PACMAN RENORMALIZATION
AND SELF-SIMILARITY OF THE MANDELBROT SET
NEAR SIEGEL PARAMETERS
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ABSTRACT. In the 1980s Branner and Douady discovered a surgery relating
various limbs of the Mandelbrot set. We put this surgery in the framework
of “Pacman Renormalization Theory” that combines features of quadratic-like
and Siegel renormalizations. We show that Siegel renormalization periodic
points (constructed by McMullen in the 1990s) can be promoted to pacman
renormalization periodic points. Then we prove that these periodic points are
hyperbolic with one-dimensional unstable manifold. As a consequence, we ob-
tain the scaling laws for the centers of satellite components of the Mandelbrot
set near the corresponding Siegel parameters.
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1. INTRODUCTION

1.1. Statements of the results. Though the Mandelbrot set M is highly non-
homogeneous, it possesses some remarkable self-similarity features. Most notable is
the presence of baby Mandelbrot sets inside M which are almost indistinguishable
from M itself. The explanation of this phenomenon is provided by the Renormaliza-
tion Theory for quadratic-like maps, which has been a central theme in Holomorphic
Dynamics since the mid-1980s (see and references therein).

By exploring the pictures, one can also observe that the Mandelbrot set has self-
similarity features near its main cardioid. For instance, as Figure 2] indicates, near
the (anti-)golden mean point, the (p,/Pni2)-limbs of M scale down at rate A\=2",
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FIGURE 1. A (full) pacman is a 2 : 1 map f : U — V such that
the critical arc v; has 3 preimages: 7o, 74+ and ~v_.

where A\ = (1++/5)/2 and p,, are the Fibonacci numbers. The goal of this paper is
to develop a renormalization theory responsible for this phenomenon.

Our renormalization operator acts on the space of “pacmen”, which are holomor-
phic maps f : (U,a) — (V, @) between two nested domains, see Figure such that
f: U\ — V ~ 7 is a double branched covering, where ~; is an arc connecting o
to V. The pacman renormalization Rf of [ (see Figure is defined by removing
the sector S7 bounded by ~; and its image s, identifying its boundary components
by the dynamics, and taking the second iterate of f on the sector So C f~1(S;)
between 7o and 7y, while keeping the original map on U ~ f~1(S;). (See §2| for
precise definitions.) Note that it acts on the rotation numbers (see Appendix
and, in particular, (A.2)) as

20 — 1

0 1 1
. — 1 <0< —: — i =<6<1.
(1.1) 0— 1y H0SO< 00— == i <0<1

A pacman is called Siegel with rotation number 6 if « is a Siegel fixed point with
rotation number 6 whose closed Siegel disk is a quasidisk compactly contained in
U (subject of extra technical assumption, see Definition [3.1]).

Theorem 1.1. For any rotation number 6 periodic under (e.g. with periodic
continued fraction expansion), the pacman renormalization operator R has a unique
periodic point f, which is a Siegel pacman with rotation number 6. This periodic
point is hyperbolic with one-dimensional unstable manifold. Moreover, the stable
manifold of fi consists of all Siegel pacmen.

Let ¢(0), 6 € R/Z, be the parameterization of the main cardioid C by the rotation
number 6. At any parabolic point ¢(p/q), there is a satellite hyperbolic component



PACMEN 3

A, /q of M attached to c(p/q). Let a,,q be the center of this component, i.e., the
unique superattracting parameter inside Ay /4
In this paper, notation «,, ~ (3, will mean that «, /3, — const # 0.

Theorem 1.2. Let 0 be a rotation number periodic under (1.1)), and let p,,/q., be
its continued fraction approximands. Then

1
A
The above results can be generalize to the case of rotation numbers of bounded

type. We conjecture that they extend to arbitrary combinatorics, which would
provide us with a good geometric control of the molecule of the Mandelbrot set (see

Appendix .

1.2. Outline of the proof. We let:

o e(z) — 627Ti2;

—po:zre(d)z+ 2%

— Py be the set of pacmen with rotation number 6§ € R/Z;

|c(0) = ap,./q.| ~

— Oper be the set of combinatorially periodic rotation numbers (i.e., rotation num-

bers periodic under (|1.1)) — this includes numbers with periodic continued fraction
expansion, or equivalently, periodic quadratic irrationals);
— Opna be the set of combinatorially bounded rotation numbers (i.e., rotation num-

bers with continued fraction expansion where all its coefficients are bounded).

Any holomorphic map f : (Uf,a) = (C, ) whose fixed point « is neutral with
rotation number § € O, is locally linearizable near a. Its maximal completely
invariant linearization domain Z; is called the Siegel disk of f. If Z; is a quasidisk
compactly contained in Uy whose boundary contains exactly one critical point, then
f is called a (unicritical) Siegel map. For any 6 € ©p,, the quadratic polynomial
py and any Siegel pacman (§3)) give examples of Siegel maps.

There are two versions of the Siegel Renormalization theory: holomorphic com-
muting pairs renormalization and the cylinder renormalization. The former was
developed by McMullen [McM2] who proved, for any rotation number 6 € Ope,,
the existence of a renormalization periodic point f, and the exponential convergence
of the renormalizations R, (pg) to the orbit of f,. McMullen has also studied the
maximum domain of analyticity for fi.

The cylinder renormalization Ry was introduced by Yampolsky who showed
that f, can be transformed into a periodic point for R, with a finite codimension
stable manifold W?*(f,) and at least one-dimensional unstable manifold W*(f,)
[Ya]. However, the conjecture that f, is hyperbolic with dim W*(f,) = 1 remained
unsettled.

Let us now select our favorite § € ©pe; it is fixed under some iterate of .
Then the corresponding iterate of the Siegel renormalization fixes fy, so below we
will refer to the f, as “renormalization fixed points”.

We start our paper ( by discussing an interplay between a “pacman” and
a “prepacman”. The latter (see Figure is a piecewise holomorphic map with
two branches fi : Uy — S, one of which is univalent while the other has “degree
1.5” with a single critical point. Such an object can be obtained from a pacman by
cutting along the critical arc ;. For a technical reason, we “truncate” both pacmen
and prepacmen by removing a small disk around the co-a point, see Figure
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FIGURE 2. Limbs 8/21,21/55,55/144,144/377, ... scale geomet-
rically fast on the right side of the (anti-)golden Siegel parameter,
while limbs 5/13,13/34,34/89,89/233, ... scale geometrically fast
on the left side. The bottom picture is a zoom of the top picture.
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Then we define, in three steps, the pacman renormalization. First we define a
“pre-renormalization” (Definition as a prepacman obtained as the first return
map to an appropriate sector S. Then, by gluing the boundary arcs of S, we obtain
an “abstract” pacman. Finally, we embed this pacman back to the complex plane.

There are some choices involved in this definition. We proceed to show that
near any renormalizable pacman f, the choices can be made so that we obtain a
holomorphic operator R in a Banach ball (Theorem .

In Section 3] we analyze the structure of Siegel pacmen f. The key result is that
any Siegel map can be renormalized to a Siegel pacman (Corollary , where the
rotation number changes as an iterate of , see Lemma

In case when f = f, is the Siegel renormalization fixed point, this provides us
with the pacman renormalization fixed point ( Moreover, the pacman renor-
malization R becomes a compact holomorphic operator in a Banach neighborhood
of f,, with at least one-dimensional unstable manifolds W*( f,), see Theorem [3.16

Along the lines, we introduce and discuss the associated geometric objects (§3.1)):
the pacman “Julia sets” K(f) and J(f), “bubble chains”, and “external rays”. We
also use them to show, via the Pullback Argument, that any two combinatorially
equivalent Siegel pacmen are hybrid equivalent (Theorem , i.e. there is a qc
conjugacy between them which is conformal on the Siegel disk.

For a Siegel pacman f,, any renormalization prepacman can be “spread around”
(see Figure @ to provide us with a dynamical tiling of a neighborhood of the Siegel
disk, see §4.3] and Figure [I3] Moreover, this tiling is robust under perturbations of
[+, even when the rotation number gets changed, see Theorem [£.6] In this case, the
domain filled with the tiles can be used as the central “bubble” for the perturbed
map f, replacing for many purposes the original Siegel disk Z, of f,. In particular,
it allows us to control long-term f™-pullbacks of small disks D centered at 07,
(making sure that these pullbacks are not “bitten” by the pacman mouth). This is
the crucial technical result of this paper (Key Lemma 4.8)).

When f, is the renormalization fixed point and the perturbed map f belongs
to its unstable manifold W*(f,) then we can apply this construction to the anti-
renormalizations R™"™f . This allows us to show that the maximal holomorphic
extension of the associated prepacman is a o-proper map F = (f; : X3 — C),
where X1 are plane domains (Theorem [5.1)).

Applying this result to a parabolic map f € W¥(f,), we conclude that its attract-
ing Leau-Fatou flower contains the critical point, so the critical point is non-escaping
under the dynamics (Corollary .

After this preparation, we are ready for proving Theorem see {7} Assum-
ing for the sake of contradiction that dim W*(f,) > 1, we can find a holomorphic
curve I'y C W¥(f,) through f, consisting of Siegel pacmen with the same rotation
number. Approximating this curve with parabolic curves T',, C W¥(f,), we con-
clude that the critical point is non-escaping for f € I'y. This allows us to apply
Yampolsky’s holomorphic motions argument [Ya] to show that dim W*(f,) = 1.

Finally, using the Small Orbits argument of [L1], we prove that f, is hyperbolic
under the pacman renormalization, completing the proof.

Along the lines we prove the stability of Siegel maps (see Corollary : if a
small perturbation of a Siegel map f fixes the multiplier of the a-fixed point, then
the new map g is again a Siegel map. Moreover, the Siegel quasidisk Zq is in a
small neighborhood of Zf.
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To derive Theorem [I.2] from Theorem we need to show that the centers of
the hyperbolic components in question are represented on the unstable manifold
WU(f.). We first show that the roots of these components are represented on
W(f.) which requires good control of the corresponding pacmen Julia sets (see
, and robustness of the renormalization with respect to a particular choice of
cutting arcs, see Appendix [B] Then we use quasiconformal deformation techniques
to reach the desired centers from the parabolic points, see §8

Through out the paper we use Appendix [B] containing a topological prepara-
tion justifying robustness of the anti-renormalizations with respect to the choice of
cutting arcs.

In Appendix [C] we formulate the Molecule conjecture on existence of pacman
hyperbolic operator with the one-dimension unstable foliation whose horseshoe is
parametrized by parameters from the boundary of the main molecule. A closely
related conjecture is the upper semi-continuity of the mother hedgehog.

1.3. More historical comments. Renormalization of Siegel maps appeared first
in the work by physicists (see [Wi,MN|MP]) as a mechanism for self-similarity of
the golden mean Siegel disk near the critical point. A few years later, Douady and
Ghys discovered a surgery that reduces previously unaccessible geometric problems
for Siegel disksﬂ of bounded type to much better understood problems for critical
circle maps. This led, in particular, to the local connectivity result for Siegel Julia
sets of bounded type (Petersen [Pe]) and also became a key to the mathematical
study of the Siegel renormalization. In particular, McMullen-Yampolsky theory
mentioned above is based upon this machinery.

On the other hand, in the mid 2000’s, Inou and Shishikura proved the exis-
tence and hyperbolicity of Siegel renormalization fixed points of sufficiently high
combinatorial type using a completely different approach, based upon the parabolic
perturbation theory [IS].

The Siegel renormalization theory achieved further prominence when it was used
for constructing examples of Julia sets of positive area (see Buff-Cheritat [BC| and
Avila-Lyubich [ALZ2]).

A different line of research emerged in the 1980s in the work of Branner and
Douady who discovered a surgery that embeds the 1/2-limb of the Mandelbrot set
into the 1/3-limb [BD]|. This surgery is the prototype for the pacman renormaliza-
tion that we are developing in this paper.

Note also that according to the Yoccoz inequality, the p/g-limb of the Mandelbrot
set has size O(1/q). It is believed, though, that 1/q? is the right scale. The pacman
renormalization can eventually provide an insight into this problem.

Remark 1.3. Genadi Levin has informed us about his unpablished work where it
is proven, by different methods, that

(1.2) lap/q — c(p/q)| = O(1/4°),

where ay,q is the center of the p/q-satellite hyperbolic component and c(p/q) is
its root. He has also informed us that (1.2) has been independently established by
Mitsuhiro Shishikura.

IThe original surgery applies to Siegel polynomials only. Its extension to general Siegel maps
leads to quasicritical circle maps, see |[AL2].
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1.4. Notation. We often write a partial map as f: W --» W; this means that
Dom fUIm f C W.

A simple arc is an embedding a closed interval. We often say that a simple arc
£:[0,1] = C connects £(0) and £(1). A simple closed curve or a Jordan curve is an
embedding of the unit circle. A simple curve is either a simple closed curve or a
simple arc.

A closed topological disk is a subset of a plane homeomorphic to the closed unite
disk. In particular, the boundary of a closed topological disk is a Jordan curve. A
quasidisk is a closed topological disk qc-homeomorphic to the closed unit disk.

Given a subset U of the plane, we denote by int U the interior of U.

Let U be a closed topological disk. For simplicity we say that a homeomorphism
f: U — Cis conformal if f|int U is conformal. Note that if U is a quasidisk, then
such an f admits a qc extension through oU.

A closed sector, or topological triangle S is a closed topological disk with two
distinguished simple arcs v_ ,v4 in 0S meeting at the verter v of S satisfying
{v} =~v- N~v4. Suppose further that v_ ,int S, v; have clockwise orientation at v.
Then v_ is called the left boundary of S while . is called the right boundary of S.
A closed topological rectangle is a closed topological disk with four marked sides.

Let f : (W,a) — (C, @) be a holomorphic map with a distinguished a-fixed point.
We will usually denote by A the multiplier at the a-fixed point. If A = e(¢) with
¢ € R, then ¢ is called the rotation number of f. If, moreover, ¢ = p/q € Q, then
p/q is also the combinatorial rotation number: there are exactly q local attracting
petals at  and f maps the i-th petal to ¢ + p counting counterclockwise.

Consider a continuous map f: U — C and let S C C be a connected set. An
f-lift is a connected component of f~1(S). Let

Loy L1y-- Ty, xi+1 = f(l’l)

be an f orbit with x,, € S. The connected component of f~"(S) containing xg is
called the pullback of S along the orbit g, ..., T,.

To keep notations simple, we will often suppress indices. For example, we denote
a pacman by f: Uy — V, however a pacman indexed by i is denoted as f;: U; — V
instead of f;: Uy, — V.

Consider two partial maps f: X --+ X and ¢g: Y --» Y. A homeomorphism
h: X — Y is equivariant if

(1.3) ho f(z) =goh(x)

for all z with € Dom f and h(z) € Domg. If holds for all € T', then we
say that h is equivariant on T.

We will usually denote an analytic renormalization operator as “R”, i.e. Rf is a
renormalization of f obtained by an analytic change of variables. A renormalization
postcompose with a straightening will be denoted by “R”; for example, R,: My —
M is the Douady-Hubbard straightening map from a small copy M, of M to the
Mandelbrot set. The action of the renormalization operator on the rotation numbers
will be denoted by “R”.

Acknowledgments. The first author was partially supported by Simons Founda-
tion grant of the IMS and DFG grant BA4197/6-1. The second author thanks the
NSF for their continuing support.
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The results of this paper were announced at the North-American Workshop in
Holomorphic Dynamics, May 27-June 4, 2016, Canctin, México.
Figures [2| and [31] are made with W. Jung’s program Mandel.

2. PACMAN RENORMALIZATION OPERATOR

Definition 2.1 (Full pacman). Consider a closed topological disk V with a simple
arc -y; connecting a boundary point of V' to a point « in the interior. We will call
v1 the critical arc of the pacman.
A full pacman is a map
f:U=V
such that (see Figure

o fla) =

e U is a closed topological disks with U C V;

e the critical arc «; has exactly 3 lifts v9 C U and y_ ,v4 C 9U such that
~o start at the fixed point o while y_ ;v start at the pre-fixed point «';
we assume that v does not intersect v, 7— , 74+ away from «;

e f:U — V is analytic and f : U\ v — V \ 11 is a two-to-one branched
covering;

e f admits a locally conformal extension through U \ {a/}.

Since f: U\ v — V \ 71 is a two-to-one branched cover, f has a unique critical
point, called co(f), in U \ 7. We denote by ¢ (f) the image of cg.

We will mostly consider truncated pacmen or simply pacmen defined as follows.
Consider first a full pacman f: U — V and let O be a small closed topological disk
around a € int O # ¢;(f) and assume that «; cross-intersects 0O at single point.
Then f~1(O) consists of two connected components, call them Oy > a and O} > .
We obtain a truncated pacman

A pacman is an analytic map as in admitting a locally conformal extension
through U such that f can be topologically extended to a full pacman, see Figure[3]
In particular, every point in V' \ O has two preimages while every point in O has a
single preimage.

2.1. Dynamical objects. Let us fix a pacman f : U — V. Note that objects
below are sensitive to small deformations of OU.
The non-escaping set of a pacman is

fe= ) FO).
n>0

The escaping set is V' \ &5.

We recognize the following two subsets of the boundary of U: the external bound-
ary 0°*U := f~1(0V) and the forbidden part of the boundary O"PU = oU \ 9°*tU.

Suppose £ : [0,1] — V is an arc connecting a point in & to V. We define
inductively images ¢,, : [0,1] = V for m < M € {1,2,...,00} as follows. Suppose
tm < 1 be the maximal such that the image of [0,,,] under ¢, is within U. If
L (tm) € 0%U, then we say £,,+1 is defined and we set £y, 1(t) := f(lm(t/tm))
for t < 1. Abusing notation, we write

gm = f(gm—l)
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FIGURE 3. A pacman is a truncated version of a full pacman, see
Figure |1} it is an almost 2 : 1 map f : (U,Op) — (V,0) with
f(OU) Cc OV U~ UdO0.

We define external rays of a pacman in the following way. Let us embed a
rectangle R in V \ U so that bottom horizontal side B is equal to 9°*U and the
top horizontal side T is a subset of V. The images of the vertical lines within R
form a lamination of V' \ U. We pull back this lamination to all iterated preimages
f7™(R). Leaves of this lamination that start at 9V are called external ray segments
of f; infinite external ray segments are called external rays of f. Note that if « is
an external ray, then f(7), as defined in the previous paragraph, is also an external
ray.

We have two maps from B to T: one is the natural identification 7 along the
vertical lines, the other is the map f: B --» T which is defined only on f~1(T).
Composition thereof, ¢ = 7~' o f: B --» B is a partially defined two-to-one map.
We consider the set A C B of all the points with whole forward orbits are well
defined. Then A is completely invariant and there is a unique orientation preserving
map 6: A — S! which semi-conjugates ¢: A — A to the doubling map of the circle.
We say that 6(a) is the angle of the external ray segment passing through the point
a.

An external ray segment passing through a point a € A is infinite (i.e. it is
an external ray) if and only if it hits neither an iterated precritical point nor an
iterated lift of OPU. The latter possibility is a major technical issue we have to
deal with.

2.2. Prime pacman renormalization. Let us first give an example of a prime
renormalization of full pacmen where we cut out the sector bounded by v; and
v, see Figure [4l This renormalization is motivated by the surgery procedure that
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FIGURE 4. Prime renormalization of a pacman: delete the sector
Sy, forget in U the sector S, attached to o, and iterate f twice
on Sy. By gluing 71 and v, along f : 77 — 72 we obtain a new
pacman f : U—V.

Branner and Douady [BD] used to construct a map between the Rabbit £;,3 and
the Basilica £;/, limbs of the Mandelbrot set, see Appendix Pacman renor-
malization will be defined in

Recall that a sector S is a closed topological disk with two distinguished arcs in
0S5 meeting at single point, called the vertex of S. Suppose f : U — V is a full
pacman and

(A) 70, 71, and ¥2 := f(y1) are mutually disjoint except for the fixed point «.
Denote by S; the closed sector of V' bounded by v; U~2 and not containing vy. Let
us further assume that

(B) Sp does not contain the critical value; and

(C) v-Uys CV\ S

Let V be the Riemann surface with boundary obtained from V' \int S; by gluing
v, == f~Y(y2) N1 and 7, along f. This means that there is a quotient map

YV \intS; —» V

such that v is conformal in V'\ Sy while ¢(z) = ¢ (f(2)) € Vforall z € ~1- Let us
select an embedding Ve cC.

The sector S7 has two f-lifts; let Sy be the lift of S; attached to o and let S be
the lift of S attached to . Condition (B) implies that v_ U~y C V' \ Sp. Define

7o) i f(z), ifzeU\(S1USUSY)
T F2) ifze Son fLU). '

Then the map f descends via 1) into a full pacman f : U — V with the critical ray
Y-
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2.3. Pacman renormalization. Let us start with defining an analogue of com-
muting pairs for pacmen.

A map v: S — V from a closed sector (S, B_ , 34 ) onto a closed topological disk
V C Cis called a gluing if v is conformal in the interior of S, ¥(3_) = (3, ), and
1 can be conformally extended to a neighborhood of any point in S_ U 4 except
the vertex of S.

Definition 2.2 (Prepacmen, Figure . Consider a sector S with boundary rays
B— , B+ and with an interior ray [y that divides S into two subsectors T ,T.
Let f-:U_- — S, fi:Uy — S be a pair of holomorphic maps, defined on U_ C
T_ Uy C Ty. We say that FF = (S, f— , fy) is a prepacman if there exists a
gluing ¢ of S which projects (f— , f4+) onto a pacman f: U — V where S_ , 84 are
mapped to the critical arc 7; and 5y is mapped to vq.

The map v is called a renormalization change of variables.

The definition implies that f_ and f, commute in a neighborhood of 8y. Note
that every pacman f: U — V has a prepacman obtained by cutting V along the
critical arc ;.

Dynamical objects (such as the non-escaping set) of a prepacman F are preim-
ages of the corresponding dynamical objects of f under .

Definition 2.3 (Pacman renormalization, Figure@. We say that a pacman f: U —
V' is renormalizable if there exists a prepacman

G=(g9-=[U_-=5, g =" U;—8)

defined on a sector S C V with vertex at a such that g_ , g, are iterates of f
realizing the first return map to S and such that the f-orbits of U_ U, before
they return to S cover a neighborhood of a compactly contained in U. We call G
the pre-renormalization of f and the pacman g: U — V is the renormalization of
f-

The numbers a, b are the renormalization return times.

The renormalization of f is called prime if a +b = 3.

Similarly, a pacman renormalization is defined for any map f: U — V with a
distinguished fixed point which will be called «. For example, we will show in
Corollary that any Siegel map is pacman renormalizable.

Combinatorially, a general pacman renormalization is an iteration of the prime
renormalization — see details in Appendix [A] in particular Lemma [A-2]

We define = & to be the union of points in the f-orbits of U_ , U before
they return to S. Naturally, is a triangulated neighborhood of «, see Figure [6}
We call  a renormalization triangulation and we will often say that is obtained
by spreading around U_ ,U,.

Definition 2.4 (Conjugacy respecting prepacmen). Let f and g be any two maps
with distinguished a-fixed points and let R and @ be two prepacmen in the dy-
namical plane of f and g defining some pacman renormalizations. Let h be a local
conjugacy between f and g restricted to neighborhoods of their a-fixed points.
Then h respects R and @ if h maps the triangulation g to ¢ so that the image
of (SR, UR’:‘:) is (SQ7 UQ,:E).



12 DZMITRY DUDKO, MIKHAIL LYUBICH, AND NIKITA SELINGER

.

FIGURE 5. A (full) prepacman (f_: U_ — S, fy:U; — S). We
have U_ = YT_UTY, and f- maps YT_ two-to-one to S_ and Y
to Sy. The map f; maps Uy univalently onto Sy. After gluing
dynamically S and 4 we obtain a full pacman: the arc f_ and
B+ project to 1, the arc By projects to 7o, and the arc S projects
to Y2.

2.4. Banach neighborhoods. Consider a pacman f : Uy — V with a non-empty
truncation disk O. We assume that there is a topological disk U 3 Uy with a
piecewise smooth boundary such that f extends analytically to U and continuously
to its closure. Choose a small € > 0 and define Ng( f,€) to be the set of analytic
maps g : U — C with continuous extensions to OU such that

sup [£(2) — g(2)| < <.

zeU
Then Ng(f,¢) is a Banach ball.

We say a curve « lands at « at a well-defined angle if there exists a tangent line

to v at a.

Lemma 2.5. Suppose vo,71 land at o at distinct well-defined angles. If € > 0 is
sufficiently small, then for every g € Ng(f,¢€) there is a domain U, C U such that
g: Uy =V is a pacman with the same critical arc 7, and truncation disk O.

Proof. For g € N (f,e) with small ¢, set 70(g) to be the lift of y; landing at a.
Since Yo(f),1 land at distinct well-defined angles, so are vo(g), 71 if € is small;
i.e. v0(g), 71 are disjoint.

Set g5 = f + d(g — f), where § € [0,1]. Define v5(z) = g; ' o f(z) on Uy
where the inverse branch is chosen so that ¥(z) = z and ¥;5(2) is continuous with
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respect to §. We claim that ¢ is well defined and that ¢s(0Uy) is a simple closed
curve for all 6 € [0,1]. Indeed, let A € U be a closed annular neighborhood of
OUy that contains no critical points of f. For € small enough, the derivative of
any g € Ng(f,¢) is uniformly bounded and non-vanishing on a lightly shrank A; in
particular g has no critical points in A.

It follows that 5 | A has uniformly bounded derivative and (choosing yet smaller
g, if necessary) is close to the identity map, hence ¢5(0Uy) C A is well-defined for
all 6. Since f has no critical values in A, it is locally injective, which implies that
Ys(x) # s(y) when z is sufficiently close to y. We conclude that 5 is injective
on OUy. Therefore 1, (0Uy) is a simple closed curve; let U, be the disk enclosed by
1(0Uy). It is straightforward to check that g : U; — V is a pacman with critical
arc y; and truncation disk O. (]

Consider a pacman f: Uy — V. Applying the A-lemma, we can endow all
g: Uy — V from a small neighborhood of f with a foliated rectangle 93, as in
such that 93y moves holomorphically and the holomorphic motion of R, is equi-
variant. As a consequence, an external ray R with a given angle depends holo-
morphically on g unless R hits an iterated lift of 5‘frbUg or an iterated precritical
point.

Lemma 2.6 (Stability of periodic rays). Suppose a periodic ray R lands at a re-
pelling periodic point x in the dynamical plane of f. Then the ray R lands at x
for all g in a small neighborhood of f. Moreover, the closure R(g) is in a small
neighborhood of R(f).

Proof. Since z is repelling periodic, it is stable by the implicit function theorem. By
continuity, R(g) is stable away from xz(g). Stability of R(g) in a small neighborhood
of z(g) follows from stability of linear coordinates at . ]

2.5. Pacman analytic operator. Suppose that f : U — V is a renormalization
of f: Uy = V via a quotient map ¢y : S§ — V that extends analytically through
0S¢\{a} (this actually follows from the definition of renormalization) where Sy C V'
is the domain of a prepacman F such that curves Bo, B+, B— all land at o at pairwise
distinct well-defined angles. We claim that there exists an analytic renormalization
operator defined on a neighborhood of f.

We note that 8. = f¥+(f;) for some integers k,,k_. For a map g that is
sufficiently close to f, the fact that the three curves land at different angles implies
that o, g%+ (Bo), g*~ (Bo) are disjoint. Define 7,: 3o U 8- U B — C by 7, = id on
Bo and 74 = "+ o f7F+ on . Then Ty is an equivariant holomorphic motion of
Bo U B— U B4 over a neighborhood of f. By the A-lemma [BR], [ST| 7, extends
to a holomorphic motion of Sy over a possibly smaller neighborhood of f. Denote
by pg the Beltrami differential of 7,. Define a Beltrami differential v, on C as
vg = (Pf)iptg on V and vy = 0 outside of V and let ¢4 be the solution of the
Beltrami equation

20, _, 90,
0z Y0z

that fixes o, 0o, and the critical value. We see that ¢, := ¢401f 07'9*1 is conformal

on Sy 1= 74(S5). It follows, that ¢, depends analytically on g (see Remark on page

345 of [L1]).
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FIGURE 6. Pacman renormalization of f: the first return map of
points in U_ UU; back to S = S_US, is a prepacman. Spreading
around Ux: the orbits of U_ and U, before returning back to S
triangulate a neighborhood of a; we obtain f: — , and we
require that U S is compactly contained in Dom f.

We claim now that G = (Sg,gk*,g]”) is a prepacman. Indeed, by definition
of 74, we have g+ (7,(30)) = B+ and 1, glues G to a map § which is close to f.
By Lemma g restricts to a pacman with the same range as f . We, thus, have
proven the following:

Theorem 2.7 (Analytic renormalization operator). Suppose that f LU — Vs
a renormalization of f : Uy — V wia a quotient map vy : Sy — V. Assume
that the curves Bo, B—, B+ (see Definition land at o at pairwise distinct well-
defined angles. Then for every sufficiently small neighborhood N (f,€), there exists
a compact analytic pacman renormalization operator R: g — § defined on Nz (f,€)
such that R(f) = f Moreover, the gluing map 14, used in this renormalization,
also depends analytically on g. O

Proof. We have already shown that § depends analytically on g € Nz(f,€). Choose
U, with Uy € Uy € U so that the operator R is the composition of the restriction
operator N5 (f,e) — Ny, (f,¢) and the pacman renormalization operator defined on
Ny, (f,€). Since Ng(f,e) — Ny, (f,€) is compact, we obtain that R is compact. [
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3. SIEGEL PACMEN

We say a holomorphic map f: U — V is Siegel if it has a fixed point «, a Siegel
quasidisk Z ¢ 2 a compactly contained in U, and a unique critical point ¢y € U that
is on the boundary of Z;. Note that in [AL2| a Siegel map is assumed to satisfy
additional technical requirements; these requirements are satisfied by restricting f
to an appropriate small neighborhood of 7f.

Let us foliated Siegel disk Z of f by equipotentials parametrized by their heights
ranging from O (the height of «) to 1 (the height of 0Zy).

Definition 3.1. A pacman f:U — V is Siegel if

e f is a Siegel map with Siegel disk Z; centered at «;

e the critical arc y; is the concatenation of an external ray R; followed by an
inner ray I; of Zy such that the unique point in the intersection v; N 0Z;
is not precritical; and

e writing f: (U \ Of,Op) — (V,0) as in (2.1, the disk O is a subset of Z;
bounded by its equipotential.

The rotation number of a Siegel pacman (or a Siegel map) is § € R/Z so that
e(0) is the multiplier at . It follows that the rotation number of Siegel map is in
Opna. The level of truncation of f is the height of 0O.

Since 7; is a concatenation of an external ray R; and an internal ray I, so
is 7p: it is a concatenation of an external ray Ry and an internal ray Iy with
f(RoU Iy) = Ry UI. Two Siegel pacmen f: U — Vi and g: U, — V, are
combinatorially equivalent if they have the same rotation number and if Ro(f1)
and Ro(f2) have the same external angles, see (2.I). Starting from we will
normalize 7y so that it passes through the critical value.

A hybrid conjugacy between Siegel maps is a qc-conjugacy that is conformal on
the Siegel disks. A hybrid conjugacy between Siegel pacmen is defined in a similar
fashion. We will show in Theorem that combinatorially equivalent pacmen are
hybrid equivalent.

We will often refer to the connected component Z} of f~YZs)\ Z; attached to
co as co-Siegel disk.

3.1. Local connectivity and bubble chains. Consider a quadratic polynomial
po: 2+ e(0)z + 22

Theorem 3.2. If § € Oy,q, then the closed Siegel disk Z of pe is a quasidisk
containing the critical point of pg.

Conversely, suppose a holomorphic map f: U — V with a single critical point
has a fized Siegel quasidisk Z; € U NV containing the critical point of f. Then f
has a rotation number of bounded type.

The first part of Theorem follows essentially from the Douady-Ghys surgery,
see [D1]. By [AL2] there is a quasicritical map associated with f. Moreover, the
linearizing map for f | Zy must be quasi-symmetric, which implies that f has a
rotation number of bounded type by the real a priori bounds.
Let us now fix a polynomial p = pg with 6 € Opnq. A bubble of p is either

o Z,, or

° 7; =p~(Z,)\ Z,, or

e an iterated p-lift of 7;.
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The generation of a bubble Zj is the smallest n > 0 such that p"(Z;) C Z,. In

particular, 7p has generation 0 and 7;7 has generation 1. If the generation of Zj is
at least 2, then p: Z, — p(Z) admits a conformal extension through 07, (because
p(Zk) # c1).

We say that a bubble Z,, is attached to a bubble Z,,_, if Z,, N Z,,_1 # 0 and the
generation of Z, is strictly grater than the generation of Z,,_.

A limb of a bubble Z, is the closure of a connected component of &, \ Z; not
containing the a-fixed point. A limb of Z,, is called primary.

Theorem 3.3 ([Pe]). The filled-in Julia set 8, is locally connected. Moreover, for
every € > 0 there is ann > 0 such that every connected component of £, minus all
bubbles with generation at most n is less than €.

In particular the diameter of bubbles in &, tends to 0: for every € > 0 there are
at most finitely many bubbles with diameter grater than €. Similarly, the diameter
of limbs of any bubble tends to O.

An (infinite) bubble chain of &), is an infinite sequence of bubbles B = (77, Z5, .. .)
such that Z; is attached to 7p and Z, 41 is attached to Z,.

As a consequence of Theorem every bubble chain B = (Z1, Zs,...) lands:
there is a unique x € £, such that for every neighborhood U of z there is an
m > 0 such that J;~,,, Z; is within U. Conversely, if 2 € &, does not belong to any
bubble, then there is a bubble chain B = (Z1,Z3,...) landing at x. If z is periodic,
then so is B: there is an m > 1 and ¢ > 1 such that p? maps (Z,, Zm+1,...) to
(Z1,Za,...).

Let f: U — V be a Siegel pacman. Limbs, bubbles, and bubble chains for f
are define in the same way as for quadratic polynomials with Siegel quasidisks. In
particular, a bubble of f is either Z¢, or 7} = f~U(Zs)\ Zg, or an fr1lift of 7},
where n is the generation of the bubble. Since Z is the only bubble intersecting
{c1} U7, all bubbles of positive generation are conformal lifts of 7}. We define
the Julia set of f as

(3.1) 3= U F02)).
n>0
We will show in Theorem that Theorem [3.3] holds for standard Siegel pacmen
and that J is the closure of repelling periodic points.
Limbs, bubbles, and bubble chains of a prepacman F are preimages of the corre-
sponding dynamical objects of f.

3.2. Siegel prepacmen. A prepacman @ of a Siegel pacman ¢ is also called Siegel;
the rotation number and level of truncation of @) are those of q. Recall that @
consists of two commuting maps g_: U_- — Sg, ¢;: Uy — Sg such that U_ and
U, are separated by [By. Given a Siegel map f we say that f has a prepacman @
around x € 0Z; if g_ , g4 are iterates of f, the vertex of Sg is at a(f), and Bo(Q)
intersects 07y at .

Lemma 3.4. Suppose that p is a Siegel quadratic polynomial with rotation number
0 € Opna. Consider a point x € 0Z, such that x is neither the critical point of p
nor its iterated preimage. Then for every r € (0,1) and every e > 0, the map p has
a Siegel prepacman

(3:2) Q=(q-:U-—=S5q, q+:Up —5q)
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FIGURE 7. A full Siegel prepacman, compare with Figure f] In
the dynamical plane of a quadratic polynomial p, the sector
S = S5_US, is bounded by R_ UI_UI; UR, and truncated
by an equipotential at small height. Pulling back S_ , S along
appropriate branches of p®, pP we obtain U_ = Y_ U YT, and U,
so that (p® | U , p | Uy) is a full prepacman(3.3). Truncating
(p* | U_ , pP | Uy) at w and at the vertex where R, meets E (see
Figure E[) we obtain a required prepacman .

around x such that
e the rotation number of Q is a renormalization of 6 — iteration of ;
o for every z € U_ U U, the orbit z,p(2),...,p"(2) = qu(z) is in the e-
neighborhood of Z,; and
e 1 is the level of truncation of Q;
e cvery external ray segment (see of Q is within an external ray of p.

Before proceeding with the proof let us define:

Definition 3.5 (Sector renormalization of p | Z, around z € 9Z,). Using no-
tations from Appendix let h: Z, — D! be the unique conformal conjugacy
between p | Z, and Ly | DI normalized such that h(z) = 1. Consider a sec-
tor pre-renormalization (L® | X_ , LP|X,) as in Denote by § the angle of
X = X_UXy at 0. Pulling back (L* | X_, LP|X,) by h we obtain the commuting
pair (p® | X_, pP| X,) with

e X =h"}X), X, =h1(Xy)and X := h~1(X) = X_ U X, are closed

sectors of 7f,
e the internal ray Iy := X_ N X, lands at x.
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FIGURE 8. Since W' is truncated by an equipotential of Z, at
small height, the point p’(z) € W'\ Z,, is in a small neighborhood
of cp.

The gluing map z — z'/% from descents to
Yp=h"to[z— 21/5] oh
with ¢, (X) = Z;.

Proof of Lemma[3.4 Consider the sector renormalization (p® | X_ , p® | X,)
from Definition and assume that the angle ¢ of X is small. We will now extend
(p* | X_, pP| X,) beyond Z, to obtain a prepacman (3.2)), see Figure Set

I=pP(Ly), Iy :=p"(lo), I:=f"*"(l).

Then the sector X_ is bounded by I_, Iy and X is bounded by Iy, 1.

Since x is not precritical, there are unique external rays R_ , Ry , R extending
I_,I, I beyond Zp. Let Sg be the closed sector bounded by R_UI_UI, UR,
and truncated by an external equipotential F at a small height 0 > 0. The curve
RUI divides S into two closed sectors Sy and S_ such that S, is between R_ UI_
and RUI while S_ is between RUI and Ry UI. We note that p®(X_) C S_ and

PP(X4) C Sy
Let us next specify U_ D X_ , Ui D X, such that
(3.3) Q=(g-,q+) =" |U-, p°|Uy)

is a full prepacman. Since the p-orbits of X_ , X, cover Z, before they return
back to X, we see that X N 0Z, has a unique precritical point, call it ¢}, that
travels though the critical point of p before it returns to X. Below we assume that
¢y € X_; the case ¢ € X is analogous. Then Sy has a conformal pullback U
along pP: X, — S,. We have U, C Sq because rays and equipotentials bounding
Sq enclose Uy.

The sector S_ has a degree two pullback Y_ along p*: X_ — S_. Under
p*: T_ — S_ the fixed point a has two preimages, one of them is «, we denote
the other preimage by w. Let YT be the conformal pullback of S along the orbit
p*: {w} = {a}. We define U_ :==T_UT, C Sg and we observe that ) in is
a full prepacman.
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By Theorem @ primary limbs of &, intersecting a small neighborhood of z
have small diameters. By choosing ¢ and o sufficiently small we can guarantee that
Sq \ Z, is in a small neighborhood of .

Let us now truncate @ at level r and let us show that the orbit

2,p(2),...,p"(2) = q=(2), ke {a,b}

of any z € UL is in a small neighborhood of 71% The truncation of ) at level r
removes points in U_ = T_ U T with p®- images in the subdisk of Z, bounded by
the equipotential at height ¢ := 7. Since ¢ is small, we obtain that ¢ is close to 1.
Since 8, is locally connected (Theorem , all the external rays of p land. For
z € Uy \ Ry, define p(z) € 8, to be the landing point of the external ray passing
through z. Since Sg is truncated by an equipotential at a small height, the orbit
of z stays close to that of p(z). This reduces the claim to the case z € &, N UL.
By Theorem there is an £ > 0 such that all of the big (with diameter at least

¢) primary limbs of p are attached to one of ¢g,c_1,...,c_p, where cg is the critical
point of p and c_; is the unique preimage of ¢y under p’ | Z,. Since § is assumed
to be small, the orbit of ¢}, travels through all ¢_g, ..., co before it returns to Sg.

Let us denote by L the primary limb of p containing z (the case z € Z,, is trivial).
If L is not attached to cfj, then by the above discussion all L,p(L),...,p*(L) =
g+ (L) are small and the claim follows.

Suppose that L is attached to c¢j. Denote by L_; the connected component of
£y \7]9 attached to c_;. Since ¢, travels through a critical point, we have L = L_;
for some j < k.

Let W be the pullback of Sg along

P e = p(eh) = pF(cp)

and let W’ be W truncated by the equipotential of Z]; at height ¢, see Figure
Since t = 7% is close to 1, we obtain that W’ N L} is in a small neighborhood of ¢y
because the angle of W at o’ (the non-fixed preimage of «) is small — it is equal to 4.
Therefore, p?(2) is close to ¢y, and by continuity all p?~'(z),p? ~2(2),...,p" *(z) are
close to cg,c_1,...,c_p. Recall that p7_1(z) € L_;. Since Lo, L_1,...,L_; are the
only big limbs, we obtain that the orbit z, p(z), ..., p¥(2) is in a small neighborhood
of Z,.

It remains to specify external rays for Q. As it shown on the Figure [9] we
slightly truncate Sg at the vertex where R, meets the equipotential £ and we
slightly truncate Uyt such the truncations are respected dynamically and such that
the preimage of the 0Sg \ (R— U R, ) under @) consists of exactly two curves that
project to Uy, where ¢: U, — V, is the pacman of Q. We now can embed
in So \ (U- UUL) two rectangles /R_ and PRy that define external rays of @ as

in |

3.3. Pacman renormalization of Siegel maps. An immediate consequence of [AL2]
Theorem 3.19, Proposition 4.3] is

Theorem 3.6. Any two Siegel maps with the same rotation number are hybrid
conjugate on neighborhoods of their closed Siegel disks.

As a corollary Theorem and Lemma [3.4] we obtain.
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FIGURE 9. Truncating the prepacman from Figure [7] and embed-
ding rectangles R+ we endow the prepacman with external rays.

Corollary 3.7. Every Siegel map f: U — V is pacman renormalizable.

Moreover the following holds. Let f be a Siegel map and let p be the unique qua-
dratic polynomial with the same rotation number as f. Let h be a hybrid conjugacy
from a neighborhood of 7f to a meighborhood of Z, respectively. Then there are
prepacmen R and Q in the dynamical planes of f and p respectively such that h
respects R and Q in the sense of Definition[2.7)

Proof. Choose a small € > 0 such that the e-neighborhood of Z; is in the domain
of h. Then h pullbacks a prepacman ) from Lemma to a prepacman R in the
dynamical plane of f. This shows that f is pacman renormalizable. O

Lemma 3.8. Suppose that a Siegel pacman f is a renormalization of a quadratic
polynomial. Then the non-escaping set R 1is locally connected.

Moreover, for every € > 0 there is an n > 0 such that every connected component
of Ry minus all the bubbles with generation at most n is less than €. All the external
rays of f land and the landing point in Jy. Conversely, every point in Jy is the
landing point of an external ray. The Julia set Jy is the closure of repelling periodic
points.

Proof. Follows from Theorem Suppose that f is obtained from a quadratic
polynomial p. Then every bubble Z, of f is obtained from a bubble Zo of p by
removing an open sector. All of the limbs of Z,, attached to the removed sector are
also removed. It follows from Theorem that for € > 0 there is an n > 0 such
that every connected component of £ minus all of the bubbles with generation
at most n is less than €. Since bubbles of f are locally connected, so is £7. The
landing property of external rays is straightforward. O

3.4. Rational rays of Siegel pacmen. By a rational point we mean either a

periodic or preperiodic point. Similarly, a periodic or preperiodic ray is rational.
Let us fix pacmen f,p and prepacmen R, Q as in Corollary 3.7 Let &g be the

non-escaping set of R. By definition, 8z C Ry; spreading around K we define the
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FI1GURE 10. Ilustration to the proof of Lemma [3:9] The ray Ry
has preimages R, and R, that land at Z; such that R,UR, together
with together with appropriate arcs in 0V U Z; bound a disk D
containing y. The disk D has a univalent lift D, € D. By Schwarz
lemma, f?: D, — D is expanding, which implies that there is an
external ray landing at y.

local non-escaping set of f:
(3.4) fre=J r(8n).
n>0

This is the set of point that do not escape g under f: g — grUSR, see Figure[g]
Similarly we define

RO = U P"(Rg).
n>0

It is immediate that h conjugates f | ﬁlj?c and p | ﬁ;,oc. As a consequence, the local
Julia set

—n
o= [r18] T 02p)
n>0
is the closure of repelling periodic points because so is C(;OC. (Indeed, every y € fj;,oc
is the landing point of an external ray R, because J, is locally connected. Since
external rays in a pacman are parametrized by angles in S! (see , p has a
periodic external ray R, landing at x € 3;,00.) Moreover, for every periodic point
Y€ ﬁlfoc there is a unique periodic bubble chain B, of RIJE’C landing at y.
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Lemma 3.9 (External rays). Let y € 31]?‘3 be a periodic point. Then there is a
periodic external ray R, landing at y with the same period as y.

Proof. Let By = (Z1, Za,...) be the bubble chain in leoc landing at y. Denote by x
the unique point in the intersection of v; N90Z,. By Definition the external ray
Ry lands at 2. There are two iterated preimages x;,x, € 0Z; of x; such that the
rays Ry, R, (iterated lifts of R;) landing at x¢, z, together with Z; separate y from
Zf, see Figure We denote by D the open subdisk of V' bounded by Ry, R,, Z;
and containing y. Let D, be the (univalent) pullback of D along f*: {y} — {y}.
Then D, € D. By the Schwarz lemma, f?: D, — D expands the hyperbolic metric
of D.

There is a unique periodic external ray R, in D with period p. We claim that
R, lands at y. Indeed, parametrize R as R: Rso — V with fP(R,(t+p)) = Ry(t).
Since all the points in D away from y escape in finite time under f?: D, — D, the
Euclidean distance between R(t) and y decreases as t — +o0. O

The next lemma is a preparation for a Pullback Argument

Lemma 3.10 (Rational approximation of ;). For every € > 0, there are
e periodic points x¢, T, € 31]?0,
o cxternal rays R, and R, landing at x,x, Tespectively,
o periodic bubble chains By and B, in RIJE’C landing at x4, x, respectively, and
e internal rays I, and I, onf landing at the points at which By and B, are
attached
such that Ry U B, U I, and R, U B, U I, are in the e-neighborhood of v1 and such
that Ry U By U Iy is on the left of y1 while R, U B, U I, is on the right of 1.

Proof. Consider a finite set of periodic points y1,¥2,...,¥yp € CJIJ?C. By Lemma
each y; is the landing point of an external periodic ray, call it R, ;, and the landing
point of a periodic bubble chain, call it By ;. Let {W;, Wa,...,W,} be the set of
connected components of

U\ Z; U(B%i URy,);

we assume that OW,, contains 9™°U ¢. By adding more periodic points we can also
assume that co & OW,. Set

W2:W1UW2U'-~UWP,1.

By Schwarz lemma, f | W is expanding with respect to the hyperbolic metric of
W. Since cg & 0W,, there is a sequence of periodic points x, ; € 31}9(: such that the

orbit of z is in W and such that z,; converges from the left to the unique point
x1in vy NOZy.

We claim that the external rays Ry ; landing at x, ; converge to the external ray
landing at 1. Indeed, since z; ; — x1, the external angle of Ry ; (see §2.1)) converges
to the external angle of Ry. By continuity, Ry ;([0,T]) converges to R1([0,T]) for
any T € Rsg. Since f | W is expanding, Ry ;([T,+00)) is in a small neighborhood
of x4 ; which converges to ;.

The bubble chains By ; of RIJ?C landing at x, ; shrink because there are no big
limb in a neighborhood of x1. Define I; ; to be the internal ray of Z; landing at the
point where By ; is attached. Then R, ; U By ; U I, ; is a required approximation
for sufficiently big j. Similarly, R, U B, U I, is constructed. d
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3.5. Hybrid equivalence. Recall @ that a pacman f: Uy — V is required to
have a locally analytic extension through OU¢. By means of the Pullback argument,
we will now show the following;:

Theorem 3.11. Let f: Uy — V¢ and g: Uy — V; be two combinatorially equivalent
Siegel pacmen and suppose that f and g have the same truncation level. Then f
and g are hybrid equivalent.

Proof. Let p be the unique quadratic polynomial with the same rotation number
as f and g. Let hy and h, be hybrid conjugacies from neighborhoods of Z; and
Z, to a neighborhood of Z, respectively. As in Corollary there are prepacmen
Q, R, S in the dynamical planes of p, f, and g respectively such that hy and h,
are conjugacies respecting prepacmen R, () and S, () respectively, see Definition [2.4
The composition h = hg_1 o hy is a conjugacy respecting R, S.

Asin we define ﬁlloc, similarly ﬁlgoc and ﬁ]goc are defined. Then h conjugates
f ﬁlfoc and g | R>°.

As in Lemma [3.10]let Re(f) U Be(f) U Io(f) and R,(f) U B,(f) U I,(f) be ap-
proximations of v1(f) from the left and from the right respectively. Similarly, let
Ry(g) U Be(g) U Ie(g) and R,(g) U B,(g) U I,(g) be approximations of v;(g). We
choose the approximations in the compatible ways:

e Bi(g9),1:(9), By(g),1,(g) are the image of By(f),Le(f), Bp(f),I,(f) under
h.

e Ri(g), R,(g) have the same external angles as R(f), R,(f).
Write

Ty = ﬁlfoc U f"(R,URy) and T, := ﬁlgoc U 9" (R, U Ry).

n>0 n>0

Then Ty and T, are forward invariant sets such that V; \ Ty and V, \ T, consist
of finitely many connected components. Since Ry(g), R,(g) have the same external
angles, we can extend h to a qc map h: Vy — V| such that h is equivariant on
Ty U o=tU f-

We now slightly increase Uy by moving ofrb Uy so that the new disk il; satisfies

f(O" ) € Z; UB,UR,UB,UR,.

(Indeed, we can slightly move v_ C 9™"U ¢ so that its image is within R, U B,U Z;
and we can slightly move v, C 3frbUf so that its image is within R, U B, U Zy.)
Similarly, we slightly increase U, by moving 9™ U, so that the new disk &I, satisfies

g(0"™,) c Z,UB,UR,UB,UR,

and such that h | T lifts to a conjugacy between f | 04y and g | 0U,. This allows
us to apply the Pullback Argument: we set hg := h and we construct qc maps

g lohp_10f(z) ifxedly,

hy, : Vi = Vg by hy(z) = {h @) o ¢ iy

Then lim,, h,, is a hybrid conjugacy between f and g. (I
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3.6. Standard Siegel pacmen. We say a Siegel pacman is standard if vy passes
through the critical value; equivalently if v; passes through the image of the critical
value.

A standard prepacman R in the dynamical plane of a Siegel maps g is a prepac-
man around (see the critical value of g. Then the pacman r obtained from R
is a standard and the renormalization change of variables ¥ respects the internal
ray towards the critical value:

(3.5) Yr(L1(g)) = Li(r).

The pacman renormalization associated with R is called a standard pacman renor-
malization of g.

By Theorem [3.11] two standard Siegel pacmen are hybrid equivalent if and only
if they have the same rotation number.

Theorem 3.12. Let f be a standard Siegel pacman. Then Ky is locally connected.
Moreover, for every e > 0 there is an n > 0 such that every connected component
of Ry minus all of the bubbles with generation at most n is less than ¢.

As a consequence, every periodic point of J; is the landing point of a bubble chain.

Proof. For every 6 € Opnq, there is a Standard pacman g with rotation number 6
such that is g is a renormalization of a quadratic polynomial. The statement now
follows from Theorem [3.11] combined with Lemma O

3.7. A fixed point under renormalization. Consider a Siegel map f with ro-

tation number 6 € O, and consider € 0Zy such that x is neither the critical

point nor its iterated preimage. Let (f*|X_,, fP|X,.) be the sector pre-

renormalization of f | Z; as in Definition Since 6 € Oper, We can assume
&

(see §A.4) that the renormalization fixes f | Z;: the gluing map v, : X, — Z;
projects (f* | X_ ., fP|X4.) back to f | Z;. For z € {cp,c1} we write

Yo = Yey, Xo=Xegs Xio=Xue
and

Y1 =%e,, X1=Xe,, Xaog=Xue.

Theorem 3.13 ([McM2|). For every § € Ope,, there is a Siegel map g,: Uy — Vi
with rotational number 6 such that for a certain sector renormalization of g, | 79*
as above the gluing map g extends analytically through 0Z, N0Xq to a gluing map
Yo projecting (98 | S—o , g° | Sio) back to g.: Uy — Vi, where S+o C U,.
Moreover, there is an improvement of the domain: the forward orbits

U -0 U ¢S
i€{0,1,....a} j€{0,1,....b}
are compactly contained in U, N V.
Up to conformal conjugacy, g, is unique in a neighborhood of Z,,. The improve-

ment of the domain will allow us in Theorem to construct a pacman analytic
self-operator.

Corollary 3.14. The gluing map 11 extends analytically through 024, NOX, and,
up to replacing 1 with its iterate, satisfies the same properties as g in Theo-
rem|3.15; in particular 11 has improvement of the domain.
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Proof. We need to check that 1; == g, 09 o g; ! is well defined. Since vy projects
(g%, gP) to g, and since the maps g%, g° are two-to-one in a neighborhood of ¢y, we
obtain that for z close to ¢; the gluing map 1y maps g; !(z) to a pair of points that
have the same g,-image. This shows that 1, is well defined. Up to replacing
with its iterate we can guarantee that 1, has an improvement of the domain. [

Note that v, is expanding on 79* N 0X, because v | 79* is conjugate to
D! — DI, z—)zl/t, t> 1.

Lemma 3.15 (Fixed Siegel pacman). For any § € O, there is a standard Siegel
pacman fi: Uy — V. that has a standard Siegel prepacman

Fo=(fI1U- =5, fPlUL—35.)

together with a gluing map ¥,: S, — V, projecting Fy back to f,. Moreover, the
renormalization has an improvement of the domain: , € f7*(Uy). (See §2.9 for
the definition of p,.)

The pacman f, is conformally conjugate to g, in a neighborhood of Z, = Z¢, .

Proof. Consider a Siegel map g, from Theorem [3.13 and 1 from Corollary

By Corollary g« has a standard prepacman Q: Ug + — S such that Sg\ Z,,
is in a small neighborhood of ¢;. Since 6 is of periodic type, we can prescribe @
to have rotation number 6. Since ¢; is expanding on 0Z,,, for a sufficiently big
integer t > 1 the prepacman

(Y1) (Q) = (1" 0 gz 0 ¥y : ¥y (Ug.x) = ¥17'(Sq))

has the property that ¥;*(Sg) \ Z,, is in much smaller neighborhood of ¢;.
Let f.: U, — Vi be a pacman obtained from Q. The prepacman (¢!).(Q)
projects to the standard prepacman, call it

F*: (f*,j:: U*,i — S*)

such that S, \ Zy, is in a small neighborhood of ¢;. The map )} descents to a
gluing map, call it 1., projecting F, back to fy.
If ¢ is sufficiently big, then g, is compactly contained in f71(U,). O

3.8. Analytic renormalization self-operator. Applying Theorem[2.7]to f, from
Lemma |3.15 we obtain

Theorem 3.16 (Analytic operator R: B --» B). Let f.: U, — V, be a pacman
and F, be a prepacman from Lemma |3.15 Then there are small neighborhoods
Ng(fsr€), Ng(fs,0) of fs with ¢ < & and there is a compact analytic pacman
renormalization operator R: Ng(fy«,e) — Ng(fx,0) such that Rf. = f.. In the
dynamical plane of f. the renormalization R is realized by F.

Proof. Let fy: U — V'’ be a pacman obtained form f,: U, — V, by slightly
decreasing U, so that U’ € U, and p, € f, 1(U’). By Theorem there is
a pacman renormalization operator N, (f«,€) = Ng(fx,0), where U’ and U are
small neighborhoods of the closures of U’ and U,. Precomposing with the restriction
operator N (f«,€) — N, (f«,€), we obtain the required operator R. O
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To simplify notations, we will often write an operator in Theorem[3.16]as R: B --»
B with B = Ng(f«,d). We can assume (by Lemma that f, has any given trun-
cation level between 0 and 1.

An indifferent pacman is a pacman with indifferent a-fixed point. The rotation
number of an indifferent pacman f is § € R/Z so that e(f) is the multiplier at a(f).
If, moreover, § € Q, then f is parabolic.

We denote by 6, the multiplier of f,.

Lemma 3.17. Let Rpm: R/Z — R/Z be the map defined by

£ ifo<o<i
(3.6) Ry (0) = {égfl
[

see (A.2). Then there is a € > 1 such that the following holds. Let f € B be
an indifferent pacman with rotation number 0. Then Rf is again an indifferent

pacman with rotation number RS (0).

In particular, R (6,) = 0,.

prm

Proof. Recall that the renormalization R of f, is an extension of a sector renor-
malization of f | Z,, see Definition and Appendix |Al By Lemma a sector
renormalization is an iteration of the prime renormalization. Therefore, R is an
iteration of the prime pacman renormalization Rp.m, see Definition We need
to check that if f is an indifferent pacman with rotation number 6, then Ry f
is again an indifferent pacman with rotation number Rpm(6). By continuity, it is
sufficient to assume that f is a parabolic pacman with rotation number p/q. Then
f has q local attracting petals in a small neighborhood of a. If p < q/2, then
Rprm deletes p local attracting petals; otherwise Rpm deletes q — p local attracting
petals. We see that Ry f has rotation number Rpym(p/q). O

4. CONTROL OF PULLBACKS

Let us fix the renormalization operator
R:B--+B, Rf.=/f«

from Theorem [3.16]around a fixed Siegel pacman f,. Since R is a compact operator,
the spectrum of R is discrete. Therefore, R has finitely many eigenvalues of absolute
value greater than 1, thus there is a well defined unstable manifold W* of R.

4.1. Renormalization triangulation. Suppose that f; € B is renormalizable
n > 0 times (this is always the case if fj is sufficiently close to f,) and antirenor-
malizable —m > 0 times. We write [f: Uy — V] = R*fy for the kth (anti-)
renormalization of fy, where m < k < n. We denote by ¢p_1: S — V the renor-
malization change of variables realizing the renormalization of fx_; (compare with
the left side of Figure . We write

o =y .

Let us cut the dynamical plane of fi: Uy — V, with k € {m,...,n}, along ~1;
we denote the resulting prepacman by

(4.1) Fy = (fo,x: Ugxr = V\m).
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Lemma 4.1. By restricting R to a smaller neighborhood of f,, the following is
true. Suppose fo is renormalizable n > 1 times. Then the map

(bn::¢lo¢20"'o¢n

admits a conformal extension from a neighborhood of c1(f,) (where @, is defined
canonically) to V -\ y1. The map ®,: V \ 71 — V embeds the prepacman F,
(see (4.1))) to the dynamical plane of fo; we denote the embedding by

RO = (%%: U2~ 5)

ni

= (f5m: UL 5 80, gy UL 80),

where the numbers a,, b, are the renormalization return times satisfying (A.4)).

Let ,, be the triangulation obtained by spreading around U,(L?)_ and U7(z(,)-)s-7 see &
and Figure[6 In the dynamical plane of fo we have

0=U02 12 23--3 4,
1(fo) is close in Hausdorff topology to 1(f+), and moreover fo( ,) € n-1.

We call ,, the nth renormalization triangulation. Examples of ¢, 1, o are shown
in Figures[I2land[I3] We say that ,(fo) is the full lift of ,_1(f1). Similarly (i.e. by
lifting and then spreading around), a full lift will be defined for other objects.

In the proof of Lemma we need to deal with the fact that ¢ (y1) can spiral
around «, see Figure[T1]for illustration. Before given the proof, we need to introduce
additional notations.

For consistency, we set ® = id; then ¢ = U is a triangulation consisting of
two closed triangles — the closures of the connected components of Up \ (yoU7y1). We
denote these triangles by Ag(0) and Ag(1) so that int(Ag(0)), v, int(Ag(1)) have
counterclockwise orientation around «, see Figure Similarly, ¢(fy,) is defined.

Let A, (0, fo), An(1, fo) be the images of Ag(0, f,.), Ao(1, f,) via the map D,
from Lemma By definition, ,, is a triangulated neighborhood of « obtained
by spreading around A, (0, fo), An(1, fo). We enumerate counterclockwise these
triangles as A, (¢) with ¢ € {0,1,...,q, — 1}. By construction, A, (0) U A, (1) >
c1(fn)-

We remark that fo| , is an antirenromalization of f,,: U, — V in the sense of
Appendix [A] There is a p,, such that

is conformal for all i € {—p,,, —p, + 1} with index taking modulo q,,. We have an
almost two-to-one map

(4.3) for Ap(=pn) U (=pn +1) = S5 5 AL (0) U An(1).

We will show in Theoremthat if fo is close to fi, then , ={J; A, (i) approxi-
mates dynamically and geometrically Z,.

By construction, for every triangle A, (4, fo) there is a ¢ > 0 and j € {0,1} such
that a certain branch of f;* maps conformally A, (i, fo) to A, (4, fo). We define
W, on Ay (i, fo) by

(44) \pn,i = (I):Llofo_t: An(lafO) HAO(]vfn)
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(U
71 = f(70) /\ ¥(%)
S =v(n)

Yo

FIGURE 11. Suppose f(z) = Az with A ¢ Ry and let S be the
sector between vy and v1 = f(v9). Let ¢»: S — C be the gluing
map identifying dynamically v and 1. If [A| # 1, then ¥(vo) does
not land at 0 at a well defined angle.

Let A be an annulus enclosing an open disk O such that & € O. We say A is an
N-wall if for all z € O and all j with |j| < N we have

(fo| AUO) (z) c O U A.

If the restricting fo | AU O is univalent, then A is a univalent wall.

Fix a small r > 0 and denote by Z] the open subdisk of Z, bounded by the
equipotential of height 7. Set = Up\ Z7. It is a closed annulus enclosing o.. We
decompose  into two closed rectangles IIp(0) = ¢NA(0) and IIp(1) = ¢NA(1);
they are the closures of the connected components of ¢\ (70 N y1).

Lemma 4.2 (The wall of ). Suppose all fo, f1,..., fn are in a small neighborhood
of f«. Then the following construction of ,(fo), called the wall of ,,, holds.

(1) The map ®,, extends from a neighborhood of ¢1(fn) to o\ 1;

(2) Let I1,(0, fo) and 11, (1, fo) be the images of Uo(0, fr) and Uo(1, f,) under
®,,. Then, by spreading around Iy(0, f,) and (1, f,), we obtain an an-
nulus , enclosing a. We enumerate counterclockwise rectangles in ., as
I, (i) withi € {0,1,...,qn — 1}.

(3) Wehave 0> 13- 5, with o(fo) close to o(f+).

(4) For every I1,,(i), there is a t > 0 such that a certain branch of f, ' maps
I1,, (%) to I1,,(j) with j € {0,1}. Then

(45) \Iln,i = (I):Ll ° ()_t: Hn(iafO) — HO(ja fn)

is conformal. If n is sufficiently big, then all V,, ; expand the Euclidean
metric and the expanding constant is at least 0™ for a fired n > 1. In
particular, the diameter of rectangles in ,, tends to 0.

(5) The wall ,(fo) approximates 0Z, in the following sense: 0Z, is a con-
catenation of arcs JoJi ... Jq,—1 such that 11,,(i) and J; are close in the
Hausdorff topology.

As with renormalization triangulation, we say that ,,(fo) is the full lift of ,,_1(f1)-

Proof. If fo = f4, then all the claims follow from the improvement of the domain,
see Corollary [3:14] Let us now show that the expansion also holds if fo, f1,..., fn
are in a small neighborhood of f,.
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_ Consider still the case fo = -+ = f, = fi. We can enlarge IIy(0) and IIy(1) to
I1y(0) and II(1) so that
e U, ;: I0,(i) — Iy(j) extends to a conformal map W, ;: I, (i) — Io(j),

where II,, (i) is the associated enlargement of IT,, (i); and
e there is a k > 1 such that every Il (¢) is within some IIy(j) and such that
all Uy ; | I, (i) are expanding.

As a consequence, if n > k, then every II, (i) is within some II,_j(iz) and we can
decompose _

Wi | Hn(l) = \I/k,h(fn—k) oW _k,i, (fO)
(Note that we still have the assumption that fo = f,—r = f«.) Continuing this
process we obtain a decomposition

(46) \I/n,i | ﬁn(l) = \Ilk,jd (fn—k) © \I/k,jz (fn—Qk) ©--+0 \Ijk,jt (fn—tk:) o \Ijn—tk,it (f0)7
with n —tk € {0,1,...,k —1}.

Suppose now that fo,..., f, are close to f,. By continuity, all ¥y ;. (fr—ik) are
still expanding while ¥,,_¢ i(fo) is close to ¥, _s ;(fx) independently on n. This
shows Claim ; other claims are consequences of Claim . (]

Proof of Lemma[-1, We will now apply Theorem to show that the full lift
n(fo) of o(fn) exists.

Let Qo C Z, be the closed annulus bounded by the equipotentials at heights r
and 2r. Then Qy C o and we decompose @ into two rectangles Qo(0) = T (0)NQo
and Qo(1) = p(1)NQo. Let @, (0, fo) and @, (1, fo) be the images of Qo (0, f,,) and
Qo(1, f,) under ®,. By spreading around Q, (0, f,) and Q. (1, f,,), we obtain (by
Lemma an annulus @,, enclosing a. We enumerate counterclockwise rectangles
in @, as Qn(7) with ¢ € {0,1,...,q, — 1}. We have Q, (i) C I, (7).

Denote by Q,, the open topological disk enclosed by @,,. Then fy | 2, UQ,, is an
anti-renormalization of f1 | ,,_1 UQ,—1 (in the sense of Appendix with respect
to the dividing pair of curves g, 1.

We proceed by induction; suppose the statement is verified for n — 1. In the

dynamical plane of f;, we denote by 'y(g"_l) the lift of vo(f,) under the (n — 1)-

anti-renormalization specified so that 7(()”71) crosses Qn—1 at Qn—1(0) N Qr—1(1).
Note that Q,,(0) UQ, (1) is in a small neighborhood of ¢; because ®,, is contracting.
Therefore, %n—l) NQn—1 is close to vy NQp—1. We can sightly adjust vy in a neigh-
borhood of @,,_1, such that the new " crosses Qn—1 at Qn—1(0)NQ,_1(1). Let
vin_l) and 77°V be the images of 'y(()n_l) and v§®" respectively. By Theorem
(note that a wall contains a fence, see Remark an anti-renormalization of

f1 ] Q-1 UQpn_1 with respect to Vénfl), 7£n71) is naturally conjugate to the cor-

responding anti-renormalization of fi | Q,_1 U Q,—1 with respect to 5", ypev.
Therefore, the full lift ,,(fo) of ,—1(f1) exists; ,(fo) is a required triangulation
of ,UQ,.

By Lemma combined with continuity, we have fo( 1) C (. Applying
induction on n, we obtain fo( p41) € -

Set
(compare with (4.3)). We can now define F? as the embedding of F), from (4.1
to the dynamical plane of fj. O



30 DZMITRY DUDKO, MIKHAIL LYUBICH, AND NIKITA SELINGER

In fact, the exact behavior of v, in a small neighborhood of « is irrelevant in the
proof of Lemma We have

new new

Lemma 4.3 (Changing v1). Let 75,71V = fn(78°V) be a new pair of curves in
the dynamical plane of f, such that
e Y\ ZI =Y\ ZL and v \ ZL =PV \ Z7; and

new new

o V3V and 41V are disjoint away from o

Then Lemma still holds after replacing vo, 1 with ¥4V, Y. More pre-
cisely, let AJ(0), AJ°™(1) be the closures of the connected components of Uy \
(V8™ U AReY) in the dynamical plane of fn. As in Lemma the map @, ex-
tends from a neighborhood of c1(fn) to V -\ A2V, let ARY(0, fo), ARY(1, fo) be
the images of AFV(0, fn), AV (1, fn) under the new ®,,. By spreading around
APY(0, fo), ARV (1, fo) we obtain a new triangulated neighborhood 2%V of a.

Note that 7V and ,, triangulate the same neighborhood of «.

Proof. Since v{°V, v3®" coincide with 71,y away from Z", the wall ,, is unaffected;

thus we can repeat the proof of Lemma [4.T] for y2ev. O

4.2. Siegel triangulations. We will also consider triangulations that are pertur-
bations of ,,. Let us introduce appropriate notations. Consider a pacman f € B.
A Siegel triangulation  is a triangulated neighborhood of « consisting of closed
triangles, each has a vertex at a, such that

e triangles of are {A(7)};cqo,..q} enumerated counterclockwise around o so
that A(7) intersects only A(i — 1) (on the right) and A(i+ 1) (on the left);
A(i—1) and A(i + 1) are disjoint away from «;

e there is a p > 0 such that f maps A(7) to A(i+p) for all i & {—p, —p+1};

e has a distinguished 2-wall  enclosing « and containing 0 such that
each II(4) := N A(¢) is connected and f maps II(¢) to II(i 4+ p) for all
i @ {—p,—p +1}; and

e  contains a univalent 2-wall @) such that each Q(¢) := QNII(%) is connected
and f maps Q(7) to Q(i +p) for all i & {—p,—p+1}.

The nth renormalization triangulation is an example of a Siegel triangulation.

Similar to Lemma Part , we say that  approzimates 0Z, if 0Z, is a
concatenation of arcs JoJi ... Jq—1 such that I1(¢) and J; are close in the Hausdorff
topology.

Lemma 4.4. Let f € B be a pacman such that all f,Rf,...,R™ are in a small
neighborhood of fi. Let (R™f) be a Siegel triangulation in the dynamical plane of
R™f such that (R™f) approzimates 0Z,. Then (R™f) has a full lift (f) which
is again a Siegel triangulation. Moreover, (f) also approzimates 0Z,.

Proof. Follows from the same argument as in the proof of Lemma Suppose
first n = 1. Since all II(i, Rf) are small, the arc vy can be slightly adjusted in
a neighborhood of  so that 7o crosses at II(i, Rf) NII(¢ + 1, Rf) with ¢ &
{=p—1,—p,—p + 1}. This allows to construct a full lift (f) of (Rf). Since
ar, by > 2 (see (A.5)), the annuli  (f) and Q(f) are again 2-walls, see Lemma [B.12}
Applying Theorem from Appendix [B| we construct a full lift (f) of (Rf).
Lemma Part (4) allows to apply induction on n: for big n, the wall (f)
approximates 0Z, better than (R™f) approximates 0Z,. O
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Bo

AP
Ao(1)

/N

B1 = f(Bo)

FIGURE 12. Renormalization tiling. Right: triangles Ag(0), Ag(1)
are the closures of the connected components of Uy \ (v U 7).
They form a renormalization tiling of level 0. Left: the trian-
gles labeled by 0 and 1, i.e. A1(0) and A;(1) respectively, are
anti-renormalization embeddings of Ag(0), Ag(1); the forward or-
bit of A;(0),A(1) triangulates a neighborhood of «. Together
with Ag(0) U Ag(1), this gives a tiling of Uy of level 1.

We remark that (f) is not uniquely defined; it depends on how (the new) 7
crosses (Rf).

4.3. Renormalization tiling. Consider d 1(fy) and set (see Figure
L(f1) = JW1.:(0 1(fo) N A(i, fo))

to be the image of 9 1(fo) under ¥y ,.

Lemma 4.5. The set I'(f1) consists of QU1 and an arc ~§ such that v§ C o and

f1(9) € intUy. We have T(f1)Nd 1(f1) = 0.
There are disjoint arcs By and B1 = f1(Bo) such that
e the concatenation of g and By connects 0 o to 0 1; and
e 31 connects O o to O 1.
In a small neighborhood of fy the curves By, 1 can be chosen so that there is a
holomorphic motion of

(4.7) [ 1U0 oUv5UBoU B (fo)
that is equivariant with the following maps

(1) f: Bo(fo) = B1(fo);
(2) fo: Ar(3, fo) = A1(i + p1, fo) for i & {—p1,—p1 +1};
(3) Wii:0 1(f1) N AL, f1) — T(fo).

Proof. Each triangle A4 (4) has three distinguished closed sides; we denote them by

(%), p(i), and £(i) such that A(i) and p(i) are the left and right sides meeting at
the a-fixed point while £(7) is the opposite to « side. We have:

o 1= (6O N\ ol + 1) ol + 1)\ X0)) -

7

Note that Wy ;(£(i)) C @ o and, moreover, | J;, ¥1;(4(i)) =0 o.
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Let us analyze (A(7) \ p(i + 1)) U (p(i + 1) \ A(2)). If A(i) # p(i + 1), then one of
the curves in {A(i), p(i + 1)} is a preimage of ~o(f1) while the other is a preimage
of v1(f1). We have:

W1, (A@) \ p(i + 1)) U v (p(i + 1)\ AE)) =5 \ -

It is clear (see Appendix |A]) that A(7) # p(i + 1) for at least one i.

The property T'(f1)Nd 1(f1) = 0 follows from & oN f1( 1) =0, see Lemma
Since T'(f1)Nd 1(f1) = 0, we can find By such that v§Ufy is in a small neighborhood
of vo and y§UBy connects & ¢ to I( 1\ (A1(—p1)UA1(=p1—1))). Then 81 = f1(Bo)
is disjoint from v§ U Sy and (1 connects 9 o to 0 1.

In a small neighborhood of f, we have a holomorphic motion of @ o(fy). Apply-
ing the A-lemma, we obtain a holomorphic motion of the triangulation o that is
equivariant with fo | 7o. Lifting this motion via ¥ ;, we obtain a holomorphic mo-
tion of 0 oU 1 UT equivariant with and . Applying again the A-lemma, we
extend the latter motion to the motion of that is also equivariant with (). O

Let Ay be the closed annulus between 0 ¢ and 0 ;. The arcs ~§ U By, 51 split
Ap into two closed rectangles Ag(0), Ao(1) (see Figure enumerated such that
int(Ap(0)), 7§ U Bo,int(Ag(1)), f1 have counterclockwise orientation.

Let A, be the closed annulus between 9 ,, and 0 ,1. Define

An(0, fo) = ®n(A0(0, fn)) and  An(1, fo) = @n(A1(0, fn))

and spread dynamically A, (0, fo), An(1, fo) (compare with the definition of A,,(7)
in §4.1); we obtain the partition of A,(fy) by rectangles {A, (i, fo)}o<i<q, enu-
merated counterclockwise. Similar to we define the map ¥, ;: A, (i, fo) —
Ao(j, f) with j € {0,1}.

The nth renormalization tiling is the union of all the triangles of ,, and the
union of all the rectangles of all A, for all m < n. The nth renormalization tiling
is defined as long as all fy,..., f, are in a small neighborhood of f,.

A gc combinatorial pseudo-conjugacy of level n between fy and f, is a qc map
h: Uy — U, that is compatible with the nth renormalization tilings as follows:

e h maps A, (i, fo) to A,(i, fi) for all 4;

e h maps A, (i, fo) to A (i, fi) for all ¢ and m < n;

e h is equivariant on A, (i, fo) for all i & {—p,, —p, + 1}; and

e h is equivariant on A,,(7, fo) for all i & {—pm, —pm + 1} and m < n.

The following theorem says that f | ,(f) approzimates f, | Z, both dynami-
cally and geometrically.

Theorem 4.6 (Combinatorial pseudo-conjugacy). Consider an nth renormalizable
pacman [ and set

d = dist(Rf, f,).
ieqnax | dist(R'S, f)

If d is sufficiently small, then there is a gc combinatorial pseudo-conjugacy h
of level n between f and f. and, moreover, the following properties hold. The gc
dilatation and the distance between h | ,,(f) and the identity on ,(f) are bounded
by constants K(d), M(d) respectively with K(d) — 1 and M(d) — 0 as d — 0.

Proof. By Lemma the set (4.7]) moves holomorphically with f in a small neigh-
borhood of f,. Applying the A\-lemma, we obtain a holomorphic motion 7 of the
first renormalization tiling with f in a small neighborhood U of f,.
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by,
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2
S

FI1GURE 13. Renormalization tiling of level 2; tiling of smaller lev-
els are in Figure There are qo = 12 triangles in  with rota-
tion number ps/qe2 = 5/12. Geometry of triangles in o is simpli-
fied. The image of Ag(8) U A2(9) is a sector slightly bigger than
A2(0) U Ag(1) — compare with Figure [6]

Suppose now that d is so small that all f; == R'f are in U. For every A, (i)
of fo or of f, consider the map ¥, ;: A,(i) — Ao(j), where Ag(j) is the corre-
sponding triangle of f, or of f,. Then h on A, (i) is defined by applying first
Uit Ay (i, fo) = Ao(d, fn) (see )7 then applying the motion 7 from Ag(j, fr)
to Ag(4, f+), and then applying \II;;: Ao(J, fx) = An(s, f+).

Similarly, for every A,, (i) of fo or of f, consider the map ¥,, ;: A,,(7) — Ao(j),
where Ag(j) is the corresponding rectangle of f,,, or of f,. Then h on A,,(i) is
defined by applying first U, ;: Ap (4, fo) = Ao(J, fm), then applying the motion 7
from A, (%, fo) to A (i, fi), and then applying ‘Il;fi: Ao(j, fr) = Am(i, f)-

Observe now that h is well defined for all points on the boundaries of all the
rectangles and all the triangles because 7 is equivariant with , , — see
Lemma [£5] Therefore, all points have well defined images under h.

The qc dilatation of A is bounded by the qc dilatation of 7 at f; with ¢ €
{0,1,...,n}. This bounds the gc dilatation of h by K(d) as above with K(d) — 1
as d— 0.

If n = 1, then since 7 is continuous, the distance between h | 1(fp) and the
identity on 1 (fp) is bounded by M (d) as required. If n > 1, then ,(fy) € Up and
the claim follows from the compactness of qc maps with bounded dilatation ([l
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Corollary 4.7. There is an € > 0 with the following property. Suppose that f € B
is infinitely renormalizable and that all R™f for n > 0 are in the e-neighborhood
of f«. Then there is a qc map h: Uy — U, such that h=1 is a conjugacy on Z,.
Therefore, a certain restriction of f is a Siegel map and f, f, are hybrid conjugate
on neighborhoods of their Siegel disks.

Proof. 1If € is sufficiently small, then by Theorem for every n > 0 there exists
qc combinatorial pseudo-conjugacy h, of level n between f and f, such that the
dilation of h,, is uniformly bounded for all n. By compactness of qc map, we may
pass to the limit and construct a qc map h: Uy — U, such that h~! is a conjugacy
on Z,. It follows, in particular, that f is a Siegel map. By T heorem the maps
f, [« are hybrid conjugate on neighborhoods of their Siegel disks. (]

4.4. Control of pullbacks. Recall from Lemmal[41]that a,, b, denote the closest
renormalization return times computed by (A.4). By definition, a,, + b, = q,,. We
now restrict out attention to f € W*.

Key Lemma 4.8. There is a small open topological disk D around c1(f,) and there
is a small neighborhood U C W™ of f.« such that the following property holds. For
every sufficiently bign > 1, for each t € {a,,b,}, and for all f € R™™(U), we have
c144(f) = f'(c1) € D and D pullbacks along the orbit c1(f),c2(f),...,c144(f) € D
to a disk Do such that ft: Dy — D is a branched covering; moreover, Dy C Uy \71-

Proof. The main idea of the proof is to block the forbidden part of the boundary
ofrb Uy from the backward orbit of D. The proof is split into short subsections. We
start the proof by introducing conventions and additional terminology. The central
argument will be in Claim Part .

4.4.1. The triangulated disk  approzimates Z,. Throughout the proof we will often
say that a certain object is small if it has a small size independently of n. Choose
a big s > 0 and choose a small neighborhood U of f, such that every f € R="(U)
is at least m = n + s renormalizable and each f; := R'f with i € {0,1,...,m} is
close to f,.

Consider the m-th renormalization triangulation A, (7) of f. Let h be a qc com-
binatorial pseudo-conjugacy of level m as in Theorem [£.6] To keep notation simple,
we sometimes drop the subindex m and write A(%), ,q,p for A (2), m, Gm, Pm-

Since f; with ¢ € {0,1,...,m} are close to f,, the map h | is close (by
Theorem [4.6) to the identity. In particular, (f) =h"'( (f.)) approximates Z, in
the sense of Theorem Since s is big and since a;, b; have exponential growth
with the same exponent (A.4), we have

(4.8) t/qm € {an/dn+s , bn/Ants} is sufficiently small.
4.4.2. Disks Dy, > f¥(c1). Let us argue that D > f%(c;). Consider first the dynam-

ical plane of f,. Since n is big, we see that f8(c;), fP»(c1) are sufficiently close to
c1(fy);ie. D3 fi(er). Tt follows from (4.8)) that

(4.9) min{a,,, b, } — 1 > max{a,,b,} > t.

This shows that ¢y, ..., fi(c1) do not visit triangles A(—=ppm, fi) U A(=pm + 1, f2)
as it takes either a,, — 1 or by, — 1 iterations for a point in A(0, f,) U A(1, f) to
visit them. Since h is a conjugacy away from A(—p) U A(—p + 1), we obtain that
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T4
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FIGURE 14. Right: A¢(0, fn) and Ao(1, f,) are shrunk versions
of A¢(0, frn) and Ag(1, fi,). Left: by transferring Aq(0, f,) and
Ao(1, fin) to Ay (0, fo) and Ay, (1, fo) by @ 0, and spreading these
triangles dynamically, we obtain the triangulated neighborhood ,,
of a such that ,, is a slightly shrunk version of ,,; compare with

Figures [12] and

h=! maps c1,..., fl(c1) to c1,..., f(c1). Since h is close to the identity, f'(c;) is
close to f!(c1); thus f'(c1) € D.

Let Do, D1,... Dy = D be the pullbacks of D along the orbit ¢y, ..., f'(c1) € D;
i.e. D; is the connected component of f~(D;y;) containing f*(c;). Our main
objective is to show that D; does not intersect dTPU ¢; this will imply that f: D; —
D;41 is a branched covering for all i € {1,...,t}.

4.4.3. Sectors A(I) and A(I). An interval I of Z/qZ is a set of consecutive numbers
1,9+ 1,...,7 + 7 taking modulo q. We define the sector parametrized by I as
A(I) = J,c; A(i). Furthermore, we set

IR if 70 {p,p+1} =0
(4.10) fo) = {([ —p)U{0,1} otherwise.

In other words, we require that if I —p contains one of 0, 1, then it also contains

another number. By and
Claim 1. The preimage of A(I) under f | is within A(f~1(1)). O
Unfortunately, we do not have the property that
if D;Nn C A(I), then Dj i N CA(f1(1))

because the image of A(—p)UA(—p+1) is slightly bigger than A(0)UA(1), see (4.3)).
To handle this issue, we will play with a slightly shrunk version of . We will define
a triangulated neighborhood such that

(4.11) Cfi()c

for all i € {0,1,..., min{a,,, by }}.

Consider the dynamical plane of f,, and let Ag(0, f,,) and Ag(1, f,,) be (see
Figure the closures of the connected components of f,.1(U,) \ (71 U~o) such
that a € Ag(0, fin) C Ao(0, fi) and a € Ag(1, frn) C Ao(L, frn). Writing o(fin) =
Ao(0, frm) UA1(1, fr,) we obtain a shrank version of o(f.). The map ®,, ¢ em-
beds Ag(0, fn) and A;(1, f,,) to the dynamical plane of fy; spreading around the
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embedded triangles, we obtain a triangulated neighborhood of « such that (4.11))
holds.

Let us also give a slightly different description of . Recall (4.4)) that ¥y ., maps
each A, (7, fo) conformally to some A(j, frm). Then A(i) = A (4, fo) C Am(4, fo)
is the preimage of Ag(j, fr,) under Wo 0 Ay (4, fo) = Ao(4, fm). We define

= J AG) and A() =[JAG).

0<i<q i€l

Since h | is close to the identity, also approximates Z, in the sense of Theo-
rem By definition, we have

Claim 2. We have A(i) = NA(:) for every i. The preimage of A(I) under f |
is within A(f~1(I)). O

The following claim is a refinement of (4.11)). This will help us to control the
intersections of D}, with

Claim 3. Let I be an interval. Consider z € . If
fi(z) € A(D)
for i < min{a, b}, then

z e A(f(D)).

As a consequence, if TN C A(I) for an interval I and a set T C V., then

fUT) N CA(FTD)
for all i < min{a, b}.

Proof. Since fi(z) € A(I), every preimage of f¢(z) under the i-th iterate of f |

is within A(f~'(I)) by Claim [I] This shows that z € A(f~*(I)) = A(f~*(I)) N
The second statement follows from the first because points in  do not escape

under f. O

4.4.4. Truncated sectors Sy and disks D D D) D Dy. Let Iy be the smallest
interval containing {0,1} such that A(l, f) D DN (f) for all f subject to the
condition of Key Lemma. Set I;_; := f~7(I;). By Claimwe have DN C A(Ly).

Recall that the intersection of each A(i, f,) with Z, is a closed sector of Z,
bounded by two closed internal rays of Z,. Since Dy is small, we obtain:

Claim 4. All|I|/q are small. All A(Ik, fi) have a small angle at the a-fized point.
For every j < t—3 —p, the intervals I;,Ij11,...,1j1pt3 are pairwise disjoint.
Moreover, intervals Iy, I, ..., Iy+1 are disjoint from {—p, —p + 1}.

Proof. 1t is sufficient to prove the statement for f,; the map h transfers the result
to the dynamical plane of f.

All A(i, f,) have comparable angles (see Lemma: there are x < y indepen-
dent on n such that the angle of A(4) at « is between z/q and y/q.

Let x be the angle of A(I{) at @. The angle x is small because D = Dy is small.
By definition of I = f~1(Ix+1) (see (#.10)) the angle of A(Ij41) at a is bounded
by the angle of A(Iy) at a plus y/q. Therefore, the angle at « of every A(I) is
bounded by x + (2 + t)y/q, where the number (2 + t)y/q is also small by (4.8). We
obtain that all A(I;) have small angles.
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Since f, | Z, is an irrational rotation and |Ij |q are small, we see that I, Ij 11, ..., Ljitpt3
are disjoint. Since Iy contains {0,1} we see that Iy, I1,...,I,4+1 do not intersect
{=p,—p+1} C (L) -

Recall §3]|that the Siegel disk Z, of f, is foliated by equipotentials parametrized
by their heights ranging from 0 (the height of «) to 1 (the height of 0Z,). We
denote by Z] to be the open subdisk of Z, bounded by the equipotential of height
.

Next we define Sy to be A(I}) truncated by a curve in h=*(Z7 \ Z7~¢) such that
Sk are backward invariant under f | . Assume that r < 1 is close to 1 and choose
€ > 0 such that 1 — r is much bigger than ¢. Consider an interval I} for k£ < t and
consider i € I,.

o Ifforall ¢ € {k,k+1,...,t} we have i + pf & {—p, —p + 1}, then define
Si(i) = A(i) \ W (Z]);
e otherwise define
Sk(@) = A@) \ k1 (Z79).

Set Sk = U,er, Sk(i). Since A(Ik, fi) has a small angle at a (see Claim and
the truncation level r is close to 1, we have

Claim 5. All S), are small. O
Claim 6. For every k < t, the preimage of Sky1 under f| is within Sy.

Proof. By Claim [2| we only need to check that the truncation is respected by back-
ward dynamics. If ¢ & {—p, —p + 1}, then

[ 8k(@) = Sk+1(i+p)

is a homeomorphism. Suppose i € {—p, —p+1}. Then Sg11(i+p) = A1) \h™1(ZT)
because i +9p,...,1+ p(t— k) are disjoint from {—p, —p+ 1} by (4.9). On the other
hand, by definition of Sk,

Sk D h™ ((A(=p, f)UA(—p + 1, £)) \ Z077) .

Since h is close to identity, the preimage of Sk11(i+p) under f| is within S;. O

We can assume that Dy is so small that it does not intersect h=*(ZI). Then
DN C Sy using Claims [l and [6] we obtain Dy N C Sk.
Next let us inductively enlarge Dy as D D @;C D Dy. Set

©t :Qi = Dt

and define D}, to be the connected component of f~!(Dj41) intersecting Dj. We
define Dy, to be the filled-in D} Uint Sk; i.e. Dy, is D}, Uint S, plus all of the bounded
components of C\ (D}, Uint .Sy).

Claim 7. For all k < p we have Sy = DN

Proof. Follows from DN C S, Claim |§|, and the definition of Dy. O
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afrb U*

FIGURE 15. Separation of 9™ U; from a. Disks and ' ap-

proximate Z, and 7;, iterated lifts of ' construct periodic bubble
chains B, and By, landing at periodic points x and y, together with
external rays R, R, the bubble chains B, B, separate oy ¢ from
the critical value. The configuration is stable because of the sta-
bility of local dynamics at « and y. Disks Dy may intersect ' but,
by Claim [10] they do not intersect B, U B, \ .

4.4.5. Bubble chains. Below we will separate the forbidden part of the boundary
ofrb Uy from all ®; by external rays and bubble chains (see Figure . Recall
that for f, a bubble chain is a sequence of iterated lifts of Z,; for f the role of Z,
will be played by

Consider first the dynamical plane of f,. Let x,y € R, be two periodic points
close to O™ U, such that the external periodic rays R, R, landing at x and y to-
gether with the bubble chains B, B, C &, starting at the critical point and land-
ing at x,y separate 9"PU, from the critical value as well as from all the remaining
points in the forward orbit of z,y. We recall that B,, B, exist by Theorem
By definition (see 7 the ray B, is a sequence

(4.12) T =22, 75,...

such that Z; is an iterated lift of Z/ attached to Z;_; and such that Z, shrink to
x. A similar description holds for B,. Let p be a common period of z and y. Then
p is also a common period of R;, R, as well as of B,, B,. The latter means that
there are sub-chains B; C B, and B C B, such that

(4.13) B, = fI(B,) and B, = f!(B)).

Since f is close to f,, by Lemma rays Ry, R, exist in the dynamical plane of
f and are close to those that are in the dynamical plane of f,.

Set ’ to be the closure of the connected component of f~'( )\ that has a
non-empty intersection with . Then ’ is connected and

N "CA(=p) UA(—p+1).
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We say that '’ is attached to , or more specifically that ' is attached to A(—p)U

A(=p +1). Observe also that  approximates Z, because is close to Z, and f
is close to fy.

A bubble of generation e+1 > 1 for f is an fe-lift of ’. Fix a big M > 1. Since

" is close to Z,, the map f is close to f,, and & N (A(0)UA(1)) is small, we have

Claim 8. Fvery bubble Zs of f, of generation up to M is approximated by a bubble
s of f such that

e s close to Zs and f | s is close to f, | Zs;
o if Zs is attached to Z., then s is attached to ; and
o if Zs is attached to Z,, then s is attached to \ (A(0) UA(1)). O.

Using Claim [8] we approximate the bubbles Z in B, with k < M (see (£.12))
by the corresponding bubbles ;. We can assume that the remaining Zp;4; are
within the linearization domain of z. Taking pullbacks within the linearization
domain of x, we construct the bubble chain B,(f) landing at = as a sequence

"= 1, 2,... Similarly, B,(f) is constructed. Equation holds in the dy-
namical planes of f. Thus we constructed (R, U B, U B, UR,) (f) that is close to
(Rz UB, UByURy)(fe).

Assume that D is so small that it is disjoint from the forward orbit of R, U R,,.

As a consequence, we obtain:

Claim 9. All ®y, are disjoint from R, U R,. ]
4.4.6. Control of ©y,.

Claim 10. For all k € {0,1,...,t} the following holds

(1) Dy intersects ' if and only if I D {—p,—p + 1};
(2) if Dy intersects ', then

DN " C T (Sktr)

s in a small neighborhood of cq;

(3) if D intersects ', then Dyy1, D2, ..., Dprpr1 are disjoint from ';

(4) if Dy intersects ByUB,, then the intersection is within ' and, in particular,
I, o {—p,—p+1};

(5) Dy, is an open disk disjoint from O"PUy; in particular, f: D) — Dy_1 is a
branched covering.

Proof. We proceed by induction. Suppose that all of the statements are proven for
moments {k + 1,k + 2,...,t}; let us prove them for k.

If I, O {—p,—p + 1}, then Dgy; D A(0) UA(1) > ¢; and we see that D) =
f1(Dpy1) intersects .

Suppose I N {—p,—p + 1} = 0. Then Dj; does not contain ¢;. Thus every
point in D41 has at most one preimage under f | ©). By Claim |§|, we have

D.N( U YTk, andthus DN "=0.

This proves Part .

Part follows from 11N C Skt1 (see Claim@ combined with the fact that
Sk+1 is a neighborhood of ¢;, see Claim [5| Part follows from Part combined
with Claim [l
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FIGURE 16. Illustration to the proof of Claim Part in case
e = 3. Suppose that f3 maps the bubble 5 (in B,) to ' and
suppose that T := DN o # (). Let } be the lift of f( ) attached
to . Since f( o) is attached to Sky1 = Djy1 N , we obtain that
the pullback of f( 2) along f: Dy — Dy is attached to Sg. This
shows that T'C 4 contradicting T C .

Let us now prove Part , see Figure [16| for illustration. Assume that Part
does not hold; we assume that D, N (B, \ A') # 0; the case D, N (B, \ A') # 0 is
similar. Write

Be=("= 1, 20 3,-..),
where ; is a bubble attached to ;_;. Then there is a ; with 4 > 2 such that

T:=9:N 175@

We assume that ¢ > 2 is minimal. Recall that ; is an iterated lift of ’. Therefore,
there is a minimal e such that f©¢ maps ; to . Observe first that e < p because,
otherwise, by periodicity of B, we have

fp(T) C©k+pﬁfp( z) CBac\ '

contradicting the assumption that Part holds for k + p.
Consider the bubbles

FCOLPCa ()= "
By Claimthey are attached to \ (A(0)UA(1)). More precisely, each f7( ;) with
j€{l,... e} is attached to Siy; C Dpy;. We also have f¢(T) C .

Let % be the lift of f( ;) attached to Si. We note that  # ;. Observe
that D41 does not contain the critical value. Indeed, Iy, D {—p,—p + 1} by
Part [1} thus ;11 7 {0,1} by Claim[d] Therefore, 7" is the preimage of f(7') under
f+ L= f();ie. T C /. This contradicts to T C ;.

3
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Part (f) holds because 9™ Uy is separated from by B, U B, U R, U R, and
because the intersection of ©j with ' is either small or empty, Part . (]

This shows ft: Dy — Dy is a branched covering. Observe next that DoN C S
is a small neighborhood of ¢; that is disjoint from ;. We can easily separate Dg\
from 71\ using and finitely many backward iterated lifts of B, UB, UR, UR,,.
This finishes the proof of the Key Lemma. O

5. MAXIMAL PREPACMEN

Let g : X — Y be a holomorphic map between Riemann surfaces. Recall that g
is:

e proper, if g71(K) is compact for each compact K C Y;

e o-proper (see [McM2, §8]) if each component of g~ (K) is compact for each
compact K C Y; or equivalently if X and Y can be expressed as increasing
unions of subsurfaces X;, Y; such that g : X; — Y; is proper.

A proper map is clearly o-proper.

A prepacman F = (f_ ,f}) of a pacman f is called mazimal if both f_ and f}
extend to o-proper maps f_: X_ — Cand f; : X; — C. We will usually normalize
F such that 0 = ¢ 1(criticad value), where 9p is a quotient map from F to f,
see Under this assumption F is defined uniquely up to rescaling.

Theorem 5.1 (Existence of maximal prepacmen). Fvery f € W* sufficiently close
to f, has a maximal prepacman F that depends analytically on f.

A refined statement will be proven as Theorem [5.5

5.1. Linearization of ¢-coordinates. Consider again [fy: Uy — V] € W* close
to fx. By definition of W", the map fy can be antirenormalized infinitely many
times. We define the tower of anti-renormalizations as

T (fo) = (Fk)kgo :

Each f; embeds to the dynamical pane of fr_; as a prepacman F,ik_l) such that

,Eki_l) are iterates of fr_1.

Let us specify the following translation
Ti: z— z—c1(fr)-
Let us now translate each fr so that ¢1(fix) = 0. We mark the translated objects
with “e.” For k <0, set
$p(2) == Th10¢po Ty !
so that ¢7(0) = 0. Similarly, define U} = Ty(Uy) and V¢ = Ty(V); and
conjugate all fr and all Fj, = F,Ek) by Tj; the resulting maps are denoted by
fe:Ug — V2 and by
e =R e U e = S0)-
We also write 77 (fx) == Tk(71). The tower (Fy), , is illustrated on Figure
Denote by B

o= ¢l(e(f) = (62)(0), ua] <1

the self-similarity coefficient of Z,.
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[Z%H*Z

Z = [y 2

S()

FIGURE 17. Left: each pacman f? embeds as a prepacman to the
dynamical plane of f? ; via ¢7. Right: sectors S? after lineariza-
tion of 1-coordinates. Note that S can intersect y7 in a small
neighborhood of a*® = T;(«).
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Lemma 5.2 (Linearization). For every fo € W sufficiently close to f, the limit

(5.1) hg(z) = h%, == lim @3 0 0p8(2)

—— pyt

is a univalent map on a certain neighborhood of 0 (independent on fy).

We remark that the linearization is normalized in such a way that hi(0) = 1 if

fO = f*~

Proof. Follows from a standard linearization argument. Write ¢ (2) = u;z +O(2?);
since ¢; tends exponentially fast to ¢3 we see that p,; tends exponentially fast to
s and that the constant in the error term does not depend on ¢. For z in a small
neighborhood of 0, we have

931100 65(2)| < Ol + €)'l
for some constants C' and € > 0 such that |p.| + 2 < 1. Write
$pi1 00 P5(2)

D (z) = — :
L
Then
ROV () 6 (081 0---80(2) _ ps . .
(i)(): (.+1 ? ): +1+O(¢i+10...¢0(2)).
h)(z) JTRG> o...¢8(2) Lhs

tends exponentially fast to 1 in some neighborhood of 0. This implies that h(*)(z2)
converges to a univalent map in some neighborhood of 0. O

Let us write h = hy, and we set S; := h?(.S;). We will usually use bold symbols
for object in linear coordinates. By construction (5.1), the maps h? satisfy the
linearization equation (see Figure

(5.2) hi_1o0¢? =z — pez]ohl.
For i <0, set
(5.3) h¥ (2) = u'h(2).
It follows from that
(5:4) hi(z) = b7 (85(2) = --- = hf ($fpa0--- 0 63(2)) -

We will usually use “#” to mark linearized objects rescaled by p*.

Lemma 5.3 (Extension of h8). Under the above assumptions h{ extends to a
univalent map hy: int(Vy \ ~v3) — C.

Proof. By Lemma@the map ¢ o---0¢*?, extends to a conformal map defined on
int(V \77). Since ¢fo---0¢* is contracting, for every z € int(V \7}) there is an
i < 0 such that ¢$ o---0¢*(z) is within a neighborhood of 0 where h? is defined
(this is easily true if f§ = f?; applying Theorem we obtain this property for all
13). Therefore, extends dynamically A8 to int(Vy \ 77). O

-1
Let us now conjugate every map F} by hk#; we define Fk# = hk# oFpo (hk#) .

We construct the tower in linear coordinates

(5.5) T#(Fo) = <Fk#)k§0 = (flfi: Uk#vi - Sk#)kgo’
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where
(5.6) int (S7) = A (Ve \ 1) = hff o Th (Vi \ ).

and similarly other objects marked by “#” are defined.
It follows from (A.4) that

Lemma 5.4. There are numbers mq, 1, m1 2, M2 1, Ma 2 such that for k < 0 we have
# _ (g , #
£ o = @)™ e (£7,)™2,

£, = )m2r o ()22,

Note also that
1 )
(5.7) £, = Efk,i (ukz).

5.2. Global extension of prepacmen in W". Using Key Lemma [4.8| we deduce

Theorem 5.5 (Existence of a maximal prepacman). If fo € W" is sufficiently
close to f., then every pair F;# = (f,fi> in the tower T#(Fy) (see (5.5)) extends
to o-proper branched coverings
£ Xf, —C.
Proof. Let
Fo=(for:Upr > 6=V \(11U0))

be a commuting pair obtained from Fy = (fo+: Up,+ = V \ 1) by removing a
small neighborhood O of o from V'\ 71 and by removing f, i(O) from Uy +. By

Lemma the map ¢ o --- o ¢_; embeds Fo to the dynamical plane of f; as
commuting pair denoted by

5.8) B = (7 2) - 4 v o 6P

Since ¢, is contracting at the critical value the diameter of U, (k_) U Uéﬁ)r U 68’” >
¢1(fn) tends to 0. By Key Lemma for a sufficiently big k < 0 there is a small
open topological disk D around the critical value of f; such that the pair
extends into a pair of commuting branched coverings

(5.9) F = (gees o) - wB uwi® - p,
with W uw® UD c v\ 4.
Conjugating (5.9) by hk# o T}, we obtain the commuting pair
(fo._,f0+): WH UWP 5 DO,
Since for a sufficiently big ¢ and all m < 0 the modulus of the annulus D=4 \
D®™) is uniformly bounded from 0 we obtain Uk<o D®) = C. Setting
(5.10) Xo— = JW", Xoy =[] WP
k<0 n<0

we obtain o-proper maps fy +: X+ — C. Similarly, (ffi) extends to a pair of
o-proper maps. (I
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Jo

FIGURE 18. A parabolic pacman fy with rotation number 1/3 em-
beds as a prepacman into the dynamical plane of a parabolic pac-
man f_; with rotationa number 3/8. We have fy - = f3, and

f0,+ = f31~

6. MAXIMAL PARABOLIC PREPACMEN

Consider a parabolic pacman fy € W" close to f, such that Theorem [5.5] applies
for fo. As in §5| we denote by F,, = (f, 1) the maximal prepacmen of f, = R" fy
with n < 0 and by F# the rescaled version of F,, so that Fy is an iteration of F#,
see Lemma 5.4

6.1. The post-critical set of a maximal prepacman. The forward orbit of
z € Cunder F,, is

orb.(Fy,) :={f; _of; (2)|s,r>0};

we do not require that f; o f] | (2) is defined for all pairs s,r. A finite orbit of z
is
orbfq(Fn) = {fsj_ of, (2)|s,re{0,1,... ,q}} )

Similarly, orb.(F#) and orb=%(F#) are defined. Since Fy is an iteration of F#,
there is a k > 1 such that

orbS?(Fo) C orbS* "9 (F#)
for all n <0 and z € C.

An orbit path of F,, is a sequence g, x1, . . . , &5, such that either z;41 = £, _(x;)
or ;41 = £+ (). Since Fy is an iteration of F#, an orbit path of Fg is a “sub-
orbit” path of F7.

Let us denote by

C(Fy) ={z€C|f; _(z)=0orf  (2)=0}
the set of critical points of Fy; its post-critical set is
PFy) = |J f_off" (Ci).

n+m>0
n,m>0

Similarly P(F7) is defined. Clearly,
P(Fo) C P (F}) = pul P(Fy).
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Recall that 0 is a critical value of F# for all n < 0; we denote by oj the
critical point of F# such that o is identified with the critical point co(f,) under
int 8% ~ V' \ v, see (5.6).

Lemma 6.1 (Every critical orbit “passes” through 0). For any critical point xo of
fo,, with v € {— ,+} the following holds. For all sufficiently big n < 0 there is an
orbit path of F#

(6.1) T, T1, X2, ... Tk T :fjj(i)(xi_l)

such that

[ ] fO,L = f#

#
ng(k) © Trgie-1) ©
o I; = off and x;41 = 0 for some i.

Therefore,

) fjfj(l), in particular xy, = fo ,(xo);

P(Fy) C | J orby (FF).
n<0

Proof. Clearly, the second statement follows from the first. We will use notations
from the proof of Theorem Suppose for definiteness ¢ = “—". Recall ((5.10) that
Domfy - = U, <o WS"); thus o € W for some n < 0. The map £ _ | w™ s
conformally conjugate to f2n | w™ 5D (see (5.9)) after identifying W™ with

W™ . This shows that x0, fo.— (z0) us within an actual orbit xg, z1,...,zy of
(£%,: U¥, —s¥).

which is a prepacman of f,,. We deduce that one of x; is 0# and x;41 = 0. ([l

6.2. Global attracting basin of a parabolic pacman. Since fy +: Domfy + —
C are o-proper commuting maps with maximal domain we have

(6.2)  Dom(fy — ofy ) =Dom(fy 4 ofy_) C DomFy :=Domfy _ NDomfy ;.

There is a small open attracting parabolic flower Hy around the a-fixed point
of fo. Each petal of Hy lands at a at a well-defined angle. Assume Hj is small
enough so that Hy C V' \ 71, possibly up to a slight rotation of v;. By Lemma
the flower Hy lifts to the dynamical plane of Fy via the identification V' \~y; ~ int Sg;
we denote by Hy the lift.

Let e(po/dqo) # 1 be the multiplier of the a-fixed point of fy. Since fy is close to
fx, we have qo > 1. By replacing Hy with its sub-flower we can assume that there
are exactly qg connected components of Hy with combinatorial rotation number
Po/qo. We enumerate them counterclockwise as H{, H}, . .. ,Hgo_l. Then fy maps
H} to Hé+"°. We will show in Corollary that Hy is in fact unique; i.e. fy has
exactly qo attracting direction at o. Denote by Hg the lift of H{ to the dynamical
plane of Fy.

Lemma 6.2. There are t,5 > 1 with v+ s = qg such that
f5 _ of5 , (H{) C Hj.
The set Hy is in Dom(f§ _ o £§ ) for all a,b > 0.

It will follow from Propositionthat f§ _ofg ,: Hj — Hj is the first return map.
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Proof. We have fJ°(H}) C H§. Cutting the prepacman fo along v we see that
there are t,5 > 1 with v+ s = qo such that f§ _ o f§ , (H{) C Hj. This implies the
first claim. As a consequence Hj is in Dom(f&j_ o f§J+) for all j > 0. Combined
with (6.2)), we obtain the second claim. O

As a consequence, all of the branches of f§ _ o f& 4 with a,b € Z are well defined
for points in Hy. Set
H:= [ (fo, )"0 (fo4)" (Ho)
a,beZ
to be the full orbit of Hy. Since fy _, fy - commute, H is an open fully invariant
subset of C within Domfy — N Domf, . We call H the global attracting basin of
the a-fixed point.

A connected component H' of H is periodic if there are s,7 € N-g such that
f5 _ofy  (H') = H'. A pair (s,r) is called a period of H'. We will show in
Corollary that there is no component H' of H such that f; (H') = H' or
f5 (H') = H' for some 7 > 0.

By Lemmal6.2] the components of H intersecting Hy are (r, s)-periodic. Observe
next that for any periodic component H’ and any component H” of H there are
a,b> 1 with f§ Ofé’ﬂ_(H”) =H';i.e. H and H” are dynamically related. Indeed,
by definition there are a’,b’ € Z such that a certain branch of fg:_ o fé’: 4 maps
H” to H'. Applying f§* o f§", with ¢ > 1, we obtain required a,b > 1. As
consequence, all the periodic components have the same periods; in particular they
are (v,s)-periodic.

6.3. Attracting Fatou coordinates. It is classical that f§': H) — H{ admits
attracting Fatou coordinates: a univalent map h : HJ — C such that

e ho fi°(z) = h(z) + 1; and

e there is an L > 1 such that

(6.3) h(HY) D {z € C| Re(z) > L}.
There is a unique dynamical extension h: Hy — C such that

Lifting A to the dynamical plane of Fy we obtain h: Hy — C.

Lemma 6.3 (Fatou coordinates of H). The map h: Hy — C extends uniquely to
a map h: H — C satisfying

(65) ho fo’i(z) = h(Z) + 1/C[()

for any choice of “+”. For every component H' of H, the map h | H' is o-proper.
The singular values of h are exactly the h-images of the critical points of Fy and
their iterated preimages.

Moreover, components of Hy are in different components of H. The set H is a
proper subset of C. By postcomposing h with a translation we can assume that

(6.6) h(0) = 0.
Proof. On Hy Equation (6.5) is just a lift of(6.4). Applying f; ! and using com-

s

mutativity of fo _,fy , we obtain a unique extension of h to H such that (6.5)
holds.
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Since fy _,fy 4 are o-proper maps, so is h | H. Indeed, suppose that H' C H is
a periodic component intersecting Hy; the other cases follow by applying a certain
branch of f§_ o f{ ,, where a,b € Z. Recall from Lemma that H' is (t,s)-
periodic. Consider a compact set K C C. We denote by K a connected component
of the preimage of K under h | H'. Then for a sufficiently big ¢ > 1 we have
Re(K + i) > L and Ky = f§'_ o f§", (K) intersects Hy, where L is a constant
from . Then K- is compact as a connected component of the preimage of
K + i under h | H N Hy. We obtain that K C f(;f o faii(Kg) is compact because
fgf_ ) g}' ', is o-proper. This also shows that singular values of h are the h-images of
either critical points of Fy or their iterated preimages. (We recall a o-proper map
has no asymptotic values.)

Let Hf and HY be two different components of Hy and let H* and HY be the
periodic components of H containing Hf and Hj. Since all points in H* and HY,
escape eventually to H and H§ under the iteration of f§ _ofj§ . we have H* # HY.
As a consequence H # C. The claim concerning is immediate. ([

From now on we assume that holds. Denote by HP*" C H the union of
periodic components of H.

Corollary 6.4 (Critical point). The set HP®" contains P(Fg) and at least one
critical point. In particular, 0 € HP". All the critical points of Fy are within H.
n the dynamical plane of fo the flower Hy is unique: fo has exactly qo attracting
direction at o cyclically permuted by fy.

Proof. Since h: HP®" — C is not a covering map, HP®" contains at least one critical
point of Fy. Since HP® is forward invariant, HP®" contains o for all sufficiently
big n < 0, see Lemma [6.1] Therefore, HP*" contains all of the critical values of Fy.
Since H is fully invariant, it contains all of the critical points. As a consequence, Hy
is unique because the global attracting basin of another flower would also contain
0. |

6.4. Dynamics of periodic components. It follows from Lemma [6.2] that
H=J (57 )"0 (£,)" (Ho)

a,bezZ

for all n < 0. It is also clear that HP®" is the union of F#-periodic components.

Let H,, be a small parabolic attracting flower of f, admitting a lift to the dy-
namical plane of F; we denote this lift by H? — H,,. We denote by p,,/q, the
combinatorial rotation number of f,.

Let I,, be an index set enumerating clockwise the connected components of H,
starting with the component closest to ;. Since H, embeds naturally to the
dynamical plane of f,_1 (see Figure [18)), we have a natural embedding of I, to
Iy1.

Let us write

IO = {—ao,—ao + ].,...bo — ].7b0}

with ag,bp > 0 and ag + bg + 1 = qo. The component of Hy indexed by i + 1
follows in the clockwise order the component of Hy indexed by i. Then f; maps
the component of Hy indexed by ¢ to the component of Hy indexed by either ¢ — pg
or i + (o — po depending on whether i — pg > —ay.
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£,

fo,+

fo,+

FIGURE 19. The maximal prepacman Fy = (f5 +) of a parabolic
pacman fy with rotation number 1/3, see Figure The map fy _
shifts periodic components of H to the left while fy | shifts the
periodic components of H to the right. We have f, _ = f,%fl,f o
fo_1+andf,  =1f,_1 _of, ;| forall n (obtained from fo _ = 3

and fo + = f? in Figure .

For every n < 0, choose a parameterization I,, = {—a,, —a, +1,...b, — 1,b,}
so that the natural embedding of I,, to I,_1 is viewed as I, C I,,_1. Set I_,, =
UnSOIn =7

Recall (see §6.2)) that a connected component H' of H is periodic if f5_ o
f5 . (H') = H' for some 5,7 € Nxo.

Proposition 6.5 (Parameterization of HP®"). The connected components of HP
are uniquely enumerated as (H');cz so that for every sufficiently big n < 0 the
component H' contains the image of the component of H,, indexed by i under H,, ~
H# c HPe.

The actions of fffi on (H%);cz are given (up to interchanging f# and ffi_} by

(6.7) £ _(H') = (H'"P") and £ _(H') = H'* 9P,

Moreover, by re-enumerating components of Hy we can assume that H® contains

0.

Proof. By construction, I_,, ~ Z enumerates all of the periodic components of H
intersecting U, <oH7 with actions given by . Since J;c» H' is forward invariant
and since every periodic component is in the forward orbit of H? (see §6.2), we
obtain | J;c, H* = HP". We can re-enumerate (H');cz in a unique way so that
H’ > 0. O

Corollary 6.6. There is no component H' of H such that £ _(H') = H' or
5 (H') = H' for some r > 0.

Proof. Suppose converse and consider such H', say f§ _(H') = H'. Choose a,b € Z
such that a certain branch of f§ _ off , maps H' to H’. Recall that (t,s) is a period

of H’. By postcomposing f§ _ o fg’ + with an iterate of fj _ o f§ | we can assume
that a,b > 0. It now follows from Proposition that applying first £ _ | H' and
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then f§' o £} | is different from applying f§ o £ , | H' and then f5 . This is a
contradiction. g

Corollary 6.7. For a,b,c,d >0 and n <0,

()" (£22) 0= (i2-) e (52.) " ©
if and only if a = ¢ and b = d.

Proof. 1t is sufficient to prove it for n = 0. Suppose f§ _ o f§ , (0) = f5_ o g, (0).
It follows from that a +b = c+d. If (a,b) is not proportional to (¢, d), then
f§_ofy , (0), £§ _ofg , (0) are in different connected components of HP®", see (6.7).
Therefore, a = c and b = d. ([l

6.5. Valuable flowers of parabolic pacmen. This subsection is a preparation
for proving the scaling theorem (§8)); it will not be used in proving the hyperbolicity

theorem (7).

Definition 6.8 (Valuable flowers). Let f be a parabolic pacman with rotational
number p/q. A valuable flower is an open forward invariant set H such that

(A) HU{a(f)} is connected;

(B) H has q connected components HO, H! ... HI=1 called petals, enumerated

counterclockwise at a; every H? is an open topological disk;

(C) f(H') C H™¥

(D) all of the points in H are attracted by «;

(E) H™® contains the critical point of f.

We remark that a local flower (see atisﬁes (A)-(D).
19)

We say a Siegel triangulation (see § respects a flower H if different petals
of H are in different triangles of

Theorem 6.9 (Parabolic valuable flowers). Let fo € W* be a parabolic pacman.
Then for all sufficiently big n < 0 the pacman f, = R™" fo has a valuable flower
H,, and a Siegel triangulation (f,) respecting H,, such that
o (fn) has a wall (fy) approximating 0Z,;
e (fu—1) and Hy_1 are full lifts of (fn) and H,.
Moreover, for a given closed disk D C HO the flower H,, with n < 0 can be
constructed in such a way that D projects via int (S#) ~ V' \ v (see (5.6)) to H.

Proof. Let us recall (see that a local flower Hy was chosen sufficiently small
such that Hy C V' \ 71, possibly up to a slight rotation of 71 in a small neighbor-
hood of . We denote by §°¥ the triangulation obtained from ¢ by this slight
adjustment of ;. By Lemma the triangulation §°"V admits a full lift 29Y to
the dynamical plane of f,, for all n < 0. Since Hj is respected by %, the flower
Hy also admits a full lift H,, to the dynamical plane of f,, such that H, is respected
by 2w,

—n
6.5.1. Valuable petals. Recall that p,/q, denotes the rotation number of f,. A
valuable petal HJ of f, is an open connected set attached to o such that
e fi» extends analytically from a neighborhood of a to fIn: HY — HJ; (in
particular, HJ is fdn-invariant)
e fin:HJ — HJ has a critical point; and
e all points in H/ are attracted to a.
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Claim 1. There is an n < 0 such that f, has a valuable petal HY containing the
critical value 0 such that H2 = HYU D, where H? is a petal of H,, and D is a small
neighborhood of ¢1 containing the projection of D wvia , Moreover, there is an
M > 0 such that f3»M(HY) C H,.

Proof. In the dynamical plane of Fy consider the petal H® 3 0. Recall from §6.4]

that H* denotes the lift of H,, to the dynamical plane of F#. If n < 0 is sufficiently

big, then H contains a unique connected component of H, call it (H#)°. Note

also that (H#)? = (H7)° for all sufficiently big n,m < 0, see Proposition
Enlarge D to a bigger closed disk D € H? such that

e (H?)°UD is forward invariant under the first return map 5 off 1, see
Lemma [6.2} and
o f5_of5, (HF)°UD)>0.

Since D is compact, we have D C S# for all sufficiently big n < 0. For such
n we can project D to the dynamical plane of f,; we denote this projection by
D 5 ¢y. By construction, DU H? is fi»-invariant: fIm: H? — H? has an analytic
extension to fI»: DUHY — DUHY. For n < 0, the disk D is a small neighborhood
of ¢1. O

For n < 0, we enumerate petals of H, counterclockwise so that HS C HY.
Choose a big K (we will specify K in §6.5.3). For k € {0,1,..., K} we define Dy, to

be the image of Dy = D under fi7* and for k € {—K,—K +1,...,—1} we define
Dy, to be the lift of Dy along the orbit of f, 9%: Hi»k — H? Then
(6.8) Hink = 9k U Dy

is a valuable petal extending H3"* for all k € {-K,...,K}. For n < 0, all HI»*
are in a small neighborhood of Z,.

6.5.2. Walls respecting H,,. Set N := M + 3, where M is defined in Claim [I] Let
us consider the dynamical plane of fy. In a small neighborhood of o we can choose
a univalent (N + 1)qo-wall Ag respecting Hy in the following way:

(a) « is in the bounded component Oy of C\ Ay while the critical point and
the critical value of fy are in the unbounded component of C\ Ag;
(b) each petal H{ intersects Ag at a connected set;

and by enlarging H, we can also guarantee:
(¢) Hp contains all z € Ag U Oy with forward orbits in Ag U O.

We can also assume that the intersection of Ay with each triangle of is a
closed topological rectangle. Lifting these rectangles to the dynamical plane of f,
and spreading around them, we obtain a full lift A, of Ag. Then A, is a univalent
Nq,-wall (see Lemma enclosing an open topological disk O,, > « such that
A, respects H,, as above (see (a)—(c)). Naturally, A, consists of closed topological

rectangles: each rectangle is in a certain triangle of ;%

new
0

Claim 2. For n < 0, the wall A,, approximates 0Z, in the sense of Lemma
Part : 0Z, is a concatenation of arcs JoJy ... Jm—_1 such that J; is close to the
i-th rectangle of A, counting counterclockwise.

Proof. By Theorem [4.6] it is sufficient to prove such statement in the dynamical
plane of f,: if Ag is an annulus bounded by two equipotentials of Z,, then a full
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FIGURE 20. Separation of ™ U,. Co-Siegel disk Z. together with
its iterated lifts form two periodic bubble chains landing at periodic
points x and y. The bubble chains together with external rays R,
and R, separate O, from a.

lift A,, approximates 0Z, for a big n. Since the renormalization change of variables
for f, is conjugate to z — z* with ¢ < 1, the claim follows. (]

Consider the dynamical plane of f,. Recall that f, | Z, is a homeomorphism.
For k € Z, we define

= \k
Cr = (f* | Z*) (CO)~
Consider now the dynamical plane of f,,. For k € {—K,—-K +1,..., K}, we define
cx(fn) € f¥{co} to be the closest point to cx(f,). The point cx(f,) is well defined
as long as f;, is in a small neighborhood of f,.
Claim 3. Forke {—K,—K +1,...,K}, we have
o c;_1(fn) € HI"; and
e HI“*\ O, is in a small neighborhood of cy_1

Proof. The first statement follows from cz—1(fn) € D C HI"*, see (6.8). The
second statement follows from the improvement of the domain. ([l

Claim 4. Let P be a connected component of O, \ H,. Then fi»%| P is univalent

for alli e {1,...,N}. Moreover,
Ant(PY C fII(P)  for alli < j in {0,1,...,N}.

Proof. The first claim follows from the assertion that A, is an Nq,-wall. The
second claim follows from (c). O

6.5.3. Julia rays in 9J,. Consider the dynamical plane of f, : U, — V. By Theo-
rem we can choose (see Figure two periodic points z,y € J, together with
two periodic external rays R;, I?y landing at x, y and two periodic bubble chains
B;, By landing at z,y so that x and y are close to 0Py, and R, U B, U B, UR,
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separates 0"PU, from c¢; as well as from all the remaining points in the forward
orbit of x,y. Let p be a common period of z,y. Set K := 4p.
A Julia ray J of J, is a simple arc in J, starting at a point in 0Z;.

Claim 5. There are Julia rays J, C By and J, C By such that J, and J, start
at the critical point cg and land at x and y respectively. Moreover, J, and J, are
periodic with period p: the rays J, and J, decompose as concatenations JEI2T3 ..
and J;Jszg’ . such that ff maps J¥ and JZ’f to J*=1 and J{j’l respectively.
Proof. Write B, = (Z1, Zs,...); since z is close to 0'™U, we see that Z; = 7;.
Since x is periodic with period p, there is an a > 0 such that fP maps Z,.; to Z;
for all 1.

Let J! C J, be a simple arc in Z; UdZ,U- - -UDZ, connecting the critical point
co to the point where 07,41 is attached to 9Z,. We inductively define J7 to be
the iterated lift of JZ~! such that J starts where J~! terminates. This constructs

Jy = JLJ2J3 . similarly J, = Jy1 JSJS . is constructed. O

6.5.4. Julia rays for f,. Recall that in Claim We specified Julia rays J,.(f«) and
Jy(f+). Since fo is sufficiently close to fi, the periodic points x,y exist in the
dynamical plane of fy and are close to that of f,. For n <« 0 let us now construct
Julia rays J.(fn) = JEJ2J2 ... and J,(f,) = J}LJ2J3 ... such that

zYxYx yryTy
(1) f? maps JF to Ji~' and JF to JF~! (compare with Claim ;
(2) JE(fn) and JE(f,) are in small neighborhoods of JF(f.) and J}(f.) respec-
tively;
(3) for z € Jy U JZUJ, UJ} there is a ¢ < 2p such that either fi(z) € O,
or fi(z) € U\k|S2p HEdn . In the former case we can assume that f%(z) ¢
A, U0, for L€ {0,1,...,q—1}.

Construction of J, and J,. We will use notations from the proof of Claim @ By
stability of periodic points, x,y exist for f,, and are close to z(f+),y(fx). The curve
J! is a simple arc in 92, UdZy U --- U dZ,. We split J; as the concatenation

06Ul UL, with £, = J1N0Z;. Let ff(j) be the smallest iterate mapping Z; to
Z,. Since J; C Jy, the curve
~ oy
0= F95)
is a simple arc in 07, connecting ¢; and a certain c;(;y.
Using Clalmslandl we approximate each é (f«) by a curve ;i i (fn) within O,, U

HL Ty HY. Lifting l; ;(fn) along the branch of fn(j) that is close to fy di) | 4;(fe),
we construct £;(fp) that is close to £;(f.). Assembling all ¢;, we construct J, 1( fn)-
By continuity, pulling back J1(f,) we construct finitely many J*(f,,) approximating
JE(f.) such that the remaining curves J¥(f,) are within the linearization domain of
x. Taking pullbacks within the linearization domain of , we construct a ray J,(fy)
landing at . Similarly, J, is constructed. Property (3) follows from |t(j)| < p. O

6.5.5. Blocking 0"U,,. Recall from Claim that fI~M(HO) c HY. For t €
{M,M —1,M —2,...,0} we set HY to be the forward fn-orbit of fank(HY).

Claim 6. The flower H does not intersect 0F™U, for all t € {M,...,0}.

As a consequence, H,, extends to a required H,, for n < 0.
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fn

FIGURE 21. Illustraction to the proof of Claim [6] If Y intersects

O!,, then applying f,, we obtain that PU f,,(Y) encloses H?. Since

P is surrounded by the wall A,,, the set f9»™ (PuU f,(Y)) also

encloses H?. Then fI» | f9»M (P U £,(Y)) has degree one while
n | HO has degree 2; this is a contradiction.

Proof. Recall that valuable petals H=P» C U, with |k| < K are already constructed.
Set

(6.9) HD =HDP\ | HiP
k|<K

Let us show that Hfl(t) does not hit R, U J, U Jy U Ry; this would imply that Hy(f)
does not intersect 9™ U,,. Suppose converse; let ¢ be the first moment (i.e. ¢ is the

closest to M) when H,/L(t) hits J, U Jy. Denote by X a petal of H,/L(t) intersecting
Je U Jy. Choose z € X (J,UJ,); we can assume that z € JI UJ2 U J} U.JZ,

otherwise ¢ is not the first moment when H," hits Jz U Jy. By Property from
there is a ¢ < 2p such that either f(z) € O or fl(2) € Uj<ap HEkan,
The latter would imply that X is a petal in U\k|§4p HEan; this contradicts to .
Therefore, fi(z) € Oy.
Write
Oy, = [ ' (On)\ (4, U 0y) 3 f171(2)

and set Y := f971(X). We have O/, NY > fi71(2), see Figure Since H; P»
contains a critical point, we see that fI(z) is within a connected components P of
O, \ (H, U {a}) and, moreover, P U f,(Y) surrounds HZ.

Let us apply f3*M to f,(Y)U P. By Claim [4| (recall that N > M + 1, see
, we have f3»M(P) c (A, UO,)\ H, and fI»M(P) does not contain a
critical point of f3». On the other hand, f3»™*1(Y) does not contain a critical
point of fi» as a subset of H,,. Note that fI»™ (P U f,(Y)) still surrounds H2.
This is a contradiction: fi» | f3»M (P U f,,(Y)) has degree one while fI» | H? has
degree 2. O

6.5.6. Siegel triangulation. It remains to construct a Siegel triangulation (f,,) re-
specting H,, for n < 0. In the dynamical plane of f,, let us choose a curve ¢; C V'
connecting JV to a such that ¢; enters U,, in O}, then reaches OH, P, then travels
to o within OH,;»». We can assume that ¢; \ O,, is disjoint from ~; \ O,,. Observe
that ¢; is liftable to the dynamical planes f,, for all m < n. Indeed, ¢; N OH_ P~ is



PACMEN 55

liftable because so is OH, P, while ¢, \ OH,, P~ is liftable because it is disjoint from
71

Let us slightly perturb ¢; so that the new /¢; is disjoint from H,,. Define ¢, to
the preimage of ¢; connecting OU, to «. Then ¢1 U ¢y splits U,, into two closed
sectors; they form the triangulation denoted by (f,,).We can assume that ¢; was
chosen so that ¢; \ O,, and ¢, \ O,, are connected. We define the wall (f,) to be
the closures of two connected components of U, \ (O, U €y U £1).

For m < n we define (f,,) and (f,) to be the full lifts of (f,) and (fn).
Then (f,,) is a required triangulation for m < n. O

7. HYPERBOLICITY THEOREM

Recall that by A, we denote the multiplier of the a-fixed point of f,. For A close
to A\, set
F(N) :={f € W* | the multiplier of a is A}
the analytic sub-manifold of W* parametrized by fixing the multiplier at ow. Then
F () forms a foliation of a neighborhood of f;.

7.1. Holomorphic motion of P(Fg). Let &/ C W be a small neighborhood of
f« such that for every f € U has a maximal prepacmen, see Theorem

Lemma 7.1 (Holomorphic motion of the critical orbits). For every p/q, the set
|J orbo(F¥)
n<0

moves holomorphically with fo € F(e(p/q)) NU.

Recall from Lemmaﬂtha‘c P(Fo) C U,<o orbg(F#) thus P(Fy) also moves holo-
morphically with fy, € F(e(p/q)) NU.

Proof. By Corollary points in orby(F#) do not collide with each other when
fo € F(e(p/q)) NU is deformed. This gives a holomorphic motion of orby(Fg) C
orbo(F#) C orbo(F¥) C ... and we can take the union. O

Let Y’ C U be a neighborhood of f, such that every non-empty F(\) NU’ has
radius at least three times less than those of F(X) NU.

Corollary 7.2 (Extended holomorphic motions). For fo € F(e(p/q)) NU’ there is
a holomorphic motion 7(fo) of C such that 7(fo) is equivariant (with the dynamics

of (F#)n) on
| orbo(F7).

n<0

Proof. Follows by applying the A-lemma to the holomorphic motion from Lemmal/7.1
|

Corollary 7.3 (Passing to the limit of holomorphic motions). For fo € F(A.)NU’
there is a holomorphic motion 7(fo) of C such that 7(fo) is equivariant on

|J orbo(FF).
n<0

Proof. Choose a sequence p,,/qy such that e(p,/q,) — e(f). By passing to the
limit in Corollary [7.2] we obtain the required property. O
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Corollary 7.4. The dimension of F()\,) is 0.

Proof. Suppose the dimension of F(A.) is greater than 0. Consider the space
F(A) NU'. By Corollary the set P(Fo) C U, <qorbo(F7) moves holomor-
phically with f, € F(\,) NU’. Projecting this holomorphic motion to the dy-
namical plane of fy, we obtain a holomorphic motion of the post-critical set of
fo € F(A) NU’'. Therefore, there is a small neighborhood of f, in F(A\,) NU’
consisting of Siegel maps. But all such maps must be in the stable manifold of f,

by Theorem O

7.2. The exponential convergence. The following theorem follows from [McM2,
Theorem 8.1].

Theorem 7.5. Suppose that a pacman f € B is Siegel of the same rotation number
as f, such that f is sufficiently close to f.. Then R™f converges exponentially fast

to fy.

Remark 7.6. The proof of [McM2, Theorem 8.1] is based on a “deep point argu-
ment”. Alternatively, the exponential convergence follows from a variation of the
Schwarz lemma following the lines of [L1,[AL1].

7.3. The hyperbolicity theorem.

Theorem 7.7 (Hyperbolicity of R). The renormalization operator R: B — B is
hyperbolic at f, with one-dimensional unstable manifold W* and codimension-one
stable manifold W*.

In a small neighborhood of f. the stable manifold W?* coincide with the set of
pacmen in B that have the same multiplier at the a-fized point as f,.. Every pacman
i W? is Siegel.

In a small neighborhood of f, the unstable manifold W* is parametrized by the
multipliers of the a-fixed points of f € W*.

Proof. Tt was already shown in Corollary[7.4]that the dimension of W* is one. Let us
show that WW* has codimension one. Denote by B* the submanifold of B consisting of
all the pacmen with the same multiplier at the a-fixed point as f,. Then R naturally
restricts to R: B* — B*. Consider the derivative Diff(R | B*); by Corollary
the spectrum of Diff(R | B*) is within the closed unit disk. Suppose that the
spectrum of Diff (B*) intersects the unit circle. By [L1, Small orbits theorem| R | B*
has a small slow orbit: there is an f € B* such that f is infinitely many times
renormalizable but

1
lim —log||[R"f)|| = 0.
Jim = log||R™ )| =0

Moreover, it can be assumed that {R" f},,>0 is in a sufficiently small neighborhood
of f.. By Corollary [£7] f is Siegel pacman and by Theorem R"™f converges
exponentially fast to f,. This is a contradiction. Therefore, the spectrum of R
is compactly contained in the unit disk, all of the pacmen in B* are infinitely
renormalizable and thus are Siegel (Corollary . The submanifold B* coincides
with W# in a small neighborhood of f,. O

7.4. Control of Siegel disks. The following lemma follows from [McM2, Theorem
8.1] combined with Theorem and Lemma

Lemma 7.8. Every Siegel map f has a pacman renormalization Rof such that
Rof is in B and is sufficiently close to f,. O
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We say a holomorphic map f: U — V is locally Siegel if it has a distinguished
Siegel fixed point. The following corollary follows from Theorem combined with
Lemma [T.§

Corollary 7.9. Let f: U — W be a Siegel map with rotation number 6 € Ope,
and let N(f) be a small Banach neighborhood of f. Then every locally Siegel map
g € N(f) with rotation number 6 is a Siegel map. The Siegel disk Z, is contained
in a small neighborhood offf. O

8. SCALING THEOREM

In this section we prove a refined version of Theorem Consider 6, € Oper
and let f be a Siegel map with rotation number 6,. Let &/ 5 f be a small Banach
neighborhood of f and let W C U be a one-dimensional slice containing f such that
W is transverse to the hybrid class of f; i.e. in a small neighborhood of f € W all
maps have different multipliers at their a-fixed points.

We say a map g € U is satellite if it has a satellite valuable flower:

Definition 8.1 (Satellite valuable flowers). A satellite valuable flower of g is an
open forward invariant set H such that

(A) HU{a(g)} is connected;
(B) H has q connected components HO,H! ... HI=1  called petals, enumerated
counterclockwise at o; every H? is an open topological disk;
(C) g(H%) C H™ where p is coprime to g;
(D) there is an attracting periodic cycle v = (79,71, ..,Yq—1) with v; € H?
attracting all points in H;
(E) H™P contains the critical point of g.
The number p/q is called the combinatorial rotation number of H. The multiplier
of H is the multiplier of ~.

For convenience, let us say that a parabolic valuable flower (see Definition
with rotation number p/q is a satellite valuable flower with rotation number p/q
and multiplier 1.

Since 0, is periodic, there exists £ > 0 with Rf,rm(e*) = 0,, where Ry is ;
see also Appendix [A| and, in particular, .

e

Theorem 8.2. Suppose a sequence (pn/dn), 2 converges to 0, so that Ry, (pn/dn) =
Prt1/qns1. Fiz A1 € D! and a small neighborhood of Z . Then there is a continu-
ous path \; € DY with t € (0, 1] emerging from 1 = X\ such that for every sufficiently
big n < 0 there is a unique path g, € W, where t € [0, 1], with the following prop-
erties

® gn. has a satellite valuable flower H,, ; with rotation number p,/q, and

multiplier \;;
o allH, ; are in the given small neighborhood of Zf; and

o dist(f, gnt) ~ ((Rf)rm)’(ﬁ*))n for every t.
Note that the path g, ; starts at a unique parabolic map in W with rotation number
Pr/dn.

Proof. The proof is split into short subsections. Consider a pacman hyperbolic
renormalization operator R: B --+ B around a fixed point f, = R(f,) with rotation
number 6,. By passing to iterates, we can assume that R acts on the rotation
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numbers as R!

e

8.0.1. Perturbation of parabolic pacmen. By shifting the sequence (p,,/qx)n We can
assume that po/qo is close to 0. Then there is a unique parabolic pacman fy € W*
with rotation number pg/qo. Then f,, := R"fy, n < 0 has rotation number p,,/qs.
By Theorem and possibly by further shifting (p,,/qn)n, we can assume that:

e each f, has a valuable flower H(f,,) at the a-fixed;

e each f, has a triangulation (f,,) respecting H(f,,): different petals of H(f,,)

are in different triangles of (f,);
e (fn) has awall (f,) approximating 0Z,;
e (fn) and H(f,) are the full lifts of (f,4+1) and H(fp+1).

Let go € W be a slight perturbation of f that splits « into a repelling fixed point
« and an attracting cycle v(go) such that « is on the boundary of the immediate
attracting basin of v(go). Then (fo), (go), H(fo) are perturbed to (go), (g0),
H(go) such that all points in H(go) are attracted by v(go). We can assume that
the perturbation is sufficiently small such that (go) still approximates 0Z,. By
Lemma [£.4] there are full lifts (g,,), H(gn) of (go), H(go)-

As before, we denote by F,, and G,, the maximal prepacmen of f,, and g, and
we denote G# the the rescaled version of G,, such that Gg = GZ,# is an iteration of
G . Recall from §6.2fthat H(fy) admits a global extension H(Fy) in the dynamical
plane of Fy. Similarly, we now define the maximal extension H(G,,) of H(gy).

Each H(g,,) lifts to the dynamical plane of G¥; denote by H(go) the lift of H(go).

Similar to , we set
H(Go) = U (80,-)" 0 (g0,+)b (H(go))

a,beZ
to be the full orbit of H(gg). The same argument as in the proof of Lemma
shows that H(Gy) is fully invariant and is within Dom Go,— N Dom Gy 4.
Denote by HP*(Gg) the union of periodic components of H(Gg). The same
argument as in the proof of Proposition [6.5] shows:

brm> See (3.6]). As before, W* denotes the unstable manifold of R at

Proposition 8.3 (Parameterization of HP*'(Go)). The connected components of
HP(Gy) are uniquely enumerated as (H');cz such that H® > 0 and such that the

actions of gfi on (H'),cz are given (up to interchanging g, — and g, ) by
(8.1) g/ _(H') = (H'"P) and g/, (H') = HT9Pr. [

8.0.2. QC-deformation of g,. Suppose first that A; # 0. Denote by Ay the multi-
plier of v(go). Let gf _ogf , : HY(Go) — H°(Gy) be the first return map (compare
with Lemma . There is a semiconjugacy h: H°(Gg) — D! from g5, ©8p 4+ to
the linear map z — Agz. Choose a continuous path of qc maps 7: D! — D! with
t € [0,1] such that 7y = id and 7 conjugates z — Aoz to z — ;2.

Lifting 7, under h and spreading dynamically the associated Beltrami form, we
obtain a qc map 7¢: C — C conjugating Gg to a maximal prepacman Gy ; similarly
T, conjugates Gf)t to a maximal prepacman vat for n < 0. Note that 74, as well

as Gﬁt, is defined up to affine rescaling. We can assume that 7; is a continuous
path starting at id = 7.
Define now 7, to be the projection of 7 to the dynamical plane of g, via

int Sk# ~ V' \ v (see (5.6)); recall that the last identification is a composition
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(see and (5.3)) of the rescaling of S} under z — u7z and the identification
intSy >~ V \ 7. Since |u.| < 1 the family 7,,, is a equicontinuous on n. By
construction, 7, ; conjugates g, to a pacman gy ;.

Since the family 7, : is equicontinuous on n, there is a small 7" > 0 such that
all g,,+ are in B for ¢ < T. For m < 0 consider the sequence R™""™ (g, ). All
pacmen in this sequence are qc-conjugate with uniform dilatation. By compactness
of qc-maps, R™"*™(g, ;) has an accumulated point ¢, ; € B, and moreover, we
can assume that Rgm+ = @m+1,¢; 1-€. gm,t € W*" and ¢, ¢ tends to fi as m tends to
—o0. We define  (gnt), (qn.t),H(gnt) to be the images of (gnt), (gn.t),H(gn,t)
via the gc-conjugacy from g, ¢ to ¢, By improvement of the domain, (gy) is in
a small neighborhood of Z, and (gn) approximates 87, for n < 0. By shifting
the sequence (p,,/qn)n Wwe can assume that this already occurs for n = 0. We can
now repeat the above argument and construct ¢, for ¢t € [T,27]. After finitely
many repetitions, we construct g, ¢ for all ¢ in [0,1].

8.0.3. QC-surgery towards the center. Suppose now A; = 0. In this case we apply
a qe-surgery. As in §8.0.2) we denote by \g the multiplier of v(go).
Consider the first return map

wq = g(t)’i o gg’Jr: HO(G()) — HO(GO).

It has a unique attracting fixed point v° and a unique critical value at 0. Thus wy
has also a unique critical point. We can choose a small disk D around +° such that

e 0 cwy(D) €D;

e wo: H'(Gg) \ D — H%(Gy) \ wo(D) is 2-to-1 covering map.
By Theorem we can project D to a disk within H(gp). We claim that there
is a continuous path of qc maps 7;: H°(Gg) — H°(Gg) and a continuous path
w;: HY(Gg) — H°(Go) such that

e T/ is equivariant on H°(Gy) \ D;

e w; has a unique critical value at 0 and a unique attracting fixed point at

Yot

® 7o, = 0; i.e. 0 is supperattracting fixed point of wj.
Indeed, it is sufficient to construct w; | D and 7} | D equivariant on dD; pulling
back the Beltrami differential of 7} | D via the covering map wqo | H(Gg) \ D gives
the Beltrami differential for 74 | H°(Gy).

Applying Gy, we spread dynamically the Beltrami form of 7/ to obtain a global
qc map 7;: C — C which is unique up to affine rescaling. Spreading dynamically
the surgery, we obtain a continuous path of maximal prepacmen Gﬁt. Define now
Tn.t to be the projection of 7 to the dynamical plane of g, via int S# ~ V' \ ~q;
similarly, g, : is the projection of Gfit. The argument now continues in the same
way as in

8.0.4. Lamination around f,. In §8.0.1] §8.0.2] §8.0.3] we constructed continuous
paths g+ € W¥, n < 0 with R(¢n,t) = @nt1,¢ 0 that each g, has a valuable
flower H(gy, ;) with multiplier A\;, where Ao = 1. Moreover, H(g,) is within a
triangulation (g, ) respecting H(g, ;) such that the wall H(f,) approximate 9Z,.

For a big m <« 0, we define F;, + to be the set of all pacmen close to g, such
that the multiplier of v(gp, +) is As. Locally (Fp, ¢): is a codimension-one lamination
of B. Since F,,; is in a small neighborhood of g, ., every pacman g € F,,; has a
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valuable flower H(g) and a triangulation (g) respecting H(g) such that (g) and
H(g) depend continuously on g. The wall (g) approximates 0Z,.
For n < m, we define

-Fn,t = {g eB | Rmin(g) € fm,t}'
Since R is hyperbolic,
(8.2) F ={Funttnt U{W?}

forms a codimension-one lamination in a neighborhood of f,. A pacman g € F,,
has H(g) and (g) satisfying the same conditions as above. In particular, all the
pacmen in F, ; are hybrid conjugate in neighborhoods of their valuable flowers.

8.0.5. Scaling. By Corollary[3.7] the Siegel map f can be renormalized to a pacman.
By Lemma [7.8 we can assume that the renormalization of f is within a small
neighborhood of f,. This allows us to define an analytic renormalization operator
Ro: U --» B from a small neighborhood of f to a small neighborhood of f,. Since
maps in W have different multipliers, the image of WW under R is transverse to the
lamination F, see (8.2).

We define f, + to be the unique intersection of F,, ; with the image of ¥V under
R, and we define g, ; € W to be the preimage of f,; via Ro. Since (fn.:) ap-
proximates 0Z,, the triangulation (f, ) and the valuable flower H(f, ;) have full
lifts  (gn,+) and H(gn,¢), see Lemma Since the holonomy along F is asymptot-
ically conformal [L1, Appendix 2, The A-lemma (quasi- conformality)], we obtain
the scaling result for g, ;.

8.0.6. Uniqueness of gnt. Recall (Theorem that W*" is parametrized by the
multipliers of the a-fixed points. Therefore, parabolic pacmen with rotation num-
bers p,/qn, 1 < 0 are unique. As a consequence the paths of satellite pacmen
emerging from these parabolic pacmen are unique. Similarly, parabolic maps g0 €
W with rotation numbers p,,/q, are unique; thus the paths g, ; are unique. (I

APPENDIX A. SECTOR RENORMALIZATIONS OF A ROTATION
Consider § € R/Z and let
Lyg: : DI = D!, 2z —e(d)z
be the corresponding rotation of the closed unit disk by angle 6.

A.l. Prime renormalization of a rotation. Assume that # # 0 and consider
a closed internal ray | of DI. A fundamental sector Y C D! of Ly is the smallest
closed sector bounded by | and Lg(l). If § = 1/2, then 1 ULy(l) is a diameter and
both sectors of DI bounded by 1ULg(l) are fundamental. The angle w at the vertex
of Yisfif0e0,1/2] or1—0if1—6¢€]0,1/2].

A fundamental sector is defined uniquely up to rotation; let us first rotate it such
that 1 € DT\ 'Y. Set Y_ := L, '(Y) and set Y, to be the closure of D'\ (YU Y_),
see Figure[22] Then

(A1) (Lo | Y4, LG1Y-)
is the first return of points in Y_ UY back to Y_UY,. The prime renormalization
of Ly is the rotation L _  (g): D* — D! obtained from (A.I) by applying the gluing

map
Yorm: Y_ UYL = DY, 2 21/,
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Lemma A.1. We have

0 . 1
(A2 Rpe(0) = {9; AL
Present 6 using continued fractions in the following ways
6 =[0;a1,as,...] =1—[0;b1,ba,...].
with a;,b; € Nso. Then
[0;a1 — 1,a9,...] ifa; >1,

Ry ([05a1,a2,...]) = {

1—1[0;az,as...] ifa; =1,

and
1—[0;b1—1,b2,...] Zfb1>1,

Rprm<1_[07b17b27]):{[0b2 b3 ] Zfblzl

As a consequence, 6 is periodic under Ry, if and only if there is a " with periodic

continued fraction expansion such that 6 = R}, (6") for some n > 0.

Proof. Follows by routine calculations. If § € [0,1/2], then projecting z — e(6)z
by 1prm We obtain

2 (e(0)20) " —e (&) .

If 8 € [1/2,1], then projecting z — €(§ — 1)z by ¥prm We obtain
6—1
z— (e(f — 1)29)1/0 =e (9) z.

Observe that 5% € [1,0]; adding +1 we obtain 2-1.
Write
_ 1
ai + [0;az,a3,...]"
and observe that 6 € [0,1/2] if and only if a; > 1. (With the exception 6 = [0; 1, 1].)
If a; > 1, then

0 1
= = Ry (0).
1-6 a1+[0;a2,a3,...]—1 P ()
If a1 =1, then
20 —1
—5 = 2 —a1 —[0;a2,a3,...] = Rpwm(0).
Similarly Rpem (1 — [0;b1,b2,...]) is verified. O

A.2. Sector renormalization. A sector renormalization R of Ly is

o a renormalization sector X presented as a union of two subsectors X_ U X4
normalized so that 1 € X_ N Xy;
e a pair of iterates, called a sector pre-renormalization,

(A.3) (Lg 1%, LEIXy)
realizing the first return of points in X_ U X back to X; and
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FIGURE 22. Left: the prime renormalization deletes a fundamental
sector Y and projects (L3 | Y=, Lg | Y4) to a new rotation. Right:

(LgJr1 | X_, Lg| X+> is the first return map to a fundamental
sector Y = X_ UXy

e the gluing map
Y: X_UXy — DI, z— M,

projecting ([A.3]) to a new rotation L, where w is the angle of X at 0.

We write RLg = L, and we call a and b the renormalization return times. We
allow one of the sectors X4 to degenerate, but not both. Note that the assumption
1 € X_ N X4; can always be achieved using rotation.

The prime renormalization is an example of a sector renormalization.

Suppose two sector renormalizations Ri(Lg) = L, and Ro(L,) = L, are given.
The composition Rs o R1(Lg) = L, is obtained by lifting the pre-renormalization
of Ry to the dynamical plane of Ly.

Lemma A.2. A sector renormalization is an iteration of the prime renormaliza-
tion.

Proof. Suppose R is a sector renormalization with renormalization return times
a and b as above. Proceed by induction on a + b. If a +b = 3, then R is
the prime renormalization. Otherwise, we project the pre-renormalization of R to
the dynamical plane of Rpm(Lg) and obtain the new sector renormalization R’ of
Rprm(Le) so that

R/ o Rprm(l_g) = R(Lg)

The renormalization return times a’, b’ of R’ satisfy a’ + b < a + b. O

Consider again the fundamental sector Y bounded by | and Lg(l). There is a
unique a > 0 such that L7%(l) C Y. Up to rotation, we can assume that L=9(I)
lands at 1. We define X4 to be the subsector of Y bounded | and L=¢(1) and we
define X_ to be the subsector of Y bounded L(I) and L=%(l). Then

(L§ [ X—,  LgFHIXy)
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is a sector pre-renormalization, called the first return to the fundamental sector, see
Figure We denote by Riast the associated sector renormalization and we write
M= Rfast(g) if Rfast('—@) - L;u

By Lemma for every 6 # 0 there is a unique n(f) such that R (0) =
RE&Q(Q). We note that if § € {1/m,1 — 1/m} with m > 1, then n(d) =m — 1. (In
this case the sector X_ is degenerate.)

A.3. Renormalization triangulation. Given a sector pre-renormalization (A.3]),
the set of sectors

a—1 b—1
U Lex2) [ LX)
=0 =0

is called a renormalization triangulation of D'. Alternatively, consider the asso-
ciated renormalization L, = R(Lg). The internal rays towards 1 and L, (1) split
D! into two closed sectors Ty and Ty. We call {T_, T} the basic triangulation of
L,. Lifting the sectors T_, T4 via the gluing map, and spreading them dynamically
we obtain the renormalization triangulation. We also say that the renormalization
triangulation is the full lift of the basic triangulation.

Let ©x be the set of angles 6 such that 8 = [0;a;,a2,...] with |a;| < N or
0 =1-10;a1,as,...] with |a;/] < N. By Lemmas and the set O is
invariant under any sector renormalization.

Lemma A.3. For every N there is a t > 1 with the following property. Consider
the renormalization triangulation associated with some sector remormalization of
Ly, where 8 € On. Then any two triangles have comparable angles at 0: the ratio
of the angles is between 1/t and t.

Proof. There is a neighborhood U of 1 such that for all § € © 5 we have Ly(1) € U.
Therefore, both sectors in the basic triangulation have comparable angles at 0
uniformly on # € ©p. Since a renormalization triangulation is the full lift of a
basic triangulation, the lemma is proven. [l

A.4. Periodic case. It follows from Lemmas [A.T] and [A22) that Ly is a fixed point
of some sector renormalization if and only if 6§ € ©Ope. Suppose § € Oper and
choose a sector renormalization R4 such that Rq(Lg) = Ly. Write R,, := R} and
denote by a,,b, and 1, the renormalization return times and the gluing map of
Rn. Then 1, = 97 and there is a matrix M with positive entries such that

) (3)

As a consequence, a,,b, have exponentially growth with the same exponent.
We also note that

(A5) alabl Z 2

because Ry = R}, with ¢ > 1.

APPENDIX B. LIFTING OF CURVES UNDER ANTI-RENORMALIZATION

In this appendix we give a sufficient condition for liftability of arcs under a
sector anti-renormalization. This implies that the sector antirenormalization is
robust with respect to a particular choice of cutting arcs, see Theorem
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B.1. Robustness of anti-renormalization. Consider a closed pointed topolog-
ical disk (W,0) and let U,V be two closed topological subdisks of W such that
0 € int(UNV). A homeomorphism f: U — V fixing 0 is called a partial home-
omorphism of (W,0) and is denoted by f: W --» W or f: (W,0) --» (W,0). If
U=V =W, then f is an actual self-homeomorphism of (W, 0).

B.1.1. Leaves over f: (W,0) --» (W,0). Let 9,1 be two simple arcs connecting
0 to points in OW such that ~y and ~; are disjoint except for 0 and such that
v is the image of vy in the following sense: ) = v NU and 7§ = 11 NV
are simple closed curves such that f maps 7} to 7{. Such pair 79,y is called
dividing. Then o U1 splits W into two closed sectors A and B denoted so that
int A, ~1,int B, vy are clockwise oriented around 0, see the left-hand of Figure
We say that 7o = £(A) = p(B) is the left boundary of A and the right boundary
of B and we say that v; = p(A) = ¢(B) is the right boundary of A and the left
boundary of B.

Let X,Y be topological spaces and let g: X --+ Y be a partially defined contin-
uous map. We define

XUV =XUY/(Domg >z~ g(x) € Img).

Consider a (finite or infinite) sequence (Sk)x, where each Sy is a copy of either
A or B. Define the partial map g : p(Sk) --» £(Sk+1) by

id: ) — 44 if (Sk, Sk+1) =
id: vy = 4 if
=y df
fovo = if (Sks Sk+1

(B.1) Gr =

The dynamical gluing of (Sk)k is

oo Sp_1 Ugy_s Sk Ug, Sk+1 |_|gk+1 e

The jump t(k) from Sk to Sk41 is set to be 0,0,—1,1 if (Sk,Sk+1) is a copy of
(A,B), (B,A), (A, A), (B,B) respectively.
For a sequence s = (a;);c; we denote by s[i] the i-th element in s; i.e. s[i] = a;.

Definition B.1 (Leaves of f: W --» W). Suppose s € {A, B}4. Set Ws[i] to be a
copy of the closed sector s[i]. The leaf Wy is the surface obtained by the dynamical
gluing of (Wsli])iez.

The projection m: Wy — W maps each int Wy[i] U p(Ws[é]) to int s[i] U p(s[i]).
By 7. 1o ints[i] U p(s[i]) — int Ws[i] U p(Ws[i]) we denote the corresponding inverse
branch.

Note that if s[i] = s[i + 1], then 7 is discontinuous at Ws[i] N Ws[i + 1]. As z
approaches Ws[i] N Ws[i + 1] from int Wi[i], respectively int Wi+ 1], its image 7(z)
approaches p(s[i]), respectively ¢(s[i + 1]) # p(s][i]).

For every s, there is a unique point 0 € Wy such that 77(6) = 0. By construction,
W \ {0} is topologically a closed half-plane.

For J C Z we write Ws[J] = ;c; Wslj]. To keep notation simple, we write
Ws[> i] = We[{k | k > i}] and similar for “>” “<” “<”.



PACMEN 65

FIGURE 23. Left: a homeomorphism f: W — W and a diving
pair vp,71. Right: the 1/3 anti-renormalization of f (with respect
to the clockwise orientation).

B.1.2. Lifts of curves. Let a: [0,1] = W \ {0} be a curve in W. A lift of a to Wy
is a curve a: [0,1] — Wj such that
e for every t € [0, 1], there is an n(t) € Z such that w(a(t)) = f®(a(t));
e n(0)=0;
e n(t) is constant for all ¢ for which &(¢) is within some int Wi[i] or its right
boundary; and
o if a(t') € int Ws[i] while a(t) € int Ws[i + 1], then n(t) — n(t') is equal to
the jump from Wsli] to W[ + 1].
In other words, whenever « crosses the boundary of s[i], the lift of « is adjusted to
respect the dynamical gluing. Similarly is defined a lift of a curve parametrized by
[0,1). Note that m(&) is, in general, discontinuous.

For every curve a as above, there is at most one lift of « starting at a given
preimage of a(0) under w: Wy — W. It is easy to see that there is an € > 0 such
that all lifts (specified by starting points) of a:: [0,e] — W exist, and thus unique.
The main question we address is the existence of global lifts.

If «:[0,1) — W\ {0} is such that «(1) = lim;_,; a(t) = 0, then we say that a
lift & of a lands at 0 if w(a(t)) — 0 ast — 1.

B.1.3. Anti-renormalizations.
Lemma B.2. For every q € Nso and every p € {1,2,...,q — 1} coprime with q
there exists a unique q-periodic sequence s € {A, B}# such that

e s[0] = A and s[-1] = B;

o for every j € Z with (jmodq) & {—p,—p — 1}, we have s[j + p] = s[j];

e s[—p—1] = A and s[-p] = B.

Since p and q are coprime, there are unique a,b € {1,2,...,q9 — 1}, called the
renormalization return times, such that
pa=—1 mod q,
pb=1 mod g.
Note that a +b = g.
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Proof of Lemma[B-3. We have:
e s[ip+jq=Aforallie{0,1,...,a—1} and all j € Z; and
e s[-1+ip+jgq=Bforallie{0,...,b—1} and all j € Z.

For a sequence s as in Lemma [B.2] let
s/q € {A, B}/, (s/q)li] = sli + Zq]

be the quotient sequence, and let W4 be the quotient of the leaf Wy by identifying
each Ws[k] with W[k + q]. We denote by 7: W/q — W the natural projection.
Then the p/qg-anti-renormalization f_i: Wg,q -+ Wy,q is defined as follows (see
Figure :

o for every j & {—p — 1,—p}, the map f_1: Wy/qlj] = Ws/qlj + p] is the

natural isomorphism;

o the map /1 Wayqp — 1,—p] ~> Wasg[=1,0] is £+ W\ 76 —> W\ 1.
Note that p/q is the clockwise rotation number.

By construction, (f%; | Wsq0], fPy | Wsq[—1]) is the first return of f_;
back to Ws,4[—1,0]. After appropriate gluing of arcs in 0 (W q[—1,0]), the map
(f21 [ WayqlO], 21 | Weyg[=1]) is f2 W ——» W.

Denote by

(B.2) ARL

the left boundaries of W /4[0] and W, 4[p] respectively. Then 73/ q,'y;/ s a dividing
pair for f_1: Wy,q --» W4 and the anti-renormalization procedure can be iterated.

Let B be a curve in W and let 5 be a lift of B to Ws. The image of E in
Ws/q =~ Ws/ ~ is called a lift of B to Wy;q. For example, 'yg/q is a lift of ~p.

B.1.4. Prime anti-renormalization. The 1/3 and 2/3-anti-renormalizations are called
prime. It is easy to check that

e if p/q=1/3, then s/q = (A, A, B);

o if p/q=2/3, then s/q = (A,B,B).

Lemma B.3 (Compare with Lemma|A.2)). An anti-renormalization is an iteration
of prime anti-renormalizations.

Proof. We proceed by induction on q. Assume q > 3, define p’/q" = Rpmm(p/q)
(see (A.2))), and observe that g’ < q.
o If0 < p < q/2, then the p/g-anti-renormalization is the 1/3-anti-renormalization
of the p’/¢’-anti-renormalization.
e Ifq/2 < p < q, then the p/q anti-renormalization is the 2/3-anti-renormalization
of the p’/q¢’-anti-renormalization.

O

Denote by s, = (A, B)? the sequence in {A, B} with even entries equal to A
and odd entries equal to B. Simplifying notations, we write Ws, = W,.
Suppose that f: W — W is a homeomorphism. Then

(B.3) 7 Wo \ {0} = W\ {0}
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is a universal cover. Let (77 C W,);cz be all of the lifts of 79 and 71 enumerated
from left to right such that W,[i] is between 77 and 77, ;; in particular, 77 is a lift
of “Yimod 2- Let
[ o We o W,
be the lifts of f: W — W specified so that
f-(3) =73i-1 and  [f1(73;) = V3ipa-
Observe also that f_ and fi commute. Write
Ti=fTlo frr Wy = W
then 7 | (W, \ {0}) is a deck transformation of W and we can rewrite (B.3) as

WA {0} = (Wa\ {0}) /(7).
We also write W ~ W, /(7).
Lemma B.4 (The 1/3-anti-renormalization). Suppose f: W — W is a self-homeomorphism.
Set
f-14 =f+
form =t = oo £
Ta=f _ofar=f"ofi,

Then 7_1 acts properly discontinuously on W, \ {0}; we view

(W {0}) /tr-0)

as a punctured closed topological disk and we view W, /(T_1) as a closed topological
disk.
Let f_1: W_1 — W_y be the 1/3-anti-renormalization of f. Then f_1 is conju-
gate to
for - Hma) = for e /(1) We/{(T-1) = We /(1)

by the conjugacy

h: W_y = W,[0,1,2]/{(r_1)
mapping

W—1[0]7 W—l[l]’ W—I[Q]
respectively to

Wal2]/(7-1), We[0]/(m—1), We[1]/(r-1)

which are copies of A, A, B.

Remark B.5. The conjugacy h is uniquely characterized by the following proper-
ties:

o h maps 33/(r) to 7§/" (see (B2)); )

o if £ C W\ {0} is a curve starting at o and £ C W, is the unique lift of
¢ starting at 73, then h(£/(T_1)) C W_1 is the unique lift of £ starting at
%'

Proof of Lemma[Bj. Clearly, W,[0,1,2] is a fundamental domain for 7_;. It is

easy to see (see Figure that h identifies
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V3

/_1\\,4

fo1+
Tk

FIGURE 24. Illustration to Lemma o1, Wa[2] = W [0]
and foq4: We[0,1] —  W,[1,2] become the 1/3-anti-
renormalization of f after gluing 7 and 73; see also Figure

o f_1: W_1][0] = W_41[1] (which is id: A — A) with
[ =711 We2] — W, [0].
o f1: W_1[1,2] = W_1[2,0] (which is f: W\ v — W \ 71) with
Fotp: Wal0,1] = W1, 2.

Similar to Lemma [B.4] we have

Lemma B.6 (The 2/3-anti-renormalization). Suppose f: W — W is a self-homeomorphism.
Set

[ =r=frofl}

f,L, I:f,,

. -1 -2
To=fl o far =04,

Then 7_1 acts properly discontinuously on W, \ {6}, we view

(W \{0}) /()

as a punctured closed topological disk and we view Wo/(T_1) as a closed topological
disk.

Let f_1: W_1 — W_y be the 2/3-anti-renormalization of f. Then f_q is conju-
gate to
for 1) = for e /(1) We/(m-1) = We /(1)
by the conjugacy
h: W_1 — We[-1,0,1]/{r—1)
mapping
W—1[0]7 W—l[l]a W—1[2]
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respectively to
Wo[0]/(r-1), We[l]/(7-1), Wel[=1]/{r-1)
which are the copies of A, B, B. O

B.1.5. Fences. Consider again a partial homeomorphism f: W --» W and let s be
an anti-renormalization sequence from Lemma[B.2] We view W as a subset of C.
A fence is a simple closed curve @ C Dom f such that

e 0 is in the bounded component 2 of C\ @; and
e (Q intersects vo at a single point z and @ intersects 1 at f(z).
Let f_1: Wy/q --» Wg/q be an anti-renormalization of f_; as in We
denote by Qs the lift of @ to W and we denote by Qs/q the projection of Qs to
Ws/q-

Lemma B.7. The curve Qg/q is again a fence respecting 'yg/qﬁ;/q; see (B.2)).

Proof. Every Qg/q N Wy,qli] is an arc connecting a point on the left boundary of
Ws,qli] to a point on the right boundary of Wy, 4[i]. Moreover, Qg,q MWy /q[i] meets
Qs/qNMWs,qli+1] because gi.: p(S;) -+ £(Siy1) (see (B.1))) respects the intersection
of @ with ~g,71. O

B.1.6. Robustness of anti-renormalization.

Theorem B.8. Let f: W --» W be a partial homeomorphism, ~o,v1 C W be a
dividing pair of arcs, Q C Dom f be a fence respecting vg,v1 and enclosing 0 > 0,
and let

foa:Woy - W,
be the p/q-anti-renormalization of f; see .

Assume that Y5, 41V is another pair of dividing arcs such that v \ Q, 7V \ Q

coincides with vy \ Q2,71 \ Q. Denote by
ffl,newz Wfl,new -2 Wfl,new

the p/q-anti-renormalization of f relative to the pair 4§V, ¥}V. Then f_1 and

fo1new are naturally conjugate by h: W_1 — W_1 new uniquely specified by the
following properties:
(1) moh(z) =m(z) for every z € W_1 \ Q_1, where Q_y is the topological disk
enclosed by Q_1, see Lemma @ and
(2) if BC W_q is a lift of a curve 3 C W, then h(g) is a lift of B to W_1 new-

Proof. Since the pair 45" \ ©Q,77" \ © coincides with o \ 2,71 \ ©, Condition
uniquely specifies h | W_1 \ Q_;.

Let us now extend f: W --» W to a homeomorphism f: W — W mapping 7o
to y1. The extension changes f_1 | W_1\Q_1 and f_1new | W=1 new \ Q=1 new but
does not affect f_1 | Q_1 and f_1 new | -1 new. Therefore, it is sufficient to prove
the theorem under the assumption that f: W — W is a homeomorphism.

Since every anti-renormalization is an iteration of prime anti-renormalizations
(see Lemma , we can further assume that f_; and f_i ncw are prime anti-
renormalizations. By Lemmas and both f_; and f_j new are naturally
conjugate to

foy /(=) = foa 4 /(mo1) s We /(T21) = We/(T-1),
which is independent on the choice of vg,7v;. It remains to observe that the conju-
gacy between f_; and f_j new satisfies Condition [2] — see Remark O
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Corollary B.9 (Lifting condition). The curves Yonew and Y1 new have unique lifts

(B.4) Bl (Wg/qmevv) .ot (,y;/q’new) cCW_,

see (B.2))) such that the pair (B.4) coincide with 'ys/q,’ys/q in W_1\ Q. More-
0 P
over, (B.4) is a dividing pair. O

B.2. Lifting theorem. In this subsection we give a sufficient condition for lifta-
bility of arcs to leaves. This gives an alternative “manual” proof of Theorem [B.8]
Theorem is not used directly elsewhere in the paper.
As before, we consider a partial homeomorphism f: (W,0) --+ (W,0) and we
assume that 7y, is a dividing pair of curves. We also view W as a subset of C.
A wall around 0 respecting 7o, 7y1 is either a closed annulus or a simple closed
curve Q C U NV such that

(1) C\Q has two connected components. Moreover, denoting by € the bounded
component of C\ @, we have 0 € Q.
(2) v NQ and v; N Q are connected.
(3) if z € Q, then f¥(z) € QUQ.
In other words, points in W do not jump over @ under the iteration of f. If @ is a
simple closed curve, then f restricts to an actual homeomorphism f: 2 — Q.

Remark B.10. Note that a wall contains a fence, see §B.1.5. Therefore, in the
statement of Theorem[B.§ we can replace a fence with a wall.

For a sequence s € {A, B}# we denote by Qg and € the closures of the preimages
of @ and  under w: Wy — W. We denote by Qs[i] and €[i] the intersections of
Qs and Qg with Wg[i].

Lemma B.11. The set Qs is connected. The closure of the connected component
of Ws \ Qs containing 0 is Qs.

Proof. Follows from the definition: since points in 2 do not jump over @ every
Qs[i] intersects Qg[i + 1], therefore Qs is connected and the claim follows. O

Suppose f_1: Wg/q — Ws/q is an anti-renormalization of f and suppose W has
a wall Q (respected by 70,71, f) enclosing Q. The image of Qg in W4 is called the
Jull lift Qs/q of Q. Similarly, we denote by {)g/, the image of )5 in Wy,,. We say
that Q is an N-wall if it take at least N iterates of f=! for points in  to cross Q.
It follows by definition that:

Lemma B.12. If Q is an N-wall, then Qg/q is an (N — 1) min{a, b}-wall. O

Let Bo, B1 == f(Bo) C W be two simple curves ending at 0 such that they are

disjoint away from 0. We say that Sy, 81 respect (Q,7o,71) if

(1) Bo, By start outside of QU Q;

(2) Bo, B1 do not intersect (7o U~1) \ ©; and

(3) BoNQ and B NQ are connected subset of different connected components

of @\ (vo N ).

If we think that the components of @ \ (o N~1) are gates of the wall @, then (3)
says that By, 81 enter  through different gates.
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Remark B.13. We can slightly relaxz Conditions (2) and (3) to allow By, 1 to
touch (but not cross-intersect) yo,y1 in W\ Q. For example, we can allow By \ Q2 =

Y\ Q2 and B\ =7\ Q.

We say that a sequence s is mized if (A,B) or (B, A) appears infinitely many
times in both s[> 0] and s[< 0].

Theorem B.14 (Lifting of curves). Let f: W --» W be a partial homeomorphism,
let @ C W be a wall respecting vo,v1, and let Bo, b1 = f(Bo) be a pair of curves
respecting (Q,v0,71). Let s € {A,B}# be a sequence of a mized type. Then all lifts
of Bo, B1 in Wy exist, are pairwise disjoint, and land at 0.

Proof. We split the proof into short subsections.

B.2.1. Notations and Conventions. As in we denote by s, = (A,B)? the
sequence in {A, B} with even entries equal to A and odd entries equal to B.
Simplifying notations, we write W5, = W,, Qg, = Q., and Qs, = Q.. We note
that 7: Q, \ {0} — Q\ {0} and 7: Q. — Q are universal coverings. However,
7: W, \ {0} = W\ {0} needs not be a covering map: the sectors of W, are glued
through +/ and not through ~;.

Denote by U, and V, the preimages of U and V under w: W, — W. The map
£ U\{0} = V\{0} admits alift f: U,\{0} — V4\{0} unique up to the action of the
group of decks transformation, which is isomorphic to Z. We always set f(ﬁ) =0
— this is a continuous extension. We often write ]? as a partial homeomorphism
We --+ W,, and call it a lift of f: W --» W.

We specify two lifts f: ,ﬁr: We —-+ W, of f as follows

e f_ maps p(W,[1]) (which is a copy of 7o) to £(W4[1]);

e F1 maps p(Wa[1]) to p(Wa[2]).
To simplify notation, we omit the tilde: f_ = f_ and fi = f+. Note that f_, f;l
move points slightly to the left, while f,, f~! move points slightly to the right.

We make the following assumptions. We assume that 5y starts and thus crosses
the wall in A while ; starts and thus crosses the wall in B. We also assume that
s[0] = A. All other cases are completely analogous.

We parametrize all the lifts of Sy, 81 in Ws by starting points: for i € Z we
denote by §; = 35 the lift of Sy (if s[i] = A) or of 8 (if s[i] = B) starting in Wi]i].
Recall that every lift EZ exists locally around its starting point. We will show that
30 exists and lands at 0, by a completely analogous argument all EI exist and land
at 0.

Similarly we parametrize all the lifts of 8y, 81 in W4 by starting points: we denote
by E; the lift of By (if ¢ is even) or of By (if ¢ is odd) starting at a point in W,[i].
Since m: Q4 \ {0} — Q\ {0} is a universal cover, all Bl' exist, pairwise disjoint, and
land at 0.

We also write 3; = p(Ws[i — 1)) and 7 = p(W,[i — 1]). (By construction, 79 is
a lift of v or of y; under m: Wy — W)

B.2.2. Exzample: clockwise spiraling. Let us illustrate the idea of the proof in the

case when Sy and $3; spiral clockwise around 0, see the left-hand of Figure[25] Take
the following 5-periodic sequence:

s[5k, 5k + 1,5k + 2,5k + 3,5k + 4] = (A,A,A,B,B) Vk € Z.
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A B A

~ Q.
| B3 0 oz o

\

F-(B®) T~

FIGURE 25. Left: [y and f31 spiral clockwise around 0. Right: the
curve fFD) is fF1(3%) truncated by an appropriate .

Let us inductively construct the curves B (k) as it is illustrated on the right part
of Figure
e [ is the sub-curve of 33 (a lift of o) on the right of 7¢. Since s[0,1] =
(A, A) consider f;l(g’). (The curve 3 is in the domain of fi" because g
is below the wall.)
e 3" is the sub-curve of f;l(B’) on the right of 4f. Since s[1,2] = (A, A)
consider f;l(ﬁ”). (The curve 3" is in the domain of fi' because B" is
below 3'.)
e 3® is the sub-curve of f;l(g”) on the right of 73 — the subindex is 2
because s[2,3] = (A, B) but s[3,4] = (B, B).
e Since s[3,4] = (B, B) we consider next f_(3®). (The curve 33 is in the
domain of f_ because 5(3) is below B”. )
. 5(4) is the subcurve of f_ (5(3)) on the right of 7§ — the subindex is 3 because
s[4,5] = (B, A) but s[5,6] = (A, A).
e Since s[5,6] = (A, A), we consider next f;(g(‘l)).
The construction continues by periodicity.
Define now £y == A3\ 3, 6 = f7H(B)\B", b= 71"\ 59,
ls = f_(B®)\ W, ... and ¢; := 7 ((;), see the upper part of Figure Then the
curve BO is the concatenation (see the bottom part of Figure of
o T 3 (£o); followed by
. 7rs_11 (¢1) — because f~! maps the end point of £y to the starting point of £,
(recall that s[0,1] = (A, A)); followed by
. 7rs_21 (/2N A) — because f~! maps the end point of ¢; to the starting point
of £5; followed by
o 7r§§ (¢2NB) — because s(2,3] = (A, B); followed by
. w;i (¢3 N B) — because f maps the end point of ¢5 to the starting point of
L3; followed by
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Qs

mos(ls)

FIGURE 26. Top: the curves ¢; are disjoint and within N Q.
Bottom: construction of §y as the concatentaion of appropriate

lifts of ;.

73
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FIGURE 27. Only 8o N (AU f(A)U f2(A) U...) is liftable to Wy
ifs=(. A AA,...).

) W;i(ég N A) — because s[4,5] = (B, A).

The construction continues by periodicity.

Note that ¢ C QU Q@ (¢ can intersect @) and ¢; is disjoint from ¢5. The curve
fo N A is separated by ¢; from @) while {5 N B is separated by the continuation of
¢y from Q). By induction, all £; are well defined.

Let Qq[k(j)] U Qo[k(j)] be the strip where £; starts. Since s is mixing, we have

k(j) — +oo. Therefore, every z € 33 eventually escapes to a certain £; under the
iteration of

A LN S ik R i S

This shows that 3, is a complete lift of By \ {0}. Since the curves ZJ tend to the
right and they are all below 33, the curves ¢; tend to 0. Therefore, ¢; tend to 0;
i.e. Bp lands at 0.

B.2.3. Ezample: no miring condition. Let us illustrate that Theorem fails if
s is not mixing. Suppose s = (..., A, A A,...). Choose f: W --» W as it shown
on Figure the curves v; = f%(y0) accumulate at v, and the sector between ~yq
and Yoo (counting clockwise) is the concatenation

AUFA)UFA)U--- =X

Then only Sy N X is liftable to Ws.

B.2.4. Combinatorics of jumps. We now adapt the argument form §B.2.2|to a pos-
sibility that By oscillates at 0. We start by introducing additional notations.
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We define the following quantities. Recall first that for j € Z the jump is defined
by

0 ifsj—1,j €{(A,B),(B,A)},
Wj)=q1  ifs[j—1,j]=(B,B),
~1 ifs[j—1,5] = (A, A).
For j > 0 define
v(j) =#{k e {1,....j} [ (k) = 1},
(B.5) n(j) =#{k € {1,...,5} | u(k) = -1},
r() =#{k € {1,....j} | «(k) = O},
while for j < 0 define
v(j)=—#Hke{i+1,...,0}[u(k) =1},
(B.6) p() =—#ke{i+1,...,0} [u(k) = —1},
k() =—#{ke{s+1,...,0} | (k) = 0}
In particular, p(j) + v(j) + &(j) = j for all j # 0. We also write u(0) = v(0) =
k(0) = 0.

(F)‘or i < j we define the jump from Ws]i] to Ws[j] to be the sum of jumps from
Wsli + k] to Ws[i + k + 1] with k ranging from 0 to j — ¢ — 1. The jump from Ws[j]
to Ws[i] is defined to be the negative of the jump from Wj[i] to Ws[j]. It follows
from definitions:

Claim 1. The jump from Ws[0] to Wlk] is v(k) — p(k). O

Claim 2. Suppose that the lift By exists for allt € [0,7). If Bo(t) € int Wg[k] U p(Wsk]),
then

B.7)  Bot) = mt (100 0 o(t)) = mpbom (£ 0 514 W 0 By (1)

and all maps in this equation are well defined.

Proof. If Bo(t) € int Wi s[k] U p(Ws [k]) then by definition of the lift of a curve and
by Clalmlwe have (8o (t)) = f*® =) (By(¢)). This is the first equality in (B.7).
The second equality holds because f“*) o f;“(k) is a lift of fr(F)—uk), O

Since s is of mixed type, we obviously have:
Claim 3. If j — +o0o, then k(j) — oo respectively. d
B.2.5. Basic dynamical properties. For X C W and n € Z, we write
fM(X)=f"(XNDom ).
Claim 4. Forn € Z we have
Fr () N " (0) = {0} and (o) N [ (Bo) = {0}.

Proof. Follows from vy N1 = {0} = BN B;1 and the assumption that f is a partial
homeomorphism. O

Claim 5. The curve 73 N Qe is in the domains of fil (for any choice of “+” and
“~7). Moreover, we have:

(1) £ (% N9) 78,
(2) f- (31 N Q) C We[~1,0] UL [~1,0],
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(3) f+ (%0 NQW) C AT,
(4) f7P AN Q) C WL[0,1] U Q,[0,1].

Proof. Recall that the lifts f, and f_ are specified so that f;l and f_ move points
slightly to the left while f; and f=! move points slightly to the right. Therefore,

(1) follows from f=1(y1) C 7o;

(2) follows from f~1(0) N0 = {0}, see Claim
(3) follows from f(y9) C 71;

(4) follows from f(v1) N~y = {0}, see Claim

O

B.2.6. Gulfs D<o and D.y. Let us define the gulf D~ to be the closed region in
Qe[> 0] located on the right of 73 = p(W,[0]) and on the left of 55 We recall that
both 43 (and similarly 55 ) decomposes 2, into two connected components; thus
D~ is well defined. Similarly, the gulf D is the closed region in Q,[< 0] located
on the left of 73 and on the right of B};

Claim 6. Both D~y and D.g are in the domains of ffl (for any choice of “+7
and “=7). Moreover, we have:

(1) £ (Dso) C Do UQ.[0] U Q.[0],

(2) f-(Ds0) C D> UQe[—1,0] U Q4[-1,0],
(3) f+ (D<o) C Do UQ[0] UQa[0],

(4) =1 (Dso) € DegUQ,]0,1] U Q,[0,1].

Proof. The first claim follows from Dso U D<o C Q.. Statements (1)—(4) follow
from Statements (1)—(4) of Claim [5| respectively. Indeed, by definition, f;l(D>o)

is bounded by f;lﬁf N Dsg) C A3 and by f;l(Bg N D~g); this implies (1). Other
Statements are analogous. ([

B.2.7. Channels Dy, D_y, Ty, T_j. Let us now apply inductively f;”(k) o ff(k) to
D+o; on each step we define Dy, as the set of points that escape to W,[k(k)], see
Figure [28) and its caption.
Consider first the case £ = 1. If s[1] = A, then v(1) = 0, p(1) = 1, and
k(1) = 0. In this case (see Figure we define
Tso = f;'(D>o,)
Ty = Too N W0,
Dy = f1(Th),
Toq =T\ T1,
Dy = fi(Ts1).
If s[1] = B, then v(1) =0, wu(k) =0, and k(1) = 1. In this case we define
Tso = Do,
T1 = D1 = T>0 N Q[”,
Ts1 = Dsy=Tso \ T1.
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Qo[—1] Q.[0] Q\m
Dso >~.
/ _ 0
< Deo
Dzt ’\r\
Qu[—1] 2 [0]
T
/ B—
< H 1 T,
\\\
Qo[—1] Q.[0] Qu[1]
= D>1 Qe
P
Dl\ﬂmr\

FI1cURE 28. Top: closed regions D~g and D.y. Middle: assuming
that s[—1,0,1] = (A, A, A), we have f; (Do) = Ts0 = T1 UT>4

and f_(D<o) = T<o = T-1 UT<_1.

D1 U D>1 = D>0 and D_1 U D<_1 = D<0.

Bottom: decompositions
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Qo[r (k)] B

f;u(k) o z(k)

/—\
Vi k)+1 /B:

0

Dy, Dy

]

Tn (k)

FIGURE 29. The region Dy is the set of points in D~ that escape
to Qe[k(k)] under f_:“(k) o fz(k). The region D~} is the set of
points in D~ on the right of Dj.

In general, for k£ > 0 we set inductively
T =f:"" 0 fX0(Ds—1) N W),
Dy =" o 2" (),
Tsprr =Tk \ Ths1,
Dspy1 :=Dsp \ Diqa,
and similarly, for k£ < 0, we set
T =" 0 10D pin) N Wali(—k)],
Doy = o p7 R (1),
Te o1 =Tc 3 \T 1,
Do 1 =Dy \ D_j_;.
The case s[—1,0,1] = (A, A,A) is in Figure We call Dy, De_j gulfs, and
we say that Ty, Dy are channels. The channels T} play the role of the curves /i
from
By an easy induction f;“(k) o k) (Dsy) C Dsg for k > 0; thus by Claim@the
(k+1) fy(kJrl). Similarly, D<_j is in the domain

gulf D~ is in the domain of f,*
of f;#(—k—l) o fz(*kfl)'

For k # 0 write £(T}) = {(Wa[r(k)]) N Ty and p(Tk) = p(Wa[k(k)]) N Tk.
Claim 7. The gulfs D~y and D~q are the unions D1UDsUD3U. .. and D_1UD_5U
D_3U... respectively. Moreover, D; \D; =0 if |i — j| > 0. Write § := Dy N Dy4+1
for k & {—1,0}. Then

—u(k v(k ~e
£ o 19 6) € p(Th) € Aoy 41
— k} v k} ~0
5 o 1 6) € UT) € Flpgy-
Proof. We will verify the claim for D~q; the case of D is similar.

By induction, if for z € Ds( the point f;“(k) o fz(k)(z) is on the right of
W,e[k(k)], then f;”(kﬂ) o z(k+1)(z) is ether on the right of W,[k(k + 1)] or
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f;“(kﬂ) o fz(kﬂ)(z) € We[k(k + 1)]. Thus points in D~ do not jump over Ty,
under one iteration. Recall that f;l and f_ move points to the left. By Claim
k(k) — +oo. Therefore, every point in D~( eventually escapes to some Ty C
W, [k(k)]. Let us now show that a point in Dsq escapes to at most two (neighbor-
ing) Tyth.

For k > 0 the channel T}, = f;”(k) o (k) (Dy,) is on the left of f;”(k) o fk) (B2),
on the left of 772, ,, and on the right of 77 ,,. On the other hand, f;“(k) o

fz(k) (D<) is on the right of ﬁ;(k)ﬂ. It is now easy to see that

TN £ o (Do) = T £ 0 20 (Dyyn) = 17 0 70 (8) € AR a1

This proves that a point in D~ escapes to at most two Tjth; it also verifies the
first identity. Similarly, the second identity is verified. ]

B.2.8. The natural map from Do U Qe[0] U Qe U Dsq to Ws. For convenience, let
us extend by continuity the map ﬂ;il: ints[i] U p(s[i]) — int Ws[i] U p(Ws]i]) to
7T;i12 s[i] — Wsli].

We define the map 6p: Q[0] U Q4[0] — Q5[0] U Qs[0] to be w;é om. For k #
0 we define the map 6y: Dy — Wi[k] as f1"* o £ D, — T, followed by
m: T, — s[k] C W, and followed by ﬂ;;: s[k] — Wslk]. Combining 6; and 6y we
obtain the map

0: Do UQ[0]UQe[0]U Do — Wy

such that 0 | Dy, = 05, and 6 | Q2[0]UQs[0] = 6. We note that there is no ambiguity
on DN Dyyq:

Claim 8. The map 0 is a homeomorphism on its image. Furthermore, for every
curve

a: [0,1] = Dcg UQe[0] U Qe[0] U D5 g
starting in Qe[0]UQ4[0], the lift of m() starting in Qs[0]UQs[0] exists and is equal
to 6(a).
Proof. 1t is routine to check that 0 and 6, agree on Dom 6 NDom 6; = (). Indeed,
if |k — j| > 1, then Dom 6, N Dom6; = () by Claim If j = k+ 1, then writing
d = Dom 6 N Dom 1, we check (see again Claim @ that 0 | 0 = Oky1 | O
and 0(0) C Ws[k] N W[k + 1]. Since ) and 6; have disjoint images away from
Dom 6, N Dom 6;, we obtain that 6 is a homeomorphism.

By the definition, Im(6x) C Ws[k] and fﬁ(k) o f="") transfers Dy, to Wy [k] — this
is the correct number of iterations, see Claim [2] and (B.7). Therefore, 6(«) is the
lift of 7(cv) starting in QQe[0] U Qe[0].

O

As a corollary, we obtain
Claim 9. All B, ewist.

Proof. By Claim Eo = 0(55 ) exists. By a similar argument all Em exist; let us
give a brief sketch. For every g5, define D’ . to be the closed region on the left of
@‘n and on the right of 77, ,,, define D, to be the closed region on the right of
B2, and on the left of 72,. As in §B.2.4| specify the quantities v(k), u(k), x(k) with
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the only difference is that the count in (B.5|) starts from m + 1 instead of 1 (and
similar in ) By the same argument as for 5y we construct

0" Dy UQq[m] UQe[m] U Dsy — Wy

such that Claim (with necessary adjustments) holds for Em. O

Claim 10. All 3; land at 0.

Proof. Let us show that 50 lands at 0; other cases are completely analogous. By
Clalmwe have o = 6(53). Parametrize By as Bo: [0,1] — W with So(1) = 0.

Choose a big M > 0. Since 6 | Dom 0 N W [—-M,—M + 1,..., M] is continuous
we have

o if B3(t,) € Wa[-M,—M+1,...,M] and t,, — 1—0, then 7(0(38(t,)) — 0

It remains to show that if £, — 1 — 0 such that 83(t) € Wa[> M,] U W,[< —M,]
with M,, — +oo, then 7(A(533(tn)) — 0.

Wiite 33 (tn) € Di(ny; then k(n) — %00, By Claim[3|wok(n) — +oco. Recall that
Tyok(n) C Qelk 0 k(n)] (see Flgure and that T,op(n) C Q [k o k(n)] is separated

by 55 from Qa[r o k(n)].
Since 7(B5NW,[rok(n)]) — 0, we obtain that m(Tyor(n)) — 0. Since 7(Tyopm)) 2

we obtain 7(6(53(tn)) — 0. 0
Claim 11. All lifts of By, 81 are pairwise disjoint.

Proof. By Claim (10| all B; land at 0; therefore, every /3 dlsconnects Qs into two
connected components. It follows from Claims [2[ and 4! that ﬁl, &H are disjoint.
Since ,6’1 1 is on the left from Bl while 5z+1 is on the right from Bz, we obtain that
B, 1 and ﬁz-‘,—l are also disjoint. Repeating the argument, we obtain that all BZ are
pairwise disjoint. O

O

B.2.9. Proof of Theorem . Let D c W\ {0} be a topological disk. A lift of D
to Wy is defined in the same way as a lift of a curve, see Alternatively, a
lift ©: D — Wy of D is characterized by the property that if o C D is a curve, then
t(a) is the lift of a C D starting in D. A lift of D to Wy, is the projection of a
lift of D to W.

Since AV \ 2,47V \  coincide with v \ ©,71 \ ©, Condition uniquely
specifies b | Wg/q \ Qs/q-
Since the pair 5V, vV is dividing, it splits W into two closed sectors, call
them Ajew and By specified so that Apew \ Q2 = A\ Q and Beyw \ Q2 = B\ Q. We
need to show that all lifts of Apew and Buey to Wy q exist. By Theorem m (see
also Remark [B.13), all lifts of 7§°%, 77" to Wy exist, pairwise disjoint, and land at
0. Projecting to WS/c|7 we obtain that all lifts of v§°¥, 77" to W/, exist, pairwise
disjoint, and land at 0. The lifts of 5", 77" split Wy into q closed sectors; each
of them is a lift of either A ey Or Bphew. Mapping this lifts of Aew or Byew to the
corresponding sectors of W/ new, we obtain a required h.

Since a lift of a curve (if it exists) is uniquely specified by a starting point, the
conjugacy h is unique. O

(0(B3 (1)),
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) Y /a@ae\ 2
fe s Sh /
il
/—\ « f. 71 o f
S1 ¢

delete 12 So

Yo

FI1GURE 30. Possible local dynamics at the a-fixed point.

Remark B.15. Anti-renormalization can easily be defined for a partial branched
covering fo: (W,0) --» (W,0) of any degree. In this case it is natural to assume
that o does not contain a critical point of f. To apply Theorem[B.8, it is sufficient
to assume that there is a univalent fence @ (respected by vo, 71, f) enclosing Q such
that f | QU Q has degree one. The anti-renormalization is robust with respect to a
replacement ~yy,v1 with a new pair 53,1V as above.

ApPPENDIX C. THE MOLECULE RENORMALIZATION

Let us denote by Mol the main molecule of the Mandelbrot set; i.e. Mol is
the smallest closed subset of M containing the main hyperbolic component as well
as all hyperbolic components obtained from the main component via parabolic
bifurcations; see |DHIL[L2| for the background on the Mandelbrot set. In this
appendix we write f.(z) = 2% +c.

C.1. Branner-Douady maps. Let us denote by L, /q the primary p/q-limb of the
Mandelbrot set and let us denote by M, 4 C L,/q the p/g-satellite small copy of
M. We also write Ly;; = Mg/; = M.
In [BD] Branner and Douady constructed a partial surjective continuous map
Ryim @ Li3 --» Ly/2 such that its inverse R;rlmz Li/2 — Ly;3 is an embedding.
This construction could be easily generalized to a continuous map Rprm : Ly/q == LR, (p/q)>

where (compare to (A.2))

b P 1

PR if 0 < q <3
Rpm (p/q) = 2o L

;{P 1f§§6<1,

as follows. Recall that ¢ € £, /4 if and only if in the dynamical plane of f. there
are exactly q external rays landing at the a-fixed point and the rotation number of
these rays is p/q; i.e. if 7y is a ray landing at «, then there are p — 1 rays landing at
« between v and f.(v) counting counterclockwise.

Choose an external ray v landing at « in the dynamical plane of f. with c € £, /4.
Define v1 = f.(0) and 2 = f.(71). Denote by Sy the open sector between vy and
~1 not containing s, see Figure Similarly, let S; be the open sector between
~v1 and 7y not containing 9. We assume that -y is chosen such that S; does not
contain the critical value, thus S; has two conformal lifts, one of them is Sy, we
denote by Sj the other. If S; D Sj, then replace S by its unique lift in C\ Sj.
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Let us delete Sy, glue v; and v2 dynamically 74 2 x ~ f(z) € 72, and iterate
f. twice on Sp. We obtain a new map denoted by f.: C\ Sj — C. The filled-in
Julia set K. of f, is the set of points with bounded orbits that do not escape to
S}. The set K. is connected if and only if 0 does not escape to S§; in this case the
new local dynamics of f, at o has rotation number Ry, (p/q) and, moreover, f.
is hybrid equivalent to a quadratic polynomial fr_ . () With ¢ € Lg_ . (p/q)- This
defines the map Ry @ Ly/q ==+ LR (p/a)-

In general, Ry @ Ly/q -=* LR,,..(p/q) depends on the choice of v9. However, if
¢ € Mypyq, then Ryi(c) € Mg, (p/q) and Ry @ My g — Mg, (p/q) coincides
with the canonical homeomorphism between small copies of the Mandelbrot set.

C.2. The molecule and the fast molecule maps. Denote by A the main hy-
perbolic component of M. Recall that a parameter ¢ € JA is parametrized by
the multiplier e(0(c)) of its non-repelling fixed point. We define the molecule map
Ryim: M --» M such that
® Rym: Ly/q —=* LR, (p/q) 18 the Branner-Douady renormalization map for
p/q # 0/1 and for some choice of v; and
o if c € A, then Ry (c) is so that

0(c)
1-6(c)

if 0<6(c) <1,
0(Rprm(c)) =

0(c)— .
265(2)1 1f%§9(0)§1.

Siegel parameters of periodic type are exactly periodic points of Rymm | 0A
(Lemma . Furthermore, for a satellite copy of the Mandelbrot set Mg, there
is an n > 1 such that R, : M, — M is the Douady-Hubbard straightening map.

The map Rym: M --» M is combinatorially modeled by Q(z) := z(z + 1)?, see
Figure The latter map has a unique parabolic fixed point as 0. The attracting
basin of 0 contains exactly one critical point of ). The second critical point is
a preimage of 0. Denote by F' the invariant Fatou component of Q). We can
extend R, to A so that Ry, | A is conjugate, say by 7, to Q@ | F. Then 7
extends uniquely to a monotone continuous map 7 : Mol — K¢ semi-conjugating
R, | Mol and Q | Kg, where K is the filled-in Julia set of Q:

MOl — Rprm — MOl

s us

l l

KQ —_—Q— KQ

If the MLC-conjecture holds, then 7 is a homeomorphism.

For every ¢ € OA \ {cusp} define n(c) := n(f.), where 6. is the rotation number
of f. and n(0) is specified by Rpust(0) = Rie(6), see For every ¢ € L,/q
define n(c) = n(cp/q), where ¢, /q is the root of L,/q. The fast Molecule map is a
partial map on M defined by

Riasi () = R (c).

prm

The restriction Ryast | OMol \ {cusp} is continuous but it does not extend contin-
uously to the cusp: Riast (OM 1) = OM.
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FicURE 31. Left: the Mandelbrot set. Right: the filled Julia set
of Q(z) = 2(z + 1)2

C.3. Hyperbolicity theorem for the bounded type. Given a renormalization
operator R: B --» B, its renormalization horseshoe is the set of points in B with
bi-infinite pre-compact orbits.

Recall that for a map f: X — X its natural extension is the set of orbits:

miX = {(x)icz | f(w:) = 2ig1}

endowed with induced topology from XZ. We denote by
Ry lim Oy — lim Oy
Rprm Rprm
the natural extension of Rpm | On. The latter map corresponds to the set of
parameters in A that do not visit a certain neighborhood of the cusp under
Ry, | OA.

Theorem C.1 (Horseshoe of bounded type). For every N > 1 there is

— a space of pacmen By endowed with complex structures modeled on families
of Banach spaces, see Appendix 2];
— a compact hyperbolic analytic pacman renormalization operator Rprm: By --+ By

such that the renormalization horseshoe Rprm: Hy — Hn has the following prop-
erty

o Hy is compact and consists of Siegel Pacmen with rotation numbers in © y;

® Ry | Hi is topologically conjugate to Eprm | l'glR OnN via the map eval-
uating the rotation number of pacmen; ‘

e at every f € Hy, there is a stable codimension-one manifold Wi and an un-
stable one-dimensional manifold W} ; moreover (W3)sewy and W) reuy
form invariant laminations;

o for every f € Hy, the stable manifold W} coincides with the set of pacmen
in B that have the same multiplier at the a-fixed point as f; every pacman
in W5 is Siegel; all of the pacmen in W3 are hybrid conjugate;

e in a small neighborhood of f € Hy the unstable manifold Wy is parametrized
by the multipliers of the a-fized points of pacmen in Wy.
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Outline of the proof. Techniques of [McM2| imply the existence of a horseshoe H
of Siegel maps parametrized by ﬁprm \ @1 R O and endowed with some renormal-
ization operator R. Moreover, Siegel maps ‘with rotation numbers in © N converge
to H exponentially fast (see §7.2).

Applying Corollary we promote each map in Hy to a standard pacman.
Covering Hy by finitely many Banach balls and applying Theorem 2.7 we extend
R to a compact analytic operator R: By --+ By. The action of R on the rotation
numbers of pacmen in B is some iterate of Rpim.

Since R is compact, at each f € Hy there is an unstable finite-dimensional
manifold Wy the operator R restricts to an expanding map R : W} == Wg .

Every map g € W} has a maximal prepacman G = (g+) unique up to affine
rescaling. We normalize G so that 0 and 1 project to the critical value and the

critical point of g respectively. Both g, are o-proper.
As in §7] define

F(A) :={g € W} | the multiplier of v is A}

and consider a sequence p,,/q, — 0, where 04 is the rotation number of f. The
orbit orbg(G) moves holomorphically with g € F(e(p,/qx)); passing to the limit we
obtain that orbg(G) moves holomorphically with g € F(e(6y)). By rigidity of Siegel
pacmen, dim(W}) = 1. The small orbit argument implies that codim(WV}) = 1.
Applying Theorem we factorize R as an iterate Rpmm. By shrinking By we
can guarantee that Hy is the set of all pacmen in By with bi-infinite orbit. The
assertion that unstable manifolds are parametrized by the multipliers of the a-fixed
points is straightforward. By shrinking By, we can guarantee that stable manifolds
consist of Siegel pacmen. O

Theorem implies a general version of the scaling theorem (Theorem: the
centers of all the satellite hyperbolic components of M of bounded type (i.e. with ro-
tation numbers in O ) scale uniformly around all the Siegel polynomials of bounded
type (i.e. with rotation numbers in ©y) with the rate determined by the approxi-
mation rate of the continued fraction expression of § € Oy.

C.4. The Molecule Conjecture. We conjecture that there is a pacman renormal-
ization operator Riast: Bator — Bator with the following properties. The operator
Riast is hyperbolic and piecewise analytic with one-dimensional unstable direction
such that its renormalization horseshoe Riasi: Hatot — Hator 1S compact and
combinatorially associated with Ry | Mol \ {cusp} as follows.

There is a continuous surjective map p: Haor — Mol that is a semi-conjugacy
away from the cusp:

Hator \ p~H(cusp) —— Rease — Hator \ p~ 1 (cusp)

p p

l l
Mol \ {cusp} —— Rease —— O Mol \ {cusp}

Denote by 9"* Mol the set of non-parabolic parameters in Mol. Conjecturally,
Riast | Haot is the natural extension of Ry | OMol \ {cusp} compactified by
adding limits to parabolic parameters at all possible directions. Such construction
is known as a parabolic enrichment, see [La,/D2].
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The space Bator has a codimension-one stable lamination (F?).caor such that
all pacmen in F; are hybrid conjugate to f. in neighborhoods of their “mother
hedgehogs”, see ?. For every f € Haqo1, the leaf ]—';(f) is a stable manifold of
Rtast at f. The unstable manifold of Ry.st at f is parametrized by a neighborhood
of p(f). Locally, Rast can be factorize as an iterate of Rpmm: Batol — Batol;
however the latter operator has parabolic behavior at p~!(cusp).

The Molecule Conjecture contains both Theorem |C.1] (for bounded type param-
eters from JA) and the Inou-Shishikura theory [IS] (for high type parameters from
OA). Tt also implies the local connectivity of the Mandelbrot set for all parameters
on the main (and thus any) molecule.

C.5. Conjecture on the upper semicontinuity of the mother hedgehog. A
closely related conjecture is the upper semicontinuity of the mother hedgehog. For
a non-parabolic parameter ¢ € A, consider the closed Siegel disk Z. of f.; if f.
has a Cremer point, then Z. := {a}. If Z. contains a critical point, then we set
H. = Z.. Otherwise, f. has a hedgehog (see |PM]): a compact closed connected
filled-in forward invariant set H' 2 Z. such that f.: H — H'is a homeomorphism.
We define H, to be the mother hedgehog (see [Ch]): the closure of the union of all
of the hedgehogs of f..

Recall that the filled-in Julia set K, of a polynomial depends upper semicon-
tinuously on g. Thinking of H, as an indifferent-dynamical analogue of K,, we
conjecture:

Conjecture C.2. The mother hedgehog H. depends upper semicontinuously on c.

For bounded type parameters (i.e. when H., is a Siegel quasidisk) Conjecture
follows from the continuity of the Douady-Ghys surgery. In fact, in the bounded
case H, depends continuously on c¢. Theorem [C.I] implies a general version of
Corollary for bounded combinatorics the Siegel quasidisk of a Siegel map
depends continuously on the map.

Conjecture can be adjusted for parabolic parameters ¢ € A as follows. Let
A, be the immediate attracting basin of the parabolic fixed point a. Then there is
a choice of a valuable flower H, with H. C A. U {a} such that H. depends upper
semicontinuously on ¢ € JA. For example, H, is the union of all limiting mother
hedgehogs for perturbations of f..

Similarly, Conjecture can be adjusted for all parameters in dMol. Our
result on the control of the valuable flower (see Theorem can be thought as a
partial case of this general conjecture.

Conjecture and its generalizations describe in a convenient way how an
attracting fixed point bifurcates into repelling. An important consequence is control
of the post-critical set: if a perturbation of f. is within Mol, then the new post-
critical set is within a small neighborhood of H.. A statement of this sort (for
parabolic parameters approximating a Siegel polynomial) was proven by Buff and
Chéritat, see |BC, Corollary 4]. This was a necessary ingratiate in constructing a
Julia set with positive measure.
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