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Abstract of the Dissertation

Understanding the Defining Ideal Through Cones
by
Karina Cho
Doctor of Philosophy
in
Mathematics
Stony Brook University
2024
We study the degrees in which the ideal of a smooth projective variety

over C is generated by cones. Our main results focus on the first nontrivial
case when the variety is a finite set of points in P2,
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Chapter 1

Introduction

The purpose of this dissertation is to study when the defining ideal of a
projective variety is generated by cones.

Let X C IP" be a smooth projective variety of dimension n and degree
d. Given an (r —n — 2)-plane A C P” disjoint from X, let

CA(X) cPr

denote the cone over X centered at A, which is a hypersurface of degree
d. This hypersurface is defined by a homogeneous polynomial ¢, (X) € Sy,
where S = Clzy, ..., x,] is the homogeneous coordinate ring of P". We call
cpa(X) the cone polynomial over X centered at A. As A varies in P", one
can show that the ¢y (X) cut out X scheme-theoretically. It follows that if

Ieome = J¢me C S is the ideal generated by the cone polynomials, then
I°"¢ = (Ix)y for k> 0. (M)
The motivating question of this dissertation is
Question: In what degrees k£ does (&) hold?

In particular, we focus on the first non-trivial case when X C P? is a finite

set of points.



One reason that this research question is interesting is that cones
give geometrically meaningful polynomials that eventually generate the
defining ideal of a projective variety. Understanding the equations defining
an abstract variety has been a major area of study in the last century, as
described in the survey of Lyubeznik [16]. Recent work in the intersection of
algebraic geometry and computational mathematics provides algorithms for
finding generators for the defining ideals in specific cases such as points [1],
smooth affine varieties [3|, and parameterized subgroups in a toric variety
[24]. While cone polynomials cannot generate the parts of the defining ideal
in degrees less than the degree of the variety, they provide a natural way to
see some of the equations of Iy geometrically, so it is interesting to know
how close cones come to generating the defining ideal.

Another motivation to study this problem is its relationship to bounds
on regularity. Following the results of Castelnuovo [4], Mumford [19] in-
troduced Castelnuovo-Mumford regularity, which gives an integer valued
cohomological measure of the algebraic complexity of a smooth variety
Y C P =P Recent work [11, 21, 14, 13, 5, 22| in algebraic geometry,
commutative algebra, and computational mathematics studies bounds on
the regularity of various types of varieties. In practice, knowing for which

values of k the cohomology
H' (9y (k) = 0 (%)
vanishes is key to bounding the Castelnuovo-Mumford regularity of Y. Let
X=YNHCP"
be a general hyperplane section of Y and consider the exact sequence
0—Jy(k) = JIy(k+1) = Ixpr(k+1) = 0.

By inducting on dimension, one can usually assume that H*(Jy (k+1—1)) =
0 for 7 > 3. Then, due to a result of Mumford (see Lemma 3.1.5), h'(Jy(k))

is strictly decreasing as a function of k. In this case, the vanishing condition



(9) is equivalent to knowing the surjectivity of
H°(Jy (k+1)) = H°(Ix/pr (k + 1)).

The cone polynomials ca(X) € H°(Ixpr(d)) extend to hypersurfaces of
degree d in P"*! vanishing on Y. Thus, an answer to the research question
gives an effective bound for the desired surjectivity above.

Now that I have established the underlying motivation, I will discuss
the main focus of the dissertation, which is the case when X C P2 is a
finite set of d points. Prior work done by Fu and Nie [9] examines the ideal
generated by cone polynomials when X is a set of generic points. They
establish the that cone polynomials fail to generate Ix in degree d when
d is odd.

Theorem (c.f. Theorems 3.2.2 and 3.2.3). Let X C P? be a set of d generic
points. When d > 3 is an odd integer with d = 3 mod 4,

codim (157 C (Ix)q) > 1.
When d > 5 and d =1 mod 4,
codim ([Cclone g (IX)d) Z 2.

Their results follow a conjecture (see Conjecture 3.2.1) of Ilic that
the inequalities in the theorem above are equalities and when d is even,
cones generate all of (Ix)g.

The main theorem of this dissertation is an answer to our research

question when X C P2 is a collinear set of points.

Theorem (c.f. Theorem 4.1.8). When X C P? is a set of d distinct collinear
points, I{° = (Ix) if and only if £ > 2d — 2.



As the points X C P? move around in the plane, the saturation degree
of I°° follows a semicontinuity property (i.e. it may jump up when X lies
in special geometric configurations). Then, our theorem for collinear points
gives an upper bound on the saturation degree of 1°°"° for arbitrary finite

sets in P? through a deformation argument.

Theorem (c.f. Theorem 4.2.5). Let X C P? be a set of d distinct points.
If £ > 2d — 2, then I[°™ = (Ix)y.

One benefit of working with cone polynomials is that given a concrete
X C P, we can generate equations for ¢, (X) using computational software
and find the saturation degree of I°°*°. The final chapter of this dissertation
explores some interesting patterns that appear in experimental data gener-
ated in Macaulay2. Based on these data, I propose conjectures for how cone
polynomials behave when X is a finite set in higher projective spaces or a
curve in P3. T also discuss a potential explanation for the phenomenon ob-
served in the work of Fu and Nie regarding the cone polynomials generating
in degree d for even degrees only.

The dissertation is organized as follows: In Chapter 2, we discuss
relevant background material, including the theories of saturation and
Castelnuovo-Mumford regularity. We also dedicate a section to a theo-
rem of Macaulay that allows us to prove our main theorem for collinear
points. Chapter 3 introduces cone polynomials and outlines the prior work
on cone polynomials done by Fu and Nie [9]. It also establishes that cone
polynomials cut out any smooth projective variety scheme-theoretically and
a preliminary bound on the saturation degree of the cone ideal coming from
sheaf cohomology. Chapter 4 contains the proofs of the main results of the
dissertation regarding the saturation degree of the cone ideal for finite sets
in P2. Finally, we examine what experimental data suggests about cone

polynomials in higher dimensions in Chapter 5.



Chapter 2

Background

I will survey the relevant background information in this chapter. A central
question in this dissertation revolves around the saturation degree of the
cone ideal for projective varieties, so Section 2.1 discusses the general theory
of saturation. In Section 2.2, I state a classical result of Macaulay that
provides a bound on the saturation degree for ideals whose saturation is
the irrelevant ideal, which will be applied to our study of cone polynomials.
Section 2.3 is an overview of the theory of regularity, which provides moti-
vation for the study of cone polynomials. Section 2.4 reviews some of the
basic properties of flat families of sheaves that will be used in our discussion

of how the cone degree behaves under degeneration of the base variety.

2.1 Saturation

2.1.1 Basic Definitions and Results

For ideals I, J of a commutative ring R, recall that their ideal quotient
(I : J) is the set

(I:J)={reR|rJ CI}.



Definition 2.1.1. Let S = Clzo, ..., x| be the homogeneous coordinate
ring of P" and m = (xy, ..., x,) be the irrelevant ideal. The saturation of
an ideal J C S s

JE = U(I :m)

={f € S|(xo,...,2.)N - f C J for some N > 0}.

We say that J is saturated if J = J**.

In other words, J*** is the ideal of polynomials that multiply some
power of the irrelevant ideal into J.

Let’s show that the defining ideals of projective varieties are saturated.

Proposition 2.1.2. If Iy C S is the homogeneous ideal of a (reduced)

projective variety X CP", then Ix is a saturated ideal, i.e., Ix = I".

Proof. Note that Iy C I* because the saturation of an ideal always con-
tains the original ideal. For the other direction, take f € I*. Then there
exists an N > 0 so that f-zf,...,f -2V € Ix. If N =0, then f € I. If
N > 0, then we have that f-z',..., f-2% all vanish on X. Suppose to the
contrary that f & Iy, so there is some x € X with f(x) # 0. This means
that for all 4, z; = 0, but then x = (0 : --- : 0), which is not a point in P".
Thus, f € Ix. ]

Furthermore, every saturated ideal in .S arises from a subscheme of P".

Proposition 2.1.3. Saturated ideals in S = Clz, ..., x| correspond pre-

cisely to projective subschemes of P,

Proof. Note that two projective subschemes are the same if and only if
they agree on all affine charts x; = 1. If I C S is an ideal, the restriction
I|;; homogenizes to I(;) = J;({ : 27). If J C S is an ideal, then I|,,—; =
J|z,=1 if and only if their rehomogenizations are equal to each other. Thus,
I and J define the same subscheme of P" precisely when I;) = J;) for
all 7; equivalently, when (N, I;y = (; Ju)- Since (), I = I, the claim
follows. O



Intuitively, an ideal and its saturation will agree in sufficiently high

degrees.

Proposition 2.1.4. For an ideal J C S = Clzo, ..., x,],
(Jsat)k = Jj for k> 0.

Proof. In general, an ideal J C S is always contained in its saturation, so
it is sufficient to show that for k sufficiently large, any degree k element of
J* s in J.

Since S is Noetherian, J% is finitely generated. Suppose J%' =
(91,---,9m) where deg g; = d;. Then by definition of saturation, for each
i, there exists N; > 0 such that g; - m" C J, i.e., for any homogeneous
polynomial f; of degree > N;, we have g;f; € J. Then, if M = max{N,}
and deg f; > M, g;f; € J.

Let k£ > M +max{d;} and h € (J*);, so degh =k and h = )" g; f;
where the f; € S are degree k — d; > M. Then for each i, g;f; € J, so since
J is closed under addition, h = > ¢, f; € J as well. O]

Thus, it makes sense to study the smallest degree in which an ideal

agrees with its saturation.

Definition 2.1.5. The smallest integer k such that (J**), = Jy, is called
the saturation degree sat.deg(J) of J.

Example 2.1.6. Let S = C|xg, 21, 75] and let J = (22, zox1, zoz2). Then

xo € J¥ because zg times any degree 1 monomial is in J while xq, 25 & J*

because J does not contain any power of those elements. Thus, J%* = (z).
We have

(J*)y = span{x%, ToT1, ToTa} = Ja,
so sat. deg(.J) = 2.

In the example, we see that geometrically, J “cuts out" the line
L = {xy = 0} even though J does not contain everything in the saturated
defining ideal I;,. Let us introduce some language that will allow us to

discuss this principle in generality.



Definition 2.1.7. A subvariety X C P" is scheme-theoretically an

intersection of hypersurfaces Hy, ..., H,, if as sets,
X=HN---NHp,,

and every x € X has an affine open neighborhood U C P" such that the ideal
Ixnu CCIU] of X NU C U is generated by the affine equations fi, ..., fm
of Hy,..., Hp,.

If Fy, ... F, €S define the hypersurfaces Hy, ..., H,,, we may also
say that the F; scheme-theoretically cut out X.

Lemma 2.1.8. Let X C P" be a subvariety with ideal sheafJx C Op. Then
X is scheme-theoretically an intersection of hypersurfaces H; if an only if

we have a surjective map of sheaves

~
o

ST Opr (—d;) y Iy

giwen by the homogeneous polynomials F; defining the hypersurfaces H;, with
deg F; = d;.

Proof. Suppose X is scheme-theoretically an intersection of the given hy-
persurfaces. Then for each x € X, there exists an affine open neighborhood
U C P" such that on U the ideal I(X N U) is generated by the affine
equations f; of the hypersurfaces defined by F;. Then the map of sheaves

QS : @TOPT(—dz) — jX

given by the homogeneous F; is surjective locally on the U, so ¢ is surjective
globally.

Conversely, if the surjective map of sheaves is given by the polynomials
F;, then if f; is the local equation of F; on U, any s € Ixny(U) is in the
image of ¢y. In other words, Ix(U) is generated by fi,..., fm, so the
hypersurfaces defined by the f; scheme-theoretically cut out X. O

Proposition 2.1.9. The hypersurfaces Fi, ..., F,, scheme-theoretically cut
out X precisely when (Fy,. .., Fy,)™ = I(X).

8



Proof. Suppose that the F; scheme-theoretically cut out X. By Lemma

2.1.8, this is equivalent to the F; defining a surjective map
@ToPr(—dz) — Jx.

By applying Serre Vanishing to the kernel of this map, after twisting the
sheaves up by Op(k), this map will be surjective on H® for k > 0.
Suppose f € Ix and pick k sufficiently large and greater than deg f.
Let N = k—deg f and M € S be any monomial of degree IV, so that M f &
H°(JIx(k)). Then surjectivity of the map implies that M f € (F, ..., F,),
so f e J%,
Conversely, if (F, ..., F,)%™ C Iy, we use an analogous argument to

show that the F; cannot scheme-theoretically cut out X. O]

2.1.2 Examples of Non-saturated Ideals

In this subsection, we present an extended example of constructing polyno-
mials that cut out a variety scheme-theoretically while the ideal that they
generate is non-saturated, which exemplifies that such ideals arise easily
in nature.

We will start by establishing that if X C P" is a smooth subvariety
and we have polynomials that scheme-theoretically cut out X, we only need

r + 1 general C-linear combinations.

Proposition 2.1.10. Let L' be a line bundle on a smooth variety P’ of
dimension n which is generated by its global sections. Then it is generated

by n + 1 general sections.

Proof. Take a general section og € ['(L/, P') and let Z; = {09 = 0} C P’
be the zero locus, so every component Z; ; of Z; has dimension n — 1. For
each 4, pick a point x1,7 € Z; ;. Since L' is globally generated, there exists
sections s, € I'(L/, P’) such that s ; # 0. Then, there is a section oy which

is a C—linear combination of the s;; such that oy(x;;) # 0 for all . Thus,



o does not vanish on any component of Z;, so the zero locus
ZQZ{JIEP/’U():O'l:O}nggP/

is pure codimension 2 in P’. Continue inductively until we have chosen

sections oy, ..., 0,_1 such that the common zero locus
Zn,1:{ZIZ'GP/|O'0:"‘:O'n,1:O}gPl

is pure codimension n in P’. Since P’ is dimension n, that means that Z,_;
is a finite set of points in P’. Then, there is a section o,, € T'(L/, P’) that is

nonzero for all points of Z,,_1, so the common zero locus
{rePlog=--=0,=0}=02.

Then, for any point x € P’, there must exist a section o; among the
09, - .., 0, such that o;(x) # 0, which means that L’ is globally generated
by the n + 1 sections oy, ..., 0,. O

Lemma 2.1.11. Let X C P be a smooth subvariety of a smooth variety
P. Let i : P' — P be the blow up of P along X and E be the exceptional
divisor of . Then p.(Op(—FE)) =IJx.

Proof. By Zariski’s Main Theorem, pi,(Op/) = Op and p,(Og) = Jx are

isomorphisms. The inclusion £ C P’ gives rise to the exact sequence

~
)

0 —— Op/(—E) > Op/ > OE

Then, taking the pushforward of this sequence through p gives a left exact

sequence

0 — e (Op(—F)) > Op >»Ox —— 0.

Since X C P, the map Op — Ox is surjective, so the sequence is also right
exact. Hence, (1, (Op (—F)) = Ix. O

10



Proposition 2.1.12. If a smooth variety X C P" is scheme-theoretically
cut out by hypersurfaces of degree d, then it is cut out by r + 1 of them.

Proof. If X is cut out by hypersurfaces of degree d, then then we have
sections s, . .., 8, € H°(Opr(d) ® Ix). Let P’ be the blow up of P" along
X and E C P’ be the exceptional divisor. Then, pulling back the sections
through p gives

801+ -2 Sy € HO (0" (Opr (d)) @ p* (Ix))-

By Lemma 2.1.11, p*(Opr(d)) ® p*(Ix)) = p*(Opr(d)) @ Opr(—F), which is
a line bundle L' on P". Since pullback is right exact, the s} globally generate
L'. By Proposition 2.1.10, L’ is generated by r + 1 general sections. ]

This Proposition allows us to use the dimension of the ambient space
to bound the number of generators needed to scheme-theoretically cut out

a variety. Now we can use this to obtain non-saturated ideals.

Example 2.1.13 (Non-saturated ideals of curves by quadratic polynomials).
In this example, we construct examples of non-saturated ideals generated
by quadratic polynomials which scheme-theoretically cut out a curve.

Let C be a smooth curve of genus ¢, degree d > 2g+2, and L be a line
bundle of degree d on C. Then L is very ample by Corollary IV.3.2 in [12]
and normally generated (cf. [20]) so it defines an embedding C' < P” where
r = d — g such that C' is projectively normal. Castelnuovo (cf. [2]) shows
that C' is a scheme-theoretic intersection of quadrics, and by Proposition
2.1.12, C C P49 is scheme-theoretically cut out by d — g + 1 quadrics. To
find out how many quadrics pass through C', consider the exact sequence

of sheaves
0 —— Jeypr(2) —— Opr(2) —— O¢(2) —— 0.
By the Riemann-Roch Theorem,

h°(0c(2)) =2d — g + 1.

11



Since C'is projectively normal, the sequence above is exact on global sections,

SO

W (Teser ) = h°(0p (2)) — h%(0c(2))
(”2) (2d—g+1)

(7977 - ea-ar,

which is quadratic in d. Thus, since the number d—g+1 <

1 of quadratic

polynomials needed to scheme theoretically cut out C' is hnear in d, the

ideal that they generate is very non-saturated.

2.2 Macaulay’s Theorem

Given a homogeneous ideal J C S, there are some cases in which we can
bound the saturation degree of J given the degrees of the generators of
J. When the polynomials defining J have no common zeroes, we have the

following classical result of Macaulay [17].

Theorem 2.2.1. (Macaulay’s Theorem) Let S = Clxy,...,xmy]. Sup-
pose Fy, ..., F, € S are homogeneous polynomials of degrees dy > --- > d,

respectively with no common zeroes in P™. Let J = (Fo, e ,Fp). Then
Jp =Sk fork >dy+ - +d,, —m,

and the inequality is sharp when p = m.

In terms of saturation, Macaulay’s Theorem says that the saturation
degree of J is (> d;) —m when the number of polynomials is the dimension
of the projective space plus one and otherwise it is an upper bound on the

saturation degree.

12



Example 2.2.2. Here is a case in which the conclusion of Macaulay’s
theorem is apparent. Consider the monomials Xgo, ..., X% ¢ S and the
ideal J that they generate. The highest order monomial that is not contained
in Jis Xgo~t..... X1 which is of degree (3" d;) —m—1. Then J contains

all monomials of all strictly larger degrees.

The proof of Macaulay’s Theorem involves the Koszul complex, which

I will briefly review.

Definition 2.2.3. Giwen homogeneous polynomials Fy, . .., F, withdeg F; =
d;, let U = &!_,Op(—d;) so that the F; define a map of sheaves

U5 Op.
The Koszul complex K(Fy, ..., F,) determined by the F; is
O—>Op(—Zdi)—>APU%--~—>A2U—>U—>OP—>O
where AN'U — AU is given by the composition
NU — N0 e U 225 N1

The Koszul complex detects regular sequences in the local case, as

described in the following Proposition.

Proposition 2.2.4 (Theorem A2.49 in (7). Let Fy,..., F, be a sequence
of elements in the mazimal ideal of the local ring (S,m). Then Fy,...,F,
forms a reqular sequence if and only if H?(K(Fy,...,F,)) = 0, in which
case the Koszul complex is the minimal free resolution of Jx, where X =

V(Fy,...,F)).

In particular, if the F; have no common zeroes, the Koszul complex
they determine is globally exact.

When using the Koszul complex, we will often split it into short exact
sequences and study the cohomology. The cohomology of line bundles on
projective space is useful in studying which twists of an ideal sheaf have

vanishing Oth cohomology.

13



Proposition 2.2.5 (Cohomology of P™, c¢f Theorem 5.1 in [12]). Let k be

a non-negative integer. Then

(e ) = ("7 F),

m

™ (Opn (k) = h*(Opn(—m — k — 1)),

and all other H' vanish.

Now we can prove Macaulay’s Theorem.

Proof of Macaulay’s Theorem. Since the F; have no common zeroes, term-

wise multiplication by the F; gives a map of sheaves

é Opm (k — d;) — Opm (k).

Note that when p = m, the F; form a regular sequence. In this case, the

Koszul complex gives a resolution

0—0 (k- d) > DY, 0k —d;)) —— O(k) —— 0.

On HY, surjectivity of the map

D HO(O(k — d) = HO(O()

is equivalent to J; = Si. By splitting the Koszul complex up into short exact
sequences and chasing back to the beginning of the complex, this traces
back to whether H™(Opm (k—dy—---—d,,)) vanishes. By Proposition 2.2.5,
this occcurs if and only if £k > dy + - -+ + d,,, — m, so we get the desired
result in the p = m case.

When p > m, we will use the fact that J, = Sk if (Fjy, ..., F;, ) = Sk
for all possible subcollections of indices {i;}72, € {0,...,p}. For each such
index set {i;}12, it follows that (Fj,, ..., [}, )x = Sk when k > 377 d; —m.
By the ordering dy > - - - > d,, all of these are achieved when k& > do +--- +

d,, —m as desired.

14



[]

Ein, H4, and Lazarsfeld establish that the bound from Macaulay’s
Theorem holds also in the case when the zero locus of the polynomials is

a smooth projective variety.

Theorem 2.2.6. [6] Suppose that J = (Fy,...,F,) € S is generated by
forms of degrees dy > --- > d,, and that X = V(J) C P" is a smooth variety.
Then

sat.deg(J) < dy+---+d, —r,

where dpy1 = -+ =d, =0 if p <.

Note that unlike the situation of Macaulay’s Theorem, it is unknown

if this bound is sharp in the p = r case.

2.3 Regularity

The vanishing of cohomology groups can be useful when using sheaf coho-

mology. Recall the well-known theorem of Serre:

Theorem 2.3.1 (Serre Vanishing Theorem, Proposition I11.5.3 in [12]). Let
X be an irreducible projective variety and L be an invertible sheaf on X.

Then the following conditions are equivalent:
1. L is ample;

2. For each coherent sheaf F on X, there is an integer ng, depending on
F, such that for each i > 0 and each n > ng, H'(F ® L") = 0.

If £ is very ample and defines an embedding of X into a projective
space P, then in particular, given a coherent sheaf F on a projective space
P of some dimension, the Serre vanishing theorem says that that the higher
cohomology groups of F(m) vanish for sufficiently large values of m. It is
natural to ask whether we can obtain information about what ng should
be for a given sheaf F. Castelnuovo-Mumford regularity gives a way to

approach this.

15



Definition 2.3.2 (Definition 1.8.1 in [15]). Let F be a cohererent sheaf on

P, and let m be an integer. We call I m-regular if

H'(P,F(m —1i)) =0 for all i > 0.
Definition 2.3.3. The Castelnuovo-Mumford regularity reg(F) of a
coherent sheaf F on P is the smallest integer m so that F is m-regular.

A theorem of Mumford allows us to connect regularity to the questions

of when the cohomology of F becomes simple.

Theorem 2.3.4 (Mumford’s Theorem from Lecture 14 in [19]). Let F be

an m-reqular sheaf on P. Then for every k > 0,
1. F(m + k) is generated by its global sections.

2. The natural maps
H(F(m)) ® H*(Op(k)) — H*(F(m +k))

are surjective.
3. F is (m+ k)-regular.

One case of particular interest is when JF is the ideal sheaf of a sub-

variety X of projective space.

Definition 2.3.5. A subvariety or subscheme X C P is m-regular if its

ideal sheaf Jx is. The regularity of X is reg(Jx).

A general goal in the study of regularity is to bound the regularity of
projective varieties using their geometric quantities. Towards this, there is

the following result due to Gruson, Peskine, and Lazarsfeld.

Theorem 2.3.6 (Regularity for curves, [11]). Let C C P" be an irreducible,

nondegenerate, reduced curve of degree d. Then C' is (d 4+ 2 — r)-reqular.

Eisenbud and Goto produce a natural extension of this result to the

case of higher dimensional varieties.
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Conjecture 2.3.7 (Regularity conjecture, [8]). If X C P" is an irreducible

subvariety of dimension n and degree d, then X is (d +n —r + 1)-reqular.

This conjecture has been shown to hold in certain cases, such as
arithmetically Cohen-Macaulay varieties [8], subspace arrangements [5], and
smooth surfaces [14, 21]. While Theorem 2.3.6 holds for singular curves,

[18] provide counterexamples of this conjecture in the singular case overall.

Remark 2.3.8 (Importance of H'(Jx(k)) in the context of regularity). If

X C P is a subvariety, then we get a short exact sequence of sheaves

0 » Iy > Opr > Oy —— 0.

Twisting up by some integer k, we can look at a portion of the long exact

sequence in cohomology
H1(Op (k) —— H(O0x(k)) —— H(Ox(k))) — Hi(Op (k).

Note that for 1 <7 < r—1, H(Opr(k)) vanishes, and for k > —r, H(Op-(k))

vanishes for ¢+ = r. Overall, for + > 2 and k > —r, we have an isomorphism
H'(Ix(k))) = H' ' (Ox(k)).

Thus, the cohomology in degrees i > 2 of Jx (k) is governed by the coho-
mology of the line bundle on X defining the embedding of X C P", which
is often easy to control. Hence, we are particularly interested in studying
H'(Ix(k)) in order to bound the regularity of X.

2.4 Flatness

If we want to discuss the notion of a continuously varying family of objects
in the context of algebraic geometry, the notion of flatness gives a nice way
to do this. We start with the idea of a flat module.

Definition 2.4.1. Let A be a ring and M be an A-module. M is flat over
A if the functor N — M ®4 N is an exact functor for every A-module N.
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Proposition 2.4.2 (Proposition 9.1A in [12]). Let
0—>M —>M-—=M"—0

be an exact sequence of A-modules. If M' and M" are both flat, then M is
flat; if M and M" are both flat, then M’ is flat.

We can use this to define a flat morphism in the category of Ox

modules.

Definition 2.4.3. Let f: X — Y be a morphism of schemes and let F be
an Ox-module. Then JF is flat overY at v € X if F, is a flat O,y -module,
where y = f(x). We say that F is flat over Y if it is flat at every point of
X. We say that f is flat if Ox is flat over Oy-.

The fibres of a flat morphism satisfy some nice properties.

Proposition 2.4.4 (cf. Proposition 9.5 in [12]). Let f: X — Y be a flat
morphism of schemes of finite type over a field. Then

dim,(X,) = dim, X — dim, Y,

where X, is the fibre of f over y = f(z) € Y.

Definition 2.4.5. The fibres X, of a flat morphism f: X — Y are called
a flat famaly.

When the codomain Y of a flat morphism f : X — Y is one di-
mensional, we can think of the flat family as an algebraically varying
one-parameter family of the fibres X, over Y. The next result describes

the existence of a flat limit over a punctured curve.

Proposition 2.4.6 (Proposition 9.8 in [12]). Let Y be a curve and p € Y
be a closed point. Let X CP"|y_, be a closed subscheme which is flat over
Y — {p}. Then there exists a unique closed subscheme X C P"|y that is

flat over'Y and restricts to X on P"|y_,.

The cohomology of the members of a flat family follows the following

semicontinuity property.
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Definition 2.4.7. Let X be a topological space. A function f: X — 7Z is
upper semicontinuous if for each v € X there is an open neighborhood
U of x such that for all 2’ € U, f(2') < f(z).

Theorem 2.4.8 (Semicontinuity Theorem, Theorem I11.12.8 in [12]). Let
f: X =Y be a projective morphism of noetherian schemes, and let F be a
coherent sheaf on X, flat over Y. Then for each v > 0, the function

h'(y,F) = dim H'(X,, J,)

s an upper semicontinuous function on Y .

In other words, the dimension of the cohomology groups of the flat

family may jump up for special values of Y.
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Chapter 3

Cone Polynomials

In this chapter, I will introduce cone polynomials which are the key objects
of interest in this dissertation. We work over C unless specified otherwise.
Section 3.1 defines the cone polynomial and discusses their connection
to Castelnuovo-Mumford regularity. Prior work on cone polynomials is
surveyed in Section 3.2. Section 3.3 proves that cone polynomials can be
used to scheme-theoretically cut out smooth projective varieties. Finally,
in Section 3.4, I find a rough bound on the saturation degree of the ideal

generated by cones that follows from sheaf cohomology.

3.1 Definitions and Motivation

Let’s start with the definition of a cone polynomial.

Definition 3.1.1. Let X C P" be a smooth projective variety of degree d
and dimension n. For any linear space A C P" of dimension r — n — 2
disjoint from X, let Cx(X) be the join of A and X and call its defining
equation cp(X). We call cp(X) the cone polynomial over X centered
at A.

In the special case when X C P? is a finite set of d distinct points,
we will use the notation ¢,(X), or simply ¢, when the base X is clear, to

denote the cone polynomial over X centered at a point p.
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Example 3.1.2. Let X = {p1, s, p3,p1} C P? be a set of 4 distinct points.
Then for any point p ¢ X, ¢, is the product of the four linear forms that

vanish on p and one of the p;.

§cp=03

—

A/

When X is a set of d points in P", each ¢, (X) will be a product of d linear
forms. When X is an arbitrary degree d variety, cy(X) will define a degree
d hypersurface in P".

Definition 3.1.3. Let X and A C P" be as in Definition 3.1.1. Define the

cone ideal of X to be the ideal generated by the cone polynomials
I = (ea(X) [ACPT\ X).

When the base variety X is clear, we may leave off the subscript and denote

the cone ideal simply as 1°°".

Remark 3.1.4. In Section 3.3, we will show that cone polynomials cj(X)
cut out a smooth projective variety X scheme-theoretically. Thus, by Propo-
sition 2.1.9, (I°ome)sat = Jy.

3.1.1 Motivating the Study of Cone Polynomials

As discussed in Remark 2.3.8, understanding H'(Jx(k)) is important in
order to bound the Castelnuovo-Mumford regularity of a projective variety
X. In particular, we are interested in finding bounds on & for which this
cohomology group vanishes.

One general question of interest is if we can use geometric methods to
find such a bound. Towards this, consider a nondegenerate, smooth variety

X C P of degree d and dimension n. A generic hyperplane H C P" gives
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an exact sequence

0 —— Ix(—1) LI » Ixnag — 0.

The following Lemma, extracted from [19], allows us to study H'(Ix(k)).

Lemma 3.1.5. Suppose that Ixnp/u is m-regular. Then for k > m —1,
h(Ix (k)

is strictly decreasing as a function of k until it reaches and remains at 0.

Proof. For brevity of notation, let J = Jyx and Jy = Jxnn/r. By definition

of m-regularity,
HOI(k+1) 225 HOOy(k + 1) — H'(I(k)) — H'(I(k+1)) = 0 (3.1)
is exact for k >m — 2 and

0— H'(J(k) = H'(I(k+1)) =0 (3.2)

is exact for i > 2, k > m — i. Exactness of sequence (3.2) means that
HY(J(k)) =2 H'(I(k+ 1)) for i > 2,k > m —i. Since H'(J(k)) = 0 for
1 > 1,k > 0 by Serre Vanishing, we get

H'(J(k)) =0 fori>2k>m—i,

so J satisfies the m-regular condition on H=2.

Consider the map pyy1 from sequence (3.1). For k > m — 2, either

Pr+1 1s surjective or pgy1 is not surjective,

(3.3)
in which case h'(J(k)) > h'(I(k + 1)).
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Suppose that pj is surjective for some k > m. Then restriction to H gives

a commutative diagram

H(Ty (k) ® H*(Oy(1)) — H°(Tu(k+1))

T T

H°(J(k)) @ H°(Opn (1)) —— HO(I(k + 1)),

where surjectivity of the upper map comes from the Theorem 2.3.4 and
surjectivity of the left map is from our assumption. Then p;,; must also be
surjective, i.e., once py is surjective for some k > m, it must be surjective
for all higher k. Considering this along with condition (3.3) yields the

Lemma. L]

When considering the long exact sequence
H°(Ix (k) = H°(Ixnmyu (k) — H' (Ix(k — 1)) — H'(Ix(k)),

the rightmost term is the one we want to be 0. In practice, one can suppose
by induction on dimension that we can control reg(Jxnsm/m), so by Lemma
3.1.5, since h'(Jx(k)) is strictly decreasing after a certain point, it suffices
to show that the leftmost map above is surjective. In other words, can we
show that any degree k polynomial in H vanishing on X N H comes from
(i.e., is a hyperplane section of) a degree k polynomial in P vanishing on X7

This is where the usefulness of cones becomes apparent. When A C H
is a linear space of dimension 7 — n — 2, the cone polynomial c,(X) is a
polynomial vanishing on X which extends the polynomial cyqny (X N H)
that vanishes on X N H.
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CA(X)

CAr(XnH) XNH
This means that when considering the degree d parts of the ideals,

(I™)a = (IXRE)a-

Since the cone ideals are generated by degree d elements, we also get
(L") — (I$h% )k for & > d. Then since (I$™)r C (Ix)k, if we can
find k& such that (I5%)x = (Ixnm)k, then for that k, we would obtain
the desired surjection H°(Jx(k)) = H°(Ixnm(k)). In the diagram below,
surjectivity of (k) yields surjectivity of (k).

(x%)

H(Ix(k)) — H°(Ixnm(k))

H
(Ix)k (Ixnm)k

j Io

(") ——— Ik )k

This motivates our study of finding the values of k for which (1) = (Ix)x-
The smallest such value of k is the saturation degree of the cone ideal.

In this dissertation we attempt to find or bound the saturation degree
of the cone ideal and understand how the saturation degree may vary based

on geometric properties of the variety.
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3.2 Theorems of Fu and Nie

Weibo Fu and Zipei Nie [9] examined the codimension of the span of cone
polynomials sitting inside the space of degree d forms. Their work builds on
a conjecture of Bo Ilic on whether cone polynomials generate the defining
ideal of a set of d generic points in P? in the smallest degree possible. I
will give an overview of their work here. In this section, projective space
is defined over an arbitrary characteristic zero field k.

As previously discussed, cone polynomials can be defined over smooth
projective varieties that are at least codimension 2 in some P". The first
case of this is points in P2, so let’s focus on sets of points in P" for n > 2.

Let X be a set of d points in P". Since degree d homogeneous poly-
nomials in P" form a vector space of dimension (djg") and vanishing at a

point imposes one linear condition, we have

dim(I )y = <d + ”) )

n

Then I C (Ix)q is a vector subspace. Note that for any collection X C P2
of d distinct points, Jx is d-regular.
In the mid 1990s, Bo Ilic ran computational experiments comparing
cone

the dimensions of 15°"® and (Ix)4. Based on his observations, he conjectured

the following:

Conjecture 3.2.1. Let X C P? be a set of d generic points. For each
integer d > 2, we have

(“3?) —d, ifd=0 mod 2,

2

dim 75 = ¢ (%) —=d -2, ifd=1 mod 4,

(4% —d—-1, ifd=3 mod4.

In particular, experimental data suggests that cone polynomials gen-
erate all degree d homogeneous polynomials that vanish on X if and only

if d is even.
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By finding nontrivial linear relations among the cone polynomials, Fu
and Nie prove the following two results about an odd number of points in

generic position, which are consistent with Conjecture 3.2.1.

Theorem 3.2.2. Forn > 2, let X C P" be a set of d generic points. When
d > 3 is an odd integer,

d—+2
dim IS < ( ;r ) i1
Theorem 3.2.3. Let X C P? be a set of d generic points. When d > 5 and

d=1 mod 4,
d+2
dimfgfmg( ‘; >—d—2.

Note that Theorem 3.2.2 holds in projective spaces in dimensions
higher than 2, which may suggest higher-dimensional analogues of Conjec-
ture 3.2.1.

The rest of this section is dedicated to the clever proof of Theorem
3.2.2. We will first fix notation for the proof. Let X = {pi,...,ps} be
a set of d generic points in P* and P, € k"' \ {0} be p; represented
in homogeneous coordinates. Let D; represent the directional derivative
operator along P;. Let A be a n — 2 plane in P". The linear form L; is
the linear form vanishing on A and P, so that the cone polynomial ¢, is
the product H?Zl L;. Let {Q; € IP’"};'“:_I1 be an affine basis of the plane A.

Define a linear function in k[xy,...,z,41] by

li(v) = det[v, P;, Q1, ..., Qn_1].

Lemma 3.2.4. Dllj = —D]ll fO?” 1 S 1 %j S d.
Proof. We have

i 0
Dily = P j=— | detfv, P, Q1, ..., Qn_1]
=0 &Uk

_ Qk @k ak
= det[P;", Q" ..., Q"]
k=0
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where the @k superscript represents removing the kth position entry. By

cofactor expansion,

Dilj = det[Pi? Pj> Qla cee 7@1171]
- - det[Pj7 Pi7 Qlu s 7@%*1]

]

Lemma 3.2.5. For each odd positive integer d > 3 and for each cone

polynomial cp, we have
d
H DZ CA = 0.
i=1

Furthermore, this restriction on cone polynomials is nontrivial, i.e., there

exists a polynomial f € klxy, ..., x,y1] of degree d that vanishes on X such

that (Hle Di> f#0.

Proof. We have

d d d
[Io) {11 ] = > I P
i=1 i=1 0EG, i=1
1 d d
s 5 Z H Dlla(z) + <—1)d HDU(Z)Z’L
€6y \i=1 i=1
When d is odd, (—1)% = —1, so the expression continues as
1 d 1 a
=5 | 2 idow | =5 | 2 11D
O'EGd =1 0'_166(1 =1

=0.

Since each [; is a scalar multiple of L; from the definition of the cone

polynomial, the first part of the Lemma holds.
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To show that this restriction is nontrivial, consider the polynomial
f € kl[zy, ..., x,11] defined by

= H det[m(v), 7(F;), m(Piy1)],

where the indices are taken modulo d and 7 : k"*!' — k3 is the projection
(X1, ..., Tpy1) = (21,29, x3). It is sufficient to check that <Hf:1 DZ-) fis
nonzero in the case where P; = (1,1,?,...,1") for each integer 1 < i < d.

In this case,

[I> > H Doy det[m(v), w(F), 7(Pis1)]

eSS, i=1
d
- Z Hdet[PU(d)J(Pi)ﬂ(Pi-H)]
eSS, i=1
= 3 (- D - o d)old) ) [[(el) — oli) — i — 1),
ASICP] i=1

where the last equality comes from the Vandermonde determinant identity.
The final expression must be strictly positive because (d—1)(d—o(d))(o(d)—
1) and (o(i) —i)(o(i) —i— 1) are always nonnegative, and when o (i) =i —1

mod d, the term is positive. O

As Lemma 3.2.5 provides a nontrivial linear restriction among cone
polynomials, the result of Theorem 3.2.2 is implied.

The bound in Theorem 3.2.3 follows a similar idea to obtain an addi-
tional linear restriction in the case of n = 2 and d =1 mod 4. If these linear
restrictions are the only restrictions among cone polynomials, including the

case of d even, Ilic’s Conjecture 3.2.1 would hold.
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3.3 Cutting out Varieties with Cone Polyno-

mials

Mumford [20] provides the following criterion for when a smooth variety is

scheme-theoretically the intersection of hypersurfaces.

Lemma 3.3.1. If a subvariety X C P" is non-singular, then X is scheme-

theoretically the intersection of hypersurfaces Hy, ..., H, if and only if
1. X — 0?21 Hz
2. forallze X, T, x =(Niey Tu.m,-

We can use this to show that cone polynomials can cut out any smooth,

projective variety scheme-theoretically.

Proposition 3.3.2. A smooth, projective variety X is scheme-theoretically
an intersection of cone polynomials. In other words, the equations cy where

A is a linear space of dimension r —n —2 disjoint from X generate the ideal

sheaf Jx .

Proof. If X C P is a projective variety of dimension n (of at least codi-
mension 2) and degree d, and A C P" a linear space of dimension r —n — 2

disjoint from X, consider the cone polynomial Cy. We have
dimCy =dimX +dimA+1=n+(r—-n—-2)+1=r—1,

so C'y is a degree d hypersurface.
To show that X is the intersection of the C, note that X C C) for
each ANX =&, 50 X C(\yrx_p Ca. On the other hand, if z € P" — X,

consider the projection

m: P —{z} =P L
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Then 7(X) C P! is dimension n, so there exists some linear space M C
P! of dimension (r — 1) —n — 1 disjoint from 7(X). Choose a linear space
A C P" so that m(A) = M. Then = & Ch, since x € C, means that there
exists a line [ through X and A containing . Then 7(I) = M would not
be disjoint from 7(X), which is a contradiction.

Next assume X is smooth. Let’s confirm that T, X =) Anx—g LzCa
for every x € X. Since every c, contains X, we have T, X C T,cp for each
x € X, which implies T, X C (,qx—g Lzca. On the other hand, if v € T,P"
is a tangent vector with v ¢ T, X, it corresponds to a line [ C P" through z.
Pick A so that [ C A. For this choice of A, v ¢ T,cx. This shows that the
tangent spaces of ¢y at x cut out T,,.X, so by Lemma 3.3.1, cone polynomials

cut X out scheme-theoretically. O]

Hence, we can apply the theory of saturation to our study of cone
polynomials. In particular, bounding the saturation degree of the cone ideal
can give quantitative information about how close cone polynomials can

get to generating the defining ideal of a smooth variety.

3.4 A Preliminary Bound for the Saturation
Degree of the Cone Ideal

In this section, we will examine what sheaf cohomology reveals about the
saturation degree of the cone ideal. One goal of this dissertation is to

improve upon this bound.

Lemma 3.4.1 (Cohomology Vanishing, Theorem I11.2.7 in [12]). If X is a
smooth projective variety of dimension n and F is a coherent sheaf on X,
then

H'(F) =0 fori>n.
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Remark 3.4.2. Recall that if X C P is a finite set of d smooth (i.e., re-
duced) points, the ideal sheaf is generated by r+1 general cone polynomials

by Proposition 2.1.12. In other words, we have a surjective map of sheaves

Opr (—d)™! —— Iy

e

Consider the r = 2 case in P?. Taking the Koszul complex and splitting

into short exact sequences, we get the following diagram.

0
/ l
0 > Bo > T > Ho > 0
0 —— O]Pﬂj\—?)d) — Opz(:2d)3 —— Op2(—d)? » Ix > 0
0 > Vl > fll > H;y > 0.
a/

The r+1 = 3 cone polynomials do not form a regular sequence, so the Koszul
complex is not exact. However, the cohomology of the Koszul complex is
annihilated by Jx, so the homology sheaves are supported on X, which is
0-dimensional. This means that the higher cohomology of the J; vanish.
We can use this to find a bound for the degree in which cone polynomials

generate [x.

Proposition 3.4.3. (Bound from Sheaf Cohomology.) Let X C P? be a set
of d distinct points. Then for k > 3d — 2, we have (1), = (Ix)g. In
other words, sat.deg(I1°"°) < 3d — 2.

Proof. This result comes from chasing the above diagram twisted up by
Opz(k) for an integer k.
We have (1°"°);, = (Ix)y if and only if

H(Op2(k — d))* — H°(Ix(k))
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is surjective, which occurs precisely when H'(F;(k)) = 0. Since the higher
cohomology groups of the H; vanish by Lemma 3.4.1, we have H*(H;(k)) =
0,0 H(By(k)) = HY(F,(k)). Thus, if we know H'(B;(k)) = 0, that would
imply the desired H'(F,(k)) = 0.

Recall that by Proposition 2.2.5, we have the vanishing of H?(Opz(k—
2d)?) if and only if & > 2d — 2 and H'(Opz(k — 2d)3) = 0 for any k. Then

for k > 2d — 2, exactness of the sequence
0= H'(Op2(k — 2d)*) — HY(B(k)) = H*(Fo(k)) — 0

gives an isomorphism H'(B(k)) = H*(Fo(k)).

Now since
H?(By(k)) — H*(Fa(k)) — H*(IHa(k)) = 0,

we know that the map H?(By(k)) — H?(Fo(k)) is surjective, so vanishing
of H*(By(k)) would imply the vanishing of H?*(F5(k)). We also have that
Opz(k — 3d) = By(k), so H*(By(k)) = 0 if and only if H?(Opz(k — 3d)) = 0,
which occurs when k& > 3d — 2. This yields the stated bound on k. O]

In a similar way, applying Theorem [6] of Ein, H4, and Lazarsfeld,

we glean the following generalization.

Proposition 3.4.4. Let X C P" be a smooth variety of codimension at
least 2. Then
sat.deg(1°") < (r+1)d —r.
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Chapter 4

Main Results for Finite Sets in the

Plane

This chapter contains the main results of this dissertation. In Section 4.1,
we prove that the saturation degree of the cone ideal of a collinear set of
d points in P? is 2d — 2. In Section 4.2, we study the flat degeneration of
an arbitrary set of points in P? to a collinear one and show that the result
for collinear points will yield an upper bound on the saturation degree of

the cone ideal for non-collinear sets of points in P2.

4.1 Collinear Points

We start by considering the most specialized configuration of points in the
plane: collinear points. In this section, let Z = {py,...,ps} C P? be a set

of d > 1 distinct points contained in a line L.

Remark 4.1.1 (Fixing an affine patch). We can choose coordinates z,y, 2
on P? so that the line L containing Z is defined by z = 0. Then in the affine
patch {z # 0} = A% C P2, the points p; € Z all lie in the line at infinity. For
any center point p € P? not contained in L, the dehomogenization of the
cone polynomial centered at p is ¢,(z 1y : 1) € Clz,ylq. Call ¢p(z :y : 1)
the affine cone polynomial centered at p. The affine curve cut out by
¢p(z 1y : 1) is the union of d lines meeting at p whose slopes correspond to

the d points at infinity.
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Lemma 4.1.2. The set of all affine cone polynomials lies in the ideal
spanned by any single affine cone polynomial a and the partials of a of all

orders.
Proof. Consider the map
¢ : Az - C[$7y]§d
p—cpy(r iyl

that sends a point in the affine patch to the affine cone polynomial centered

at the point.

A* ‘ﬁ C[*9l<z

F. 1’ Cep Ci

Note that the image curves will all be translates of the curve cut out by

CL(:L‘, y) = QS(O? 0)>

the affine cone centered at the origin, which is a homogeneous degree d
polynomial since it is a product of d linear forms through the origin.
Let s,t be affine coordinates on this patch, so that via Taylor expand-

ing, ¢ can be written as

¢ L A? %C[xvy]ﬁd
(s,t) malz+s,y+1)
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The image of ¢ contains all of the affine cone polynomials centered at a
point p ¢ L. By the above expresssion, any such cone polynomial can
be written as a linear combination combination of partials of a(z,y) with

coefficients given by monomials in s, t. O

In order to study the span of the affine cone polynomials, we will use

the following Lemma:

Lemma 4.1.3. Let V' be a complex vector space and consider a map ¢ of

the following form:

Sy
(S, t) — Voo + Sv1g + tvgr + 82’020 + stvy + t2’002 + -+ tm’UOm
= Z SitjUij7
i,j=0

where the vi; € V.. Then

span(¢(©2)) = span{v;; }.

Proof. For each s,t € C, ¢(s,t) is in the span of the v;;, so span(¢(C?)) C
span{v;; }.

Suppose to the contrary that there is a strict inclusion span(¢(C?)) C
span{v;; }, which means that there exists some a,b € {1,...,m} so vy &

span(¢(C?)). Pick a basis {u; = va, ..., w} for span(v;;) so that
span(¢(C?)) C span{us, ..., u} C span{v;; }.

Using this basis, let v}j be the first coordinate of the vector v;;. Then

0
1 1 1 1
) v U, U, k
s, t)=| Pl +s| O+t M+ | e |,
*
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where the * are arbitrary values. This means that
Vg 4 vigs F vl F okt 4 =0

is the zero polynomial. A polynomial is uniformly 0 if and only if all its

coefficients are 0, so this means vz-lj =0 for all 4, j, and in particular, v}, =

However, by our choice of basis, v}, = 1, which is a contradiction. O

Considering Lemmas 4.1.2 and 4.1.3 together in the context of the
map ¢, which sends a point to the affine cone polynomial, and viewing the
partial derivatives of a(x,y) as vectors in Clz, y|<4, we obtain the following

result.

Corollary 4.1.4. With ¢ as described in the proof of Lemma 4.1.2,

da Oa %
2)\ — -
span(¢(A?)) = span {a, 9 9y’ Gyd} :

In other words, affine cone polynomials are spanned by a(x,y) and all of its

partial derivatives.

Now, we will rehomogenize the affine cone polynomials so that we
can continue to work in projective space. Each ¢(s,t) = ¢,(s : ¢ : 1)
becomes ¢,, so span(¢(A?)), which is the C-linear combinations of affine
cone polynomials, rehomogenizes to be the degree d part of I°°"¢. As
observed earlier, a is homogeneous and of degree d. An order ¢ partial
derivative of a is degree d — i, so the rehomogenization will be the partial

derivative times z°. Overall, we get

coney Ja Oa ;0%
(_[ )d—<(l,28—x,28—y,...,2 a_’yd>d

Since the cone polynomials have degree d, this means that for any p ¢

{ :}7
c, € a,z2—,2— Zd—d
§4 ) 9 ) 9y7"'a 9yd d'
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da ,0a d9%

3 cone.
e 2oy 12 8_yd} can be taken as a generating set for /°°"°:

Hence, {a, z

Corollary 4.1.5.

" = az@ z@ zdaia
- ) (9.1" ayv"'7 ayd .

The last ingredient of our main proof comes from an identity credited

to Euler.

Lemma 4.1.6. [Euler’s Homogeneous Function Identity] Let f be a homo-

geneous degree k function in n variables. Then

"9
k- f(zy,...,x,) = lea—xf(:cl,,xn)
1 1

We will make use of the following generalization:

Lemma 4.1.7. [Generalized Euler’s Identity] Let f be a homogeneous degree

k function in n variables. Let I = {iy,...,i,} be a collection of indices
i; € {1,...,n} and denote the product vj = x; - - - x;, and the operator
8‘9:] = f%n#@%' Then for 1 < a <k, we have

k!

aa
(k_CL)!f(:Cl;...;xn): E l‘]a—;(xl,...,l'n)_
[|=a

Proof. We proceed by induction on a. The base case a = 1 follows by
Euler’s Homogeneous Function Identity.

Let * = xq,...,x,. For the inductive step, assume that the identity
holds for a — 1, i.e.,

(k%lﬂ)!f @)= > u a;;lf (z). (4.1)
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Since f is homogeneous, the (a — 1)-th partials of f are homogeneous of

degree k —a + 1, so

1 n 1
9~ f Z of 0* f
(k—a+1) 83:1 81’] Oxy ().

Substituting this into 4.1, we see that

k! L 1 " Of 9 f
(k—a+1)!f(x)_ Z o k—a—i—l;xjﬁ_xj Ox; (z)

[Il=a—1
1 orf
R ErEP R i
The statement of the lemma follows. O]

Now, we can prove our main result.

Theorem 4.1.8. If Z is a set of d > 1 collinear points in P?, then
(ICOHB)k — Ik

iof and only of k > 2d — 2.

Proof. The main idea is to filter the elements of 1°°"® based on their degree
of vanishing along the line containing Z, which I will assume without loss
of generality is z = 0.

Take 1 <1 < d. We start by showing that the order ¢ partial deriva-
tives of the cone polynomial a(x,y) have no common zeroes in P!

Suppose 2% and g—z both vanish at p € P!. Then by Lemma 4.1.6,
a(x,y) must also vanish at p. Since p must be contained in at least one
of the affine patches, then without loss of generality, suppose p is in the
affine patch defined by y = 1. After restricting to this patch, a(z,y) is a

univariate polynomial a(z) and

a(x) =

x|,
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Then a and o’ both vanish at p, which means that a has a double root
at p. This would contradict our assumption that a has distinct roots in
P!. Hence, the first partials of a(z,y) must have no common zeroes in PL.
Similarly, using Lemma 4.1.7, it follows the order ¢ partials of a(z,y) have

Nno common zeroes in ]P)l.

Let S = Clz,y]. Then, Macaulay’s Theorem 2.2.1 gives

da Oa
—~ =) = f >2d—1)—1=2d—
( ,y)k Sk or k (d ) d—3,

(82(1 d%a  0%*a

) ) = Sk for k>2(d—2)—1=2d -5,
2 2
0x? 0xdy Oy )k

0% 1q 9%1q
(axd—l"“vayd_1> = Sk for k>2(1)—1=1.

In general, for each order 1 <7 <d —1,

d'a da
— ., — | = > —1)— L -
(89&“ , 8y1> k Sy for k> 2(d—1i) —1 (4.2)

Now, look at the ideal

Icone_ @ @ da;da
= a,Zax,Zay,...,Z ayd

in degree k for k > 2d — 2:

cone\ __ % % d
(1), = (@) + 2 <0w’0y>k1+m+ (=),

! . [ 0a da J
:(a)k+z 2" 0 g +<z>k
i=1 k—i

39



Note that for 1 <i<d—1,wehave k —i >2d—i—22>2(d—1)—1, so
by equation (4.2), <%, ce %‘Zﬁ) = Si_;. Thus, continuing the string of
i

—1

equalities above,

e S [ (),
= (a)p + 2z - Clz,y, 2]p_1.

From this, we get

([cone)k
I I

a-Sy_q+ 2z Clz,y, 2|k C S+ 2z Clz,y, z]r_1.

IN
=
IN

C[I,y,Z]k

Next, a codimension count:

codim (I,gone C Clz, v, z]k) = codim (a - Si_q C Sk)
= codim (Sk_q C S)
=dim S, — dim S;,_4
—(k+1)— (k—d+1)
=d.

Since [}, is also codimension d in C[z,y, 2], there is equality
(]Cone)k — ]k:

ford > 1,k > 2d— 2.

Now for the converse. The sharpness of Macaulay’s Theorem says

da Oa
7)) C 1) 1 — _3
(&E’@y)t”‘st fort <2(d—1)—1=2d—3
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Now examine /°°™ in degree k < 2d — 2:

da Oa
Jeone — . ce d
( )k ()i + 2 (ax’ay)k—l_F e

-k oz’ dy /), — oxt’ 7 Oyt o

7

Earlier, we checked that codim (a - Sk—a+ 2 - Clz,y, 2]p—1 C Clz, v, z]k) =

d, so as a strict subset,
codim [(I°"), C Clz,y, z)i] > d+ 1,

which means

(1), #

ford > 1,k < 2d — 2. O

4.2 Implications for Non-colllinear Points

Now that we have established a sharp bound for the saturation degree of
the cone ideal for collinear points, we would like to study non-collinear
configurations. In this section, we will use the result for collinear points to
prove that cones generate the defining ideal in degrees 2d — 2 and higher
for any set Z C P? of d reduced points, although the bound is no longer
as good as possible in the non-collinear case.

Consider the ambient space X = P? x A, where A! can be thought
of as a 1-dimensional time parameter. Inside of X, consider two slices
P2 x {0} and P? x {1}. Each of these is a projective plane, in which we
can put collections of d distinct points, Zy € P? x {0} and Z; € P? x {1}.
In particular, we are interested in the case when Z; is a set of collinear
points and Z; is a set of arbitrary reduced points so that we can study

the degeneration of Z; to Z,. We will start by describing the construction
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of a subset
ZCX

where the images of the second projection Z; form a flat degeneration so
that we can use the bound of Theorem 4.1.8 to obtain a rough bound for

arbitrary sets of points.

— X:fP"XA'

?1 i.i‘;’ /l

Lemma 4.2.1 (Flat family). For any arbitrary set Z of d distinct points,
there exists a flat family {Z;}iepr over AY where Zy = Z and Zy is a set of
d distinct collinear points. In particular, this can be done so that the ideal
sheaves of the Z; are all isomorphic to one another fort # 0. Call Z C X
the set with fibers Z;.

Proof. Let Z; be an arbitrary set of d distinct points in P?. If Y is the
union of all lines through each pair of points of Z;, choose a point P not
contained in Y. Choose coordinates on P? so that P = (0:0: 1). For each

non-zero t € C, we have an automorphism of P? given by
o (xiyiz)—=(x:y:tz),
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which is a projection from the point P onto the line defined by z = 0 in
the limit as ¢ — 0. By our choice of center P, each point of Z; approaches
a distinct point on the line. For each t # 0, let Z;, = 0,(Z;). Note that the
all of the ideal sheaves J, are isomorphic to one another by construction,
so in particular, the Z; form a flat family parameterized by A; \ {0}. Then
this extends to a flat family over all of A! with the flat limit Z; a set of d

distinct, collinear points. O]

We would like to discuss how cone polynomials over this flat family
behave. For simplicity, our next goal is to establish the existence of fixed
centers for the cone polynomials, which will generate Z; as ¢t varies. We

will use the following Lemmas:

Lemma 4.2.2. If a morphism of vector bundles V. — W over A is surjec-

tive at 1 € A, then it is surjective in a Zariski neighborhood of 1.

Proof. Suppose v : V. — W is a morphism of vector bundles. Then in
a neighborhood U around 1 € A', vy : Vi — Wy is given by a matrix
of regular functions [a;;(t)]. Suppose the map over 1 given by [a;;(1)] is
surjective, so the matrix is full rank. Since dropping rank is defined by the
vanishing of minors of [a;;(t)], which defines a closed set, the matrix will
be full rank in a neighborhood of 1. O

Lemma 4.2.3. For the flat family {Z;} described in Lemma 4.2.1, there ex-
1sts a finite collection of fived points Py, ..., Py so that the cone polynomials
{cp (Z)}L, generate (I")q for all but finitely many t € A'.

Proof. Choose centers Py, ..., Py such that {cp,(Zo)}IL, generate (I5™)
and {cp,(Z1)}L, generate (I$")q. By the automorphism o, of P? for t # 0,
all of the subspaces (I5)q C Sy have the same dimension for ¢ # 0. Then

the (I5"¢)q can be put together to form a vector bundle
VC Sy x Al
over A'. Consider the map of vector bundles over Al
O =V
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given by the cone polynomials {cp,(Z;)}~,. By our choice of the B, this
map is surjective at ¢t = 1 and at ¢ = 0. Then by Lemma 4.2.2, the map
is surjective in a Zariski neighborhood of 1 € A!', which means that it is
surjective for all but finitely many ¢ € A!. This is equivalent to the cone

polynomials {cp,(Z;)}Y, generating (I5™)4 for those t. O

Lemma 4.2.4 (Fixed centers). For the flat family {Z;} described in Lemma
4.2.1, there exists a finite set of fized points A = P, ..., Py for which the
cone ideal of Z; in degree d is generated by the cone polynomials centered
at the points Py, ..., Py for every t € Al.

Proof. Consider the points P, ..., Py described in Lemma 4.2.3. Then for
the finite number of ¢; for which {cp,(Z;)}Y, does not generate (152")q,

there are points P,zj so that the cones over those points generate (13"¢).
Let A be the union of the P, and P,zj ) O

Now, we can prove the main result of this section, which is a bound

on the saturation degree of I°°"® for arbitrary finite sets in P2

Theorem 4.2.5. If Z is a set of d distinct points in P? and if k > 2d — 2,
then ([cone)k = [k

Proof. Let Zy = Z and consider the flat family Z; as described previously.
By Lemma 4.2.4, there exists some N so that we get a short exact sequence

of sheaves over P? x Al:

0 > M > O (—d) > Iz > 0,

where M is the kernel sheaf of the morphism given by the cone polynomials
specified in Lemma 4.2.4 and O ,,(—d) := pr;jOp2(—d). Since Jy is flat
over A' by Lemma 4.2.1 and Of}(—d) is flat over A as it is constant, this
implies that M and its twists are flat over A!, too, by Proposition 2.4.2.
By the Semicontinuity Theorem, for k € Z, h*(M,(k)) is upper semi-
continuous in ¢t € A'. Theorem 4.1.8 tells us that cone polynomials generate

in degrees at least 2d — 2, which means that the map
HO(0g (k — d)) —— H°(Jz,(k))
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is surjective for k > 2d—2. This is equivalent to the vanishing of H*(Mq(k))
for k > 2d—2. Upper semicontinuity of h' (M (k)) implies that for & > 2d—2,
the value of h! can only jump up. The smallest possible value for the
cohomology dimension is 0, which we know is attained at ¢ = 0. Thus, there
is an open neighborhood around 0 € A on which A'(M,(k)) = 0. Then
there exists some ¢’ # 0 such that H'(My(k)) = 0. Since this cohomology

group measures the codimension of

W = (Cpl(Zt/), o ,CPN(Zt/))d C (Iz,)x,

we know that these cones generate all of I 7, in degrees k > 2d — 2. Since
oy is an automorphism of P2, we also have that W’ is isomorphic to W, the

degree k piece of the ideal generated by the cones

cot_,l(Pi)(O_t_’l(Zt')) = Cat_,l(Pi)(Zl)'

Then W = (Iz, )k, i.e., Iz is generated by cones in degrees k > 2d — 2,
which is the desired result. ]

This theorem shows that the saturation degree of the cone ideal for
arbitrary sets of points in the plane can not exceed 2d — 2. Note that this
is not what we expect to be the actual saturation degree in non-collinear

cases, which we will discuss in Section 5.1.
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Chapter 5

Experimental Data and Further

Directions

Interest in the study of cone polynomials began with the experimental
observations of Bo Ilic, summarized in Conjecture 3.2.1, that for generic
points in P?, the degree in which cones generate the defining ideal of the
points depended on the parity of the number of points. In this chapter, I will
describe the results of my computational experiments on cone polynomials.
All of the data described was obtained using Macaulay2 [10]. For trials
involving random points in projective space, I made use of the Points
package by [23], which includes functions that produce random points in
an ideal. My computations are all done over the finite field of order 32749,
the largest prime order stored in Macaulay?2, in the expectation that the
experiments would capture what is occurring over C.

Given a projective variety X, we compute the cone ideal °"¢ by
producing sufficiently many cone polynomials over X and looking at the
ideal that they generate. We compare the Hilbert function of 7°°"® to the
expected size of Iy in a given degree, and search for the first instance in

which they agree to find the saturation degree of the cone ideal.

Remark 5.0.1 (Benefits and limitations of computational data). Being
able to compute saturation degrees of the cone ideal for a specific variety
X is useful as a starting point for finding patterns and forming conjectures.

As we will see in this chapter, the data reveal a relationship between the
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degree d of X and the saturation degree of 1°°"°. For example, the consistent
pattern that emerged for collinear points in the plane is what sparked our
interest in proving this case, which resulted in Theorem 4.1.8.

A potential issue that could occur with working out concrete examples
is that a pattern that occurs for a particular collinear set may not work
for every collinear set. To mitigate this, data reported in this chapter were
run several times with appropriately randomized attributes and checked for
consistency.

Another limitation is the runtime of the programs. The tables in
this chapter end at d = 10, which was the point at which many of the
computations started to slow down. This also impacts the size of the

dimension that we can work in, so we stop at curves in P3.

5.1 Cones over Points in the Plane

Remark 5.1.1 (Cone polynomials in Macaulay?2). Suppose
X:{le'wpd} QPZ

is a set of d points, and we want to find explicit generators of I°°™ using
Macaualay2. To work in P2, set the base ring as k[z,y, 2], where k =
7,/327497Z. Using the Points Package, we can generate a matrix whose
columns represent the homogeneous coordinates of random center points
for the cone polynomials. We choose (d;rz) random center points C, since
cone polynomials live inside k[z, y, z]4 which has dimension (d'f). Then for
1<i1<dand 1 <5< (‘1'52)7 the determinant

.
P G
.

IV

N e oy
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gives the linear function that vanishes on the points F; and C; so that the

cone polynomial centered at Cj is

co,(X) =[] lis-

Then we assume that 7°°"¢ is the ideal generated by these cones.

Example 5.1.2 (Betti tables and Hilbert functions). As described in the
Remark 5.1.1, we can produce generators for the cone ideal of a set of points
X C P2 When X is a set of 5 randomly generated points, we can print the
Betti table of 1°"¢ to get the following Macaulay?2 output.

23
96

1
tota 14 1

R R o

1:
0:
1:
2:
3: . ...
4: . 14 19 4
5 2

In column 1, the 14 in row 4 indicates that there are 14 forms of degree 5

needed to generate I°°"°. In other words, dim(/f**¢) = 14. The expected

5+2
2

1°°"¢ has codimension 1 in I5. We can also compute the Hilbert function

dimension of the ideal of 5 points in degree 5 is ( ) —5 =16, so in this case,
of I°°", which will give the codimension of I{°* in S|z, y, z];. When the
value of the Hilbert function in degree k achieves the number of points of
X, this means that I;°"¢ = I for that k. In our case, this first occurs when
k = 6.

Note that the bottom right entry in the Betti table above indicates
that there are two relations of degree 2 among the relations on the generators
of I°*. Compare this to the Betti table when X is instead a set of 7

randomly generated points, shown below.
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2 3

e 1
total: 1 28 46 19
1

1
(%]
1
2:
3:
4:
5: . . . .
6: . 28 46 18

7 1

In this case, there is one relation of degree 2 among relations instead. In
looking at the Betti tables for 7°°"® when X is a set of d > 3 random points,

we observe that the bottom right entry is
lifd=3 mod4 and 2ifd=1 mod4

for values of d up to 15, which match the number of linear relations among
cone polynomials found in Theorems 3.2.2 and 3.2.3 of Fu and Nie.

Similarly, we can work with collinear points by letting X be a set of
5 randomly generated points that lie in the line defined by z = 0. Then we
get the following Betti table.

o 1 23
total: 1 12 17 6
0: 1
1:
2:
3. . ..
4: . 12 15 4
5: 11
6: .o
7: 11

Here, I£°"¢ is codimension 4 in [5. In the second column, we can read off
the syzygies: 15 linear syzygies, 1 degree 2 syzygy, and 1 degree 4 syzygy.
By examining the Hilbert function, we get that cones generate the defining

ideal of X in degree 8.
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Trial 5.1.3 (Generic points). Data on the saturation degree of 1°°™® when

X is a set of d randomly generated points in P2.

FIGURE 5.1: Schematic diagram of X

sat. deg

© 0 I O Ul R W N |
(o T e T o N U U N

—_

S
—_
)

10

Based on this data, we can reinterpret Bo Ilic’s Conjecture 3.2.1 in

terms of saturation degree.

Conjecture 5.1.4. Let X be a set of d > 2 generic points in P2. Then

d if d is even,

d+1 ifd s odd.

sat. deg(I°"¢) =

Trial 5.1.5 (Points split between two lines). For integers d > 2, let

X={0:1:1),...,0:]d/2]:1),(1:0:1),...,([d/2],0: 1)},

a set of points in P? where |d/2] of the points are contained in the line
{z = 0} and the rest of the points are contained in the line {y = 0}.
Then the saturation degree of X matches the saturation degree of the

corresponding number of generic points described in Trial 5.1.3.
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FIGURE 5.2: Schematic diagram of X

These data suggest the following strengthenging of Conjecture 5.1.4:

Conjecture 5.1.6. Let X be a set of d > 2 in P? such that |d/2| of the
points are contained in one line and the rest of the points are contained in

a distinct line. Then

d if d is even,

if d is odd.

sat. deg([°"¢) =
d+1

Trial 5.1.7 (Moving points from one line into two). In this trial, we will
look at sets of d points that lie in the two lines in P? defined by z = 0 and
y=0. Fori=0,1,2,3, let X; be a set of d points so that i of the points
are randomly generated points in the line x = 0 and the rest of them are

randomly generated points in the line y = 0.

L]

xl ¢ x]_ X3

*—@ * 0 * * 9 o . e o L] L L]

d | sat.deg(Ir°) | sat.deg(/$™) | sat.deg(I5¢) | sat.deg(I"°)
1 1 N/A N/A N/A
2 2 N/A N/A N/A
3 4 4 N/A N/A
4 6 5 4 N/A
5 8 6 6 6
6 10 8 7 6
7 12 10 8 8
8 14 12 10 9
9 16 14 12 10
10 18 16 14 12
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Recall that Theorem 4.1.8 establishes that for d > 2, the saturation degree
for I is 2d — 2. The data above suggests that for d > 5, the saturation
degree of 1" is 2d — 4, for d > 7, the saturation degree of I is 2d — 6,
and for d > 9, the saturation degree of I is 2d — 8. Then, as points are
moved one at a time from one line into two, the saturation degree should
drop by two until the points are split as evenly as possible between the two

lines, which would give a saturation degree of 2d — 2|d/2| = d or d + 1.

Remark 5.1.8 (Semicontinuity and saturation degree). As explained in
Section 4.2, the saturation degree of the cone ideal when X is a finite set of
d points in P? satisfies a semicontinuity property, which means that it may
jump up for special configurations of X. To summarize the observations
of this Section, we expect the following pattern in the saturation degree of

ICOI]G .

)
d,d+1 if X is a set of generic points,

d,d+1 if X is split evenly between two lines,
sat. deg([°"¢) =
2d — 6 if X is collinear except two points,
2d — 4 if X is collinear except one point,

2d — 2 if X is collinear.

\

5.2 Cones over Points in Higher Projective

Spaces

To find cones over points in projective spaces of dimension n > 3, the

centers of the cones are linear spaces A of dimension n — 2.

Trial 5.2.1 (Generic points). Data on the saturation degree for d randomly

generated points in P? and P4
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d | sat. deg(X C P?) | sat. deg(X C P*)
1 1 1
2 2 2
3 4 4
4 4 4
) 6 6
6 6 6
7 8 8
8 8 8
9 10 10
10 10 10

The saturation degree of generic sets of d points in P? and P* appear to
follow the same parity pattern that occurs for P?: d when d is even and
d + 1 when d is odd.

Note that the saturation degree being greater than d in the odd case

will always occur in P"=2 by Theorem 3.2.2 of Fu and Nie.

Trial 5.2.2 (Collinear points in P?). Data on the saturation degree of d

randomly generated points contained in a line in P3.

d | sat. deg
1 1
2 2
3 4
4 6
5 8
6 10
7 12
8 14
9 16
10 18

We get a saturation degree of 2d — 2, which is the same behavior as collinear

points in P2.
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5.3 Cones over Curves

Trial 5.3.1 (Cones over Curves in P3). T consider two types of curves,
although both end up having the same behavior. Let Xy be the union of
d randomly generated lines. Let Y,; be the paramerterized curve defined as

the image of the map P! — P3 which takes

(Svt) = (fO(‘Sat)v s 7f3(37t))7

where fy, ..., f3 are random linear combinations of the degree d monomials
597" In both cases, we take (d?) random center points for the cone

polynomials.
Xd / Y
EX e

sat. deg(Xy) | sat. deg(Yy)
1 1

© 00 3 O Ot = W N -
© 00 J O Tt =~ W N
© 00 J O Ot =~ W N

—_
o
—_
o
—_
o

This set of data suggests that the saturation degree for degree d curves in
P3 is d. Notably, the variation depending on the parity of d which was

present in the case when X is O-dimensional does not appear.
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5.4 Further Directions

A focus of this dissertation is to study the saturation degrees of ideals
generated by cone polynomials. One could naturally ask similar questions

for ideals generated by other classes of polynomials.

Example 5.4.1 (Saturation degree of quadrics cutting out a Veronese
Curve). Recall that the rational normal curve of degree r is given as the

image of the Veronese map

v:Pl P

[s:t] = [s" 8™ M, st ]

and is cut out scheme-theoretically by the 2 x 2 minors of the 2 x r matrix

X1 T2 ... Ty

M:[Jfo ry ... xrl]‘

Let g; ; be the determinant of the matrix consisting of columns ¢ and j of M.
There are (g) many of these quadrics ¢; ;. By 2.1.12, taking r + 1 general
linear combinations of these are sufficient to cut out the rational normal

curve. For £k =0,...,r, we set
Fi =) Cridi
i<j

where the coefficients c;; ; are randomly generated values so that the ideal
J = (Fb,...,F,) saturates to the defining ideal I of the rational nor-
mal curve in P". Then, we can compute the saturation degree of I using

Macaulay2, which yields the following values.
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Veronese degree | Saturation degree of J
2 2
3 2
4 3
5 4
6 5
7 6

Since J is generated by elements of degree 2, the smallest possible saturation
degree is 2. The data above suggest that for » > 3, the saturation degree
of Jisr —1.

Remark 5.4.2 (More questions about cone polynomials). This chapter
provides some insight into the behavior of cone polynomials in certain low
dimensions, and it would be interesting to study if any patterns analogous
to the one confirmed for collinear points in the plane described in Theorem
4.1.8 occur for higher dimensional varieties. As discussed in Section 4.2, the
saturation degree of cone ideals follows an upper semicontinuity property.
Remark 5.1.8 suggests that the saturation degree of I°"® for points in P2
jumps up based on how close the points are to being collinear.

Here are some open questions related to the work presented in this

dissertation.

o If X C P?is a set of d points where all but one of the points are

contained in a line, can we prove that the saturation degree is 2d — 47

I expect that if one can figure out a proof of this statement, there is
potential for a way to confirm the pattern observed in Remark 5.1.8
by moving points off of the line one by one. This would also prove

Conjecture 5.1.4.

e For rational curves of degree d in P? (or higher dimensional analogues),

do cones generate Ix in degree d?

This is suggested by the data in Trial 5.3.1.
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e For curves X C P2 (or higher dimensional analogues), does the satura-
tion degree of 1°°" jump up when X is contained in a hyperplane? Are
there other special geometric conditions on X that result in different

saturation degrees?
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