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HEDGEHOGS FOR NEUTRAL DISSIPATIVE GERMS OF

HOLOMORPHIC DIFFEOMORPHISMS OF (C2, 0)

TANYA FIRSOVA, MIKHAIL LYUBICH, REMUS RADU, AND RALUCA TANASE

Abstract. We prove the existence of hedgehogs for germs of complex
analytic diffeomorphisms of (C2, 0) with a semi-neutral fixed point at
the origin, using topological techniques. This approach also provides
an alternative proof of a theorem of Pérez-Marco on the existence of
hedgehogs for germs of univalent holomorphic maps of (C, 0) with a
neutral fixed point.

1. Introduction

Let α ∈ R\Q and let pn/qn be the convergents of α given by the continued
fraction algorithm. We say that α satisfies the Brjuno condition if∑

n≥0

log qn+1

qn
<∞. (1)

Brjuno [Brj] and Rüssmann [R] showed that if α satisfies Bjruno’s condition,
then any holomorphic germ with a fixed point with indifferent multiplier
λ = e2πiα is linearizable. The linearization is the irrational rotation with ro-
tation number α. Yoccoz [Y1] proved that Brjuno’s condition is the optimal
arithmetic condition that guarantees linearizability. If α does not verify in-
equality (1), then there exists a holomorphic germ f(z) = λz+O(z2) which
is non-linearizable around the origin, that is f is not conjugate to the linear
map z 7→ λz via a holomorphic change of coordinates. The origin is called
a Cremer fixed point.

The local dynamics of a non-linearizable map with a Cremer fixed point
is complex and hard to visualize. In the ’90s, Pérez-Marco [PM1] proved
the existence of interesting invariant compact sets near the Cremer fixed
point, called hedgehogs. Using deep results from the theory of analytic circle
diffeomorphisms developed by Yoccoz [Y2], Pérez-Marco [PM2, PM3, PM4]
showed that even if the map on a neighborhood of the origin is not conjugate
to an irrational rotation, the points of the hedgehog are recurrent and still
move under the influence of the rotation. Inou and Shishikura [IS] built
some models for the local dynamics near Cremer points for specific cases of
quadratic polynomials with high type rotation numbers using near-parabolic
renormalization.

In this paper we show the existence of non-trivial compact invariant sets
for germs of diffeomorphisms of (C2, 0) with semi-indifferent fixed points.
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The proof is purely topological and also provides an alternative proof for
the existence of hedgehogs in dimension one.

A fixed point x of a holomorphic germ f of (C2, 0) is semi-indifferent
(or semi-neutral) if the eigenvalues λ and µ of the linear part of f at x
satisfy |λ| = 1 and |µ| < 1. In analogy with the one-dimensional dynamics,
a semi-indifferent fixed point can be semi-parabolic, semi-Siegel or semi-
Cremer, according to the arithmetic properties of the neutral eigenvalue λ.
We say that an isolated fixed point x is semi-parabolic if λ = e2πiα and the
angle α = p/q is rational. If α is irrational and there exists an injective
holomorphic map ϕ : D → C2 such that f(ϕ(ξ)) = ϕ(λξ), for ξ ∈ D, we
call the fixed point semi-Siegel. Finally, if α is irrational and there does
not exist an invariant disk on which the map is analytically conjugate to an
irrational rotation, then the fixed point is called semi-Cremer. Note that in
the latter case α does not satisfy the Brjuno condition (1).

Let Es and Ec denote the eigenspaces of Df0 corresponding to the dis-
sipative eigenvalue µ and respectively to the neutral eigenvalue λ. Let B
be a neighborhood of 0 and Esx and Ecx not necessarily invariant continuous
distributions such that Es0 = Es, Ec0 = Ec, and TxB = Esx⊕Ecx for all x ∈ B.
We define the vertical cone Cvx to be the set of vectors in the tangent space
at x that make an angle less than or equal to α with Esx, for some α > 0.
The horizontal cone Chx is defined in the same way, with respect to Ecx.

The map f is partially hyperbolic on B (see Pesin [P]) if there exist two
real numbers µ and λ such that 0 < |µ| < µ < λ < 1 and a family of

invariant cone fields Ch/v on B,

Dfx(Chx) ⊂ Int Chf(x) ∪ {0}, Df−1f(x)(C
v
f(x)) ⊂ Int Cvx ∪ {0}, (2)

such that for every x ∈ B we have

λ ‖v‖ ≤ ‖Dfx(v)‖ ≤ 1/λ ‖v‖, for v ∈ Chx , (3)

‖Dfx(v)‖ ≤ µ ‖v‖, for v ∈ Cvx, (4)

for some Riemannian metric ‖ · ‖.
If f is partially hyperbolic on B, then the rate of contraction along Esx

dominates the behavior of Dfx along the complementary direction Ecx. This
domination ensures the existence of local center manifolds W c

loc(0) relative
to B as graphs of functions ϕf : Ec ∩B → Es, as discussed in Section 2.

Theorem A. Let f be a germ of holomorphic diffeomorphisms of (C2, 0)
with a semi-indifferent fixed point at 0 with eigenvalues λ and µ, where
|λ| = 1 and |µ| < 1. Consider an open ball B ⊂ C2 centered at 0 such that
f is partially hyperbolic on a neighborhood B′ of B.

There exists a set H ⊂ B such that:

a) H bW c
loc(0), where W c

loc(0) is any local center manifold of the fixed
point 0 corresponding to the neutral eigenvalue λ, constructed relative
to B′.

b) H is compact, connected, completely invariant and full.
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c) 0 ∈ H, H ∩ ∂B 6= ∅.
d) Every point x ∈ H has a well defined local strong stable manifold

W ss
loc(x), consisting of points from B that converge asymptotically

exponentially fast to x, at a rate � µn. The strong stable set of H
is laminated by vertical-like holomorphic disks.

We say that H is completely invariant if f(H) ⊂ H and f−1(H) ⊂ H.
The set H is full if its complement in W c

loc(0) is connected.
We call the set H from Theorem A a hedgehog. The most intriguing

case is when the argument of λ is irrational and H is not contained in the
closure of a linearization domain. This happens for instance, when the origin
is semi-Cremer. Theorem A is applicable to the local study of dissipative
polynomial automorphisms of C2 with a semi-indifferent fixed point.

The theorem generalizes directly to the case of holomorphic germs of
diffeomorphisms of (Cn, 0), for n > 2, which have a fixed point at the origin
with exactly one eigenvalue on the unit circle and n − 1 eigenvalues inside
the unit disk.

2. Center manifolds of the semi-indifferent fixed point

Let f : (C2, 0) → (C2, 0), f(x, y) = (λx + f1(x, y), µy + f2(x, y)) be a
holomorphic germ with a semi-indifferent fixed point at the origin. We also
refer to f as a neutral dissipative germ of (C2, 0).

The semi-indifferent fixed point has a well-defined unique analytic strong
stable manifold W ss(0) corresponding to the dissipative eigenvalue µ. It
consists of points that are attracted to 0 exponentially fast, and defined as

W ss(0) := {x ∈ C2 : lim
n→∞

µ−ndist(fn(x), 0) = const.}. (5)

The semi-indifferent fixed point also has a (non-unique) center manifold
W c

loc(0) of class Ck for some integer k ≥ 1, tangent at 0 to the eigenspace
Ec of the neutral eigenvalue λ. There exists a ball Bδ (where the size of δ
depends on k) centered at the origin in which the center manifold is locally
the graph of a Ck function ϕf : Ec → Es and has the following properties:

a) Local Invariance: f(W c
loc(0)) ∩Bδ ⊂W c

loc(0).
b) Weak Uniqueness: If f−n(x) ∈ Bδ for all n ∈ N, then x ∈W c

loc(0).
Thus center manifolds may differ only on trajectories that leave the
neighborhood Bδ under backward iterations.

c) Shadowing: Given any point x such that fn(x) → 0 as n → ∞,
there exists a positive constant k and a point y ∈W c

loc(0) such that
‖fn(x)−fn(y)‖ < kµn as n→∞. In other words, every orbit which
converges to the origin can be described as an exponentially small
perturbation of some orbit on the center manifold.

Consider the space of holomorphic germs g in (Bδ, 0) which are C1-close
to f such that g has a semi-indifferent fixed point at the origin. We will
later think of a family of semi-parabolic germs that converges uniformly to
a semi-Cremer germ. Let Ec(δ) = Ec ∩Bδ.
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Proposition 2.1. The map g has a Ck center manifold defined as the graph
of a Ck function ϕg : Ec(δ) → Es(δ) such that the map (g, x) 7→ ϕg(x) is
C1 with respect to g.

We refer to [S] (Chapter 5, Appendix III) and [HPS] for the theory of
stable and center manifolds.

Assume that the map f is partially hyperbolic on an open set B′, as in
Theorem A. We consider local center manifolds defined with respect to the
ball Bδ = B′, satisfying the three properties above. By using a cut-off func-
tion on the complement of B2δ in C2 (such as f = Df0 on the complement of
B2δ) we can make the center manifold W c(0) globally defined (see [V]). The
proof of the existence of the center manifold for the modified function follows
the usual contracting argument: consider the space of graphs of Lipschitz
maps h : Ec → Es. The fact that the strong contraction along Es (and Cvx)
dominates the behavior of Df along Ec (and Chx) ensures that the action of
f on the space of graphs is a contraction, hence it has a fixed point, which
is the center manifold W c(0). This is globally defined and homeomorphic to
R2, but clearly non-unique as it depends on the choice of a cut-off function.
To obtain the Cr-smoothness of the center manifold, it suffices to assume
that the constants µ and λ from (3) and (4) satisfy µλ−j < 1 for 1 ≤ j ≤ r
on Bδ, condition which is true if δ is small, since |µ| < 1 and |λ| = 1. We
will only use center manifolds of class C1, so the condition 0 < µ < λ < 1
in the definition of partial hyperbolicity suffices for our purposes.

3. Semi-parabolic germs

In this section we discuss the local structure of a germ f of holomorphic
diffeomorphisms of (C2, 0) with a semi-parabolic fixed point at the origin
and we show the existence of big invariant petals. For simplicity, we call f
a semi-parabolic germ. Throughout the section, denote the eigenvalues of
Df0 by λ = e2πip/q and µ, where |µ| < 1 and p/q is a rational number with
gcd(p, q) = 1. The following result is Proposition 3.3 from [RT].

Proposition 3.1. Let f be a semi-parabolic germ of transformation of
(C2, 0), with eigenvalues λ and µ, with λ = e2πip/q and |µ| < 1. There
exists a neighborhood U of 0 and local coordinates (x, y) on U in which f
has the form f(x, y) = (x1, y1), where{

x1 = λ(x+ xνq+1 + Cx2νq+1 + a2νq+2(y)x2νq+2 + . . .)
y1 = µy + xh(x, y)

(6)

and C is a constant. The multiplicity of the fixed point as a solution of the
equation f q(x, y) = (x, y) is νq+1. We call ν the semi-parabolic multiplicity
of the fixed point.

In this section, we will only deal with semi-parabolic multiplicity ν = 1.
Otherwise we would have ν cycles of q petals, invariant under f q. Using the
results of Ueda [U1, U2] and Hakim [Ha], we can describe the local dynamics
of semi-parabolic germs as follows:
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Theorem 3.2. Let f be a semi-parabolic germ of transformation of (C2, 0),

with eigenvalues λ and µ, with λ = e2πip/q and |µ| < 1. Assume that the
semi-parabolic multiplicity is 1. Let U be the normalizing neighborhood from
Proposition 3.1. Inside U , there exist q attracting petals Patt,j and q repelling
petals Prep,j for 1 ≤ j ≤ q. The attracting petals are two-dimensional and are
a local base of convergence for f . The repelling petals are one-dimensional
and are a local base of convergence for f−1.

There are several ways to define local attractive and repelling petals. We
will define fat attractive petals as in [RT, Section 4]. Consider the sets

∆±r = {x ∈ C : (Re(x)± r)2 + (|Im(x)| − r)2 < 2r2}. (7)

and the coordinate transformation T : (x, y) 7→ (xq, y). Geometrically, ∆+
r

is the union of two complex disks of radius
√

2r centered at −r ± ir. Let
Patt,j , 1 ≤ j ≤ q, be the preimages under T of the set {x ∈ ∆+

r , |y| < r′},
for some r, r′ > 0 sufficiently small.

We now define fat repelling petals. Let Prep,j , 1 ≤ j ≤ q, be the preimages
under T of a smooth graph {y = ψ(x), x ∈ ∆−r }, for some r > 0 sufficiently
small.

Remark 3.3. A construction of repelling petals is done in [U2] for λ = 1.
Ueda defines local repelling petals as a smooth graph {y = ψ(x), |x−r| < r},
for some r > 0 sufficiently small. However, if λ = e2πip/q, we can show using
the same techniques from [U2] that the repelling petals Prep,j, 1 ≤ j ≤ q,
defined above are a local base of convergence for f−1.

Let Patt and Prep denote the union of the q attractive, and respectively

of the q repelling petals. We have f(Patt) ⊂ Patt ∪W ss(0) and all points in
Patt are attracted to the semi-parabolic fixed point at the origin in forward
time. Similarly f−1(Prep) ⊂ Prep ∪ {0} and all points in Prep are attracted
to the origin in backward time.

The repelling and attracting petals, sliced by a center manifold, alternate
as we turn around the origin. By construction, the intersection of an attract-
ing petal with the two adjacent repelling petals consists of two open disjoint
disks. More precisely, let D1

j and D2
j be the two connected components of

Patt,j ∩ Prep. Then

Pkinv,j =
⋃
n∈Z

fnq(Dk
j ), for k = 1, 2 and 1 ≤ j ≤ q (8)

are 2q completely invariant local petals. They are contained in the union
of Prep and Patt. We view these invariant petals as small, because they are
a priori defined only on the neighborhood U where the map f is conjugate
to the normal form (6).

In Section 4 we prove the existence of hedgehogs for holomorphic germs
of diffeomorphisms of (C2, 0) with a semi-neutral fixed point at the origin.
Following the original strategy of Pérez-Marco, we construct the hedgehog
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as a Hausdorff limit of invariant petals for approximating germs with a semi-
parabolic fixed point at 0. However, the normalizing domains on which the
semi-parabolic germs can be conjugate to their corresponding normal forms
given in Proposition 3.1 necessarily shrink to 0 as the sequence converges
to a semi-Cremer germ, because the semi-Cremer germ is non-linearizable.
Therefore we first need to construct big invariant petals before applying the
construction in Section 4.

Let B b B′ be as in Theorem A such that f is partially hyperbolic on
B′. There exist a horizontal cone field Ch which is forward invariant and a
vertical cone field Cv which is backward invariant on B′, as in Equation (2).
We say that an analytic curve γ is vertical-like/horizontal-like if for any point
y on γ, the tangent space to γ at y is contained in the vertical/horizontal
cone at y. Let W ss

loc(0) be the local stable manifold of the semi-indifferent
fixed point, i.e. the connected component of W ss(0) ∩ B which contains 0.
We further assume that W ss

loc(0) is vertical-like.
We show that the invariant petals are big with respect to the ball B (a

natural way to express this is to ask that they touch the boundary of B). In
dimension one, Pérez-Marco achieves this using the Uniformization Theorem
and analytic circle diffeomorphisms, tools which are not readily available
in the two-dimensional setting. The main obstruction is that, while each
local invariant petal is contained in a complex analytic line (the asymptotic
curve Σ introduced below), the union of the 2q petals belongs to a (non-
unique) center manifold of class Ck for some k ≥ 1, which is not complex
or real analytic (see e.g. [vS]). Instead, we will use some topological tools:
Brouwer’s Plane Translation Theorem 3.8 and covering space theory.

Figure 1. Maximal invariant petals for q = 3, relative to the ball
B. Some petals touch the boundary of B.

Using Theorem 3.2, we define the asymptotic curve(s) Σ to be the set
of points in the domain of f , different from 0, which are attracted to 0
under backward iterations of f . The set Σ has q connected components
which contain 0 in the boundary, and each is a f q-invariant Riemann surface
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embedded in C2. If f is a global diffeomorphism of C2, Ueda [U2] showed
that these are biholomorphic to C.

Proposition 3.4. The set ΣB = {x ∈ Σ : f−n(x) ∈ B for all n ≥ 0} is
horizontal-like.

Proof. Let x ∈ ΣB. There exists m > 0 such that y = f−m(x) ∈ Prep. The
repelling petal Prep is horizontal-like from [U2] and the construction above.
Therefore any tangent vector to Σ at y belongs to the horizontal cone at y,
and all forward iterates f i(y), 0 ≤ i ≤ m, remain in B, so TxΣ is contained
in the horizontal cone at x. �

We define the following maximal invariant set contained in B:

P = {x ∈ B \ {0} : fn(x) ∈ B ∀n ∈ Z and fn(x)→ 0 as n→ ±∞}. (9)

By definition P ⊂ ΣB, hence it is horizontal-like by Proposition 3.4.
There are 2q connected components of P. Each component contains a local
invariant petal as defined by Equation (8) and Theorem 3.2, is invariant by
f q, and contains 0 in its boundary (see Figure 1).

Proposition 3.5. The set P is open rel Σ and its connected components
are simply connected.

Proof. Let us first notice that P does not contain any points from the
strong stable manifold W ss(0). Otherwise, choose x ∈W ss(0) ∩B. We can
assume without loss of generality that x ∈ W ss

loc(0), otherwise we replace x
by fm(x) ∈ W ss

loc(0) ∩ Σ, for some positive integer m. However, the only
point of intersection of W ss

loc(0) and Σ is 0, by transversality. So x can only
be the fixed point 0, which is not in P.

We now show that P is open relative to Σ. Let Bpar(0) =
⋃
n≥0 f

−n(Patt)
be the basin of the semi-parabolic fixed point 0. If x ∈ P then x ∈ Bpar(0),
which is open in C2. Moreover, since Patt and Prep are bases of convergence
for f on Bpar(0) and respectively for f−1 on Σ, there exists a first iterate n
such that fn(x) ∈ Patt and a first iterate m such that f−m(x) ∈ Prep. There
exists a neighborhood U ⊂ Σ of x such that fn(U) ⊂ Patt, f−m(U) ⊂ Prep
and

⋂
−m<i<n f

−i(U) ⊂ B. Hence U is an open set (rel Σ) contained in P.
An immediate application of the Maximum Modulus Principle shows that

each connected component of the set P is simply connected. Suppose that
γ is a non-trivial loop in P. The set P is contained in Σ, so by eventually
considering an iterate f−nq(γ) we may assume that γ is contained in a local
repelling petal Prep,j which is simply connected. Let D denote the small
disk bounded by γ in Prep,j . For each n, the map ‖fn‖2 is subharmonic
on D, so it attains its maximum on γ. This implies that for every point in
D, all forward and backward iterates belong to B, so {fn}n∈Z is a normal
family on the open set P ∪D. Let f∗ be the limit of any convergent subse-
quence. f∗ is a holomorphic function which is identically 0 on P, hence it
must vanish identically on D as well. In conclusion, for every point in D,
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all forward and backward iterates converge to 0. It follows that D belongs
to P, hence γ is null homotopic and henceforth P is simply connected. �

Let P denote the closure of the set P in C2 and ∂P the boundary of P
in C2. In the following proposition we collect a couple of elementary results
about the set P.

Proposition 3.6.

a) P and ∂P are completely invariant.
b) Let W c(0) be any center manifold of the semi-parabolic fixed point,

defined locally around 0 as graph of a function ϕf : Ec ∩ B′ → Es.

The set P is connected, and compactly contained in W c(0).
c) The boundary ∂P cannot contain any attracting or hyperbolic fixed

points of f q.

Proof. By construction, the set P is completely invariant, hence its closure
and its boundary are also completely invariant. By the weak uniqueness
property of center manifolds, the set P belongs to every center manifold
W c(0) defined as a graph of a function on Ec ∩B′.

Since we do not know the dynamics of f on the boundary of P, we cannot
a priori assume that the boundary of P in contained in Σ∪{0}. In any case,
the sets ∂P and P are contained in B and compactly contained in W c(0),
sinceW c(0) is properly embedded into the bigger ball B′. The connectedness
of P follows from the fact that each connected component of P contains 0
in its boundary.

For part c), assume that z ∈ ∂P is a fixed point of f q different from
0. If z is attracting then its basin of attraction Batt(z) is open and points
in Batt(z) ∩ P converge both to z and to 0 under forward iterations of f q,
which is impossible. If z is hyperbolic, then it has a stable and an unstable
manifold. Let

W u
loc(z) = {x ∈ B′ : f−nq(x) ∈ B′ ∀n ∈ N and f−nq(x)→ z as n→∞}

denote the local unstable manifold relative to B′. Since z belongs to the
center manifold(s) at 0, by the weak uniqueness property, W u

loc(z) belongs
to all W c(0), so they must coincide in a neighborhood of z. This is again
a contradiction, since any neighborhood of z will contain points from P,
which will therefore be forced to converge under backward iterations to z,
as well as to 0. This is impossible, since z 6= 0. �

We can use the local dynamics as in the proof of Proposition 3.6 to exclude
the possibility of having a semi-Siegel or another semi-parabolic fixed point
in the boundary of P. The only case that one cannot elementary exclude,
is the existence of a semi-Cremer fixed point in ∂P.

We now show that the closure of P meets the boundary of the ball B.
For this we need some topological tools about homeomorphisms of the plane.
Consider a fixed point free orientation-preserving homeomorphism h of R2.
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Definition 3.7 (Domain of translation). A domain of translation for h
is an open connected subset of R2 whose boundary is `∪ h(`) where ` is the
image of a proper embedding of R in R2, such that ` separates h−1(`) and
h(`).

Let U(D) =
⋃
n∈Z h

n(D), where D be the closure of a domain of transla-
tion for h. The set U(D) is open and connected and h : U(D) → U(D) is
conjugate to the translation T : R2 → R2 given by T (x, y) = (x+ 1, y).

Theorem 3.8 (Brouwer’s Plane Translation Theorem [Fr]). Suppose
that h : R2 → R2 is an orientation-preserving homeomorphism of the plane
without fixed points. Then every point is contained in some domain of trans-
lation.

Lemma 3.9. Let U ⊂ R2 be a simply connected bounded domain. Let h be
an orientation-preserving homeomorphism of R2 without fixed points in U .
Suppose C ⊂ U is a connected, invariant set for h such that C ∩∂U = {z0}.
Then z0 is a fixed point of h and hn(z)→ z0 as n→ ±∞, for all z ∈ C.

Proof. Let O be the connected component of R2 \ Fix(h) that contains U ,
where Fix(h) denotes the fixed points of the homeomorphism h. Since C is

invariant by h, we have h(O) = O. Let Õ be the universal cover of O and

p : Õ → O be the covering map. Then Õ is homeomorphic to R2. In fact,
the only simply connected surfaces without boundary are S2 and R2, but S2
cannot be the universal cover of O since O is not compact.

Let x0 be a point in C and let x̃0 be a point in the fiber p−1(x0). Let
i : U ↪→ O be the inclusion of U into O. By hypothesis, the set U is open
and simply connected, hence there exists a lift s : (U, x0) → (Õ, x̃0) such

that p ◦ s = i. Let Ũ be the connected component of p−1(U) which contains

x̃0. Then Ũ = s(U) and the restriction p : Ũ → U is a homeomorphism
whose inverse is the section s.

We now lift the homeomorphism h : O → O to the universal cover. The
points x0 and h(x0) belong to C, so they also belong to U . Let x̃1 = s(h(x0)).

By general covering space theory, there exists a lift h̃ : Õ → Õ such that
p ◦ h̃ = h ◦ p and h̃(x̃0) = x̃1.

The map h̃ is a homeomorphism of the plane Õ because it is a lift which in-
duces a homeomorphism on fundamental groups. Moreover, h̃ is orientation-
preserving and does not have any fixed points since h is orientation-preserving
and does not have any fixed points in O. By Brouwer’s Plane Translation
Theorem 3.8, every point in Õ is contained in some domain of translation.

Suppose C ∩ ∂U = {z0}. Let C̃ = s(C). Then h̃(C̃) and C̃ are two non-
disjoint connected components of p−1(C), so they must coincide. Therefore

C̃ is invariant by h̃. Let z be any point in C. Then z̃ = s(z) is a point in C̃.
Let D be the closure of a domain of translation containing z̃. The restriction
of h̃ to U(D) =

⋃
n∈Z h̃

n(D) is topologically conjugate to the translation T

on R2. This shows that h̃n(z̃)→∞ as n→ ±∞. The homeomorphism h on
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C is conjugate to h̃ on C̃. The sequence of iterates hn(z) has to converge to
a point on the boundary of the set O, but the only point on the boundary
of O and C is z0. So hn(z)→ z0 as n→ ±∞. �

Remark 3.10. The idea of working in a covering space of a component of
the complement of the set of fixed points, as in the proof of Lemma 3.9, was
also used by Brown [B] to reprove the Cartwright-Littlewood Theorem.

Theorem 3.11 (Maximal petals relative to B). If the boundary ∂P
does not contain a fixed point of f q other than the semi-parabolic fixed point
0, then P ∩ ∂B 6= ∅.
Proof. We show that if ∂P does not contain any fixed point of f q different
from 0, then every point of the boundary converges to 0 under forward and
backward iterations.

By modifying f if needed with a cut-off function outside B′, as discussed
in Section 2, we can consider a global center manifoldW c(0) ' R2. Let P0 be
any connected component of P. It is invariant by f q and by Proposition 3.6
we know that P 0 is compactly contained in W c(0). By Proposition 3.5, P0 is
open rel Σ (hence also open rel W c(0)) and simply connected. The boundary
of P0 contains no fixed points of f q different from 0 by assumption, but it
could presumably be a complicated topological set (see Figure 2). It could
be non-locally connected or even the common boundary of three disjoint
connected open sets (lakes of Wada).

0

P0

Figure 2. An illustration of a set P0 with a complicated boundary.

In what follows, set h := f q. Let Ω = R2∪{∞}\P0 and denote by Ω0 the
unbounded connected component of Ω. The set Ω is an open subset of the
sphere. By a standard result in topology, the set R2∪{∞}\Ω is connected if
and only if each connected component of Ω is simply connected. The closure
of P0 is connected, hence Ω0 is simply connected, which implies that ∂Ω0

is a connected subset of ∂P0. Let C = ∂Ω0 denote the outer boundary of
the set P0. It is compact, connected, and invariant under h. To simplify
notation, let C∗ denote C \ {0}.
Remark 3.12. In principle, C is the entire boundary of P0 (this would
certainly be true is h were analytic on P0, by normality and the maximum
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modulus principle), but since the center manifold is not analytic, we do not
know the topology of the closure of P0, so we have to assume the most general
situation.

From the dynamics of the semi-parabolic germ, we know that there is a
neighborhood around 0 on which h(x) 6= x whenever x 6= 0. By assumption
h does not have any fixed points on C∗. By continuity of the map h, there
exists an open, connected and simply connected set U ⊃ C∗ in the shape of
a croissant, as shown in Figure 3, such that h does not have any fixed points
on U . The set C intersects the boundary of U only at 0. The boundary of
U consists of two simple closed curves C1 and C2 touching at 0.

0

U

C

Figure 3. A croissant U containing C∗, where C is the outer bound-
ary of the invariant petal P0.

Since C1 and C2 are simple closed curves, the Jordan-Schoenflies Theorem
(see [C]) allows us to extend the homeomorphism h to a homeomorphism of
the whole plane (which we also denote h). However, the homeomorphism h
constructed like this may have other fixed points outside of the domain U .

We now apply Lemma 3.9 for the homeomorphism h and the invariant
set C∗ ⊂ U . Hence hn(z)→ 0 as n→ ±∞, for any point z ∈ C∗.

Let us assume that P ∩ ∂B = ∅. Then P ⊂ {x ∈ B : fn(x) ∈ B ∀n ∈ Z}.
However, we have shown that all points on the outer boundary of P, con-
verge to 0 under forward and backward iterations. So ∂P ⊂ P, which is
open (rel Σ). This is a contradiction, so P must intersect the boundary of
the ball B. �

From the proof of Theorem 3.11 and the local dynamics around the semi-
parabolic fixed point we also have the following immediate consequence:

Proposition 3.13. The set P is simply connected.

4. Proof of the main theorem

We now have all the ingredients to complete the proof of Theorem A.

Lemma 4.1. Let f be a germ of holomorphic diffeomorphisms of (C2, 0)
with a semi-indifferent fixed point at 0 with eigenvalues λ = e2πiα, α /∈ Q
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and µ, with |µ| < 1. Suppose pn/qn are the convergents of α given by the
continued fraction algorithm. Consider a neighborhood B′ ⊂ C2 of 0, on
which f is partially hyperbolic. There exists a sequence fn → f of germs of
holomorphic diffeomorphisms of (C2, 0) such that

a) fn has a semi-parabolic fixed point at 0, with eigenvalues λn and µn,

λn = e2πipn/qn and |µn| < 1, of semi-parabolic multiplicity 1.
b) fn does not have other semi-neutral periodic points of period ≤ qn

inside B′.
c) fn is partially hyperbolic on B′ for n large enough.

Proof. Consider a sequence of semi-parabolic germs

fλn,µ(x, y) = (λnx+ h.o.t., µy + h.o.t.)

converging uniformly to f on the neighborhood B′, with Jacobian matrix
at 0 equal to Diag(λn, µ). If fλn,µ does not satisfy property b) for some n,
then we can make an arbitrarily small change of the eigenvalue µ so that any
semi-neutral periodic point (different from the origin) of period ≤ qn inside
B′ becomes attracting or hyperbolic. By changing µ if necessary, we can en-
sure that the semi-parabolic multiplicity of the origin is one. In conclusion,
there exists a sequence µn → µ such that fλn,µn → f and fλn,µn satisfies
the first two claims of the lemma. The sequence converges uniformly to f ,
so for n sufficiently large, we can assume that fλn,µn is partially hyperbolic
on B′. �

We are now able to establish the existence of the set H from the main
theorem and obtain some immediate properties of this set.

Proof of Theorem A. Let f be a germ of holomorphic diffeomorphisms
of (C2, 0) with a semi-indifferent fixed point at 0 with eigenvalues λ and µ,
where |λ| = 1 and |µ| < 1. Let fn be a sequence of semi-parabolic germs
converging uniformly to f as in Lemma 4.1.

Consider a ball B ⊂ C2 centered at 0 with B ⊂ B′ and denote by Pn
the maximal invariant petals of the semi-parabolic germ fn relative to the
ball B, as defined in Equation (9). Let H be the limit of a convergent
subsequence (Pnk

)k in the Hausdorff topology of compact subsets of C2.

Since each set Pn is compact, connected and completely invariant under
fn, the Hausdorff limit of any convergent subsequence of (Pn)n will also be
compact, connected, and completely invariant under f .

By part b) of Lemma 4.1 and part c) of Lemma 3.6 it follows that ∂Pn
cannot contain any fixed points of f qn other than 0. Therefore, we can apply
Theorem 3.11 to conclude that Pn ∩ ∂B 6= ∅ for every n, hence H∩ ∂B 6= ∅.

Part a) of the theorem is an easy consequence of the weak uniqueness
property of center manifolds, since all center manifolds defined relative to
the neighborhood B′ ⊃ B contain the maximal invariant set of f in B. The
existence of the strong stable foliation in part d) follows by general theory
of partially hyperbolic systems.
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If H is not full, the we replace it by H ∪ Ω, where Ω is the union of the
bounded connected components of the complement of H in W c(0). This set
satisfies all the other properties of the theorem. �

Note that the tools outlined in Section 3 and in the current section also
apply to one-dimensional germs of holomorphic diffeomorphisms of (C, 0)
with a neutral fixed point at 0. In this context, the role of the center
manifold is taken by the ambient complex plane C. Using Theorem 3.11
and Lemma 3.9, we can construct the hedgehog H relative to a domain
B as a Hausdorff limit of a sequence of maximal invariant petals (defined
relative to B as in Equation (9)), corresponding to a sequence of parabolic
germs fn converging to f . This gives an alternative proof to the theorem of
Pérez-Marco, stated below.

Theorem 4.2 (Pérez-Marco [PM1]). Let f(z) = λz +O(z2), with |λ| = 1,
be a local holomorphic diffeomorphism, and B a Jordan domain around the
neutral fixed point 0. Assume that f and f−1 are defined and univalent in a
neighborhood of B. There exists a compact, connected, full set K containing
0, such that K ∩ ∂B 6= ∅, and which is completely invariant under f .

The sets Pn used in the proof of Theorem A are locally connected. How-
ever one cannot expect H to be locally connected, since this property is not
preserved under taking Hausdorff limits. The following proposition supports
this claim.

Proposition 4.3. Let f be a holomorphic germ of diffeomorphisms of (C2, 0)
with an irrational semi-indifferent fixed point at the origin. Let H be the
hedgehog constructed in Theorem A and denote by intc(H) the interior of H
relative to a center manifold. If 0 /∈ intc(H), then H is not locally connected.

Proof. Suppose that H is locally connected and consider a center manifold
W c(0) of the fixed point 0 which contains H. We can identify W c(0) with
C by a homeomorphism φ : W c(0) → C, and denote by K = φ(H) the
hedgehog in the new coordinates. By the Carathéodory Theorem, since K
is locally connected, the Riemann map ψ : C−D→ C−K has a continuous
extension ψ : S1 → K. The function f on the hedgehog H is therefore
conjugate to an orientation-preserving homeomorphism h : S1 → S1 of the
unit circle. The map h has a well defined rotation number α /∈ Q, where
α is the argument of the neutral eigenvalue of Df0. However, this is not
possible, since by construction the map h has a proper completely invariant
closed set on S1, given by ψ−1 ◦ φ(0). �

Associated circle homeomorphism. We can associate to (f,H) a home-
omorphism of the unit circle as in [PM1]. Consider a global center manifold
W c(0) which contains H. W c(0) is homeomorphic to R2, and we can put
a reference complex structure on the global center manifold and identify it
with C. The map f induced on the copy of C will only be C1-smooth. By
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the Uniformization Theorem, there exists a Riemann map ψ : Ĉ−D→ Ĉ−H
with ψ(∞) = ∞. The map g = ψ−1 ◦ f ◦ ψ is a C1 diffeomorphism in a

neighborhood of S1 in Ĉ−D. Since g is uniformly continuous in this neigh-
borhood, it extends to a homeomorphism on S1 with rotation number ρg.
To show that ρg is equal to α, let pn/qn be the convergents of α given by the
continued fraction algorithm. Consider a sequence of semi-parabolic germs
fn converging to f as in Lemma 4.1. We can choose a family of C1-smooth
center manifolds W c(0) which depend C1 on fn. We build maximal invari-
ants petals Pn relative to a ball B of fixed size. After eventually passing to
a convergent subsequence, the sets Pn converge in the Hausdorff topology
to H, so the uniformizing maps ψn : Ĉ− D→ Ĉ− Pn converge to ψ in the
Carathéodory kernel topology. The corresponding circle homeomorphisms
gn converge to g. The rotation number depends continuously on the func-
tion. It is easy to see that the rotation number of the circle homeomorphism
gn associated to the semi-parabolic germ fn is pn/qn. Therefore, the rotation
number of g is the limit of pn/qn, so it is equal to α.

5. Appendix: Alternative approach in dimension one

This section is of independent interest. We keep the same notations as
in Section 3. We present a more direct proof that the maximal invariant
set P defined in (9) meets the boundary of the ball B, in the case when we
know the topology of P (that it is simply connected). This follows from the
topological theory of parabolic germs in the plane of Le Roux [LR].

As observed in Remark 3.12, a specific case when we already know that
P is simply connected is when f is analytic on a neighborhood of P. This
is true in dimension one. Let f(z) = λz +O(z2) be a germ of holomorphic
diffeomorphisms of (C, 0) with a parabolic fixed point at 0 of multiplier

λ = e2πip/q and consider B a domain containing the origin such that f and
f−1 are defined and univalent in a neighborhood of B. Thus in this section
we give yet another way of showing that the local invariant petals of the one-
dimensional parabolic germ f extend to the boundary of B, which provides
an alternative proof of Theorem 4.2.

Let P0 be a connected component of P which contains 0 in its closure.
As usual, we say that an open set U ⊂ R2 is a Jordan domain if its closure
is homeomorphic to the closed unit disk in the plane.

Proposition 5.1. If the boundary ∂P0 does not contain any fixed points of
f q other than 0, then there exists a Jordan domain U ⊂ R2 containing P0

such that f q(x) 6= x for all x ∈ U \ {0}.
Proposition 2.2 from [LR], stated below as Lemma 5.2, is a useful topolog-

ical result that allows us to extend the germ f q of (U, 0) to a homeomorphism
h of R2 with a unique fixed point at 0. The homeomorphism h extends to
a homeomorphism h : S2 → S2 with only two fixed points, at 0 and at +∞.
We then use Theorem 5.4 below to show that P0 is contained in a translation
domain for the homeomorphism h.
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Lemma 5.2 (Extension lemma [LR]). Let U and V be two closed Jordan
domains in R2 containing 0 and h : U → V a homeomorphism with a unique
fixed point at 0. Suppose W ⊂ U is an open, connected set containing 0

such that h(W ) ⊂ U . Then there is a homeomorphism ĥ : R2 → R2 which
coincides with h on W and has only one fixed point at 0.

Consider U as in Proposition 5.1 and denote f q by h. Since P0 is invariant
by f q, there exists an open, connected set W ⊃ P0 such that W and f q(W )
are both subsets of U .

Let S denote the point 0 andN denote +∞ on the sphere S2 = R2∪{+∞}.
With a small abuse of notation, let h : S2 → S2 be an orientation-preserving
homeomorphism with only two fixed points {S,N} given by Lemma 5.2. We
now introduce some terminology for the dynamics of the homeomorphism h
on the sphere and refer to [LR] for more details. An attractive petal based
at S is a closed topological disk PS ⊂ S2 such that S ∈ ∂PS , N /∈ PS and
h(PS) ⊂ int(PS) ∪ {S}. A repelling petal based at S is an attractive petal
based at S for h−1. Similarly, one can define attractive and repelling petals
based at N .

Definition 5.3. An attractive croissant for the dynamics N -S for the home-
omorphism h is a closed topological disk D ⊂ S2 such that N,S ∈ ∂D,
h(D) ⊂ int(D) ∪ {S,N} and for any neighborhood WN of N there exists
an attractive petal PS based at S such that PS ⊂ D and D \ PS ⊂ WN . A
repelling croissant for the dynamics S-N for h is an attractive croissant for
the dynamics N -S for h−1.

Theorem 5.4 (Le Roux [LR]). Let h : S2 → S2 be an orientation-preserving
homeomorphism of the sphere with only two fixed points {S,N} such that
Index(N) = 1− q < 1.

There exists q attracting croissants for the dynamics N -S and q repelling
croissants for the dynamics S-N . The attracting and repelling croissants
are cyclically alternating on the sphere and they intersect only at S and N .

The two lines that form the boundary of an attractive/repelling croissant
and connect S to N are called Brouwer lines and they can be regarded
as geodesics on the Euclidean sphere. Let ` be a Brouwer line bounding
an attractive croissant for the dynamics N -S given by Theorem 5.4. So `
connects S to N , but does not contain S or N . Suppose that h(`) is to the
right of ` and h−1(`) is to the left of `. Let D be the open topological disk on
the sphere bounded by ` and h(`). Define the domain U(`) =

⋃
n∈Z h

n(D∪`);
it is called a Brouwer domain generated by `. By [LR, Section 3.2], we know
that there exists a homeomorphism φ : R2 → U(`) which conjugates the
restriction h : U(`)→ U(`) to the translation T on R2, T (x, y) = (x+ 1, y).
So U(`) is a domain of translation (see Figure 4).

The index of the semi-parabolic fixed point is 1 + q because we have
not modified the homeomorphism in a small neighborhood around 0. By
Lefschetz’s formula, the sum of the indexes of the fixed points of h is the
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ℓ

h−1(ℓ)

h(ℓ)

U(ℓ)

∞ = N

0 = S

P0

Figure 4. The Brouwer domain U(`) containing the invariant petal
P0 on the sphere.

Euler characteristic of the sphere, so the index at S is 1 + q if and only if
the index at N is 1 − q. So Theorem 5.4 is applicable and in view of the
discussion above, there exists some Brouwer line ` such that P0 ⊂ U(`). It
follows that the semi-parabolic map f q is conjugated to a translation in a
neighborhood of the invariant petal P0 inside the domain U(`) on the sphere.
Let x ∈ ∂P0 \ {0}. This shows that there is a neighborhood Nε(x) around
x such that if y ∈ Nε(x) then y converges to 0 under forward or backwards
iterations of f q. In particular all points on the boundary of P0 converge to
0 under forward or backwards iterations.

This gives us a mechanism of extending the invariant set P until it touches
the boundary of B.
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