DYNAMICAL SYSTEMS APPLIED TO ASYMPTOTIC GEOMETRY

A. A. PINTO AND D. SULLIVAN

ABSTRACT. In the paper we discuss two questions about smooth expanding dynam-
ical systems on the circle. (i) We characterize the sequences of asymptotic length
ratios which occur for systems with Holder continuous derivative. The sequence of
asymptotic length ratios are precisely those given by a positive Hélder continuous
function s (solenoid function) on the Cantor set C of 2-adic integers satisfying a
functional equation called the matching condition. The functional equation for the
2-adic integer Cantor set is

s(2x + 1) = 53((2?) (1 + 5(2;_ 1)) ~1.

We also present a one-to-one correspondence between solenoid functions and affine
classes of 2-adic quasiperiodic tilings of the real line that are fixed points of the
2-amalgamation operator. (ii) We calculate the precise maximum possible level of
smoothness for a representative of the system, up to diffeomorphic conjugacy, in
terms of the functions s and cr(z) = (1+ s(z))/(1 + (s(z + 1))~ 1). For example, in
the Lipschitz structure on C determined by s, the maximum smoothness is C1+
for 0 < a < 1 if, and only if, s is a-Hdlder continuous. The maximum smoothness
is C2te for 0 < a < 1 if, and only if, cr is (1 + a)-Holder. A curious connection
with Mostow type rigidity is provided by the fact that s must be constant if it is
a-Holder for @ > 1.
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1. INTRODUCTION

One could say that this paper is about the space A(2) of sequences {a1,as,...} of
positive real numbers satisfying

(i) an/am is exponentially near 1 if n — m is divisible by a high power of

two, and
(ii) as,as,ar,...is constructed from a; and as, a4, ag, - . . by the recursion
a 1
(].) Aon+1 = Rl (]. + ) —1.
asn asn—1

The only explicit element in A(2) that we know is {1,1,1,...}. However, the following
theorem shows that A(2) is a dense subset of a separable infinite dimensional complex
Banach manifold of [20].

Theorem 1. The set A(2) is canonically isomorphic to

A) the set of all possible affine structures on the leaves of the dyadic
solenoid S(2) that are transversely Holder continuous and invariant by
the natural dynamics E(2) : S(2) — S(2).

B) the set of all C™ structures on the circle S invariant by the “doubling
the angle” expanding dynamics E(2) : S — S, r > 1.

C) the set of all positive Holder continuous functions s on the Cantor
set C' of 2-adic integers satisfying

52z +1) = 53(222) (1 + 8(2;_ 1)) - 1.

D) the set of all affine classes of 2-adic quasiperiodic tilings of the real
line that are fixed points of the 2-amalgamation operator.

E) the set of all affine classes of 2-adic quasiperiodic fized grids of the
real line.

See proof of Theorem 1 in Section 2.7 (in [20] are studied the uniformly asymptotically
affine (uaa) and the analytic structures on the circle invariant by the dynamics of E(2)
leaving the C™ case for this paper). The connection between the sequences of A(2)
and C) appears from restricting s in C) to the dense subset of natural numbers in the
Cantor set of 2-adic integers. The connection between the sequences of A) with D) and
E) follows from the existence of a dense leaf in the solenoid, with a natural binary grid,
which is expanded by the dynamics in a manner combinatorially like z — 2z acting
on {n/2¥} C R. Then the connection between A(2) and A) follows from using the
sequences {ag, a1, as, ...} to define ratios of consecutive lengths between integral points
of the grid. The functional equation makes the doubling map look affine between the
integral grid and its double. The 2-adic continuity allows the complete affine structure
induced by pullback to impress itself on the other leaves of the solenoid $(2). The
passage from A) to B) uses the fact that the solenoid S(2) with its dynamics is the
inverse limit system associated to the diagram

LBy 1y B g
T E(2) T E(2) T E(2)

e < - S 1
Thus, S(2) projects to S, and the affine structures on the leaves of S(2) determine
a canonical family of solenoidal charts on S invariant by the dynamics E(2) on S.
This canonical family of charts on the circle is compact modulo affine normalization.
The connection between B) and A) associates to each C” structure U of the circle S
invariant by F(2) a unique canonical family of solenoid charts Fy with the property
that the solenoidal charts are contained in the structure U. The conection between B)
and C) is given by an explicit construction of a solenoid function sy using the expanding
property of E(2) with respect to the C” structure U (see Lemmas 3 and 5).
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In order to state the next theorem, we introduce the following definitions. The
ultra-metric |us : C x C — R{ is defined as follows. Let 2 = Y >°_ zm2™ € C and
y= Zm 0 Ym2™ € Cbesuchthatmn X0 = Yn---Yo and Tpy1 # Yny1. For 0 < i < n,
let ;=3 zm2™and E; =), _,2™. We define

E; j A;i—1A;—1
o) = ot 31+ 3 [T s+ X T o
== J=A; 1=A4; j=0 I=j

We present a geometric interpretation of the ultra-metric in Section 2.8. For g > 0,
we say that a function f: C' — R is §-Holder, with respect to the metric |u| = |ul, if
there is a constant d > 0 such that |f(y) — f(z)| < d(|u|(m,y))ﬁ for all z,y € C. We
say that f is B-hdlder, with respect to the metric |u|, if there is a continuous function
e: Rf — RY, with €(0) = 0, such that |f(y) — f(2)| < €(Jul(z,y)) (|u|(m,y))ﬂ for all
z,y € C. By f being Lipschitz we mean that f is 1-Holder, and by f being lipschitz
we mean that f is 1-hélder. Of course on the real line, with respect to the Euclidean
metric, S-Holder for 8 > 1 or lipschitz implies constancy. We define the solenoid cross
ratio function cr(z) : C = RY by er(z) = (1 + s(z))(1 + (s(z +1))71).

Theorem 2. For every C" structure U of the circle S invariant by E(2), the overlap
maps and the expanding map E(2) : S — S attain its mazimum of smoothness with
respect to the canonical family of solenoid charts Fy contained in U. Table 1 presents
explicit conditions in terms of the corresponding solenoid function s = sy which deter-
mine the degree of smoothness of the overlap homeomorphisms and of E(2) in Fy, and
vice-versa.

The regularity of the solenoidal chart | Condition on the functions s and cr,
overlap maps and E(2) : S — S. using the |ul, ultra-metric on C.
have a-Hélder 15 derivative s is a-Hélder
O0<a<l
have a-Hélder 1%¢ derivative cr is a-Hdélder
0<a<l1
have Lipschitz 15t derivative s is Lipschitz
have a-Holder 2°¢ derivative cr is (1 4+ a)-Hélder
0<a<l1
have Lipschitz 2°% derivative cr is 2-Hélder
Affine s is lipschitz
Table 1.

See proof of Theorem 2 in Section 2.8. The scaling and solenoid functions give a
deeper understanding of the smooth structures of one dimensional dynamical systems
(cf. [1], [2], [3], [9], [18] and [21]) and also of two dimensional dynamical systems (cf.
[13] and [15]).

1.1. Smoothness of diffeomorphisms and ratio distortions of grids. To prove
Theorem 2, we show some of the relations proposed in [19] between distinct degrees of
smoothness of a homeomorphism of a real line with distinct bounds of the ratio and
cross ratio distortions of intervals of a fixed grid that we pass to describe.
Given B>1, M >1and Q:N— N, a (B, M) grid
Go={lzCl:n>1land g=1,...,0(n)}

of a closed interval I is a collection of grid intervals Iy at level n with the following

properties: (i) The grid intervals are closed intervals; (ii) For every n > 1, the union

Uginl)fg of all grid intervals Ig, at level n, is equal to the interval I; (iii) For every

n > 1, any two distinct grid intervals at level n have disjoint interiors; (iv) For every

1 < B < Q(n), the intersection of the grid intervals Iy and I, is only an endpoint
3



common to both intervals; (v) For every n > 1, the set of all endpoints of the intervals
Ij at level n is contained in the set of all end points of the intervals Ig“ at level n +1;
(vi) For every n > 1 and for every 1 < 3 < Q(n), we have B~! < [75.4 /15| < B; (vii)
For every n > 1 and for every 1 < a < Q(n), the grid interval I? contains at least two
grid intervals at level n + 1, and contains at most M grid intervals also at level n + 1.

Let h: I — J be a homeomorphism between two compact intervals I and J on the
real line, and let G be a grid of I. Let Iz and Iz be two intervals contained in the real
line. The logarithmic ratio distortion lrd(Ig,Ig:) is given by

Is| |h(Is)
trd(ls, ) = log (||1§,|| ||h(IZ)||> '

We say that two closed intervals Ig and Ig: are adjacent if their intersection Ig N Ig: is
only an endpoint common to both intervals. Let Ig, Ig and Ig» be contained in the
real line, such that Ig is adjacent to Ig/, and Ig is adjacent to Ig». The cross ratio
er(Ig,Igi, Igr) is determined by

g | |I/3|+|IB'|+|IL3"|) _
s [1g|
The cross ratio distortion crd(Ig,Ip ,In) is given by

crd(Ig, Ig, Ign) = cr(h(Ig), h(Ip'), h(Ig)) — cr(Ip, I, Igm)

Theorem 3. Let h: I — J be a homeomorphism between two compact intervals I and
J on the real line, and let Go be a grid of I.

cr(lp, Ig, Ign) = log (1+

(i) If h has the degree of smoothness presented in o line of Table 2,
and dh(xz) # 0 for all x € I (not applicable for quasisymmetric and
(uaa) homeomorphisms), then the logarithmic ratio distortion satisfy
the bounds presented in the same line with respect to all grid inter-
vals. Conversely, if the logarithmic ratio distortion satisfies the bounds
presented in a line of Table 2 with respect to all grid intervals, then
h: I — J has the degree of smoothness presented in the same line, and
dh(z) # 0 for all x € I (not applicable for quasisymmetric and (waa)

homeomorphisms).
The smoothness of h The order of lrd (IE,IEH)
Quasisymmetric 0(1)
=

(uaa) 0 ( Iz ) Iz

e o (")

Cl+Lipschitz O Ig )
Affine o ( Iy

Table 2.

(i) If h has the degree of smoothness presented in a line of Table 3, and
dh(z) # 0 for all x € I (not applicable for quasisymmetric and (uaa)
homeomorphisms), then the cross ratio distortion satisfy the bounds pre-
sented in the same line with respect to all grid intervals. Conversely, if
the cross ratio distortion satisfies the bounds presented in o line of Ta-
ble 3 with respect to all grid intervals, then, for every closed interval K
contained in the interior of I, the homeomorphism h|K restricted to K
has the degree of smoothness presented in the same line, and dh(z) # 0
for all x € T (not applicable for quasisymmetric and (uaa) homeomor-
phisms).
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The smoothness of h The order of crd <Ig, Ig. 4, Ig+2)

Quasisymmetric 0(@1)
=
(uaa) o) ( Iz ) Iz
Cl-‘ra 0 ( Ig )
24+« n to
C O\ |5
C2+Lipschitz 0 ( I[g 2)

Table 3.

In Section 3, we present the definitions of the degrees of smoothness presented in
Tables 2 and 3, and we prove Theorem 3 in Section 3.6. We point out that some of the
difficulties and usefulness of these results come from the fact that (i) we just compute
the bounds of the ratio and cross ratio distortions with respect to a countable set of
intervals fixed by a grid, and (ii) we do not restrict the grid intervals, at the same level,
to have necessarily the same lengths. In hyperbolic dynamics, these grids are naturally
determined by Markov partitions.

In [6], [8] and [10] other relations are also presented between distinct degrees of
smoothness of a homeomorphim of the real line with distinct bounds of ratio and cross
ratio distortions of intervals.

1.2. Interval arithmetics. Throughout the paper, we use the notation ¢ < O(¢(z))
to indicate that for all z, |¢(z)| < c|i(z)| where ¢ > 1 is a constant depending only upon
quantities that are explicitly mentioned. Thus, ¢(n) < O(p™) means that |¢(n)| < cu™
for some constant ¢ as above. We also use the notation of interval arithmetic for some
inequalities where:

(i) if I and J are intervals then I+J, I.J and I/J have the obvious meaning
as intervals,
(i) if I = {z} then we often denote I by z, and
(iii) I+ e denotes the interval consisting of those z such that |z — y| < € for
some y € I.

Thus ¢(n) € 1 + O(v™) means that there exists a constant ¢ > 0 depending only upon
explicitly mentioned quantities such that for all n > 0, 1 — ™ < ¢(n) < 1+ ™
Similarly, the notation ¢ < o(¢)(z)) indicates that for all z, |¢(z)| < e(|v(z)|)|v ()]
where € : R — R{ is a continuous function, with €(0) = 0, depending only upon
quantities that are explicitly mentioned.

2. EXPANDING DYNAMICS OF THE CIRCLE

In this section we prove a more general version of Theorems 1 and 2 applicable to
expanding circle maps of degree d, with d > 2.

2.1. CVtHolder structures U for the expanding circle map E. In this section, we
present the definition of a C1+H%der expanding circle map F with respect to a structure
U and give its characterization in terms of the ratio distortion of E at small scales with
respect to the charts in U.

The expanding circle map E = E(d) : S — S with degree d > 2 is given by E(z) = 2¢
in complex notation. Let p € S be one of the fixed points of the expanding circle map
E. The Markov intervals of the expanding circle map E are the adjacent closed intervals
Iy, ..., I;_1 with non empty interior such that only their boundaries are contained in
the set { E~!(p)} of pre-images of the fixed point p € S. Choose the interval I, such that
IoN1; 1 = {p}. Let the branch ezpanding circle map E; : I; — S be the restriction of
the expanding circle map E to the Markov interval I;, for all 0 < i < d. Let the interval
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Io,...a, be onnl 0...0 E;ll (S). The n'"-level of the interval partition of the expanding
circle map E is the set of all closed intervals I, .. o, € S.

A ClFHSler diffeomorphism h : I — J is a C1*¢ diffeomorphism for some € > 0 (the
notion of a quasisymmetric homeomorphism and of a C'*¢ diffeomorphism h : I — J
are presented, respectively, in sections 3.1 and 3.4.)

Definition 1. The ezpanding circle map E : S — S is CHHOer yith respect to a
structure U on the circle S if for every finite cover U' of U,

(i) there is an € > 0 with the property that for all charts u : I — R
and v : J — R contained in U' and for all intervals K C I such that
E(K) C J, the maps vo Eou u(K) are C'*¢ and their C1*¢ norms
are bounded away from zero and infinity;

(i) for every chart u : I — R contained in U' and for every map w;s, :
I — R, which is an isometry with respect to the lengths on the circle S C
R? determined by the Euclidean norm on R?, the composition iz, ou™!
is a quasisymmetric homeomorphism.

We note that the above condition (ii) is equivalent to demand that there are constants
¢ > 0 and v > 1 such that, for every n > 0 and every z € S, |(vo E" ou)'(z)| > cv™,
where v : I — R and v : J — R are any two charts in U’ such that z € w(I) and
E™o u(.Z') € K.

Lemma 1. The expanding circle map E : S — S is C'HHOUer yyith respect to a structure
U if, and only if, for every finite cover U' of U, there are constants 0 < p < 1 and
b > 1 with the following property: for all charts u:J — R and v : K — R contained in
U' and for all adjacent intervals Iy, . o, and Ig, . g, at level n of the interval partition
such that I, .., ,18,..8, CJ and E(Iy,..a,), E(Is,..5,) C K, we have that

o (uy )] )| EU.5)
@ < @) a5, )] 0BTy )] = W

Lemma 1 follows from Theorem 3 in Section 3.

< band |log

By using the Mean Value Theorem we obtain the following result for a C1+#older
expanding circle map E : S — S with respect to a structure U. For every finite cover
U’ of U, there is an € > 0, with the property that for all charts v : J — R and
v : K = R contained in U’ and for all adjacent intervals I and I', such that I,I' C J
and E"(I),E™(I') C K, for some n > 1, we have

[u(D)|[o(E"(I"))] n (e
(3) logm < O(fo(E™(I)) Uv(E™(IM)]).

2.2. Solenoids (E,S). In this section, we introduce the notion of a (thca) solenoid
(E, S) and we prove that a C1+H01der oxpanding circle map E with respect to a structure
U determines a unique (thca) solenoid.

The sequence x = (..., %3, T2, T1,To) iS an inverse path of the expanding circle map
Eif E(x,) = -1, for all n > 1. The topological solenoid S consists of all inverse paths
x =(...,23,%2,%1,%o) of the expanding circle map F with the product topology. The
topological solenoid is a compact set and is the twist product of the circle S with the
Cantor set {0,...,d — 1}220. The solenoid map E is the bijective map defined by

E(x) = (...20, E(x0)).

The projection map @ = g : S — S is defined by 7(x) = zo. A fiber over 2o € S is

the set of all points x € S such that 7(x) = zo. A fiber is topologically a Cantor set

{0,...,d — 1}%20. A leaf L = L, is the set of all points w € S path connected to the

point z € S. A local leaf L' is a path connected subset of a leaf. The monodromy map

M : S — § is defined such that the local leaf starting on x and ending on M(x) after

being projected by 7 is an anti-clockwise arc starting on zy, going around the circle
6



(X,Y,Z)
7N

X

1(X,W,y) 1(W,y,Z)
X

Wy

FI1GURE 1. The matching condition for the leaf ratio function r.

once, and ending on the point zy. Since the orbit of any point x € S under M is dense
on its fiber (see Lemma 4 in Section 2.3), we get that all leaves £ of the solenoid S are
dense.

Definition 2. The solenoid (E,S) is transversely Holder continuous affine (thca) if
(i) every leaf £ has an affine structure; (ii) the solenoid map E preserves the affine
structure on the leaves; and (iii) the ratio between adjacent leaves determined by their
affine structure changes Hélder continuously along transversals.

We say that (x,y,z) is a triple, if the points x, y and z are distinct and are contained
in the same leaf £ of S. Let T be the set of all triples (x,y,z). A function r : T — R*
is invariant by the action of the solenoid map E if, and only if, for all triples (x,y,2z) €
T, we have r(x,y,z) = r(E(x),E(y),E(z)). A function r : T — R wvaries Holder
continuously along fibers if and only if there are constants ¢ > 0 and 0 < p < 1 with the
property that for all triples (x,y,z), (x',y',2') € T, such that =, = z!,, y, = y), and
Zn, = 2}, we have

|log(r(x,y,2)) —log(r(x',y", )| < O(k").

Definition 3. A Holder leaf ratio functionr : T — Rt is a continuous function invari-
ant by the action of the solenoid map E that is Hélder continuously along fibers, and sat-
isfies the following matching condition (see Figure 1): for all triples (x,w,y),(w,y,z) €
T

r(x,w,y)r(w,y,z)
1+rx,w,y)

r(x,y,z) =

Lemma 2. There is a one-to-one correspondence between (thca) solenoids (E,S) and
Holder leaf ratio functions r: T — RT.

Proof: The affine structures on the leaves of the (thca) solenoid § determine a function
r: T — Rt that varies continuously along leaves, and satisfies the matching condition.
The converse is also true. Moreover, (i) the solenoid map S preserves the affine structure
on the leaves if and only if the function r : T — Rt is invariant by the action of the
solenoid map E and (ii) the ratio between adjacent leaves determined by their affine
structure changes Hdélder continuously along transversals if and only if the function
r: T — Rt varies Holder continuously along fibers. O

Lemma 3. A C'HHOUer eppanding circle map E : S — S with respect to a structure U
generates a Hélder leaf ratio function ry : T — RY.

Proof: Let U’ be a finite cover of U. For every triple (x,y,z) € T and every n large
enough, let u, : J, = R be a chart contained in U’ such that z,,y,,2, € J,. Using
(3), ru(x,y,z) is well-defined by

TU(X, v Z) "h_)néo |un(xn) - un(yn)l

By construction, ry is invariant by the dynamics of the solenoid map and satisfies the

matching condition. Again, using (3), we obtain that ry is a continuous function varying

Holder continuously along transversals. Hence, ry is a leaf ratio function. O
7




s(2a-1) s(2a) s(2a+1)
~ N

/\(
N
s(a)

FIGURE 2. The matching condition for the solenoid function (d = 2).

2.3. Solenoid functions s : C — RT. In this section, we will introduce the notion of
a solenoid function whose domain is a fiber of the solenoid. We will show that a Holder
leaf ratio function determines a Holder solenoid function and that a Holder solenoid
function determines an element in the set of sequences A(d).

Let Z;’ifoo a;dt be a d-adic number. The d-adic numbers

n—1 o] [e%s}
Y ([d-1d'+> aid and (an +1)d" + Y a;d’
i=—o00 i=n i=n+1

such that an +1 < d are d-adic equivalent. The d-adic set Q is the topological Cantor
set {0,...,d — 1}Z of all d-adic numbers modulo the above d-adic equivalence. The
product map dx Q — Q is the multiplication by d of the d-adic numbers. The add 1
map 1+ :  — Q is the sum of 1 to the d-adic numbers.

Let the map @ : @ — S be the homeomorphism between the d-adic set Q and
the solenoid S defined as follows: @(Y5° _ aid’) = x = (...,x1,29) € S, where
T, =NZ BT o Bt (Ia,_,,,) for all n > 0 (recall that I, _ ., is a Markov
interval of the expandmg mrcle map E). Hence z,, € I, for all n > 0. By construction,
the map @ : Q- 3S8 conjugates the product map dx : Q — Q with the solenoid map

E : S — S8, and conjugates the add 1 map 1+ : Q —  with the monodromy map
M:5—8.

Lemma 4. FEvery orbit of the monodromy map is dense on its fiber.

Proof: Since the add 1 map 1+ : Q — Q is dense on the image @~ (F) of every fiber
F of the solenoid S, the lemma follows. O

Let Q be the topological Cantor set {0,...,d — 1}%2<¢ corresponding to all d-adic
numbers of the form Z__l_oo a;d' modulo the d-adic equivalence. The projection map

: Q = Qs defined by mo (300  aid’) = Y aid’. Themap w: Q = S is
deﬁned by w(3 it aid) =NE E;Y 0. 0 E7Y (I,_,,,)- By construction,
w o T ( Z aidi) =Tg oW < Z aidi> ,
1=—00 i=—00
for all Zz__oo a;dt € Q.

The set C is the topological Cantor set {0,...,d — 1}#2° corresponding to all d-adic
integers of the form Y :° a;d’.

Definition 4. The solenoid function s : C — R is a continuous function satisfying
the following matching condition (see Figure 2), for all a € C':

M%) s(da — i) (z‘?*l i Os(da+l))
1+ 307 T s(da—1) '

(4) s(a) =

Lemma 5. The Hélder leaf ratio function r : T — RT determines a Holder solenoid
function s, : C — Rt
8



Proof: For all Y a;d* € C, we define

Sy (2 a,d") =r (w (2 a;d' — 1) ,@ (2 aidi> N (2 a;d + 1)) :

The matching condition and the Holder continuity of the leaf ratio function r : T — Rt
imply the matching condition and the Holder continuity of the solenoid function s, :
C — RT, respectively. O

Lemma 6. There is a one-to-one correspondence between Hélder solenoid functions
s : C — Rt and sequences {ri,rs,rs,...} € A(d) of positive real numbers with the
following properties:

(i) Tn/rm < O(u?) if n — m is divisible by d*, where 0 < p < 1;
(i) 71,72, .. satisfies

d—1 d—1 1
Hi:1 Tda—i (Z]’:O H;:O Tda+l)

(5) To = - —

A geometric interpretation of the sequences contained in the set A(d) is given by the
d-adic quasiperiodic tilings and grids of the real line defined in Section 2.4, below.

Proof: Given a Holder solenoid function s : C — RT, for all i = 2520 ajd’ >0, we
define r; by

k
ri=s5 E a;d’
J=0

The matching condition of the solenoid function s : C — RT implies that the ratios
T1,T2, ... satisfy (5). The Holder continuity of the solenoid function s : C' — Rt implies
condition (i). Conversely, for every d-adic integer a = > ;> a;d* € C, let a,, € Z>q be
equal to Y7 a;d’. Define the value s(a) by

s(a) = nh_{r;g Te .

Using condition (i) the above limit is well defined and the function s : ¢ — R* is Holder
continuous. Using condition (ii) and the continuity of s we obtain that the function s
satisfies the matching condition. O

2.4. d-Adic quasiperiodic tilings and grids and amalgamation operators. In
this section, we introduce d-adic quasiperiodic tilings of the real line that are fixed
points of the d-amalgamation operator and d-adic quasiperiodic fixed grids of the real
line, and we show that their affine classes are in one-to-one correspondence with (thca)
solenoids.

A tiling T = {Ig C R: B € Z} of the real line is a collection of tiling intervals
I with the following properties: (i) The tiling intervals are closed intervals; (ii) The
union Ugezls of all tiling intervals Ig is equal to the real line; (iii) any two distinct
tiling intervals have disjoint interiors; (iv) For every 8 € Z, the intersection of the tiling
intervals I and Igy1 is only an endpoint common to both intervals; (v) There is B > 1,
such that for every 8 € Z, we have B! < |Ig41|/|Ig] < B. We say that the tilings
Ti={Ig CR:B€Z}and T» = {Jg C R: § € Z} of the real line are in the same affine
class if there is an affine map h : R — R such that h(Ig) = Jp for every 8 € Z. The tiling
sequence T = (T'yy)mez 18 given by rm, = |Im41|/|Im|- We note that a tiling sequence r
determines an affine class of tilings 7 and vice-versa. We say that a tiling sequence is
d-adic quasiperiodic if there is 0 < p < 1 such that |r; —ri| < O(uf), when (j — k)/d’ is

9
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FIGURE 3. The leaf £ fixed by the solenoid map E.

an integer. Let T denote the set of all tiling sequences. The d-amalgamation operator
Aq: T — T is defined by A4(r) = s, where

d(i+1)—1
1+ Zm(zdizﬂ T'di4+1,m
di—1 )
1 Em:d(i—1)+1 Td(i—1)+1,m

8i = Td(i—1)+1,di

for alli e Z.

Definition 5. A d-adic quasiperiodic tiling T of the real line is a tiling such that the
corresponding tiling sequence r is d-adic quasiperiodic. A tiling T of the real line is a
fized point of the d-amalgamation operator if the corresponding tiling sequence is a fired
point of the d-amalgamation operator, i.e. Aq(r) =r.

Remark 1. The tiling sequence r = (rm)mez of o d-adic quasiperiodic tiling of the real
line that is a fized point of the d-amalgamation operator determines a sequence r1,7s, . ..

in A(d).

A d-grid G of the real line is a collection of intervals Ij satisfying properties (i) to
(vii) of a (B, d)-grid Ga, for some B > 1, such that every interval I7 is the union of d
grid intervals at level n + 1, and Q(n) = co. We note that every level n of a grid forms
a tiling of the real line. We say that the grids G1 = {I3} and G = {J}} of the real line
are in the same affine class if there is an affine map h: R — R such that h(I3) = Jj for
every 3 € Z and every n € N. The d-grid sequence ...r%r! is given by r™ = (r™),,cz
where 77 = |I7 . ||/|I}:|. The following remark gives a geometric interpretation of the
d-amalgamation operator.

Remark 2. (i) If ...r2%r" is a d-grid sequence then Ay(r"*tt) = r™ for
every n > 1.
(ii) If ...r2%r' is a sequence such that Ag(r"t1) = r™ then the sequence
determines an affine class of d-grids.

Definition 6. A d-adic quasiperiodic fixed grid G of the real line is a d-grid of the real
line such that the corresponding grid sequence . ..r2r' is constant, i.e. ' =™ for every

n > 1, and r' is d-adic quasiperiodic.

Hence, all the levels of a d-adic quasiperiodic fixed grid G of the real line determine
the same d-adic quasiperiodic tiling of the real line, up to affine equivalence, that is a
fixed point of the d-amalgamation operator.

Lemma 7. There is a one-to-one correspondence between (i) (thca) solenoids ; (ii)
affine classes of d-adic quasiperiodic tilings of the real line that are fized points of the
d-amalgamation operator; (i) affine classes of d-adic quasiperiodic fized grids of the
real line.

10
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FIGURE 4. The solenoidal chart.

Proof: By construction, there is a one-to-one correspondence between (ii) affine classes
of d-adic quasiperiodic tilings of the real line that are fixed points of the d-amalgamation
operator and (iii) affine classes of d-adic quasiperiodic fixed grids of the real line. Let us
prove that a (thca) solenoid determines canonically an affine class of d-adic quasiperiodic
tilings of the real line that are fixed points of the d-amalgamation operator. Let £ be
a leaf of the (thca) solenoid (E,S) containing a fixed point x¢ of the solenoid map
E. The leaf £ is marked by the points ...,x_1,X¢,X1,... that project on the same
point of the circle as the fixed point x¢, and such that there is a local leaf £,, with
extreme points x,, and x,,4+1 with the property that £,, does not contain any other
point x; for m # j # m + 1. The affine structure on the leaf £ determines the ratios
Tm = T(Xm_1,%Xm,Xmy1) of the leaf ratio function r : T'— Rt for all m € Z. Since the
solenoid map FE is affine and E(L) = £, the sequence of ratios r = (rp)mez is fixed by
the amalgamation operator A4 (see Figure 3). The Holder transversality of the solenoid
(E,S’) implies that the sequence r is d-adic quasiperiodic. Therefore, the sequence r
determines an affine class of d-adic quasiperiodic tilings of the real line that are fixed
point of the d-amalgamation operator, and so an affine class of d-adic quasiperiodic
fixed grids of the real line. Conversely, an affine class of d-adic quasiperiodic fixed grids
of the real line determines uniquely the affine structure of a leaf £ that is fixed by the
solenoid map E. Since the grid sequence ...r%r! is a fixed point of the amalgamation
operator, i.e. Ag(r") = r"!, the solenoid map E is affine on the leaf £. By density
of the leaf £ on the solenoid S and since the grid g4 is d-adic quasiperiodic, the affine
structure of the leaf £ extends to an affine structure transversely Hélder continuous on
the solenoid S such that the solenoid map E leaves the affine structure invariant. O

2.5. Solenoidal charts for the C1*+#%4¢" expanding circle map E. In this section,
we introduce the solenoidal charts which will determine a canonical structure for the
expanding circle map.

Definition 7. Let L be a local leaf with an affine structure and np = ws|L the homeo-
morphic projection of L onto an interval J; of the circle S. Let ¢ : L — R be a map
preserving the affine structure of the leaf L. A solenoidal chart us : Jo — R on the
circle S is defined by ug = ¢ om, " (see Figure 4).

Lemma 8. The solenoidal charts determined by a (thca) solenoid (E,S) produce a
canonical structure U such that the expanding circle map E is C1TH0lder,

Proof: Let U’ be a finite cover consisting of solenoidal charts. Let I, . o, and Ig,. g3,

be adjacent intervals at level n of the interval partition and ug : J - Randvg : K - R

solenoidal charts such that Iy, ..a,,138;,..53, CJ and In,..a,,18,..3, C K. Let x, y and

z be the points contained in £ such that 7(x) and 7(y) are the endpoints of I, . 4, , and

7(y) and m(z) are the endpoints of Ig, . g,. Let x', y' and z’' be the points contained in

L' such that 7(x') and #(y’') are the endpoints of I,,.. ,, and 7(y') and «(z') are the
11



endpoints of I, g, (see Figure 4). By Lemma 2, the (thca) solenoid determines a leaf
ratio function r : T' — R* such that
(6) |uﬁ(151~~~5n)| |Uﬁ’ (Iaz...an)| — T(X7Y7z)

lug(Tay...an)| 0o (Igs...8,)] - P(X, ¥, 2')
By Lemma 5, using that F is affine on leaves, the leaf ratio function r : T — Rt
determines a solenoid function s, : C = R such that

(7) r(x,y,z) _ s(&;—l(En(y)))
r(x',y',2') 8<@—1(En—1(yl))) |

By Holder continuity of the solenoid function,
s (@7 (B ()))
s (a1 (B1(v))

for some 0 < p < 1. Putting (6), (7) and (8) together, and using that C' is compact, we
obtain that

(8) log <O@"),

w luc(Iny...00)| |02 (;ﬁ2~“ﬁn)| < O(u™)
luc(Ip,...5.) luc(Ig,..5.)| [ver(Tas...an)l

for some b > 1. Hence, by Lemma 1, the expanding circle map E is C'HHolder with
respect to the structure U produced by the solenoidal charts. a

(9) bl <

< b and ‘log

Lemma 9. The Hélder solenoid function s : C — R* determines a set of solenoidal
charts which produce a structure U such that the expanding circle map F is C'+Holder,

Proof: For every triple (x,y,z) such that there are n € Z and a € C with the property
that 5 : 5
(E"(x), E"(y), E"(z)) = (@(a — 1),@(a),&(a + 1))

we define r(x,y,z) equal to s(a). Hence, the ratios r are invariant under the solenoid
map E. Since the solenoid function satisfies the matching condition, the above ratios
r determine an affine structure on the leaves of the solenoid. By construction, the
solenoidal charts determined by this affine structure on the leaves satisfy (9), and so
by Lemma 1, the expanding circle map E is C'!'+H8der with respect to the structure U
produced by the solenoidal charts. O

2.6. Smooth properties of solenoidal charts. We will prove that the solenoidal
charts maximize the smoothness of the expanding circle map with respect to all charts
in the same C1tH%der gtrycture.

Let U be a C'+Holder gtrycture for the expanding circle map E. By Lemmas 2 and
3, the structure U determines a (thca) solenoid (E, S)y.

Lemma 10. Let U be a C'HHOUer gppycture for the expanding circle map E, and let
V be the set of all solenoidal charts determined by the (thca) solenoid (E,S)y. Then,
the set V is contained in U and the degree of smoothness of the expanding circle map
E when measured in terms of a cover U' of U attains its mazimum when U' C V.

Proof: Let the expanding circle map E : § — S be C”, for some r > 1, with respect to
a finite cover U’ of the structure U. We shall prove that the solenoidal charts vy : I — R
are C" compatible with the charts contained in U’, proving the theorem. Let £ be a
local leaf that projects by m; = mg|L homeomorphically on an interval I contained in
the domain J of a chart v : J — R of U’'. For n large enough, let u,, : J,, = R be a chart
in U’ such that I, = ng(E~™(L)) C Jn. Let An : un(I,) = (0,1) be the restriction to
the interval u,(I,) of an affine map sending the interval u,(I,,) onto the interval (0, 1)
(see Figure 5). Let e, : (0,1) — R be the C™ map defined by e,, = uoE"ou_ o) !. The
map e, is the composition of a contraction A, ! followed by an expansion u o E™ o u,*.
12
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FIGURE 5. The construction of the solenoidal charts from the
CtHblder grycture U.

Therefore, by the usual blow-down blow-up technique (see [9]), the map e : (0,1) = R
given by e = lim,,_,, e, is a C™ homeomorphism. Hence, the map vz : I — R defined
by e~!ou is a solenoidal chart and is C™ compatible with the charts contained in U’. O

2.7. Proof of Theorem 1. Theorem 1 follows as a corollary of Lemma 11, below, by
taking d = 2.

Lemma 11. The following sets are canonically isomorphic:

(i) The set of all C*THUer spryctures U for the expanding circle map
E:S— S of degree d > 2;

(ii) The set of all (thca) solenoids (E,S);

(iii) The set of all Hélder leaf ratio functions r : T — Rt ;

(iv) The set of all Holder solenoid functions s : C — Rt ;

(v) The set of all sequences {ro,r1,...} € A(d);

(vi) The set of all affine classes of d-adic quasiperiodic tilings of the real
line that are fized points of the d-amalgamation operator;

(vii) The set of all affine classes of d-adic quasiperiodic fized grids of the
real line.

Proof: The proof of this lemma follows from the following diagram, where the impli-
cations are determined by the lemmas indicated by their numbers:

(i) i; (i) <= (vi), (vid)

N 02

(v) < (iv) <= (iii)
O

2.8. Proof of Theorem 2. In this section, we use Theorem 3 to prove Theorem 2
(we will show Theorem 3 in Section 3.6). In fact, we prove a more general version
of Theorem 2, which applies to expanding circle maps of degree d > 2, using the
following generalization of the ultra-metric to the set C of all d-adic integers. Let
a=>" sand™ €Candb=7y " b,d™ € C be such that a,...ag = b, ...by and
Ant1 # bpg1. For 0 << m,let A; =3 _apd™ and E; = ! _(d—1)d™. We
define the ultra-metric by

J

M=

= inf {1
|uls(a,b) oélggn +

A;—1 A;—1
s+ Y. I s
s 1=A4; =0 1=j
Let p be the fixed point of the solenoid map E such that 7(p) is the fixed point of the
expanding circle map chosen in Section 2.1 to generate the Markov partition of E. Let
Lp be the local leaf starting on p and ending on its image M (p) by the monodromy map
13
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M. Let z : J = ms(Lp) = (0,1) be the corresponding solenoidal chart. The geometric
interpretation of the ultra-metric |ul, is given by the following equality

ulo(@,b) = 0t {|z(o..0)l}

Proof of Theorem 2. Let U be a C'*+H0!der strycture for the expanding circle map E,
and let V be the set of all solenoidal charts determined by the (thca) solenoid (E, S)y.
By Lemma 10, the set V' is contained in U and the degree of smoothness of the expanding
circle map E when measured in terms of a cover U’ of U attains its maximum when
U' Cc V. Let £ and £’ be two local leavesand u : J = ng(L) = Rand v : J' = n5(L') —
R the corresponding solenoidal charts. If JNJ' # 0, let Ig, . 5, C JNJ' be any interval
at any level n of the interval partition. Let the points x € £ and y € £’ be such that
ms(x) = mg(y) € S is the right endpoint of the interval Ig, g,. Let a be the point
&(E™(x)) € C and b the point @(E™(y)) € C. By definition of the metric |ul,, there is
a constant Do = Do(L£, L") > 1, such that Dg*|z(Is,. 5.)| < |[uls(a,b) < Dol2(Is,..5.)]
with respect to the solenoidal chart z : J = 7g(Lp) — (0,1) defined above. By Lemma
10, the overlap maps z ou~! and z o v~1 are C1T#%der smooth. Therefore, by Lemma
1, there is a constant D; = Dy (£, L") > 1 such that

(10) p-1 < uls(a:b) uls(@,b) o p
YT (s, s, lv(Zp,....) ~

Let Ig; g and Igr gn be adjacent intervals at level n of the interval partition, such
that Ig: g is also adjacent to I, . g,. By proof of Lemma 9,

< Dy and D' <

[u(Zpy...00)| [u(Zpy .50
(11) s(a) = =5, sla+1) = ————=o,

[u(I,...5,)] lu(Ig;..6: )l
and

[v(Zg;...50)| [v(Igy...)|
(12) s(b) = PPN gy = BB

[v(Ip,...5.)| lv(Ig;...50)

The interval partition of the expanding circle map E generates a grid g, in the set
u(J N J'). Therefore, using (10), (11), (12) and Theorem 3, the equivalences presented
in Tables 2 and 3 imply that the overlap maps h = vou™! : u(JNJ') = v(JNJ')
satisfy the equivalences presented in Table 1. a

3. SMOOTHNESS OF DIFFEOMORPHISMS AND CROSS RATIO DISTORTION OF GRIDS

In the following subsections, we introduce the definitions of the degrees of smooth-
ness of a homeomorphism A : I — J presented in Tables 2 and 3, and we prove the
corresponding equivalences between the degrees of smoothness of h with the ratio and
cross ratio distortions of intervals contained in a grid of I as presented in Tables 2 and
3. In Section 3.6, we prove Theorem 3.

Let I and I be two intervals contained in the real line. We define the ratio r(Ig, Is:)
between the intervals Iz and Ig by

s
T‘(IB,IBI) = .
|75

Let Ig, Iz and Ig» be contained in the real line, such that I3 is adjacent to Ig:, and
Iy is adjacent to Ign. Recall that the cross ratio cr(Ig, I, Igr) is given by

| 1p' |Iﬁ|+|IB’|+|IB”|) _
|75 [ 1|

C’I‘(Ig,Iﬁl,I ”) = IOg (1 +
We note that
er(Ig, g, Ign) = log (1 +r(Ig, 1)) (1 + r(Ipr, 1g))) -

Let h: I C R — J C R be a homeomorphism, and let G be a grid of the compact
interval I. We will use the following definitions and notations throughout all this section:
14



(i) We will denote by J the interval h(Ij3) where I is a grid interval. We
will denote by r(n, 8) the ratio r(Ig,I3,,) between the grid intervals
I and If,,, and we will denote by r4(n, 8) the ratio r(Jg, J§ ;).

(ii) Let Ig be an interval contained in I (not necessarily a grid interval).

The average derivative dh(Ig) is given by

dh(Ip) = 'fllgﬁl”

We will denote by dh(n, ) the average derivative dh(Ij) of the grid
interval If.

(iii) The logarithmic average derivative ldh(Ig) is given by
ldh(Ig) = log(dh(Ig)) .

We will denote by Idh(n, 8) the logarithmic average derivative Idh(I})
of the grid interval I7.

(iv) Let Ig and Ig be intervals contained in I (not necessarily grid intervals).
We recall that the logarithmic ratio distortion Ird(Ig,Ig) is given by

Is| |h(Is)
tra(ls, ) = log (||I§|| ||h<fi>||) '

Hence, we have

r(Js, Jp) dh(Ip)
Ig,15) =1 =1 .
s, Iy) =los a7,y = 18 Gn(iy)

We will denote by Ird(n, 8) the logarithmic ratio distortion lrd(Ij, I}, )
of the grid intervals Iy and Ig ;.

(v) Let the intervals Ig, Ig and Ig» in I (not necessarily grid intervals) be
such that I is adjacent to Ig: and Ig: is adjacent to Ig. We recall that
the cross ratio distortion crd(Ig,Is:,Ig) is given by

erd(Ig, Igr, Ign) = cr(h(Ig), h(Ip'), h(Ign)) — cr(I, Ig:, Ign) -

We note that

P (1 +r(h(Is), h(I5)) 1+ r(h(fﬁff),huﬁf))) |

1+T(IB,15/) ].+7“(Iﬁu,Iﬁl)

For all grid intervals I, I3, , and I},,, we will denote by cr(n, )
and cry(n, B) the cross ratios cr(Ig, I5,,, I5,,) and er(Jg, 5, 1, J5.5)
respectively. We will denote by crd(n, ) the cross ratio distortion given
by Crh(naﬁ) - C’I‘(TL,,B).

Remark 3. (a) We will call properties (vi) and (vii) of a (B,M) grid
Ga of an interval I, the bounded geometry property of the grid.
(b) By the bounded geometry property of a (B,M) grid Gq, there are
constants 0 < By < By < 1, just depending upon B and M, such that
15+
12|

a

B; <

<B27

for alln > 1 and for all grid intervals I and Ig“ such that Ig“ c Iz
(c) We call a (1,2) grid Go of I a symmetric grid of I, i.e. (i) all the
intervals at the same level n have the same length, and (i) each grid
interval at level n is equal to the union of two grid intervals at level
n+1.
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3.1. Quasisymmetric homeomorphisms. The definition of a quasisymmetric home-
omorphism that we introduce in this paper is more adapted to our problem and, ap-
parently, is stronger than the usual one, where the constant d of the quasisymmetric
condition in Definiton 8, below, is taken to be equal to 1. However, in Lemma, 13, we
will prove that they are equivalent.

Definition 8. Let d > 1 and k > 1. The homeomorphism h : I — J satisfies the (d, k)
quasisymmetric condition if

h(z + 62) — h(z) &1

— =7~ 7 1]

h(@) —hz =0y 5| = 108%) >
for all x — 81, 2,0 + d2 € T with §; >0, 62 > 0 and d=! < 8§ /61 < d. The homeomor-

phism h is quasisymmetric if for every d > 1 there exists kg > 1 such that h satisfies
the (d, kq) quasisymmetric condition.

(14) log

Lemma 12. Let h : I — J be a homeomorphism and let Go be a grid of a compact
interval I. The following statements are equivalent:

(i) The homeomorphism h : I — J is quasisymmetric.
(i) There is k(Ga) > 1 such that

(15) Irn(n, B)| < k(Ga) ,
for every n > 1 and every 1 < 8 < Q(n).

Let G be a grid of I. From Lemma 12, we obtain that a homeomorphism h : I — J
is quasisymmetric if, and only if, the set of all intervals Jg form a (B, M) grid for some
B>1and M > 1.

Lemma 13. If, for some dg > 1 and ko > 1, a homeomorphism h : I — J satisfies the
(do, ko) quasisymmetric condition, then h is quasisymmetric.

Lemma 14. Let h : I — J be a homeomorphism and Go a grid of the compact interval
1.

(i) If h: I — J is quasisymmetric then there is Co > 0 such that
crn(n, B) < Co

for everyn > 1 and every 1 < 8 < Q(n) — 1.
(i) If there is Co > 1 such that, for everyn > 1 and every 1 < 8 <
Qn) — 1,

CT‘h(n,ﬂ) < CO )

then, for every closed interval K contained in the interior of I, the
homeomorphism h restricted to K is quasisymmetric.

Before proving Lemmas 12, 13 and 14, we will state and prove Lemma 15 which we
will use in the proof of Lemma 12 and, later, in the proof of Lemma 18.

Lemma 15. Let @ > 1 and d > 1. Let Gq be a (B, M) grid of a compact interval I.
Let x — 61,x,% + 0y contained in I be such that 61 > 0, 2 > 0 and d=* < §2/6, < d.
Then, there are intervals L1, Lo, Ry and Ry with the following properties:

(i)
(16) Ly C [.Z‘—(Sl,w] C Ly and Ry C [.’E,.CL'+(52] CR,.
(1)
1 Ll [ Le| 1 Bl Ry
1 1 |_1 =21 1 Lhdd} 1770
17) a < 3 < 3, <aand a ' < 5 < 5 <a
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(#i) Let ng = no(x — 1,2, 2+ 02,Ga) > 1 be the biggest integer such that

[.’E — 61,$ + 52] C Ig’o U Ig—?—l

for some 1 < 8 < Q(ng). Then, there are integers n1 = ni(a, B, M,d)
and ny = na(a, B, M, d) such that

I -1 Jrot I [rot

1 zT'n:H-l z’no " ’ 2 = zm_—l z'no " )
_ -1 no+n _ no+mn

R1 = Ufi‘—m 1Ii 0 1 5 R2 = Ug—m‘[i 0 t ;

for some I, m,r with the property that | <m <r andr —1 < nsy.

Proof of Lemma 15. Let 0 < B; = B1(B, M) < By = B2(B, M) < 1 be as in Remark
3. By construction of ng, there is I™*+! with the property that I"°*! C [z —§1, 2, 2 +3].

In particular, we have that either I+! C Iz° or I?°+! C I39,. Thus, using the bounded

geometry property of a grid and Remark 3, we obtain that
(18) BB |I5°| < |[IMM| < 62 + 61
Since d=! < §3/8; < d, by inequality (18), we get

5 > (1+D)'(d2+01)
(19) > (1+D)'B7'Bi|I}°|.

Since [z — 01,2 + 02] C I3° U I5Y,, by the bounded geometry property of a grid, we
obtain that
61 [15°1 + 54l
(1+B)|Iz°] .
By inequalities (19) and (20), there is A = A(By, B1,d) > 1 such that

(21) AU IR < 6y < AT

<
(20) <

Similarly, we have

(22) AL IR < 5, < AT

Take 0 < §(a) < 1 such that ™! <1 -0 <1+ 6 < a. Let ny = n1(B, Bs, A, 6) be the
smallest integer such that

(23) BM <B'9A7')2.

Let I < m < r be such that z —&; € I;]"*t™, z € I"0*™ and z + > € I™*™1. Then, by
the bounded geometry property of a grid, there is no = 2Mn; > 1 such that r — 1 < na.
Hence, the intervals

— m—1 rno+ni _ | m gno+ni
Ll — U’L:l+1I’l ) L2 — Ul:l‘[l P}

— r—1 no+n1 1 r no+ni
Ry = U, , Ro = Ui, I;

satisfy property (i) and property (iii) of Lemma 15. Let us prove that the intervals Ly,
Ly, Ry and R satisfy property (ii) of Lemma 15. By the bounded geometry property
of a grid and inequality 23, we get

(24) [T < BB |IG°| < 0A7HI5°| /2,
for all [ <4 < r. Thus, by inequalities (21) and (24), we get

|Lil/6r > (00— [7oF™ [ = |0 ) /6,
(61 — 0A_1|Ig°|)/61

1-46.
17
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Again, by inequalities (21) and (24), we get

(24
Lol < (8 + 1IPH 4+ Tt ) /6,
< G+ 047 IR /6

<

(26) 1+6.

Similarly, using inequalities (22) and (24), we obtain that

Noting that a=! < 1—6 < 1+ 6 < a and putting together inequalities (25), (26) and
(27), we obtain that the intervals L;, Lo, R; and R, satisfy property (ii) of Lemma
15. O

Proof of Lemma 12. Let us prove that statement (i) implies statement (). For every
leveln > 1 and every 1 < 8 < Q(n), let © — 61, 2,2+ 02 € I be such that I} = [z — 41, z]
and If,, = [,z + d2]. Hence,

rh(n,B) _ h(z+d2) — h(z)

r(n,B)  h(z) —h(z —61)
Since h : I — J is (k, B) quasisymmetric, for some k = k(B), we have

h(z + d2) — h(z) &1

K < ) —h =) &

<k,

and so, we get
(28) k=t <ra(n, B)/r(n,B) < k.

Since, by the bounded geometry property of a grid Gq, there is B > 1 such that
B~ <r(n,B) < B, we get k~'B~" <ru(n,B) < kB.

Let us prove that statement (ii) implies statement (i). Let B > 1 and M > 1 be as in
the bounded geometry property of a grid. Let d > 1. Let  — é1,x,z + d2 € I, be such
that d; > 0, d2 > 0 and d=! < 82/8; < d. Let Ly, La, Ry and Ry be the intervals as
constructed in Lemma, 15 with the constant o = 2 in Lemma, 15. Hence, we have that

m—2 i
L] = (et 1+ Y0 [[rmo +n4) |
i=l+1 j=I

m—1 1
|| et 1+ Y [ r(n +n1,j)> ;

i=l j=l

r—2 i

Bil = 1t | D [T re +nd) )

i=m j=I

r—1 i
|Re| = (™| Y [Ir(mo+mn1,5)

i=m—1 j=I

Hence, by monotonicity of the homeomorphism &, we obtain that

(RO Ll _ Blo+82) = h@) 81 _ [h(Ry)] |La|

[W(La)| |R2| = h(z) = h(z = 01) 62 — |h(L1)| Ry |

(29) .

Since, by the bounded geometry property of a grid, B! < r(ng + n1,j) < B and, by

Lemma 15,1 < m < r and r — < ny(B, M, d), we get that there is C; = C1(B,n2) > 1
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such that

crlo< L] _ 1430 l+1HJ —417(n0 +ny, ) <,
| Rz Z::rln—l jtp1 70 + a1, 4)
ggy_1+zm*rﬁl<m+nhﬁ
Bil = Y T r(no + 1)

By inequality (15) of statement (i), there is k = k(Gq) > 1 such that k= < rp(ng +
n1,j) < k for every 1 < j < Q(ng + n1). Hence, there is Co = Ca(k,n2) > 1 such that

(30) cit <C.

o1 (R Sie Tl ma(no + ma, J) <o
> - — 7 L >~ L2,
2 |h(L2)| 1+Zm "= ma(no + na1, 5)
(31) C—l < |h(R2)| — Z HJ lrh(no + n]-’J) < 02
2 N |h(L1)| 1+Ei=l Hj:l Th(TLO‘i"I"L]_,J) B

Putting together equations (29), (30) and (31), we obtain that

DI b+ ) = o) by W]
= h(Ta)l 1Bal = h(@) = b —60) 82 = (T [Ra] =

crtest <CiCy .

O

Proof of Lemma 13: If a homeomorphism h : I — J satisfies the (dy, ko) quasisym-
metric condition for some dy > 1 and kg > 1 then h satisfies statement (ii) of Lemma
12 with respect to a symmetric grid (see definition of a symmetric grid in Remark 3).
Hence, by statement (i) of Lemma 12, the homeomorphism h is quasisymmetric. O

Proof of Lemma 14. Let us prove statement (i). By Lemma 12, there is C; > 1 such
that ;' < ru(n, B) < C) for every level n and every 1 < B < Q(n). Therefore, there
is Cy > 0 such that, for every level n and every 1 < 8 < Q(n) —

(32) lern(n, B)| = |log (1 +ra(n, B)) (1 + ra(n, B +1))71)| < Ce .

Let us prove statement (ii). By the bounded geometry property of a grid, there is ng > 1
large enough such that the grid intervals I7"° and IQ( )1 do not intersect the interval

L. The grid Gg of I induces, by restriction, a grid of the interval L' = 2(") 2[ 7° which
contams L. Hence, by Lemma 12, it is enough to prove that there is C1 > 1 such that
Crt <rp(n,pB) < Cl for every gr1d interval I3 C L'. Now, we will consider separately
the following two possible cases: either (i) rn(n,8) <1 or (ii) rn(n,8) > 1.

Case (i). Let ro(n,B) = |J541/|J5] < 1. By hypotheses of statement (i), there is
C5 > 1 such that

JE |JE_ |+ |IE| +|JT5
crh(n,ﬂ—l):log<1+ 1751 175-1] + 1751 |5+1|>S02.

751 | T5 41
Hence, there is C's > 1 such that

75| |51 |54 + 151+ 15|
1511l ~ 19544 751

and so C; ' < rp(n,B) < 1.

1<

SC37

Case (ii). Let rp(n,B) = |Jg,,1/|J5| > 1. By hypotheses, there is C> > 1 such that

JEal |JE + |5l + |5
[Tl 151+ [T5al + | 5+2|> <G

751 [T 42
19
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Hence, there is C's > 1 such that

Bl Bl B+ R + 1T
= S gl ]

| S 03 )
and so 1 < rp(n, B) < Cs. O

3.2. Horizontal and vertical translations of ratio distortions. Lemmas 16 and
17 are the key to understand the relations between ratio and cross ratio distortions. We
will use them in the following subsections.

Lemma 16. Let h: I C R — J C R be a quasisymmetric homeomorphism and Gg
a grid of the closed interval I. Then, the logarithmic ratio distortion and cross ratio
distortion satisfy the following estimates:

(33) % € 14 Ird(n,B) £ O(®rd(n, 8)?)
(34) T’;(Z; 55)) € 1-1ird(n,B) = O®rd(n, B)?)
lrd(n, B) Ird(n,B+ 1)
crd(n,B) € T+ )T 1trm At D) + O(lrd(n, B)?,lrd(n, § + 1)?)
(35) — |Ig+l|le(n3/8) |Ig+1|lrd(n7ﬂ + ]‘) + O(le(n,ﬂ)2,le(n,ﬂ + 1)2) )

B+ 115, Ta ]+ 15
In what follows, we will use the following notations:
_ 2
Li(n,B,p) = Orgfgip{lrd(n,ﬁ +1)°}
Ly(n,B,p) = max {|lrd(n, B +i1)lrd(n, B + i2)|}
0<i1<i2<p

CnB.p) = max {erd(n, 8 +9)]}
Ml(naﬂap) = maX{Ll(naﬂap)JC(naﬁap)}
MZ(”;/Bap) = maX{Ll(naﬂap)ac(na/Bap)} .

Lemma 17. Let h: I C R — J C R be a quasisymmetric homeomorphism and let Gg
be a grid of the closed interval I. Then, the logarithmic ratio distortion and the cross
ratio distortion satisfy the following estimates:

(i) (lrd-horizontal translations) There is a constant C(i) > 0, not de-
pending upon the level n and not depending upon 1 < < Q(n), such
that

i—1 .
1
Ird(n,8+1) € (,CI;IO r(n, B8 + k)) %lrd(n,ﬁ) + C(i)My(n, B,1)
In |+ 17,
(36) = Bl el g ) 4 o0 (n, 8,
5|+ 1544

(i) (Ird-vertical translations) Let I~* and I7;{ be two adjacent grid
intervals. Take 8 = f(n,a) and p = p(n,a) such that I,..., I}, , are
all the grid intervals contained in the union I"~! U Ig;} Then, for
every 0 <1 < p, we have

187 + o :

(37) Ird(n —1,a) € ————="—=lrd(n, + i) + O(Mz(n, 5,p)) .
15 il + 15 il
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Proof of Lemma 16: Let us prove inequality (83). By Taylor series expansion, we
have that log(z) = z— 14 0((log z)?) for every = in a small neighbourhood of 1. Hence,
using that h is quasisymmetric, we get

lrdin,B) = log(

r(
rh(naﬂ)
r(n, B)

’f'h(n, /8)
v5)

— 1+ 0(rd(n, B)?) .

Let us prove inequality (34). By Taylor series expansion, we have that 1/(14+z) € 1—z+
O(z?) for every z in a small neighbourhood of 0. Thus, using that h is quasisymmetric,
we obtain that

r(n, B) 1

ra(n,B) — 1+ru(n,f)r(n,B)~1 —1
ra(n, B) ra(n, B) 2
el‘(mwn‘QiO<LMﬁ)‘Q>‘
Hence, using inequality (33), we get

r(n, B)
Th (TL, /B)

€ 1—Ird(n,B) £ O(lrd(n, B)?) .

Let us prove inequality (85). By definition of cross ratio distortion, we have

_ 14+ ry(n,B) 1+ry(n,8+1)7"
erd(n, §) = log 1+r(n,pB) +log 1+r(n,B+1)7!

By Taylor series expansion, we have that log(z + 1) = z £+ O(2?) for every « in a small
neighbourhood of 0. By the bounded geometry property of a grid, there is C' > 1 such
that C~! < 1+r(n,8)~! < C for every level n > 1 and 8 =1,...,Q(n). Hence, using
inequality (33), we get

Lm(nf) i (n, B)r(n, B)~ ~ 1
oy ey = s (142G )

+ O(lrd(n, B)?) .

Ird(n, B))
1+r(n,B)~t

Similarly, using inequality (34), we obtain

1 1)t
+rh(naﬂ+ ) IOg (1+

1+r(n,f+1)7!
—lrd(n,B +1)
1+7r(n,p+1)
Putting together equations (38) and (39), we get

_ 1+ 74(n,pB) L+rp(n,f+1)7"
erd(n, ) = log 5 =g Hlog T ey

Ird(n, B)) Ird(n, +1)
1+7r(n,B)~t  1+r(n,B+1) + O(lrd(n, B)*,lrd(n, 8 + 1)) .

(38)

log r(n,B8+ Drp(n, 8 +1)71 — 1)

1+r(n,8+1)

(39) + O(lrd(n, 8 +1)?) .

Proof of Lemma 17. Let us prove inequality (36). Using inequality (35), we get
1+r(n,f+i+1)
1+7r(n,B+14)7!

C lrd(n,B +i)r(n,B + i)l Jlri(:(f ;i:)l)
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Hence, we obtain

i1
Ird(n,B+1) € lIrd(n,p) H (T(n, B+ k) 1 T:_(:(’f ;_]f_ —]:)1)) + C(i)Mi(n, B,1)

k=0

C trdn, O Hr B+ E) £ COMy(n,B,1)

where the constant C'(¢) > 0 does not depend upon 1 and upon 1 < 8 < Q(n). Since
N il
1 o |+ |1
LrmBED T 54 k) = il VG |
1+7(n,f) 5]+ 154

)
k=0

we get
1+7(n,8+1) T7 . :
% [1r(n. 8+ k) + C@)Mi(n, 8,4)

k=0

Ird(n,B+1i) € lIrd(n,p)

I3l + T3
= Ird(n, ) EET B L O My (n, B ) -
T5T+ 1734

Let us prove inequality (37). Let 0 < m = m(n,a) < p be such that I7,..., Iz, are
all the grid intervals contained in I?~! and I? Bimt1r---» 15y, are all the grld intervals

contained in I"~!. For simplicity of exposition, we 1ntr0duce the following definitions:
(i) We define ap =0, an,o = 0 and, for every 0 < j < p, we define
i

ml . |51
a; = |In|J = gr(n,ﬂ—}—z) and ap ; = |JnJ Hrh n,Bf+1) .

(ii) We define

N IO v R ol R U/
1751 1751 g1 T Tl
Thus,
m—1
R= aj,R' ZaJ,Rh—Zah,J,Rh—Zah,J.
j=0 j=m

(iii) We define
m—1 j—1 p—1 j—1
E:Zw( lrdnﬂ+z> a.ndE'sz(erd(n,ﬂ—l—i)) )
Jj=1 i=0 j=m i=0

We will separate the proof of inequality (37) in three parts. In the first part, we will
prove that

E' E
(40) Irdln—1,a) € 7R + O(Lz2(n,B,p)) .
In the second part, we will prove that
E' E | + | +1|
41 — — = €lrdn,f) mr——— £ O(M

In the third part, we will use the previous parts to prove inequality (37) in the case
where 1 = 0. Then, we will use inequality (36) to extend, for every 0 <4 < p, the proof
of inequality (37).

First part. By inequality (33), we have that
ri(n, B +1) € r(n, B +i)(1 + Ird(n,  + i)) = O(Ird((n, B +1)?) -
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Hence, for every 1 < j < p, we get

ah’]

Thus,

Ry,

(42)

Similarly, we have

R,

(43)

C

C

j—1
H Th(na /8 + Z)
=0

j—1

II (r(n, 8+ 91 + Ird(n, B + 1)) + O(Ird((n, B +i)*)))

=0

ﬁr(n,ﬂ—}-i)(

1 -}—erd n,B+i) £ O(La(n, B+ 1,5))

> i )

a1+a12lrdn B +1i) £0(a;jLa(n, B +1,7)) .

j—1
=0
m—1
Qh,j
Jj=0
m—1 m—1 j—1

j—1

=0

j m—1
Ird(n,B+14) 0 (Z a;Ly(n, B, J))
i=0

7=0

p p—1 n—1
j=m j=m j=m

R'+ E' £ O(R'Ly(n, 8,p)) -

By inequalities (42) and (43), we obtain that

Irdin —1,a)

log

EI

B R
R' Ry,
RIJ"EIiO(RILZ(naIBap)) 1 R+EiO(RL2(na/Bam))
R T8 R
E
o~ 2% OLa(n, 5,7))

RI

Second part. By inequality (36), for every 1 < j < p, we obtain

j—1
> ird(n, B + )

=0

€

r(n, B +1i))

i1 a,-(l—%— (
—rd 1+ 7(

B Ird(n, 8) £ O(M; (n,ﬂ,i)))
j—1

(a; + air1) £ O(My(n,B,7))
=0
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Hence, we obtain that

E = Zaj Ird(n, B +1)

= %

i—1

=1 =
m—1 i—1
. o (% ;(ai+ai+l)i0(M1(n,ﬂ,j))>

<

j—1

m—1
(a; +a;y1) £ 0 (Z a; Mi(n, B, J))
0 j=1

R(ay + ...+ am_1) £ O(RMy(n,B,m)) .

Ird(n, e
= 1+r(n,,8 j;a]

lrd(n,B)
A )

Similarly, we have

j—1

p—1
E' = Zajerd(n,,Bi)

i—0

rd(n,B) '~ S
1+7‘n6 Za]Z a; +a;iy1) 0 Za,Mlnﬂ_])

Ird(n, B)
1+r(n,p)
(45) +O(R'Mi(n, B,p)) -

R(1+2a +...42am1+am+...+ap_1)

Putting together inequalities (44) and (45), we obtain that

Pre %(Hal+...+ap_1)i0<M1<n,ﬂ,p))
© I BT £ 00,51
+

Third part. In the case where i = 0, inequality (37) follows, from putting together
inequalities (40) and (41), since

Irdin—1,a) € % _E + O(Lz2(n, B,p))
C lrd(n,ﬂ)|1n| * oyl + O(Mz(n,B,p)) -

5|+ 15,4

By inequality (36), for every 0 < i < p, we have

\In= | + |15 | It + |10 |
n—l rd(n, 3) € —l d(n, B +1i) £ O(Mi(n,B,p)) -
I5] + 1154 15T+ 15 '
Thus,
Ird(n —1,0) € Zrd(n,ﬂ)MiO(MQ(n B,p))
15| + 15,41
In
C lrd(n,ﬂ-i- )M iO(MQ(n’ﬂJp)) .

(G 1il + B il
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3.3. Uniformly asymptotically affine (uaa) homeomorphisms. The definition of
uniformly asymptotically affine homeomorphism that we introduce in this paper is more
adapted to our problem and, apparently, is stronger than the usual one for symmetric
maps, where the constant d of the (uua) condition in Definition 9, below, is taken to be
equal to 1. However, in Lemma 19, we will prove that they are equivalent.

Definition 9. Letd > 1 and € : Ry — R} be a continuous function with e(0) = 0. The
homeomorphism h : I — J satisfies the (d, €) uniformly asymptotically affine condition
if

]’L(ZL' + (52) — h(l’) 01
4 log ———— - —
(46) % h(z) = h(z —01) 0
for all x — 61,x,2 + 82 € I, such that § > 0, 02 > 0 and d~* < §2 /61 < d. The map
h is uniformly asymptotically affine (uaa) if for every d > 1 there exists eq such that h
satisfies the (d, eq) uniformly asymptotically affine condition.

< €(d1 +62)

Lemma 18. Let h : I — J be a homeomorphism and I a compact interval. The
following statements are equivalent:

(i) The homeomorphism h:I — J is (uaa).
(i) There is a sequence 7y, converging to zero, when n tends to infinity,
such that

(47) lird(n, B)| < n ,
for every n > 1 and every 1 < 8 < Q(n).

Lemma 19. Ifh: I — J satisfies the (do, €q,) uniformly asymptotically affine condition
then the homeomorphism h is (uaa).

Lemma 20. Let h: I — J be a homeomorphism and Go a grid of the compact interval
1.

(i) If h: I — J is (uaa) then there is a sequence o, converging to zero,
when n tends to infinity, such that

|crd(n,,8)| <ag,

for everyn > 1 and every 1 < 8 < Q(n) — 1.
(i3) If there is a sequence o, converging to zero, when n tends to infinity,
such that for everyn > 1 and every 1 < 8 < Q(n) —1

|CTd(n,,B)| <ap,

then, for every closed interval K contained in the interior of I, the
homeomorphism h is (uaa) in K.

Proof of Lemma 18. Let us prove that statement (i) implies statement (ii). Let Gq
be a (B, M) grid of I. We have that

(48) Bt <r(n,B)<B,

for every level n > 1 and every 1 < 8 < Q(n). For every level n > 1 and every
1< B8 <Q(n),let —01,7,2+02 € I be such that I} = [z—d1,2] and I§,, = [z,2+02].
Hence,

rn(n,B) x4+ 3d2) — h(z) &

r(n,B) — h(z) —h(z—61) b
Since h : I — J is (B, ep) uniformly asymptotically affine, we get

(49) lrd(n,B) < es(|I5| + [I514]) -
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By Remark 3, there is Bo = B2(B, M) < 1 such that |I3| < By|I| and |I},,| < B3|I].
Let a, = eg(2B%|I]). Hence, by inequality (49), we have
rd(n,B) < en(|I3]+ )
< GB(2B£L|I|)
< Op,

for every n and every 1 < 8 < Q(n). Since eg(0) = 0 and €p is continuous at 0, we get
that o, = ep(2B%|I|) converges to zero, when n tends to infinity.

Let us prove that statement (ii) implies statement (i). Let Go be a (B, M) grid of I.
Let d > 1. Let x — d1,z,7 + 02 € I, be such that 6; > 0, 62 > 0 and d~! < 82/8; < d.
For every a« > 1, let L1, Ly, Ry and Ry be the intervals as constructed in Lemma 15.
By inequality (16) and by monotonicity of the homeomorphism h, we obtain that

B(R)| L] _ Bz +8) —h(z) & _ [h(Ro)] |La]

[A(L2)| [Ra| = h(z) = h(z —61) & = [A(L1)] |Bi|
By inequality (17),

(50)

(51) 1< 22 <ot

By inequalities (50) and (51), we get
BRI [Es| _ Bt 8) ~h@) by 4 [h(Ro)] L]

—  ———<a .
|R(L2)| [R1| = h(z) = h(z —01) 62 = |h(L1)| | Rzl
Recalling equality (29) in the proof of Lemma 12, we have

(52)

ARy L] i [l ra(no +n1,5) 14 X000 Tl (o + 11, 5)

ML)l R i met ;:lr(no +n,j) 1+ 3057 H;:l ra(no +n1,5)
(53)

Ry |[La] i Iimyra(no +n1,5) 14 X0 TTiey r(no + 1, 5)

|h(L2)|m B Z:;Tzn H;:zT(HO‘l‘nl,j) 1+Z§i}1 H;:ﬂh("0+n17j) ‘

By inequality (47), there is Cp > 1 and there is a sequence v, converging to zero, when
n tends to infinity, such that
Th(no + na, j)

54 ———2 €1+ CoYngtni »

( ) 'I"(n() +n1,j) 0Yno+n1
for every ng + n; and for every 1 < j < Q(ng + n1). Without loss of generality, we will
consider that 7, is a decreasing sequence. Hence, by inequalities (53) and (54), there is
Cy = C1(Co,n2) > 1 such that

‘1 [h(B)] |L2| |h(Bo)| | L]

|h(L1)] |Rz|

|h(L2)| [ R
Therefore, by inequality (52), we obtain that

<Gy Tno+ny -

< 01'7n0+n1 and ‘IOg

h(z + 02) — h(x) 61
MT T 02) = MT) 0| .
log h(z) — h(z — 1) 62| = C1Yno4n, + 4log(a)
For every m =1,2,..., let a,, = exp(1/8m). Hence, we get
Mz T 02) = M) 0| ‘
(55) ‘log h(x) - h(IL‘ — 51) 5y | = Cl'yn0+n1 + 1/(2m)

By Lemma 15, ng = no(z — 41, 2,2 + J2) > 1 is the biggest integer such that [z — 01,2+
d2) C I3° U IZ9,. Hence, there is I3t C [z — 01,2 + da], Thus, |IZ°T!| < §, where
§ = 8, + J>. By Remark 3, there is 0 < By (B, M) < 1 such that |I20+1| > Bt 1]
Hence, we get that
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BrotHI| < |Iett| <, and so

log (6B *|1]71)

o = log(Bs)

Therefore, there is a monotone sequence 4, > 0 converging to zero, when m tends to
infinity, with the following property: if §; + d2 < d,, then ng = no(x — 01,2,z + d2)
is sufficiently large such that C1vng+n, < 1/(2m). Hence, by inequality (55), for every
m > 1 and every &g + d; < d,,,, we have

h(z + 02) — h(z) &1

(56) log h(z) — h(z — 01) 5 < CiYnotny +1/(2m) <1/m .

Therefore, we define the continuous function ep : Rt — Rt as follows:

(i) €a(dm) =1/(m —1) for every m =2,3,..;
(i) eq is affine in every interval [0y, 6 — 1];
(iii) Since I is a compact interval and h is a homoeomorphism, there is an
extension of €4 to [d2,00) such that inequality (46) is satisfied.

By inequality (56), we get that €, satisfies inequality (46). O

Proof of Lemma 19: Similarly to the proof that statement (i) implies statement (ii)
of Lemma 18, we obtain that if h : I — J satisfies the (dy, €4,) uniformly asymptotically
affine condition then satisfies statement (ii) of Lemma 18 with respect to a symmetric
grid (see definition of a symmetric grid in Remark 3). Since statement (ii) implies
statement (i) of Lemma 12, we get that the homeomorphism h is (uaa). O

Before proving Lemma, 20, we will state and prove Lemma 21 which we will use in
the proof of Lemma, 20.

Lemma 21. Let h: I C R — J C R be a homeomorphism and Gq a grid of the closed
interval I. For every level n and every 0 < i < Q(n) — 1, let a(n,i) and b(n,i) be given
by

N 147h(n,0)

a(n,i) = T+, 0) and b(n,i) = exp(—crd(n,i)) .

(i) Then, for every 1 <1i < Q(n) — 1, we have

. . ) _ rr(n,i)
(57) a(n,i)a(n,i—1)b(n,i — 1) = 0.
(i) Letn > 1 and B,p € {2,...,Q(n) — 1} have the following properties:
(a) There is € > 1 such that a(n, ) > €.

(b) There is v < 1 such that v < b(n,B +1i) < 71, for every
0<i<p.
Then, for every 1 <i < p, we have

a(n,f+1i) > 1+((€_Tl)’yiﬁr(n,ﬂ+k)
k=1
(58) +(€_1;£+B(’y—l)%,

where B > 1 is given by the bounded geometry property of the grid.
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Proof: Let us prove inequality (57). By hypotheses, we have
b(n,i—1) = exp(—crd(n,i—1))
1+7r(n,i—1) 1+7r(n,i)!
1+7rp(n,e—1)1+rp(n,d)-1
_1 14+ 7(n,i) ra(n,i)

= a(mi-1) 1+ 71(n,%) r(n,9)
= a(n,i— 1)_1a(n,i)_l% .
Thus,
b(n,i — 1)a(n,i — 1)a(n,i) = ’“:(Ej’;))

Let us prove inequality (58). By definition of a(n,4) and by equality (57), we have

. 1+ rp(n,i)
0T T
b(n,i — 1)a(n,i — a(n,i) = %
Hence, we get
a(n,i)(1 +r(n,i)) = 14+rp(n,i)
rp(n,i) = b(n,i—1)a(n,i— La(n,i)r(n,i) .
Thus,
a(n,i)(1 +r(n,i)) =1+ b(n,i — Da(n,i — Da(n,i)r(n,i) ,
and so

a(n,i) = (1 —r(n,i)(b(n,i — 1)(a(n,i —1) —1) + b(n,i —1) —1)"' .
Therefore, for every n > 1, f,p € {2,...,Q(n) — 1} and 1 <4 < p, we get
a(n,f+i)—1>rn,B+4)(b(n,+i—1(a(n,f+i—1)—1)+bn,B+i—1)—1).
Hence, by induction in 1 <14 < p, we get

a(n,ﬂ+z)—1 Z (a(n,ﬂ)—1)Hr(n,ﬂ+k‘)b(n,ﬂ+k—1)

k=1
(59) +r(n, B + 1) Z(b(n,ﬂ +k—-1)-1) 1:[ r(n,B+1)b(n, s +1) .
k=1 I=k

Using that B~ < r(n, 3 + k) < B by the bounded geometry property of the grid, we
get

(a(n,8) = 1) [[ r(n, B+ B)b(n, B+k—1) > (= 1)y [[ r(n, B+ k)

k=1 k=1
(-1 (e = Dy'B
(60) ZeTgr(n,ﬂ-i-k)-i-ef.
Furthermore, noting that v — 1 < 0, we have
i i—1
(61) r(n, B +1) Z(b(n,ﬂ +k—-1)—-1) H r(n, B+ 1)b(n, B +1)
k=1 =k
>B(y-1)) (By ™)+
k=1
1-(By~)



Putting inequalities (59), (60) and (61) together, we obtain that

1-(By7Y)

a(n,B+i)—1> (G_kaljlr(n,ﬂ-kk)-}-%-&B(v—l)m .

O

Proof of Lemma 20. Let us prove statement (i). By Lemma 18, there is a sequence
a, converging to zero, when n tends to infinity, such that

(63) |ird(n, B)| < n
for every n > 1 and every 1 < 8 < Q(n). By inequality (35) in Lemma 16, we have that
Ird(n,B) Ird(n,B8 +1)

(64)  crd(n,B) € + O(lrd(n, B)2,Ird(n, B + 1)?) .

14+r(n, 81 1+r(n,B+1)

By the bounded geometry property of a grid, there is B > 1 such that B~ < r(n, ) <
B. Thus, there is Cy > 1 such that

1 1
65 Cil< ——— < C, deilt< ——— < (0.
(65) 0 S T, gt S Ceand ot s sy S G
Therefore, putting together inequalities (63), (64) and (65), we obtain that there is
Ci > 1 such that |erd(n, 8)| < Ciyn, for every level n and every 1 < 8 < Q(n) — 1.

Let us prove statement (). Let us suppose, by contradiction, that there is ey > 0 such

that |Ird(n(j),8(j))] > €0, where Ig((j)) C K and n(j) tends to infinity, when j tends
to infinity. Hence, there is a subsequence m; such that either Ird(n(m;), 8(m;)) < —eg
for every j > 1, or lrd(n(m;), B(m;)) > € for every j > 1. For simplicity of notation,
we will denote n(m;) by n;, and f(m;) by §;. It is enough to consider the case where
Ird(nj,B;) > € (if necessary, after re-ordering all the indices). Thus, there is € =

€(€p) > 1 such that, for every j > 1,
1+ Th(nja/Bj)

66 > €.
( ) 1+ r(nj,ﬂj)
Let a(n, i) and b(n,i) be defined as in Lemma, 21:
. 1+ rp(n,i)
60 alni) = oA

) 14+7r(n,i) 1+r(n,i+1)7t
b(n,i) = exp(—crd(n = ’ ’ .
(n,9) xp( (n, ) 1+rp(n,i) 1+ rp(n,i+1)-1
Hence, we have that a(n;,3;) > € for every j > 1. By hypotheses, the cross ratio
distortion c¢rd(n, ) converges uniformly to zero when n tends to infinity. Thus, there
is an inceasing sequence 7y, converging to one, when n tends to infinity, such that

(68) Y < b(n,d) <yt

for every 1 <i < (n)—1. Let = min{(e—1)/4,1/2}. For every j large enough, let p;
be the maximal integer with the following properties: (i) v; > 7 ; (i) v) (e—1)/2 > 1 ;
and (iii), letting B > 1 be as given by the bounded geometry property of the grid,
(e-1)y'B P 1—(By Y)»
- >B(l—y)—————— .
R
Since +y,; converges to one, when j tends to infinity, we obtain that p; also tends to
infinity, when j tends to infinity. By properties (ii) and (iii) of n and by inequality (58),
for every j large enough, and for every 1 <i < p;, we have

(69) a(nj,ﬂj—l—i)21+17HT(nj,ﬂj+k)>1.
k=1
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For every j > 1, let NN; be the smallest integer such that there are four grid intervals
Iivj_l, Lﬁ", Iivﬂ and I +2 such that

N; A
Iy Iy and I UT,, U, CURT I

Since the grid intervals I 5; - ,6; +p(j)—1 are contained in at most four grid intervals
at level N; — 1, we obtain that
apri—(N;—1) > p; .

where M > 1 is given by the bounded geometry property of the grid. Thus, n; — N;
tends to infinity, when j tends to infinity. Let us denote by RD(j) the following ratio:

20| 1Tl + 1707

a7 | |2 +1| + ool

rr(Nj, a5) (L + ra(Nj, a5 + 1))
r(Nj,a;)(1+r(Nj, o5 + 1))

By the bounded geometry property of a grid, we have B~! < r(N;,a; + 1) < B for

every —1 < i < 3 and j > 0. By Lemma 12 and statement (ii) of Lemma 14, there is

ko > 1 such that ky' < rp(Nj,a; +14) < ko for every —1 <i < 3 and j > 0. Hence,
there is k = k(B, ko) > 1 such that for every j > 0, we have

(70) k™' <RD(j)<k.

RD(j)

Now, we are going to prove that RD(j) tends to infinity, when j tends to infinity, and
so we will get a contradiction. Let e; < es < e3 < e4 be such that

N; _ Ni  _es 7 Ni | jea n;
I J UZ 61Iﬁj+z ? Iaj+l - Ui=€2+11ﬁj+i ? Iaj+2 - Uizes-‘rlIﬂj-‘ri °

Hence, we get

) N; . . .
|I$§J||Ja]+1l+| il Ri() Bas(G) + Ras(i)

(71) RD(j) = - . ~
[Jad | [0y |+ 100, Baa(d) Ra(i) + Rs())
where
|IN_7| es—2 eo—1
B() = g =1+ > [ r(n.8,+0)7"
ﬁri‘ez g=e1 i=q+1
|JN_,| ea—2 ex2—1
Rh,l(j) = |Jn] | =1+ Z H rh(n]ﬁﬁj%—i)il
tez g=e1 i=q+1
S
B() = = 2 1 rninbi+)
ﬂ] +e2 g=esz i=ea
B
Ruali) = = T ranga B+
| ﬁri—ezl g=e2 i=eq
1107,
R3(J) = |In_7 | - Z Hrn],ﬂ]+7/
+e2 q=e3 i=es
B -
Rus(j) = => H rn(ng, B; + 1)
| 16]“"92' gq=es3 i=esg

Hence, by inequalities (67) and (69), for every 1 <1i < p;, we get

Th(nja /B] + Z)

r(n;,B; +1)
30
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Thus, we deduce that

eo—2 es—1

Rra(j) = 1+Z H r(n;, B; +1) 1w

= o rr(ng, B + 1)

es—2 ex—1

< 1+Z H n];BJ+Z !

g=e1 i=q+1
(73) = Ri(j) -
By inequality (72), we obtain
es— 1 q
. 'rh (anB] + 7’)
Rpo(j) = r(ng, Bj + 1) — "=
qzw 1H62 ’ J (anBJ + l)
(74) > Ra(j) -

Now, let us bound Rp, 3(j) in terms of R3(j). Putting together inequalities (57) and
(69), we obtain

= b(n,i— 1a(n,i)a(n,i — 1)

(75) > b(n,i—1a(n,i) .

Noting that e3 — e2 < p;, and by inequality (68) and property (i) of 1, we get
ez—1
II b(n, 85 +i—1) > 47 = .
i=es

Hence, by inequalities (69) and (75), we get

ez—1 ez—1

rh(njaﬂj‘*'i) ' .
T B 2 b(n;,B; +i—1)a(n;,B; +1i
,»EQ r(ng, B; +1) ZI£ (nj, Bj Ja(nj, Bj + 1)
ez—1
> n]] <1+77H7‘ nm,,ﬂg+k)>
i=ez k=1
ez—1 1
i=eg k=1
|aJ i
Bi+1

Noting that IgJ 1 C Ii\;j_l U Ié\gj and by the bounded geometry property of the grid, we
get

Vi
(77) d ot 1 > B=2BNi—mi
|Iﬁ +1|

where By < 1 is given in Remark 3. Putting together inequalities (76) and (77), we
obtain that

1 .
esrl rh(nj)ﬂj+l) ZB QB i—nj
— 0 2 77 .
r(n;,B; +1)
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Hence,

esa—1 ¢q

es—
Rual) = [[ 20 lit D) I[ 2Bt D, g, 1)
; o r(nj, B; +1) = e r(ng, B; +1)
ez—1 eqs—1
> p’B 2B} H r(nj, Bj +1) Z H r(n;, B; +1)
i=eq q=e3 i=e3
(78) = 7?B72By" ™M Ry(j) .
Noting that Ra(j)Rs(j)~" = |, +1|| +2| ~1 and by the bounded geometry property

of the grid, we obtain
B < Ry(j)Rs(j) " < B.

Therefore, putting together inequalities (73), (74) and (78), we obtain that

Ri(j) Rr20j) + Rn3(j)

Rpa(j) Ra(j) + Rs(j)

Ry(j) +n°B~*B," " Ra(j)

- Ry (j) + Rs(j)

1+n2B-3BY ™
- 1+B

RD(j)

Since Bév i7" tends to infinity, when j tends to infinity, we get that RD(j) also tends
to infinity, when j tends to infinity. However, by inequality (70), this is absurd. O

3.4. C1*" diffeomorphisms. Let 0 < r < 1. We say that a homeomorphism h : I — J
is C'*7 if its differentiable and its first derivative dh : I — R is r-Holder continuous,
i.e. there is C' > 0 such that, for every z,y € I,

|dh(y) — dh(z)| < Cly —z[" .
In particular, if r = 1 then dh is Lipschitz.

Lemma 22. Let h: I — J be a homeomorphism, and let I be a compact interval with
a grid Go.

(i) For 0 <r < 1, the map h is a C**" diffeomorphism if, and only if,
for every n > 1 and for every 1 < 8 < Q(n), we have that

(79) lird(n, B)] < O(|I5]") -

(i) The map h is affine if, and only if, for every n > 1 and every
1< 8 < Q(n), we have that

(80) lird(n, B)| < o(|I5]) -

Lemma 23. Let 0 <r < 1. Let h: I — J be a homeomorphism and Go a grid of the
compact interval 1.

(i) If h : I — J is a C**" diffeomorphism then, for every n > 1 and
every 1 < § < Q(n) — 1, we have that

(81) |lerd(n, B)| < O(|I5]") -
(i) If, for everyn > 1 and every 1 < B < Q(n) — 1, we have that
(82) lerd(n, B)| < O(II5]") ,

then, for every closed interval K contained in the interior of I, the
homeomorphism h|K restricted to K is a C1T" diffeomorphism.
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Proof of Lemma 22: By the Mean Value Theorem, if h is a C'*" diffeomorphism
then for every n > 1 and for every grid interval I} we get that Ird(n, 3) € £O(|I3]"),
and so inequality (79) is satisfied. If A is affine then, for every n > 1 and for every grid
interval I%, we get that Ird(n, ) = 0, and so inequality (80) is satisfied.

Let us prove that inequality (79) implies that h is C**". For every point P € I, let
Il ,I2,,... be a sequence of grid intervals I7 such that P € I? and I? C I7 ! for
every n > 1. Let us suppose that Ig;_ll = Uj=0j I} ,; for some j = j(a,) > 1. By
inequality (79)and using the bounded geometry of the grid, we obtain that

dh(n — Lan_1) 1+ 30 TIhs, ra(n,an +1)

dh(n, ay) 14 23:1 H2:1 r(n,an, + 1)
1 + 2‘1221 Hi}:l r(”’ Qn + Z)(]‘ + O(lIcT:n-‘rzl)

1 + Z‘zj:l Hi::l r(na" + Z)
c O(Iz, 1" -

A similar argument to the one above implies that for all I? C IZ~' , we have

dh(n,an) € dh(n — 1,an_1) £ O(II2 1 |") .

Qn—1

Hence, using the bounded geometry property of a grid, for every m > 1 and for every
n > m, we get

(83) dh(n,ay) € dh(m, a,) £ O(|17 |") .

Thus, the average derivative dh(n, a,) converges to a value dp, when n tends to infinity.
Let us prove that h is differentiable at P and that dh(P) = dp. Let L be any interval
such that the point P € L. Take the largest m > 1 such that there is a grid interval
I"" with the property that L C Uj=_1,0,1/;% ;. By the bounded geometry property of a
grid, there is C' > 1, not depending upon P, L and I, such that

(84) ct< Gt <C

Then, using inequality (79) and the bounded geometry of the grid, for every j =
{-1,0,1}, we obtain that

|ldh(m,~ + j) — ldh(m, )| < O(|L]") ,

and so
(85) dh(m,y + ) € dh(m, ) £ O(|L]") -
For every n > m, take the smallest sequence of adjacent grid intervals I ,...,I5 ., ,

at level n, such that L C U::"ZOI/?"H C Uj=-1,0,117% ;. By inequalities (83) and (85), for
every Iy L ; C I" ;(;) we get that
dh(m, fn +1i) € dh(m,y+j(i)) £ O(I7} ;")
Cc dp+tO(L]") .

Hence,
ML) Rl .
€ lim Z 5, 1l (dp + O(|L|"))
n—o0 £~ |L|
(86) C dpxO(|L") .
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Therefore, for every P € I, the homeomorphism h is differentiable at P and dh(P) = dp.
Let us check that dh is r-Holder continuous. For every P, P' € I, let L be the closed
interval [P, P']. Using inequality (86), we obtain that

dh(P') — dh(P) € @ - @ + O(|L[")
c +O(|L]"),

and so dh is r-Holder continuous.

Let us prove that inequality (80) implies that h is affine. A similar argument to the one
above gives us that h is differentiable and that

(87) (dh(P') — dh(P)| < o(|P' — PI) ,
for every P, P’ € I. Hence, we get that

n—1 . ’_ . '
|dh(P") —dh(P)| < lim Z dh <P+ w) —dh <P+ u)‘
n—oo i—o n n
I_
< 1imn0<P P)zO,
n—oo n
and so h is an affine map. O

Proof of Lemma 23: Proof of statement (i): By Lemma 22, for every n > 1 and
for every 1 < 8 < (n), we have that |Ird(n,8)| < O(|I5|"). Hence, by the bounded
geometry property of a grid and by inequality (35), we get |crd(n, 8)| < O(|I5|").

Proof of statement (ii): Let K be a closed interval contained in the interior of I. By
Lemmas 18 and 20, there is a decreasing sequence of positive reals €, which converges
to 0, when n tends to oo, such that

(88) llrd(n, )| < len| ,

for all n > 1 and for all grid interval I§ intersecting K. For every grid interval )
intersecting K, let k1 = k1(n,a) and ka2 = ka(n, @) be such that Ugikllg =1 tuIlyy.
Let the integers 8 and i be such that k1 < 8 < k2 and k1 < 8+ < k. By the bounded
geometry property of a grid, and by inequalities (36) and (81), we get

Ird(n, B +14) € £O (|ird(n, B)| + (15| + [I541])7) -
Therefore,
(89) Ly(n, B,p) € £0 (Ird(n, B)* + (5] + |I§+1|)2T) .
By inequalities (37) and (89), we get
o'+ T3 |
5l + U5y

Let us suppose, by contradiction, that there is a sequence of grid intervals Igj and a

(90) lrd(n —1,q) € Ird(n, B +1) £ O (Ird(n, B)* + (|I3| + 15,1 )7) -

sequence of positive reals |e;| which tends to infinity, when j tends to infinity, such that
(91) lrd(ng, B;) = e; () | + 151D -

Using that the number of grid intervals at every level n is finite, we obtain that there

exists a subsequence m; of j such that Igm 7. Therefore, there exists a sequence
2

of grid intervals I. ,I2_,... with the following properties:

a1 dagr

it+1 Tim
i4+1 C Iﬁm

i

(i) for every i > 1, Iit! C Il ;

? T4l
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(i) for every i > 1, let a; be determined such that
(92) Ird(i, aq) = ai(| 15, + 115,41 )" -

Then, there is a subsequence m; of j such that |a;| < |an,| for every
1 <i < mj, and |an,| tends to infinity, when j tends to infinity.

Let us denote | I}, | + |1}, ;| by B;. Using inequality (90) inductively, we get

B, << B, . . .
(93)  lrd(my,Bm;) € 1;1] Ird(1,04) £ O (; B’“ (Ird(i, a;)? + B! )) .
By the bounded geometry property of a grid, there is 0 < 6 < 1 such that
By, b
4 — <g
(9 ) B;, — ’

for every 1 < i < mj and for every 1 < k < my. Noting that |ai| < |a,;|, by inequalities
(92) and (94), we get

B, a1BiB,,.
J 1 = _— - 9
B, trd(1, 01) B,

(95) +0 <|am]. |B}’nj0(1_r)mj>

m

By inequality (88), a;B; < €;, and |a;| < |an,,| for i < m;. Hence, by inequalities (92)
and (94), we obtain that

Bm, . .. 5. i(a;B})(B!Bu,)+ B}Bn,
g, (rd(i,a:)” +B]) = B,

10 ((|am]- le; + 1)B7Tnj9(1—r)(mj—i))

(96)

m

Using inequalities (95) and (96) in inequality (93), we get

[lrd(m;, Bm; )| ( [ B B y
S < O [0 Y (e + |am, | THOA M)
|amj|BmJ' i—2 ( )
v am T & N
(97) S O (0(1 r)m; + J — +Z 610( r)(m;—1i) .
L5 i)

Since €; converges to zero, when 7 tends to infinity, inequality (97) implies that there is
jo > 0 such that, for every j > jo, we get

|lrd(mja/3mj)| < |amj|B’IT';'Lj )
which contradicts (92). O
3.5. C?*" diffeomorphisms. Let 0 < r < 1. We say that a homeomorphism h : I — J

is C?t7 if its twice differentiable and its second derivative d?h : I — R is rHolder
continuous.

Lemma 24. Let 0 < r < 1. Let h: I — J be a homeomorphism and Go o grid of the
compact interval 1.

(i) If h : T — J is C?**7 then
lerd(n, B)] < O(II5'*7) ,
for everyn > 1 and every 1 < g < Q(n) — 1.
(i) If, for everyn > 1 and every 1 < B < Q(n) — 1, we have that
(98) lerd(n, )| < O(|I3[**7) ,
then, for every closed interval K contained in the interior of I, the
homeomorphism h|K restricted to K is C*¥.

Before proving Lemma 24, we will state and prove Lemma 25 which we will use later
in the proof of Lemma, 24.
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Lemma 25. Let Go be a grid of the closed interval I. Let h: I CR - J CR be a
homeomorphism such that for everyn > 1 and every 1 < < Q(n) — 1,

(99) lerd(n, )| < O(|I3[**7) ,

where 0 < r < 1. Then, for every closed interval K contained in the interior of I, the

logarithmic ratio distortion and the cross ratio distortion satisfy the following estimates:

(i) There is a constant C(i) > 0, not depending upon the level n and not
depending upon 1 < § < Q(n), such that

n
+
(100) Ird(n,B +i) € Mz d(n, B) + C(i)| I3+ .
151+ 1544l
(i1) Let In™" and I7;{ be two adjacent grid intervals. Let I} and I,
be grid intervals contained in the union I7~* U I {. Then,

In 1
e e g, )+ 0113147

(101) Ird(n —1,0) € ~frr =zt
5|+ 15441

Proof of Lemma 25: By Lemma 23, for every 0 < s < 1, the homeomorphism h|K
is C1*¢, and so the map ¢ : I — R is well-defined by (z) = logdh(x). By bounded
geometry property of a grid and by inequality (99), for every integer ¢, there is a positive
constant Ej(¢) such that

(102) lerd(n, B + ji)| < B (i)(|I5]"+7)
for every grid interval Iy and 0 < j; < 4. Take s < 1 such that 2s = 1+ r and
0 < jo <i. By inequality (99) and statement (ii) of Lemma 23, h is C1*T%. Hence, using

the bounded geometry property of a grid and statement (i) of Lemma 22, we obtain
that

ltrd(n, B + ji)lrd(n, B+ j2)| < O(Igy;, I° 54 5,1°)
(103) < By(i)([I51"T)
where E5(4) is a positive constant depending upon i. Using inequalities (102) and (103)

n (36), we get inequality (100). Furthermore, using inequalities (102) and (103) in (37),
we get inequality (101). O

Proof of Lemma 24: Proof of statement (i): Let h be C?>*" and let ¢ : I — R be given
by ¢(z) = logdh(z). For every n > 1, let I = [z,y], I’ | = [y,2] and I\, = [z,w] be
adjacent grid intervals, at level n. By Taylor series, we get

B € 1I1dh(y) + | Pd?h(y) £ O P*)
M| € (T aldh(s) — 1Ly Pah(y) + O(L, )
B € IEldh(z) + 12y Pah(z) £ Oy )
B € I ldh(z) — |y Pdh(z) £ O( 2y )
Therefore,
2| VE ) — 12 () = O )
Tal @Y € dhG) + [15@h) £ O+
€ 1 (141D P2 £ o) + 12,7
and so

d
trd(n, ) €~ + 1224 A2 - oIz + 112417
Similarly, we get

dip(2)

trd(n,y +1) € =([La | + 1) —5—
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Therefore, by inequality (35), the cross ratio distortion c(n,y) € £O(|I}[").

Proof of statement (#): We prove statement (ii), first in the case where 0 < r < 1 and
secondly in the case where r = 1.

Case 0 < r < 1: By Lemma 23, for every 0 < s < 1, the homeomorphism h|K is C1*¢,
and so the map ¢ : I — R is well-defined by ¢ (z) = logdh(z). For every point P € I,
let IL ,I% ,... be a sequence of grid intervals I such that P € I? and I? C I?7

for every n > 1. By the bounded geometry property of a grid and by inequality (98),
for every grid interval If} C Ui:_l,o,lIg;_lﬁi, we have that

(104) lerd(n, B)] < O(|Z5,1'*7) -
By inequality (101), we have
Irdin —1,an—1) Ird(n, ay)
A Il T+ 1T, ]

n

£O(1, ") -

Hence, by the bounded geometry property of a grid, for every m > 1 and for every
n > m, we get that
Ird(n, ay,) lrd(m, a,)

(I |+ 11a a8+l
Thus, Ird(n, o) /|13, |+ |15 11| converges to a value dp, when n tends to infinity. Let us
prove that 4 is differentiable at P and that dy)(P) = 2dp. Let L = [z,y] be any interval
such that the point P € L. Take the largest m > 1 such that there is a grid interval
I with the property that L C Uj=—1,,117} ;. By the bounded geometry property of a
grid, there is C' > 1, not depending upon P, L and I, such that

||

(105) +0(17 1) .

(106) cl<1_<C.

|L|
For every n > m, take the smallest sequence of adjacent grid intervals If ,...,I5 ., ,
at level n, such that L C U::"ZOIEHH C Uj=-1,0,117, ;. Hence, by definition of the

logarithmic ratio distortion, we get
() = lim 1dh(I3,)

and
d(y) = lim ldh(Ig ;) -
Therefore,
W)~ @) LR(IB, ;) — Wdh(IE)
y—x n—oo y—x
in—1 n
(107) = im Zizo M0
n—oo y—x ’

By inequalities (105) and (106), for every Ig | ; C I'" . ;) ;we get

Ird(m,~ + j(i))

I il + 141 |

Ird(n, B +1) € (5, il + 5, 1i41) <| :to(|I'Tyn+j(i)|T))

(108) C (5,4l + 115, 4iqa) (dp = O(ILI™))
Putting together (107) and (108), we obtain that
in—1
_ in—l\n 4 m
M € lim (dp :|:O(|L|T)Zl_0 | ﬁn+z| | n+z+1|
y — T n—oe y — X
I |+ Im [ +2 e
C lim (dp:l:O(|L|T)| ﬁnl | ﬁn—i-z"' Ez—l | Bn+z|
n—00 y—x

(109) C 2dp £O(|L]") .
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Therefore, for every P € I, the homeomorphism 1) is differentiable at P and dy(P) =
2dp. Let us check that di is r-Holder continuous. For every P,P' € I, let L be the
closed interval [P, P']. Using (109), we obtain that
Y(P') —y(P)  PP') —y(P)
! _ _ T
ap(P) —dy(p) e Y=Y o 0Ll
c +O(|L]"),

and so dy is r-Holder continuous.

Case r = 1: By the above argument, h is C21* for every 0 < s < 1 and so, in particular,
h is C1tEipschitz | Thys, by Lemma 22, for every n > 1 and every 1 < 8 < Q(n) — 1 we
get that

lird(n, B)| < O(|I5]) ,

which implies that inequality (101) is also satisfied for » = 1. Now, a similar argument
to the one above gives that di is Lipschitz. O

3.6. Proof of Theorem 3. In this section, we prove Theorem 3.

Proof of Theorem 3: The equivalences presented for quasisymmetric homeomor-
phisms follow from Lemma 12 with respect to ratio distortion and from Lemma 14
with respect to cross ratio distortion, noting that the ratios r(n,8) and the cross ra-
tios ¢r(n, ) are uniformly bounded by the bounded geometry property of the grid.
The equivalences presented for uniformly asymptotically affine (uaa) homeomorphisms
follow from Lemma 18 with respect to ratio distortion and from Lemma 20 with re-
spect to cross ratio distortion. The equivalences presented for Ct+e, Cl+Lipschitz anq
affine diffeomorphisms follow from Lemma 22 with respect to ratio distortion and from
Lemma 23 with respect to cross ratio distortion. The equivalences presented for C?*+¢
and C2?t+Lipschitz diffeomorphisms follow from Lemma, 24. O
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