
) in Xgl

@(h_l(@)a’haal) = O(12,72, 2).
By integrating this equality with respect to s, we get:

@m(%aal) = @uz(%a%)-

3 Braids and Dynamics

3.1 The Artin braid group
For a given integer n > 0, the Artin braid group B, is the group defined by the generators

o1,...,0,—1 and the relations:
oi0; = 00, li—jl>2 1<i,j<n-1
0i0i110; = 0i4+10;0i41, 1 <1<n—2.
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An element in this group is called a braid.

A geometrical representation of the Artin braid group is given by the following construction.

Let D° denote the closed unit disk in R? centered at the origin and D? its interior. Let
Qn = {q,---,q,} be a set of n distinct points in D? equidistributed on a diameter of D?.

We denote by D), the n-punctured disk D \ Qn-
We define a collection of n arcs in the cylinder D? x [0, 1]:

L, ={(u(t),t),te [0,1]}, 1<i<n
joining the points in @, x {0} to the points in @, x {1} and such that ~;(t) # v;(t) for i # j.
We call I' = U;—,..nI'; @ geometrical braid and say that two geometrical braids are equivalent
if there exists a continuous deformation from one to the other through geometrical braids.

The set of equivalence classes is the Artin braid group. The composition law is given by
concatenation as shown in Figure 1 and a generator o; corresponds to the geometrical braid

shown in Figure 2.

T

Figure 1: The concatenation of two geometrical braids

(

i-1 i i+1 i+2

Figure 2: Representation of the i-th generator o; of the Artin braid group

Let Homeo(ﬁZ,aﬁZ) be the subset of homeomorphisms from D’ onto itself which are the
iudentity map in a neighborhood on the boundary of the disk. The subgroup of elements
which let the set @, globally invariant is denoted by Homeo(ﬁZ,GEZ,Qn). The following
Theorem, due to J. Birman, shows the relation between braids and dynamics.
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Theorem 3 ([2]) The Artin braid group B, is isomorphic to the group of automorphisms
of m (D) which are induced by elements of Homeo(ﬁ2, 8@2, Qn), that is to say the group of
isotopy classes of Homeo(DZ, 8@2, Qn)-

This isomorphism Z can be described as follows. Let {z1,...,2,} be a basis for the free
group (D, ), where z;, for 1 < i < n is represented by a simple loop which encloses the
boundary point ¢; (see Figure 3). A generator o; of B, induces on m(D,) the following
automorphism Z(o;) :

x; = T T .'L'iil
I(o;) Tiy1 > T

The action of the Artin braid group on (D, ) is a right action. We denote by wb the image
of w € m(D,) under the automorphism induced by the braid b.

Figure 3: The generators of m (D,,)

We now introduce two standard subadditive functions on the Artin braid group. Given
a group presented by a finite number of generators and relations and g an element of the
group, we denote by L(g) the minimal length of the word ¢ written with the generators and
their inverses. We can define two subadditive functions on B,, by measuring lengths of words
either in the Artin braid group or in the fundamental group of the punctured disk D,,. More
precisely, given an element b in B,,, the first subadditive function 6, is defined by:

Notice that by setting d(b,¢) = L(bc™') for all b and ¢ in B,, we define a right invariant
metric d on B,,.
The second subadditive function 6, is defined, for all b in B,,, by:

02(b) = sup logL(z;b),

i=1,...,n

where the x;’s are the generators of the fundamental group of I,, defined as above.
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It is plain that the two subadditive functions are related as follows:
0:(6) < (log3)0i (b),
for all b in B,,.

In the sequel, we shall focus on a particular subgroup of the Artin braid group, that we now
define. Let b be an element in B,, represented by a geometrical braid:

n{(i(1),1) CD? x [0,1], 1 <i<n}.

.....

We say that b is a pure braid if for alli = 1,...,n, 3(0) = v(1).
We denote by F,, the set of all pure braids in B, (see for instance [10]) .

Remark: The pure braid group can be interpreted as follows. Consider a braid b in F,,
and I' = U o {(7:(t),t),t € [0,1]} a geometrical braid whose equivalence class is b. We
can associate to I' the loop (v1(¢), ..., 7n(t))icp,1) in the space D? x ... x D? \ A, where A
is the generalized diagonal :

A = {(p1,...,pn) ED*x...xD? | Fi#j and p; =p;}.

In other words, there exist an isomorphism [J between the pure braid group JF, and the
fundamental group m (D? x ... x D\ A).

3.2 A cocycle with values in the Artin braid group

Let ¢ be an element in Homeo(ﬁQ, 8@2), and let P, = (p1,...,pn) be a n-tuple of pairwise
disjoint points in D?. The following procedure describes a natural way to associate a pure
braid in F,, to the datas ¢ and P, (see figure 4).

1. For 1 <i < n, we join the point (g;,0) to the point (p;, %) in the cylinder D? x 0, %]
with a segment.

2. For 1 < i < n, we join the point (p;, 3) to the point (¢(p;), 3) in the cylinder D* x [3, 2

373
with the arc (@(i—1)(pi), t);e2 2], Where (é7)-co,1) is an isotopy from the identity to ¢
in Homeo(ﬁ2, 8@2).

303]
3. For 1 < i < n, we join the point (¢(p;), 2) to the point (¢;, 1) in the cylinder D? x [2, 1]
with a segment.

The concatenation of this sequence of arcs provides a geometrical braid. The equivalence
class of this geometrical braid is a braid in F,, that we denote by 3(P,; ¢).

It is clear that the above procedure is well defined if and only if for all 1 <i < j < n:

(i) the segment joining the points (g;,0) and (p;, 5) does not intersect the segment joining
the points (g;,0) and (pj, %), and
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Figure 4: Construction of 3(P,; ¢)

(ii) the segment joining the points (¢(p;),3) and (g;,1) does not intersect the segment
joining the points (¢(p;), %) and (gj, 1).

For 1 <i# j < n, consider in R? x. .. xR? the codimension 2 plane P, of points (21, ..., 2,)
such that z; = z;. Let H;; be the hyperplane which contains P, ; and the point (gi,...,q).
The plane P;; splits the hyperplane H;; in 2 components; we denote by ng the closure of
the component which does not contain the point (qi,...,q,). Let Q** be the open dense

subset of D° x ... x D defined by:

o =2 —2 0 ~ =2 =2
@ =D x..xD\ (J H,ND x...xD.

1<4,j<n

We can reformulate conditions (i) and (ii) as follows : the braid §(P,;¢) is defined if and
only if both P, and (¢,...,#)(P,) belong to Q.

Remark 1: This procedure is locally constant where it is defined. More precisely if 3(P,; ¢)
is defined and if P! is close enough to P, in D x..xD \ A, then B(P!; ¢) is also defined
and [(P); ¢) is equal to B(Py; ¢).

Remark 2: Since the set Homeo(ﬁQ, 8@2) is contractible, this procedure does not depend
on the isotopy ¢;.

In order to construct a cocycle with values in the Artin braid group, we also need to define the
invariant measures we are going to consider. We say that a n-tuple of probability measures
Al,..., A\, ON D is coherent if the subset 92" has measure 1 with respect to the product
measure A\; X ... X A,. Notice that this is the case when the measures ); are non atomic.

Lemma 2 Let ¢ be a map in Homeo(ﬁZ, 8@2) which preserves the coherent probability mea-
sures A, ..., A\n. Then, the map :
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D x..xD — F,

P, — [(Pn; )

18 measurable with respect to the product measure Ay X ... X \,.

Proof: The map is continuous on 2" which has measure 1 with respect to the product
measure A\; X ... X A,. O

There is a natural injection j from the set of maps from D’ into itself into the set of maps
from D x ... x D" into itself. Namely:

J(@) = (.., 9).

Let Aq,..., A\, be coherent probability measures and Homeo(ﬁ2, 6@2, Aly..oy Ay) the set of
maps in Homeo(ﬁQ, 8@2) which preserve the measures \i,..., A,.

We call " the image of Homeo(ﬁZ, oD’ Ay, ... A\n) by j in Aut(ﬁ2 X XD A XX An)-
The following proposition is straightforward:

Proposition 1 The map:

=2

D' x..xD xI — F,
(Pn,j(9)) — B(Pu;9)

is a cocycle of the dynamical system (EQ X ... X 62,8(52 X ... X 62), A X oo X A, T) with
values in the group F, (here 8(62 X ... X 62) stands for the Borel o-algebra ofﬁ2 X ... X 62).

3.3 Asymptotic limits and invariance

Let Diff' (DZ, 8@2) denote the set of C'-diffeomorphisms from D’ into itself which are the
identity in a neighborhood of the boundary. The following result is fundamental for our
purpose.

Proposition 2 If the map ¢ is in Diff! (DZ, 8@2) then there exists a positive number K (¢, n)
such that for all P, where 3(Py; ¢) is defined :

01(B(Pn; 9)) < K(9,n).

Proof: From the isomorphism J between F,, and 71(D? x ... x D%\ A) (see section 3.1),
we know that when the braid §(P,; ¢) is defined, it can be seen as a homotopy class of a
loop in D? x ... x D?\ A. The fundamental group m (D? x ... x D?\ A) possesses a finite
set of generators (ex). These generators can be expressed with the generators o; of the braid
group B, through the isomorphism [J. It follows that the proposition will be proved once
we prove that the length of the word 3(P,; ¢) (seen as a homotopy class written with the
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system of generators (ex)) is uniformely bounded when both P, and (¢, ...,¢)(P,) are in
Q%

Consider the blowing-up set K of the generalized diagonal A in D x...xD . More precisely,
KC is the compact set of points:

(pla"'7pi7"'7pn;p117'"7p;'7"'pIn;A1,17"'7Ai,j7"'7An,n)

where, for all 1 <74, <n, A;; is a line containing p; and pj. Obviously, if p; # p’;, then the
line A;; is uniquely defined and thus D x..xD \ A is naturally embedded in K as an
open dense set.

A map ¢ in Homeo(ﬁ2,aﬁ2) yields a map j(¢) = (¢,...,¢) defined and continuous on
D’ x ... x D" Its restriction to D? x ... x D2 let A globally invariant. We claim that if the
map ¢ is a C'-diffeomorphism, then it can be extended to a continuous map on K. This is
done as follows: whenever for some 1 <4, j < n, we have p; = p/;, then a line A; ; containing
pi = pj is mapped to the line do(p;) (A, ;).

Furthermore, if the map ¢ is in Diff* (ﬁQ, 8@2) we can choose an isotopy ¢; from the identity
to ¢ in Diﬁ"l(DZ, 8@2). Thus, the map W:

v 0,1]xK — K
(tapla"'vpn) — (¢t(p1)v"'a¢t(pn))

is continuous.

Let K° be the universal cover of K, 7 : K® — K the standard projection, and ¥° : [0, 1] x K —
K° a lift of the map ¥ (¥ = 7 o ¥%). The system of generators (e;) can be chosen so that
the projection 7 restricted to a fundamental domain of K% is a homeomorphism onto %",
Since K is compact U°([0, 1] x K) is also compact and consequently covers a bounded number
k($,n) of fundamental domains of K°. If both (py, ..., p,) and (¢1(p1), - .., d(p,)) are in Q>
the choice of the system of generators implies that the length of the word S((p1,...,pn); ®)
written with the system of generators (ey) is also uniformly bounded by k(¢, n). This achieves
the proof of the proposition. O

Lemma 3 Let ¢ be a map in Diff* (52, 8@2) which preserves the coherent probability mea-
Sures A, ..., A\p. Then, fori =1 and i =2 the map:

15 integrable with respect to A\ X ... X \,.

Proof: The integrability is a direct consequence of Proposition 2 and of the fact that
0,(b) < (log3)0;(b) for all b in B,,. 0

By applying Theorem 1 to the cocycle 5 and using lemma 3, we immediately get:
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Corollary 1 Let ¢ be an element in Diff" (52, 8@2) which preserves the coherent probability
Measures Ai, ..., Ap. Then fori =1 and i = 2:

1. For \{x...x M\ a.e. Py inD°x...xD" the quantity +0;(6(Pn; o)) converges when
N goes to +oo to a limit OV (P,; ¢).

2. The map
D'x..xD —» RF

P, — 0W(P,;¢)

15 integrable on D’ x...xD with respect to Ay X ... X \,.

We denote by @(;1) A, (@) the integral of this function.

.....

Corollary 2 Let A\y,..., \, and juq, ..., i, be two sets of coherent probability measures on

D?, and let ¢; and ¢ be two elements in Dlﬁl( 8]])) ) which preserve the probability mea-
SUTES A1y .oy Ay aNA L1y ...y fn respectwely

Assume there exists a map h in Homeo(D 8]])) ) such that :
1. h0¢1 = ¢20h,
2. hx\j = pj, , forj=1,....n

Then for i =1 and i = 2:
O . (61) = 0%, (d2).

.....

Proof: Consider the cocycle ay:

D x..xD x j(Homeo(D GID) AL A)) —
(Fnsj(¢1)) > B(Pu; 1)
and the cocycle ay:

=2

D’ x...xD x j(Homeo(ﬁQ,aﬁQ,ul,...,un)) — Fn
(P, j(@2)) — B(Po; ¢2)

Thanks to Theorem 2, the corollary will be proved once we show that a; and as are weakly

equivalent. Consider the homeomorphism j(h) of D’ x ... x D into itself. It is clear that
J(h)« Ay X ... X Ay = g X ... X p, and that:

j(Homeo(D 20D, Ay A )) = j(h)j(Homeo(D 2 oD’ s i) (G (R)) T

Thus it remains to prove that ay and j(h) o a; are cohomologous.
For \{ x ... x A\, ae. P, inD x... xﬁ2, we have:

B(Pas ¢2) = B(Pash™") B(G(h™1)(Pa); é1) B(i(¢1 0 h™")(Pa)s h).
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This reads :
az( Py, j(d2)) = ﬂ(Pn;h_l) hoai(Pn,j(62)) B(i(¢1 0 h™)(Py)); h).

Since the map A~ is in Homeo(DD 8]])) ) we know from Lemma 2 that the map:

=2

D x.. xD — F,
P, — B(Py;h™)

is measurable. This shows that ay and j(h) o o are cohomologous. O

4 A discussion about these invariants

4.1 The fixed points case

In the particular case when we consider a set of fixed points P? = (p?,...,p2) of ¢ €

Diffl(DQ,aﬁ2), we get, for all N > 0:
B(Pyo™) = B(P o),
and consequently, for © = 1 and ¢ = 2, we have:
V(P 0) = B:i(B(P); 9)).

For the set of Dirac measures 51,(1), ., 0po, which are coherent, the invariant numbers @ b
Pl ..... Pn

have a clear meaning:

. . 1 . .. .
e The invariant number 6553) 5, 1s the minimum number of generators o; which are
Pl,“.’ Pn

necessary to write the word B(P?; ¢). In the particular case of a pair of fixed points
(p?, pY), it is the absolute value of the linking number of these two fixed points.

° The map ¢ induces a map ¢, on the first homotopy group of the punctered disk
D \ PY. The invariant @ 50 is the growth rate of the map ¢,. It has been shown
by R. Bowen [3] that thls growth rate is a lower bound of the topological entropy

h(¢) of the map ¢ [1]. The assumption on the map ¢ to be a diffeomorphism is
required in order to get a continuous map acting on the compact surface D, obtained

.....

from D, = D’ \ {q1,...,q,} after blowing up the points ¢, ..., q, with the circles of
directions.

4.2 The general case

Let ¢ be a map in Diff* (DZ, 8@2). From Proposition 2, there exists a positive number K (¢, n)
such that for all P, where §(P,; ¢) is defined:

1
log 3

0 (B(Po; 0)) < 0O (B(Pa; ¢)) < K(,n).
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Let M,(¢) be the set of n-tuples of ¢-invariant, coherent probability measures, and let
(M, ..., An) be in M,,(¢). By integrating with respect to Ay X ... X \,,, we get:

1
1003 s (0) S OR)_(0) < K(6,m).

It follows that the quantities:

0 (4) = sup O ., (9),
(AL An ) EM(9)

are positive real numbers which are, by construction, topological invariants. More pre-
cisely, for any pair of maps ¢; and ¢, in Diff’ (52, 8@2), which are conjugated by a map in
Homeo(ﬁ2, 8@2), we have, for i = 1, i = 2 and for all n > 2:

O (¢1) = OY(¢o).

It also results from the definitions that, for i = 1 and ¢ = 2 the sequences n — @g)(d)) are
non decreasing sequences.

In the next two paragraphs, we give estimates of these invariants that generalize the fixed
points case.

4.2.1 The Calabi invariant as a minoration of the sequence (@g)(qﬁ))n

Let ¢ be a map in Homeo(ﬁ2,aﬁ2) and consider an isotopy ¢; from the identity to ¢ in
Homeo(ﬁz,aﬁ2). To a pair of distinct points p; and p, in D? | we can associate a real
number Anggs(p1,p2) which is the angular variation of the vector ¢t(p1)¢t(p2; when ¢ goes
from 0 to 1 (when normalizing to 1 the angular variation of a Vector making one loop on the
unit circle in the direct direction). Since the set Homeo(D 8]])) ) is contractible, it is clear
that the map (p1,p2) — Angs(p1, p2) does not depend on the choice of the isotopy. If ¢ is
in Diff'(D ,6@2), using arguments similar to the ones we used in the proof of Proposition
2, it is easy to check (see [5]) that the function Ang, is bounded where it is defined, that is
to say on D? x D? \ A. Let (A1, \2) be a pair of ¢-invariant, coherent probability measures.
The function Angy is integrable on D’ x D’ with respect to Ay X Ay and the Calabi invariant
of the map ¢ with respect to the pair (A, As) is defined by the following integral:

CAI,AQ // Ang¢, p1,p2)d)\1(p1)d)\2(p2)
]D) ><]D)

Remark: In [4], E. Calabi defines a series of invariant numbers associated to symplectic
diffeomorphisms on symplectic manifolds. In the particular case of area preserving maps of
the 2-disk, only one of these invariant quantities is not trivial. In [5], it is shown that this
invariant fits with our definition in the particular case when the invariant measures \; are
all equal to the area.
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Proposition 3 Let ¢ be a map in Diff* (DZ, 8@2) which preserves a pair of coherent proba-
bility measures (A1, A2). Then:

Crna(@)] < 64, (0).
Consequently, for any map ¢ in Diff! (DZ, 8@2), and for all n > 2:

sup  [Coaa(@)] < O (g) < O (4).
(A1,X2)EM2(9)

Proof: In order to compute the Calabi invariant of ¢ with respect to (A1, A2), we can use
the Birkhoff ergodic theorem. The corresponding Birkhoff sums:

Angy(pr,p2) + Angg(d(pr), d(p2)) + ..+ Angs(6"™ " (p1), ¢~ ' (p2)),

are equal to:
Anggn (1, p2)-

It follows that for A\; x Ay almost every points (p;, p2) the following limit:

1
m NAngqu (Ph P2),

Ang,(pr.p2) = Jlim

exists and is integrable. Furthermore:

[ L. Ansonmiaxmaxe = [ [, angaton.po)drm)are).

It is clear that for all N > 0 and for all pair of distinct points p and ¢ in D?, we have the
following estimate:

IL(B(p.a: 6™)) — [Angyx (p, q)]] < 3.
Dividing by N and making N going to oo, we get for A\; X Ay a.e (py, p2):

|A7~’Lg¢(p1,p2)| = @(1)(271,272;(15)-

The integration gives:

Con@l < [ [, igonplanpar(es) < 60,(6)

4.2.2 The topological entropy as a majoration of the sequence (03 ,(¢)),

Let Diff* (52, 8@2) denote the subset of elements in Diff! (DZ, 8@2) which are C*°-diffeomor-
phisms. The following theorem can be seen as an extension of the Bowen result ([3]) when
we relax the hypothesis of invariance of finite sets.
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Theorem 4 Let ¢ be an element in Diff>™*(D?, 0D?) with entropy h(¢) and \i,..., )\, a set

of coherent, ¢-invariant probability measures. Then, for \; X ... X A\y-a.e. P, in D" x. . .xﬁ2,
we have:

0@ (P ¢) < h(s),

and consequently, for all n > 2:

O, . (8) < h(9).

Proof: Let P, = (py,...,p,) be a point in Q?" and let hp, be an element in Diff* (62, 8@2)
with the following properties:

1. For each 1 <14 < n, hp, maps ¢; on p;.

2. There exists an isotopy (hpn t)tcfo,] from the identity to hp, such that, for each 1 <
i <n, the arc {(hp,4,t) t € [0,1]} coincides with the segment joining (¢;,0) to (p;, 1)
in D2 x [0, 1].

3. The map

0 — Diff'(D’,oD)
P — hpn

is continuous when Dlﬁl( 8]])) ) is endowed with the C'! topology.

Let ¢ be in Diff>*(D 2 oD’ ) and assume that for N > 0, P, and j(¢")(P,) are in Q**. From
the above construct1on , it follows that the map:

Ny _ 31 N
Up," = hjgnyp,y© @ o hp,

let the points ¢y, ..., q, invariant and that its restriction to I, induces, through the Birman
isomorphism (Theorem 3), the braid 3(P,; ¢").

Let P, be such that the limit ©® (P,; ¢) exists (which is true for a \; x ... x A, full measure
set of points). It follows that there exists € > 0 such that, for N big enough, we have:

which reads: )

i=1,...,n

It is standard that there exists a constant ¢(n) > 0 such that for any differentiable loop 7 in

D,
L([r]) < e(n)i(r)

where [ stands for the euclidian length and [=] is the homotopy class in I,. Combined with
(*), this argument gives:
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That is to say:

_ = (03 (Pai) —e)N -1 N .
cn)" S S [y, © 97 © e, (@)

1
(O3 (Pnip) —€)N -1 N :
(**) c(n)e S ||h]( N)(Pn)“lZ:SIL}p’nl((]5 (th(xz))a
where || — ||; stands for the C' norm.

Assume from now on that the point P, is a recurrent point of the map j(¢) (which is true
for a A\; x ... x \, full measure set of points) and let v(N) be a sequence of integers so that:

li j(¢V(N))(Pn) = P,

N—

From (**) we deduce that there exists a subsequence v(N) of v(N) such that for N big
enough, and for some 1 < iy < n, we have:

= OPPud)=ON (N (hp (1
C(?”L)Ke — (¢ ( Pn(xlo))7

where K is an upper bound of || [];.

In conclusion, the euclidian length of the loop hp, (x;,) increases exponentially under iteration
of the map ¢ with a growth rate which is at least ©® (P,; ¢) —e. Using a result by Y. Yomdim
(see [9] and [6]), in the case of C*° maps, we know that this provides a lower estimate of the

topological entropy. Namely, if ¢ is in Diff> (62, 8@2), we get:
0P (Pusg) —¢ < h(e).

Since, this is true for any € > 0, this yields:

and by integrating:
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