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The deformation space

T4 := classes of ¢ : S* — P! where ¢y ~ ¢ if
there is u € Aut(P') so that ¢1 = pro ¢ on A, and
@1 18 isotopic to p o ¢y rel A.

T4 is a complex manifold of dimension |A| — 3
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f:(S% A) = (S° B)

B contains critical values of f

Def5(f) :={r €T | 04(7) = oap(1)}
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The forgetful map

ACREB -~

o4 p maps the class of ¢ in Tp to the class of @ in T4

The pullback map

(0
£:(S% A) — (S2,B) (5%, 4) — (P, ¥ (A))
B contains the critical values of f l f lF
d (5%, B) —= (P',¢(B))
T T
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Def 3 (f)—Ts

¢la = |a and
¢ is isotopic to ¥ rel A



Def’ ( f)¢ >779\/7j4 ACB
(82, 4) —% (P y(A))
Pla = Y|4 and lf lF

¢ is isotopic to ¥ rel A

Defy(f) # 0

f: (5% A) — (S% B) is combinatorially equivalent to

a rational map
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It A= B, Thurston proved:

Theorem. The space DefZ(f) # 0 if and only if the
map [ : (S?, B) — (5% B) admits no obstructing multi-
curves.

Theorem. The space Def%(f) is connected.



The dynamical case

It A= B, Thurston proved:

Theorem. The space DefZ(f) # 0 if and only if the
map [ : (5%, B) — (5%, B) admits no obstructing multi-
curves.

Theorem. The space Def%(f) is connected.

| ocal structure

The following result is due to Epstein.

Theorem. Let [ : (P!, A) — (P!, B) be a rational map
which is not of Lattes type. Then Def’(f) is a complex
analytic submanifold of T of dimension |B — A|.



A disconnected deformation space
Per4(0) g M2

2 2

0—2-00—>1—>aq 2.0

\_/

A=1{0,1,00,a} B=AU{b} b¢ A
dim(Def5(f)) =1 dim(7g) =2 dim(74) =1

Theorem. (H-K)
For (f) € Pers(0)*, Deff(f) has infinitely many connected
components.

Tanya Firsova, Jeremy Kahn, and Nikita Selinger
proved a related result

Work of Mary Rees
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Moduli space

M 4 = {injective p : A — P' up to postcomposition

with Mobius transformations}

M 4 is a complex manifold, isomorphic to

Cl41=3 — {finitely many hyperplanes}

[gb] Modular group Mod 4
| isomorphic to pure mapping
&) A class group of (5=, A)




The induced homomorphism
o:Tg — Ta

G, := {g € Modp | there exists ¢’ € Mod,4 so that
forall 7€ Tp, o(g-7)=¢ -o(1)}



The induced homomorphism
o:Tpg — Tx

G, := {g € Modp | there exists ¢’ € Mod,4 so that
forall 7€ Tp, o(g-7)=¢ -o(1)}

P, : G, - Mody givenby &, : g+ ¢

T —— T







(I)l : G1 — MOdA
b, : GQ — MOdA



('?
WE 7 ®; : G — Mod
e(‘\QDc 1 1 A

S Ta
— D, : Go — Mody

02

D= T €T | 0o1(r) = 02(7)}
S:=1{9 € GiNGy | ®1(g9) = P2(9g)}

Let g € G; N Gs. TFAE:
(1) g €S
(2) g-DND # ()
3)g-D=D



o1 (I)l ; G1 — MOdA

D——"Tp Ta
— dy 1 Go — Mody

D:={r €Tp|o1(r) = 02(7)}

S:={g € G1 NGz | Pi(g) = P2(9)} TC T
Let g € G; N Gy. TFAE: D/SC Ts/S
(1) g €S

(2) g-DND #0)
(3) g-D=D



C
D ) Let ® € D

Dy := the component of D containing &

DV/SC >779V/S E:={9€5|g-Dy="Do}

D is connected if and only if E = S

Proposition. If D/S is connected, there is a bijection
between the connected components of D and the cosets
of E in S.




(I)f : Gf — MOdA

G ¢ contains the liftable mapping classes

(I)A,B : GA,B — MOdA
GA,B — MOdB



Ts T (I)f : Gf — MOdA
\—/ . . .
0A,B G ¢ contains the liftable mapping classes
(I)A,B : GA,B — MOdA
D = Def?; (f) Gap = Modp
of
— T
D¢ ~Tn Ta
\/
T
D/S¢ ~Tg/S
injek l
T/Gy

|

Mg > My

—




— T
Ts T (I)f ; Gf — Mod 4
\—/ o . .
0A,B G ¢ contains the liftable mapping classes
(I)A,B : GA,B — MOdA
D = Def?; (f) Gap = Modp
of
— T
D/S maps to Dt >779\/7j4
the equalizer | l A
of the two maps D/5¢ - T /S
Ts/Gy— Ma injek l
T/Gy

|

Mg > My

—
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Dc Ts \/’TA For our f : (P', A) — (P!, B),
l l N ® = |id] € D

D/S——

/ S\E/ > D/S is connected
injective l W P — ’7’ G

. 5/Gy

l &A V := image of D/S in W

KB
Mg I "M 4 V = Equalizer (i, pta g o i5)

S — Equalizer((,LLA)*, (,uA,B O ILLB)*)

MOdB — 7T1(MB> ®B)

Mody = 7T1(MA,®A) S|Ogan?
Wl(Wa@)V) -

E = image of m(V,®y) in m (W, ®y)

Q2
Sy
|
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(xayvzaF)H(x,y)

0 0 x X

2 l %

- Y 0 2

—t)(— - —2® +y +2x —1)?

piy= @Oty +tta— 1) L y )

(z — 1) oy —1+2)(1 — x)



Our example N R T N
fl(]P)l,A)%(IPﬂ’B) \_/ 96

(4r—3)(z+2) A=1{0Loo3/4p B=AU{121/96}

f:zm e
W (z,y)
(2,9, 2, F) < (z,y) \
0 0 x * \ .
0 Y 0 2
F(t):(f—t)(—t$+y+t+x—1) Z:(—x2+y+2x—1)2

(z — 1) oy —1+2)(1 — x)



