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Abstract

We prove a version of the classical A-lemma for holomorphic families
of Riemann surfaces. We then use it to show that critical loci for complex
Hénon maps that are small perturbations of quadratic polynomials with
Cantor Julia sets are all quasiconformally equivalent.

1 Introduction

A holomorphic motion in dimension one is a family of injections hy : A — ®
of some set A C C holomorphically depending on a parameter A\ (ranging over
some complex manifold A). It turned out to be one of the most useful tools in
one-dimensional complex dynamics. First it was used to prove that a generic
rational endomorphism f : C — C is structurally stable (see [9,12]), and then
has found numerous further applications.

Usefulness of holomorphic motions largely comes from their nice extension
and regularity properties usually referred to as the A-lemma. The simplest
version of the Extension A-lemma asserts that the holomorphic motion of any
subset X C C extends to a holomorphic motion of the closure X 9,12]. A
more advanced version says that it extends to the whole Riemann sphere over a
smaller parameter domain [5,14]. The strongest version asserts that if A is the
disk D C C then the extension is globally defined, over the whole D. Moreover,
the maps h) are automatically continuous [9,12] and in fact, quasiconformal
[12].

In dimension two, holomorphic motions hy : A — C2?, A ¢ C2, do not
have such nice properties: in general, they do not admit extension even to
the closure A, and the maps hy are not automatically continuous (let alone,
quasiconformal). Still, under some circumstances, holomorphic motions turn
out to be useful in higher dimensions as well, see [2,7].

In this paper, we prove a version of the A-lemma for a class of holomor-
phic motions in C? that naturally arise in the study of complex Hénon maps.
Namely, we consider a holomorphic family of Riemann surfaces Sy C C? that fit
into a complex two-dimensional manifold such that the boundaries of S move
holomorphically in C2. We show that under suitable conditions, the holomor-
phic motion of the boundary can be extended to a holomorphic motion of the
surfaces. The proof is based upon Teichmiiller Theory.
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This work is motivated by study of the geometry of the critical locus C for
the Hénon automorphisms

fil@y) = (@ +e—aya)

of C2. This locus was introduced by Hubbard (see [4]) as the set of tangencies
between two dynamically defined foliations outside the “big” Julia set. It was
studied in [6,10] in the case of small perturbations (i.e., with a small Jacobian
a) of one-dimensional hyperbolic polynomials P, : z + 2% + c. In case when c
is outside the Mandelbrot set (and a is small enough), the critical locus has a
rich topology described in [6]. Our version of the A-lemma implies that all these
critical loci are quasiconformally equivalent.

2 Background

2.1 Notations

We will use the following notations throughout the paper: A for the unit disk,
H for the hyperbolic plane, C for the Riemann sphere.

2.2 JA-lemma

Let M be a complex manifold, and let A C C be a unit disk.

Definition 2.1. Let A C M. A holomorphic motion of A over A is a map
f:AxA— M such that:

1. For any a € A, the map A — f()\, a) is holomorphic in A;
2. For any X\ € A, the map a — f(\ a) =: fa(a) is an injection;
8. The map fo is the identity on A.

Holomorphic motions in one-dimensional dynamical context first appeared
in [9,12]. The following simple but important virtues of one-dimensional holo-
morphic motions are usually referred to as A-lemma:

Extension \-lemma ([9,12]). Let M = C, A ¢ C. Any holomorphic motion
f:Ax A— C estends to a holomorphic motion A x A — C.

Definition 2.2. Let (X,dx), (Y,dy) be two metric spaces. A homeomorphism
f: X =Y is said to be n-quasisymmetric, if there exists an increasing contin-
wous function n : [0,00) — [0,00), such that for any triple of distinct points x,

y and 2 :
dy (f(z), f(y)) dx (z,y)
b (), 1) =" (dx<x,z>>

A quasisymmetric map between two open domains is quasiconformal.




Qc A-lemma ([12]). Under the circumstances of the Eztension A-lemma, for
any A € A, the map f) : A — A is quasisymmetric.

Later, Bers & Royden [5] and Sullivan & Thurston [14] proved that there
exists a universal § > 0 such that under the circumstances of the Extension \-
lemma, the restriction of f to the parameter disk Dy of radius § can be extended
to a holomorphis motion As x C — C (“BRST A-lemma”). Though this version
of the A\-lemma will be sufficient for our dynamical applications, let us also state
the strongest version asserting that ¢ is actually equal to 1:

Slodkowski’s A\-lemma. Let A C C. Any holomorphic motion f : Ax A — ®
extends to a holomorphic motion A x C — C.

In what follows, we will use the same notation f for the extended holomor-
phic motion.

2.3 Elements of Teichmiiller Theory

We assume that the reader is familiar with the basics of Teichmiiller Theory. To
set up terminology and notation, we recall some basic definitions and statements
and refer to [11] for details.

Given a base Riemann surface S, let QC(S) stand for the set of all Riemann
surfaces quasiconformally equivalent to S.

Definition 2.3. Let X1, X5 € QC(S5), and let ¢; : S — X; be quasiconformal
mappings. The pairs (X1, ¢1) and (Xa, ¢2) are called Teichmiiller equivalent if
there exists a conformal isomorphism « : X1 — Xo such that ¢o is homotopic
to a o ¢y relative to the ideal boundary I(S). The class of equivalent pairs is
called a marked by S Riemann surface.’

Definition 2.4. The Teichmiller space T(S) modeled on S is the space of
marked by S Riemann surfaces.

The space 7(S) can be endowed with a natural Teichmiiller metric.
Any marked Riemann surface (S,1) € T(S) defines an isometry

G T(S) = T(S), ¢ (X,0) = (X, p097), (1)
called a change of the base point of the Teichmiiller space.

Definition 2.5. A Beltrami form p on S is a measurable (—1, 1)-differential
form with |u(z)| < 1 a.e. It is called bounded if ||pt]|co < 1.

&z
Locally, 4 can be represented as p(z) d—z, where 11(z) is a measurable function
2

with |u(2)] < 1 a.e. (Notice that the latter condition is independent of the choice
of the local coordinate.)

ISomewhat informally, we will use notation (X, ¢), or just X, for the equivalence class.



Any Beltrami form p determines a conformal structure on S, i.e., the class
of metrics conformally equivalent to dz + p(z)dz. (In what follows, Beltrami
forms and the corresponding conformal structures will be freely identified.) The
standard structure o corresponds to p = 0.

Let M(S) be the space of bounded Beltrami forms on S. It is identified
with the unit ball in the complex Banach space L°°(S), from which it inherits
a natural complex structure.

Any quasiconformal map f:.S — X induces the pullback

e M(X) - M(9). (2)

Measurable Riemann Mapping Theorem. Let p be a bounded Beltrami
form on S with ||p|lc = k < 1. Then there exists a Riemann surface S, €
QC(S) and a K-quasiconformal map f, : S — S, with K = (1+k)/(1 — k)
such that fro = p. Moreover, it is unique up to postcomposition with some
conformal map h: S, — S,,.

Analytically, f = f,, gives a solution to the Beltrami equation

or _ o1

oz Faz (3)

By the Measurable Riemann Mapping Theorem, there is a natural projection
Dg: M(S) = T(S).

The pullback operator from equation (2) descends to f*: T(X) — T(S). It
is the inverse of the change of the base point f,.

Theorem 2.1. There exists a unique complex structure on T (S) such that the
projection ®g is holomorphic.

Notice that the change of the base point (1) is a biholomorphism 7(S) —

T(S), so the complex structure on the Teichmiiller space is independent of the
choice of S.

Proposition 2.1 (Slodkowski’s A-lemma restated [11]). Ewvery holomorphic
map v : A — T(S) lifts to a holomorphic map 7 : A — M(S).

Let S be a hyperbolic Riemann surface, and let p : H — S be its universal
covering with the group of deck transformations T'.

Lemma 2.1 ([11]). Let v be an infinitesimal Beltrami form on S, then v €
Ker d®g if and only if p*v = On, where 1 is a continuous I'-invariant vector
field on H such that the distributional deriwative On has bounded L*-norm and
n=0 onR.

Corollary 2.1. Assume that S is a bounded type Riemann surface with the
boundary 0S = y' U ...y"™, where v* are smooth Jordan curves. Let v be an
infinitesimal Beltrami form. Then v € Ker d®g if and only if v = O€, where
& a continuous vector field on S such that the distributional derivative O¢ has
bounded L™ norm and & =0 on 9S.



Proof. Let p~1(€) be a lift of the vector field ¢ to H. Let D be a fundamental
domain of the group I'. The vector field £ vanishes on the boundary. Therefore,
p~1(¢)|p is bounded in the hyperbolic metric. Since Mobius transformations
preserve the the hyperbolic metric, p~1(£) is bounded in hyperbolic metric on
H. Thus, it vanishes on the boundary in the Euclidean metric. O

The group I' is Fuchsian, so it acts on the whole Riemann sphere C. Let
MT(C) € M(C) be the space of T-invariant Beltrami forms on C. We can map
M(S) to MY (C) by lifting u € M(S) to the Beltrami form i = p* on H and
then extending it by 0 to the rest of C. By the Measurable Riemann Mapping
Theorem, there exists a unique solution fj : C — C of Beltrami equation (3)
for f1, fixing 0,1 and oco. It conjugates the Fuchsian group I' to a quasi-Fuchsian
group I', preserving the quasidisk f,(H). Hence it induces a quasiconformal
map S — S, (for which we will keep the same notation f,).

Consider the map

T:M(S)xC— M(S)xC, (11, 2) = (1, fa(2)).

The image ¥(M(S) x H) is an open subset of M(S) x C called the Bers fiber
space. Fiberwise actions of quasi-Fuchsian groups I';, induce an action of I' on
the Bers fiber space.

Definition 2.6. The quotient U(M(S) x H)/T is called the Universal Curve
over M(S).

3 M-Lemma for families of Riemann surfaces

Let us consider a complex 3-fold A x C2, and let m; : A xC? — A be the natural
projection to A. Let S € A x C? be a complex 2-fold with boundary such that
7 : S — A is a smooth locally trivial fibration with fibers Sy. We assume that
the fibers S are compact Riemann surfaces with boundary 9Sy = vi U---U~Y,
where the 74 are smooth Jordan curves that move holomorphically over A.
Intrinsic interior of S is a complex 2-fold § = S\ dS that fibers over A. The
fibers are open Riemann surfaces

Sy =int Sy = Sy \ 08,
Note that since A is contractible, the fibration 71 : § — A is globally trivial in
the smooth category.

Theorem 3.1. Let f : A x Sy — C? be a holomorphic motion of Sy over
A, and let fr(z) = f(\2), Im f, = 0S\. Moreover, assume that the maps
I 0Syg — 0Sy are diffeomorphisms. Then there exists a holomorphic motion
f of Sy over A, such that

1. f:flﬁso;
2. for any A € A, Im fy = S).



We will show that a family Sy can be realized as a holomorphic curve in the
Universal Curve over the Teichmiiller space T (Sp).

Let us first extend the holomorphic motion f to a smooth motion of Sy — S)
over A, for which we will use the same notation fy as for the original motion.
It defines a smooth curve 7y := (Sy, fr) in the Teichmiiller space T (Sp).

Lemma 3.1. The elements 7 € T(So) do not depend on the choice of exten-
si0n.

Proof. Let fy and g, be two extensions as above. Then
gy ofr:So—= S0, gytoflas, =1d, A€A.

Hence the maps g)Tl o f) are homotopic to identity rel 95y, and thus define the
same element of the Teichmuiiller space T (Sp). O

Lemma 3.2. There exists a holomorphic 1-form w on Sy that extends smoothly
to the boundary and w(z) # 0 for all z € Sy.

Proof. Let R be a Shottky double cover of Sy [1]. There is a holomorphic
embedding ¢ : Sg — R such that ¢ extends smoothly to the boundary 95.
By Riemann-Roch theorem, we can take a meromorphic form u on R such
that zeroes and poles of u belong to R\Sy. The form w = u|s, is a desired
holomorphic 1-form. O

Theorem 3.2. The curve Ty is an analytic curve in T (Sy).

Proof. Let us show that % =0.

Fix some A\g € A. Consider the map fy o f/\_o1 : Sxy — Sx. This map defines
a family gy of Beltrami forms on S),:

_9(hefy)
2 (frofy,)

Consider the projection map

€ M(Sko)

M

(b)\o : M(S)\O) - T(SAO)

The map (fx,)* provides an isomorphism between T (S),) and 7 (Sp).
Moreover,

(fro)" 0 ®ry : M(Sy,) = T(S0),
(fro)™ 0 @xg(pn) = Ta-

Then we have:
pxr

OX [

87’)\

—= =dfy od®
6)\ A=Xo f)\o ° ho



Let us show that %()\0) € Ker d®,,. To simplify the notations, we assume
9 _
below Ag = 0. We construct a vector field £ on Sy, such that LX)‘(O) = 0¢, and

& =0 on 95y and apply Corollary 2.1. Let v := %(O)7 K= %L_;(O) Since
Ho = Oa

px = A+ Ak +o(\, N).

Let (g1,92) : So — C? be the defining functions of the Riemann surface Sy. The
functions g1, go extend smoothly to the boundary, and

= (9T A Mot o(A )
A go + Aug + A\vg + 0(/\, /\)

Since fy is a holomorphic motion on the boundary, functions v; and vy are
equal to zero on the boundary. Let w be a local coordinate on Sy, 0f = g—idw,
of = %dw. By Lemma 3.2 there is a holomorphic non-zero 1-form w on Sy
that extends smoothly to the boundary 9.5.

The functions ¢g; and g are holomorphic. Thus, 0g; = hiw, 0gs = hsw,

where hy, ho are holomorphic functions on Sy that extend smoothly to 9.5g.

8f . h1w+)\3u1+§\8v1+... af _ )@ul—l-zx(?vl—l-...
AT\ how + AOug 4+ Nug + ... A7 Nug + Nvg + ...

a0 fr = 0 f
< hiw+ ... . )\5114"‘5\31)14—...
(vt ) ( haw + ... > - ( Aus + Adva + . .. )
Therefore, & fnw ) _ (0n . It follows from [15] that the space of
how Ovy

maximal ideals in the algebra A of holomorphic functions on Sy that extend
continuously to the boundary is isomorphic to Sy. The functions ki, hy do not
have common zeroes on Sy. So the ideal generated by h; and he coincide with
A, in particular function 1 belong to the ideal. Hence there exists a pair of
holomorphic functions s; and so on Sy that extend continuously to 9S5p so that
s1h1 + s2hy = 1. Let 1 be a holomorphic vector field on Sy, such that w(n) = 1.
Since w extends smoothly to 05y, 1 extends smoothly to 0Sy. Set

& = (s1v1 + s2v2)7,

then kK = 55 . Functions v; and vy are smooth in Sy, so vy and vy are bounded
in L*°-norm. They are also equal to 0 on the boundary of Sy, so by Corollary 2.1
k € Kerd®,,. (]

Proof of Theorem 3.1: By Slodkowski’s A-lemma, there exists a holomorphic
family vy on Sp, so that ®,,vx = 7. Notice that S is the preimage of the
family {vy| A € A} in the Universal Curve over M(Sy).

U



4 Application to dynamics

4.1 Background on Hénon maps

Complex Hénon maps are biholomorphisms fy : C2 — C2 of the form

T x2+c—ay
n(3)=(7)

where A = (a,¢), a € C*, c € C.

In the one-dimensional holomorphic dynamics, the global phase portrait is
to a large extent determined by the behavior of the critical points. Being diffeo-
morphisms, Hénon maps do not have critical points in the usual sense. However,
they possess an interesting analogous object, the critical locus.

Let us recall the following dynamically significant sets:

U;\":{(x,y): X (x,y) = 0o as n — +oo}, K:\":(Cz\U;', J;:(?K;',

Uy, ={(z,y): fy"(z,y) = o0 as n — +o0o}, K;:(C2\U)\_, Jy, =0Ky,
Jy=JynJy.

Domains U ;r and Uy are called (forward and backward) escape loci; Jy is
called the Julia set of the Hénon map.

In the one-dimensional polynomial dynamics, critical points of the polyno-
mial are critical points of the Green’s function on the complement of the filled
Julia set. For a complex Hénon map, one can define the forward and backward
Green’s functions that measure the escape rate of the orbits under forward and
backward iterations of the map [8]:

log ™" | £
GHa,y) = lim & @Y

n— oo 2n ’

log® [£T™
G (z,y) = lim log™ [/3 " (=, y)|

n—o00 on

+ log|al.

Let p.(z) = 224+ c. When a — 0, Hénon maps degenerate to a 1-dimensional
map z — p.(x), acting on parabola z = p.(y). When a — 0, the Green’s
functions G converge to G?B C)(:1c,y) = Gp,(z), where G, () is the Green’s

function of the map z +— p.(z). The functions Gf, G, are pluriharmonic on
the escape loci U /\+ , Uy respectively. Therefore, their level sets are foliated by
Riemann surfaces. We denote by ]-";r, F the corresponding foliations. These
Riemann surfaces are in fact copies of C [8].

There are also analogues ¢ 4, ¢ — of the Béttcher coordinates. The func-
tion ¢y 4 is well defined and holomorphic in a neighborhood V/\+ of (x =00,y =
0) in the C2-compactification of C?, and ¢, ~ = as  — oo. Moreover, it
semiconjugates f to z — 22, ¢y 1 (fr) = gbi#.



In V;r, the foliation ]-';r consists of the level sets of ¢ . It can be propagated
to the rest of U;\" by the dynamics. One can also extend ¢, 1 to U;‘ as a multi-
valued function, and then use any branch of it to define ]-')'\". Moreover, any
branch is related to the Green’s function by G = log |¢x 4 |.

The function ¢, _ is defined in an analogous way.

4.2 Critical Locus

Definition 4.1. The critical locus Cy, is the set of tangencies between foliations
.7:; and Fy .

The critical locus is given by the zeroes of the 2-form

w = dlog ¢ + Ndlog oy .

It is a non-empty proper analytic subset of U ;r N U, which is invariant under
the maps fj, f)\_l.
Lyubich and Robertson ([10]) gave a description of the critical locus for
Hénon mappings
(l‘,y) — (p(x) - ayvx)v

where p(x) is a hyperbolic polynomial with the connected Julia set, a is suffi-
ciently small. They showed that for each critical point ¢ of p there is a com-
ponent the critical locus that is asymptotic to the line y = ¢. The rest of the
components are iterates of these ones, and each is a punctured disk. In this
case, all critical loci are obviously conformally equivalent.

A topological description of the critical locus for complex Hénon maps that
are perturbations of quadratic polynomials with disconnected Julia sets is given
in [6]. The critical locus is a connected Riemann surface with rich topology.
It is composed of countably many Riemann spheres S,, with holes, that are
connected to each other by handles. There are 2~ handles between S,, and
Sn+k- On each sphere S, the handles accumulate to two Cantor sets.

We are ready to formulate the main result of this paper:

Theorem 4.1. The critical loci of the Hénon maps that are small perturba-
tions of quadratic polynomials with disconnected Julia sets are quasiconformally
equivalent.

4.3 Topological description of the critical locus

In this section we will give, following [6], a precise description of the critical
locus.

Let A be the space of one-sided sequences of 0’s and 1’s (“infinite strings”),
and let A" be the space of n-strings of 0’s and 1’s.

Let us describe truncated spheres that will serve as the building blocks for
the critical locus. Consider a 2-sphere S = S? and a pair of disjoint Cantor sets



3,0 C S. Let us fix a nest of figure-eight curves I' and L2, n = 0,1,2,...,
a € A", respectively generating these Cantor sets in the following natural way?.

Let us start with a single figure-eight curve I'’ bounding two domains D} and
D} (with an arbitrary assignment of labeling). The curve '} C D§ bounds two
domains D2, and D3, compactly contained in D} (with an arbitrary assignment
of the second label) , and similarly, I' C D} bounds two domains D%, and D%,
inside D1, etc. See Figure 1.

We assume that |J, Dy O ¥ and diam D]} — 0 as n — oo (uniformly in
a € A™), so for each sequence a € A, there is a unique point

su= (DL €%

n=1

where «,, C A" is the initial n-string of . That gives us a one-to-one coding
of points o € ¥ by sequences a € A.

Similarly, © is generated by a hierarchical nest of figure-eights L. We
assume that these two nests are disjoint in the sense that figure-eight L° lies in
the unbounded component of C\ I'’, and the other way around.

The singular points o], and 07 of the figure-eights I', and L7 respectively
are called their centers. For each figure-eight I']}, select a disk V! 3 o whose
closure is disjoint from all other figure-eights I'" and from L°. Then select a
disk U > 07} with similar properties for each figure-eight L. Moreover, make
these choices so that the closures of all these disks are pairwise disjoint.

Figure 1: The geometry of a truncated sphere

For each n € N, a € A", we choose a homeomorphism h], between the
boundaries of V' and Uj. Finally, we mark a point p € S in the exterior of
both figure-eights and the disks U°, V°. With all these choices in hand, we call

S\ X, whereX:zEU@U{p}U( U UQUVQ),

n acAn

a truncated sphere. Note that for any two truncated spheres S\ X and S\
X' there is a homeomorphism (S, X) — (5, X’) that restricts to the natural
homeomorphisms between the corresponding marked sets.

2For n = 0, we let A? = ().
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Theorem 4.2. Assume that the quadratic polynomial x — x> + ¢ has discon-
nected Julia set. Then there exists § > 0 such that for any |a| < & the critical
locus of the Hénon map

pe(p)e (o)

is a non-singular Riemann surface that admits the following topological model.
Take countably many copies Sy \ X, m € Z, of the truncated sphere S\ X, and
glue the boundary of V' of Sy to the boundary of U of Syp4k+1 by means of the
homeomorphism h*. The model map acts by translating Sy \ X, to Sp+1\ Xnt1-

QN
[®;

Figure 2: Critical Locus.

4.4 Proof of Theorem 4.1

In [6] we gave a detailed description of the position of the critical locus Cy
in C2 for A € A, where A is a set of parameters of a small perturbation of

11



quadratic polynomials with disconnected Julia set. Below we fix a parameter
Ao = (ag,cp) € A and use the description from [6] to construct a holomorphic
motion of the critical loci Cy, for A that belong to 1-parameter family in a
neighborhood of A\g. Let us first describe a fundamental domain of the critical
locus in C2. Let

YA

Figure 3: Domains 2, and Y,

QD ={(z,y) €C*: GI<r, Pl <o, |p(y)—z|>lala}

Th={(z,y) €C*: Gi(z,y) =7, |yl <€}

When a — 0, domains Q) converge in Hausdorff topology to Qg ). In [6] we
choose 7, o and €, depending on ¢, so that for ¢’ close to ¢ and a small enough,
CaN(2)UTYT)) form a fundamental domain for the map fy on the critical locus.
We further cut Q\NU j into subdomains %, where o goes over all finite diadic
strings.

We recursively encode the n-th preimages &, of 0 under the map z — 22 +¢
by diadic n-strings . We assume that 0 itself is parametrized by . Let o,
al € A"t be the strings obtained by adding 0, 1 correspondingly to a on
the right. We encode preimages of &, by a” and a!. Since each connected

component of
r r
{W <Gp. < 50}

contains a unique mn-preimage of the critical point, they are encoded by diadic
n-strings as well.

r <G+t < L}I’WQ(()’C)}

Q(ao,c) = {a connected component of {2n+1 <G < om

that contains a line z = £,, a € A".
By the choice of r in [6], the connected components of

r T
{2n+1 S G;\F S 2_n}mQ)‘

12



YA

Figure 4: Domain Q¢

depend continuously on a in the Hausdorff topology. We denote by Q1§ contin-
uation of Q?O ¢

Let u, = y> + ¢ — z.

Lemma 4.1 ([6, Lemma 11.4]). In Q, wherea € A", n=0,1,..., the critical
locus is a connected sum of two disks Dy and Do with two holes each. The
boundary of Dy belongs to {|y| = a}, and the holes of D1 have boundaries on
{luc| = lala}. The boundary of Dy belongs to {GY = X} and the holes to

on
{GY =51

A holomorphic motion near the boundaries {G = 27"r} and {G} = 2=+ r}
is defined so that it preserves the values of the functions qﬁin 4 and (biril respec-
tively. Similarly, the holomorphic motion of the boundaries {|y] = a} and
{Juc| = |ala} preserves the values of y and u..

We apply Theorem 3.1 to the piece of the critical locus inside Q2§ and extend
the holomorphic motion to the interior.

Lemma 4.2 ([6, Lemma 13.1]). There exists 0 such that V|a| < 0 the critical
locus Cy in Yy is a punctured disk, with a hole removed. The puncture is at the
point (00,0), the boundary of the hole belongs to {|p.(y) — x| = |a|a}.

We apply Theorem 3.1 to Cy N Y and extend the holomorphic motion to
the interior. We propogate the holomorphic to the rest of Cy by dynamics. The
space A is path connected. Therefore, the critical loci Cy for all maps that are
small perturbations of quadratic polynomials with disconnected Julia set are
quasiconformally equivalent.

13
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