PROBABILISTIC UNIVERSALITY IN
TWO-DIMENSIONAL DYNAMICS

M. LYUBICH, M. MARTENS

ABSTRACT. In this paper we continue to explore infinitely renor-
malizable Hénon maps with small Jacobian. It was shown in [CLM]
that contrary to the one-dimensional intuition, the Cantor attrac-
tor of such a map is non-rigid and the conjugacy with the one-
dimensional Cantor attractor is at most 1/2-Hélder. Another for-
mulation of this phenomenon is that the scaling structure of the
Hénon Cantor attractor differs from its one-dimensional counter-
part. However, in this paper we prove that the weight assigned by
the canonical invariant measure to these bad spots tends to zero on
microscopic scales. This phenomenon is called Probabilistic Uni-
versality. It implies, in particular, that the Hausdorff dimension of
the canonical measure is universal. In this way, universality and
rigidity phenomena of one-dimensional dynamics assume a proba-
bilistic nature in the two-dimensional world.
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1. INTRODUCTION

Renormalization ideas have played a central role in Dynamics since
the discovery of the Universality and Rigidity phenomena by Feigen-
baum [F], and independently by Coullet and Tresser [CT], in the mid
1970s. Roughly speaking, it means that different systems in the same
“universality class” have the same small scale geometry. In the one-
dimensional setting this phenomenon has been viewed from many an-
gles (statistical physcis, geometric function theory, Teichmiiller theory,
hyperbolic geometry, infinite-dimensional complex geometry) and by
now has been fully and rigorously justified, see [Ep], [FMP], [L], [Lan],
[Ma2], [McM], [S] and references therein.

In [CT] Coullet and Tresser also conjectured that these phenom-
ena would also be valid in higher dimensional systems, even in infinite
dimensional situations. Indeed, computer and physical experiments
that followed suggested that universality and rigidity hold in much
more general context. The simplest test case for it is the dissipative
Hénon family which can be viewed as a small perturbation of the one-
dimensional quadratic family. However, it was shown in [CLM] that
Universality and Rigidity break down already in this case. This puts
in question the relevance of one-dimensional models for higher dimen-
sional problems.

In this paper we provide a resolution of this unsatisfactory situation:
namely, we show that for dissispative Hénon maps, small scale univer-
sality is actually valid in probabilistic sense, almost everywhere with
respect to the canonical invariant measure. Probabilistic universality
and probabilistic rigidity phenomena may be valid for higher dimen-
sional (including infinite dimensional) systems which are contracting
in all but one direction.

Let us now formulate our results more precisely. We consider a class
of dissipative Hénon-like maps on the unit box B® = [0,1] x [0, 1] of
form

(1.1) F(z,y) = (f(z) —e(z,y), ),

where f(x) is a unimodal map with non-degenerate critical point and
¢ is small. It maps B° on a slightly thickened parabola z = f(y). Such
a map is called renormalizable if there exists a smaller box B! C B°
around the tip of of the parabola which is mapped into itself under
F?2. The renormalization for F is the map RF = U~ o 2 o U, where
U : BY — B! is an explicit non-linear change of variable (“rescaling”)
that brings F? to the normal form of type (1.1).
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If RF is in turn renormalizable then F' is called twice renormalizble,
etc. In this paper we will be concerned with infinitely renormalizable
Hénon-like maps. Such a map admits a nest of 2"-periodic boxes BY D
B' D B? O ... shrinking to the tip 7 of F. The n'’-renormalization
cycle is the orbit B” = {B!" = fY(B"),i = 0,1,...2" — 1}. We obtain
a hierarchy of such cycles shrinking to the Cantor attractor

oo 2™—1

or=( U Br

n=0 =0

on which F' acts as the dyadic adding machine. In particular, the
dynamics on Op is uniquely ergodic, so we obtain a canonical invariant
measure p supported on Op. We define the average Jacobian of F' as
follows:

br :exp/ log Jac F'dp.
OF

Consider a strongly dissipative infinitely renormalizable Hénon-like
map. The geometry of a piece B € B™ can be very different from the
geometry of the corresponding piece I of the one-dimensional renormal-
ization fixed point f,. The pieces of the one-dimensional system are
small intervals. Take a piece B € B" and the two pieces By, By € B**!
with By, By C B. Let I, I, I; be the corresponding pieces of f,. The
piece B of F' has e—precision if after one simultaneous rescaling and
translation A : R? — R? we have that the (Hausdorff) distance be-
tween I and A(B), I; and A(B), I and A(Bs) is at most € - diam(7).
The triples By, By C B and I, I, C I are geometrical almost the same.

Collect the pieces of the n'*—cycle with e—precision in

Sn(e) = {B € B"|B has ¢ — precision}.

Definition 1.1. The geometry of the Cantor attractor O of a dis-
sipative infinitely renormalizable Hénon-like map is probabilistically
universal if there exists # < 1 such that

1(Sa(07)) = 1 — 0"

Theorem 1.1. (Probabilistic universality) The geometry of the Cantor
attractor of a strongly dissipative infinitely renormalizable Hénon-like
map 1s probabilistically universal.

Definition 1.2. The Cantor attractor Op of a dissipative infinitely
renormalizable Hénon-like map is probabilistically rigid if the conju-
gation h : Op — Oy, to the attractor Oy, of the one-dimensional
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renormalization fixed point f, has the following property. There ex-
ist # > 0, and a sequence X; C Xy C X3 C --- C Op such that
h:Xn — h(Xn) C Oy, is (1 + p)-differentiable, and p(Xy) — 1.

Theorem 1.2. (Probabilistic Rigidity) The Cantor attractor of a dissi-
pative infinitely renormalizable Hénon-like map is probabilistically rigid.

The Cantor attractor Op is not part of a smooth curve, see [CLM].
However, large parts of it, the sets

Xy = () Sa(6")

k>N

where 6 < 1 is close enough to 1 satisfy
Theorem 1.3. Each set Xy C Op is part of a smooth C'*P—curve.

Let 1. be the invariant measure on Oy, , the attractor of the one-
dimensional renormalization fixed point. A consequence of probabilis-
tic rigidity is
Theorem 1.4. The Hausdorff dimension is universal

HD,(Or) = HD,.(Oy,).

The theory of universality and rigidity became a probabilistic geo-
metrical theory for Hénon dynamics.

We prove the above results by introducing the so-called pushing-up
machinery. This method locates the pieces in the n'*-renormalization
cycle that have exponential precision. The difficulty is that the or-
bit between two such good pieces may pass through poor pieces, so
one cannot recover all good pieces by simple iteration of the original
map. Instead, the pushing-up machinery relates pieces in the same
renormalization cycle by means of the diffeomorphic rescalings built
into the notion of renormalization. The distortion of these rescalings
can be controlled if the two pieces under consideration, viewed from an
appropriate scale, do not lie “too deep” (in the sense precisely defined
below) . This machinery might have applications beyond the present
situation.

For the reader’s convenience, the pushing-up machinery will be in-
formally outlined in §2. Also more special notations are collected in
the Nomenclature. For a survey on Hénon renormalization see [LM2].

For early experiments and results on Hénon renormalization see [CEK],
[Cv], and [GST].

Acknowledgment. We thank all the institutions and foundations
that have supported us in the course of this work: Simons Mathematics
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and Physics Endowment, Fields Institute, NSF, NSERC, University of
Toronto. In fall 2005, when M. Feigenbaum saw the negative results of
[CLM], he made computer experiments that suggested that the univer-
sal scaling of the attractor is violated very rarely. Our paper provides a
rigorous justification of Feigenbaum’s experiments and conjectures. We
also thank C. Tresser for many valuable renormalization discussions,
and R. Schul for interesting comments on [J].

2. OUTLINE

2.1. Infinitely renormalizable Hénon-like maps. We will start
with outlining the set-up developed in [CLM, LM1] — see §3 for de-
tails.

We consider a class H = H(¢) of Hénon-like maps of the form

F: (ZL’,y) = (f(l’) - E(l’,y),l’),

acting on the unit box B = [0, 1] x [0,1], where f(z) is a unimodal
map subject of certain regularity assumptions, and ||e]| < £ is small (for
an appropriate norm). If the unimodal map f is renormalizable then
the renormalization F} = RF € H is defined as (U})™' o (F?|51) o U},
where B! is a certain box around the tip, a point which plays the role of
the “critical value”, and W} : Dom(F;) — B! is an explicit non-linear
change of variables.

Inductively, we can define n times renormalizable maps for any n €
N, and consequently, infinitely renormalizable Hénon-like maps. For
such a map the n-fold renormalization F,, = R"F € H is obtained as
(U8)~! o (F*|gn) o UB, where B™ is an appropriate renormalization
box, ¥ : Dom(F,) — B" is a non-linear change of variables.

These boxes B™ form a nest around the tip of F"

B°>B'>...oB">..->71

Taking the iterates F¥B™ k = 0,1,...,2" — 1, we obtain a family
B" of 2" pieces {B"}, called the n'* renormalization level, that can be

naturally labelled by strings w € {c,v}" in two symbols, ¢ and v, with
By, = B". See §3 for details. Then

or =B

is an attracting Cantor set on which F' acts as the adding machine.
This Cantor set carries a unique invariant measure p. This allows us
to introduce the most important geometric parameter attached to F,
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its average Jacobian
br = exp/ log Jac F dpu.
OF

Usually, we will denote the average Jacobian with b.
The size of the boxes decays exponentially:

(2.1) diam B, < Co",

where ¢ € (0,1) is the universal scaling factor (coming from one-
dimensional dynamics) while C' = C'(£) depends only on the geometry
of F.

A surprising phenomenon discovered in [CLM] is that unlike its one-
dimensional counterpart, the Cantor set O does not have universal
geometry: it essentially depends on the average Jacobian b. However,
the difference appears only in scale of order b: if all the pieces B of
level n are much bigger than b then the geometry of the pieces B is
controlled by one-dimensional dynamics: the pieces are aligned along
the parabola x = f(y) with thickness of order b. According to (2.1),
this happens whenever

(2.2) ao™ >b
with sufficienty small (absolute) av > 0, i.e., when
1 1
(2.3) n <cllogb| — A, where c= , A= e
|log o log o

We will call these levels safe.

2.2. Random walk model. To any point x € O = Op we can assign
its depth

depth(z) = k(x) = sup{k: = € B*} ¢ NU {c0}.

Here the tip is the only point of infinite depth. If depth(xz) = k then
r € EF = B*\ B*! (see Figure 2.1 and 4.1). We say that a point
x € O is combinatorially closer to T than y € O if k(x) > k(y). We
will now encode any point x € O by its closest approaches to T in
backward time. Namely, let us consider the backward orbit {F~z}°,,
and mark the moments ¢,, (m =0, 1,...) of closest approaches, i.e., at
the moment ¢, the point z,, := F~'mx is combinatorially closer to 7
than all previous points £’ 'z, t =0,1,...,t, — 1. Since the dynamics
of F' on O is the adding machine, this is an infinite sequence of moments
for any = & orb(7). If z = F'(7), we terminate the code at the moment
t. Let

km(x) = k(x,,), m=0,1,...,
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be the sequence of the corresponding depths. Obviously, both se-
quences, t = {t,,} and k = {k,,} are strictly increasing.

For any depth k, let us consider the first return map (see Figure 2.1
and 4.1).

Gp: B¥' = BY Gy = F*
and the first landing map in backward time
2k—1
Ly: | J F"(BY) = B*, Li(x) = F"x, for x € F"™(BY).
m=0

Then we have by definition:
Tm = ka(x) (xm—i-l)a Tm = Lkm(:c) (I)

Let ¥ stand for the space of strictly increasing sequences k = {k,,} of
symbols k,, € NU{oco} that terminate at moment m if and only if &, =
oo. Endow ¥ with a weak topology and the measure v corresponding to
the following random walk on N: the probability of jumping from £ € N
tol € Nisequal to 1/2!7Fif | > k, and it vanishes otherwise. The initial
distribution on N is given by v{k} = 1/2"1. We let j,, == ki1 — km
be the jumps in our random walk.

Lemma 2.1. The coding v +— k(x) establishes a homeomorphism be-
tween O and ¥ and a measure-theoretic isomorphism between (O, )
and (X, v).
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We can also consider the random walk that stops on depth n. This
means that we consider the orbit F~*z only until the moment it lands
in B™. The corresponding (finite) coding sequence {k,,}2 _, is defined
as follows: k,, = k,, whenever k,, < n (m = 0,1...,7 — 1), while
kr = n. (In what follows we will skip “tilde” in the notation as long
as it would not lead to confusion.)

Fix an increasing control function s : N — Z.. We say that a
sequence k = {k,, }>°_, is s-controlled after a moment N if j,, < s(k,)
for all k,,, > N. We say that a point © € O is s-controlled after moment
N if its code k(x) is such. The set of these points is denoted by K.

Lemma 2.2. Under the summability assumption

50 < 00
k=0
we have
=1
v(Ky)>1- O(IEVW).

Proof. 1t follows immediately from the definition of the random walk,
using the monotonicity of the control function, that

" 1
V(KN) > H(l - 28(k)>’
k=N
which implies the Lemma. 0

2.3. Geometric estimates. Our analysis depends essentially on the

geometric control of the renormalizations and changes of variables es-
tablished in [CLM].
The renormalizations have the following nearly universal shape:

(2.4) R'F = (fa(z) = 0" a(2)y (1 +O0(p")), @),

where the f,, converge exponentially fast to the universal unimodal map
f+, a(z) is a universal function, and p € (0, 1).

The changes of variables ¥! : Dom(F') — Dom(F*) have the follow-
ing form:

(2.5) Ul = Dt o (id +8S1),

where

(26) D= ( D ) ( ) oy ) (1+0(p")).



HENON RENORMALIZATION 9

is a linear map with t; =< b% , while id +S. : (z,y) — (z + SL(z,),y)
is a horizontal non-linear map with

0.5, = 0(1), 19,54 = O(%).

2.4. Regular boxes. In this section we outline the results of §4.

For any = € O, we let B,(z) be the box B" € B" containing x (in
particular, B, (7) = B"). Let B} = B" \. {B"} stand for the family of
boxes B! that do not contain the tip.

Notice that the depth of all points x in any box B € B is the same,
so it can be assigned to the box itself. In other words,

depth(B) = sup{k: B C B*} € {0,1,...n—1}.

Let B"[l], I < n, be the family of all boxes of level n whose depth is .
Note that B"[l] contains 2"~!~1 boxes.

We can view the box B in the renormalization coordinates on various
scales. Namely, to view B from scale k < n means that we consider its
preimage B under the (nonlinear) rescaling W% : Dom(F) — B*. The
main scale from which B will be viewed is its depth k, so from now on
B := (¥f)~}(B) will stand for the corresponding box (see Figure 4.2).
This seemingly minor ingredient plays a crucial role in the estimates.

A box B as above is called regular if the horizontal and vertical pro-
jections of B are K-comparable, where K > 0 is a universal constant,
to be specified in the main body of the paper. In other words, mod B
(the ratio of the the vertical and horizontal sizes of B) is of order 1.

We will control depth by the control function

1 1
(2.7) s(k) = a2¥ — A where a = 0gb A= 87

logo’ = logo’
with a sufficiently small universal @ > 0 to be specified in the main
body of the paper. With this choice, we have:

(2.8) ac'F > "

Comparing it to (2.2) and (2.3), we see that the level [ — k controlled
in this way is safe for the renormalization F}.
We say that the box B € B"[l] is not too deep in scale B* if

|-k < s(k).

There are a number of constant which have to be chosen appropri-
ately, for example o and K. In the main body of this paper it will be
shown how to choose these constants carefully such that all Lemmas
and Propositions hold. From now on we will assume in this outline
that the constants are chosen appropriately and will not mention this
matter any more.
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We will number the Lemmas and Propositions in this outline as
the corresponding statements in the main body. However, the version
in the outline should be viewed as an informal version of the actual
statements.

Proposition 4.1. For all sufficiently big levels k, the following is true.
If a reqular box B € B®, n > k, is not too deep in scale B then Gy(B)
1s reqular.

Outline of the proof. Let B € B"[l], n > 1 > k. We should view B
from scale [, i.e., consider the piece B of level n —1[ for the renormaliza-
tion F}, see Figure 4.3. As the piece B = G (B) has depth k, it should
be viewed from this depth. So, we consider the corresponding piece B
of level n — k for the renormalization F,. Then B = F}, o Ul (B).

Using geometric estimates for factorization (2.5) we show that

mod ¥ (B) =< ¢/ " mod B,

provided B is regular. So W{(B) is highly stretched in the vertical
direction. The nearly Universal map F}, see (2.4), will contract the
vertical size by a factor of order %' << o!=* since the piece is not too
deep. This implies that the image under F}, is essentially the image of
the horizontal side. We obtain a piece B, which is essentially a curve,
that gets roughly aligned with the parabola, which makes its modulus

of order 1. O

2.5. Universal sticks. Given abox B € B"[l] of amap F, let O(B) :=
Or N B be the part of the postcritical set Op contained in B. Respec-
tively, O(B) = Op, N B, where B is the rescaled box corresponding to
B.

We say that a box B € B"[l] is a d-stick if the postcritical set O(B) is
contained in a diagonal strip II of thickness 9, relatively the horizontal
size of B. The minimal thickness is denoted by dg. See Figure 5.1.

Let us consider the pieces By and By of level n + 1 contained in
B. The corresponding pieces By and By occupy fractions og, and og,
of B, called scaling ratios, see Figure 6.1. Let op and op, be the
scaling ratios of the corresponding pieces for the degenerate renormal-
ization fixed point F,. Let Aog be the maximal difference between the
corresponding scaling ratios.

A piece B € B" is called e-universal if g < € and Aog < e.

Consider very deep pieces B € B"[k], with (1—¢g)-n < k < n, at scale
n—k. Then we are watching pieces of B"~*(F}) which can be obtained
by following the orbit of B"~*(F},) for 2"~F steps. F}, is at a distance
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O(p*) to the degenerate renormalization fixed point F,. When ¢q > 0 is
small, these few iterates, 2" % = 290" with a map O(p(!=%©)") close to
the renormalization fixed can be well approximated by iterates of the
renormalization fixed point. At this scale, one-dimensional dynamics
is a good geometrical model. We call this the one-dimensional regime.

Proposition 7.2. There exist 0 < 1, 0 < gy < ¢ such that every piece
in B*[k|, with (1 —q1)-n <k <(1—qo)-n, is O(p")-universal.

We are going to refine Proposition 4.1, in the sense that we are
estimating how e-universality is distorted (or even improved!) when
we apply maps G}, to regular pieces which are not too deep in scale B*.

Proposition 5.1 and 6.1 If B € B"[l] is reqular and not too deep in
B* then

0 < -5B—|—O(O’n_l),

N —

and
Aoy = Aog + O(dg + 0",

where B = G(B) € B"[k] and B = F},(V.(B)).

Outline of the proof. We consecutively estimate, using geometric es-
timates of §2.3, the relative thickness of the pieces Bgix = (id +S.)(B),
B.g = DL (Bag) and B = Fi.(B.g), see Figure 4.4. The first one is
comparable with the thickness of B, up to an error of order "¢, since
the horizontal map id +S! has bounded geometry (where the error
o"~! > diam B comes from the second order correction).

Let us now represent the affine map D!} as a composition of the
diagonal part A and the the sheer part 7', see (2.6). The diagonal map
A preserves the horizontal thickness, so the thickness is only effected
by the sheer part 7', which has order ¢, = b%". Using this estimate and
that B is not too deep in B¥, we show that 6(Bag) = O(0p,,)-

Finally, we show that the map Fj, being strongly vertically contract-
ing, improves thickness again using that B is not too deep in B*.

The maps W do not distort the scaling ratios at all as a consequence
of the precise defintion of scaling ratios. The piece B is the image under
Fy, of B.g = W (B). This map is exponentially close to the degenerate
renormalization fixed point. It will not distort the scaling ratios too
much. O

Starting with pieces obtained during the one-dimensional regime, we
apply repeatedly the maps G} as long as the new pieces are not too
deep. This process is called the pushing-up regime.
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The pieces created by the combined one-dimensional and pushing-up
regimes are O(p")-universal. This can be seen as follows. Proposition
7.2, states that the pieces from the one-dimensional regime are expo-
nentially universal. These pieces are the starting pieces of the pushing-
up regime. Propositions 5.1 and 6.1, state that the error in scaling
ratios caused by pushing-up is of order of the sum of the ticknesses
observed during the pushing-up process. Moreover, the thicknesses are
essentially contracted each pushing-up step.

Unfortunately, the pieces generated by the combination of the one-
dimensional and pushing-up regimes, do not have a total measure which
tends to 1. In particular, Proposition 8.2 states that asymptotically,
these pieces will be missing a fraction of the order O(2¥(b7)%") of B¥,
where v > 0. This is an immediate consequence of the fact that during
the pushing-up regime we only pushed-up pieces which are not too
deep.

The solution to this problem is to stop the pushing-up regime at the
level x(n) < Inn. Then B*™ will be filled except for an exponential
small fraction with O(p")-universal pieces. After level k(n) we start
the brute-force regime, push-up all pieces without considering whether
they are too deep or not. In other words, just apply the original map F
for 25" steps. But under these iterates the O(p")-universal sticks get
spoiled at most by factor O(C*™) = O(n°) with some ¢ > 0. Hence,
they are O(n®p™)-universal sticks, and we still see O(#")-universality,
for some 6 < 1.

Denote the pieces in B™ generated by combining these three regimes
by P,. These pieces are f™-universal.

2.6. Probabilistic universality. We say that the geometry of O is
probabilistically universal if there exists a 6 € (0, 1) such that the total
measure of boxes B € B" which are #"-universal sticks is at least 1 —

o).
Theorem 2.3. The geometry of O 1is probabilistically universal.

Proof. Let n > 1. The pieces in P, are §™-universal. Left is to estimate
1(Py).

The one-dimensional regime deals with the pieces of B” in B* with
(1—q1) n<k<(1-q):-n. They occupy a fraction 1 — O(W)
of the measure of B1=9)" Push them up until B° without restriction
whether they are too deep or not. They will occupy B" except for
an exponential small fraction. Let R, be the corresponding set of

paths of the random walk. These are the paths which hit the interval
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(1 —q1)-n,< (1 —qo)-n| at least once but are not necessarily s-

controlled. So .

2(q1—qo)n )-
Recall, the set K, consists of the paths which are s-controlled after
depth x(n) < Inn. Lemma 2.2 gives

v(R,) =1-0(

v(Eumy) =1-0( ) W)Zl—()(W):l—O(p)
k=kr(n)

for some p € (0, 1).
Observe, the set of paths corresponding to P, is [, N Ky(,). Hence,

w(Pn) =v(R,N Kﬁ(n)) =1-0(6"),
for some 6 € (0,1). O

3. PRELIMINARIES

A complete discussion of the following definitions and statements
can be found in part I and part II, see [CLM], [LM1], of this series on
renormalization of Hénon-like maps.

Let Q" Qv C C be neighborhoods of [—1,1] C R and Q = Q" x Q°.
The set Hq(€) consists of maps F : [—1,1]* = [—1,1]? of the following
form.

F(z,y) = (f(z) — e(z,y), x),
where f : [-1,1] — [-1,1] is a unimodal map which admits a holo-
morphic extension to Q" and € : [~1,1]> — R admits a holomorphic
extension to  and finally, |¢] < €. The critical point ¢ of f is non
degenerate, D?f(c) < 0. A map in Hq(€) is called a Hénon-like map.
Observe that Hénon-like maps map vertical lines to horizontal lines.

A unimodal map f : [-1,1] — [—1, 1] with critical point ¢ € [—1,1]
is renormalizable it f2 : [f*(c), f4(c)] — [f?(c), f*(c)] is unimodal and
[f2(c), FA ()] N F([f%(c), f4(c)]) = 0. The renormalization of f is the
affine rescaling of f2|([f*(c), f*(c)], denoted by Rf. The domain of Rf
is again [—1,1]. The renormalization operator R has a unique fixed
point f, : [-1,1] — [=1,1]. The introduction of [FMP] presents the
history of renormalization of unimodal maps and describes the main
results.

The scaling factor of this fixed point f, is

|[£2(c), f2 ()|
|[_1>1]| ‘
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A Hénon-like map is renormalizable if there exists a domain D C
[—1,1)* such that F? : D — D. The construction of the domain
D is inspired by renormalization of unimodal maps. In particular,
it should be a topological construction. However, for small € > 0
the actual domain A C [—1,1], used to renormalize as was done in
[CLM], has an analytical definition. The precise definition can be found
in §3.5 of part I. If the renormalizable Hénon-like maps is given by
F(z,y) = (f(x) — €(z,y)) then the domain A C [—1, 1], an essentially
vertical strip, is bounded by two curves of the form

f(x) — €(z,y) = Const.

These curves are graphs over the y-axis with a slope of the order € > 0.
The domain A satisfies similar combinatorial properties as the domain
of renormalization of a unimodal map:

F(A)NA =10,

and
F?(A) C A.

Unfortunately, the restriction F?|A is not a Hénon-like map as it does
not map vertical lines into horizontal lines. This is the reason why the
coordinated change needed to define the renormalization of F'is not an
affine map, but it rather has the following form. Let

and
G=HoF?’oH

The map H preserves horizontal lines and it is designed in such a way
that the map G maps vertical lines into horizontal lines. Moreover, GG
is well defined on a rectangle U x [—1, 1] of full height. Here U C [—1, 1]
is an interval of length 2/|s| with s < —1. Let us rescale the domain
of G by the s-dilation A, such that the rescaled domain is of the form
[—1,1] x V, where V' C R is an interval of length 2/|s|. Define the
renormalization of I’ by

RF=AoGoA™"

Notice that RF is well defined on the rectangle [—1,1] x V. The coor-
dinate change v = H~! o A=! maps this rectangle onto the topological
rectangle A of full height.

The set of n-times renormalizable maps is denoted by Hg(€) C
Ha(€). If F € HE(€) we use the notation

F,=R"F.
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The set of infinitely renormalizable maps is denoted by

To(e) = [ ] Hi(@).
n>1
The renormalization operator acting on H4(€), € > 0 small enough,
has a unique fixed point F, € Zg(€). It is the degenerate map

Folz,y) = (fu(2), 7).

This renormalization fixed point is hyperbolic and the stable manifold
has codimension one. Moreover,

W*(F,) = Zq(e).
If we want to emphasize that some set, say A, is associated with a
certain map F' we use notation like A(F').
The coordinate change which conjugates FZ2|A(F},) to Fiy1 is denoted
by
(3.1) YF = (A o Hp)™' - Dom(Fryy) — A(Fy).

Here Hj, is the non-affine part of the coordinate change used to define
RFFUF and Ay is the dilation by s, < —1. Now, for k < n, let

(3.2) Ur = "o pf 2o o™ Dom(F,) = Ap_i(Fr),

where

Ap(F) = ¥§(Dom(Fy)) N B.
Notice, that each Ay C [—1,1] is of full height and W% conjugates RFF
to F2'|A;,. Furthermore, Ayy1 C Ap.

The change of coordinates conjugating the renormalization RF to F?
is denoted by 1} := H~'oA~!. To describe the attractor of an infinitely
renormalizable Hénon-like map we also need the map 9! = Fo!. The
subscripts v and c indicate that these maps are associated to the critical
value and the critical point, respectively.

Similarly, let 2 and ? be the corresponding changes of variable for
RF, and let

W= oy, Un =Yooty Un =1y 0ur, U =1 0.
and, proceeding this way, for any n > 0, construct 2" maps

Yt =1t ooy w = (wy,...,w,) € {v,c}"

w w1 Wy ?
The notation ¢! (F) will also be used to emphasize the map under
consideration, and we will let W = {v,c} and W" = {v,c}" be the
n-fold Cartesian product. The following Lemma and its proof can be
found in [CLM, Lemma 5.1].
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Lemma 3.1. Let F' € ZG(€). There exist C > 0 such that forw € W",
| DY < Co™ n > 1.

Let F' € Z(€) and consider the domains
B! =Imy.
The first return maps to the domains
B, =ImV¥{ = Imyy.
correspond to the different renormalizations. Notice,
Bt C B,

An infinitely renormalizable Hénon-like map has an invariant Cantor

set:
or=( U FBm= U B

n>1 i=0 n>1weWn
The dynamics on this Cantor set is conjugate to an adding machine.
Its unique invariant measure is denoted by p. The average Jacobian

br = exp/logJach,u

with respect to p is an important parameter that influences the geom-
etry of Op, see [CLM, Theorem 10.1].

The critical point (and critical value) of a unimodal map plays a
crucial role in its dynamics. The counterpart of the critical value for
infinitely renormalizable Hénon-like maps is the tip

{rr} =) B

n>1

3.1. One-dimensional maps. Recall that f,: [-1,1] — [—1, 1] stands
for the one-dimensional renormalization fixed point normalized so that
f«(cx) = 1 and f2(c,) = —1, where ¢, € [—1,1] is the critical point of
f«. The renormalization fixed point f, has a nested sequence of renor-
malization cycles C,, n > 1. A cycle consists of the following intervals.
The critical point of f, is ¢, and the critical value v, = f.(c,)

* _ j j 427
I;(n) = [fl(vs), 7 (v)] € Cy,
with j = 0,1,2,---,2™ — 1. The collection C, consists of pairwise
disjoint intervals. Notice, for j =0,1,2,...,2" — 2
folli(n)) = 17y, (n),

and

fellzn_1(n)) = Ig(n).
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The interval in C,, which contains the critical point is denoted by
Un - [511_1(771) > Cy.

The nonlinearity of a C*-diffeomorphism ¢ : I — ¢(I) C R, I C R,
is
(3.3) ne = DIn Dé.
The Distortion of a diffeomorphism ¢ : I — J between intervals I, J C
R is defined as

Dg(y)

Do(x)

Dist(¢) = max log
m7y

If n is the nonlinearity of ¢ then

(3.4) Dist(¢) < [|nllco - [1].
The distortion of a map does not change if we rescale domain and
range.

Given r > 0. The r-neighborhood T" D I of an interval I C R is the
interval such that both components of 7"\ I have length r|I].

Lemma 3.2. There existr > 0 and D > 1 such that the r-neighborhoods
Tj(n) D I5(n) have the following property. For all n > 1 the following
holds. Let (; € Tj(n) then

ko—1
1 |[Df(G)]

\I*+1(n
=k ()]

with 0 < k1 < ky < 2™,

Proof. The a priori bounds on the cycles C,, are described in [MS], see
also [CMMT]. The a priori bounds state that for some r > 0 the gap
between I;(n + 1) and I, on+1(n) satisfies

[Zi(n) \ (Zi(n + 1) U Ljponsi(n))| = 5r - [ L;(n)].
Hence, we have Tj(n + 1) N Tjons1(n+ 1) = 0 and
T3 (n + D] + |Thsonsr (n)]| < (1 =7) - [T(n)].
Let 1;(n) be the nonlinearity, see (3.3), of the rescaling of f, : I} (n) —

I7,,(n). The rescaling turns domain and range into [—1,1]. Lemma
3.1 in [Ma2] says that

[ T(n +1)]

n ()l

|T5(n)| T

T one1(n + 1)]
sz (24 Dllen < SR )
J

[l (n+ D, <
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Hence,

175 (n 4+ Dllco + [1nj42041 (0 + Do < (1 =7) - lIn;(n)llc,
for j =0,1,2,---,2" — 2. The a priori bounds also imply a universal
bound

[72n—1(n +1)lley < K.
Inductively, this gives a universal bound
on—2

> i), < Ko
§=0

Use (3.4) and observe,

Df.(¢
o LI Oy )

117 (n)]
The Lemma follows. ]

Proposition 3.3. There exists p < 1 such that the following holds.
Let 0 < qo and I € C, and I C Uy \ Unq—_go)n, with k < (1 —qo) -n. Let
tr = 2% be the first return to Uy. Then for every j < t;

Dist(fI|I) = O(p™™").

Proof. Let s; > t; be the first return time of I to U;_gy).n. There exists
Jo C Uy with I C Jy such that fJ7 : Jy — Uq—gy)n diffeomorphically,
[Mal]. Let Jp = fF(Jy) and I = f¥(I). The a priori bounds on the
geometry of the cycles C,, imply

Lkl _ 0 qom
WA O(p™™).
This estimate hold because the intervals J;, are in C(1_q).n and the
intervals I, are in C,,.
The nonlinearity of the rescaled map f, : Jy — Jri1 which has the
unit interval as its domain and range, is denoted by 7. As in the proof

of Lemma 3.2 we obtain
sr—1

> lkllco < Ko.
k=0

The nonlinearity of the rescaled version of the map f, : I — [z
which has the unit interval as its domain and range, is denoted by
nt. Lemma 3.1 in [Ma2] says that the nonlinearity of the restriction
fo i Iy — Iyyq of fi o Jp — Jpyq satisfies

| 1|

Inillco < Al 17k | o
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Hence,
sr—1

> lnilleo = O™ ™).
k=0

The distortion of a map f!: I}, — I, is bounded as follows.
ktt—1

Dist(f?| 1) < Z Dist(f.|I;)

511

< njllco = O™ ™).
j=0

This finishes the proof of the Lemma. U
3.2. Geometrical properties of the Cantor attractor.

Theorem 3.4 (Universality). For any F € Zg(€) with sufficiently
small €, we have:

= (fal2) = 0" a(z)y (1 +O(p")), x),
where f, — f. exponentially fast, b is the average Jacobian, p € (0, 1),
and a(z) is a universal function. Moreover, a is analytic and positive.

Corollary 3.5. There exists a uniwersal diy > 0 such that for k > 1

large enough
1 OFy,
— < <d
TEel <,

for every z € BL(Fy).
Let 7, be the tip of F,, = R"F and 7" be the tip of Fi.

Lemma 3.6. There exists p < 1 such the conjugations
h,, OF* — OFn
with hy,(7y) = T, satisfy

|hn(2) — 2] = O(p"),
for every z € Op,.

Proof. Choose z* € Op, and let z = h,,(z*). There are unique sequence
* * * 1
Wy 1y - ooy Wiy - -5 @0 25 Zpge1y ooy 2y ooy and 205, 20 g0, 25, .. With

wy € {c,v}, 2z € Op,, and 2} € Op, such that z = z,,, z* = 2 and for
k>n

2 =Y (2h4)

2= (Wit ) (Zep)-

This follows from the construction of Op in [CLM].
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Theorem 3.4 implies

[ = (W)= 0(")
for some p < 1. The proof of Lemma 5.6 in [CLM] gives that (¢%+1)* =
¥ are contractions, |Dvyf| < o < 1. Then for k > n

|2 — 2] = [l () — (W) ()|
<|ear s (zra1) = (Wir 1) (1) [+
|t ) () = (W) (2140)|
<O(p") + 0 - |21s1 — 2541

Then for every m > n we have

z|<ZO A L PR
k=n+1

Observe, |z, — 25| < 1 and the Lemma follows by taking m > n
sufficiently large. O

3.3. Analytical properties of the coordinate changes. Fix an
infinitely renormalizable Hénon-like map F' € Zg(¢) to which we can
apply the results of [CLM] and [LM1], £ > 0 is small enough. For such
an F', we have a well defined tip:

T=7(F)=()Bn
n>0

Consider the tips of the renormalizations, 7, = 7(RFF). To simplify
the notations, we will translate these tips to the origin by letting

Uy, = ID?;(RkF) (2 + Thg1) — Tk

Denote the derivative of the maps W, at 0 by D, and decompose it into
the unipotent and diagonal factors:

(3.5) Dkz((l)tl’f)(o(‘)’“ f(f)k)

Let us factor this derivative out from Wy:
\Ifk = Dk o (ld +Sk),
where si(2) = (s1(2),0) = O(]z|*) near 0. Lemma 7.4 in [CLM] states

Lemma 3.7. There exists p < 1 such that for k € Z, the following
estimates hold:

(1) ax = 0® - (1+0(p")), B o (10", 1 =O0@E"):
(2) 10usi] = O(1), [9,5] = O(E™");
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(3) 1026l = O(1),  12,5:l = O(E),  102,5] = O(E%").
Lemma 3.8. The numbers ty, quantifying the tilt satisfy
tr < —b?f.
We will use the following notation
B (Fy) = Im Wy,

Consider the derivatives of the maps ¥} at the origin:

D} = Dy oDy 0Dy

We can reshuffie this composition and obtain:

(36)  DI= ( o ) ( (Uzgn_k (_Uo)n_k ) (1+0(p")).

Factoring the derivatives D} out from W}, we obtain:
(3.7) v = D} o (id+S}),
where S?(z) = (S7(2),0) = O(]z]?) near 0.

The following Lemma is Lemma 7.6 in [CLM]

Lemma 3.9. For k <n, we have:
(1) 1957 = O(1), 19,5 = O(E™); k
(2) 02.5¢] = O(1),  193,5¢1 = O(E),  |%,5}] = O 0" ~*).

Lemma 3.10. There exists a universal dy > 0 such that for k > 1
large enough

Proof. According to proposition 7.8 in [CLM], the diffeomorphisms
id +S} stay wihin a compact family of diffeomorphisms. This gives
the upperbound on the derivative. The partial derivative 9UdE85) an
not be zero in a point because otherwise the derivative of the diffeomor-
phism would become singular in point. This gives the positive lower

bound on the partial derivative. O
Lemma 3.11. There exists p < 1 such that
(W3 — (U)o = O(p").

Proof. The proof is a small modification of the proof of Lemma 3.6.
Use the same notation: w; = v for all [ > k. We have to incorporate
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the translation which center the maps around the tips. The estimates
in the proof of Lemma 3.6 become

(U7 (z) — (TP)*(2)] < O(p" ZO o TRl o R g, — 2,

I=k+1

where 2, = 2+ 7, and 2 = 2 + 7*. From Lemma 3.6 we get that
|zn, — 25| = O(p™) and the Lemma follows. O

3.4. General Notions. We will use the following general notions and
notations throughout the text.

Let C R? and Q = [a,a + h] x [b,b + v] be the smallest rectangle
containing X. Then h > 0 is the horizontal size of X and v > 0 the
vertical size.

Q1 =< Q, means that C~! < Q,/Q, < C, where C' > 0 is an absolute
constant or depending on, say F'. Similarly, we will use Q)1 2 Qs.

4. REGULAR PIECES

By saying that something depends on the geometry of F', we mean
that it depends on the C?-norm of F. Below, all the constants depend
only on the geometry of F' unless otherwise is explicitly said.

The tip piece B* = ijk of level £ € N contains two pieces of level
k 4 1, the tip one, B¥*!, and the lateral one,

EF = B
vre

They are illustrated in Figure 2.1, and more schematically, in Fig-
ure 4.1.

FIGURE 4.1

Forn >k >0, let
B"[k] = B"(F)[k] = {B € B"| B C E*}.
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We call k the depth of any piece B € B"[k]. A piece B belongs to
B"[k] if and only if
w = vPcwpis . .. wn.

Observe

1
— ky _
H U B | =p(E") = QR
BeBn[K]

where p is the invariant measure on Op. Let

Gk:sz:UElaEk, k> 0.
>k

Given a piece B € B"[k], there is a unique sequence
k:k0<k1<-~-<kt:n, kz:kz(B)

such that
B =Gy, 0 Gy, 000G, oG (B").

To see it, consider the backward orbit {F'~™B} that brings B to the
tip piece B". Let F'~™(B) be the moments of its closest combinatorial
approaches to the tip, in the sense of the nest B° > B' > .... Then k;
is the depth of F~™i(B). Thus, F~™i(B) € E*i, while F~™(B)NB* =
() for all m < m;, compare with §2.2. The pieces

BY .= F7™(B) =Gy, 0---0Gy,_, 0 Gy, (B") € B"[ki],

with ¢ = 1,2,--- ¢, are called predecessors of B. Let us view a piece
B = B € B"[k] from scale k, i.e., let us consider the following

vk cwp g omwn

piece B of depth 0 for the renormalization F}, = RFF:
(4.1) B=DB""* _ (F,)€B""F,)[0], soB=U¥B),

CWg42"Wn

see Figure 4.2.

Below, a “rectangle” means a rectangle with horizontal and vertical
sides. Given a piece B = B! € B", let us consider the smallest rectangle
@ = Q" containing BN Op. We say that Q) = Q(B) is associated with
B.

Remark 4.1. We are primarily interested in the geometry of the Cantor
attractor Op. For this reason we consider rectangles () superscribed
around Op N B rather than the ones superscribed around the actual
pieces B. However, our results apply to the latter rectangles as well.

Given B € B"[k], let us consider the rectangle Q associated to
B € B"*(F}). Let h and v be its horizontal and vertical sizes of
Q respectively. We also call them the sizes of B viewed from scale k.
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We say that the piece B € B"[k] is regular if these sizes are comparable,
or, in other words, if mod B :=h/v is of order 1:

(4.2) i <modB < Cj,

Co
with Cy = 3dy, where d; > 0 is the bound on 0F})/0z from Corollary
3.5 (see Figure 4.2).

ffffffffff

e T

FIGURE 4.2. A regular piece

Notice that in the degenerate case, F(z,y) = (f(z),x), every piece
is regular since the slope of f in EY is squeezed in between d; and 1/d;.

Next, we will specify an exponential control function s(k) = s, (k) =
a2k — A, see (2.7). Namely, we let

b, Ina

a

" Ino’ " Ino’
where a > 0 is a small parameter. The actual choice of & = (&) > 0
depending only on the geometry of F' will be made in the cause of the
paper (see Propositions 4.1, 5.1, etc.).

Let (k) = lo(k) = s(k) + k. If & <1 < I(k) we say that the pieces
B € B"[l] are not too deep in B¥. The choice of the control function is
made so that

(4.3) b <aocF forl <l (k).

Proposition 4.1. There exists k* > 0 and o* > 0 such that for o < o*
and k > k* the following holds. If B € B"[l] is reqular and not too deep
in B¥, k <1 <1,(k), then

B = Gu(B) € B'[K]

1s reqular as well.
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Proof. We should view B from scale [, le., consider the piece B €
B {(F)[0] defined by (4.1). As the puzzle piece B = F2*(B) has
depth k, it should be viewed from this depth. So, we consider

(4.4) B € B"*(F,)[0], such that U}(B)= B.
Observe: B = F}, o Uk (B) (see Figure 4.3).

,,,,,,,,,,

FIGURE 4.3. Pieces B and B viewed from appropriate scales.

As above, let (h,v) be the sizes of B, and let (h, V) be the sizes of
B. Since B is regular, bound (4.2) hold for mod B = h/v. We want to
show that the same bound hold for mod B = fl/ V.

The map W}, factors into a non-linear and an affine part as described
in §3:

Ul = Dl o (id+8%).
Figure 4.4 shows details of this factorization for the map W} from Fig-
ure 4.3. Let hgig and vg;g be the sizes of the rectangle Qg associated
with the piece (id +S%)(B), see Figure 4.4. Lemmas 3.9(1) and 3.10
imply for k£ big enough:

hag < do-h + O@") - v < 2dy - h,

where the last estimate takes into account (4.2). Similarly,
1

4.5 haig > —h.

(4.5) an 2 5

Moreover, since the map id +S! is horizontal, we have
(46) Vdif = V S CO - h.

Let h.g and v,.g be the sizes of the rectangle Q.4 associated with the
piece B.g = UL (B) = D! o (id +S.)(B) (which is the piece B viewed
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<2

Vaft

ﬁ‘ Ragt haigr id+s! h

FIGURE 4.4. Factorization of the map W! into horizontal
and affine parts.

from scale k). Incorporating the above estimates into decomposition
(3.6) and using Lemma 3.8, we obtain for large k (with s =1 —k) :

hatt < (haist - 0 + vaie - |tx] - %) - (L + O(p"))
< [3dy - 0° + O(b*")] - 0° - .

Similarly, we obtain a lower bound for h.g:

1
Ragt > [3—d0 .0® = O0b*)]-o° - h.

If B is not too deep for scale k, then b2 < ao®, and we obtain:
(4.7) Rag < 0% - h,

as long as « is small enough (depending on the geometry of Fj).
Bounds on v,g are obtained similarly (in fact, easier):

(4.8) vag=vag-o - (1+0(P) =v-0- (1+0(p") xv-os
Thus,
(4.9) mod B,g = mod ¥} (B) < ¢° mod B.

it gets roughly aligned with the parabola-like curve inside E*, which
makes its modulus of order 1. Furthermore, Theorem 3.4 and Corollary
3.5 imply, for k£ large enough, the following bounds on the sizes of B:
1 . .
57 har = Adb® - v < B < 2y - b + Ao - var
1
V= h’affa
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where Ay > 0 is an upper bound for a(z) (1 + O(p*)) which controls
the vertical derivative of F}. Hence

2k 2k
Aob < 2d, + Aob
mod V! (B) o*mod B

as long as « is small enough.

mod B < 2d; + < 2dy + AgCoax < 3dj,

Remark 4.2. Notice that mod B appears only in the residual term of
the last estimate. The main term (2d1)~depends only on the geometry
of F', which makes the bound for mod B as good as that for B.

The lower estimate, mod B > (3d;)™", is similar. O

5. STICKS

Let us consider a piece B € B"[l] and the corresponding piece B €
B {(F})[0], see (4.1) and Figure 4.2. In the degenerate case, most of
the pieces B N OF get squeezed in a narrow strip around the diagonal
of the associated rectangle Q. We will show that this is also the case
for many pieces of Hénon perturbations. To this end, let us quantify
the thickness of the pieces in question.

Let us first introduce two standard strips of thickness 9:

AF = {(r,9) € 0,17 ly+4] < 3)

(oriented “north-west” and “north-east” respectively.)

Given a piece B € B" and the associated rectangle Q = Q(B), let
L :[0,1]> — @ be the diagonal affine map. Let A(B) = L(As)*,
where:

e we select the “47-sign if B comes from the upper branch of the
parabola = = f(y), and “—"-sign otherwise.

e ) = 0p is selected to be the smallest one such that A(B) D BN O.
This dp is called the (relative) thickness of B. The horizontal size
hép of A(B) is called the absolute thickness of B. A(B) is called the

associated diagonal strip. We let A = Ag and call it the reqular stick
associated with B, see Figure 5.1.

Proposition 5.1. There exists k* > 0 and o > 0 such that for a < o*
and k* < k the following holds. If B € B[] is reqular and not too deep
in B*, k<1 <l,(k), then

o

IN

5 0n+ 0"
where B = G(B) € B"[k] and B = F,(V.(B)).
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hop

opNB | 3

FI1GURE 5.1. Regular stick

Proof. We will use the notation from §4. Let § = dg, and let w =4 -h
be the absolute thickness of B. The relative thickness of B is denoted
by 8 = dg. To estimate &, we will decompose W} as in §4. Let wag be
the absolute thickness of Bgg = (id +S%)(B). Then

(51) Wyig = O(W+h'0n_l).

Indeed, let ', be the horizontal section of (id +S)(Ag) on height v,
and let T, = (id +S%)~!(I,). Then

Ty < [Ty] - [id +Sfler = O(w),

where the last estimate follows from Lemma 3.9(1).
Furthermore, let us consider a boundary curve of (id +S)(Ag). Its
horizontal deviation from any of its tangent lines is bounded by

1
(5.2) 3 |id +S%|lc2 - (diam B)? = O(6™ ") - h,

where the last estimate follows from Lemma 3.9 (2), bounded modulus
of B (4.2), and Lemma 3.1. Hence

Waife < max | +O(a" ") - h,

and (5.1) follows. Together with (4.5), it implies:
(5.3) Sair = O(6 + o™7).
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Let us now consider the piece Bug = Vi (B) = D! (Bgg), see Figure 4.4.
Let D} = T oA, where A = Al and T = T} are the diagonal and
sheer parts of D} respectively, see (3.6). Let us consider a box Bgiag =
A(Buair), and let hgiag = o2U=K) b and Vdiag = 0 *vgig be its horizontal
and vertical sizes. Since diagonal affine maps preserve the horizontal
thickness, the thickness is only effected by the sheer part T}, which has
order tj, < b?", see Lemma 3.8, namely:

1
Oat < Odiff - T Tam g,
hdiag
(5.4) _5 1
— Udiff * Vdi —(l—
1_ﬁi§'a (=k) . ¢,

= O(édlﬂ‘) = 0(6 + Un_l).

where the passage to the last line comes from (4.3), (4.5), (4.6) and
Lemma 3.8. Let us also consider the absolute vertical thickness u.g of
B, i.e., the vertical size of the stick A(B,g). From triangle similarity,
we have:

Uafr - Waft
Vaff haff
So
Wafr Wafr _
(5.5) Unff = = =0 % Wag, s=1—F,

mod B,z ~ o*modB

where the last estimate follows from regularity of B while the previous
one comes from (4.9).

We are now prepared to apply the map Fj : (z,y) — (fr(x) —
ex(z,y), ), where ||ex]lc2 = O(2""), see Theorem 3.4. Let w be the
absolute thickness of B. By (4.7)-(4.8), the rectangle Q.q associated
with B,g has sizes

Vap = 0°v  and hug =< 0%h.

Let us use affine parametrization for the diagonal Z of B,g:
C
x:$0+ta y:yo_'__tv OStShafﬁ
O—S

where xg,yo is its corner where the stick A,g begins. Restrict Fj, to
this diagonal:

Fi(x(t),y(t)) = (A+ Bt + E(t),zo + t),
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where E(t) is the second order deviation of Fy(Z) from the straight

line. We obtain:

P (fr — ex) || ey
ox? oxy

= O(hag + V> 0 hag + (0¥ 07°) - (0 " hag)) - hag.

E(t) = O] oo+ ll57 - (07)%)  hig

n—k)

From Lemma 3.1 we have h,g = O(c . Hence,

E(t) _ O(O_n—k + b2k0_—(l—k)+n—k +o- O_—(l—k)—l—n—k)) Mg
= O(0™Y) - hag

where we used that [ is not too deep for £, i.e. b o= < a. It follows
that

W =0(c"" " hug + 2" . Uafr)

( nt haff + b2ka_s ' waff)

g
(0" hag + @ - wag),

O
O
where we used (5.5).

Remark 5.1. This was the moment where the thickness improves.

From the regularity of B we get h < v = hg. Thus,
(NS = O(O'n_l + - (531{)

=O0(a-6+0")
where we used (5.4). The Proposition follows as long as « is sufficiently
small. U
6. SCALING

Let B € B"[k] and B € B"'[k] with B C B. Say,
B=B',Cc B=B""'cE"

Let B and B be the corresponding rescaled pieces, so B = U§(B)
and B = UE(B). The horizontal and vertical sizes of the associated

rectangles are called h,v > 0 and fl, v > 0 respectively.
The scaling number of B is

oB —

<l <
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OFkﬂB R ) » _‘

VZO’BV

~

h

FIGURE 6.1

Remark 6.1. The scaling number can be expressed directly in terms of
the original pieces B and B. Indeed, since the diffeomorphism Ul is a
horizontal map, we have og = v/0, where v and 0 are the vertical sizes
of B and B. We will use the notation op when we refer to the cor-
responding measurement in the domain of F. This formal distinction
will only play a role in (7.20).

Remark 6.2. There are many possible ways to define the scaling num-
ber. The proof of the probabilistic universality will show that the
relative thickness of most pieces asymptotically vanishes. Because of
this, most definitions of the scaling number become equivalent.

For B = B (F') as above, let B* = B (F.) be the corresponding
degenerate piece for the renormalization fixed point F,. The proper
scaling for B is

O'E = O'Bu’}V(F*)-
The function
og: B+ op
is called the scaling function of F. The universal scaling function ¢* of
F, is injective, as was shown in [BMT].
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Remark 6.3. Given a piece B € B""'(F*). Let B* € B*(F,) which
contains B. For some 7 < 2" we have

m(BY) = I} (n) € Cy.

Similarly, 7, (B*) = I}(n+1) € Cpyy, for i = i or i = i+2". The scaling
ratios og are vertical measurements of pieces. Using that Hénon like
maps take vertical lines to horizontal lines, ¢y’ = xz, we have

Ut )
B — *
1I; (n)]

Proposition 6.1. There exists k* > 0 and o > 0 such that for a < o*
and k > k* the following holds. If a piece B € B"[l] is reqular and not
too deep for Ey, i.e. k <1 <I,(k), then

og =0+ O(0g + o™ b,
where B = G(B) € B"[k] and B ¢ B = ¥,(B) € B I].

Proof. As above in §4, let h.g stand for the horizontal length of Bug =
Ul (B), see Figure 4.4. We will use the similar notation h.g and wW.g
for the corresponding measurements of the piece B,g := UL (B).
Since Fj maps vertical lines to horizontal lines, we have
haﬁ

og = =

haﬁ '

Let v be the angle between the diagonal of B.g and the vertical side,
so tgy = mod B,g. Then

Uaﬂ'tg’y = haff—ff = haff'UBa

Vaff
0
Now Figure 6.2 shows:

|hfaﬁ — Vaff * tgfﬂ S waff-

Dividing by Aag (taking into account the two previous formulas and
definition of the relative thickness duq = Wag/hag), we obtain:

o5 — o8| < dap-

Now the Proposition follows from (5.4). O
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Vaff
Vaft = O'Bﬁaff
""" hdff
log — 0B|hag
waﬂ”

FIGURE 6.2

7. UNIVERSAL STICKS

7.1. Definition and statement. Let us consider a piece B € B™ and
the two pieces By, By € B™! of level n + 1 contained in B. Rotate it
to make it horizontal and then rescale it to horizontal size 1; denote
the corresponding linear conformal map by A. Let d,0p5,,05, > 0 be
the smallest numbers such that:

(1) A(BNOg) C [0,1] x [0, 4],

(2) A(Bl N OF) C [0,0’Bl] X [0,5],

(3) A(Bg N OF) C [1 — OBy, 1] X [0,5],
for the optimal choice of A. The numbers op,, and op, are called
scaling factors of By and Bs.

Remark 7.1. The scaling factor og of a piece B is a measurement of the
corresponding B. The scaling factor og of B reveres to measurements
of the actual piece in the domain of F. The difference between the
scaling factors og and op is estimated in Proposition 7.7.
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We say that B is e-universal if
lop, —op,| <€ |op,—op,| <€ and §<e

The precision of the piece B is the smallest ¢ > 0 for which B is
e-universal. The optimal A=1([0,1] x [0, 4]) is called the e-stick for B.
We will revere to the (relative) length and (relative) height of such a
stick. Let 8"(e) C B"™ be the collection of e-universal pieces.

op,!
\5[

Or N By

FIGURE 7.1

Definition 7.1. The Cantor attractor O of an infinitely renormaliz-
able Hénon-like map F' € Hq(€) is probabilistically universal if there is
6 < 1 such that

uw(S"O))>1-60" n>1.

Now we can formulate the main result of this paper:
Theorem 7.1. The Cantor attractor Op is probabilistically universal.

After careful choices of § < 1, ¢y < ¢; and k(n) = —Const+1Inn, one
distinguishes three regimes where pieces in S, (6") N E¥ are discovered
by different techniques.

The one-dimensional regime: all the pieces in B"[k] with (1—¢;)-n <
k< (1—q)-n arein S§,(0"). These very deep pieces are controlled
by the one-dimensional renormalization fixed point: they are perturbed
versions the corresponding pieces of F,, and their relative displacements
are exponentially small, see Lemma 7.3 and Proposition 7.2. We have
to exclude the pieces in B"[k] with k& > (1 — ¢qo) - n because they do not
have a small thickness. Viewed from their scale k, they are relatively
large pieces close to the graph of f,. The curvature of the graph of f,
causes this pieces to have a large thickness.
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The pushing-up regime: the pieces from the one-dimensional regime
can be pushed up without being distorted too much, using the Propo-
sitions 5.1 and 6.1, as long as they are not too deep. The resulting
pieces have exponentially small precision, see Proposition 7.7. In this
way one finds pieces in S, (0") N E* for 0 < k < (1 — ¢;) - n. Unfor-
tunately, the relative measure of these pieces in S, (6™) N E* obtained
by pushing up, is only exponentially close to 1, for k& > k(n) =< Inn,
see Proposition 8.2 . That is why the pushing-up regime is restricted
to k(n) < k < (1 — q1) - n where these pieces occupy E* except for an
exponential small relative part.

The brute-force regime: the pieces obtained in the one-dimensional
and pushing-up regimes are in B*™. They will be spread around by
brute-force iteration of the original map until returning. The time to go
from B*(™ and return by iterating the original map is 2%("). The depth
r(n) is the largest integer such that 2" < KnlIn1/6. The pieces in
the one-dimensional and pushing-up regime have exponentially small
precision. Each of the brute-force return steps used to spread around
the pieces from the deeper regimes, will distort their exponential pre-
cision 0", see Proposition 7.8. The total distortion along such a return
orbit can be bounded by O(r2"™) = O(rK"1/%)  with r > 1/b >> 1.
However, this distortion can not destroy the exponential precision when
6 < 1 is chosen close enough to 1.

The pushing-up regime is split into two parts. Let xo(n) be the
smallest integer such that I(ko(n)) > n. As long as ko(n) < k <
(1 — q1) - n the pieces in B"[l], I > k, are not too deep and can be
pushed up into E*. Indeed, xo(n) < Inn is uniquely defined and can
not be adjusted. Unfortunately, we can not use x(n) = ko(n) because
the corresponding return time 270" used to fill the brute-force regime
might be too large. Too large in the sense that it might build up too
much distortion, which is of the order O(r{) for some definite ry > 1.
We have to choose x(n) =< Inn much smaller than kg(n) to get an
arbitrarily slow growing rate for the distortion during the brute-force
regime. The rate should be small enough such that the exponential
decaying precision in the deeper regimes can not be destroyed. In the
regime k(n) < k < ko(n) we have (k) < (1 — ¢1) - n which means
that we can not push up all previously recovered pieces in B"[l] with
[ > I(k). This is responsible for the super-exponential loss term in
Proposition 8.2.
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7.2. Universal sticks created in the one-dimensional regime.

Proposition 7.2. There exist p < 1, ¢* > 0 with the following prop-
erty. For every 0 < qo < q1 < ¢ there exists n* > 0 such that for
n>n"and (1—q) - n<k<n
(1) every B € B"[k| is reqular.
(2) for every B € B"1[k]
los — 0| = O(p"™),

where B = WETY(B),
(3) for every B € B"[k] with (1 —q1) - n<k<(1l—gqo) - n

o = O(p™™),
where B = WE(B).
Choose, (1 —q1)-n <k <nand B € B"[k]. Let B € B" *(F}) be
such that B = WE(B). Let 7, be the tip of F,, and 7, the tip of F,. In

the next part we will have to compare the maps U} related to F' and
the maps (WU})* corresponding to Fi. Let

B, = B (Fi) = ¥ (Dom(F,))
and
B = BI7A (1) = (03 ) (Dom(F,)).
where (\Ifg‘_k)* is the change of coordinates used to construct R"*F,.
Then B = F}/(By) for some 0 < j < 2% and j is odd. Let B; =
F/(By) and B} = F/(Bj) for 0 < j < 2"7*. We will analyse the
relative positions of B; and Bj. Let

Ij = 7T1(Bj) and Jj = 7T2(Bj).

The intervals in the n'* cycle of f, are denoted by I #(n), see §3.1.
Observe,
F=L(n—k)=m(B}), 0<j<2"h
and
J=mB)=I_(n—k), 0<j<2""
Consider the conjugations
hn . OF* — OFn

with h,(7.) = 7,. These conjugations allow us to label the points in
Op,. Choose, z* € Op, and let z = h,(2*). Let (zo,y0) = ¥V} (2) € By
and (x5, y5) = (V7)*(2*) € B§. The points in the orbits are

(‘TJ"yj):Flg(anyO) and (Ijvy;):Fg(I87y8)7
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with 0 < j < 2"%. The first estimates will be on the relative displace-
ments ‘Al—jf and ‘AJ% where Az; = 2; — 2} and Ay; = y; — y;.

Lemma 7.3. There exist p < 1, ¢* > 0 with the following property.
For every 0 < q < g there exists n* > 0 such that for n > n*,
1—¢q) - n<k<n,and0<j<2"*

| Az . |Ay;] .
—— =0(p?™), and ~— = O(p™™).
|15 5]
Proof. Recall, y;11 = x;. Hence,
|AY;41] _ | Az
|5l I

we only have to estimate the displacements Ax; and Ayy. Since, Fj, —
F, exponentially fast controlled by some p < 1, see Theorem 3.4, we
have

i = fulz;) +O(p")
= f.(2}) + Df(G)Az; + O(p").
Hence,
Azj = Df.(G)Az; + O(p").
There exists K > 1 such that

[Azjn| _ ij(Cj) Azl P ’
G

(7.1)

|15

where we used the a priori bounds: |I7, | > pi* for some py < 1.

We will use (7.1) repeatedly but to do so we first need to estimate
|Azo|. Let Az = z — 2* and use the Lemmas 3.11, 3.1, and 3.6 in the
following estimate

(20, y0) — (x5, o) | < [Vi(2) — (¥)"(27)]
< Vg = ()" + [(PR)"(2) — (¥5)"(=7)]
< O(p") +|D(T})"| - |Az|
=0(p" +o" " p")
= O(p").
Thus,

(7.2)
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and
\Ayo\ /)k
7.3 =0 .
(7:3) | J5 ] (pg‘k)

Let r > 0and D > 1 be given as in Lemma 3.2 and K > 1 as defined
above. For ¢ > 0 small enough and n > 1 large enough we have

|Axo| pF o pte r
(7.4) T O(pg"“) = O(( p )") = 00" < 55
and
2k oLy — oy < T
(7.5) DK(pO) p 0(((p0/2)q) )=00(") < 3.

One has to be careful when applying (7.1) repeatedly. The points (;
should not be too far from I7 to be able to control distortion.

Claim 7.4. For ¢ > 0 small enough and n > 1 large enough

| Az, 2 ik ok |Axg|
|17 Po |15

for 0 < j <277k,

Proof. The proof is by induction: the statement holds for j = 0 because
D > 1. Suppose it holds up to j < 2"* — 1. The r—neighborhoods
Ui(n) D I were introduced in Lemma 3.2. The induction hypothesis
together with (7.4) and (7.5) imply that

(€ Ul(n - k‘)
for I < j. Now repeatedly apply (7.1) and Lemma 3.2 to get

i+1  j k J
|Al’j+1| s Df*(Ck) P Df*(Ck) |A[L’0|
I* SZ(HW)'KHHH o ) I
| j+1| 0 + | 0|

I=1 k=l ] k=0 r7]

|A[L’0|
i U

0 0

2 _ |AZL’0|
Po 15|

This estimate finishes the induction step. O

1l

7]
k
p

< (j+1)DK

< DK(

Now incorporate the estimates (7.4), (7.5) in the Claim and together
with (7.3), Lemma 7.3 follows. O
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Proof of Proposition 7.2. Let (1 —¢;) -n < k < n and assume that
the conditions of Lemma 7.3 are satisfied. Choose B € B"[k]. Let
B € B"*(F},) be such that B = Uk(B), say B = B, with 0 < j < 27"
odd.

The pieces B} € B k(F,), 0 < j < 2" 7% odd, are curves on the
graph of f, contained in B!(F,), that is, they have a bounded slope.
This bounded slope implies that

151 = J7].
This bound and Lemma 7.3 imply that the Hausdorff distance between
B, and B* is O(p®™ - |I7]). We get that B; = W{(B;) is regular, which
proves Proposition 7.2(1).
Let B € B""[k|, say B = U§(B) with B € B *(F},) and B C
B; € B"*(F}), for some 0 < j < 2"7%. Recall that the scaling ratio
of B € B""![k] is a measurement in vertical direction in the domain of

Fy. The relative displacement of every point z* € Op, is estimated in
Lemma 7.3. These bounds imply

= O(p"™).

This finishes the proof of Proposition 7.2(2).

To control the thickness associated to B € B"[k] we have to restrict
ourselves to (1 —¢;) -n < k < (1 — q) - n. The piece B = B;,
which determines the relative thickness of B = ¥§(B) has a Hausdorff
distance O(p®™ - |I7]) to B}, Lemma 7.3. This piece B} is a curve in
the graph of f, contained in B}(F,). This curve has a bounded slope.
Hence, its relative thickness is proportional to its diameter, which is of
the order 0" % < g% see Lemmas 3.1. The control of the Hausdorff
distance and the small relative thickness of B} implies

dn = O(p"™")
We finished the proof of Proposition 7.2(3). O

‘O'B — OB*

7.3. Universal sticks created in the pushing-up regime.

Definition 7.2. Given 0 < ¢y < ¢, the collection P, (k;qo,q1) of
(qo, ¢1)-controlled pieces consists of B € B"[k]| with the following prop-
erty. If B® i =0,1,2,---,t, are the predecessors of B = B(® with

k=ko(B) < k1(B) <ky(B) << ki_1(B) < k(B) <mn.
then
(1) ]{Zi+1 S l(kl>,Z:0,1,2,3,,t— 1,

(2) there exists 0 < s < ¢ such that (1—¢;)-n < ky(B) < (1—qo)-n,
and
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(3) ks—1(B) < (1—q1)-n

Remark 7.2. The definition of controlled pieces is a combinatorial def-
inition. It does not depend on F' but only on the average Jacobian
br which is a topological invariant, [LM1]. If B is a (qo, ¢1)-controlled
piece of F' then the corresponding piece B* is (qo, ¢1)-controlled piece
of F,.

The definition of controlled pieces implies

(7.6) U Ge(Pru(l; @0, 01)) = Pr(k; qo, q1)-

k<I<I(k)

Proposition 7.2 introduced the constants p < 1, and ¢* > 0. The
constants o > 0 and k* > 0 are the optimal choice given by the
Propositions 4.1, 5.1 and 6.1. Now Proposition 4.1 and Proposition
7.2(1) imply

Lemma 7.5. Let a < a*. For every ¢* > q1 > qo > 0 there exists
n* > 1 such that every B € P,(k;qo,q1) and all its predecessors are
reqular when n > n* and k > k*.

Lemma 7.6. Let o < «o*. For every ¢* > q1 > qo > 0 there exists
n* > 1 such that for every B € P,(k;q,q) and B € B '[k] with
BCB

B = O(")
and

loB — ol = O(p™™")

when n > n* and k > k*.
Proof. Let us call the predecessors of B and B

B ¢ B
i=0,1,2,...,t. Let k; = k;(B) = k;(B) and §; the relative thickness
of B®, where B® = w}(B®), and 0; = og, the scaling number of
BOWE®B®), i = 0,1, 2,...,t. Observe, the piece B might have one

predecessor more than B.
Apply Propositions 5.1 and 6.1. In particular,

1
(7.7) 0i-1 < §5i +0(0" ")
and
(7.8) loi1 — o]l = O(6; + U"_ki)

fort=1,2,...,t.
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Iterating estimate (7.7) we obtain

> 6 <25, 4 O(c" )

=0

(7.9)
= 0("™) +O(o™™),

where we used Proposition 7.2(3) and property (2) of Definition 7.2.
We may assume o < p < 1. The first estimate of the Lemma follows:

0 =00 <> & =0(p™").
=0

To establish the second estimate of the Proposition, first observe that
s—1

OB = 0g(s) T+ Z(UBO‘) — OpGi+1)).
=0
Hence, by using (7.8) and (7.9),
s—1
‘O'B(()) —0pgs) | < Z |UB(i) — O'B(i+1)‘
=0

s

= 0() (6: + 0" M)

i=1
= O(p" 4 ") = O™,
If B € P,(k,q0,q1) and B* is the corresponding piece of F., then B*
is also controlled. Namely, each I(k) = co because by, = 0. Hence, we
have the same estimate for the proper scaling
0B — 0ps | = O(p™").

This finishes the proof. Namely, B®) € B"*l[k,] with (1 — ¢)-n <
ks < mn and we can apply Proposition 7.2(2),

log — UE| = |logo — U*B(0>|

< |ogw — 0w |+ |ope — 0gw | + 05w — 0g0]

— O(p™).
]

The measurements of the pieces, such as scaling and thickness, are
geometrical quantities observed when viewing a piece from its scale,
they are geometrical measurements of B and not B itself. The next
Proposition states that the actual pieces B inherit exponentially small
estimates for their precision. The Proposition is also a preparation for
the brute-force regime which concerns iteration of the original map.
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Proposition 7.7. Let a < o*. For every ¢* > q1 > qo > 0 there exists
n* > 1 such that

Pulk; qo, 1) C Sp(O(p™™))
when n > n* and k > k*.

The estimates in the proof of this Proposition are like the estimates
used to prove the Propositions 4.1, 5.1, and 6.1.

Proof. Let B € P,(k:qo,q1) and B € B""[k] with B € B. Let B
and B be such that B = U¥(B) and B = U (B). The horizontal and
vertical size of the smallest rectangle which contains B are h,v > 0.
Let 6 > 0 be the relative thickness of B, the absolute thickness of B is
w =6 - h. From Lemma 3.1 we get

h,v = O(c"").
Moreover, the regularity of B gives
h=v.
The situation allows to apply Lemma 7.6 :
(7.10) 0 =0(p*") and |og —og|=O0(p™™").

We have to show that BNOp = WE(BNOy, ) is contained in a O(p®™")-
stick. As before we will decompose WE into its diffeomorphic part
(id +S’5) and its affine part. Let hgig, vaig > 0 be the horizontal and

vertical size of the smallest rectangle containing the image of B under
(id +SE) and wqig > 0 the absolute thickness of its stick and g > 0
the scaling factor of the image of B under the same diffeomorphism.
Then we have

04diff = OB,
Vaif = V

and, by recalling (5.1),

Waig = O(W + o k. h),
hdiﬂ‘ = h.

The last two estimates rely on v =< h. The term h - " * reflects the
distortion of (id+S¥) on B determined by the diameter of B which
is of the order 0" *. The next step is to apply the affine part of Wf.
Denote the measurements after this step by hag, Vafr, Wasr, Oag > 0 TESP.
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Equation (3.6) and Lemma 3.8 yield
War = 0 Wastr,
(7.11) Taff = Odiff = OB,
hatt < 0 hair + 0 vaigr,
Use the above estimates in the following

o . [w+ 0" * . h]
o2k . h+ok.v

(7.12) 2 — o

)= O(O’k 0+ 0") = 0O(pl™).
haff

OBUaff
LD
Al Y §
o
haﬂ
FIGURE 7.2

Consider the smallest conformal image of a rectangle aligned along
the diagonal of the rectangle containing B = Uk (]3), see Figure 7.2.
The precision of B will be better than the precision based on the mea-
surements of this approximation of the stick. Let [’ > 0 be the length,
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w' > 0 be the absolute thickness and o’ > 0 be the scaling factor of
B C B within this rectangle. Then

(7.13) I = \/h2g + v,

and
(7.14) W < Wag.

First we will estimate the precision of ¢’. Let v be the angle between
the diagonal of the rectangle and the horizontal. Observe,

haff
Vi + o2
see Figure 7.2. The projection Al’ of the horizontal interval of length
W, onto the diagonal has length

cosy =

Al' = w,g - cos.

Observe,
haff

V%0

lo" 1" — oag - U'| <Al = wag -

Then, by using (7.12) and (7.13),

h? w
7.15 gl < Wl Mar o Wl a0y
Use (7.10), (7.11), and (7.15) to estimate the precision of ¢’

(1.06) |0’ — o] < |0’ — Gutl + |ous — o] = O(p™).

The estimate (7.14) says that the height of the stick containing Bis at
most w,g. The relative height is estimated by

v — = O (),

— < <
U= /g4 v~ ha
where we used (7.12) and (7.13). The estimates (7.16) and (7.17)

confirm that B € S,(p®™)), which finishes the proof of the Propo-
sition. O

(7.17)

7.4. Universal sticks created in the brute-force regime.

Proposition 7.8. There exists € > 0, and ¢* > 0 such that the fol-
lowing holds. Let € < €*, and 0 < qo < q1 < ¢* then there exists n* > 1
such that if for 0 < j < 20-a)n

Fi(B) € S,(e),
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with B € B"[k], 1 —q) -n<k<(1l—q)-n, andn > n*, then
FITY(B) € S,(0O(e + p™™)).

Proof. Choose B € B"[k] with (1 —¢q)-n < k < (1 —¢q)-n and
B € B with B ¢ B. The iterates under the original map are
denoted by B; = F/(B) and B; = Fi(B), j < 20-1)" Assume that
for some j < 2(1—a)n
B; € S,(e).

The piece Bj is contained in an e-stick. Say Bj N O is contained in
a rectangle of length [ > 0 and height w < el. The smaller rectangle
which contains BjNOp has length o;l, where 0; = o, and [o; —op | <
€. Notice that we have to estimate the scaling factor op,; and not og,
compare remark 6.1.

Apply F to this rectangle. The stick which contains Bj+1 has length
' > 0 and height w’ > 0. The relevant scaling factor of Bj; is 041 =
0B,

j+1°

Choose, M, m > 0 such that
m|v| < [DF(z,y)v| < M.
This is possible because F'is a diffeomorphism onto its image. However,
m = O(b). Let K > 0 be the maximum norm of the Hessian of . The
diameter of B; N Op, which is proportional to [, is of the order ", see
Lemma 3.1. We can estimate the sizes ', w’ and ¢’ by applying the
derivative of F' and correcting for distortion which is bounded by K2
Let D be the absolute value of the directional derivative of F' in the
direction of the rectangle containing B;, measured in a corner of the
rectangle. Then
' > Dl —2K[* — 2Mw,
w' < Mw + 2K,
Observe,
|O'j+1 . l/ —D- gj - l‘ S 2Muw + 2Kl2

Let us first estimate the relative height of the stick of BjH. Use w < el,

w’ < Mel + 2K1?
' = ml—2KI2 —2Meél
(7.18) M K
< . 9 .
~—m—2KIl—2Me €t m — 2K — 2Me l
— O(e+0") = Ofe + ™),

when € < €, gy < ¢ small enough, and n > n* large enough. Similarly,
(7.19) 0541 — 05| = O(e + p™™).
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Use remark 6.3 and apply Proposition 3.3 to get
(7.20) 0B, — 0Bl = 0(p™™),

with 0 < s < 2(1-a)m,
We need to estimate the scaling factor 0,41 of Bj ;1. Use (7.19) and
(7.20) and and the notation o} = o . Then

0j11 = 54| < lojyr — oyl + |oj — of| + [0F — 074

(7.21) < O(e+p™™") + e+ 0(p™™)

=O(e+ p™™),
for e < €, 0 < qo < ¢* small enough and n > n* large enough. The
estimates (7.18) and (7.21) together finish the proof. O

8. PROBABILISTIC UNIVERSALITY

In this section we are going to estimate the measure of the pieces
created in the three regimes, see Proposition 8.6. Let a = a*,¢* > 0,
and 0 < ¢f < 1/3 small and k£* > 1 large enough to allow the use of
the Propositions 7.7, and 7.8.

For each n > 1, let ko(n) =< Inn be the smallest integer such that
Inb Ina

= RO(”) - >
[(ko(n)) =2 o o T Ko(n) > n.

For n > 1 large enough we have
Inn
8.1 < —,
(51) holn) < 12
Lemma 8.1. Given qy < q1. There exists n* > 1 such that for n > n*
and ko(n) <k < (1—q)-n,

] (B,

2(q1—q0

(Pr(k; qo,q1)) > [1 —

Proof. Let B,(k;qo,q1) = u(E*\ Pn(k;qo,q)) be the measure of the
uncontrolled pieces. The construction implies immediately

(8.2) Bn(k;qo, 1) = M(Ek)> (1—q) -n<k<n,
and
(8.3) Bu(k;qo,q1) =0, (I1—q1) - n<k<(1l—-q)-n,

every piece in the one-dimensional regime is controlled. The Lemma
holds for (1 —¢;) -n <k < (1—qo)-n. This implies that the fraction
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of the uncontrolled part in Uj>1—g,)n Elis

> i=(—quyn Bl G0, @1) - 1

(8.4) N(B(l q)mn ) — 9(g1—qo)n+1"
Observe,
Inb Ina
l((l—Q1)n—1):2(1_q1)n 1 E—E (1—Q1)n—1

> 2(1—q1)-n—1 >,

holds when n > 1 is large enough. All pieces in B"[k], with k >
(1 — q1) - n are not too deep for level (1 — ¢;) - n — 1. Hence, equation
(7.6) reduces to

Pu(l—q) - n—Liga)= |  Guoayna(Pulliqo,n)-

(1=gq1)n<i<n

Hence, using (8.4),

n

Bu((l=@) n—Tliga) = Y. Balligo,q)
I=(1—q1)n
< L . y(BU—a)m
= 9(q1—qo)n+1 ,u( )
1

= 9la—q0)nt1 - p(BUma)m=L),

Now we finish the proof by induction. The Lemma is proved for k =
(1—¢q)-n—1. Assume the Lemma holds from (1 —¢;)-n—1 down to
k+1<(1—q)-n—1. Because k > ko(n) we have [(k) > n. Hence,
again by using (7.6), (8.2), (8.3), and u(E") = 5+, 1 > 0, we get

1(Pu(k; g0, @1)) U G(Pu(l; g0, 01)))
I=k+1
(1—q1)n—1 (1—qo)'n
= Y wPuligq)+ D> u(EY
I=k+1 I=1-q1)n
1 (1-q1)n—1 1
I
> (1 - Q(Q1—QO)'N+1) ’ [ Z ILL(E ) + 2(1_q1).n]
I=k+1
1 (1_Q1)'"_1 0
=(1- W) g Z u(E" + Z p(E")]
I=k+1 I=(1—q1)n
1 k
= (1—W)'M(E ).
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U

Proposition 8.2. Given qy < ¢1 < ¢i. There exists n* > 1 such that
form>n* and k< (1—qo)-n

1 Inao l
M(Pn(k7q0aq1)) Z []‘ - 2(q1 qo)n+1 — 2o 22 b’y 2 )

where v = —122 € (0,1).

Proof. According to Lemma 8.1, the Proposition holds for xg(n) < k <
(1 —gqp)-n. The proof for the lower values of k < ky(n) is by induction.
Assume by induction

Kko(n)—1

1 Inao l
Bn(k; qo, q1)) < [W +20 Y 2N()T) - w(EY),
1=k

which holds for k& = kg(n). Suppose it holds from k¢(n) down to
k+1 < ko(n). Observe,

ﬁ —ons 9 E TR < o L g-me?t
Hence,
1 na k
(8.5) S < 2Wo - (b7)2

Use (8.1) and observe,

g1 = 277 = — k() — 1

holds when n > n* large enough because ¢ < 1. Hence, for n > 1

3
large enough, we have

(8.6) (k) <lko(n)—1)<(1—aq1)n
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Use (7.6), the induction hypothesis, (8.5), and (8.6) in the following
estimates.
U(k)

Bukigo, 1)) < > Bulliqo, @) + p(B' )

I=k+1
1 1 Ko (n)—1 l I(k) ]
< g T20 Y 2071 Y B + g
l=k+1 I=k+1
1 Inac ko(n)—1 L2l k Ina oo ok
< g T 20 Y 2(00)7] - p(BY) + 207 (57)
I=k+1
]_ 1 RO(n)_l 1 ) k
o nnaoo 2 .
= [ T 200 Y 200)7] n(EY),
1=k
where the last equality uses p(E*) = 5. ]

For each K > 0 and 0 < 1, let k(n) be the largest integer such that
28 < Knln1/6.

Lemma 8.3. There exists K > 0 such that for every 8 < 1 there exists
n* > 1 such that k(n) > k* for n > n* and

Inac > l 1
2o 2L < .
By 20 < 50
I=k(n)
Proof. Observe,
> 2@ = 0@ ™).
I=k(n)

To achieve the property of the Lemma it suffices to satisfy
In 28 4 25 In 7 + O(1) < nlné.
In turn, this holds when
1
ninl/6 - [§Klnb“’ +1]+0(1) <0.
This holds for large n > 1 when K > 0 is chosen large enough. 0

In the sequel we will fix K > 0 according to the previous Lemma.
For each ) > 0 and 6 < 1, define ¢ by

g =QIn1/6.
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and

3

Lemma 8.4. For every 0 < 1 there exists n* > 1 such that for @ > 0
and n >n*

R
2(q1—gqo)n+1 = 3~

The brute-force regime consists of iterates of Ul(;‘(lfl))" Pn(l; q0,q1) up

to just one step before the moment of return to B*™ = Uf;(n) E'. The

return uses exactly 2 steps. Thus we obtain for each choice @ > 0
and 6 < 1, the collection

2r(n) 1 (1—qo)n
j=0 I=k(n)

Proposition 8.5. There exist () > 0 and 0* < 1 such that the following
holds. For 0* < 6 < 1 there exists n* > 1 such that for n > n*

P, C Sa(07).
Proof. Take B € Ul(;‘(lfl))" P.(l;qo0,q1). According to Proposition 7.7
there exists C' > 0 such that
(8.8) B e S, (Cp®™),

when 6 < 1 close enough to 1 and n > 1 large enough (Recall that ¢
depends on ). Now consider an image FV(B) with j < 28" — 1 <
2(1=a)m " Denote its precision by ¢;. This is a piece in the brute-force
regime. If & < 1 close enough to 1 and n > 1 large enough we can
apply Proposition 7.8: there exists r > 1 such that if ¢; < €* then
(8.9) €j+1 <7 (€ + p*T).

Choose () > 0 large enough such that

anp+Klnr—l—g <0.

This choice implies
(8.10) prom . 2 < (g3,

Now we can repeatedly apply (8.9): for n > 1 large enough and 0 <

j < ()
j—1

€ < Cp®om . ri 4 Pl er—i
i=0

) plom. 7«2”(") <O < €.

<
_(C+r—1
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Every piece in P, is #™-universal. O

In the sequel we will fixed () > 0 according to the previous Proposi-
tion.

Proposition 8.6. There exists 8* < 1 such that the following holds.
For 0" <60 <1 there exists n* > 1 such that for n > n*

w(Pn) >1—0"

Proof. For § < 1 close enough to 1 we have
1
—_ S
2§—an 1/6
Hence, for n > 1 large enough

Knln1/0 1
< —

9(1-QIn1/6)n+1 = 3 0"

(8.11)

For 8 < 1 close enough to 1, and n > 1 large enough we can apply
Proposition 8.2, Lemmas 8.3, 8.4, and (8.11) to obtain

(1—qo)n

p(Po) =22 u( | Pulliqo, )

I=k(n)

(1—qo)'n

>0 (1= 20 S (B

I=k(n)

2 or(n)
= (=30 0= o)

2 Knlnl/0
> (1- 59 )-(1— 2(1—an1/9)~n+1)
>1-0"

O

The Propositions 8.6 and 8.5 confirm probabilistic universality, The-
orem 7.1.

9. RECOVERY

The pieces in B" which are contained in §"-sticks can be determined
by pure combinatorial methods. In [CLM], it has been shown that
there are pieces which are not contained in 6"-sticks. Probabilistic
universality says that these bad spots will be filled on deeper levels with
pieces contained in sticks with exponential precision. This recovery
process has a combinatorial description.
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A piece B € B™ has an associated word w = wyws . . . w,, with letters
wy, € {c,v}, such that

Imwwloqb oy

where 9F is the non-affine rescaling used to renormalize RFF, and to
obtain RFFLF and ¢F = REF o4)*. If By, By € B"*! are the two pieces
contained in B then the associated words for B; and B, are wc and
wwv. This discussion defines a homeomorphism

w: Op — {c, v},

The relation between the k;(B), i = 0,1,2,...,¢, which define the
predecessors of B € B" and the word w = wyws ... w, is as follows. If
i € {ko(B),k1(B),...,k(B)} then w; = ¢, otherwise w; = v.

In the previous section we constructed the collection P,, C S,,(0"),
see (8.7). The word w = wywy ... w, of a piece B € P, is characterized
by

(1) If £ > k(n) and wy = c then there exists k < ¢ < (k) with
w; = C.
(2) There exits n —q; -n < k <n—qo-n with w, = c.

Remark 9.1. Recall, qq, ¢1, and the function [(k), depend only on the
average Jacobian, which is a topological invariant, see [LM1]. The
characterization of the pieces in P, is purely topological.

Definition 9.1. A point z € OF is eventually controlled if there exists
N, > 1 such that for all n > N, there exists n —q¢u - n <k<n—qy-n
with

Wy = C,
where w(z) = wjwows.... The collection of eventually controlled
points is denoted by Cr C Op.

Lemma 9.1. The set of eventually controlled points satisfies u(Cr) = 1

and
Cr=J ) Pn

N>1n>N

Proof. There exists k* > 1 such that (1 —qy) - l(k) > k for k > k*. Let
x € Cp. Choose n > 1 large enough such that n > x(n) > N, and
k(n) > k*. The piece B,(z) € B" contains x. Then B, (z) satisfies
property (2).

Choose k > k(n). Then I(k) > (1 — q) - l(k) > k > k(n) > N,.
Hence, there exists w; = ¢ with (1—¢1)-l(k) <i < (1—qo)-l(k). Now,
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i>(1—q)-l(k) > k. Moreover, i < (1 —qo)-Il(k) < (k). The piece
B, (z) satisfies property (1). We proved,
(9.1) r € N P,.
Kk(n)>max{Ng,k*}
Choose x € (),~ 5 Pn- Then property (2) implies that for every n > N
there exists n — ¢; - n < k < n — qp - n with
Wy = C.

We proved that (),~y Pn C Cp, for N > 1. The statement on the
measure of O follows from Proposition 8.6. This finishes the proof of
Lemma 9.1 0

The recovery process can be described by using Proposition 8.5 and
(9.1)

Proposition 9.2. If x € Op is controlled then and k(n) > N, then
B, (z) € S,(0").

Remark 9.2. Given a conjugation h : Op, — Op, then bp, = bp,, see
[LM1], and h(Cp,) = Cpg,. The set of controlled points is a topological
invariant.

FIGURE 9.1

10. PrROBABILISTIC RIGIDITY

The geometry of large parts of Op resemble that of the geometry of
OF,, see Theorem 7.1, probabilistic universality. The large parts are

(10.1) Xy = () Sk(6"),
k>N
where 6 < 1 is given by Theorem 7.1, with
u(Xy) 2 1-0(0).
Let
X=|]J Xy

N>1
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and note pu(X) = 1.

As a consequence of a result from [CLM] we known that there is no
continuous line field on Op consisting of tangent lines to Op. How-
ever, the first step towards describing the geometry of Op will be the
construction of tangent lines to O in all points of X C Op. Choose
N > 1 and define forn > N

T,: Xy — P!

as follows. Let x € Xy and let B,(z) € B", n > N, be the piece
with € B,(z). The part Or N B,(x) is contained in a #™-stick see
Figure 10.1. The direction of the longest edge of this stick is denoted
by T, (z) € PL.

The a priori bounds give that the scaling oy of B, 1(x) is strictly
away from zero. Namely, 01 = 0B, (2) = aEnH(x) — 0" > a > 0. The

L 0(0")

o)

FIiGURE 10.1

angle between T,,(x) and T,,41(x) is of the order 6", see Figure 10.1.
The piecewise constant functions 7, form a Cauchy sequence,

(10.2) dist(Th41(x), T, (x)) = O(0™).
for n > N and z € X. The limit is denoted by
T=limT,: Xy — P

n—oo

The construction implies that we get in fact a map
T:X —PhL

The actual line through x € X C O with direction T'(z) is denoted
by T, C R2.
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Definition 10.1. The Cantor set Op is almost everywhere (1 4+ ()-
differentiable if for each N > 1 there exists C'y > 0 such that

dist(z, Tyy) < Cyla — x0|"

when =z € Op, xg € Xy.
The tangent line field of Op is weakly B-Hélder if for each N > 1
there exists Cy > 0 such that

dlSt(T(l’o),T(!L’l)) S CN|£E() — ZL’1|B,
with zg, 21 € Xy.
Remark 10.1. The objects we consider have Holder estimates on the
growing sets Xy. Although, the increasing sequence of sets X; C
Xy C X3 C --- is intrinsically related to the notion of being almost

everywhere Holder we will suppress it in the notation, instead of using
almost everywhere Hélder with respect to the sequence {Xn}.

Theorem 10.1. The Cantor set Op is almost everywhere (1 + ()-

differentiable, where 8 > 0 is universal. The tangent line field is weakly
B-Hélder.

Proof. Choose N > 1. Let

dy = min diam(B N Op) > 0.
BeBN

Choose, xg, 1 € Xy. We will find a uniform Hélder estimate for the
function T'| X in these two points. Let n > 1 such that x; € B, (o)
and x; ¢ B,y1(x9). To prove a Holder estimate we may assume that
n > N. The a priori bounds for the Cantor set of the one-dimensional
map f, and the probabilistic universality of Op observed in the sets
X, see (10.1), give a p < 1 such that

2y — o] > p" N - dy.
Estimate (10.2) implies
dist(T(z1), T (z0)) < dist(T'(z1), To(z1)) + dist(T,.(z0), T (z0))
= 0(0")
< COnlz1 — x0l”.

eN

where Cy = O(¢ 5
(10.3) P’ =0.

The estimate only holds when xy and x; are in the same piece of BY.
To get a global estimate we might have to increase the constant to
obtain

) and B > 0 is such that

dlSt(T(!L’l),T(ZL'Q)) S CN|1’1 — ZL’Q|B,



56 M. LYUBICH, M. MARTENS

for any pair zg, 1 € Xy.

Choose = € Op to prove that T, zo € Xy, is a f—Holder tangent
line to Op. Again let n > 1 such that x € B,(xy) and = ¢ B, 11(z0).
The distance between xg and x is bounded from below when n < V.
To find the Hoélder estimate for the distance between z and T,, we
may assume that n > N. Recall, dist(T(zo),T,.(z0)) = O(6") and
|z — 29| > p" ™V - dy. Denote the length of the stick which contains
Or N B,(zg) by [ > 0. The a priori bounds imply

[ =O(|z — x0)).
Then
dist(z, Ty,) = O(0") - 1
(10.4) = 0((p")|z — o))
< CN|LE‘ — l’0|1+ﬁ.

This estimate holds when x(, z are in the same piece of BY. We might
have to increase the constant Cy to get a global Holder estimate. [J

In [CLM] it has been shown that the Cantor attractors Op, with
br > 0, can not be part of a smooth curve.

Theorem 10.2. Each set Xy C O is contained in a CP-curve.

Proof. The proof will not use the specific structure of the set Xy de-
scribed by the pieces in B". The proof holds for every closed set in the
plane with tangents line to each point with Holder dependence on the
point.

We will construct a C'*A-curve through every set Xy N B with B €
BN+EK and K > 0 large enough. This suffices to prove the Theorem.

Choose B € BN with XyNB # (). For each 1y € Xy N B consider
the cusps

Sey = {z € Bldist(z, T,,) < Cn|x — xo\”ﬁ}.
Note Xy N B C S,,. Thus
S= () S.>XyNB.
zeXnN

Fix K > 0 large enough such that each S, \ {x} has two components.
This defines already an order on Xy N B. Write

So\{a} =87 US,,

where ST are the connected components. We may assume that the as-
signment of connected components preserves the order in the following
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sense. If ; € S then
Sy NXycCSt.

A point x € Xy is a boundary point of Xy if SN Xy = 0 or
S; N Xy =0. A connected component G C S\ Xy, see Figure 10.2,
is called a gap of Xy. For every gap there exist two boundary points
o, r1 € Xy such that

GcSins,.

Consider a gap between two boundary points xy and x; and the graph

FIGURE 10.2

over the tangent line T}, of a cubic polynomial v which passes through
xo and x; and is tangent to the tangent lines 7}, and 7,,. Denote the
graph of 74 also by 7. A calculation shows that

IValo < 7Cx|mg — 1|7

and if Dyg(z) € P! is the direction of the tangent line to the graph ¢
at a point z € v then

|Dva(y) — Dya(a)] < 21Cx|y — xf”.

In particular, the distance between the tangent directions along the
curve and the direction at the boundary points shrink to zero as the
diameter of the gap shrinks. This implies that the closure of the union
of the curves v

WZXNUUWG
G

is a C' curve.



58 M. LYUBICH, M. MARTENS

Left is to show that the tangent direction D+ is C”. Choose xg, 1, €
v. Let ay € v N Xy be the closest point to zy on the line segment
between zy and z;. Similarly, let a; be the closest point to z;. If
xg € G then ag is a boundary point of the gap G, See Figure 10.2. For
K > 0 large enough, the distances between these points are, up to a
factor close to 1, equal to the corresponding distances of the projections
of these points to the tangent line through ayg. We may assume that
|l’1 - a1|, |CL1 — a0|, |CLO — l’0| S 2|ZE1 — ZL’0|. Then

|Dy(21) = Dy(0)| < Cn - {21]a1 — ar]” + |ar — ao|” + 21]ag — x|}
S 86CN|£E1 — ZL’()|B.
The curve v is C'*8 and contains Xy N B. O

The following Theorem is an answer to a question posed by J.C.
Yoccoz.

Theorem 10.3. The Cantor attractor O is contained in a rectifiable
curve without self-intersections.

Proof. Let F, : [0,1]*> — [0,1]? be the n'"-renormalization of F. The
piece B!(F,) C Dom(F},) is strip bounded between two horizontal line
segments and B} (F,,) C Dom(F},) is strip bounded between two vertical
line segments. Let v, be a collection of three line segments which

connects the two pieces and each piece with the horizontal boundaries
of Dom(F,,) = [0,1]?, see Figure 10.3.

F F;, Fi1

n
Fk+1

FiGure 10.3

For each n > 1 we will construct inductively a curve I'" in the domain
of F which passes through all pieces B € B" of the n'’-cycle of F. Let
'™ consists of 7, and curves in the boundaries of Bl(F},) and B(F,)
connecting the end points of v, see Figure 10.3.

Suppose '} is defined and its end point are in the two horizontal
boundary part of the domain of Fj;, see Figure 10.3. Let I'} be the
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curve connecting the top and bottom of the domain of F} consists of
the curves

FZIIP ( k+1)Uw ( Z+1)U7kUQZ=

where g} consists of the two shortest horizontal line segments connect-
ing the endpoints of ¢%(I'7, ;) with the end points of 7, and the two
vertical line segments connecting the endpoints of ¥(I'y, ;) with the
end points of 7, see Figure 10.3. Let I =I7.

The curve I'"™*! is obtained from I'" by changing it inside the pieces
of B". Hence,

[\ B =T\ B

This refinement process induces natural parametrizations of the curves
'™ where the parametrization of I'"*! is obtained from the one of I'”
by only adjusting only inside the pieces of B". In each piece B € B",
the curve ' is partitioned into five sub-curves, see Figure 10.3. The
refinement of the parametrization of I'™ spends equal time in each of
these five sub-curves. The diameter of the pieces in B" decay expo-
nentially fast, supgcp diam(B) = O(c™). The construction and this
decay imply that the parametrization have a uniform Holder bound.
This bound allows us to take a limit. Let I' be the limiting Holder
curve. It contains Op.

The maps ¥* and * are contracting distance by at least 5E 5, for
k > 1 large enough, see Lemma 3.1. Denote the length of I'} by |I'}|.
Then,

n 2 n
1% < ‘F w1l + el + lgrl

<5F | + 4

The curves I'} have a bounded length. In particular, the limiting curve
[ is rectifiable.

Outside the pieces B € B"™ the curve I' coincides with I' which
consists of non-intersecting curves. A self-intersection has to be a point
x € Op. Let B,(x) € B" the piece which contains this self-intersection.
The interval of parameter values which correspond to points in B, (z)
is an interval of length O(1/5"). This means that the parametrization
is injective. There are no self-intersections. O

Remark 10.2. The curve I' for the degenerate maps follows the same
combinatorial construction as for a non-degenerate maps. This implies
that the order of the pieces B € B" in the curve I' is the same order as
observed in one-dimensional maps.
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Remark 10.3. The relative height (or thickness) of a piece B € B"
coincides with the number 5(B) < 1 introduced by P. Jones. In [J],
Jones characterizes sets which are contained in rectifiable curves. A
set O is contained in a rectifiable curve if and only if its diadic covers
B™ satisfy the summability condition

Z Z B*(B) - diam B < oo.

n>1 BB
In the present case of O, one can use the dynamical covers B" instead
of the diadic ones. Since diam(B) = O(c") with 20 < 1, the set
Op satisfies the summability condition with respect to these covers.
The diameter of the pieces decay fast enough so that we do not have
to consider actual geometrical information of the pieces: the bound
B(B) < 1 suffices. For completeness we include a direct proof for
rectifiability using the strongly contracting rescalings ¥ and *.

The sets Xy have better geometrical properties. The relative height
(or thickness) of the pieces covering X and the corresponding num-
bers 5(B) decay exponentially fast. This is responsible for the smooth
curves containing these sets.

The tangent bundle over O is defined by
TX ={(z,v) € X x R*|v € T},}.
If Y C X then the tangent bundle over Y is denoted by
TY ={(z,v) e TX|x € Y}.
We identify T, C R?, {z} x T(x) C TX with the tangent space at
x € X C Op. Let 7, : R2 — T}, be the orthogonal projection.

Let Y € Op. Amap h : Y — h(Y) C Op, is differentiable at
xg € Y if 2y and h(zp) have a tangent line, and there exists a linear
Dh(xo) : Ty — Th(ay) such that for z € YV

h(x) = h(zo) + Dh(xo) (7 () — x0) + 0|2 — x0])-

We will identify Dh(zo) with a number.

A bijection h : X — h(X) C Op, is almost everywhere a (1 + )-
diffeomorphism if for each N > 1 the restriction h| Xy is differentiable
at each x € X and

Dh : TXN — Th(XN)

and its inverse are S-Holder homeomorphisms.

Let Op, be the Cantor attractor of the fixed point of renormalization,
the degenerate map F,. Its invariant measure is denoted by pu,. In
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[LM1] it has been shown that every conjugation which extends to a
homeomorphism between neighborhoods of Or and Op, respects the
orbits of the tips. We will only consider conjugations

h: OF — OF*

Definition 10.2. The attractor Op of an infinitely renormalizable
Hénon map F' € Hgq(€) is probabilistically rigid if there exists § > 0 such
that the restriction h : X — h(X) of the conjugation h : Op — Op,,
is almost everywhere a (1 + /3)-diffeomorphism.

Theorem 10.4. The Cantor attractor O is probabilistically rigid.

Proof. Fix N > 1 and choose B® € Sy(6") which intersects X . Con-
sider the stick which contains B°. Call one of the long edges of this
stick the bottom and choose an orientation of this line segment. It suf-
fices to show the differentiability of the conjugation restricted to such
a piece.

We will construct a curve containing Xy N BY. This curve will be
the closure of a countable collection of pairwise disjoint line segments.
These line segments are called gaps. This piecewise affine curve is
better adapted to the problem at hand than the curve of Theorem
10.2. Let

Xy (k) ={B € Si(6")|BN Xy # 0 and B C B°}.

Given B € Xy(k). Let 0 > 0 be the relative height of the stick of B and
01,09 > 0 the scaling factors of the two pieces By, By € B! contained
in B. The stick of B has three parts. Two rectangles of relative length
o1 and oy containing respectively By and By and the the complement
within the stick. This last part does not intersect X . It could be that
one of the other parts also does not intersect Xy. At least one of the
parts does intersect Xy. Let E be the union of the parts which do
not intersect X and H_ and H, be the vertical boundaries of E, see
Figure 10.4.

The gap of B will be a line segment GG g connecting H_ with H,. Let
By € Xy(I) which intersect H,, l =k,..., L. Choose

L
v € H.NOpN (B
1=k
The point a7 is uniquely defined when L = oco. In fact, it will be a
point of Xy. When L < oo we have some freedom choosing 2. Choose
it to be the closest point to the bottom of By. Similarly, choose a point
1z € H_. The gap of B, denoted by G, is the line segment (x5, x5).
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FI1GURE 10.4

The length of a gap is defined by
G| = |25 — ap).

Remark 10.4. The gaps are pairwise disjoint. For B; € Xx(k+ 1) and
B € Xx(k) it might happen that G, and G g have a common endpoint.
The angle between the gap G g and the bottom of B € X (k) is of order
0. This is a consequence of § = O(#*) and the a priori bounds on o}
and oy.

There is a natural order on Xy N B® and the collection of gaps. It
coincides with the order of the projections of X and the gaps onto the
bottom of B?. Let us define the order between some z € Xy N B? and
a gap Gp,. Let k > N be maximal such that there is B € Xx(k) with
x € B and Gp, N B # (. The stick of B has three parts as described
above. Observe, x and Gp, cannot be in the same part of the stick of
B. The angle of the axis of B with the bottom of B is of order .
This defines an order on the three parts of this stick. Accordingly, this
defines whether z > Gp,, or, z < Gp,.

The gap-distance between z,y € Xy N B is

e —yly= > 1Gal.
r<Gp<y
The gaps between z,y € Xy N B° form a curve
[zay]g = U GB'
z<Gp<y

It is a graph over the tangent line of x.
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Claim 10.5. If x,y € BN Xy with B € Xy(k) then
[z —yl,
|z — |

Proof. Let m, be the projection onto the tangent line T}, of . Then

(10.5) z—m@) = Y |m(Gp)l.

r<Gp<y

=14 0(6").

The angle between each gap G between x and y, and the tangent line
of z is of order 6%, see (10.2) and remark 10.4. This implies that

|7.(G )|
|G Bl

The Cantor set O is almost everywhere differentiable, see Theorem
10.1. In particular, use (10.4) to obtain

(10.6) =1+ 0(6").

(10.7) 2= mWl g 4 o,
|z =y
The estimates (10.5), (10.6), and (10.7) prove the Claim. O

Given a piece B of I, the corresponding piece of F} is denoted by
B* = h(B).

Claim 10.6. Let B; € Xn(l) with B, C By, € Xy(k). Then
|GBZ‘ ‘GBI:|
S |G ;|

Proof. The Claim holds for [ = k+ 1 because the relevant pieces are in
Si(0%) and Sy 1(6%1). In general, there is a unique sequence of pieces
BEXN()k<j<lw1thBlCBllC . Bry1 C Bg. Then

= 0(6").

Gal 1G] <, [Gsl 1G5l &
In Lo k= In —2* O(6%)
Gonl TGl ~ 22" G, 1G]~ 2 O =00

O

Claim 10.7. Let z,y,z € Xy N B with B € Xy(k) and z*,y*, z* €
h(Xy) the corresponding images under h. Then

hl‘x_y|g' ‘ZL’ — < ‘g :O(9k>

2 —zlg |z* =¥,

Proof. Claim 10.6 gives for every piece B C B
G5
|G 5|

Gl =1G 3| - (1+0(6Y).
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This implies
‘IL’ - y|g _ Zx<é<y |GB|
|LE - z|9 Zm<é<z ‘GB|
* 2% * G~*
_ Z:c <B*<y B | (1 +O(«9k))
Zx*<é*<z* |GB*|

— |I* _ y*‘g . (1 + O(Qk))

B |lz* — 2*,
This finishes the proof of the Claim. U

A reformulation of this Claim is the following. Let z,y,z2 € Xy N B
with B € Xy (k). Then

hy) = h@ly
ly — |2 —
This implies that for 2,y € Xy N BY the following limit exists.
Dh(z) = lim W) =M@y

y—x ly — x|g

() — h(z)

(10.8) | In |L"| = 0(6").

Moreover, the limit depends continuously on x.

Claim 10.8. There exists a universal 8 > 0, independent of N, such
that Dh : Xy — R is g-Holder.

Proof. Choose g,z € Xy N B° to prove a Holder estimate for In Dh.
Let £ > N be maximal such that z € By(xy). Observe, as before in
the proof of Theorem 10.1,

|z — x| > p* - diam(B°)
where p < 1. Choose 3 > 0 such that p? = #. Then
(10.9) 08 = O(|z — 20|”).
Hence, using (10.8) and (10.9),
|In Dh(x) — In Dh(zo)| = O(6%) = O(|z — 20?).
This suffices to show the Holder bound for Dh. 0

We will identify Dh(zx) with a linear map Dh(z) : T, — Th(y). The
positive function Dh is bounded. This bound, (10.8), and Claim 10.5,
imply that for z,z¢ € Xy

(10.10) |h(x) = h(zo)| = O(|z — xo]).
Claim 10.9. For z,y € Xy N B°
h(y) — h(z)] = Dh(z) - & —y[ - (1 + O(|z — y|”)).
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Proof. Let k > N be maximal such that y € By(z). Apply Claim 10.5,
(10.8), and (10.9), in the following estimate

|h(y) — h(z)]
h(y) — h(x)| = ————— - |h(y) — h(z
= (1+0(6") - Dh(z) - |y — =],
= (1+0(ly — «|”)) - Dh(x) - |y — =].
O

Now we are prepared to show the differentiability of h. Choose
r,79 € Xy N B% Let k > N be maximal such that z € By(xg).
Let A = Dh(x0) (72, () — 20) € Th(ze)- Claim 10.9, (10.7), and (10.9),
imply
(10.11) |A| = [A(x) = h(z0)] - (1 + O(lz — xo|7)).
Let J = Wh(xo)(h(x)) — h(l’o) c Th(xo) and V = h(SL’) — Wh(xo)(h(x)).

The image h(Op) is contained in a smooth curve, the image of the
degenerate map F,. Hence,

7| = [h(z) = h(xo)| - (1 + O(|h(z) — h(o)[*))

(1012) — h(@) = hlxo)]| - (1 + O(fe  ao]%))
and
(10.13) V] = O(h() — hzo) ).

Apply (10.11), (10.12), (10.13), and (10.10), in the following estimate
h(z) = h(zo) + A+ (J-A)+V
= h(z0) + A+ O(|h(x) — h(zo)| - |z — 2o|”) + O(|h(x) — h(zo)|*)
= h(z) + Dh(xo) (7, () — x0) + O(|z — 30| 7).
This finishes the proof of the differentiability and the Theorem. O
Remark 10.5. The conjugation h : O — Op, satisfies
h(z) = h(xg) + Dh(x) (T4, (2) — 20) + O(|x — 20|7)

in almost every point o € Op. Observe, that the Holder exponent is
universal. The Holder constant tends to infinity when A is restricted
to larger and larger sets Xy, when N — oo.

The Cantor attractor Op has two characteristic exponents, [O]. One
is zero the other is Inbp, see [CLM]. The function T': X — P! con-
structed before defines a measurable line field, with respect to u, on
Or.
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Proposition 10.10. The line field
T OF — ]P)l
1s the invariant line field of zero characteristic exponent.

Proof. For each point xq € X we have, see Theorem 10.1,

dist(z, Tyy) < Cylx — 20|

with © € Op. The map F is a diffeomorphism which preserves Op.
Hence,

dist(z, DF(20)Ty,) = O(|x — F(20)|**7)
with € Op. For almost every xy € X we have F(zy) € X. Hence, T
is an invariant line field, i.e. for almost every xq € Op we have

DF(I’())TIO = TF(:(:O)

The map F' has only two invariant lines fields, the two characteristic
directions, [O]. Left is to show that T'(x) corresponds to the zero
exponent.

Choose N > 1. For almost every xy € Xy there are t, — oo such
that

Ft”(l’o) € Xy.

This is because the ergodic measure p assigns positive measure to Xy.
Let v € T, and v, € T}(,,) be unit vectors. Apply the chain rule

|DF' (zo)v| = [Dh™ (Fx(h(0)))| - [DF" (h(x0)) Dh(xo)v] - | Dh(o)]
= [DF (h(@o))vsl-
Observe, v, € Tj(y,) Which is a tangent line to the graph of f.. The

degenerate Hénon map F, has zero exponential contraction along this
curve. Hence,

1 1
lim =~ In |DF*(z¢)v| = lim — In|DF™ (x¢)v] =0
t—o00 t n—oo tn

On a set of full measure in X there is no exponential contraction along
the direction 7'(x). The line field T' has exponent zero. O

The Hausdorff dimension of a measure p on a metric space O is

defined as
HD,(O)= inf HD(X).
M( ) w(X)=1 ( )

Theorem 10.11. The Hausdorff dimension of the invariant measure
s universal

HDu(Op) = HD,,(OF.).
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Proof. Let h : O — Op, be a conjugation which exchanges the orbits
of the tips. According to Theorem 10.4 there are sets Xy C O with
w(Xy) > 1 —0(@") and on which h is a (1 + ()-diffeomorphism.
The continuity of the derivative gives upper and lower bounds of the
derivative. This implies

HD(h(Xy)) = HD(Xx).
Hence, for X = (Jy, Xn and every Z C OF
HDhXNZ)=HDXnNZ).
Let Zy C Op with u(Zn) =1 and limy_,oc HD(Zn) = HD,,(Op) then
HD,(Op) > lim HD(Zy(X)
—00
= lim HD(h(Zy N X))
N—oo
2 HDM*(OF*)a

where the last inequality holds because p.(h(ZyNX)) = p(ZyNX) =
1. The opposite inequality HD,, (Op,) > HD,(Op) is obtained in the
same way. U

Remark 10.6. We can identify the Hausdorff dimension of the measure
on the Cantor attractor. Namely,

In 2
HD,(Of) = 7.
#(Or) [ In|Dr,|dpu.
where 7, is the analytic expanding one dimensional map constructed
such that m (Op,) is its invariant Cantor set, see for example [BMT]
and references therein. The measure pu, is the projected measure from

Or..

APPENDIX: OPEN PROBLEMS

Let us finish with some questions related to the previous discussion.

Problem I: The collections P, see (8.7), of good pieces that we have
constructed are determined by the average Jacobian of the map. Ob-
serve that S, (0™) might be slightly larger than P,. It was suggested
by Feigenbaum’s experiment, mentioned in the introduction, that the
statistics of the remaining bad pieces, might be governed by some uni-
versality law. This problem is also related to one of the open problems
in [CLM] on the regularity of the conjugation h : O — Og when
br = bg.
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Problem II: Do wandering domains exist? This question was already
formulated in [LM1]. It is included again because its solution might be
obtained by using the techniques developed in this paper.

NOMENCLATURE

br average Jacobian, §3
B" a piece of the n'*-renormalization cycle, §3
B" collection of pieces in the n*-renormalization cycle, §3
B"[k] pieces of B" in E¥, §4
B, (z) the piece in B™ containing x € Op
B the piece B viewed from its proper scale, §4, Figure 4.2
Dist(¢) Distortion, (3.4)
Dy, derivative of ¥ at the tip, (3.5)
0p thickness of B, §5
Ap absolute thickness of B, §5
E* part of a dynamical partition, §4, Figure 2.1, 4.1
f« unimodal renormalization fixed point, §3
G, return map related to the partition by E*, §4, Figure 2.1, 4.1
ki(B) depth of the i*"-predecessor of B, §4, Definition 7.2
Ko(n) minimal depth to safely push-up, §8, and §7.1
k(n) upper bound of the brute-force regime, §8, and Lemma 8.3
[(k) maximal allowable depth, §4
ns Nonlinearity, (3.3)
Op invariant Cantor set of F', §3
k  coordinate changes related to the renormalization R(R*F), (3.1)
Y coordinate change, §3
U coordinate change relating R**(R*F) to R™, (3.2)
P (k; qo, q1) collection of qg, g1-controlled pieces, Definition 7.2
P, pieces obtained by applying the three regimes, §8, and (8.7)
qo, q1 boundary one-dimensional regime, §8, and Lemma 8.4
o scaling factor of the unimodal renormalization fixed point, §3
op scaling factor of B, §6
8" (¢€) collection of pieces in B" with € precision, §6
ty tilt of the derivative of ¥* at the tip, (3.5)
T tangent line field to Op, §10
TF tlp, §3
X the differentiable part of O, §10
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