HAUSDORFF DIMENSION AND CONFORMAL MEASURES
OF FEIGENBAUM JULIA SETS
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ABSTRACT. We show that contrary to anticipation suggested by the dictionary between rational
maps and Kleinian groups and by the “hairiness phenomenon”, there exist many Feigenbaum Julia
sets J(f) whose Hausdorff dimension is strictly smaller than two. We also prove that for any Feigen-
baum Julia set, the Poincaré critical exponent d.. is equal to the hyperbolic dimension HDyyp, (J(f)).
Moreover, if area J(f) = 0 then HDnyp(J(f)) = HD(J(f)). In the stationary case, the last state-
ment can be reversed: if area JJ(f) > 0 then HDpy,(J(f)) < 2. We also give a new construction
of conformal measures on J(f) that implies that they exist for any § € [dc;, 00), and analyze their
scaling and dissipativity/conservativity properties.
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1. INTRODUCTION

1.1. Statement of the results. One of the first questions usually asked about a fractal subset
of R™ is whether it has the maximal possible Hausdorff dimension, n. It certainly happens if
the set has positive Lebesgue measure. On the other hand, it is easy to construct fractal sets
of zero measure but of dimension n. Moreover, this phenomenon is often observable for fractal
sets produced by conformal dynamical systems, iterated rational functions or Kleinian groups. In
particular, the analogy with Kleinian groups suggested that the Julia sets of Feigenbaum maps
should have Hausdorff dimension two. In this paper we will show that this is not always the case.

A quadratic polynomial (or more generally, a quadratic-like map) is called Feigenbaum if it is
infinitely renormalizable of bounded combinatorial type with a priori bounds (see §2 for a precise
definition). Feigenbaum polynomials are remarkable dynamical systems whose geometry has been
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a focus of research for the past 25 years. By analogy with Kleinian groups, it was anticipated that
their Julia sets have dimension 2, and this problem has been around for a while. However, in this
paper we will show that this is not always the case:

Theorem A (HD < 2). There exist Feigenbaum quadratic polynomials whose Julia sets J(f) have
Hausdorff dimension strictly less than 2.

Maps to which this theorem applies are infinitely renormalizable maps with “high” combinatorics.
To the best of our knowledge, previous examples of Julia sets of Hausdorff dimension smaller than
2 were related to one of two mechanisms:

(1) Definite expansion along the critical orbit,
(2) Porosity (presence of definite holes in small scales) of the Julia set.

Note that both mechanisms fail for Feigenbaum maps.
Remark. We show in [AL] that in fact HD(J(f)) can be arbitrary close to 1 for some Feigenbaum

Julia sets. Namely, when the combinatorics of the renormalization gets close to the Chebyshev one
(of the map z +— 22 — 2), the dimension gets close to 1.

It is still unknown whether there exist Feigenbaum Julia sets of positive area, or the ones with zero
area but Hausdorff dimension two. Curiously, the affirmative answer to the former question would
imply the affirmative answer to the latter one (subject of certain a priori bounds assumptions):

Theorem B. Assume that a renormalization horseshoe A (see §2.5) contains maps g+ and go such
that area(J(g+)) > 0 while area(J(go)) = 0. Then it contains a map f such that area(J(f)) =0
but HD(J(f)) = 2.

In the course of this paper, we give a criterion for area J(f) > 0 which can provide an efficient
numerical test on this property.

Along with the Hausdorff dimension, there are other natural geometric objects and quantities
associated with Julia sets:

e The Poincaré series

(1.1) 2(6) = Z5(f, 2) ZZ |Dfn BFEF 2€CNO,

n=0 fn{=z
where O is the postcritical set of f.

e The critical exponent oy = d¢r(f) which separates convergent exponents of the Poincaré series
from the divergent ones.

e The hyperbolic dimension HDyyp(J) of the Julia set J = J(f), that is, the supremum of the
dimensions of all invariant hyperbolic subsets of J.

e Conformal measures on the Julia sets, that is the measures that transform according to the rule:
(1.2) u(rX) = [ 1Dfa

for any measurable set X such that f|X is injective. By Sullivan’s Theorem [S3], the Julia set J
supports a conformal measure with exponent dc;.

e The minimum exponent d. = 0.(f) is the infimum of the exponents of all conformal measures on
the Julia set.

The following general relation between the above quantities has been known:

(1.3) 5, = HDyyp(J) < HD(J),
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where the equality is due to Denker and Urbanski [DU] while the inequality is trivial. If moreover
the Julia set has zero area then the inequality

(1.4) HD(J) < b

holds for a large class of maps (including Feigenbaum maps), a result due to Bishop'® [B] (dynam-
ically interpreted in [GS]). However, it is not known whether these quantities in general coincide.
In the case of Feigenbaum maps, (and in fact, for quite a general class of rational maps (see §10)),
we can resolve this issue:

Theorem C (Critical Exponents and Dimensions). Let f be a Feigenbaum map. Then

5cr(f) - 5*(f) = HDhyp(J)-

Moreover, if area J(f) = 0, then
HDpyp(J) = HD(J).

It is quite surprising that the last assertion can be reversed in the case of periodic combinatorics:

Theorem D (Positive Area and Hyperbolic Dimension). Let f be a Feigenbaum map with periodic
combinatorics. If area(J) > 0 then

HDyyp(J) < HD(J) = 2.

At this moment we cannot tell whether this result is positive or negative (that is, whether it gives
an interesting property of certain Julia sets or indicates that those Julia sets should not exist).

Putting Theorems C and D together we obtain the following amusing statement: A Feigenbaum
map with periodic combinatorics has a Julia set of zero Lebesgue measure if and only if its hyperbolic
and Hausdorff dimensions coincide.

It is known (Prado [P]) that any conformal measure on a Feigenbaum Julia set is ergodic (and
hence there exists at most one conformal measure for any given exponent ¢). Another traditional
question asked about quasi-invariant measures is whether they are dissipative or conservative?.
Recall that an ergodic measure is called conservative if it satisfies the conclusion of the Poincaré

Recurrence Theorem and is called dissipative otherwise.

Theorem E (Conformal Measures). Let f be a Feigenbaum map. Then for any & > 6.(f), the
Julia set J(f) supports a unique conformal measure s with exponent §. If us is conservative then
6 = 04 < 2. Moreover, both dissipative and conservative alternatives with 6 = 6, < 2 are realizable
for some Feigenbaum quadratic-like maps.

This gives first examples of dissipative §,-conformal measures.

1.2. Methods. In this paper we develop an efficient method to estimate the Poincaré series by
comparing its values on different renormalization levels. For periodic points of renormalization this
method leads to a Recursive Quadratic Estimate for the Poincaré series. Let A™ be the fundamental
annuli on consecutive renormalization levels. Then we show that the average Poincaré series,

1
w=wnp(d) = ———— =s(x)dx
nl0) = e [ Esta)
satisfies an estimate w < Ps(w), where Ps is a quadratic polynomial (with positive coefficients)

whose coefficients continuously depend on § near 2. It gives a bound of the average Poincaré series

1Actuablly Bishop has proved the a priori stronger result that (under the assumption that the Julia set has zero
Lebesgue measure) dc; > MD , the upper Minkowski dimension. Together with this result of Bishop, our Theorem C
below shows that the Minkowski dimension of a Feigenbaum Julia set is equal to its Hausdorff dimension.

2For Kleinian groups this question is related to existence of the Green function on the associated 3-manifold (see

[AL]).
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w by a real fixed point of Pjs if it exists. Moreover, coefficients of P» involve areas of points that
escape annuli A™, and one can see that if substantial masses of points escape the A™ then Py(z)
has an attracting fixed point. Persistence of this point under a perturbation of § yields convergence
of the Poincaré series for § slightly smaller than 2, implying that d., < 2.

More generally, this leads us to the following Trichotomy. For any Feigenbaum map with periodic
combinatorics one of the following three possibilities occurs:

1) Lean case: substantial masses of points escape the annuli A™ to the outer regions. In this case
HD(J) = HDyyp(J) < 2.

2) Balanced case: there is a balance between masses of points escaping in and out the fundamental
annuli. In this case

areaJ =0 but HDyy(J) =2.

3) Black hole case: the critical point acts like a black hole that attracts huge masses of matter, so
that substantial masses escape the annuli A™ to the inner regions. In this case

areaJ >0 but HDyyp(J) < 2.

In the case of Feigenbaum maps with high combinatorics, the critical point is lean which yields
Theorem A. Theorem D is incorporated into the black hole case. Heuristically, phase transition
from the lean case to the black hole case can occur only through the balanced case indicating that
Theorem B should hold.

Theorem C is based upon a new construction of a §-conformal measure by taking a properly
truncated Poincaré series Ef{( f,2), putting the corresponding measure on the preimages of z, and
letting z — 0. This allows us to demonstrate that conformal measures exist for any § > J, which
is the key step of the proof (see also Theorem E).

Dissipativity of the d-conformal measure is equivalent to convergence of the Poincaré series Z5. A
simple argument shows that Zs, (Rf, z) is convergent, provided the dimension does not drop under
the renormalization:

HDnyp (J(Rf)) = HDpyp(J(f)) = 6s,
which holds, e.g., for renormalization fixed points f = Rf. On the other hand, if the dimension
drops,

(1.5) HDyyp, (J(Rf)) < HDnyp(J(f)),

then we find a linear recursive estimate for the Poincaré series (this time averaging over the con-
formal measure pg5, on the annuli A™), which would yield convergence of =5 for some ¢ < d, if the
measure j5, were dissipative (contradicting that J, is the minimum exponent).

Finally, we give two proofs that the drop condition (1.5) is satisfied for some Feigenbaum maps,
which completes the proof of Theorem E. One of them, based on methods of quasiconformal defor-
mations, shows that

sup HDhyp(f) =2,

feH
where H is any hybrid class of Feigenbaum quadratic-like maps. Another one is based on a dynam-
ical interpolation in an appropriate renormalization horseshoe.

Our methods also work in the generalized renormalization contexts, with Fibonacci maps as main
examples. They can be also applied to the real dynamics, where it is known that “wild attractors”
exist [BKNS] (real analogue of the phenomenon of “positive area Julia sets”), which yields a real
life version of Theorems B and D.

Also, in the search for Feigenbaum Julia sets of positive area, it might be a good idea to consider
maps of higher degree (that is, > 2) as well. Let us remark with this respect that all the results
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and proofs of this paper are still valid for (unicritical) Feigenbaum maps of arbitrary degree (with
only terminological and notational adjustments).

1.3. Some history. Geometric measures and Hausdorff dimension of limit and Julia sets are
popular themes in holomorphic dynamics.

First examples of a conformal dynamical system with the limit set of measure zero but Hausdorff
dimension 2 appeared in the works of Thurston [Th] and Sullivan [S2] on Kleinian groups. On the
other hand, the limit set of a geometrically finite Kleinian group® has Hausdorff dimension less
than 2 [Bo|, [S4], [T]. In this context, the Hausdorff dimension problem was eventually resolved
in full by Bishop and Jones [BJ]: the limit set A(T") of a (finitely generated) Kleinian group has
Hausdorff dimension 2 if and only if the group is geometrically infinite. Also, it has been recently
announced that the limit set of any finitely generated Kleinian group has zero area, which settles
a long-standing Ahlfors Conjecture, see [Ag, CG].

Another basic class of conformal dynamical systems is given by iterates of a single endomorphism,
rational or transcendental. The exponential map z — e, A < e~!, was the first example of such
an endomorphism whose Julia set has zero area [EL1] but Hausdorff dimension 2 [Mcl]. Examples
of entire functions with Julia sets of positive area were given in [EL2, Mcl]. For other interesting
properties of the measure and dimension of transcendental Julia sets, see [L2, R, K, SZ, UZ].

The first examples of rational Julia sets with Hausdorff dimension two were constructed by
Shishikura [Sh1] (see also [Mc5]). Indeed, Shishikura demonstrated that this phenomenon is generic
for quadratic polynomials z — 22+ ¢ with ¢ on the boundary of the Mandelbrot set. All these Julia
sets have zero area [L3, Sh2].

On the other hand, the works of McMullen [Mc4] (see also [Pe]) and Przytycki [Prz] (see also
[PR, GS]) showed that the situation in the iteration theory is more complicated than in the theory
of Kleinian groups: There exist geometrically infinite Julia sets with Hausdorff dimension strictly
less than two. Here a map is called geometrically finite if all the critical points on the Julia set are
non-recurrent (see [LM]). The Hausdorfl dimension of any geometrically finite Julia set is strictly
less than 2, provided it is not the whole sphere (see [CJY, U, Mc5]).

As we have already mentioned, it is still unknown whether there exists a polynomial map whose
Julia set has positive area. However, it was known that many Feigenbaum Julia sets have zero area
[Y]. (It is essentially the same class of maps for which a priori bounds had been established in [L5]
and to which our Theorem A applies.)

McMullen [Mc3] has demonstrated that in the dictionary between rational maps and Kleinian
groups, Feigenbaum maps correspond to hyperbolic 3-manifolds that fiber over the circle. Using this
analogy, he proved that the critical point lies “deep” (in some precise geometric sense) inside any
Feigenbaum Julia set. This strongly suggested that these sets should have the maximal possible
Hausdorff dimension. However, as we have already mentioned, these points can be lean in the
measure-theoretic sense which leads to the opposite conclusion.

For Kleinian groups, conformal measures were introduced by Patterson [Pa] and Sullivan [S1]. See
[N] for a discussion of their ergodic properties. Ergodic and conservativity /dissipativity properties
of conformal measures on Julia sets were studied, among other papers, in [L1, Mc2, P, Ba, BM, GS]
(part of this work was motivated by [BL] concerning real dynamics).

For the relations between the critical exponent and Hausdorff dimension for Kleinian groups see
[BJ] (compare Theorem C).

1.4. Organization of the paper. We begin the paper (§2) with a basic material concerning the
Hausdorff dimension, Poincaré series, conformal measures, and renormalization of quadratic-like
maps. In §3 we study scaling and ergodic properties of conformal measures, and prove Theorem C
and part of Theorem E.

3We follow the classical convention that the limit set of a Kleinian group is not the whole sphere.
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Section 4 is the central in the paper: here we derive the Recursive Quadratic Estimates. In §5
we deduce from them the Trichotomy. It immediately yields Theorem D and provides us with the
“leanness” condition for Theorem A.

In §6 and §7 we complete a proof of Theorem E. In §7.2 we study how the Hausdorff dimension
h(g) = HD(J(g)) varies within hybrid classes of Feigenbaum maps. One of the consequences of
our analysis is the following: If f has stationary combinatorics then the function h(g) is either
identically equal to 2, or else Imh = [h(fs),2) where f, is the associated renormalization fixed
point.

In §8, we prove Theorem B.

In §9 we describe a class of well controlled Feigenbaum maps [L5] whose Julia sets are lean at the
critical point [Y], which completes the proof of the first assertion of Theorem A. The description
is given in terms of the principal nest of the Yoccoz puzzle.

§10 contains various remarks and some open problems.

The paper is concluded with two appendices. Appendix A is of technical nature: here we con-
struct fundamental domains for Feigenbaum maps satisfying nice Markov properties. In Appendix
B we analyze conformal measures on towers which yields sharper scaling properties of conformal
measures on the Julia sets.

Acknowledgement. This work was partly supported by the the Guggenheim Foundation, Clay
Foundation, NSF and NSERC. It was done during authors’ meetings at SUNY at Stony Brook,
University of Toronto, and Institut Henri Poincaré. The authors thank all these Institutions and
Foundations for hospitality and support.

2. BACKGROUND

2.1. Notations and terminology. C is the complex plane;

N ={0,1,...} is the set of natural numbers;

7Z is the set of integers;

Dy(2) ={C:|z—¢| <r}, D, =D.(0), D =Dy;

U € V means that U is compactly contained in V, i.e., clU is compact and is contained in V.

A domain is a connected open set. By a (topological) disk we will mean a simply connected
domain U C C. A Jordan disk is a topological disk whose boundary is a Jordan curve. Filling of a
domain D is the union of all Jordan disks with boundary contained in D: it is the smallest simply
connected set containing D. Given a family of topological disks, we say that they have a bounded
shape if they are quasi-disks with uniformly bounded dilatation. A (topological) annulus A C C is
a doubly connected domain. Any topological annulus can be conformally uniformized by a round
annulus {z : 7 < |z| < R} (where possibly » = 0 or R = 00). The modulus of the topological
annulus, mod(A), is defined as log(R/r).

The Lebesgue measure (= area) of a measurable set X C C will be denoted by area X or |X]|. If
X,Y C C are measurable and Y| > 0, we let p(X|Y) = |X NY|/|Y].

Distortion of a (holomorphic) univalent map f : U — C is defined as

sup |Df(z)|.
zceu |[DF(Q)]

“Quasi-conformal” will be abbreviated as “qc”.

For a natural s > 2, let ¥, denote the space of two-sided sequences (e)3> . in s symbols:
e € {1,...,s}. The shift transformation o on this space is called a Bernoulli shift.

The forward orbit of a point z under f is denoted as orb(z) = orbyz = {f"2}22;
Its limit set is denoted as w(z).
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a =< b means that C~! < a/b < C with a constant C' > 0 independent of particular a and b under
consideration.

Assertion that “some property is satisfied for § ~ a” naturally means that it is satisfied for all §
sufficiently close to a.

2.2. Hyperbolic sets. Let X C C be a compact set invariant under a certain holomorphic map
f defined in a neighborhood of X. It is called hyperbolic if there exist C' > 0 and A > 1 such that
for all z € X

IDf"(2)] = CA", n=0,1,...

2.3. Quadratic-like maps. Let U € V be two topological disks. A (holomorphic) branched
covering of degree d f : U — V is called a polynomial-like map of degree d. If d = 2, the map is
called quadratic-like.

The filled Julia set K(f) of a polynomial-like map is defined as the set of non-escaping points
(where “escaping” means landing at the fundamental annulus V \. U under some iterate of f), and
the Julia set J(f) is defined as the boundary of K(f). In the quadratic-like case, these sets are
either Cantor or connected depending on whether the critical point itself is escaping or not.

Any quadratic-like map has two fixed points counted with multiplicity. In the case of connected
Julia set these two points can be dynamically distinguished. One of them, usually denoted by «;, is
either non-repelling or dividing, i.e., removing of it makes the Julia set disconnected. Another one,
denoted by (3, is always non-dividing.

If a quadratic-like map is considered up to choice of domains U and V, then it should be more
carefully called a quadratic-like germ. More precisely, one says that two quadratic-like maps with
connected Julia sets represent the same germ if they have a common Julia set and coincide in a
neighborhood of it. For such a germ, let mod(f) = sup mod(V ~\ U) where the supremum is taken
over all possible choices of domains U and V. We will not make notational difference between maps
and germs.

We will assume below that 0 is the critical point of f.

Two quadratic-like maps/germs f and g are called hybrid equivalent if there is a qc conjugacy
h between them with dh = 0 a.e. on the filled Julia set K(f). By the Straightening Theorem
[DH], any quadratic-like map f with connected Julia set is hybrid equivalent to a unique quadratic
polynomial z — 2% + x(f), with ¢ = x(f) on the Mandelbrot set M. Let H stand for the hybrid
class of f.

2.4. Feigenbaum maps. A quadratic-like germ f : U — V is called renormalizable if there exist
p=p(f) > 1 and topological disks U’ € V' containing the critical point such that:

e g = fP: U — V' is a quadratic-like map with connected Julia set J(g) called a pre-
renormalization of f;

e The “little Julia sets” f¥J(g), k = 0,1,...,p — 1, are pairwise disjoint except perhaps
touching at their §-fixed points.

If the little Julia sets indeed touch then one says that f is immediately renormalizable (or that the
renormalization is of satellite type). Otherwise the renormalization is called primitive.

A pre-renormalization considered up to affine conjugacy is called a renormalization of f. The
renormalization of f with minimal possible period is denoted Rf.

The Mandelbrot set contains a plenty of canonical homeomorphic copies of itself. A quadratic-
like map f is renormalizable if and only if its straightening x(f) belongs to one of these copies.
The choice of this copy specifies the combinatorics of the renormalization.

Now one can inductively define an infinitely renormalizable map f; its successive renormalizations
are denoted by R™ f, m = 0,1, 2,....If all these renormalizations have the same combinatorial type,
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one says that f has a stationary type. If the sequence of the combinatorics is periodic, then f has
a periodic type. If the periods of all renormalizations are bounded then f has a bounded type.

One says that an infinitely renormalizable map has a priori bounds if mod(R"f) > e > 0,
n =0,1,2,.... Conjecturally a priori bounds are valid for all infinitely renormalizable maps of
bounded type. So far, this conjecture has been confirmed for real maps (see [S5, MS]) and for a
class of complex maps of high type (see [L5] and §9).

An infinitely renormalizable quadratic-like map of bounded type with a priori bounds will be
also called a Feigenbaum map.

2.5. Renormalization horseshoe. A renormalizable quadratic-like map is called the renormal-
ization fized (respectively, periodic) point if Rf = f (respectively RPf = f for some p). More
generally, let us pick a finite family M of little Mandelbrot copies My, £ = 1,...,s. Assume
that to any two-sided sequence M = (Mk(n))zi,oo € X, we can associate a quadratic-like germ
gxz with uniform a priori bounds which is renormalizable with combinatorics My ) and such that
Rfyr = fo@iry where o : g — Y is the Bernoulli shift. Then the family A of these quadratic-
like germs is called the renormalization horseshoe associated to the given family of copies. Notice
that by definition, A is invariant under the renormalization, and R : Ax; — Apq is topologically
conjugate to the Bernoulli shift o.

We say that a finite family M of little Mandelbrot copies is fine if for any one-sided sequence
M, = (Myny)i2y of these copies there is a quadratic-like germ which is renormalizable with
combinatorics M, with a priori bounds. For instance, any family of real Mandelbrot copies is nice.

Theorem 2.1 ([S5, Mc3|). Any fine family M of Mandelbrot copies has an associated renormal-
ization horseshoe Ag.

Notice that periodic points of renormalization are dense in the horseshoe A 4.

Theorem 2.2 ([L8]). The horseshoe Ax is hyperbolic with codimension-one stable foliation. More-
over, local stable manifolds of points f € A coincide with their hybrid classes.

2.6. Nest of little Julia sets. Let f be a Feigenbaum quadratic-like map. Let us consider a
sequence fp, : U™ — V™ of m-fold pre-renormalizations of f. Let J = J% > J' 5 J? O ... stand
for the corresponding nest of little Julia sets, J" = J(fy,). Then

0=0(f)=wO) = Urum

m>04>0
is the postcritical set of f.

Lemma 2.3 (see e.g., [Mc3|). There exist quadratic-like pre-renormalizations fy, : U™ — V™ with
the following properties:

(P1) (V™ TU™)NO =0;

(P2) Unbranched a priori bounds: mod(V"™ ~TU") > u > 0 and mod(U™ ~ J™) > u > 0;

(P3) The disks U™ and V™ are quasidisks with bounded dilatation;

(P4) diam J™ = diam V™.
All the constants depend only on the combinatorial and a priori bounds for f.

If f is a renormalization fixed point then there exists a dilation A > 1 such that f,41 =
Afm(A712), and the above picture becomes scaling invariant: V™ = \™V° U™ = \mU°, and
J™ = A"JO In the case of renormalization periodic point, the scaling invariance holds on the
subsequences of levels congruent modulo the period.

In what follows, the nests of domains V'™ and U™ will always be assumed to satisfy properties
(P1)-(P4). In the case of periodic combinatorics, they will be additionally assumed to be scaling
wvariant on the appropriates subsequences of levels.



HAUSDORFF DIMENSION OF FEIGENBAUM JULIA SETS 9

2.7. Nice fundamental domains. Let us consider a Feigenbaum map f : U — V with pre-
renormalizations f, : U" — V”. Along with the domains V" and U”, we will also need simply
connected domains V" and U™ satisfying the following “nice” topological and geometric properties:
(C1) VPN O(f) cv® c U~
C2) vt cun = £ (v,

(C2)
(C3) fFOV™)NV™ =0, k> 0 (compare with “nice intervals” of Martens [M1]).
(G1)

G1) A" = V"™ U" is far from the postcritical set O(f): it has bounded hyperbolic diameter in
VL O(f).

(G2) area(A") < area(U™) =< (diam(U™))? < (diam(V™))2.
The bounds (G1)-(G2) together with the unbranched a priori bounds will be called geometric
bounds. By combinatorial bounds we will mean a bound on the renormalization period of all
renormalizations of f.

In Appendix A we will construct such a nest of nice fundamental domains for any Feigenbaum
map.

Remark 2.1. Condition (C3) implies that the first landing map to V" is particularly simple: its
restriction to each component of its domain is a univalent map onto V™. Due to (P1) each univalent
pullback of V" extends to a univalent pullback of V", so by the Koebe Distortion Lemma the first
landing map to V™ has bounded distortion.

Another consequence of (C3) is the structure of the first return map to V". We have that
U™ C V™ and that f, : U™ — V"™ is a double covering. Thus U™ is one of the components of the
domain of the first return map to V™. All other components are univalent pullbacks of V.

2.8. Hausdorff dimension. Given a § > 0, the Hausdorff §-measure hs is defined as follows
R T . N6
hs(X) = lg% inf Z(dlam U:)°,

where the infimum is taken over all coverings of X by sets U; of diameter at most ¢ > 0. For any
X there is a unique critical exponent separating infinite and vanishing values of the measure hg.
This exponent is called the Hausdorff dimension of X and is denoted by HD(X).

Given a Borel measure p, the Hausdorff dimension HD(y) is defined as the infimum of the HD(X)
as X runs over all measurable sets of full measure. Local dimension HD,(z) of a measure u at a
point z is defined as

(2.1) lim 108 #(Dr(2))
r—0 logr
provided this limit exists. If the limit does not exist, one can still consider upper and lower local
dimensions, HD,,(z) and HD,(z), by taking upper and lower limits in (2.1).
The hyperbolic dimension HDyyp,(X) of an invariant set X is defined as the supremum of the
dimensions of all invariant hyperbolic subsets of X.

Theorem 2.4 ([Z]). For any polynomial-like map f : U — V with connected Julia set, there is an
alternative:

o FEither J(f) is a real analytic curve;
e or HD(J(f)) > 1.

2.9. Conformal measures and critical exponents. The Poincaré series Zs5(z) = Z5(f, 2), z €
C \ O, was defined in the Introduction (1.1). Note that by the Koebe Distortion Lemma it has a
bounded oscillation on any compact set K C V\ O:

(2.2) Es(f,2) < CE5(f,¢), =z (€K,
where the constant C' depends only on the hyperbolic diameter of K in V \ O,
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By definition, the critical exponent 6. = 0o (f) separates convergent values of 0 in E5 from the
divergent ones: the Poincaré series is convergent for § > d., and divergent for § < d.,. Notice that
by (2.2), dc; is independent of the particular choice of z € V. O. For § = J., the Poincaré series
can behave in both ways, and f is called of convergent or divergent type depending on it.

Taking a wandering disk D € V. J (i.e., f7"D N f~™D = () for m # n), we see that

Ea(z) < U area(f (D)) < oo,
n=0

so that d., < 2. One can also show that d., > 0. In fact, we have:
Lemma 2.5. If the Julia set J(f) is connected then ;1 = 00, so that de > 1.
Proof. Let I';, = 0(f~"U). Then =; < ) length(I',,) = co. O

A quasi-invariant measure p is called J-conformal if its Radon-Nicodim Jacobian d(f*u)/dp is
equal to |Df|%, which is equivalent to the transformation rule (1.2). This transformation rule and
density of preimages on the Julia set imply that supp(u) = J(f) for any conformal measure p on
the Julia set.

Theorem 2.6 (Sullivan [S3]). Any polynomial-like map f has at least one dcp-conformal measure
woon its Julia set.

We have also defined in the Introduction the minimal exponent §. = 6.(f), the infimum of the
exponents ¢ for which f admits a §-conformal measure on the Julia set.

Theorem 2.7 (Denker-Urbansky [DU]). For any polynomial-like map,
6(f) = HDhyp(J(f))-

Moreover, f admits a d.-conformal measure on its Julia set.
Let us also mention the following simple property:

Lemma 2.8. The exponent 0(f) = HDyyp(f) depends lower semicontinuously on the quadratic-like
map f.

Recall that an f-quasi-invariant measure p on J is called ergodic if there is no decomposition
J = X1 U X5 into two invariant measurable subsets of positive measure.

Theorem 2.9 (Prado [P]). Let f be a Feigenbaum map. Then any conformal measure p on J(f)
is ergodic. Hence for any given exponent §, there exists at most one d-conformal measure.

2.10. Poincaré series in the hyperbolic case. Let us collect here some basic estimates on
Poincaré series. They show that in the hyperbolic case the Poincaré series cannot blow up: it
depends continuously on both § and f.

Let A be the set of all continuous maps f defined over a compact set X C C that admit a
holomorphic extension to a neighborhood of X. We say that f, : X,, — C converge to f : X — C
is X;, — X in the Hausdorff topology and there exists a neighborhood U of X such that for
every n sufficiently big, f, admits a holomorphic extension to U and the f, : U — C converge
to f : U — C uniformly. We will assume that X has no isolated points (so that derivatives of a
function f: X — C of class A are well defined).

Lemma 2.10. Let f: X — C be a map of class A without critical points. If 6 > 0, K > 0 are
such that

(23) E&(f, I‘) < Ka

Jor every x € X. Then for every K > K, there exists 6 < & such that if f : X — C is close to
X — C then for every x € X, we have Z5(f,z) < K.
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Proof. For every x € X, let N, > 0 be minimal such that

1
2.4 Na —
(2.4) S D) <
[Nz (y)=z

Notice that NV, is upper semicontinuous, so N = sup N, < co. It follows that

_ _ _ _ 1
(2.5) Y. DW= >, D@ >, DT <

N (y)=z fNez=x fN=Na (y)=2

Choose an integer M > 0 such that 2M~1 > K/(K K). If f: X - Ciscloseto f: X — C
and 4 is close to 8, we still have, for every z € X,

(2.6) 3 D) <
N (y)=z

I

N | =

MN-1 .
(2.7) Yo > DMl
m=0"fm(y)=x
Hence
(2.8)
MN-1 . N-1
Es(fx)= Y. D DI+ )
m=0f

m=0fm(y)=z

IDF"(z) 7Y Z DN (y)[ 70
k=M fEN (y)=2

m(z)=x

o0
<K+ > K27F<K.
k=M
0

Lemma 2.11. Let f : X — C be a map of class A without critical points. If the maximal invariant
set Q = Np>of (X)) is hyperbolic then there exists K > 0 such that for every x € X, we have

Eg(f, .’E) < K

Proof. Let € > 0 be such that f admits a holomorphic extension to an e-neighborhood U of X and
that f|U has no critical points.

Let Qm = NMo<j<mf 7(X) so that @ = NQy,. Hyperbolicity of Ny>0f ™(X) implies that
there exists p > 0 such that if y € Qy, then there exists a Jordan domain D;* C U such that
™Dyt — Dy(f™(y)) is univalent and the diameter of fk(D;”), 0 < k < m is exponentially small
inm — k.

It is easy to see that @ has empty interior (otherwise {f"™|int @} would form a normal family,
contradicting the hyperbolicity of f|Q). For z € X, let us fix a compact set Z, C D,(z) \ Q of
positive Lebesgue measure. We may assume that {Z,},ex form a finite family. If y € Q,, let

= (f™Dy") " (Zfm(y)). Since the diameters of the {y} U Z]" go to 0 as m grows, there exists
M > 0 such that Z,' N Z, = () whenever y € Qy,, © € X, and m > M. It follows that Z;”OZ;CL/ =0
if |m’ —m| > M. We also have Z' N Z]} = () whenever f™(y) = f™(y') and y # y".

Notice that, by the Koebe Distortion Lemma, |Df™(y)| =2 < C|Z' /1 Z pm(y)| for some C > 0.

Thus, for every x € X,

m 12, U
> O prertsey ¥ M«w%.
m>0 f™(y)=zx, m20 f™(y)=x

YEQm yEQm
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O

Corollary 2.12. Let f : X — C be a map of class A without critical points. If the mazimal
invariant set Q = Np>of "(X) is hyperbolic then there exists 6 < 2, K > 0 such that for every
x € X we have Z5(f,xz) < K. Moreover, 6 and K can be chosen uniform over a compact family of
maps as above.

3. CRITICAL EXPONENT, HYPERBOLIC DIMENSION, AND DISSIPATIVITY
In what follows, f is assumed to be a Feigenbaum map, unless otherwise is explicitly stated.

3.1. Dissipativity. Recall that a measure p is called dissipative if there exists a wandering set X
of positive measure, i.e., u(X) >0 and f"X N f~X = for all m >n > 0.

Lemma 3.1. Let u be a 6-conformal measure on J. Then the following properties are equivalent:
(i) p is dissipative;

(ii) The Poincaré series Z5(z), z € V. O, is convergent;

(iii) f"z — O for almost all z;

(iv) For any little Julia set J™, almost any orb(z) is eventually absorbed by the cycle of little
Julia sets, Ui;él]m (here p is the period of J™);

(v) p(J™) >0 for allm € N;

(vi) p(JY) > 0.

If v is conservative then almost all orbits are dense in J(f).
Proof. (i) = (ii). Let X be a wandering set of positive measure. Taking an appropriate local

branch of f~™ on X, we can easily construct a wandering set X’ C ID(z, r) such that D(z, 2r)NO = 0.
Then by the Koebe Distortion Lemma,

25(2) = 3 ulF ) < .
(ii) = (iii). Take any disk D = D(z,r) such that D(z,2r) N O = ). Then
S (D)) = Ea(2) < oo

By the Borel-Cantelli Lemma, for a.e. ¢ € J, the orb({) visits D only finitely many times, which
implies (iii).

(iii) = (iv). For a pre-renormalization f? : U™ — V™ with period p, let U}* = fEUum),
k=0,1,...,p (so that Uy’ = U™ and Uy* = V™).

Since the little Julia sets f*J™ may touch each other only at their S-fixed points, which are
not contained in the postcritical set O, there is a choice of pre-renormalization such that the sets
UT'NO,... U N O are pairwise disjoint. Then there exist neighborhoods ) = Qo) C UP of
O NUF" such that each €1, is disjoint from all ; with ¢ Z k& mod p.

If f"2 — O, then

p—1
flz e U Qr, n>N.
k=0

Let us take some moment n > N for which f"z € . Then f"™Pz € Q, which is disjoint from all
Qp, k=1,...,p—1. Hence f"t? € Q. It follows that f"tP' € Qo c U™ for all l =0,1,.... Thus
frzeJm.

(iv) = (v). Take a little Julia set J™. By (iv), Up—q f~"(J™) has full measure. This implies
(v) by the d-covariance of p.

Of course, (v) = (vi).
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(vi) = (i). Full preimage f~1(J') consists of two symmetric components, fP~!(J!) and X. If
p(JY) > 0 then X is a wandering set of positive measure.

Let us prove the last assertion. If it is not valid then there is a disk D (intersecting J) and a
forward invariant set X C J of positive measure such that D N X = (). Since f¥D = J for some
N, D contains a set Y of positive measure such that fNY C X. Hence f?Y NY = for n > N.
This easily implies that

wyeY: ffyedY, n=1,2,...} >0,

which gives us a wandering set of positive measure. O
Since =Za(z) < 0o, we conclude:
Corollary 3.2 (compare[L1]). The 2-conformal measure 2 is always dissipative.

3.2. Minimal conformal measure. Let Spec(f) denote the conformal spectrum of f, that is, the
set of exponents ¢ for which there exists a d-conformal measure on J(f). Since weak* limits of
conformal measures are conformal, we have:

Lemma 3.3. For any quadratic-like map f, Spec(f) is a closed non-empty subset of R .

In particular, the minimal exponent

ds = 0.(f) = inf Spec(f)

belongs to the conformal spectrum. The corresponding §, conformal measure p, will be called
minimal.

All existing conformal measures with the possible exception of the minimal one (in case 0, < 2),
are bound to be dissipative:

Lemma 3.4. Any conformal measure s on J is dissipative for § > 4.

Proof. Assume pug is conservative. Then by the last assertion of Lemma 3.1, for us-a.e. z, there
exists a sequence of moments n; — oo such that dist(f"*z, Q) > 2r, where r > 0 is independent
of z. Let Di(z) be the component of f~" (D, (f™z)) containing z. Then by the Koebe Distortion
Lemma, Dg(z) is an oval of bounded shape such and the map f™ : Dy — D,(f™ z) has a bounded
distortion (with an absolute bound). By covariance of conformal measures,

(3.1) p15(Dy) = (diam Dy,)° < e (diam Dy)* < € pis, (Di),

where €, — 0 as kK — oo.

By the Besikovich Covering Lemma (see [Mat, §2.7]), there is a covering of a set X of full us-
measure with a family of balls Dy, with intersection multiplicity bounded by some absolute constant
N. Hence

ps(J) = ps(X) <Y ps(Dy) < ey s (Dy) < Neg pis, ().
Letting &k — oo we conclude that p5(J) = 0 — contradiction. O

As the minimal measure u, is concerned, both dissipative and conservative options are realizable,
at least for quadratic-like maps. In the following statement we give a condition for dissipativity;
later on (§6) we will deal with the conservative case.

Proposition 3.5. Assume 6.(f) = 0.(Rf) = .. Then the d.-conformal measure of Rf is dissipa-
tive (and thus all conformal measures of Rf are dissipative).

Proof. Let g : U' — V' be a pre-renormalization of f. We let 2, = =5, and let p, and v, be
d,.-conformal measures for f and g respectively. We will use the measure u, to prove dissipativity
of v,.
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Take some disk D = D,(z) C V' \ U’ that intersects J(f). Since D is wandering under the
dynamics of g,

Eu(g,2) < Y palg7™(D)) < o0
By Lemma 3.1, v, is dissipative. O
Lemma 3.6. Let f be a Feigenbaum map which is recurrent under the dynamics of the renormal-

ization operator (for instance, a renormalization fixed point). Then the .-conformal measure of f
1s dissipative.

Proof. Note that Theorem 2.7 implies that J, decays under renormalization: d,(Rf) < d.(f) (since
it is obviously true for the hyperbolic dimension).

Let R™ f — f, and let g be a limit of R™~!f. Then Rg = f, so that 6.(g) > 0.(f). On the
other hand, by the lower semicontinuity of §, (Lemma 2.8) we have §,(g) < lim 6, (R (f)) < 6.(f).
Thus 6.(f) = d.+(g), and Proposition 3.5 completes the proof. O

3.3. Conformal spectrum.

Proposition 3.7. For any 6 > HDyy,(J), there exists a unique §-conformal measure ps. In
particular, there exists always a unique 2-conformal measure pis.

Proof. The uniqueness part follows from Theorem 2.9, so let us deal with the existence.

Let S ={¢: f°¢=0and |f*¢|>r, k=0,...n—1} and let S” = US". Let us consider the

cut-off Poincaré series
o0
1
_r
STURD pp ppsste
2 22 DF Q)

Since the set J" = {z: |f"z| > r, n=0,1,...} is hyperbolic,
der(f[J") = HD(J") < HDpyp(J),

It follows that the cut-off Poincaré series is convergent for 6 > HDyyp(J). Hence we can weigh the
involved preimages of 0 by the terms of Z5(0) and consider the corresponding probability measure:

R - 2
5= 550) 2 22 DR

Let now r — 0 (§ > J, being fixed). Then Zj(0) — oo. To see this, consider the pre-
renormalizations f,,, : U™ — V™ and pick some f,,-preimage (,, of 0. Since the derivatives
|D fn(Cm)| are bounded,

' - 1
I =500 2 2 o7 igp ~

as was asserted.

Let us now consider a weak™ limit p5 of measures ps as » — 0. We claim that this measure is
0-conformal. Let us first verify this outside the critical point. Let U be a small disk whose closure
does not contain 0 and such that f|U is injective. Then for sufficiently small r > 0,

f(S,NU) = 5,10 fU),
and hence
sl f(U) = |DfI° (u§|U).-
Passing to the limit, we conclude that

usl F(U) = [Df°(us|U),
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provided ps(OU) = 0. Since there is a base of disks with the latter property, the measure p is
d-conformal everywhere outside O.

But the critical value f(0) cannot carry any mass, for otherwise each of the f,,(0) would carry
a definite mass, and the total mass of ps would be infinite. (We also note that the critical point
0 cannot carry any mass either, for otherwise every preimage (,, would carry a definite mass
|D frn]212(0), and the total mass of s would be infinite.) This completes the proof. O

We will make use of the easy part of Denker-Urbanski’s Theorem:
Lemma 3.8. For any quadratic-like map f, HDyyp(J) < ds.

Proof. Let us consider a §-conformal measure p and a hyperbolic set X C J. We need to show that
HD(X) <.

By a standard distortion argument using d-covariance of i, we obtain: pus(ID,(2)) < 79 for all
disks D, (z) centered at z € J of radius r < 1.

By the Besikovich Covering Lemma, for any e > 0, there exist a covering of X with disks Dy, (2;)
of radii r; < € with intersection multiplicity bounded by N. Then

D> o=y us(Dr(20)° < Npps(X).
Hence hs(X) < oo, so that § > HD(X). O
Theorem 3.9. For any Feigenbaum map, HDyyp(J) = 0y = bcr-

Proof. We will show that HDyypp(J) < 64 < der < HDypypp (J).

The first inequality is the content of Lemma 3.8.

The middle inequality, d, < dc, holds since by Theorem 2.6 there exists a d..~conformal measure,
and by definition, d, is the minimum exponent of conformal measures on J.

To prove the last inequality, dcr < HDyyp(J), take any 6 > HDyypp(J). Then by Lemma 3.7, there
exists a d-conformal measure on J. By Lemma 3.4, it is dissipative. By Lemma 3.1, the Poincaré
series E5(2), z € C \ O, is convergent. By definition, d.; < d, and the conclusion follows. O

Remark 3.1. Our exposition is organized in such a way that it does not use explicitly the constructive
part of Theorem 2.7 of Denker and Urbanski (which provides a minimal conformal measure (i), so
that along the lines we obtain a new proof of it (in the Feigenbaum setting).

3.4. Scaling at the critical point. Let p be a d-conformal measure on the Julia set J(f), and

let | D
o = lim sup M.
r—0 lOgT‘
Lemma 3.10. If area(J(f)) =0 then o < 0.

Proof. Let us consider a fundamental annulus A! = V! \ U' of the pre-renormalization g of f,
where V1 and U! are domains constructed in §2.7. Then u(A') > 0 since A' N J(f) # 0 and
supp o = J(f). We also have p(9A') = 0.* Given a point z € U \ J(g), there is a unique moment
n(z) such that ¢g™*) € A'. Since area(J(g)) = 0, n(z) is well defined for a.c. z € U

Let us tile A" by finitely many compact sets A; C A" of positive py-measure that have boundary
of zero p-measure, such that each A; is contained in a Jordan domain A; ¢ V!~ O(f).

Pulling the A; back by the appropriate branches of g="(?) |Ai, we obtain compact sets II; covering
almost all of U'. Since U' is a nice domain, the IT; have pairwise disjoint interiors. Moreover,
there exists I1; 3 TI; such that if g™ (II;) = A; then g™ |TI; is a univalent map onto A;

“Indeed, we have f*(9A") N U = 0, n > 0, which implies that u(8A") = 0 in both dissipative and conservative
cases.
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Since the ﬁj provide a definite Koebe space around II;, we can apply the Koebe Distortion
Lemma to conclude that each II; is mapped with bounded distortion by some g™/ onto the appro-
priate A;. Together with the J-covariance of p, this yields:

N\ 3\
(3.2) p(IL;) =< Dy ()P (diam IT;)°.
Take some € > 0. Then there exist arbitrary small disks D, such that u(D;) < r?7¢. Since the
hyperbolic diameter of II; in II; is bounded and 0 ¢ II;, we have: diamII; < Cdist(II;,0). Hence

there is a scaling factor k > 1 independent of r such that if II; N, # 0 then II; C D,.. Since the
II; have disjoint interiors and have boundaries of zero p-measure, we conclude:

(33) > (M) < p(Dy) <7
where the summation is taken over those II; that intersect I, /,. Since these II; cover almost all of
Dr/k7

r? = area(D,. /) < Z areall; = Z(diam I1;)2.
Hence r® < C' " (diamI1;)° =< Y u(I1;). Comparing it with (3.3), we conclude that o —e < §. Since
it holds for any € > 0, we are done. O

3.5. Hyperbolic dimension.

Proposition 3.11. Let u be a §-conformal measure on J. If area(J) = 0 then for any z € J,
HD,(2) < 4.

Proof. By Lemma 3.10, for any ¢ > 0 there exists a ¢ > 0 such that
(3.4) w(Dy) > er®te, < diam J.

Take a point z € J. If the orb(z) does not accumulate on 0, then obviously HD,(z) = §. If it
does, then consider the first entries of the orb(z) to the domains V™ from §2.7 and pull them back
to z. We obtain a shrinking nest of neighborhoods D™ of z with bounded shape.

Let I,, be such that fm(D™) = V™. Then it follows from the properties (C2-3) of the domains
V™ that either flm(D™+) c U™, or flm(D™+1) c (V™ ~ U™). In either case, by property
(G2) of the domains V™, area(f' (D,,+1))/area(f'™(D,,)) is bounded away from 1. Since f'm :
D,, — V™ has bounded distortion (it admits a univalent extension onto V™), we conclude that
area(Dy,y1)/ area(D,,) is bounded away from 1. So diam(D,,,) decays exponentially fast.

Since diam (V™) > CA* for some C' > 0, A > 0, it follows that diam(D™) < cdiam(V™)* for
some ¢ > 0, k > 0. It easily follows from (3.4), bounded distortion, and d-covariance of p that
w(D™) > ¢(diam D™)%F€, and the conclusion follows. O

Corollary 3.12. If area(J) = 0 then HD(J) = HDpyp(J).

Proof. By Theorem 2.7, it is enough to prove that for any d-conformal measure p on J, HD(J) < 4.
Take some € > 0. By Proposition 3.11, any point z € .J is a center of arbitrary small disks D, (z)
such that p(D,(2)) > r°+¢. By the Besicovich Covering Lemma, J admits an arbitrary fine covering
by such disks Dy = D(zx, ) with intersection multiplicity at most N. Hence Zr,‘iﬂ < Nu(J),
hs(J) < oo, and we are done. O
Remark 3.2. This result also follows from Corollary 3.9 and the work of Bishop [B].

3.6. All dimensions and exponents are equal. Combining Theorem 3.9 with Corollary 3.12,
we obtain:

Theorem 3.13. Assume that a Feigenbaum Julia set J has zero area. Then
der = 0« = HDyyp(J) = HD(J).
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3.7. Continuity properties of the critical exponent. Let us formulate a couple of useful
technical lemmas. Theorem 3.9 and Lemma 2.8 yield:

Corollary 3.14. The critical exponent ¢ (f) depends lower semicontinuously on the Feigenbaum
map f.

The situation within one hybrid class is even better:

Lemma 3.15. The critical exponent dc:(g) is continuous on any hybrid class Hy. Moreover, it is
uniformly continuous over compact subsets K of quadratic-like germs: For any ¢ > 0 there exists
o >0 such that if f,g € K, g € Hy and dist(f,g) < o then [de:(f) — dex(9)| < €.

Proof. If f,g € K, g € Hy and dist(f,g) < o then f and g are conjugate by a K-qc homeomorphism
h, where dilatation K is close to 1. This map is xk-Ho6lder continuous, with exponent x = 1/K.
Let f:U — V and O = O(f). Consider a round disk D compactly contained in V \ O centered
around some point z. If f™(y) = z, let D, be the component of f~"(x) containing y. Then by
the Koebe Distortion Lemma, the maps f™ : D, — D and g™ : h(Dy) — h(D) have bounded
distortion. Thus |Df™(y)| < (diam Dy,)~! and |Dg™(h(y))| < (diam h(D,))~*. This implies that

M=YDf™y)|" < |Dgy(y)l < MIDf (y)|* .
Hence K1 < der(fp)/0cr(gp) < K, and we are done.

4. RECURSIVE QUADRATIC ESTIMATES

Let X, n, m < n be the set of points in U™ that land in V" under iterates of f,,, and let
Xn = Xon. Let Yy, n, m < n be the set of points in A™ that never return to V" under iterates of
fm, and let Y,, = Y.

We define the following quantities:

| Xl
4.1 m,n = Tlm,n = : ) n = ny
|Yonl
4.2 m,n = Sm,n = —, n — )
( ) 5 ) f ) (f) ’An’ g €0,
1%
43 Pmmn = Pmn f)= .

Let us start with a couple of relations between these quantities:

Lemma 4.1. Let f be a Feigenbaum map. There exists C > 0 only depending on the geometric
bounds and Coy > 0, depending also on the combinatorial bounds, such that
(4.4) max{Cy", 1= Cobmn} < 22 <1 — €71y,

m,n
Proof. We may assume that m = 0. The first landing map ¢ : X,, — V"™ sends each component of
X,, univalently onto V™ with bounded distortion. Clearly, $~*(Y;,) N X141 = 0, so that

(1.5 L (X, X,) £ 1-C 76
n
Notice that |[V"*1|/|V"| > ¢, where ¢ depends also on the combinatorial bounds, so we get
(4.6) Intl S o5t
n

To conclude the remaining inequality, it is enough to show that p(X,11|V"™) > 1 — Cp&,. Let
S™ be the set of points in V™ which land in A™ and later return to V", and let W™ be the set of
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connected components of S™ which are not contained in V**1. Then |W"|/|V"| < 1 — ¢, where q
depends also on the combinatorial bounds. We set ¢ : W™ — V™ to be the composition of the first
landing to A™ followed by the first return to V™. The restriction of ¥ to each connected component
of W™ is a univalent map onto V", moreover any iterate of 1) has bounded distortion by the Koebe
Distortion Lemma (the restriction of 9 to each component of W extends to a univalent map onto
V™). Since |W"|/|V"| < 1 — g, we have [ F(W")| < e~ |V

Since almost every = € V" either escapes through Y, or eventually passes through V"*! we
have

Vs X, N k(Y =
(4.7) T*‘ﬂ < E % < CE :e ahe < Cobon.
k=0 k=0

O

Let EU! be the Poincaré series = truncated at level j, so that summation in (1.1) is taken over
n < j instead of all n. Let

(4'8) Wm,n(fa 5) = Wm n 5

|An| fma 7 Wn = wo,n'
We will use wl! to denote the truncation of w at level j, that is, taking the integral of ZU! instead
of Z.

Our key estimates are presented in Lemmas 4.2 and 4.4.
Lemma 4.2. Let f be a Feigenbaum map. Then for any 0 < [ < m < n, there exists C > 0,

only depending on the geometric bounds, and € > 0, depending on the geometric and combinatorial
bounds, and onn — 1, m — I, such that if 2 — e < 9§ < 2 then

(4.9) witl(8) < cZi T (1= O (g + €)1, (8) + Chmn€imnrl (6),
(4.10) W) <o (Zl—m + Hn(5)> whl A (9).
’ I,m

Let Tmn, m < n be the infimum of |Dfk (z)| over all x € U™, k > 0 such that f%(z) € V™ and
fﬂl(x) ¢V 0<j <k andlet 7, = 7o, Let Uyn, m < n be the infimum of |Df¥ (x)| over all
z € A" k> 1 such that f% (z) € A™ and fl,(x) ¢ A" U A", 1 < j <k, and let v, = vo,n- Let us
show that the product 7v is exponentially large in terms of n — m.

Lemma 4.3. Let f be a Feigenbaum map. Then for every 0 < m < n, there exist C > 0, 0 < 1,
only depending on the geometric bounds, such that for every m < n we have

(4.11) TnUmn > CTHO™

Proof. We may assume that m = 0. Let f¥(x) be the first landing of = in V™. Then there exists
a domain D C U containing = such that f* : D — V™ is univalent and has bounded distortion.
Let now z € A" and let y = (f¥|D)~!(2). We claim that if f(2) € A then |Dfk*3(y)| > C~1o—™,
which implies the result (notice that |Df*(z)||Df*(2)| > C~Df***(y)| by bounded distortion of

f*|D).
To see this, let W be the complement of the postcritical set in some definite neighborhood of V,
and consider the Poincaré metric || - ||y on W. Since A is away from the postcritical set, we have

D)l = CTHIDF (y)llw
It follows from the Schwarz Lemma that f : U — V does not contract || - ||y, so

IDF(FFN)w =1, 0<j<k+s—1.
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Closer inspection, see [Mc3, Prop. 6.9] shows that whenever f7(y) € A® with 1 < i < n we have

IDf(f7(y))llw =61, Thus
D55 () lw > 67"

0

Lemma 4.4. Let f be a Feigenbaum map. Then for every 0 <1 < m < n, there exist C' > 0, only
depending on the geometric bounds, such that if 6 < 2 then

(412) Wl,m((;) > C_lTl%;Lé Zi,m + max{l - C(nm,n + gl,m)a O}Wl,m((;) + C_lvzn_,ggm,npmmwl,n(é)a
(4.13) wmw)szl(f;%?ﬁ+wmﬂa>wmmw)
’ I,m

4.1. Proof of Lemmas 4.2 and 4.4. We may assume that [ = 0. To simplify notation, truncation
of the Poincaré series (labeled by j or j + 1) will be implicit in what follows.

We define Z,, ,, as the set of points in A™ that do not return to A™ before passing through A™.
We let

| Zmn]
(4.14) Kmn = Am|

Notice that
(415) RKmn < Em + Nim,n

In this section, an orbit (under iteration of f,.) will denote a sequence (xo, ..., k), k > 0, where
xp € V" and f(z;) = xi41, @ < k. Unless explicitly stated otherwise, the orbits considered will be
orbits under iteration of f.

An orbit will be said to be trivial if its length is 0.

Given a family F of orbits (zo, ..., x;) under iteration of some f,, we define a function C — [0, oo]

(4.16) E5(F)z)= >, Do)
(z0,...,xp=2)EF

(notice that we do not make f, explicit in this notation).

We shall need some special notation for certain families of orbits. By D « E, we will understand
the family of orbits (zo,...,zx) with o € E and xp € D. The family of orbits (zo,...,x) with
g € E, z, € D and z1,...,zp_1 € S will be denoted D < E. A “plus sign” over the arrow

will indicate that only non-trivial orbits are considered. The justaposition of arrows will denote
composition in the natural way. Thus

(4.17) D& D —E,
S S

denotes the family of orbits (x, ..., xx), with 29 € E, 23, € D, and such that there exists 0 <i < k
such that z; € D and 1, ..., Zi—1, Tit1, ..., Tk—1 € S.
When considering orbits under some f, other than f, this will be indicated above the arrow, for

instance, D <f—; FEorD gt E.

Given a function ¢ : C — [0, 00] and a measurable set N C C, we let
(4.18) 16IN) = [ oo
and if [N| > 0, we let

(4.19) E(4IN) = ﬁmpw).
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More generally, if p is a measure on C with ,u(V < o0, we let

(4.20) BL(0IN) = = [ ota)duta

whenever p(N) > 0.
In this notation, we have for instance
(4.21) wm(0) = E(ZEs(A™ «— U)|A™).

Let us say that a family F of orbits is hyperbolic if (2o, ..., zx) € F implies that | D f*(xq)| > CAF,
C > 0, A > 1. Notice that F is hyperbolic if and only if there exists a neighborhood W of 0 such
that if (xq, ..., ;) € F then xg,...,x_1 ¢ W.

Let 07 be the infimum over all § such that Z5(F) is uniformly bounded. By Corollary 2.12,
0r < 2 if F is hyperbolic.

Lemma 4.5. With §r defined as above, we have:

(1) The map § — sup Z5(F) is a continuous convex function of § > dr,
(2) Let p be a finite measure on'V, and let

Oz
(4.22) w=[ ¥ s dn(z)

(z0,...,xp=x)EF

which is a finite measure for 6 > dr. Then for any Borelian set N, 6 — vs(N) is a
continuous convex function of & > dx. In particular § — vs, § > dFx is continuous in the
weak® topology.

Proof. Follows immediately from the convexity of & — 9. g

In the most common application of the previous lemma, we will take u as Lebesgue and F as a

set of hyperbolic first returns or landings, say A™ % A™. In this case, the measure v is the

U~
restriction of Lebesgue measure to the set of points that land or return.

4.1.1. Proof of (4.9). Let
(4.23) B=B™" =U~ (A" UA").
We clearly have
(4.24) wim(8) = E(S5(A™ — U)|A™) = 1+ E(Z5(A™ <= U)|A™),

where the 1 accounts for the trivial orbits.
Since U is the disjoint union of A", A™ and B, we can split A™ &£ U, the set of non-trivial
orbits that terminate in A™ (under iteration by f) in three groups:

(1) A™ o B which consists of orbits (zg, ..., zx) terminating in A™ such that xq, ..., xx_1 do

not intersect A™ U A™,
(2) A™ < A"™ «— U which consists of orbits (zo, ..., x) such that zg, ..., ;1 intersects A" UA™

and the last such intersection happens in A",
(3) A™ % A™ «— U which consists of non-trivial orbits (x, ..., zx) such that g, ..., xp_1 inter-
sects A™ U A™ and the last such intersection happens in A™.

Together with (4.24), this decomposition gives
(4.25)

wm(8) = 1+ E(Z5(A™ — B)|A™) + E(S5(A™ — A" — U)|A™) + B(E5(A™ & A™ — U)|A™).
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Notice that
(4.26) I(Z(A™ ? B)|A™),

is the area of the set of points in B that land in A™ before passing through V™, which is certainly
smaller than 7,,|U|. Thus we have

- Ul _ nm U™
4.27 E(Ey(A™ «— B)|A™) <np— = —1—.
(4.27) (Ea(A™ o BA™) < muriog =
By hyperbolicity of the set of orbits that avoid V™, we have
(4.28) B(E5(A™ — B)|A™) < ol 5o,
by continuity of the left hand side in ¢ & 2.
We have the obvious estimate
(4.29) E(Es(A™ > A" — U)|A™) < E(Es(A™ o AM)|A™) sup E5(A™ — U),
An
By bounded oscillation of the Poincaré series in A™, we have
(4.30) ifr&f Es(A" «— U) < sup E5(A" «— U) < E(Es(A" «— U)|A™) = wyp(9).
n A,n
Moreover,
(4.31) I(Za(A™ o A™M)|A™)

is the area of the set of points in A™ that land in A™ before passing through V™. This is precisely
|A™| &myns 5O

- |A”| ™| A7
(4.32) E(E5(A™ — A™)|A™) = il = & o
B |A™| [A™ ] |U™|

< Cgm,npm,n-

By hyperbolicity of the set of orbits avoiding U", we get
(4.33) E(=s(A™ < AMA™) < Cémmpmm, 0~ 2.

Estimates (4.29), (4.30) and (4.33) imply
(4.34) E(Es(A™ = A" — U)|A™) < Cémnpmnwn(0), &~ 2.

Let us estimate the last term of (4.25). We have the identity

— m .t Am m
(135) EEMAT o A" = U BE(Am ~ Znp = DA™ | B(E(Znn — U)IA™)
E(Eq(Am — U)|A™) E(Z9(Am — U)|A™) E(Eq(Am — U)|A™)
By bounded oscillation of Poincaré series, we have
E(Z5(Zmn «— U)|A™) _ .
E(Es(Am « U)|Am) — ™™
By hyperbolicity of the set of orbits that do not pass through V', we have
(4.37)

E(Es(A™ % A" — U)A™) < (1= C i) E(Es(A™ « U)|A™) = (1= C ki n)wm(6), =~ 2.

(4.36)

Plugging (4.28), (4.34) and (4.37) in (4.25), we get
(4.38) wmn(8) =1+ C™ 4 (1 = C k) (0) + Clmmpmnwn(8), 6~ 2

Pm

which implies (4.9) (notice that 7, > ppm, so the 1 can be put inside Cn,/pm)-
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4.1.2. Proof of (4.10). Let us split A™ «— U into two groups of orbits:

(2) A" —— A™ — U.
U~A™

We further split A" T U ~ A™ into two groups:
N m

(la) A" —— U™,

U~ A™
(Ib) A™ um U~vm,
U~A™ U~vym
Notice that we can write
(4.39) <An — Am> _ (m gm Am> .
U~ A™ U~ A™ U~vm
Thus we have
(4.40) wp(0) = E(E5(A" — U)|A") =E(Zs(A" m Um™)|A™)
+ ( 5( U~A™ v U~ym UNV )| )
E(=Es(A™ m A™ A™).
* ( 6( U~A™ v U~ym HU)| )

This gives the estimate
(4.41)
E(Z5(A™ «— U)|A"
(Es(A" < U)|A") <1+4sup E5(U"™ ———U~V") +sup Z(U™ «—— A™ «—U).

E(Eg (An <U— Um) ’An) Um Uu~vm Um U~vm
~ m

Since f, is the first return map from U™ to V'™, there is a natural correspondence between the
orbits of A” «—— U™ and A" g U™. It follows that

U~A™
(4.42) E5(A" —— U™) = E5(A" I umy,
U~A™
thus
(4.43) E(=s(A™ S U™|A™) = E(ZEs(A™ I U™|A") = wmn(0).
N m

By the Markov property® of the first landing map to V™, we have
(4.44)
sup Eg(U™ «—— U~\V") < inf Z9(U" «—— U~V") < E(Eq(U™ «—— U~\V™)|U™) < Im.
um U~vm um U~vm U~vm Pm
By hyperbolicity of the set of orbits avoiding U™,
(4.45) sup Z5 (U™ —— U~ V™) <M s~2.

Um U~vm Pm

Similarly,

. (U™ ™) =< inf Z9(U™ ™ =< E(Z(U™ ™IU™) =<1
(4.46) Sup 2(U™ o A™) X Sp (U™ o A™) X E(Sp(U™ o — A™)IU™) < 1,

and by hyperbolicity of the set of orbits avoiding U™, we get
(4.47) EE;U"™ «—— AMU™) < C, d=2.
Uu~um

SLet us remark that one does not need to use the Markov property to conclude the upper bound in estimates
(4.44) and (4.46).
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Estimate (4.47) implies
(4.48) supE5 (U™ «—— A™ — U) < CsupZs(A™ «— U), =2,
Um U~vm Am
and by bounded oscillation of the Poincaré series in A™, we get
(4.49) supEs(U™ «—— A" — U) < Cwp(d), d~2.
Plugging (4.45) and (4.49) in (4.41) we get

E(ZEs(A™ «— U)|A™) Mim
= <14 C—+Cuwp(d), =2

This and (4.43) imply (4.10).

4.1.3. Proof of (4.12). It is easy to see that if z € A" and f*(x) € A™ then |Df*(z)| > C—1om—™
for some 6 < 1. This follows from the Schwarz Lemma and the Koebe Distortion Lemma, see
Lemma 4.1 for an analogous estimate.

For simplicity, we will assume that if z € A™ and f¥(x) € A™ then |Df*(z)| > 1 (a slightly
different argument allows to deal with the general case%). This assumption can be made without
loss of generality, see Remark A.1.

As in the proof of (4.9), we shall use the identity (4.25).

Notice that the argument for the upper bound on E(Z2(A™ < B)|A™), (4.27) also implies a

(4.50)

lower bound of the same order,

(4.51) B(Ey(A™ — B)|A™) > c—lz—m.

Similarly, the argument of (4.32) gives the bound

(4.52) E(Sp(A™ — A")|A™) > C™ Y mmpmmn-
Thus

(4.53) B(E5(A™ — B)|A™) = ¢ p2 S,

(4.54) E(Z5(A™ — A)|A™) > C™ e nPmn V.

Recall equality (4.35). The expansion of the Euclidean metric along orbits of A™ % A™ implies
that
—_ m + m m
BEA™ o A" = U™ BE(A" ~ Zyn = U)A™) | EEs(Zmn = U)|A™)
E(Es(Am — U)|A™) - E(Es(Am — U)|A™) E(Es(A™ — U)|Am) ’
for 6 < 2. By (4.36), we get
(4.56) E(Z5(A™ % A" —U)|A™) > (1 = Chmp)E(Es(A™ — U)|A™) = (1 — Ckpmn)wm/(9).

(4.55)

Plugging (4.53), (4.54) and (4.56) in (4.25), we obtain (4.12).

6Let W be the complement of the postcritical set of f in some definite neighborhood of V' and let || - ||w denote
the Poincaré metric on W. By the Schwarz Lemma, f : U — V expands || - ||w. Let || - ||« denote the metric on C
which is equal to the usual Euclidean metric outside UA” and in each A" is given by || - ||, suitably rescaled so that
the || - ||« area of A” coincides with the usual Euclidean area of A”. Since the A" are away from the postcritical set,
the metric || - ||« is comparable to the usual Euclidean metric everywhere. Moreover, we get improved inequality that
if € A™ and f"(z) € A™ then |Df*(x)||. > 1 (instead of |[Df¥(z)| > C~"). If one defines Poincaré series, wy n,
Nm,ny Em,n,... With respect to the metric || - ||«, the resulting objects are comparable to the Euclidean ones. Thus, it
is enough to prove (4.12) for those modified objects, which can be done with the argument given below.
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4.1.4. Proof of (4.13). We will use the identity (4.40), which leads to the lower bound (analogous
to (4.41))
(4.57)
E(Es(A™ — U)|A™)
E(=s(A™

> 1+ inf E5(U™ «—— U\ V™) +inf Z5(U™

Um)|Ar) Um U~vm A" = U).

u~vm

NA™

By (4.44) and (4.46),

(4.58) inf Z5(U" «—— U~ V™) > C_len_an—m,
um U~vm Pm

4, inf Z5(U™ ——— A™) > C .

(4.59) [ o(U U~vm )2C

By bounded oscillation of Poincaré series in A and (4.59), we have

(4.60) inf S5 ——— A™ < U) > C ™ wm(6).

Plugging (4.58) and (4.60) in (4.57), and using (4.43) one gets (4.13).

5. TRICHOTOMY

Let f be a periodic point of renormalization of period p. In this case, we may assume that the
fundamental annulus A™ form a periodic sequence up to rescaling by p,, 1/2 (see Remark A.2). Then
Nm,ns Emon,-.. only depend on n —m and the congruence class of m modulo p.

The results in this section will be obtained from some particular cases of the estimates in Lem-
mas 4.2 and 4.4. Setting n = 2m an integer multiple of p, the estimates can be rewritten as

(5.1) W) < C% + (1= O (0t + Em)wH) (8) + Cmpmws (0), 0~ 2,
(52) Bl <o (2 uflo)) ol o~

(5:3)  wm(6) > 0—173;52—: + max{1 — C(nm + &m), 0}wm(6) + C~ 03 Empmwam (6),
(5.4) oan(0) 2 € (7 4 1, (6) ) (8,

Putting the respective estimates together, we get the following quadratic estimates:

(5.5)  wbtlg) < C’Z—m (1= O Y + ) + O )l (8) + Cmpmwll) (5)2, 6 ~ 2,

(5.6)

Wm (5) > C_lTrQn_(SZ_m + (max{l - C(nm +§m)7 0} + ct (vam)z_énmfm)wm@) "’CU?n_(ngpmwm((s)z'
m

Let us now explore those relations.

Lemma 5.1. Let f be a periodic point of renormalization of period p. If m = 0modp then there
exists C > 0 (only depending on the geometric bounds) such that

(1) If the polynomial
(5.7) P:xw— CZ—m + (1 = C7 Y + &m) + Cibin)x + Céppma®

has a real positive fized point then d., < 2 and for § close to 2, the smallest such fized point
gives an upper bound on wy,(0).
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(2) If 6 > bcr, the polynomial

(5.8) Qs:x— C 2701 4 (max{1 — O + €m), 0} + C (T ) P nmn)t + Cv2y Ot
m
has a fized point and the smallest (respectively, largest) such fized point gives a lower bound
(respectively, upper bound) to wp,(9).

Proof. By repeated application of (5.5), for § ~ 2 and for every j > 0, we have wT[%]((S) < PitY0).
If there exists a positive fixed point for P then the smallest such fixed point attracts the orbit of
0. This gives the first statement.

By (5.6), for 0 > d¢r, Qs(wm(0)) < wm(d). Thus wy,(d) is contained in the interval bounded by
the fixed points of Q5. This still holds for § = d.; by continuity of the coefficients of (Qs. This
implies the second statement. O

Theorem 5.2 (Balanced case). Let f be a periodic point of renormalization of period p. Then
there exists C' > 0, only depending on the geometric bounds, such that if 6o, = 2 then

(5.9) cl<Im < C, m=0 modp.
Em
Moreover,
1
m

for all m € N with the constants depending also on p.

Proof. 1If (5.9) does not hold then

(5.11) Emtm << (Em + 1m)?,

and then the quadratic polynomial (5.7) has two positive fixed points. By the first part of Lemma
5.1, d¢r < 2 contradicting the assumption. The same argument applied to the k-fold renormalization
of f,k=0,1,...,p—1, gives

N =X &En, m =k modp,

with the constant depending on k. Thus, 0, < &, for all m, with the constant depending on p.
By Lemma 4.1, this implies that

Nm — 077%1 <1 < N — 0_1777271-

Hence

and thus 1/n, < m. O

The following result gives Theorem D stated in the Introduction.
Corollary 5.3. Let f be a periodic point of renormalization. If |J(f)| > 0 then ¢ < 2.

Proof. Since f is a renormalization periodic point, f,, : U™ — V™ is a rescaling of f : U — V for
m =0 mod p. Hence

= P(Xm|U™) = p(J (fm)|U™) = p(J(F)IU) >0, m =0 modp.
Then by Lemma 4.1, &,, — 0, so that (5.9) is violated - this contradicts 6o = 2. O
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Lemma 5.4. Let f be a periodic point of renormalization of period p and let m =0 modp. Then
there exists C' > 0 depending only on the geometric bounds such that

. m C_ln—m ) msm C_la 7
. -~ ) n_m‘
(5.13) wm(2) < C(ém o if n 6 > C,
(5.14) wom (2) = <Z—m n wm(2)> wm(2) = win(2)2.

In particular, if Nuém < C~1 and if either Ny /Em O Wmpm is small, then both are small and indeed
they are comparable.

Proof. If n,,&,y, is small then the linear coefficient of ()5 is comparable with 7, + &, and a direct
calculation of the smallest fixed point of Q)2 gives the lower bound (5.12) on w;,(2).

If | In(9m/&m)| is large, then (5.11) holds, and the polynomial P has two real fixed points. A
direct calculation of the smallest one gives the upper bound (5.13) on wy,(2).

By (5.2), (5.4),

(5.15) wom(2) = (”—m + wm(2)> wim(2).

By (5.3), wm(2) > C~ 'y /pm which shows that (7,,/pm) + wWim(2) < Wi (2) which together with
(5.15) implies (5.14).
The last assertion is a straightforward consequence of (5.12) and (5.13). O

Theorem 5.5 (Lean case). Let f be a periodic point of renormalization of period p. Then there
exists C > 0, only depending on the geometric bounds, such that if for some m =0 modp we have

(5.16) Nm < C7 16
then inf &, > 0.2 Moreover, n, — 0 exponentially fast.

Proof. Since 1, monotonically decrease, assumption (5.16) implies that 7, (and hence 7,&,) are
small for n > m. It also implies by Lemma 5.4, that wy,pn, is small.

By (5.14), wa, < Kw?,, so that Kwompom < (Kwmpm)?. Tterating this estimate k times, we
conclude that
)2k — q2k

where g < 1 provided wy, pn, is small enough. By Lemma 5.4,

Kwokp, pokr, < (mepm

okm _ O(qQk).
Ska
Since 7, monotonically decrease, we conclude that they decay exponentially: n, = O(q”/ 9.

Furthermore, it follows from the renormalization periodicity that the £, monotonically decrease
in k. It is also easy to check that £,11 < &,. It follows that

inf¢, =0 = £, — 0.

Since 1, decay exponentially, limsup &, > 0 by Lemma 4.1. Hence &, are bounded away from 0 .
O

"Note that this assumption is always satisfied on high levels since nm&n — 0 by Lemma 4.1
8An explicit lower bound for inf &, in terms of the geometric and combinatorial bounds and the period of f can
be worked out.



HAUSDORFF DIMENSION OF FEIGENBAUM JULIA SETS 27

Lemma 5.6. Let f be a periodic point of renormalization of period p and let m = 0 modyp. If
area(J(f)) = 0 then there exists C > 0, only depending on the geometric bounds, such that

517 o1 < 2y < o
(5.17) o (2) G

Proof. Since the set Y, is wandering,

/ Eo(f, z)dxr = area <U f_”(Ym)> = |Zml-
n=0

The set Z,, consists of points that land at A™ at least once but at most finitely many times. Hence

X NJ(f) C Zpy C X

Since area of the Julia set is zero, |Z,,| = | X,,| and hence
(5.18) / Eo(f, z)dr = | Xpn|.
Ym
By bounded oscillation of the Poincaré series,
1 / —_ ’Xm| Tim
5.19 wm(2) <X — o(f,x)dr = —F <X —.

0

Lemma 5.7. Let f be a periodic point of renormalization of period p. If 6or < 2 then there exists
0 < 1, only depending on dc; and the geometric bounds such that

Nm&m
5.20 ———— </, m=0 modp.
(>20) (i + &m)?
Proof. By Lemma 5.1, the quadratic polynomial ()5, has a real fixed point and hence has the
positive discriminant. Together with Lemma 4.3 this implies (5.20). O

Theorem 5.8 (Black hole case). Let f be a periodic point of renormalization of period p. Then
there exists C > 0, only depending on the geometric bounds, such that if for some m =0 modp we
have

(5.21) Nm > C&m
then limn, > 0.° Moreover, &, — 0 exponentially fast.

Proof. Assumption (5.21) allows us to apply (5.13). Since (5.21) and (5.13) are not compatible
with (5.17), area of the Julia set must be positive and hence lim 7, > 0.0

Moreover, by Corollary 5.3, d¢; < 2 which implies by Lemma 5.7 that n,£, — 0 exponentially
fast, so &, — 0 exponentially fast as well. O

9A lower bound for lim 7n in terms of the geometric and combinatorial bounds and the period of f can be worked
out.

10Notice that this conclusion gives a criterion for positive measure which might be checkable numerically. Let us
remark that this conclusion is based on an upper bound on wy,(2), which is derived from Lemma 4.2.
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6. CONSERVATIVITY

In order to complete the proof of Theorem E we must show that some Feigenbaum maps have a
conservative 0. conformal measure. In this section we will provide a criterium for conservativity,
and in the next section we will show that such criterium is satisfied by some Feigenbaum maps

Theorem 6.1. Let f be a Feigenbaum map't. If 6c:(f) > Se(R™(f)) then the S (f) conformal
measure on J(f) is conservative.

Proof. Let d¢r = der(f) and let p be the dc, conformal measure on J(f). Let Q@ C A™ be the set of
points that return to A™. By Lemma 3.1, p is conservative if and only if u(Q) = u(A™). We will
show that if (@) < p(A™) then

(6.1) B, BV A" — 1))A™) < C + kE,(EV(A™ — U)|A"), 6~ bur,

for some C' > 0, x < 1. This implies that E,(Z;(A" «— U)|A") < C/(1 — k) for § = e which
contradicts the definition of d., and concludes the proof.
Through the argument we will skip the notation for truncation. We start with the estimate

(6:2) Eu(Es(A" — U)JA") = 1+ B, (S5(A" ——— UNA")|A) + B, (S5(A" —— A" — U)|A").

Let
5£E n + n
(z0,....xx=x)EF
Then vs,, = p|@Q. Notice that
4 E5(A" —— A") = E5(A" " A™) + E5(A™ —— A™).
(6 ) 6( U~A" ) 6( U~A" v U~vn )+ 6( U~vn )

The assumption of dissipativity of p implies in particular that sup =5, (V" ﬁ A™) < co0. By
N n

hyperbolicity of the set of orbits avoiding V", and by Lemma 2.10, we have that Zs(V™ ﬁ A™)
N n

is uniformly bounded in a neighborhood of d... Notice that

(6.5) E5(A" —— U™) = Z5(Am L umy,

which by hypothesis is uniformly bounded in a neighborhood of é.;. Thus
(6.6) (A" ﬁ A" < C, 6§~ bq

and it follows immediately (see Lemma 4.5) that § — v5(N) is continuous in a neighborhood of d¢,
for any Borelian set N. If u(Q) < p(A™) it then follows that
Ep(E5(A" ﬁ A" < U)|A") B, (B5(Q < U)|AM)
B Gs(A" — DAY BuEa(A" — U)|A")
Similarly to (6.6) we conclude that that
(6.8)

B, (Es(A ‘WU\A )[A") = Eu(Es(A T U")[A™) + Eu(Es(A ‘mU\V )[A™)

(6.7)

<k<l, §=ig.

E, (=5(A" " ")A" ~ ey
+ Eu(S5(A" ——U" —— U\ V"A") < C, dm~3

Plugging (6.8) and (6.7) into (6.2) we get (6.1). O

Myt i enough to assume that f is n times renormalizable.
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7. VARYING THE DIMENSION

In this section we will give two proofs that for some Feigenbaum maps, d¢;(Rf) < der(f). Together
with Theorem 6.1, it will justify the assertion of Theorem E that the d.,-conformal measure can
be conservative (up to the proof of the existence of Lean Feigenbaum Julia sets, which will be
completed in § 9).

7.1. Varying the dimension within the horseshoe. Below we will make use of the continuity
properties of the critical exponent (Lemmas 3.14 and 3.15) and an observation that it is non-
increasing under the renormalization:

(7.1) der(Rf) < der(f)

Lemma 7.1. Let f be a Feigenbaum map. If 6cr(f) = der(R(f)) then 6 (f) = dex(R™(f)) for all
n > 0.

Proof. Assume that d.;(f) = 6er(R(f)) > 6er(R3(f)). Then the 6¢(R(f)) conformal measure on
J(R(f)) is dissipative by the first relation (Proposition 3.5) and conservative by the second one
(Theorem 6.1) - contradiction. O

Let us consider the horseshoe A = A associated to some fine collection M of little Mandelbrot
copies (see §2.5). Notice that under the renormalization operator R : A — A the orbit of a generic
point f € A is dense in A.

Lemma 7.2. Assume that orbg(f) is dense in A. Then
der(f) = max der(9).

Proof. This follows from the lower semi-continuity of the critical exponent and (7.1) . ad

Lemma 7.3. If the critical exponent is not constant over a renormalization horseshoe A (associated
with some fine collection of Mandelbrot copies) then there exists f € A such that 0 (f) > 0cr(Rf).

Proof. Take two maps fy, f— € A such that 6, (f1) > der(f-). Since the critical exponent is lower
semi-continuous, fy can be selected to be a periodic point of some period p of R. Let f belong to the
intersection of the unstable manifold of f, with the stable manifold of f_. Using semi-continuity
again, we conclude that

lim Ser (R (f)) > Ser ().

On the other hand, by monotonicity (7.1) and uniform continuity on hybrid classes (Lemma 3.15),
lim 0er (R" f) = lim 6 (R™ f=) < b (f-).
O

Ezample 7.1. Let f, be the real fixed point of renormalization of period p with combinatorics closest
to Chebyshev. By Lemma 2.5, Z;(fp, 2) = co. On the other hand by Lemma 3.6 the d.,-conformal
measure on of f, is dissipative; hence by Lemma 3.2, 5. (fp, 2) < 00. Hence 6 (fp) > 1.12

Moreover, it is shown in [AL] that limdc,(f,) = 1. Thus we can choose p; and ps such that
der(fpr) > der(fpy), s0 the horseshoe associated to the corresponding Mandelbrot copies satisfies the
hypothesis of the previous lemma.

12T his also follows, from Theorem 2.4 and Corollary 3.12, in the case of p large which we use here (since in this
case the Julia set has zero Lebesgue measure).
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7.2. Varying the dimension within a hybrid class. Recall that H stands for the hybrid class
of a quadratic-like map f (see §2.3). We will study now how the dimension g — HD(J(g)) vary
over Hy.

Lemma 7.4. Let f be a Feigenbaum map. Then

sup HD(J(g)) = 2.

gEH
Proof. Let us take a little square A € V ~. O intersecting the Julia set. It is easy to find four
branches g; = f; "*|A of inverse iterates such that D; = ¢;(A) € A and f™ is the first return map
from D; to A. Let S = UD; and let G : S — A be the associated Bernoulli map, G|D; = f™. Let
@ be the maximal G-invariant set contained in S. By the Schwarz Lemma, @ is hyperbolic for G,
so that the forward saturation orb(Q) is a hyperbolic set for f.

Let us consider a diffeomorphism H : C — C such that A = h(A) is the standard square
[0,1] x [0,1] of size 1 and D; = H(D;) are rescaled standard squares of size close to 1/4 (and we
can select H to be affine on C~ A). Let S = UD;. Consider a piecewise affine G : S — A that
affinely maps each D; onto A. Then the maximal invariant set Q of G has Hausdorff dimension
2 —e.

By the standard pullback argument, the maps G : S — A and G : S — A are conjugate by
some gc homeomorphism h which is affine on C~ A. Let us consider the corresponding G-invariant
Beltrami differential 1 = Oh/Oh.

Let f: U — V and let W™ = f~™U. For m > 0, define a Beltrami differential p,, as follows.
Let p, = pon C~ W™, Pull it back by the iterates of f to the domain W™ ~ J(f). Finally, let
tm|J(f) = 0. Since G is composed from iterates of f, this Beltrami differential is simultaneously
invariant with respect to f : W™ — W™ ! and G : S — A. Since conformal pullbacks preserve
the norm of Beltrami differentials, ||tim|lco < ||t]loo-

We assume now that area(J(f)) = 0, for otherwise there is nothing to prove. In this case pi,;, — u
almost everywhere.

Let h,, be solution of the Beltrami equation Ohm, /0N = pm coinciding with h at three points.
Then h,,, — h uniformly on C.

Consider a quadratic-like map

Gm =hm o fohyt: hypy(W™) — hy (W™ ).
and the corresponding expanding map
Gm =hmoGoh,l:hp(S) = hy(A).

Since the latter maps uniformly converge to G, HD(h,(Q)) — HD(Q) = 2 — e. The conclusion
follows since the forward saturation of h,,(Q) under g,, is a hyperbolic subset of J(g,). O

Remark 7.1. In case of the Julia set of positive area, it would be interesting to obtain the same
result for the hyperbolic dimension HDyy,(g) rather than HD(J(g)).

Let us consider a fine family M of little Mandelbrot copies and a Feigenbaum map f with
combinatorics My = {My, My,...}, M; € M. We say that f has recurrent combinatorics if the
sequence M, is recurrent. Such a sequence can be extended to the “past” as a bi-infinite recurrent
sequence M = { M}, }rcz. Take the map f, in the renormalization horseshoe A4 with combinatorics
M. It is recurrent under the renormalization dynamics and the R-orbits of f and f, are forward
asymptotic. We say that f, is “associated” with f.

Theorem 7.5. Let f be a Feigenbaum map with recurrent combinatorics, and let f, be an associated
map in the horseshoe Anq. Then the function h: g — HD(J(g)), g € Hy, is either identically equal
to 2, or

Imh = [HD(J(f.)),2).
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Proof. Since qc maps preserve the property HD(J) = 2, the function h is either identically equal
to 2, or always less than 2. Assume that the latter happens.

Since hybrid classes are connected and the Hausdorff dimension varies continuously under qc
deformations, Im(h) is an interval. By Lemma 7.4, it must be either [a,2) or (a,2).

Since the function h is a decaying Lyapunov function for the renormalization (i.e., h(Rg) < h(g)),
and by the recurrence assumption the orbit R" f accumulates on f,, we conclude that h(f) > h(f.).
Hence

h(f«) = min h(g),
() = min h(g)
and we are done. O

Take, for instance, a renormalization fixed point f, of lean type. Then HD(J(f.)) < 2 and
there is a map f € Hy, with HD(J(f)) > HD(J(f«)). Since R"f — f. and the critical exponent
is continuous on hybrid classes, there is an n such that HD(R""!f) < HD(R"f), so that the
dcr-conformal measure of R™f is conservative.

8. INTERPOLATION ARGUMENT
Let us now prove Theorem B.

Theorem 8.1. Let A be the horseshoe associated to some fine collection of Mandelbrot copies. If
there exist gy, go € A such that area(J(g+)) > 0 and area(J(go)) = 0, then for a generic f € A,
der(f) = 2 and area(J(f)) = 0.

Proof. Any map in the stable manifold of gy has a Julia set of zero area. Since the stable manifold
of go is dense in A and area J(g) depends upper semi-continuously on g € A, it follows that a
generic map in A has a Julia set of zero area.

Fix s > 0 and let f[,) € A be such that R*(f[y) belongs to the intersection of the stable manifold
of go and the local unstable manifold of R*(g), so that the combinatorics of fi coincides with
that of g+ on many top renormalization levels and coincides with that of gg on all sufficiently deep
renormalization levels. Let us denote by ¢, s the first “univalent” return map to the disk V"™* =
V™ (fis) (see §2.7), that is, ¢ s(2) = f[];](z) if k is smallest possible such that there is a univalent

branch of f[g]k]V”’s onto a neighborhood of z. Since the maps ¢, s are Markov and have bounded
distortion (see Remark 2.1), the critical exponent d¢;(¢y s) makes sense (i.e., it is independent of
the base point z € V™ in the Poincaré series Zs(dp s, 2)). Obviously dcr(f(s)) > der(@n,s)- Let us
show that we can choose n, s so that dc(¢n,s) is close to 2, as this will imply the result by Lemma
7.2.

Let D;* be the domain of ¢f . We may assume that [D¢y, s(z)| > 2 for z € D}**, see Remark A.1.

Let us show that we can choose n and s so that p(D}"’|V™*) is close to 1. Since J(g4+) has
positive Lebesgue measure, its critical point is a density point of J(g4). Given £ > 0, we can
choose p > 0 so that p(J(g4+)|D,) > 1 —¢. Take the minimal n > 0 such that diam(V"™*) < p/2 for
all s sufficiently big. Then for s big, diam(V"™®) < p and so V"™* D I, for some absolute ¢ > 0.

Let A™* be defined in the natural way (see § 2.7). Let L®* C D, be the set of points whose
positive orbit under f, intersects Dy,. Notice that L* N A™* C D}"* N A™*. Since the positive orbit
of almost every x € J(g+) (under iterates of g4) accumulates on 0, liminf L* > J(g4+) NI, up to
a set of zero area. Thus we can choose s so that p(L*|D,) > 1 — £. Hence p(D7"*|A™*) > 1 — C¢.
By bounded distortion,

(8.1) p(DY°|B™*) > 1—C¢ where B™ = | | Fif(A™).
k>0

Since fly is hybrid equivalent to go, J(f[s) has zero area. Thus B™* = V"™ modulo a set of zero
area, so that (8.1) is equivalent to p(D]*|[V™%) > 1 — C¢ as desired.
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Fix e > 0. Notice that if p(D}"*|[V"™*) is close to 1 then p(D>*|V™*) > (1 — €)*. We have

| 2= [ 3 > e

e k>0¢k )—x
> [ X% bk = 3Dy
T k>0 ¢k (y)=z k>0
> Vo) D 2R(1 - o),
E>0

Thus the critical exponent 2 — v of ¢,, ; satisfies 27(1 —€) < 1, so by choosing € small we can get
der(¢Pn,s) arbitrarily close to 2. O

Remark 8.1. Another interpolation argument allows one to show that, under the hypothesis of
the previous theorem, there exists f € A with a dense orbit (or which is periodic) and with
area J(f) > 0. Notice that if f has a dense orbit then it has automatically d..(f) = 2 by the
previous theorem and Lemma 7.2, and if f is periodic then 0. (f) < 2 (since we are in the Lean
case).

9. LEAN CRITICAL POINTS

In this section we will show that there are many Feigenbaum Julia sets with zero area (Yarring-
ton’s thesis [Y]). We will restrict ourselves to a particular class of combinatorics (to be defined
below), for which the estimates are simpler. As a consequence of our estimates, we will also conclude
that the Lean case exists, completing the proof of the first assertion of Theorem A.

Let F': UY; — T be a holomorphic map with the following properties:

(1) uY, Ccv,
(2) For every j #0, F: T; — T is univalent,
(3) f=F:Yy— T is a quadratic-like map with connected Julia set.

We let YF = f=k(7g).
We say that F' is k-good if
(1) mod(Y \ Yo) > &,
(2) The domain of the first return map to Yo has density at most =1

Let P be the (monic) quadratic polynomial which is hybrid equivalent to f : Tog — Y. Denote by
D, the domain bounded by the equipotential of height r for P. We construct the standard Yoccoz
puzzle of P with the help of the equipotential at height 4, see for instance [L5]. Let ' DTy D
be the principal nest of P obtained in the standard way (see [L5]).

We will make the following combinatorial assumptions:

(1) P belongs to a selected finite family of Misiurewicz wakes, or, equivalently, Ty is mapped
to the top level puzzle piece by an iterate F" with a bounded n (see [L6, Sc]);

(2) P is renormalizable with no central cascades: there exists 7(P) > 0 (the height of P) such
that the first return of 0 to T} belongs to Ty if and only if k > 7(P).

In what follows, the constants involved will depend on the choice of the Misiurewicz wake.
We will need the following simple plane topology argument.

Lemma 9.1. Let W; C C, ¢ > 0, be Jordan domains such that diamW; — 0. Assume that
WoNW; #0, i >0 while W; "W, =0 fori>j>0. Consider a compact set W C C obtained by
taking the closure of UW; and then filling in the holes. Then W is a Jordan disk.
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Proof. We may assume that Wy is not contained in any W;, for otherwise W = W,;. We can also
discard the W;, ¢ > 0 that are contained in Wy. It follows that #(0W; N OWy) > 2 for i > 0.

Note that OW C UOW,. Moreover, if a sequence of domains W; accumulates on some x € OW
then z € OW,. Hence OW C UOW;.

It follows that each connected component of OW ~. 0Wj is an open arc 7, contained in some
OW;, whose endpoints are contained in 0Wy. (Warning: there can be infinitely many v4’s in one
W;). Notice that the endpoints of v cannot coincide (otherwise it would bound some W; such that
OW; N OW) is a point), so Qr = 7 \ 7Yk consists of two points. Since diam W; — 0 we also have
diam v, — 0.

Let 65 and §), denote the two components of OWy \ Q. One of them, say, 0y, is such that
Vi U Qg U bounds a domain contained in W' (since W is a full compact set) which is disjoint from
Wpy. This shows that each dy is contained in int W N OWy. Hence 96, N §; = O for k # 4, so that all
the arcs d; are disjoint. Since they lie on the Jordan curve 0Wy, diam 6 — 0.

Let hg : 6 — Y& be a homeomorphism fixing the endpoints, and let h : Wy — C be defined by
h|ox = hy and h|OWy \ Udy, = id. Since diam~; — 0 and diam d; — 0, h is continuous. It is also
injective by definition, so it is a homeomorphism onto its image. Notice that h(0Wy) D OW by
construction. On the other hand, OW can not be a proper subset of h(0W() (otherwise it would
not disconnect the plane). Thus OW = h(0W)) is a Jordan curve as was asserted. O

Remark 9.1. Notice that the proof constructs an explicit homeomorphism between OW and oW,
which is close to the identity when sup diam(W;) is small, and which can be extended to a homeo-

morphism of W to W which is also close to the identity.
We will say that F: UY; — Y is normalized if F(z) = F(0) + 22 + O(2?) near 0.

Lemma 9.2. For every n > 0, there exists kK = k(n) > 0 with the following property. Let F be
k-good and normalized. There exists a homeomorphism h : Dy — C which conjugates P : Do — Dy
to F': h(D32) — h(Dy) such that

(1) h isn close to the identity,

(2) If S is a non-central component of the domain of the first return map to Yo, S’ is a

component of a preimage of S by some iterate of f, and Q is a Yoccoz puzzle piece for P
intersecting h=1(S"), then h=1(S") C Q.

Proof. Let M be the domain bounded by the equator of T ~. Yo, and M* = f=F(M70). If « is big,
then OM?Y is close to a circle centered at 0, and f|M! is essentially quadratic. It follows that there

exists r and a quasiconformal map h: D, ~ D,y — M’ . M with dilatation close to 1 which
conjugates f|O0M"' and P|0D,.,> (notice that r > x and indeed Inr is close to 2mod(MY \ M1)).

By the pullback argument, we obtain an extension h:D, — " with the same dilatation which is
a hybrid conjugacy. By the normalization at the origin, iL|D256 is uniformly close to the identity in
the Euclidean metric, provided & is big.

Let S be the collection of non-central components of the domain of the first return map to Y°,
and let 8’ be the collection of components of preimages of some S € S by some iterate of f. Notice
that if S € S then there exists S € YO~ Y! such that the first return map ¢ : S — YO extends
to a univalent map ¢ : S — Y. If S € S is such that f¥(S’) = S then S’ ¢ T¥ . T*! and the
map f*: S8 — S extends to a bigger domain S’ C Y* < Y*t1 g0 that f* : &' — S is univalent.
Notice that mod(S’ ~ §") = mod(Y ~. T9) > &, so the hyperbolic diameter of S’ in S’ is very small.
By the Schwarz Lemma, since S/ C Y# ~ TF+1 ¢ M* <\ M**2, the hyperbolic diameter of S’ in

e kA2 .

MM is also very small.

Notice that if $' € &' intersects dh(Dy) then M* C C ~ h(D,) and M*t2 < h(Dy), so M* ~

M*+2 < h(Dase) ~ B(Dﬂ), and the hyperbolic diameter of S’ in h(Dasg) B(D\/@) is small. Let
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B be the union of h(D,) with all §" ¢ & which intersect h(Dy), and let B® be obtained from
B by filling in the holes and taking the interior. By the previous lemma, BY is a Jordan domain.
Moreover, 9B is close to dh(Dy) in the hyperbolic metric of hA(Dasg) h(D, ). Let BF = f=*(B°).
Then (using Remark 9.1) there exists a homeomorphism A : Dy \ Dy — B’ < B! that conjugates
P|ODy to f|OBY, such that hoh™!: h(Dy) ~ h(D3) — B’ Bis uniformly close to the identity
in the hyperbolic metric of h(Das6) \ h(D, 5).

The image by h of the external rays v landing at the « fixed point of P divide B’ < B! into
finitely many (say, k) topological rectangles. Applying the previous lemma k — 1 times, we obtain a

new homeomorphism h : Dy~ Dy — B’ B!, such that h(yN Dy~ Dy) is disjoint from Ugres/ S’ for

all external rays 7. We may still require (see Remark 9.1) that hoh~' : h(Dy) ~ h(Ds) is uniformly
close to the identity in the hyperbolic metric of h(Dasg) ~ h(D V3)-

Using the pullback argument, we can extend h to a homeomorphism h : Dy~ K (P) — B\ K (f)-

Since P|Dy ~ K(P), f|B* ~ K(f) are unbranched coverings, we conclude that ho h™! : h(Dy) ~
K(f)— B’ < K(f) is uniformly close to the identity in the hyperbolic metric of h(Dasg) ~ K(f).
In particular, h o h~! extends through K(f) as the identity, so h extends to a homeomorphism

h:Dy— B° which is uniformly close to h in the hyperbolic metric of H(D256). The map h has the
desired properties by construction. O

We can use h to transfer the principal nest 77 D 75 D ... for P to the principal nest T D T D ...
for f, Ty, = h(Ty). Let us say that F has (N, 79) bounded combinatorics if the first return time of
Tro+1 to T, is bounded by N.

Lemma 9.3. For every N >0, 19 > 0, there exists k > 0, £ > 0, with the following property. If F
is k-good and has (N, Ty) bounded combinatorics then

(1) |T5,| > & if F is normalized,

(2) The density of the domain of the first return map to Ty, is at most 1 —¢&.

Proof. Let us split the returning set of 7%, under the dynamics of F' into two parts: X consists of
points that return under the dynamics of f, and Y is the complement.

Let us first show that 7%, ~~ X contains a disk of definite radius. Parameters N, 7o specify a
compact set of polynomials with the property that the domain of the first return map to TTO is not
dense. In particular, there exists y > 0 such that for any such polynomial, the non-returning set of
T 7, contains a disk of radius x. Taking 7 < x/10 and x = k(n) given by Lemma 9.2, we conclude
that Tr, ~ X contains a disk of radius x/2. In particular this implies the first statement, since
|Tro| = X% /4.

Since the area of Ty, is bounded by 100, the density of X in Ty, is at most 1 — x?/400. If
x € Y, there exists k¥ > 0 minimal such that f*(x) belongs to some non-central component S of
the domain of the first return map to Y°. The first return map ¢ : S — Y9 extends to a univalent
map ¢ : S — T, where S € YO~ Y1 Let S, & be the components of f=%(S), f~%(S) containing
x. Notice that f¥ : S’ — S is univalent, so f* : §’ — § has small distortion. It follows that the
density of Y N S’ in S’ is at most 1 — o for some absolute o. The domains S’(z) obtained in this
way form a disjoint cover of Y which does not intersect X. It follows that the density of X UY in
T,, is at most 1 — (ox?/400). O

Let 7(F) = 7(P) be the height of F.

Lemma 9.4 (see [L5]). There exists k > 0, p > 0 such that if F is k-good then mod(Ty, ~ Tjy1) >
pk, k< 7(F)+2.
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For the proof of the next lemma, we will need some combinatorial preparation for dealing with
first return maps. Let us denote the first return map to Ty by Ry : UT ,g — Ty, where j takes values
in Z and we set Ty = T,? . Let Q be the set of finite sequences of non-zero integers d. The length

of d will be denoted |d| (we allow |d| = 0). If d = (j1, ..., jm), let T = {& € Ty, R (x) € TV, 1 <
i < m}, and let RE = R™|TZ, so that R% : de — T}, is univalent. Let W2 = (R%)_I(Tk+1). The
map Ly, : UI/V,;i — Tkt1, Lk|VVkd = R% is the first landing map from T} to Ty 1, and its distortion
is small provided mod(7}y \ Tj+1) is big.

Lemma 9.5. There exists kK > 0, 7 > 0, \; < 1 such that for 1 < k < 7(F) + 2 we have
(1) Let Yy be the union of Tlg such that the distortion of Rk|T,g is at least 1 + \§. Then
Vel < AFIT3|- .
(2) Let Zgy1 be the union of connected components of (Ry|Tx+1)” (UT}) where the distortion
of R2 is at least 1 + A\¥. Then |Zgy1| < A¥|Thi1].

Proof. Let Rk]T,g = F™. It is easy to see that Fm_1|F(Tg) extends to a univalent map onto 7j_1.
By the previous lemma, F~!|F(TY) has exponentially small distortion in k, 7 < k < 7(F) + 2.
By the previous lemma, if 7 < k < 7(F'), the hyperbolic diameter of any T]g in T}, is exponentially

small. Thus, the distortion of F’ \T,g is also exponentially small in k, provided Tlg is not exponentially
close to 0 in the hyperbolic metric of T;. We conclude that Y is contained in an exponentially
small hyperbolic neighborhood of 0 in T},. The first assertion follows.

Let D be a component of (R|Tk+1)” ' (UT?). By the previous lemma, the hyperbolic diameter
of D in Ty is exponentially small. If the distortion of Rg|D is not exponentially small, then
the distortion of either Ry|(Ri(D)) or of Ri|D is not exponentially small. In the first case, D C
(Ri|Ti+1)"1(Y%). In the second case, we conclude as before that D is contained in an exponentially
small hyperbolic neighborhood of 0 in Ty4q. Thus Z;,1 is contained in the union of 3 sets with
exponentially small hyperbolic diameter in Tj1. The second assertion follows. O

Lemma 9.6. There exists 19 > 0 such that for every N > 0, there exists k > 0, A < 1 with the
following property. If F is k-good, has (N, 1) bounded combinatorics, and 7o < k < 7(F') + 2 then
the density of the domain of the first return map to Ty, is at most \F.

Proof. In the proof, A’s will denote constants which are definitely smaller than one, depending only
on p from Lemma 9.4. ‘

Let Yy, Zi, and A1 be as in the previous lemma. If D ¢ Zj; is a pullback of some T} under
Ry |Tk+1 then the distortion of the map R,% : D — Ty is at most 1+ )\’f. Hence

1 — d
1—p(UT, D) > (14 A7)~ (1 — p(UWS|Tk)).
It follows that
(9.1) 1= p(UTJ, | Tes1) > (1= p(Ziest | Tri1)) (1 + A5 711 = p(UWHT)).

By Lemma 9.5, 1 — p(UT},,[Ths1) > (1+ M)~ (1 — p(UT}|T})). By Lemma 9.3, there exists £ > 0
such that 1 — p(UT%|Tr,) > &, so there exists o > 0 such that

(9.2) 1—p(UTY|Ty) > 0, 10 <k <7(F)+2.

Notice that for j # 0 the map Ry : T,‘g — Ty, carries the set T,g N UW,;i to UI/VI,;i Hence, if
T/ C T}, \ Y}, then by the first part of Lemma 9.5, p(UWZ | T?) < (14 A¥) p(UWZ | T;). Hence

9.3) p(UWE|Th) < p(Y | Th) + (1 — 0) (1 + ) p(UWE | Ty),
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so if k is big so that (1 —o)(1+ ) <1 —(0/2), (9.2) and (9.3) imply
(9.4) p(UWE| Ty) < min{1 — 0,20~ 'p(V | 1) }-
Hence | U Wki| < \5|T}|. Putting this into (9.1), we get | U Tlg\ < M|Ty| as desired. O

Lemma 9.7. There exists 19 > 0, such that for every N > 0, there exists £ > 0, T > 719, with the
following property. If F is k-good, has (N, 1) bounded combinatorics and 7(F) > T then the first
return map to TT(F) s K-good.

Proof. Let k, A be as in Lemma 9.6, let p as in Lemma 9.4, and let 7 satisfy \™ < k™1, 7p > k. O

Theorem 9.8 (Lean case exists). There exists 19 > 0, such that for every N > 0, there exists
T > 19 with the following property. Let f is an infinitely renormalizable quadratic-like map such
that all renormalizations of f have (N, 79) bounded combinatorics and height at least 7. Then the
Julia set of f has Lebesgue measure zero. Moreover, if f is a Feigenbaum map then HD(J(f)) < 2.

Proof. Let 19, N, k, and 7 be as in the previous lemma. It is enough to prove the result for quadratic
maps. In this case, we can consider a quadratic-like restriction f = F : YO — T which is k-good.
By the previous lemma, there exists a domain Y (1) = T, (p) such that the first return map to Ty
is k-good. Repeating this procedure, we obtain a sequence of domains T (,) around 0 such that the
first return map F, to T, is k-good. We also let T(gy = T. Let T(()n) be the central domain of the

first return map to T(,,). Let f, = F, : T(() = T

n)

Let M(On) be the domain bounded by the equator of T,y \ T(()n). Let M(kn) = f;"“’(M(On)). Let

V" = M%) where ky is minimal with diam(M{7) < 100diam(J"), and let U" = f;'(V"). Then
U™ and V" have the Properties (P1-4) of Lemma 2.3 (see the proof of Lemma 9.2). Let V" =
fgk"—Q(T?n)), Um = f71(V™), and A" = V™~ U". Then U" and V" satisfy the conditions (C1-3)
and (G1-2) of § 2.7.

We claim that the density of the domain of the first return map to V™ is bounded by some
A < 1. The argument is similar to the proof of assertion (2) of Lemma 9.3. If x € A™ is such that
FT’f(a:) € V" for some k, then there exists k > k,, + 4, and there exists k, + 3 < r, < k — 1 such

that F!(z) € Tn) N T?n), kn+3 <1 <7, and F'="!(z) belongs to the domain of the first return
map (under F,) to T?n). Moreover, there exists S, > x such that F,’;z+1|§z is a univalent map onto
Y(n). Let Sy = (ng+1|§x)_l(“f?n)). Then S, C V™~ U™ and the S, form a disjoint cover of the
domain of the first return map to V" \ U™. Since F'=*1: G, — T?n) has bounded distortion, one

sees that there exists a definite (at least 1 —Cx~! > 0) probability that a point in A™ never returns
to V™. Since area(A™) =< area(V™), this concludes the claim.

Let A, be the set of points in V° that visit V. Each branch of the first landing map ¢,, : A,, —
V™ has a univalent extension to V" and thus has bounded distortion. Notice that if x € A, 41 then
én(x) belongs to the domain of the first return map to V™. This implies that p(A,11|A,) < A < 1,
so area(A,) decreases exponentially fast. By [L1], almost every x € J(f) is such that 0 € w(x), so
area(J) = area(NA,) = 0.

Assume now that f is Feigenbaum. In the notation of §4, we have shown that &, > 1—Cr~'. The
same argument applied to F},, shows that &, , > 1 — Cr~!. By Lemma 4.1, Nm,n is exponentially
small in n — m. Fix some € > 0 small. For 0 < p < 1 small, let

(95) WLJ]((;) = sup w%],n((;)a gp = sup gm,na Tp = SUup Nim,n,

where we take the supremums over pairs m < n such that p'*¢ < p,,,, < p*=¢ (for every m, there
exists such an n provided p is sufficiently small). Notice that such pairs satisfy —C"'lnp <n—m <
—C'lnp (where C depends on f through the geometric and combinatorial bounds), so 1, < p¥ for
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some v > 0. Moreover, £, > 1 — Cx~1. Putting together (4.9) and (4.10), we get that for every 4
close to 2 (depending on p), we have w,[)]+1](5) < Pp(w,[oﬂ (6)), where

Tlp
p1+e

(9-6) Py(z) =C +(1 - Cil(np +&p) + 077/1509726)33 + Cfpplfﬁx%

If € > 0 is small, then for every p sufficiently small P, has a positive fixed point s that attracts

0, and we have lim;_, w[pj](é) < s, 6 ~ 2. This implies that . (f) < 2, so HD(J(f)) < 2 by
Theorem C. O

10. VARIOUS REMARKS AND OPEN PROBLEMS

In this section we will formulate some related results, possible further generalizations, and open
problems. Some of these issues will be elaborated in forthcoming notes.

10.1. Outstanding Problems. The following problems still remain open:
Problem 1. Are there Feigenbaum Julia sets with positive area?
We are inclined to believe that the answer is affirmative.
Problem 2. Are there Feigenbaum Julia sets with zero area but Hausdorff dimension 27

According to Theorem B, the affirmative answer to the first question (together with certain a
priori bounds) implies the affirmative answer to the second.

Problem 3. What is the area and dimension of the Julia set of the classical Feigenbaum quadratic
polynomial F3 corresponding to the doubling renormalizations?

It is unlikely that Problem 3 can be resolved without computer assistance.

All results of this paper extend naturally (with the same proofs) to the setting of unicritical
polynomial-like maps of some fixed degree d > 2 (specific constants may depend on the degree).
Let Fjy: z +— 2% 4 cq (where d > 2 is an even integer) be the doubling Feigenbaum map of degree
d, and let Jg = J(Fy).

Problem 4. What is area(Jy) for big d?

In case area(J4) = 0, it would be interesting to find out whether HD(.J;) = 2 for big d. (According
to [LS], HDpyp(Jq) — 2 as d — 00.)

10.2. Hausdorff dimension in the parameter space. By our method one can produce a fair
amount of Feigenbaum parameters with small Julia set:

Theorem 10.1. The set of parameters ¢ € M such that P, : z — 2% 4 c is a Feigenbaum map with
HD(J(f)) < 2 has Hausdorff dimension at least 1.

To see this, it is enough to use the method of [L7] to obtain large sets of Feigenbaum maps of
high combinatorial type.

10.3. Hyperbolic dimension and critical exponents. Our methods of proving that HDy,,(J) =
HD(J) and 6. = d. can be applied to much broader class of rational maps: it will be elaborated
in forthcoming notes.



38 ARTUR AVILA AND MIKHAIL LYUBICH

10.4. Absolutely continuous invariant measures. Construction of invariant geometric mea-
sures is probably the most important traditional problem of ergodic theory. Here is an answer in
our situation:

Theorem 10.2. For any Feigenbaum map, there is a o-finite measure A equivalent to the -
conformal measure .

To construct this measure, one can use the method of [KL].

Problem 5. Can the invariant geometric measure of a Feigenbaum map be finite? (Of course, it
may happen only in the conservative case.)

10.5. Hausdorff measure. Conformal measures appear as a useful substitution of Hausdorff mea-
sures hg since in the non-hyperbolic dynamical situations the latter usually vanish. The following
statement (which easily follows from Lemma B.8 from Appendix B) confirms this principle:

Proposition 10.3. Let § = HD(J) for a Feigenbaum Julia set J with periodic combinatorics. If
area(J) = 0 then hs(J) = 0.

10.6. Conservativity/dissipativity of towers. The Trichotomy nicely translates to measure-
theoretic properties of towers f (see Appendix B):

e Lean case: the Lebesgue measure is dissipative, supported on C ~\ J(f), and almost all
orbits escape to infinity under the tower dynamics;
e Balanced case: the Lebesgue measure is conservative under the tower dynamics, and sup-

ported on C ~\ J(f); B
e Black hole case: the Lebesgue measure is dissipative, supported on J(f), and almost all

orbits are attracted to the postcritical set O( f).

10.7. Real Fibonacci maps and wild attractors. In this section, we will consider a class A of
“real generalized polynomial-like maps”

S
f:UIj—>I, s>1,
§=0

where

(1) I; are disjoint closed intervals contained in a 0-symmetric closed interval I, and moreover
I; CintI;

(2) Onme of the I; (conventionally Ip) is a 0-symmetric interval and f : (1o, 0lp) — (I,01) is a
unimodal map which can be written as ¢(|z|') where ¢ is a diffeomorphism with negative
Schwarzian derivative onto a neighborhood of I, and [ > 1 is a real number (the criticality
of f);

(3) If j # 0 then f: (I;,01;) — (I,0I) extends to a diffeomorphism with negative Schwarzian
derivative onto a neighborhood of I;

(4) The critical point is recurrent and w(0) is a minimal set;

(5) All intervals I; intersect w(0);

(6) f is not renormalizable in the classical sense: there exist no O-symmetric intervals T C I
such that the first return map to 7' is a unimodal map.

We shall consider such maps up to rescaling. The real Julia set is defined as J"(f) = Nf~"(I). If
it has positive length (= one-dimensional Lebesgue measure) then almost all orbits are attracted
to w(0), which is called a wild attractor.

The principal nest is an infinite sequence of intervals defined inductively by I® = I, I' = I, and
I™*t1 as the domain of the first return to I™ containing 0. Let I3 be the connected components of

the first return map to I"™ which intersect w(0) (conventionally, we let 0 € I} so that I} = I"t1).
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We let fp, : UI}" — I" be the first return map, and we call fn11 the generalized renormalization of
fn-

We say that f has a bounded geometry if all the intervals I}, and all the gaps in between are
commensurable with I (with constants independent of j and n). In this case 0 < HD(w(0)) < 1,
and one is interested in HD(J"(f)).

Maps of class A with bounded geometry are quite similar to Feigenbaum maps, and our methods
apply to this setting as well. There is one (temporary?) advantage however: by [BKNS], we know
that wild attractors do exist for some maps f € A, so that our results concerning Julia sets with
positive measure become unconditional in this context.

Though we will concentrate on the real setting described above, maps of class A have natural
complex counterparts: we refer the reader to [LMil] and [Bu], as well as to a more recent work
by Smania [Sm]. Our methods apply equally well in this setting (where existence of Julia sets of
positive Lebesgue measure is still an open problem).

Maps of class A with 1 <! < 2 cannot have bounded geometry (see [L4] for [ = 2 and [Sh] for a
recent generalization).

We say that f € A is a Fibonacci map if for every n the domain of f,, has two components, I
and 17, and f,|I? = f,—1 while f,|I} = f2_,. For | = 2, geometry of Fibonacci maps was analyzed
in [LMil]. A Fibonacci map with criticality [ > 2 has bounded geometry (see [KNJ).

For | > 2 but close to 2, the intervals I} and I are much smaller than I™ [KN], and in this case
one can show that J"(f) is lean at the critical point. Our methods then imply:

Theorem 10.4. There ezists an € > 0 such that if f is a Fibonacci map of degree | € (2,2 + €),
then HD(J"(f)) < 1.

On the other hand, it is proved in [BKNS] that if f is a Fibonacci map of large degree [, then the
real Julia set J"(f) has positive length (so that f has a wild attractor). Then our methods imply:

Theorem 10.5. If f is a Fibonacci map of sufficiently large degree 1, then HDyyp(J7(f)) < 1.
If [ is an even integer, one can prove more by methods of complex dynamics:

Theorem 10.6 (see [Bu]). Ifl > 2 is an even integer, then there exists a unique fized point of the
generalized renormalization with Fibonacci combinatorics. It attracts all other Fibonacct maps with
the same criticality.

It is generally believed that the same result is true with arbitrary criticalities:

Conjecture 10.7. For everyl > 2 there exists a unique fized point of the generalized renormaliza-
tion with the Fibonacci combinatorics.

Martens’ method [M2] can probably be applied to prove existence, but the uniqueness part
appears to be wide open at this point.

Let us denote by f; the fixed point of the Fibonacci generalized renormalization if it exists and is
unique. By compactness (real a priori bounds), f; depends continuously on [ (over I’s for which it
is defined). Thus if Conjecture 10.7 holds, we can see a “phase transition” in the family {fi};c(2,00)-

Theorem 10.8. Assume that Conjecture 10.7 holds. Then all three cases of the Trichotomy occur
for fi, 2 <l < oc0:

(1) (Lean case) For an open set of l’s containing (2,2 + €), HDyyp(J"(f)) = HD(J"(f)) < 1;

(2) (Balanced case) For a compact non-empty set of ’s, HDypyp (J7(f)) = HD(J"(f)) = 1 but
the length of J"(f) is zero;

(3) (Black hole case) For an open set of l’s containing (K, 00), HDypyp(J7(f)) < 1 but J"(f)
has positive length.
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Proof. By Theorems 10.4 and 10.5, the Lean and Black hole cases do occur for some sets of I’s
containing intervals (2,2 + €) and (K, 00) respectively. To see that they occur for open sets of
parameters, notice that both are equivalent to a finite criteria (existence of n such that n,/&, is
either small or large, with constants depending continuously on [, see Theorems 5.5 and 5.8). Since
(2,00) is connected, the Balanced case must also occur. O

Problem 6. Is there a unique value [y for which the Balanced case occurs?

It seems unlikely that the Balanced case can ever happen for an integer [.13

APPENDIX A. NICE FUNDAMENTAL DOMAINS

Let f : U — V be a Feigenbaum map, and let f, : U* — V" be its pre-renormalizations
satisfying properties (P1)-(P4) of Lemma 2.3. In this section we will construct a sequence of
simply connected domains V" satisfying properties (C1-3) and (G1-2) from §2.7. Our construction
is reminiscent of Sinai’s construction of Markov partitions [Si].

A.1. From admissible pairs to nice domains. Take some n € N, and let 7™ be the family of
inverse branches of f*, k > 0, which are well defined on V™.

Let X C V™. For g € F™ (an inverse branch of f¥), a set g(X™) C V is called a copy of X" of
depth k > 0. In particular, let us consider the set C" = {g(0)}4ern» of all “copies” of 0. There is
a natural one-to-one correspondence between C™ and F' so that we can use C" to label all copies
XD of X" xeC".

Lemma A.l. Let X" C V" be such that f;'(X™) C X". Then \J, f~%(X") is the union of all
copies of X™.

Proof. Let z € |J,, f%(X™), and let k be the first landing moment of z to X™. Let Dy = V", and
let us define Dy_; for 1 < j < k inductively as the connected component of f *1(Dk,j+1) containing
577 (2). Let us show that f*¥ : Dy — V" is univalent. If this is not the case, then 0 € Dy, for
some 1 < j < k. Take the minimal such j. Then it is easy to see that j is the renormalization
period on level n and Djy_; = U". Hence f*77(z) € f;1(X"™) C X", contradicting to the choice of
k.

It follows that (f*|Dg)~'(X™) is a copy of X™ containing z. O

A pair (Y™, X™) of nested sets X” C Y™ C V" is called admissible if every copy of Y™ that
intersects X" is contained in Y™".

Lemma A.2. Let (Y™, X™) be an admissible pair.
(1) Let x,y € C" be such that depth(x) < depth(y). If X NY' # 0 then Y C Y.
(2) Assume X" is a domain. Let W be a domain which is the union of some copies of X". If
X2 C W is a copy of X™ of smallest depth then W C Y.

Proof. First assertion. Let k = depth(x). Then f¥(X?) = X" intersects f*(Y,!) = Vi) 80
fk(Yy”) C Y. It follows that Y,! C Y.

Second assertion. Notice that there is a sequence x = x1,x2,... of points of C” such that W is
equal to the increasing union of domains X7’ U---U X7’ . Thus, we can restrict ourselves to the
case where W is itself a finite union of copies of X".

Let us carry induction in the number of copies, m. The assertion is obvious for m = 1. For the
induction step, let us consider connected components U; of J;", X, . By the induction hypothesis,

L3For the same reason it is unlikely that there exists any example of a complex Feigenbaum/Fibonacci peri-
odic point of renormalization which falls into the Balanced case, since there are only countably many parameters
(combinatorics and degree) to play with.
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Uy C Y, for some j = j(I) € [2,m]. Since the union U; U X7 is connected, U; N X' # 0; all the
more, Y N X7 # (). By the first assertion, Y Y All the more, U; C Y;" and hence

w=xyulJu cyy
l
O

Let us say that an open set X C V is nice if f¥(0X)N X = { for all kK > 0 (compare [M1]). Let
us mention some nice properties of nice sets:

Lemma A.3. Let f be a quadratic-like map. Then
(N1) For any open set X C'V, Uf~*(X) is nice;
(N2) Components of a nice set are nice;
(N3) If X is a nice domain then the filling of X is nice, provided f has no attracting periodic
orbits;
(N4) Intersection of two nice sets is nice;
(N5) Preimages of nice sets are nice.

Proof. We will show (N3), as all the other properties are obvious. Let Z be the filling of X. Then
07 C 0X. If € 0Z is such that f*(z) € Z then f*(z) € D where D is a Jordan disk with D C X.
Since X is nice and 07 is connected, this implies that f*(0Z) C D, and hence f*(Z) C D as well.
Thus f has an attracting periodic point in D, contradiction. ]

Notice that property (C3) states precisely that V™ should be nice. The next lemma shows how
to use certain admissible pairs to construct nice domains.

Lemma A.4. Let (Y™, X™) be an admissible pair, where Y™ is a simply connected domain and
X™ is a domain containing 0 satisfying f,*(X™) C X™. Then the filled connected component
S™ of Uf~*(X™) containing 0 is a nice simply connected domain contained in Y™, and such that

fR (s csm.

Proof. Let Z™ be the connected component of Uf~*(X™) containing 0. Z™ is nice by (N1) and
(N2). By Lemma A.1, Z" is the union of some copies X' of X", x; € C". The smallest depth
of these copies (that is, 0) is reached on X" = X[ itself. By the second assertion of Lemma A.2,
Z™ C Y™ By (N3), S™is nice as well. Since Y is simply connected, S™ C Y, and since X" C S,
f71(S™) N S™ #£ ), the nice property implies that f, 1(S™) C S™. O

A.2. Separation between some Julia copies. Let p, be the renormalization period on level
n, ie., fn = fPr. Let J" = J(fn), and let J* = fi{(J"), i = 0,1,...,p, — 1. Notice that the J"
are copies of J". There are two cases to distinguish: whether the J!* are all disjoint (the primitive
case) or not (the satellite case).

To distinguish those cases, recall that f,, has two fixed points, conventionally denoted «,, and 3,
such that J" \{a,} is disconnected while J" \{f3,} is connected. The satellite case happens if and
only if n > 0 and f,,—1 is immediately renormalizable, that is, cv,—1 = 3,. In this case, J'N Jf + 0,
0<i<j<p,—1if and only if j —7 = Omod ]%, and in this case J' N JJ' = fH(Bn).

A (vdiam J)-neighborhood of a set J will be called the v-enlargement of J.

Lemma A.5. There exists v > 0 such that if J*NJ" = then the v-enlargement of J™ is disjoint
from J.

Proof. Let m < n be minimal such that J C J;" with J/* N J™ = (. Then J;* C J™ ! (in the
primitive case) or J* C J™=2 (in the satellite case). By a simple compactness argument, Jpt is

disjoint from the v-enlargement of J™. All the more, the smaller set J* C J;* is disjoint from the
v-enlargement of J" C J™. O
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A.3. Construction of admissible pairs. Let v be as in Lemma A.5, and fix p < v. Let [ >0
be minimal such that I'" = f,/(U") is contained in the intersection of the p-enlargement of J" with
U™~ L. Notice that:
(1) mod(I'™ ~. f-1(T™)) is definite (once p is fixed),
(2) If J*NI™ # ( then either J* = J™ or f,_1 is immediately renormalizable and J* = f? _, (J")
for some 7,
(3) If a copy I'? of I'" of depth k& > 0O intersects J" then f,_; is immediately renormalizable
and f¥|T'7 is an iterate of f, 1.
Indeed, T N J™ # @ implies that f*(T7?) N fF(J") =T N fF(J") # 0. By Lemma A.5,
J" touches f*(J"), so f,_1 is immediately renormalizable, and k = sp,_; for some integer
s > 0. To conclude, we must show that f7P»-1(T) C U"~!, 0 < j < s. But if this is not the
case then the connected set f/P»—1(I'?) intersects both J"~! O fiPr=1(J") and U L. This
implies that further iterates f™»-1(I'?), r > j, have the same property, and in particular
'™ = f*(T'") intersects OU" ™!, contradiction.

We will consider separately the primitive and satellite cases.

A.3.1. Primitive case. Assume that f,_1 is not immediately renormalizable. In this case, any copy
of I'™ of depth k > 0 is disjoint from J".

Let Y™ = f,1(I'). Notice that OY™ has bounded hyperbolic diameter in the hyperbolic metric
of V'~ J".

If Y* is a copy of Y" of positive depth, then the hyperbolic diameter of Y» in V.. J* D I'?
is bounded (since mod(I'? \. Y,) is definite). Notice that the hyperbolic metrics of V . J" and
V™~ J" are comparable on U" D Y™. Hence if Y;* N 9Y™ # (), then the hyperbolic diameter of
Y NY"™ in the hyperbolic metric of V" \ J" is bounded by some K.

Let s > 0 be minimal such that the hyperbolic distance (in the hyperbolic metric of V" ~ J™)
from any z € X" = f,5(Y"™) to Y™ is greater than K. Then (Y™, X™) is admissible.

Notice also that the hyperbolic diameter of ¥ ~. X™ (in the hyperbolic metric of V" ~ J") is
uniformly bounded.

A.3.2. Satellite case. Assume that f,_1 is immediately renormalizable.

Lemma A.6. There exists a simply connected domain Y™ C I'™ such that

(1) Y™ is nice for fo—1 and f;}(Y") CY"™;

(2) There exists a finite set F' of copies of B, such that Y™ is a neighborhood of J" \ F;

(3) mod(I'™ \Y") is definite;

(4) The hyperbolic diameter of Y™ in V™ . O(f) is uniformly bounded;

(5) If Y NOY™ #£ () then T C T\ J";

(6) If Y N OY™ £ () then the diameter of Y in the hyperbolic metric of V* ~. J™ is bounded.
Proof. The properties described in Lemma 2.3 allow us to obtain a straightening of f,,_; : U~} —
V"1 with bounded dilatation, and thus to define equipotentials and external rays in V*~1. Let
E™ 1 be the domain bounded by the equipotential of level 2. Let us cut E"~! by the external rays
landing at a,_1, and let Z" be the connected component of 0. Let us show that Y™ = f/(Z") has
all the desired properties if [ is large enough (independent of n).

Properties (1) and (2) are obvious. If [ is large enough then Y™ C I'". Moreover, then properties
(3) and (4) are also valid for every fixed I.

Let us deal with property (5). Let us show first that if V> N9Y™ # () then I'? N J™ = (). Indeed,
if T2 N J" # () then f*: J? — J" k = depth(z), is an iterate of f,_;. But since Y™ is nice for
fn—1, YN OY™ = () - contradiction.
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Let us now show that if Y* N 9Y™ # () then I') N OI'™ = (). Notice that diam(Y;") =< diam(I'?),
mod(T?\Y ) = mod(I"\Y") is bounded from below (uniformly for all sufficiently big [), and Y™
is contained in a e-neighborhood of J™ (where ¢ — 0 when | — o0). Those geometric properties
together show that if I'” intersects both boundaries, 9T and 9Y™ (so that Y, has size comparable
with J™), then Y N9Y™ # () implies that T N J™ # ) for | big enough, contradiction. This proves
().

The last property follows from the third, the fifth, and the fact that the hyperbolic metrics of
YV~ J" and of V" \( J™ are comparable on U". O

Let X™ be the connected component of 0 of the interior of
VAN (B
Y rNOY ")
Lemma A.7. The pair (Y™, X") is admissible. Moreover:
(1) X™ is simply connected,

(2) X™ is a neighborhood of J* \ F,
(3) fr (X" C X",
(4) Y" X" has bounded hyperbolic diameter in V™~ O(f).
Proof. If Y* N X™ % () then Y* N Y™ # () by definition of X™, and hence Y;* C Y™. Let us now

check Properties (1-4).
(1). Notice that X" is a bounded connected component of the complement of the closure of the

connected set
U oavy

AYNIY "£)
so it is simply connected.

(2). By Properties (2) and (6) of Lemma A.6, X" is a neighborhood of J" ~\ F.

(3). I Y*NoY™ # ( then by Property (5) of Lemma A.6, I'? C I'"™ ~\ J" which implies
that depth(x) > p, and in particular f,,(Y;?) is a copy of Y. Thus, if Y* N f,1(X") # 0 and
Y NoY™ # 0, then there is a copy of Y™, f,(Y)), intersecting X™ and 9(f,(Y™)), contradicting
the definition of X™. Since J" ~ F C X" (by (2)), f,}(X™) is a connected set intersecting X",
and by the definition of X™ it follows that f,;1(X") C X™.

(4). By Property (6), Y~ X™ has bounded hyperbolic diameter in V" ~. O(f). O

A.4. Construction of domains U” and V". Let (Y™, X™), n > 0 be given by the construction
of the previous section. Let S™ be given by Lemma A.4. We can not set V™ = S™ because this
does not guarantee property (C2) (although it would possess the other properties).

This can be fixed as follows. Let @™ be the connected component of 0 of Ny,<,S™. By (N2)
and (N4), Q™ is nice. Let V" = f, 1(Q"), and U™ = £, 1(V™). Then V" is nice by (N5), so V" has
Property (C3). Notice that J" ~ F' C V", where F is a finite set of copies of 3, (empty if f,_1 is
not immediately renormalizable). Since we also have V™ C U", this implies (C1). To check (C2),
assume there isz € VP'NoU™ L. Then f,(z) € Q" C Q" ! and f2_,(x) € Q" '. Notice that
fu(z) = f*_ (x) where k = p,/pn—1 > 2. So ff:f(@@"fl) N Q" ! #£ (), contradicting that Q™! is
nice.

We have so far checked the combinatorial properties (C1-3), and we will now verify the geometric
properties (G1-2).

We first make a couple of remarks on the geometry of S™. We have that 05™ has bounded
hyperbolic diameter in V* ~. O(f). Since V* N O(f) C S™, this implies that the Euclidean distance
from 0S™ to O(f) U dV™ is comparable with diam(J™) =< diam(O(f) N V") =< diam(V"). In
particular, S™ contains a neighborhood of 0 of radius comparable with diam(J™). On the other
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hand, S™ C V" is contained in a disk of radius diam(V") =< diam(J"). Since diam(J") decreases
exponentially fast, we see that there exists v > 0 such that ™ C S™ whenever n > m + v.

Lemma A.8. The hyperbolic diameter of 0Q™ in V™ . O(f) is bounded.

Proof. For m < n, the Euclidean distance of points in 95™ to O(f) is comparable with diam J™ >
diam(.J™). This implies that the hyperbolic distance in V™ . O(f) of points in dS™ N S™ to IS™ is
bounded. Since Q™ C 9S™ U J,,,,(S" N OS™), the result follows. O

Lemma A.9. The hyperbolic diameter of V' ~ U™ in V" ~ O(f) is uniformly bounded.

Proof. Recall that if g : X — Y is a covering map of degree n between hyperbolic Riemann surfaces
and Z C Y is such that g~!(Z) is connected then the hyperbolic diameter of ¢g~!(Z) in X is at
most n times the hyperbolic diameter d of Z in Y.

Let us show first that V" and U™ have bounded hyperbolic diameter in V" ~ O(f). By
the Schwarz Lemma, the hyperbolic diameter of OV™ in V" \ O(f) is bounded by its hyperbolic
diameter in £, 1(V" . O(f)). Since dV" = f,1(0Q") is connected, its hyperbolic diameter in
71 (VP O(f)) is bounded by two times the hyperbolic diameter of Q™ in V™ . O(f), which is
bounded by Lemma A.8. Applying this argument to U™ = f, 1(dV™), we see that U™ also has
bounded hyperbolic diameter in V" ~ O(f).

This implies that the Euclidean distance of every z € V' ~\ U™ to dV" UO(f) is comparable with
diam J". So the hyperbolic distance of every z € V"'~ U" to V™" UAU™ in V" . O(f) is bounded.
The result follows. 0

Property (G1) is given by Lemma A.9. Let us show that (C1-3) and (G1) imply (G2).

Since QU™ has bounded hyperbolic diameter in V* ~\ O(f), U™ D V" N O(f), and diam(V") =<
diam(V"NO(f)), it follows that U™ contains a disk D centered around 0 of radius comparable with
diam(V™). Thus area(U") < (diam(U™))? < (diam(V"™))2. We must show that area(V" \ U") <
area(V").

Lemma A.10. There exists k > 0 (independent of n) and a round disk W™ C V™~ f7*(U") with
diam(W™) =< diam(J").

Proof. This follows easily by a compactness argument, but we will show how it can be deduced
from the construction, since this gives more explicit estimates.

In the primitive case, the construction implies that V™ > X™ > f/(U") for some I. The annulus
f751(V? N T") has a definite modulus, and encircles J”, so it contains a round disk of diameter
comparable with diam(J™). We can take W™ as this disk and k =1+ 1.

In the satellite case, notice that for every e > 0, there exists » > 0 such that f,,"(U") N Y™
can be tiled into a bounded number N (independent of €) of sets of Euclidean diameter less than
ediam(J™) (contained in e diam(J™)-neighborhoods of points where 9Y™ touches J"). Notice that
OV™ is contained in a bounded neighborhood of Y™ in the hyperbolic metric of V" ~ J". This
implies that we can choose [ such that f~/(U") \ V" is also the union of N sets with Euclidean
diameter less than diam(J")/(100N). Since the annulus f;;*~1(V"~T") has a definite modulus and
encircles J", f-1=1(V* < T") N V" contains a round disk of diameter comparable with diam(.J™).
We can take W™ as this disk and k =1+ 1. g

<

Taking W and k as in Lemma A.10, we have W C Ujgkfn_j(V” N U"™), so area(V"™) < area(W)
Carea(V™ ~. U™). This concludes the proof of (G2).
Remark A.1. Notice that this construction gives V" with additional properties:

(A1) U™ contains a round disk around 0 of radius comparable with diam(V™),
(A2) V™ is a neighborhood of J™ \ F where F'is a finite (bounded) set of copies of 3,,. Moreover,
if f,_1 is not immediately renormalizable then F' = ().
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Moreover, in the construction we have freedom to choose p small so that I'”, and hence V" C
Y™ C I'", is contained in the p-enlargement of J". This implies that if J' is a copy of J" of depth
kE > 0 which intersects V" C Y™ then diam(J}') is much smaller than diam(J™) (this is easy in
the primitive case, and follows from bounded shape of I'? and assertion (5) in Lemma A.6 in the
satellite case). Under these circumstances, we obtain:

(A3) If V' is a univalent pullback of V™ of depth k£ > 0 contained in V" then diam(V,") is much
smaller than diam(V"™) (since diam(V}") < diam(J}})).

(A4) If V is a univalent pullback of V™ of depth k& > 0 contained in V™ then |Df*(z)| > 2 for
every x € V. This follows from the Koebe Distortion Lemma and (A3).

Remark A.2. If f is a periodic point of renormalization, f,(z) = Af(A"'z), we may assume that
V7P = \V™. In this case we can modify the above construction to obtain V" satisfying VP = AV
as follows.

We can construct Y satisfying Y™™ = AY™. In the primitive case, we can easily get that
X"P = \X™, but in the immediately renormalizable case we will only get X™™? C AX"™. To fix
this, in the immediately renormalizable case we modify the construction by taking the connected
component of 0 in the interior of NEA™* X" +*P as the new definition of X™. Then X"+ = A\X", but
this only gives S™tP 5 AS™. We take UpA~*S"T*P as the new definition of S”. Then S™P = AS",
but we only have Q"? = A\Q" for large n. We take Q™ = A\~"Q"*"P for r large. Then V" = f-1(Q™)

n

satisfies VP = AV™. All properties (C1-3), (G1-2) and (A1-4) can be easily verified as before.

Remark A.3. The only parameters determining the constants in this construction are the un-
branched a priori bounds and the combinatorics. Actually, one can see that a lower bound on the
unbranched a priori bounds implies an upper bound on the period of any immediate renormaliza-
tions. As a consequence, the combinatorics are only used to get a lower bound on v (the spacing
between non-touching J*).

APPENDIX B. CONFORMAL MEASURES ON TOWERS

B.1. Tower limits of conformal measures. In this section, let f : U — V be a Feigenbaum
map with stationary combinatorics, and let f,, : U* — V"™ be its pre-renormalizations with domains
satisfying Lemma 2.3. Let A" = V" \ U™. Consider rescalings

fT(r?):Tnofn—&-moTn_l:U@)_’V?;y n=0,1,2...; m=-—n,—n+1,...,

that normalize the maps fén) =Tpo faoT, L.
Let u be a §-conformal measure on J(f). To study its local geometry, let us push it forward by
dilations T, n € N, and normalize to be 1 on V?n), o = (Tn)« (1) / Kon.

Lemma B.1. The measures u, are uniformly bounded on compact subsets of C.
Proof. Take some m, k € Z,, and consider domains V™ and U™"*. We will show that
(B.1) (V™) < Chpa(U™ ),

which after rescalings implies the assertion. Moreover, taking R™f, we see that it is enough to
prove (B.1) for m = 0 with the constant C} depending only on mod(f).

Since the straightening of f is K-qc where K depends only on k& and mod(f), there exists an NV
depending only on mod(f) such that fNU* = V. Moreover, |Df™(z)| < C, where C depends on
the same data. By d-conformality of 1, we conclude that u(V) < COu(U¥). O

Hence the family of measures p,, is precompact in the weak* topology on compact subsets. Let
fi be a limit of these measures. This measure is Radon (i.e., it assigns finite mass to compact sets)
and d-conformal for the whole tower f = {f,}mez-
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B.2. Ergodicity. A set X C C is called invariant with respect to the tower f if f,,(X NU™) C X
for all m € Z. A measure [i is called ergodic with respect to the tower if there is no decomposition
C = X UY into two disjoint measurable sets of positive measure invariant with respect to the tower.

Theorem B.2. Let [i be a conformal measure of the tower f which is fully supported on either the

Julia set J(f), or on its complement C . J(f). Then i is ergodic.

Proof. If [i is supported on the Julia set J(f), then Theorem 2.9 implies that it is ergodic.
Assume that [ is supported on C\ J(f). Assume that there is a decomposition C\ J(f) = XUY
into two invariant measurable sets with positive measure. Without loss of generality we can assume

that the inequality
(B.2) a(Y NA™) > p(X NnA™)

holds for infinitely many levels m € —N.

Let us cut each A™ by a smooth arc «y of zero jfi-measure to obtain a (topological) rectangle A™.
Then there exists a compact subset S C X N of positive measure whose forward orbit does not
intersect the cuts 7,,. It follows that for each m € —N, this set can be covered by disjoint preimages
IT* of A™ under iterates of f,.

By [Mc3, Prop. 6.9], diamII/* — 0 as m — —oo. Hence the unions II" = U;II7" shrink to S
as m — —oo. It follows that a(II"* \ S) — 0. Hence there exists a rectangle H?(lm) such that
dens(S|H;7(7’m)) — 1 asm — —oo.

On the other hand, since the rectangles II" are mapped onto the A with bounded distortion,
dens(S|II}") <1 —e€ < 1 for all m satistying (B.2). This contradiction proves the result. O

Corollary B.3. Given an exponent §, a tower can have at most one normalized -conformal mea-

sure supported on the Julia set J(f), and at most one such a measure supported on the complement

C~ J(f).

Thus, any tower conformal measure i may have at most two ergodic components, f|J(f) and

EIC N J(f).

B.3. Scaling. In what follows, p € (0,1) will stand for the scaling factor of the renormalization
fixed point.

Lemma B.4 (Scaling covariance). Let i be a conformal measure for the tower f fully supported

either on J(f), or on C~ J(f). Then there exists a 0 = o(fu) > 0 such that Ty = p° i, and for
allr >0, p(D,) < 7r7.

Proof. Since the Feigenbaum dilation Tz +— pz conjugates f,, to fi,—1, the measure T, g is also
conformal with the same exponent. By Corollary B.3, T.i = ki with some k£ > 0. Hence p(D,) =
kii(Dy) for all r > 0. Thus

ADym) = k"p(D), m=+£1,42,...,
and the statement follows with o = —(log x/ log p). O

If i is a tower conformal measure with two ergodic components, then let

o- = o_(f) = max{o(alJ(f)),o(AC ~ J(f)};

f
ot = oy (i) = min{o (@l J(f)), o (AC ~ J(f))}
In the case of one ergodic component we set oy = o_ = o(f1).

Corollary B.5. For any tower §-conformal measure fi, (D) < r+ for r <1 and p(D,) < r7-
for r > 1, where the constants are independent of ji.
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Let fi4 be the tower conformal measure on the Julia set (if it exists), and fi— be such a measure
on the complement (if exists). Both measures are normalized to be 1 on V.

Corollary B.6. Let u be a conformal measure of f. Then

1 D 1 D
oy < hminfm < ]imsupm <o_.
r—0 log r r—0 IOg r

Proof. The limit set of the measures p,, consists of convex combinations tjiy + (1 — t)ji—. For any
such combination [i, we have:
= i(Dy) < i(Dyr) < p7 (D)
for any » > 0. Hence
p7 T u(Dr) < p(Dyr) < p7t (D),
provided r is sufficiently small (depending on € > 0), which implies the assertion. O

Lemma B.7. If a tower conformal measure i is not ergodic, then
o1 = o(AlI() < o (BT~ () = o
Proof. Let X = C~ J(f), Y = J(f). Assume that
oy = o(flX) < oY) = o
Then by Lemma B.4,
WX NA™) = (X NAYY™+  and (Y NA™) = a(Y NAY%)pmo-.
Hence there exists a ¢ > 0 such that g(Y NA™) > ca(X N A™) for all m € —N. This leads to a

contradiction in the same way as (B.2) led to a contradiction in the proof of Theorem B.2. O

Lemma B.8. Assume that area(J(f)) = 0. Let i be a tower §-conformal measure.

(i) If 6 <2 then o_(f1) < 4.

(ii) If 6 = 2 then o_(ji) < 2. Moreover, o4 (ji) < 2 unless [i is the Lebesque measure.'

Proof. Since area(J(f)) = 0, there exists a compact set S C D~ J(f) of positive Lebesgue measure.

Let A™ C A™ be the topological rectangles obtained by cutting the annuli A™ by arcs of zero
p-measure (as in the proof of Theorem B.2). Take a point z € S, and consider a sequence of
moments ny, = ny,(z) — oo such that ¢, = f"z € A™, m < 0. Pulling this rectangle back by
f"m, we obtain a rectangle II" = I1"(z) containing z.

(i) Let 6 < 2. Assume o_ > 6. Then
(B.3) A(A™) > ¢(diam A™)°~ > ¢(diam A™)°,  m e —N.
Let g, = f™ : II"™ — A™. By the dynamical é-covariance and bounded distortion,
a(A™) S (diam A™)?

B.4 a(I™) > a ac = (diam IT™)°.
(B4 PI) 2 4 B = Dgma)P )
Hence

(B.5) a(I1"™) / area(IT") — oo as m — —oc.

But for a given m, different rectangles I1"(z), z € S, are disjoint and cover the whole set S. It
follows that ji(S) = oo - contradiction.

(ii) Let 6 = 2. Note that the Lebesgue measure is a 2-conformal measure supported on C~ J(f).

By ergodicity (Theorem B.2), fi| C \ J(f) is proportional to it. Let 7 = i + area. By Lemma B.7,
o_(v) = o(area) = 2 and 04 () < 2 unless v (and hence f1) is Lebesgue. O

Mhus, if 1 is supported on J(f) then o(ji) < 2.
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Lemma B.9. Assume area(J) =0 but HD(J) = 2. Let p be a 2-conformal measure on J. Then

1

log @) o5 o v o,
log r

Proof. By Corollary B.6 and Lemma B.8,

1 D

lim sup 22 HPr) o
r—0 log r

Assume | D
Jimn inf 2840 o
r—0 log r

so that u(D,,) > r{ for some o < 2 and a sequence r, — 0. Then
p(V™) > (diam V)7 =< po"F
for some sequence of nj — oo.

Let X, = U2 f kY. Let us consider the landing map A, : X;; — V" to V" and the associated
Poincaré series Z3(A,,, 2), z € V. For z € V" we have:

p(V™) Za(Ap, 2) < u(Xy) =1,

and hence
Eo(Ap,, 2) < p 7M.
But then
N, = area(X,, ) < area(V™) Zy(Ay, , 2) < p*p= o™,
contradicting Theorem 5.2. O

Let i be a 2-conformal measure on the Julia set J. We say that the Julia set is measure-theoretic
hairy at the critical point if

77
————por —area as 1 —0.
(D)

Here convergence is understood in the weak*-topology on compact sets.
Proposition B.10. If HD(J) = 2 then J is measure-theoretic hairy.

Proof. 1If area(J) > 0 then the assertion is obvious since the critical point is the density point of
J. So, assume area(.JJ) = 0. Then any limit measure i on the tower f is 2-covariant not only by
the tower dynamics but by the p-scaling as well. Hence fi(D,) =< r2. Spreading it around using
distortion estimates, we see that fi(ID,.(z)) < 2 near any point z € C. Hence [i is equivalent to the

Lebesgue measure. But the only absolutely continuous 2-conformal measure is Lebesgue. O

Let us consider a function ¢ : Ry — Ry such that ¢(r) — oo as r — 0. Let us say that it is
slowly varying (near the origin) if for any k < 1, ¢(kr)/¢(r) — 1 as r — 0. Clearly, such a function
has sub-polynomial growth:

log ¢(r)
logr

Corollary B.11. Assume area(J) = 0 but HD(J) = 2. Let u be a 2-conformal measure on J.
Then u(D,) = r2¢(r), where ¢ is a slowly varying (growing to oo) function.

—0 as r—0.

Proof. Let us show that ¢(r) — oco. Otherwise there would be a sequence of levels nj; — oo such
that p(V™) < Carea(V™). Hence for z € V™,

(X, ) < (V™) Ea(2) < Carea(V"™) Ey(z) < area(X,, ).

(Here X, is as in Lemma B.9.) But this is impossible since p(X,,) = 1 while area(X,,) — 0 as
k — oo.
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Furthermore, by Proposition B.10,

]D)m’
M — K2 as r— 0,
p(Dr)

which implies that ¢ is slowly varying. g
In fact, we have:
Proposition B.12. Under the above circumstances, ¢(r) =< log% for sufficiently small r.

Proof. As in the proof of Lemma B.9, we have:
_ L 1 )
(V) T e (pn

Ea(Ap, 2)

and
_ an _ 1
pro(p")  B(p™)
Since by Theorem 5.2, 7, < 1/n, we obtain the right asymptotics for » = p™. Since ¢ is slowly
varying, we can interpolate it to the intermediate scales. O

Ny, = area(X,) < area(V") Za(Ay, , 2)
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