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Abstract of the Dissertation
From Herman Rings to Herman Curves
by
Willie Rush Lim

Doctor of Philosophy

in
Mathematics
Stony Brook University

2024

Given a holomorphic map on a Riemann surface, an invariant set on which the map
is conjugate to irrational rotation is topologically equivalent to either a disk (Siegel disk),
an annulus (Herman ring), or a Jordan curve (Herman curve). The last one is the least

understood. The goal of this dissertation is threefold:

1. We obtain a priori bounds for a family of rational maps with Herman rings that are
independent of the conformal moduli. This is done via careful analysis of near-degenerate
surfaces in the spirit of Kahn, Lyubich, and D. Dudko. As a major application, we
study the limits of degenerating Herman rings and obtain the first examples of Herman

curves with bounded type rotation number which are not equivalent to round circles.

2. We study the rigidity properties of rational maps admitting bounded type Herman
curves that we constructed. We also prove a rigidity theorem for critical quasicircle
maps, i.e. analytic self-homeomorphisms of a quasicircle with a single critical point.
This implies dynamical universality and exponential convergence of renormalizations

towards a horseshoe attractor.

3. We prove the hyperbolicity of renormalization periodic points of critical quasicircle
maps by developing an operator called Corona Renormalization, a doubly connected
version of Pacman Renormalization for Siegel disks. The proof is inspired by rigidity

results on the escaping dynamics of transcendental entire functions.
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Chapter 1
Introduction

The Fatou set F'(f) of a rational map f : C—Cof degree at least two is defined as the set
of points in the Riemann sphere C around which the set of iterates of f is equicontinuous,
whereas the Julia set J(f) is the complement C\F(f). Fatou’s classification states that every
periodic component of the Fatou set of a rational map f must be either a basin of attraction
of a periodic point, or a rotation domain, i.e. a domain in which the first return map is
conjugate to an irrational rotation.

A rational map f is called hyperbolic if every critical point of f is attracted towards an
attracting periodic cycle. Hyperbolic maps are very well understood. For example, it is well
known that the Julia set of a hyperbolic rational map has zero Lebesgue measure; in layman’s
terms, there is 0% probability of picking a random point in C at which f is locally chaotic.

The following is a central conjecture in rational dynamics, dating back to Fatou.

Density of Hyperbolicity Conjecture. For any integer d > 2, hyperbolic maps are dense

in the space Raty of all degree d rational maps.

The existence of rotation domains is a clear obstruction to hyperbolicity, which makes it
worth studying. Every rotation domain is either simply connected, in which case it is called
a Siegel disk, or doubly connected, in which case it is called a Herman ring. Rational maps
admitting Siegel disks can be found on the boundary of hyperbolic components of Rat,. In
contrast, the location of rational maps admitting Herman rings is more mysterious.

Siegel disks have been actively studied in the last few decades. In the second half of the
last century, the study of local dynamics near a neutral fixed point has essentially received
a complete treatment by the works of Brjuno, Herman, Yoccoz, and Perez-Marco. At the
same time, the semi-local theory for Siegel disks of quadratic maps >z + 22 started with
the introduction of Douady-Ghys surgery [Dou87; Ghy84|, which was based on the work of

Herman and Swiatek [Her86; Swi88|. In contrast, the absence of periodic points associated to

1



Herman rings makes them more difficult to study than Siegel disks. The construction of the
first examples of Herman rings was based on the study of linearizability of analytic circle
diffeomorphisms by Arnol’d and Herman. A more general construction was later established
by Shishikura. In [Shi&7|, Shishikura developed surgery procedures to construct Herman
rings out of two Siegel disks, and to convert Herman rings into Siegel disks.

Given an irrational number 6 € (0,1) with continued fraction expansion

1
9:[0;0'17&27&37"'] = 1 )
ap +

a2+a3+.4.

we say that 6 is of bounded type if a,’s are uniformly bounded above, pre-periodic if there are
positive integers m and p such that a,, = a,., for all n >m, and periodic if additionally m = 1.
We will denote corresponding spaces by Opgq, Opre and O, respectively.

Unlike Siegel disks, every rational map admitting a Herman ring H admits a non-trivial
moduli space arising from the deformation of the complex structure of H. In the first half
of this dissertation, we develop a machinery to obtain geometric bounds on such a moduli
space and control the degeneration near the boundary. We will later discuss how in some
cases (and we expect this to be true in general), the limit of degenerating Herman rings with

bounded type rotation number must be a Herman curve.

Definition 1.0.1. A periodic Jordan curve H of a rational map f is called a Herman curve
if the first return map of f on H is conjugate to irrational rotation, and H is not contained

in the closure of a rotation domain.

A Jordan curve H c C is called a (K-)quasicircle if it is the image of the unit circle
under a (K-)quasiconformal homeomorphism of C. Under the bounded type assumption,
the boundary components of the Herman rings as well as the limiting Herman curves in
consideration will all be K-quasicircles, and the control of the dilatation K is precisely our a
priori bounds. As a major application, we obtain examples of critical quasicircle maps which

are not equivalent to round circles.

Definition 1.0.2. A (uni-)critical quasicircle map is an orientation-preserving self homeo-
morphism f: H - H of a quasicircle which extends to a holomorphic map on a neighborhood

of H and has exactly one critical point on H.

For trivial reasons, we are exclusively concerned with the case when the rotation number
0 of f is irrational. There are two special well-studied special cases: the first is critical circle
maps when H = S!), and the second is Siegel maps when H is the boundary of a Siegel

disk. Our method of degeneration of Herman rings yields the existence of many more critical



quasicircle maps beyond these two special cases. The first work on critical quasicircle maps
in full generality was done by Petersen [Pet96] who proved Denjoy distortion estimates and
showed that f is quasisymmetrically conjugate to irrational rotation if and only if @ is of
bounded type. Though we will primarily be working in the bounded type regime, let us note
that such estimates imply that, for any irrational 6, f is topologically conjugate to irrational
rotation.

Various classes of one-dimensional dynamical systems exhibit remarkable universal proper-
ties. The two main examples of universality include the golden mean universality phenomena
empirically observed in smooth families of critical circle maps by Feigenbaum et al. [FKS82]
and Ostlund et al. [Ost+83], as well as the Feigenbaum-Coullet-Tresser universality observed
in unimodal maps [Fei78; Fei79; TC78; CT79]. Both cases have been successfully justified
via renormalization theory. In the second half of this dissertation, we show that our class of
dynamical systems also exhibit universality. We initiate the study of renormalization theory
of critical quasicircle maps, extending the classical renormalization theory of critical circle

maps, via various old and new techniques in complex dynamics.

1.1 Main results

The main results of this dissertation are captured in three separate articles |[Lim23a; Lim23b;
Lim24|. Let us summarize them in greater detail. Throughout, we will fix a pair of integers
do,ds > 2 and set d := dy + do — 1. Any irrational number 6 € (0,1) in consideration will

always be assumed to be of bounded type.

1.1.1 A priori bounds of Herman rings

Douady-Ghys surgery procedure can be applied to prove that bounded type Siegel disks of
quadratic maps are quasidisks containing a critical point on the boundary. Such a result
was generalized by Zakeri [Zak99| for cubic polynomials, by Shishikura for polynomials of
arbitrary degree, and ultimately by Zhang [Zhall] for rational maps. Moreover, Zhang proved
a priort bounds for Siegel disks: the dilatation of the boundary of every invariant Siegel disk
with rotation number 6 € O, of a rational map f depends only on the degree of f and the
bound

£(0) := maxa; < oo

of the continued fraction expansion [0;ay,as,...] of 6.
By Shishikura’s surgery, Zhang’s results also translate to Herman rings as follows. Every

boundary component of a bounded type invariant Herman ring H of a rational map f is a



K-quasicircle containing a critical point, where the dilatation K depends only on the degree
of f, the bound (@) associated to its rotation number 6, and the modulus of H. We will

develop the machinery to remove the dependence of the modulus and obtain a priori bounds.

Definition 1.1.1. We define H = Hg, 4., ¢ to be the space of all degree dy + do, — 1 rational
maps f such that

(I) 0 and oo are superattracting fixed points of f with local degrees dy > 2 and do, > 2

respectively;
(IT) the map f admits an invariant Herman ring H with rotation number 6 € ©q4;
(III) H separates 0 and oo;
(IV) every critical point of f other than 0 and oo lies on the boundary of H.

The space ‘H encapsulates general Herman rings of the simplest configuration that can be
obtained from Shishikura’s surgery: they can be constructed out of two polynomials having
unique invariant Siegel disks satisfying conditions similar to (IV). The existence and rigidity
of maps in H of any prescribed combinatorics are guaranteed by a Thurston-type result by

Wang [Wan12|. The following is our first main theorem.

Theorem A (A priori bounds). The boundary components of the Herman ring of every map

in H are quasicircles with dilatation depending only on dy, de., and 5(6).

The proof of this theorem is achieved in the Near-Degenerate Regime. We adapt the
vocabulary developed by D. Dudko and Lyubich [DL22] and reduce the theorem to studying
a family of near-degenerate surfaces. We prove by contradiction, apply tools such as the
Quasi-Additivity Law and the Covering Lemma [KL05|, and adapt the strategy in Kahn’s
seminal work |[KahO6] on a priori bounds for infinitely renormalizable quadratic maps with
bounded primitive combinatorics. A more comprehensive summary can be found in §1.2.1
and §1.3.

1.1.2 Existence and rigidity of Herman curves

Let us view H as a subspace of the space Rat, of degree d rational maps endowed with the
topology of uniform convergence on compact subsets. Denote the corresponding limit space
by

OH = H\H c Ratg.

One consequence of Theorem A is that as maps in ‘H approach 0H, the corresponding Herman

rings must degenerate to a Herman quasicircle, i.e. a Herman curve that is also a quasicircle.
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Corollary B. 0H is contained in the space X of degree d rational maps f such that

(i) 0 and oo are superattracting fized points of f with local degrees dy > 2 and do, > 2

respectively;
(i) the function f admits a Herman quasicircle H of rotation number 6;
(iii) H separates 0 and oo;
(iv) every critical point of f other than 0 and oo lies in H;

(v) the conjugacy between flg and Ryg|t is quasisymmetric with dilatation depending only
on dy, de and 5(0).

The combinatorics of a map f in X is encoded by the relative position of critical points
along the Herman quasicircle of f and their inner and outer local degrees. All (topologically)
admissible combinatorial data can be identified with points in the space C = Cy, 4.., a compact
connected real orbifold of dimension d — 2. (See Definition 3.1.5.)

Let us denote f ~ g when two rational maps f and g are conjugate by a linear map z — Az.
Denote by [ f] the linear conjugacy class of a rational map f. The combinatorics comb(f) € C

of a map in X is invariant under linear conjugacy.

Theorem C (Realization and combinatorial rigidity). The two spaces X and OH are equal.

The map
X/.—C, [f]~ comb(f)

18 a homeomorphism. In other words, given any prescribed combinatorics, there exists a
rational map in X having a Herman quasicircle that realizes such combinatorics, and if two

maps in X have the same combinatorics, then they are conformally conjugate.

Part of this theorem states that any combinatorics can be realized, and this is a consequence
of a priori bounds. The rest of the theorem describes the combinatorial rigidity of &', and this
is proven by showing that every map f in X admits no invariant line field on its Julia set.

An invariant line field p of a rational map f can be defined as a measurable Beltrami
differential 1(2)% such that f*u =y almost everywhere, | =1 on a positive measure subset
of J(f), and pu = 0 elsewhere. The absence of line fields implies the lack of non-trivial
deformation space supported on the Julia set. A central rigidity conjecture [McM94; MS9S|
in rational dynamics states that flexible Lattés maps are the only rational maps that admit

invariant line fields. This conjecture implies the Density of Hyperbolicity Conjecture.



Remark 1.1.2. Actually, our techniques hold in a much more general setting. In [Lim23b],
we also show that our proof of the absence of invariant line fields is applicable to rational
maps admitting multiple bounded type Siegel disks, Herman rings, and Herman curves. To

maintain coherence, we omit the discussion of such generalizations here.

Theorem C states that the space of rational maps admitting bounded type Herman
quasicircles of the simplest configuration forms the boundary of the moduli space of rational
maps admitting bounded type Herman rings of the simplest configuration.

Prior to this dissertation, it was not known if there exists a Herman curve of a rational
map that is not a round circle (or quasiconformally conjugate to such). Theorem C allows us

to construct Herman curves of arbitrary asymmetric combinatorics.

1.1.3 Rigidity of critical quasicircle maps

Consider a critical quasicircle map f:H — H. (Refer to Definition 1.0.2.) The behaviour at
the unique critical point on H can be encoded by two positive integers, namely the inner
criticality dy and the outer criticality d.,. The total local degree of f at the critical point is
d=dy+d. —1 and it is at least 2. When the criticalities are specified, we call f: H - H a
(do, dw)-critical quasicircle map.

By Theorem C, there exists a unique rational map f = fg, 4.0 in X admitting a unique
critical point z = 1 on its Herman curve H. By elementary computation, such a map f is of
the form
d d ]
> (9)- =y
j=d
FC(Z) =—C de;] p A

()
j=0 \J

for some unique ¢ = F.(1) € C*. See Figure 1.1 for some explicit examples. The map f:H - H

will serve as our prototypical example of a (dy, dw )-critical quasicircle map.

Beyond the realm of rational maps, it turns out that we still have a strong rigidity property
for critical quasicircle maps. Given a constant a > 0, we say that a map ¢ is uniformly
Cl*e-conformal on a set S c C if there are constants C, e > 0 such that for every point z in S,
the complex derivative ¢/(z) at z exists and for [t < e,

P(z+1) - ¢(2)
t
Theorem D (C'*@ rigidity). Any two (dy,dw)-critical quasicircle maps fi: Hy — H; and

—¢'(2)| < Ot (1.1.1)

fo : Hy = Hy of the same bounded type rotation number are quasiconformally conjugate on
the neighborhood of Hi and Hy. Moreover, there is some a > 0 such that the conjugacy is

uniformly C1**-conformal on Hy.



Figure 1.1: The Julia sets of

e
H&) =b2" s

The critical values b ~ —1.144208 — 0.964454¢ and ¢ ~ —0.755700 — 0.6549172 are picked such
that f: H - H is a (3,2)-critical quasicircle map on some quasicircle H, g : T > T is a
(2,2)-critical circle map, and both have the golden mean rotation number. Both H and T
are colored red, and their preimages are colored green.

z=3
and g(z) = cz21_—32.



In the proof, we study the renormalizations {R"f},»1 of a critical quasicircle map
f:H - H. They can be described as follows. Let {p,/q,}n>1 denote the best rational
approxiations of the rotation number of f. For every n > 1, denote by I,, the shortest interval
in H connecting the critical point ¢ and fa(¢). The n'* pre-renormalization of f is the

commuting pair
(fqn|1nf1 ) fqn-1 |In)’

which is the first return map of f to the interval I,,_; u I, c H. The n** renormalization R" f
of f is the normalized commuting pair obtained by rescaling the nt* pre-renormalization to
unit size. We can also define the renormalization of commuting pairs in a way such that
RE(RLS) = RF+Lf for all k,1 > 0.

The proof of Theorem D consists of two main ingredients. The first is complex bounds of
renormalizations, which roughly states that the sequence {R"f} is precompact. The second
is an adaptation of McMullen’s recipe [McM96|, namely uniform twisting and deep points.
McMullen’s recipe was originally applied in the context of Feigenbaum Julia sets, but it has
also been successfully applied in the study of rigidity of critical circle maps [FM99| as well as
multicritical circle maps [GY21]. Let us list a number of important applications.

The presence of critical points generally destroys the smoothness of rotation curves. One
consequence of Theorem D is that the corresponding quasicircle cannot be smooth except
when it admits symmetric combinatorics, or equivalently, when the map is quasiconformally

conjugate to a critical circle map.

Corollary E (Smoothness). Given a (dy,do)-critical quasicircle map f:H — H of bounded

type rotation number, the following are equivalent.
(1) H is C*** smooth;
(1) H is C! smooth at at least one point;
(2) the Hausdorff dimension of H is one;
(3) do = doo-

See Figure 4.8 for an example of a C'' smooth Herman curve that is not a round circle.

Under combinatorial asymmetry, the dimension is also universal.

Corollary F (Universality of dimension). If two (dy, d )-critical quasicircle maps fi: Hy —
H, and f5:Hy; - Hy have the same bounded type rotation number, then Hy and Hy have the

same Hausdorff dimension, lower box dimension, and upper box dimension.



Consider a critical quasicircle map f : H - H with rotation number 6 € ©,43. The
dynamics of f determines the asymptotic geometry of the quasicircle H as follows. Denote by
¢ the critical point of f and by {p./¢n }nen the best rational approximations of §. We define

the n' scaling ratio of f by
(-
- fe(e)-c”

Corollary G (Universality of scaling ratios). If two (do, ds )-critical quasicircle maps fi :

sn(f): (1.1.2)

H, - H, and f5: Hy - Hy have the same bounded type rotation number, then asymptotically

they have the same scaling ratios:

Sn(fQ)
sn(f1)

Moreover, when 6 is pre-periodic, the asymptotic geometry has the following remarkable

property.

— 1 exponentially fast as n — oo.

Theorem H (Self-similarity). Consider a (dy,ds )-critical quasicircle map f:H — H with
a pre-periodic rotation number 0 € ©,... Then, H is asymptotically self-similar about the

critical point. The self-similarity factor is universal depending only on dy, de, and 0.

On the other hand, C'** also allows us to study the dynamics of the renormalization
operator. Let us fix a positive integer IV, and denote by Oy the set of irrationals in (0,1)

whose terms in the continued fraction expansion are bounded above by N.

Theorem I (Renormalization horseshoe). There is a renormalization-invariant compact set
Ap inside the space CPy of normalized commuting pairs of fized criticality (dy,ds) and of

rotation number in Oy with the following properties.

(1) The renormalization operator R : Ay — An is topologically conjugate to the shift
operator on the bi-infinite shift space of N symbols.

(2) For any ¢ in CPy, the distance between R"( and Ay tends to 0 exponentially fast as

n — 00.

A precise version of the two theorems above can be found in Theorems 4.6.6, 4.6.7 and
4.6.8.

1.1.4 Hyperbolicity of renormalization

A Siegel map is a holomorphic map admitting an invariant quasiconformal closed Siegel

disk with a critical point on the boundary. One of the most recent achievements in the



renormalization theory of Siegel maps is the development of pacman renormalization operator
by Dudko, Lyubich, and Selinger [DLS20]. Such an operator admits a hyperbolic fixed
point whose stable manifold has codimension one and consists of Siegel maps with a fixed
rotation number of periodic type. One remarkable feature of pacmen is that every pacman
on the unstable manifold admits a global transcendental analytic extension. Techniques of
transcendental dynamics were successfully adapted in [DL23| to study the escaping dynamics
on the unstable manifold, which ultimately led to a progress in MLC and in finding new
examples of positive area Julia sets.

For critical quasicircle maps, we develop a renormalization operator acting on the space
of coronas, a doubly-connected version of pacmen. A corona is a holomorphic map f:U -V
between two nested annuli U € V' such that f: U\yy - V'\71 is a unicritical branched covering
map where 7, is an arc connecting the two boundary components of V. The number of
preimages of v, on the boundary components of U determine the inner and outer criticalities
dy and d,, of a corona; the total degree of f is equal to d. When the criticalities are specified,
we call f a (do,dw )-critical corona. See Figure 5.1 for an illustration.

Similar to pacman renormalization, we define the corona renormalization operator as
follows. First, we remove the quadrilateral bounded by +; and f(7;). The remaining space is
a quadrilateral in which the first return map will be called a pre-corona. Gluing a pair of
opposite sides of this quadrilateral gives us a new corona, which is called the prime corona
renormalization Ry [ of f. A general corona renormalization operator R is an iterate of
the prime corona renormalization.

We say that a (dy, dw )-critical corona f is rotational with rotation number 6 if it admits
a Herman quasicircle H with rotation number . If rotational, f: H — H defines a (dg, do )-
critical quasicircle map. The prime renormalization of a (dy, d. )-critical rotational corona is
again a (dp, do )-critical rotational corona, and the induced action on the rotation number is

governed by
—— 0
rprm (0) =4 1= 0
20 -1 1
0 2
Every periodic type 6 € ©,, is a periodic point of 7.

Theorem J (Hyperbolicity). For any 0 € ©,.,, there exists a corona renormalization operator

R :U — B with the following properties.

(1) U is an open subset of a Banach analytic manifold B consisting of (do, ds )-critical

coronas.
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(2) R is a compact analytic operator with a unique fized point f. which is hyperbolic.

(3) The local stable manifold W

2. of f« corresponds to the space of rotational coronas with

rotation number 0 in B.

(4) The local unstable manifold Wy

L. s one-dimensional.

Similar to [DLS20], the main step is justifying item (4), which will be accomplished via
transcendental dynamics. Anti-renormalizations of a corona f on the local unstable manifold
can be projected to a single dynamical plane and admit a maximal transcendental extension
F called a cascade associated to f. A cascade can be described as a collection {F¥} . of
o-proper maps parametrized by a dense semigroup T c (Rsg,+) such that FF o FQ = FF+@,
The second half of this paper is dedicated to the study of the dynamics of F.

Similar to invariant line fields of rational maps, we can define an invariant line field of
a cascade F to be a measurable Beltrami differential 1(z)4% such that (FP)" u =y almost
everywhere for all P, |u| =1 on a positive measure set, and p = 0 elsewhere. The existence
of an invariant line field p indicates the existence of a non-trivial deformation space for F

associated to the support of p. To justify (4), we prove a rigidity theorem for cascades F.

Theorem K (Rigidity of escaping dynamics on W ). Consider a cascade F associated to a

corona f in W.. The full escaping set
I(F) := {Z eC : either z ¢ ﬂDom(FP) or F¥(2) - 00 as P — oo}
P

moves conformally away from the pre-critical points and supports no invariant line field.
Consequently, if ¥ has an attracting cycle, then the Julia set of ¥ supports no invariant line
field.

One may compare this theorem to Rempe’s result [Rem09] on the rigidity of the escaping
set of transcendental entire functions. Our methods allow for an analog of Theorem K in

other settings, such as pacman and period-doubling renormalization fixed points. Ultimately,
Theorem K == dim (W}..) < number of critical orbits <1 == Theorem J(4).

We would like to note some of the differences between our case and the pacmen case
[DLS20; DL23].

Firstly, the existence of a non-attracting direction for pacman renormalization is straight-
forward. Unlike coronas, every pacman is designed to admit a natural fixed point « associated

to it. For a Siegel pacman, the a-fixed point is the center of its Siegel disk. The multiplier A
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of a clearly induces a non-attracting eigenvalue at the pacman renormalization fixed point.
In the corona case, this is not obvious, and we show it as an application of Theorem C.
Secondly, the proof of item (4) for pacmen does not require such a rigidity theorem. After
obtaining the transcendental structure, it is immediate that A induces a natural foliation
{Wu(A)} of the unstable manifold of the pacman renormalization fixed point. By applying

the A\-lemma along parabolic leaves, the authors showed that
dim (W™ (p/q)) < number of free critical orbits in W* (p/q) =0

where p/q € Q is sufficiently close to 6 € O,,,.

Thirdly, the original aim of the study of the finite-time escaping set associated to the
transcendental extension of pre-pacmen was to attain a puzzle structure, which was ultimately
applied to understand the dynamics of maps on the unstable manifold and transfer the results
to the quadratic family {22 + c¢}.. In our case, the full escaping set I(F') is of interest because,
together with the postcritical set, it is the measure-theoretic attractor of F on the Julia set.

Let us briefly discuss an immediate application of Theorem J. Given a critical quasicircle
map f: H — H, we can define a Banach neighborhood N(f) of f as follows. Pick a skinny
annular neighborhood U of H such that f is holomorphic on a neighborhood of U, and pick
a small € > 0. Then, N(f) is the space of unicritical holomorphic maps ¢ : U — C such that ¢
extends continuously to the boundary of U and sup,; |f(2) - g(2)| < &, equipped with the

Sup norm.

Corollary L (Structure of conjugacy classes). Consider a small Banach neighborhood N(f)
of a (dy,dw)-critical quasicircle map [ : H — H with pre-periodic rotation number 6. The space
S of maps in N(f) which restrict to a (dg, de )-critical quasicircle map with rotation number
0 forms an analytic submanifold of N(f) of codimension at most one. The corresponding

mwvaritant quasicircle moves holomorphically over S.

1.2 Historical notes

1.2.1 On the near-degenerate regime

The idea that compactness results are amenable for near-degenerate surfaces goes back to
the work of W. Thurston on the geometry of 3-manifolds. (See, for instance, the Double
Limit Theorem [Thu86|.) In complex dynamics, the near-degenerate regime was successfully
implemented in the proof of W. Thurston’s characterization of postcritically finite rational
maps [DH93|.
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In mid 2000’s, Kahn |[Kah06] introduced the near-degenerate regime to the Renormalization
Theory of quadratic-like maps. Together with Lyubich, they set up fundamental tools, such
as the Quasi-Additivity Law and the Covering Lemma [KLO05|, and attained substantial
progress in the primitive case of the MLC conjecture [KL08; KL09a|. Other applications
of the Covering Lemma include the extension of Yoccoz’s results and puzzle-parapuzzle
machinery to higher degrees [KL09b; Avi+09; KS09; ALS11]. (See also [Cla+22] for a detailed
exposition. )

Recently, D. Dudko and Lyubich [DL22| transferred the near-degenerate regime to neutral
dynamics of quadratic polynomials €27z + 22: they constructed almost invariant pseudo-Siegel
disks out of bounded type Siegel disks by filling in fjords at all scales, and showed that the
top level pseudo-Siegel disks are quasidisks with uniform dilatation. Even though the above
instances of the near-degenerate regime are unified by the same general principle, they have

little in common on the technical level.

1.2.2 On critical circle maps

A critical circle map is a critical quasicircle map f: H - H where H is simply the unit circle
T c C. By symmetry, it is clear that in this case, the inner criticality dy must coincide with
the outer criticality do.

The renormalization theory of critical circle maps serves to justify the golden mean
universality phenomena empirically observed in smooth families of critical circle maps by
Feigenbaum et al. [FKS82| and Ostlund et al. In both works, the golden mean universality
was translated into a conjecture on the hyperbolicity of the renormalization operator on the
space of critical commuting pairs. The conjecture was later generalized by various authors,
in particular Lanford [Lan88] who introduced renormalization horseshoes to account for more
complicated universalities. Below, we provide a brief historical summary of the development
of the theory.

In |[Far99], de Faria introduced the notion of holomorphic commuting pairs and proved the
universality of scaling ratios and the existence of renormalization horseshoe for critical circle
maps with bounded type rotation number. C* rigidity was later established by de Faria
and de Melo [FM99] for bounded type rotation number, and then by Khmelev and Yampolsky
[KY06] for arbitrary irrational rotation number by studying parabolic bifurcations. Moreover,
Yampolsky extended the horseshoe for all irrational rotation numbers in [Yam01|, and brought

Lanford’s program to completion in [Yam02; YamO03| using cylinder renormalization.

Theorem 1.2.1 (Hyperbolicity of renormalization horseshoe [Yam03]). The renormalization

operator R in the space of critical commuting pairs admits a “horseshoe” attractor A on which
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its action is conjugated to the two-sided shift. Moreover, there exists an R-invariant space of
critical commuting pairs with the structure of an infinite dimensional smooth manifold, with

respect to which A is a hyperbolic set with one-dimensional expanding direction.

1.2.3 On Siegel maps

In this dissertation, we assume that both dy and d., are always at least two. What happens
to a critical quasicircle map f : H - H if either dy or d. is one? In the bounded type
regime, this is equivalent to the statement that H is the boundary of a rotation domain. By
Douady-Ghys surgery, it can be assumed that H is the boundary of a Siegel disk, that is, f
is a Siegel map.

Stirnemann [Sti94] first gave a computer-assisted proof of the existence of a renormalization
fixed point with a golden mean Siegel disk. McMullen [McM98| applied a measurable deep
point argument to prove the existence of renormalization horseshoe for bounded type rotation
number. In [AL22, §4], Avila and Lyubich established quasiconformal rigidity of bounded
type Siegel maps; via McMullen’s method, the regularity can be improved to C1+.

Using the formalism of almost commuting pairs, Gaidashev and Yampolsky [YamO08;
GY?22| gave a computer-assisted proof of the golden mean hyperbolicity of renormalization of
Siegel disks. As previously mentioned, Dudko, Lyubich, and Selinger [DLS20| constructed a
compact analytic operator, called pacman renormalization operator, with a hyperbolic fixed
point whose stable manifold has codimension one and consists of Siegel maps with a fixed

rotation number of periodic type.

1.3 Organization

This dissertation is split into six chapters.

Chapter 2: Preliminaries

This chapter generally provides a range of preliminary background material for the main
results. In Section §2.1, we cover in depth the dynamics of rigid irrational rotation Ry,
including sector renormalization and the induced cascades of translations. The map Ry is a
toy model of a general rotation curve of a holomorphic map. In Section §2.2, we discuss the
fundamentals of extremal width and the main tools for the proof of a priori bounds, namely
the Quasi-Additivity Law and the Covering Lemma [KL05|. In Section §2.3, we state and
prove an upgraded version of Lyubich’s Small Orbits Theorem [Lyu99, §2|, which is a vital
ingredient in our hyperbolicity theorem. The main addition here is the application of two

invariant cones rather than just one.

14



Chapter 3: A priori bounds

Sections §3.1-3.7 are dedicated solely to the proof of Theorem A, which is done via the
near-degenerate regime inspired by [Kah06; DL22]. In §3.1, we adapt the vocabulary of
[DL22| and encode the near-degeneracy near an interval I on the boundary of a Herman
ring as the extremal width W, (I) of some curve family, and the main step is to prove the

Amplification Theorem 3.7.1, which roughly states that
W.(I) = K > 1 for some interval I === W, (J) > 2K for some interval J

with constants independent of the modulus. The proof of the Amplification Theorem is
captured in Sections §3.2-3.7. The heart of the argument resembles Kahn’s a priori bounds
[Kah06], although a few modifications are needed. For example, in Kahn’s setting, little Julia
sets are invariant under the first return map and the associated Hubbard tree has positive
entropy; meanwhile, our intervals I are not precisely invariant, and the action of f on the
Herman ring has zero entropy. A more technical and more detailed outline of the proof can
be found in Section §3.1.5.

In Section §3.8, we show that a priori bounds provide sufficient pre-compactness for
Herman rings of small moduli. This allows us to take limits of degenerating Herman rings

and prove the realization part of Theorem C.

Chapter 4: Rigidity

We then move on to the rigidity problem in Chapter 4. In Section §4.1, we discuss the
property of critical quasicircle maps f : H - H that an iterate of f locally behaves like a
rotation (an approzimate rotation) until it lands near the critical point. This property is the
basis of our main analysis in later sections. In Section §4.2, we prove that every rational map
f satisfying (i)—(v) does not admit any invariant line field supported on its Julia set J(f).
The main tool is Theorem 4.2.4, which is an analog of [McM94, Theorem 3.2]. By means of
the standard pullback argument, we then complete the proof of Theorem C in Section §4.3.

The second part of Chapter 4 concerns with the study of renormalizations of a critical
quasicircle map f: H — H. In Section §4.4.2, we argue that f is a conformal welding of a pair
of quasicritical circle maps, which are a quasiregular analog of critical circle maps. Based on
[AL22, §3|, most results on critical circle maps, such as complex bounds and quasiconformal
rigidity, hold for quasicritical circle maps of bounded type. In Section §4.4.3, we introduce
the concept of butterflies, an analog of holomorphic commuting pairs, and transfer complex
bounds for quasicritical circle maps to complex bounds in our setting (Theorems 4.4.16 and
4.4.18). By a pullback argument, we then show that complex bounds imply quasiconformal
rigidity. To complete the proof of Theorem D, we show that our quasiconformal conjugacy is
C'a-conformal via McMullen’s Dynamic Inflexibility Theorem [McM96, Theorem 9.15].
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In Section §4.6, we prove a number of applications of C''*® rigidity. Our universality results
are immediate consequences of Theorem D. The proof of Corollary E uses an additional
tool, which is Peter Jones’ beta numbers (see Proposition 4.6.3). The construction of
renormalization horseshoe is a standard tower rigidity argument. Lastly, Theorem H follows
from self-similarity of the invariant quasicircle of each of the renormalization periodic points

in the horseshoe.

Chapter 5: Hyperbolicity of Renormalization

This chapter concerns with the hyperbolicity of renormalization periodic points of critical
quasicircle maps. In Section §5.1, we introduce the definition of coronas and pre-coronas. We
define the corona renormalization operator and show that for any renormalizable corona f,
we can always find a compact analytic operator R on a small Banach neighborhood of f.
In Section §5.2, we analyze the structure of a rotational corona and prove that any critical
quasicircle map can be renormalized to a rotational corona. By applying Theorem D, we also

show that rotational coronas are quasiconformally rigid.

In Section §5.3, we construct a compact analytic corona renormalization operator R : U — BB
and a corona f, € U of periodic rotation number such that Rf, = f.. In Theorem 5.3.9,
we prove that R and f, satisfy items (2) and (3) in Theorem J, and that the dimension of
the local unstable manifold W} _ is finite and positive. To show that DRy, has no neutral
eigenvalues, we require an upgraded version of the Small Orbits Theorem 2.3.1. We then

apply Theorem C to show that a repelling direction exists.

The rest of the chapter, namely §5.4-5.8, is dedicated to proving that DRy, has exactly
one repelling eigenvalue. In Section §5.4, we show that for any f on the local unstable
manifold, the maximal extension of the pre-corona associated to f is a commuting pair
of o-proper maps F = (f, : X, - C). The general dynamical features of F, i.e. escaping

dynamics and Fatou-Julia theory, are described in Section §5.5.

In Section §5.6, we describe in detail the transcendental dynamics of the renormalization
fixed point F,. We construct external rays and deduce its tree structure using their branch
points, which are called alpha-points. These rays define dynamical wakes which form a puzzle
structure partitioning the whole dynamical plane. Appropriately truncated wakes survive
under perturbation, and we use them in §5.7 to study the motion of points z in the Julia set
whose orbit FP(z) remain close to oo for all P. In Section §5.8, we then prove Theorem K
via an argument similar to [Rem09|. Lastly, we show that there exist hyperbolic cascades F
arbitrarily close to F,. When F is hyperbolic, the Julia set of F is the union of I(F) and a
zero measure set of non-escaping points, which implies that hyperbolic components on the

unstable manifold must be one-dimensional.
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Chapter 6: Questions and conjectures
In the final chapter, we discuss a number of questions and conjectures regarding Herman

rings, Herman curves, critical quasicircle maps, and renormalization in some generality.
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Chapter 2

Preliminaries

2.1 Rotational dynamics

In this section, we discuss the fundamental properties of the dynamics of irrational rotation.
Subsections §2.1.1 and §2.1.2 set the foundation for the entire dissertation. In §2.1.3, we
describe a general renormalization operator on irrational rotation, whereas in §2.1.4, we

discuss the structure of renormalization cascades arising from irrational rotation.

2.1.1 Rigid rotation

Consider an irrational number 6 € (0,1). Let us identify T with the quotient R/Z, in which
the rigid rotation Ry by 6 can be written as Ry(z) = x + §. For any pair of distinct points
x,y € H, we denote by [z, y] the shortest closed interval in T having endpoints z and y.

Let {pn/qn}nen be the sequence of best rational approximations of §. This sequence is
determined by the recurrence relation

Pn = ApPp-1 + Pp-2 and Gn = nQn-1 + gn-2

where pg = q.1 =0, go = p_1 = 1, and [0;ay,as,...] is the continued fraction expansion of 6.
The q,,’s are precisely the first return times for Ry which alternate in the following fashion.

For any z €T,
RI'(z) < RP(z) < RP(z) <...<x<...<RF(z) <R} (z) < R (x).

Definition 2.1.1. An interval I c H is a level n combinatorial interval if it is of the form

[z, R} (x)] for some z € T.
Let us denote the length of a level n interval by
Ly = |pn — @,0). (2.1.1)
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Proposition 2.1.2. For any ce T and n € N, the collection of combinatorial intervals

Pa(e) = {[Ry(e). Ry (1} LR (0), Bi(e)])

forms a tiling of T, that is, they have pairwise disjoint interiors and their union is T. Moreover,
Pri1(c) is a refinement of Pp(c).

Recall that 6 is of bounded type if there is a uniform bound on the terms a,, in its continued

fraction expansion [0;aq,as,...]. If so, we denote the optimal bound by
B(0) := max a;.

For any positive integer N, we define the set ©y to be the set of bounded type irrationals
0 € (0,1) satisfying 5(f) < N. The bounded type assumption controls the rate of decrease of
the lengths in (2.1.1).

Proposition 2.1.3. If 0 is in Oy, there exists a pair of constants C,C>1 depending only

on N such that for every positive integer n,
Clysr <1y < Ol
We will use the following lemma several times later.

Lemma 2.1.4. Suppose 6 is in Oy and S s a finite subset of T. There is some constant
e >0 depending only on N and |S| such that for all n € N, every combinatorial interval I c T
of level n contains a subinterval J c I of length |J| > €l,, that is disjoint from U;’Zgrl Ri(S).

Proof. By Proposition 2.1.2, for every c € S, the finite orbit O, = {R}(¢)}izo,.q,,.-1 partitions
T into intervals of lengths between [,,,2 and [,,. By Proposition 2.1.3, the number of points in
Uces O. that lie within 7 is at most some constant K depending only on N and |S|. Therefore,
there is a subinterval of I of length at least [,/ K that satisfies the desired property. m

2.1.2 Rotation curves

Consider a rotation curve H of a holomorphic map f. By definition, there exists a topological
conjugacy ¢ : H - T between f and Ry where 6 is the rotation number. There is a unique
normalized metric on H that is invariant under f, which we call the combinatorial metric.
This can be constructed by pushing forward the Euclidean metric via ¢=1.

Let us assume that H is embedded in the Riemann sphere C. Label the two components
of C\H by Y0 and Y.
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Definition 2.1.5. We say that a point x € H is an inner critical point if for any point y in
Y0 sufficiently close to f(z), the number dy of points in f~!(y) nY? near z is at least two.
The quantity dy is called the inner criticality of x. Similarly, x € H is called an outer critical
point with outer criticality do, if for any point y in Y*° sufficiently close to f(z), the number

de of points in f~1(y) N Y™ near x is at least two.

Consider the set 27 c R\Q of Herman numbers. The set 7 has full Lebesgue measure and
is characterized by a rather complicated arithmetic condition that was devised by Herman
and Yoccoz [Her79; Yoc02] as the optimal condition for an analytic circle diffeomorphism
to be analytically linearizable. Here, we only need the property that s contains the set of

bounded type irrationals.

Proposition 2.1.6 (Trichotomy of rotation curves). Suppose 0 € . Exactly one of the
following holds.

@ H is an analytic curve contained in a rotation domain of f.

H is a boundary component of a rotation domain of f and contains a either an inner

critical point or an outer critical point, but not both.
@ H is a Herman curve containing an inner critical point and an outer critical point.

Proof. 1t is clear that if both inner and outer critical points are present, then H must be a
Herman curve. Below, we will assume that H contains no inner critical points.

There is an annulus W c Y9 such that H is one of the boundary components of W and f
is univalent on W. Since f|g is conjugate to a rotation, the image Z := f(W) is again an
annulus contained in Y° with H being one of its boundary components. Pick a conformal
isomorphism 1 : Y% - D and define the univalent map F = o f ot~ from »(W) to (7).
By Schwarz reflection, F' extends continuously to a univalent map F': W’ — Z’ where W’
and Z' are the smallest T-symmetric annuli containing (W) and ¢ (Z) respectively.

The map F restricts to an analytic circle diffeomorphism with rotation number 6. Since
0 is a Herman number, F'|t must be analytically linearizable, so F' admits a T-symmetric
Herman ring. By pulling back this Herman ring via v, we obtain an invariant annulus A° c W
such that H is a boundary component of A% and f| 40 is analytically conjugate to Ry. Denote
by A the rotation domain of f containing A°.

If H contains an outer critical point, then f|g cannot be analytically conjugate to Ry
and H has to be a boundary component of A. Otherwise, by the same argument, there is
an annulus A% c Y* such that H is a boundary component of A~ and f|s~ is analytically

conjugate to Ry. Hence, A°UH U A* lies in A and H is an invariant analytic curve. O
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The trichotomy breaks when 6 ¢ J#. For instance, there exist cubic rational maps
admitting Herman curves of arbitrary non-Herman irrational rotation number containing no
critical points. See [BF14, Proposition 6.6] and [Yan22].

Throughout this dissertation, any rotation curve H in consideration will be assumed to

be a quasicircle. The following is a generalization of the Herman-Swiatek theorem.

Theorem 2.1.7 (|Pet04]). Suppose H is a quasicircle containing a critical point of f (hence
either or @) The rotation number 6 s of bounded type if and only if there exists a
quasiconformal map ¢ : C - C such that d(H)=T and f=¢1oRyo¢ in H.

When the conjugacy ¢ is quasisymmetric, we can transfer what is known in the combina-

torial metric back to H as a subset of C, equipped with the spherical metric.

Lemma 2.1.8. Suppose 0 is in On and the conjugacy ¢ : H - T is K-quasisymmetric. For

every point ¢ on H,

(1) the tilings P,(c) have bounded geometry, that is, the diameters of any two adjacent tiles
of the same level, or any two consecutive nested tiles, are comparable with a constant

depending only on N and K;

(2) there are positive constants C, ey, ey depending only on N and K such thate; <o <1< C

and for every n > 2,

dn —
Clen < [f(e) ] < (e},

'S dlam(H)

2.1.3 Sector renormalization

Let us identify T with the standard unit circle in C with the induced intrinsic metric. Given
two points x and y on T, we denote by [z,y] c T the shortest closed interval with endpoints

x and y. Consider the rotation
Ry:T-T, 20 e?,
for some fixed 6 € R/Z. Let us fix a point x € T and consider
Xo= (R @).a], Y o= [, Ro(a)], X s=T\(Y UX0).
The first return map on X_u X, is precisely the commuting pair
(Rolx.. Rglx.),

Let us assume that 1 # Y and denote by w the length of X_u X,. Then, the map z ~ /¢
projects the commuting pair to a new rotation R, . () called the prime renormalization of

Ry. Note that R, . () is independent of the initial choice of z.
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Lemma 2.1.9 (|[DLS20, Lemma A.1]). We have

0
—_— 0
r (9): 1-6
prm 20 -1 L1
2

= i

In general, we define a sector renormalization R(Ry) of Ry as follows. First, consider a
pair of intervals X_ and X, on T satisfying X_n X, = {1}. Suppose the first return map on

X := X_uX,, which we call a sector pre-renormalization, is a pair of the form
(R3lx_, Bplx.), (2.1.2)

for some positive integers a and b called the renormalization return times of R. The map
2z where w is the length of X, glues the endpoints of X together and projects the pair
(2.1.2) to a new rotation R, = R(Ry).

Example 2.1.10. Recall that the Gauss map G sends an irrational x = [0;ay,as,...]
to another irrational G(z) = [0;aq,as,...]. Often, we are interested in the n'" standard
renormalization operator sending Ry to Rgng. This can be constructed as follows. Let
{Pn/@n}n>1 denote the best rational approximations of . If we choose X_ = [Rj**(1),1] and
X, =[1,R}"(1)], then the associated sector pre-renormalization (Rj"|x_, Ry '|x,) projects

onto the rotation Rgn ).

Lemma 2.1.11 ([DLS20, Lemma A.2|). Sector renormalization R is an iteration of the
prime renormalization. In particular, 1= (Tpm)™(0) for some m > 1, and Ry is a fized point

of some sector renormalization if and only if 0 € O, .

Under the universal cover R - T, z = 7272 the rotation Ry can be lifted to the commuting
pair of translations

Tog:zw2z-0, T g:z—>z+1-0.

The deck transformation y := T} is equal to T7_go T _‘91, and the original rotation Ry can be
recovered from the quotient map T g/(x).
Consider a general commuting pair of translations (7_,,7y) where u,v € Ryg. The prime

renormalization Ry of (Tly,7) is the new commuting pair (71.y,,7Y,) where

(o gy [(TueTe T ifusy, .
T Tw L TwoTy)  ifu<w. a

Set x := Ty, 0T} and x; = Ty, o T} . The prime renormalization of pairs of translations is

equivalent to that of rotations in the following sense.

23



Lemma 2.1.12. If T_,,/(x) = Ry, then

0 =

d T 4 =R, :

2.1.4 Cascade of translations

By writing (—u,v) as a column vector, the transformation in (2.1.3) is represented by either
11 10

I = (0 ) ifu>vor It:= L1 if u < v. Consider the region Ry x Ry, which is split

equally into two sectors by the diagonal line {z + y = 0}. The lower sector is mapped by I~
onto Ry x Ry, whereas the upper sector is mapped by I* onto R¢y x Rs.

From now on, suppose 6 is of periodic type. There exists some m > 0 such that (rpm,)™(0) =
6. Set u=460and v=1-6. By (2.1.3), there is a unique matrix 2 x 2 matrix M of the
form I 1I5...1,,, where I; € {I*, I~} for all i, such that the m'" prime renormalization
(Tewy, Tv,) = (Rpem)™ (114, T) satisfies

The matrix M is an element of the modular group SLy(Z) mapping a sector in R¢g x Ry onto

R<o xRo. The condition (rpm )™ (¢) = 6 implies that "M s a scalar multiple of (_u)‘ We
Vi v

conclude that M has two eigenvalues t > 1 and 1/t, and that

We call M the anti-renormalization matriz associated with 6.

Observe that M has to be a matrix of positive integers and t ¢ Q. For n € N, we write
u,:=t"u and v,:=t"v.
We then obtain a full pre-renormalization tower {(1_y,,, 7%, ) }nez Where
(Rorsn)™ (T Tor) = (T T,
Given (n,a,b) € Z x Zyo x Zsq, let us write
T(mab) .= Te, ° T\ljn = T-n(bv-au)-
Lemma 2.1.13. Given a pair of elements (n,a,b) and (n',a’,b") of Z x Zso x Zy,
Tmab) = NGt and only if  (a b)M™ = (¢ d)M™.
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Definition 2.1.14. We define the space T of power-triples to be the quotient of the semigroup
Z x Zyy x Zs under the equivalence relation ~ where (n,a,b) ~ (n-1,a’,b') if and only if
(a' ") = (a b)M.

We will equip T with the binary operation + defined by
(n,a,b) + (n,a’, ") = (n,a+a’,b+b").

With respect to +, T has a unique identity element 0 := (n,0,0). Thus, (T,+) still has the
structure of a semigroup. According to Lemma 2.1.13, T acts freely on R as a cascade of

translations (7'7) p.p.

Lemma 2.1.15 (|[DL23, Lemma 2.2]). There is an embedding ¢ : T — R such that «(n-1,a,b) =
t='u(n,a,b). Identifying T with ((T) c R equips T with

(1) a linear order >, which can be described as follows: P > @ if and only if for sufficiently

large n < 0, we can write P = (n,a,b) and Q = (n,a’,b") where a >a’ and b>b';
(2) subtraction, that is, if P,T €T and P>T, then P-T €T,

(3) scalar multiplication by t: P =(n,a,b) » tP = (n+1,a,b), which is an automorphism
of T.

Moreover, for Pe T, neZ, and x € R,
TP(z) =t"-T"F (t™x).

If T is a translation by [ > 0, then T*"" is a translation by t=". The following observation

is immediate.
Lemma 2.1.16 (Proper discontinuity). If P € Tsq is small, then |T*(0)| is large.

For all P € T, let us denote bp := T~ (0). We say that bp is dominant if every bg on [0, bp]
satisfies () > P. By proper discontinuity, we can enumerate all dominant points {bp, }, ., such
that P, < P, for all n.

Lemma 2.1.17 ([DL23, Lemma 2.4]). For every i € Z, there exist some @Q; € Tsy and some

integers m,n such that n <m < i and T9 maps [bp,,bp.,,] to [bp,,bp,,].
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2.2 Near-degenerate regime

We summarize the properties of extremal width (also known as conformal modulus, the
reciprocal of extremal length). Extremal width is a conformal invariant and it plays a vital
role in describing near-degenerate Riemann surfaces. The tools in this section will be applied

throughout Chapter 3 in the context of Herman rings.

2.2.1 Extremal width

Given a family G of curves on a Riemann surface S, we denote by W (G) the extremal width
of G. We list without proof a number of fundamental results on extremal width. (See [AhlO6]
and the appendix in [KLO5| for details.)

Proposition 2.2.1 (Parallel Law). For any two curve families Gy and Gs,

W(G1uGs) <W(G)+W(Gy).
Equality is achieved when Gy and Go have disjoint support.

We say that a curve family G overflows another curve family H, denoted by H < G, if
every curve in G contains a curve in H (curves in G are longer and fewer). We also say that
H is a restriction of G if G overflows H but not any proper subfamily of H (curves in G are
longer, but not more nor fewer).

Denote by z @ y the harmonic sum (z=!+y~1)~L

Proposition 2.2.2 (Series Law). Suppose a curve family G overflows two disjoint curve
families G, and Go. Then,
W(G) <W(G1) @ W(G).

The following proposition allows us to convert harmonic sums into friendlier expressions.

Proposition 2.2.3. For any positive numbers aq, ..., a,,
@aiSmin al,...,an,—maxai,—QZa,- .
i=1 no n= s

Extremal width is invariant under conformal maps. More generally, we have the following

transformation rule.

Proposition 2.2.4. Let f: U — V be a holomorphic map between two Riemann surfaces and

G be a family of curves in U. Then,
W(f(9)) <W(9).
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If f is at most d to 1, then
W(G) <d-W(f(9)).

A (conformal) rectangle P on a surface S is the image of a continuous map ¢ : [0, m] x
[0,1] - S that restricts to a conformal embedding in the interior. The vertical sides of
a rectangle P are ¢({0} x [0,1]) and ¢({m} x [0,1]), and the horizontal sides of P are
#([0,m] x {0}) and ¢([0,1] x {m}). A curve in P is called wvertical if it connects the two

horizontal sides of P. The vertical foliation of P is defined to be the collection of curves

F(P):={o({t} x(0,1)) [ € (0,m)}.

The width of P is
W(P):=W(F(P))=m.

We say that P crosses a curve + if every vertical curve in P intersects 7.

Proposition 2.2.5 (Non-Crossing Principle). If a pair of rectangles Py and Py on S has
width W (Py),W(Py) > 1, then they never cross, i.e., there exist disjoint leaves v, € F(Py)
and Y2 € f(PQ)

Suppose a rectangle P of width m has width greater than 8. The buffers of P are
subrectangles of P of the form ¢([0,£) x (0,1) or ¢((m —e,m] x (0,1)) for some € <4. A

direct consequence of the non-crossing principle is the following proposition.

Proposition 2.2.6 (|[KL05, Lemma 2.14|). Every pair of rectangles Py and Py of width
greater than 8 admits subrectangles P and Py obtained by removing some buffers such

that P and Py have disjoint vertical sides.

When S has boundary, we say that a curve v: (0,1) - S is proper if it has well-defined
endpoints v(0) and y(1) contained in dS. For any disjoint subsets I and J of 0., we denote
by Fs(I,J) and Ws(I,J) the family of proper curves in S that connect I and J, and its
width respectively. When S is a Jordan disk, the width Wg(I, J) can be estimated as follows.

Proposition 2.2.7 (Log-Rule, [DL22, Lemma 2.5]). Suppose S is a Jordan disk and suppose
its boundary 0S is partitioned into four intervals Iy, 1o, I3, 1y, labelled cyclically. Denote by

|I;| the harmonic measure of I; in S about a point x € S.
(1) If min(|L1|, |I3]) > min(|Ls],|14]), then

min{|fl|,|13|} +1

Ws(lq,13) 2 log ——————=
S( 1 3) 0og mln{|]2|,|f4|} )
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(2) Otherwise,

. -1
m1n{|]2|,|14|} + 1)

We(lq,13) 2 |log ————F——=
s(11, 1) (Og min{|I1],|/3|}

Given a compact subset I of S, we denote by W (S, I) the extremal width of the family
F(S,1I) of proper curves in S\I connecting I and 9S. We will formulate important near-
degenerate tools from [KLO5| in a way that is most suitable for our setting in Chapter
3.

Lemma 2.2.8 (Quasi-Additivity Law). Suppose S is a topological disk in C and Ay,..., A,

be pairwise disjoint non-empty compact connected subsets of S. Let

X5=W(S,UAZ‘), YZZW(S,AZ), ZZZW(S\UA],AZ) forizl,...,n.
i=1 i=1

7
Then, there exists some K = K(n) >0 such that

Y>K = max{X,7y,...,7Z,}> L
2n
Lemma 2.2.9 (Covering Lemma). Let A@ A’ cU and B € B’ ¢V be two nests of simply
connected domains and f: (U,N,N) - (V,B', B) be a branched covering map with degrees
deg(f: N - B") =d and deg(f: U - V) =D. For all k > 1, there is some K = K(k,D) >0
such that if W(U,A) = K > K, then either

W(B',B) > kK, or  W(V,B)> (2kd*)'K.

2.2.2 Canonical lamination

Consider an open hyperbolic Riemann surface S with a finite number of boundary components.
We allow the presence of finitely many punctures, which are separate from the ideal boundary
0S. We will survey the fundamental properties of the canonical lamination Fean(S) of S
following Kahn’s work [Kah06|. The canonical lamination captures the near-degeneracy of
S induced by components of S that are very close to one another. Let us first sketch the
construction.

Let 7 : D - S be the universal cover of S. Since 95 is non-empty, the limit set A c 9D
of 7,(S) is a Cantor set. For every component I c of D\A, 7 extends continuously to a
universal covering I — I for some component I of dS. Two proper curves v, and v, are
properly homotopic in S if there is a homotopy 74, t € [0, 1] between 7y and ; such that each

v, is also a proper curve in S. An arc in S is a proper homotopy class of proper curves in S.
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Consider a non-trivial arc a in S connecting two (not necessarily distinct) components I
and J of 8S. Let & be a lift of o under 7; it connects I and .J, which are some lifts of I and
J respectively. Let us identify D with the structure of a conformal rectangle with horizontal
sides I and J. Kahn observed that removing buffers of width 1 gives us a subrectangle that
can be pushed forward by 7 to a new conformal rectangle R..,(S; ) with horizontal sides
contained in [ and J.

The canonical arc diagram Ac.n(S) is the set of non-trivial arcs v in S such that the
canonical rectangle R..,(S;«) is non-empty. The removal of buffers in the construction
ensures that these rectangles are pairwise disjoint. The cardinality of A..,(S) is at most a
constant depending only on the Euler characteristic of S.

We define the thick-thin decomposition and the canonical lamination of S by

TTD(S):= U Ren(S;a) and Fen(S):= U Fen(S;),
acAcan(S) aeAcan(S)
respectively, where F..,(.S; ) is the vertical foliation of the canonical rectangle Rca,(S; ).
Every leaf of Fe.,(S; @) is represented by « € A..,(S). If a proper arc « is not in Aean(S5),
we set Fean(S; @) to be the empty lamination.
Below, we list without proof a number of fundamental properties of the canonical lamina-

tion. Firstly, it is maximal in the following sense.

Proposition 2.2.10 ([Kah06, Lemma 3.2|). For any proper family F of curves in S repre-
sented by a single arc «,

W(F)=2<W (Fean(S; @) .

In other words, up to an additive constant, curves in F are vertical curves inside of the

rectangle Rean(S; ).

Consider two hyperbolic Riemann surfaces U and V' with boundary. The fact that the

thick-thin decomposition is defined via the universal cover yields the following property.

Proposition 2.2.11 (|[Kah06, Lemma 3.3|). For any holomorphic covering map f:U -V
of finite degree,

TTD(V) = f*TTD(V)  and  Fean(U) = f* Fean(V).

When U c V, the restriction of F.,,(V') onto U results in a proper lamination in U. By
Proposition 2.2.10, the width of this restriction will be bounded above by the canonical
lamination of U after some buffers are removed. This can be formulated more precisely as

follows.
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Proposition 2.2.12 (|[Kah06, Lemma 3.10]). When U c V, there ezists a sublamination
L c Fean(V) such that
W (Fean(V)) - C < W(L)

for some constant C' >0 depending only on the Euler characteristic of U with the following
property. For every leaf v of L, every component of ynU 1is either
(1) a homotopically trivial proper curve in U, or

(2) a vertical curve in Rean(U; ) for some o€ Acan(U).

In application, the Riemann surface S we consider in §3.5-3.6 is of the form U\K where
U c Cis a disk and K is a non-empty compact subset of U. We say that a proper curve in
U\K is horizontal if both of its endpoints are on K, and vertical if it connects a point on K
(U, K)
(resp. F4,(U,K)) on U\K to be the lamination consisting of all horizontal (resp. vertical)

and a point on OU. We define the canonical horizontal (vesp. vertical) lamination Fl,

leaves of Fean (U\K). Similarly, we define the horizontal and vertical thick-thin decomposition
TTD"(U, K) and TTD"(U, K) of U\K respectively.

Let us fix a holomorphic map f:U — V, where U,V c C are domains in C and assume
that it admits a rotation curve Hc U. Let ¢ : H - T be a conjugacy between f|g and the

irrational rotation Ry|t. Note that ¢ is unique up to post-composition with any rotation.

2.3  Small Orbits Theorem

This section will applied in Chapter 5 §5.3 as a vital ingredient in the proof of Theorem J.
Consider a complex Banach space B. Given a linear operator L : B - B, denote the
corresponding set of eigenvalues by spec(L). We say that an eigenvalue X\ € spec (L) is

attracting if |A| < 1, neutral if |A\| = 1, and repelling if |\ > 1.

Theorem 2.3.1 (Small Orbits Theorem). Let R : (U,0) — (B,0) be a compact analytic
operator on a neighborhood U of 0 in a complex Banach space (B, |- |). If the differential
DRy : B — B has a neutral eigenvalue, then R has slow small orbits, that is, for any
neighborhood V of 0, there is a forward orbit {R"g}nen in V such that

1
lim —log|R"g| = 0.
n—o0 n

In the absence of repelling eigenvalues of DR, the theorem above was proven by Lyubich
in [Lyu99, §2|. The original Small Orbits Theorem was a vital ingredient in the proof of
hyperbolicity of quadratic-like renormalization horseshoe [Lyu99; Lyu02] and more recently

the proof of hyperbolicity of pacman renormalization fixed points [DLS20].
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Below we will generalize Lyubich’s proof. The key addition is the application of two

invariant cones, namely the center-stable cone C* and the center-unstable cone C¢“.

Proof. Let R be as in the hypothesis. Denote the unit disk in C by D:={z€C : |z| < 1}. We

present the Banach space B as a direct sum
B=F@®FE@®FL"
where subspaces E¢, E¢, E* are invariant under DRy and

spec (DRo|gs) €D, spec(DRg|ge) c D, spec(DRo|g.) c C\D.

Note that the spectrum can only accumulate at 0 because R is a compact operator. In
particular, the subspace E¢@® E* must be finite dimensional. We will assume that each of the
three subspaces have positive dimension. (Else, we are reduced to [Lyu99, §2].)

For h € B, we will write h = h® + h¢ + h*, where for a € {s,c,u}, h® is the projection of h
onto the subspace F* We will also denote h¢ := h¢ + h¢ and he% := h¢ + h*. There exist an

adapted norm || - || on B and some positive constants fis, fles, few, f, Such that ps < 1< piy,

s < Heus Hes < flu, and

IDRoh| < us|h| for all h e E°,
| DRoh| < pes||B| for all h e E°,
| DRoh| > f1cu| | for all h € E°*,
IDRoh| > p|| k| for all h e E".

The proof below will involve two fixed constants a > 1 and § > 0 where ¢ is small. We

consider a pair of cone fields C'°* and C° given by
Cit={heTiU : o|p®| <[n|} and CF={heT : a|h"| < |h]} (2.3.1)

for every felU. For a € {s,c,u}, we denote by D?® = D¢(¢§) the open ball of radius § centered
at 0 in B Let
D:=D*xD°x D"

the corresponding open polydisk centered at 0 in B. The boundary of D can be decomposed

as follows:
0°D :=0D°® x D¢ x D", 0°D := D* x 0D x D", 0"D := D* x D¢ x OD".
Claim 1. For sufficiently small § > 0, the following properties hold.
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1. If feD, then Rf ¢ 0°D;

2. If f € 0vD, then Rf ¢ D;

3. The cone field C is forward invariant: if f,Rf € D, then
DR;(C§") c CF;

4. The cone field C° is backward invariant: if f,Rf € D, then

(DRy)™(Ciy) < CF

Proof. Fix a small constant € > 0. We can assume that § is sufficiently small depending on e
such that the difference
Gf=Rf-DRyf

has C! norm on D bounded by ¢, that is, for all f €D and h e TiU,
|Gfl<elfl, and [DGsh| <elh].
When f lies in D,
[(RAY[ < IDRol s (F) I+ (G < sl £21 + ) 1
Assuming (5 + 3¢ < 1, we then have |[(Rf)*| < J. Additionally, when | f*| =0,
[(RAYN = [DRol e () = (G )] 2 6 = €] £

Assuming 1, — 3¢ > 1, we then have |[(Rf)%| > . Hence, (1) and (2) hold.
Suppose both f and Rf are in D. For every h € CS*, we have

[(DRsh)™| = [ DRolgeor: () + (DG (7))
> fieul[ 2] = e[| A

1
> (u . (1 . a)5) =

a|(DR¢h)*[ = a| DRoles (h*) + (DG4 (R))*|
<a(ps|h*] +<|n])
< (ps + (a+1)e) [A].

and

We can take € to be small enough such that a|(DR;h)*|| < | (DR¢h)*| and thus DR ¢h € CZ.

The proof that the cone field C° is backward invariant works in a similar way. O
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Let us consider the perturbation Ry :=A-R for 0 < A < 1. When X is sufficiently close to
1, R, still satisfies all the properties listed in Claim 1. The following claim is a consequence

of Lemma 2.3.2, which we will elaborate later separately.

Claim 2. There exists some point fy € 9°D such that the orbit {RY f)},en lies entirely inside
of D and R fa— 0.

Since R is compact, there exist an increasing sequence {\, },en Of positive numbers and
some g € D such that as n — oo, A, - 1 and Ry, f», = g. Clearly, for all n € N, the n'h iterate
gn = R"g lies in D.

As fy is in 0°D, fy is also inside of the cone C¢* = {|h*| < |hev|}. Similar to the proof of
Claim 1 (3), C¢* is forward invariant under Ry for A < 1. Hence, for every n e N, g5 < |g<|.

This implies that for every n € N,

gis1 = DRolpear(g5") + O (193" 17) - (2.3.2)

At last, we will show that the orbit of g is a slow small orbit. Indeed, suppose for a
contradiction that

1
liminf —log | gn| < —co (2.3.3)
n—oo n

for some constant ¢y > 0. Note that this property holds for every norm that is equivalent to

| -|l. Pick some ¢; € [0,¢q). There exists an adapted norm | - || equivalent to the original one

such that the operator norm of DRg|ztepu i at most e, By (2.3.2), for sufficiently small

d >0, there is some c; € (0, ¢y) such that

lgnis ] = e gn"| for all n e N.

This contradicts (2.3.3). O

It remains to prove Claim 2, which will follow directly from the lemma below. Again, we
suppose B can be decomposed into E* @ E¢@® E* and consider the cone fields C¢* and C*¢*
defined in (2.3.1). We consider a small neighborhood U c B of some polydisk D centered at 0.
For any r > 0, we denote the open disk {z € C : |z| <r} by D,.

Lemma 2.3.2. Let R : (U,0) — (B,0) be a compact analytic operator such that the differential
DRy preserves the decomposition B = E* & E°® E* and satisfies the following properties.

(1) Hyperbolicity: There ezists some 0 <r <1 such that

spec (DR pe) €D\D,, spec(DRg|gu) c C\D.

gs) €D, spec(DRy

(2) Boundary behaviour: If f € D, then Rf ¢ 05D. If f € 0*D, then Rf ¢ D.
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(3) Invariant cone fields: Whenever f,Rf €D,

DRACF) e CRy (DRy) ™ (Ciy) € O

Then, there exists some f € 0D such that {R"f}nen € D and |[R™f| - 0 as n — oo.

Proof. By the compactness of R, the subspace E¢® E* is finite dimensional. Let d. := dim ( E*)
and d, := dim (E*). By (1), the stable manifold

A={f D : {R"f}nen D and [R"f| -0}

exists and is a forward invariant analytic submanifold of codimension d,,.

Let us assume for a contradiction that A is disjoint from 9°D.

Claim 1. The set A°:= AnD is a forward invariant open submanifold of A.

Proof. The only non-trivial property to prove here is forward invariance. Suppose f € A4°. As
feA, then R*f eD for all n> 1. By (2), Rf cannot lie in *D udD. By the assumption,
R f cannot lie in 9D either. Thus, Rf € D. O

Claim 2. The set 9°A := A\(A° U D) is also forward invariant.

Proof. Suppose for a contradiction that there is some f € 9°A4 such that Rf € A°u0*D. By
(2), Rf must lie in A°, which implies that f € An (0°Du d*D). However, this is impossible

because f does not lie in 9D by our main assumption, nor in 0D due to (2). O
Claim 3. The tangent space T7.A° at every point f in A° is contained in cy.

Proof. Let fe A°. As A° is tangent to the subspace E* @ E°¢ at 0, for all sufficiently high n,
R" f is sufficiently close to 0 and so the tangent space Trn;A° lies within C%, I By backward

invariance of C* in (3), the tangent space of A° at f also lies within Ce. ]

Let us consider the family G of all immersed analytic d.-dimensional submanifolds I" of

A° containing 0 with the following properties.
(a) The tangent space T¢I" at every point f €I lies in the cone C'¢;
(b) The accumulation set T\I" lies in 0¢A.

Note that G is non-empty: it contains A° N (E¢@® E*) because, by Claim 3, the intersection
between A° and the subspace F¢@® E" is transversal. Another consequence of Claim 3 is the

following claim.
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Claim 4. For every I'e G and h e T¢I, |h¢|| < |h|. In particular, the projection P:T" - D¢

is non-singular.

Proof. Let h € T¢I'. By Property (a) and Claim 3, a|h®|| < [h®|| and a|h¥|| < |h|. By
triangle inequality, these imply that (« — 1) max{|h*|,||h*|} < |h¢|| and consequently |h¢| <
[n] < g5 (1he]) O

o—

Recall that the Kobayashi norm of a tangent vector v € T¢I" at a point f on a complex

manifold I' is defined as
|A|lr = inf {|w|p : D¢s(w) = h for some holomorphic map ¢ : (D,0) - (I, f)}

where ||w||p denotes the Poincaré metric of w € TyD on the unit disk D. We will supply every
I' e G with the Kobayashi metric.

Claim 5. There is some K > 0 such that for every I' € G and h € TyL, ||h|r < K|A|.

Proof. By Claim 4, there is some § > 0 such that for every I' € G, the component I'(d) of
['n D¢(§) containing 0 is a graph of an analytic map D¢(0) — D?® x D*. Therefore, for any
h e T()F,

[2lr < Rlre) = 151 Decs).-

Clearly, |h€|
desired inequality |h|r < K|h| for some K independent of T. O

pesy = || (with bounds depending only on §). By Claim 4, this yields the

By Property (3) and Claim 2, the map R induces a well-defined graph transform
Rx— : g i g, P (g RF

Note that R : I' -» RI" is a proper non-singular map, hence a holomorphic covering map.

Therefore, for every I' € G, n € N, and non-zero tangent vector h € Ty,

[Ale = [(DR™)o(h)]

RUT-
By Claim 5,
[2lr < K[(DR")o(R)]
However, by (1), [(DR")o(h)| tends to 0 as n — oo. This yields a contradiction. O
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2.4 Notation

Throughout this dissertation, we fix a pair of positive integers dy,d. > 2 and an irrational
number 6 € (0, 1) with continued fraction expansion . Unless otherwise stated, we will always
assume that 6 is of bounded type.

In our analysis, we will often use the following notation:

> rdy:= (!t +y ) for any z,y > 0;

> g =0(h) when h >0 and |g| < ah for some implicit constant a > 0;
> g>h when g,h >0 and g > ah for some implicit constant « > 0;

> g < h when g > h and h > g.

Number theory.

> () = sup,,5; an, if 6 € (0,1)\Q has continued fraction expansion 6 = [0;ay,as,...];

> Opn:={0¢€(0,1)\Q : 5(#) < N}, the set of bounded type irrationals with bound < N;
> Opaa = Uns1 On, the set of bounded type irrationals;

> O, = the set of pre-periodic irrationals (quadratic irrationals) in (0,1);

> O, := the set of periodic irrationals in (0,1).

Euclidean geometry. The Euclidean norm on the complex plane C is denoted by |-]|.
> D(z,e)={weC : |w-2z|<e};
> A(r,R)={z€¢C : r<|z|<R};
> dist(A, B) = Euclidean distance between two subsets A and B of C.
Given a pointed topological disk (U, z), we define the following.
> 7in (U, x) := dist(x,0U), the inner radius of U about x;
> Tout(U,2) :=inf{e >0 : U c D(z,¢)}, the outer radius of U about z.

For any C > 1, we say that (U,z) has C-bounded shape if row (U, x) < Criy(U,z). We say
that (U, x) has bounded shape if it has C-bounded shape for some implicit constant C' > 1.
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Hyperbolic geometry. Given a hyperbolic Riemann surface €2, denote by dq(-,-) the

corresponding hyperbolic metric of €.

> Dq(z,e) ={weQ : do(w,z) <e};

> disto (A, B) = hyperbolic distance between two subsets A and B of €.
Given a pointed topological disk (U, z) in €,

> Tino(U, ) := distg(z,0U) the hyperbolic inner radius of U about z;

> Tout.(U,2) :=inf{e >0 : U c Dg(x,e)} the hyperbolic inner radius of U about z.

Conformal geometry. The main conformal invariants in consideration are the following.
> mod(A) = the conformal modulus of an annulus A;
> W(F) = the extremal width of a curve family F.

Given a compact subset K of a Riemann surface U with boundary, we will use the following

notation.
> F(U, K) = the family of proper curves in U\K connecting 0U and K;

> Fh (U, K) = the set of leaves of the canonical lamination of U\K that are horizontal

(both endpoints are on K);

> F.(U, K) = the set of leaves of the canonical lamination of U\K that are vertical
(connects OU and K);

> W(U, K) = the extremal width of F(U, K).

For any pair of disjoint sets I and J in C, we say that I and J are well separated if there
exists an annulus A of modulus mod(A) < 1 separating I and J. For any set I contained in a

domain D, we say that I is well contained in D if I and 0D are well separated.
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Chapter 3

A Priori Bounds

Let us consider the family H = Hg, 4. 0 of all degree d rational maps f such that

(I) 0 and oo are superattracting fixed points of f with local degrees dy > 2 and do, > 2

respectively;
(IT) the map f admits an invariant Herman ring H with a bounded type rotation number 6;
(III) H separates 0 and oo;
(IV) every critical point of f other than 0 and oo lies on the boundary of H.

¢

In this chapter, we will establish a priori bounds for H and apply it to study the “boundary*
X :=H\H.

3.1 Setting up the stage

3.1.1 Herman rings
The following procedure allows one to obtain Siegel disks out of invariant curves.

Theorem 3.1.1 (Douady-Ghys surgery). Let f : C - C be a rational map, Y c C be a
quasidisk such that Y is forward invariant and flay is quasisymmetrically conjugate to an
irrational rotation Ry of the circle T. There exists a K-quasiconformal map ¢ : C—>Canda

rational map F such that
(1) F=¢ofog onC\(Y), and
(2) F has a Siegel disk of the same rotation number 6 containing ¢(Y").

Moreover, K depends only on the dilatation of the conjugacy between f|sy and Ry.
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The original idea of the surgery procedure was by Ghys in [Ghy84|, but the formulation
above follows from |[BF14, §7.2]. The essence of the surgery procedure is to replace the
dynamics f|y with a rotation. More precisely, we replace fly with ¢=! o Ry o %), where
1 :Y - D is a quasiconformal extension of the quasisymmetric conjugacy between f|sy and
Ry|op, and straighten the new map via the measurable Riemann mapping theorem.

As explained in the introduction, Douady-Ghys surgery plays an essential role in deducing
the regularity of the boundary of Siegel disks with bounded type rotation number. The most

general version of this result is the following theorem.

Theorem 3.1.2 ([Zhall|). Let f be a rational map of degree d > 2. If f has an invariant Siegel
disk Z with bounded type rotation number 0, then the boundary 0Z is a K(d, B(0))-quasicircle

containing at least one critical point.

In [Shi87, §6], Shishikura originally discovered a way to convert Herman rings into Siegel
disks (and vice versa) through quasiconformal surgery. We will formulate this procedure as a
straightforward application of Douady-Ghys surgery and combine it with Zhang’s theorem to

obtain the following corollary.

Corollary 3.1.3. Let f be a rational map of degree d >3 having an invariant Herman ring

H with bounded type rotation number 6 and modulus mod(H) > > 0. Then,
(1) every boundary component of H is a K-quasicircle containing at least one critical point;

(2) there is an L-quasiconformal map ¢ : C - C that is conformal in H and conjugates f|g

and the rigid rotation Ry on the annulus A(1,e2mmod(H)),

Moreover, the dilatations K and L depend only on d, $(0), and p.

Proof. Along the core curve v of H, f|, is K’-quasisymmetrically conjugate to Ry|t for some
K’ = K'(u). Pick a boundary component H of H and let D be the component of 6\7
containing H. Apply Douady-Ghys surgery along v to obtain a degree < d — 1 rational map
F having an invariant Siegel disk Z and an L’-quasiconformal map 1 : C — C that maps H
to 07 and restricts to a conjugacy between f|p and Fly(py, where L’ depends on p. Then,
the corollary follows from applying Zhang’s theorem to F'. O]

In this chapter, we would like to remove the dependency on the modulus p for rational
maps in 7. Such rational maps can be constructed through Shishikura’s quasiconformal
surgery [Shi87| (see also [BF14, §7.3|) from two polynomials Py and P, of degree dy and
de respectively where both Py and P, have invariant Siegel disks Z; and Z., of rotation

numbers 1 -6 and 6 respectively and satisfy a condition similar to (IV). The surgery involves
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removing a proper invariant sub-disk of each Z; and Z,,, gluing the two remaining Riemann
surfaces along the boundary of the sub-disks and applying the measurable Riemann mapping
theorem to obtain some f € H that mimics the dynamics of both F, and P, outside of the
removed disks.

Denote by Y? and Y the connected components of C\ﬁ containing 0 and oo respectively.
The hypothesis assumes that 0Y° contains a unique critical point ¢q and dY*° contains a

unique critical point c¢.,. The covering structure of f is well understood.
Proposition 3.1.4. The preimage f~'(H) of H is of the form
do-1 doo—1
Hu [ AYu J AP
i=1 j=1
where for each o € {0,00} and i€ {1,...,ds—1},
(1) A is a closed topological annulus in Y*;
(2) ArnH={c} for some critical point c;
(3) if j #1, A n A5 is either empty or {c} for some critical point c;

(4) f is univalent in the interior of AS.

Proof. For each e € {0,00}, the boundary JY* is a quasicircle along which f is conjugate
to the irrational rotation. We can perform Douady-Ghys surgery! to replace f on the disk
D, :=C\(HuY"*) with a rotation and obtain a rational map P, that satisfies the following

properties:
> P, admits an invariant Siegel disk Z, c C, which is a quasidisk;

> there is a quasiconformal map ¢, : C — C that restricts to a conjugacy between f ‘C\ D.

and Pule 5.;
> ¢pe(®) = 0o, and thus P, has a superattracting fixed point at oo with local degree d,.

Clearly, for each o, P, must have degree at least d,. The critical points of P, aside from
oo must lie on 0Z,. Moreover, the sum of the numbers of critical points of Fy and P, is
equal to the number of critical points of f, which is 2(dy + de —2). As such, Py and P,, must
be polynomials of degrees dy and d., respectively.

For each e, the maximum modulus principle implies that the preimage of Z, under P,

must be of the form Z,u Efu...,Ej | for some d, — 1 pairwise disjoint open disks E}’s

LA combinatorial proof avoiding the surgery procedure is possible, but we will leave it as an exercise to
the keen reader.

41



where for each 4, P, is univalent in E? and the closure FZ‘ intersects Z, precisely at one point,

which is a critical point of P,. Therefore, the preimage of H under f is of the form

Hu (J U( J(ED) 0 fU(H)).

oc{0,00} =1

Then, the proposition follows immediately. O]

Denote by C = {cy, ¢« } the set of free critical points of f. For any n > 1, we refer to the
closure of a component of f~(H)\f~ ("1 (H) as a bubble of generation n. By Proposition
3.1.4, every bubble B of generation n is a closed annulus admitting a unique point on the
outer boundary of B that lies on the pre-critical set f~("~1)(C). This unique point will be
called the root of B. In particular, every bubble of generation 1 is precisely one of the A?’s
above and it is rooted at a unique critical point. (See Figure 3.1.) We say that a bubble

attached to H is an inner bubble if it lies in Y and an outer bubble if it lies in Y.

3.1.2 Combinatorial data

We shall formally define combinatorics of Herman ring H of f € H as follows. For any n € N,
the n'* symmetric product SP"(T) of the unit circle T is the quotient of the n-dimensional
torus T under the symmetric group S, acting by permutation. Elements of SP"(T) are

precisely unordered n-tuples of elements of T.

Definition 3.1.5. Define C,,,, to be the quotient space of SP™'(T) x SP”"!(T) modulo the
action of T by any rigid rotation, endowed with the quotient topology.

Let ¢ : H» A(1, R), where R = ¢?™°d(H) denote a linearization of flg. Let (cf,...,c) ;)
and (¢f°,...,cy _;) denote the tuples of inner and outer critical points of f counting multi-
plicity.

Definition 3.1.6. The combinatorics of f € H is the element comb(f) in C = Cy, 4., induced
c® ez 1)
by the pairs of tuples (¢(c), .. ,¢(cgo_1)) and (MB} ) .. o )

Note that comb(f) is well-defined because ¢ is unique up to post-composition with rigid
rotation.

Zhang [Zha08] proved that bounded type Siegel disks of any prescribed combinatorics
are realized by a unique rational map as long as outside the closure of the Siegel disk, the
postcritical set is finite and there are no Thurston obstructions. Using methods similar to
Shishikura’s quasiconformal surgery, Wang [Wan12| extended Zhang’s result to rational maps

with an invariant Herman ring where outside the closure of the Herman ring, the postcritical
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set is finite and there are no Thurston obstructions. In particular, every map f in H is
uniquely determined by the conformal modulus of its Herman ring H and the combinatorial
data on OH.

Theorem 3.1.7 (|[Wanl2|). For any u >0 and o € C, there is a rational map f € H such
that its Herman ring has modulus p and combinatorics o. Moreover, such f is unique up to

conformal conjugacy.

Towards the end of the chapter, we will also consider the space X of degree d rational

maps f such that

(i) 0 and oo are superattracting fixed points of f with local degrees dy > 2 and do, > 2

respectively;
(ii) the function f admits a Herman quasicircle H of rotation number 6;
(i) H separates 0 and oo;
(iv) every critical point of f other than 0 and oo lies in H;

(v) the conjugacy between f|g and Ryl is quasisymmetric with dilatation depending only
on dy, de, and 3(0).

Consider a map f € X. Denote by H the Herman quasicircle of f, and by Y? and Y*° the
connected components of C\H containing 0 and oo respectively.

Topologically, maps in X are dynamically identical to maps in H with the exception
that quasiconformal Herman rings of positive moduli are replaced with quasicircles (zero
modulus). Similar to Proposition 3.1.4, the strict preimage of the Herman quasicircle H
of f is a union of quasicircles (bubbles of generation one) attached to critical points on H.

Bubbles of arbitrary generation are obtained by taking iterated preimages of H.
Proposition 3.1.8. J(f) =up, f~*(H).

Let ¢ : H - T be the quasisymmetric conjugacy between f|g and Ry. By pushing
forward inner and outer critical points of f under ¢, we again obtain a well-defined element
comb( f) €C.

Definition 3.1.9. The combinatorics of f € X is the element comb(f) in C.
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Figure 3.1: Bubbles of generation 1 for f € H above and g € X below.

3.1.3 Encoding degeneration

Consider the following general setup. Let f: H - H be a homeomorphism on a closed annulus
H c C. Suppose [ is topologically conjugate via ¢ : H - A to the rigid rotation Ry(z) = ¥
on a closed round annulus A = {1 <|z| < R}. Via the projection ¢ : A - T,z > s-arg(z), we
can equip H with the pullback under 1 o ¢ of the Euclidean metric on T := R/Z, called the
combinatorial pseudometric of H.

A closed set I c H is called a piece in H if it is of the form (¢ o ¢)~1(I") for some closed
interval I’ c T. Define the combinatorial length |I| of a piece I to be the diameter of I with
respect to the combinatorial pseudometric.

For any two distinct points z,y € H, we denote by [z,y] the unique combinatorially
shortest piece that contains both z and y. Note that if ¢(¢(z)) = ¥ (¢(y)), then [z,y] is a
radial segment in H with zero combinatorial length.

Let {pn/q.} be the sequence of best rational approximations of 6.

Definition 3.1.10. A combinatorial piece of level n is a piece of the form [z, fi(x)] for

some x € H.

Recall from Proposition 2.1.2 that rotational behaviour induces a nest of tilings on H.

For any x € H and n € N, consider the n'" renormalization tiling induced by z € H:

H- u £ ([ f (2)]) U U £ ([ (), 2])

All the pieces in the expression above have pairwise disjoint interiors, and all the level n + 1

combinatorial pieces above are pairwise disjoint. Keeping only the level n pieces from the

44



~

(al)
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Figure 3.2: On the left, I has small a-width. On the right, I has large a-width.

renormalization tiling gives us an almost tiling whose gaps have length [,,,;. We will also
often apply the weaker fact that for any n > 3, the orbit {f*(x)}i,. 4, partitions H into
pieces of length between [,, and [,,_.

For every « > 3 and piece I ¢ H of length |I| < é, we will use the following notation:
> [¢ = the closure of H\I;

> «al = the combinatorial rescaling of I by the factor of «, that is, the unique piece in H

of length «|I| having the same combinatorial mid-segment as I;
> Fo(I) = the set of proper curves in C\ (1 U (o)) connecting I and (al)e;
> Wo(I) = the a-width of I, that is, the extremal width of F, (7).

When R =1, H is a Jordan curve, the combinatorial pseudometric is a metric on H, and
every piece in H is a genuine interval. Additionally, when the conjugacy ¢ is quasiconformal,
we have the following. (Compare with [DL22, Lemma 11.3].)

Proposition 3.1.11. Let ¢: C>Chea quasiconformal map that maps a quasicircle H onto

the unit circle T. Equip H with the combinatorial metric induced by ¢.

(1) For every o >3, there is a constant K depending on o and the dilatation of ¢ such that
every interval I ¢ H of combinatorial length |I| < (2a)~! satisfies W, (1) < K.

(2) Conwversely, if there are some constants a > 3, € € (0,1), and K > 0 such that W, (1) <K
for every interval I ¢ H of combinatorial length at most €, then the dilatation of H

depends only on o, € and K.

Proof. Pick any « >3 and any interval I c H of length |I| < (2a)~!. On the circle, ¢(I) has
width W, (¢(1)) < M for some constant M = M («) > 1. Therefore, on H, the interval I has
width W, (I) < kM, where k denotes the dilatation of ¢, and so (1) holds.
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To show the converse, we first claim that every interval I of length at most € must satisfy
Ws3(I) < aK. If otherwise, then we could partition I into |a] pieces I,...,I|4| of equal

combinatorial length. Since each (al;)¢ contains (31)¢,

li%I/Va(L-) > LfI/V(Ii, (31)°) > W5(1) > aK.
i=1 i=1
Then, at least one of the pieces I; satisfies W, (1;) > K, which is a contradiction.

Assume without loss of generality that H separates 0 and oo. For any e € {0,00}, we
denote by Y* the component of C\H containing e. For any interval J c H, let m,(.J) denote
the harmonic measure of J on Y* about e and let W3(J) denote the width of the family
of proper curves in Y'* connecting J and (3.J)¢. Since W3(I) < aK, then Wy (I) < oK for
ec{0,00}.

Denote by L and R the two connected components of 31\I. For e € {0, o0}, by Proposition
2.2.7,

m,(/) < M -min{m,(L), m,(R)}

for some M = M(aK) > 1. Thus, any two neighboring combinatorial intervals I and J of

equal combinatorial length satisfy
M™'m,(J) <m,(I) < Mm,(J).

As such, the inner and outer harmonic measures are quasisymmetrically equivalent to the
combinatorial measure, and consequently to each other as well. By conformal welding, this

implies (2). O

In application, in order to bound the dilatation of a quasicircle H, it is sufficient to obtain
a bound on the a-width of sufficiently deep intervals in H and for some « > 3. Degeneration

is encoded by the presence of an interval with very large a-width.

3.1.4 Setup and notation

Throughout this chapter, dependence on dy, do, and 5(#) will always be implicit. Throughout
Sections §3.3-3.7, we will fix a rational map f in ‘H and denote its Herman ring by H. We
always assume that the modulus p of H is sufficiently small: p <« 1. (Otherwise, a priori
bounds can be obtained from Corollary 3.1.3.)

Let us define H in two different ways:
O H is the closure of the Herman ring H of f;
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© H is the outer boundary component of the Herman ring H of f. (The treatment for
the inner boundary is analogous.)

In Section §3.2, only @ is considered.

In both cases, we let

Y* := the connected component of C\H containing e, for e € {0, c0}.

For any piece I c H,

> |I|:= the combinatorial length of I c H;
> [¢:= the closure of H\I.

Moreover, for any « € (1,]I]71),

> ol := the piece in H of length «|I| that shares the same mid-segment as I;
> Fo(I) = F(C\(al), I);
> Wo(I):=W(C\(al)¢ I), a conformal invariant measuring the (near-)degeneracy at I.

When W, (I) > K for some K > 1, we say that [ is [ K, a]-wide.

Fix the constant? 7 := 10. Local degeneration will be represented by two quantities,
namely the 7-degeneration W, (I) > 1 and the \-degeneration Wy(I) > 1 at a piece [ c H
for some large parameter A > 7. We will take A\ to be sufficiently large for our analysis to
work, and emphasize whenever other constants depend on A\ throughout Sections §3.3-3.6.

One particular parameter that will appear frequently is n) defined below.

Definition 3.1.12. For any A > 1, denote by n, the smallest integer such that for any

combinatorial piece I c¢ H of level > n,, the pieces 2AI, 2\ f(I), and 2\ f?(I) are pairwise
disjoint.

In Case ©, we impose the additional assumption that any interval I ¢ H we consider is

always at the Siegel scale, i.e. |I| < p.

Lemma 3.1.13. In Case ©, for any interval I c H, the width of curves in the Herman ring

H connecting I and the inner boundary component H® is at most 5.

2The reader may wish to assign a different value for 7 as long as it is a sufficiently large integer.
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Proof. For any interval J in the outer boundary component H, let J denote the corresponding
piece in H such that J = J n H. It comes with a canonical structure of a conformal rectangle
with horizontal sides J n OH.

At the Siegel scale, it is sufficient to prove the lemma for any interval I of length |I| = p.
Let L and R denote the two intervals in H adjacent to I that have the same length . Then,
W (L) =W(R) =W(I) = 1. The family F° of curves in H connecting I and H° is contained
in the union F; uF,, where F; consists of vertical curves of 31 and Fy = FO\F;. Observe
that W (F,) = W(3I) = 3. Since every curve in F, must cross either of the two rectangles L
and R, then by Proposition 2.2.5, W (F,) < 2. Therefore, W (F°) < 5. O

Intervals at the Siegel scale are conformally far from the inner boundary component H°
of the Herman ring H. As such, this situation is comparable to that of an interval on the
boundary of a Siegel disk, in which the width between I and the inner component, which is
the singleton consisting of the center, is 0.

The arguments we present in Sections §3.2-3.6 will mainly address Case @ using only the
combinatorial and dynamical properties of H. The modulus p will not play any major role
until Sections §3.7-3.8. Most of the arguments in Sections §3.3-3.6 apply to Case © with a

few adjustments presented as separate remarks.

3.1.5 Outline

Let us provide an outline of the proof of Theorem A. The key to a priori bounds is the
Amplification Theorem 3.7.1 which states that the existence of a [K,7]-wide piece I ¢ H
implies the existence of a [2K, 7]-wide piece, where K is sufficiently large (depending only

on dy, de, and B(0)). Our analysis is split into two cases.
Herman scale |I| > u, (the main case, roughly @)
Siegel scale |I] < u. (roughly Case ©)

In the Siegel scale, this theorem is similar to (and was inspired by) [DL22, Theorem 8.1]
in the context of quadratic Siegel disks. In the Herman scale, the techniques in [DL22],
especially [DL22, Snake Lemma 2.12|, are not applicable because, unlike in the Siegel scale,
the geometry on both sides of I is unknown. In Sections §3.2-3.6, we develop the fundamental
results needed to prove the Amplification Theorem.

In Section §3.2, we discuss the bubble-wave argument, a mechanism (Proposition 3.2.2)
that generates large 7-width at a shallow level, i.e. when || < 1. The main idea is to use the
fact that bubbles, i.e. preimages of H, up to a certain generation that are attached to H have

controlled harmonic measure about either 0 or co (Claim 2 in the proof of Lemma 3.2.3).
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Section §3.3 discusses some ways to spread degeneration. Let 5—: be the best rational
approximations of 8. A piece I c H is a combinatorial piece of level n if it has endpoints
x and fi(x) for some point x € H. A level n almost tiling Z is a collection of pieces with
disjoint interiors of the form {f*(I)}o<icqg,.,-1 for some level n combinatorial piece I. By
applying the Covering Lemma 2.2.9, we show in Proposition 3.3.2 that for any = > 1, A > 10,
and K >z, 1, the existence of a [ K, A]-wide combinatorial piece implies the existence of
either a [EK, 10]-wide piece or an almost tiling Z consisting of [ K, A]-wide pieces for some
£=£(3)>0.

The main result in Section §3.4 is Theorem 3.4.1 which states that for K >, 1, the
existence of an almost tiling consisting of [ K, A\]-wide pieces implies the existence of a
[I1, K, 10]-wide piece where IIy — 0o as A — co. The proof is split into two cases: the deep
case, where the level of the almost tiling is high, and the shallow case, where the level is low.
The deep case is an application of the Quasi-Additivity Law, whereas the shallow case is
handled using the bubble-wave argument.

In Section §3.5, we prove in Theorem 3.5.1 that for A > 10 and K >, 1, the existence of a
[ K,10]-wide combinatorial piece induces the existence of a piece that is either [2K, 10]-wide
or [xK,\]-wide, where 0 < y < 1 is independent of \. Since the shallow case can again be
handled via the bubble-wave argument, we are left with the deep case. Our main strategy is
to adapt Kahn’s push-forward argument in [Kah06, §7| to our setting. A key ingredient in
the original push-forward argument is the positivity of the core entropy corresponding to
primitive renormalization, which stands in contrast to the lack of entropy of the rotational
action of f on H. Section §3.6 is dedicated to developing a replacement for Kahn’s entropy
argument, namely Proposition 3.6.2. Due to technical considerations, we supply a more
detailed outline in §3.6.1.

Finally, the proof of the Amplification Theorem 3.7.1 is an application of Theorems 3.4.1
and 3.5.1. In short, we will eventually pick A to be large enough such that the constant IT)
beats the constant x. This is captured in Figure 3.13.

3.2 Bubble-wave argument

In Sections §3.4 and §3.5, we will encounter degeneration witnessed by a combinatorial piece
I that is either shallow, i.e. has level bounded above by some constant, or deep, i.e. not
shallow. In the shallow case, we will need to rule out the presence of wide waves. Waves are

defined as follows.

Definition 3.2.1. For e € {0, 00} and a piece A c H, we say that a curve 7 protects A from e
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if it is a proper curve in Y* such that AndY*® is contained on the boundary of the connected
component of Y*\~y that does not contain . We say that a lamination  is a wave if it is a
proper lamination in Y'* for some e € {0, co} such that there exists a piece A that is protected
from e by every leaf. If e =0, it is called an inner wave; if e = oo, it is called an outer wave.
The (combinatorial) length || of a wave Q is the maximum combinatorial length | A| of pieces
A protected by €.

In this section, our aim is to convert a wide wave into 7-degeneration which increases with
the length and width of the wave and is witnessed by a combinatorial piece of a controlled

level.

Proposition 3.2.2 (Wide waves — 7-degeneration). There exists an absolute constant
m € N such that the following holds. For everyn € N and o > 1, there exists some K = K(n) > 1
such that if

there ezists a wave Q of length || > al,, and width W(Q) > K,

then

there exists a level n+m combinatorial piece J with W.(J) > aW ().

The main idea of the proof is to use the interaction between waves and bubbles. The key
step is Claim 2 in the proof of Lemma 3.2.3 below, in which we deduce that most of the wave
at the shallow scale should pass through bubbles up to a certain generation. From there, we
use these bubbles to split up the wave into wider ones and achieve a multiplicative factor

depending on «.

3.2.1 Amplifying waves

We first argue that a combinatorially long wide wave induces an even wider wave of smaller
but controlled length. Refer to Figure 3.3.

Lemma 3.2.3. There exists an absolute constant m' € N such that the following holds. For

every n € N and a > 1, there exists some K = K(n) > 1 such that if
there exists a wave Q) of length |Q| > al,, and width W(Q) > K,
then
there is another wave Q' of length || > lyyme and width W (') > 2a W (2).
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Proof. Pick n e N and o > 1. We shall first introduce two absolute constants m”, m’ € N

satisfying

10 ln+mﬂ < ln, and (321)
2 lyimy < Loyeryrss. (3.2.2)

Set t := ¢pimrio-

Suppose €2 is an outer wave of length > al,, and width > K. Denote by A the longest piece
protected by €. For every outer critical point ¢ € H, denote by O := { f|z(¢)}ico,... -1 N A the
set of preimages of ¢ up to time ¢ — 1 that lie on A, and by B, the set of outer bubbles B

such that B is rooted at some point f|(c) in O, where i + 1 is the generation of B.

Claim 1. There exist k > 5o distinct pieces P,,, ..., P,, length > [,

Proof. Since |A| > al,, it is sufficient to show that the claim is true for k > 5|A|/l,,. Suppose
otherwise. Then, the number of pieces P; of length < l,,,,, is more than N —5|A|/l,, and the
rest have length between l,,,,, and [,,,,». In particular,
4] < (N _ %) b+ 2
I, I,
By (3.2.1), this simplifies to

2N 10
1 T 7 ln-%—m"
<(|A| zn)

By 2.1.2, for every critical point ¢, adjacent points in O, have distance at least 1,42, s0 O,

has cardinality at most |A|/l,smm+o. Since f has less than d outer critical points, we deduce
that N < d|A|/l,ymrso. As such,

2d ln+m’ 10 ln+m’
< - .
ln+m”+2 ln

1

However, this implies that 2d l,,, > lysmr 12, which contradicts (3.2.2). O

Next, we will remove parts of the wave that skip some bubbles. We claim that such

removal is harmless.

Claim 2. The width of leaves in €2 that are disjoint from a bubble B € B is at most some

constant depending only on n.

Proof. Denote by Y,* the connected component of f~#(Y*°) that contains co. The map
f:Y > Y is a degree dt, covering map branched only at co. For every bubble B € B, the
harmonic measure x of its outer boundary B ndY,* in Y,* about oo is equal to doJ, where g
is the generation of B. Since g <t = gpemri2, then k> dod™"+2. Therefore, the claim follows

from Proposition 2.2.7. O
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Figure 3.3: The outer wave Q) and the laminations G;’s connecting bubbles attached to the
endpoints of P,,’s.

By Claim 2, we can take K to be sufficiently high depending on n and assume that the
sublamination consisting of leaves of €2 that consecutively intersect every bubble in B has
width

W (Q) > %W(Q). (3.2.3)

There exist pairwise disjoint proper laminations Gy, s, ..., Gr_1 in Y;* such that each G;
is a restriction of Q (refer to §2.2.1) and connects two bubbles in B attached to the two
endpoints of P,,. See Figure 3.3. Suppose the widest one is G, for some s. Since Gy, ..., Gr1

are pairwise disjoint, by Propositions 2.2.2 and 2.2.3,
1
k-2

W(Q)<W(G)@...0 W(Gy1) <
By (3.2.3), (3.2.4), and the assumption that a > 1,

W(Gs). (3.2.4)

W(G,) > (k- 2)W (Q) > (5a-2)- gwm) > 20 W(Q).

Let g € N be the maximum generation of the two bubbles that the endpoints of leaves
of G, lie on. The image ' := f9(Gs) is the wave we are looking for. Indeed, it has the same
width as G, which is at least 2a W (), and €’ has length at least [,,,,,» because of Claim 1
and the fact that Q' protects the piece f9(P,,). O

3.2.2 Wide waves yield 7-degeneration
By an inductive argument, we can now obtain a 7-degeneration out of a wide wave.

Proof of Proposition 3.2.2. Pick n € N and a > 1. Let m’ and K be the constants from
Lemma 3.2.3 and set m € N to be the smallest integer such that TT‘llmm <lpimy. Let Q be a
wave of combinatorial length > al,, and width W (Q2) > K.
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Claim. Either there exists a level n +m combinatorial piece J satisfying W, (J) > aW (),

or for every t > 1, there exists a wave {2, of length > [,, and width
3 t
W) > (5) AV (). (3.2.5)

Proof. We will proceed by induction. Suppose there exists a wave {2; of length > [,, satisfying
(3.2.5) for some t € N. We will also include the initial case ¢ = 0, in which € := Q has length
> al, and width W (€2). By Lemma 3.2.3, there is a wave 2} of width

2W(y) ift>1,

W(Q) > (3.2.6)
20W(Q) ift=0,

protecting a piece J; of length [,,,,,». Note that by (3.2.5) and (3.2.6), we have
W () >2a W(Q). (3.2.7)

Let I;,1 be the level n combinatorial piece that shares the same combinatorial mid-segment
as J;. We present 2] as ;.1 U )} where €2, is the set of leaves of 2] that protect ,,; and
Q) is the set of leaves that land on ;1\ J;.

If W (1) > 3W(€), then by combining this with (3.2.5) and (3.2.6), the wave Q.4

satisfies (3.2.5) and we are done. Suppose instead that
144 1 14
w(Q) > ZW(Qt) (3.2.8)

There exists a level n +m combinatorial piece J c I;,1\J; such that amongst every level n+m
subpiece of I;,1\J;, the width of leaves of 2, landing on J is the widest. Our choice of m

guarantees that leaves of ) that land on J lie in F,(J), yielding

/]
(Lee1\ |

Therefore, by combining (3.2.7), (3.2.8), and (3.2.9), we obtain W,(.J) > aWW (). O

W, (J) > W(QL) > W Q). (3.2.9)

The proposition holds because if otherwise, the claim above would give us an infinite
sequence of waves (2, of uniformly bounded length and exponentially increasing width, which

contradicts the compactness of H. O

3.3 Spreading degeneration

Recall from Proposition 2.1.2 that for any level n piece I, the corresponding pieces I, f(I),

f2(I),..., fa1=1(1) have pairwise disjoint interior.
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Definition 3.3.1. The level n almost tiling Z generated by a level n combinatorial piece
I c H is the collection of iterated pieces { f*(1)}i-o

yeeesGn+1—1"

In this section, we will spread a given A-degeneration to an almost tiling consisting of
pieces that are all comparably A-degenerate relative to the original. Recall the threshold

parameter n) defined in §3.1.4.

Proposition 3.3.2. For any = > 1 and \ > 7, there are some K =K(Z,\) >1 and £ = £(Z) >0
such that if there is a [ K, \]-wide level n combinatorial piece I where n > ny and K > K,

then either
(1) there is a [EK, T]-wide combinatorial piece of level n, or
(2) there is a level n almost tiling consisting of [EK, A]-wide pieces.

In the proof, we will apply the Covering Lemma (Lemma 2.2.9) to spread A\-degeneration
around H. We will introduce cuts (Lemma 3.3.6) to bound the degree of the appropriate

branched covering in terms of .

3.3.1 Spreading 7-degeneration

We will first discuss what we can do with 7-degeneration. This can be seen as a special case

of Proposition 3.3.2 when A = 7.

Proposition 3.3.3. There are absolute constants 0 < € <1 and K > 1 such that for any
[ K, 7]-wide combinatorial piece I c H of level n where n >n, and K > K, every piece in the

almost tiling generated by f2(I) is [e K, T]-wide.

We will apply Proposition 2.2.4 as the main tool to compare the 7-widths of a piece I
and its iterate f?(7). This motivates us to first estimate the degree of f? near 71, which we

can deduce in a more general way as follows.

Lemma 3.3.4. Suppose f@:U — U’ is a branched covering map between two open disks U
and U’ in C* where a < ¢n.p and U' nH is a piece of length pl,, for some positive integers k

and n, and some constant p > 1. Then,
deg(f*:U->U")Y<M
for some M = M(k,p) > 1.
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Proof. For t =0,1,...,a, let Uy := f{(U). Observe that each U, nH must be a piece of length
pl,. Let C' > 1 be the constant from Proposition 2.1.3, then [,, < C¥l,,;. Since a < g4,
for every critical point ¢ € H, there are at most C*p values of t € {0,1,...,a} such that U;
contains c. Since f has d -1 free critical points counting multiplicity, the number of different

pairs (c¢,t) such that U; contains a free critical point ¢ is at most C¥p(d —1). Therefore, the
degree of f@:U — U’ is at most 2C"~(d-1), O

Remark 3.3.5. In Case © (as outlined in §3.1.4), in order for the lemma above to work, we
shall assume additionally that U and U’ are disjoint from the connected component YO of
C\H containing 0 so that every critical value of the mapping f¢: U — U’ lies on the outer

boundary H.

Next, we have to pick the disk U containing 7/ carefully. In particular, we would like to

restrain the local degree of an iterate f* on U so that it is independent of i.

Lemma 3.3.6 (Cuts). For any piece I such that I, f(I), and f?(I) are pairwise disjoint,
there exist some t € {0,1,2} and a pair of closed rays o c YO and ve ¢ Y connecting a
point in (f1(I))° to 0 and oo respectively such that the width of curves in C\(H U g U 7e)

connecting f1(I) and 7o U Ve is at most 10.

Proof. Since I, f(I), and f2(I) are pairwise disjoint, there is some ¢ € {0, 1,2} such that for
o ¢ {0, 00}, the harmonic measure of (1) NdY* in Y* about e is less than 3. Then, [GMO5,
Chapter IV Theorem 5.2| guarantees the existence of a pair of such rays v and 7. where

the width of curves in Y (resp. Y*°) connecting f*(I) and vy (resp. 7Ve) is at most 5. [

The rays v and 7., satisfying the above will be called cuts for the piece f!(I). These
cuts will help us define the appropriate disks.

Proof of Proposition 3.3.3. Let I ¢ H be a [K,7]-wide combinatorial piece of level n > n,
and let I, := f¢(I) for any s > 0. Pick any integer a € [2, ¢,,1 + 1]. We can assume that there
exist cuts g and 7., for 71,. (Otherwise, replace I, with I,_; for some i € {1,2} and apply
Proposition 2.2.4.)

Let U’ denote the open disk C\ ((77,) U~ UYe ), and let U be the connected component
of f~¢(U") containing I. By Proposition 2.2.4,

K <W(U,I) <deg(f*:U - U")-W(U", I,).

By Lemma 3.3.4, the inequality implies W(U’,I,) > K. Curves in F(U’,1,) connect I, to
either (71,)¢ or the cuts 79U Y. The width of those landing at 79 U s is at most 10, so
when K > K and K is sufficiently high, we have W.(1,) > K. O
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Remark 3.3.7. In Case ©, we shall modify the proof above by replacing the topological disk
U’ with U'\Y?. The removal of Y is necessary in order to apply Lemma 3.3.4 (see Remark
3.3.5), and harmless because the width of curves in F(U’,I,) that land on Y is negligible
due to Lemma 3.1.13.

3.3.2 Spreading A-degeneration

Even though the proof of the previous lemma can also be applied to A-degeneration, the
corresponding multiplicative factor would depend on A. We will employ a different spreading
approach by applying the Covering Lemma as follows. (See |[DL22, §8.1] in the case of
quadratic Siegel disks.)

Proof of Proposition 3.3.2. Let I c H be a [ K, \]-wide combinatorial piece of level n > ny,
where K > K, and let I, := f¢(I) for any s > 0.

Pick an integer a € [2,g,.1 + 1]. Since n > ny, by Lemma 3.3.6, there exist cuts 7o and e
for \I, for some b€ {a—2,a—1,a}. Then, consider the iterate f°: (U, A, I) - (V, B, I) where

> V= C\ (A1) U0 U Yoo );
> Bi=V\(11,)%;
> U := the connected component of f~*(V') containing I;
> A := the connected component of f~°(B) containing I.
By Lemma 3.3.4,
deg(f’:A— B)<M(7), and deg(f°:U —V)<M()).

Fix the constant = > 1. Since U contains (A])¢, we have W (U,I) > K. By Lemma 2.2.9,
for sufficiently high K depending on = and A, either

W(B, L)) > (?2+1)K or W(V,I,) > &K,

where & € (0,1) depends only on =. By Lemma 3.3.6, the width of curves in F,(I,) landing
at the cuts 79 U 7w is at most 10. Therefore, for sufficiently high K, either

WT(I(,) >d’=K or W/\(Ib) > 6K

for some & € (0,1) depending only on =. After pushing forward by f2° we conclude that
the piece [, is either [EK, 7]-wide or [£K, A]-wide, where & = d=2&,. Therefore, if there is no
2 < a < @py1 + 1 such that I, is [EK, 7]-wide, then 5 generates an almost tiling consisting of
[EK, \]-wide pieces. O

56



Remark 3.3.8. In Case ©, the proof above needs to be modified by replacing the disk V' with
V\Y?, similar to Remark 3.3.7.

3.4 Trading A-degeneration for a 7-degeneration

Given a A-degeneration, the previous section tells us how to spread and obtain an almost
tiling of A\-degenerate pieces. Next, we would like to convert such an almost tiling into a
much larger 7-degeneration with a multiplicative factor that grows with A. The main result

of this section is the following theorem.

Theorem 3.4.1. For all sufficiently large X\, there are parameters my, K, 11, > 1 all depending

on A where limy_, ., I\ = +00 such that if
there is an almost tiling T consisting of [ K, X]-wide pieces of level n > ny
where K > K, then
there is a [T\ K, 7]-wide combinatorial piece J of level n' > ny

where [n' —n| < m,.

The proof will be split into two cases:
deep case n > ny + my;
shallow case n, <n <ny +m,.

The threshold level n) is essential because we will apply the theorem above inductively in
Section §3.7.

Remark 3.4.2. By assuming sufficiently small modulus (depending on \), we can ensure that
in Case ©, intervals at the Siegel scale (see §3.1.4) are deep. Therefore, the shallow case can

be ignored in Case ©.

3.4.1 Deep case

A deep almost tiling can be handled through a straightforward application of the Quasi-
Additivity Law (Lemma 2.2.8).

Proof of Theorem 3.4.1 in the deep case. Assume A > 72 and set N := [ﬁj Suppose there

is a level n almost tiling Z consisting of [K, A]-wide pieces where K > K. There exists a
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sequence {I;};1,. n of distinct pieces in the almost tiling Z, labelled in consecutive order,

-----

such that for every je{1,2,...,N -1}, I; and I,;,; have controlled combinatorial distance:
(T - 1)ln < diSt(Ij, Ij+1) < Tln.

This ensures that 7/; and u;,;/; are always disjoint but not too far apart.

Let P be the unique shortest piece containing Uj]\il I;. We set m, to be the largest
integer less than n such that |P| > [,,_m,. Our choice of N ensures that each A\I; contains 7P.
Consider the disk S := C\ U, (M;)e. Following [Ahl06|, we will use the notation H < G to
denote that G overflows H. (See §2.2.1.) Then, for every je{1,..., N},

F(S, I;) < Fa(L), F.(I)< f(S\U[i,[j), F.(P)< f(S,G[i).

i) i=1

We are under the assumption that for each j,
W (S, 1;) > Wy(1;) > K.

For sufficiently large K, we can apply Lemma 2.2.8 and obtain

1 X N
max{W,(P), W,(I,),..., W,(Ix)} > m;W(S, I;)> \/;K.

Since N < \, we conclude that either
W.(P)>VAK, or W.(I;)>VAK

for some j. If the former, there exists a combinatorial subpiece J c P of level n — m, and
r-width W, (J) > VAK. O

Notice that, in the proof above, the piece J is longer than the original piece I. This

justifies the need for a different approach when n is shallow.

3.4.2 Shallow case

The main ingredient in the shallow case is the bubble-wave argument. Given a wide lamination,
we are split into two different situations: either it forms combinatorially long wide waves or
it intersects H frequently in a snake-like pattern (see Figure 3.5). Both cases will produce a

large 7-degeneration.

Proof of Theorem 3.4.1 in the shallow case. Fix K, and suppose there is a [ K, 7]-wide piece
I of shallow level n (e.g. by picking any piece from the almost tiling Z in the hypothesis)
where K > K.
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If there is a wave €2 of width > K/10 and length > Y/Al, , then by Proposition 3.2.2, there

is a level n + m a combinatorial piece J such that
K
Wo(J)> VA —
10
and we are done, assuming K is sufficiently high depending on ny + m,, and X is sufficiently
large such that my > m. As such, we proceed under the following assumption.
No-wide-wave assumption: Every wave of length > ¥/Al, has width < K/10.

Let us decompose (AI)¢ into T+ uT uT-, where T* and T~ are the left and rightmost
pieces of (A)¢ of length V/Al,, and T := (AI)°\(T+uT"-). Let F be the set of leaves of the
canonical radial foliation of the conformal annulus C\(I U (AI)¢) that never restrict to curves

protecting T from e for any e € {0, 00} and 1€ {+,-}.

Claim 1. Every leaf of F connects [ and THuT".

Proof. If a radial leaf lands on 7', then it must restrict to a subcurve that protects either T
or 1-. [

We can decompose F into F*uF~ according to whether leaves land on 7 or T~. From
the no-wide-wave assumption, the width W (F) of F is at least 6K /10. Without loss of

generality, assume that F* is wider, so then
. 3
W(F*) 2 1_0K’ (3.4.1)

Recall the notion of conformal rectangles and buffers from §2.2.1. We say that a lamination
L is rectangular if it is a sublamination of the vertical foliation of a conformal rectangle R.
Moreover, a sublamination of a rectangular lamination £ is a buffer of L if it is the set of
leaves of £ that lie in a buffer of R.

Claim 2. F* is rectangular3.

Proof. By construction, the set F* of leaves in the radial foliation of C\(Z u (A)¢) that land

on T+ forms a single conformal rectangle. By Claim 1, F* is a sublamination of F*. m

Consider a finite sequence of distinct pieces Iy := 1, 1;,..., Iy labelled in consecutive order
such that for each j=1,... N,

(i) I; is a subpiece of AI located between I and T™*;

3In fact, F* is the vertical foliation of a conformal rectangle. An approach similar to Claim 3 can be
used to prove this.
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Figure 3.4: Domain U defined by the ray ¢ and the leaf ~.

(iii) I; is of distance at least 511, away from I; for all i # j.

We pick N to be the maximum possible integer such that (i)-(iii) holds.

Claim 3. For any e € {0,00} and j € {1,..., N}, the set 7, of leaves of F* that contain a

subcurve protecting /; from e is a buffer of F+.

Proof. Every leaf of F* cannot contain a subcurve protecting (AI)¢, because otherwise it
would protect T*. As such, for each e € {0, 00}, there exists a ray ¢® in Y'* that is disjoint
from F* and connects ® and T'. Let D := C\(()\I)C Um).

Suppose a leaf v of F* contains a subcurve protecting I; from e; label by 7’ the corre-
sponding subcurve of vy that is furthest from /;. Pick any simple curve o in DnY* connecting
e and a point on ;. Then, o intersects 7/ and contains a subcurve ¢ that connects e and a
point w € v/ no and is disjoint from v away from w. Clearly, & splits the disk D\(/ u~) into
two components, one of which, labelled by U, has closure that is disjoint from I. See Figure
3.4.

The leaf v splits F* into two rectangular sublaminations on opposite sides of . One
of the sublaminations, labelled by F7, has support that intersects U. Since every leaf of
JF; must land on I and avoid 7, then every leaf of 7 must intersect 0. As o is arbitrary,
this implies that every leaf of F7 contains a subcurve protecting I; from e. Then, the claim
follows from the fact that F* is a buffer of F*. O

Let G be the sublamination of F* consisting of all leaves that intersect all the I;’s in

consecutive order ([;_; before I;). If a leaf v of F* is not in G, then it must contain a
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Figure 3.5: The sublamination G c F* intersects all I;’s in order.

subcurve protecting some I;. Therefore, by Claim 3, there exist pairs j, ke {1,..., N} and
§:b € {0, 00} such that F*\G is contained in a union of two maximal buffers 7, and 7. In
particular, F*\G overflows a union of two waves of length at least V/Al,. By (3.4.1) and the

no-wide-wave wave assumption,

K
W(g) > o

There exist pairwise disjoint laminations G, ..., Gy such that each G, is a restriction of G
and connects [;_; and I;. See Figure 3.5 for illustration. Suppose G, has the largest width
amongst all the G;’s. By Propositions 2.2.2 and 2.2.3,

N
W(Gs) > EK'

Since the gaps between the I;’s are at least TT’lln in length, there must be a level n combina-

torial subpiece J c I, such that
1
VA

For sufficiently high A, the maximum possible value of N satisfies N = /2. By combining

W, (J)> —W(G,).

the two inequalities above, we have
N 8
W, (J) > —=K = VK,
10/X

and we are done. O

3.5 Amplifying 7-degeneration

In this section, we work our way towards the amplification of a 7-degeneration. More precisely,

we aim to find a way to promote a 7-degeneration in H into either a significantly larger 7-
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degeneration or a comparable A\-degeneration. Unlike the previous section, the multiplicative

factor will be independent of .

Theorem 3.5.1. There are absolute constants x € (0,1) and m € N such that for sufficiently
large A, there is some K = K(\) > 1 such that if

there is a [ K, T]-wide combinatorial piece I of level n > ny
where K > K, then

there is a combinatorial piece J of level n’ > ny, where |n' —n| < m,
that is either [x K, \]-wide or [2K,T]-wide.

Similar to the previous section, we shall split the proof into two cases:
deep case n >ny +m,;
shallow case n, <n <ny +m.

Remark 3.5.2. By assuming sufficiently small modulus, we can again ensure that in Case ©,

intervals at the Siegel scale (see §3.1.4) are deep.

3.5.1 Shallow case

The shallow case can again be handled using the bubble-wave argument almost the exact

same way as our treatment in §3.4.2. Any repeated details will be spared.

Proof of Theorem 3.5.1 in the shallow case. Fix K and suppose [ is a [K, 7]-wide level n
combinatorial piece where K > K and n is shallow. Fix a pair of positive integers m’ and m";
both are independent of A and will be determined later.

Assume that m' is high enough such that l,.,v > Tl,imreme. If there is a wave of
width > K /10 and combinatorial length > [,,,,.,/, then by Proposition 3.2.2; there is a level

n+m+m’+m'” combinatorial piece J such that

l+ml K o1
WT(J)>H—'_>Cm K7

ln+m’+m” 10

for some absolute constants C'> 1 and m € N. By picking a sufficiently high m” such that J
is [2K, 7]-wide, and by picking the threshold increment m € N such that m >m +m/’ + m”,

we are done. As such, we will proceed under the following assumption.

No-wide-wave assumption: Every wave of length > [,,,,,, has width < K/10.
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Let T* and T~ be the leftmost and rightmost level n + m’ combinatorial subpieces of
(t1)c. Let F be the set of leaves of the canonical radial foliation of the conformal annulus
C\(I u (71)¢) that never restrict to curves protecting Tt from e for any e € {0,00} and
T e {+,-}. Since leaves of F must connect I and T+ uT~, we can decompose F into F*uU F~

according to whether leaves land on 7" or T'~. Without loss of generality, assume that F* is

wider.
Consider a finite sequence of distinct combinatorial pieces Iy :=1,14,...,Ix labelled in
consecutive order such that for each j=1,..., N,

(i) I; is a subpiece of 71 located between I and T
(ii) I; is of level n+m/;
(iii) I; is of distance at least B;llmmr away from I; for all ¢ # 7.

We pick N to be the maximum possible integer such that (i)-(iii) holds.
Similar to the argument in Section §3.4.2, the no-wide-wave assumption implies that there

exists some s € {1,..., N} and a lamination G, connecting I, ; and I, such that
N
W(g,) > —K.

The I,’s are constructed such that (71)¢ contains every I; for i # s. In particular, G, overflows
F.(Is) and thus the piece I is [%K, 7]-wide. Since N > C™, we can pick m’ to be just high

enough such that N > 20. Hence, I is a [2K, 7]-wide combinatorial piece of level n+m/. O

3.5.2 Deep case

In the deep case, our approach below is inspired by Kahn’s push-forward argument in [Kah06,
§7]. The proof below contains a series of reductive lemmas before we finally adapt the

push-forward argument at the very end.

Proof of Theorem 3.5.1 in the deep case. Suppose there is a [ K, 7]-wide combinatorial piece
in H of some deep level n with K > K. By Proposition 3.3.3, we have a level n almost tiling

T consisting of [e K, T]-wide pieces for some absolute constant 0 < e < 1.

Lemma 3.5.3 (Localization of 7-degeneration). There are absolute constants p, mg, m, € Ny,

where p > T, such that for sufficiently large K and for n > m,, either
(1) there is a [2K,T]-wide combinatorial piece of level between n—mg and n, or

(2) there is some L* € T such that the width of curves in F.(L*) that land on pL* 0 (TL*)¢
is greater than €K [2.
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Roughly speaking, if (2) does not hold, then we apply the Quasi-Additivity Law to the
family F,(I) (for a fixed p) to obtain (1) in a way that is similar to Section §3.4.1.

Proof. Fix m,. There exists a finite sequence of distinct pieces I,..., Iy in Z labelled in
consecutive order such that any pair of adjacent pieces I; and I}, have bounded combinatorial

distance:
(T - 1)ln < dlst([j, Ij+1) < Tln.

This condition ensures that for each j, 7/; and u,.;/; are disjoint but not too far apart. The
integer N > 2 will be specified later, but nonetheless it must be bounded above by some
constant depending on m,.

Let P be the unique shortest piece containing Uj]\il I;. We set my = mo(NN) to be the
largest integer such that |P| > [,,_,,. Also, set p = p(IN) to be the smallest integer such that
for every j, pl; contains 7P. Let S := C\ Uszl(ij)c. We will again use the notation H < G to
denote that G overflows H. Then, for every je {1,..., N},

N
F(S,1;) < Fo(L;), Fr(I;) < F(S\U[j,]j) , F.(P)< f(S,U]Z») :
i#] i=1
Suppose (2) does not hold. For each j, the width of curves connecting I; and (pl;)¢

exceeds e K /2 and consequently,

K

W(S,1;) > W,(I;) > %

For sufficiently large K, we can apply Lemma 2.2.8 and obtain

1 X JN

W(S,1;) > VNK.
5 ; (S,1;)

Suppose the maximum 7-width is attained by J’ € {P,I1,...,Ix}. Then, there is a combi-

natorial subpiece J c J’ of width W,(J) > vV NK and level between n — my and n. Finally,

pick N (and ultimately m,) to be just high enough such that J is [2K, 7]-wide. This leads

to (1). O

max{W, (P), W.(L,),...,W,(Iy)} >

Let A be sufficiently large such that A > p and ny > my + m,. Then, by the lemma, it is
sufficient to consider case (2). In this case, there is a connected component R* of pL*n(7L*)¢
such that the family F(L*, R*) of curves connecting L* and R* has width

W (F(L*,R*)) > ZK. (3.5.1)
Lemma 3.5.4. There exist t € {0,1,2} and a closed set G c C such that
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(1) UY:= C\((Aft(L*))c UG) is a topological disk containing U nH = Af*(L*);
(2) for all j €N, every critical value of f7 in U lies inside U° n H;
(3) the width of curves in C\(HUG) connecting \ft(L*) and G is O(1).

Proof. By Lemma 3.3.6, there exist ¢ € {0, 1,2} and a pair of closed rays o c Y0 and Yoo C Y
connecting a point in (Af*(L*)) to 0 and oo respectively such that the family of curves
in C\(H U7 U ") connecting Aft(L*) and 7o U s has width at most 10. In Case @, the
desired closed set is G := 7y U V. In Case @, we can set G := g U Yoo U }70, where Y0 is the

connected component of C\H containing 0. See Lemma 3.1.13 and Remark 3.3.7. ]

Set U to be the disk in Lemma 3.5.4 and set
L= f{(L7), R:=fY(R).
For every j € N, define the corresponding lifts under f7:
(a) L7 := the connected component of f=7(I) intersecting H;
(b) RJ:= the connected component of f~7(L) intersecting H;
(¢) Yi:=LJu R,
(d) U7 := the connected component of f~7(U?) containing Y.

(e) F7 := the canonical horizontal lamination F2

(U3, Y3) of UI\TJ.

Lemma 3.5.5 (Width of F°). There exists an absolute constant €1 > 0 such that for sufficiently
large K, either

(1) W\(I)> K, or
(2) W(fo)szlK.

Proof. Let S denote the family of curves connecting L and R. Since S contains f* (F(L*, R*)),
then by Proposition 2.2.4 and inequality (3.5.1),

£
W(S) > @K.

Let G be the set of curves in S that lie within U°. If more than half of curves in S are in G,

then
€

—K.
8d?

W(G) > %W(S) >
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By Proposition 2.2.10, this inequality yields (2). Otherwise, at least half of curves in S
intersect either (AL)¢ or G. Therefore, by Lemma 3.5.4 (3),

-
82
1). O

Wa(I) > =W (S)-0(1) > — K - O(1).

—~ N | —

For sufficiently high K, this yields

To proceed, it is then sufficient to consider case (2) of the lemma above.

Fix a positive integer r > n that is to be determined later. We would like to show that
since every piece is almost invariant under f9-, a definite amount of canonical horizontal leaves
of FY should restrict to vertical curves in U%\YT%. To do this, some technical adjustments
are required.

Let us define

L=Lufi(L), R:=Rufr(R), U%=Ufr((AL)").

The thickened pieces E, R and the new domain U° are combinatorially very close to L, R,
and U° respectively. They come with new separation constants 1 < 7 < p < A such that
UnH = AL, R is a component of ﬁﬁ\%f/, and 727, px pand A<\

Similar to (a)—(e), we denote for every j € N the corresponding lifts:

(4) L7 := the connected component of f=i (ﬁ) intersecting H;
(b) R := the connected component of f=i (}?i) intersecting H;
(&) Yi:= Liu Ry,
(d) U := the connected component of f=i (U 0) containing Ti;
(&) Fi=Fh, (U7,77).

Note the following relations:

10570, 9U°-0U°, U°cUO, (3.5.2)

U\ T c UO\T°. (3.5.3)

The relationship between F9 and FO is not trivial. Nonetheless, the following lemma states
that we can reduce the problem to the case where the widths of FO and FO are comparable.

Lemma 3.5.6 (Comparability between F0 and F°). There is an absolute constant e, > 1

such that for sufficiently large X > p and K, either

(1) there is a level r combinatorial piece J such that either W, (J) > 2K or W(J) > K, or
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(2) W (FO) <W (FO) < eaW (F0).

In the proof, we will show that either such a piece J in (1) can be found from the
symmetric difference between dU° U Y0 and U° U Y, or (2) holds.

Proof. Suppose (1) does not hold. Let us present the canonical horizontal lamination Fo as

the union &) U S3 U S5 where:
> S = set of leaves in F, that has an endpoint on P := m;
> S, = set of leaves in F, that has an endpoint on P, := m;
> So = Fo\(S1USy).

Note that P; and P, are combinatorial pieces of level r. See Figure 3.6.
For each i € {1,2}, §; restricts to a sublamination of F,(F;) because the combinatorial
distance between L and R is greater than -1],. We can assume that W(S;) < 2e7'W (FP)

because otherwise, by Lemma 3.5.5 (2), we would have
Wo(P) > W(S8;) > 2e7'W (F°) > 2K

and this would yield (1) instead. Meanwhile, since every leaf of Sy is a horizontal curve in
U%\Y?, then by Proposition 2.2.10,

W (Sp) < W (F°) +O(1).
Therefore,
W (F0) < Y W(S) < (4" + YW (F0) + O(1).

For sufficiently large K, the inequality above yields the upper bound in (2).
Next, to obtain the lower bound in (2), we will consider the set Sz of leaves of F that
intersect the level 7 combinatorial interval Py := QU°\QU®. By (3.5.2), every horizontal leaf of

FO either intersects P; or restricts to a horizontal curve in U°\T?. As such,
W (F0) < W (F0) + W(S;) +O0(1) (3.5.4)
Observe that S; overflows F(Ps). We can assume that W (Ss) < W (F°) because otherwise
W(Ps) > %W (F°) > K.
which would again yield (1). By applying this assumption to (3.5.4),
gw (F2) < W (F°) + O(1).
Hence, for sufficiently high K, we immediately obtain the lower bound in (2). O
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Figure 3.6: &1, 8o, and Ss.

It is sufficient to proceed under the assumption that Lemma 3.5.6 (2) holds. In this case,
W(F%) > 2K.

Before finishing the proof of the theorem, the following important lemma is needed. It
states that either 7-degeneration doubles or there is significant loss in horizontal width after

a certain number of pullbacks.

Lemma 3.5.7 (Loss of horizontal width). There exist absolute constants my,my € N such

that for sufficiently large A > p and K, either
(1) there is a [2K,T]-wide combinatorial piece of level n+my, or
(2) W (Fmem2) < (2e5) W (F9).

This lemma is a replacement for Kahn’s entropy argument in [Kah06, §6.3|, and it will
directly follow from Proposition 3.6.2 in the next section. See Remark 3.6.3. Let us finally
set 7 =mn +my and assume that Lemma 3.5.7 (2) holds. We are now in position to adapt the
push-forward argument.

From the embedding in (3.5.3), horizontal leaves in U%\ YO restrict to either horizontal or

vertical curves in U qT\Tqr. In other words,
W (F°) < W ((Fon(U?,T7)) + W (F*) + O(1).
By Lemma 3.5.6 (2) and Lemma 3.5.7 (2),
W (F0) < W ((Fau(0, 1)) + S (F2) + O(1).
For sufficiently high K, the inequality simplifies to
W ((Fon (U™, T7)) > éw(;ﬂ)).

By Lemma 3.5.5 (2), this implies that W (U‘Jr, qu') > K for some J € {fj, R}
Consider the iterate
for s (U, U, Jor) - (00,00, )
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where ﬁ? = UO\ (Tj)c and UZ is the pullback of UQ under f% containing J%. By Lemma
3.3.4, the degree of f& on U remains independent of A. By Lemma 2.2.9, for sufficiently
high K, either

W (U J)> K, or W(U2J)=>(2C+1)K,

where C' is the constant from Proposition 2.1.3. In either case, Lemma 3.5.4 asserts that the
width of curves that land on G is negligible. Hence, for sufficiently large K, there exists a

combinatorial subpiece J c J such that either
Wy(J)> K, or W.(J)>2K.

At last, pick the threshold increment m € N such that m > max{mg, m;, my} and that

n—m is less than the level of R. This concludes the proof of Theorem 3.5.1. m

3.6 Loss of horizontal width

Let us fix A > 7 and let n € N be such that 2\l, < 1. The key players of this section are as

follows.

> L and R are pieces in H of combinatorial distance dist(/, L) =< l,, and length at least [,
satisfying |L| X |R| X I,;

> U? c C* is a topological disk containing L u R such that H\U® = (AL)°.

Remark 3.6.1. In Case © (see §3.1.4), we will also impose the additional assumption that U°
is disjoint from the connected component of C\H containing 0, so that for all j, every critical

value of f7 in U° must lie in U° n H.

Similar to (a)—(e) in §6.2, we define the corresponding lifts under f7 for j € N:
(a.) L7 := the connected component of f=7(L) intersecting H;
(b.) R7 := the connected component of f=7(R) intersecting H;
(c.) Yi:=LJu RJ;
(d.) U7 := the connected component of f~7(U°) containing Y.

(e.) F7 := the canonical horizontal lamination F",

(U7 of UI\YI.
We are restricting our map f to a sequence of branched coverings
Ly s (o2 ) L (ot 1) L (0, r0)
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and we will study how the width of F7 behaves as j increases. The goal of this section is to

prove the following proposition.

Proposition 3.6.2. For any A > 1, § € (0,1), and sufficiently large X\, there are some
constants my; = m1(A,0) € N, ma = ma(A,5) € N and K = K(\,A,0) > 1 such that if
W(F°) = K >K, then either

(1) there is a level n+my combinatorial piece J of width W.(J) > AK, or
(2) there is significant loss in horizontal width: W (Fin+m2) < §K.

Remark 3.6.3. Recall that the final missing ingredient of the proof of Theorem 3.5.1 is Lemma
3.5.7. Indeed, we can apply Proposition 3.6.2 in the context of Lemma 3.5.7 (e.g. setting
A =4e7! and § = (2e5)71), thereby proving the lemma immediately.

3.6.1 Outline

For every j € N, since U/\Y7 is a disk with two connected compact sets removed, the leaves of
JFJ belong to only at most two proper homotopy classes in U7\ YJ. We say that a homotopically

non-trivial proper curve in U7\ Y7 is of type
A if it connects L7 and R’, and
B if it starts and ends at the same component of Y.

Naturally, we split F7 into a disjoint union of type A and B sublaminations A7 u B7. See
Figure 3.7.

To illustrate the main idea, let us consider the unbranched covering map f7: U™\ f"(CV) —
UOCV of large degree (depending on A, §, and A) where r = r(J, A) > 1 is a fixed integer
and CV is the set of critical values of f7. To compare the widths of 7" and FV, we apply the
property that, up to an additive constant, curves in F” must travel through the canonical
rectangles in 7' = (f7)*T (Lemma 3.6.5), where T is the horizontal thick-thin decomposition
of U\(T°u CV). (Refer to §2.2.2.)

However, T does not just contain type A and B rectangles. It may have some peripheral
ones, i.e. those which are homotopically trivial if we forget the punctures CV. We ignore the
peripheral rectangles that are combinatorially close to Y° by thickening T° = L% u R into
T = LuR. Rectangles that are combinatorially distinct (type D) can be assumed to have
width at most kW (F?) for some fixed k = k(0,A) > 1 (Lemma 3.6.7).

There is a unique (up to homotopy) proper curve b in U°\T? separating LY and R, and
it is crossed by A% once and BY twice. See Figure 3.7. There is a lift 8 of b under f" which
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separates L" and R", and automatically the set T[] of rectangles in T’ that intersect
has total width about Z°:= W (A°) + 2W (BY). Since F" overflows T[], we arrive at the

conclusion that the asymmetric width
77 =W (A) +2W (B7)

is non-increasing (Corollary 3.6.9).

In order to upgrade monotonicity to a strict loss, we will construct several proper curves
like b that are distinct rel CV. Hence, we construct a separating strip made of proper curves
Br and g that are as close as possible to L’ and R’ respectively and we can assume that
the set T'[5L] (resp. T'[Br]) of rectangles in T’ intersecting [, (resp. [r) has width at
most (2k +1)Z°. (See Figure 3.9 for the construction.) This leads us to an estimate for Z"
(Proposition 3.6.11), which implies that either

(i) persistent rectangles, i.e. the ones in T, := T'[B.] nT'[Br], have total width x Z° (the
left side of Figure 3.10), or

(ii) we can apply the series law (the middle and right parts of Figure 3.10) and conclude
that Z7 is strictly less than Z9 with a factor depending on k.

The treatment for Case (i) hinges on the key property that vertical leaves of persistent
rectangles are all homotopic rel critical points of f (Lemma 3.6.12). This property forces
their image to frequently submerge in and out through H (Figures 3.11 and 3.12) at a rate
controlled by r. For sufficiently large r, this enables us to construct a large 7-degeneration
(Lemma 3.6.13) and ultimately achieve (1).

In Case (ii), we run an inductive process to get the desired shrinking factor ¢, which yields

(2). This completes the proof of the proposition.

3.6.2 Decomposition of canonical laminations

Let us fix
K=W (.7-"0) and 7= Guom

for some sufficiently large integer m € N. From now on until the end of §3.6.5, we consider

the unbranched covering map
frUNfT(CV) > UN\CV
where CV = CV(f") denotes the set of critical values of f" in U°.
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Li 1‘ A Ri

Bi

\\ Uj

Figure 3.7: The decomposition of F7. The intersection number between b and A’ is one, and
that between b and B7 is two.

Lemma 3.6.4. There is an absolute constant C > 1 such that |CV|=O(AC™). In particular,
the degree of f" depends only on m and .

Proof. Consider the piece J = U°nH. It suffices to fix a critical value v € H of f and estimate
the size of O, = {(fla)(v) € J : 0 <i < gnem — 1}. By Proposition 2.1.2, O, divides J
into |O,] + 1 pieces Ji,...,Jjo,+1 of length at least [,.,,,. Let C' > 1 be the constant from
Proposition 2.1.3. Then,

A = 1= S| 2 10u] - v > O] - C7™1,

which implies that |0, = O(AC™). O

Let 7 := TTD"(U°, Y0 u CV) denote the horizontal thick-thin decomposition of U%\ (Y0 u
CV). (Refer to §2.2.2 for details.) According to Proposition 2.2.11, the horizontal thick-thin
decomposition 7' of U™\ f~" (Y% u CV) is the full lift (f7)*T of T.

As we apply Lemma 2.2.12 to the inclusion U"\f~"(Y°u CV) c U"\Y", we obtain the
following fundamental property relating the widths of 7 and T".

Lemma 3.6.5. There exist some sublamination F! , c F© and some constant C' = C(m,\) >0
such that

W(F") - C<W(Fw)
and for every leaf v of FI ., every component of Y\f~"(Y°) is either
(1) a homotopically trivial proper curve in UT\f(T°uCV), or

(2) a proper curve in a canonical rectangle in T'.
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Dy

Figure 3.8: An example of the decomposition of 7. Note that £ is inside of T = LuR.

By taking into account the critical values of f", we enrich the canonical lamination with
the presence of peripheral arcs. We say that a proper curve in U%\ (Y% u CV) is peripheral if

it has a trivial proper homotopy class in U%\T?. We will decompose T into a disjoint union
T=AuBuUP

where A consists of canonical rectangles of type A (leaves of F(A) are of type A) in U\ 1O,
B consists of canonical rectangles of type B, and P consists of peripheral rectangles. Denote
by A and B the total widths of A and B respectively.

Observe that the width of F° should be close to A + B. The following lemma is an

immediate consequence of Proposition 2.2.10 and Lemma 3.6.4.
Lemma 3.6.6. There is some C = C(m,\) >0 such that
|A-W (A%)|<C and |B-W(B°)|<C

Let us pick a definite constant n > 1 such that the combinatorial distance between 1l and

nL is still x[,. Let us split P into a disjoint union
P=Duf&, D=DruDg, €E=EU&Rg,
where for J e {L, R},
> rectangles in Dy u &; are attached to JY,
> every leaf of F(D;) intersects (nJ%)¢, and
> every leaf of F(&;) is disjoint from (nJ%)e.
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See Figure 3.8.

By design, peripheral rectangles in £ are combinatorially close to Y°. We will remove &
from consideration by absorbing it into Y9 as follows. Let us define L to be the hull of the
union of LY and &, i.e. the smallest compact full subset of U containing LY u ;. Similarly,
we define R to be the hull of R%u g. Denote by L’ and R’ the connected components of
f (L) and f~(R) that contain L% and R respectively. Let

Y=LuR and Y :=L'uR’

Meanwhile, peripheral rectangles in D are a source of 7-degeneration. Let us denote the
widths of D, Dy, and Dgr by D, Dy, and Dpg respectively.

Lemma 3.6.7. There is an absolute constant mqg € N such that if
m>mg and D>krK

for some k> 1, then there is a combinatorial piece J of level n+m and width W.(J) > ek K

for some constant € = e(m) > 0.

Proof. Suppose without loss of generality that Dy > §K. There exists a constant mg € N
depending on 7 such that for any level n + mg combinatorial subpiece J of L the thickened
piece 7.J is contained in nLY. Let us assume m > mg. The piece L? can be covered by N level
n +m combinatorial pieces Ji,...,Jy for some integer N = N(m) € N. Let us split F(Dr)
into sublaminations L, ..., Ly where leaves of L; start at points on J;. For each I, since

Dy, crosses (nLP)¢ which is contained in (7.J;)¢, then £; overflows the curve family F.(J;).

Therefore,
y N N
K <D= Y W(L;) <YW (J;) < Nmax W, (J;).
i=1 i=1 v
Consequently, there is some 7 € {1,..., N} such that W,(J;) > #5 K. ]

3.6.3 Separating curves

From now on, let us assume without loss of generality that B starts from and ends at R°.
Given a proper curve « in U"\Y", we will denote by 7'[«] the union of rectangles in 7' that
intersect a.

Let us fix vertical rays a; and ag in U%\ (Y°u CV) where
> aj, connects OUY to L? and ap connects 0U° to RY;

> ap is crossed by B exactly once and is disjoint from 7\B5;
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> ag is disjoint from 7.

The first assumption states that ay and ar are vertical cuts of U%\ (T°u CV), whereas the
other two assumptions state that the minimal intersection number relative to 7 is achieved.
See Figure 3.8.

For J € {L, R}, let a;, and «v;_ be the unique pair of lifts of @; under f” that are attached
to J’ and are closest to Y'\J’. Such lifts exist because f":J" - J° is a branched covering of
degree at least 2.

To estimate the width of F7, we will identify rectangles in 7" that cross a number of
proper curves in U separating L’ and R’. These curves are constructed with the aid of aj,

and ap as follows. Refer to Figure 3.9 for a schematic picture.

Lemma 3.6.8 (Middle curve). There exist a proper curve b in U and a proper curve (3 in

U™ with the following properties.
(1) b disjoint from Y uCVuarUag and separates L from R..
(2) B crosses b twice, A crosses b once, and P is disjoint from b.
(3) B is a lift of b under fr that separates L' from R'.
(4) Every rectangle in T' crosses 8 at most once, and W (T'[]) = A+ 2B.

Proof. The existence of b satisfying (1) and (2) is clear. (See Figures 3.7 and 3.8.) Let @
denote the connected component of U%\b containing L. The unique lift Q" of @ under f~
which contains L’ must be disjoint from R’. Since f” is a proper map on U, there exists a
unique connected component 5 of dQ'\OU™ that is a lift of b and separates L’ and R’.

To prove (4), it suffices to show that every rectangle R in B admits exactly two distinct
lifts in 7'[ 3], and each of them crosses ( exactly once. If otherwise, then there would exist a
unique lift R’ of R in 7'[3] which crosses [ exactly twice. In this case, R’ would be crossing

both ay _ and af ., hence R would be crossing aj, twice, which is impossible. O
For 7 € N, let us consider the asymmetric width
77 =W (A +2W (B7)
on U/\YJ. (One may compare with the notion of asymmetric modulus in |[Lyu97|.)
Corollary 3.6.9 (Monotonicity). There exists a constant C' = C'(m,\) >0 such that
Zr-C<Zz°
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Figure 3.9: A schematic diagram of the construction of separating proper curves 3, 5, and

Br.

Proof. Consider F! , from Lemma 3.6.5 and split them into A7, u B!, according to the

topological type. Observe that A7 , crosses /3 once, whereas Bl

3.6.8 (4), A’ . admits a restriction A"

sub res

, crosses 3 twice. By Lemma
properly contained in 7'[3], whereas B! , admits two

disjoint restrictions B" _, and B’ , that are properly contained in 7'[/3]. Then,

res,1 res,2

77— C <W(AL) +2[W(Bl,) ® W(BL»)]

res res,1

S (A 4 5 (W (Bla) + W (Br)] W (T'[5]) < A+ 2B

At last, apply Lemma 3.6.6 and we are done. O]

Our next goal is to upgrade monotonicity to a strict loss. To do so, let us introduce two

other separating curves b;, and bg.

Lemma 3.6.10 (Left and right curves). There exist proper curves by, and by in U° and

proper curves B, and Sr in U™ with the following properties. For each J € {L, R},
(1) by is disjoint from Y uCVuaruagub and separates J and b;
(2) BuD; crosses by twice, A crosses by once, and P\D; is disjoint from by;
(3) By is a lift of by that separates L' and B and is close to J' Uy, Uay_;
(4) W(T'[Bs]) =A+2B+2Dj.

Moreover, the strip 11 c U™ cut out by B and Br contains a piece I of length < 1,.

Proof. For J € {L, R}, pick an extremely small ¢ > 0 such that the e-neighborhood O; of
Juay is disjoint from CV\J. Let us set by := 00; n U, then (1)—(3) is immediate. Item (4)
follows in a similar manner as the proof of Lemma 3.6.8. Moreover, the existence of I c II

follows from the property that L and R have combinatorial distance = [,,. O
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3.6.4 Non-persistence induces width loss

We say that a rectangle in 77 is persistent if it crosses both (7 and [g, i.e. it belongs in
7;’er =T'[BL] nT'[Br]-
Denote the total widths of persistent and non-persistent rectangles in 7'[3] by
Zper = W(They) and  Zyon = A+2B - Zper
respectively. In this subsection, we prove the following non-dynamical result.

Proposition 3.6.11 (Key estimate). There exists some constant C' = C(m,\) >0 such that
ZT - C S Zper + Znon @ 2(ZHOI’I + D)

The idea is captured in Figure 3.10. Most leaves of " travel through either 7)., (the left
part of the figure) or 7'[3]\7., (the middle and the right parts). The former case gives the
term Zpe. In the latter case, they must also travel through (7'[8.] U T'[Br])\T e, Which
has total width 2(Z,,, + D), and thus the series law can be applied to generate the harmonic
sum. In Section 3.6.6, we will show from this inequality that Z” shrinks provided that Zpe,

and D are small relative to K.

Proof. Consider the sublaminations A” . c A" and B’ , ¢ B” from Lemma 3.6.5. For some

sub sub
C=C(m,\) >0,
W(AY~C<W (A",) and W(B')-C<W (Bl,),

sub su

and every leaf of A7, U B!, travels through rectangles in 7.

Let us assume that B" is attached to R"; if otherwise, B!, would be empty because no
rectangles in 7 can cross ag . Uapg,-. Let us define two disjoint restrictions Bj and B} of B,
as follows. Denote by @ the connected component of U\(ay + Uy —) containing L". For
v e B, let us fix a parametrization vy : (0,1) = U” travelling around L" in an anticlockwise
manner. Consider the set T, of times ¢ € (0,1) such that v(¢) is in f7(Y%) n Q. Note that
T, is non-empty because no rectangle in 7' crosses both ay . and oy, _ simultaneously. Let

ty1=minT), and t,,:=maxT,. Then, we define restrictions

Bl = { o) : 7€BL} and By i= {7yl .0) ¢ 7€ Bl -
Let us consider the lamination
G:=Al,uBlub;
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B B Br 1573 I6] Br Br, 5 Br

Figure 3.10: The lamination G = G, UG- U G, has width at least Z". G crosses both 3,
and Sg. In contrast, G_ overflows G_, and G_ r, whereas G, overflows G, o and G, 1, .

Every leaf of G crosses (31, ends at R" (thus crosses S too), and travels through rectangles
in 7'. Moreover, there is some C' = C'(m,\) > 0 such that

27— C<W(AL) +2[W(B)) e W(B5)] < W(G). (3.6.1)

sub

For v € G, let 7o, 71, and g be the connected components of v\ f~ (1?) that are crossing
B, Br, and Br respectively. Let us split G into a disjoint union of three sublaminations
Gper UG- UG, defined as follows. For v €@,

> v € Gper if Yo crosses both 1, and Bg;
> v eG_ if 4y crosses S but not [g;
> v eg, if v9 does not cross 3.

For e € {+,-} and x € {0, L, R}, let us denote G, x := {7« : 7€ G.}. By design, G_, and G_p

are disjoint, and G, o and G, ;, are disjoint. See Figure 3.10. Then,

W(g) < W(gper) + W(g-,o) ® W(g—,R) + W(g+,0) ® W(g+,L)
<SW(Gper) +W(G-oUGio)® [W(G-r)+W(Gs1)]. (3.6.2)

Since Gyer travels through T

per

and G_ou G, travels through T'[5]\T],,, then
W(gper) < Zpel“ and W(g—,o U g+,0) < Znon- (363)

Since G_ g travels through T'[ Br]\T)., and G, r travels through 7'[ L]\ T, then by Lemma
3.6.10,
W(g_7R) < Znon + 2DR and W(g+’L) < Znon + 2DL (364)

Hence, combining (3.6.1), (3.6.2), (3.6.3), and (3.6.4) gives us the desired inequality. O

78



3.6.5 Persistence amplifies degeneration

Let us consider the strip II ¢ U” from Lemma 3.6.10, and a proper lamination L, in II that
is a restriction of the canonical lamination of 7. Clearly, Lo, connects 3, and g, and its
width satisfies

W (Lper) = Zper-
Let us denote by CP = CP(f") the set of critical points of f7.

Lemma 3.6.12. All leaves of Ly are properly homotopic to each other in II\CP.

Proof. Pick any two distinct leaves v, and 72 of Ly, Then, 1 Uy U B, U Sz must enclose a
disk O’ contained in II. Denote by O the disk enclosed by f7(71) U f"(v2) ubr U bg. By the
maximum principle, f”: O’ — O is a proper holomorphic map, and by the argument principle,

f7|lor must be univalent. In particular, O’ contains no critical points of f7. n

Lemma 3.6.13 (Persistence — 7-degeneration). For any M > 1, there exist constants
mo =mo(M) €N and Ko = Ko(M, ) >0 such that if

m>mgy, K>Ks, and Zpe >0.1K, (3.6.5)
then there is a level n+m combinatorial piece J of width W.(J) > MK.
Proof. Let us set t := g2 and s:=7 —t. Assume that (3.6.5) holds, and so
W(Lper) 20.1K. (3.6.6)

For every critical point ¢ of f, the backward orbit {(f|ua)~*(¢)}izo,. +-1 partitions H into
pieces of length between [,,,,, 2 and [,,,,_4. By lifting this tiling by f*, observe that CP
partitions f~*(H) into preimages of pieces of length at most [, ,, 4.

Before we proceed, we will first sketch the idea behind our construction. The horizontal
lift £,e; of the persistent lamination must cross through a large number of fences, which are
connected subsets of f~¢(H) separating 31, and S in II, as shown in Figure 3.11. These fences
can be chosen such that their images under f* have alternating configuration shown in Figure
3.12. As these fences are tiled by CP, then by Lemma 3.6.12, £, must intersect a common
tile G; from each fence #;. We then apply the series law to obtain a large T-degeneration.

Now, let us delve into the details. By Lemma 3.6.10, there exists a piece I in II of length
< I,. Recall the two distinct cases @ and @ outlined in §3.1.4.

Case @: Assuming m is large enough (depending on N), there is a sequence
0

) 0 00 0 )
X1y X1y, Loy Loy ooy Ton,y Loy

of critical points of f#, written in consecutive order, with the following properties.
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I1

Figure 3.11: The lamination Ly crosses fences #; = 73> U P U 7? through gates G; in
consecutive order.

(1) All the z°’s and x¥’s are located on I, with x5° being the closest to 31, and 9, being

the closest to Sg combinatorially.

0

(i) Every z$° (resp. z¥) is the root of an outer (resp. inner) bubble B (resp. B?) of

generation at most s.

(iii) The pieces P, := [2°, 2] have length at least -4 and are of distance at least TT‘lln+m_4

away from each other.

For every odd (resp. even) i and e € {0, 00}, the critical value f*(z?) partitions? U* n H
into two pieces, one of which, which we will denote by J?, intersects Lt (resp. R'). Denote
by 7 the lift of J® under f* that lies within the bubble B{. By (ii), each 7 intersects H

precisely at the critical point x7. Define our fences as
#i= U Buy).
By (i) and (iii), they satisfy the following properties. (See Figures 3.11 and 3.12.)

(iv) The #;’s are pairwise disjoint connected subsets of II n f~¢(H) which separate 8, and

Br.

(v) For each le{1,..., N}, the images f*(#2-1) and f*(#s) are disjoint pieces in H that

are at least TT_lln+m_4 apart from each other.

“In Case @, we partition using the radial segment in H containing f*(z?).
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Figure 3.12: The fences #9;_1 and #,; are constructed such that their images under f* have
T-separation.

By property (iv), Lper crosses each fence in consecutive order, namely #; first before #,;.
As CP induces tiling on fences, Lemma 3.6.12 implies the existence of connected compact
subsets G; c #; (the gates of the fence) where the images J; := f*(G;) are level n+m —4
combinatorial pieces and L, crosses the G;’s in consecutive order.

Therefore, there exist pairwise disjoint laminations £,,..., Ly such that each £; is a
restriction of L, that connects Gy, and Gy;. Let k be such that £ is the widest among
all the £;’s. By property (v), since each J; lies within f(#;), then f*(Ly) overflows F,(Ja).
By Propositions 2.2.2 and 2.2.3, and by (3.6.6),

W, (Ja) > W (f(£0)) > N -W (f* (Lyer)) = N - W (Lper) 2 0.INK.

Consider the constant C' > 1 from Proposition 2.1.3. There exists a level n + m combinatorial
subpiece J of Jy, with width W, (J) > 0.1C*NK. Finally, set N = [10C*M | and we are

done.

Case @: The proof is similar to the previous case, but the construction of fences needs a
small adjustment. Following Remark 3.6.1, we assume that the U7’s are disjoint from the
connected component of the complement of the Herman ring H containing 0. In particular, U”
does not contain any inner bubbles. We will instead take the bubbles B¢* and B? described in
(ii) to both be outer bubbles. Although the corresponding fences #; will no longer separate
Br and Br, we claim that most of L., still cross every fence in consecutive order.

Indeed, the set of leaves in L, that are disjoint from some fence #; overflows the family
L} of curves in HNU" that skip F;, i.e. they all connect two disjoint intervals in H are adjacent
to P; and are at most A/, in length. By uniformizing H and applying Proposition 2.2.7, the
width of L] is at most some constant depending on A and N. Therefore, for sufficiently large

Ky = Ky(A\, N) > 0, we can assume that the width of the sublamination £” consisting of
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leaves in Ly that cross the fences in consecutive order is at least half of Lp,. The same

remaining argument holds for £”, and at the last moment we take N =[20C*M | instead. O

3.6.6 Proof of Proposition 3.6.2

The results in the preceding subsections can be summarized as follows.

Lemma 3.6.14 (Degeneration vs. loss of Z7). Given any M > 1, there exist constants
m=m(M)eN, v=v(M)e(0,1), and Ky = K;(M,\) >0 such that if W (F7) > K for some
7 €N, then either

(1) there is a level n+m combinatorial piece J of width W, (J) > M -W (F7), or
(2) Zitansm < v 77,

Proof. Let K =W (F°) and r = ¢,4m. Following Sections §3.6.2-3.6.5, assume j = 0 without
loss of generality and denote by C' = C'(m, \) any positive constant depending only on m
and A. By Lemmas 3.6.7 and 3.6.13, for sufficiently high integers m and s depending on M,
either item (1) holds, or

D<kK and Zper < 0.1K. (3.6.7)

We will show that the latter assertion implies (2). By Proposition 3.6.11,
7" = C < Zper + (Z2° = Zper) ® (2 + 25) Z°.
Set v/ :=0.1+0.9® (2 +2k); clearly, 0 < v/ < 1. By (3.6.7), the inequality simplifies to
Zr-C <70
Set v = (1+v")/2 and assume K; > 2C/(1-v"). Then, Z" <vZ°. O

At last, we are ready to prove the main result of this section. We will apply Lemma 3.6.14

many times until the shrinking factor is as low as we want.

Proof of Proposition 3.6.2. Fix A>1and 0 € (0,1). We will be applying Lemma 3.6.14 using
the constant M = §~'A. Consider the constants m, v, and K; from the lemma. Set 7 := ¢,
and K := 6-1Kj, and let us assume that W (F°) = K > K. Let us pick t € N such that v* < /2.

Our goal is to prove that either
(a.) there is a level n + m combinatorial piece J of T-width at least AK,

or there is some ¢ between 1 and t such that
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(b.t) W (Fm) <IK.

The proof below involves another related assertion, which is

(c.t) Zrt<vtZ0.

Claim. If (c.t) holds, then either (a.), or (b.t), or (c.t + 1) holds.

Proof. Suppose (c.t) holds and (b.t) fails. By the lemma, either there is a level n +m
combinatorial piece J of 7-width at least 6~'A - W (F™), or Z"+1) < pZrt. If the former

assertion holds, since (b.t) does not hold, then
W, (J) 26 AW (F) > AK.
If the latter assertion holds instead, then by (c.t), Z7(t+1) < pt+1 70 O

Trivially, (c.0) holds. As we apply the claim above for ¢ =0,1,...,t -1, we conclude that
either (a.) holds, or (b.t) holds for some ¢ between 1 and t -1, or (c.t) holds. The latter case

implies (b.t) because
W (Ft)<zmt <2< gZO <IK.

Therefore, either (a.) holds or (b.t) holds for some ¢ < t. O

3.7 A priori bounds for Herman rings of the simplest

configuration

We are now prepared to prove the first main theorem of the chapter. The results in Sections

§3.2-3.6 are compiled together to obtain the following theorem.

Theorem 3.7.1 (Amplification Theorem). There is an absolute constant T > 1 and some
constants K>1, meN, and N € N depending only on dy, d, and B(0) such that if

there is a [ K, T]-wide combinatorial piece I c H of level n > N
where K > K then
there is a [2K,T]-wide combinatorial piece J c H of level n' > N

where [n' —n| < m.
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W.(I) > K

for some [
Thm Wi(I') > xK
3.5.1 for some [’
Prop Wi(I") > ExK for
3.3.2 all 1" in some Z"
Thm
3.4.1
W.(J) > 2K
for some J

Figure 3.13: Implication diagram illustrating the amplification process.

The motivation behind the Amplification Theorem comes from D. Dudko and Lyubich’s
motto in [DL22]:

“If life is bad now, it will be worse tomorrow.“

This is in the same spirit as Kahn’s general strategy in his proof of a priori bounds for infinitely

renormalizable quadratic polynomials of bounded primitive combinatorics in [Kah06].

Proof. Set 7:=10. Fix a large constant A > 7, and set N :=n, and m := m, + m, where
m, and m are constants from Theorems 3.4.1 and 3.5.1 respectively. We will take K to be
sufficiently high so that all the arguments below hold.

Suppose [ is a [K,7]-wide level > N combinatorial piece in H, where K > K. By
Theorem 3.5.1, either there is a [2K, 7]-wide combinatorial piece J or there is a [y K, A]-wide
combinatorial piece L. In the latter case, apply Proposition 3.3.2 for the value = = 2/x
such that either there is a [2K, 7]-wide combinatorial piece J or there is an almost tiling Z"
consisting of [£x K, T]-wide pieces. If the latter holds, apply Theorem 3.4.1 to Z” to obtain a
[I1,¢x K, T]-wide combinatorial piece J ¢ H. Refer to Figure 3.13 for an illustration. Finally,

we choose the constant A such that Iy > 2. Then, J is the piece we are looking for. O]

Proposition 3.1.11 (1) is not directly applicable to H in Case @. In particular, 7-

degeneration can always be found amongst pieces of level > log(mod(H)~!). To prove a priori
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bounds for f, we will switch between pieces of H and intervals of a boundary component of

H of sufficiently deep level depending on mod(H).

Proof of Theorem A. Let H the Herman ring of f and denote by i > 0 the conformal modulus
of H. By Corollary 3.1.3, it is sufficient to prove the theorem when u < py for some fixed
0<po< 1.

Let Y and Y be the connected components of C\H containing 0 and oo respectively.

Denote the boundary components of H by
H°:=9Y° and H>:=0Y"™.

Let 7, m, K, and N be constants from Theorem 3.7.1, and let C' be the constant from
Proposition 2.1.3. It is sufficient to show that every interval I in H? u H* of length < Iy
must have width W, (I) < CK.

Let M e N be such that

lM+1 <u< lM (371)

Pick the threshold py to be small enough such that M > N + 2m. All the combinatorial
intervals and pieces considered below will be of level > N, and similar to the shallow-deep

treatment in Sections §3.4-3.5, they will be distinguished into two:
Herman scale N <n < M,
Siegel scale n > M.

Note that these scales coincide with the ones introduced in §1.3 and §3.1.4.

Lemma 3.7.2. If there is a [ K, 7]-wide combinatorial interval I* ¢ H* at the Siegel scale for
some o € {0,00} and K > K, then there is a [2K,T]-wide combinatorial interval J* c H® of
level at least N.

Proof. By applying Theorem 3.7.1 in Case ©, we can obtain from I* a [2K, 7]-wide combi-

natorial interval J* c H*® of level > Ny - m > N. O

To amplify degeneration about intervals at the Herman scale, we will thicken them to
pieces of H, amplify via Theorem 3.7.1 in Case @, and convert pieces to intervals to obtain

more degenerate intervals.

Lemma 3.7.3. If there is a [ K, T]-wide combinatorial interval I* ¢ H* at the Herman scale
for some o € {0,00} and K > K, then there is a [2K,T]-wide combinatorial interval J'c HT

at the Siegel scale for some € {0,00}.
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Proof. Let I c H be the combinatorial piece such that I n H* = I*. The piece I is also at the
Herman scale and [K,7]-wide in H. By inductively applying the Amplification Theorem, we
obtain an infinite sequence of combinatorial pieces Ji,.Js, ... where each J; is [2! K, 7]-wide.
Let t > 2 be a fixed integer that is to be determined later. By compactness, it is impossible
for every piece in {J;;}i»1 to be at the Herman scale. Let j > 1 be the smallest integer such
that J;; is at the Siegel scale. The piece J := J;; has 7-width W, (J) > 271K > 2! K. Note that
the level n; of J must satisfy
M <ny <M +tm. (3.7.2)

Denote the horizontal sides of J by P%:=Jn H? and P> :=Jn H*. For each } € {0, 00},
we denote by Q the union of P and both of its neighboring combinatorial intervals of level
ny + 1, and by R' the union of (7P")¢ and both of its neighboring combinatorial intervals of

level ny + 1.

Claim 1. The width of curves in F,(J) that cross through (intersect both horizontal sides

of) any component of 7.J\J is at most some absolute constant C; > 0.

Proof. Indeed, suppose A is one of the two components of 7J\J. As a conformal rectangle,
the width of A is equal to |A|/p. Note that

A _r-1 ln_1<7'—1 ln,
I 2 p
where the first inequality follows from (3.7.1) and the second follows from (3.7.2). As there

C
. <—(7-1
2 lA{+1._ 2 (7- )7

are two possible A’s to consider, the claim follows by taking C} =C'- (7 -1). O

Claim 2. The width of curves in F,(.J) that do not restrict to curves joining Q' and R for

some f, b € {0, 00} is at most some constant Ca(t) > 0.

Proof. If a curve in F,(J) does not have a subcurve joining some @' and R’, then it must
have a subcurve that is proper in A and connects the vertical sides of A, where A is one of
the four level n; + 1 combinatorial pieces of H next to J or (7.J)¢. The width w4 of proper

curves in A connecting the vertical sides of A satisfies

2 < lM < C«tm+1’

ln1+1 ln1+1

wp =

where the first inequality follows from (3.7.1) and the second is from (3.7.2). As there are

four possible A’s to consider, our claim follows from taking Cy = 4Ctm+1, n

From both claims above, there is some € {0, 00} such that the width W (Qf, Rt) of
curves joining Q and RT satisfies

J) —Cl —Cg(t) . 2t_1K— Ol +Cg(t)
2 B 2 ’

W (QT, RT) > W
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By replacing K with a higher constant depending on ¢ if necessary, we have
W (Q,R") > 2'7°K.

There is an absolute constant s € N such that for any combinatorial subinterval J of QT of
level ny + s, the piece (7J7)¢ contains Rf. Therefore, there is a level ny + s combinatorial
subinterval Jt ¢ Qf such that

T
W, (J') > % W (Q', RY) > 2'K.
Finally, we can pick ¢ to be sufficiently high such that J' is [2K, 7]-wide. O

Suppose for a contradiction that on one of the boundary components, say H*, there
exists an interval I of length < [y and 7-width at least CK where K > K. Then, [*
admits a [ K, 7]-wide combinatorial subinterval I5° c I* of level > N. The two lemmas above
imply that there is an increasing sequence of positive integers {i;};en and [2% K, 7]-wide
combinatorial intervals I ;¢ H* for all j € N for some common e € {0,00}. This would

contradict Proposition 3.1.11 (1) and thus conclude the proof of Theorem A. O

3.8 Construction of Herman curves

In this section, for every f € H, we denote by H; the Herman ring of f. We will apply
Theorem A to study the limit space 0H in Ratg.

Throughout this section, we will denote by A(r, R) the round annulus {r < |z| < R} of
inner and outer radii  and R. For brevity, we will also encode the data (dy,de, 5(6)) with
the symbol &.

3.8.1 Precompactness

Given rational maps f and g, we write f ~ g to denote that f and g are conformally conjugate.
Note that a Mobius transformation preserves the space H by conjugation if and only if it is a
linear map z — Az. While our a priori bounds is geometric in flavour, it implies a compactness

property that is algebraic in flavour.

Theorem 3.8.1. For any p>0 and N € N, the quotient space
{f €M |mod(Hy) < pu} /.

18 precompact.
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The following lemma will serve as a key ingredient in the proof.

Lemma 3.8.2 (Bounded shape about 0 and o). Let f € H. The union of the inner (resp.
outer) boundary component of Hy and all the inner (resp. outer) bubbles of generation 1 is

contained in some round annulus A(er,r) where 0 < e <1 depends only on &.

Proof. We will prove the lemma for the inner boundary and inner bubbles. The treatment for
the outer case is analogous. Denote by Y the connected component of the complement of Hy
containing 0, and by Y,? the component of f~1(Y?°) that is contained in Y°. Let H? := 9Y"
and HY := 0Y?. By conjugating with a linear map, we can assume that the maximum
Euclidean distance between 0 and a point on HY is 1. It is sufficient to find a lower bound
on dist(0, HY).

Denote by ¢ a point on HY that is closest to 0, by I the level 2 combinatorial interval on
HO centered at ¢, and by 1] := (f[mo)™"({¢) the lift of I inside H°. Let x be the harmonic
measure of o in Y9 about 0. As f: Y - Y is a degree dy covering map that is branched only
at 0, the harmonic measure of I on Yy about 0 is x/dy. Since Y ¢ Y and H® c HY, then
the harmonic measure of I/ in Y about 0 is at least r/dy. Note that since I < max{6,1 -6},

the intervals [ é and /- must be disjoint. As such, x must be bounded above by

-1
/€<(1+i) <1. (3.8.1)
do

By assumption, the Euclidean diameter of H is greater than 1. Since the conjugacy
¢: HY > T between f|go and Ry|t is a K (#)-quasisymmetry, every connected component of
I\{C} has diameter greater than some L; = L;(#) > 0. As H? is a quasicircle, there is also
some small Ly = Ly(#) > 0 such that H°\/; is disjoint from the disk D({, Lo). Together with
(3.8.1), this implies that { cannot be arbitrarily close to 0, that is, dist(0, H?) > &’ for some
g =¢g'(#)>0.

The outer boundary of every inner bubble of generation 1 is contained in HY, and its
harmonic measure in Y? about 0 is simply the constant 1/dy. Using a similar argument, we
conclude that every inner bubble of generation 1 is of distance at least some constant (#) >0

away from 0. O]

Lemma 3.8.3. Let f e H. There is a K-quasiconformal map ¢ : C - C with the following

properties.
(1) ¢ maps the Herman ring H=Hy onto some annulus A = A(r, re?mmed(H))
(2) ¢ is conformal in H;
(3) ¢l is a conjugacy between flg and rigid rotation Ry|x;
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(4) ¢ fizes 0 and oo;
(5) K depends only on #.

Proof. By Theorem A, it is immediate that there is a map ¢ : H — A satisfying (1)-(3) that
restricts to a K'(#)-quasisymmetric map from H to 0A. By Lemma 3.8.2; the control of OH

relative to 0 and oo allows us to extend ¢ to a global quasiconformal map satisfying (4) and
(5). O

Proof of Theorem 3.8.1. Let f € H be a rational map such that mod(Hy) < p. Denote by H°
and H* the inner and outer boundary components of H;. By conjugating f with a linear
map, assume that the maximum Euclidean distance between 0 and a point in H? is 1.

The rational map f must be of the form

) o Zdo(z—zl)...(z—zdw_l)
J(z)=A (z=p1) ... (2= Pagg-1)’

where Z := {z1,...,24.1} and P := {p1,...,p4,-1} are the sets of zeros and poles of f
respectively. To prove precompactness, it is sufficient to show that there exists some ¢ =
e(#, 1) >0 such that

(i) ZuP cA(g,e™),
(i) dist(Z,P) > ¢, and
(ili) e <|A<e™t

From our choice of normalization, the outer boundary H* must contain some point w
such that |w| < e?™. Indeed, if otherwise, H; would contain the annulus A(1,e?™*) which
would contradict the assumption that mod(Hy) < pu. As a consequence of Lemma 3.8.2, there

is some e1 = &1 (%, ;) > 0 such that
FUFy) A er). (352

Since the zeros and poles are enclosed by bubbles of generation 1, we obtain (i).

Next, (ii) follows directly from the claim below.

Claim. There is some €5 = go(#, 1) > 0 such that dist (H_f, Zu 77) > 9.

Proof. Let us pick a pole p e P. The treatment for zeros is analogous. Recall the notation
H?, Y and Y used in the proof of Lemma 3.8.2. Let ¢ € H° be the critical point that is the
root of the inner bubble B of generation 1 that encloses p. Let ¢ be the K (#)-quasiconformal
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HO
f(e)
/ : ¢ : l
f(D) D'

Figure 3.14: Construction of the annulus A surrounding D.

map from Lemma 3.8.3. We can normalize ¢ such that it maps the inner boundary H° to
the unit circle and the critical value f(c) to 1.

Let «y be the straight segment [0, 1] and let D’ be the closure of the left half plane minus D.
By construction, the annulus A’ := é\(D’ U~) has modulus equal to some universal constant
k> 0. Let A (resp. D) be the unique lift of A’ (resp. D’) under ¢ o f that intersects the
bubble B. See Figure 3.14.

Since ¢ maps (Y°,0) to (D,0), the harmonic measure of f(D)n H? in Y° about 0 is at
least some 0(#) > 0. Therefore, the harmonic measure of Dn HY in Y,? about 0 is at least d/dj.
Combined with (3.8.2), the diameter of D must be bounded above by some ¢'(#, 1) > 0. Since
mod(A) > k/K, we can apply Teichmiiller estimates (cf. [Ahl06, §3]) and conclude that the
distance between the two boundary components of A is at least some constant eo(#, 1) > 0.

Finally, as A separates the pole p from H_f, then dist (H_f, p) > €9. O

The claim and (3.8.2) imply that every w € Z u P satisfies 9 < |1 —w| < 1 +e7'. Moreover,
as f(1) lies on the inner boundary H, then ¢, <|f(1)| < e7!. These two observations imply

(iii), and we are done. O

3.8.2 Degeneration of Herman rings

Theorem 3.8.1 implies that 0H/. is compact. By a priori bounds, we are finally able to

establish a formal relation between the two spaces H and X.
Corollary 3.8.4. OH is contained in X.

Proof. Suppose f, - f for some sequence of rational maps f, € H. We will show that the
limit f must lie in Hu X.
Due to uniform convergence, both 0 and co remain superattracting fixed points for f of

local degrees dy and do, respectively. In particular, the Julia sets J( f,,) must all be contained
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in A(e,e!) for some 0 < e < 1 independent of n, and that the moduli y, of the Herman rings
H,, of f, are bounded above by %log % Moreover, for sufficiently high n, f,, has a free critical
point ¢,, of the same local degree independent of n located on the inner boundary of H,,, and
¢, = ¢ where £ <|c| < el

By Lemma 3.8.3, every f, admits a K (#)-quasiconformal map ¢, : C - C that is conformal
in H,,, fixes 0 and oo, maps ¢, to 1, and restricts to a conjugacy between fn|m and the
rigid rotation Ry on the closed annulus A, := W. By the compactness of normalized
K-quasiconformal maps, ¢, has a subsequence converging to a K-quasiconformal map ¢
which fixes 0 and oo and maps ¢ to 1.

By passing to a further subsequence, suppose p,, - p for some limit © > 0. As n — o0, A,

converges in the Hausdorff topology to A := A(1,e?*™*) on which we have the conjugacy:
Ry = gg{}o ¢nfn¢7_1,1 = ¢f¢_1'

Moreover, H,, converges to H := ¢=1(A). Since all free critical points of f, lie on OH,, then
all free critical points of f also lie on OH. If px = 0, then H must be a Herman quasicircle and
fisin X. Else, f is in ‘H and H is the closure of a Herman ring of f. O

Corollary B then follows from the corollary above. In the proof, notice that H is indepen-
dent of any choice of convergent subsequence taken. In particular, we have simultaneously

shown:

Corollary 3.8.5. For f e H, let H; denote either the closure of the Herman ring of f or the

Herman quasicircle of f. Then, f = Hy is continuous in the Hausdorff topology.

Recall that the combinatorics of Hy can be encoded by elements of the space C = Cy, 4.. -
(See Definition 3.1.6.)

Corollary 3.8.6. The map OH — C, f = comb(f) is a continuous surjection.

Proof. Continuity of comb(-) follows directly from Corollary 3.8.5.

Pick any arbitrary combinatorial data o € C. By Theorem 3.1.7, there is a rational map
f1 € H with a Herman ring H; of modulus 1 with comb(f) = o. By deforming the complex
structure of Hy (see [BF14, §6.1]), we obtain a real analytic family of rational maps {f; }o<<1
in ‘H where each f; has a Herman ring H; of modulus ¢ with the same combinatorics C.

From Theorem 3.8.1, by appropriately normalizing f;, there is a sequence {t, }nen in (0, 1)
such that as n - oo, the modulus ¢,, converges to 0 and f; converges to a degree d rational
map f. Clearly, f cannot lie in H because otherwise it would contradict the continuity of the
moduli of Herman rings guaranteed in Corollary 3.8.5. Therefore, by Corollary 3.8.4, f must

lie on OH and it has the same combinatorics o. O
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Chapter 4
Rigidity

This chapter begins with a general discussion of the local dynamics of holomorphic maps
near Herman quasicircles. We then give a proof of rigidity of rational maps in X, and discuss
some of the immediate applications. In the second half of this chapter, we initiate the study

of renormalization theory of critical quasicircle maps.

4.1 Approximate rotation

Let us fix a holomorphic map f:U — C on an open subset U of C and assume that f admits
a Herman quasicircle H c U with bounded type rotation number . By Proposition 2.1.6, H
necessarily contains an inner critical point and an outer critical point of f.

By Theorem 2.1.7, there exists a quasiconformal map ¢ : C->C sending H to the unit
circle T c C and conjugating fy and the irrational rotation Ry. We will fix such a map ¢.

Consider the function
L(z) :=log (dist(¢(2),T)). (4.1.1)
Given a point z near H, we will measure the rate of escape of iterates of z using the function

L. For any k > 0, denote the open annulus
A, = {-00 < L(2) < -K}.

Suppose f extends to a holomorphic map on an annular neighborhood A = A, of H. We
select k to be high enough such that the only critical points of f inside of A lie on H. Without

loss of generality, we will also assume that A avoids 0 and oo. Let us split A into two annuli
AY:=AnYY and A®=AnY*™,

where Y and Y are the connected components of C\H containing 0 and oo respectively.

We call A, A% and A% a collar, inner collar, and outer collar of f|g.
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Let us define the quasi-rotation
F(z):=¢7'(70(2)).

Clearly, F' coincides with f on H. Let us equip Y := C\H with the hyperbolic metric. The
following definition is inspired by [McM98, §3].

Definition 4.1.1. Suppose an iterate f?: U — V is well defined for some 7 > 0 and some pair
of topological disks U,V c A. We say that fi: U — V is an approximate rotation if it is a

univalent function of bounded distortion such that for all z € U\H,

dy (f'(2), F'(x)) = O(1).

Given a Jordan domain U and a pair of disjoint arcs I and J on the boundary of U, we
denote by Ly(I,J) the extremal length of the family of proper curves in U connecting [
and J. The domain U is conformally equivalent to a Euclidean rectangle where I and J
correspond to the vertical sides of unit length and Ly (I,J) is equal to the length of the

horizontal side.

Lemma 4.1.2 (One-sided approximate rotation). For any e € {0,00}, any point z € H, and

sufficiently small scale r > 0, there exists an approrimate rotation
[ (Uy) > (Vie)
such that
(1) both U and V are contained in A®,
(2) the point y lies on OU nH and the interval [y, z] is contained on OU nH,
(3) ¢ is an outer critical point of f if @ =00, an inner critical point of f if ¢ =0, and

(4) we have
Ly(ly,z],0U\H) > 1 and  dist(z,0U\H) <.

For any 0 < a < 7 and any small interval [ c T, we define H,(I) c D to be the Jordan
disk enclosed by the interval I together with the unique circular arc in D that has the same
endpoints as I and meets the circular arc T\I at an angle of a. To prove Lemma 4.1.2, we

will use the following tool.

Lemma 4.1.3 ([McM98, Lemma 3.3|). Consider a K-quasiconformal map g: H,(I) - D
which extends continuously to the identity on some interval I c T. For any f € (0,«), there is
some constant C = C'(«, B, K) >0 such that

dp(g(x),z) <C  for all x € Hg(I).
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Proof of Lemma 4.1.2. Assume without loss of generality that e = co. Since ¢ is uniformly
continuous with respect to the hyperbolic metric of Y, it is sufficient to prove the lemma
in the w-coordinate, where w = ¢(z). (Compare with [McM98, Theorem 3.4].) In the
w-coordinate, f is an irrational rotation along H, which is the unit circle, and all iterates of
f are quasiregular with uniform dilatation. Let us pick a small scale r > 0 and a point w € H.

Denote by {pr/qx}ren the rational approximations of § and consider the combinatorial
lengths I := |pr. — qx0]. Let us pick n € N such that r x[,. Apply Lemma 2.1.4 by taking S to
cl, ,inH

be the set of critical values of f on H in order to obtain a pair of intervals J, Gnso

such that

n+2

(i) J,,., contains the level n combinatorial interval centered at fdn+2(w);

(ii) the endpoints of J,
torial length < [,;

split 1,

ans» iDtO three connected components each having combina-

n+2

(iii) 1,,.,\Jy,., does not contain any critical value of fin+2,

For =0,1,...¢n2, let

Jj = (fla) ™% (J,,,,) and I;:=(fla) ™21, ).

By Proposition 2.1.2, there is some minimal ¢ < ¢, + ¢,,,1 such that J; contains an outer critical
point ¢. Let y:= (flg)(c).

Let o : D - Y be a biholomorphism sending 0 to a point outside of A*. By
Carathéodory’s theorem, 1., extends to a homeomorphism on the boundary T — H. For any

a € (0,7), we define the domain

H (1) = oo (Ha (¥ (1)) € Y.

)
neighborhood A, of H is contained within A* n f~1(A*) and there is a well-defined inverse
branch of f~! mapping any domain of the form H(I) that is contained in A,/ to a domain

touching H on its boundary. Now let V := H¥ (1, ., ).
2

Let us pick some ¢ € (O ) There is some constant s’ > k such that the annular

Claim. For sufficiently small n, there is a well-defined inverse branch of f~* mapping V' to a

domain U touching H along the interval I,. Moreover,
dy (f'(z),F'(z))=0(1) forall zeU. (4.1.2)

Proof. Let us pick a positive constant §. By taking n to be sufficiently small, we assume

that V is contained in A,/,s. Denote by V_; a univalent lift of V' under f that is touching
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H. Since I; does not contain any outer critical value of f?, V_; touches H precisely along
I;_ and so F o f~1 is the identity map on ;. By Lemma 4.1.3, there is some constant C' > 0
depending on the dilatation of ¢ such that

dy ((f|vfl)_1(q:),F‘1(:I:)) <C foral zeV.

Consequently, we take € to be small enough and § to be high enough to beat the constant C'
so that ultimately, V_; c H®(I_1) c A,s. The way x’ and i are chosen ensures that V_; can

again be lifted to a domain V_5 touching H along I;_». By the same argument, we have
dy ((flv,)%(z), F2(z))<C forallzeV

and V_5 is again contained in A,,. Inductively, we can define the domains V_o, V.3, ..., V_;
by pulling back and set U = V_;. O

We can ensure that f?: U — V has bounded distortion by shrinking /; (and thus V' and
U) by a little bit. By (4.1.2), we conclude that fi:U — V is an approximate rotation. It
remains to prove (4). Properties (i) and (ii) imply that

dist(OV\H, fi{(w)) xr  and  Ly(J,,0V\H) > 1

in the w-coordinate. Since f~* is uniformly quasiconformal on V and acts as an isometry

along H, we obtain the desired estimates in (4). ]

Instead of an approximate rotation on one side of H, we can also consider a two-sided

approximate rotation, yielding the following lemma.

Lemma 4.1.4 (Two-sided approximate rotation). Given any point z € H and sufficiently

small scale r >0, there is an approximate rotation
[ (Uy) > (Vie)

such that y lies on H, ¢ is a critical point of f, and (U,y) is a pointed disk that well contains

the interval [y, z] c H and has bounded shape and diameter < r.

This lemma is a generalization of [McM98, Theorem 3.4| which was originally formulated

for bounded type quadratic Siegel disks.

Proof. We can adapt the same proof as the previous lemma by defining the Jordan domain
V by gluing H(1;) and H2(1;). The rest of the proof resumes as before. Replace U with a
smaller disk (e?g. a hyperbZOIic ball Dy (y, R) for some definite radius R > 1) so that (U, y)
has bounded shape. O
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For each e € {0,00}, the round annulus ¢~!(A*) admits a canonical radial foliation
connecting its two boundary components. For every point z on H, we denote by ~¢ the
unique proper curve in A* such that ¢(~?) is the radial leaf with endpoint ¢(z).

For every inner (resp. outer) critical point ¢ € H, let us denote by dy(c) (resp. de(c)) the

inner (resp. outer) criticality of ¢. See Definition 4.3.7 for details.

Lemma 4.1.5 (Local preimages of H). For e € {0, 00}, there are 2d.(c) — 2 pairwise disjoint

open quasiarcs I'{?, .. "F;Zl.(c)—Q in A* which are all mapped into H by f and attached to ¢ at
one of its endpoints. Every point z on 'Y u...uU ngm(c)a satisfies

disty (z,72) = O(1).

Proof. Let d(c) = do(c) + de(c) = 1 be the local degree of f at c. There exists an open disk
neighborhood @ c A of ¢ on which f is a degree d(c) covering map branched only at ¢. When
Q is sufficiently small, the map f on @Q is of the form h(z)%°) + f(c) for some univalent map
h:Q - C with bounded distortion sending ¢ to 0.

The disk @ can be picked such that ¢(f(Q)) is a round disk orthogonal to T. Then, the
preimage of the interval Hn f(Q) will consist of Hn @ as well as pairwise disjoint open

quasiarcs

0 0 o0 00
Fl’ ...7F2d0_27 Fl 3 ."71_‘20300_2

where each I'? is contained in A*n (@) and connects the critical point ¢ to a point in A®* N 0Q).
Let us pick a point z on I'y® for some 7. Let w be a point on H closest to z, i.e.
|z —w| = dist(z, H). Note that the hyperbolic metric of Y™ at z is comparable to dist(z, H) .

As such, in order to prove the lemma, it is sufficient to show that
|z —w|>|z—| (4.1.3)

Before we do so, we will introduce another disk neighborhood Q of ¢ in a similar way as
Q, except that Q is larger than Q and mod (Q\@) < 1. If Q does not contain w, then by
Teichmiiller estimates [Ahl06, §3],

|2 - ¢ < diam (Q) < dist (0Q, 0Q) < |z — w|

and we are done.

Suppose instead that w lies inside of Q. Since H is a quasicircle, the ratio of the
distance between f(z) and f(w) to the diameter of the interval [f(z2), f(w)] c H must be
bounded above by some definite constant. In particular, since the critical value f(c) lies on
[/(2), f(w)], then

1f(2) = f(w)| > £ (2) = f(e)l.
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Consider the univalent map h : Q — C described previously. The estimate above can be

rewritten as

[h(2)" = h(w)’] > [h(2)[",

which implies that
[h(2) = h(w)] > [h(2)].

Since h has bounded distortion on @, this estimate implies (4.1.3). O

Corollary 4.1.6. Given any point z in A* for some o € {0,00}, if z is sufficiently close to
H, there exists an approzimate rotation f*:U — V such that U contains z, V' contains a
hyperbolic ball D cY of radius X 1 centered at some point on f~'(H)\H, and

disty (f*(2), D) = O(1).

Proof. Again, assume e = oco. Let w € H be the unique point such that z lies on the radial

segment 72°. By Lemma 4.1.2, there is an approximate rotation f?:U — V such that
(i) U and V are disks in A* and z €U,

(ii) there is some interval [w,y] c OU n H such that ¢:= fi(y) is an outer critical point and
EU([wa y]a 8U\H) > 17

(i) Jw -yl = O(hw - =I).
Refer to Figure 4.1. Clearly, (iii) implies that
disty (z,7,°) = O(1).
Since f? is an approximate isometry on U, then
disty (f(2),7) = O(1).

Because of Lemma 4.1.5 and the fact that c is an outer critical point, we have

disty (f(2), f(H)) = O(1). (4.1.4)
From (ii), we have Ly ([fi(w),c],0V\H) > 1. Together with (4.1.4), we conclude that V'
contains a hyperbolic ball D with the desired properties. O

4.2 No invariant line fields on the Julia set

Consider a rational map f in X. In this section, we will prove the following theorem.

Theorem 4.2.1. The Julia set J(f) of f does not support any invariant line field.
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Figure 4.1: The construction in the proof of Corollary 4.1.6.

4.2.1 Hyperbolic geometry off the postcritical set

The postcritical set P(f) is the union of the Herman curve H of f and the superattractors

{0, 00}. Denote the complement by

We shall equip © with the hyperbolic metric po(z)|dz|. The set €2 is the maximal open subset
such that f7: f(2) - Q is an unbranched covering map for all n > 1.

For any point z in €, denote by | f/(2)| the norm of the derivative of f at z with respect
to the hyperbolic metric of €2.

Lemma 4.2.2 (|[McM94, Theorems 3.5-3.6]). Consider a point z in €.
(1) If f(2) is also contained in ), then | f'(z)| > 1.

(2) If ze J(f) and f*(z) ¢ H for alln >0, then

[(f*) ()] =00 asn—oco.

By Theorem 2.1.7, there exists a quasiconformal map ¢ : C - C that fixes 0 and oo and
conjugates f|lg and the rigid rotation Ry on the unit circle T. Recall the function L(z) :=
log (dist(¢(2),T)) from (4.1.1) as well as the annular neighborhood A, := {-o0 < L(2) < -k}
of H for any real number k.

Let us select a large negative number kg such that the Julia set J(f) of f is compactly

contained in the annulus A,,. Let us define the thick part of 2 by
Qtnick = 2N Ay, (4.2.1)

In other words, Qpiac is the sphere C with H and some small neighborhoods of 0 and oo

removed.
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Lemma 4.2.3. For every point z in Qniex,

1

0 )

Proof. Consider a point z in Q;a and denote by E the connected component of C\H
containing z. Let us equip F the hyperbolic metric. A standard application of Koebe quarter
theorem to any Riemann mapping (D,0) - (E, z) yields the estimate pg(z) > m Then,
we apply Schwarz Lemma to the inclusion map on the connected component of €2 containing
z into E in order to obtain pg(z) > pg(z), which gives us the estimate pq(2) > m

As we apply Schwarz lemma to the inclusion map D (z,dist(z, P(f))) = Q, we also
obtain the estimate pg(z) < m. We conclude the proof with the observation that

dist(z, P(f)) =< dist(z, H) because z is contained in Qp;cx- O

4.2.2 Visiting the critical point from J(f)

The key ingredient towards proving Theorem 4.2.1 is the following theorem.

Theorem 4.2.4 (Nearby critical visits). For every point z € J(f) and scale r > 0, there exist
an integer i >0, a critical point c€ H of f, and a pair of pointed disks (U,y) and (V,c) such
that

(1) fi:(U,y) = (V,c) is a univalent map with bounded distortion,
(2) (U,y) has bounded shape with diameter X r,
(3) |y -=z[=0(r).

Theorem 4.2.4 is an analog of [McM98, Theorem 3.2|, which was originally stated in the
context of bounded type quadratic Siegel disks. The proof relies on the approximate rotation
mechanism introduced in §4.1, which is made compatible with the hyperbolic metric of €2
thanks to Lemma 4.2.3.

Lemma 4.2.5. For every point z in J(f)\H, there is a univalent map
fr(B,x) > (Vie)

such that i >0, c € H is a critical point of f, and B is a hyperbolic ball in Q of radius r X 1
centered at a point x in Q satisfying do(x,z) = O(1).

Proof. For every critical point ¢ on H, consider two nested disk neighborhoods @, c Q. of ¢

with the following properties.
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(i) Q. is well contained in QC, and Qc is well contained in A;.

(ii)) The map f is a covering map from @), and Q. onto their respective images, branched

only at c.

(ili) The map f|s. can be written as f(z) = h(2)) + f(c), where h is a univalent map of

bounded distortion and d(c) is the local degree of f at c.

By taking Q. to be sufficiently small, we can further assume that the disks Q. are pairwise
disjoint. For brevity, let us also denote the strict preimage of H by H-! := f~1(H)\H.
Pick a point z in J(f)\H. We will split into four cases.

Case 1: z ¢ H' n Q. for some critical point c.
Let 2z’ be the unique point in the intersection (). N H such that f(z) = f(2’). By Lemmas

4.1.4 and 4.1.5, there is an approximate rotation
frUa’) > (Vie)

such that 7> 1 and (U’,2') is a pointed disk in @, that avoids H-!, well contains the interval
[z',2'], and

rin (U’ 2") 2 |2’ = (. (4.2.2)

Let (U, x) be the pointed disk containing z such that f(U) = f(U’) and f(x) = f(a'). See

Figure 4.2. Since both U and U’ are contained in Q., there is a univalent map g:(U,xz,2) -

(U',x',2") of bounded distortion such that fog = f on U. Therefore, U avoids H, well
contains the interval [z, z], and by (4.2.2),

rin(U, ) X |z — | > dist(z, X).
By Lemma 4.2.3, this implies that U contains a hyperbolic ball B c €2 of definite radius

centered at x. Therefore, f': (B,z) — (V,c) is the desired univalent map.

Case 2: ze H !\ u. Q..

Since every component of 2 contains a connected component of H™!, there exist a critical
point ¢ and a point 2z’ in H™! n Q. such that both z and 2’ are in the same component of Q
and distg(z, 2') = O(1). This reduces us to Case 1.

Case 3: ze J(f)\f1(H).

By Corollary 4.1.6, there exists an approximate rotation
fr(Uw) > (U, w')
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Figure 4.2: Case 1 in the proof of Lemma 4.2.5.

such that w’ is in H™! and that w satisfies do(w, z) = O(1) and distq(w,0U) > 1. By Cases 1

and 2, there also exists a univalent map
f7:(B2") - (V.e)

such that B’ c Q) is a hyperbolic ball of radius < 1 centered at ', ¢ is a critical point of f
in X, and do(w’,2") = O(1). We can assume that B’ is inside of U’ by shrinking B’ by a
little bit. As such, the lift (fi|;;)~!1(B’) contains a hyperbolic ball B of radius < 1 centered
at © = (fi|y)~1(«") with distance dg(z,z2) := O(1). Therefore, fi*7 : (B,z) - (V,c) is the

desired univalent map. O

To prove Theorem 4.2.4, we will apply Lemmas 4.1.4 and 4.2.5 in a similar manner as the

Siegel case in [McM98, §3]. (Compare with [McM96, Theorem 8.10].)

Proof of Theorem 4.2.4. For any tangent vector v at a point z, we denote by |v| the Euclidean
length of v and |v| the hyperbolic length of v with respect to the hyperbolic metric of €2 if
z € Q. If z is outside of Q, we set |v| = co. By Lemma 4.2.3,

[v]

M for all z € chick and v € Tzé (423)

[0l =

Let us fix a point zg € Jiniac and a scale » > 0. Let vy be a tangent vector at z, of length
|uo| = 7. For every i € N, let v; := dff (vo) be the pushforward of vy by f? at z; = f(z).
Let us fix a small constant ¢ € (0,1) independent of z, which will be determined later. By

Lemma 4.2.2, the proof can be split into the following three distinct cases.

Case 1: 1< |yl < oo.
Let w be a point in X closest to zy. By (4.2.3), |20 — w| = dist(z9, H) = O(r). By Lemma
4.1.4, there is an approximate rotation f?: (U,y) - (V,c) such that c is a critical point of f
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on H, [y —w|=0(r), and (U, y) has bounded shape with diameter < r. This is the univalent

map we are looking for.

Case 2: There is some j > 1 such that ||v;] >1 but |v;_4] <e.

By (4.2.3), the distance between z;_; and H satisfies dist(z;_;,H) > ‘1}{5—'1' Then, 2
contains a round disk D;_; centered at z;_; of radius x @ on which f is univalent. By
Koebe quarter theorem, the image f(D,_;) contains another round disk D, c Q centered at
z; of radius = @ Denote by D, the connected component of f=7(D;) containing z,. We
have a univalent map f7: (Do, z0) - (D, z;).

From Case 1, there is a univalent map f*: (U’,y") = (V,¢) of bounded distortion such
that c is a critical point of f, [y' - z;| = O(|v;]), and (U’,y’) has bounded shape with diameter
< |v;]. Select € to be just small enough such that U’ is well contained in D;. Let (U,y) be the
lift of (U’,y’) under the map f7|p,. Since the inverse branch (f7|p,)~! has bounded distortion
on U’, then |y — 2| = O(r) and (U,y) has bounded shape with diameter x r. Therefore,

fi:(U,y) = (V,c) is the desired univalent map.

Case 3: There is some j € N such that € < |Jv;| < 1.

By Lemma 4.2.5, there is a univalent map f?: (B, z) - (V,¢) where ¢ is a critical point
of f and B c () is a hyperbolic ball of radius < 1 centered at a point = which satisfies
do(x,2;) = O(1). If 2; is in B, then set K’ = B; otherwise, set K’ = B U~ where v c (2 be the
shortest hyperbolic geodesic segment in {2 connecting z; and a point on dB. Let K be the
unique lift of K’ under f7 containing zy, and let (U, y) be the lift of (B,z) under fJ|x. The
map f7:(U,y) - (B,x) is univalent.

By the hyperbolic Koebe distortion theorem [McM94, Theorem 2.29)], since K’ has bounded
hyperbolic diameter in €2, the map f7 is approximately an expansion by [(f7)'(z0)| on K.
Moreover, since |v;] % 1,

Y Gl = 2 =
vl [vol
As the hyperbolic inner radius of B about x satisfies ri, o(B,x) < 1, the hyperbolic inner

radius of U about y satisfies

rna(U,y) X vl

Also, since do(z,2;) = O(1), we have

do(y, %) = O([vo|).-

From (4.2.3) and the two estimates above, we have 73, (U,y) < r and |y — zo| = O(r). Thus,
the map f*7: (U,y) — (V,c) is our desired univalent map. O

103



4.2.3 No invariant line fields

Recall the collar neighborhood A, defined in §4.2.1. For every k > kg, define the local

non-escaping set of f to be
Definition 4.2.6. For every x > kg, define the local non-escaping set of f of level k to be
Klc:={zeC: f*(z) e A, for all n> 0}

Clearly, K¢ is contained in J(f), and it is equal to J(f) when & is sufficiently close to
Ko. Let us prove a slightly stronger version of Theorem 4.2.1. (The local non-escaping set

will make an appearance again in §4.5.)

Theorem 4.2.7. For every k > kg, the local non-escaping set K'°¢ of f does not carry any

mwvariant line field of f.
In the proof, we will apply the following proposition by Shen.

Proposition 4.2.8 ([She03, Proposition 3.2|). Consider a rational function g of degree > 2
and a forward invariant subset J of J(g). Suppose that for almost every point x in J, there
1s a constant C' > 1, a positive integer N > 2, and a sequence h,, : U, - V,, of holomorphic

maps such that:
(S1) g'ohy =g’ for somei,jeN;
(S2) U, and V,, are topological disks such that as n — oo,

diam(U,) -0 and diam(V,,) — 0;

(S3) hy is a branched covering map of degree between 2 and N ;

(S4) there are some critical point u, € U, of h,, and critical value w, = h,(u,) such that both
(Upn,un) and (Vy,w,) have C-bounded shape;

(S5) U, and V,, are relatively close to x, i.e.

dist(z,U,) < Cdiam(U,,) and dist(z,V,) < Cdiam(V},).

Then, g admits no invariant line field on J.

The idea behind this criterion comes from the fact that at almost every point x in J, any
invariant line field on a small neighborhood around z is almost parallel, but the presence of
critical points at small scales would carry non-linearity throughout J and contradict such
parallel structure. Shen’s criterion was inspired by McMullen’s treatment of Feigenbaum
maps in [McM94; McM96|.
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Proof of Theorem 4.2.7. 1t is sufficient to show that the hypothesis of Proposition 4.2.8 holds
for every point z in K¢, (In fact, we will show that the constants C' and N can be made

uniform in z.) There are two cases.

Case 1: x is a critical point of f.

In this case, we will take the sequence {h,} to be the first return maps near z.

Let {pr/qr}ren denote the best rational approximations of the rotation number 6, and let
Iy := |pk — qxf|. Recall the quasiconformal map ¢ from §4.2.1. Pick a sufficiently large n e N
and let w,, := fo(z). By Lemma 2.1.4, there exists a pair of intervals I’ c I” in H such that

(i) I' contains the level n combinatorial interval centered at wy,,

(ii) the endpoints of I’ split I” into three components each of combinatorial length < [,,,

and

(iii) I"\I'" contains no critical values of fa+2.

Let V' and V" be the unique pair of disks such that their closures intersect X; along
intervals I’ and " respectively, and that both ¢(90V") and ¢(9V"") are round circles orthogonal
to T. Let us pick n to be large enough such that V" is contained in the collar A,.

Let V,, be the Jordan disk that contains V'’ and is enclosed by the core curve of the annulus
V”\W. Denote by U’, U"”, and U, the connected component containing x of the preimage
under fo of V', V" and V,, respectively. By (iii), fo : U”\U’ - V"\V’ is an unbranched
covering map between two annuli.

We claim that fa : U, — V,, satisfies (S;)-(S5) in Proposition 4.2.8. Indeed, (S;) is
immediate from the construction. (S;) follows from the fact that, by (ii) and Proposition
2.1.3, the number of critical points of fi on U” is at most some constant N independent of
x and n.

Take u, = x. By construction, V' is well contained in V" and U’ is well contained in U".
Since QU,, and 0V}, are core curves of annuli of definite moduli, both U,, and V,, are quasidisks
of uniformly bounded dilatation; in particular, they have bounded shape about x and w,
respectively. Thus, (S4) holds.

By construction, (S;) ensures that diam(U,) x diam(V},). As such, (Sz) follows from
the fact that diam(¢(V,)) <1, - 0 as n - oo, and (Ss) follows from dist(z,U,) = 0 and
dist(z, V,,) < diam(U,,). This concludes the proof.

Case 2: x € K¢ is not a critical point of f.
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Figure 4.3: The construction of the branched covering map h,, in Case 2.

Fix a sequence {r,}nn of small positive real numbers decreasing to 0. Pick n € N. By

Theorem 4.2.4, there is a univalent map
fin (A, uy) — (/In,c)
between pointed disks with bounded distortion such that c is a critical point of f, (A,,u,)
has bounded shape with diameter < r,, and
luy, — x| = O(ry). (4.2.4)

Let s, := diam (An, c); this depends on r,. From Case 1, by appropriately selecting r,,,

there is some k,, € N and some branched covering map
o2 (Unse) > (Vi 0n)
of degree at most some constant N independent of x and n such that (Un, c) and (Vn, Un)
are pointed disks compactly contained in A, with bounded shape and diameter x s,, and
dist (c, \7”) =O(sp).
Let (Un,u,) and (Vy,w,) be the pointed disks obtained by pulling back (U,,c) and

(Vn, vn) under fin|4 respectively. Then, there is a branched covering map
ho s (Uns un) = (Vi wn)

of degree at most N such that fi» o h, = fk»*in on U,. See Figure 4.3.

We claim that h,, satisfies (S1)-(S5) in Proposition 4.2.8. Indeed, (S;) and (S3) are
immediate from the construction. Since f/» has bounded distortion, (U,,u,) and (V,,w,)
have bounded shape with diameter < r,, and dist(u,, V},) = O(r,). Therefore, (Ss) and (S4)
are satisfied. Together with (4.2.4), we also have (Ss). O
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4.3 Combinatorial rigidity of Herman quasicircles

In this section, we will apply Theorem 4.2.1 to complete the proof of Theorem C. We will also
provide a few applications on trivial Herman curves and antipode-preserving cubic rational

maps.

4.3.1 Combinatorial rigidity

For every rational map f in X', we denote by comb(f) € C = Cy, 4., the combinatorics of f

along its Herman quasicircle, as defined in Definition 3.1.9.

Theorem 4.3.1. Any two combinatorially equivalent rational maps in X are conformally

conjugate.

In the proof, we will apply the standard pullback argument to promote combinatorial
equivalence to quasiconformal conjugacy. The absence of invariant line fields will allow us to

further promote the quasiconformal conjugacy to a conformal one.

Proof. Suppose f; and f5 are two combinatorially equivalent rational maps in X. For each
i € {1,2}, let H; be the Herman quasicircle of f; and ¢; : H; - T be a quasisymmetric
conjugacy between f; and Ry. By combinatorial equivalence, the conjugacies can be picked
such that ¢3! o ¢; preserves the critical points of f; and f; along their Herman curves.

For each i € {1,2} and e € {0,00}, denote by 0! : (Bf,e) - (D,0) a Bottcher coordinate
for f; on the immediate basin of attraction B! of e, that is, a conformal isomorphism
such that b$ o fi(2) = b3(z)% for all z € B?. Let us also consider the neighborhood E? :=
{z e B |b3(z)| < %} of e cut out by an equipotential.

Let hy:C - C be a quasiconformal map such that

(b5) Lo bs(2), if ze E},0€{0,00},
ho(Z): ¢510¢1(2), ifZEHl,

quasiconformal interpolation, if otherwise.

Then, hq is conformal on E; := EY U Ef® and provides a conjugacy between f; and fy on
H,uE,.

Our choice of ¢; and ¢, ensures that hg preserves the covering structure of f; and fo. In
particular, we can lift hy to a quasiconformal map h; : C — C such that faohy =hgo fi. This
new map h; coincides with hg on Hy u Fy, restricts to a conformal conjugacy between f; and
f2 on f{1(E1), and is homotopic to hg rel P(f1). Moreover, hy has the same quasiconformal

dilatation as hg because both f; and f, are holomorphic. Repeat this lifting process to obtain
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an infinite sequence of uniformly quasiconformal homeomorphisms {h,, } nen Of C such that for

all n e N,
(i) faohni=hyo fi;
(i) e = by on f7(HL U B ),
(iii) h, restricts to a conformal conjugacy between f; and fo on fi™(E)).

By the compactness of the space of normalised quasiconformal maps, h, converges in
subsequence to a quasiconformal map he : C - C. The limit he is a conformal conjugacy
between f; and f> on the Fatou sets because U,so f(F;) coincides with the Fatou set of
fi for i € {1,2}. By continuity, since the Julia sets of f; and f, are nowhere dense, ho, is a
global quasiconformal conjugacy between f; and f.

The absence of invariant line fields on the Julia set implies that Ohe, = 0 almost everywhere

on J(f1). By Weyl’s lemma, h, is indeed a conformal conjugacy between f; and f> in C. O
Let us complete the proof of Theorem C.

Proof of Theorem C. By Corollaries 3.8.4 and 3.8.6 and Theorem 4.3.1, we now know that
the map
comb: X/.—>C

is a continuous bijection and OH is equal to X'. By Theorem 3.8.1, the space X/ ~ is Hausdorff

and compact, so comb(+) is indeed a homeomorphism. O

4.3.2 Trivial Herman curves

Consider an integer d > 2. Let us denote by By the space of rational maps in &y 49 which
are Blaschke products, i.e. those that commute with the reflection 7(z) = 1/Z along the unit
circle T, or equivalently, those whose Herman quasicircles are T.

For any T9 ¢ SP®(T) and T* € SP%~*(T), we denote the corresponding element in C
by o = [(T° T°)] and say that o is symmetric if dy = do, and T° = T>. If a Herman curve H
has symmetric combinatorics, then every critical point on H is both an outer and an inner

critical point, and its outer and inner criticalities coincide.

Proposition 4.3.2 (Blaschke < combinatorial symmetry). Every f € Bqg has symmetric
combinatorics. Conversely, given a symmetric combinatorial data o € Cqq, the map f € Xqap
realizing o is conformally conjugate to a Blaschke product, unique up to conjugacy by a rigid

rotation.
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Proof. The first statement follows from the observation that for any general rational map
f € X4y a0, if f has combinatorics [(79,7)], then 7o for lies in Xy 4, with combinatorics
(T, T%)].

Suppose f € Xq40 has a Herman quasicircle H with symmetric combinatorics [(T,T)].
Mark one of the critical points of f and assume it is z = 1 after conjugation with a linear map.
The rational map ¢(z) := 7o f o7 has a Herman quasicircle 7(H) with the same rotation
number and the same combinatorics [(7,T")] due to combinatorial symmetry. By Theorem
4.3.1, there is a linear map L(z) = Az, A € C* such that g = Lo f o L='. Moreover, L can be
chosen to preserve the marked critical points of f and g, which are 1 and 7(1) = 1. Thus,
A =1 and g = f, which implies that f is a Blaschke product. Uniqueness also follows from
rigidity. O]

By Theorem C and Proposition 4.3.2, the map comb(+) induces a homeomorphism between

the quotient space Bqg/. and the space

{[(T,T)] €Cqa : T eSPTH(T)}.
Observe that the latter is homeomorphic to the quotient Sg of SPY™(T) modulo rigid rotations.
Corollary 4.3.3. comb(-) induces a homeomorphism comb’: By g/.. - S4.

Let Z4 denote the space of degree d polynomials f that admit a single Siegel disk Z
such that Z is centered at 0, has rotation number 6, and contains every free critical point of
f on its boundary. We denote by comb(f) € 84 the combinatorics of f|sz, which encodes the
combinatorial position of the critical points of f along 0Z7.

The dynamical relation between B,y and Z44 can be formulated via the Douady-Ghys

surgery. See Theorem 3.1.1.
Corollary 4.3.4. The Douady-Ghys surgery induces a homeomorphism
DG : Bag/~ = Zasl-
satisfying comb o DG = comb’.
For d = 3, a variation of this corollary was previously studied in [Zak99].

Proof. Combinatorial rigidity of Siegel polynomials in Z44 (cf. [ZhaO8]) ensures that DG
is well-defined. The equation comb o DG = comb’ holds because the surgery preserves the
combinatorics. Note that the moduli space Z4 /. is also compact (for example, one can adapt
the proof in §3.8.1) and comb : Z44/. - S; is a homeomorphism. Together with Corollary
4.3.3, we conclude that the map DG is a homeomorphism. O
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4.3.3 Antipode-preserving cubic rational maps

We end this section with an application of rigidity to the following family of cubic rational

maps

2 q_Z *
= eC*.
fq(z) z 1+CjZ’ q

This family was first studied in [BBM18] and is characterized by a simple critical fixed point
at 0 and the property that f, is antipode-preserving, that is, f;, commutes with the antipodal
map z — —1/Z.

Note that f, and f, are linearly conjugate if and only if ¢’ = —¢, so it is natural to consider
the ¢2-plane as the appropriate parameter space. According to [BBM18|, this parameter
space has the remarkable property of admitting Herman rings of arbitrary Brjuno rotation
number and modulus. Below, we quote a more precise formulation from a sequel [BBM]| in

progress.

Theorem 4.3.5 (Hair Theorem). For any Brjuno number 0 € (0,1), there exists a unique
“hair® Ay in the ¢*>-plane consisting of all maps f, with a Herman ring of rotation number 6.

They satisfy the following properties.

(1) For any m e (0,00), there is a unique parameter ¢(m)? in Ay such that fym) admits a

unique invariant Herman ring of modulus m.
(2) The map (0,00) = S, m+— q(m)? is an analytic and regular parametrization of 7.
(3) Asm — oo, |g(m)| > oo.

Moreover, the Herman ring locus € := Ug 75 in the ¢*>-plane has positive measure. The

Hausdorff 1-measure of the intersection S n{|¢?| =r} tends to 1 as r — oo.

Assuming the theorem above, we can apply our rigidity result and deduce that when 6 is

of bounded type, the corresponding hair .7 lands at a unique point. See Figure 4.4.

Corollary 4.3.6 (Landing of hairs). When 0 is of bounded type, the hair 73 has a unique

endpoint q = lin}) q(m)?. The map f,, lies in Xazg.

Proof. Herman rings in 3 automatically lie in the space Hs 2. By Theorem 3.8.1, the set
of maps in .7 admitting Herman rings of modulus bounded above by some positive constant
is precompact. Therefore, the accumulation set 0.4 := %\,}% is non-empty and contained
in X599.

Pick any parameter ¢2 in 0.5¢. Let ¢: H — T be a quasiconformal conjugacy between f,

on its Herman quasicircle and the irrational rotation Ry. Since f, commutes with 7(2) = -1/Z
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Figure 4.4: Above: The ¢?-parameter plane for {f,} containing the golden mean hair .73,
colored in purple. Below: The dynamical planes of fy,,) and f,, where g(m)? ~» -12.06-12.30:
lies on % and ¢ ~ —7.05 — 7.417 is the endpoint of .#5. The Herman ring of fy(,,) and the
Herman quasicircle of f,, are colored in red.
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and since ¢ is unique up to post-composition with rigid rotation, then ¢ o7 = =¢. In
particular, f,|m must have combinatorics [{1},{-1}]. By Theorem 4.3.1, maps in 0.5% are

linearly conjugate to each other, so 0.7 must be a singleton. O

4.3.4 Realization of critical quasicircle maps

Recall the definition of inner and outer criticality from Definition 2.1.5. In the coming
sections, we will go beyond the realm of rational maps and work with critical quasicircle

maps.

Definition 4.3.7. We say that a critical quasicircle map f: H — H is (dy, do )-critical if the

unique critical point of f on H has inner criticality dy and outer criticality do..

Theorem C implies the existence of a (dp, do )-critical quasicircle map with bounded type
rotation number 6. Indeed, by selecting unicritical combinatorics, the theorem states that
there exists a unique rational map f = fg, 4.0 in X admitting a unique free critical point at
z =1 of maximal local degree on its Herman quasicircle. By elementary computation, we

know that f is of the form F, given below for some unique c € C*.

Proposition 4.3.8. Suppose that F,. € Raty has critical points at 0, co, and 1 with local degrees
do, deo, and d = dy + do, — 1 respectively, and that F.(0) =0, F.(o0) =00, and F.(1) =ceC*.
Then,

d d )

()

F ( ) _ ] dO j

dozl (j)(_z)J

J=0

Proof. The rational map Fi(z) := ¢"'F.(z) has superattracting fixed points at 0, co, and 1
with local degrees dy, d.., and d respectively. From the behaviour at 0 and oo, the map Fj is
of the form z% 2 E where p is a degree d., — 1 polynomial and ¢ is a degree dy — 1 polynomial.

Let us present F} as

(=2)7 + Tja, a;(=2)]

Fi(z) =~
1( ) ;lool ]( Z)]
for some coefficients ag, aq,...,a41. The map g(z):=1- Fl(—z) is of the form
2d 4 ydly.
_ Jj= O J
9(z) = T

j =0 CLJZ]

From the behaviour of F} at 1, z = =1 must be a zero of g of order d. Thus, the numerator of
¢ must be divisible by (2 +1)? = e o( ) This implies that a; = () for every 7, and we are
done. O
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4.4 Renormalization of critical quasicircle maps

In this section, we begin our study of renormalizations of critical quasicircle maps. Renor-
malizations are described as commuting pairs, and they admit complex beau bounds, which
we will apply to prove quasiconformal rigidity.

Unless otherwise stated, any quasicircle H c C considered will be assumed to separate
0 and oo. Denote by Y and Y;$ the connected components of CI\H containing 0 and oo

respectively.

4.4.1 Commuting pairs

Before we delve into a discussion on renormalization, let us define the abstract notion of
commuting pairs relevant in our context.

Let us denote by H and —H the standard upper and lower half planes in C respectively.

Definition 4.4.1. Let I € C be a closed quasiarc containing 0 on its interior. A commuting

pair ¢ based on I is a pair of orientation preserving analytic homeomorphisms

¢= (f— > f—(]—)a Joi Dy — f+(]+))
with the following properties.

(P1) I_ and I, are closed subintervals of I of the form [f,(0),0] and [0, f-(0)] respectively
such that I=7_ul, = f (I.)u f,(I,) and I_n I, = {0}.

(Py) For all x € I,\{0}, f’(x) #0.

(P3) Both f_ and f, admit holomorphic extensions to a neighborhood B of 0 on which f-
commutes with f, and f_o f,(InB)c ..

Additionally, a commuting pair { is a critical commuting pair if
(P4) 0 is a critical point of both f_ and f,.

The quasiarc I is called the base of (. We say that ( is normalized if f,(0) =-1. A critical
commuting pair € is called a (dy, ds )-critical commuting pair if for any quasiconformal map
¢ mapping I_ and I, to real intervals [-1,0] and [0, 1] respectively and for any sufficiently
small round disk D centered at ¢(f.(f-(0))), the number of connected components of
O(fr o f) o (Dn-H) in —H is d., whereas the number of connected components of
d(frof )¢ 1 (DnH) in H is dy. Refer to Figure 4.5 for an illustration when (dy, d) = (3,2).
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f+ -

J-1+(0)

Figure 4.5: A cartoon of a (3,2)-critical commuting pair.

Definition 4.4.2. We say that a (dy, do, )-critical commuting pair ¢ = (f_, f,) is renormalizable
if there exists a positive integer y = y(¢) that corresponds to the first time fX™' o f,(0) lies

in the interior of I,. If renormalizable, we call the (d, dp)-critical commuting pair

PR = (X0 filios f-lixs001)

the pre-renormalization of ¢, and we call the normalized (dy,d. )-critical commuting pair
obtained by conjugating pR({ with the antilinear map z — —f_(0)Z the renormalization R¢
of C.

If R( is again renormalizable, we call { twice renormalizable, and so on. If ( is infinitely

renormalizable, we define the rotation number of ¢ to be the irrational number

rot(¢) = [0; x(¢), x(R¢), x(R?*¢), .. .].

In what follows, we only consider commuting pairs that are infinitely renormalizable.

Our renormalization operator transforms the rotation number according to the Gauss map
G(z)={i}.
Lemma 4.4.3. For any critical commuting pair ¢ and n > 1, rot(R"¢) = G"(rot(()).

For any a € C, let us denote by T,(z) := z + a the translation by a. For any irrational

6 € (0,1), the (non-critical) commuting pair
To = (Tsl-1.01, T-1lpon) (4.4.1)

on intervals along the real line is infinitely renormalizable with rotation number 6. The pair
of translations (4.4.1) gives a combinatorial model for normalized critical commuting pairs of

the same rotation number.
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Gluing the two ends of the real interval [ - 1,0] by T projects the modified pair of
translations (74|[9-1,01, To-1][0,e7) into the standard irrational rotation Ry on the unit circle T.

In general, one can convert a commuting pair to a quasicircle map as follows.

Proposition 4.4.4. Let ¢ = (f_|r_, f+|1.) be a commuting pair. Let G: be the gluing map
which corresponds to identifying z with f.(z) for every point z in a neighborhood of f-(0).
Then, G¢ progects the pair (f_|(s, r_0).01, f+f-ljo,r-(0)]) into a quasicircle map f.: He — He
having the same rotation number as (. If ¢ is (do,dw)-critical, then fo: He - H¢ is a

(do, de)-critical quasicircle map.

Conversely, we can obtain a commuting pair out of a (dy,dw )-critical quasicircle map
f+H - H as follows. By conjugation with a linear map, let us assume that the critical
point of f is normalized at 1. Replace H with its lift under the universal covering z — €27,
In these logarithmic coordinates, H is a Z-periodic quasicircle passing through 0 and oo.
Replace f with its corresponding lift F' admitting a critical point at ¢q := 0 and a critical
value ¢; := F'(0) located in the interval [0,1] ¢ H. Then,

Cr:= (F|[—1,0]> T—1|[0,c1])

is a commuting pair with the same rotation number as f. Applying the gluing operation from
Proposition 4.4.4 to (y results in a (dp, d« )-critical quasicircle map conformally conjugate to
f:H-H.

We define renormalizations R™f of f to be the renormalizations of the commuting pair
C¢. This can be more explicitly described as follows. Denote by {p,/¢, }nen the best rational
approximations of the rotation number 6 of f. For every n, let ¢,, = T_,, F4(0). The n'

pre-renormalization of f is the critical commuting pair
n - n _ n qn—
pR f - pR Cf - (TpnFq ‘[C‘Zn—170]’ Tipn*lF 1|[0704n]) ’

and the n'* renormalization R™f of f is the normalized (dy,ds,)-critical commuting pair
obtained by conjugating pR" f with either the antilinear map z = —¢,, ,Z if n is odd, or the

linear map z = —¢,, , 2 if n is even.

4.4.2 Quasicritical circle maps

For any annular neighborhood A of a quasicircle H and for e € {0, 00}, we denote by A* the
annulus An Y. Given any p > 0, we say that an open neighborhood A of H is a p-collar
neighborhood of H if mod(A°) > p and mod(A>) > u.

Let f:H — H be a (dy, dw )-critical quasicircle map and let ¢ € H be its critical point.

We call an annular neighborhood A of H f-relevant if it satisfies the following properties.

115



(R1) The map f admits a holomorphic extension to an annular neighborhood A of H on

which ¢ is the only critical point.

(R2) The annulus A can be decomposed into a disjoint union of an open disk neighborhood

B of ¢ and a topological rectangle R intersecting H along H\B.
(R3) On B, f is a degree d = dy + do — 1 covering map branched only at c.

(R4) The preimage of f(B)nH under f is the union of the interval BnH, 2d,, — 2 pairwise
disjoint open quasiarcs in Y connecting ¢ and 0B n Y}y, and 2d, - 2 pairwise disjoint

open quasiarcs in Y connecting ¢ and B nYy.

(R5) On the interior of R, f is a conformal isomorphism onto the interior of f(R), and the

preimage of f(R) under f|4 is precisely R.

Let us denote by HQ(dy, dw, N, K, 1) the space of (dy,ds )-critical K-quasicircle maps
f +H - H with rotation number in Oy that admits an f-relevant 2u-collar neighborhood A
of H whose image f(A) contains a p-collar neighborhood of H.

Example 4.4.5. The prototypical example of a (dy, do )-critical quasicircle map comes from
the rational map f = fg4, 4.0 discussed in §4.3.4. Denote by H its Herman curve H. Assuming
0 isin Oy, then f:H - H is in HQ(dy,dw, N, K, ) where K and p depend only on dy, de,
and N. By Corollary 4.3.2, when dy = do, = d, we know that H is the unit circle and there
exists a unique « € [0, 1) such that f coincides with the Blaschke product

To study critical quasicircle maps, we will make use of Avila-Lyubich’s theory of quasicrit-
ical circle maps in [AL22, §3|.

Definition 4.4.6. For any integer d > 2, a d-quasicritical circle map is an orientation-

preserving homeomorphism ¢ : T — T of the circle with the following properties.

(Q1) The map g admits a T-symmetric quasiregular extension of the form By, o h on some
T-symmetric annular neighborhood A of T where a € [0,1) and h is some T-symmetric

quasiconformal map on C.

(Q2) The annulus A can be decomposed into a disjoint union of a T-symmetric open disk
neighborhood B of 1 and a T-symmetric topological rectangle R intersecting T along
T\B.

116



(Q3) On B, g is a degree 2d - 1 quasiregular covering map branched only at 1, and it is
holomorphic at the set of points z in B such that T does not separate z and f(z).

(Q4) The preimage of g(B)nT under g is the union of the interval BN T, 2d — 2 pairwise
disjoint open quasiarcs in Y7° connecting 1 and 0B n Y, and 2d - 2 pairwise disjoint

open quasiarcs in Y} connecting 1 and 9B nY?.

(Q5) On the interior of R, g is a conformal isomorphism onto the interior of g(R), and the

preimage of g(R) under f|4 is precisely R.

Denote by Cir(d, N, K,0) the space of all d-quasicritical circle maps g: T — T such that
the rotation number 6 of g is in O, the map h in (Q;) is K-quasiconformal, and that there
exists a 2d-collar annular neighborhood A of T satisfying (Q;)—(Qs) whose image g(A) is
also a d-collar neighborhood of T. Note that our parameters differ slightly from those used
by Avila and Lyubich, but it is not difficult to show that they encode equivalent amount of
information.

Even though only 2-quasicritical circle maps are discussed in [AL22, §3], the results and
proofs still hold for general d-quasicritical circle maps. Such maps admit the usual cross ratio

distortion bounds and, as a result, they are quasisymmetrically rigid.

Theorem 4.4.7 (|AL22, Theorem 3.9|). Ewvery quasicritical circle map g : T — T in
Cir(d, N, K,¢) is quasisymmetrically conjugate to the irrational rotation with dilatation
depending only on (d, N, K,0).

Similar to critical circle maps, quasicritical circle maps also admit complex bounds, since
the main ingredients of the proof, namely real bounds and Schwarz lemma, are available. We
will apply complex bounds later in the proof of Theorem 4.4.16.

The primary motivation behind introducing quasicritical circle maps is that critical

quasicircle maps can be identified as a gluing of two quasicritical circle maps.

Proposition 4.4.8. Every map f: H - H in HO(dy,dw, N, K, ) is a welding of two
quasicritical circle maps. There is an annular neighborhood A of H on which f is holomorphic,

and a pair of quasicritical circle maps go and go, such that for each e € {0, 00},
(1) ge is in Cir(des, N, L,8) for some L = L(K)>1 and § = 0(dy,de, K, 1) > 0;
(2) there is an L-quasiconformal map ¢, : C — C that maps H to T and conjugates f|AmYT;
and g'|¢-(A)“7$'

Proof. Let A be an f-relevant neighborhood of H. For e € {0, 00}, let ¢, : Y3 = Y7 denote the

Riemann mapping fixing e whose continuous extension to the boundary sends the critical point
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of f to 1. Since H is a K-quasicircle, the map ¢, extends to a global L(K')-quasiconformal
map sending H to T. Let g, := g0 fod;! on ¢o(A*) and apply the Schwarz reflection principle
to extend g, to a T-symmetric quasiregular map that restricts to a self homeomorphism of
T. Properties (R;)—(Rs) for f immediately transfer to (Q;)—(Qs) for g, so ge is the desired

quasicritical circle map. O

This proposition is the key towards transferring known results on quasicritical circle maps

to critical quasicircle maps. For instance, we have a quantitative version of Theorem 2.1.7.

Lemma 4.4.9. Given a map f:H - H in HO(dy,dw, N, K, 11), there is a quasiconformal
map h on C that restricts to a conjugacy between flg and the rigid rotation Rglt, and has

dilatation depending only on (dy,de, N, K, ).
Proof. This follows directly from Theorems 4.4.7 and 4.4.8. [

Remark 4.4.10. In general, if f is a multicritical quasicircle map with arbitrary irrational
rotation number, then f is still conjugate to irrational rotation. Indeed, similar to Proposition
4.4.8, f is a conformal welding of two multi-quasicritical circle maps go and go.. In [Pet04,
Theorem 1.5|, Petersen showed that such maps satisfy cross ratio distortion bounds, which in

turn implies that they do not admit any wandering interval. (Compare with [Pet00, §3].)

In the world of commuting pairs, let us denote by CP(dy,de, N, K, 1) the space of all
normalized (dy, do, )-critical commuting pairs ¢ = (f_, f;) : I - I with rotation number in Oy
such that the gluing procedure described in Proposition 4.4.4 produces a critical quasicircle
map in HO(dy,dw, N, K, 11).

The following is a direct consequence of Lemma 4.4.9.

Corollary 4.4.11. FEvery critical commuting pair ¢ : I - I in CP(dy, deo, N, K, i) admits
a unique quasisymmetric map he 2 [-1,0] - I conjugating the pair Ty of translations in
(4.4.1) with ¢, where 6 is the rotation number of (. The dilatation of he depends only on
(do,deo, N, K, 1).

4.4.3 Butterflies

Consider a critical quasicircle map f: H - H. From now on, it will be more convenient to
use logarithmic coordinates by identifying H as a Z-periodic quasicircle passing through 0
and oo and f as a map on a neighborhood of H in C with a critical point at ¢y := 0 which
commutes with the translation 77. We will not notationally distinguish the sets H, Y}, YT

from their respective quotients in C/Z.
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Definition 4.4.12. A bowtie is a quadruplet of Jordan domains (V,U_,U,,U,) in C together

with a quasicircle H containing 0 and oo satisfying the following properties.
(By) U_, Uy, and U, are compactly contained in V.

(By) U.nU, =@ and U_nU, = {0} cU,.

(Bs) U\Uy, U\U-, U,\Uy, and U,\U, are all non-empty and connected.

(By) J.:==HnU_, J,:=HnU,, and J, := HnU, are closed intervals in H, and their interiors
are precisely J :=Hn U_, j+ :=HnU, and jo := Hn U, respectively.

We call H the azis of the bowtie.

Definition 4.4.13. A (dy,dw)-critical butterfly &8 is a pair of holomorphic maps (f_, f)
together with a bowtie (V,U_,U,,U,) with some axis H satisfying the following properties.

(Bs) f. is a univalent map from U, onto V\H U f, (J.).

6 - + . X I . X9
(Bg) Both f_ and f, extend holomorphically to U, on which they commute. On Uy, the map
f-o f,is a degree d = dy+ ds — 1 covering map onto V\HuU f_ f+(JOX) branched only at 0.

(B7) H is f,-invariant, that is, whenever f, extends holomorphically to a neighborhood E
of a point x € H, then f, sends £ nH to a subset of H.

(Bg) I-:=[f.(0),0] is a subset of J_, I, := [0, f_(0)] is a subset of J,, and (f-|; , f:|r,) is a
(do, de )-critical commuting pair.

(Bg) There is some integer m > 1 such that f (0) = f™(b,) and f,(0) = f_(b_) where
J_=[b-,0] and J, =[0,b,].

The axis of 8 is the quasicircle H, the height of & is the integer m, and the rotation number
rot(8B) of & is the rotation number of the commuting pair (f_|; , f+|;,). The interval

I:=[f.(0),f(0)]=I_ul,cH
is called the base of 83, whereas
J=[b_,b,]=J uJ,cH

is called the extended base of 8. We say that & is normalized if f_(0) = -1. The domain of

&B is the Jordan domain
U=U_uU,ul,.
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Figure 4.6: A (3,2)-critical butterfly.

The shadow of a butterfly & is the piecewise holomorphic map F : U — V where

fo on U_,
F: f+ on U+7
foofy on UNU-uU,).

The limit set of 8 is the non-escaping set of F', namely

Ags = () F™(U).

n>0

Following de Faria and de Melo [FM99], we will impose geometric assumptions on our
butterflies.

Definition 4.4.14. For K > 1, a normalized butterfly 88 with axis H is called a K -butterfly

if the following conditions are satisfied.
(G1) mod (V\U) > K.
(G2) The components of C\H, C\(9V uH), and V\ (U u H) are K-quasidisks.

(G3) Any two points in the set {b_, f,(0),0, f_(0) = 1,b,} are at least K~! away from each
other.

(G4) The annulus V\U, is contained in {K~* < |z| < K}.
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In general, a butterfly is a K -butterfly if it is linearly conjugate to a normalized K-butterfly.

We endow the space of butterflies with the topology where a sequence of butterflies &88,, =
{(forms fon)s (Vi Uy, Us 1, Us ) } converges to the butterfly 8 = {(f-, f.),(V,U_,U,,Ux)}
if

(i) in the Carathéodory topology (refer to [McM94, §5]),

(U—,naf+,n(0)) - (U—af+(0))7 (UXJHO) e (UX70)7
(U+,naf—,n(0)) - (U+;f—(0))7 (Vn7f—,nf+7n(0)) - (V, f—f+(0))§

(ii) &, has an axis converging to an axis of 83 in Hausdorff metric;

(iii) f-, converges uniformly to f- on compact subsets of U_u U, and f,, converges

uniformly to f, on compact subsets of U, u U,.

Proposition 4.4.15. The space of normalized (dy, ds )-critical K-butterflies with rotation

number in Oy is compact.
Similar to critical circle maps, critical quasicircle maps also admit complex a priori bounds.

Theorem 4.4.16 (Complex bounds). Given f:H - H in HQ(do, dw, N, K, 11), there ezist
constants ng € N and K’ > 1 depending only on (dy,de, N, K, 1) such that for all n > ng, the
n' pre-renormalization of f extends to a K'-butterfly @8, : U, — V,,.

Recall from Proposition 4.4.8 that f is a welding of two quasicritical circle maps gy and
Jeo- By [AL22, §3.5|, the pre-renormalizations of gy and g have holomorphic extensions
admitting a butterfly structure with complex a priori bounds. In the proof below, we will glue

the half-butterflies of the two maps in order to obtain a butterfly for the pre-renormalization

of f.

Proof. Let U, ¢, (oo, go € Cir(do, N, L,0), and ¢o € Cir(de, N, L,0) be from Proposition
4.4.8. We will outline the construction of butterflies for gy and g, and then glue them to
the desired butterfly for f. Let us work in logarithmic coordinates, in which H c C/Z is
a quasicircle passing through 0 and the critical point of f is at 0. For all j € Z, we write
¢j = f7(0). For e € {0,00} and j € Z, let ¢§ = 0 denote the critical point of g, and let
c5 = g2(0).

Let {pn/qn}nen denote the best rational approximations of the rotation number 6 of f.
For e € {0,00} and n > 2, observe that the two critical points of gd" that are next to ¢;  are

dn-1

coand ¢ .. From now on, we will fix n € N larger than some constant m € N that is to be
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determined. Let us recall the construction of butterflies extending the n** pre-renormalization
of g..
For any k£ > 1, let D} be the open round disk such that dD;, intersects T orthogonally and

D;nT is the open interval (c;,c+1 , c;k_qm) c T. For n > m, there exists a T-symmetric univalent
lift Ay, of (D;_,\T)u (c;nfl,c;n) under gd" intersecting T on the interval (c;nfl_qn,c(’)).
Similarly, there also exists a T-symmetric univalent lift By ,, of (D5_,,\T)u (c(‘ln_1 : c;n_Q) under
gd"! intersecting T on the interval (067 o oan 1).

Claim. For any € > 0, there are some constants ng, m € N depending only on ¢ and (d., N, L, )

such that ng > m and for all n > ny,
max{diam (A}, ,,),diam(B;, )} < e-diam(D;_,,). (4.4.2)

Proof. Let I, denote the closed interval in T between cf and cj . Based on the key estimates
in [AL22, (3.9)] and [FM99, Proposition 3.2|, there are constants by, by > 0 such that for all
ze A

n,m?

dist(g.(Z):g.(lﬁfl)) b djSt(QOnEZ)JJ;—l) by
|g'(]n—1)| |‘[n—1|
[AL22, Lemma 3.6] guarantees that near the critical point, the inverse branch of g, is highly

(4.4.3)

contracting in big scales relative to I_;, which yields

(diam(A,‘l’m) )J . diam(D:_,.)
N i e LA I A S 24

+b 4.4.4
] T (4.44)

for some constants C' >0 and ¢ > 1. Applying Theorem 4.4.7 to g., there are also constants

K5 > Ky > 1 such that for all sufficiently large n,

diam(D;_,,)

K" < Yo <K (4.4.5)
n—1

Note that all the intermediate constants above depend only on (d,, N, L,d). Let us pick € > 0.
By combining (4.4.4) and (4.4.5), for sufficiently large m, we have

diam (A3, ,,) < e-diam(D;,_,,).
We can repeat the same analysis for By, .. O

Let Dy, Apm and B, ., be the interior of the closure of U, ¢;1(D;,_,,,nY7T), Us 9.1 (A5, .0
YY), and U, ¢, (B, N Y7) respectively. Since ¢y and ¢o, are L-quasiconformal, the claim
implies that there are some constants ng, m € N depending only on (e,dy, dw, N, K, j1) such

that ng > m and for n > ny,
max{diam(A, ), diam(B,, )} < ¢ -diam(D,,_,). (4.4.6)
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Let C,,,, denote the connected component of f~#-1(A, ,,) containing the critical point
0. Since Cp, nH = (c_y,, ¢, ,), the map fan-1:C, ., > A, ., is a degree d covering map
branched exactly at 0, and f4-* maps A, ,, N C,,,, univalently onto (A, ,\H) U (¢4, 1-4,,0).
By making ng higher if necessary, A, ,, U B,,,, is contained in a neighborhood of the critical
point 0 in which f =1 (2%) for some univalent map 1 with universally bounded distortion,
which implies that diam(C,,,,) < diam(A,,,, N C,,,,). Therefore, (4.4.6) can be upgraded to

max{diam(A, ), diam(B,, ), diam(C,,,,)} < ¢ - diam(Dy— ). (4.4.7)

By construction, the pointed disk (D,_,,,0) has bounded shape. We can select an
appropriate € such that (4.4.7) implies that the union U, := A, ;,, U By, ;U Cy, 1y, is compactly
contained in V,, :== D,,_,,, and Vn\U_n is an annulus with modulus greater than some universal
constant. Therefore, the pair (fi, fi=-1) and the bowtie (V,, Anm, Bnm, Cnm) form a
butterfly 8,, with axis H that extends the n* pre-renormalization of f and clearly satisfies
(G1).

It is also clear from the construction that the components of C\H and C\(V,, uH) are
K'-quasidisks. Every component of V,,\ (m U H) is also a K’-quasidisk since its boundary is
a union of quasiarcs meeting at definite angles. Hence, (G2) holds. Condition (Gj) follows
from Lemmas 2.1.8 (2) and 4.4.9, and (Gy) follows from the construction of V,, and Koebe

distortion theorem. OJ

In the proof above, the butterfly extending the n*® pre-renormalization has height equal to
a, + 1, where a,, is the n'" term of the continued fraction expansion of the rotation number. If
we apply the construction in the proof to the prototypical Example 4.4.5, the corresponding

limit set is contained in the Julia set of the rational map, which is nowhere dense.

Corollary 4.4.17. For any m > 2 and any 0 € Oy, there exists a (dy, dw )-critical K -butterfly

having rotation number 0, height m, and a nowhere dense limit set, where K depends only on

(d07d007m7N)'
By Proposition 4.4.4, commuting pairs also admit complex bounds.

Theorem 4.4.18. Given ¢ in CP(dy,dw, N, K, 1), there exist some ng € N and K' > 1
depending only on (dy,de, N, K, ) such that for all n > ng, the n** pre-renormalization of ¢
extends to a K'-butterfly 8, : U, - V,,.
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4.4.4 Quasiconformal rigidity

Let us fix a bounded type irrational number 0 € Oy for some N > 1. Recall from Corollary
4.4.11 that two butterflies of the same criticality and bounded type rotation number must be

quasisymmetrically conjugate on their bases.

Lemma 4.4.19. Suppose two (dy, ds )-critical K-butterflies 8B :U; - Vi and 8Bs : Uy = V;
have the same height and rotation number 6. The unique quasisymmetric conjugacy between
B and By on their bases extend to a quasiconformal conjugacy h: Vi — Vy between 81 and
By with dilatation depending only on (dy,de, N, K).

The proof is an application of the pullback argument similar to [Far99, Theorem 3.1].

Proof. By Corollary 4.4.11, there exists a unique quasisymmetric conjugacy h : I; - Iy between
8B, and &8, on their bases. Since 8; and 8, have the same height, we can extend h to a
quasisymmetric conjugacy on the extended bases J; and Js by setting h(z) := f:12 oho f_1(2)
for z € J_i\I and h(z) == f{5oho fF (2) for z € J, 1)\, where k € N is the first time fF,(2)
lies on I;.

By (G1) and (Gs), we can perform quasiconformal interpolation and extend h to a global
L-quasiconformal map hg that is equivariant on the boundaries of the butterflies of @83, and
&B,. Note that the dilatation L depends only on (dy, de, N, K).

Next, we apply the pullback argument to obtain a sequence of L-quasiconformal maps
h, as follows. Outside of Uy, we take h,, = h,_1; within U;, we set h,, to be the lift of
hnoq: Vi = Vy via 87 and 8,. By equivariance, h,, is well-defined, and it gives a conjugacy
between &, |vy\r-n () and Balvy\ryn(vy)-

By the compactness of the space of normalized L-quasiconformal maps, h,, converges to a
subsequential limit ke, : C - C. Note that h,, stabilizes pointwise outside of Ag,. We will
claim that Ags, is nowhere dense, which ultimately implies that the limit ho is unique in the
sense that h, - he as n - oo, and h., conjugates 83, and &B,.

Corollary 4.4.17 guarantees the existence of a (do, d )-critical butterfly 88 : U — V that
has the same rotation number # and height m and that its limit set Ags is nowhere dense. By
applying the same pullback argument above, we obtain a quasiconformal map ¢g:V — V; that
restricts to a conjugacy between &8 and &8; on V\Ag. Since Ag is nowhere dense, then
g extends to a full conjugacy between &8 and &3;, which then implies that Ags, is indeed

nowhere dense. [

Next, we can spread around the quasiconformal conjugacy between butterflies of sufficiently
deep renormalizations throughout the entire Herman curves. Compare with [AL22, Theorem
3.19].
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Theorem 4.4.20 (Quasiconformal rigidity). Given any two critical quasicircle maps fi; and
fo in HO(dy,dw, N, K, 1) of the same rotation number, there is an L-quasiconformal map h
on C that restricts to a conjugacy between fi1 and fy in some d-collar neighborhoods of their

Herman quasicircles. The constants L and § depend only on (dy,de, N, K, 11).

Proof. Let f; : Hy - Hy and f5 : Hy - Hy be two (dp, de )-critical quasicircle maps of
rotation number §. Without loss of generality, assume that f; is the prototypical Example

4.4.5 f1 = fay.de 0-

By Lemma 4.4.9, there is a global quasiconformal map h that sends H; to Hy and
restricts to a conjugacy between fi|g, and fo|g,. For ¢ € {1,2} and sufficiently large m € N,
Theorem 4.4.16 states that the m'™ pre-renormalization of f; extends to a K'’-butterfly
B = (f-i, fr:) : Ui = Vi. Clearly, h induces a quasisymmetric conjugacy between &8, and
&, on their bases. By Lemma 4.4.19, h can be modified to a quasiconformal map h., : V; = V5
that conjugates &8, : U; - V; and &8, : U; - V.

It remains to spread the conjugacy around the Herman curve. By [Wan+21| and Douady-
Ghys surgery, the immediate basins of attraction of both 0 and oo for f; have locally connected
boundaries. As such, given any point x € H that is not an iterated preimage of the critical
point ¢ of fi, there is a unique pair of external rays from 0 and oo landing at x; we label the
union of these rays as ~,. The rays 7y, () and 7, (.) are mapped to vy s () under f_;
and f,  respectively. As these rays are disjoint (away from 0 and oo), the union of v¢ ¢, (),
Vi (eo)s and 0V; bounds a unique topological rectangle 11, containing I, ;, the base of &B;.
We pull back both rectangles II, and II_ by iterates of f; until the first return to V; and
obtain a tiling of a neighborhood of H; by topological rectangles.

Next, consider the rectangles ho, (Il.) and construct a similar dynamical tiling for fo
around H,. Then, the quasiconformal conjugacy h. : Vi — V5, can be lifted via these
dynamical tilings to get the desired quasiconformal conjugacy between f; and f; on the

neighborhood of their Herman quasicircles. ]

4.5 C!* rigidity

In this section, we will show that the quasiconformal conjugacy between two (dy, do )-critical
quasicircle maps with the same rotation number # must be C'**-conformal along the Herman

curves. The proof below is an application of McMullen’s deep point argument.
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4.5.1 Deep points

Definition 4.5.1. We say that a subset S of a compact set J c C is uniformly deep if there

are positive constants C,d,r > 0 such that for every point z inside the r-neighborhood of S,
dist(z, J) < Cdist(z,5)'*.

In other words, if S is uniformly deep, the magnification of J at any point in S converges
exponentially fast to the whole plane at a uniform rate.

Let us again consider any rational map f in X, and denote by H its Herman curve.
Following §4.2.1, let us consider a quasiconformal map ¢ : C — C that fixes 0 and oo and
conjugates f|g and the rigid rotation Ry|t. Recall the function L(z) := log (dist(¢(2),T))
as well as the annular neighborhood A, := {-00 < L(2) < -k} of H for any . Recall from

Definition 4.2.6 the local non-escaping set K°c.
Theorem 4.5.2. For any x € R, the Herman curve H of f is uniformly deep in the local

non-escaping set Kloc.

Proof. 1t suffices to prove the theorem for A = A, where k is sufficiently high. By the Holder

continuity of ¢, for every z € A,
L(z) = log(dist(z,H)). (4.5.1)

Given an approximate rotation fi:U — V (rel A), we have L(f%(z)) < L(z) + O(1) for every

z € U. In general, we have the following property.

Claim. For every z € A, L(f(2)) < L(2) + O(1).

Proof. Tf z is sufficiently far from any critical point ¢, i.e. |z - ¢| > dist(z,H), then f is an
approximate rotation on a neighborhood of z. Else, suppose z is close to a critical point c.
Let 2" :=¢(z), ¢’ == ¢(c), and F:= o fop~t. Since F is a quasiregular map that restricts to

an isometry of the unit circle T, we have |F(z) - F(¢')| % |2' = ¢/|. Therefore,
dist(F(2"),T) < |F(2") - F()| x|z = | = dist(2',T).
By taking the logarithm, this inequality implies the claim. O]

Let us equip € := C\P(f) with the hyperbolic metric. For z € A, let r, := distq (z, f~1(H)).
The norm of f’(z) with respect to the hyperbolic metric of ) satisfies

[f()>C(rz) > 1 (4.5.2)
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Figure 4.7: The plot of the Julia set of f = f53 (Example 4.4.5) in logarithmic coordinates,
magnified about its free critical point. The Herman quasicircle is shown in red and its rotation
number @ is picked to be the golden mean.
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for some function C(r) where C'(r) - oo as r — 0.

Let us pick any point z in A with L(z) < -k, and denote z; := fi(z) for every i € N.
By Corollary 4.1.6, there is an approximate rotation f™ : (U,z) — (V,z,,) such that
distq (zn,, f71(H)) = O(1). By (4.5.2), we have || f'(z,,)| > M > 1 for some M independent
of z. On the other hand, L(z,,+1) < L(2) + O(1) due to the claim above. We repeat this

argument inductively to obtain an increasing sequence of positive integers {n;}; such that

distq (2n,, f1(H)) = O(1), (4.5.3)
If'(zn,)| 2 M, and (4.5.4)
L(zy,) < L(z) + O(j). (4.5.5)

By (4.5.1) and (4.5.5), there exists some m € N such that z,, € A for all i € {1,2,...m}
and that
m =< —L(z) X —log (dist(z,H)). (4.5.6)

Then, by (4.5.4) and (4.5.6),
[CF) () 2 M=t > dist (2, H) ™, (4.5.7)

where « =< log M.

By (4.5.3), we can pick an arc 7, c Q of hyperbolic length O(1) joining z,, and some
point 3" in An f~1(H). By (4.5.7), v, lifts under f™= to an arc 7 c {2 joining z and some
point y € f=*=~1(H) of hyperbolic length O(dist(z, H)®). Therefore, by Lemma 4.2.3,

|z —y| = O (dist(z, H)**).

We can make sure that the forward orbit of 4 stays within A and is thus contained in Kl°c.

As such, the estimate above implies that H is uniformly deep in K°c. O

4.5.2 McMullen’s Dynamic Inflexibility Theorem

Consider a pair of (dy,dw )-critical quasicircle maps f; : H; - H; and f; : Hy - Hy with
rotation number 6 € ©y. By Theorem 4.4.20, there exist collars A; and A, for fi|g, and
fo|m, respectively, and a global quasiconformal map ¢ : C->C conjugating fi|4, and f3|a,.
Our goal is to improve the regularity of the quasiconformal conjugacy h and prove Theorem
D. We will do so via McMullen’s Dynamic Inflexibility Theorem.

Let Hol denote the set of all holomorphic maps ¢g: U — C where U is any open subset
of C. Endow Hol with the topology where g, : W, — C converges to g : W — C if for every
compact subset X ¢ W, W,, contains X for all sufficiently large n and g,, » g uniformly in X.
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For each i € {1,2}, define
f(fi)::{[g:Ueé]eHol: fi=go f! for some i,j € N on some open UcAz-}.

Let us pick a skinnier collar A} € A; for Hy and let Al = ¢(A}). For i e {1,2}, let us define

the local non-escaping set of f; rel A} to be

K"°(f)={z€A; : f(z) e A for all n>0};

this is a forward invariant compact subset of A;. The pair (F(f;), K'°¢(f;)) forms a holomor-
phic dynamical system in the sense of McMullen [McM96, §9.

Theorem 4.5.3 ([McM96, Theorem 9.15|). Suppose there is a K-quasiconformal conjugacy
¢ between two holomorphic dynamical systems (Fy,J1) and (Fo, o). If (Fi,J1) is uniformly

twisting and Jy has a uniformly deep subset S, then ¢ is uniformly C***-conformal on S.

Roughly speaking, a holomorphic dynamical system (F,.J) is uniformly twisting if F has
robust nonlinearity at every point in J at every scale. A more precise definition of nonlinearity
and uniform twisting can be found in [McM96, §9.3]. In our discussion, we will only require

the following criterion for uniform twisting.

Proposition 4.5.4 (|]McM98, Proposition 4.7]). Consider a subset F of Hol and a compact
subset J of C. Suppose for any sequence of affine maps af,(2) = a,(z - B,) with a,, > o0 and
B, € J, there is a sequence of maps g, in F such that the rescaling af, o g, o af,* converges
i subsequence to a mon-constant holomorphic map in Hol with a critical point. Then, the

dynamical system (F,J) is uniformly twisting.
In our context, we will consider the pair of dynamical systems

(F(f), K°(fr))  and  (F(f2), K°(f2))

which are quasiconformally equivalent via h. Let us assume without loss of generality that f;
is a rational map in X', e.g. the prototypical Example 4.4.5. In the proof of Theorem 4.2.7, we
have shown that the map f; and the set K'°¢(f;) satisfy properties (S;)—(S5) in the hypothesis
of Proposition 4.2.8. These properties immediately imply the hypothesis of Proposition 4.5.4,
and so (F(f1), K'°¢(f1)) is indeed uniformly twisting. Let us choose A} to be of the form A,.
Recall from Theorem 4.5.2 that H; is a a uniformly deep subset of K'°°( f) with constants
depending only on (dy, de, N). By Theorem 4.5.3, the quasiconformal conjugacy h between

f1 and fo must be uniformly C'*®-conformal on H;y. This completes the proof of Theorem D.
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4.6 Consequences of C!*¢ rigidity

We end this chapter with a discussion on a number of applications of C''* rigidity of critical

quasicircle maps. Throughout, we will fix N > 1 and 6 € O .

4.6.1 Smoothness

Consider a (dp, do )-critical quasicircle map f: H — H of rotation number 6.
Corollary 4.6.1. The quasicircle H is C'** smooth if and only if dy = de.
See Figure 4.8 for an example of a C'! smooth Herman curve that is not a Euclidean circle.

Proof. Suppose dy # de,. If H were C'! smooth near the critical value, then the angle of H at
the critical point is equal to @, which is not equal to 7, and so it cannot have a tangent.

Now, suppose dy = ds. Example 4.4.5 gives us a (dy, d )-critical circle map g : T > T
with rotation number 6. By C*@ rigidity, there exists a uniformly C'*®-conformal conjugacy
¢: T - H between g and f. Lemma 4.6.2 below implies that ¢ has a complex derivative

along H with a-Holder regularity. O]

Lemma 4.6.2. The complex derivative of a uniformly C'*®-conformal map is Hélder contin-

uous with exponent .

Proof. Suppose ¢ : U - V is uniformly C'*@-conformal, that is, for all z € U, the complex

derivative ¢'(z) exists and the function

Pz +t) - d(2)
t

1:(t) == ¢'(2),

satisfies [n,(t)| < C'|t|* for some uniform constant C' > 0 when || is sufficiently small. Whenever

two points z,w on U are sufficiently close,
10'(2) = &' (w)| = (2 —w) = n.(w - 2)| < 2C [z - w|™.
This proves the lemma. O]
Let us complete the proof of Corollary E with the following proposition.

Proposition 4.6.3. If dy + ds, H is not C' smooth at every point, and the Hausdorff
dimension of H is greater than some constant D > 1 which depends only on dy, de, N, and
the dilatation of H.
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Figure 4.8: A C! smooth (2,2)-critical Herman curve H within the Julia set of the cubic

rational map

A
1+(2-3)z
which is a perturbation of a Blaschke product of the form 62212_;332. It is characterized by fixed
points at 0 and oo with multipliers A = 0.9¢2™ and 0 respectively, as well as a critical point
at 1 with local degree 3. The critical value ¢ = f(1) » -0.507844 — 0.457336i is picked such
that H exists with golden mean rotation number 6.

22-3z+

f(z)=cz

Y

Proof. Suppose dy # do,. Given a point x € H and a small scale r» > 0, we define

1
Bu(z,r):=— inf sup dist(z, L),
H( ) T LeL(z,r) zED(Er) ( )

where L(z,r) denotes the set of lines in C intersecting the disk D(z,r), as well as

Pu(x) = hfgionfﬁﬂ(xar)-

The quantity S (z,r) measures how far H is from being a line segment near = at scale . Due
to a result by Bishop and Jones [BJ97|, it is sufficient for us to show that Sg(x) is uniformly
bounded above by some positive constant depending on dy, d.,, IN, and the dilatation K of
H.
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<2
"n""nI 21 c

Figure 4.9: Hn D,, is contained in the strip .9,,.

In the proof below, we will first show that the beta number at the critical point ¢ is
positive. We then transfer this property around ¢ to every non-critical point via Koebe
distortion. To do this, we will use the bounded turning characterization of quasicircles, that
is, for any two distinct points a and b on H, the ratio of |a - b| to the diameter of the interval
[a,b] ¢ H connecting a and b of the smallest diameter is bounded below by some positive

constant depending on K.

Claim. There is some 3y = 5o(do, deo, /) > 0 such that Sg(c) > fo.

Proof. Suppose instead that fg(c) < By where [y is a small constant that is to be determined.
Then, there exist sequences of positive real numbers {r,} and {s,} such that r, - 0 and
sp = Bo as n — oo, and the intersection of H and the disk D,, := D(¢,r,) is contained in the
rnSp-neighborhood S, of a straight line passing through c. See Figure 4.9.

Let us label the two connected components of 9D,, n.S,, by X; and X,. Let T' = [z, 25]
denote the closed interval that is the connected component of D,, nH containing ¢. We claim
that z; € X7 and 25 € X5. Indeed, if otherwise,

|21 — 22| max;diam(X;)

Gam(D) © dam([e.a]) O )

and as n — oo, the right hand side becomes small depending on 5y. When [ is sufficiently
small depending on K, this estimate would contradict the bounded turning property.

Suppose for a contradiction that the local degree d = dy + do, — 1 is even. Near ¢, the map
f is close to the power map

@ (¢
o) = 1)+ LoD (o oyt
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that is, |f(2) — g(2)| = O(]z = ¢|%*1). Since d is even, g will send both z; and 2z to points that

are very close to one another and

1f (1) = f(z2)| < |g(21) = g(z2)| + O(lz1 = ™) + O(|22 = ™)
=0 (r;‘f(sfl + Tn)) .

However, since the interval f(T') = [f(z1), f(22)] ¢ H has diameter at least < r¢,

|f(21)—f(2’2)|_ sd 4
Dam(f () Ot ra):

Again, as n — oo, this estimate would contradict the bounded turning property provided that

By is sufficiently small depending on dy, do, and K. Therefore, d must be odd.

Since d is odd, the image S! := f(S,nD,,) is close to being a straight strip of width x rds,
inside of f(D,), which is close to a round disk of radius < r¢. Denote by Y° and Y* the
inner and outer components of C\H.

We claim that the two connected components of f(D,,)\S! belong to different components
of C\H, which we will denote by B? c Y0 and B* c Y. Indeed, suppose instead that both
are contained in Y* without loss of generality. There is some i € {1,2} such that f(X;)uY
contains a Jordan curve enclosing f(X;) where j € {1,2}\{i}. However, this would imply the
existence of a closed interval in H having endpoints in f(X;) and diameter > ¢ which would
again contradict the bounded turning property.

For e € {0, 00}, the number of components of f~!(B*) contained in Y* is d,. Since f is
close to the d* power map g and S/, is close to being a thin straight strip, then dy = ds. This

yields a contradiction. O]

Let us pick any point z on H and any sufficiently small scale » > 0. By Lemma 4.1.4,
there is an approximate rotation f*: (U,y) — (V,¢) such that y lies on H, ¢ is a critical point
of f, and (U,y) is a pointed disk that well contains the interval [z, y] c H and has bounded
shape and inner radius r;,(U,y) < r. (Note that, from this moment on, implicit constants
may depend on N.)

Let us denote by ¢ the inner radius of (V,¢). Consider a small disk B. = D(y,er) where
0 <e < 1. Since f? has bounded distortion on U, the image f*(B.) will have bounded shape
and diameter x 4.

The claim implies that there is some constant C' = C'(dp, ds, K) > 0 such that for sufficiently
small r (and thus 0), we can find an interval [a/,b'] ¢ H contained in fi(B.) and a point w’
on H such that the distance between w’ and the unique straight line L,/ passing through a’
and V' is at least C'ed. Denote by a, b, and w the lift of a’, V', and w’ under fi|;.
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Since f* has bounded distortion on U, the Euclidean triangle with vertices a’, b’, w’ should
be almost similar to that with vertices a, b, w. More precisely, there is some constant M, > 0
which shrinks to 0 as € - 0 such that

a-w [a' —w' ]
b-—w/ b -w

Therefore, we can pick € depending on C' such that the distance between w and the unique

< M..

straight line L,;, passing through a and b satisfies dist(w, L,p) > Cer. Together with the
bounded turning property, this implies that Sg(x,r) > 5 for some 5 = 5(dy, deo, K, N) > 0. [

4.6.2 Universality

Let f1: Hy - H; and f, : Hy > Hy be two (dp, do )-critical quasicircle maps of the same
rotation number 6. By C'*« rigidity, there exists a uniformly C'*®-conformal conjugacy
¢ :H; - Hy between f; and f5. Corollaries F and G will follow from below.

Corollary 4.6.4. Quasicircles Hy and Hy have the same Hausdorff dimension, lower box

dimension, and upper box dimension.

Proof. By Lemma 4.6.2, the complex derivative ¢’ is continuous. Since quasicircles are
compact, the map ¢ must be bi-Lipschitz. Since dimension is bi-Lipschitz invariant, the claim
follows. O

We say that a sequence {a,}nen of complex numbers converges exponentially fast to a
if there are constants C' > 0, ng € N, and A € (0,1) such that for all n > ng, |a, —a|] < CA™.
Given some data ©, we also say that {a,} converges 9-exponentially fast to a if the constants
C,ng, A depend only on 9.

Recall the notion of scaling ratios in (1.1.2).

Corollary 4.6.5. Asymptotically, fi and fs have the same scaling ratios:

sn(f2)
sn(f1)

Proof. Assume without loss of generality that 0 is the critical point of both f; and fs, and

— 1 exponentially fast as n — oo.

let ¢, == f1*(0). By Lemma 2.1.8 (2), the bounded type assumption implies that |c,, | < o™ for
some ¢ € (0,1).
Near 0, we can write ¢(z) = z (A +n(z)) where A € C* and n(z) = O(|z|*). Then,

Sn(f2) 1= ¢(an+1) . Cqy, 1= n(cq’”l) B n(cq") — O(5an).
sn(f1) Cours P(Cq) A+1n(cq,)
Therefore, the ratio s,(f2)/s,(f1) tends to 1 exponentially fast. O
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4.6.3 Exponential convergence of renormalizations

Let us fix K >1 and p > 0. For brevity, we will denote by # the data (dy,de, N, K, 11).

Theorem 4.6.6 (Exponential convergence). Given any two commuting pairs ¢ and Qﬁ m
CP(#) with the same rotation number, their renormalizations converge together exponentially

fast in the following sense. Let us denote the n'* renormalization of ( and é by R*C =

(ot Fuslr) and RAC = (Fu i, s fos

jn+) respectively. Then,
(1) the Hausdorff distance between I, . and fn,i tends to O &-exponentially fast;

(2) for sufficiently large n depending on &, both f, . and fn’i extend holomorphically to
the £(#)-neighborhood of I, . U [An’i on which the sup norm of f, . — fmi converges

&-exponentially fast to 0.

Proof. Let 1 be a quasiconformal conjugacy between ¢ and f . Recall that the renormalization

R"™( is obtained by conjugating pR"( with the map

) —cpz, ifn is odd,
Ta(2) =
—c,z, if nis even,

sending —1 to an endpoint ¢, of the base of pR"™(. Similarly, denote by 7,,(z) the corresponding
rescaling map for pR*¢ with scaling factor —¢, where &, := W(cy).

By Theorem 4.4.18, there are constants n; =ni(#) € N and L = L(#) > 1 such that for all
n > ny, the pre-renormalization pR"( extends to an L-butterfly with range V,,. Denote the
range of the corresponding butterfly for R"¢ by V,, = 7,;1(V,,). By (Gy),

diam(V,) < L and diam(V,) < |c,|L. (4.6.1)

Since v is C*-conformal at the critical point 0, there exist positive constants o, C, A\, r

depending only on # such that for |z| <7,
P(2) = z+n(z), where [|n(2)|<Clz|". (4.6.2)

The sequence {c;, }nen converges #-exponentially fast to 0 due to Lemma 2.1.8 (1). By (4.6.1),
there is some ny = no(#) € N such that for n > no, the disk V,, has diameter at most r. By
(4.6.2), for n > no,

l+a
< C|Cn| sup |Z|1+a < CL1+a

1(=tn2)
e 1 el e,

Cn

sup “llea|e. (4.6.3)

2€Vn

n
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Since ¥(c,) = €, then by (4.6.2) again, the sequence of ratios {¢,/c,}nen converges #-

exponentially fast to the derivative A\ of ) at 0. Therefore, the sequence

n(-cn2)
Cn

sup
2€Vn

also converges #-exponentially fast to 0.

The map v, := 7,1 01) o 73, conjugates R"(; and R"(,. For all even n > ny and z € V,,

n(=cn?)

n

[n(2) - 2 <

Af—"—1‘|z|+
Cn

)

and a similar estimate holds for odd n. This implies that the sup norm of ¢, - Id on V,

converges #-exponentially fast to 0, and items (1) and (2) follow immediately. O

4.6.4 A horseshoe attractor

Let CP(dp,dw, N) be the space of all normalized (dp,do )-critical commuting pairs ¢ with
rotation number in ©y. Denote by o the shift map acting on the bi-infinite shift space
Yy ={1,...,N}?4 of N symbols, equipped with the infinite product topology. Consider the

continuous surjection
§:Xn — Oy, ( --,0-2,0-1,00;01, A2, . . ) = [0;G1,a27 . ]
We now prove a more precise formulation of Theorem I.

Theorem 4.6.7 (Renormalization horseshoe). There is a unique renormalization-invariant
compact subset A= A(dy,do, N) of CP(dy,dw, N) satisfying the following properties.

(1) There is a topological conjugacy ® : ¥y — A between the renormalization operator
R:A— A and the shift map o : Xxy - Xy such that rot o ® = £.

(2) Forany (e A and (' € CP(dy,dw, N), renormalizations R"C and R"(' converge together
exponentially fast if and only if R™( has the same rotation number as R™(" for some

m € N.

In the proof below, we obtain the horseshoe by constructing limits of renormalization
towers, and we deduce the rigidity of towers by applying the exponential convergence of

renormalizations.

Proof. Consider a bi-infinite sequence a = (...,a_5,a_1,a0;a;,as,...) in Xy. For any k € Z,
set Oy = [0; i1, Grso, ke, - - -] and let fi be the rational map fy, 4. 0,. By Lemma 4.4.3,

whenever k+1> 1, the (k + )" renormalization (;, := R**! f_; has rotation number 0,.
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According to Theorem 4.4.18, if k + [ is sufficiently high, then (;; always extends to a
K-butterfly for some K = K(dy,dw, N) > 1. By Proposition 4.4.15, for any [ € Z, there is
a subsequence {(j(i);}ien such that as ¢ — oo, then k(i) - co and (j(;y, converges to some
(do, de )-critical commuting pair (; of rotation number ;. By a diagonal procedure, we can

ensure that R = (41, giving us a bi-infinite renormalization tower

Ta= (- C2,¢1,G0; C1,¢a,--2)

of commuting pairs in CP(dy,dw, N) where each entry ¢, extends to a K-butterfly.

Suppose this procedure yields another renormalization tower

7;1’ = ( < 7C127C117C(,J; C{aCé? s )

By Theorem 4.6.6, as n — oo, renormalizations R¥(, and R* (! converge together exponentially

/

fast at a uniform rate independent of k. Since Rk, = (4 and R¥C), = ¢/, this implies that

¢! =(, for all n € Z. Therefore, the tower 7T, is uniquely defined.
Set ®(a) to be the zeroth entry (y of 7, and set

A:={®(a) eCP(dy,des,N) : a€Xyn}.

We have a surjective mapping @ : Xy - A satisfying rot o ® = £. Since X is compact and
Hausdorff, in order to prove (1), it remains to show that ® is injective and continuous.
Suppose ®(a;) = ®(ay) for some aj,a; € Xy. By the identity theorem, the associated
towers are equal, namely T,, = Ta,. For each 7 € {1,2}, we can recover back the bi-infinite
sequence a; by evaluating the rotation number of each entry of 7,,, so then a; = a;. Therefore,
® is injective.
Let us show that ® is continuous. Suppose a sequence of elements a(™ in ¥y converges

to a. For each n € N, denote the associated tower by

7;(71) = ( cey Eg)vcfrll)vggn)v Cl(n)7C2(n)ﬂ .- )

By passing to a subsequence, each C,in) converges to some commuting pair (, as n — oo,

forming a limiting renormalization tower

T=(..,¢2C1,6; ¢,¢,--.).

For every k € Z and n € N, Corollary 4.4.11 states that there is a unique quasisymmetric

conjugacy h,gn) between the pair of translations T'm and C,En). Clearly, as a(® — a, the
k

pair T ) converges to Ty,. Since the dilatation of h,(ﬂn) is uniform, the sequence h,g”)
k

subsequently converges to a quasisymmetric map hj, which conjugates Ty, with (. In
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particular, rot((x) = 6. By the uniqueness of renormalization towers, T coincides with T,.
Therefore, ® (a(™) - ®(a).

Let us now prove property (2). Pick ( € A and (' € CP(dy,dw, N). If R™¢ and R™(’
have the same rotation number for some m € N, then again by Theorem 4.6.6, R"( and
R™(" converge together exponentially fast. Otherwise, there is an infinite sequence {ny }ren
such that the continued fraction expansions of the rotation numbers of R™( and R™(’ have

different first term, which clearly implies that R"*( and R™(’ cannot converge together. [J

4.6.5 Self-similarity

Consider a bi-infinite sequence
a=(...,a.9,a_1,a0;01,02,...... )eXy

such that a is s-periodic for some s > 1, i.e. a =c%a. To lighten our notation, we assume that

s is even. (Else, replace s by 2s.) Let
90 = [O, ai,ao,0as, .. ]

Then, 6, is also s-periodic under the Gauss map G(z) = {1}.
We say that two subsets P and @) of C are linearly equivalent if there is a linear map g

such that g(P) = ). Below is a more precise version of Theorem H.

Theorem 4.6.8 (Self-similarity). There exists a complex number u, € D* such that the
following holds. Let Aa(2) = paz.

(1) Consider the conjugacy ® : ¥ - A described in Theorem 4.6.7. The base of ®(a)

extends to a unique Aa-invariant quasicircle H,.
(2) fo2a = fta, and H,z2, is linearly equivalent to H,.

(3) Suppose f:H - H is a (do, ds )-critical quasicircle map of rotation number 6 where

G*(0) =6y for some even integer k > 0. Assume 0 is the critical point of f.

(a) AZ"(H) converges in the Hausdorff metric to an Aa-invariant quasicircle linearly

equivalent to H,.

(b) Let ¢;:= fY(0) for alll e N. Then,

CQn+s _

= [ snsi(f) = ta  eaponentially fast as n — oo.
Cqn izl
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Proof. Since ¢ := ®(a) satisfies the equation R*( = (, there is a linear map Aa(2) = p1az
such that 0 < |ua| < 1 and pR5( = Aa o (o Az'. This immediately implies (1). Also, we
have pR5*2( = A, 0o pR?C o A3, which after normalization yields the equation pR*(R2() =
A, o R2( o AZL. This implies (2).

Suppose f: H - H satisfies the hypothesis in (3). By Theorem D, the quasisymmetric
conjugacy ¢ between RFf and ( extends to a quasiconformal conjugacy that is C'* near
the critical point. Let ¢(2) :=¢(2)/1’(0), which conjugates R¥f with a rescaling of ¢, and
satisfies

6(=) = 2(1+7(2)) where n(z) = O(2[°).

Denote by H, the rescaling of H, by P'(0)7L.
For any sufficiently large n € N, there is some [ > k such that the base I ¢ H of pR!f has
diameter X |u,|". Denote by dy(+,-) the Hausdorff distance. Then,

dir (A" (D), AL ¢() < |pal ™ dir (T, (1)) < |pra| " diam (I) < [pa|*".

As n — oo, the Hausdorff distance between A;"(I) and A;"¢(I), which is a subinterval of
H,, shrinks exponentially fast.

The proof of (b) is similar to Corollary 4.6.5. Let us write ¢(z) = 2z (1+n(z)) where
n(z) = O(|2|*). By Lemma 2.1.8 (2), there is some ¢ € (0,1) such that |c,,| < 6. For n >k,

we have the equation ¢(c,,,.) = Aad(c,, ), which implies that as n — oo,

_ CqTL+S _ ¢(CQn+s) _ CQn+s — CQTH—S . n(cq”+3) B T](an) —

? CQn B ¢(an ) CQn chL 1 + 77 ( CQn )

O(5°m).

Therefore, the ratio ¢, /c,, tends to u, exponentially fast. O
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Chapter 5

Hyperbolicity of Renormalization

5.1 Corona renormalization operator

5.1.1 (do,dw)-critical coronas

For any open annulus A compactly contained in C, we label the boundary components of
A by 0°A and 9= A, and make the convention that 9= A is the outer boundary, i.e. the one
that is closer to co. We also say that another annulus A’ is essentially contained in A if A’ is

a deformation retract of A.

Definition 5.1.1. A (dy, d )-critical corona' is a map f: U — V between two bounded open

annuli in C with the following properties.

1. The boundary components of both U and V are Jordan curves, and U is compactly

and essentially contained in V.

2. There is a proper arc 71 ¢ V' connecting 0°V and 0°*°V such that the preimage f~1(71)

is disjoint from ~; and is a union of 2d — 1 pairwise disjoint arcs

Yo € U: 7?7"‘a7§(d0_1) c aOUa ’}/foa""’ygzdw_l) c o0~U.

3. f:U -V is holomorphic and f: U\ - V\7 is a degree d covering map branched at

a unique critical point cg.

The arc v, is called the critical arc of f. See Figure 5.1 for an illustration.

!The shape of the domain U in Figure 5.1 resembles a crown or a wreath, which is what corona means in
Latin.
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Figure 5.1: A (2,3)-critical corona.

Let f:U -V be a (dy, dw)-critical corona. For any e € {0,00}, we divide the boundary

component 0*U into
XU =0°Un f1(0°V) and 0OpU:=0U\f1(0°V)

according to whether or not it is mapped to the same side the annulus. Each of the above

consists of d, — 1 components. Set
U :=RUuorPU  and  OpU := U L OFU.

We call Op,U the legitimate boundary of U and OrU the forbidden boundary of U.

For each e € {0, 00}, we properly embed a collection Z* of d, -1 pairwise disjoint rectangles
within V\U such that the union B* of their bottom horizontal sides is precisely the legitimate
boundary ;U and the union 7™ of their top horizontal sides is a subset of 9*V. Let us lift
Z* under f such that their top sides are within the legitimate boundary of U. As we repeat
this lifting procedure, we obtain a lamination out of the iterated lifts, and its leaves will be
called external ray segments.

An infinite chain of external ray segments is called an external ray of the corona f. We
say that - is an inner external ray if v intersects B?, and an outer external ray if instead ~y
intersects B*.

For each e € {0, 00}, define the map 7, : B* - T* sending the bottom endpoint of each leaf
of Z* to the corresponding top endpoint. Consider the partially defined d, to one self map
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¢e := o o f on B*. Denote by A® the set of points of B® which are invariant under ¢,. Let us
identify T with the quotient R/Z. There is a semiconjugacy 6, : A* - T between ¢, : A* - A*
and the multiplication map T — T,z = dox (mod 1), which is unique up to conjugation with
addition by multiples of ﬁ.

Given an external ray v of f, we denote the image by

f(y)=f(ynU)

which is also an external ray of f by definition. The external angle of «y is the angle 0,(x)

where z is the unique point of intersection of v and B*® for some e € {0, 00 }.

5.1.2 Corona renormalization
Definition 5.1.2. A (dy, d )-critical pre-corona is a pair of holomorphic maps
F=(f:U =58 f:U, >8)
satisfying the following properties.
1. S is a topological rectangle with vertical sides 5_ and S,.

2. By is a vertical arc in S dividing S into subrectangles T_ and T, where £, c 9T, and

U, is a subrectangle of T, with vertical sides contained in 8, and fy.

3. There is a gluing map 1 : S - V such that (3-) = ¥(5.), 1 is conformal on a
neighborhood of S and injective on S\(S- U 3,), and @ projects F into a (dy,dw)-

critical corona with critical arc ¢(f,).
The gluing map v will also be called the renormalization change of variables of F. It glues
together f,(x) € B and f_(z) € 5, for every x in Sy N OU,. See Figure 5.2.
Definition 5.1.3. A corona f:U — V is renormalizable if there exists a pre-corona
F=(f~:U -8, f*:U, - 9)

on a rectangle S ¢ V such that f% and f*+ are the first return maps back to S and

k-1

AF:’“L:JOle‘<U_>u U 7

is a closed annulus essentially contained in U. We call F' the pre-renormalization of f, k_
and k, the return times of F, and Ar the renormalization tiling of F. The corona obtained

by projecting F' under its gluing map is called the renormalization of f.
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8 U B U, 8.
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. f-

Figure 5.2: A (2,3)-critical pre-corona. It projects to the corona in Figure 5.1 after gluing /3,
and [_

S

Example 5.1.4 (Prime renormalization). We say that the renormalization of a corona
f:U -V is prime if k_ + k, = 3. Below is an example of a prime corona renormalization.

Assume that the arcs g, 71, and 7, := f(1) are pairwise disjoint. Denote by S; the open
quadrilateral obtained by cutting V' along v; U 75 which does not contain ~y. Let us assume
further that S; does not contain the critical value nor the forbidden boundary of U.

Let us remove S; from the dynamical plane. We define V to be the Riemann surface
with boundary obtained from V\S; by gluing 7/ := f~1(72) N1 and its image 7, along f. In
other words, there is a quotient map v : V\S; — V that is conformal on the interior and
W(z) =(f(2)) for all z€~!. We embed the abstract Riemann surface V into the plane.

The prime renormalization of f is defined by the induced first return map of f on V.
More precisely, consider the lift Sy of S; under f attached to ;. The piecewise holomorphic
map

f(z), it zeU\(S1u f71(51)),
f2(2), ifzeSyn f~YU).

descends via 9 into a corona f:U — V with critical ray 1 =9(7])-

5.1.3 Banach neighborhood

In what follows, every unicritical holomorphic map f: U — V under consideration will be
assumed to admit a slightly larger domain U with piecewise smooth boundary such that
U compactly contains U and f extends to a unicritical holomorphic map on U extending
continuously to OU. We define a Banach neighborhood of f to be a neighborhood of f of the

144



form Ng(f,€), which we define to be the space of holomorphic maps g : U — C that extend

continuously to U, admit a single critical point in ¢o(g), and

sup|f(z) —g(z)] <e.
zeU

We equip Ny (f,e) with the sup norm over U.

Lemma 5.1.5. Let f: U — V be a (dy,ds)-critical corona. For sufficiently small € > 0,
there is a holomorphic motion OU, of OU over g € Ng(f,e) such that g : Uy - V is a

(do, ds)-critical corona with the same codomain V' and critical arc 7.

Proof. Let As be the d-neighborhood of OU, where § > 0 is picked small enough such that
As contains no critical points of f. For sufficiently small €, the derivative of g € Ny(f,¢) is
uniformly bounded and non-vanishing on As, and so ¢ has no critical points in As. Thus, we
have a well-defined map 7, : U — A; such that 74 =1d and f = go 71, on OU. Since f has no
critical value along 0U, 7,(z) is injective in z and holomorphic in g. Therefore, we have a
holomorphic motion of U, and 7,(AU) bounds an open annulus U, on which g: U, -V is a

well-defined (dy, do, )-critical corona with the same critical arc. O

The following theorem is inspired by Yampolsky’s holomorphic motions argument [Yam03,
§7]. See also [Yam08, Proposition 2.11] and [DL23, §2|.

Theorem 5.1.6. Suppose a unicritical holomorphic map f: U — V admits a pre-corona
which projects to a corona f: U—V viaa quotient map ¥y : Sy - V. For sufficiently small
e > 0, there is a compact analytic renormalization operator R on a Banach neighborhood

Ny (f,€) such that Rf = f and for each g € Ng(f,e),
(1) g admits a pre-corona which projects to the corona Rg : Ug -V, and
(2) the domain 8(79 and the associated gluing map 1, depend holomorphically on g.

Proof. There exists a pre-corona F' = (f*=:U, - S) and a quotient map 1y projecting F
to f Recall the arcs . and [, corresponding to F. For g € Ny(f,¢), consider the map
7y : Bo U B. — C defined by setting 7, to be the identity map on [, and the composition
g o f~k= on f3,; this is an equivariant holomorphic motion of 3yu 3, for sufficiently small € > 0.
By A-lemma [BR86; ST86]|, 7, extends to a holomorphic motion of S over a neighborhood of
f.

Let j1y be the Beltrami differential of 7,. Define a global Beltrami differential v, by setting

Vg = (1f)sfty ON V and vy = 0 outside of V. Integrate v, to obtain a unique quasiconformal
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map ¢, fixing oo, the critical point of f, and the critical value of f. Then, v, := ¢4 01ppo 71
is a conformal map on S, := 7,(Sy) depending holomorphically on g.

The gluing map 1), projects the pair (g*-, g**) on S, to a map g close to f By Lemma
5.1.5, g restricts to a corona that has the same range as f and depends analytically on g.
This yields an analytic operator g — §g. To make this operator compact, we modify it as
follows. Pick another annulus U’ where U € U’ € U. We define R on N(f,) to be the

renormalization of the restriction of g to U’. O

5.2 Rotational coronas

Throughout this section, we fix a bounded type irrational 6 € Opyy.

Definition 5.2.1 (Inner and outer criticalities). Consider a quasicircle H c C and denote
the bounded and unbounded components of C\H by Y0 and Y* respectively. We say that
f:H->His a (dy,ds)-critical quasicircle map if it is a critical quasicircle map where for any
e ¢ {0,00} and any point z € Y'* close to the critical value of f, there are exactly d, preimages

of z in Y* that are close to the critical point of f.

When a holomorphic map f is given, we also say that an invariant quasicircle Hc C is a

(do, dw)-critical Herman quasicircle if f:H — H is a (dy, ds )-critical quasicircle map.
Definition 5.2.2. A corona f:U — V is a rotational corona if

1. U essentially contains a Herman quasicircle H that passes through the unique critical

point of f;

2. the critical arc v, intersects H precisely at one point m(f), which we call the marked

point of f, which splits v; into an inner external ray R® and an outer external ray R>.

A pre-corona is called rotational if it projects to a rotational corona under its renormalization

change of variables.

By design, if a (dy,de )-critical corona is rotational, then it admits a (dp,de )-critical
Herman quasicircle. In this section, we will construct rotational coronas out of critical

quasicircle maps and discuss a rigidity property for rotational coronas.

5.2.1 Realization of rotational coronas

Consider our favorite rational map f = fy, 4.0 € X from Example 4.4.5. Denote its Herman
quasicircle by H. Using external rays, we will show in this subsection that f is corona

renormalizable.
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For any n > 1, we refer to the closure of a component of f~*(H)\f~ ("1 (H) as a bubble
of generation n. Every bubble B of generation n is a quasicircle admitting a unique point,
which we will call the root of B, that lies on the pre-critical set f~("=1)(1). We call a bubble
B of generation n an outer bubble (resp. inner bubble) if the bubbles B, f(B),..., f*1(B)
all lie in the connected component of C\H containing oo (resp. 0).

A limb of generation one is the closure of a connected component of J(f)\{1} that is
disjoint from H. In general, a limb L of generation n > 1 is the connected component of the
preimage under f7! of a limb of generation one. A filled limb L of generation n is the hull
of a limb L of generation n, that is, é\f} is the unbounded connected component of C\L

Every limb L of generation n contains a unique bubble By, of generation n. The root of L
is the root of By. We call L an outer/inner limb if By, is an outer/inner bubble.

Let us denote by Ay and A, the immediate attracting basins of 0 and oo.

Lemma 5.2.3. The boundary of Aq is the closure of the union of H and all outer bubbles
of f, whereas the boundary of Aq is the closure of the union of H and all inner bubbles of
f. Both 0Ay and 0A. are locally connected. For any € >0, all but finitely many inner and

outer limbs of f have diameter at most €.

Proof. Denote by Y° and Y the connected components of C\H containing 0 and oo re-
spectively. Perform Douady-Ghys surgery |Ghy84; Dou87| (see also [BF14, §7.2]) along H
to replace the dynamics of f in Y° with a rotation disk and obtain a degree d., unicritical
polynomial P, whose critical point lies in the boundary of an invariant Siegel disk Z,, of
P,,. The maps f|y= and Poo|¢\ z.. are quasiconformally conjugate, and this conjugacy sends
Ao onto the immediate basin of oo of P,,. In particular, the external boundary of the filled
outer limbs of f are quasiconformally equivalent to the limbs of P,,. The work of [Pet96] (or
more generally [Wan+21]) guarantees that the Julia set of P, is locally connected, and so
any infinite sequence of limbs of P,, must shrink to a point. Therefore, for any € > 0, all but
finitely many outer limbs of f have diameter at most . By swapping the roles of 0 and oo,

we obtain the same result for inner limbs. O

Remark 5.2.4. The lemma above states that both dA, and JA., are locally connected. In
fact, the whole Julia set of f is locally connected. In case (dy,dw) = (2,2), this was proven by
Petersen [Pet96, §4|. For arbitrary criticalities (dy,dw ), the availability of complex bounds

(Theorem 4.4.16) facilitates a direct generalization of Petersen’s proof.

For e € {0, 00}, consider the Bottcher conjugacy b, : (As,®) - (D, e) between f and the
power map z%. An external ray in A, of angle t € R/Z is defined by

{ot(re*™) s 0<r<1},
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and an equipotential in A, of level A is the analytic Jordan curve defined by

{01(2) : || =€}

External rays and equipotentials form a pair of f-invariant transverse foliations of A,.
According to Lemma 5.2.3, every external ray in A, lands at a point on dA,. Every point
x in 0A, is the landing point of exactly one external ray in A,, except when z is a critical
point or its iterated preimage in which case it is the landing point of d, external rays in A,.

Consider the map 7, from §2.1.3, which encodes how rotation number is transformed

under sector renormalization.

Lemma 5.2.5. For any point x € H that is not a pre-critical point of f, any € >0, and any

sufficiently high n € N, there is a rotational pre-corona
P=(foi=f* U8, foi= f*:U. > 5)
around x such that
(1) P has rotation number (ry.m)"(0);
(2) every external ray segment of P is within an external ray of P;
(3) the union Useq- 4 Ukt £i(U,) lies in the e-neighborhood of H.

Proof. For every integer i € Z, let x; := (f|m)*(x). By Lemma 2.1.11, for all n > 1, there exist

return times a,, b, such that the commuting pair

(fan|[xbn ,xo]a fbn|[$07$an])

is a sector pre-renormalization of f|g with rotation number (7,.m)"(0). (In short, the pair
above is the first return map of f on the interval [y, ,2a,] ¢ H, and gluing the two ends of
the interval via flPr-anl projects the pair to a critical quasicircle map with rotation number
77 (0). Refer to §2.1.3 for more details. )

Let k_:=a, and k, :=b,, and let us pick a small constant A > 0. For e € {0, 00}, denote
by E* the equipotential in A, of level A, and by R*, R*, and R? the external rays in A, that
land at zy,, Tr_.x,, and x;_ respectively. Then, the union U.efo,0} 113 U R® U E* encloses a
rectangle S, containing the interval [zy,, zg 4, ] ¢ H.

Let I_:=[xzy,,x0] and I, := [xq,x}_]. Precisely one of the two intervals, say I_ without
loss of generality, contains a critical point of f*-. The rectangle S, lifts under f*: to a

topological disk Y, containing I, where f* :YT_ — S_ is a degree d branched covering map
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and f*+: Y, — S, is univalent. There are precisely d — 1 disjoint disks Dy, ..., Dg_; which are
the lifts of S, under f*- that are touching Y_ on the boundary and are disjoint from H. Set

d-1
U=7",, U.:==Y_ulJD;, S:=5uS,.

j=1

See Figure 5.3 for an illustration. Then,
(ff:U-~8, f*:U.>5)

is a (do, doo )-critical pre-corona with rotation number 77, (6).

Let us embed the restriction of external rays of f in S\U where U := U_u U,. Notice
that the boundaries of U_ and U, contain equipotential segments of different levels. Assume
without loss of generality that the equipotential segments in U_ have smaller level. In order
to satisfy (2), let us truncate a pair of small topological triangles near two vertices of the
rectangle S,, one where RY meets E° and the other where R meets E*°. Refer to Figure
5.3. We will also truncate preimages of these triangles under f* in U_. Replace U and S
with the new truncated domains. Then, every point in the legitimate boundary of U is now a
landing point of an external ray segment, and (2) follows.

We claim that (3) follows from taking n to be sufficiently large and A to be sufficiently
small. Indeed, if z € U, intersects an external ray landing at a point w € J(f) n Uy, then
the orbits of z and w remain close under iteration f? for ¢ = 1,...,k,. Suppose z € U, is
outside of AguU As. Then, it must lie within some filled limb L rooted at some pre-critical
point ¢_; := (fla)~ (1) for some j > 0. If ¢_; is not the unique critical point of f*-, then the
forward images L, f(i), ,fki(i) must remain small due to Lemma 5.2.3. If c_; is the
critical point of f*- in U_, then we must have 0 < j < k_. In the latter case, the image f7(U.)
must remain in a small neighborhood of the critical point ¢y =1 of f as we take A to be small
and n to be large. Therefore, the forward orbit z, f(2), ..., f/(z) must be close to H. [

Corollary 5.2.6. Any (dy,ds)-critical quasicircle map g : Hy - H, with bounded type
rotation number is corona renormalizable, that is, there is a (do,ds)-critical rotational

pre-corona which is an iterate of g near H.

Proof. Given any (dy, d )-critical quasicircle map g of bounded type rotation number, Theo-
rem D asserts that there is a global quasiconformal map ¢ conjugating g on some neighborhood
W of its Herman curve with f := F,.. By Lemma 5.2.5, f admits a pre-corona P with range con-
tained within ¢(W). Then, g admits a (dy, do )-critical pre-corona of the form ¢='o Po¢. [J
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Figure 5.3: The construction of the pre-corona in the proof of Lemma 5.2.5 when (dy, do) =
(3,2). The triangle defined by the dotted line on the top left corner of S, and its preimages
are to be removed.

5.2.2 Quasiconformal rigidity

Given a critical quasicircle map f : H - H with critical point ¢ € H, there is a unique
conjugacy hs: (H,c) - (T,1) between f and the rigid rotation Ry sending ¢ to 1. We can
endow H with the combinatorial metric, which is the pullback of the normalized Euclidean
metric of T under hy and thus the unique normalized f-invariant metric of H. For any point
z € H, the combinatorial position of z is the point hs(z) on the unit circle.

We say that two (dp, de )-critical rotational coronas f; and f, are combinatorially equivalent
if

1. they have the same rotation number,

2. their marked points m( f;) and m(f;) have the same combinatorial position, and

3. for e € {0, 0}, the external rays R*(f1) and R*(f;) have the same external angles.
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In this subsection, we will prove quasiconformal rigidity of rotational coronas.

Theorem 5.2.7. Two combinatorially equivalent (dy,de )-critical rotational coronas with

bounded type rotation number are quasiconformally conjugate.

The proof below is an application of the pullback argument. Let us make a couple of
technical preparations. Let us first consider the model rational map f discussed in the

previous subsection.

Definition 5.2.8. A bubble chain of f of generation [ > 1 is an infinite sequence of bubbles
{Bj};s1 of f where B; has generation [ and for all j > 1, B; contains the root of B;,; and

the generation of B; is strictly increasing in j. We say that a bubble chain {B,} ;s
> is an outer/inner bubble chain if each B; is an outer/inner bubble,

> is periodic of period p if there exists some k > 1 such that f?(Bj.x) = B; for all j > F,

and

> lands if the accumulation set (V51 Uks; By is a single point, which we call the landing
point of the bubble chain.

We say that a periodic point z of f is an outer (resp. inner) periodic point if its orbit is

contained in the connected component of C\H containing oo (resp. 0).

Let us fix a rotational pre-corona P = (f,: U, - S) of f (which exists thanks to Lemma
5.2.5).

Definition 5.2.9. We define the non-escaping set K(P) of P to be the set of points whose
orbit under f, that never escapes U,. By spreading around K (P), we define the local

non-escaping set of f relative to P by

K'e(f) = U fr(K(P)).

n>0

The set K'¢(f) is precisely the set of points which does not escape from the tiling Ap

associated to P.
Lemma 5.2.10. The set K“¢(f) is a connected compact set, and it is equal to
> the closure of the set of periodic points of f in K©¢(f);
> the closure of the set of points of K'¢(f) that are contained in U,s; f~"(H).
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For every outer (resp. inner) periodic point z in K'¢(f), there is a unique mazimal bubble
chain in K'¢(f) landing at z.

Proof. The first statement follows from the basic fact that as a rational map, the Julia set
J(f) can be characterized as either the set of points in C that do not escape to 0 nor oo
(which are the only non-repelling periodic points of f) or the closure of the set of repelling
periodic points of f, or the closure of the iterated preimages of H. The compactness of
K'ee(f) is clear, and the connectedness follows from the fact that, if we denote by Hp the
invariant quasiarc of P, then for all n > 1, P~"(Hp) is connected (in fact, it admits a tree

structure). O

Let g : U - V be a rotational corona that is combinatorially equivalent to f, and let
us denote the Herman quasicircle of ¢ by H’. By Theorem D, there is a quasiconformal
conjugacy ¢ between g and f on some neighborhood W’ of H’ onto a neighborhood W of H.

By Lemma 5.2.5, the pre-corona P = (f, : U, - S) of f can be assumed such that S
is contained in W. The corona g also admits a pre-corona P’ = (g, : Ul — S’) contained
in W’ and it can be selected such that it is conjugate to P via ¢. As such, we can define
the non-escaping set K(P’) of P’ in a similar way and spread it around to obtain the local
non-escaping set K'¢(g) of g relative to P’. The quasiconformal map ¢ induces a conjugacy
between g|gioe(gy and f|gioe(py.

Let us define a bubble of g in K'¢(g) to be the image under ¢~! of the intersection of a
bubble of f with K'¢(f). A bubble chain of g in K'¢(g) is an infinite sequence of (non-empty)
bubbles in K'¢(g) defined in a similar way.

Let x be the marked point of g, and let R* and R° be the outer and inner external rays

of g landing at z. These rays make up the arc v;(g).

Lemma 5.2.11. Every outer (resp. inner) periodic point y of g in K'(g) is the landing
point of a unique mazimal periodic outer (resp. inner) bubble chain {B;};s1 in K'¢(g) and a

unique periodic outer (resp. inner) external ray R,, which has the same period as y.

Proof. Suppose y is an outer periodic point of ¢ in K'¢(g). As a periodic point, y does not
lie on any bubble in K'¢(g). By Lemmas 5.2.3 and 5.2.10, y must be the landing point of a
unique maximal outer bubble chain {B;};»; in K'¢(g). By maximality, the bubble B; of the
lowest generation is rooted at a point on H’.

Let p denote the period of y and let k£ € N be the minimal number such that B, has
generation greater than p. By periodicity, the image of {B;};s, under g? is also an outer
bubble chain that is rooted at a point on H’ and lands at y. By Lemma 5.2.10, the bubble
chain {B;};»1 is equal to its image {g?(B;)}sk, and thus it is p-periodic.
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Let us pick iterated preimages R; and R, of the external ray R* = R*°(g) landing at points
210 and x,o on B respectively such that the union By u R;u R, u 9V bounds a topological
rectangle D, that contains y and is disjoint from H’. Then, Dy lifts under g? to a rectangle
D_; containing y. Since the vertical sides of D_; are external ray segments with a much
smaller external angle difference compared to Dy, then D_; is compactly contained in Dj.
By Schwarz Lemma, ¢gP : D_; - Dy is uniformly expanding with respect to the hyperbolic
metric of Dy and y is its unique repelling fixed point.

For every n € N, let D_,, be the lift of Dy under g™ containing y. Consider the lifts R;,,
and R,, of R, and R, under g’" which touch the boundary of D_,; these are external rays
landing at points z;, and z,, respectively, which are vertices of D_,. By uniform expansion,
x1, and ,, converge to y and the external rays R;,, and R,, converge to a limiting external

ray R,, which is a p-periodic outer external ray. By Lemma 5.2.3, R, must land at y. O]
Let ¢ denote the critical point of g and for n € Z, let ¢, = (g|a)"(co).

Lemma 5.2.12. For any pre-critical point c_, € H' of g, there exist an outer periodic point
y® and an inner periodic point yy in K'(g) such that for e € {0,00}, the unique mazimal

bubble chain B; landing at y; is rooted at c_;.

Proof. We say that a bubble chain of f is in K'o¢(f) if its intersection with K¢(f) induces
via ¢ a bubble chain in K'¢(g). It is sufficient to prove the lemma in the case g = f.

Let us denote by I. c H the interval of combinatorial length € centered at ¢;. We will pick
€ >0 to be small enough such that the full preimage under f of I. is contained in the tiling
Ap. Let us pick the first s € N such that c_;_, is contained in I,. Below, we will construct
the desired outer periodic point y;°, which will have period p:= s+t +1. The construction of
y? can be done analogously.

First, let us pick a small closed interval neighborhood Jy ¢ H of ¢ ;. Let us arrange that
the endpoints of Jy are not in the grand orbit of the critical point of f, so there exists a
unique pair of external rays R; and R, in the basin A, that land on the pair of endpoints of
Jo respectively. Consider the open rectangle Dy cut out by the union of Jyu R; u R, and an
arc connecting R; and R, which is contained in the equipotential in A, of some small level
A>0.

Consider the intervals J_; := (f|mg)7(Jo) for j > 1. We assume that the combinatorial
length of Jy is small enough such that J_; does not contain ¢; for all j € {0,1,...,s}, and
in particular J_g is contained in I.\{c;}. Let us pick an outer bubble B of generation one.
(There are do, — 1 of such bubbles.) Let Dj be the unique lift of Dy under fs*! such that
OD{n f~Y(1.) = Bn f~1(1.). For sufficiently small € >0 and A > 0, we can guarantee that D}

is contained in Ap.
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Figure 5.4: The construction of the map fP: D_; - Dg in the proof of Lemma 5.2.12.

Next, consider the outer bubble B; rooted at c¢_; such that ft(By) = B. Let D_; be the
lift of Djj under f* that is attached to B;. See Figure 5.4 for a reference. Since Dj c Ap,
then D_; ¢ Ap too. Also, since D_; is compactly contained in Dy, then fP: D_y — Dy is
uniformly expanding with respect to the hyperbolic metric of D_;, and thus admits a unique
repelling fixed point y;°.

Let us construct the corresponding outer bubble chain landing at y;°. For j > 1, we define
the outer bubble B;,; inductively to be the unique lift of B; under f? that is rooted at a
point on B; n D_;. By uniform expansion, the roots of B; converge to y°. Thus, {B;};s1 is
the unique outer bubble chain in K'¢(f) that lands at y° and is rooted at c_. O]

For each pre-critical point c_; of g, consider the outer and inner periodic bubble chains
Bg° and B? in K'°¢(g) given by Lemma 5.2.12. For each e € {0, 00}, the landing point of B} is

also the landing point of a unique external ray R} of g. Consider
T,:=B,uR,  where B,:=B*uB’and R,:=R>*UR’. (5.2.1)

Lemma 5.2.13 (Rational approximation of v,(g)). For every € >0, there exists a pair of
pre-critical points c_y,, c_, € H' located on the left and right of x respectively such that T;, and
T:. are both in the e-neighborhood of v1(g).

Proof. Since pre-critical points are dense on H', there exists a pair of pre-critical points c_,

and c_;, on the left and right of x, where the moments ¢; and ¢, grow as we require them to
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be arbitrarily close to . Due to Lemma 5.2.3, the bubble chains within 7;, and 7;, shrink as
we get close to x. The outer (resp. inner) external rays within 7;, and 7;, are also close to

R> (resp. R") because their external angles are close to that of R*. ]
We are now ready to run the pullback argument.

proof of Theorem 5.2.7. Let g, : Uy - Vi and g9 : Uy — V5 be two combinatorially equivalent
(do, do )-critical rotational coronas with rotation number 6 € Opgq. Let f = fy, 4.0 € X be the
prototypical Example 4.4.5, and denote its Herman curve by H. From the previous discussion,
for i € {1,2}, there is a quasiconformal conjugacy ¢; between g; and f on some neighborhood
W; of the Herman quasicircle H; of ¢g; onto a neighborhood W of H.

We fix a pre-corona P = (f,: U, - S) of f where S is contained in W, and for i € {1,2},
let P, = (9. : U;x - S;) be the corresponding pre-corona of g; conjugate to P via ¢;. We
consider the local non-escaping set K'*¢(g;) of g; relative to P;. The quasiconformal map
¢ 0 p7t 1 Wi — W restricts to a conjugacy h: K'°¢(g1) - K'°(gy) between gy and gs.

For i e {1,2} and t € {t;,t,}, consider the sets T;(g;) = Bi(g;) U R;(g;) from Lemma 5.2.13
which approximate the critical arc 71(g). By design, we can arrange such that for each
t € {t;,t,}, do 0 @7 sends Bi(g1) to Bi(g2), and the outer/inner rays in R;(g1) and R;(g2)

have the same external angles. For i € {1,2}, consider the union

Zi = K"(g;)u LJ(Jgf(Rtl UR,).
Clearly, Z; is forward invariant and V;\Z; consists of finitely many connected components.
Since Ri(¢1) and R:(g2) have the same external angles, h extends to a quasiconformal map
h: Vi - V5 that is equivariant on Z; u op,U;.

Let us define a new domain U; out of U; by replacing the forbidden boundary OrU;
with some set 8FU1 of curves slightly outside of OpU; such that the image gl((?FUl) is now
contained inside of Hy U T, (g1) U T, (¢g1). In the same manner, we replace Uy with a slightly
larger disk U, such that h|z, lifts to a conjugacy between g, o0, and ga|yp, -

We can now run the pullback argument. Set hy := h and we inductively construct

quasiconformal maps h,, : V; - V5 such that

hn— Z), le U,
hn(Z) _ 11( ) . ¢ Al
g3t ohp10g1(2), ifzelU.

Each h,, has the same dilatation as h. Since K!*¢(g;) is nowhere dense, h, stabilizes and

converges to a quasiconformal conjugacy between g; and gs. O
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5.3 Hyperbolic renormalization fixed point

From now on, let us fix a periodic type irrational 6 € ©,,. In this section, we will construct the
desired corona renormalization fixed point f, and prove most of Theorem J. The remaining

sections §5.4-5.8 are dedicated to proving that the local unstable manifold is one-dimensional.

5.3.1 Corona renormalization fixed point

We say that a rotational corona is standard if the arc vy passes through the critical value.
Similarly, we say that a rotational pre-corona is standard if it is a pre-corona around the

critical value.

Theorem 5.3.1. There exists a standard (dy, do)-critical rotational corona f, : U, — V, with

rotation number 6 which admits a standard rotational pre-corona
Fo=(f2:U-> 8., f2:U,~S.)

together with a gluing map 1, = S, - Vi projecting F, back to f.: U, - V.. Moreover, we

have an improvement of domain: Ap, € U,.

Proof. Consider the unique normalized (dg, do )-critical commuting pair

C=(f: -1 f 1, -1

with rotation number € in the renormalization horseshoe from Theorem 4.6.7. Let us
break down the quasiarc I into I_ u I, = [f,(0),0] u [0, f-(0)]. Fix a positive integer
n € N. There exists some p € D independent of n such that there is a pre-renormalization
CGo=(fn-:J-—>J fosr:J. > J)of ( on a subinterval J c I that is conjugate to ( via the
linear map L"(z) = u"z. We will convert this renormalization fixed point in the category of
commuting pairs to that in the category of critical quasicircle maps, and then project it to
that in the category of rotational coronas.

Consider the gluing map ¢, := G described in Proposition 4.4.4. Then, ¢; projects the
modified commuting pair (' := (f_|[f+f_(0)70], f+f_|[0’f_(0)],) into a (dp, do )-critical quasicircle
map ¢ : H - H having the same rotation number 6.

Denote by c¢q := ¢1(0) the critical point of g, and let ¢, := g*(¢p) for all k € N. Consider
the modification of (,,, which is {’ rescaled by L", and project it to the dynamical plane of ¢
via ¢1 to obtain a commuting pair g, = (g“”|[cbn’60], gbn|[007ca]) for some return times a,, and
bn. Then, ¥y := ¢ L"¢7! is the gluing map projecting g,, back to g.

To make it standard, we will push g, forward under one iterate of g. More precisely, we

will consider 1y := g o) o g1, It is well-defined because for every point z close to ¢;, the
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preimage ¢g~'(z) is a set of d = dy + do, — 1 points close to ¢y whose images under v remain
close to ¢y and get mapped to the same point 19(z) under g. The new gluing map v, sends
a small neighborhood of ¢; to a neighborhood of H. Moreover, 1, fixes the critical value ¢;
and projects (9[(e, 117 9”[e1,c0,01]) back to g.

By Corollary 5.2.6, g admits a standard pre-corona P defined in a small neighborhood of
¢1. The corresponding gluing map ¢, projects P onto a (dp, d. )-critical rotational corona
f« 1 U, = V.. Since 6 is periodic, we can prescribe f, to have rotation number #. The
corresponding Herman quasicircle H, of f, is the image of (an interval in) H under ¢s.

Let us rescale the pre-corona P by 13! to obtain yet another pre-corona P’ in the
dynamical plane of g with a much smaller domain compared to P. Project P’ via ¢, to obtain
a pre-corona F, of f,. The map 1, := ¢y 0 1hy 0 ;1 will project the pre-corona F, back to f,.

The improvement of domain property is satisfied once we take n to be sufficiently high. [

Corollary 5.3.2. Let f, and F, be from the previous theorem. There exist a pair of small
Banach neighborhoods U and B of f. and a compact analytic corona renormalization operator
R:U — B such that Rf. = f. and the pre-renormalization of Rf, is F.. Moreover, for any
rotational corona f in U with the same rotation number 6, f is infinitely renormalizable and

R™f converges exponentially fast to f,.

Proof. The existence of R : U - B follows from Theorems 5.1.6 and 5.3.1. Exponential
convergence is guaranteed by Theorem 4.6.6 (2) provided that U is a sufficiently small
neighborhood of f,. m

Let us again denote by G the Gauss map acting on on (0,1)\Q.

Lemma 5.3.3. Consider any irrational 0" € ©,,, where G¥(1) =6 for some k € N. For any
Banach neighborhood U of f. and any (dy, de )-critical quasicircle map f of rotation number

0', there is a compact analytic corona renormalization operator Ry : N(f) - U on a Banach

neighborhood N(f) of f.

Proof. By Theorem 4.6.7 (2), there is a high m € N such that R™f is a critical commuting
pair of rotation number 6 that is arbitrarily close to the critical commuting pair (,. By
quasiconformal rigidity, f admits a rotational pre-corona F' which projects to a rotational
corona ¢ of rotation number # close to f.. By Theorem 5.1.6, there is a compact analytic

renormalization operator R; on a small neighborhood of f such that Ri(f) =g. ]

5.3.2 Renormalization tiling

Recall from Theorem 5.1.6 that every corona f in I/ has the same codomain V' and critical

arc 7 as the renormalization fixed point f,.
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Let us pick a positive integer n and a corona f = fy in the neighborhood

U, = () R*WU)

0<k<n

of f.. In particular, f is n times renormalizable. For k < n, denote by
> fr:=RFf=[fr:Ux—> V] the k" renormalization of f,
> 1 : Sk = V the renormalization change of variables for f;_;, and

> Qbk = 1/1;1

For k € {0,1,...,n}, let us cut the dynamical plane of f; along the critical arc v; and

obtain a pre-corona
Fy = (fk,j: 2Ups — V).
The map
Dy i=gropro... Py,

is well defined on V'\y; and projects F), to the dynamical plane of f as the pre-corona
FO = ( ,(Loi) : UT(L?i) - 57(10)) where T(LO,) = fgm and f,(LOB = fo"

for some return times a,, and b,,. Let us also set ®, :=Id.

Let us divide Uy along the arcs 7o and 7, to obtain a tiling A of U, consisting of two tiles
Ap(0) and Ag(1). We make the convention that Ag(0), 70, and Ag(1) are in counterclockwise
order. The tiling Ay is called the zeroth tiling associated to fj.

Next, define the n' tiling A,, associated to f by spreading around Ufl?i) via f. It consists
of f? (U,SO_)) forie{0,1...,a,-1} and fJ (U,E?+) for j€{0,1...,b, -1}. Let us denote by
A, (0) the image of the zeroth tile Ag(0, f,,) of f, under ®,, label the rest of the tiles in A,
in counterclockwise order by A, (i) for 7 € {0,1,...,a, + b, — 1}. See Figure 5.5.

If f is rotational, then A,, always forms an annular neighborhood of the Herman quasicircle
of f. In general, the map f always acts almost like a rotation on the tiling A,,. There exists
Pn € Nsp such that f maps A, (¢) univalently onto A, (i + p,) whenever i ¢ {-p,,, —p» + 1}.
Moreover, f maps A, (-p,) U A, (-p, + 1) back to S almost as a degree d covering map
branched at its critical point c¢o(f).

Lemma 5.3.4. The operator R:U — B can be arranged such that the following holds. For
[ eln,

(1) there is a holomorphic motion of 0y, ..., 0\, over f €U, that is equivariant with
respect to f: 0N, (1) > OAL (i +Pn) for i ¢ {-Pn,—Pn +1};
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Yo(f) Yo(f1)

AO(Oafl)

Ao(1, f1)

§a! f Al fi

Figure 5.5: The construction of the first tiling A; when (a,,b,) = (3,2).

(2) for every fel, and 1 <k<n, A, U f(AL) €A1,
(3) the tiling A, (f) is close to the Herman curve of f. in Hausdorff topology.

Proof. Let us first consider the case where f = f,. By the improvement of domain property
in Theorem 5.3.1, the diameters of the tiles in A, (f,) must shrink to 0 as n — co. Consider
a tile Ay (4, f+). There is some t > 0 and j € {0,1} such that f! sends A;(7, f.) onto Ay(3, f.).
By replacing R with some high iterate R* if necessary, the map

Yoo f i AL(G, fi) = Do(d, fo)

expands the Euclidean metric by some high factor C' > 1. Inductively, (2) and (3) hold for f,.
By design, it is clear that dAg moves holomorphically over f elUd. For 1 <k <n, we push
forward the holomorphic motion 0Aq(fi) via ®; and spread it around dynamically to obtain
a holomorphic motion of dA.(f) over f elU,.
By continuity, every f € U, also satisfies the following property. For any tile A, (i, f)
in A, (f), there is some ¢ >0 and j € {0,1} such that f* sends A, (j, f) onto A, (4, f). We
obtain a holomorphic motion of dA,,(f) by pulling back the holomorphic motion of dAq( f,)

via maps of the form
W= @, 0 [0 AG(i, ) = Ao(J, fn) (5.3.1)

for each tile. This implies (1). Moreover, (2) follows from the observation that each W, ;
expands the Euclidean metric by a factor close to C™. Moreover, (3) follows from (1) as well
as the special case of (3) for f = f,. O
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Let us extend the tiling A,, of a subset of U, to a full tiling of U, as follows. Consider

’?0 = ’)/O\f_l(U()) and I':= 8U0 U ’3/0.

Observe that 4p is a disjoint union of two subarcs 4 and 45° of vy where each 4§ connects
the boundary component 9*Uj to f~1(Uy). Consider the maps V,,; from (5.3.1).

Lemma 5.3.5. When U is sufficiently small, the following holds for all f eld.

(1) T'(f1) contains ¥y ,; (OA1(f) nOA1(3, f)) for everyie{0,1,...,a,+b,—1}. There is
some i such that Yy(f1) is contained in Vq,; (OA1(f) n0AL(3, f)).

(2) T'(f) is disjoint from OAL(f).

(3) For e € {0,00}, there is an arc & such that both £ U4y and & = f(&) connect 0°U
and OA1(f).

Moreover, & = UEF and & = U &P can be chosen such that there is a holomorphic

motion of
Tu &) @] 61 U Al

over f elU that is equivariant with respect to

> f & (f) = &i(f),
> f : Al(l7f) e AI(Z +p17f) fOT’ L ¥ {_plv_pl + 1}7 and
> Wy 0AL () 0 As(i, f) = T(fr) for all i

Proof. Every tile A(i, f) is a rectangle. Clearly, each W;; maps the horizontal sides of
A1 (1, f) into OU;. Let us label the vertical sides of A;(¢, f) by I(i) and r(7) such that each
[(i) intersects the side r(i + 1) of the next tile. Then, the intersection OA;(f) N A (4, f)
is the union of the horizontal sides of A;(7, f) and the symmetric difference [(i) A r(i+ 1)
between touching vertical sides across all 4’s.

It is clear that [(i) # r(i + 1) for at least one i. For such 4, either [(7) is the preimage of
Yo(f1) under Wy, and r(i + 1) is the preimage of the arc v (f1) under ¥y ;,1, or vice versa.
In this case, {(i) & r(i+ 1) will be mapped by ®;; or ®; ;.1 onto Jo(f1). This implies (1).

Item (2) follows directly from Lemma 5.3.4. Moreover, (2) allows us to find for each
e € {0,00} a proper arc & in Up\(§0 U A1) in a small neighborhood of 7, that connects the
tip of 43 to a point on 0A;(4, f) for some ¢ # {-py,—p1 + 1}. This yields (3).

In Lemma 5.3.4, we already established the equivariant holomorphic motion of 0AgUdA;.

By lifting via ®,;, this motion immediately extends to an equivariant motion of I'. We then
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Figure 5.6: The first full renormalization tiling of Uj.

lift the motion of Ay(f1) via ¥y, to obtain an equivariant motion of 9A; uI'. Finally, by
applying the A\-lemma, we extend this motion to 'u&u & U Ay O

For n € N, we define the n*" full renormalization tiling of Uy to be the union of the tilings
A, and Ay for £ =0,1,...,n—1 where the latter is constructed as follows. Each Ay is a
disjoint union of two tilings A? and A$> where the former is closer to 9°Uy and the latter is

closer to 0°Uy. For each e € {0, 00},

> A is the connected component of Ag\A; that touches 9*Uj on the boundary, and it is
split by 45 u &3 U &S into two tiles A3(0), A5(1). Again, we make the convention that

A3(0), 43 u&y, AJ(1) are in counterclockwise order.

> A? is the connected component of Ap\Ay.; that touches 9°Aj on the boundary, and it
has tiles {A3(%)}iz0,1,...a,+b,-1 Obtained by spreading via forward iterates of f the tiles
A3 (4, f) = Pr(A3(J, fr)) for j € {0,1} and labeled in counterclockwise order.

The first full renormalization tiling is illustrated in Figure 5.6.

Definition 5.3.6. A quasiconformal combinatorial pseudo-conjugacy of level n between
f and f. is a quasiconformal map h : C - C that sends U, to U, and preserves the nth

renormalization tiling as follows.
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(1) The map h sends A, (i, f) to A,(4, f.) for all i, and is equivariant on A, (i, f) for all
i ¢ {_pm —Pnt 1}7

(2) For all @€ {0,00} and k€ {0,1,...n -1}, h sends A; (4, f) to A; (i, f.) for all 7, and is
equivariant on A3 (4, f) for all ¢ ¢ {-pg, —pi + 1}.

Theorem 5.3.7 (Combinatorial pseudo-conjugacy). Consider f €U, and let
D := max dist(fx, f+)-

There is a Kp-quasiconformal combinatorial pseudo-conjugacy h of level n between f and f.
such that

sup |h(z) - z| < Mp.
zeAn(f)

Moreover, Kp -1 and Mp -0 as D — 0.

Proof. Recall that each tile A3 (4, f) admits some ¢ € N and j € {0, 1} such that Uy ; := ;1o f~*
univalently maps A3 (4, f) onto Ag(j, fx). By Lemma 5.3.5, we have a holomorphic motion of
the first full renormalization tiling over U. Let us pull back this motion via maps of the form
U,,; to obtain a holomorphic motion of the full nt" renormalization tiling. By equivariance
and A-lemma, this holomorphic motion induces the desired quasiconformal map h. The
dilatation Kp of h is bounded by the dilatation of the motion at fy, f1,... f,, which depends
only on D, where Kp - 1 as D — oo. The upper bound Mp follows from the continuity of

the holomorphic motion and the compactness of quasiconformal maps. O

Corollary 5.3.8. There is some € > 0 such that the following holds. Suppose f € U is
infinitely renormalizable and R™f is in the e-neighborhood of f. for all n e N. Then, f is a

rotational corona with rotation number 6.

Proof. By Theorem 5.3.7, we have a K (¢)-quasiconformal combinatorial pseudo-conjugacy h,,
of level n between f and f, for all n € N. By the compactness of K-quasiconformal maps, h,
converges in subsequence to a quasiconformal map h : C— C, and h~! must be a conjugacy on
the Herman quasicircle H, of f.. The image h~'(H,) is a Herman quasicircle of f containing
the critical point ¢o(f) and separating the boundaries of the domain of f. It follows that f

must be a rotational corona with rotation number 6. OJ

5.3.3 Towards hyperbolicity

Theorem 5.3.9. The renormalization operator R :U — B is hyperbolic at the fized point f.

with a finite positive dimensional local unstable manifold Wy . If U is sufficiently small, the
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local stable manifold W¢

s of f. consists of the set of (dy,dw)-critical rotational coronas in U

with rotation number 6.

Proof. Consider a corona f near f, lying on the local stable manifold W; .. For sufficiently
small U, R f is in the e-neighborhood of f, for all n € N. By Corollary 5.3.8, f must be a
rotational corona with rotation number 6.

Let us consider the derivative DRy, of the renormalization operator at the fixed point f,.
By the compactness of R, the number of neutral and repelling eigenvalues is finite. We claim
that neutral eigenvalues do not exist and repelling eigenvalues must exist.

Suppose for a contradiction that there are neutral eigenvalues. By Small Orbits Theorem
2.3.1, there exists an infinitely renormalizable corona f such that its forward orbit lies entirely

in the e-neighborhood of f, and it satisfies
1 :
lim —logdist(R"f, f.) = 0. (5.3.2)
n—oo n

By Corollary 5.3.8, f must be a rotational corona with the same rotation number 6 as f,. By
Corollary 5.3.2, renormalizations R"f converge to f, exponentially fast, which contradicts
(5.3.2). Hence, neutral eigenvalues do not exist.

Consider the family of rational maps F,. from Proposition 4.3.8. By combinatorial rigidity,
there is a unique parameter ¢, such that F. admits a Herman quasicircle with the same
rotation number as f,. By Lemma 5.3.3, there is an analytic renormalization operator R
on a neighborhood of F, such that R,F,, is a rotational corona with rotation number 6
that is sufficiently close to f,. For any parameter c # ¢, sufficiently close to c,, Ry F. is also
sufficiently close to f.. By the uniqueness of c,, the parameter ¢ can be picked such that F,
is postcritically finite, and so R F, is not a rotational corona.

Suppose for a contradiction that DRy, has no repelling eigenvalues. Then, W is an

open neighborhood of f, and contains R F,.. However, the non-rotationality of R, F. would
contradict Corollary 5.3.8. O

5.4 Transcendental extension

From now on, we will consider the corona renormalization operator R : U — B together with

its hyperbolic fixed point f, : U, — V, constructed in Section 5.3.

Definition 5.4.1. A map ¢g: A — B is said to be og-proper if there exist exhaustions A,,, B,
of A, B respectively such that for all n, g : A, > B,, is a proper map; equivalently, every

connected component of the preimage of a compact set under g is compact.
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In [McM98|, McMullen proved the existence of maximal o-proper extensions of holomorphic
commuting pairs associated to renormalizations of quadratic Siegel disks. This is generalized
in [DLS20, Theorem 5.5 where pre-pacmen on the local unstable manifold are shown to
admit maximal o-proper extension. In this section, we will show that our case is no different.
We will study coronas in the local unstable manifold Wy _ of f., which we will identify as a

parameter space (of unknown dimension) of transcendental holomorphic maps onto C.

5.4.1 Maximal o-proper extension

Consider a corona f: U — V lying in the local unstable manifold W}  of f.. Since f is
infinitely anti-renormalizable, it comes with a backward tower of corona renormalizations
{fx : Uy = V}reo, where each f embeds into Uy_; as a pre-corona Fj = (frx: Uk — Sk)
consisting of iterates of fr_1. Let ¢y : Sy = V be the renormalization change of variables
realizing the renormalization of f,_; and let ¢y := ¢! : V - Sp.

Let us normalize our coronas such that they have a critical value at 0. For each k <0,

consider the translation Tj(z) = z — ¢1(fx) and denote
Ul =Ty(Uy), ViE=T,(V), U,57i =T 1(Usy), S§=T.1(S).
The translations 7}’s normalize our maps fi, Fj, and ¢, into
frURSVE B (fliUL, - SD. G Vi8]
respectively. Consider the linear map
A(z) = paz
where p, == (¢4)'(0) € D is the self-similarity factor of f,.
Lemma 5.4.2. The limit
By (2) = Jim Abo g, 0. 06t odi(2)
defines a univalent map on a neighborhood D of O where D is independent of f.

Proof. As ¢ — ¢4 exponentially fast, so is the derivative yy, := (¢})’(0) towards .. There
are positive constants € and ¢ such that € < 1 — |u,.| and for all |z| < § and k < 0, we have
|98 ()| < (|| + €)|2|. Therefore, for all |2| < and k<0,

[Ghi1 0.0 @h(2)] < (el +2) 72l
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The sequence h(¥)(z) := A¥ o @i | o...0 ¢} o @}(2) indeed converges to a univalent map on

{|z] < &} since

WD (2) ¢ (Do 00h(2)) e
MO (2) gl o...o0h(z)  p

exponentially fast as k - —oo0. m

+O(|¢fuy 0 - 0 dh(2)]) > 1

For k <0, let hj := hY} and denote its rescaling by hi := Ak o hi. The following properties

are easy to verify.
Proposition 5.4.3. For k<0,

hi o' = A, ohl and — hy=hio¢l, o... 00
Moreover, hi extends to a univalent map on the interior of Vi\~i.

The maps hj act as linear coordinates under which renormalization change of variables

are simply linear maps. Objects in linear coordinates will be written in bold:
Uk},:t = h]hC(Ug’i), Sk = hi(S,i), Fk = (f/ﬁi : U]ﬁi g Sk)

Often, we will also work with the rescaled linear coordinates hk# in which we add the symbol

“4 as follows:
UL =i (UL, ST =hi(S), Ff=(f,: U7, ~S]).
By design, it is clear that for all k <0,
£, = Ab oy, 0 ATK. (5.4.1)

mi; Mi2

Lemma 5.4.4. There is a matriz of positive integers M = ( ) such that for every

Ma1 M2
negative integer k,

flﬁrl,f = (flz%—)mu °© (f/j,i)m12 and flﬁl,+

= (F7)™ o (52.)™

Proof. The action of renormalization restricted to the Herman quasicircle of f, is a sector
renormalization, and in particular an iterate of prime renormalization. See §2.1.3. The

existence of such a matrix M follows from §2.1.4. m

Theorem 5.4.5 (Maximal extension). Assume U is a sufficiently small Banach neighborhood

of f.. For every f e W, and every k<0, the maps f,i

branched coverings X,i - C, where XZ; are simply connected domains in C.

described above extend to o-proper
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Remark 5.4.6. Actually, Xk# . are dense subsets of C. For the renormalization fixed point f.,
this will follow from Corollary 5.6.32 (2). For general f e W

loc?

this property will be apparent
after we establish Theorem 5.7.5 on the holomorphic motion of 6Xti.

Proof. For every k < 0, the composition ¢x1 0 ... 0 ¢y embeds the pre-corona F = (fo. :

Up.. = V\71) to the dynamical plane of f; as a pair of iterates
(£ U8 = Vi, e Ui ~ ). (5.4.2)

Since ¢ is contracting at the critical value, the diameter of Uéi) - Vo(k) shrinks to 0 as
k — —oo.

To proceed, we need the following technical lemma.
Lemma 5.4.7. Assume U is a sufficiently small Banach neighborhood of f.. There is an
open disk D around the critical value c1(f.) of f« such that for all sufficiently large n € N,

te{a,,b,}, and f e R"™(U), then ft(ci(f)) is contained in D and D can be pulled back by
ft to a disk Dy c Ug\yy containing c1(f) on which ft: Dy — D is a branched covering.

This lemma initially appears in [DLS20, Key Lemma 4.8| in the context of quadratic
Siegel pacmen. Due to its length, the proof will be supplied later in §5.4.2. The lemma tells
us that for sufficiently large k <« 0, the disk D contains the set {¢1+a, (fx), 1+, (fx)} and the

pair in (5.4.2) extends to a commuting pair of branched coverings
( e w® S p e ® D) , (5.4.3)

where Wi(k) uD are disks in V'\y; containing ¢;(f). By conjugating with hk#oTk, we transform

this pair into the commuting pair of branched coverings
f..: W > D®

where

WS = pF o (WH)  and  D® = p¥ o Ty(D).

For all sufficiently large ¢ and m < 0, D) is compactly contained in D7) and
mod (D(tm‘t)\D(tm)) > 1.

As such,

oo

UD®=c.
k<0

The maps f; . extend to o-proper branched coverings from X . := Ug<o Wik) onto C. It is

clear from the construction that X, is a simply connected domain. O
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The proof of the theorem above actually gives us something stronger, which we will use
later in Section §5.7.2.

Lemma 5.4.8 (Stability of o-branched structure). Assume U is a sufficiently small Banach

neighborhood of f.. For every f e W} , there are sequences of nested disks
W ewPewiPe . ad DY eDP D e,

where

Uw®-X,. and |JD® =,

k<0 k<0

such that for every k <0,
(1) each of W and D® depends continuously on f;
(2) the maps fo. 4 : Wik) — D) are proper branched coverings of fized finite degree;
(3) critical points of fy . : Wik) — D®) move holomorphically over f elU.

Proof. The construction of such disks is similar to the proof of the previous theorem. We
add the following modification. By Theorem 5.3.7, we can replace the disk D with a slightly
smaller disk D( fy, k) depending continuously on f such that for all 7 < max{ay, by},

¢i(f+) € D(f. k) if and only if ¢i(fx) € D(fo, k).

Under this replacement, the domains of branched coverings (f2*, f*) from (5.4.3) become

fo,i : Wi(ank) - D(fovk)v

which depend continuously on fy. By conjugating with hk# o Ty, we obtain the commuting
pair fy, : Wik) — D®) with the desired property. O]

5.4.2 Key lemma for transcendental extension

Let us now discuss the proof of Lemma 5.4.7.

Fix a small neighborhood D of the critical value ¢;(f,) of the renormalization fixed point
f+. Fix n € N and a large constant s € N. We will denote by a,, and b,, the nt" renormalization
return times. Consider a corona f that is m :=n + s times renormalizable such that f; := Rif
is close to f, for all i € {1,...,m}. We will denote the critical orbit by ¢;(f) := f7(co(f))-
Our goal is to show that for ¢ € {a,,b,}, c1.+(f) is contained in D and there is a branched

covering map f*: (Dg,c1(f)) = (D, c144(f)). The proof we present below is similar to the

167



Key Lemma in [DLS20]|, which is to ensure that pullbacks of D must avoid the forbidden
boundary.

Let h be a level m combinatorial pseudo-conjugacy between f and f., and consider
the renormalization tiling A,,(f) = h"'(A,.(f+)) defined in §5.3.2. Recall that f maps
A, (f,7) univalently onto A,,(f,i+ p,) whenever i ¢ {-p,,, —pm + 1}, and on A,,,(f, -pm) U
A (f,-pm +1), fis almost a degree d covering map branched at its critical point ¢o(f) onto
its image, which contains A,,(f,0) U A,.(f,1). By Theorem 5.3.7, h is close to the identity
map and A,,(f) approximates the Herman quasicircle H, of f,.

In the dynamical plane of f,, for sufficiently large n > 0, both ci,a, (f:) and ci4p, (f+)
are contained in D because it is sufficiently close to ¢;(f.). Let us fix ¢t € {a,, b, }. Since s is
picked to be large,

t <max{a,,b,} <min{a,,,b,,} - 1.

gooe

h is close to the identity, it follows that ¢;,4(f) is also contained in D.
Let
Dla D27 R Dt+1 =D

denote the lift of D along the orbit c;(f), ca(f), ..., c1::(f). We would like to show that
for i € {1,2,...,t}, the disk D; does not intersect OpUy so that f: D; - D;,; is a branched

covering.

5.4.2.1 A new tiling A,,

We say that a subset I of Z/q,,Z is an interval if it is a sequence of consecutive elements of

Z/qnZ of cardinality less than p,,. For any interval I in Z/q,,Z, we will use the notation

A (1) =UAn ()

iel

and
I-pn if In{pm,pm+1,0,1} =0,
F =3I =pp) U{DPm, -Pm+1} fIn{0,1}+o,
(I-pn)u{0,1} if In{pm,pm+1}+@.

The following property holds.
Claim 1. For any interval [ in Z/q,,Z, the lift of A,,,(I) under f|a,, is contained in A,,(f~11).

First, consider the dynamical plane of f,, == R™f : U,, — V. Let us define the tiling
Ao(fm) = {No(4, fm) }iefo,1y, Which is a skinnier version of Ag(f), as follows. For i € {0,1},
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we define Ao(4, f,) to be the closure of the connected component of f;1(Un)\ (70(fim) Y1)
contained in Ag(%, f,,). Let us embed it via ®,, to the dynamical plane of f and spread it
around via iterates of f to obtain the tiling A, = A, (f).

Similar to Claim 1, we have:
Claim 2. For any interval I in Z/q,,Z, we have
A (D) =ApnAL(D)
and the lift of A,,,(I) under f|a,, is contained in A,,(f~'1).

The problem with the tiling A,, is that for j € {1,...,¢}, even when D;,;nA,, is contained
in A,,(I) for some interval I, it is possible that D; n A,, is not contained in A,,(f~11).

However, this issue does not occur for the tiling A,,.

Claim 3. For any interval [ in Z/q,,Z, any j € {0,1,...,min{a,,,b,,} — 1}, and any subset
TcV,
TnA,cA,(I) = [fIT)nA,cA,(f7).

Proof. By construction, the tiling A has the property that fi(A,,) c A,, for all j <
min{a,,, b,,}. Let I, j, and T be as in the hypothesis and suppose T'n A,, is contained
in A,,(I). Consider a point z in A,, such that f/(z) is contained in 7T'. Clearly, fi(z) is
in A,,(7), and by Claim 1, z is contained in A,,(f71). By Claim 2, the point z is indeed
contained in A,,(f~1I). O

Consider the smallest interval I,,; in Z/q,,Z such that
{O, 1} C It+1 and Dt+1 N Am(f) c Am(jt+1)-

For je{1,...t}, let I;:= f~(+1=)[,. It is assumed that D nH, is roughly a level less than n
combinatorial interval, so, since m > n, |[;| is large for all j.
Let us fix some positive integer n where n << t. This will be taken to be the maximum of

the periods 7; introduced in the next subsection.

Claim 4. For je{1,2,...t+1},
(1) |I;|/qm is small and A,,(1;, f.) nH, has a small combinatorial length;
(2) if j <t-2-mn, the intervals I;, I;1, ..., Iji,.3 are pairwise disjoint;
(3) if 1 <j<m+2, then I; is disjoint from {-p,,, —pm +1}.
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Figure 5.7: The spines of f, of generation one when (dy,dw) = (2,3).

Proof. Since the rotation number is of bounded type, the combinatorial length of the inter-
section of H, with every tile of A,,(f.) is comparable. Since D is assumed to be small and s
is taken to be sufficiently large, (1) follows.

Since (2) is combinatorial in nature, it suffices to prove (2) in the dynamical plane of f.,
which is obvious from the irrational rotational action of f, on H,. If (3) does not hold, then
for some integer j € [2,7+ 3], the interval I; intersects {0, 1}, but this contradicts (2) and the
fact that I; must intersect {0, 1}. O

5.4.2.2 Spines and pseudo-spines

Let us first consider the dynamical plane of f,. Recall that the preimage of f:1(71)\70
consists of arcs

..., ,’yg(dofl) cU,, 7. ”yg?dwfl) co*U.,.
The strict preimage f~!'(H,)\H. is a bouquet of pairwise disjoint arcs

0 0 ) )

where each o? connects ¢o(f.) to a point on 7. We call each of o7 a spine of f, of generation
one. In general, a spine of generation ¢ > 1 is a lift of under 7" of a spine of generation one,
and its root is the endpoint that is a critical point of fY.

A spine chain of generation ¢ is an infinite sequence of spines

E = (81,52,83,. . )
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of increasing generation such that S; has generation g and for all ¢ > 1, the root of S;,;
is contained in 5;. We say that a spine chain S is periodic with period p if for all ¢ > 1,
f2(Sin) = Si.

The following is a direct consequence of Lemma 5.2.3 and Theorem 5.2.7.

Proposition 5.4.9. Every spine chain of f. lands at a unique point. Different spine chains
admits different landing points. The landing point of a periodic spine chain of period p is a
repelling periodic point of period p, and it is also the landing point of exactly one periodic

external ray of period p.

When f is rotational with bounded type rotation number, the notion of spines of f can
be formulated analogously and the proposition above holds. Below, we will formulate an
analog of bubbles for arbitrary coronas f which are sufficiently close to f.. This is achieved
by replacing H, with A,,(f).

For f, e€{0,1}, and i € {1,...,2(ds - 1)}, we define the pseudo-spine S} of generation
one to be the closure of the connected component of f~'(A,,)\A,, that intersects with the

spine o} of f.. Each S} is connected and
StnAnc Ay ({-Pmy —Pm + 1}), f(S?) c A,

We say that every pseudo-spine of generation one is attached to A({-pm,—pm +1}). In
general, a pseudo-spine of generation g > 1 is a lift under f9-1 of a pseudo-spine of generation
one.

Let us fix a large integer M > 1. We will assume that f is sufficiently close to f. depending
on M.

Claim 5. Every spine S of f, of generation up to M is approximated by a pseudo-spine S of
f such that

1. Sis close to S and f|s is close to fils,

2. if S'is attached to another spine S’, then S is attached to the pseudo-spine corresponding
to S,

3. if S is attached to H,, then S is attached to A,,(I) for some interval I disjoint from

{0,1}.
Proof. This is because A,, compactly contains and well approximates H,. O

Let us fix e € {0,1} and ke {1,...,2(ds = 1)}. Let us construct a periodic spine chain
Z; = (Sl, SQ, 53, N )
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for f. that is very close to v;. First, we set S; = o;. Let us pick n; > 1 such that the
pre-critical point c,nzﬂ( f) is close to the critical arc ;. Let ¢} be the preimage of C,WZH( f)
located on o7}, close to v;. Then, we set S, to be the unique spine rooted at cf, that is the lift
of S; under f7%. The other spines are then defined by induction, forming a periodic spine
chain of period 7;.

Let 23 (f.) be the landing point of 3. It is a repelling periodic point of period 7} and it
is also the landing point of a periodic external ray R;(f«). Since f is close to f., periodic
rays R;(f) and repelling periodic points 3 (f) exist in the dynamical plane of f.

Let us define a periodic pseudo-spine chain
v =1(S1,52,S;,...) (5.4.4)

for f landing at x3(f) as follows. Assume M > n; and let M’ e N satisfy n; M’ < M. For
2< 5 <M, we set S; to be the pseudo-spine approximating .S;. This can be arranged so
that Sy is within the linearization domain of the repelling periodic point x}(f), and so

inductively we define Sy; ;41 to be the unique lift of Sy, ; under f™ that is even closer to

. (f)-

5.4.2.3 Enlargements of D,

Let us inductively define enlargements D; and D of D; as follows. First, we set Dy,q =D} =

D. For j <t, we set
> Dj = the connected component of f~!(D;1) containing Dj;
> D; = the smallest topological disk containing D} and the interior of A (1;).
For all j, we have D; c D} c D;.
Claim 6. For je{1,2,...,t+1}, D;nA,, is connected and its closure is A,,(1;).
Proof. This follows from the observation that, due to Claim 3, D;nA,, c A,,,(f;) for all j. O

We will assume D to be small enough such that it is disjoint from the periodic rays f*(R;)
for all i € {0,...,t}, @€ {0,00}, and ke {1,2,...,2(de - 1)}.

Claim 7. For j e {1,2,...,t}, the disk D, is disjoint from all the periodic rays of the form
fi(Re) for alli e {0,...,5-1}.

Proof. This claim follows from induction. If D; intersects f*(R2}), then Dj intersects f*(R})
and so Dj.; intersects fi*1(R). O
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5.4.2.4 Proof of Lemma 5.4.7

Let A!, denote the union of all pseudo-spines of f of generation one. Recall that the constant
7 is set to be the maximum of the periods 7; of the pseudo-spine chains ;. To finally show
that ft: D; - D is a branched covering, we will prove by induction the following statements

for j=1,...,t+1.
(a) D; intersects A, if and only if I; contains {—p,,, —Pm+1};
(b) If D; intersects A/, then the intersection is in a small neighborhood of ¢o;
(c) If D; intersects A/, for j <t, then j <t-n and Dj,q, ... Djips are all disjoint from A/ ;

i Intersects a pseudo-spine cnain rom 4a.a), e1n € 1mtersection 1s within
d) If D; intersect do-spine chain § from (5.4.4), then the intersection is withi
Ady;

(e) D; is an open disk disjoint from the forbidden boundary OpUy.

Suppose (a)—(e) hold for j+1, j+2, ...t +1. Let us show that they hold for j.

Suppose [; contains {—py,, ~Pm+1}. Then, D, contains either A,,({-1,0,1}) or A,,,({0,1,2}),
and so the lift D} of D;,; contains the critical point co(f) and intersects A7,

Suppose I; is disjoint from {—p,,, —Pm+1}. Then, D;,q does not contain the critical value
c1(f) and every point in Dj,; has at most one preimage under f in Di. By Claim 6, the
preimage of D;,; n A, under f |D;_ must be contained in A,,. It follows that D;. is disjoint
from Aj,. Since D’ U A, (I;) does not surround AJ,, then D; is also disjoint from A],.

We just proved (a). Item (b) follows from Claim 6 and the fact that A,,(/;.1) is a small
neighborhood of ¢;(f) as a result of Claim 4 (i). Item (c) then follows from Claim 4 (2).

Item (e) follows from (b) and (d). Indeed, if D; were to intersect OpUy, then by Claim 7,
it must intersect some pseudo-spine chain % from (5.4.4) and because of (d), its intersection
is contained in A! . In particular, Dy can only intersect A/ in a small neighborhood of ¢,
which implies that Dj, cannot intersect OpUs.

It remains to prove (d). By continuity, we can assume that (d) holds whenever j >t — .
Let us assume that j <t -7 and suppose for a contradiction that (d) fails, that is, there is a
pseudo-spine chain § =(S1,S,,...) such that D; intersects S; where ¢ > 2.

We claim that D; intersects S,. Indeed, suppose otherwise that the smallest possible
i > 2 such that D; intersects S; satisfies i > 2. Since D} n A,,(I;) is disjoint from the ray Ry,
then the subchain @ = (S;,S;,1,...) intersects D’ and its image f( () intersects Dj,;. By
periodicity of $, the chain (=) intersects Djye, which is a contradiction to (d) for index

J+n.
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The argument from the previous paragraph results in the intersection of Dj,,» and S;
being non-empty. By (a), the interval I;,,+ contains {~pm,, ~Pm+1}, so for [ e {1,2,...,mp},
fU(S,) is attached to A,,(I;.;). Moreover, since the critical value ¢;(f) is not contained in
Dj.nA,,, every point in Dj,; has at most one preimage in D;‘+lf1'

Consider the lift S} of f(S;) under f that is attached to A,,(I;). Since ¢;(f) is not
contained nor surrounded by Dj,1 n f(S;), the lift £ of f(D; nS,) under f ]D;_ agrees with
the lift under f |s'2- Therefore, £ would be contained in Si, not Sy, which is impossible. This
concludes the proof of (d).

5.5 Dynamics of cascades

In 85.4.1, we have established that every corona f in the local unstable manifold Wy _ of
the fixed point f, of the corona renormalization operator R : U — B induces the sequence
{F,"ié = (ff L Xk#7 , = C)}nco of pairs of o-proper branched coverings. We will reinterpret
such a sequence as a global transcendental cascade and formulate a Fatou-Julia theory for

cascades.

5.5.1 Cascades

Consider the anti-renormalization matrix M from Lemma 5.4.4. Let us denote by t > 1 and
1/t the eigenvalues of M.

For every positive integer n, let us define F# = (fZLéﬁ . ) inductively by the relation
(f#f)a ° (frﬁﬁb = (filr)“/ °© (fi1,+)b, (5.5.1)

for any a,b,a’,b" € Zyq satisfying (a’ b") = (a b)M. Then, {F#}nez forms a sequence of
commuting o-proper holomorphic maps acting on the same dynamical plane.

Let us identify the local unstable manifold W}  with the space W, of pairs of o-proper
maps F = (fy.) associated to each f e W" . We extend our renormalization operator beyond
Wi by setting

R"Fy=F, = A"F# A",
(compare with (5.4.1)) and extend W, to a global unstable manifold W" by adding F,, for
all n >0 and F € W} .. The complex manifold structure of Wy, naturally extends to W*

u
loc

and the renormalization operator R now acts on YW* as a biholomorphism with a unique
fixed point F,, which is repelling.

In the rest of this dissertation, we will show that R : W* - W" is holomorphically
conjugate to an expanding linear map on C. To do so, we will study each map on W" as a

cascade of global transcendental maps.

174



Definition 5.5.1. We define the space T of power-triples to be the quotient of the semigroup
Z x Z2, under the equivalence relation ~ where (n,a,b) ~ (n-1,a’,b') if and only if (a’ V') =
(a b)M.

We will equip T with the binary operation + defined by
(n,a,b) +(n,a’, ") =(n,a+a’,b+b").

With respect to +, T has a unique identity element 0 := (n,0,0). For P,Q € T, let us denote
by P > @ if for all sufficiently large n <« 0, there exist a,b,a’,b’" € N such that P = (n,a,b),
Q=n,adb),a>a',and b> .
By Lemma 2.1.15, (T, +,>) can be identified with a sub-semigroup of (R, +,>). Moreover,
T inherits a well-defined scalar multiplication by powers of t as follows. For every (n,a,b) € T
and integer k,
tf(n,a,b) = (n+k,a,b).

For every F € W" and every power-triple P = (n,a,b), we will use the notation
a b
FP=(£7) o (£7.) .

Each FF is a o-proper map from its domain Dom (F¥) onto C. We denote by F2Y the cascade

(FF) pop associated to F.

Lemma 5.5.2. For every Fe W', PeT, andneZ,

Fr = (F%,)""

In particular, when F =F,,
FP = A" o FY'FP o AT, (5.5.2)

5.5.2 Critical points and periodic points

Let us pick
F-= [f:l: U~ S] = [fO,i :Ugs ~> SO] € Wi

loc

and let F,, := R"F for all n € Z. Within the cascade F=0, f, is the first return map of points
in U, back to S. In particular, U_u U, is disjoint from FX(U_) for all P < (0,1,0) and
FP(U,) for all P < (0,0,1).

Definition 5.5.3. We define the zeroth renormalization tiling Aoy = Ao(F) associated to
F20 0 be the tiling consisting of A(0) := U, and Ay(1) := U_, as well as F¥(A(0)) for all
P <(0,0,1) and FP(Ay(1)) for all P < (0,1,0). We label the tiles in left-to-right order as
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A (i) for i € Z. For all n € Z.y, we define the n'* renormalization tiling to be the rescaling of

the zeroth tiling for F,,, namely
A, (F) = A7 (A¢(Fr)).

In W, F is sufficiently close to F,. and the tiling Ay(F) moves holomorphically in
F e Wi .. In general, for F e W*| the n't tiling A, (F) is well-defined for all sufficiently large
n < 0. Each tile A, (7) is a compact disk in C.

Definition 5.5.4. Consider [f:U; - V] e W and the associated pre-corona F = [f, : U, -
S] e Wi.. Given a subset Z of Uy, the full lift Z of Z to the dynamical plane of F is defined

Z= U F(Zy)u U F(Z),

0<P<(0,0,1) 0<P<(0,1,0)

where Zg and Z; are the embedding of Z nAy(0, f) and Z nAy(1, f) to the dynamical plane
of F respectively.

In particular, we will define the Herman curve H of F, to be the full lift of the Herman
quasicircle of f,. Observe that H is an A,-invariant quasiarc.
Let us fix F in W". For every x € C and T € T, we denote the finite orbit of z up to time
T by
orbl (F):={FP(z) : 0< P<T}.

Definition 5.5.5. For P € T\, let us denote by CP (F?) the set of critical points of F¥ and
by CV (FF) the set of critical values of F¥. We say that a point x is

> a critical point of F20 if it is in CP (F?) for some P € Ts,
> a critical value of F20 if it is in CV (FP) for some P € Ts, and
> a periodic point of F20 if there is some P € T such that F¥(z) = .
Lemma 5.5.6. For F e W*, critical points of 20 satisfy the following properties.
(1) A point x is a critical point of F=° if and only if FP(x) =0 for some P € Tsy.
(2) For P €Ty,

CP(FP)= U F {0} and CV(FF)={F5(0):0<S<P}.

0<S<P
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(3) There is some Kg € Ty such that for every power-triple P < Ky, every critical point of
F? has local degree d. If 0 is not periodic, this is still true for P > K. In general, for
every P € T, there is some k € N such that the local degree of every critical point of F¥

1s at most k.
Let T :=min{(0,1,0),(0,0,1)}. If F e W}._, then for every P< T,
(4) CV (FP) is a subset of Ag(F)\Su{0} which moves holomorphically with F, and
(5) every critical point of FF has local degree d.

Proof. Pick a bounded domain D @ C and select a connected component D’ of F-7(D).
Suppose F represents f € W _, and recall that the anti-renormalizations of f when the critical
value is normalized to be at 0 are denoted by fi, n < 0. Recall that for sufficiently large
n < 0, the map FP : D’ - D can be identified via hff with (f§)* : D’ - D for some domains
D', D e C and some s, > 0. Therefore, z is a critical point of F if and only if (h)-1(z) is a
critical point of (ff)*», which happens precisely when F¥(x) = 0 for some S < P. This leads
to (1) and (2).

Suppose [F: U, - S]isin W}, . and fix P <T. For all S < P, F¥(0) is contained in some
tile Ag(7,F) that is disjoint from S. This implies (4). Also, (5) follows from the fact that for
every critical point  of FF, orb? (F) passes through the critical value 0 exactly once.

If F is not close to F,, then we can take some n <« 0 such that R"F is in W), .. Then, (3)
follows from (4) and (5) by taking K¥ to be t"T" and k to be such that P < (k-1)Kp. O

Lemma 5.5.7 (Discreteness). For any F e W" and any bounded open subset D of C, there
is some Q) € Tsq such that for all G €e W* close to F and whenever P' < P < @),

(1) GF is well-defined and univalent on D, and
(2) GP(D) is disjoint from G’ (D).
For every x € C and T € T, orb® (F) is discrete in C.

Proof. There exist some integers m < 0 and j € {0,1} such that D is compactly con-
tained in some level m tile A,,(j,G) associated to G for all G close to F. Set @ :=
t™min{(0,1,0),(0,0,1)}. For P <@, the tile A,,(j, G) is mapped by G¥ univalently onto
to some other tile A,, (i, G) of level m disjoint from A,,(0,G)u A,,(1,G). This implies (1)
and (2).

Let us fix # € C and T € T. Let us pick any point y in the closure of orb? (F), and
pick a small open neighborhood D of y. From the first part, F”(D) is disjoint from D for
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all sufficiently small P € T,y. This implies that only finitely many points in orbz(F) are

contained in D. O

By a straightforward compactness argument, the lemma above has the following conse-

quence.

Corollary 5.5.8 (Proper discontinuity). For any P € T, any compact subset Y of Dom (F?),
and any bounded subset X of C, there are at most finitely many power-triples T'< P such that
FT(Y) intersects X.

Corollary 5.5.9. Every critical point x of F=0 admits a minimal P € T, called the generation
of x, such that FF(z) =0.

Proof. By definition, there is some P € Ty such that FP(z) = 0. By Lemma 5.5.7, orb’ (F) is
discrete, so there are at most finitely many power-triples S such that S < P and FS(z) =0. O

Corollary 5.5.10. Every periodic point of F=0 has a minimal period.

Proof. Suppose z is a periodic point of F20. The set T, :={P €T : F(z) = 2} of periods
of z is a sub-semigroup of T. Pick a small neighborhood D of x. By Lemma 5.5.7, there is
some ) € Tso such that for all 0 < P < Q, F(D) is disjoint from D and thus P ¢ T,. This
implies that T, is finitely generated, and in particular, of the form {nS},.n, where S € T,

is the minimal period. O

5.5.3 The escaping sets

Consider F € W".

Definition 5.5.11. Given P € T, the P™ escaping set of F is
I.p(F) := C\Dom (F”).

The finite-time escaping set of F is the union

I<<>0(F) = U ISP(F)a

PeT

the infinite-time escaping set of F is
Io(F):= {2z € C\I.oo(F) : FP(2) > 00 as P —» o0},
and the full escaping set of F is
I(F) =1 (F) Ul (F).
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Lemma 5.5.12. For any P €T, every connected component of I.p(F) is unbounded.

Proof. There exists some n < 0 such that F,, := R"F is in W(.. Since the domains of f, . are
simply connected, then Dom (FZ') is simply connected for all P € T and so the claim is true

for F',,. Since F is just a rescaling of F,,, the claim is also true for F. O

In Section 5.6, we will thoroughly study the structure of the finite-time escaping set of
the fixed point F,. In Section 5.7, we will show that when F is hyperbolic, the finite and
infinite-time escaping sets do not carry any invariant line field.

It is clear from the definition that the boundary of I.p(F) coincides with the boundary of
Dom (F?). Points on 0I.p(F) can be regarded as essential singularities of F¥. The following

lemma is an analog of Picard’s theorem.

Lemma 5.5.13. For every P € Tsg and any sufficiently small Euclidean disk D centered at
a point in Ol p(F'), the image F¥'(D') of any connected component D' of D nDom (FF) is

dense in C.

This lemma is a direct consequence of o-properness of F¥. The keen reader may refer to
[DL23, Lemma 6.5] for a detailed proof.

Corollary 5.5.14. For every F e W", P € Ty, and x € C, the boundary of I.p(F) is the set

of accumulation points of F~F(x).

We will later show that I, (F) has no interior and its closure coincides with the “Julia
set” of F', which we will define in the next subsection. This corollary is an analog of the basic
result in holomorphic dynamics which states that iterated preimages are dense in the Julia
set. The proof below is similar to [DL23, Corollary 6.7].

Proof. By Lemma 5.5.7, there exists a disk neighborhood B of x such that B\{z} is disjoint
from CV (FF). Then, every connected component B’ of F~F(B) contains at most one critical
point and the degree of F¥': B’ - B is at most some uniform constant. Let 2 ¢ B be an even
smaller disk neighborhood of x such that mod (B\ﬁ) < 1. Any lift Q' c B’ of  under F? is
also a disk with mod(B'\Q') < 1.

Let us pick a connected component D of Dom (FP), a point y € 9D, and a small ¢ > 0.
By Lemma 5.5.13, there is a connected component Q' ¢ D of F-F(Q) that is of distance at
most € away from y. Since mod (B’ \@) < 1, then ' has a small diameter depending on €.

Since €' contains point in F~F(z), the assertion follows. O
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5.5.4 Fatou-Julia theory

Let us formulate a Fatou-Julia theory for our dynamical systems F in W* and state a few

analogues of basic results in classical holomorphic dynamics.

Definition 5.5.15. The Fatou set §(F) of F is the set of points z which admit a small
neighborhood D c C\I..(F) such that {F”|p}per forms a normal family. The Julia set J(F)
of F is the complement C\§(F).

Clearly, J(F') contains the closure of 1. (F).

We say that a connected component D of F(F') is periodic if there is some P € T such
that F(D) = D. The smallest such P is called the period of D. Moreover, we say that D is
pre-periodic if there is some @ € T such that FQ(D) is periodic. The smallest such @ is called
the pre-period of D. (These quantities exist due to Lemma 5.5.7. Compare with Corollary
5.5.10.)

Proposition 5.5.16. For all F € W", every connected component of the Fatou set §(F) is

simply connected.
In particular, F does not admit any Herman rings.

Proof. This is a standard application of the maximum modulus principle. Pick any Jordan
domain D such that 9D is contained in F(F). For all P € T, FP|p attains maximum on T,

thus {FP|p}p forms a normal family. O

Definition 5.5.17. The postcritical set of F is

P(F) :={F"(0) : PeT}.
The postcritical set is the smallest forward invariant closed set such that
F”: Dom (F¥) \F~7 (B(F)) » C\(F)

is an unbranched covering map which is a local isometry with respect to the hyperbolic
metrics.
In the case of F = F, | equation (5.5.2) implies self-similarity of the corresponding dynamical

sets.

Lemma 5.5.18. The linear map A, preserves F(F.), J(F.), L. (F.), Io(F.), and B(F.).
For all P e T>0, A*(ISP(F*)) = IgtP(F*).
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Given a periodic point x of (minimal) period P of some F € W", we say that z is
superattracting / attracting / parabolic / Siegel / Cremer / repelling if x is a superattracting
/ attracting / parabolic / Siegel / Cremer / repelling fixed point of FZ.

Proposition 5.5.19. Suppose ¥ admits a periodic point x of some period P.

(1) If x is attracting or parabolic, then the critical orbit {F1(0)}rer converges to the periodic
orbit orb{ (F).

(2) If x is Cremer, then x € PB(F).
(3) If x is Siegel, then the boundary of the Siegel disk of F¥ about x is contained in B(F).

Proof. (1) follows from a standard analytic continuation argument: if the forward orbit of a
periodic Fatou component containing an attracting (resp. superattracting or parabolic) cycle
does not containing 0, then the local linearizing (resp. Bottcher or Fatou) coordinates can be
extended to a conformal map onto the whole plane, which is impossible. See [Mil06, Lemma
8.5] for details.

Suppose z is not in P(F) and is not repelling. From (1), z is either Cremer or Siegel.
Let us first prove (2) by showing that z must be Siegel. For all T e T, let us denote by Dr
the connected component of Dom (F7)\F-7 (B(F)) containing z. Suppose first that Dp is
properly contained in Dy. Then, F¥ : Dp — Dy is strictly expanding with respect to the
hyperbolic metric of Dy, which implies that  must be repelling. Suppose instead Dp = Dj,.
Then, {F""|p,}, . is a normal family of automorphisms of a hyperbolic Riemann surface.
By Denjoy-Wolff, the fixed point z must be Siegel.

Denote by Z the Siegel disk centered at x. If there exists some minimal 7" € T where F7(0)
intersects Z, then the intersection P(F) n Z is a single FP-invariant curve on Z. Suppose
for a contradiction that C\'B(F) intersects the boundary 9Z. Then, a component Ej of
C\B(F) contains some neighborhood of 0Z. For n e N, let E,p be the connected component
of Dom (F*?)\F"(B(F)) containing Fyn Zy. There are again two cases. If Ep = Ej, then
{FnP|g, },.n forms a normal family and Ey must be contained in the Fatou set, which is a
contradiction. If Ep is a proper subset of Ey, then F¥ : Ep — Ej is strictly expanding with
respect to the hyperbolic metric of Ej, which would contradict the fact that F¥ restricts to a

self diffeomorphism of any invariant curve in Z n Ej. ]

5.6 The external structure of F,

Consider the dynamics of F = F, corresponding to the fixed point f, of the renormalization
operator. We denote by H the Herman curve of F, which is defined to be the full lift of the
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Herman curve of f,. The action of F along H can be described as follows. For a € C, we

denote the translation map by a by T,(z) := z + a.

Lemma 5.6.1. There is a quasisymmetric map h: (H,0) — (R,0) that conjugates the cascade
(FP|u) pep with the cascade of translations (T) pop defined by T8 := Tion(py_qu), where
u

u,v>0 and 0 =-.

Proof. The pre-corona F, associated to f, admits an invariant quasiarc which projects to the
Herman curve of f,. In linear coordinates, this corresponds to an invariant quasiarc Hy of
(fo. : Uy — S) which passes through 0 and connects f; . (0) and f; _(0). The dynamics of
fo,. along Hj is quasisymetrically conjugate to a pair of translations (T_9|[071,9], T1_9|[,9’0])
on the real interval [-6,1-60]. Set u=-60 and v=1-6. As we extend fy, to its maximal
o-proper extension via A,, the quasisymmetric conjugacy h between (fo_,fy ) and (7.4, 7.y)
extends to the whole lift H of Hy. The claim holds because the pairs (fy _,f, ;) and (71,,7-y)
generate the cascades F>0|g and 7% := Tin(py_qy) Via iteration and rescaling according to
(5.5.2) and §2.1.4. O

In this section, we will comprehensively describe the dynamics of F beyond H. We study
the structure of preimages of H in §5.6.1-5.6.2, then the structure of the finite-time escaping
set Lo = .o (F) in §5.6.3-5.6.4, and lastly the dynamical puzzles cut out by subsets of I,
in §5.6.5.

5.6.1 Lakes

Let us label the components of C\H by O° and O*, which we will refer to as the oceans of
F. The two oceans will be distinguished as follows. For e € {0, 00} and for any point z in
S N O* close to 0, we assume that there are d, preimages of z under f;, : U, — S that are

located near the critical point and inside of O¢.

Definition 5.6.2. A lake O of generation P €T is a connected component of F~(0O¢*) for
some o € {0,00}. Its coast is defined by 0°O := 9O n Dom (F7).

Lemma 5.6.3 (Chessboard rule). For every P € Tsg and e € {0, 00}, the preimage F~F(H) is
a tree in Dom (F) and F~(0*) is disjoint union of lakes U;en O; of generation P such that

(1) each lake O; is an unbounded non-separating disk in Dom (FT);

(2) for j # 1, the intersection 0°O; N 0°O; is either empty or a singleton consisting of a

critical point of F¥.
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Proof. The whole lemma follows immediately from o-properness of the cascade, e.g. [DL23,
Lemma 5.1], and the fact that CV(F') is contained in H. O

Given any lake O of some generation P € T, the map F? sends O univalently onto
an ocean, and its coast homeomorphically onto H. In general, when 0 < P < (), a lake of
generation (Q is contained in a lake of generation P, and F@-F conformally sends any lake of

generation () onto a lake of generation P.

Lemma 5.6.4. For every P € T, there is a unique critical point Cp € H of F20 of generation

P and a pairwise disjoint collection of lakes
0%, o 94,-30%, 1OF, ..., 44.30F%, (5.6.1)
of generation P together with a bouquet of pairwise-disjoint open quasiarcs
HY, o HY HYE, L e oHE, (5.6.2)
rooted at Cp such that for each e € {0,00} and je{1,...,2d, - 3},
(1) the coast of ;0% is ;HLu{Cp}u,;  H};
(2) ;0% is contained in O°;
(3) ;0% is mapped conformally by F¥ onto O* if j is is even, and onto C\O* if j is odd.

Proof. The existence and uniqueness of Cp is due to the fact that F¥ restricts to a home-
omorphism on H. From the previous lemma, F-P(H) is a tree. The quasiarcs ;Hp's are
precisely the components of F~#(H)\{Cp}, and the lakes ;0%’s in (5.6.2) are precisely the
connected components of Dom (FF)\F~"(H) which touch H at exactly one point, which is
Cp. For all § < P, the image of each quasiarc ;H}, under FS is disjoint from 0. Therefore, F¥
maps each of ;Hj, onto a component of H\{0} homeomorphically. They can be enumerated
such that the three claims above hold because Cp has inner and outer criticalities dy and do

respectively. O

Each quasiarc in (5.6.2) is called a spine of Cp. The spines in (5.6.2) are labelled in
counterclockwise order about Cp.

Let us pick a pair of power-triples P, @ € Tso. For any e € {0, 00} and any j € {1,...,d,—1},
the union of two consecutive spines 5;_;H}, Uy;HS, are mapped homeomorphically by F? onto
H\{0} and so it contains a unique critical point ;C%} , of generation P + Q. Attached to this

critical point is a bouquet of lakes

o0 e.0 e, 00 ® 00
jyloP’Q, ceey j72d0_30P,Q’ j710P,Q’ ey j,2doo_30P,Q7

183



Figure 5.8: The structure of lakes attached to critical points Cp, Cg, and 1093@ when
(do,dw) = (3,2).

of generation P + () together with spines

o0 o0 e co e, 00
j71 P}Q’ ceey ]’2d0_2HP7Q’ j,lHP7Q7 ceey j72doo_2HP7Q’
. ° [N
meeting at ;O such that ;0% 5 has coast
c eo ®.0 . ®.0
0 510%q = 13 U {;Cho} v junH3g

and is mapped univalently by F¥ onto KOG-

Consider a tuple S = (Py,..., Pyi1) € T7 of m + 1 power-triples for some m € N. We
denote the sum by
m+1
15]:= > P
i=1

Given m = (ey,...,0,) € {0,00}™ and J = (J1,...Jm) Where j; € {1,...,d,, — 1} for all i, we
inductively define a critical point ;C% of generation |S|. Attached to this critical point are
lakes ;;0%" for e € {0,00} and 4 € {1,...,2d, - 3}, and spines ; ;Hg" for e € {0,00} and
jefl,...,2d, - 2}.

Definition 5.6.5. We say that a lake O is a middle lake if it is of the form JJO;" described
above. The finite tuple S is called the itinerary of O.

Consider a lake O of generation P € Tsy. Let @ € T be the smallest power-triple such
that the coast of O touches F-Q(H).
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Lemma 5.6.6 (Left and right coasts). The intersection between 9°O and F~Q(H) is either
a singleton or a closed quasiarc, and the complement O°O\F~@(H) consists of two non-empty

open quasiarcs OfO and 050.

Proof. Tt is sufficient to consider the case when ) = 0. The intersection between 0°O and
F-Q(H) is connected because of the tree structure of F~7(H). For any point z in 9°O n H,
every component of H\{z} contains infinitely many critical points of generation at most
P, and each of these points is a branch point of the tree F~*(H). Since 9°O n H does not

contain such branch points, the claim follows. O

We call 07O and 0¢O the left and right coasts of O respectively, and we always assume
that 07O, 0°O nF-¢(H), and 05O are oriented counterclockwise relative to O.

The closure of the left coast of O admits a maximal sequence of critical points ¢; 1, ¢; 2,
3, ... of F¥  labelled in increasing order of generation. We define the left itinerary of O
to be the sequence I; := (P,1, P, ...) where each P,; is the generation of ¢;;. Similarly, we

define the right itinerary I, of O.

Lemma 5.6.7. Consider a lake O of generation P € T.q with left and right itineraries
I;=(P,Pa,...) and I, = (P, 1, P.2a,...) respectively.

(1) sup; P; =sup; P, ; = P.

(2) If I, (resp. 1I.) is finite, the left (resp. right) coast of O contains a spine attached a

critical point ;C'% of generation |S| = P.
(3) If both I; and I, are finite, then O is a middle lake attached to the critical point ;C'%.
(4) Either I, or I, is a finite sequence.

Proof. Suppose for a contradiction that sup; P; < P, so then there is some P’ € T such that
sup; P,; < P' < P. Then, F¥'(O) is a lake of positive generation with an empty left coast,
which is impossible due to Lemma 5.6.6. Therefore, (1) holds.

Suppose [; is finite. By (1), there exists a critical point ¢; of generation P on 8f_0
Removing ¢; splits the coast into two open quasiarcs, one of which contains no critical points
of FP and is thus a spine attached to ¢;. This implies (2). Suppose I, is also finite, so
there also exists a critical point ¢, of generation P on 9¢O. The complement of the interval
[¢1,¢.] € 0°O is now a pair of spines of generation P attached to ¢; and ¢, respectively. Recall
that F¥ sends each of these spines to a component of H\{0}. However, since F¥: 9°O - H

is a homeomorphism, we see that ¢; = ¢, and O is a middle lake. Hence, (3) holds.
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Let us now prove (4). We will again assume without loss of generality that the coast
of O touches H. Let us pick a point y in 9°O n H. If the open interval (y,Cp) c H does
not contain any critical point of generation < P, then either 9fO or 9¢O is rooted at Cp
and contains no other critical points of generation < P. Otherwise, by Lemma 5.5.6, there
are only finitely many critical points of generation < P within (y,Cp), and they have some
maximum generation R < P. We then apply the previous argument to the lake F£(O) and
the interval (FF(y),Cp_gr) c H. O

Consider a critical point ;C'% of F20. There exist lakes
70 ,0 ,00 ,00
J,zO; ) J,TO;‘ ) J,zO; ) J,rog' (563)
of generation |S| such that

(i) they are disjoint from all the middle lakes rooted at ;C'%;

(ii) for e € {0,000}, the right coast of ;,O%" contains the spine ;,4, _,Hg" and the left coast

H,e 3 3 e
of ;,0g" contains the spine ;;Hg";

(iii) if 4,7" € {l,r} and j # j', the coasts of JJO;’O and ;O™ intersect on a non-degenerate
closed interval in F-ISI(H) with endpoint ;C'.

We will call the lakes in (5.6.3) the left/right side lakes of ;C%.
Observe that by (ii),

m,0 m,0 m,0 m,0 W, 00 W, 00 W, 00 W, 00
J,rOS ) J,IOS PR J,2d0—305' ) J,ZOS >J,rOS ) J,lOS [ J,Qdoo—3OS ) J,lOS

are in counterclockwise order about §C's and the closure of their union is a neighborhood of
7Cs. By Lemma 5.6.7 (4), the left itinerary of ;;0%"* and the right itinerary of ; O%"* are

infinite. The following is a consequence of Lemma 5.6.7 (2)—(4).

Corollary 5.6.8. Every lake O is either a middle lake or a side lake of a critical point ;C'%.
In other words, O is of the form JJO;” where je{l,1,...,2d, - 3,1}.

Given some tuple S = (P,..., P;) € T¥,, we can perform scalar multiplication by t and
denote tS := (tPy,...,tP;). The following is a direct consequence of (5.5.2).

Lemma 5.6.9. For any middle or side lake JJ-O;" rooted at a critical point ;C'%,
A, (;0%) = ,C8 and A, (;;05°%) = ;08
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Proof. Recall from (5.5.2) that A, conjugates F¥ and Ft* for any P € Tq. Since A, preserves
H, then A,(Cp) = Cyp and thus A, (;03) = ;0 for all e € {0,00} and j e {l,1,...,2d,—3,r}.

Suppose a spine ;Hj}, attached to Cp contains some critical point ;C%, , where i = [%]
Since A.(;C% ) is contained in ;H, and is a critical point of generation t(P +@Q), then it is

equal to ;Ctp o The rest follows by induction. O

5.6.2 Limbs

Definition 5.6.10. A limb ;L% is the union of the spine ;HY together with all spines of the

WHS 5 7% - The generation of ;LY is |S].

7777777777

By Lemma 5.6.9, the linear map A, sends each limb ;L% onto another limb ;L.
Lemma 5.6.11. FEvery limb is bounded in C.
The proof we present below is identical to [DL23, Lemma 5.10].

Proof. Recall the rescaled pre-corona F# = (fff Lt Uﬁ L~ S# ) where S# = A(S) for all n € Z.
Since S is compactly contained in A71(S), then U,z S = C. For every integer n € Z, there is
a gluing map p, : S¥ > v projecting F# to the corona fU->V.

Let us fix a large n << 0. Consider open rectangles
Xo = pp (S#) and X :=p, (Si)

living in the dynamical plane of f. Denote by H, the Herman curve of f, and consider the

interval I := Xy n H, and pick a slightly smaller interval J c I.

Claim 1. There is some M € N such that the following holds. For any connected component
W of X;\H,, any m > M, and any point x € J with f™(x) € OW, the univalent lift W_,, of
W under f™ along the orbit z,..., f™(z) is contained in Xj.

Proof. Let Y and Y* denote the inner and outer components of C\H,. Assume without
loss of generality that TV is contained in Y'*°. Since fi(x) € H, for all i > 0, then the lift W_,,
is also contained in Y. We will first claim that W_,, is well-defined and f™: W_,, - W is
univalent by ensuring that W_; is disjoint from OgU for all k > 0.

Let us pick two outer external rays R, and R, landing at a pair of points on H, such
that R; is slightly on the left of W and R, is slightly on the right of W. Since n <« 0, the
difference o between the external angles of R; and R, is small. For k=1,...,m, let R, _; and
R, i, be the preimages of R; and R, under f* such that they are slightly on the left and right
of W_j. respectively.

187



By definition, for every arc 77 on the forbidden boundary OrpU of U, the part that gets
mapped to v N Y is an external ray of some definite distance from H,. The difference
between the external angles of R, _;, and R, is §/d%,, which is much smaller than 0. Therefore,
W_y, is disjoint from OgU for all k and so f™:W_,, - W is univalent.

For sufficiently large m, W_,, is within a small neighborhood of H, and it is sandwiched
between the rays R; _,,, and R, _,,, whose external angles differ by a small constant. By local
connectivity (Lemma 5.2.3), W_,,, must be contained in a small neighborhood of .J, and thus
W_,, c Xp. O

The composition p, o A;" identifies S with X,. Let J,, := A% o p=1(J).

Claim 2. There is a power-triple R € T such that F(Jy) ¢ J_; and for every point x
on Jo, if FP(x) € Si for some P > R, then there is an open subset {2p of S#\H such that
x € 0Qp and F¥ maps Qp conformally to Sﬁ\H.

Proof. Since the action of F=0 on H is combinatorially modelled by the cascade of translations
(TT)per on R, there is an arbitrarily large R € T such that F%(Jy) c J_;. Suppose = € J
and FP(x) € S* for some P > R. Since f . is the first return map of the cascade F2° back
to S%,, then FF is the m'! iterate of the pair f_; , for some m € N. If R is chosen to be large

enough, then m > M and the claim now follows from Claim 1. O]

By self-similarity, Claim 2 also holds if we replace Jgy, J_1, P, and R with J,,, J,,_1, t"P,
and t" R respectively.

Claim 3. There is a power-triple ) € T such that for every n << 0 and every point x € J,
if FP(x) e S# for some P > @, then there is an open subset € of S#\H such that x € 9
and FP maps Qq conformally to S \H.

Proof. Let us fix a large negative integer n and choose @) € T, such that
Q>R+R/t+R/t>+ R/t +....

Consider a point g := € Jo such that FP(z) € S7 for some P > Q. For j € {0,-1,-2,...,n+2},
set P;:=t/R and x;_; := FF(z;) inductively. Then, we set

Pn+1 ZZP—P[)—P_l—...—Pn+Q and Ty ZZFP"+1([En+1).

Clearly, P,.; > t"!'R. By Claim 2, there exists an open set €,,; c Sfﬂ\H such that
Tpi1 € 0,41 and FPr+1 maps €,,,1 conformally to S#\H Inductively, for j € {0,-1,...,n+2},
we construct open sets §2; c Sf\H such that z; € 9Q; and F¥ maps €, conformally to €;_;.
Therefore, FP maps €, conformally to S#\H. O
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Figure 5.9: The configuration of middle and side lakes rooted at C'p when (dy,ds) = (3,2).
Their coasts land at o% and a5.

To prove the lemma, it is sufficient to consider a limb L of some generation K € T\
rooted at the critical point C'x on H. Choose a large T € T such that 7> ) + K and that the
critical point Cr is on Jo. There exists some limb L’ rooted at Cp such that FT-K (L") = L.
Then, the connected component of S¥ NI containing Cx can be lifted by F7-K into S# . As
n < 0 is arbitrary, the lifts of S# N L exhaust L’ and so L’ is contained in S# . Hence, L is
bounded. O

5.6.3 Alpha-points

For P € T.q, let I.p := I.p(F) be the Pt escaping set of F.

Lemma 5.6.12. Every critical point ;C% admits a pair of points Joz;’o and ;a5 with the
following properties. For any e € {0,00} and j € {l,1,...,2d,—3,1}, both the left and the right

coasts of ;;0%° land at ;a§* and
0,05\ 0,05 ={,05"}.

In particular, every lake is a disk and each of the spines JJH;" attached to ;C% is a
quasiarc connecting its common root ;C'% to a common landing point ;a§”*. See Figure 5.9
for an illustration. We call Ja;’o and Ja;"” the inner and outer alpha-points corresponding

to ;C'%. Moreover, we say that ;a%”* is the alpha-point of any lake of the form JJO;”.
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Proof. By Corollary 5.6.8, for every lake O, there is some @ € T such that FQ(O) is either a
side lake or a middle lake attached to some critical point on H. Therefore, it is sufficient to

prove the lemma for lakes of the form ;Of, where o € {0,00} and j € {l,1,...,2d, - 3,7}.

PP/t of generation

Suppose ;0% is a middle lake. Then, it is contained in some side lake ;O
P — P/t where k € {l,r}. Consider the conformal map

G— = FtP*P oAX_ M k‘O.P*P/t — O.'

Observe that G expands the hyperbolic metric of the ocean O®, and G sends ;0% onto itself.
Since jO_;Dn I.p is a G-invariant compact subset of O®, then it must be a singleton {a%}
consisting of the unique repelling fixed point of G.

It remains to show that for j € {l, 7}, the intersection 8;.]-—0;30 I.p is also a compact subset
of O°. By invariance under G, this will again imply that 0 ;0% nIcp is the same singleton
{a%}, and we are done.

Let us assume without loss of generality that j = 1. Denote the left itinerary of ;0% by
(Q1,Q2,Qs3,...). The left coast of ;0% starts with a segment of the spine HE,, connecting
Cg, and 16’221@2. Let us pick a pair of power-triples R_, R, € Tsq such that the critical points
104, . and (O . form a small open interval neighborhood J ¢ Hp, of {C%, ,,. Let B.
be the spines of generation ()1 + R, attached to ;%) p that are combinatorially closest to

L HE Let R:= Q1 + max{R,, R_}. By Lemma 5.5.12, every connected component of I.r

Q1,Q2°
is unbounded and thus the union Ju B, u B_ u Iy separates 9;,0%\;Hg, from H. This
observation implies that df ;0% nI.p is indeed compactly contained in O°. ]

The alpha-points ;a%§*® can be viewed as preimages of infinity under the map FISl. They

are unique in the following sense.

Lemma 5.6.13. Two alpha-points Ja;" and J,ozgio coincide if and only if J =J', m =10,
e=o0, and S=5"

Proof. Suppose ;ag® = ,ag’. Clearly, [S] = [S"|. Let us write S = (Py,...,P,) and 5" =
(Q1,...,Q), and pick a power-triple R € T such that

max{P +...+ P, 1,Q1+...+Qr_1} < R<]|S|.

Y and o, where, since they are

|S|-R |S"|-R

equal, e =o. If (J;m,S) # (J',0,5), then this would imply that Ay g is a critical point of

FZ which is not the case. ]

Pushing forward by FF yields a pair of alpha-points «

Consequently, if two disjoint spines touch at a common alpha-point, then they are rooted
at a common critical point. This guarantees a more precise tree structure of F~7(H) in terms

of spines. For convenience, we will call H the unique spine of generation 0.
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Corollary 5.6.14. Consider two distinct spines ; ;JHg" and ; Hg® with |S| > ]5"|.

(1) If the intersection ; ;HG® 0 ; HG® is non-empty, then it is either the singleton { ;C'%}
or the se , sy t. The former case happens if and only if , Hg® contains ,
the set { ;C%, ;a5 }. Th h f and only if ; ;HG® contains ;C'

and the latter case happens if and only if (J,m, e, S) = (J',0,0,57).

(2) There is a unique sequence of pairwise different spines

Bl = J’jH;7.’ B2’ ey BTL*17 BTL = Jl’j/Hg;o
such that B; intersects By if and only if i —d'| < 1.

Given an alpha-point « = Ja;", we define

> a finite skeleton landing at o to be the union of a spine JJ-H;" together with the unique

closed quasiarc in F-ISI(H) connecting ;C'% to 0;

> an infinite skeleton landing at « to be the union of 97 ;,OF* for some k € {I,7} together

with the unique closed quasiarc in F-ISI(H) connecting the root of 9 MO;" to 0.

In short, skeletons landing at « are the shortest paths from 0 to o within the tree of preimages
of H. There are exactly d, skeletons landing at «, and precisely two of them are finite.
The set of skeletons admit a total order “<* defined as follows. Let us fix a ray v in H

connecting 0 to co. Given two distinct skeletons G and &,

> we write & < &' if 7, &, and &’ have a counterclockwise orientation around the quasiarc

6 n@’, and

> we say that © and &' are <-separated if there is another skeleton &” such that either
6<8"<G or 6<6"<6.

We say that two alpha-points o and o’ in the same ocean O® are <-separated if
> there exists an alpha point o’ € O® with generation lower than that of o and o', and

> there exist skeletons &, &' , &” landing at «, o', o respectively such that & and &’
are <-separated by G”.

Let us introduce another partial order on the set of alpha-points. Given two alpha-points

«a and o' in the same ocean,
> we write o < ' if o' is contained in the closure of a lake attached to «, and
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> we say that o and o' are <-separated if o and o’ are contained in two distinct lakes

with a common alpha-point.
The following proposition describes the relation between “<“ and “<*.

Proposition 5.6.15. Consider two distinct alpha-points o and o of generations P and P’

inside of the ocean O° for some o € {0,00}. Assume P < P'. The following are equivalent.
(1) a<a
(2) « and o are not <-separated by another alpha-point ' of generation < P;
(3) a and o/ are not <-separated.

Proof. Suppose (1) holds. Then, « is the alpha-point of a lake O containing o/, which implies
(3). Meanwhile, (2) follows from the observation that any alpha-point o <-separating a and
o’ must be contained in a proper sub-lake of O, which necessarily has generation higher than
P.

Suppose (1) does not hold, so o’ is located outside of every lake with alpha-point a. Let
us pick any skeleton &’ landing at o', and let &; and &, denote the left and right infinite
skeletons landing at « respectively. The assumption implies that either &; <-separates &,
and &', or G, <-separates G; and &’. Without loss of generality, let us assume the latter.

Denote by (¢,1,¢r2,...) the infinite sequence of critical points of F¥ of increasing gener-
ation that is found along &,. Let o, ; denote the alpha-point that is the landing point of
the unique spine attached to ¢, ; that intersects G;. It has generation P,.; where P,.; < P and
P,.; - P as i - oo. Since the intersection &, N &’ is a compact subset of Dom (F?), then for
any sufficiently large ¢ > 0 and any skeleton &, ; landing at «,.;, &, N &' is a proper subset
of 6, nG,,;. Therefore, G, ; <-separates &, and &', and so a and o' are <-separated by a.;.

We have just shown that (1) and (2) are equivalent. Suppose (1) and (2) do not hold. We
will now prove that (3) also does not hold.

Let us consider the unique spine B such that a and o’ are contained in the closure of
different components of (& u &’)\B. We claim that the generation () of B is less than P.
Indeed, if () = P, then « is the landing point of B and so there exists a lake with alpha-point
a which contains both &’\& and o’/. However, this would instead imply (1).

Let O and O’ denote the pair of lakes of generation () such that their coast contains B
and G\6&' c O and 6'\& c 0. If O and O’ are distinct, they lie on different sides of B and
so a and o' are <-separated by the landing point of B.

Now, suppose instead that O = O'. Consider the roots ¢ and ¢ of G\B and &'\B

respectively. Within the closed interval [¢,¢’] ¢ B (possibly degenerate if ¢ = ¢’), we can find a
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unique critical point ¢ of the smallest generation P such that @ < P” < P. In fact, P" # P
because if otherwise, &’\& would have been contained in a lake attached to ¢, and so o < o/
instead. Since [¢, '] does not contain any critical point of generation lower than P, then
S\&’ and &’\G are contained in distinct lakes of generation P” attached to ¢”. Thus, the

alpha-point o' € o) corresponding to ¢’ must <-separate o and «o'. O

5.6.4 External chains

Let us pick a power-triple P € T5y and e € {0,00}. Let O*(P) denote the unique lake of
generation P inside of the ocean O® that contains 0 on its boundary. Then, the coast of O*(P)
intersects H on some interval J c H containing 0 on its interior. (In fact, J is independent of

e.) Let us denote by a*(P) the unique alpha-point in 0O*(P). By self-similarity,
O*(t"P) = AZ(0*(P)) forallneZ

and
Jost"P)=0-°. (5.6.4)

n<0

Let us denote by I:p the intersection I.p N O*® for e € {0, 00}.
Lemma 5.6.16. For every e € {0,00} and P,Q € Tso with P < Q,
(1) Itp is connected;
(2) EQ\Lp is bounded;

every connected component of 1L\ p is a lift of a component of 1.g_p under F¥'; it is

3 ted t of Lo\LSp is a lift of t of I.g der FF; it i
contained in a unique lake O of generation P and its boundary contains the alpha-point
of O.

Proof. Consider a component I of I3 . It intersects O*(t*P) for some maximal k € Z. By
Lemma 5.5.12, since [ intersects O*(t"P) for all n < k, then it contains the alpha-point
a*(t"P) which is the alpha-point of O®(t"P) for all n < k. Therefore, I is connected.

Let us consider a connected component X of IZ5\IZp. Since X avoids a*(t"P) for all
n << 0, it must be contained inside of the lake O*(t*P) for all n «< 0, and so X is bounded.
Since X avoids F~P(H) and alpha-points of generation P, L is contained in a unique lake O
of generation P. The map F” sends O conformally onto an ocean O° for some o € {0, 00},
hence F¥(X) =I2,_p. By unboundedness, X must be attached to the alpha-point of O. [

Definition 5.6.17. Consider two alpha-points o and o’ in the same ocean O® with generation

P and P’ respectively, and suppose P < P’ and « < /. We define the external chain [, a'] to
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be the set of points in I?p, that are inside the closure of the lakes attached to a and outside

of any lake that does not contain o/.

Lemma 5.6.18. For any triplet of alpha-points o, o', o’ with a < o’ < o,
[a, ' ]n[a,a"]={a'} and [a,a']uld,a"]=[a,a"].

Proof. The first equation follows from the fact that o’ is a cut point with respect to the
“<“ ordering. The inclusion [, /] U [/, o] c [a, "] is obvious. Consider a point x in
[, o \[er,’]. We know that x is within a lake attached to «. If z is inside of a lake that
does not contain o/, then this lake avoids all lakes attached to o’ and in particular does not

contain o' as well, which is a contradiction. Therefore, x € [a/, a"]. O

For P € T,, we say that the critical point Cp on H is dominant if the interval [0,Cp] c H
does not contain any critical point of generation less than P. We will enumerate dominant

critical points by {Cp, }ncz where { P, },cz is monotonically increasing in n.
Lemma 5.6.19. Foree{0,00}, ...<a} <a} <ap <ap <ap <...

Proof. Suppose for a contradiction that a$ £ o3  for some e € {0,00} and n € Z. By
n n+1

Propositon 5.6.15, there is an alpha-point a € O® of some generation P less than P, which

<-separates ap, and ap . Then, a is contained in the closure of a lake attached to a critical

point Cg € H of some generation () < P. By <-separation, Cg is contained in the interval

(Cp,,Cp,,,) c H. However, this would contradict the assumption that Cp, and Cp,,, are

dominant. n

Consider the concatenations

0 _ 0 0 oo _ oo oo
R - U [aPn7aPn+1] and R - U [aPn7aPn+1]7

neZ neZ

which we will refer to as the inner and outer zero chains respectively.
Proposition 5.6.20. For e € {0, 00},

(1) R* is A.-invariant;

(2) R* is an arc landing at 0;

(3) alpha-points are dense on R*;

(4) points on R* are continuously parametrized by their escaping time ranging from 0 (near

00 ) to +oo (near0).
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Let us clarify the last statement. For P € R,o\T, we can define the P escaping set to be

I<P = m I<Q

QeT,Q>P

The escaping time of a point x in I.., is the minimum time P € R, such that z € I.p.

Proof. To lighten the notation, we will denote a3, := aj, and J3 :=[a5, a5, ] for all e € {0, 00}

and n e Z.

By definition, Cp is dominant if and only if Cyp = A, (Cp) is dominant, so there is some
integer k > 1 such that tP, = P, for all n € Z. Therefore, A, maps each of [O‘/Zn—l)k’ al, ]
onto [a;k,azml)k]. This immediately implies items (1) and (2).

Due to self-similarity, it remains for us to show that the external chain J* := [af, a3 ] is
an arc that can be continuously parametrized by their escaping time, and that alpha-points
are dense on J*. We will do so by constructing nested Markov tilings P, for r >0 on J°.

Firstly, we set the tiling Py of level 0 to be {J®}ocick-1. The tiling Py of level 1 is
constructed as follows. By Lemma 2.1.17, for every chain J; € Py, there exist some @); € Ty
and a pair of integers [; and r; such that 0 <; <r; <i and F¥ maps J* homeomorphically
onto the chain [a} ,ap, ]. A tile of level 1 in Py is the lift of a chain J? c [a] ,a? ] under the
map F? : J? > [a},ap,].

For each tile I € Py in J?, there exists some m; € N such that A} sends F@:(I) back
to a tile of level 0. Let O; denote the lake of generation ); which contains [a], . ]. The
composition

X1 = Al o F9: 0; - O° (5.6.5)

expands the hyperbolic metric of O°.

Inductively, we define tiles in P, of level n + 1 to be the preimages of tiles of level n
under maps of the form (5.6.5). Since each map y; is expanding, the diameter of every tile of
level n uniformly exponentially shrinks to zero. Since each tile in P, is an external chain
containing alpha-points, alpha-points are dense on J.

By Lemma 5.6.18, we can enumerate our level n tiles by I, I3,..., I} € P, in increasing
order of generation such that I and I}* touch if and only if |l —i| < 1. As tiles shrink, we
can extend the “<* order to a total order on J* by defining x <y when x € I} and y € I} for
sufficiently high n and some indices ¢, j with 7 < j.

Consider a tile I”" in P, of some high level n, and a composition x := x10x20...0 X5,
of n maps of the form (5.6.5) sending I onto a tile in P,. By (5.5.2), we can write x as
AT o FQ() for some m(n,i) € N and Q(n,i) € Tso. Therefore, the difference in the

escaping time between the endpoints of /7" is at most
t™ ) (P, - By). (5.6.6)
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Since @; > 0 for all i € {0,..., k- 1}, there exists some integer M > 1 independent of n such

that every sequence of M consecutive integers between 1 and n contains an element j, such

that y;, has the scaling factor A, in (5.6.5). Consequently, as n — oo, 1min m(n,i) - oo
<1<8n

and thus the quantity in (5.6.6) tends to zero. Therefore, the escaping time continuously

parametrizes points on J. O

In general, for every alpha-point «, there is an infinite sequence of alpha-points «aq = «,
a_1, a_g, ... of generation decreasing to 0 such that ... <a_5 <a_; < ag. This allows us to

generate the chain

(00, a] = J[an-1, an].

n<0

Corollary 5.6.21. Consider any alpha-point « of some generation P > 0. The chain (oo, «]
is an infinite arc continuously parametrized by the escape time from |P| to 0. Moreover,

alpha-points are dense in (oo, a].

Proof. Suppose first that « is of the form a3, for some P € T, and e € {0,00}. Let us pick
a dominant ay, for some n € Z such that P, > P. There is a unique point z € (oo, a;;n] of
generation B, — P. Then, F»~F maps the arc (x, a;)n] onto (oo, %], which implies the claim.

In general, let a = ;a§*® where S = (P, Py, ..., P;) is the corresponding itinerary. There
exist alpha-points oy, as, ..., a = a such that a; < as < ... < a; and for every i, a; has

itinerary S, := (Py,..., P;). Therefore, we can split (oo, ] into
Ji=(o0,0q], Jo=(a1,0], ... Jp=(ag1,0n]

When 2 < < k, the map F+-+Pi-1 sends .J; homeomorphically onto the chain (oo, a}i] for
some o € {0, 00}. By the previous paragraph, each J; is an arc continuously parametrized by

the landing time. O]
As a consequence, whenever « < o/, the chain [«, /] is a simple arc.

Definition 5.6.22. An external ray is an infinite arc of the form R = U,cz[n, apns1] for

some sequence of alpha-points {a,, } .z where
>y < apyq for all n;
> the generation of o, decreases to 0 as n - —oo;

> there is no alpha-point « such that o, <« for all n € Z.
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The generation of R is the limit of the generation of a,, as n - +o00. For any P € Ty, we

define the image of an external ray R under F? by
FP(R):=F” (RnDom (F")).
We say that R is periodic if FP(R) = R for some P € T..

The zero chains R? and R* are indeed external rays, which from now on will be referred
to as zero rays.

The following corollary is an immediate consequence of Proposition 5.6.15.

Corollary 5.6.23. The intersection of any two external rays in the same ocean is non-empty

and of the form (oo, for some alpha-point c.

5.6.5 Wakes

Consider a critical point ;C'§. For every lake of the form ;;0%* where j is either in {l,r} or
an even number, the map FI¥ sends such a lake conformally onto O°. The zero ray R* lifts

under FI5l: J,jO;J' — O° to a ray segment, which we will label as MR;" where

1 if j=r,
k=11+1 ifjis even,
do ifj=1.

Therefore, we obtain d, ray segments
J,lR;7.7 J72R;7.’ ey J,d.ng. (567)

starting from the alpha-point Ja;’° and landing at the critical point ;R%, labelled in an
anticlockwise order about ;C%. See Figure 5.10. For k € {1,...,d, — 1}, the closure of

xR U 7, RY® bounds a Jordan domain which we denote by ;, Wg*.

Definition 5.6.24. A wake W is a Jordan domain of the form JykW;”. We call ;C% the
root of W and ,a%* the alpha-point of W. The generation of W is |S|. If S is a tuple of
length m, we say that m is the level of W. If m =1, we call W a primary wake. If m =2, we

call W a secondary wake.
Due to the tree structure of I..,, primary wakes are always pairwise disjoint.
Lemma 5.6.25. Consider a wake J,jW;" rooted at a critical point ;C%.
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Figure 5.10: The construction of wakes rooted at Cp when (dy,do) = (3,2).

(1) If F sends ;C% to another critical point ,C3,, then FQ : ; Wg* » ,, ' WZ* is a

homeomorphism.
(2) The map FIS! conformally sends ;;W* onto C\R®.

Proof. (1) follows from the fact that FQ maps ;;Rg" U ;;, ;RS homeomorphically onto
7 Rg" U i Ry, whereas (2) follows from the fact that FISl maps ;;RS* for each j €

{1,...,d.} homeomorphically onto the zero ray R*. O

To reduce notation, let us consider the full wake
] do-l ]
Wy = U1 A )
]:
which is the union of wakes attached to the critical point ;C§* on the same side.

Lemma 5.6.26 (Primary wakes shrink). For every n € Z and every € > 0, there are at most

finitely many primary wakes of diameter at most € rooted at a point on Hn S¥.

Proof. The proof we present below is similar to [DL23, Lemma 5.29]. By self-similarity, it is

sufficient to prove the lemma for n = 0. Let
J_=U_nH, J.,=U,nH, and J:=J_ulJ,.

The maps f. = F(O10) : J_ » J and f, = F(O0 : J_ - J are precisely the first return maps of
F back to J.

Consider the semigroup generated by (0,1,0) and (0,0, 1) and let us label its elements by
0, Qo, Q1, Q... written in increasing order. Then, every critical point on J is of the form

Cy, for some n > 0. Let us fix o € {0,00} and consider the full primary wake W,, := Wo,
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attached to Cg,. For all n >0, W,, is a preimage under F@»~%o of the full wake Wy with the
smallest generation.

Let us pick a curve I'y in Wy connecting a point in W, to the critical point Cg,. Consider
the lift I'_,, of Ty under F¥»~@Qo : W, - W, which connects a point in W,, to the critical
point Cy, .

Claim. There is a sequence €qg, €_1, €_9, ... of positive numbers decreasing to 0 such that
the following holds. If the (Euclidean) diameter of Iy is less than e, then the diameter of

I'_, is less than ¢, for all n > 0.

Proof. 1t is sufficient to prove the claim in the dynamical plane of the corona f,. Let
9 = fay.do 0 be the prototypical Example 4.4.5. It admits a (dp, d« )-critical Herman curve H,
with rotation number equal to that of f,. By Theorem D, g is quasiconformally conjugate to
f+ on a neighborhood of H

We shall do so by applying the local connectivity of the boundary of the immediate basin of

> so it suffices to prove the claim in the dynamical plane of g.
attraction of e of g.

Recall that the critical point of g is normalized at 1 € H,. For k& > 0, we denote
cr = (glu,)"(1). Within the immediate basin of e, let us pick two external rays R; and R,
landing at points on H, that are slightly on the left and right of ¢ respectively. Let us pick a
disk Dy of small diameter bounded by H,, R;, R,, and an equipotential within the immediate
basin of e. Let D_j be the unique lift of Dy under g* whose boundary contains c_,. The disk
D_;. is bounded by ¢g7*(H), a pair of external rays which are preimages of R; and R,., and an
equipotential of an even smaller level. By local connectivity, the Euclidean diameter of D_

shrinks to zero as k — oo. O

Let O_ c O* be the union of all lakes of generation (0, 1,0) whose closure intersects J_,
and let O, c O® be the union of all lakes of generation (0,0,1) whose closure intersects
J.. The maps f, : O, - O°® expand the hyperbolic metric of O°*. Note that for all n > 0,
FOnn-@n : W, - W,, is a restriction of f, : O, — O°. Then, due to the claim, we conclude
that the Euclidean diameter of W,, shrinks as n — oo. ]

The outer boundary of each of the full wakes attached to ;C'% consists of two ray segments,
which we will relabel as
70 . 70 - 70 . 70 - 500, 500 ;00 500
}R; = J,1R;' ) JR;' = J,d.R; ) JR;* = J,IR; ) }R; = J,d.R; :

For every P e T, let P~ (resp. P*) be the first entry of the left (resp. right) itinerary
of the side lake ;0% (resp. ,0%). Both P~ and P+ are characterized by the property that
(Cp-,Cp+) c H is the maximal open interval in which the only critical point of generation
<Pis Cp.
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Lemma 5.6.27 (Combinatorics of primary wakes). Given P € Tsy and e € {0, 00},
(1) both "R%_ and "R, contain af;
(2) the closure of W% u W4 u W4, is a neighborhood of o ;

(3) the ray segments "R and "R$ can be presented as infinite concatenations of ray

segments
i = [ab 0 | U [0 00| [ 0] o
where
“Rbn "R = [ab,abe ]|, and foriz1, *Rpn"RY, = [ags.af. |

4) the sequences of alpha-points {a?,., and { o _ tend to Cp as i — oo.
q pha-p o .
1> i Ji>

i

See Figures 5.11 and 5.12.

Proof. The left coast of ;0% is contained in ; W%_ because it starts with a segment of the
spine {HY%_ rooted at Cp- and is disjoint from the external rays landing at Cp-. Since the
left coast of ;0% lands at the alpha-point o%, the boundary of the wake ; W9%_ must contain
a%. The treatment for the other side lakes of C'p is analogous, and this implies (1).

We have established that «af is in the boundary of each of W, W4%,_, and W4.. By
Corollary 5.6.23, there exist alpha-points o/, a_, and «a, such that

o <ap, ap<a., ap<ay
and
+ ° - ° _ ! ° + ° - o _ ° + ° - ° _ °
p N "Ry =[a’, 0], p- N Rp=[ap,a], "Rpn"Rp: =[ap,ay].

Therefore, the union of W$,_, W%, and W4, form a neighborhood of a$, thus proving (2).
More generally, we have just shown that every primary alpha-point is the meeting point of
exactly three distinct primary full wakes.

Let us prove (3) and (4) for "R%. The treatment for "R$, is analogous. Let us define
Q7 € T to be the unique smallest moment greater than P such that Cgq; is contained on
the interval (Cp-,Cp) c H. Then, based on the previous paragraph, the alpha-point a_
must be equal to 0422I because it is the meeting point of "R%,, "R%_, and the boundary of
a primary full wake, which is W? - Similarly, +R.QI and "R} meet along a ray segment

[O‘ZQ;’ O‘Zg;] for some Q5 > Q7. Inductively, we obtain the desired increasing sequence {Q; },
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Figure 5.11: A cartoon picture of the structure of wakes when (dy,dw) = (3,2). See Figure
5.12 for a more realistic picture.

of power-triples. It remains to show that the corresponding sequence of alpha-points O‘Z?Q
indeed converges to Cp.

By Proposition 5.6.20, there exists an alpha-point a on "R, close to Cp, which is the
alpha-point of some primary full wake W where () > P. Since there are at most finitely
many critical points on H of generation less than @) between C and Cg., the ray segment
[abI,ab] intersects the boundaries of at most finitely many primary wakes. Therefore,
Q = @Q); for some 7 € N. Since a can be picked to be arbitrarily close to Cp, then ab; indeed

converges to Cp. m
Corollary 5.6.28 (Tiling of wakes).
(1) Primary wakes fill up the ocean: for e € {0, 00},

O°c U “_7;3.

PGT>0
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At soa

Figure 5.12: An approximate picture of the dynamical plane of F, when (dy, ds ) = (3,2) and
f is the golden mean irrational. This figure is obtained from the magnification of the Julia
set of the rational map fso in Figure 1.1 around a point on its Herman curve. The Herman
curve H of F, is colored red and some external ray segments are displayed in blue. These
external rays are the boundaries of the primary wakes attached to four critical points on H.
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(2) The closure of a wake ; ;Wg* is the union of spines ;o; \Hg" and ;5 HY" and the

closure of all full wakes rooted at critical points on any of these two spines.

(3) For every z € I.o, and m € Ny, there are at most three disjoint full wakes of level > m

containing z on their boundaries. The union of these full wakes forms a neighborhood

of z.

Proof. To prove (1), let us assume for a contradiction that there is a non-empty connected
component X of O*\Up W$. By Lemma 5.6.27, X intersects some point  on H. There
exists two sequences of power-triples {Q,} and {T,} such that for all n € N, the primary
wakes Wz?n and W7, touch, the union H UW—EQ"UW—;F” encloses a unique disk D,, containing
X, and the corresponding roots Cq, and Cr, converge to x as n - oo. By Lemma 5.6.26,
the diameter of D,, tends to 0 as n — oo, which implies that such X cannot exist.

Item (2) follows from pulling back the tiling of wakes in (1) by the map FISl on ; W§*.
We have thus shown that wakes of a fixed level tile each of the two oceans, and every point in

the ocean is contained in the closure of at most three wakes of the same level. This implies
(3). O

Lemma 5.6.29. Let us equip C\H with the hyperbolic metric py. For every P e Ts,

(1) the map FF: WH\F-P(H) - C\H is uniformly expanding (with respect to py) with a
factor independent of P;

(2) the hyperbolic diameter of every wake of level two is at most some uniform constant

independent of P.

Proof. For all P €T, let pp be the hyperbolic metric of C\F~7(H). To prove (1), it suffices

to show that the inclusion map
v+ (C\F"(H), pr) — (C\H, po)

is uniformly contracting on W\F-7(H).

Clearly, ¢ is uniformly contracting on W% minus a small neigborhood of Cp because this
region is a compact subset of O°. The uniform contraction of ¢ on a neighborhood of Cp
follows from the asymptotic self-similarity of H and O0W?$, near Cp induced by pulling back
A,-invariance near 0 by F¥ : Cp ~ 0. One may refer to [DL23, Lemma 5.33| for further
details.

Item (2) follows from essentially the same argument. By compactness, every secondary
subwake of W, has uniformly bounded diameter away from a neighborhood of Cp. Near Cp,

the claim again follows from the asymptotic self-similarity at C'p.
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Lastly, the bounds in both claims are independent of P because every full wake can be

mapped to a full wake W5, for some o € {0, 00} for all sufficiently small @ € Tsy. n
Lemma 5.6.30. Any infinite sequence of nested wakes shrinks to a point.

Proof. Let us define a holomorphic map x sending level two wakes to level one wakes as
follows. Given a critical point ¢ of F20, let W (c) be the union of all wakes rooted at c.
Consider a secondary critical point ;C% ), which is contained in W(Cp). The map F”
sends W (;C%, ) univalently onto W (Cq). Let T'€ T be the smallest power-triple such that
Q- T =t"P for some n € Z. Then, x := A7 o FP*T sends W (;C},) univalently back onto
W(Cp). By Lemma 5.6.29 (1), x must be uniformly expanding on W (;C% ) with expansion
factor independent of P.

Now, consider an infinite sequence of nested wakes W7 o W5 > W3 o ... where each W, is

of level n. By Lemma 5.6.29 (2), there is a uniform constant C' > 0 such that for all n > 3,
diam,, (x"*(W,)) < C.

Since y is uniformly expanding, the hyperbolic diameter of W,, tends to 0 exponentially fast

as n — o0o. O

5.6.6 The structure of I., and X

Using wakes, we will show in this final subsection that the finite-time escaping set consists of

topologically tame external rays.
Corollary 5.6.31. Every external ray lands at a unique point.

Proof. Let X be the accumulation set of an external ray. Since the boundary of every wake
is made of ray segments, then for every wake W, either X c W or X c C\IV.

If X intersects H, then by Corollary 5.6.28, X must be contained in H. In general, if X
intersects F~(H) for some P € T, then X c F~P(H). Since the roots of wakes are dense in
F-P(H), X must be a singleton.

Suppose X is disjoint from F~F(H) for all P. Then, X is contained in an infinite sequence

of nested wakes which, by Lemma 5.6.30, implies that X is a singleton. O]

We say that two points z and y in I.p are combinatorially equivalent if there is no alpha-
point « such that x and y belong in distinct connected components of I.p\{a}. Combinatorial

equivalence is an equivalence relation in I...
Corollary 5.6.32.
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(1) Every combinatorial equivalence class in I.., is a singleton.
(2) .o is dense in C and has empty interior.

(3) For every P € Ry,

Proof. Consider a point x in I.p. There are two cases. If x is contained in some chain (oo, «]
for some alpha-point «, then the triviality of the combinatorial class follows from Corollary
5.6.21. Now, suppose x is not contained in any external chain. By Corollary 5.6.28, x is
contained in an infinite sequence of nested wakes. Then, the triviality of combinatorial class
of x follows from Lemma 5.6.30.

Suppose for a contradiction that the interior of I.., is non-empty. Any connected
component of the interior would be contained in a single combinatorial equivalence class, and
this would contradict item (1). By Corollary 5.6.28 and Lemma 5.6.30, wakes of any fixed
level tile the plane and any nested wakes shrink to points. Since 1., intersects the closure
of every wake of every level, then I.. is dense in C. This proves item (2). Lastly, item (3)

follows directly from item (1). O

Since the finite-time escaping set is a subset of the Julia set, the corollary above immediately

implies the following.
Corollary 5.6.33. The Julia set of F is the whole plane: J(F) =C.

Remark 5.6.34. Let us present an alternative proof of Corollary 5.6.33 that is independent of
the entirety of this section. By Theorems 4.5.2 and 5.2.7, the critical value ¢1(f,) of f, is a
deep point of the non-escaping set of the corona f,. Magnifications of the iterated preimages
of the Herman quasicircle of f, about ¢;(f,) converge to the whole plane exponentially fast in
the Hausdorff metric. As we pass to the corresponding dynamical plane of the transcendental
extension, 0 is a deep point of the iterated preimages of H under F = (f.). By self-similarity,

the iterated preimages of H must be dense in C, so its closure J(F) is equal to C.

Let us end this section with a discussion on the dynamics of F outside of 1., and the
grand orbit of H. Consider the set

X :=C\ (I«x, Y FP(H)).

PeT

Note that X contains the infinite-time escaping set I, = I, (F,) of F,.
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Every point z in X is characterized by the property that for all P € T, F¥(z) is contained

in a unique primary wake. Consider the holomorphic map
F:X->X, F(2)=Fl(2) if 2e WOUWS, (5.6.8)
Thus, every point in X is subject to infinite iteration of the map F.

Definition 5.6.35. For every point z in X, the complete address of z is an infinite tuple
(Wo, W1, W, ...) where for every n > 0, W, is the primary wake containing the unique
point F7(2). The (incomplete) address of z is the infinite tuple (Py, Pi, Py,...) € TN, where
P, is the generation of W,,.

We say that an element (P, P,...) of TV, is admissible if

i P, = .
n=0

Moreover, we say that an infinite tuple of primary wakes is admissible if the corresponding

tuple of generations is admissible.
Proposition 5.6.36.

(1) An infinite tuple of primary wakes is admissible if and only if it is the complete address

of a point in X.
(2) Two different points in X always have distinct complete addresses.

Proof. Given a point z € X, if the sum of its incomplete address were finite, say ) € Ry, then z
would have escape time @) instead. Conversely, consider any admissible tuple of primary wakes
(W, W1, W,,...). Consider the sequence of nested wakes W{ := Wy > W/, > W/ 5 ... where
for n >0, W/, is defined inductively by the lift of W,, under Fo+l lw: . The intersection of such

nested wakes is precisely the set of points admitting the complete address (Wo, W1, Wy, ...),

and according to Lemma 5.6.30, it is a singleton. [
Corollary 5.6.37. X is a dense, totally disconnected subset of C.

Proof. X is dense because its complement has no interior. By Proposition 5.6.36 (2), two
distinct points in C\IL.., have different complete itineraries and thus belong in disjoint wakes

of sufficiently high generation. This implies the total disconnectivity of C\I.,. O]

For R > 0, define the large radius “non-escaping* set of F by
Rp={2€¢C\L : [F(2)| > R for all PeT}.
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Whenever R’ > R > 0, we have
ﬁpu c ﬁpb cX.

We say that (Py, Py, Ps,...) € TV, is bounded by T € T if P, < T for all n.
Lemma 5.6.38.

(1) For any high R >0, there exists some Qg € Tsg such that Qg — 0 as R - oo and that
every point z in Kr has address bounded by Qg.

(2) For any Q € T, there is some Rg >0 such that every point in X with address bounded

by Q is contained in Kp, .

Proof. Let us fix R >0, and let Qg € Ty be the smallest power-triple such that all primary
wakes of generation Qg are contained in the disk Dg := {|z| < R}. (This quantity exists due
to Lemma 5.5.7.) Consider a point z in X and let (P, P, P,,...) be its address. If P, > Qr
for some n € N, then z is eventually mapped into a wake of generation ()r, which is contained
inside of Dg. This implies (1).

Next, let us fix @) € T5, and let Rg > 0 be such that all primary wakes of generation
< @ are disjoint from Dg,. Suppose that F”(z) is in Dg, for some P € T. Then, FF(z) is

contained in a wake of generation greater than ). This implies (2). ]

In the next section, we are interested in the infinite-time escaping set as well. For F = F,,

this set can be described as follows.

Corollary 5.6.39. The infinite-time escaping set 1o, of F is the set of points in X whose
address (Py, Py, Ps,...) satisfies P, > 0 as n — oo.

Proof. Consider a point z in X with some address (P, Pi, Ps,...). If z € I, then given any
R >0, F*(z) must be in &5 for all sufficiently high n. By the previous lemma, (P, Pos1,...)
is bounded by Qg where Qg — 0 as R — oo. Conversely, if P, — 0 as n — oo, then for all
n, (P, Pni1,-..) is bounded by some @, € Tso where @, — 0 as n - co. By the previous

lemma, F"(2) is contained in Rg, where Rg, — oo as n — oo, thus z is contained in I.. [

5.7 The escaping set I(F)

In this section, we will discuss the topology and rigidity of both the finite-time and the
infinite-time escaping sets of a cascade in W". Our eventual goal is to prove the first half of
Theorem K. In the proof, we will apply the external structure of the renormalization fixed

point F, addressed in Section 5.6, and adapt an argument by Rempe [Rem09| to show that
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the set of points in the full escaping set that remain sufficiently close to co under iteration

must move holomorphically with dilatation arbitrarily close to zero.

5.7.1 Invariant line field

We say that a corona f:U — V admits an invariant line field supported on a completely
invariant set E c C if there is a measurable Beltrami differential u(z)% such that f*p=p
almost everywhere on U, |u| =1 on a positive measure subset of E, and p = 0 elsewhere.

Similarly, we say that F € W" admits an invariant line field supported on a completely
invariant set E c C if there is a measurable Beltrami differential pu(z)% such that (FP)" p = p
almost everywhere on Dom (F?) for all P €T, |u| =1 on a positive measure subset of £, and
u =0 elsewhere.

We would like to emphasize that the latter is stronger than the former. Given a corona f
in W and its associated cascade F, an invariant line field p of F induces a sequence of line
fields p_,, invariant under R~ f for all n > 0.

In classical holomorphic dynamics, the absence of invariant line fields is equivalent to
the triviality of deformation space associated to a single holomorphic map. This principle

remains valid for cascades in the unstable manifold.
Proposition 5.7.1. Suppose F € W* admits an invariant line field p.

(1) There exist a holomorphic family { Gy }ep in W and a holomorphic family of normalized
quasiconformal maps {¢; : C = Clip such that Gy = F and F=Y is quasiconformally

conjugate to G3° via ¢;.
(2) The support of p is equal to the set of points at which the conjugacy ¢, is not conformal.

(3) Suppose F is in Wy, let f e W _ be the associated corona, and let f_, :== R™(f) for

n>0. For each n >0,

(a) there exist a holomorphic family {g_n}wep i Wi, and a holomorphic family
of quasiconformal maps {¢_n: : V = V}wep such that g_no = f-n and f_, is

quasiconformally conjugate to g_,; via ¢_p4;
(b) Rg-n-1t=g-ns for all t €D,
(¢) G¢=F for allt if and only if g-nt = f-n for all t.
Proof. A standard application of the measurable Riemann mapping theorem gives us the

desired holomorphic family {G;}p, but a priori we do not know whether this family lives in

W?*. To fix this issue, we shall descend to the realm of coronas.
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By anti-renormalizing, let us assume without loss of generality that F is in W .. Pick a
pair of integers m,n > 0. Let us project p to the dynamical plane of f_,,_,, and obtain an
invariant line field p_,,—, of f_,,_,. Then, we integrate tu_,,_, for every ¢t € D to obtain a
Beltrami path {f_,,—nt }tep of coronas in a neighborhood of f,. Let us renormalize m times to
obtain a new path f_(gz = R™f_m-ns about ffo()] = f_,. When [t| < 1, f_(;'ft is quasiconformally
conjugate to f_, with uniformly bounded dilatation. Therefore, we can take a limit as m — oo
and obtain a holomorphic path g_,; of infinitely anti-renormalizable coronas.

For sufficiently small € > 0, the limiting path {g_p }y< lies in the local unstable manifold
W

corresponds to the desired holomorphic path {G;} in Wy,.. Let us elaborate on the last

and it satisfies the relation Rg_,-1¢+ = g-n¢ for all n > 0 and ¢. In particular, {go.}

property (3) (c). Recall from Section 5.4.1 that Gy is constructed as the “union” of analytic
extensions of rescalings of g_,,; across all n <0. Thus, G, is a trivial family if and only if g_, ,

is trivial for all n, but by (3) (b), this occurs if and only if g_,, is trivial for some n. O
Lemma 5.7.2. The renormalization fized point ¥, admits no invariant line field.

Proof. Suppose for a contradiction that F, admits an invariant line field pu. By Proposition
5.7.1, the invariant line field induces a family {G;};p in W" where Gq = F,, together with
quasiconformal maps h; : C - C conjugating F, with G, for all ¢t € D. Each of G; induces a
rotational corona ¢g; with rotation number 6, which, by Theorem 5.3.9, implies that ¢g; must
also be on the local stable manifold. Therefore, g; = f, and the family Gy is trivial. For every
t, hy commutes with F, along the Herman curve H of F,. As such, h; is the identity on H,
and so on the iterated preimages Up F~(H) of H as well. By Corollary 5.6.33, the closure of
iterated preimages of H is C, so h; is the identity map on the whole plane. This contradicts

the assumption that the support of p has positive measure. O

5.7.2 The finite-time escaping set

Let us fix
T = min{(0,1,0), (0,0, 1)}.

Lemma 5.7.3. There is a unique equivariant holomorphic motion of Iy (F) over some
netghborhood U of F,.

Proof. By Lemma 5.5.6, the set of critical values CV (F7) of FT moves holomorphically
within a small neighborhood of F,. By Lemma 5.4.8, there is a small neighborhood U of F,

and some point x € C such that = belongs in the interior of U_(F') and does not collide with
CV (FT) for all F e 4. Moreover, F~%(x) moves holomorphically with F e/ for all S<T.
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Given Q, S € Tsg, if Q < S < T, then F~9(z) is disjoint from F~?(x) because every point
is mapped by F$ and F? to different tiles of the zeroth renormalization tiling of F. Hence,
Us<r F~9(z) moves holomorphically and equivariantly with F € U. By the A-lemma, this
holomorphic motion extends to the closure. Then, by Corollaries 5.6.32 (2) and 5.5.14, I.7(F)
has no interior and moves holomorphically and equivariantly over U.

Let us show that the motion 7 of I.7(F') obtained above is independent of x. Let us pick
another point y = y(F) € C\CV(F') which depends holomorphically on F € U. By shrinking
U, we can connect = and y by a simple arc [ = [(F) which is surrounded by an annulus
A =A(F) c C\CV(F). Every preimage of [ under F7 is separated from I.(F) by a conformal
preimage of A. Therefore, any sequence of preimages of [ under F7 which accumulates at
a point in I.p(F) necessarily shrinks in diameter. As a result, the holomorphic motion 7
coincides with the motion of F-7 (y(F)).

Finally, let us show that the equivariant holomorphic motion 7 of I.;(F) over U is
unique. Suppose there is another equivariant holomorphic motion 7/ of I.7(F'). Pick any
S € Tso where S < T and consider the motion y(F) of a point in I.5(F) induced by 7.
By equivariance, F~(T=%) (y(F)) moves holomorphically by 7/. However, since I.;_g(F) is
contained in the closure of F~(T=%)(y(F)), then 7 and 7’ coincide on I.y_g(F) for all S € Ts,.
By Corollary 5.6.32 (3), 7= 7. O

Definition 5.7.4. We say that a holomorphic motion of a set E' c C is a conformal motion if

its dilatation on F is zero.

Theorem 5.7.5. For every F e W*, 1. (F) has empty interior and supports no invariant line
field. For every P € Tsq, on every connected component of the open set {F e W" : 0 ¢ I.p(F)},

there is a unique equivariant holomorphic motion of I<p, and this motion is conformal.

Proof. Let us fix P € T, and consider the set Qp:={FeW" : 0¢ I.p(F)}. If P<T, then
clearly the neighborhood U of F, from Lemma 5.7.3 is contained in p. Else, if P > T, then
F € Qpnl if and only if FP-7(0) ¢ I.7(F), which is an open condition because I.; moves
holomorphically over U. Therefore, 2p NnU is open for all P.

If F e QpnU, we can obtain the unique equivariant holomorphic motion of I.p by pulling
back the holomorphic motion of I.; via FF~T. Otherwise, we can pick a sufficiently large
n € N such that F_,, is in U. Clearly, F € Qp if and only if F_,, € Q¢np, so Qp is always an
open subset of W* on which I.p(F) moves holomorphically and equivariantly. The dilatation
of the motion of I.7(F) over U goes to zero as F - F,. Therefore, for every F € Qp, we can
take an arbitrarily high n to ensure that the dilatation of the motion of I.; at F_,, and hence
that of the motion of I.¢-np at F as well, are arbitrarily small. Pulling back via FFt"T does

not affect the dilatation, so the motion of I.p is indeed conformal over €2p.
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By Corollary 5.6.32 (2) and Lemma 5.7.2, I¢np(F_,,) has empty interior and supports
no invariant line field of F_,,. Therefore, I.p(F) also has empty interior and supports no

invariant line field of F. O

In the study of dynamics of transcendental entire functions g : C - C, a fundamental
yet highly non-trivial result is the fact that the escaping set I(g) of ¢ is non-empty |[Ere89;
Dom98|, and as a consequence, the Julia set of g is the closure of the boundary of I(g).

Similarly, we have the following.

Corollary 5.7.6. For all F € W, the finite-time escaping set I.o(F) is non-empty and
J(F) = 1. (F).

Proof. Pick any F € W". From the previous theorem, there exist some small P € T,y and
some open neighborhood U ¢ W* of F, containing F in which the P* escaping set moves
holomorphically. Therefore, I.p(F) is clearly non-empty.

Consider any open disk D c C disjoint from I..,(F). By Montel’s theorem, since 1., (F)
contains more than two points, then {F”: D — C\L...(F)}p forms a normal family. Thus,
such a disk D is necessarily contained in F(F). In particular, any open disk centered at a
point in J(F) must intersect 1., (F). O

5.7.3 The infinite-time escaping set
For R >0 and F € W", define
Jr(F) = {2 e C\L.u(F) : [F°(2)|> R for all PeT}.

The forward orbit of every point in J(F) nI.(F) is eventually contained in Jg(F). The

following lemma is inspired by [Rem09].

Lemma 5.7.7. For every F on a neighborhood U ¢ W).. of F,, there exists a totally
disconnected subset A(F) of C\I..(F) with the following properties.

(1) A(F) is forward invariant under F=0.
(2) There is a unique equivariant holomorphic motion of A over U.
(3) There exists some R>1 such that A(F) contains Jr(F).

Proof. In the dynamical plane of F,, every point in the forward orbit of a point in Jz(F,) must
be contained in a wake of sufficiently low generation in order to avoid the disk Dg := {|2| < R}.

We consider all such points and define A(F,). In the proof below, we apply the motion of
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the finite-time escaping set from the previous subsection to show that A(F) can be defined

naturally via a unique holomorphic motion. The proof will be broken down into four steps.

Step 1: Construct truncated wakes which move holomorphically.

Let us pick r > 0 such that all primary wakes of F, of generation at most T :=
min{(0,1,0),(0,0,1)} are compactly contained in the domain V := C\D,. Let us enumerate
primary wakes of F, of generation at most 7' by {W,};; for some countable index set I.

Denote the generation of each wake W, by P,. For every ¢ € I, consider the truncated wake
VAVi = Wz N F;PZ (V)

obtained by removing from W, a small neighborhood of the critical point Cp, that gets
mapped to D,.
For each e € {0, 00}, there exists a unique point z* on the intersection of OV and the zero

ray R* such that the external ray segment
R’ - (00,2°) c R®

is contained in V. The ray segments R° and R* are contained in I.o(F,) where @ is the
maximum of the escaping times of 20 and z*°. By Lemma 5.7.7, the Q' escaping set I
moves holomorphically and equivariantly on a small neighborhood U of F,. By the A-lemma,
such a motion induces a holomorphic motion of RO(F)UR®>(F)udV (F), which, by shrinking
U if necessary, can be assumed to not collide with CV (F7). This allows us to pull back via
FF for all P <T and further extend this motion to a holomorphic motion of
RY(F) UR®(F) UdV(F) u| JOW,(F)
iel

that is equivariant on 8W,(F) with respect to F¥ for every 7 € I. By A-lemma, this motion
can again be extended to a holomorphic motion ¢, on the whole plane that is equivariant
with respect to FP: on W, (F) for every i e I.

Step 2: Construct A which moves holomorphically and equivariantly.
Consider Vo(F) := Uie; W;i(F) and define the holomorphic map

F:Vy(F) = V(F), F(z)=FF2) for z ¢ W,(F).

This map satisfies a Markov-like property that Vo(F) c V(F) and F sends every connected
component of Vo(F) univalently onto a dense subset of V(F). Note that F, coincides with
the map defined in (5.6.8).
Consider the non-escaping set A(F) of F which is defined by
A(F) = V_n(F) where V_,(F):=F"(Vy(F)).

n>0
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Clearly, A(F) is non-empty and forward invariant under F>°. For F = F,, the set A(F,) is a
subset of the set X defined in Section §5.6.6 and is totally disconnected.

Let us treat the holomorphic motion &y = ®y(F') discussed in Step 1 as a map from the
dynamical plane of F, to the dynamical plane of F. We will apply the pullback argument to
® as follows. For n > 0, let us inductively define the lift of ®,, to be

o, on C\V_,(F.),
R -1 . .
(F|Wi(F)) od,oF, onV_,(F,)nW,(F,) for each i € I.

By equivariance, for all n, ®, is quasiconformal on C with uniformly bounded dilatation

Dy =

and it eventually stabilizes at every point outside of A(F,). Since A(F,) has no interior, ®,,

converges in subsequence to a limiting holomorphic motion ® which is equivariant on A(F).

Step 3: Show that the equivariant holomorphic motion of A is unique.

Suppose ¥ is another holomorphic motion of A(F) on some small neighborhood U c Wy .
of F,. We will use the notation Wg(x) to highlight the dependence of F. Let us pick any
point z € A(F,). By Proposition 5.6.36, there is some (ig,i1,...) € IN such that z is the
unique point with address (ig, 1, . ..), that is, F?(z) lies in the truncated wake W, (F,) for
all n.

Suppose for a contradiction that Wg(x) and ®p(z) are distinct. Then, the address
of Ug(x) is not equal to (ig,%1,...) and, in particular, there is some n € N such that
Fn(Up(z)) lies in a truncated wake other than W; (F). Since the boundary of W; (F)
moves holomorphically and equivariantly, there exists some G € W, . sufficiently close to F,
such that 2/ := G" (Ug(z)) is on the boundary of W; (G). Then, the image v/ := GPin (2)
would lie on RO(G)UR>(G)udV (G), which is disjoint from A(G). However, due to forward

invariance, y/, must be contained in A(G), hence a contradiction.

Step 4: Show that A(F) contains Jg(F) for some R >0 independent of F € U.

It suffices to find R such that for all F e U, every point outside of I.o.(F) u A(F) will be
sent into the disk Dy by F¥ for some P € T.

Let us recall the renormalization tiling A,,(F) defined in §5.5.2. In the dynamical plane
of F,, there exists some sufficiently large N € N such that all primary wakes rooted at
critical points located in Ag(0,F,) uAg(1,F,) are contained in the tile A_y (7, F,) for some
i €{0,1}. Then, every wake of generation greater than 7" is contained in the tiling A_y(F,).
In particular, Vo(F,) is disjoint from A_y(F,).

By shrinking U if needed, the tiling A_x(F) moves holomorphically and equivariantly
over U and always contains C\W. Therefore, for all F € U, every point outside of
I...(F) uA(F) is eventually mapped to a point in C\W, which is eventually mapped to
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another point in FCNOD(A_n(0,F)) uFENLO(A (1, F)), which is contained in the disk
Dpg for some large R > 0 independent of F. m

Theorem 5.7.8. For every F e W", 1.(F) is a totally disconnected subset of J(F) and
supports no invariant line field. Moreover, on every connected component of the interior of
{FeW" : 0¢1.(F)}, there is a unique equivariant holomorphic motion of 1.(F), and this

motion is conformal.

Proof. Let U, A, and R be from the previous lemma. For every F € W", there is some
sufficiently large n € N such that the nt" anti-renormalization F_, lies in U. Since FF =
Ao Fiﬁt_" o A” for all P €T, the set

A (F) = A" (AF-,))

is forward invariant, contains J,,-»z(F), and admits a unique equivariant holomorphic
motion ®_,, over R™"(U). The dilatation of ®_, near F can be made arbitrarily small by
choosing F_,, arbitrarily close to F,, or equivalently, n to be an arbitraily large. In particular,
there is a unique equivariant holomorphic motion of I, (F) nA_,(F) and its dilatation near
F shrinks to zero as n — oo.

Every point in I, (F) is eventually mapped to I (F)nA_,(F). Since A_,(F) is totally
disconnected, then so is I..(F). To show that I.(F) is in the Julia set, suppose for a
contradiction that I, (F) contains a point x in the Fatou set. By normality, points sufficiently
close to x are also attracted to oo, which contradicts the total disconnectivity of I, (F').

On a component € of the interior of {F e W" : 0 ¢ I.(F)}, for F € ©, we can extend the
motion ®_,, by iteratively pulling back the holomorphic motion of I,(F) nA_,(F), yielding
a unique equivariant holomorphic motion ®_, of I.(F). Since we are pulling back by a
holomorphic map, the dilatation of ®_, is equal to that of ®_,. By the uniqueness of the
motion, ® = ®_, is independent of n. Moreover, since the dilatation shrinks to zero as n - oo,
then ® is a conformal motion of I...

Lastly, suppose for a contradiction that I.,(G) supports an invariant line field g of some
G e W". Since I.(F) nA_,(F) moves holomorphically over a neighborhood of F, containing
G for some sufficiently high n, then there is a quasiconformal map ¢ : C - C which has zero
dilatation on I (F.) n A_,,(F) and conjugates F.|i_ (r,)na_,(F.) t0 Gli(c)na_.(a). Consider
p' = ¢*p on I, (F,)nA_,(F) and pull it back via F, to obtain a F,-invariant Beltrami
differential ' supported on I, (F,). Then, p’ would be an invariant line field of F, supported
on I (F,), which is impossible due to Lemma 5.7.2. O
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5.8 Hyperbolic cascades

Definition 5.8.1. We say that a cascade F € W" is hyperbolic if F admits an attracting

cycle of periodic points.

If F is hyperbolic, the critical orbit F¥(0) automatically converges to an attracting
periodic cycle (Proposition 5.5.19) and so F has a unique attracting periodic cycle.

In this section, we will provide a proof the second half of Theorem K as well as a proof of
Theorem J (4). Roughly speaking, we will show that hyperbolic cascades exist and that any

hyperbolic component in W" is one-dimensional.

5.8.1 Expansion

Before we discuss the properties of hyperbolic cascades, let us state a number of classical

properties of the Julia set which we can now deduce from the equation J(F) = I (F) that
we have established in Corollary 5.7.6.

Proposition 5.8.2. Either J(F) =C or J(F) has no interior.

Proof. Suppose J(F') contains an open disk B. Corollary 5.7.6 tells us that I...(F) n B is
dense in B. By Lemma 5.5.13, there is some P € Ty such that FP(B\I.p(F)) is dense in C.
Thus, J(F) is the whole plane. O

For any tangent vector v at a point z in C\'B(F), denote by |v| the norm of v with
respect to the hyperbolic metric of C\P(F). If 2z € B, we set |v| = oo.

Lemma 5.8.3 (Julia expansion). For every point z in J(F)\L.o(F),
H(FP),(Z)H —00 as P —oo.

Proof. Let us fix a point z € J(F)\L.o(F). Without loss of generality, assume that z does
not eventually land on P(F').
For any P € T, let

Pr = Lp(F) UF 7 (B(F)).
The map FP: C\'Bp - C\'P is a local isometry with respect to their hyperbolic metrics. Since

the closure of the union Upcr Pp contains the Julia set (thanks to Corollaries 5.5.14 and
5.7.6), the distance between Bp and z shrinks to 0 as P — oo. Consequently, the distance rp
between z and PBp with respect to the hyperbolic metric of C\'B tends to 0 as P — co. The
inclusion map ¢ : C\'Bp - C\P is contracting by some factor C'(rp) where C(r) - 0 as r — 0.
(FP)'(Z)H >C(rp)™t - 0. O

Therefore, as P — oo,
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Denote by dists(,-) the spherical distance between two subsets of C.

Theorem 5.8.4 (Measure-theoretic attractor). If J(F) has no interior, then for almost every
point z in J(F)\L.o(F),

diste (F(2), B(F) u {oo}) -0 as P — oo.

In other words, almost every non-escaping point in the Julia set is attracted to the

postcritical set.

Proof. Suppose for a contradiction that there exist a positive number € > 0 and a positive
area subset F of J(F)\L.(F) such that for all z € E,

limsup diste (F7(2), B(F) u{oo}) > c.

P—oo

Let z be a Lebesgue density point of E. There is a sequence of power-triples P, such that

P, — oo and y,, := FPn(2) lies in the compact subset
K :={zeC : distg(z,B(F) U {oo}) > c}.

For each n € N, consider the spherical ball B, of radius /2 centered at y,, and let B! be the
lift of B,, under F» containing z.
By Lemma 5.8.3, ’(FP")'(z)H — oo. Since K is compact and Ff»|z has bounded

distortion, the disks B/ must shrink to a point. Since z is a density point of F,

area(B] nE)

1.
n—oo  area(B!)

Therefore, we also have
I area( B, N J(F)\L..(F))
im =

1.
n—>00 area(B,)

Since K is compact, 1, converges in subsequence to some point y € K. Then, the ball B of
radius /2 centered at y must have the same area as B N J(F)\L.o.(F). Since J(F) is closed,
then the ball B has to be contained in J(F). This contradicts the assumption that J(F') has

no interior. N
Corollary 5.8.5. If F e W" is hyperbolic, then J(F)\I(F) has zero Lebesque measure.

Proof. Suppose F is hyperbolic. By Proposition 5.5.19, the postcritical set B (F') is contained
in the Fatou set. The assertion immediately follows from Proposition 5.8.2 and Theorem
5.8.4. 0
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Hyperbolicity is clearly an open condition. An open subset € of W" is called a hyperbolic

component if it is a connected component of the set of hyperbolic cascades in W".

Corollary 5.8.6. Consider a hyperbolic component €& of W". There is a unique equivariant
holomorphic motion of J(F) over F € Q, and such a motion is a conformal motion. For
F e Q, J(F) supports no invariant line field of F.

Proof. For F € €, the critical value 0 is not contained in I(F), and so the assertion follows
from Theorems 5.7.5 and 5.7.8, Corollary 5.8.5, and the A-lemma. O]

This completes the proof of Theorem K. To prove Theorem J, we first need to unravel
further properties of hyperbolic cascades.

One feature of transcendental dynamics that distinguishes itself from polynomial dynamics
is the emergence of wandering domains and Baker domains. If F is hyperbolic, such domains

do not exist.

Proposition 5.8.7. If F € W" is hyperbolic, the Fatou set of F is equal to the basin of the

unique attracting periodic cycle of F.

Proof. Let A denote the basin of attraction of the unique attracting cycle of F, and suppose
for a contradiction that F(F)\A is non-empty. Let us pick a connected component € of
FFNA

Let us pick any point z in 2. By Theorem 5.7.8, I.(F) is contained in the Julia set and
so it is disjoint from €2. Hence, there exist some R > 1 and some increasing sequence of times
Py:=0, Py, P, ... in T such that P, - oo and that each of z,, := F(x) is contained in

K:={zeC:|z|<Rand z ¢ A}.

Let P denote the period of the attracting cycle of F. Since K is a compact subset of
C\B(F), the hyperbolic metric p(z)dz of C\B(F) satisfies

p(z) =1 for all z € K, (5.8.1)

and the hyperbolic distance between any point in K and F~7 (P(F)) u I.p(F) is uniformly
bounded from above. As such, since each of z,, is in K, then there is some constant C' > 1
such that for all n > 1, H(FP)' (xn)H > (. Let us pass to a subsequence and assume that
P,.1— P, > P for all n > 1. By chain rule,

H(FP”)' (x)“ > 1}1) “(FPk+1_Pk)’ (xk)H >C" > 00 asn— oo. (5.8.2)
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Since €2 is simply connected (Proposition 5.5.16) and does not contain any critical point of
F=0, then F/ is univalent on Q for all n. Suppose €2 contains the Euclidean disk D := D(z,¢)
for some € > 0. By Koebe quarter, F»(D) contains the Euclidean disk D(z,,,r,) where

(F") )]

€
T = —
4

By (5.8.1) and (5.8.2), we have

x| @] - 1Y @) <[ @] »

We have just established that F(€) contains the disk D(x,,7,) where |z,| < R and
r, = 00 as n — oo. Therefore, F () converges to the whole plane in the Hausdorff metric,

which is impossible because the Fatou set F(F') is not the whole plane. ]

5.8.2 Superattracting cascades

We say that F € W*" is superattracting if 0 is a periodic point of F20. Superattracting cascades
are clearly hyperbolic.

Lemma 5.8.8 (Density of hyperbolicity at F.). Every neighborhood U c Wi, of the

renormalization fized point F, contains a superattracting cascade.

Proof. Suppose for a contradiction that there is a small neighborhood U of F, in which
for all F € U, we have F'+@(0) + F2(0) for all P € Tsg, @ € T. By A-lemma, this implies
that the postcritical set of F moves holomorphically over Y. In the realm of coronas, the

corresponding neighborhood ¥V c W of f, consists of rotational coronas. By Theorem 5.3.9,

loc
VY must lie in the stable manifold, which is impossible.

Therefore, every neighborhood U of F, contains some G such that GP+Q(0) = G?(0) for
some PeT,pand Q € T. If Q =0, then G is superattracting and we are done. Hence, let us
assume that @ > 0. In this case, G2(0) is a periodic point of period P, and by Proposition
5.5.19, it must be repelling in nature.

Consider any sufficiently small one-dimensional disk &’ about G embedded in U. By
implicit function theorem, every F € U’ admits a repelling periodic point zg of period P such
that g = G9(0) and zr depends holomorphically on F. By Corollaries 5.5.14 and 5.7.6, there
exists a sequence of critical points zg, of some generation P, depending holomorphically
on F eY’ such that P, > oo and xg,, - xp as n - co. By Rouché’s theorem, for sufficiently
large n, the number of zeros of F@+P(zp,) - zp,, as a function of F € U’ is equal to that of
FQ@+Pn(zp ,) — xp, which is at least one (e.g. G). Therefore, there exist some large n € N and
some F e U such that F*Pn(xp ) = 2, and so F@+(0) = 0. O
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Lemma 5.8.9. For P € T, the set {F € W" : FP(0) = 0} of superattracting cascades of

period P 1s a zero-dimensional analytic variety.

Proof. The equation “F¥(0) = 0 surely cuts out an analytic variety in W". Suppose for
a contradiction that it has a component of dimension at least one. Then, there exists an
embedded holomorphic curve D - W*, ¢t — F; such that each F; is superattracting of period
P. Below, we will run the pullback argument to obtain a contradiction.

Let D; be the immediate basin of attraction of 0 for the cascade F;. The only critical
point of FF in Dy is 0 itself, so by Riemann-Hurwitz formula, D; is simply connected. Let
by : (Dy,0) - (D,0) be a Bottcher conjugacy, i.e. a Riemann mapping which conjugates Ff

with the power map z — 2% where d = dy + do, — 1. Observe that
Bt = bt_l o bo . (_Do,O) g (Dt70)

conjugates FY" with F'. The Bottcher conjugacy is unique up to multiplication by some
roots of unity. We can select them such that b; depends holomorphically on t and so By is
the identity map on Dy.

By Corollary 5.8.6, the Julia set J(F;) moves conformally and equivariantly in ¢t. More
precisely, there exists a holomorphic family of quasiconformal maps ¢; : C - C that have zero
dilatation on J(Fy) and conjugates Fo|yw,) and Fy|yr,)-

We shall modify the map ¢; on the attracting basin as follows. For r € (0,1), let
Ey(r) := b;'(D,) be a disk neighborhood of 0 cut out by an equipotential. Let ¢ = 3 and

g’ = ¢, Define the global quasiconformal map

¢(2) if z € C\Uoer<p F§ (Ei(2))
VYi0(2) =1FloB,o (F(ﬂEO(E,))_l if ze FI(Ey(e")) for some T' < P

quasiconformal interpolation if otherwise.

On J(Fy) and a neighborhood of the periodic cycle {FZ(0)},, ¢+ conjugates F¥" and FY.
Inductively, we define for all n > 1 the quasiconformal map 1), : C - C by lifting v ,,_1 such
that

Ff o wt,n = wt,n—l o FOP

The map v, has dilatation equal to that of ¥, and it agrees with ¢;,_; on a neighborhood
of J(Fo) and on increasingly large part of the Fatou set F(Fy). Moreover 1, is a conformal
conjugacy between F{ and FF on FF (FT(Ey(¢))) forall 0<T < P.

As n — oo, 1, stabilizes and converges to a quasiconformal map 1, conjugating FZ" to

F? everywhere. By Proposition 5.8.7, v, is conformal on the whole Fatou set and has zero
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dilatation almost everywhere on the Julia set. By Weyl’s lemma, 1, is a linear conjugacy
between Fy and F,.

Without loss of generality, we can reparametrize F; and assume that ¢,(z) = (1 +1)z
where |t| is sufficiently small. Then, within the global parameter space W", we have a
one-dimensional slice F; = {1, o Fgo;1},. For all n > 1, denote the n'" anti-renormalization

of F, by F; _,. Asn — oo, we have
F,=lmF, ,=lim¢yoF, 00 =t oF, 0r);".

However, the only holomorphic map which commutes with the linear map ¢, for all ¢ is a

linear map, and clearly FZ is not a linear map for every P € Ts. O

5.8.3 Dimension of W*

We are now ready to prove Theorem J (4).
Theorem 5.8.10. The global unstable manifold W*" is biholomorphic to C.

Proof. By Lemma 5.8.8, there exists a superattracting cascade in W" of some period P > 0.
The equation “F¥(0) = 0“ defines a non-empty analytic hypersurface in W*. By Lemma 5.8.9,
the dimension of YW" must be equal to one. Since R is an automorphism of W* admitting a
unique repelling fixed point F,, then the claim will imply that R : W* — W" is conformally

conjugate to the linear map C - C, z » Az where ) is the repelling eigenvalue of R. ]
Let us conclude with a proof of Corollary L.

Corollary 5.8.11. Consider a small Banach neighborhood N(f) of a (dy,ds )-critical qua-
sicircle map f of preperiodic type rotation number T. The space S(f) of maps in N(f)
that admit a (dy,de)-critical Herman quasicircle of rotation number T forms an analytic
submanifold of N(f) of codimension at most one. The Herman quasicircles of maps in S(f)

move holomorphically.

Proof. Let G be the Gauss map. There exists some k € N such that 6 := G¥(7) is a periodic
type irrational. Consider the corona renormalization operator R : (U, f.) - (B, f.) from
Corollary 5.3.2 associated to the data (dy,dw, ).

By Lemma 5.3.3, there is a compact analytic corona renormalization operator R; on a
neighborhood of f such that R, f is sufficiently close to the fixed point f, of R, and thus it lies
in the stable manifold of f.. Then, the preimage S := R;*(W; ) is an analytic submanifold of
the Banach neighborhood of f consisting of perturbations of f which admit a (dg, do )-critical

Herman quasicircle of rotation number 7. By Theorem J, the codimension of W is one,
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so there is an analytic function ¢ : Y’ — C on a Banach neighborhood U’ of f, such that
W; . = ¢71(0). Therefore, S is the zero set of ¢ o Ry and so the codimension of S is at most
one.

The Herman quasicircle of a corona in Wy . moves holomorphically over W} . due to A-
lemma. Since R; is analytic, the Herman quasicircles of maps in S also move holomorphically

over S. ]
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Chapter 6
Questions and Conjectures

We conclude this dissertation with a couple of questions and conjectures.
In Chapter 3, we construct Herman curves as a limit of degenerating Herman rings. It is

natural to ask the following questions:
Question 1. When is a limit of degenerating Herman rings a Herman curve?
Question II. When is a Herman curve a limit of degenerating Herman rings?

Given a degree d > 2 rational map f containing an invariant bounded type Herman
quasicircle H, one can perform Douady-Ghys surgery |[Ghy84; Dou87| to both sides of H
and obtain a pair of rational maps g, and g having invariant Siegel disks Z, and Z_ of
complementary rotation numbers. Applying Shishikura’s surgery [Shi87| to g, and g, we
obtain a family of degree d rational maps F; admitting an invariant Herman ring H, of
modulus ¢ > 0 and of the same rotation number and combinatorics as f|g. The dynamics
of F; on each component of C\H_t is quasiconformally conjugate to the dynamics of f on a

component of C\H We believe in the following conjecture.

Conjecture IIlI. Fvery Herman quasicircle with bounded type rotation number arises as
a limit of degenerating Herman rings. More precisely, given f and Fy above, [Fy] - [f] as
t - 0 in the moduli space Raty/PSLy(C).

Note that the bounded type assumption is essential in the realization and rigidity of maps
in Xy, 4. 0- Recently, Yang [Yan22| proved the existence of a cubic rational map whose Julia
set has positive Lebesgue measure and contains a smooth Herman curve of high type Brjuno
rotation number. Such a rational map is also constructed as a limit of degenerating Herman
rings, but the problem of realization and rigidity for general irrational rotation number 6 and

degrees dy, d., remains open.
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To the best of our knowledge, all examples of Herman curves that are known have
quasiconformal regularity. It would be interesting to know of any examples of Herman curves

that have cusps.

Question IV. Does there exist a holomorphic map with a Herman curve that is a not a

quasicircle? If so, what are the possible rotation numbers?

Consider the unicritical family {F.}.c from Proposition 4.3.8. Numerical experiments

(or simply lack of counterexamples) suggest the following.

Conjecture V (Uniform a priori bounds + full combinatorial rigidity). For every irrational
0 € R/Z, there exists a unique parameter cy € C such that F., admits a Herman curve Hy
with rotation number 0 passing through its free critical point 1. Moreover, Hy is a uniform

quasicircle.

In proving Theorem C, we show that the Julia set of any rational map in X supports no

invariant line field. It is also reasonable to ask the following related question.

Question VI. Given f € X, does J(f) have zero Lebesque measure? Is the Hausdorff
dimension of J(f) less than 27

We believe that Question VI is a much more difficult problem. Points along the Herman
quasicircle of f are deep points of its Julia set (cf. Theorem 4.5.2). This hints at the similarity
in complexity to Feigenbaum Julia sets (see [McM96]). One possible direction towards this
problem is an adaptation of the methods developed by Avila and Lyubich [ALO8| in studying
the Lebesgue measure of Feigenbaum Julia sets. In particular, it may be possible to formulate
a criterion for zero or positive area in terms of escape probabilities and, similar to [DS20;
AL22; DL23|, apply either rigorous computer estimates or various renormalization schemes
to obtain a conclusive answer.

In Theorem C, we constructed rational maps admitting multicritical Herman curves of
arbitrary combinatorics and proved a rigidity property for such maps. It is natural to expect

for Theorem D to hold in the multicritical setting too.

Conjecture VII. C'** rigidity holds for multicritical quasicircle maps with bounded type

rotation number.

We have all the ingredients available to prove this conjecture except for complex bounds
for multi-quasicritical circle maps, which can be applied to show quasiconformal rigidity.
One may ask whether or not it is possible to obtain complex bounds directly on the level of

holomorphic maps, i.e. multicritical quasicircle maps.
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Many of the tools in the proof of Theorem J, in particular the proof of dim Wy <1, are
fairly soft. We conjecture that the philosophy that we apply here should hold in a more

general setting.

Conjecture VIII. Consider a compact analytic renormalization operator with a hyperbolic
fized point such that every map on the unstable manifold W . admits a global transcendental

extension. Then,

dim (W}.) < number of critical orbits.

In Corollary L, we deduce that within its natural Banach neighborhood, the conjugacy
class of a critical quasicircle map with pre-periodic type rotation number forms an analytic
submanifold of codimension at most one. We firmly believe that the codimension should be

equal to one, and more generally:

Conjecture IX. Consider a Banach neighborhood N(f) of a (dy,ds)-critical quasicircle
map [ with irrational rotation number 6. The space S of maps in N(f) which restrict to a
(do, dw )-critical quasicircle map with rotation number 6 forms a codimension one analytic

submanifold of N(f). In particular, critical quasicircle maps are structurrally unstable.
So far, this conjecture is known to be true for

> periodic type critical quasicircle maps that are close to the associated renormalization
fixed point f, (due to Theorem J), and

> critical circle maps with arbitrary irrational rotation number (due to standard mono-

tonicity properties of the rotation number).

We suspect that it can be solved via an infinitesimal argument similar to unimodal maps
[ALMO3], although the lack of real symmetry and nice external structure presents a great
challenge.

In [YamO03], the hyperbolicity of renormalization explains the golden mean parameter
universality of critical circle maps. This should be the case for critical quasicircle maps too.

Consider a one-dimensional holomorphic family of unicritical holomorphic maps { fx}xea,
and suppose there is a unique parameter A, € A such that f,, has a unicritical Herman
quasicircle of periodic type rotation number #. By Lemma 5.3.3, if A is a small disk around
M., the family {f\}aea can be corona renormalized to a one-parameter family {gy}ica near
the renormalization fixed point f, described in Theorem J. This family intersects W _ at
a single point g, with some intersection multiplicity r. If » = 1, then the intersection is

transversal.

225



Conjecture X (Parameter self-similarity). Consider {f\}rea discussed above. The union
of hyperbolic components within A is asymptotically self-similar at A\, with a universal self-

similarity factor depending only on 0, the criticality, and the intersection multiplicity r.

For example, based on numerical experiments (Figure 6.1), the unicritical family of rational
maps {F,}.c+ in Proposition 4.3.8 supports this conjecture with r = 1. Our hyperbolicity
result provides a step forward towards this conjecture. However, we suspect that attaining a
complete solution would require hyperbolicity of the renormalization horseshoe for bounded
type rotation numbers, as well as a thorough study of parameter rays and hyperbolic
components of the unstable manifold as a parameter space of transcendental o-proper maps.

We also propose the following conjecture on the global structure of the bifurcation locus
of {FC}CEC* .

Conjecture XI (Necklace structure). There exists a set Q) c C* and a continuous surjection

p:Q — R/Z with the following properties.
(1) @ is a quasicircle separating 0 and oo.

(2) For every c € Q, F, contains an invariant quasicircle H, on which it is a (dy, de )-critical

quasicircle map with rotation number p(c).
(3) If 0 is irrational, the fiber p=1(0) is the singleton {cy} from Conjecture V.
(4) If 6 = p/q is rational,

(a) the fiber p~'(p/q) is a non-degenerate closed interval which is a proper arc in a

hyperbolic component, and

(b) for every c e p~t(p/q), the free critical orbit converges to a periodic cycle of period

q and the corresponding multiplier is real and in [0,1].

When dj = d.., there exists a unique curve () satisfying the conjecture above, and it is
precisely the unit circle T. Indeed, under combinatorial symmetry, when |c| = 1, each F, is
a Blaschke product and F,.: T — T forms a real analytic family of critical circle maps. The
conjecture easily follows from standard monotonicity properties of the rotation number.

When dj # do,, we have candidates of parameters in p='(6) when 6 is rational or bounded
type irrational. The closure of all such parameters should give the set ), but during the time
this dissertation is written, we do not even know whether () is connected. This conjecture is
related to the conjectural non-existence of irrational ghost limbs, as well as the conjectural
local connectivity of the bifurcation locus. We believe the answer should be reachable once

the hyperbolicity of the full renormalization horseshoe is established.
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Figure 6.1: The parameter space of the family

4-z
Ry e A=)
{ (2) CZ1—4Z+622 ceCr

characterized by critical points 0, co, and 1 of local degrees 2, 3, and 4 respectively, where
both 0 and oo are fixed and F,.(1) = ¢. There are two types of escape loci: in white the critical
orbit escapes to oo, and in blue the critical orbit escapes to 0. The non-escaping locus M
is colored black, and the figure above indicates that M contains a necklace of Mandelbrot
copies separating 0 and co. There is a unique parameter c, ~ —1.144208 — 0.9644547 such that
F,, has a golden mean Herman quasicircle. (The Julia set of F., is shown in Figure 1.1.) The
bottom figure shows magnifications by different scales about ¢, marked in red.
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