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HEAT FLOWS FOR EXTREMAL KAHLER METRICS

SANTIAGO R. SIMANCA

ABSTRACT. Let (M, J,Q) be a polarized complex manifold of Kéahler type. Let G be the maximal
compact subgroup of the automorphism group of (M, J). On the space of Kéhler metrics that are
invariant under G and represent the cohomology class €2, we define a flow equation whose critical
points are extremal metrics, those that minimize the square of the L2-norm of the scalar curvature.
We prove that the dynamical system in this space of metrics defined by the said flow does not have
periodic orbits, and that its only fixed points, or extremal solitons, are extremal metrics. We prove
local time existence of the flow, and conclude that if the lifespan of the solution is finite, then the
supremum of the norm of its curvature tensor must blow-up as time approaches it. We end up
with some conjectures concerning the plausible existence and convergence of global solutions under
suitable geometric conditions.

1. INTRODUCTION

We define and study a geometrically motivated dynamical system in the space of K&hler metrics
that represent a fixed cohomology class of a given closed complex manifold of Kahler type. The
critical points of this flow are extremal metrics, that is to say, minimizers of the functional defined
by the L?-norm of the scalar curvature. We derive the equation, describe some of its general
properties, and prove that given an initial data, the equation has a unique classical solution on
some time interval. It would be of great interest to know if the solution exist for all time, or
whether it develops some singularities in finite time. We have no general answer to this yet.
However, we show some evidence indicating that in some specific cases, the solution should exist
for all time and converge to an extremal metric as time goes to infinity.

In order to put our equation in the proper perspective, we begin by recalling a different but
related one, the Ricci flow. Let M be a compact manifold M of dimension n. Given a metric g, we
denote its Ricci tensor by Ricciy and its average scalar curvature by ry. The Ricci flow

%g =2 (%gg - Riccig) ,
was introduced by R. Hamilton [9] as a mechanism to improve the properties of its initial data. It
is a non-linear heat equation in the metric, which hopefully becomes better as time passes by in
the same way as the heat equation improves an initial distribution of heat in a given region, and
makes it uniform all throughout as time goes to infinity. Hamilton used it to show that on a three
dimensional manifold, an initial metric of positive Ricci curvature flows according to this equation
towards a limit that has constant positive sectional curvature.

In the case of a Kéhler manifold, Hamilton’s flow equation may be used when seeking a Kahler-
Einstein metric on the said manifold. Of course, this would a priori require that the first Chern
class ¢; has a sign so that it may be represented by Kéhler-Einstein metrics, or their opposites.
Regardless of that consideration, the idea inspired Cao [5] to study the equation

dw n
dt - pt 77’
for n a fixed real closed (1, 1)-form representing the class ¢1(M). Using Yau’s work on the Calabi

conjecture, he proved that solutions exists for all ¢ > 0 and that the path of metrics so defined
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converges to a Kéahler metric with prescribed Ricci form 7 as ¢ — oco. He went on and, under
the assumption that c¢;(M) < 0, replaced 1 in the equation above by —w; and proved that the
corresponding solution to the initial value problem exists for all time and converges to a Kéhler-
Einstein metric as ¢ — oo.

Given a polarized Kéhler manifold (M, J,Q2), we now propose to study the equation

Ow = —pt +1Lip,

with initial condition a given Kéhler metric representing §2. Here I1; is a metric dependent projection
operator that intertwines the metric trace with the L?-orthogonal projection m; onto the space of
real holomorphy potentials, these being those real valued functions whose gradients are holomorphic
vector fields. The projection Il; is such that II;p; — p; is cohomologous to zero, and so all metrics
satisfying the equation represent € if the same is true of the initial data. For a variety of technical
reasons, we define this flow only on the space of metrics representing €2 that are invariant under
a fixed maximal compact subgroup of the automorphism group of (M, J). As such, its critical
points will be precisely the metrics whose scalar curvatures have holomorphic gradients, or said
differently, the extremal metrics of Calabi [3]. This fact constitutes the guiding principle behind
our consideration of this new flow equation.

In general, our flow equation is different from the Kéhler version of the Ricci flow, even when
the class  represents 4=c;. This last assertion is illustrated, for instance, by the blow-up of CP?
at one or two points, and the reason is basically a simple one: extremal metrics, which is what
we seek when we consider the new flow, is a more general concept than that of Kéhler-Einstein
metrics, and when €2 = ¢1, these two concepts agree only if we impose an additional restriction on
c1 [7, 16]. Tt is worth mentioning, however, that on compact connected Riemann surfaces, both the
Ricci and extremal flow coincide with one another, and they also coincide with the two-dimensional
version of the Yamabe flow. This is so because regardless of the metric g you consider on the given
Riemann surface, the holomorphy potential 74s,, where s, the scalar curvature of g, turns out to
be a topological constant. Even in this last case, it is still of some interest to point out that of
these three equivalent flows, only the extremal one can be interpreted as the gradient flow of a
variational problem.

The main point of the present article will be to show that solutions to the extremal flow equation
exists locally in time. However, even if these were going to exist globally, we should not expect that
they would converge as time approaches infinity in all possible cases. We already know of examples
of Kahlerian manifolds that do not admit extremal metrics [2, 13, 18].

We do not have a satisfactory general picture that explains why these examples exist. Those in
[13] fail to satisfy a necessary condition on the space of holomorphic vector fields, while those in
[2] and [18] are related to stability of the manifold under deformations of the complex structure,
and this property does not appear reflected by the Lie algebra of holomorphic vector fields.

At the positive end, we had proven [12] that the set of Kéhler classes that can be represented by
extremal metrics is open in the Kéhler cone. The study of the extremal flow equation above, and
its potential convergence to a limit extremal metric, can be seen as a general method that could
decide if the the extremal cone is —or is not— closed also.

In proving local time existence of the extremal flow, we also show that if the lifespan is finite,
then the pointwise norm of the curvature tensor must blow-up as times approaches it. We leave for
later the analysis of global solvability and convergence under suitable geometric conditions.

We organize the paper as follows: in §2 we recall the notion and basic facts about extremal met-
rics; in §3 we explain in detail the derivation of the extremal flow equation, and prove general results
about it; in §4 we linearized this flow equation, showing that it results into a pseudo-differential
perturbation of the standard time dependent heat equation. This form of the linearization is an
essential fact in our proof of local time existence, done in §5 via a fixed point type of argument.
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We end with some remarks justifying our hope that the extremal flow will converge to an extremal
metric under suitable general geometric conditions.

2. EXTREMAL KAHLER METRICS

Let (M, J,g) be a Kéhler manifold of complex dimension n. This means that (M, J) is a com-
plex manifold and that w(X,Y) := ¢g(JX,Y), which is skew-symmetric because g is a Hermitian
Riemannian metric, is a closed 2-form. The differential form w is called the Kdhler form, and its
cohomology class [w] € H2(M,R) is called the Kdhler class.

By complex multi-linearity, we may extend the metric g, the Levi-Civita connection V and the
curvature tensor R to the complexified tangent bundle C ® T'M. Since C ® TM decomposes into
the +i-eigenspaces of J, C® TM = TYOM @ T%' M, we can express any tensor field or differential
operator in terms of the corresponding decomposition. For example, if (z!,. .., 2") is a holomorphic
coordinate system on M, we get induced bases {0,,} and {0.; := 05} for TY'M and T*'M,
respectively, and if we express the metric g in terms of this basis by setting g, = ¢ (0., 0.v),
where the indices u, v range over {1,...,n,1,...,n}, it follows from the Hermiticity condition that
9ok = 95 = 0, and that w = wj,-cdzj ANdzF = g5 dz? A dzk.

The complexification of the exterior algebra can be decomposed into a direct sum eof of forms of
type (p, q). Indeed, we have A" M = EBp +q=r AP?M. The integrability of J implies that the exterior
derivative d splits as d = 0 + 0, where 0 : APIM — NPTLIN | O : APIM — APIHIN L 92 =02 =0
and 00 = —00. Complex conjugation also extends, and we define a form to be real if it is invariant
under this operation. An important result in Kéhler geometry is that, given a d-exact real form
of type (p, p), there exists a real form « of type (p — 1,p — 1) such that 8 = idda.

The Ricci form p is defined in terms of the Ricci tensor r of g by p(X,Y) =r(JX,Y). It is a
closed form whose components are given by

2
Tk = T = g 108 det(gm)

We have that p/27 is the curvature of the canonical line bundle k = A™(T*M)"°, and it represents
the first Chern class ¢;(M).

The scalar curvature s is, by definition, the trace s = rj, = ZQJijE of the Ricci tensor, and can
be conveniently calculated by using the formula

(1) swN =2np AN

An
w
Since the volume form is given by du = — this formula implies that, in the compact case,
n!

_ 4m U(n—1)
/Msdﬂ—m01U[W} s

a quantity that only depends upon the complex structure J and the cohomology class [w]. Notice

that du = —'[w]un, and so the average scalar curvature sq is also a quantity that depends only
n!

on the Kéhler class [w] and the homotopy class of the complex-structure tensor J.

Suppose that (M, J) is a closed complex manifold polarized by a positive class Q € HY1 (M, C)N
H?(M,R). Let 9Mq be the set of all Kihler forms representing €. Since any two elements & and
w of Mg are such that © = w + 10dp for some real valued potential function ¢, we can define a
topology on Mg by defining a suitable topology on the space of potentials. In what follows, we
shall not distinguish between the Kahler metric and its Kahler form, passing from one to the other
at will.
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Consider the functional

m, 2% R

w /s?ud,uw7
M

where the metric associated with the form w has scalar curvature s, and volume form du,. A
critical point of this functional is by definition an eztremal Kéhler metric [3], a notion introduced
with the idea of seeking canonical representatives of 2.

Given any Kéhler metric g, a smooth complex-valued function f gives rise to the (1,0) vector

field f +— 0% f = 6;# f defined by the expression

This vector field is holomorphic iff we require that 90%# f = 0, condition equivalent to f being in
the kernel of the operator

(2)

3) Lof = (G0 00% f = L7 f + Jr"V, 9, f + (Vo) Vyf
We then have that J
EEQ(M + ti00p) |t—o= —4 / 5w Logdp,, .
Hence, the Euler-Lagrange’s equation for a critical point g of (2) is just that the scalar curvature
sg be in the kernel of L,. In other words, the vector field 8# s4 must be holomorphic.

3. DERIVATION OF THE EVOLUTION EQUATION

Calabi [4] showed that the identity component of the isometry group of an extremal Kéahler
metric g is a maximal compact subgroup of the identity component of the biholomorphism group
of (M, J). This implies that, up to conjugation, the identity components of the isometry groups of
extremal Kéhler metrics coincide [12]. Therefore, modulo biholomorphisms, the search for extremal
Kahler metrics is completely equivalent to the search for extremal metrics among those that are
invariant under the action of a fixed maximal compact subgroup of the connected biholomorphism
group. This last problem, however, turns out to be technically easier to analyze.

3.1. Holomorphy potentials. For any given Kéahler metric g on (M, J), every complex-valued
function f in the kernel of (3) is associated with the holomorphic vector field Z = 9% f, and since
the operator is elliptic, the space of such functions is finite dimensional. However, since (907 )*007%
is not a real operator, in general, the real and imaginary part of a solution will not be solutions. It
has been proven elsewhere [12] that if f is a real valued solution of this equation, then the imaginary
part of 07 f is a Killing field of g, and that a Killing field arises in this way if, and only if, its zero
set is not empty.

Let G be a maximal compact subgroup of the biholomorphism group of (M, .J), and g be a Kéhler
metric on M with Kéhler class 2. Without loss of generality, we assume that g is G-invariant. We
denote by L% ¢ the real Hilbert space of G-invariant real-valued functions of class L?, and consider
G-invariant deformations of this metric preserving the Kéhler class:

(4) O =w+i0dyp, @GL%+47g,k>n.

In this expression, the condition £ > n ensures that Lz’G is a Banach algebra, making the scalar
curvature of @ a well-defined function in the space.

Let b be the complex Lie algebra of holomorphic vector fields of the complex manifold (M, J);
by compactness of M, this is precisely the Lie algebra of the group of biholomorphism of (M, J).
We denote by g the Lie algebra of G. If 3 C g C b is the center of g, we let 30 = 3 N gog, where
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go C g is the ideal of Killing fields which have zeroes. If g is any G-invariant Kéhler metric on
(M, J), then each element of 3¢ is of the form J Vjf for a real-valued solution of (3). In fact, 30
corresponds to the set of real solutions f which are invariant under G, since

0% : ker[(90F )*995] — ho ,

ho C b the subset of holomorphic vector fields with zeroes, is a homomorphism of G-modules.

The restriction of ker(é@f)*éﬁg to L7 14, depends smoothly on the G-invariant metric g. Indeed,
choose a basis {X1,...,X,,} for 309, and, for each (1,1)-form x on (M,.J), consider the set of
functions

po(x) = 1

pi(X) = 2iGy0,((JX,+iX,)Jx), j=1,...,m
where G is the Green’s operator of the metric g. If © is the Kahler form of the G-invariant metric
g, then 8? pj(@) = JX; +iX,, and the set {p;(@)}]2, consists of real-valued functions and forms
a basis for ker(é@f)*éﬁg. Furthermore, for metrics @ as in (4), the map ¢ +— p;(w + i9dyp) is, for
each j, bounded as a linear map from Li+4,G to Lz+3’G.

With respect to the fixed L? inner product, let { fg, ..., fZ'} be the orthonormal set extracted
from {p;(@)} by the Gram-Schmidt procedure. We then let

W@:L%G — L%,G
(5) u o > (fLu)ef]
=0

denote the associated projector. In fact, by the regularity of the functions {pi,...,pm}, this
projection can be defined on Lerj,G for j =0, 1, 2, 3, and for metrics as in (4), the map ¢ — 7 is

~

smooth from a suitable neighborhood of the origin in L +4,¢; to the real Hilbert space End(L? " ij) =

®° Liyjc

Given a Kahler metric w, its normalized Ricci potential 1, is defined to be the only function
orthogonal to the constants such that p = py + 1001, where pg is the w-harmonic component
of p. In terms of the scalar curvature and its projection onto the constants, we have that ¥, =
—Gy(sw — S0). Given any cohomology class Q = [w] in the Kéhler cone of (M,J), the Futaki
character of the class is defined to be the map

§:p — C
(6) EH*MMW:Aﬂ%WF—&ﬂ%w—WWW

It is independent of the particular metric w in 9, chosen to calculate it [7, 4], and when applied
to a holomorphic vector field of the form Z = 97 f, it yields

(7) $E¢®=i@ﬂ%—wmw

A metric g € Mg is extremal iff 8# 54 is a holomorphic vector field. In other words, g is extremal
iff s, = mysy. These metrics achieve the infimum of Eq over Mq. Indeed, there is exists a number
E = E(Q2) and a holomorphic vector field Xq such that

(8) Bo(w) 2 E(Q) := sy — §(Xa, Q)

for all w € Mq. The field X may depend on the choice of a maximal compact subgroup G of the
automorphism group of (M, J), but the value of §(Xgq, ) does not. Given G and a metric g € Mg
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that is G-invariant, we may take Xq = 8# (mgsg — s0), and we easily see that

EQ) = /(Wgsg)Qd,“g-

This way of computing the energy of the class through G-invariant metrics is very convenient and
has been used several times elsewhere [15, 16, 17].

Remark 1. Let g be any Kahler metric on any Riemann surface ¥. By the Gauss-Bonnet theorem,
the average scalar curvature of g is given by 4mx(M)/pg(X). The invariance of (6) and (7) imply
that if g is a G-invariant metric on 3, the projection m4s, of s, onto the space of real holomorphy
potentials is always equal to this constant. Consequently, the vector field X of a polarized Riemann
surface is always trivial. O

From now on, we shall denote by Mg ¢ the set of G-invariant Kahler metrics representing the
class 2. When considering a path of metrics w; € Mq ¢, the fact that the kernel of (58;5)*589
depends smoothly on g allows us to rightfully compute the differential of m;s,. Here, m; and s; are
the projection and scalar curvature associated to wy, respectively. Since m;s; is of order four in the
potential of the metric, naively we would expect its differential to be an operator of order four on
the tangent space to Mg ¢ at w;. However, we get something significantly better, and gain quite a
bit of regularity. This fact that will be very convenient later on.

Lemma 2. Let w; = w+i00yp; be a path of metrics in Mo ¢ with wg = w. Consider the projection
sy of the scalar curvature s¢ onto the space of real holomorphy potentials, and let ¢y = %cpt. Then

d . ) .
E(Trtst) = ¢ 1 Xq = (0% ¢, X)t = (81, O(mese))s

where Xq = 8t#7rtst is the holomorphic vector field of the class Q). In particular, this derivative is
a differential operator of order one in ¢, whose coefficients depend non-linearly on the coefficients

Of Wt .

Proof. By the invariance of the Futaki character, if 7, s, is constant then so will be 7z sz for any
other metric @ in Mg ¢ (see §4 of [16]). In that case, Xq is trivial and both sides of the expression
in the statement are zero. The result follows.

So let us assume that m;s; is not constant. For convenience, we use the subscript ¢ to denote
geometric quantities associated with w;. Thus, the imaginary part of Xq = dﬁ St 1S a non-trivial
Killing vector field, and in the construction of the projection map above, we can choose a basis
{X;} for 30 such that Xq = &ﬁmst = JX; +1iX1; = Xq. Hence,

TSt = 2ZGt5:(wt_JXQ) + S0 ,

expression that we now know depends differentiably on w;. Here, sq is the projection of s onto the
constants, constant that itself only depends on €2, J and the volume of metrics in Mg . By the

Kihler identity 8, = —i[A, ], we conclude that
TSt = 2GtAt8(thXQ) + S0,
and therefore,
d . )
aﬂtst = 2GtAt8(thXQ) + 2GtAt8(wt_|XQ) + 2GtAt6(thXQ) .

The last two terms in the expression above cancel each other out. Indeed, w; |1 Xq = —ig(rrtst)
and computing the derivative of A; in terms of Py, we see that 2GtAt6(thXQ) = 2G4 (100, 100(mi5¢) )t
On the other hand, the differential of the Green’s operator is given by —GtAth, and we obtain
that ZGtAtO(thXQ) = 2GtAthAti65(7Tt8t) = —GtAt(ﬂ'tSt) = —2Gt(i85¢t,i85(7rtst))t.
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Since the real and imaginary parts of Xq are Killing vector fields and the metric potential o,
is G-invariant, we have that Xq(¢:) = 0, and so 0¥y 1 Xq = (0¢y,i0(mest))r is orthogonal to
the constants. But notice also that since Xq is holomorphic, we have that &; = 100y 1 Xq =
—i0(0¢; 1 Xq). Thus, we obtain 2G;A0(w; I Xq) = —2G1Ai00(0ps ) Xq). The desired result
follows now because G is the inverse of the Laplacian in the complement of the constants. O

Given any Kahler metric g in Mg ¢, the extremal vector field Xq of the class can be written as
Xo = 8;% (mgsg). Thus, the critical points of mys, corresponds to zeroes of X, and are therefore,
independent of g. By the Lemma above, this can be strengthen a bit, and we have the following
remarkable consequence. This result is reminiscent of the convexity theorem on the image of
moment mappings [1, 8].

Theorem 3. Let w be any metric in Mo g and consider the function m, s, obtained by projection
of the scalar curvature onto the space of real holomorphy potentials. Then the range of m,S, s a
closed interval on the real line that only depends on the class ) and not on the particular metric
w € Mq e chosen to represent it.

Proof. Let wy = w + i@&ot be a path in Mg . If we use the subscript ¢ to denote geometric
quantities associated with w;, by Lemma 2 we have that

d .
— TSt = (6%, 8(71'15815))15 .

dt
Since the maximum and minimum of m;s; occur at critical points, this expression shows that these
extrema values do not change with ¢. The result follows because Mg ¢ is path connected. O

We now proceed to lift the projection m, onto holomorphy potentials to the level of G-invariant
(1,1) forms. This lift will be essential in our definition of the extremal flow.
So let us denote by /\}Cé be the space of real forms of type (1, 1), invariant under G and of class

2.

Lemma 4. Given any G-invariant metric g, there exists a uniquely defined continuous projection
map

11 1,1
9) g Ao = Ny

which intertwines the trace and the projection map g in (5), and such that n—1Ilgn is cohomologous
to zero for allm € /\l,lgi2 - For metrics @ as in (4), the map ¢ — Iy from L, o to End(/\,lc’_sl_2 )

18 smooth.

Proof. Let n € /\,1€’+12 ¢+ Since Iz n must be of the form n + i00f for some real valued function

f, the intertwining property of the projection and trace gives that
1
traceg n — §A@f = 7 tracey 1,

and so
Asf = —2(7‘('@ — l)trace@n .

The right side of this expression is a G-invariant real valued function in the complement of the
constants. We can then solve the equation for f and obtain a real valued function which is invariant
under G. By the continuity properties of the map 7y, for metrics as in (4) the map ¢ — Il is
a smooth map from a suitable neighborhood of the origin in L% 44, to the real Hilbert space

1,1
End(Ay1s6)- O
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3.2. Extremal flow equation. Lemma 4 provides us with the tool needed to set-up the heat flow
equation adapted to the extremal metric problem. The idea of using good flows to better geometric
quantities was originally used by Eells and Sampson [6] in another context, and reconsidered by
Hamilton [9] in his definition of the Ricci flow. In our case, we are given a metric in Mg ¢ and try
to improve it by means of a non-linear pseudo-differential heat equation, requiring the velocity of
the curve to equal the component of the Ricci curvature that is perpendicular to the image of II.

More precisely, we fix a maximal compact subgroup G of the automorphism group of (M, J),
and work on Mg ¢, the space of all G-invariant Kéhler forms that represent 2. Given w € Mq ¢,
we consider a path w; of Kéhler metrics that starts at w at ¢ = 0 and obeys the flow equation
Oywy = —p + Iypp. Since —py + I py is cohomologous to zero and G-invariant, for as long as the
solution exists, we will have that w; € Mg . Thus, our evolution equation is given by the initial
value problem

Owy = —pg+1ipg.

(10) Wwp = Ww.

Critical points of this equation correspond to extremal metrics, that is to say, metrics such that
p = Ilp. _

It is easy to reformulate (10) as a scalar equation. For if w; = w+1i99p;, we have that Il p; — py =
i@th(st — mst), where Gy is the Green’s operator of the metric wy, and by compactness of M, we
see that the potential ¢; evolves according to

atQDt = Gt(St — 7TtSt)
11 ’
(11) wo = 0.
A critical point of this scalar version of the equation is given by a metric for which G, (s, — 7, 50) =

0, and since s, — 7S, is orthogonal to the constant, this condition is equivalent to saying that
Sw = TwSw. Thus, a critical point w is an extremal metric.

3.3. General properties of the extremal flow. We begin by making a rather expected obser-
vation.

Proposition 5. Let w; be a solution of the initial value problem (10). If duy is the volume form,
we have that

d 1
Edﬂt = 5(7&813 — St)dﬂt .
In particular, the volume of wy is constant.
Proof. The volume form is given by
wi'
d/J,t = —' .
n!

Differentiating with respect to ¢, we obtain:

d 1 1
—d :771_1/\':—”'_1/\1_[ — = = - d )
dt 127 (n— 1)!% Wt (n— 1)!% (ILepe — pr) 2(7Tt8t s¢)dpuy
as desired. Notice that this form of maximal rank is exact. O

Our next results address the plausible existence of fixed points or periodic solutions of the flow
equation.

Observe that (10) is invariant under the group of diffeomorphims that preserve the complex
structure J. An extremal soliton is a solution that changes only by such a diffeomorphism. Then,
there must be a holomorphic vector field V = (V*) such that Vi;+ V5 =1p; — p;. 1f the vector
field V' has a holomorphy potential f, we refer to the pair (g,V') as a gradient extremal soliton.

Proposition 6. There are no extremal solitons other than extremal metrics.
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Proof. Suppose we have an extremal gradient soliton (g, V') defined by a holomorphic potential
f. Then
Zagf =1lp—p,
and therefore,
[ =Gy(s—ms).
This implies that Af = s — 7s and since A is a real operator, the holomorphy potential f must be
real. But f is a holomorphy potential, so it is L2-orthogonal to s — ms. Hence,

IVFI2 = /fAfdug _ /f(l Cmsdu=0,

Thus, f is constant, and therefore, necessarily zero.

Thus, a non-trivial soliton, if any, must be given by a holomorphic vector field V' that is not a
gradient. The set of all such vector fields forms an Abelian subalgebra of the algebra of holomor-
phic vector fields. The group of diffeomorphism they generate must be in the maximal compact
subgroup G of isometries of the metric. This vector field does not change the metric and so
wt = (exp(tV))*w = w. Hence, w; = 0 = IIp — p, and the metric is extremal. O

We now show that the evolution equation (10) is almost the gradient flow of the K-energy that
characterizes extremal Kéhler metrics [14]. Given two elements wg and w; of Mg ¢, there exists a
G-invariant function ¢, unique modulo constants, such that

w1 = wo + 100y .

Let ¢; be a curve of G-invariant functions such that w; = wy + i00p; € Mo ¢ and w(0) = wo,
w(1l) = wy. We set

1
M (wp,w1) = —/ dt/ Or(sp — mps)dpy
0 M

where s; and dy; are the scalar curvature and volume form of the metric wy, m; is the projection (5)

d
onto the space of G-invariant holomorphic potentials associated with this metric, and ¢; = %
This definition is independent of the curve t — ¢, chosen.

Fix wg € Mq g. The K-energy is defined to be

Moc — R

(12) w — M(ww).

We have (see Proposition 2 in [14]) that

d ;
Eﬁ(wt) = —/ @t(st - Ftst)dut~
M

Thus, up to the action of the non-negative Green’s operator, the gradient of x is given by the
right-side of (11), and we have

Proposition 7. Let wy be a solution of the initial value problem (10). Then

d

d—m(wt) = —/ (St — ﬂ'tst)Gt(St — Wtst)dﬂt .
t M

The flow equation (10) is also invariant under the one-parameter group of homotheties, where
time scales like the square of the distance. In principle, such an invariance could give rise to periodic
orbits of the flow. However,

Proposition 8. The only periodic orbits of the flow equation (10) are its fized points, that is to
say, the extremal metrics (if any) in Ma,q.
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Proof. Consider the K-energy suitably normalized by a volume factor to make it scale invariant.
If there is a loop solution wy of (10) for ¢ € [t1, t2], since the volume remains constant, we will have
that x(wy, ) = k(wy, ). By the previous proposition, since G, is a non-negative operator, we conclude
that G(s; — m¢s¢) = 0 on this time interval. This says that w; is extremal for each ¢ on the interval,
and so the right side of the evolution equation is zero. Thus, the loop is trivial, a fixed point of the
flow. O

We end this section by showing that the functional (2) decreases along the flow (10). This should
be clear from the way the equation was set-up, or at the very least, expected.

Proposition 9. Let w; be a path in Mq ¢ that solves the flow equation (10). Then

d
%Eg(wt) = —4/(815 — FtSt)Lth(S — Wtst)dut S 0,
and the equality is achieved if and only if wy is extremal. In this expression, Ly = (00%)*(907) and
Gy is the Green’s operator.

Proof. Given any variation of the metric with potential function ¢, we know that

d .
EE(wt) = —4/8Ltg0d/$t .

But ¢ = Gy(sy — m8¢), and since s is a holomorphy potential and L, is self-adjoint, we see that

d
%E(wt) == —4/(St - WtSt)Lth(S - 7Tt8t)d,l,l,t .

Both L; and G are non-negative operators. Then so is L;G¢, and the expression above is non-
negative. If it reaches the value zero at some ¢, then we must have that f; = Gi(s; — msy) is a
holomorphy potential and A;f = (1 — m)s; is an element of the image of (1 — 7). Thus, f; is
L?-orthogonal to (1 — m;)s;, and integration by parts yields that the gradient field V;f; is zero.
Thus, f; is a constant, which is necessarily zero. We then obtain that s; = mys; and the metric wy
is extremal. O

It is clear that we could have used also the energy E in the role that x played when proving that
the flow does not have periodic orbits other than its fixed points. In fact, it is better to work with
Eq itself. For we do not know if x is in general bounded below on Mg ¢, but the energy functional
Eq has this property indeed. If the solution to the flow equation were to exist for all ¢ € [0, c0),
the monotonicity result above would lead us to expect that, as ¢ — oo, the sequence w; should be
getting closer and closer to an extremal metric. In any case, we discussed both x and Fq to show
their similar behaviour under the extremal flow.

4. THE LINEARIZED FLOW EQUATION

Consider a family of metrics in Mq ¢ of the form wy(v) = wy, + i@da(t, v), with a(t,0) = 0. We

da(t
set B =B = a((iv’ v) lv=0. The linearization of (11) at w,, in the direction of 3 is given by
d
Opy = %(G(t,v)((l = T(t0))S(tw))) lv=0 -

Of course, before taking the restriction to ¢ = 0, the argument of the v-differentiation in the right
side involves quantities associated with the metric w(v).

In the remaining part of this section we use the subscript ¢, or no subscript at all, to denote
geometric quantities associated with the metric w,. We have that

dS(

t,v) o 1 2 oS
7 ‘U:()— _§A(’p/8 — 2(p<,07 163,@)@ .
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Since the variation of the Green’s operator is —G(p(%A(t,v))G@ (keep in mind that this operator
needs to be applied only to s— s, a function that is orthogonal to the constants), using the relation
between p, and Il,p,, we obtain that

1 AT d
@ﬁZ—EA@3—2GdHWMﬂaWﬂ@_G@(aﬁ@wWM)Wﬂ)'

By Lemma 2, we may write this as

1 L
(13) OB = =506 = 2G,(Tppy, 100, — Go(0%8, Xa)y

where Xq is the holomorphic vector field of the class €2, vector field that can be expressed as
Xqo = 830%(7%850). Notice that

Pcp(ﬁ) = ch(afﬁ,XQ)<p
is a pseudo-differential operators of order —1 in § whose coefficients depend non-linearly on the

coefficients of the metric w,,.
We summarize our discussion into the following

Theorem 10. Let (M,J,Q) be a polarized Kdhler manifold and let G be a mazimal compact
subgroup of Aut(M,J). The extremal flow equation (11) (or equivalently, (10)) in Mq ¢ is a non-
linear pseudo-differential parabolic equation.

Remark 11. Generically, the manifold (M, J) carries no non-trivial holomorphic vector fields, and
the space of holomorphic potentials reduces to the constants. (For example, this is the situation
when the first Chern class ¢1(M, J) is negative.) This is still so in the slightly larger case of a
manifold (M, J) where all of its non-trivial holomorphic vector fields have no zeroes. Under this
hypothesis, the pseudo-differential term of order —1 in the right side of the linearized flow equation
(13) vanishes, and the equation reduces to

1 L
atﬁt = _iAcpﬁ - QGQO(HQOp(pv Zaaﬁ)@ )

still a pseudo-differential equation, in this case, a zeroth-order perturbation of pseudo-differential
type of the standard time dependent heat equation. Thus, even for generic complex manifolds of
Kahler type, the pseudo-differential nature of our flow equation remains. O

Remark 12. Even if Q is the canonical Kéhler class ¢; (which a fortiori must then have a sign),
the extremal flow equation (10) (or equivalently, (11)) does not necessarily coincide with the Kéhler
Ricci flow. This will only be the case if we know a priori that 7s is a constant, which is a rather
non-trivial condition to impose and only happen if the Futaki character of the canonical class
vanishes. This fails to be so in general, as is the case, for instance, of the blow-up of CP? at one or
two points. Il

We now introduced an approzimate linearized equation whose solution is needed in our study of
local solvability of (11). In order to do so, we make some preliminary observations.

Let T be a positive real number to be determined later and set I = [0,7]. A scale Y = {Y;};>0
of Banach spaces is a countable family of complete normed spaces such that }; O V;11 and each
Yj is dense in ). Given one such, we define

Clia (1Y) = COLY5) -+ N O (L )
and provide it with the norm

[0l = sup{ sup {[|Ofo(t)]l;—r}} -
tel 0<r<j—k
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In what follows, where we shall consider metrics of the form w; = w +i0d¢; for path of functions
¢ that begin at 0 when ¢t = 0, we shall always use the scale of Sobolev spaces

Yj = H¥ (M)

as defined by the background metric w. When ¢ varies on the interval [0,7], if we choose T
sufficiently small, all the metrics w; will be equivalent, and the Sobolev spaces defined by them will
be equivalent to each other, with equivalent norms. We let the Sobolev order jump by 2 because
the operator F'(p) in the right side of (11),

F(p) := Gi(st — mst),
is of second order. That is the reason for the peculiar definition of the scale );. By the Sobolev

embedding theorem we know that H¥(M) is a Banach algebra if k > n. Thus, for as long as the
metric wy is equivalent to w and provided that k > n, we have a continuous mapping

F:H"(M) — H 2(M).

Proposition 13. Assume that a solution ¢(t) of (11) is in C(s41,0)(I; V) on the interval I for some
integer s such that 2s > n+2. Then all the values of 0fp(t) (1 <r < s+ 1) restricted tot =0 are
completely determined and Oy o(t) |i=0:= @r € Vsy1-r = H>T272(M).

Proof. The initial condition ¢ |;—¢ is zero, and the equation itself sets the value of dyp |1—o=
F(0) = G, (54 — Tws,) that is evidently in H?$(M).
The relation (13) for 5 = 0, says that

d 1

%ﬂ = —§A<pﬁ + Po(v)8,
where Py is a pseudo-differential operator of order zero whose coefficients depend on the coefficients
of the metric wy, and its curvature tensor. Since ¢; € C(I; H**(M)) and 2s > n+ 2, by the Sobolev
embedding theorem, these coefficients are continuous functions. By regularity of pseudo-differential
operators on Sobolev spaces, we obtain that 0,3 = 9%p, € H2*~Y (M), which is still a continuous
function because 2(s — 1) > n

If we differentiate the expression above for § = 0y, with respect to t, we obtain

1 d 1 d
t2ﬂ_ 2 Sodtﬂ 2L<P(ﬂ)/8+PO(@)a/g—'_PO,S@(/g)ﬂ?

where L,(3) and Py ,(0) are the linearizations of A, and FPy(¢) at ¢ in the direction of Oy,
respectively. The first is an operator of order two whose coefficients are continuous. By the metric
dependence of Py(p), the latter is a pseudo-differential operator of order zero whose coefficients are
also continuous functions. Hence, 073 = 03y € H>5=2)(M).

Iteration of the argument above yields that

a{SOZFT(Soaat(pa"'?a:_lSD)v

where F,. is some operator whose coefficients depend upon the coefficients of the metric w, =
w +i09p. The desired result for the regularity of 97 ¢ follows again using the Sobolev embedding
theorem and the known regularity of the lower order time derivatives 9]¢, 0 < j <r —1. U

Assume given Cauchy data g = 0 for (11) and let ¢, = 0} ©(t) |t=0 be the sequence of coefficients
of the Taylor series of ¢(t) given by the proposition above. The Cauchy data ¢y determines the
sequence ¢, 1 <1 < s+ 1. We consider the metric space:

(14) W(I) =W?(I) ={4(t) € Cis1,0)(L;Y) 2 (@) [i=o=1¢r, 0 <7 <s5+1}.

It is not empty, as can be seen by solving the Cauchy problem for a suitable parabolic equation.
By a continuity argument, for any 1 (t) € W(I) the form wy, = w +i00%(t) is positive provided

that ¢ is sufficiently small. Hence, w,, defines a Kahler metric. This metric is not smooth in general.
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However, if 25 > n + 2, by the Sobolev embedding theorem, w,, is at least C?, and the operator in
the right side of (13) will make sense when 1) plays the role of ¢. Thus, we set

(15) Py(¥)b = —2Gy(Iypy, i00b)y, — Gy (9 b, X))y -

Then Py(v) is a pseudo-differential operator of order zero in b, whose coefficients depend upon the
coefficients of the metric w, and its curvature tensor, all of which are continuous functions. For
each t on a time interval where all the metrics wy, are uniformly equivalent, we have that

1
(16) —§A¢ + Py(p) : HX(M) — H°(M) = L*(M)
continuously. We shall consider the equation
d 1
(17) b =—58ub+ R(¥)b,

whose Cauchy problem will be studied in the next section. We shall refer to it as the approzimate
linearized equation, the reasons being —we hope— clear at this point.
We end this section with the following

Proposition 14. Let @1 be the Cauchy data for (17). If b(t) € C(0)(1,Y) is a solution, then
b li=0= @r+1, 0 <7 < s.

Proof. We have seen above that if ¢(t) satisfies (11), then
a{@:FT(w’atso""’agilcp)’ T227

where F,. is some operator whose coefficients depend upon the coefficients of the metric w, =
w + i00p, and whose restriction at ¢ = 0 depends only on the sequence ©g,¢1,...,or—1. The
approximate linearized equation (17) is obtained from the linearization of (11) given in (13), when
we replace the role played by ¢(t) by that of ¢(t). But ¥ (t) and ¢(t) have the same coefficients in
their Taylor expansions up to order s + 1. Therefore, the solution b(t) to the Cauchy problem of
(17) with data b(0) = ¢ will have necessarily a Taylor series of order s that agrees with the Taylor
series of the solution to the Cauchy problem of linearized equation (13). The conclusion follows by
Proposition 13. g

5. LOCAL SOLVABILITY OF THE EXTREMAL FLOW EQUATION

In this section, we prove local time existence of solution to the extremal flow (11). We do so by
adapting to our situation a method of T. Kato for the solvability of abstract differential equations
and non-linear problems [10]. The pseudo-differential nature of our linearized equation (13) makes
the task harder. But fortunately enough, the strictly pseudo-differential part of the equation is lower
order, and most of the analysis is based on that of the standard time-dependent heat equation.

5.1. The Cauchy problem for the approximate linearized equation. From now on, we take
s to be an integer such that 2s > n+2 and Y; = H? (M) as in the previous section. Given Cauchy
data @9 = 0 for (11), Proposition 13 determines the sequence {goj}j-ié that in turn allows us to
define the space W (I) of (14). The interval I = [0,7] will be determined later. For ¢ € W(I),
we consider the metrics wy, = w + 1001 and the Cauchy problem of the approximate linearized
equation (17),

d 1 A

0= ~38wb+ Po(¥)b,
where Py(1)) is given by (15), a pseudo-differential operator of order zero whose coefficients depend
non-linearly on the coefficients of the metric wy, and its curvature tensor.
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Let p(t, s) be the evolution operator of

d 1
Zh=—ZAyb.
dt 9

Thus, p(t, s) is a two-parameter family of strongly continuous operators on )y and ), respectively,
such that p(t, s)p(s,r) = p(t,r), p(t,t) =1, and for b € Yy we have

(18) Op(t,s)b = —%Aw(t)p(ta s)b,

Osp(t,8)b = —5p(t,8)Ay(s)b-
This family of operators exists for 0 < s < ¢t < T, and their operator norm is bounded uniformly by
a constant that only depends upon a bound on I = [0, 7] of the coefficients of wy(r)- The function
solving (17) with Cauchy data 3 must satisfy the integral equation

(19) wwzpwmﬁ+ézw£vmwﬂw@Ma

Consider the set of functions b(t) in C(y 0)(I;Y) = C(I; Vo) N C*(I; Y1) such that b(0) = 3. The
right hand side of the expression above defines an operator in this space,

Pwwamﬂ+Apmﬁ%wwmwma

and by the explicit form of the coefficients of Py(¢)) discussed above, combined with continuity of
pseudo-differential operators on Sobolev spaces, we have that

1Pb — Pbl| < CT||b — b,

where C' is a constant that depends upon the L°-norm of the coefficients of w,;) and its curvature
tensor on the time interval I. A fixed point argument now yields the following result:

Theorem 15. Consider the Cauchy problem for (17) with Cauchy data b(t) |¢=0€ V1. Then there
exists T such that this problem has a unique solution in C0)(I;Y) = C(I; Vo) N CHI; V). The
value of T' only depends on supremum norms of the coefficients of wyy) and its curvature tensor.

Of course, the regularity of the solution in the theorem above can be improved if we start with
a better initial condition. For that observe that the coefficients of the operator A, are curves in
C(s,0)(1;Y), and consequently,

Ayy : H (M) — HY 73 (M), 1< j < s,

continuously. While the metrics remain equivalent, we can choose a uniform constant for the
operator norm of these maps, and (18) holds for b € H% (M) with j’s in this range. Then we have

Corollary 16. If the initial data b(t) |(—o= w1 € Vs, the solution to the Cauchy problem for (17)
belongs to Cis0)(1; V) = C(I;Vs) N ---C*(1, Vo).

Proof. The arguments in the proof of the theorem and the remarks made above show that we
now have a solution b(t) to the Cauchy problem for (17) that is in C(I;Ys) N CY(I;Vs_1). This
solution satisfies (19) with 5 = ;.

We can differentiate repeatedly the identity (17) in order to show that the regularity of b(¢) with
this initial condition can be improved. Notice that the coefficients of the second order operators
di Ayy, 1 <r < s—1, are curves in C(I; H?727) and so we have di Ay € O L(Vjrrs1, V)
for 0 < j < s—1-—r. Here, L(X,Y) is the space of linear bounded operators from X to Y,
and the assertion follows because in the stated range, H?$72" . H%*2" < H?%. This suffices to
conclude that the contributions to 8f+1b arising from a,{mw are in H?*~2*=2 if we already know
that b € C(s,k)(l; y)
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The analysis of the contributions to dF*'b arising from d¥(Py(1)b) is similar. This time, the
coefficients of the operators df (Py;)) are curves in C(I; H*~ =), one degree worse than those of
di Ay(1), but the operators are of pseudo-differentials of order zero. The desired improved regularity
follows by the same arguments as the ones in the previous paragraph. O

5.2. An elliptic equation for v — F'. Let us recall that F(¢) = Gy(s, — m,5,) is the second
order non-linear operator defined by the right side (11). The derivative Ly, of this map at a general
point ¥ in Ys4+1 was computed in §4 and equals the operator in the right side of (13):

1 o
(20) L¢b = —§Awb - 2G¢(H¢p¢, laab)¢ - Gw(@jb, XQM, .

Since the top part of this linearization is the negative operator —%A¢, while the lower order term

is a pseudo-differential operator of order zero, coercive estimates for this linearization imply that

A — Ly is an invertible operator as a map, say, from )i to )p, for a sufficiently large constant A.
Let us then take a constant A\, and consider the non-linear elliptic map

ys—l—l — ys

e = dp—F(p).
We remind the reader here of the sequence {¢,} given by Proposition 13, whose first element is
po = 0.

(21)

Proposition 17. For A sufficiently large, there are neighborhoods O andV of pg and —p1 in Vsi1
and Ys, respectively, such that the restriction of (21) to O is an isomorphism onto V.

Proof. This is a consequence of the Inverse Function Theorem. Indeed, the linearization A — Lg
is an invertible operator from ); to )Jy. Hence, if f € ), there exists an element b € ); that
satisfies the equation

(A=Lo)b=f.
Thus, the image of b under Ly is in )i, and by the regularity properties of A — Ly, we must have
b € V. Iterating this argument, we conclude that b € V1, and so, b is an element of the tangent
space of V41 at 0. The desired result follows. O

Corollary 18. Let ¢ € Vs be sufficiently closed to —p1. Then, for large X\, the equation
Ap—F(p) =9
has a solution ¢ € Vsy1. The solution is unique if it is required to be closed enough to wg = 0.

In the sequel, we let D = D? be the open neighborhood of ¢g in Vs+1 where the operator F(p)
is defined and smooth.

5.3. The fixed point argument and the non-linear equation. Proceeding in analogy with
[10], we define E,, (1) to be the set of curves ¥(t) € W*(I) C Cs11,0)({;)) such that

10Fp(t) — opllsp1k <R, k=0,...,s, tel,

for some positive constant R. The value of R is chosen so the ball in V41 with center g and
radius R is contained in the domain D of F'(¢). This space is not empty for some R > 0 and some
I=10,T].

By the form (20) of the linearization of F'(¢) at ¥, we may conclude that if ¢; and o are
elements of Vs 1, then the operator norm, as a map from )s to )y, satisfies the estimate

[ Ly — Ly lls0 < Cllr — all1,

for some constant C'. Indeed, the top part of Ly, in (20) is half of the Laplacian, and its lower order
part is a zeroth order pseudo-differential operator with nicely behaved coefficients. Regularity of
pseudo-differential operators on Sobolev spaces yields to the assertion made.
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We now define a key mapping in our proof of the local time existence to the extremal flow. Let
¥(t) be an element of E,,(I), and consider the solution b(t) of (17) given in Theorem 15, with
initial data ¢;. We then solve the equation

(22) Ao — F(p) = =b(t) + A <g00 + /Ot b(s)ds) .

This is a stationary equation in ¢ that is solved for each ¢ € I. Here A is a real number such that
A — Ly is an isomorphism, where L is the linearization (20) of F(¢) at ¢ = ¢o. Notice that if ¢
is sufficiently small, the right side of the equation lies in a neighborhood of —¢;, and Corollary 18
applies to produce a solution ¢(t) in a neighborhood of .

The following two results are the versions of Proposition 7.4 and Proposition 7.6 in [10] adapted
to our problem. We give proofs here for the sake of completeness.

Proposition 19. For sufficiently smallt, (22) has a unique solution ¢(t) in a neighborhood of pg in
D C Ysy1, with p(0) = o = 0. Furthermore, ¢(t) € Croy1,0)(1; V) and 0 p(t) |i=0= s, 0 <7 <'s
provided T' is chosen sufficiently small, uniformly in 1 € E,,(I). In that case, p(t) € Eyy(I).

Proof. The operator ¢ — Ap — F(yp) is a local diffeomorphism of a neighborhood of () in
Ys+1 into a neighborhood of M) — F(1)) in Js. By Theorem 15, the right side of (22) is a curve
in C(I,)s) that has value —¢; at t = 0. By Corollary 18, we may solve the equation uniquely for
©(t) in a YVs41 neighborhood of ¢y and obtain that ¢(t) € C(I,Ys+1). This requires to choose T’
sufficiently small but uniformly in ¢ € Eg(I).

Formal differentiation of the equation solved by ¢(t) yields that

()\ - L(p(t))atg() =A\b— 8tb = ()\ - L¢(t))b(t) .
By the invertibility of the operator A—L,,;) and the known regularity of the right side, it follows that
Orp € C(1,Ys) and has value 1 at t = 0. Iterated differentiation yields that () € C(s11,0)(1;))
and has the desired coefficients in its Taylor series expansion up to order s. Moreover, the way the
equation is solved, we have that
10Fo(t) — @rllsr1—k < R
for t € 1. This completes the proof. O
Proposition 20. For ¢ € E (1), let ¢(t) € Ey(I) be the solution curve given by the previous
proposition. If T is sufficiently small, the mapping
Epo(I) — Epy (1)
P(t) — (1)
is a contraction in the metric induced by the norm |||w|||1 = supes [|w(t)|l1, relative to which,
E,o(I) is complete.

(23)

Proof. Given a curve b(t) in Yy, we define a norm by |||b|||x = sup,c; ||b(t)||x. We shall only make
use of the 1 and 0 norm, respectively.

Let 11 and 12 be two elements of F, (I) and let by and by be the solutions to the corresponding
approximate linearized equations with the same initial condition ¢;. We the have that

bl (t) = Py (ta 0)@1 s b2(t) = Do (t7 0)901 s
where py, (t,s) and py,(t,0) are the evolution operators of the linear equations 0yv = Ly, (v and
Opv = Ly, (1)v, respectively. Consequently,
ba(t) — b1 (t) = (p¢2 (t,0) — Py, (t,0))e1,

and using the identity
t

P (£,0)0 — Py, (£,0)p = — /0 P (6 T) (Lo () — Loy (7)) P, (T, 0) 0T,
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we obtain the estimate

t
162(8) — b1 (D)llo < Cllnls /0 1Lusry — Lyio|

for some constant C. But we have observed that |[Ly,;) — Ly, (r)lls,0 is bounded by a constant
times [|12(7) — 11(7)[[1. For small enough R, this last constant can be chosen uniformly. We then
obtain that

s}odT

b2 = b1lllo < CTlprlls[l[2 = ¥nlllr
showing that the map
P(t) — b(t)

is a contraction from the 1-norm to the 0-norm, with contraction factor arbitrarily small with T

That the map ¥ (t) — ¢(t) is a contraction now follows because the map b(t) — ¢(t) is uniformly
C! from the 0-norm to the 1-norm. This last map is simply the inverse of ¢ — Ap — F(¢) from Yy
to Vo, and we have that A\ — L) is an isomorphism from )1 to ), uniformly in 1 (t) when % (t)
is close to . ([l

In view of the previous results, there exists a unique fixed point ¢(t) of the map (23). Since b(t)
solves (17) with initial data i, differentiating with respect to ¢ in (22) we obtain:

(A = L)) 0ep(t) = —b(t) + Ab(t) = (A — L))b(t)

and since A — L) is injective, we must have that

b(t) = dep(t).
We may now use this fact in carrying the time integral in (22), and conclude that

d
—@(t) = F(p(t)).
S elt) = Flo()
Thus, the fixed point (t) € Ey,(I) is a solution to the initial value problem (11).
We thus arrive at the following

Theorem 21. Let (M, J,Q) be a polarized Kdhler manifold and let G be a mazximal compact
subgroup of Aut(M,J). The extremal flow equation

Owr = —pr + Iy
in Maq ¢ with a given initial data has a unique solution for a short time.

In fact, our proof carefully analyses how the time of existence depends upon the coefficients of
the metric and its curvature tensor. Indeed, it shows that the local time of existence depends on
the L°°-norm of the coefficients of the initial metric and its curvature operator. We can improve a
bit the statement above in relation to the lifespan of the extremal flow.

Corollary 22. Given an initial condition w € Mq g, the extremal evolution equation has a unique
solution on a maximal time interval 0 <t <T < oco. If T < 0o, then the mazimum of the pointwise
norm of the curvature tensor blows-up ast — T.

6. FURTHER REMARKS

It is of course important to know if the extremal flow has solutions for all time. Indeed, once
the local time existence is known, the next problem to consider is the use of the flow to show
the existence of extremal metrics representing a given cohomology class €2, task that could be
accomplished if we manage to prove global time existence and convergence of the metrics as t — oo.

This scheme could not possible work in all cases, as we already know of examples of polarized
Kaéhler manifolds without extremal metrics. But as a testing ground of its usefulness, we have
started its analysis when in pursue of extremal metrics on polarized manifolds (M, J, ) with
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c1 < 0, or on polarized complex surfaces with ¢; > 0. The partial results obtained so far are quite
encouraging.

We have two types of fairly strong reasons supporting our belief that this approach will produce
extremal metrics in the said cases. The first of these reasons is directly related to the flow itself,
while the other one involves some relation between this flow and the study of families of extremal
problems as we vary the cohomology class £2. We discuss them briefly in this section.

The evolution equation (10) implies evolution equations for various metric tensors associated to
the varying metrics. For instance, the Ricci form evolves according to the equation

d 1 i00(7s)
L= A AT
a’ " T T
the scalar curvature evolves according to the equation
d 1 _
—s=—=-A(s— —2(p,i -
e 5 (s —7ms) — 2(p, 100G (s — 7s)),
and the Ricci potential evolves according to the equation
d 1 — 1
= — 5 N~ 2G oy, 100 + G(s)) — (5 — 50) + 5 /¢(3 —rs)dy.

Here ppr is the harmonic component of p, and v is the volume of M relative to w. In particular,
using the first of these equations, we easily obtain the following result:

Proposition 23. Let (M,J) be a complex manifold of Kdahler type polarized by a Kdhler class
Q, all of whose non-trivial holomorphic vector fields have no zeroes. If £p > 0 att = 0, then it
remains so along the flow (10) for 0 <t < T, T the lifespan of the solution.

Proof. Under the stated hypothesis, the Ricci form evolves according to the heat equation. By
Hamilton’s maximum principle for tensors (Theorem 9.1 in [9]), the result follows. O

This result applies directly to manifolds with no non-trivial holomorphic vector fields, such as
any complex manifold (M, J) with negative first Chern class, or most complex surfaces with positive
first Chern classes. We have also verified the analogous result for the blow-up of CP? at one point,
a complex surface that carries non-trivial holomorphic vector fields. It is likely that this result
holds for any complex surface with positive c;.

We may also refine our earlier Theorem 3 when dealing with a complex surface of positive first
Chern class. Indeed, we have the following result, whose proof will be given elsewhere.

Theorem 24. Let (M, J,2) be a polarized complex surface of positive first Chern class. Given any
Kahler metric g in Mo g, the image of the holomorphy potential mysy is an interval contained in
the set of positive real numbers, interval that only depends on €} and not on g.

Thus, if for a given initial condition with positive Ricci curvature the flow (10) would exist for all
time and converge to an extremal metric on this type of surfaces, the extremal metric so obtained
would have positive scalar curvature, which is what one expects.

The preservation of the sign of the Ricci tensor should have very strong implications on the global
analysis of (10). This property has been of utmost importance already in the work of Hamilton [9],
and should remain so in the general analysis of our flow equation as well. We venture the following
two conjectures.

Conjecture 25. Let (M, J) be a complex manifold of Kéhler type polarized by a Kéhler class
Q. If e1(M, J) < 0, there exists an initial condition to the extremal flow (11) equation so that the
solution exists on [0, 00) and, as t — oo, converges to a metric of constant negative scalar curvature
representing ).
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Conjecture 26. Let (M,J) be a complex surface of positive first Chern class polarized by a
Kaéhler class 2. Then there exists an initial condition to the extremal flow (11) equation so that
the solution exists on [0,00) and, as t — oo, converges to an extremal metric of positive scalar
curvature representing €.

The initial condition we have in mind in these two cases is given by a metric whose Ricci form
is negative or positive, respectively.

These conjectures are further supported by the results in [17], that we proceed to describe in
brief detail. For a complex manifold (M, J) of complex dimension n, we denote by 9t the space
of Kéhler metrics on (M, J). As before, given a positive class Q € HYY(M,C) N H2(M,R), we let
M be the space of of Kahler metrics whose Kéhler forms represent 2. We shall also consider the
space My of Kahler metrics of volume one, and K, the space of cohomology classes that can be
represented by Kahler forms of metrics in 9y:

(24) Ki={Qec  H"(M,C): Q= w]forsomew € My }.

Extremal metrics in 9t achieve the infimum of the functional Eq in (2), and we have the lower
bound (8):

EQ) = /(Wgsg)zdﬂg~

One approach to providing (M, J) with a canonical shape would be to find critical points of the
functional

M — R

w /siduw.
M

A special metric w of this type must have the following properties:

(25)

a) w achieves the lower bound E([w]), that is to say, w is extremal relative to the polarization
defined by the Kéahler class 2 = [w] that it represents;
b) the Kéhler class Q = [w] is a critical point of E(2) as a functional defined over K;.

Thus, the search for critical points of (25) —or strongly extremal metrics [15]— achieving an
optimal lower bound involves the solution of back-to-back minimization problems: the first solving
for critical points of (2) within a fixed cohomology class €2, and the second solving for those classes
that minimize the critical value E(2) as the class  varies within IC;. Naturally, we separate the
two problems by, in addition to (2), introducing the functional

Ky — R
(26) Q — EQ) = / (ms)2dp
M
where the geometric quantities in the right are those associated with any G-invariant metric that
represents ), for G a fixed maximal compact subgroup of the automorphism group of (M, J). Its
extremal points will be called either critical or canonical classes. We then have [16] the following

Theorem 27. Let Q) be a cohomology class that is represented by a Kdhler metric g, assumed to
be invariant under the mazimal compact subgroup G of the biholomorphism group of (M, J). Then
Q is critical class if and only if

/ (mgsg)(gp, a)dpy =0
M

for any trace-free harmonic (1,1)-form «. In this expression, p is the Ricci form of the metric g,
7 is the L? projection (5) onto the space of holomorphy potentials, and 11 is its lift (9) at the level
of (1,1)-forms.
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This theorem states that €2 is a critical class of (26) if and only if

/ (mp54) (T, @)dpty = 0
M

for any trace-free harmonic (1, 1)-form a. In other words, the form 7sllp is L2-perpendicular to the
space of trace-free harmonic (1,1)-forms, and therefore, by Hodge decomposition, the class must be
such that

(27) msllp = dw + G (0" (ws1lp)) + *Gy(d(wsp)),
for A equal to the L2-projection of (7s)? onto the constants, divided by 2n:

(28) M= % / ()2

In order to study the existence of critical classes, we may consider [17] the evolution equation

(29) % =msllp — Aw + 0Gy(0*(wslp)) + 0*Gy(d(msIlp)) .

The flow equation (29) defines a dynamical system on K; provided the solutions remain in &y
throughout time. Unfortunately, this is not true in general [17].

In the generic case where all non-trivial holomorphic vector fields of (M, J) have no zeroes,
equation (29) can be extended to a dynamical system on

K1 ={QecH" (M, C)nH*(M,R): — = 1}.

Indeed, given Q € Ky, let us define the function

c -9
Qn

If Q were a Kahler class represented by a metric g, this function would be precisely the holomorphy

potential mys4. The equation

sq = 4mn

(30) 1o_s 5.
J— — Ccl — —
dt T T ot
extends (29), which as such is defined only on Ky, all the way to a dynamical system on K.

Solutions to (30) with initial data in K; remain in ;. In fact, we have that [17]

Theorem 28. Suppose that all non-trivial holomorphic vector fields of (M, J) have no zeroes. Then
solutions to (_30) with initial data in K1 converge, as t — 0o, to a stationary point of the equation
in the space K.

It is then of natural interest to see if solutions to the equation with Cauchy data given by a
positive class, that is to say, an element of K1, remain positive thereafter. We already know [17] of
examples where this is not so, with solutions to the flow equation that are initially in the K&hler
cone but that, in converging to a critical point of the flow in IC;, must eventually leave the cone
through its walls.

In fact, this situation occurs already on complex surfaces, where the stability of 1 under the
flow (30) can be analyzed using a criterion giving necessary and sufficient for a cohomology class
to be Kahler, criterion that extends that of Nakai for integral classes. Applied to our problem, if
the Chern number ¢? # 0, we have that a path € solving (30) with initial condition in i stays
there forever after if, and only if,

Qp - [D] + 87’[’2(01 . Qo)(cl . [D]) <661t2_ 1) >0

1
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for all t > 0 and for all effective divisors D in (M, J). When ¢ = 0 we still obtain a similar criterion,
replacing the expression in parentheses above by its limit ¢ as ¢3 — 0. This forward stability of the
Kaéhler cone holds in very general situations, as can be seen by a run-down of the various cases in
the Enriques-Kodaira classification of complex surfaces [17]. In particular, it holds if the complex
surface has a signed first Chern class ¢, condition under which all solutions to the flow (30) that
start in /C; stay there forever after, and as ¢t — oo, they either converge to the only critical class
V2(sgncy)er/c? of (26) if ¢2 > 0, or all classes are critical and the flow is constant if ¢; = 0.

Notice that the positivity condition above involves the evaluation of ¢; over the divisor D, and
only in the case when there are effective divisors D for which ¢; - [D] changes sign from one to
another could the condition fail to hold. Merely fixing the sign of ¢; prevents this from happening,
but the counterpart to that is of great interest. It shows that the existence of divisors on which c;
achieves values of opposite signs is in effect part of the reason why the the Kéhler cone might be
poorly behaved in relation to the flow (29).

When the surface in question has positive first Chern class and carries non-trivial holomorphic
fields, the forward stability of the Kéhler cone under the flow (29) seems to hold also, though we
have only verified that for the case of CP? blown-up at one point.

In higher dimension and for manifolds (M, J) where c; is either positive or negative, the space of
Kaéhler classes is also forward stable under the flow (30). As a matter of fact, there is a positivity
criterion that generalizes the one outlined above for surfaces, which guarantees forward stability
of the Kéhler cone under the flow. Manifolds with signed first Chern classes meet this criterion,
though one can give a direct argument to prove the flow stability of the cone in such a case.

All of these facts combined give further support to the conjectures made earlier. We end up
venturing a final one.

Conjecture 29. Suppose the flow equation (29) with initial data in the Kéhler cone converges to
a stationary point that is outside it. Then the extremal Kahler cone is not a closed subset of the
Kaéhler cone.

In other words, under the given hypothesis, there should exist cohomology classes in the Kéhler
cone that cannot be represented by extremal metrics.
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