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A smooth metric measure space is triple (M", g, e_fdvolg),
where (M", g) is a Riemannian manifolds with metric g,
f is a smooth real valued function on M.

Namely a Riemannian manifold with a conformal change in the
measure
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Let (M" x F™, g.) be equipped with warped product metric
Introduction ge — gM + (Geif)zg[—_. Then' as € — 0'

(M x F™, dvolg. ) "X (M", e~ dvoll,,).

P

Here dvolg, is a renormalized Riemannian measure.

mGH .
Recall (Xi, i) — (Xoo, ftoo) (compact) if for all sequences of
continuous functions f; : X; — R converging to fy : Xoo — R,
we have

/ fidu; — food oo -
X Xoo
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Introduction (Mn X Fm, d/\;/g/-e) Hﬂ‘l (Mn, e_deOIgM)’

where g. = gu + (ce” )?gr.

By O’'Neill's formula, the Ricci curvature of the warped product
metric g, in the M direction is

1
Ricp + Hessf — Edf ® df.
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the corresponding Ricci tensor is
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Introduction

1
Ricf’ = Ric + Hessf — ;df ®@df for m >0,

— the m-Bakry-Emery Ricci tensor.
When m = oo, denote Rics = Ricz® = Ric + Hessf
If my > my, then Ric{™ > Ric{™?.

So Ricf’ > Ag implies Ricy > A\g.
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: Ricf’ = Ric + Hessf — —df © df = Ag (1)

Introduction

has very nice geometric interpretations:
when m = o0, (1) is exactly the gradient Ricci soliton
equation.
when m is a positive integer, (1) < the warped product
metric M x £ F™ is Einstein for some F™.
(Case-Shu-Wei using D.S.Kim-Y.S. Kim’s work)

m Corresponding versions for non-smooth metric measure
spaces (Lott-Villani, Sturm)

m diffusion processes

m Sobolev inequality

m conformal geometry
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Guofang Wei What geometric and topological results for the Ricci tensor
extend to the Bakry-Emery Ricci tensor?

Comparison

Geometry for When 0 < m < oo, many geometry and topology results for
Bakry-E . - - -
Rice! Tensor Ricci curvature lower bound extend directly to Ricf

(Bakry1994, Qian1997, Lott2003, Bakry-Qian2005,...)

Lott 2003: if M is compact with Ricf’ > X (m positive
integers), then M x L S™ has Ric > X\ when € is small.

Another way later!

What about m = co?
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H" the hyperbolic space. Fixed any p € H", let
f(x) = (n— 1)d?(p, x), then Ric; > (n —1).

Comparison
Geometry for

BaKry:Emery Myers' theorem and Cheeger-Gromoll's isometric splitting
theorem do not hold for Rics.

Ricci Tensor

Example
R"™ with Euclidean metric, f(x1,- -+ ,xn) = x1. RicsF = Ric = 0.
volg(B(0,r)) = f B(0 _fdvo/ is of exponential growth.

Bishop-Gromov's volume comparison doesn't extend.



Need Conditions

eeeeee

=8 Many results do extend
when f or Vf are bounded!
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With respect to the measure e ' dvol:

m the Laplacian is Ay = A - Vf -V

Comparison
G f 0
Bakry.Enory m the mean curvature is mf = m — O,f.
ficet Tensor As usual m,c = Ag(r), r is the distance function.
o f
m vols(B fB( dvolg

[ mH be the mean curvature of the geodesic sphere in the
model space M,’f,



Mean Curvature (Laplacian) Comparison for Rics

Smooth

Metric Theorem (Wei-Wylie2007)

Measure
s Fix p € (M", g,e~fdvol,). Assume Ric¢(0,,0,) > (n— 1)H,

a) if 0,f > —a along a minimal geodesic segment from p
(when H > 0 assume r < 7/2+/H) then

Guofang Wei

me(r) — my(r) < a
omparison

along that minimal geodesic segment from p.



Mean Curvature (Laplacian) Comparison for Rics

Smooth

Metric Theorem (Wei-Wylie2007)

Measure
s Fix p € (M", g,e~fdvol,). Assume Ric¢(0,,0,) > (n— 1)H,

a) if 0,f > —a along a minimal geodesic segment from p
(when H > 0 assume r < 7/2+/H) then

Guofang Wei

me(r) — my(r) < a
omparison

along that minimal geodesic segment from p.
b) if |f| < k along a minimal geodesic segment from p (when
H > 0 assume r < m/4\/H) then

me(r) < miy(r)



Mean Curvature (Laplacian) Comparison for Rics

Smooth

Metric Theorem (Wei-Wylie2007)

Measure
e Fix p € (M", g,e~fdvol,). Assume Ric¢(0,,0,) > (n— 1)H,

a) if 0,f > —a along a minimal geodesic segment from p
(when H > 0 assume r < 7/2v/H) then

Guofang Wei

me(r) — my(r) < a

omparison
Theorems

along that minimal geodesic segment from p.
b) if |f| < k along a minimal geodesic segment from p (when
H > 0 assume r < w/4v/H) then

me(r) < miy(r)

When a = 0 or k = 0 this gives the usual mean curvature
(Laplacian) comparison.
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Measure
space Fix p € (M", g, e fdvol,). Assume Ric; > (n— 1)H,

a) if 0,f > —a along all minimal geodesic segments from p
then for R > r > 0 (assume R < w/2v/H if H > 0) ,

omparkon volg(B(p, r))
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ar Volfy(R)

< .
=€ ol (r)

b) if |f(x)| < k then for R > r > 0 (assume R < 7/4/H if
H>0),
volT K (R)

voI”H+4k (r)

vol¢(B(p, R))
vol¢(B(p, r))

<




Volume Comparison for co-Bakry-Emery

Smooth

Metric Theorem (Wei-Wylie2007)

Measure
space Fix p € (M", g, e fdvol,). Assume Ric; > (n— 1)H,

a) if 0,f > —a along all minimal geodesic segments from p
then for R > r > 0 (assume R < w/2v/H if H > 0) ,

omparkon volg(B(p, r))

Guofang Wei

ar Volfy(R)

< .
=€ ol (r)

b) if |f(x)| < k then for R > r > 0 (assume R < 7/4v/H if
H>0),

volg(B(p, R)) vol’;,+4k(R)

volg(B(p, r)) volﬁr‘”‘(r) '
In particular, if f is bounded and Rics > 0 then M has
polynomial f-volume growth.

<
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Theorem (Myers' Theorem)

If (M, g,e~"dvoly) has Rics > (n— 1)H > 0 and |f| < k,
Ak
then M is compact and diamy; < \F + o)V

Guofang Wei

Theorem (Cheeger-Gromoll's SplittingTheorem)

If (M, g, e~fdvoly) has Rics > 0, |f| is bounded, and M
contains a line, then M = N"~! x R and f is constant.

Applications

Remark 1 Actually Lichneorwicz proved this in 1970.
Remark 2 It's enough to assume f is bounded from above
(then f is linear along the line) (Fang-Li-Zhang) .



Smooth
Metric
Measure
Spaces

Theorem (Abresch-Gromoll's Excess Estimate)

Let Rics > 0, |f| < k and h(x) < min{d(p, x), d(q, x)} then

1
ntak—1\ (1 AT
< - n+4k
e”"’(x)—2<n+4k—2) <2Ch >

Guofang Wei

Applications

where

€=2 <”J’:ik4; 1) (d(P, x)l— h(x) " d(q,X)l— h(X)>
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S A main tool for Ricci curvature is the Bochner formula:
Bl For smooth function v on (M", g),

%A|Vu|2 = |Hess u|? + (Vu, V(Au)) + Ric(Vu, Vu).

Idea of Proof

Using the Cauchy-Schwarz inequality, if Ric > (n — 1)H,

2
%A|Vu|2 > @ + (Vu, V(Au)) + (n — 1)H|Vul?.

This characterizes Ricci curvature lower bound.
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Bochner formulas for the m-Bakry-Emery Ricci

tensor

Smooth With respect to the measure e~ fdvol, Ar=A—-VTr-V:
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L 1 .
Guofang Wei EAf|Vu|2 = |Hess u]2 + (Vu,V(Aru))+ Ricf(Vu,Vu)
+ LV, vu)2

When m is finite

Idea of Proof

1 2 o (Br(v)) - m
EAflvu‘ > m—-l—n = <VU, V(Afu» T RICf (VU, VU)

Therefore, (Bakry-Qian2005) if Ricf" > (n+ m — 1)H, then

me(r) < m’,if”"(r).
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1
EA,:WU]Z = |Hess ul> + (Vu, V(Aru)) + Rics(Vu, Vu).

We start from the usual Riccati inequality

2
m 1~ Ric(0r, Or).

m < —

Idea of Proof -

Let sny(r) be the solution to
sny; + Hsny =0

such that sny(0) = 0 and sn},(0) = 1.
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(sn%_,m — snf_,mH) < sni,atatf,

which gives

s (r) (m(r) — m(1) < [ s (000,04 (2)a.
0
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(sn%_,m — snf.,mH)/ < sn%,0:0f,
which gives
r
sn2,(r) (m(r) — mu(r)) < / 03, (£)0eD:F (1) dt.
0

When f is constant (the classical case) this gives the usual
mean curvature comparison.
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Guofang Wei What about equality case?

A metric is quasi-Einstein if
1
Ricf’ =Ric + Hessf — —df ® df = \g.
m

Recall
S m when f is constant, it's the Einstein equation (trivial case).

Quasi-Einstein
Metrics

m when m = oo, this is exactly the gradient Ricci soliton
equation (A > 0, shrinking soliton)

m when m is positive integer, it corresponds to some warped
product Einstein metrics.
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What are the properties of quasi-Einstein metrics?
When is it rigid (trivial)?

What are nontrivial examples?
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Previous Work
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Spaces m When n = 2,3 compact Ricci solitons are trivial.
Guofang Wei (Han‘”lton, Ivey)
More generally when Weyl tensor is zero
(Eminenti-Nave-Mantegazza, Petersen-Wylie, Ni-Wallach,

Cao-Wang-Zhang, Z.H. Zhang)

m Quasi-Einstein metrics with A < 0 on compact manifolds
are trivial. (Lichnerowicz, Ivey for m infinite, Kim-Kim for

Rigid.ity‘of : i flnlte)
e m Rigidity results for Ricci solitons with symmetry and

curvature bound (Petersen-Wylie)

m Compact shrinking soliton with positive curvature
operators are trivial. (Bohm-Wilking)



Special Examples

Smooth
Metric
Measure

Spaces m Gaussian soliton: (R", go), f(r) = r2. Then
ELBEIE HE Ric + Hess f = 2gp, a shrinking soliton which is also
Einstein.

The only nontrivial gradient soliton which is Einstein
(Petersen-Wylie)

Rigidity of

Quasi-Einstein
Metrics



Special Examples

Smooth
Metric
Measure

Spaces m Gaussian soliton: (R", go), f(r) = r2. Then
ELBEIE HE Ric + Hess f = 2gp, a shrinking soliton which is also
Einstein.

The only nontrivial gradient soliton which is Einstein
(Petersen-Wylie)

Rigidity of m H" with the warped product metric g = dt? + e*gy.
e f(t) = —mt. Then Ricf’ = —(n+ m —1)g.

We will see this is essentially the only nontrivial finite m
quasi-Einstein metric which is Einstein.
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Compact Examples
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Spaces m = oo, first nontrivial example of shrinking Ricci soliton is
Guofang Wei CP2#(_CP2) (KOISO, Cao)

Dancer-Wang(2008), constructed a large class of compact
shrinking Ricci solitons.
All known examples are Kalher.

Rigidity of 2 < m < oo integers, S bundles over Kahler-Einstein bases
el (Lu-Page-Pope2004)

Metrics -
These are non-Kalher.

m = 1, no nontrivial compact ones.
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m Extend several properties for Ricci solitons (m = o0) to
quasi-Einstein metrics (general m), showing similarity
between finite m and infinite m.
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Our work (joint with J. Case and Y. Shu)
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Guofang Wei

m Extend several properties for Ricci solitons (m = o0) to
quasi-Einstein metrics (general m), showing similarity
between finite m and infinite m.

m show Kahler quasi-Einstein metrics behave very differently

_— when m is finite and m is infinite.
gidity of

Quasi-Einstein
Metrics
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B o) if \ > 0 and compact, then the scalar curvature
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Proposition

Equality if and only if m = 1.

Rigidity of
Quasi-Einstein
Metrics



Results

Smooth
Metric
Measure

Spaces — o - -
. tp B for a quasi-Einstein metric with m > 1
B o) if \ > 0 and compact, then the scalar curvature

RZM)\-
m—+n—1

Proposition

Equality if and only if m = 1.
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Results
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Proposition

For a quasi-Einstein metric with m > 1
a) if A\ > 0 and compact, then the scalar curvature

Guofang Wei

R > M)\.
m+n—1
Equality if and only if m = 1.
b) if \ =0, R is constant and m > 1, then it is Ricci flat.
Rigidity of c) if A <0, R is constant, then

Quasi-Einstein
Metrics

n(n—1) 3

NN< RS —=),
m+n-—1

and when m > 1, R equals either of the extreme values iff it is
Einstein.
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oo this is done in Petersen-Wylie.

When m = 1, then R is constant and equals (n — 1)A.
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Proposition

A complete finite m quasi-Einstein metric (M", g, f) is Einstein
if and only if f is constant or M is diffeomorphic to R" with
the warped product structure R X ;1. N"~1, where N1 js
Ricci flat, a is a constant.
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Proposition

A complete finite m quasi-Einstein metric (M", g, f) is Einstein
if and only if f is constant or M is diffeomorphic to R" with
the warped product structure R X ;1. N"~1, where N1 js
Ricci flat, a is a constant.

Theorem

Rigidity of
Quasi-Einstein

Metrics All 2-dimensional (finite m) quasi-Einstein metrics on compact
manifolds are trivial.




Kahler quasi-Einstein metrics
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Theorem

e Let (M", g) be an n-dimensional complete simply-connected
Riemannian manifold with a Kahler quasi-Einstein metric for
finite m. Then M = I\/lf_2 X I\/122 is a Riemannian product, and
f can be considered as a function of My, where My is an
Einstein manifold with Einstein constant \, and M5 is a

2-dimensional quasi-Einstein manifold.
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Kahler quasi-Einstein metrics
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Guofang Wei

Let (M", g) be an n-dimensional complete simply-connected
Riemannian manifold with a Kahler quasi-Einstein metric for
finite m. Then M = I\/lf_2 X I\/122 is a Riemannian product, and
f can be considered as a function of My, where My is an
Einstein manifold with Einstein constant \, and M5 is a
2-dimensional quasi-Einstein manifold.

Rigidity of
Quasi-Einstein

Corollary

Metrics

There are no nontrivial m finite Kahler quasi-Einstein metrics
on compact manifolds.



|dea of Proof
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Guofang Wei When 0 < m < oo, consider u = e~ m. Then the quasi-Einstein
equation Ricy’ = A\g becomes

Ric — m Hess u = \g.
u

Using this and the Kahler structure, show Hess u(JU, V) =0
forall U,V L Vu.
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|dea of Proof

Smooth
Metric
Measure
Spaces

. _f D
Guofang Wei When 0 < m < oo, consider u = e~ m. Then the quasi-Einstein
equation Ricy’ = A\g becomes

Ric — m Hess u = \g.
u

Using this and the Kahler structure, show Hess u(JU, V) =0
forall U,V L Vu.

Rigidity of

Quasi-Einstein

Metrics Then show Span{Vu, JVu} is invariant under parallel
transport.
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If M" is a compact Riemannian manifold with a measure such
that Rics > (>)0, does M" have a metric on it with
Ric > (>)0?
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Guofang Wei

If M" is a compact Riemannian manifold with a measure such
that Rics > (>)0, does M" have a metric on it with
Ric > (>)0?

Question

Is 3-dimensional (or more generally zero Weyl tensor)

oot quasi-Einstein metrics with finite m trivial?
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Questions

Smooth
Metric
Measure

Sbacs Question

Guofang Wei

If M" is a compact Riemannian manifold with a measure such
that Rics > (>)0, does M" have a metric on it with
Ric > (>)0?

Question

Is 3-dimensional (or more generally zero Weyl tensor)
Rigidity of - 5 o g 5o o g
MW quasi-Einstein metrics with finite m trivial?

Metrics

Question

Are there examples of non-Kahler compact shrinking solitons?
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