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ABSTRACT. In this paper we study the dynamics of germs of holomor-
phic diffeomorphisms of (C™,0) with a fixed point at the origin with
exactly one neutral eigenvalue. We prove that the map on any local
center manifold of 0 is quasiconformally conjugate to a holomorphic
map and use this to transport results from one complex dimension to
higher dimensions.

1. INTRODUCTION

Let f be a holomorphic germ of diffeomorphisms of (C2,0) with a fixed
point at the origin with eigenvalues A and p, where |A| = 1 and |u| < 1.
Following the terminology from one-dimensional dynamics, the fixed point
is called semi-neutral or semi-indifferent.

The crude analysis of the local dynamics of the semi-indifferent fixed
point exhibits the existence of an analytic strong stable manifold TW*5(0)
corresponding to the dissipative eigenvalue p and a not necessarily unique
local center manifold W _(0) corresponding to the neutral eigenvalue .
The center manifolds can be made C"-smooth for any r > 1 by possibly
restricting to smaller neighborhoods of the origin [HPS|, however they are
generally not analytic, or even C*°-smooth [vS]. In this paper, we show how
to modify the complex structure on the center manifold W _(0) so that the
restriction of the map f to the center manifold becomes analytic.

Theorem A. Let f be a holomorphic germ of diffeomorphisms of (C2,0)
with a semi-neutral fixed point at the origin with eigenvalues \ and p, where
Al =1 and |u| < 1. Consider W _(0) a C-smooth local center manifold
of the fized point 0. There exist neighborhoods W, W' of the origin inside
WEL(0) such that f : W — W' is quasiconformally conjugate to a holo-
morphic diffeomorphism h : (,0) — (,0), h(z) = Az + O(2?), where
Q,Q cC.

The conjugacy map is holomorphic on the interior of A rel W _(0), where
A is the set of points that stay in W under all backward iterations of f.

Theorem [A] generalizes to the case of holomorphic germs of diffeomor-
phisms of (C™,0), for n > 2, which have a fixed point at the origin with
exactly one eigenvalue on the unit circle. The details are given in Section [6]
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In dimension one, linearization properties and dynamics of holomorphic
univalent germs of (C,0) with an indifferent fixed point at the origin have
been extensively studied ([Y1], [Y2], [PMI], [PM2], [PM3], and many more).
Theorem [A] has important consequences and enables to us to transport re-
sults from one complex variable to C2. In Section [2| we examine the results
of Pérez-Marco about the hedgehog dynamics, and in Section [5| we show
how to extend them to C? using Theorem

Suppose that the neutral eigenvalue A of the semi-neutral fixed point of
the germ f is A = e*™. If the origin is an isolated fixed point of f and
a € Q, then the fixed point is called semi-parabolic. In the case when
a ¢ Q, the fixed point is called irrational semi-indifferent. We can further
classify irrational semi-indifferent fixed points as semi-Siegel or semi-Cremer,
as follows: if there exists an injective holomorphic map ¢ : D — C? such
that f(p(§)) = @(AE), for & € D, then the fixed point is called semi-Siegel,
otherwise it is called semi-Cremer. Theorem [D]below motivates the following
equivalent definition: if f is analytically conjugate to (z,y) — (A\z, u(z)y),
where p(x) = pu + O(2?) is a holomorphic function, then the fixed point is
semi-Siegel; otherwise, the fixed point is semi-Cremer. In particular, when
A satisfies the Brjuno condition [Brj] and |u| < 1, the map f is linearizable
(i.e. conjugate by a holomorphic change of variables to its linear part), so
the fixed point is semi-Siegel.

In [FLRT] we have shown the existence of non-trivial compact invariant
sets for germs f with semi-indifferent fixed points, using topological tools. If
f is a germ of holomorphic diffeomorphisms of (C?,0) with a semi-indifferent
fixed point at the origin, then there exists a domain B containing 0 such that
f is partially hyperbolic on a neighborhood of B. The concept of partial
hyperbolicity is explained in the introductory part of Section

Theorem 1.1 ([FLRT]). Let f be a germ of holomorphic diffeomorphisms
of (C%,0) with a semi-indifferent fized point at 0 with eigenvalues \ and p,
where |A\| = 1 and || < 1. Consider an open ball B C C? containing 0 such
that f is partially hyperbolic on a neighborhood B' of B. There exists a set
H C B such that:

a) H e WE.(0), where W (0) is any local center manifold of the fized
point 0, constructed relative to B’.

b) H is compact, connected, completely invariant, and full.

c) 0eH, HNOB # 0.

d) Every point x € H has a well defined local strong stable manifold
W (x), consisting of points from B that converge asymptotically
exponentially fast to x, at a rate < p™. The strong stable set of H
1s laminated by vertical-like holomorphic disks.

In this paper, the compact set ‘H will be called a hedgehog. We distin-
guish between a parabolic hedgehog, a Siegel hedgehog, or a Cremer hedgehog
(also called non-linearizable hedgehog), depending whether the fixed point is
semi-parabolic, semi-Siegel, or semi-Cremer. In this paper we will explore
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the dynamical properties of hedgehogs. The next two theorems and the
subsequent corollaries deal with Cremer hedgehogs (see Figure [1)).

Wi (0)

loc

Figure 1. A Cremer hedgehog inside a center manifold.

Theorem B. Let f be a germ of dissipative holomorphic diffeomorphisms
of (C2,0) with a semi-Cremer fized point at 0 with an eigenvalue X = *™,
Let H be a hedgehog for f. Suppose (pn/qn)n>1 are the convergents of the
continued fraction of ce. There exists a subsequence (ny)r>1 such that the
iterates (fI"r)p>1 converge uniformly on H to the identity.

Corollary B.1. The dynamics on the hedgehog H is recurrent. The hedge-
hog does not contain other periodic points except 0.

Denote by w(x) and a(z) the w-limit, respectively a-limit set of x.

Theorem C. Let B C C? be a ball centered at the origin, and let H C B
be a Cremer hedgehog for f.

a) Let x € B—W (H). If the forward iterates f"(x) € B for alln > 0,
then w(z) NH = 0.
b) Let x € B —H. If the backward iterates f~™(z) € B for allm > 0,

then a(z) NH = 0.
Theorem [C] immediately implies the following corollary.
Corollary C.1. If x ¢ W*%(0) then the orbit of = does not converge to 0.

Let H be a hedgehog for a germ f with a semi-Cremer fixed point and
denote by W (H) the local stable set of H, consisting of points that con-
verge to the hedgehog. Let W () be the local strong stable stable of H,
consisting of points which converge asymptotically exponentially fast to the
hedgehog. From Theorem [C]it follows that
Corollary C.2. W (H) = W (H).

loc
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Clearly, the set # has no interior in C? since it lives in a center manifold.
Let int®(H) denote the interior of H relative to a center manifold.

Theorem D. Let f be a holomorphic germ of diffeomorphisms of (C2,0)
with an isolated semi-neutral fived point at the origin. Let H be a hedgehog
for f. Then 0 € int®(H) if and only if f is analytically conjugate to a linear
cocycle f given by

fz,y) = Az, p(@)y),
where p(x) = pu+ O(x) is a holomorphic function.

Corollary D.1. Let f be a dissipative polynomial diffeomorphism of C?
with a semi-neutral fized point at the origin. Then 0 € int®(H) if and only
if [ is linearizable.

For a polynomial automorphism of C? we define the sets K* of points
that do not escape to co under forward/backward iterations. Denote by J*
the topological boundaries of K% in C2. The set J = J~ N J7 is called the
Julia set. We also obtain the following result.

Theorem E. Let f be a dissipative polynomial diffeomorphism of C? with
an irrationally semi-indifferent fized point at 0. Suppose f is not linearizable
in a neighborhood of the origin. Let H be a hedgehog for f. Then H C J
and there are no wandering domains converging to H.

Consider now a holomorphic germ f of (C2,0), with a semi-parabolic
fixed point at 0 with a neutral eigenvalue A = e27%/4. After a holomorphic
change of coordinates, we can assume that f is written in the normal form
flx,y) = (x1,y1), where

{ z1 = Ma + 279 + Oz + a9, p0(y)x?aT2 4 ..)
y1 = py + zh(z,y)
We call v the semi-parabolic multiplicity of the semi-parabolic fixed point.
The existence of holomorphic 1-D repelling petals for f and of Fatou
coordinates on the repelling petals, was established by Ueda [U2]. We can
give a new proof of this result using Theorem [A] and the Leau-Fatou theory
of parabolic holomorphic germs of (C,0). Let B C C? be a small enough
ball around the origin and define the set

Yp={xeB—-{0}: f"(z)e BVneN, f7"(z) >0asn—oo}. (1)

Theorem F. Let f be a germ of dissipative holomorphic diffeomorphisms of
(C2,0) with a semi-parabolic fived point at O with an eigenvalue X = e2mip/q,
Suppose the semi-parabolic multiplicity of 0 is v. The set Xp from
consists of v cycles of q repelling petals. Fach repelling petal is the image
of an injective holomorphic map ¢(x) = (x,k(z)) from a left half plane of
C into C?, which satisfies (z + 1) = fi(¢(x)). The inverse of ¢, denoted
by ©° : ¥p — C is called an outgoing Fatou coordinate; it satisfies the Abel
equation @°(f7) = ¢° + 1.
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2. HOLOMORPHIC GERMS OF (C,0)

In this section we make a brief survey of the results of Pérez-Marco on
holomorphic germs of (C,0) with a neutral fixed point at the origin. The
following theorem gives the local structure of such germs.

Theorem 2.1 ([PMI]). Let f(z) = Az + O(z?), |A| = 1 be a local holomor-
phic diffeomorphism, and U a Jordan neighborhood of the indifferent fixed
point 0. Assume that f and f~ are defined and univalent on a neighborhood
of the closure of U. Then there exists a completely invariant set K C U,
compact connected and full, such that 0 € K and K NOU # (.

Moreover, if f° # id for all n € N then f is linearizable if and only if
0 € int(K).

Pérez-Marco calls the compact set K a Siegel compactum for f. He calls
K a hedgehog when the fixed point is irrationally indifferent, and the set
K is not contained in the closure of a linearization domain. For simplicity,
we refer to the sets K from Theorem as hedgehogs and we distinguish
between the various types of hedgehogs as in the introduction.

Let K be a hedgehog for f, asin Theorem and \ = 2™, Pérez-Marco
associates to each set K an analytic circle diffeomorphism with rotation
number « as follows. We first uniformize C\ K using the Riemann map
p: C\K — C\D. Let g = ¢ o for~!. The mapping g is defined and
holomorphic in an open annulus {z € C : 1 < |z| < r}. We can extend g
to the annulus {z € C: 1/r < |z| < r} by the Schwarz reflexion principle.
The restriction g|g1 to the unit circle will be a real-analytic diffeomorphism
with rotation number «. Pérez-Marco uses this construction to transport
results of analytic circle diffeomorphisms to results about the dynamics of
holomorphic maps around the indifferent fixed points. This analogy is used
both to construct the hedgehog from Theorem [2.I]and to study the dynamics
on the hedgehog.

We say that a domain U is admissible if it is a C'-Jordan domain such
that f and f~! are univalent on a neighborhood of the closure of U.

Theorem 2.2 ([PMI], [PM3]). Let U be an admissible neighborhood for a
germ f(z) = Az+0(22), A = 2™ and o ¢ Q. Let L be a connected compact
set, invariant under f or f~1, such that 0 € L C U and LN OU # (. Then
L = K. Therefore the hedgehog K of f associated to the neighborhood U

is unique and it is equal to the connected component containing 0 of the set
{z€U: f"z2) €U forallnecZ}.

For the rest of the section, suppose that f is a non-linearizable germ
with f(2) = Az + O(22), A = > and a ¢ Q. Consider U an admissible
neighborhood and K a hedgehog associated to f and U. Let (pn/qn)n>1 be
the convergents of the continued fraction of cv. Pérez-Marco shows that even
if f is non-linearizable, the dynamics of f has a lot of features in common
to the irrational rotation.
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Theorem 2.3 ([PM2],[PM3]). There exists a subsequence A C N such that
the iterates (f)nca converge uniformly on K to the identity.

Corollary 2.3.1. All points on the hedgehog K are recurrent. The dynamics
on the hedgehog has no periodic point except the fized point at 0.

Theorem 2.4 ([PM2],[PM3]). Let x € U be a point which does not belong
to K. If the w-limit (or a-limit) set of x intersects K, then it cannot be
contained in U. Consequently, x cannot converge to a point of K under
iterations of f.

Regarding the topology of the hedgehog, Pérez-Marco [PM3] shows that
non-linearizable hedgehogs have empty interior and are not locally connected
at any point different from 0.

The following two theorems discuss the structure of non-linearizable germs.
Using Theorem [A] one can immediately formulate a higher dimensional ana-
logue of the following result:

Theorem 2.5 ([PM4], [PM5]). If

> loglog g,
Zog (;gq +1<OO (2)

n=1
then all non-linearizable germs f(z) = Az+O(22) have a sequence of periodic
orbits (Oy)k>0 which tend to 0, of periods gy, and rotation numbers py, /qn,

such that
o
z : lOg dng+1 _

el

Condition is sharp: by [PM5], if the sum in diverges, then there
exists a holomorphic germ f(z) = Az + O(z?) defined and univalent in D
with no other periodic orbits in D, except 0. In fact, every orbit (f™(z))n>0
remaining in D accumulates 0, i.e. 0 € w(z).

3. A COMPLEX STRUCTURE ON THE CENTER MANIFOLD

Consider a holomorphic germ f of diffeomorphisms of (C2,0) with a semi-
indifferent fixed point at 0. Denote by A and u the eigenvalues of the de-
rivative dfp. Throughout the paper, we make the convention that |A| = 1
(neutral eigenvalue) and |u| < 1 (dissipative eigenvalue), and we denote by
E§ and Ej the eigenspaces corresponding to the eigenvalues A and respec-
tively . The map f is partially hyperbolic on a neighborhood B’ C C?
of the origin. Partial hyperbolicity was introduced in the ’70s by Brin and
Pesin [BP| and Hirsch, Pugh, and Shub [HPS] as a natural extension of the
concept of hyperbolicity. We define partial hyperbolicity below; for a thor-
ough introduction and an overview of the field we refer the reader to [HP],
[CP], and [HHU]J.

Let E' and E? be two continuous distributions (not necessarily invariant
by df) of the complex tangent bundle TB’ such that T,B’ = E! @& E? for



HEDGEHOGS IN HIGHER DIMENSIONS AND THEIR APPLICATIONS 7

any z € B’. For z = 0, we take Eé = Ej and Eg = Ej. The horizontal cone

CQ "“ is defined as the set of vectors in the tangent space at x that make an
angle less than or equal to o with E., for some a > 0,

che={veT,B, /(v,E}) <a},

where the angle of a vector v and a subspace E is simply the angle between v
and its projection przv on the subspace E. The vertical cone C;* is defined
in the same way, with respect to E2. We will suppress the angles a from
the notation of the cones, whenever there is no danger of confusion.

The map f is partially hyperbolic on B’ if there exist two real numbers
w1 and Aj such that 0 < |p| < g1 < A\ < 1 and a family of invariant cone
fields C"/v

dfe(C3) C Int Cf,y U0}, df; ;) (Chiyy) C Int CF U {0}, (3)

such that for some Riemannian metric we have strong contraction in the
vertical cones, whereas in the horizontal cones we may have contraction or
expansion, but with smaller rates:

Mlvll < lldfa ()] < ATl for ve Cy (4)
IDfa(0)ll < paflvll, for v ey
Let B be a domain in C? containing the origin such that B C B’ and

f(B)C B

Remark 3.1. Since B is compactly contained in B’', the angle between
df(Ch) and ('?C;}(x) is uniformly bounded independently of x. This implies
that there exists 0 < p < 1 such that for every x € B, the angle opening of
the cone df,(CP) is pa, a fraction of the angle opening of the cone C}L(m).

The semi-indifferent fixed point has a local center manifold Wy . := W (0)
of class C!, tangent at 0 to the eigenspace E§ corresponding to the neu-
tral eigenvalue A. Throughout the paper, WS will denote the local center
manifold of 0. The local center manifold is the graph of a C! function
@¢: E§N B" — E§ and has the following properties:

a) Local invariance f(WE.)N B C WE ..

b) Weak uniqueness: If f~"(z) € B’ for all n € N, then z € W .

¢) Shadowing: Given any point z such that f"(z) — 0 as n — oo,
there exists a positive constant k and a point y € W{_ such that
|/ (x) — f™(y)|] < kpt as n — oo. In other words, every orbit
which converges to the origin can be described as an exponentially
small perturbation of some orbit on the center manifold.

The center manifold is generally not unique. However, the formal Taylor
expansion at the origin is the same for all center manifolds. The center
manifold is unique in some cases, for instance when f is complex linearizable
at the origin. For uniqueness, existence, and regularity properties of center
manifolds, we refer the reader to [HPS], [Sij], [S], and [V].



8 MIKHAIL LYUBICH, REMUS RADU, AND RALUCA TANASE

It is also worth mentioning the following reduction principle for center
manifolds: the map f is locally topologically semi-conjugate to a function
on the center manifold given by u — Au + fi(u, ¢s(u)). In this article, we
will not make use of the reduction principle, as it only gives a topological
semi-conjugacy to a model map which is as regular as the center manifold,
hence not analytic.

The assumption of partial hyperbolicity implies that any point x with
f™"(x) € B for all n > 0 has a well defined local strong stable manifold
S (x), defined as

loc
oc(z) = {y € B« dist(f"(x), f"(y))/pui — 0, as n — oo}.
Moreover W% (x) intersects WS . transversely. Let y € W (z)NW . Then

loc loc
the orbit of y shadows the orbit of x. We can therefore formulate a more

general shadowing property:

Proposition 3.2. Let © € B such that f"(x) € B for every n > 1. There
exists k > 0 and y € W . such that || f"(x) — f"(y)|| < kuf as n — oo.

An old question posed by Dulac and Fatou is whether there exists orbits
converging to an irrationally indifferent fixed point of a holomorphic map.
Using the dynamics on the hedgehogs, renormalization theory and Yoccoz
estimates for analytic circle diffeomorphisms, Pérez-Marco showed that the
answer to this question is negative, see Theorem It is a natural question
to ask whether there exist orbits converging to a semi-Cremer fixed point of
a holomorphic germ of (C2,0). Also, Pérez-Marco has constructed examples
of hedgehogs in which the origin is accumulated by periodic orbits of high
periods, see Theorem [2.5

In the two-dimensional setting, the problem of the existence of periodic
orbits of f accumulating the origin or the existence of orbits converging to
zero can naturally be reduced to posing the same question for the restriction
of the map f to the local center manifold(s). Let us explain this reduction
further.

If the semi-indifferent fixed point is accumulated by periodic orbits of high
period, then these periodic points necessarily live in the intersection of all
center manifolds W _(0), by the weak uniqueness property of local center
manifolds. Since we work with dissipative maps, there will always be points
that converge to 0 under forward iterations, corresponding to the strong
stable manifold of 0. If there exists some other point x, whose forward orbit
converges to 0, then the orbit of x must be shadowed by the orbit of a point
y that converges to 0 on the center manifold. Therefore, in order to answer
the questions about the dynamics of the two-dimensional germ around 0,
we should first study the dynamics of the function restricted to the center
manifolds.

The main obstruction for extending the results of Pérez-Marco directly
to our setting is the fact that the center manifolds are not analytic. It is
well-known (see e.g. [GHJ, [vS]) that there exist C'°°-smooth germs which
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do not have any C'°°-smooth center manifolds. For every finite k£ one can
find a neighborhood By, of the origin for which there exists a C*-smooth
center manifold relative to By, however the sets By shrink to 0 as k — oo.

A first useful observation in this context is that some analytic structure
still exists in some parts of the center manifold. Let

A={zeB: f™(z) € B, foralln >0} (5)

be the set of points that never leave B under backward iterations. As a
consequence of Theorem we know that the set A is not trivial, i.e.
A # {0}. By the weak uniqueness property of center manifolds, A is a
subset of W . Also, f~'(A) C A, by definition.

Proposition 3.3. Let W, be any local center manifold relative to B'. The
tangent space T, W . at any point x € A is a complex line E of T,C2. The
line field over A is df -invariant, in the sense that dfy(ES) = E;(x) for every
point x € A with f(z) € A.

Proof. Let x € A. All iterates f~"(z), n > 0 remain in the domain B,
where we have an invariant family of horizontal cones C* preserved by df.
The derivative acts on tangent vectors as a vertical contraction by a factor
11, close to p. Let
Eg = [ dff-no)Ci-niay-
n>0

This is a decreasing intersection of nontrivial compact subsets in the pro-
jective space, hence E¢ is a non-trivial complex subspace of T,,C2. Thus E¢
is a complex line included in C?. The invariance of the line bundle (ES),ec
under df follows from the definition.

Any local center manifold W defined relative to B’ contains the set A
and the tangent space T, W . at any point x € A is equal to Ef, thus it is
a complex line in the tangent bundle TC?. O

Proposition means in particular that for every point z € A, the tan-
gent space T, (W) is J-invariant, where J is the standard almost complex
structure obtained from the usual identification of R* with C?. Recall that
an almost complex structure on a smooth even dimensional manifold M is
a complex structure on its tangent bundle T'M, or equivalently a smooth
R-linear bundle map J : TM — TM with Jo J = —Id.

The center manifold W _ is a real 2-dimensional submanifold of C2. The
standard Hermitian metric of the complex manifold C? defines a Riemann-
ian metric on the underlying smooth manifold R*, which restricts to a Rie-
mannian metric on the center manifold Wy . Recall that in C", the stan-
dard Hermitian inner product decomposes into its real and imaginary parts:
(u,vygr = (u,v) — iw(u,v), where (u,v) is the Euclidean scalar product and
w(u,v) is the standard symplectic form of R?". From now on, whenever
we refer to the Riemannian metric we understand the metric defined by the
Euclidean scalar product.
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Every Riemannian metric on an oriented 2-dimensional manifold induces
an almost complex structure given by the rotation by 90°, i.e. by defining

Ja/: : T$W1%C — Ta:VVI%m as J;('I}) = UJ_7

where v1 is the unique vector orthogonal to v, of norm equal to ||v||, such
that the choice is orientation preserving. Every almost complex structure on
a 2-dimensional manifold is integrable, that is, it arises from an underlying
complex structure. Namely, there exists a (J',i)-holomorphic parametriza-
tion function ¢ : A — W where A is an open subset in C and i is the stan-
dard complex structure in C given by multiplication by the complex number
i. By (J',i)-holomorphic map, we understand a C'-smooth map with the
property that its derivative d¢, : T,A — Ty \Wy  is complex linear, that
is dg,o0i, = (;(Z) od¢,. A good introduction on almost complex structures

and J-holomorphic curves can be found in [Voi] and [MS]. Note that the
parametrizing map ¢ that we have constructed is only (J',7)-holomorphic,
but not necessarily (.J, 7)-holomorphic, as W _ is not in general an embedded
complex submanifold of C2. Note also that the almost complex structure
induced by J' on W[, agrees with the standard almost complex structure .J
from C? on the set A, so J, = J. for all z € A.

Let W := BNW{,_ and U := ¢~ (W) C A. The set W’ = f(W) belongs
to W, by the local invariance of the center manifold. The map f: W — W’
is an orientation-preserving C! diffeomorphism.

Let g = ¢pofop ' : U — U = g(U) be the orientation-preserving
C'-diffeomorphism induced by f on U.

W%W’

o] o
v —2- U
Denote by X := ¢~ 1(A), or equivalently
X={2€U:9g7"(z) €U, for all n > 0}, (6)

the set of points that stay in U under all backward iterations by g.
The map f is holomorphic on C2, so it is (J, J)-holomorphic on A, which
means that 0y f = 0 for £ € A, where

= 1
ayf = §(df§ + Jf(g) odfe o Jg). (7)

The conjugacy function ¢ is (J,i)-holomorphic on A. In the holomorphic
coordinates provided by ¢, this means that g is (i, 7)-holomorphic on X, or
equivalently 0;g = 0, where

1 . .
0ig == §(d9z +ig(z) 0 dgz 0 iz), (8)
and z = ¢~ 1(&).
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It is easy to check that with the standard identifications z = x + iy,
9(z,y) = g1(z,y) + ig2(x,y), and
iz (0z) = Oy, 1z (811) = —0x, (9)
the relation 9;g = 0 is equivalent to the familiar Cauchy-Riemann equations
Ozg1 — Oyg2 =0 and 0yg2 + Oyg1 = 0.

As usual, consider the linear partial differential operators of first order
1 = 1
8:6225(81—1'82,) and 8:8525(8,,34—1'83,). (10)
We have just shown the following proposition:
Proposition 3.4. 0g = 0 on the set X, defined in Equation @

Let int®(A) denote the interior of A rel W . Propositions and
immediately imply the following corollary:

Corollary 3.4.1. The set int°(A) is a complex submanifold of C2. The
conjugacy map ¢ : int(X) C C — int°(A) € C? is holomorphic, and the
function g is holomorphic on int(X).

When z € W . —A, the tangent space T, W) is only a real 2-dimensional
subspace of T,,C2, included in the horizontal cone C. We want to measure
how far it is from a complex line.

The angle between two real subspaces Vi and V5, of Ty(C2 of the same
dimension can be defined as

Angle(V1,V3) = max min Z(u, uz).

For each n > 0, let W, be the set of points from W that stay in W under
the first n backward iterates of f. Let U, = ¢~ 1(W,,).

Proposition 3.5. Let v € W, and v € T, Wy .. There exists p < 1 such
that
Angle (To Wy, Spanc{v}) = O(p").

Proof. Let y = f~"(z). Let w = df;"(v) € T,W¢ .. The vector Jyw does
not in general belong to T, W ., but it does belong to the horizontal cone

C{}. The derivative df,’ maps this cone into a smaller cone inside Cl with

an angle opening O(p™) where p < 1 as in Remark The vectors v and
v = Jpn(ydfy (w) = df,) (Jyw)

both belong to the cone df;(Cé‘). Note that Spanc(v) = Spang(v, J,v). In
conclusion the angle between the complex line spanned by v and J,v and
the real tangent space T, W . is O(p"). O

Define the norm of the dy-derivative of f on a set W as

10 fllw = sup [[(8:f)=]l,
zeW
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where ||(05 f).|| is the operator norm of (9 f), : T.W — Ty)W.
Lemma 3.6. There exists a constant C' such that for everyn > 1,
10 fllw, < Cp"™.

Proof. Let x € W,. Then f(x) € W¢_. Let v € T,W¢ . We will use the
fact that the map f is analytic on B’, so Jt(z) © dfe = dfy 0 Jz, to estimate

2005 Nzl = Tpe) © dfav — dfa 0 Jyv] (11)
< | © dfav = Ty © dfevl| + |ldfz o Jov — dfy o Jyv]|.
Let 8 = Z(Jyv, J,v). Since J, = J, on A, we may assume that § < 7/2
for x € W;,. Note then that § is also equal to the Angle(J,v, T, WY ), as
T, W¢ . = Spang{v, J v}, and (v, Jv) = (v, Jpv) = 0.
By a direct computation we get
[Tz = Jevll = 2|jv]| sin(8/2) < Bllv]. (12)
Let M = sup ||df:||, where the supremum is taken after x € f(B). Clearly
M < oo since fis C'. In view of Equation , we get
ldfe(Jov = Jpo)|| < M| Jzv = Jpv|| < SM|J]|. (13)
By the same estimate (12), we have ||J}(x)w — Jr@w| < B'|lw||, where
w = df,v and (' is the angle between the vector J f(z)w and the tangent space
Tp@)Wi,e- The vector v is in the horizontal cone CJ, so [|w]| < A,

T
by partial hyperbolicity . Putting everything together, Equation
becomes

1@ Peo)]l € AT + MOl

From Proposition we know that 8 = O(p") and 5/ = O(p"*1), for
some p < 1. Thus there exists a constant C, independent of n, such that
|05 fzll < Cp™, for every x € W,. O

We will now transport the estimates obtained for f in Lemma to
estimates for the d-derivative of g. Since g = ¢~ 1o fo ¢ and ¢ is (J',1)-
holomorphic, we get the following relation between the d-derivatives of f and
g computed with respect to the corresponding almost complex structures J’
and respectively ¢:

(%m:d%&mo@ﬁ%@owmﬂnﬂzeU (14)

Using Lemma and the fact that d¢ and d¢~' are bounded above, we
obtain that there exists a constant C’ such that for every n > 1,

19igllw, < C'p". (15)
Corollary 3.6.1. There exists a constant C' such that for every n > 1,
|0g(2)| < C"p", for all z € U,.



HEDGEHOGS IN HIGHER DIMENSIONS AND THEIR APPLICATIONS 13

Proof. The proof follows directly from . For completion, we give the
details below. Let z = z + iy and g(z,y) = s(x,y) + it(x,y). We have

ds 0 ot 0 0s 0 ot 0
dgz (az) = a_ a_ A

= oos Towor M -0 =5 5t 5 o

The standard complex structure on C satisfies the relations in Equation @D,
SO we compute

. 0s Ot 0 (0t 0s\ O
(dgz 06z —ig(z) 0 dg) (0:) = (81/+8:c>8's+<8y_6:c> o

. ot 0s\ 0 ds Ot\ 0
(moic=iwr s 0 = ~(5-5) 5+ (55 + ) o

Using Equation , the complex 0-derivative of g is

Hg = 1 @ _ ﬁ +3 ﬁ 4 @
9= 5\ bz oy ox 0Oy) )’
By inequality (15), [[(9:9)-(9:)|| and [|(9;9)-(8,)|| are bounded above by
C'p™ for z € U, which implies that |0g(z)| < C’p™ for all z in U,. O

4. QUASICONFORMAL CONJUGACY

4.1. Preliminaries. In this section we give a brief account of quasiconfor-
mal homeomorphisms. We refer to the classical text of Ahlfors [ALl] for
a thorough treatment of quasiconformal maps. Let U,V be two open sets
of C and ¢ : U — V be a homeomorphism such that i belongs to the
Sobolev space VVI})(?(U ) (that is, ¢ has distributional first order derivatives
which are locally square-integrable). Let K > 1. The map v is called
K-quasiconformal if

- K-1
<
00 < 100l

almost everywhere.

Quasiconformal homeomorphisms are almost everywhere differentiable. If
1 is quasiconformal, then 9¢ # 0 and Jac(y)) > 0 almost everywhere. The
complex dilatation of ¢ at z (or the Beltrami coefficient of 1) is defined as

0v(2)
wy(z) = .
We have ||jty]/cc < 1, where || - ||o is the essential supremum. The number
1+ |py(2)]
K, 2) = -———
1= py(2)]

is the conformal distortion of g at z (or the dilatation of g at z). Clearly
1]l < 1 is equivalent to K (1, z) < co almost everywhere.

By Weyl’s Lemma, if ¢ is 1-quasiconformal, then it is conformal (i.e. if
O = 0 a.e. then 4 is conformal). The composition of a Kj-quasiconformal
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homeomorphism with a Ks-quasiconformal homeomorphism is Ky Ko-quasi-
conformal. The inverse of a K-quasiconformal homeomorphism is also K-
quasiconformal. Using the chain rule for complex dilatations, we note that
if p1y = p, almost everywhere, then the composition 1) o o~ 1 is conformal.

Each measurable function p: V' — C with [|p]|e < 1 is called a Beltrami
coefficientin V. If p: V' — C is a Beltrami coefficient, then the pull back of
w under 1 is a Beltrami coefficient in U, denoted by 9*u.

4.2. Quasiconformal conjugacy to an analytic map. Let U, U’ be open
sets of C and ¢ : U — U’ be the orientation-preserving C! diffeomorphism
on a neighborhood of U with g(0) = 0, constructed in Section In this
section, we will show how to change the complex structure on U, in order
to make the function g analytic.

For n > 0, consider the sets

n n
U, = ﬂ g*(U) and U_, = ﬂ g . (16)
k=0 k=0
The set U, is the of points from U such that the first n backward iterates
remain in U. The set U_,, consists of the points of U whose first n forward
iterates belong to U. Note that Uy is equal to U. Moreover U,1 C U,
and U_(,41) € U—_p, for all n > 0. The set X from Equation @ is equal
to Us, and g~ }(X) C X. Note that the sets U,, and X have already been
introduced in Section [3, as the preimages of the sets W,, and A from the
center manifold W . under the parametrizing map ¢.
From the definitions given in Equation we have the following invari-
ance properties.

Lemma 4.1. For every n > 0, we have:
a) gin(Un) = U—n
b) gfl(UnH) C Up and g(U_(n41)) C Uy,
c) gJ(U_n) =U;N U,(n,j), for0<j<n.

Proof. The set equalities
FU) =g ) =N (g U)=U;nU_(ny)
k=0 k=0

can be used to prove part c¢). Taking j = n yields part a). The first inclusion
in part b) follows from the fact that g(U,) N U = U,+1, while the second
relation is obtained from part c¢) by taking j = 1. ([

Let og denote the standard almost complex structure of the plane, rep-
resented by the zero Beltrami differential on U. The following lemma is a
restatement of Corollary in the language of Beltrami coefficients.
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Lemma 4.2. There exist p < 1 and M independent of n such that

sup |pg(z)| < Mp"™, for alln > 0.
ZeUn

For each positive integer n, let pgn : U_, — C be the restriction of the
pullback (¢™)*o¢ to the set U_,,. This is the Beltrami coefficient of the n-th
forward iterate g™ on the set U_,.

Lemma 4.3. There exists a constant k < 1, such that for all integers n > 0
we have

lpgn (2)| < k, for all z € U_y,.

Proof. Let n > 0 and 2z € U_,,. Let z; = ¢(2) for 0 < j < n denote the
j-th iterate of z under the map g. By Lemma c), zj € Uj for 0 < j < n.
We want to show that the dilatation K(g",z) is bounded by a constant

independent of n and the choice of z. Recursively using the classical relation
(see [Abl])

K(feog,z) < K(f,9(2)) K(g,2),

we get the following estimate
n—1
=0

By definition and Lemma [4.2] we have

L1+l 1+ My
Ko=) = TG = 1=

Since p < 1, we can choose jo such that Mp/ < 1/3, for j > jo. Then
K (g, z) is bounded above by 1+3Mp/, for j > jo. The product of the first
Jo terms in Equation is bounded by a constant C. This is an immediate
consequence of the fact that g is injective and orientation-preserving on a
neighborhood of U, thus ||f4]|« is bounded away from 1. For n > jo we get

n—1
K(g"z) <C [ (1 +3Mp).
J=jo
The infinite product [](1 + 3Mp’) is convergent. There exists a constant

M’ such that K(g",z) < M’ for all points z € U_,, and all n > 0. Thus
lpgn(z)] < (1 —M")/(1+ M) on U_,. O

For n > 0, let o, : U, — C be the restriction of the pullback (¢g~"™)*oq to
the set Uy,. This is the Beltrami coefficient of the n-th backward iterate g="
on the set U,. We write 0, = py-n for simplicity. The map ¢g" : U_,, — Uy
is bijective. In fact, the measurable function o, is the push forward of o
under ¢g", also written as o, = (¢").00.
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From the standard properties of Beltrami coefficients we have

_ 9g(z) 2 —1(,
1) == (P22 iyt~ 2

0 |11 (2)] = lg(g~1(2))]- Tt follows that |ty (2)| = |ugn (g~ (=), for all
z € U,. By Lemma [4.3| we get [|oy[|oc < &, for all n > 0.

By a result of Sullivan [Su], a uniformly quasiconformal group is conjugate
to a group of conformal transformations. We will give a direct proof of this
property in our situation:

Theorem 4.4. The map g_1

an analytic map.

: Uy — U_q is quasiconformally conjugate to

Proof. Consider the measurable function p: U — C, given by

on on Uy, —Uytq, forn >0
M_{ oo on X. (18)
Then |[¢]lcc < 1 by Lemma and the observation above. Thus p is a
Beltrami coefficient in U. Moreover, by construction, x is ¢! invariant, i.e.
(97Y)*u = p on Uy. The standard almost complex structure is ¢! invariant
on X, since g = 0 on X by Lemma which implies that p1,-1 =0 on X,
by Definition and the fact that ¢~ (X) C X. The Beltrami coefficient
pis g~ 1 invariant on U; — X by construction. To see this, let n > 0 and pick
any point z € U, — Up41. Then p(z) = o,(2) on Uy, — Uy, 1(2) = op—1(2)
on U,_1 — U,, and

g_l(Un - Un+1) CUp1—U,
by Lemma b). We have the following sequence of equalities

(g7 u(2) = (97 ) on-1(2) = (97 00(2) = 0n(2) = (=),
which shows that (¢~ !)*u = on Uy — X as well.

By the Measurable Riemann Mapping Theorem, there exists a quasicon-
formal homeomorphism ) : U — C with complex dilatation p,, equal to the
Beltrami coefficient . We choose ¢ such that 1(0) = 0. Let Q = ¢(U_;)
and € = ¢(U;) and consider the map h: Q — Q', h =1 ogot~! asin the

diagram below
-1

(U1, (g7 ) —2— (U_1,p)

o |v
o I 0

The map v o g~' is a composition of two quasiconformal maps, hence

quasiconformal. It has complex dilatation pi0e-1 = (g7Y)*u = p. Since
Hapog—1 = Hyp, the maps h and h™l =4 og ' oy~ are conformal.

The conjugacy map v is analytic on the interior of X, since the Beltrami
coeflicient p on X is equal to the standard almost complex structure og. [
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4.3. Proof of Theorem [A] Let f be a holomorphic germ of diffeomor-
phisms of (C2,0) with a semi-indifferent fixed point at the origin. Let
A = €2 be the neutral eigenvalue of 0. The restriction of the map f
to the center manifold, f : W — W' is conjugate to the map g : U — U’ by
a C'-diffeomorphism ¢. By Theorem and eventually replacing U with
U_1, the map g : U — U’ is conjugate to an analytic map h : (2,0) — (€',0)
by a quasiconformal homeomorphism .

Let A be defined as in Equation (5). By Proposition , the interior of
the set A is a (not necessarily connected) complex submanifold of C2. To
show that the conjugacy map ¥ o ¢! is analytic on the interior of A, we
first recall from Corollary that ¢ : int(X) — int°(A) is holomorphic,
where X = ¢~!(A). From the proof of Theorem it follows that map
1 is analytic on the interior of the set X. So the composition v o ¢~ is
holomorphic on int“(A).

The last thing we need to show is that A’(0) = A. The map d¢~—! maps
the complex eigenspace £ of the eigenvalue A to the complex tangent space
ToU. The action of dfp on £ is multiplication by A and dgo = d¢, Lodfyodgy,
S0 dgp as a real matrix is just a rotation matrix of angle 6. Since the tangent
space ToU is complex, we can view dgg as a complex function, which means
that ¢’(0) = \.

Remark 4.5. It is well-known that the multiplier of an indifferent fized
points is a quasiconformal invariant (even a topological invariant by a the-
orem of Naishul [N]). Namely, if g1 and go are two quasiconformally con-
Jugate (topologically conjugate) holomorphic germs of (C,0) with indifferent
fized points at the origin, then g1 (0) = g5(0). We cannot use this fact in our
setting to conclude that ¢'(0) = h'(0), because the map g is not holomorphic.

To show that the two rotation numbers coincide, we use a generaliza-
tion of Naishul’s Theorem in 1D, due to Gambaudo, Le Calvez, and Pécou
[GLP], which says in particular that the multiplier at the origin is a topo-
logical invariant for the class of orientation-preserving homeomorphisms of
the plane which are differentiable at the origin and for which the derivative
at the origin is a rotation.

Alternatively, to show that h’'(0) = A, we can use the hedgehog con-
structed in [FLRT]. Let V' be a neighborhood of the origin in W¢ . compactly
contained in W. Let K be a compact, connected, and completely invariant
set for f given by Theorem such that 0 € Ky and KyN9oV # 0. By con-
struction Ky C V and Ky is full in W¢_ (that is, W) — K is connected). As
in [ELRT], we can associate to (f, Kf) an orientation-preserving homeomor-
phism f of the unit circle, with rotation number #, by uniformizing the com-
plement of K inside the global center manifold W¢(0) identified with R?, by
the complement of the unit disk in C. The set K, = woqb_l(Kf) is a nontriv-
ial compact, connected, full, and completely invariant set for h, containing
the origin. Moreover, K}, intersects the boundary of V'’ = ¢ o ¢~ (V). By
[PM1l Lemma II1.3.4], we can associate to (h, K},) an orientation-preserving
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diffeomorphism £ of the unit circle, with rotation number ¢, the argument
of h'(0). The conjugacy map 1o ¢~ is uniformly continuous on a neighbor-
hood of K. Therefore it defines a homeomorphism from the set of prime

ends of W¢(0) U {oo} — K to the set of prime ends of C — Kj,. We use this

to obtain a conjugacy between the homeomorphisms f and h on the unit
circle. Hence they have the same rotation number 6 = ¢’.

5. DYNAMICAL CONSEQUENCES OF THEOREM [A]

In this section we give the proofs of the remaining theorems stated in the
introduction.

Clearly, Theorem [B] respectively Corollary follows from Theorem [2.3]
respectively Corollary by applying Theorem [A] We now proceed with

the proofs of Theorems [C] D] [E] and Corollary

Proof of Theorem |C| Consider a domain B’ C C? such that B, f(B) are
compactly contained in B" and f is partially hyperbolic on B’. Let W _ be
a center manifold of 0 constructed with respect to the bigger set B’. Let
H C B be a hedgehog for f such that X NIB # 0. Set W = W<, N B. By
Theorem the map f|w is quasiconformally conjugate to a holomorphic
map h: Q — @, where Q and €’ are domains in C with C'-boundary. Let
¢ : W — Q be a quasiconformal conjugacy.

Consider a point « € B, which does not belong to W}** (H). Suppose that
f™(xz) € B for n > 1. By the shadowing property from Proposition there
exists y € WS — H such that f"(y) € WS for all n > 1 and the orbit of
y shadows the orbit of . Clearly the w-limit set of x is the same as the
w-limit set of y. The set K = ¢(H) is a hedgehog for h. The point z = ¢(y)
does not belong to K. However, f"(z) € Q for all n > 0. By Theorem
w(z)NK = 0. It follows that w(x) N H = 0.

A similar argument shows that if z € B—H and f~"(z) € Bforalln > 1,
then a(z) NH = 0. O

Proof of Theorem [D] Suppose that f is conjugate in a neighborhood of the
origin to the map f(z,y) = (Az, u(z)y). For some small 7, the disk I, x {0}
is invariant under f , therefore there exists an embedded holomorphic disk
A which is invariant for the dynamics of f. All local center manifolds must
contain A, therefore 0 € A C H.

Conversely, suppose that 0 € int®(#), the interior of H relative to a center
manifold. Let A be the connected component of int®(#) which contains 0.
By the properties of the hedgehog H from Theorem the set A is open,
bounded, simply connected, with f(A) = A. By Proposition the set A
is an analytic submanifold of C? of dimension 1, hence it is biholomorphic
to the unit disk D. Choose a biholomorphism ¢ : D — A with ¢(0) = 0, and
set g := ¢ tofop. The map ¢ : D — D is an automorphism of the unit disk,
satisfying ¢(0) = 0 and ¢'(0) = A, |\| = 1, hence by the Schwarz Lemma we
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can conclude that ¢ is a rotation, g(z) = Az for all z € D. Therefore, the
restriction of f to A is linearizable.

We will show that the map f in conjugate in a neighborhood of the origin
in C? to a linear cocycle (x,y) — (Az, u(z)y), in a two-step argument. In
the first step, we conjugate f to a skew product (z,y) — (Az,v(z,y)), where
v is a nonlinear cocycle, using ideas from [BS| Proposition 6]. In the second
step we show how to reduce the nonlinear cocycle to a linear one.

Step 1. We conjugate f to a map of the form

F(z,y) = (A, v(z,9)), (19)
where
v(z,y) = py (Bo(z) +yBi(z,y)),
for some holomorphic functions By(-) and Bj(+,-) with By(z) = 1+ O(x).

The parametrizing map ¢ : D — A, ¢ = (¢1, ¢2), is a biholomorphism,
hence (¢} (x), ¢h(x)) # (0,0) for all € D. There exists two holomorphic
maps ¢ and g2 such that ¢ (z)g(x) — ¢h(x)q1(z) = 1 for all z € D. Let
s:D x C — C? be given by s(z,y) = (¢1(z) + ya1(2), d2(z) + yg2(x)), and
set F:= s 1o fos. The maps s and F are local diffeomorphisms in a
neighborhood of the disk s~!(A) = D x {0}, since det ds(z,0) = 1 for all
x € D. Moreover F(D x {0}) =D x {0} and F(z,0) = (Az,0) for all z € D.

Consider the strong stable set W (A) of A with respect to a small neigh-
borhood A of A and let V = s~} (W5 (A)). The strong stable set W (A)
consists of point from N which converge asymptotically exponentially fast
to the invariant disk A. In Step 1, we show how to straighten the foliation
of the local strong stable set of A so that the local strong stable manifolds
W (x), © € A, become vertical. By construction, F(V) C V. The se-
quence of iterates {F"|y }n>0 is a normal family. Therefore there exists a
subsequence of iterates I which converges uniformly on compact subsets
of V' to a holomorphic map p: V — D x {0}. One can in fact choose the
subsequence n; as in [B] so that the map p is a retract of V onto the invari-
ant disk D x {0}, that is, p(z,0) = (z,0) for all z € D. By construction, p
commutes with the map F', so we have

poF(z,y) =Fop(x,y)=p(z,y).

Consider the map H(z,y) = (p(z,y),y) which leaves the disk D x {0}
invariant and is invertible in a neighborhood of this disk since 9;p(z,0) = 1.
By replacing F with H o F o H™', we may assume that F is linear in the
first coordinate and therefore has the form given in Equation .

Step 2. Next we show that F is conjugate to f(x,y) = (Az, u(x)y), where
u(x) = p+ O(x) is a holomorphic function.

Let F™(z,y) = (A\"x,vn(x,y)) denote the n-th iterate of F', where v, is
holomorphic and v, = v,_10F, for all n > 1. By convention, vy = v. Using
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this recurrence relation, we find
n—1
va(z,y) = 1"y [ [ (Bo(Nz) + vj(x,y) B (F/ (2,y))) . (20)
§=0
for all n > 1.
Note that partial derivative of v with respect to y has the form

8yV(£E, y) =K (BO(x) +yCy (xv y)) )
for some appropriate holomorphic function C;. By direct computation, we
obtain
Oyvn = (Oyvn-10F) - Oyv
which yields

n—1
Oyvn(z,y) H OV (F' (z,y)) = p" H (Bo(Nz) + vj(z,y)C1(F (z,9)))
J=0 j=0

for all n > 1. Note that v;(x,0) = 0 for all j > 0. Also u # 0 since F' is a
local diﬁeomorphism Hence, when y = 0, the formula above simplifies to
Oy (z,0) = p™ T2 o Bo(M x) We will show that the infinite product

Vn(x ) o V'(:Ev )B (Fj(x’ ))
ot = i 2 20 = ] (142555

is uniformly convergent in some neighborhood V' C C? of 0. Using the local
dynamics, we can choose a sufficiently small neighborhood V' of the origin so
that F'(z,y) € V whenever (z,y) € V. There exists a constant M > 0 such
that |By(x)| < 1+ M|z| and |By(z,y)| < M throughout V. Since |u| < 1, we
can choose V small enough so that the following technical condition holds:

M2 (1 + [ M+ [y[M) < 1, (22)
for all (z,y) € V.
Lemma 5.1. |v,(x,y)| < |u|™/?|y| for all n >0 and for all (z,y) € V.
Proof. We proceed by induction. From the definition of v and assumption
, for n = 0 we get

o, y)| < |ullyl(1+ |2|M + [y| M) < |p]?]y].

Let n > 1 and suppose that |v;(x,y)| < |u/?|y| for all 0 < j < n — 1. By
Equation and the fact that |A\| =1 and |p| < 1 we have

n—1
n(a, )| < [yllu™? TT 112 (1 + 2| M+ [y[M) < Jyl|ul?,
§=0
which concludes the proof. O

The germ F' is a local diffeomorphism, so the Jacobian is bounded away
from 0. Thus there exists a constant x > 0 such that |By(x)| > « for all
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z € A. Using Lemma we find that the infinite product is bounded
above by

yl TT (1 + v, p)IMe) < ol [ ] (1 + ,N,j/2Mﬁ—1> .
J=0 =0

This shows that the product from Equation is convergent, uniformly
on U.
From the definition of v,, we have

Vi (2y) vz v(z,y))
Oynt1(z,0)  Oyvn(Az,0) - Oyv(z,0)
By letting n — oo we see that the map 1 satisfies the equation

Let U(z,y) = (z,¢(z,y)) and f(z,y) = (M, uBo(z)y). The map ¥ is a
holomorphic function on a neighborhood of the origin with ¥(0,0) = (0, 0),
which conjugates F to f. For simplicity, we denote uBo(z) by u(x).

This step concludes the proof of Theorem ([

Assume as in Theorem [D] that the germ f is analytically conjugate to
f(z,y) = Az, p(z)y), for some holomorphic function u(z) = p+ O(x).
Since we work in the dissipative setting, we can topologically linearize f in
a neighborhood of the origin. Let us now discuss the analytic linearizability
of the germ f. The map f can be viewed as a linear cocycle.

As in [KK], we say that a cocycle h is reducible if it cohomologous to a
constant map, that is, if A satisfies the cohomology equation

h(z) = h(0) = o(Ax) — (), (23)

for some function ¢. The reducibility of h depends on finer arithmetic prop-
erties of the neutral eigenvalue .

Suppose that there exists a biholomorphic map (z,y) — (z,n(z)y) with
7n(0) = 1 which conjugates f to the linear map (z,y) — (Az, uy). The maps
w(x) and n(z) are not identically vanishing in a neighborhood of the origin,
so they have holomorphic logarithms h(z) = log(u(z)) and ¢(x) = log(n(z))
which must satisfy the cohomology equation (23)). If we compare the Taylor
series expansions of h(x) = log(u) + a1z + agx® + ... and ¢(z) = = + bix +
bow? +. .., we get a, = b,(A\" — 1) for n > 1. When A is not a root of unity,
we can solve for b, and obtain a formal series defining ¢.

The problem of convergence of the formal series for ¢ is strongly related
to how fast A\ — 1 approaches 0. Let A = €™ o ¢ Q and let p, /g, be the
convergents of o given by the continued fraction. If X\ satisfies the Brjuno

condition,
lo
Z 08 nt1 _ 0, (24)
>0 dn
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then by [Brj] we have a convergent power series for ¢. On the other hand,
for general functions p(x) and neutral eigenvalues A which are not roots of
unity and do not satisfy the Brjuno condition, small divisor problems could
prevent the existence of solutions of the cohomology equation (23)).

Non-linearizable germ with a Siegel disk. Let o be an irrational angle

such that

lim sup({na})~ /"

n—oo

where {na} denotes the fractional part of na. Set A = ¢*™®. As in [M], the
arithmetic condition imposed on « is equivalent to

= 00,

limsup [A" — 1]7/" = c0.
n—oo

Assume that the power series expansion of h(x) = log(u(x)) has radius of
convergence 0 < R < oo. Since b, = a,(A\" — 1)~! for n > 1, it follows
that the radius of convergence of the formal series expansion of ¢ is 0,
which shows that there is no holomorphic function ¢ satisfying . As a
concrete example, let A be chosen as above, and let p(z) = pe® =% with
|| < 1. Then f(z,y) = (A\z, u(x)y) is an example of a local diffeomorphism
which has a Siegel disk containing 0 and which cannot be linearized in a
neighborhood of the origin in C2.

The next two proofs in this section deal with the case of polynomial
automorphisms of C2.

Proof of Corollary If f is a polynomial automorphism of (C2,0)
then it has non-zero constant Jacobian, equal to the product Au of the
two eigenvalues of dfy. By Theorem E 0 € int®(H) if and only if f is
analytically conjugate to a holomorphic map f(z,y) = (Az,u(x)y). Any
conjugacy function constructed in the proof of Theorem [D] has the property
that the determinant of its Jacobian matrix restricted to the invariant disk
D x {0} is 1. This is obvious for the conjugacy maps considered at Step 1.
For the coordinate transformation ¥ from Step 2, this property follows from
the fact that

which is equal to 1 when y = 0. Therefore det df |DX{0} is constant and
equal to Ap. Tt follows that p(z) = u for all z € D, so f is a linear map. [

Proof of Theorem Let f be a polynomial diffeomorphism of C? with
an irrationally semi-indifferent fixed point at the origin. Since f is assumed
non-linearizable in a neighborhood of the origin in C2, by Corollary we
know that 0 ¢ int®(#), the interior of H relative to a center manifold W .
By Theoremlﬂ7 the restriction of f to W _ is quasiconformally conjugate to a
holomorphic diffeomorphism & : (€2,0) — (€',0), h(z) = Az+O(z?). Denote
by ¢ : WS, — Q the conjugacy map and by K = ¢(#) the corresponding
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hedgehog for h. It follows that 0 ¢ int(K'), which is equivalent, by Theorem
to the fact that h is non-linearizable as well. By [PM3], the interior of a
non-linearizable hedgehog is empty, therefore int®(H) = (). Hence H belongs
to the Julia set J.

Suppose there is a wandering component converging to 4, and choose any
interior point z of the wandering component. Then for n sufficiently large,
we may assume that all points f"(z) € B, a neighborhood of the origin, and
w(z) € H. This contradicts Theorem O

We conclude this section with the proof of Theorem [F], which discusses
germs with a semi-parabolic fixed point at the origin.

Proof of Theorem Let B C C? be a ball containing 0 such that f is
partially hyperbolic on a neighborhood B’ of B. Let W . be any local center
manifold of 0, constructed relative to B’. By the weak uniqueness property
of center manifolds, ¥p C W, where Y is defined in Equation . By
Theorem @, the map [ restricted to Wi _ is quasiconformally conjugate to
an analytic map h : (©,0) — (€,0), where Q,Q are domains in C. By
Corollary the quasiconformal map ¢! is holomorphic on the interior
of A rel Wi, for the set A defined in . Therefore ¢! is holomorphic on
the set ¥, since ¥ p belongs to the interior of A rel W .

By Theorem[A] the map h has a parabolic fixed point at 0, with multiplier
A, so it is conjugate to a normal form

h(z) = \z + zuq+1 +az2uq+1 + O(z2uq+2)_

By the Leau-Fatou theory of parabolic holomorphic germs of (C,0), h
has v cycles of ¢ attracting and q repelling petals, containing 0 in their
boundary. On each repelling petal Prep,, there exists an outgoing Fatou
coordinate ¢° : Prep — C, which satisfies the Abel equation ¢°(f?) = ¢°+1,
that is, it conjugates f? to the translation z — z 4+ 1 on a left half plane.

The repelling petals for f are just the pull-back of the repelling petals for
h under the holomorphic map ¢~!|s,, and on each such repelling petal we
have a holomorphic Fatou coordinate ¢° o ¢~ 1. U

We define the parabolic basin of 0 with respect to the neighborhood B as

Bpar(0) ={z € B: f"(z) € BVn €N, and f"(x) = 0 as n — oo}.

Note that this has complex dimension two. Therefore we cannot use the
same strategy as in the proof of Theorem [F] to construct incoming Fatou
coordinates, since the conjugacy map ¢! is only quasiconformal on the set
one-dimensional slice Wy . N Bpar(0).

6. A GENERALIZATION FOR GERMS OF (C",0)

In this section we consider holomorphic germs f of diffeomorphisms of
(C™,0) such that the linear part of f at 0 has eigenvalues \;, 1 < i < n,
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with [A\x| =1 and
0< M| < o< M1 < T< M| <0 < Al (25)

for some k between 1 and n.

The presence of the neutral eigenvalue permits the existence of a rich type
of local invariant sets and induces more complicated local dynamics.

The tangent space at 0 has an invariant splitting into three subspaces
ToC" = E§ @ E§ © Ej, of dimensions k — 1, 1, and respectively n — k. Ej
is strongly contracted and Ej is strongly expanded by df, and the center
direction Ef is the eigenspace corresponding to the neutral eigenvalue A.
When k # 1 and k # n, f is partially hyperbolic (in the narrow sense)
(see [HP], [CP]). Partial hyperbolicity is an open condition which can be
extended to a suitable neighborhood of the origin.

Let B’ a small ball containing the origin. As in Section |3| we explain in
terms of invariant cone fields what it means for f to be partially hyperbolic
on B’. Let E be a subspace of T,C" and denote by

Cy(E,a) ={veT,C" L(v,F) < a}

the cone at = of angle « centered around FE.

There exist (not necessarily invariant) continuous distributions E®, E°
and EY, extending Ej, E§, Ej, such that T,C" = E; © ES © EY for any «
in B'. Let E¢° = ES® ES and ES* = ES @ EY. There exist invariant cone
families of stable and unstable cones

C; = Cu(E7 a), Cf=Co(Er, )
and center-stable and center-unstable cones
Cr = Co(ES, a), CFF = Co(ELY, a)
such that
dy f7H(C3) CInt CFa(,y U{0},  duf(Cy) CInt CF,y U {0}
dy f7HCE) C Int C;il(z) U {0}, d. f(CS*) C Int C;%m) U {0}

and there are constants 0 < ps < prey < 1 < pies < g such that pie, < pics,
|[Ak—1] < s, [Ag+1]| > pu, and the following inequalities hold:

ldfz()| < psvll, forveCs
ldfz(v)|]| < pes||v]], forveCS
ldfe()l| > g0, forveCy
ldfz(v)|| > peu|v]], forveCS*

The fact that f is partially hyperbolic on the set B’ implies that there
exists local center-stable manifolds WZ* and center-unstable manifolds W%
of class C', tangent at 0 to the subspaces E§® and respectively to Eg". By
intersecting the local center-stable and the local center-unstable manifolds,
one shows the existence of center manifolds W of class C', tangent at 0

to the eigenspace Ej of the neutral eigenvalue A\;. A local center manifold
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is the graph of a C! function s : E§ N B — E§ @ EY, and is locally
invariant, in the sense that f(W(.) N B" C W, The center manifold
is not unique in general, but all center manifolds defined with respect to
the ball B’ must contain the set of points which never escape from B’ under
forward and backward iterations. A weak uniqueness property can therefore
be formulated as follows: if f"(z) € B’ for all n € Z, then x € W, _.

For the rest of the section, fix a local center manifold W defined with
respect to the ball B’. We show that the map f restricted to W _ is qua-
siconformally conjugate to an analytic map, in a two-step argument. Most
of the analysis will be similar to Sections [3] and [£.2] so we refer the reader
to these sections for most proofs, and we will only outline the differences,
whenever they occur. We prove the following:

Theorem G. Let f be a holomorphic germ of diffeomorphisms of (C",0).
Suppose dfy has eigenvalues Aj, 1 < j < n, with |\i| = 1 for some k and
|\j| # 1 when j # k. Let WE_(0) be a Ct-smooth local center manifold of the
fized point 0. There exist neighborhoods W, W' of the origin inside W _(0)
such that f : W — W' is quasiconformally conjugate to a holomorphic
diffeomorphism h : (2,0) — (€,0), h(z) = Mz + O(22), where Q,Q C C.

Moreover, the conjugacy map is holomorphic on the interior of Z rel
WE(0), where Z is the set of points that stay in W under all forward and
backward iterations of f.

Remark 6.1. Note that if |[\g| =1 and |N\;| < 1 for all j # k or |X\;| > 1
for all j # k, then the proof is identical to the proof of Theorem[4]

It is worth mentioning that the set Z from Theorem [G] belongs to the
intersection of all center manifolds defined relative to the ball B’.

Denote by J the standard almost complex structure of C". Consider a
ball B containing 0, such that B C B’. We first endow the two-dimensional
real manifold Wy = with a C'-smooth almost complex structure J’, induced
by the restriction of the Riemannian metric of C" to W . By integrating
the almost complex structure J', we show that the map f on W = W¢ _NB
is conjugate to a map g : U C C — C of class C!, via a (J, i)-holomorphic
conjugacy map ¢, as in the diagram below:

wo— W

o] o
v 2 v
We will estimate how far g is from being an analytic map by measuring
how far the tangent space T, _ is from being a complex subspace of T,,C",
when z € W. To carry on the analysis, we fix some notations for the
dynamically relevant sets for f and g. For each n > 0, let W,, (respectively
W_,,) be the set of points whose first n backward (respectively forward)
iterates remain in W. Similarly, we define the sets U, = ¢ '(W,) and
U_, =¢ Y(W_,) for the map g.
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With these notations, W, and W_, represent the set of points from
W that do not escape from B under backward, and respectively forward
iterations. Let Z := Wy NW_4. For simplicity, let X = Uy and Y = U_,

Proposition 6.2.

a) The tangent space T,W{ . at any point x € Z is a complex line E
of T,C". The line field over Z is df -invariant.

b) There exists p < 1 such that for all integers m,n > 0 and for all
zeW,NW_, and v € T,W{_ the following estimate holds

Angle (T, WG, Spanc{v}) = O <pmi“(m’")) )

Proof. Part a) follows from the fact that for x € Z

TiWise = | [} dff-nCinie | 0| () 7l Choce |

n>0 n>0

and the counterpart of Proposition which is straightforward. For part b)
we observe that since x € W,,, the tangent vector v belongs to df- - n(x)CJS“ " ()

which, by Remark is a cone of angle opening a; = O(p") inside CS*,
centered around ES“. Similarly, since x € W_,,, the tangent vector v be-
longs to df f,fzx cs, m (z)> Which is a cone of angle opening as = O(p™) inside
CS?, centered around E¢°. Hence v belongs to the complex cone centered
around E€, of angle less than the maximum of the angles oy and as. As in

the proof of Proposition it follows that both T, W . and Spanc{v} are
included in this cone. g

Corollary 6.2.1. Let int°(Z) denote the interior of Z relative to W . The
set int°(Z) is a complex submanifold of C" of complex dimension 1. The
conjugacy map ¢ = int(X NY) C C— int°(Z) C C" is holomorphic.

Lemma 6.3. There ezists a constant C' such that for every m,n > 1,
10 fll e, < Cp™@ ™),

where Oy f is the derivative of f with respect to the almost complex structure

1 C
J"on Wy .

The proof of this lemma uses Proposition The argument is the same
as in the proof of Lemma so we omit it here.

Proposition 6.4. There exists a constant C' such that for every m,n > 1,
18g(2)| < Cp™n0mm) - for all z € Uy NU_yp,
Proof. The proof follows from Lemma and Corollary O
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In terms of Beltrami coefficients the proposition above implies that there
exist p < 1 and M independent of m,n such that

sup  |pg(2)| < Mp™nmn) - for all m,n > 0. (26)
zeU,NU_

Corollary 6.4.1. 9g =0 on X NY.

Note that in Section [3| we obtained that the d-derivative of g is 0 on the
entire set X, whereas when we have stable, neutral and unstable eigenvalues
we can only show that the d-derivative of g is 0 on X NY.

Let 0y denote the standard almost complex structure of the plane, repre-
sented by the zero Beltrami differential. For n > 0, consider the Beltrami
differential o,, on U,, given by o, = (g7 ")*0o. Similarly, we define the
Beltrami differentials o_,, on U_,, by o_,, = (¢")*0p.

Lemma 6.5. There exists a constant k < 1, such that for all integers n > 0
lonlloo = llo-nllec < -

Proof. Let z € U_,,. Let z; = ¢’(z) for 0 < j < n denote the j-th iterate of
z under the map g. By Lemma part c), we know that z; € U; NU_(
for all 0 < 5 < n. Hence, by Equation ,
sup  |pg(2)] < Mp™mnTI) 1 <G <.
ZEUjﬁU_(n_j)
As in the proof of Lemma we show that the dilatation K(g",z) is
bounded by a constant independent of n and the choice of z. We have

n—j)

n—1
K(g"2) <[] K(g,2), (27)
§=0
where K(g, ;) = 1+ O (p™"0"=4)) and the conclusion follows. O

We now use the estimates obtained on dg to prove the following theorem.

Theorem 6.6. The map g~ : Uy — U_y is quasiconformally conjugate to
an analytic map.

Proof. Consider the measurable function y : U — C, given by
on onU, —Upqq, forn>0
=< 0_pn onXnN (U_n — U,(nﬂ)) , forn>0
0o on XNY.
Then ||pt]|oc < 1 by Lemma Thus p is a Beltrami coefficient, which is
g~ ! invariant by construction, i.e. (¢ !)*u = g on U;. The set X NY is
forward and backward invariant so (¢~1)*0g = 0¢9 on X NY, by Corollary
The invariance of p on U — X is discussed in the proof of Theorem [.4]
The only new case to check is whenn > 0 and z € X N (U,n — U—(n+1))-
By Lemma
9 (XN (Un = U-(ni1))) C XN (U1 = U-n) -
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We have the following sequence of equalities

(7)) o—n(2) = (7") (9" 00(2) = 0 (n—1(2),

which shows that (gfl)* p=pon X —Y as well.
The Measurable Riemann Mapping Theorem concludes the proof. ([

We proved that f: W — W' is quasiconformally conjugate to a holomor-
phic diffeomorphism A : (©2,0) — (€,0), where Q,Q" Cc C. By Corollary
and Theorem it follows that the quasiconformal conjugacy map is
holomorphic on the interior of Z, the set of points that remain in W under
all forward and backward iterates of f. The fact that h(z) = \pz + O(2?),
where )\ is the neutral eigenvalue of dfy, follows from the generalization of
Naishul’s theorem due to Gambaudo, Le Calvez, and Pécou [GLP]. This
concludes the proof of Theorem [G]

As a direct consequence of Theorem [G] we obtain the following general-
ization of Naishul’s theorem to higher dimensions, which is of independent
interest.

Theorem 6.7. Let fi and fo be two holomorphic germs of diffeomorphisms
of (C",0). Forj = 1,2, suppose the derivative of f; at the origin has exactly
one eigenvalue \j with |\;| = 1. If fi and fa are topologically conjugate by an
orientation-preserving homeomorphism which fizes the origin, then A\ = As.

Proof. By Theorem |§|, the map f; is conjugate to an analytic map h; with
h;(O) = \j, for j = 1,2. The holomorphic germs hy and hs are topologically
conjugate, since fi; and fo are topologically conjugate. By Naishul’s theorem
[N], we have h}(0) = h%(0), thus A\; = Aa. O

Let H denote the connected component containing 0 of the set Z. Then
‘H is the hedgehog associated to the neighborhood B of the origin. Using
Theorem |G|and the local dynamics of the holomorphic germ h of (C,0) with
an indifferent fixed point at 0, we can further describe the dynamical nature
of the hedgehog.

If A\ is a root of unity, A\, = €*™P/4 and the parabolic multiplicity of
h at 0 is v, then the hedgehog H of f consists of 2vq holomorphic petals
Pinv, which are invariant under f? and f~9, and where points converge both
forward and backward to 0. In addition, when £ = n in Equation , we
can prove as in Theorem [F] the existence of holomorphic one-dimensional re-
pelling petals with holomorphic outgoing Fatou coordinates. When k # 1,n,
we can fix any center manifold H C W . and use the quasiconformal conju-
gacy to construct vq one-dimensional attracting and repelling petals in W ,
with the same regularity as the center manifold, consisting of points whose
forward, respectively backward, orbit is contained in Wi and converges to
0. However, the attracting/repelling petals will change as we change the
center manifold. To visualize the phenomenon better, one may think of slic-
ing the parabolic-attracting basin of 0 (of complex dimension k+1), and the
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parabolic-repelling basin of 0 (of dimension n — k + 1) with different cen-
ter manifolds. Theorem [G] also guarantees the existence of quasiconformal
incoming/outgoing Fatou coordinates ¢’/¢°, with holomorphic transition
maps ¢’ o (©°)~!: Py, — C.

If \p = €™ o ¢ Q, and h is linearizable at 0 (that is, analytically
conjugate to the rigid rotation z — Mgz in a neighborhood of 0 in C), then H
contains a holomorphic disk, called a Siegel hedgehog in our context. Lastly,
if the angle « is irrational and h is not linearizable at the origin, then H is
a Cremer hedgehog, with a complicated topology: H has no interior, and is
non-locally connected at any point different from the origin.
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