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Abstract of the Dissertation

Topics in Quantitative Rectifiability:

Traveling Salesmen, Lipschitz Decompositions, Densities, and Big Pieces

by

Jared Krandel

Doctor of Philosophy

n

Mathematics

Stony Brook University

2024

We present and prove assorted results in quantitative rectifiability. First, we study the
quantitative rectifiability of Jordan arcs in Hilbert spaces, proving a version of the traveling
salesman beta number estimate for length minus chord length analogous to an estimate
recently attained by Bishop in Euclidean spaces. Second, we prove the existence of Lipschitz
decompositions for domains with quantitatively flat boundaries. That is, we show any such
domain has an “almost” decomposition into nice Lipschitz domains with control on the total
surface area of the decomposition domains in terms of the original domain boundary area.
Third, we study the regularity of Hausdorff measure on uniformly rectifiable metric spaces.
We show that any such space satisfies the weak constant density condition of David and
Semmes. Fourth, we study the iteration of the big pieces operator in Ahlfors regular metric
spaces. We prove that iteration stabilizes after two iterations as a result of a more general

extension theorem.
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Dedication Page

To Mathematics,
An excuse to daydream pretty pictures,
To look beyond myself,

To feel static.

““What’s this? Am [ falling? My legs are giving way under me,” he thought, and fell on
his back. He opened his eyes, hoping to see how the struggle of the French soldiers with the
artilleryman was ending, and eager to know whether the red-haired artilleryman was killed
or not, whether the cannons had been taken or saved. But he saw nothing of all that. Above
him there was nothing but the sky—the lofty sky, not clear, but still immeasurably lofty, with

gray clouds creeping quietly over it.” - Lev Tolstoy, War and Peace

“On the last day, she went to see the Watts Towers ... She went around touching things,
rubbing her palms over the bright surfaces. She loved the patterns made by jute doormats
pressed in cement. She loved the crushed green glass and the brown bottle bottoms that
knobbed an archway. And one of the taller towers with its tracery of whirling atoms. And
the south wall candied with pebbles and mussel shells ... She felt a static, a depth of spirit,
a delectation that took the form of near helplessness. Like laughing helplessly as a girl,
collapsing against the shoulder of your best friend. She was weak with sensation, weak with

seeing and feeling.” - Don DelLillo, Underworld
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Chapter 1

Introduction

Rectifiable sets are central objects of interest in geometric measure theory. If X is a metric
space, we say that £ C X is n-rectifiable if there exist countably many subsets A; C R™ and
Lipschitz maps f; : A; = X such that #H"(E \ U, fi(4;)) = 0. In other words, all of the H"
measure of F is captured by Lipschitz image of subsets of R”. In Euclidean space, rectifiable
sets are natural generalizations of smooth n-dimensional submanifolds. Whereas manifolds
are locally smoothly parameterized by Euclidean space via charts, rectifiable sets only admit
this weak form of measure theoretic covering by Lipschitz maps. Just as differential geometry
studies the topological and geometric properties of manifolds, a large part of geometric
measure theory seeks to understand what sort of geometric structure remains when we
generalize to the class of rectifiable sets.

Some of the most satisfying geometric statements about rectifiable sets concern what
happens in the limit as we zoom in on typical points: rectifiable sets have approximate
tangent planes almost everywhere.

Definition 1.0.1 (Approximate tangent n-planes). For a given n-plane P C R% x € RY,
and s € (0,1), define the cone of aperture s centered at a around P by

C(a, P,s) = {z € R?: dist(x — a, P) < s|z — a|}.
We say that P is an approximate tangent n-plane for E at a if

lim sup H"(E N B(a,r))
r—0 (QT)TL

>0, (1.1)

and for every s € (0,1)

lim H"(E N B(a,r)\ C(a, P,s))

lim o ~0. (1.2)

Equation says that small balls around @ contain at least some mass, while ([1.2))
says that all of the mass near a concentrates near P in small balls around a. The following
theorem characterizes n-rectifiable subsets of R? in terms of the existence of approximate
tangent n-planes.



Theorem 1.0.1 (|Mat95] Theorem 1.59). Let E be an H" measurable subset of R with
H"(E) < 0o. The following are equivalent:

(i) E is n-rectifiable,
(ii) For H™ almost every x € E, there is a unique approximate tangent plane to E at .
(iii) For H™ almost every x € E, there is an approximate tangent plane to E at x.

While this characterization is insightful and useful in many settings, we sometimes want to
claim that objects we're working with have stronger geometric regularity than that provided
by rectifiability alone. This is especially true when studying questions which are quantitative
in nature. For example, given £ C R? we may want to know whether F looks flat in a
“typical” ball which requires some way of actually measuring and controlling the “number”
of scales and locations on which E is close to an n-plane. The existence of approximate
tangent planes only says that there is a good tangent plane (in a measure theoretic sense) on
infinitesimally small scales around H" almost all points. In order to get this desired stronger
control, we need often need to require stronger, more quantitative conditions on E than mere
rectifiability.

One such influential quantitative rectifiability condition is the notion of uniform n-
rectifiability introduced by David and Semmes. They were motivated by questions related
to the boundedness of certain singular integral operators like the following: Given a nice
enough class of operators, what geometric conditions must one put on £ C R? for these
operators to be bounded from L?(E) to itself? In [DS91] and [DS93], David and Semmes
tell a long and beautiful story about how the boundedness of singular integral operators re-
lates to quantitative aspects of rectifiability and geometric measure theory through uniform
n-rectifiability.

To define uniformly n-rectifiable sets, we first need the following two conditions.

Definition 1.0.2 (Ahlfors n-regular subsets). We say that a set £ C R? is n-Ahlfors regular
if there exists a constant ¢ > 0 such that for all x € F, 0 < r < diam(F), we have

" <HY(EN B(x,7r)) < cr'.

Definition 1.0.3 (Big pieces of Lipschitz images). We say E has big pieces of Lipschitz
images of R™ if there exist constants L, > 0 such that for any =z € F, 0 < r < diam(FE),
there exists an L-Lipschitz map f: A,, C B"(0,r) C R" — R? such that

HY(ENB(z,r)N f(Az,)) > 0"
Finally, we can define uniform rectifiability.

Definition 1.0.4 (Uniformly n-rectifiable sets). We say that £ C R? is uniformly n-
rectifiable if and only if E is Ahlfors n-regular and E has big pieces of Lipschitz images
of R™.

Ahlfors n-regularity says that the measure of E inside any ball is uniformly comparable
to the measure of a ball of equal radius in an n-plane. Assuming Ahlfors n-regularity, the



big pieces of Lipschitz images of R™ condition says that a uniform fraction of the measure
of each ball in E' is covered by Lipschitz images with uniformly bounded Lipschitz constant
of balls of equal size in R™. Uniformly rectifiable sets have quantitatively large Lipschitz
coverings at all scales and locations, while general rectifiable sets may have balls which are
arbitrarily badly parameterizable by Lipschitz maps.

David and Semmes proved that, assuming E is Ahlfors n-regular, some nice classes of
singular integral operators are bounded from L?(E) to itself if and only if E is uniformly
n-rectifiable. However, they also extensively studied uniformly rectifiable sets as geometric
objects of independent interest, proving many equivalent geometric definitions. Many of
these give quantitative counterparts of qualitative characterizations of n-rectifiable sets. One
of the strongest such characterizations is the bilateral weak geometric lemma (BWGL), which
gives a quantitative analog to the existence of approximate tangent n-planes discussed in
[1.0.1] Roughly speaking, the BWGL says that inside “most” balls, E is bilaterally close to
an n-plane. We measure this bilateral closeness using the Hausdorff distance.

Definition 1.0.5 (Hausdorff distance). For any subsets A, B C R?, we define the Hausdorff
distance between A and B as

beB acA

dy(A, B) = max {sup dist(b, A), supdist(a, B)} :
In words, dy (A, B) measures the furthest distance any point in one set is from the other
set.

Definition 1.0.6 (Bilateral beta numbers). Let £E CRY z € E, r > 0. We define

bop(e.r) =  inf dH(EﬂB(x,r),PﬂB(x,r))'

P n-plane r

We call bSg(x,r) the bilateral beta number for F inside B(x, ).

In words, bSg(x,r) < e if and only if there exists a plane P such that every point of
P N B(x,r) is within distance er of a point of £ N B(x,r) and every point of £ N B(x,r)
is within distance er of a point of P N B(xz,r). Before finally stating the bilateral weak
geometric lemma, we need a precise way of quantifying the “number” of balls satisfying a
certain property. This is given by the notion of a Carleson set

Definition 1.0.7 (Carleson sets). We say that Z C E x R* is a Carleson set if there exists
a constant C' > 0 such that for every z € F and 0 < r < diam(F)

dzdt
/ /Xgastx—<0"
B(z,r)

We think of each pair (z,t) € E x R™ as representing the ball B(x,t) N E. Since

the measure % assigns constant mass to each interval [27% 2751 each “layer” of balls

% ={(z,t) € ExR* :z € B(y,r), 2~ Y <t < 27%} inside of a given ball B(y,r) for an

Ahlfors n-regular set E has
/ / dxdt n
— =7
z 1t

3



so that

" dzdt
XE R+(I,t>—X r’" = oo.
/B(y,m/o " t 2

k=—1log(r)

In order for 2 to be a Carleson set, % must be much smaller than £ x R*. It must become
very sparse on small scales.
Finally, we can define what it means for E to satisfy the bilateral weak geometric lemma.

Definition 1.0.8 (Bilateral weak geometric lemma (BWGL)). We say that E' C R? satisfies
the BWGL if and only if for every € > 0, the set

Ble) ={(x,t) € EXR" : bBp(z,t) > ¢}
is a Carleson set.

David and Semmes proved the following equivalent characterization of uniform rectifia-
bility (among many, many more).

Theorem 1.0.2 ([DS93] Theorem 1.2.8). Let E C R be Ahlfors n-reqular. Then E is
uniformly n-rectifiable if and only if E satisfies the BWGL.

Although the topics of the chapters in this thesis vary, they all lie in the general area
of quantitative rectifiability, studying ways of quantifying flatness over all scales and all
locations. In what follows, we introduce each of the four topics presented. In the final
paragraph of each of the following sections, we give a summary of the results we obtain
within that topic.

1.1 The analyst’s traveling salesman theorem for
Jordan arcs

Given an arclength parameterized Jordan arc v : [0,1] — R? we define the length of
relative to a partition P = {xg, x1,...,zn5} for z; < x;11, x; € [0,1] by

(3. P) = Y i(ai) @)

Then, the length of v is given by
t(y) =sup (7, P).

This definition of length involves only what happens on infinitesimal scales (partitions with
many points are all that matter because refining partitions increases length), reminiscent of
how approximate tangent planes only describe the flatness of rectifiable sets on infinitesimal
scales. Analyst’s traveling salesman theorems for curves attempt to provide a quantification
of the length in terms of the local geometry of curves inside balls over all scales and locations
inside the curve. The primary tool for this analysis is the Jones beta number introduced
by Peter Jones in his proof of the analyst’s traveling salesman theorem in R? (See the
introduction of Chapter [2| for a more detailed exposition of traveling salesman theorems.)

4



Definition 1.1.1 (Jones beta number). Let E C R% and Q € D(R?), the set of dyadic cubes
in RY. Define

- dist(zx, L)
Pul@) = Il sup (@)

where 3@ is the cube with the same center as () but with 3 times the side length.

Assume diam(v([0, 1])) = 1 and define Py = {0, 1} where ~(0) and ~(1) are the endpoints

of 7. Consider a sequence Py, Py, ... of partitions of [0, 1] where P;,; is a refinement of P,
1—00

v(P;) is approximately a 27-net for ' = ([0, 1]), and £(~y, P;) —— £(y). Then we can write

0(~y) — crd(y Zf v, Piv1) — (7, B;). (1.3)

where crd(y) = |y(0) — v(1)| is defined to be the distance between +’s endpoints. Each
term in the sum on the right-hand side of is the difference between the length of
the polygonal approximations of v given by P;.; and F;. Morally speaking, the picture in
Figure happens everywhere on the scale of the distance between points in F;, and the
Pythagorean theorem as applied there implies we can expect

o

((y) = erd(y ZM, ) =L P)S Y Y Br(@Fdiam(Q) (1.4

i=0 QeD;(RY)

where D;(RY) is the collection of dyadic cubes of side length 27¢. This intuitive argument
can be made rigorous with some additional caveats. In fact, the significantly more difficult
reverse inequality of also holds.

For an idea of the reasons for this difficulty, notice that we might try to prove the reverse
inequality by running the construction given previously in reverse. That is, we construct a
sequence of polygonal approximations of our curve I' and attempt to bound the beta number
sum in terms of the successive differences in their lengths. This argument can be made to
work on certain regions of the curve in which “non-flat arcs” are present, but in general there
are balls which have large beta number for which polygonal approximations will always have
similar length. One such example is a ball consisting of two line segments forming a “cross”
(See the A; example in Figure[2.3]). In this case, 8r(Q) ~ 1, but polygonal approximations
on scales smaller than the scale of the ball will just reproduce the line segments. Controlling
these beta numbers requires totally different arguments involving geometric martingales and
other specially designed tools.

Equation and its reverse were first proved by Bishop in R,

Theorem 1.1.1 ([Bis22| Theorem 1.2). Let 7y : [0,1] — R? be a Jordan arc. Then

Y Br(Q) diam(Q) =g £(v) — crd(y)

QED(RY)

In the first part of this thesis, we present the following analog of Bishop’s result for curves
in Hilbert spaces.



Theorem (See Chapter Theorems and. Let H be a Hilbert space and let ' C H be a
Jordan arc. For any multiresolution family 7€ associated to I" with inflation factor A > 200,
we have

> Br(Q)* diam(Q) =4 ((T) — erd(T). (1.5)

Qe

For the easier direction, we provide a Hilbert space adaptation of Bishop’s argument
which philosophically follows the above outline. For the harder direction, we refine and
adapt Schul’s arguments for the general Hilbert space traveling salesman theorem using
filtrations and geometric martingales. The most interesting new idea is the introduction of a
sort of “reduced length” measure 1 which measures the local contribution of subsets of the
curve to the overall value of ¢(T") — crd(T).

1.2 Lipschitz decompositions of domains with
bilaterally flat boundaries

Let Q C R4 be an open set. One would often like to break € into smaller pieces satisfying
some regularity property and work with the pieces of the domain individually. One such
decomposition of €2 is the Whitney decomposition

Definition 1.2.1 (Whitney decomposition). We say that W is a Whitney decomposition of
a domain 2 if W is a collection of closed cubes W = {Q),};en with disjoint interiors such
that for all @ € W,

(1) Q = UQGW Q7
(i) e cQ,
(iii) dist(Q, Q) =, diam(Q).

The Whitney decomposition always exists, and it is a decomposition into very nice pieces:
cubes. However, the Whitney decomposition lacks some desirable properties. For instance,
we have no quantitative control over the sum of the surface areas of the boundaries of the
constituent cubes. Indeed, no cube in the Whitney decomposition actually intersects 0f2,
implying there are infinitely many “layers” of cubes extending towards the boundary so that

> HY0Q) 2 21 = 0.

Qew =1

If we are interested in decompositions into nice pieces with quantitative control on the
surface area, then we can do better than the Whitney decomposition in many cases. We will
now make our focus more concrete and declare that we are looking for decompositions into
Lipschitz domains.



Definition 1.2.2 (Lipschitz domains). We say that an open, connected set 2 C C is an

M -Lipschitz domain if the following holds: After a translation and dilation, we can assume
0 € Qand '
0N = {7”(9)610 0<0< 27r} ,

and for any 6;,6, € [0, 27],
r(61) — r(62)] < M|61 — 0,

and for all 6 € [0, 27],

1

T <r() <1.
If we only require decompositions into Lipschitz domains, then we can immediately find
less wasteful decompositions in simple cases. If €2 is a polygon in the plane, then triangula-
tions and dissections provide nice decompositions into finitely many Lipschitz domains. A
key difference between these examples and the Whitney decomposition is that elements of
the decompositions intersect the boundary in large pieces. This is possible only when the
boundary has sufficient geometric regularity. That is, it looks flat enough at most scales and
locations. In the planar case, Peter Jones proved a very general decomposition result which

was a key step in his proof of the analyst’s traveling salesman theorem in the plane.

Theorem 1.2.1 ([Jon90] Theorem 2). There exists a constant M > 0 such that the following
holds: For any simply connected domain Q@ C C with H'(02) < oo, there is a rectifiable curve

I’ such that
o\ = Jo
j
where €); is an M-Lipschitz domain for each j, and

ST HN09;) < MH'(09).
J
Jones’s theorem provides a Lipschitz decomposition of any simply connected domain with
finite boundary length with quantitative control on the sum of the boundary lengths in terms
of the length of the original boundary.

In the second part of this thesis, we provide some analogs of Jones’s result for higher
dimensional domains including the following.

Theorem (See Chapter [ Theorem D). Let Q@ € R be a domain with 0 € 0. There
exist constants A(d), L(d), e(d) > 0 such that if 0N is (e, d)-Reifenberg flat, then there exists
a collection of L-Lipschitz graph domains {;};ee such that

(i) Q; € Q,
(i) QN B(0,1) C U2,
(111) 3C(d) > 0 such that Vx € Q, x € Q; for at most C values of j,



(iv) For anyy € 02N B(0,1) and 0 <r <1, we have

> HYO N By, 7)) Sear HU(OQN B(y, Ar)).

=1

Theorem (See Chapter [3{ Theorem . Let Q C R*! be a domain with 0 € 0. If O is
d-uniformly rectifiable, then there exists L(d), A(d) > 0 such that there exists a collection

of L-Lipschitz graph domains {€);};c;, such that conclusions and [(w)] (with

additional dependence on uniform rectifiability constants) of Theorem@ hold.

We achieve Lipschitz “almost” decompositions with bounded overlap for domains whose
boundaries satisfy one of two quantitative rectifiability conditions: uniform d-rectifiability or
(€, d)-Reifenberg flatness. In either case, the key idea is to decompose scales and locations in
0f) into a coronization associated to a corona decomposition and use this decomposition to
sort a Whitney-type decomposition of scales and locations in the complement into parallel
stopping time regions. We then economically decompose these regions further into Lipschitz
domains while retaining desired quantitative control over the boundaries in terms of the
original domain’s boundary.

1.3 Uniformly rectifiable metric spaces satisfy the
weak constant density condition

In addition to the existence of approximate tangent n-planes, n-rectifiability in Euclidean
spaces is also characterized by regularity of the Hausdorff density.

Theorem 1.3.1. Let E C R? be H" measurable with H"(E) < co. Then E is n-rectifiable
if and only if
lim H"(E N B(x,r))

lim ok =1 (1.6)

at H"-a.e. ©x € F.

A proof of the forward direction is given in [Mat95] Theorem 16.2. The reverse direction
was proven by Marstrand for n = 2, d = 3 [Mar61] and by Mattila for general n,d [Mat75].
One one hand, the fact that rectifiable sets have approximate tangent n-planes implies
exactly because (2r)" = H"(B(x,r) N P) where P is an n-plane and z € P. The converse
requires a more careful geometric argument using the fact that implies a form of local
n-dimensional symmetry for F.

David, Semmes, and Tolsa were able to show that a more quantitative version of
called the weak constant density condition (WCD) characterizes uniformly n-rectifiable sub-
sets of Euclidean space.



Definition 1.3.1 (WCD). Let £ C R? be Ahlfors n-regular, let Cy, €y > 0, and define

JAhlfors (Co, n)-regular u, spt(u) = E,
4.4(Co,e0) =% (x,7) € ExRY| Vye B(z,r), 0<t <, . (L7)
(BN B(y,t)) — "] < eor”

%Cd(CO, 60) = F x R+ \gcd(c()y 60). (18)

We say that E satisfies the WCD if there exists Cy > 0 such that for all ¢y > 0, ZB.q(Co, €)
is a Carleson set.

Roughly speaking, an Ahlfors regular set E satisfies the WCD if in most balls, it supports
a measure with nearly constant density in a sufficiently large “neighborhood” of scales and
locations.

Theorem 1.3.2. Let E C R? be Ahlfors n-reqular. Then E is uniformly n-rectifiable if and
only if E satisfies the WCD.

David and Semmes proved the forward direction (|[DS91] Chapter 6) and the reverse
direction in the special cases n = 1,2,d — 1 ([DS93] Corollary II1.5.4) while Tolsa showed
the reverse direction for general n [Toll5|.

Recall that the definition of rectifiability was given for subsets of metric spaces, and
observe that the definition of uniformly rectifiable subsets given using big pieces of Lipschitz
images makes perfect sense for metric spaces as well. So, we can justifiably make the following
definition.

Definition 1.3.2 (Uniformly n-recitifable metric spaces). We say that a metric space X
is uniformly n-rectifiable if it is Ahlfors n-regular and has big pieces of Lipschitz images of
subsets of R"™.

Recently, Bate, Hyde, and Schul proved that uniformly n-rectifiable metric spaces have a
number of equivalent geometric definitions analogous to those proven by David and Semmes
[BHS23|. These include the existence of metric corona decompositions and the satisfaction
of a metric version of the BWGL. Naturally, we would like to know how many equivalent
definitions in the Euclidean case have analogs in the metric case.

In the third part of this thesis, we continue the work begun by Bate, Hyde, and Schul by
extending a piece of the Euclidean WCD characterization to metric spaces by proving that
any uniformly n-rectifiable metric space satisfies the WCD.

Theorem (See Chapter 4] Theorem . Uniformly n-rectifiable metric spaces satisfy the
WCD.

The proof uses the fact proven by Bate, Hyde, and Schul that uniformly rectifiable metric
spaces have very big pieces of bi-Lipschitz images and an abstract John-Nirenberg Stromberg
lemma to reduce to the case of a bi-Lipschitz image of [0, 1]". We then use the area formula
to write Hausdorff measure in terms of the metric Jacobian of f and control the variation of
the density in terms of a wavelet-like L? decomposition of the Jacobian.



1.4 Iterating the big pieces operator

Recall that uniformly n-rectifiable metric spaces are defined as Ahlfors n-regular metric
spaces that of big pieces of Lipschitz images of R”. However, the idea of big pieces is general
enough that one can imagine replacing big pieces of Lipschitz images with big pieces of other
types of spaces.

Definition 1.4.1 (Big pieces of Ahlfors n-regular metric spaces). Let .% be a class of Ahlfors
n-regular subsets of an Ahlfors n-regular metric space X. We say that X € BP(%#), i.e. X
has big pieces of sets in %, if there exists a constant 6§ > 0 such that for all x € X and
0 < r < diam(X), there exists F,, € .# such that

H"(B(z,r)N F,,) > 0r".
In fact, David and Semmes prove the following result.
Theorem 1.4.1. Let E C R? be Ahlfors n-reqular. Then the following are equivalent
1. E is uniformly n-rectifiable,
2. E has big pieces of bi-Lipschitz images (E € BP(BI)),
3. E has big pieces of sets which have big pieces of Lipschitz graphs (E € BP*(LG)),
4. E € BP/(BI) forj >1,
5. E € BP/(LG) for j > 2.

The final two items are interesting because, a priori, the conditions BP?(.%) for j > 1
get progressively weaker as j increases. David and Semmes show that the big pieces of bi-
Lipschitz images condition stabilizes after the first iteration, while the big pieces of Lipschitz
graphs condition stabilizes after the second iteration. Bate, Hyde, and Schul also obtain a
similar result for BP/(BI) in uniformly n-rectifiable metric spaces [BHS23)

In the fourth and final part of this thesis, we show that any Ahlfors n-regular metric
space X which has BP(BP(.%)) admits an Ahlfors n-regular extension X D X such that
X € BP(%).

Theorem (See Chapter [5| Theorem [G)). Let .Z be a class of (closed) Ahlfors-David k-regular
sets in a metric space X. Let E C X be a Ahlfors-David k-regular set with E € BP(BP(.%)).
Then there exists a set F' C X such that

(i) ECF,
(ii) F is Ahlfors-David k-regular.
(iii) F € BP(Z).

The constants in the conclusion are quantitative with dependence on the constants in the
assumptions.
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The proof constructs the set F' O FE iteratively as the union F), of a sequence of “big
pieces” chosen carefully using Whitney decompositions to retain upper regularity. As a
consequence of the theorem, we show that the conditions BP?(.%) for j > 2 are all equivalent
for any Ahlfors n-regular class of subsets .%. This gives a short, direct proof of David and
Semmes’s above Euclidean result for BP?(LG).
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Chapter 2

A traveling salesman theorem for
Jordan curves in Hilbert space

2.1 Introduction

Given a metric space X and a set £ C X, how can one tell if there is a curve v of finite
length containing E? If one does exist, how can one estimate its length in terms of the
geometry of F, and how can one construct such a curve with length as short as possible?
The problem of answering these questions in X is commonly referred to as the Analyst’s
Traveling Salesman Problem for X. The study of these problems began when Peter Jones
introduced and solved the problem in the standard Euclidean plane R? [J090]. Okikiolu
later extended the result to curves in R™ |Oki92|, and Schul managed to give an analogue of
Okikiolu’s and Jones’s results in Hilbert space H [Sch07a]. Full solutions have been given for
sets in Carnot groups |Li22] and graph inverse limit spaces [DS16], and for Radon measures
in R” [BS17] and Carnot groups [BLZ23|. Partial results are also available in Banach spaces
[BM23a], |[BM23b] and general metric spaces [Hah05], [DS21].

Many authors have also studied traveling salesman-type problems for higher-dimensional
sets. This includes Holder curves [BNV19|,[BZ20], C'' surfaces |Ghi20|, lower content d-
regular sets in R™ [AS18] and Hilbert space [Hyd22a], analogues of Jordan curves in higher
dimensions [Vil20], and even general sets in R" [Hyd22b|. Many of these approaches are
closely tied to results on parameterization of Reifenberg flat-type sets in R™ [DT12] and
Banach spaces [ENV19).

One of the central matters in traveling salesman problems is finding a specific quanti-
tative relationship between the Hausdorff measure of the set in question and some measure
of its local geometry. The traditional traveling salesman theorems in R™ and ¢ provide a
relationship which holds for general subsets of the ambient space. Therefore, it seems plau-
sible that one could find a tighter relationship when one restricts their attention to a more
geometrically regular class of subsets. A result in this direction was recently achieved by
Bishop [Bis22| as part of his study of Weil-Petersson curves [Bis20]. His result is a sharp-
ening of this quantitative relationship for the class of Jordan arcs in R™. Bishop posed a
natural question: Does a similar relationship exist for Jordan arcs in Hilbert space?

This paper has two primary goals: First, provide a full proof of Schul’s necessary con-
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dition in the Hilbert space traveling salesman theorem, filling in gaps and correcting errors
present in the original presentation in [Sch07a]. Second, we answer Bishop’s question in the
affirmative by providing an analogous sharpening of the Hilbert space traveling salesman
theorem when restricted to Jordan arcs.

The proof of our analogue of Bishop’s result differs significantly from Bishop’s proof
because the latter relies heavily on dimension-dependent estimates. We use dimension-
independent pieces of Bishop’s argument where possible, but largely focus on implementing
an extension of the Hilbert space methods introduced in [SchO07a]. The first goal is moti-
vated by the discovery of several technical errors in Schul’s original proof as presented in
[Sch07a]. The proof presented here has largely the same outline and general structure as
Schul’s proof while implementing several new ideas to correct the identified errors. We also
mention that the work on the traveling salesman problem in Banach spaces by Badger and
McCurdy [BM23a], [BM23b] provides another proof of the Hilbert space necessary condition
via methods which diverge more significantly from ours and those of Schul’s original proof.

2.1.1 Overview

Jones’ solution to the traveling salesman problem in R? is based on measuring how close a
subset £ C R? is to being linear locally. In order to do this, he defined what is now called
Jones’ beta number.

Definition 2.1.1 (Jones’ beta number). Fix a Hilbert space H and let E,Q C H where @
has finite diameter. We define the S-number for E in the “window” () by

. dist(zx, L)
Be(Q) := inf g;ggE Tam(Q)

where L ranges over all affine lines in H.

One can interpret the number Sg(Q) diam(Q) as the radius of the minimal width cylinder
in H which contains the set E'N Q. The factor of diam() on the right-hand side in the
definition ensures that Sp(Q) is scale-invariant. We always have 0 < [fg(Q) < 1 where
Br(Q) = 0 implies £ N Q C L for some line L while fg(Q) > € for some constant € > 0
implies that for every choice of L, there exists a point in F N @ of distance e diam(Q) from
L. Jones and Okikiolu used these numbers to characterize subsets of rectifiable curves in R?
and R" respectively in the following theorem:

Theorem 2.1.1. (Jones for n = 2 [Jo90/, Okikiolu for n > 2 [Oki92]) Let E C R". E is

contained in a rectifiable curve if and only if

BRR") :=diam(E) + Y  Bp(3Q)*diam(Q) < oo

QEA(R™)

where A(R™) is the set of all dyadic cubes in R™ and 3Q) is the cube with the same center
as @ but three times the side length. If X is a connected set of shortest length containing F,
then

BE(R") Su H(Z) (2.1)

13



and

BE(R™) Zn H'(2). (2.2)

It is important to take 3(Q) rather than @ so that the family {3Q}gca®n) “covers” R"
sufficiently well. More precisely, any subset B C R™ is contained in a cube 3() of comparable
diameter, while there may not exist such a standard dyadic cube ) with this property.
The exponent 2 appears in Theorem because the Pythagorean theorem allows one to
estimate the difference in length between a line segment and a slight perturbation of the
segment by a small distance d in a perpendicular direction by a factor proportional to d?
(See Remark [2.1.2). We recommend the reader sees the introduction of [BM23a] for further
intuition on the behavior of S-numbers for subsets of rectifiable curves in H (and in Banach
spaces).

Figure 2.1: Polygonal approximations of ¥

Remark 2.1.2 (The Pythagorean theorem and triangle inequality excess). Let z,y,z € X.
Applying the Pythagorean theorem in Figure [2.1] gives d* = ¢ — a? = (¢; — a;)(¢; + a;) for
1 =1,2. If we assume that R > 0 is such that ¢; ~ a; ~ R, then

2d* = (c1 — a1)(c1 +a1) + (ca — az)(ca + az) ~ 2R(c; + ¢ — ay — ay).

If we further assume that there exists a dyadic cube @ such that x,y, z € 3Q, diam(Q) ~ R,
and d ~ By (Q) diam(Q), then

Be(Q) diam(Q) ~ 1+ —ay —as = |z —y| + |y — 2| — |z — 2.
This final equality demonstrates why beta numbers are often said to measure the triangle

inequality excess inside a cube 3Q).

Bishop’s results say that if we restrict our attention to Jordan arcs then (2.1]) and (2.2)
can be improved.

Definition 2.1.2 (Jordan arcs and curves). For a metric space X, we say that I' C X is a
rectifiable arc if H*(T') < oo and there exists a surjective continuous map ~y : I — I for some
closed interval I := [a,b] C R. We also refer to the map ~ as a rectifiable arc. Whenever
we refer to such I', we implicitly have a particular parameterizing map 7 in mind and really
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mean the pair (I',y). We refer to the points vy(a), and v(b) as the endpoints of ~ (or I') and
we define

crd(T) := crd(7y) := dist(y(a), y(D)).
We refer to crd(I') as the chord length of I' and refer to the line (segment) which passes

through the two endpoints of I' as its chord or its chord line (segment). We additionally
define

((T) == {(7)
as the length of I' (also see[2.14]). We call " a Jordan arc if we can take v to be bijective. We
call I" a Jordan curve if there exists a map v : [a,b] — I' which is injective on [a, b), but has

v(a) = v(b). In general, any rectifiable arc v with v(a) = 7(b) is called closed. For Jordan
arcs and curves £(I'") = H!(T), but this does not hold for general rectifiable arcs (for more

on this, see Remark [2.1.9)).

The chord length is an integral part of Bishop’s following improvement:

Theorem 2.1.3 ([Bis22] Theorem 1.2). Let I' C R™ be a Jordan arc. Then
D Br(3Q) diam(Q) ~, ((T') — crd(T). (2.3)
QeA(R™)
This result has the following corollary for Jordan curves:

Corollary 2.1.4 (|Bis22] Corollary 1.3). IfI' C R" is a Jordan curve, then

Y. 6(3Q)° diam(Q) =, £(I).

QEA(R™)

One can think of deriving this by applying Theorem while taking crd(I') — 0. The
significance of the inequalities in (2.3 is easier to see if we compare each directly with its
corresponding inequality in Theorem [2.1.1}

Remark 2.1.5 (The < improvement in (2.3))). The inequality (2.1) and the < direction of
(2.3) applied to a Jordan arc I' are respectively equivalent to

Y. 5(3Q)7 diam(Q) < Ci(n)(T), (2.4)
QeA(R™)

Z Br(3Q)* diam(Q) < Cy(n)(¢(T') — crd(T)) (2.5)
QEA(R™)

for some constants Cy(n), C2(n) > 0 depending on n where we used the fact that diam(I") <
¢(T"). This means improves the inequality by replacing ¢(I") with ¢(I') — crd(I") on
the right-hand side. One can see how this improvement manifests by considering the case
when I' is a line segment. In this case, fr(3Q) = 0 for all @ € A(R™) while crd(I") = ¢(I).
This means becomes 0 < Cy(n)¢(I") while becomes 0 < 0. Bishop’s improvement
pulls the slack out of Jones and Okikiolu’s inequality by recognizing that crd(T") is a global
measure that accounts for how much I' looks like its chord segment: the beta numbers do
not see the “component” of I' along its chord.
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Remark 2.1.6 (The > improvement in[2.3). The inequality (2.2) and the > direction of (2.3)
applied to a Jordan arc I' and E C I' are respectively equivalent to

(1+6)diam(E) + C(6,n) > Pp(3Q)*diam(Q) > ((I), (2.6)
QEA(R™)

crd(T) + Ca(n) Y Br(3Q)* diam(Q) > ((T). (2.7)
QEA(R™)

where in (2.6, § > 0 is arbitrary but C(§,n) — co as § — 0. This is not exactly as was
stated in , but Jones shows that one can arrange the inequality this way. This means
(2.7) changes by replacing the C(n)diam(E) term on the left-hand side with crd(T")
and exchanges the g numbers for the (larger) fr numbers.

Bishop [Bis22| shows how this change manifests by considering the example set E =

{0,1,i} € C with 0 < 3 < 1. One can calculate that } 5c A ge) BE(3Q)? diam(Q) < Cp?

while diam(E) = /1 + 2 < 1+ ¢3? and the shortest curve I' = [i3,0] U [0, 1] containing
E satisfies ¢(I') = 1 + . By taking § — 0, this configuration gives a family of exam-
ples showing that one cannot take 6 = 0 in (2.6). The only cubes @ which contribute
to Y Br(3Q)? diam(Q) are those for which £ C 3Q because E only contains three points
total. But, for any cube () which contains 0, fr(3Q) = 1 so that one can show that
3" Br(3Q)? diam(Q) > 1+ ¢B. The point is that the connectedness of I' adds more geometry
with more locations and scales to measure curvature at, increasing the contribution of the
f-numbers and loosening the requirement on the diam(F) term.

In each of the previously stated traveling salesman theorems, the implicit constants in
the given inequalities increase exponentially as n — oo. The constants’ exponential blowup
can be attributed to the exponential increase in the relative number of dyadic cubes on each
scale as n increases. To formulate a version of the traveling salesman theorem in Hilbert
space H, Schul invented a replacement for the set of dyadic cubes called a multiresolution
family.

Definition 2.1.3 (Multiresolution family). Fix a connected set ¥ C H. For € > 0, we call
aset £ C X an e-net of X if both

(i) Forall z,y € E, | —y| > ¢, and

(i) X C Usep Bl,€)

Any subset satisfying can be extended to an e-net since it can be extended to satisfy by
adding a maximal number of appropriately spaced points. Fixing an integer ng, let X,,, C X
be a 27™-net. The extension property implies the existence of a sequence of 27 "-nets {X,,}
satisfying X,, C X,,;1. Fix a constant A > 1 and put

H ={B(x,A27"):x € X,, n€ZL, n>ny} (2.8)

where B(z, A2™") is the closed ball of radius A2 around z. We call ¢ a multiresolution
family for ¥ and refer to an element () € S as a ball. Given QQ = B(x, A27"), define
zq = x and rad(Q) := A27". For A > 0, we let AQ) := B(zg, Arad(Q)). The starting point
ng is of no consequence; all of the results obtained will be independent of it.

16



Remark 2.1.7 (Reduction to H = fy). If ¥ C H is a closed, connected set with H!'(X) < oo,
then Y is compact and hence a separable subset of H. This gives the existence of a countable
set of vectors vy, vg, ... such that ¥ C span{vy, vs,...} =: V. Hence, ¥ is contained in the
separable subspace V' C H which is isometric (via a linear transformation) to 5. Therefore,
it suffices to fix H = /5 in the following theorems concerning Hilbert space.

The important difference between a multiresolution family and the set of dyadic cubes is
that the former is centered on the set, while the latter is a partition of the ambient space. In
infinite dimensional space (and general metric spaces), it is necessary to concentrate on the
intrinsic properties of the set in question rather than where the set happens to lie relative
to pre-defined pieces of the ambient space. We can now state Schul’s result:

Theorem 2.1.8 ([Sch07a] Theorem 1.1, Theorem 1.5). Let E C {5 and let 7€ be a mul-
tiresolution family for E with inflation factor A > 200. Then E is contained in a rectifiable
curve if and only if

B3(A) = diam(E) + > Bp(Q)? diam(Q) < .

Qe

If ¥ C H is a connected set of shortest length containing E, then
Be(H) SaH' () (2.9)

and

HI (D) Sa Be(H). (2.10)

The exponent 2 can again be attributed to the fact that the Pythagorean theorem holds
in Hilbert space. The inflation factor A given in the definition of .77 is the analogue of taking
3@ rather than @) in the Euclidean space traveling salesman theorems. Schul’s proof of
closely parallels Jones’ constructive proof of , replacing dimension-dependent estimates
with dimension-independent estimates needed. We mention here that Badger, Naples, and
Vellis provide a refined constructive proof of this result in [BNV19] which produces a nice se-
quence of parameterizations which they used to prove traveling salesman sufficient conditions
for Holder curves.

On the other hand, Schul’s proof of differs significantly from Jones’s original proof,
incorporates some key ideas from Okikiolu’s proof in R”, and introduces several ingenious
new constructions to remove dimension-dependent estimates. Unfortunately, several errors
have since been discovered in the original presentation in [Sch07a], leaving gaps in the proof.
The results of this paper will fill in these gaps, providing a full proof of in parallel with
the following new results:

Theorem A. Let I' C {y be a Jordan arc. For any multiresolution family € associated to
I’ with inflation factor A > 200, we have

S 6r(Q)” diam(Q) Sa (T) — crd(T). (2.11)

Qe

The second main result is the other side of the inequality in Theorem for /o:
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Theorem B. Let I' C V5 be a Jordan arc. For any multiresolution family 7 associated to
I' with inflation factor A > 30, we have

3" Br(Q) diam(Q) 2 A(T) — exd(T). (2.12)

Qe

These results are to Hilbert space what Bishop’s Theorem [2.1.3] is to Euclidean space.
One can again look to Remarks and to gain intuition about the nature of these
improvements over the estimates in Theorem [2.1.8]|

Remark 2.1.9 (General rectifiable arcs). Theorems |[A| and [B| raise a natural question: Do
similar results hold for general rectifiable arcs? In this case, we must be careful about the
definitions. If 4 : [0,4(y)] — X is any constant arc length parameterization of a compact,
connected set ¥ C /5, then we interpret ¢ as the pushforward of Lebesgue measure onto X
which does not necessarily coincide with H!|s as it does for a Jordan arc or curve. If I”
is a rectifiable arc, then ¢(I") > H!'(T”), so Theorem Al is weaker than the more natural
inequality
> Br(Q)* diam(Q) $a HN () — cxd(T). (2.13)
Qe
Whether or not holds remains open. In Remark we give some ideas on how one

might modify some of our methods in this direction.

2.1.2 Related Results and Questions
2.1.2.1 Weil-Petersson Curves

Theorem [2.1.3| arose as an improvement to the traveling salesman theorem necessary to con-
nect some of the geometric characterizations of Weil-Petersson curves discovered in [Bis20)
(a few out of 26 total definitions given!). The Weil-Petersson curves are defined to be the
closure of smooth curves in R? in the Weil-Petersson metric on universal Teichmiiller space
introduced in [TTO06| by Takhtajan and Teo for studying problems related to string theory.
This class of curves has also been studied in relation to computer vision |[FKL14], [FN17],
[SMO06], and Schramm-Loewner evolutions [Wan19a|, [Wan19b].

The following result gives the aforementioned characterizations when n = 2. We say that
a curve ' is chord-arc if any two points x,y € ' are connected by a subarc v C I' with
l(y) < Clz — y| for some constant C' independent of = and y.

Theorem 2.1.10 (|Bis22| Theorem 1.4). The following are equivalent for a closed Jordan
curve ' CR"™ n > 2,

(i) T' satisfies
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(ii) T is chord-arc, and for any dyadic decomposition of T, the inscribed polygons {T'}
defined by taking the n-th generation points as vertices satisfy

> 2T = U(Ty)] < oo

with a bound that is independent of the choice of decomposition.

(iii) T has finite Mébius energy. That is,

o) = [ [ (5 ) et <

where £(x,y) is the length of the shortest arc contained in T' connecting x and y and
the integration is with respect to arc length measure.

The Mobius energy in was one of several functionals introduced by O’Hara to study
knots [OHa91|, |[OHa92]. One can interpret |(i)| as a bound on the total curvature of the
curve I' over all locations and scales. The missing factor of diam(Q) when compared with
the sums that appear in the traveling salesman theorems makes this condition much harder
to satisfy in general. For instance, a curve satisfying|(i)| cannot have a “corner” (conical type
singularity) because this would give an infinite collection of cubes @ such that fr(3Q) 2 1.
In|(i1), a dyadic decomposition is an ordered collection of points contained in I which divide
I' into 2" intervals of equal length. We let '), be the polygon with these points as vertices.
Hence, we interpret as measuring the rate of convergence of the length of inscribed
polygonal approximations to I' to the length of I itself. The term ¢(7) — crd(v) a subarc 7
can be expected to appear because it measures exactly this form of difference in length.

One of the corollaries of Theorem that Bishop uses to prove Theorem trans-
lates directly to our setting:

Corollary 2.1.11 (|Bis22] Corollary 5.2 in R™). If I" C ¥y is a closed Jordan curve and
S = ZQE% Br(Q)? < oo, then T is chord-arc, i.e.. any pair of points z,w € I' are connected
by a subarc v with ((v) < |z — w|.

One can check that Bishop’s proof of the R"-version is independent of the dimension n
so that this result follows if one replaces usages of Theorem there with Theorem D] For
more on how the traveling salesman theorem applies to Weil-Petersson curves and related
subjects, the reader should see Section 4 of [Bis20]. The rest of the paper gives connec-
tions between these curves and a plethora of objects such as conformal maps, Schwarzian
derivatives, quasiconformal mappings, Sobolev spaces, and minimal surfaces in hyperbolic
3-space.

2.1.2.2 Traveling salesman in Banach spaces

A separate, related branch of research is that of traveling salesman problems in more general
metric spaces. Recent success has been achieved by Matthew Badger and Sean McCurdy
[BM23a], [BM23b| in attaining traveling salesman-type necessary and sufficient conditions
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in Banach spaces. Much of their work was inspired by the paper of Edelen, Naber, and
Valtorta [ENV19] which implemented the Reifenberg algorithm in Banach spaces.

Roughly speaking, [ENV19| gave a Banach space version of Reifenberg’s topological disk
theorem |Rei60], which states that any subset ¥ C R™ which is sufficiently bilaterally close
to an affine k-dimensional plane at all locations in ¥ and all sufficiently small scales is locally
homeomorphic to an open subset of R¥, hence is locally topologically a k-dimensional disk.
Edelen, Naber, and Valtorta extended this result to infinite-dimensional Banach spaces, and
gave a traveling salesman-type application in the form of a structure theorem for measures in
Banach spaces (JENV19] Theorem 2.1). They give a sufficient condition on a Borel measure
1 to be well concentrated around a k-dimensional set in terms of the pointwise boundedness
of a sum of integral beta numbers 55 which measure how close p is locally to a k-dimensional
affine plane. An important aspect of their result which is particularly relevant to Badger
and McCurdy’s work is that the exponent on [5’5 appearing in Edelen, Naber, and Valtorta’s
sum differs based on the geometric structure of the Banach space. The exponent 2 appears
in the Hilbert space case, but one must make other assumptions on the geometry in more
general Banach spaces to say something stronger.

Indeed, Badger and McCurdy use the well-studied notions of modulus of smoothness and
modulus of converity to estimate the triangle inequality excess (recall Remark from
above and below respectively. They apply their results to prove necessary and sufficient
conditions in ¢, spaces for 1 < p < oo. A major difference between ¢,, p # 2 and /5 is
that the sharp necessary and sufficient conditions they prove in ¢, using the standard Jones
beta number diverge from one another. One reason this result might be expected is that the
triangle inequality excess for orthogonally (in the /5 sense) perturbed vectors differs based
on the direction of the perturbed vector.

To illustrate this point, if e;, e; are standard unit basis vectors for £, and 0 < § < 1,
then

lex + Seal, — |eal, = (1+67)7 — 1 ~, 7.

On the other hand, suppose we take a “diagonal” vector v = 2%(61 + e5) and perturb it by
the orthogonal (in the £, sense) vector w = i (e; — €2). We have

1
o+ Bl — [0l = 5 (1+ 6 + (1= 0))7 = 1, 62

The length gain by small orthogonal perturbation in ¢, varies depending on the direction of
the perturbed vector in contrast to the ¢y case.

Theorem 2.1.12 ([BM23a] Theorem 1.6). (sharp sufficient conditions in {,) Let 1 < p < oo.
If E C 4, and Sgminp2)(9) < 0o for some multiresolution family &4 for E with inflation
factor Ay > 240, then E is contained in a curve I' in £, with

HI(F> fSp,Ag SE,min(pQ) ({4)
The exponent min(p,2) on beta numbers is sharp.

Theorem 2.1.13 (|[BM23a| Theorem 1.7). (sharp necessary conditions in £,) Let 1 < p < 00.
If ¥ C ¢, is a connected set and € is a multiresolution family for ¥ with inflation factor
Ay > 1, then

SE,max(Z,p)(%) SP,A% Hl(z)
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The exponent max(2,p) on beta numbers is sharp.

Badger and McCurdy’s results give a similar proof of Theorem by taking the case
p = 2 in their above results.

Remark 2.1.14 (Banach space Jordan arcs). Given the results of this paper, it is natural to
ask whether there is any analogue of Theorems [A] and [B] in ¢,. That is, for a Jordan arc
I' C ¢, and multiresolution family ¢ for I', could one show that

SF,maX(Z,p)(%) rgpaA% ((T) — crd(T)

or

SF,min(p,2) (4%&) 2 E(F) - CI‘d(F)

Np7A3f
by combining the methods of [BM23a], [BM23b| and those given here? If these inequalities
do not hold, can one find a different geometric function of the endpoints of I' which could
replace crd(I")? What about for general rectifiable arcs?

2.1.2.3 Traveling salesman in general metric spaces

Some success has also been achieved in the setting of general metric spaces by Hahlomaa
[Hah05] and David and Schul [DS21|. Because there is no ambient linear structure in a general
metric space which one can use to define the standard Jones beta number, the work in metric
spaces uses replacements which directly measure the triangle inequality excess. Hahlomaa
originally defined a general metric beta number using the notion of Menger curvature, but
this definition is equivalent to the following given by David and Schul. Let E be a metric
space, p € E and r > 0. Let Q = B(p,r) and define the metric beta number by

BE(Q)? := r~ sup{ dist(w, y) + dist(y, z) — dist(z, ) :
z,y,z € EN B(p,r) and dist(z,y) < dist(y, z) < dist(z,z)}.

If £ is f5, then this is proportional to the normalized length difference between the line
segment [x, z] and its perturbed version given by [x,y] U [y, z]. The exponent 2 is added in
the definition as a convention to preserve the form of Theorem Hahlomaa was the first
to give a sufficient condition in general metric spaces:

Theorem 2.1.15 ([Hah05] Theorem 5.3). Let E be a metric space and let 4 be a multires-
olution family for E with inflation factor A ~ 1. If

BE(D) = diam(E) + > 2(Q) diam(Q) < oo,

QeY

then there exists a set F C [0,1] and a surjective Lipschitz map f : F — E with Lipschitz
constant Lip(f) < BE(9).

See [Sch07b] Example 3.3.1 for a counterexample to the converse to Hahlomaa’s result in
R? with the ¢; metric. Schul notes however that this counterexample is not fully satisfactory,
as Hahlomaa’s result can be strengthened, for instance, by defining the metric beta number
to be a supremum taken over more restrictive triples. In any case, David and Schul have
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recently achieved a partial converse to this result. Their result concerns doubling metric
spaces. We say that a metric space is doubling if there exists a constant N such that every
ball of radius r > 0 can be covered by at most N balls of radius 5.

Theorem 2.1.16 ([DS21] Theorem A). Let ¥ be a connected doubling metric space with
doubling constant N and let 7 be a multiresolution family for ¥ with inflation factor A > 1.
For every e > 0,

diam(Q) + Y AL(Q)*" diam(Q) Sean H'(X).

QeH

The authors conjecture that the doubling hypothesis can be dropped by utilizing the
techniques of [Sch07a].

Remark 2.1.17 (Metric space Jordan arcs). It would again be interesting to know whether
these results could be strengthened in the special case of a Jordan arc. That is, let I" be a
metric space which is the image of a continuous injective map 7 : [0,1] — I'. Suppose ¥ is
a multiresolution family for I'. Do the naive inequalities

7 BL(Q)? diam(Q) 2 A(T) — crd(T)

Qey

or, for I' with doubling constant NV,

> BL(Q)* diam(Q) Seaw U(T) — crd(T)

Qev

hold? As our methods rely heavily on linear structure, these seem further from proof than
the proposed extension to Banach space. But even if these do not hold, can one find a
different geometric function of the endpoints of T" to replace crd(I") in the equations above?
What about for general rectifiable arcs?
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2.1.4 Preliminaries

2.1.4.1 Parameterizations of finite-length continua and arcs associated to a
parameterization in Hilbert space

From this point on, fix a connected, compact set ¥ C ¢y and a rectifiable Jordan arc I' C /.
We are guaranteed that I' has an injective arc length parameterization v : [0,¢(T")] — T
by definition. It is a vital fact that we also have access to an arc length parameterization
of ¥. We deduce the existence of this map as a consequence of the more general results
on parameterization of finite-length continua in metric spaces carried out by Alberti and
Ottolini [AO17].

Let X be a metric space and I = [a,b] C R be a closed interval. Following Alberti and
Ottolini, for a continuous map v : I — X (often referred to as a path) and a point = € X,
define the multiplicity of v at x as

m(y,z) = #(v '(z))

where for any set A, # A denotes the cardinality of A. We define the length of v as

() =L(y,I) :==sup {Z d(y(tic1),7(t:) :n>0, tg <ty <...<ty,, t; €1 for all ]} :
i=1

(2.14)
Additionally, v has constant speed if there exists a finite constant ¢ such that

0(7, [to, t1]) = c(t1 — to) for every [to,t1] C I.

We will refer to v as an arc length parameterization if v has constant speed with ¢ = 1.
We will only consider constant speed parameterizations, and given a fixed parameterization
~v : I — ¥ with constant speed ¢, we define a finite Borel measure ¢ supported on > by

dl = ¢y, (dt)

where 7, denotes the pushforward measure so that ¢(A) = ¢ fw*l (A) dt. Alberti and Ottolini
prove the following general parameterization result:

Theorem 2.1.18 (JAO17] Theorem 4.4). Let X be a connected, compact metric space with
HY(X) < co. Then there exists a path v : [0,1] — X with the following properties:

(i) ~v is closed, Lipschitz, surjective, and has degree zero;
(ii) m(y,z) =2 for H'-a.e. x € X, and ((y) = 2HY(X); and,
(111) v has constant speed, equal to 2H'(X).

See |AO17| Section 4.1 for the definition of degree zero. (Essentially, the path passes
through almost every point thee same number of times in one direction as in the opposite
direction.) Fix a multiresolution family J# for ¥, and let v be a constant speed parame-
terization of ¥, the existence of which is guaranteed by Theorem [2.1.18 We will use 7 to
properly study the geometry of ¥ inside of the balls of .77.
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Definition 2.1.4 (Arcs). We define an arc 7 := 7|4 to be the restriction of y to a subin-
terval [a,b] C I. Given a ball @ C {5, we define the family of arcs of ¥ inside @ as

AQ) = {V|y : [a,b] €[0,1], [a,b] is a connected component of 712 N D)}

These are arcs inside 2Q) which intersect @ in the style of [BM23a]. Fix an arc 7 as above.
Further following [BM23a], we use bold terms to refer to operators acting on arcs and define

Domain(7) := [a, b], Image(7) := 7(Domain(7)), Diam(7) := diam(Image(7)),
Edge(7) := [r(a), 7(b)], Line(r) := {7(a) + t(7(b) — 7(a)) : t € R}, Crd(7) := |7(a) — 7(b)|,
Start(7) := 7(a), End(7) := 7(b).

where [7(a), 7(b)] C {5 is the line segment connecting the endpoints of 7, and hence Line(r)
is the line passing through the endpoints of 7. We will often use the term arc to refer to both
7 and Image(7), but the referent should be clear from context. If { = 7| q for [c,d] C [a, b],
then we will often call £ a subarc of 7. For two general arcs £ and 7 we define shorthand
notation by defining (in the sense of logical formulas)

(€ C 1) := (Domain(&¢) C Domain(7)) and (z € 7) := (z € Image(7)),
and we define

§ N7 := 7|pomain(r)nDomain(¢) aNd & U T = |Domain(r)ubomain(e)-

If E C ¢y and p is a Borel measure on /5 then we set
TN E = Image(7) N E and u(7) := u(lmage(7)).

Definition 2.1.5 (Almost flat and non-flat arcs). In order to measure the flatness of an arc,
we define the arc beta number
~ dist(x, Edge(r
Bir)= sup LMEdEE)

z€lmage(T) Diam(T)

We also set

Max(7) := {y € Image(7) : B(7) Diam(7) = dist(y, Edge(7))} # @,
Drift(7) := () Diam(7) = dist(y, Edge(r)) for any y € Max(7).

Fix a constant e; > 0 whose specific value will be set in Section Given a ball Q) € 72,
we define the set of almost flat arcs for () as

S(Q) :={7 € AMQ) : B(7) < e28(Q)}

and refer to any arc 7 € S(Q) as an almost flat arc. We will commonly refer to A(Q) \ S(Q)
as the set of non-flat arcs. For any collection of arcs .7, we define

B?(Q) = 5u,€9 Image(7)(Q)7
and for a single arc 7 we set 3;(Q) ‘= Bimage(r)(Q)-
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Considering different configurations of almost flat and non-flat arcs will give us useful
ways of classifying balls Q) € 5. For n € S(Q), we get that Image(n) lies very close to
Edge(n) on the scale of Diam(n) ~ diam(@Q), so that in many cases one can think of 7 as
a line segment. The parameter e will be fixed small enough such that this approximation
will work well on all small scales relative to diam(()) which are relevant to our almost flat
analysis in Section [2.4]

2.1.4.2 The division of J7

Y5 AVY
@ Ag e AVER
L
H 4, A 1<
\\
Y, Ay AR
&7
Figure 2.2: A tree denoting the subfamilies of the multiresolution family .7#. Those in the

green rectangle were considered by Schul in his proof of Theorem [2.1.8 The in the red
rectangle are new introductions made in the proof of Theorem [A]

We begin classifying balls of 77 based on their geometry by splitting off the large balls
and balls with fx(Q) = 0: Define

G, ={Qe TN (H\12Q) = T or fx(Q) = 0},
g:%\g[/

Next, we extend the family ¢ by considering ¥* = {\Q : Q € ¥} for X € {1,2,8,12}
together. For any ball Q € ' U¥9?U¥®U¥'2 choose a subarc 7g 3 x¢ such that we always
have 7o € 720 € vs0 € 712¢- Let €4 > 0 be small (to be fixed in Section [2.1.5)) and partition
Gr =GP UG U9 where

G ={Q Y : Blne) > &B(AQ)},

9 ={Q €9 : B(nq) < e2Bs(A\Q); Bs,,(AQ) > e18:(Q)},

93 ={Q € 9 : B(nq) < e2Bs(A\Q); Bs,,(AQ) < e18s(Q)}-

See Figure for examples. This decomposition is slightly different than Schul’s in the
style of [BM23a]. Notice that for any Q € ¥' U¥%? U ¥® U2 cither
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( 7Q iﬂfQ % ) 7Q @

A ¢, Ball A %4, Ball A 45 Ball
Ua 6 \
x X
@ Q’(y

A Al Ball A A2_2 Ball A Ag_l Ball
Figure 2.3: Examples of balls in 4;,%,%;, A1, Ag1 and Ags.

() Qe Uy %' U9, or

(i) @€, %.

Hence, it suffices to consider the collections 4 = U9, % = U\%,', and % = N\%;", and
our total family of collections of balls is now

{gLa glu gQu gﬁi}

The collections ¥;,, ¢4, and ¥ will be handled as they are, but % needs further refinement.
To describe the refinement of %, we will define a ball-like set associated to each ball Q) € ¢4
called its “core”.

Definition 2.1.6 (Cores |[Sch07a]). Let Q € ¢ with Q) = B(xzg, A27"). For any c € R, 0 <
¢ < 17 and J € Z, J > 10, define Ué"]’0 = Q. Let 1 > 0 and set

WAS S WA
vttt =ugu | @
T €Xnta(i+1)
cQNUG” £

We then define the core of () with dilation factor ¢ and scaling factor J to be

c,J . c,Jyi
ug' = Jug™.

>0
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For J as fixed in Section and ¢g 1=
as

G%A, we define three successively larger cores for @)
L co,J T . 8co,J Tr . 16¢o,J
UQ . — UQ 9 UQ . — UQ 9 UQ . — UQ .
These are the concrete families we will work with.

The cores have nice separation and inclusion properties which will allow us to work with
some families of balls more easily. These are given in the following proposition:

Proposition 2.1.19 (properties of core families, cf. [Sch07a] Lemma 3.19). Let J > 10 and
c<ﬁ. Fiz 1 <75 <J and define

2, ={Q €9 :Q =DB(zg,A27"), € X,,, n=J mod J}.
Let Q,Q" € 2;, with Q = B(xq, A27"), Q" = B(xq, A2™™) and corresponding cores Ug, :=
Ug’, Uy = UG Then
(i) cQCUEC (1+2772)cQ,
(it) If n=m, then either Q = Q" or dist(U§, Ug,) > 277", and
(ii) If n >m and U5 NUG # @, then Uy S U§.

Proof. For a proof of , one can apply [Sch07b] Lemma 2.16 to show that any point y € Uy

satisfies
o0

dist(y, Ug) < crad(Q) Y (2-27")F < (14 277")crad(Q).

k=0
For |(ii), notice that because xq,xg € X,, we know |rg — x¢/| > 27". This combined with
the second inclusion in |(i)|completes the proof. Property follows from the definition. W

Remark 2.1.20. Property |(i)| above implies the following containments:

co@ C Ug C (14 €1)co@ C 2¢Q,
8co@ C Ug C (14 €1)8coQ € 9o,
1600Q g Uéx g (1 + €1)1660Q Q 1760@7

where the penultimate containment in each line follows from the fact that 27772 < ¢, (see
Section [2.1.5)). It is usually best to think of cores as small perturbations of balls.

Using the cores, we can now refine the family 4. Let Cy > 0 and define

A :=1{Q €% : CuBsp)(Ug) > Bsq)(Q)},
Az = gg \ Al.

The constant Cyy will be fixed in Section [2.1.5, We further divide Ay by defining

Aop:={Q € Ay : I € A(Q) \ S(Q), TNUG # 2},
Agq = Ay \ ACTR

We note here that it suffices to assume % C 4
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Remark 2.1.21 (Reduction of % to 4;'). Suppose that we have proven the inequality

> Be(Q)? diam(Q) + Y Ax(Q)* diam(Q) + Y Br(Q)*diam(Q) Sa H'(X)  (2.15)

QE% QeYs Q€EY;

for any multiresolution family with arbitrary inflation factor A > 200. Recall that Q) € %
implies Q € ¥4 for some \ € {1,2,8,12}. We would like to show that

> Bu(Q)* diam(Q) Sa H'(D).

QEYs

Let A7 be the multiresolution family with the same net points as 7 but inflation factor
AA. Define @ := AQ. Then @ € A\# and B(y5) < €05(Q). If By (Q) > afs(Q),
then Q € 4y (\A), the subfamily ¢, defined relative to the multiresolution family \.J7.
Otherwise, S (Q) < e285(Q), 1mply1ng Q € GL\A) C G4 (\AH) UGy (\A). Therefore,
the desired inequality follows from (| applied to the multiresolution family \JZ. A
similar argument shows that the same reduction holds for I" where the right side of is
replaced by ¢(T") — crd(T).

With this remark, we are justified in assuming % C ¥, and need not worry about factors
of X\ in our analysis of % in Section 2.4l See examples of balls in these families in Figure
2.3l These are all of the subcollections necessary to prove , the Hilbert space necessary
condition. When we restrict to the case of a Jordan arc, we will need to further divide the
family A ;. This is carried out in Section (also see Figure for a full diagram of the

divisions).

2.1.5 Constants

In this section, we fix the values of constants used in the proof of Theorem [A]and give general
descriptions of their purposes and where the values come from. We fix

€ = 10710,
Cy = 100Ae; 1,

J = 10g2(10736160),

€3 := (100A) '€,

€2 := min((10°ACy) '€}, 100 cpe3).
We first fix €;, a catch-all, small reference parameter. Next, we ﬁx C’U, the constant used in
the definition of A;. It is fixed small enough here to facilitate in the proof of Lemma
2.4.6) ensuring that 3,,(U5) Se, Bsq)(Us). We now fix the “Jump parameter J. This is

fixed large enough so that for any balls Q, Q’ € 2;, the “thinned” family gotten by skipping
J scales in the multiresolution family ¢, diam(Q)') < diam(()) implies

diam(2Q") < 277t diam(Q) < 100 'e; ¢ diam(2Q) < € diam(Ug). (2.16)
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This means any future generation ball @)’ is very small even on the scale of Ug (this is
important in Section [2.4.1.3] for instance). We can also conclude from Proposition [2.1.19
that

diam(U§) < (14 277")cdiam(Q) < (1 + €1)cdiam(Q).

for ¢ < ﬁ. We next fix €3, a constant introduced in Section to define the families
As 11 and Ay 1 9. This constant is fixed small in terms of €; to facilitate the final estimate in
the proof of Lemma [2.4.24] It is fixed small in terms of A to ensure that 100e; diam(Q) <
@ diam(Q) to facilitate the neighborhood inclusion needed in the proof of Lemma .
The constant e, is fixed last. It is fixed small in terms of all of the previous parameters to
ensure that almost flat arcs stay close to their edge segments on all of the needed scales, i.e.,
relative to Cj;'e; diam(Ug) needed in estimates for A; and relative to ez diam(Ug) needed

in estimates for As12. We have not attempted to optimize these.

diam(Ug) > (1 — &) diam(Uy)), and

2.2 Large-scale balls: ¥

The goal of this section is to prove the following proposition:

Proposition 2.2.1 (cf. [Sch07a] Lemma 3.9, cf. [BM23a] Lemma 3.27). We have
Y Bs(Q)? diam(Q) S ) and Z Br(Q)? diam(Q) <a ¢(T) — crd(D). (2.17)
QYL

Proof. We first prove the 3 inequality in (2.17)). Since 3 C 12Q) for any @) € 4., we know
diam(Q) > dlalLQ(E). For k > 0, define

di by di by
%= Loecg, Tk _ giamQ) < BE) pe
12 12
diam(X) .
and let N, = #%,.. The net spacing for Q € %, must be at least dlam(Q) > 1z 2 > dlaﬁf).

Since Ny is maximal when X is a line segment with net points separated by distance greater

than dIZTAZ) along length H(X), we get

2UAHN(S) _ ASAH(5)
diam(¥) — diam(X)

N, <1+ (2.18)

Now, to estimate beta numbers, observe that for any ball () € %) we have the trivial bound

Bs(Q) < SEEE g < 12-27% 50 that

- diam(3)

5 2k < 12 diam(X)2 7

Bs(Q)* diam(Q) < 144 -
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We now put this all together:

Z Bs(Q)?* diam(Q) < i Z Bs(Q)* diam(Q f: (12 diam(X)27%1)
QeYr, k=0 @k k=0

This completes the proof of the ¥ inequality in (2.17)). In order to prove the I' inequality in
(2.17), we first note that it suffices to assume

YD) — exd(T) < e4(T). (2.19)

Indeed, otherwise (2.17) would imply

S Be(Q) diam(Q) S ((T) < ~(£(T) - exd(T)

€
QeYr !

as desired. The only modifications we need to the above proof for this case are improved
upper bounds for N; and fr(Q). Our assumption (2.19)) implies

a1
diam(I') = 1 —¢ —

/(T) — diam(T) < ¢(T) — crd(T) < e,((T) =

so that (2.18) implies
48A((T)
N, < o480

~ diam(I")
We now give a new estimate for fr(Q). Assume without loss of generality that the endpoints
x and z of T satisfy x := 0 and z := crd(I")e; so that the chord segment of T lies along the e;

axis. Define 7 : £ — R to be the othogonal projection onto the e;-axis and let 7+ : £y — £y
be the projection onto the orthogonal subspace of the e;-axis. Let y € I' be a point satisfying

< 96A.

|7 (y)] = sup |7 (u)].
uel’

Define b := 7(y)e;. The two triples of points x,b,y and z,b,y form right triangles with
common altitude length d := |7+(y)| = |y — b|. Let a; := |v —b|, az := |b — z| be the
lengths of the bases of these triangles and let ¢; := |x — y|, ¢z := |y — z| be the lengths of
their hypotenuses (See Figure for a picture). Applying the Pythagorean theorem to each
triangle gives

d*=c —a? = (c; — a;)(c; + a;) < 2diam(I)(¢; — a;)
for i = 1,2 . Summing these inequalities over ¢ gives

d? = diam(T)(c; + ¢ — a1 — ay) < 2diam(T)(4(T") — crd(T))
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where we used the fact that a; + ay > crd(I') and ¢; + ¢ < ¢(T") because I is a connected
set containing x,y, and z. Now, if Q € %y, then diam(Q) > dlam( diamD ok and the definition of
Br(Q) implies fr(Q) < ﬁ@) using the e; axis as an approxnnatmg line. This means

d> 12-27F
2 di < < 2dji - : < — -,
fr(Q)” diam(Q) < Tam(Q) = 2 diam(T") (((T") — crd(T)) Gam(T) = 24(¢(T) — erd(T))2
(2.20)
Therefore,
> Br(Q) diam(Q) < Y Z )? diam(Q) < )~ N - (24(4(T) — erd(T))27)
QeY9r, k=0 QESy, k=0
<4 (0(I') — erd(T ZQ’“<£ ) — erd(TD). |
2.3 Non-flat arcs: 4,4, N\g s
The goal of this section is to prove the following proposition:
Proposition 2.3.1. Set A =% U4 U Ayy. We have
> B2(Q)* diam(Q) Sa £(y) — crd(v). (2.21)

Qe

In particular,

> Bu(Q)? diam(Q) Sa H'(E) and Y Br(Q)*diam(Q) $a ((T) — erd(T).  (2.22)

QeN Qe

Remark 2.3.2. Both inequalities in (2.22) follow from (2.21). For the first, Theorem [2.1.18
gives a parameterization v of X such that £(y) < 2H!'(X). For the second, I' comes with an

injective parameterization 7 for which ¢(I") = ¢(y) and crd(I") = crd(y) by definition.

Recall that .4 consists of balls Q which have 85 (Q) <., B(7g) for some 7o € A(Q). That
is, their beta number is dominated by the beta-tilde number of some arc they contain. Our
strategy to prove is to construct an appropriate mapping ) — 7 and prove that the
associated sum > o B(1)? diam(Q) is controlled. The first subsection below develops the
general method for building an appropriate mapping and proving that the associated sum is
controlled, while the second subsection applies the results of the first to proving .

2.3.1 Filtration construction and properties of 3

It turns out to be most appropriate to derive bounds for sums over B (7g) by only considering
certain nice families of arcs called filtrations.

Definition 2.3.1 (Filtrations [Oki92], [Sch07a]). A filtration of v is a family of subarcs
F =,—y Fn of v of whose constituent subfamilies {.%,},>¢ satisty the following:
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(i) For all 7" € %, 1, there exists a unique 7 € .%,, such that Domain(7") C Domain(7),

(ii) There exist constants A, A > 0, p < 1 such that for alln > 0 and 7 € %, Ap™" <
Diam(7) < Ap™"

(iii) For all 7,7" € .%,, either 7 = 7" or #(Domain(7) N Domain(7)) < 1, and

(iv) U,ez, Domain(7) = /¢ , Domain(7’).

We are interested in constructing filtrations with constituent arcs associated to subfam-
ilies of .4 because of the following lemma:

Lemma 2.3.3. ([Oki92], cf. [Sch07d] Lemma 3.11) Let % be a filtration for ~v. Then

> B(r)* Diam(7) Sa ¢ ( U T> — > Crd(7). (2.23)

TEF TEZ) TEF)

IfU ez, ™=, then
> B(r)* Diam(7) <a £(y) — cxd(y). (2.24)

TEF

Proof. We refer the reader to the proof of Lemma 3.11 in [Sch07a] for the the proof of ([2.23)).
In order to prove ([2.24)), we follow Schul’s aforementioned proof to the second to last equation
of page 349. Summing this equation over n, we replace the first equation on page 350 with

5 g 2 S0 Sz (Y o) - St

TETn TEF) TEF) TEF)

Finally, replace the following occurrences of ¢ (|, . 7 7) on page 350 with ¢ (|, . 7 T) —
> rez, Crd(7). The result follows from the fact that (J ., 7 = v and crd(y) < > 5 Crd(7)

by the triangle inequality. [

In order to apply this lemma, we must preprocess the collections of dominating arcs
{T0}ge.r coming from each the families 4,95, Ay 5 C A4 individually into a bounded num-
ber of filtrations. |[Sch07a] provides Lemma 3.13 for this. However, the statement and proof
of the lemma as written contain errors which must be addressed.

First, the statement of the lemma makes the following claim: There exists ¢y > 0 such
that for any arcs 7 C 7/ with Diam(7’) < 2Diam(7), we have 3(7') > ¢o3(7). In general,
this is false. For example, Figure gives two counterexamples for this claim. The problem
is not an issue for the results of the paper; although the claim is not true in general, an
inequality of this type does hold for the specific arc families we will use. The proof of the
lemma also contains a gap which is fixed in a modified, more general version given below.
Before we state the lemma, we give a definition:

Definition 2.3.2 (Augmentations). Fix an arc 7. We refer to any arc 7/ O 7 as a 7-
augmentation if we can write
T =mUTUn (2.25)
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where 7,7, are arcs such that

1
Diam(n;) < 1000 Diam(7) and Domain(n;) N Domain(r) # . (2.26)

This also gives Diam(7') < (1 + 155) Diam(7).

Lemma 2.3.4 (prefiltration lemma [BM23a]). Let X be a metric space and let f : [0,1] — 2
be a continuous parameterization of a set ¥ C X. Assume that p>1,0< A < A < 00, and
J > 1 is any integer such that p” > 6A/A. Then for every family F° = \U,_, F. of arcs
in' Y with F # 0 satisfying

(i) bounded overlap: for every arc T € FQ, there exists no more than C arcs 7' € F° such
that Domain(7) N Domain(7') # 0 for some constant C independent of T

we have Ap™™ < Diam(7) < Ap™",

Fr = F?

n=ng n’ °°°

(11) geometric diameters: for every arc T € F?

n’

we can construct 5(AJA)CJ or fewer filtrations F' = )2~ F!

n=ni n’

with starting index n; € {ng,no+1,...,n9+J — 1} for all j and

1

Oy —dn 1 ~)ny\ —Jn
1000 (Ap=1m3) p=/™ < Diam(7) < (1 + —) (Apt/=1ms) p=7 (2.27)

100

for all j, T € FJ, n > n; such that for every index n > ng and arc 7 € F?, there exists
FI (in the list of filtrations), an index N with n —n; = J(N — n;), and a T-augmentation

7' € Fi,. The assignment (n,7) — (F7, N, 7') is injective.

Remark 2.3.5 (Changes to the statement of Lemma . In our statement of this lemma,
we have first changed by replacing a 411 in the diameter lower bound with a ﬁ and
by replacing a 2 in the corresponding upper bound with 1+ ﬁ. The result of this change is
that the lemma produces a T-augmentation 7’ such that Diam(7') < (1 + ;&) Diam(7) rather
than a general extension 7’ such that Diam(7') < 2Diam(7) as in the statement in |[BM23a).
This improvement can be made as long as J is sufficiently large by carefully following the
proof in [BM23a]. In the following paragraph, we give a sketch of how one can justify this
change.

Indeed, each filtration .#7 produced in the lemma is composed of essentially two types
of arcs: T-type arcs which are extensions of arcs in .#° originally passed into the lemma
and o-type arcs which are the leftover arcs in-between the 7 type arcs. Each arc £ € % is
extended to a 7-type arc by adding in a chain of arcs of geometrically decreasing diameter,
beginning with diameter < p~/ diam(€). Hence, each chain can be made to have arbitrarily
small diameter compared to £ as long as we take J small enough. After doing this process to
all arcs in one stage of the filtration, the remaining in-between arcs of the curve are broken
up appropriately and either added to the filtration themselves or added onto the ends of
the recently produced 7-type arcs. By replacing the appropriate factors of i in this stage of
the proof with ﬁ, we can ensure each in-between arc is chopped into arcs of no diameter
greater than (1 + 155) (Ap/~Y") p=/" and no less than 3o (Ap/ ™) p=/". Hence, they
satisfy the desired bounds and appending these arcs to the previously produced 7-type arcs

gives the form 7/ = n; U T Un;s.
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If we pass a family of arcs .# into lemma [2.3.4] we receive a finite family of filtrations
Z; such that for any arc 7 € .#, there exists a filtration .%; and a unique 7-augmentation
7' € %;. In order to effectively apply the filtration estimate in Lemma , we must show
that taking the 7’ rather than 7 does not ruin the arc beta number estimate 5(79) Ze, O=(Q).
That is, we would like to show that 5(7') > (r) for any T-augmentation 7.

Badger and McCurdy do not need this in [BM23a] because they use 5, (Image(7)) instead
of 3 (1) as their measure of non-flatness of arcs which requires slightly different definitions
of the primary arc families. Here, we take the different approach of showing that mapping
7' — 7 given in Lemma also preserves 3 () in the sense that there exists a constant
¢ > 0 such that 3(r) > ¢f(7’) for any arc 7/ in one of the particular families .% which we
pass into Lemma [2.3.4]

Fix an arc 7 and let 7/ be a T-augmentation. We begin with the simple observation that
if 7 has large Jones beta number, then 3 (') 2 B (1) trivially.

Remark 2.3.6. Let € > 0 and suppose ,(Image(7)) > €. Then by definition,

Drift(7") > ,/(Image(7’)) Diam(7') > %BT/(Image(T)) Diam(7")
Diam(T’).

= %@’T(Image(ﬂ) Diam(7') > ¢ 5

where the second inequality follows from the fact that Image(7’) 2 Image(7) and Diam(7) >
1 Diam(7’). Hence, 3(7') > £ > £4(7).

This remark means that we can fix a small constant € >4 1 and achieve 5(') >, (1)
whenever 7 satisfies 3, (Image(7)) > e. It turns out that any remaining arc not covered by
this case which we will need to pass into Lemma will be a member of A(Q) for some @,
meaning its endpoints lie in 9(2Q)) and its image has nonempty intersection with ). This
geometric information is enough to conclude the desired bound.

Lemma 2.3.7. There exists ¢; > 0 such that for oll Q € 4 and 7 € ANQ), any 7-
augmentation ' satisfies

B(r') > e1f(7). (2.28)

Our goal for the rest of this section is to prove Lemma [2.3.7, We begin by distinguishing
between tall and wide arcs.

Definition 2.3.3 (Tall and wide arcs). Let 7 : [a,b] — X be an arc. One of the following
two inequalities holds:

(i) Crd(7) < 100 Drift(7), or
(ii) Crd(7) > 100 Drift(7)

If 7 satisfies , then we call 7 tall. If 7 instead satisfies then we call 7 wide. Tall arcs
are allowed to drift very far from the line segment Edge(7) while wide arcs stay relatively
close. Figure [2.4] gives an example of each type.

Lemma 2.3.8. Suppose 7 is tall. Then B(1') > }16(7')
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Proof. Let x,y € Image(7) such that Diam(7) = dist(z,y). Then

Diam(7) < dist(z, Edge(7)) + diam(Edge(7)) + dist(y, Edge(7))
< 2Drift(7) + Crd(7) < 102 Drift(7).

The augmentation 7/ has the form 7/ = n; U 7 U 1y where Diam(n;) < ﬁ Diam(7) <

%2 Drift(7). Hence, Drift(r’) > Drift(r) — Diam(n;) > 3 Drift(7) and Diam(7’) < Diam(7) +

Diam(n;) + Diam(7,) < 2 Diam(7). Therefore,

() = e

Hence, tall arcs extended via Lemma satisfy (2.28) with ¢; = ;. With Lemma
2.3.8] we now only need a way of proving ([2.28)) for a wide arc 7 € A(Q). The basic idea is

as follows. The facts that 7 is wide and Image(7) N Q) # & mean that Edge(7) must have
nonempty intersection with %Q It suffices to show that there exists x € Image(7) such that
a fixed fraction of the value of dist(z, Edge(7)) comes from the direction perpendicular to
Edge(7) rather than the direction parallel. This is proven in the following lemma:

Lemma 2.3.9. Suppose T is a wide arc, and there exists o < 1 and x € Image(7) such that
dist(z, Line(7)) > aDrift(7). Then B(7') > 55558(7).

Proof. Define B, := B (Start(7), 12 Drift(7)) and By, := B (End(7), 125 Drift(7)). Suppose
first that either Edge(7') N B, = @ or Edge(7') N B, = @. Assume without loss of generality
that the latter holds. Then End(7) € Image(7’) so that Drift(7") > dist(End(7), Edge(7’)) >
o6 Prift(7). This implies

=~ _ Drift(7") a Drift(t) o =
) = Diam(r) = 2000 Diam(r) ~ 2000 ")

Now, suppose that Edge(7’) has nonempty intersection with both B, and By,. Assume without

loss of generality that Line(7) is the ej-axis. Because 7 is wide, Drift(7) < 155 Crd(7) so that

B, N By = & and Edge(7) hits both ends of the cylinder of length Crd(7) — 21555 Drift(7) >
2 Crd(7) and radius &5 Drift(7) whose central axis is collinear with the ej-axis. Let 6

be the angle between Edge(7’) and Edge(7). (We measure this by translating Edge(7’) to
intersect Edge(7), then measuring the angle in the plane containing Edge(7) and Edge(7’).)
We conclude

22 Drift(7) « Drift(r)
tan(@) < 21000 = " /o T
i) < = Cgry = 100 Crd(r)

100

We will derive a lower bound for Drift(7’) in terms of Drift(7) by showing that Edge(7’)
remains much closer to Line(7) than the point x is. We know Diam(7) < 2Drift(7) +
Crd(7) < 2Crd(7) so that the fact that 7/ is a T-augmentation means that End(7’) €
B(End(7), 1955 Diam(7)) € B(End(7), 755 Crd(7)). A similar result holds for Start(7’). A
very rough estimate gives

<10~ (2.29)

a a
: : < : < X '
sup dist(y, Line(7)) < 1000 Drift(7) + 2 Crd(7) tan(f) < o Drift(r)

y€eEdge(r’)
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Edge(7')

¢ || Edge( ¢ | | Bdge(e)

\ K

Figure 2.4: The arc 7 is an example of a tall arc while £ is an example of a wide arc (neither
are drawn to scale, but we hope the ideas are clear). Both of these arcs admit extensions
7" and ¢ such that Diam(7') < 2Diam(7) and Diam(¢’) < 2Diam(¢), but 7/ and & have
much smaller 8 then 7 and €. Arcs of the first type are excluded in our analysis by enforcing
T-augmentations to extend only a small distance from the endpoints of 7, while Lemma/2.3.9
gives conditions for excluding arcs of the second type. (Roughly speaking, if £ € A(Q), then
it is not allowed to extend outwards in the direction parallel to its chord line outside of the

ball 2Q.)

Edge(7)

We conclude

Drift(7') > dist(z, Edge(7')) > dist(z, Line(7)) — sup dist(y, Line(7))

yeEdge(r’)

> o Drift(r) — 23‘5 Drift(r) > % Drift(r).

Therefore, 3(7') > %B(T) |

Remark 2.3.10. One can derive the existence of a point = as in Lemma[2.3.9 by showing that 7
lies outside half cones centered at Start(7) and End(7) pointing away from Edge(7) of aperture
20 such that tan(f) > a. Indeed, then every point y € Image(7) satisfies dist(y, Line(7)) >
a dist(y, Edge(7)) so that any point x € Max(7) satisfies dist(z, Line(7)) > « Drift(7).

With this, we can now give the proof of Lemma [2.3.7]

Proof of Lemma[2.3.7]. First, suppose that Edge(r) N %Q = @. Then since 7 € A(Q),
Image(7) N Q # @ and we get Drift(7) > 1rad(Q) > §diam(2Q) > & Crd(7) so that 7
is tall. Lemmam implies 3(7') > %B(T) as desired.

Now, suppose that Edge(7) N %Q # . Our goal is to apply Lemma . By Remark
2.3.10} it suffices to show that there is a # > 0 independent of 7 such that the cone of aperture
6 centered at End(7) (and Start(7)) pointing away from Edge(7) lies entirely outside the ball

36



2Q. Intuitively, this is true because the fact that Line(7) N %Q # & implies that every line
in the tangent plane to 9(2Q)) at End(7) makes large angle with Line(7). We supply the full
details below.

Let P be any two-dimensional affine plane containing Edge(7) and assume without loss
of generality that 2Q = B(0,1), Line(r) = {de; + tes : t € R} for some d < 2, and
P ={de;+tes+sv : t,s € R, |v] =1, vy = 0}. First, we show that Edge(7) also intersects
a central ball in the disk P N 20Q).

Claim : Edge(t) N 2(PN2Q) # @.
Proof : PN B(0,1) is a disk whose boundary has points satisfying the equation

(d+sv)* +t2+ (1 —0]) =1 <= (s+dv)’ +t*=1—d*(1 —v3).

This is a circle with radius \/1 — d2(1 — v?) and center (s,t) = (—dv;,0) which corresponds
to the point d€1 —dvyv. We want to show that de; € 3(PNB(0,1)). But |de; —(de; —dv,v)| =
|dvi| < d § , as desired [ ]

Now, it suffices to assume that Line(7) = {de; +tes : ¢t € R} C R? and to prove that
there is 6 such that the angle between Line(7) and any line tangent to 9B(0,1) C R? at
x € Edge(t)N9dB(0,1) = {(d,v1 — d?), (d,—v1 — d?)} makes angle greater than 6. But by
implicit differentiation of the equation 2% + y? = 1, we see that

dy T Vi—dz2 V7

v ey v d 3

Hence, we can take 6 such that arctanf <

‘[ < 2. We apply Lemma [2.3.9 with o = 2 to
get B(1') > 40005( 7). This proves we can take =

4000 :

2.3.2 Bounds on the ¥4;,%, and Ass sums

In this subsection, we use the results from the previous subsection to prove Proposition [2.3.1]
The proofs are mostly adaptations of those for the corresponding lemmas in [Sch07a].

The following three proofs share the same structure, each proving the desired bound
for a particular family ¢ € {%;,%,As5}. In each case, we define a mapping from @ to
some associated arc 7g. We then show that the collection {7g}gee satisfies the geometric
diameters and bounded overlap properties necessary to apply Lemma [2.3.4] This gives a
bounded number of filtrations fgp such that each 7 has a Tg-augmentation 7, as in the
conclusion of Lemma [2.3.4 The desired bound then follows from applying Lemma to
each of the filtrations as long as 85 (Q) < 3 (7). This 3 inequality is achieved by either the
fact that 7¢ uniformly has 3, (Image(7q)) > € or by showing that 7, satisfies the hypotheses

of Lemma 2.3.7
Proposition 2.3.11 (cf. [Sch07a] Lemma 3.16).

Z B (Q)? diam(Q) Syae, HH(E) and Z Br(Q)? diam(Q) Syae, () — crd(T).

QeYs QeYs
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Proof. We begin by defining a new family & C ¥ and proving the claim for & N%; in place
of 4;. Define

_ {Q € %y T C 1130, Diam(n) > diam(Q) and 3() > 10-%,55(Q)

1
for all ' 2 n with Diam(n) < Diam(n’) < (1 + m) Diam(n)}.

We will build an appropriate mapping @ — 7o C y12¢ to pass into Lemma [2.3.4 We will
then apply Lemma to conclude the result.

Now, for any ) € & we have the existence of an arc 7 C vi2¢ with diam(Q) <
Diam(0) < 24 diam(Q) and S(1g) > 10~ %85 (Q). We define 7 = 1q.

In order to apply Lemma we must verify that the family {7g}gecs has geometric
diameters and bounded overlap. The diameter requirement is satisfied by definition, so we
only need to prove that & = {R € & : diam(R) = diam(Q), 7p N7 # O} satisfies
#(6p) < C for some C independent of (). Using the parameterization vy, we can put
a total order on balls with diameter equal to diam(Q) by setting R < @ if and only if
7' (zR) < fyél(xQ). Because X, is finite, there exist balls Ry, Ry € &g which are respectively
maximal and minimal in & with respect to this ordering. By definition, any R € &, must
satisty or € vi2r, U129 U128, But, since B(VIQQ/) < e forall Q' € &, the set Image(y12¢/)
is contained in a cylinder of width at most €3(24 diam(Q’)) and length at most 24 diam(Q ).

Since net points on the scale of ()" must be separated by distance at least diam(Q , the net

2A
points must be separated by at least distance MT—A along the axis of the cyhnder because

€s < A7'. This means the number of net points on each of Y12Q7s V12R, s V12R, 1S less than
24 diam(Q’) - dlam diam(@) 1 1 < 1004 so that #(&,) < 300A as desired.

This verifies the geometric diameter and bounded overlap conditions for {7g}ges. We
apply Lemma - to receive a bounded number of filtrations .#; ,;, j € Jg such that for any
7q, there exists a Tg-augmentation 7, € 7, ga for some j. Therefore, the definition of & also

implies that B(TQ) > 107%,65(Q). Therefore, we have

> Bs(@Q) diam(Q) Se, Y Y B(r)? Diam(r) Sya (y) — crd(v)

QEY3NE jeJ TG?]

using Lemma [2.3.3] This proves the desired inequalities for ¢ N &. We will now prove this
for 4\ &.

Indeed, fix Q € ¥4; \ &. We look to build an appropriate mapping @) — 7 to pass into
Lemma [2.3.4 Let € ¥ N Q be such that dist(z,J, ) Image(r)) is maximal and let

§o € AMQ) \ S(Q) be such that x € Image({g). By the definition of ¥4, Bs(0)(Q) < €155(Q)
so that

1
Bs(queg (Q) > gﬁz(@)-

Indeed, otherwise > N @ is contained in a cylinder of width

;ﬁE(Q) diam(Q) + ce1fx(Q) diam(Q)
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with ¢ < ¢ contradicting the definition of fx(Q). We set g 1= . We now verify that
the family {7g}ges,\» has geometric diameters and bounded overlap in order to apply the
pre-filtration lemma.

Since 7 € A(Q), we know 7o N Q # @ and 79 N H \ 2Q) # & so that

2diam(Q) > Diam(7g) > rad(2Q)) — rad(Q) = %diam(@).

In order to verify bounded overlap, set 9, := {R € 43\ & : diam R = diam Q, 7pN7g # D} so
that we want to show #(%;) < C for C independent of ). Assume first that S5 (R) < fx(Q).
Because TR NTg # &, we have 2Q N2R # @ so that xr € 8Q) C 12R. Let y12r|sg be a largest
diameter subarc of yy2p which is in A(8Q)). We want to show that vi2r|sg € Ssg. This is
the reason for the addition of &. Because R ¢ & and Diam(712gr|sg) > diam R, there exists
some extension 7' O Y1ag|sg such that 3(7)’) < 107585 (R). But, zg € 4Q = %8@ implies
we can apply Lemma to conclude

4000
106

B(m2rlse) < 40008(n') < €205 (R) < €205(8Q).
This proves that y12r[sq € Ssq- In particular, the fact that fg,,(8Q) < €8x(Q) implies
that xp is contained in a small tube around 7gg. We assumed that fx(R) < fx(Q) for this,
but if Bx(R) > fx(Q), then running the argument for v12¢|sg in place of v12r|sg proves the
same claim with ) and R reversed. In either case, all R € ¥, are contained in a small
neighborhood of the almost flat arc y12¢, proving #(¥%;) < 100A.

This verifies the geometric diameters and bounded overlap condition, so we apply Lemma
2.3.4/to get a bounded family of filtrations 4%; , J € Jg, such that for each Q € %\ &, there

exists 7, € JJ for some j which is a 7g-augmentation. Because 7o € A(Q) \ Sg, we apply
Lemma 237 to conclude

Bl > 105 Blr) >

An(2Q) = Pu(@).

- 4000 - 8000

Therefore, Lemma [2.3.3] implies

Z Bs(Q)? diam(Q) <., Z Z ?Diam(7) Sya () — crd(7). |

QeD\E Jj€Jg, TEL??JS
Proposition 2.3.12 (cf. [Sch07a] Lemma 3.14).

Z Bs(Q)? diam(Q) <ja H'(X) and Z Br(Q)? diam(Q) <ja €(T) — cxd(T).

Qe4 Qe

Proof. Let us build an appropriate mapping @ — 7¢. Put Q = B(xg, A\27"). We define
7o in one of two ways:

(i) If #(vo N X,) < 3AA, then set 7 = .

(ii) Otherwise, let 7o be a subarc of ¢ containing x¢ such that #(mg N X,,) = 3AA.
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In order to apply Lemma [2.3.4] we must check the geometric diameters and bounded over-
lap conditions. The geometric diameters condition follows in case (i) because v € A(Q).
It follows in case (ii) because the net point condition implies that 27" < Diam(7g) <
2diam(Q)) = 4X\A27". In either case, bounded overlap follows from a similar argument
to that in the proof of Proposition [2.3.11] Because each arc is centered on a unique net
point in X,, and each arc contains at most 3AA net points, ordering the net points via
the parameterization  shows that there can be at most 6AA net points (inclusive) be-
tween intersecting arcs 7o and Tg for either arcs of type (i) or (ii) above. This proves
#({R € % : diam(R) = diam(Q), T N 7o # @}) < 120 A.

Applying Lemma [2.3.4] to the collections of type (i) and (ii) arcs above gives a family of
filtrations ﬁé , J € Jg, such that for any Q € %3, there exists a 7o-augmentation 7(, € %é
for some j. In order to finish, we only have to check that f3 (74) 24 B=(Q). For arcs of type
(i), 7o = 7o € A(Q) so that Lemma [2.3.7) gives the result. For arcs of type (ii), observe that

#(1o N Xy) = 3AA implies that S,/ (7)) 2 Br(7) Za 1 Za Bs(Q). Therefore, applying
Lemma [2.3.3] to this collection of filfrations gives

Z Bs(Q)* diam(Q) <a Z Z 6 )2 diam(7) <ya £(y) — crd(y). [ |

QE% Jj€Jeg, Tegﬂl
Proposition 2.3.13 (cf. [Sch07a] Lemma 3.24).
Y Be(Q) diam(Q) Sya HU(E) and Y Br(Q)? diam(Q) Sya ((T) — cxd(T).

QeAsz 2 Q€22
Proof. Let us build an appropriate mapping () — 7o as in the previous two propositions.
Again, let Q = B(rg, AA2™") By definition, there exists {o € A(Q)\ Sq such that {oNUE #
@. We define 7¢ in one of two ways

(i) If #({R € Aqy : diam(R) = diam(Q), &g NUE # @}) < 9AA, then set 79 = &q.

(ii) Otherwise, let 7 be a subarc of {g such that 7o N UE # @ and #({R € Ayy :
diam(R) = diam(Q), {o NUE # @}) = 9N\A.

Type (i) arcs have geometric diameters since {g € A(Q). Type (ii) arcs have nonempty in-
tersection with two distinct, disjoint cores Ug and U so that Diam(§q) > dist(9Ug, OUZT) 2
diam(Q). To check bounded overlap, we argue almost exactly as in the corresponding part
of the proof of Proposition . Indeed, 7o NUG # @ so that we can order the arcs 7¢ via
the parameterization v by the ordering of z¢ € Ug. There can be at most 18AA net points
separating x¢ and xp for admissible R so that #({R € Ay, : diam(R) = diam(Q), TrN7g #
o}) < 36MA.

Applying Lemma- gives a bounded number of filtrations .# i such that each Q € Ay,
has an associated 7g-augmentation 7/,. We only need to show that B(TQ) 2 Bx(Q). This
follows for type (i) arcs by Lemma h and for type (ii) arcs by the fact that #({R €
Ay diam(R) = diam(Q), {o N U # @}) = 9AA implies 5(75) 2, Br,(7q) 24 1 24 Bx(Q)
as in the proof of Proposition [2.3.12, The result follows by applying Lemma to each
filtration to get

Z Bn(Q)? diam(Q) <a Z Z B(r)* diam(7) <y £(7) — crd(y). |

QEA2.2 VISP Teﬂj Ao o
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2.4 Almost flat arcs: Ay, Agy

Our goal now is to prove the following proposition:

Proposition 2.4.1. Set .o := Ay U Ay 1. We have

D Be(Q)? diam(Q) $a U(X) and Y Br(Q)* diam(Q) Sa U(T) — erd(T). (2.30)

Qed Qed

Recall that & C %, so that for any Q € &, B5(Q) < €;'Bs(@)(Q). That is, the beta
number of the union of images of almost flat arcs controls the total beta number for (). For
the purposes of estimating the beta-squared sum, we can essentially think of ¥ (or I') inside
of @ as consisting of a union of line segments (we have taken the parameter e, sufficiently
small so that this heuristic holds at all scales we will perform estimates at). In Section [2.4.1]
we prove the first inequality in , finishing the proof of the Hilbert space necessary
condition. In Section [2.4.2] we prove the second, finishing the proof of Theorem [A]

We begin by giving some comments on the structure of almost flat arcs. Recall that an
almost flat arc 7 € S(Q) satisfies the inequality

B(1) < e85(Q). (2.31)

We interpret this as saying that 7 is a very small perturbation of Edge(r) relative to the
overall flatness of ¥ inside ). This means that 7 is bilaterally close to Edge(7), forcing 7 to
be “diametrical” and giving it the crossing property we prove in Lemma below. The
condition (2.31)) is importantly stronger than the similar inequality

B-(Image(7)) < e205(Q). (2.32)

This condition only forces the image of 7 to be unilaterally close to some line L relative to
the overall flatness of ¥ inside (). This allows almost flat arcs which are “radial” rather than
“diametrical”. This is an important point at which the results here diverge from results of
[BM23b] in which analogous results are proven for this weaker notion of almost flat arcs in
Banach spaces.

We now record two lemmas needed in the following sections.

Definition 2.4.1 (Cylinders). Let a,b € {5, let s := [a, b] be a line segment, and let r > 0.
We define the cylinder C' of radius r around s as

C(s,r):={zen;(s): 7(z) <r},

where 7, is the orthogonal projection onto the line collinear with the line segment s and
7+ 1 o — o is the projection onto the corresponding affine orthogonal hyperplane. We also
allow s to be an affine line. For a segment s as above, we define the faces

F,(s,r) ={z€ C(s,r):ms(z) = a} and Fy(s,r) :={z € C(s,7) : ms(z) = b}.

For any 7 € A(Q), 7 C C(Line(7), 5(r) Diam(7)) C C(Line(7), 5(7) diam(2Q))..

41



Lemma 2.4.2 (Crossing Property). Let Q € ¢, 7 € A(Q), and 7' := [a,/,by] C Edge(7) :=
lar,b;]. Let € > 0 such that 3(1) < 5. There exists an arc 7y such that

(i) Domain(ry) C Domain(t) Ny~ (C(7, ediam(Q))), and
(i7) Diam(7y) > Diam(7’).
Proof. Let C' := C(Line(7’), ediam(Q)). Because 5(7) < & and Diam(7) < 2diam(Q), we

2
know 7 C C'. Because Image(7) is connected, 7, is continuous, and a,, b, € Edge(7)N7, there
must exist u € TN F, , and v € TN [ ,. This implies that {¢t € Domain(7) : 7(t) € F} ,} # @
and {t € Domain(7) : 7(t) € F,,} # @ so that we can further suppose without loss of

generality that
0 < inf{t € Domain(7) : 7(t) € F, ,} < inf{t € Domain(7) : 7(t) € I}, }. (2.33)

That is, 7 enters F;,_, before Fy_,. We define

ty := inf{t € Domain(7) : 7(t) € F}, },

t; = sup{t € Domain(7) : t <15, 7(t) € F,, },

Ty ‘= T|[t1,t2]‘
Suppose without loss of generality that m(a.) < m(b). We know 7(ty) € Fy, by the
continuity of 7. By the continuity of 7,» and the definition of 5, we also know that 7. (7(t)) <
7, (by) for all ¢ < ty. On the other hand, the definition of ¢; implies that 7. (7(t)) > m(a,)

for all t; <t <ty so that 7|y, 4, C C(7,ediam(Q)). Item [(i)| follows. In fact, we can
conclude 7(t;) € F,, , because the supremum in the definition of #; is over a non-empty set

by (2.33). Item [(ii)] follows because Diam(7y) > |b. — a,/| = Diam(7’). |

For convenience, we also record an estimate for lower-bounding the diameter of chord
segments of arcs which touch central balls inside of Q:

Lemma 2.4.3. Let Q = B(zg, R) be a ball and let 0 < o < 1 be such that o* < 1/2. Let
¢ = [ay,by] be a line segment such that ay,by € 0Q and ' NaQ # &. Then,

H'([ap, by]) > diam(Q) (1 — 20%) .

Proof. We will first give a lower bound for the function /1 — x, then apply this to a
Pythagorean theorem estimate. Let 0 < 2 < % and observe that, by the generalized bi-

2
nomial theorem,

VIa =Y (e

N =

(3-1)-(3-—n+1)
n!

>1-2zx

o0
x
" >1-— 2" >1—x—
n=1
using our assumption that r < % in the last line. Now, let y, be the point in ¢’ closest to
zg. Then, using the Pythagorean theorem, we get |y, — ay|* = |ay — xg|* — |xg — yo|?
from which we can estimate

Yo — aw| > V/R2— (aR)?2 > RV1—a? > R (1 —2a°).

Applying the same argument to |y, — by |, we get H'([ay, by]) = [yp — b | + |y — ar| >
diam(Q)(1 — 2a?). [
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2.4.1 Almost flat arcs for X

In this section, we complete our proof of , the necessary condition in the Hilbert space
traveling salesman theorem. We begin in Section by giving a general presentation
of Schul’s martingale construction. In Section [2.4.1.2] we give the first application of the
martingale construction by repeating Schul’s proof of the beta-squared sum bound for the
family A;. Finally, in Section [2.4.1.3] we give a new proof of the beta-squared sum bound
for the family As; using Schul’s martingales again, filling in the final gap in proof of the
Hilbert space necessary condition in [Sch07a].

2.4.1.1 Schul’s Martingale Lemma

The martingale argument relies heavily on the structure of the cores for balls constructed
in Proposition [2.1.19] so we begin by giving some definitions and notation related to the
families of cores. For the rest of this section, fix 0 < ¢ < ﬁ and J > 10.

Definition 2.4.2 (The tree structure of cores). Fix a collection . C ¢. Proposition [2.1.19
gives a partition of & into J families {2;}7_, such that cores for balls inside 2; satisfy

the inclusion and separation properties , and in Proposition [2.1.19, Defining
L =2 N2, we see that for any ) € &, either

(a) For all Q" € & such that U, NUq # @, U, C U§, or
(b) There exists Q' € & such that U5 C Ug,.

These set inclusion properties induce a partial order on ., giving it the structure of a forest
in which the balls satisfying the first condition above are the roots of trees in the forest
while the balls satisfying the second condition are descendants of some root. We denote the
forest of trees (whose partial order depends on the constants ¢ and J) by 75’/ = T5 = Ty
where we often suppress the constants when understood (in practice, we suppress J more
often than ¢ in the construction because J will be fixed once and for all while ¢ will vary).
We refer to the root of T' € 7:;!‘] as Q(T). Foreach Q € T, Q # Q(T), there exists a unique
minimal ball P(Q) respect to the ordering of T" such that Ug C Upg). We call P(Q) the
parent of (). Similarly, for any ) € T" we define the collection of children of () in T' by

C(Q) ={Q €T : Q' is maximal in T such that U§ C Ug}.

We also think of C'(Q) := C(Q) as the first generation descendants of ). Given the set
C™(Q) for some n > 1, we define the n + 1-th generation descendants of @) as

C" Q) ={Q" € C(Q): Q' € C"(Q)}.
Because each ball is either a root or its core is contained in the core of some root ball, we

have
Uy = J Uy = U Us-
QETS Qe

If £ C 2; for some j, 1 < j < J, then the union above over trees is disjoint. Otherwise it
is a union in which each point is contained in at most J constituent sets.
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We now give the definition of a martingale and relevant notions from probability theory.

Definition 2.4.3 (Martingales). Given a probability space (2,.4,P), we define a filtration
of A to be an increasing sequence (F,),>o of sub-o-algebras of A. We say that a collection
of real-valued random variables (X,,),>0 on Q is a martingale with respect to (F,),>o if for
alln >0,

(i) X, is F,,-measurable,
(i) E(X,) < oo,
(i) E(Xpi1|Fn) = X

where E(X,,11|F,) denotes the conditional expectation of X,,.; with respect to F,,. Impor-
tantly, it is well-known that positive martingales converge pointwise almost surely. That
is, if X,, > 0 for all n > 0, then there exists a positive random variable X such that
X(w) = lim,, 00 Xy (w) for P almost all w € Q2. We will only consider positive martingales.

Remark 2.4.4 (Schul’s martingales). Let .2 C ¢ and form the forest 7¢ which gives &
a partial order, hence a child-parent structure as defined above. For each Q € ., Schul
constructs a martingale (wg),>o supported inside U5 N Y. We define the remainder

Ry:=Upnz\ | | U&Nnx
QR'eC(Q)

so that

vgns=| |J UsNT|URg
QReC(Q)
where the collection {U§ NX}qrec(q)U{Rq} is pairwise disjoint. Applying this partitioning
scheme iteratively to each Ug M X in the union above, we see that for any n > 0, we can
write Ug N X as the partition.

UenS=Rou| |J RBe|u..u|l | Re|U U vgns| (234)
QeC(Q) QeC™(@Q) QeC™ (@)

This gives a decomposition of U5NY into “atoms” at the (n+ 1)-th level, from which we will
define a filtration by setting JF,, to be the sigma algebra generated by U<, { Ug N Y}oreckq):
We will form the martingale (wg),>0 by setting w% to be constant on U5 N X and defining
wg“ by distributing the mass that wg, assigns to U5 N X for any Q' € C™(Q) onto its
constituent pieces Rg U UQ,,EC(Q,) Ugrn N3 = UG N Y with weighting factors depending on
the size and number of children in C(Q') and the length of the remainder R¢y.

Lemma 2.4.5 (Martingale construction). Fiz a constant D > 0, ¢ < 75 and let £ C 9N2;.
Suppose that there exists a constant ¢ < 1 such that for any Q € £

diam(U§)
. - <gq. (2.35)
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Then, there ezists a collection of positive real-valued functions {wg}oey satisfying
(i) [5wqdl = diam(Ug),

(1) Y ey wo(r) < _XU‘ (x)  for almost every x € 3,

(ii1) supp(wq) € U N .

Proof. We will suppress the superscript of the cores and write Ug = U§. Fix Q € Z.
For any set F and function w : ¥ — R, we let w( fE wdl. Let F, be the o-algebra
generated by Ur<,{Uqg N X} greck). We construct the function wg as the pointwise limit
of a martingale (wg))n>0 adapted to the filtration (F,),>o with underlying finite measure
l|ygns. We begin by defining the function wg):

0 diam(Up)

we(z) = WU N ) for any x € Ug N X.

The martingale sequence will have fixed total mass wg(Ug) = diam(Ug). We next define

> diam(Uy) + DU(Rq) < oo
Q'eC(Q)

Given the function wg), we define w”Jrl by readjusting the distribution of mass inside the cores
{Uq }grecnti(@) and leaving the remamders Rgr constant for any ancestor balls Q" € C7(Q)
for j < n. Let @ € C"(Q), Q" € C(Q") C C"™(Q), and Qy € C?(Q) for some j < n.
We define wiy™ () by declaring wj*! to be constant on each of Rg,, Rer, and Ugr N'Y and
imposing

n+1 (Rq,) = wi(Ra,), (2.36)
n+1(RQ/) = w)(Ugr) - @7 (2.37)
n—H(UQ//) — w(n;)(UQ’) . dlalzl—c(;]”) (238)

We could find the pointwise value for w™! on each set by dividing the three above equations
by £(Rq,),{(Rq), and £(Ugr NX) respectively. It follows from the definition that wg(Ug)
is F,, measurable. In order to show that (wg) is a martingale adapted to the filtration (F,),
we must prove

E(wf | ) = wh.

It suffices to show that wi™ (Ug) = wh(Ug) for any Q' € Up<,C*(Q'). First, suppose
Q' € C"(Q). Then, using (2:35) and ([237)

wet (Ug) =wg' (Rg) + > wit (Ug)

QRUeC(Q)
n DY¢(Ro n diam(U N) n
Q Q”GC(Q’) Q
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On the other hand, if Q" € C*(Q) for some k < n, we can apply (2.34) to Q' to write Ug in
terms of the remainders down to level n — 1 and the cores at level n inside of Ug:

n—k—1
n+l(UQl) _ Z Z n+l RQ’ Z n—i—l(UQ/)
j=0 Q//€CJ(Q/ Quecn—k(Q/)
n—k—1
YT e Y wpv) - it
=0 Qrech@) Qe Q)
using the previous two cases. This also shows that w"H(UQ) =wp(Ug) = ... = diam(Uy),

verifying the finite expectation condition. Hence, (wQ)nZO is a positive martingale so that it
converges pointwise ¢ almost everywhere to a function

wo(z) = lim wg(r).

By definition, supp(wg) C supp(wQ) = UQ N Y and f wodl = wo(Ug) = wy(Ug) =
diam(Ug) verifying properties |(1) . and above. We now prove [(ii) “ le x € UgNX for

which hmn%oow ( ex1sts and suppose that x € Rg, NUg, C Ug,_, - C Ug, = Ug.
Then ( and 2.35)) imply
weUqy) _ woWUqy_,) _ wo(Uqy_,) diam(Ugy_,) _  wo(Ugy_,)
diam(UQN) SQn-1 diam(UQNq) SQn-1 diam(UQN—l)

Applying this N times, we get

wo(Ugy) -~ wo(Ug) _ N
diam(Ug,,) diam(Ug) '
Therefore, using (2.37)), we conclude
wo(z) = “elfioy)  walUoy) DURey) _ fywelUoy) _ pow
K(RQN) N E(RQN) SQn N SQn

In particular, if x is contained in an infinite sequence of nested cores, then wq(z) = 0 for all
Q. Applying the above calculation for each Q, 0 < k < N, we see that wg, (z) < DgV". .
Because supp(wq) = Ug N, we also know that (Jge » supp(wg) C Uy and we can compute

D wglx) =) wol@)xu,( (ZwQ )XU_% )

Qe Qe Qes
D
(Z Dq ) XUE S 1 qXUz(x)‘
This concludes the proof of [
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2.4.1.2 Bound on the A; sum for X

The ideas of this section are all present in [Sch07a]. We present them here in greater detail
out of a desire for completeness. For M € N, define

AM) ={Q € Ay : 27 < By (UG) < 271}
Fix K € N such that 1 < K < MJ and define
A =N (M K):={Q € A(M) : rad(Q) = A2K+MIn n c 7},

Intuitively, A" is obtained by starting at an offset K and skipping all elements in A(M) on
the nearest MJ scales so that the difference in scale between adjacent levels within A’ is
large. We want to apply the martingale lemma, Lemma with & = A/, so we need to
prove the following lemma:

Lemma 2.4.6 (cf. [Sch07a] Lemma 3.25). For any Q € A’,
diam(Ug?) 1

Proof. (See Figure for a picture of this proof). Recall that the definition of A; implies
Bs)(U§) = 051,35(@)(@) > Cplefs(Q). For any n € S(Q), we get the bound

B(n) < €265(Q) < e1(10°ACY) e B (Q) < 107° A 61 Bs(q)(UE) < 107 A e 27 ML,
(2.39)

Therefore, because g € S(Q) we conclude

BWQ(UCS) < 16’467@(@) < 32145(7@) < 10_36155(@)(1]5)-

This implies that there exists {o € S(Q), {g # ¢ such that we have y € {o N Ug with
dist(y, Edge(vq)) > Bsig)(Ug) diam(U) > 2~ diam(Ug) by using the line collinear with
Edge(7q) as an approximating line for Bg(q)(Ug). Define
7' := Edge(vq), B, :=B(Y, 2~ M diam(Ué)),
¢ = Edge(§o) N 15¢0Q, Be = B(¢, 27" diam(U)).

By Lemma [2.4.2] there exists ye € & such that
|y — yer| < B(&o) diam(2Q) < 627! diam(Ug)

so that dist(ye,7') > 27"~ diam(U3), and hence yer € 9co@Q. Write & as the union of two
subsegments &' = [ag, yer] U [yer, ber] where ag and be are the endpoints of £’. Because the
line segments [ag, yer] and [be, yer] extend in opposite directions away from ye, one of them,
suppose it is [ag, ye|, satisfies dist([agr, yer], 7)) > dist(yer,7/) > 27775 diam(Ug") also using
the fact that 7/ is a line segment. In addition, [ag, ye] has nonempty intersection with both
9coQ and 15¢oQ) C Ug" so that we can assume both of the following hold:

dist([ag', yer], 1) > 2777 diam(UE"), (2.40)
diam([ag, yer]) > 6corad(Q)) = 3¢ diam(Q). (2.41)
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Therefore, we can apply Lemma to the segment [ag,ye| to get an arc § C g such
that o C Be C 16¢0Q C U5 and Diam(&y) > 3cpdiam(Q). Now, @@ € A’ implies, for all
Q' € C(Q),

diam(U%7) < diam(Q") < 2" diam(Q) < 27277 diam(Q) < 27Y¢; diam(U5") (2.42)
Using (|2 and the fact that vo € By, this implies that &, satisfies the following:
UG Nyg = @ for all Q' € C(Q) such that U5 N&y # 2.

Hence, we can estimate

> diam(UF) +U(Rg) > > diam(U) +U(Ro M)+ > diam(Ug) + ((Rg N &)

Q'eC(Q) Q'eC(Q) Q'eC(Q)
Ugime#2 UgiN&o#2
> diam(yo N UG") + Diam(&y) > 15¢p diam(Q) + 3¢ diam(Q)
1 : T
> (1 + 1_0> diam(Ug"). (2.43)

Proposition 2.4.7 (cf. [Sch07a] Lemma 3.25).

> Be(Q)? diam(Q) Say H'(Z).

QeA;

Proof. Fix A'(M, K) C A; as defined above and order it via the forest TAv®. By Lemma
2.4.6, we can apply Lemma [2.4.5| with & = A/, D =1, q = + — to get a collection of
10

positive real-valued functions {wg}geas such that
i) Jowq dt =diam(UZ"), and
(i) D gear wolz) S XUECO(QZ) for almost every x € ¥,
Therefore, we have

> Bx(Q) diam(Q <2MZ/de5<2M/Zde£

QeA’ QeA’ QeA!

gz—M/UWO des2 "N WU NE) S22V
n

TeT16°0

where the final inequality follows because the collection {Ugi }, eTi6%0 is pairwise disjoint.
Summing this over M >0 and 1 < K < M J, we get

oo MJ [e)
> 8@ diam(@Q) < > Y > Be(Q)diam(Q) Sau Y M27MUT) S HN (D).
QeA M=0 K=1QeA'(M,K) M=0
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Figure 2.5: A picture of the proof of Lemma [2.4.6]

2.4.1.3 Bound on the A, ; sum for X

Our proof of the beta sum bound for A, ; relies heavily on the construction of weights analo-
gous to those of Proposition adapted to Ay balls rather than A; balls. Unfortunately,
the proof of the existence of these weights in [Sch07a] Lemma 3.28 contains technical er-
rors which leave gaps in the proof (see [BM23b] Appendix C. for further explanation of the
issues). In this section, we provide a new proof.

We begin with a general lemma which gives a nice approximating line segment for almost
flat ¢ inside the core of a general ball () € ¢ for a range of core sizes. We will use this line
segment ' as an accounting tool for proving the analogue of Lemma for Ay balls.

Lemma 2.4.8. Let Q € ¢ such that vg € S(Q) and fix 26% < ¢ < 45. There exists a line
segment 7' = [a, b,] C Edge(vyg) such that

(i) H' (') > (1 — 30e;) diam(Ug),
(ii) B(',5¢ diam(Ug)) C U§,
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(111) v C my (v N @), and
() If Bs(U§) < €1, then for any Q" € C(Q), 7y (Us) Ny # @ = 2Q" C U§.

Proof. Let v" := [ayr,by] = Edge(yg) N cQ. Define 7/ to be the line segment gotten by
chopping off the segments of length 10¢; diam(Ug) from either end of 4"
. c b " — a/,y// . c CL,Y// — b,y// .
/y/ = A 1061 dlam(U )m b — 1061 dlam(UQ)m = [CL,.Y/, b,\//].

Because zg € vo € S(Q) implies dist(zg,7”) < 2e;diam(Q) < e;crad(Q), and a,», by €
J(cQ), Lemma implies

H' (") = layr — byr| = cdiam(Q) (1 - 26%)
where we used the fact that ¢diam(Q) >

> (1 —2¢;) diam(Ug)

HQ%HQ diam(U§) > (1 — €;) diam(Ug). This gives

H' (V) = H' (") — 20¢ diam(Ug) > (1 — 30¢;) diam(Ug)).

This proves . In a similar vein, we can use the Pythagorean theorem to estimate

lay — x| < \/(1 — 106, )2 diam(U§)? + €f diam(U§)? < diam(Ué)\/l — 20€; + 1017
< diam(U5)v1 — 1961 < (1 — 9¢;) diam(Up)

using the Taylor expansion estimate 1 —2 =1—7 — z—; —... <1—%. A similar inequality
holds for 0./, implying
B(v', 5¢; diam(Up))) € @ C Ug (2.44)

by the triangle inequality, the convexity of balls in /5, and the fact that 7' is a line seg-
ment. This proves. To prove , we observe that 3(vg) diam(2Q) < 2¢, diam(Q) <
cep diam(Q) < ¢; diam(U§) and apply Lemmato the segment 7' to get a subarc vy C g
such that Domain(vo) € Domain(yg) Ny~ (C (7, &1 diam(U))) such that m(y) = '. We
NOwW prove . We compute

dist(my (¢ ),7") < diam(2Q) < 277*" diam(Q) < 2(104) %¢; diam(Q) < ¢ diam(Ug).

(2.45)
On the other hand, fx(U§) < € implies |73i(z¢)| < 2¢ diam(Ug) which combined with
gives 2Q)' C B(ﬂy 56, diam(Ug)) € U§ byﬂ |

For the rest of this section, we consider Ay ; with the ordering given by the forest 7" .
We now identify a good family of balls from which we will extract excess length in order to
prove the existence of ¢ < 1 such that diam(Ug) < gsg for Q € Ay;.

Definition 2.4.4 (Dominant balls). Fix Q € Ay and let 4 be as in Lemma | Define
the “interior” and “exterior” children as

C1(Q) :={Q" € C(Q) : my(Ug) NY # @},
Cp(Q) :={Q € C(Q) : my(Ug) N = &},
= C(@)\ Ci(Q)-

We have UQ,eC ) 2Q)" C Ug by Lemma -m For any @' € C;(Q), one of the following
two properties holds:
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(i) For all Q" € C(Q) such that Ugr N2Q" # @, diam(Q") < diam(Q’), or
(ii) There exists Q" € C(Q) such that Ugr N2Q" # @ and diam(Q") > diam(Q’)

Define the “dominant” and “minor” balls as

Co(Q) =@ € C1(Q) : @' satisfies [T},
Cu(Q) :={Q" € Cr(Q) : Q' satisfies
= Cr(Q)\ Cp(Q).

The balls in C'p(Q) have dominant projections on 7' in the sense of the following lemma:

Lemma 2.4.9. Let Q € Ay; be such that {(Rg) < e diam(Ug). Then

1| | mUg) | = (1= 50e)diam(Ug).
Q'eCp (@)

Proof. The collection {7/ (Ug)}grec, @)U {my (RoNg)} is a covering of 4/ by Lemma,
and . Hence,

1l U mWUe) | +UBeny) =1 | | mv(Ug) | +H (7 (ReNg))
QECH(Q) QECH(@Q)
> H' (V) > (1 — 30¢;) diam(Ug)

by Lemma [2.4.8|[(i)] Using the fact that ¢(Rg) < e diam(Ug), we get

n | U m(U) | = (1-3le)diam(Up).
Q'eC(Q)

The rest of the proof amounts to showing that the projections of cores of balls in the subfamily
Cp(Q) C Cr(Q) cover most of the projected cores of balls in C7(Q).

We begin by defining a many-to-one mapping ¢ : Cy/(Q) — C(Q). Fix Qo € Cp(Q). By
definition, there exists some ()1 € C(Q) such that Ug, N2Qy # & and diam(@)) > diam(Qy).
If @ € Cp(Q)UCE(Q), then define (Qg) = Q1. Otherwise, Q1 € Cy(Q) and, applying the
same logic to @1 as we did to (g, we get the existence of @ € C(Q) satisfying condition (ii)
for (J1. Repeating this argument recursively, we get a finite chain of balls Qq, @1, Qs, ..., QN
with strictly increasing diameter such that Qn € Cp(Q)UCE(Q) and Qy, ..., Qn_1 € Cn(Q)
with 2Q; NUy,,, # @ (the chain must be finite because there is an absolute upper bound on
the diameter for balls in C(Q)). Set ¥(Qo) = Y(Q1) = - = Y(Qn-1) = @n.

Now, let z € Qo € Cy(Q) with the above described chain Qo, ..., Qn_1,%(Qo). By the

triangle inequality, we get

N-1 N-1 —J+1

dist(v, Uy(qp) < ) diam(2Q;) <2771} (27)" diam((Qy)) < 17— diam(4(Qo))
=0

1=0

< e diam(Uy(qy))-
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This implies that for any Q' € Cp(Q) U Cg(Q), the set of balls Q" € Cy(Q) such that
P(Q") = @' are contained in a neighborhood of radius €; diam(Ug) around Ug. Therefore,
the projection ., (Ugy/) is an interval of length at least ¢ydiam(Q’) > (1 — €)diam(Uy)
while the set <U¢(Q,,):Q, WWI(UQ//)) \ 7 (Ug) is contained in the union of two intervals of

length €; diam(Ug ) adjoined to either end of 7, (Ug). This means that if Q' € Cy(Q) is
such that ¢(Q') € Cg(Q), then 7, (Ugr) N+ is contained in an interval of width less than
e1 diam(Ug) < € diam(Ug) containing one of the two endpoints of 4'. Hence,

Hl U WWI(UQ/) S 261 dlam(UQ)

Q' eCn(Q)
$(Q")eCE(Q)

This implies

Wl U mWel\ U milo)

Q' eCu(Q) Q'eCp(Q)

<H! U =0\ U mUe) | +# U  m(Uen)
Q' eCnm(Q) Q'eCp(Q) Q' eCn(Q)
P(Q")eCp(Q) P(Q")eCE(Q)

< deH? U 7 (Ug) | + 2€; diam(Up).
Q'eCp(Q)

Therefore, we conclude

(1= 3le)diam(Ug) <H' [ | ) 7y (Ug)
QeCH(@Q)

<H' | U o) | +# [ U mWel\ U m(Uo)

Q'eCp(Q) Q'eCn(Q) Q'eCp(Q)

<@+4e)H' | | 7 (Ug) | + 26 diam(Ug)
Q'eCp(Q)

from which we get the result. [

We now want to show that each ball ' € C(Q) has double 2Q)" which contains a signif-
icant amount of excess length which contributes to the value of sg. We begin by isolating
an almost flat arc 7 of large diameter which does not overlap with ~¢ too badly.

Remark 2.4.10 (Existence of 7¢). Fix Q" € Ayy. Because s, (Ug) < C’EIBSQ,(Q’), there
must exist an arc 7o € Sg such that both
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(i) 7o NUG = 9, and

(il) Brgiury (2Q") Za L.

Intuitively, we think of 7 as an “additional” arc alongside ~g which makes a significant
contribution to 3 5ieq ) diam(Ugr) + ((Rq) inside 2Q" because it carries a large number of
child cores disjoint from those on ~g.

In order to estimate the core diameter sum, we will use line segment approximations
to 7¢ and 7 with the idea of first isolating appropriate subsegments which are far apart,
then applying Lemma to get associated arcs which are far apart. We define 7/ :=
Edge(7g) N (1 — 3¢0)2Q)". Then 7’ is a line segment with endpoints in the boundary of
(1—3¢0)2Q’ such that 7/N(1+¢0)Q" # @ because 3(1o) < € and TNQ # @ because 7 € A(Q).
Similarly, we define 7' := Edge(y¢g/) N (1 — 3¢¢)2Q)". Because g € v¢o and yo € Sgr, we
have dist(7, z¢/) < B(70) diam(2Q") < €, diam(2Q") - (1 = 3¢p) diam(2Q)") so that

_ €2
" (1-3co)
we can apply Lemma [2.4.3| and receive ’

diam(n') > (1 -2 (1 _62360) ) (1 — 3¢p) diam(2Q")

. 999
> (1 —863)(1 — 3¢g) diam(2Q") > 1000

diam(2Q")

because (1 —8¢3)(1 —3cp) > (1 —4cp) > (1 —4-107*) > 28 We will use 7/’ and 7’ in the
following lemma:

Lemma 2.4.11. Let Q € Ay1. For any Q' € Cp(Q),

Z diam(UQu) + €<RQ N QQ,) > (1 + %) diam(QQ’).

Q"eC(Q)
UQ//QQQ/

UQ” ﬂ(’le UTQ/ V#DS

Proof. Our plan is to apply Lemma to ' and a large diameter subsegment 77 C 7/
which is far from 7’ to get arcs 79 C o and 79 C 7 such that no child core of ) touches
both (See Figure [2.6] for a picture of the proof). Because 5(7g) diam(2Q’) < e, diam(2Q") <
€1 diam(Ug/), we can apply Lemma to the segment 7’ to get an arc 7y C g such
that Domain(vyy) € Domain(yg) N v~ (C(n, e, diam(Ug))) with Diam(yg) > diam(n') >
99 diam(Q). We claim that for any Q" € C(Q),

1000

UQ" ﬂf}/o % [ —— UQ” g QQI (246)

For proof, first note that because @' € Cp(Q), Ugr N2Q" # & implies diam(Q") < diam(Q’)
so that

diam(Ugr) < (1 +277)cg diam(Q') < (1 + €;)cp diam(Q') = (1 + €1)corad(2Q’).  (2.47)
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Hence, if Q" € C(Q) such that Ugr Ny # @, then Ugr N (1 — 2¢0)2Q" # @ so that any
x € Ugn satisfies

dist(z, zg) < (1 - gc()) rad(2Q’) + diam(Up)
< (1 - gco> rad(2Q") + (1 + €1)corad(2Q") < rad(2Q)")
so that Ugr C 2@Q)'. Because )" € Cp(Q), we also know that vy C o € 2Q" C Ug so that

the family {Ugr : Q" € C(Q), Ugr Ny # @} U{Rg N} is a covering of 5. We can then
estimate

> diam(Ugr) + {(RoNyg) = Y diam(Ugr) + €(Rg N 7o)

Q"eC(Q) Q"eC(Q)
UQ//ﬁ’ngﬁ@ UUQIHQQE/Z
Q"o
. 999 .
> Diam(yo) > 1000 diam(2Q").

We want to apply a similar argument to 7/, this time finding an arc 7y which lies close to
a subsegment 7" of 7/ which is far from 7, hence from vq. Indeed, suppose first that there
exists a point y» € 7' N (1 + ¢y)@ such that dist(y,/,n') > Teorad(Q’). Write 7’ as the union
of two subsegments 7' = [a,/, y] U [y, br] where a,/, b, are the endpoints of 7/. Because
the line segments [a,, y,/] and [y,, b,/] extend in opposite directions away from y,/, we know
that one of them, suppose it is [a,/, y,], satisfies dist([a,/, y|, ") > dist(y,,n’) > Teorad(Q)
using the fact that 7’ is a line segment. Set 7 := [a,/, y]. This completes the definition of
7" in the first case.

If instead there is no such point y,» € (14¢¢)Q'N7’, then (1+co)Q'N7T C B(n', Ty rad(Q’)).
We claim that 7’ is nearly perpendicular to 7. Indeed, consider £ := 9((1 4+ ¢)@’) N 7" and
let C},Cy be the two connected components of the set B(r, Tcorad(Q')) N A((1 + ¢)Q').
First, we claim there cannot exist distinct points e, es € E such that e; € C1 and ey € Cs.
If there did exist such points, then because 7’ is a line segment and B(1/, Tcorad(Q")) is con-
vex, there would exist ¢ € 7 N B(1, Teprad(Q’)) with my(e) = my(zg) so that ¢ € 2@
Hence, we would have 7o N U, # &, contradicting the definition of 7. Therefore, without
loss of generality we can assume that £ C (.

Let P C H be the affine plane containing the line segments 1’ and 7’ (this is at most
3-dimensional). By translating and rotating, we can assume without loss of generality that
xg = 0 and 7' is collinear with the x;-axis so that

ECS:= {x €P: x>0, |z|] = (14 c)rad(Q), |zF| < 1000 rad(Q')}

where |z1]? = |z|* — |21/?, and we have used the fact that 8¢y < t555. The set S is a small
spherical cap of the (at most 2-dimensional) sphere {x € P : |x| = (1 + ¢¢) rad(Q')} around
the point ((1 + ¢p)rad(@’),0,0,...). Fix e, € E. We can write [a,/,e] = {e +tv : 0 <
t < |a, — ex|} where |v| =1 and we claim v is parallel to a tangent vector to S. Indeed, if

#(E) =1, then 7' is tangent to S while if #(E) = 2, then 7/ N (1 4 ¢)@’ is a line segment
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with two endpoints in .S and the claim follows from considering S as a graph over the plane
{z1 = 0} and applying the mean value theorem (geometrically, one can imagine translating
the line segment to be tangent to ).

One can compute by implicit differentiation in S C P C R3 that % > % We can
also assume dist(e,» + tv,n) is increasing in ¢ by exchanging [a,,e.] with [e,/,b] or v
with —v if necessary. Therefore, dist(e. + (20corad(Q’))v,n’) > Teorad(Q’). Define 7”7 :=
[a;, ez + (20co rad(Q’))v].

With 7”7 defined as in either of the two cases above, we get the following two lower bounds:

dist(7", 1) > Teprad(Q'), (2.48)

diam(7") > 2(1 — 3¢g) rad(Q") — (1 + ¢o) rad(Q") — 20¢ rad(Q’)
>%U—2%@&Mﬂ%ﬁ2%de@Q)

Applying Lemma to the segment 7", we get an arc 79 C C(7",€1¢orad(Q’)) with
Diam(7g) > £ diam(2Q’). Therefore, we conclude from (2.48) and (2.47) that Ugr N1y # &
implies Ugr Nyy = @ and Ugr C 2@Q) as in ([2.46) so that we can estimate

> diam(Ugr) + (R N1g) > Y diam(Ugr) + £(Rg N o)

Q'eC(Q) Q"eC(Q)
UQ//mny/:;a UQ//QQQ/
UQ//ﬁTQ/;é@ UQ//ﬂT(ﬁﬁ@

1
> Diam(rp) > gdiam(ZQ').

By summing the estimates for vy and 7y, we conclude

1 1
> diam(Ugr) + £(Rg N 2Q") > 29 1 diam(2Q") > ( 1+ — | diam(2Q").
; 1000 ' 5 10
Q"eC(Q)
U@//Q?Q’

UQ// ﬂ('yQ/ Utgyr V£D

We can now combine this lemma with Lemma [2.4.9| on dominant projections to prove
that the martingale construction can be applied to Ay ;.

Lemma 2.4.12 (cf. [Sch07a] Lemma 3.28). For any @ € Ayy,

diam(Up) - 1
> orecwg diam(Uqg) + 267 U(Rg) ~ 1+ 55

Proof. First, observe that if {(Rg) > € diam(Ug), then

diam(Ug) _ diam(Ug) - diam(Up) 1 <1
5Q Y oreoig diam(Ug) + 267 H(Rg) — 2diam(Ug) 2
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1
1
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1
1

Figure 2.6: A picture of the proofs of Lemmas [2.4.12| and [2.4.11] At the top is a picture of
7o N Ug in Lemma on which lies members of the large family of disjoint dominant
balls. In the image below, we have zoomed-in on one of these balls and have labeled pieces
present in the proof of Lemma [2.4.11
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Therefore, we can assume without loss of generality that ((Rg) < € diam(Ug). For Q' €
Cp(Q), define Iy = m,(2Q)"). Identifying 7" with R, we can apply a covering lemma for
the real line (see [Ald91| Lemma 2.1, for example) to the collection {/g }qgrecp (@) to get a
collection 2 C Cp(Q) of balls with pairwise disjoint doubles so that

! ( U JQ,> > é?—[l U o

Qe2 Q'eCp(Q)

(1 —50¢;) diam(Ug) > — 1 dlam(UQ) (2.49)

OJIH

where we used Lemma in the penultimate inequality. We can then enumerate the
components of v\ Uqgco I as

’}//\ U [Q/ = U []
Qe2 jelo
Define 2. :={Q" € C(Q) : Uy \ Ugpre02Q" # @}. We have
ULcn <RQ\ U 2@') v U m(Ue)
jedo Qe2 Q'e2.

using Lemma (i)} Therefore, combining this fact with Lemma [2.4.11

Z diam(Ug/) + 2¢; H(Rg)
QR'eC(Q)

> Z Z diam(UQu) + f(RQ N 2@’) + Z diam(UQ/) +/¢ (RQ \ U 2@’)

Q'e2Q"eC(Q) QE2e Qe2
UQ//QQQ’
=Y ( 10) diam(2Q") + > H'(my (UQ,))+H1< (RQ\ U 2@’))
Qe2 Q€2 Qe2
1
> /
> > (Hm) (o) + 3 M,
Qe2 jeJ o
1
> . 1 I , 1 /
> 15 > Hlg) +H'(Y)
Q'e2
ﬂ 1 1
10 diam(Ug) + (1 — 30€;) diam(Ug) > ( 50) diam(Uyg). [
Proposition 2.4.13 (cf. [Sch07a] Lemma 3.28).
> Bs(Q)diam(Q) $a Y diamUp Sy ((X)
Qela QEA2
Proof. Order Ay via the forest Tx. .- Using Lemma [2.4.12) we apply Lemma with
L =Np1, D=2, q= + — to get the existence of a collection of positive real-valued
50

functions {wg}gen,, satisfying
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i) fQ wodl = diam(Ug), and
(i) D gear wolz) S EI_IXUZOZAI (x) for almost every = € 3.

Using these properties, we can finish the proof of the lemma as follows:

Z B(Q)* diam(Q) <a Z diam(Ug) = Z /deﬁ—/ Z wodl

QEA2 QEAS QREA2 1 QEA2
< /CO dl= " UUym) S5 H' (D). u
Ung, TeTACg )

2.4.2 Almost flat arcs for I

The goal of this section is to finish the proof of Proposition by proving the second
inequality in (2.30). In Section [2.4.2.1] we give preliminary definitions and lemmas needed to
refine the results of the previous section. In Section [2.4.2.2| we use these tools to strengthen
the previously given martingale arguments for the family A; and the newly defined family
As 11 € As. Finally, in Section [2.4.2.3] we analyze the leftover family As 15 and finish the
proof of Proposition [2.4.1, and hence the proof of Theorem [A]

2.4.2.1 New Definitions and Tools

Recall that I' C /5 is a Jordan arc with an injective arc length parameterization v : I — I’
where we fix I := [0, ¢(I")]. We assume without loss of generality that the chord line of I is
the ej-axis. Let 7 : £, — R is the orthogonal projection onto the e;-axis and let 7+ : f5 — (o
be the orthogonal projection onto the orthogonal hyperplane to the e;-axis. For every ¢ € N
the function 7;(t) := (y(t), e;) is 1-Lipschitz, hence differentiable almost everywhere. We let
vi(t) denote the derivative and write

Z Yi(t)e: and +'( Z Yilt

The fact that v is an arc length parameterization means that |7/(¢)| = 1 almost everywhere.
In particular, 7/(t) gives an almost everywhere well-defined notion of tangent vector to I' at
v(t). For z € T', we let t(z) € I be the unique number such that v(¢(z)) = x.

We begin by defining a new measure ¢ < ¢ which quantifies how much subsets of I'
contribute to the value of /(") — crd(T").

Definition 2.4.5 (y measure). Let p: I — [0, 2] be given by

11—~ (t 1 (¢ st
p(t) = ,-)/1( )7 '71( ) e)‘qs S
L, otherwise.

Define the finite Borel measure i supported on I as

dp = 7. (p dt).
where u(A) = v.(p dt)(A) = f,y_l(A) p(t)dt is the pushforward of p(t)dt by 7.
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The definition of x4 is motivated by the fundamental theorem of calculus in the following
way:

Lemma 2.4.14. Let a,b € I with a <b. Then

1Y) = L(V]jap)) — (w(7(0)) — 7(v(a))).

In particular,

Proof. We compute

b b
1V o) = p(Image(vas)) = / e d) = / plt) dt = / L (t) dt
ylla, a a

= (b=a) = (m(b)) = m(a)) = ((V|@p) — (7(7(b)) = 7(v(a))).
Setting a = 0 and b = ¢(I") gives u(I') = ¢(T") — crd(T"). |

Remark 2.4.15 (Null sets and examples). Fix x,y € I' with ¢(z) < t(y) and suppose £ is a
subarc of I" such that Start(§) = = and End(§) = y. If u(§) = 0, then

&) =m(y) —m(x) =y — 1.

This forces y; > x; and forces £ to be a parameterization of the line segment [z,y] =
[z, 2 4+ (y1 — z1)e; which is parallel to the chord line of I". Now, suppose 7(t) := = + b=
for t(x) <t < t(x)+ |y — z|. That is, 7 parameterizes [z,y] C I". In general, we have the

formula

u(r) = Ur) = (w(y) —7(x)) = ly — x| = (11 — 21). (2.50)
If y; < 21, then p is larger than ¢ on 7; this measure assigns “bonus” length to arcs which
“backtrack” along the direction of the chord line of I'. If y; > x1, the right side of
bears resemblance to triangle inequality excess estimates. Indeed, let x,y, 2z € I" and suppose
there exists a subarc 7 such that

[y—al”

y+t=—=% tlx)+|ly—zt <tlx)+ |y —x|+ |z —y|

lz—y|’

n(t) == {$+ty—w t(x) <t < t(x)+ |y —

The arc n injectively parameterizes the line segments [z, y] and [y, z]. We compute

p(n) =€) — (x(x) = 7(2)) = |z —y[ + [y — 2[ = (21 = 71).

When z; < y; < 21, this is something like a triangle inequality excess estimate (see Remark
2.1.2) where instead of subtracting the length of the triangle base [z, z|, we subtract the
length of the projection of [z, z| along the chord line of T" .

Our goal for proving Theorem [A]is to bound the beta sums above by u(I') rather than
¢(T). Intuitively, this is plausible since p assigns small measure only to those regions of I’
which are nearly parallel to the chord and are directed via the parameterization v towards
the terminal endpoint of ', i.e., have 74 > 1 —§ for 6 > 0 small. One would expect fr(Q) to
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be small on average for () centered in such a region. There is a problem with this definition
of u, however. We would like to have a bound of the form

1(Ug) 2 €(Uq) (2.51)

for individual cores in some family because this would allow a translation of the preceding
martingale arguments to this setting. However, such a result cannot hold, as p(Ug) = 0
may hold even for Ug with Sr(Ug) ~ 1 (see Figure [2.7). However, in order for a situation
like Figure to occur, there must be some “backtracking” arc (given in the figure by the
bottom-most horizontal piece of I' outside of Ug). On this arc, 4 < 0 so that dp > dl. To
recover inequalities like (2.51), we will construct a new, larger measure /i that fills in the
4 measure gaps in Figure by “borrowing” mass from backtracking arcs. We begin by
isolating these regions of change as maximal disjoint arcs where I' “bends” back on itself
along the e; axis in the sense that the projection map 7 is non-injective. This is made more
precise with the following definition.

Figure 2.7: A core with fr(Ug) ~ 1 but u(Ug) = 0. The red arrows indicate the direction of
the parameterization such that p = 0 on the two horizontal lines passing through Ug. The
thickened piece of I" in between the vertical dotted lines is a bend (assume that I'’s chord
line is horizontal).

Definition 2.4.6 (Multiplicity). For ¢ € I, define

perp(t) =~ (7~} (w(v(1))) NT).

This is the set of points in I which map to points in I' that have the same first coordinate
as y(t). Define M : I — NU {oo}, the multiplicity function, by

M(t) i= # perp(t).
Additionally, we let E :={t € I : w(7(t)) = min(7 (")) or 7(y(t)) = max(x(I'))} and set
Spi={tel:M()=1},

M, ={tel:M()>2}UE.
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Sy is the set where perp(t) = {t} is a singleton while M, is the set where either perp(t) has
multiple elements or y(t) is an extremal point of I' along the ej-axis. If one of these latter
points is also a member of S, then it is isolated by connectedness.

We will add mass to p by raising the value of p in a carefully chosen neighborhood of
M. In order to define this neighborhood, we first provide a decomposition of M, into the
maximal arcs promised above. The following structure lemma for M, will aid us:

Lemma 2.4.16. Suppose a,b € I with w(y(a)) = n(y(b)) and a <b. Then [a,b] C M,.
Proof. Let r € (a,b). If w(y(r)) = w(v(a)), then r € M,. Otherwise, 7(y(r)) # m(y(a)) and

inf w(y(t)) < w(y(r)) < sup w(y(t)).

tE[a,b] tE[a,b}

Since 7 is continuous, there exist points s,u € [a,b] on which 7 o v achieves the infimum
and supremum above respectively. Suppose first that 7(y(r)) = 7(y(s)). If there exists
s € I, s # r such that w(v(s')) = m(v(r)), then r € M, by definition. Otherwise,
7(x) > w(y(r)) for all z € T'\y(r) so that y(r) = min(7(T")) € E C M,. Therefore, it suffices
to consider the case when 7(v(r)) > 7(v(s)). By a similar argument, we can also assume
7(y(r)) < m(y(u)). Hence, the function f : [a,b] — R given by f(t) = w(y(t)) — 7(y(a)) is
continuous and satisfies

(i) f(r) #0,
(i) f(s) < f(r) < f(u), and
(it}) f(a) = f(b) = 0.

We claim that the intermediate value theorem implies the existence of a point v’ € [a, ], r #
r’ with f(r") = f(r) so that y(r) € M,. Indeed, suppose without loss of generality that
f(r)>0. If u <r, then f(a) < f(r) < f(u) so that there exists such r’ € [a, u]. Otherwise,
u>rand f(b) < f(r) < f(u) so that there exists such ' € [u, b]. |

Definition 2.4.7 (Bends). It follows from Lemma [2.4.16| that for any ¢ € M, the family
Ci:={la,b] CI:t€Ea,b] C M}

contains a non-degenerate interval so that the union I; := (JC,; is also a non-degenerate
interval. The union (J,.; Iy = M, has countably many disjoint connected components, each
of which is a non-degenerate subinterval of I (which is possibly open). Thus, the closure M,

has connected components that are closed, non-degenerate intervals which we enumerate as
My = Uyex |5k, ur]. We define

P = {’Y\[sk,uk} ke K}.
We refer the elements of ® as bends.

An important fact is that these regions contribute a proportionally large amount of
measure to p.
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Lemma 2.4.17. Let ¢ € ®. Then

Proof. Let ¢ € ®. Lemma implies
(@) = U(¢) — [7(End(¢)) — m(Start(¢))] .

But 7 is at least two-to-one almost everywhere on Image(¢) C M,, implying ¢(¢) >
2|m(End(¢)) — w(Start(¢))|. [ |

Lemma says that the bends are arcs on which p measure is globally comparable
to length measure. This allows us to promote p to a bigger measure i which is pointwise
comparable to length inside bends at the cost of increasing the total measure by a bounded
factor independent of I'. In fact, at the cost of further increasing p’s mass by a bounded
factor, we can take our proposed larger measure ji to be comparable to length on regions of
I which extend a distance comparable to ¢(¢) out from ¢ in the e; direction.

Definition 2.4.8 (i measure). For any ¢ € ®, define

Ny = {t € I : dist(m(7(t)), 7(Image(¢))) < 100¢(¢)},

and set

N(®) = | Ny

ped

We define a new weight p: I — [0,2] as

2, t € Domain(¢) for some ¢ € ®
pt) =<1, t € N(®) \ Ugeqp Domain(e)
p(t), telI\N(D).

We use the value 2 in the first case so that p(t) > p(t) for all ¢t € I. Put

dfv == . (p di).

In words, 1 is equal to twice length measure on bends, equal to length measure just outside
of bends, and equal to u measure far away from bends.

Looking back at Figure 2.7, we can see that (Ug) = 2((Ug) because I'N Uy, is contained
in a single bend ¢. We will use fi as our primary accounting tool for bounding the beta-
squared sum from above. We begin by verifying that the total mass of ji is controlled by the
total mass of p.

Lemma 2.4.18.
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Proof. Fix ¢ € ® and consider the region

Us =7 | Ng\ U Image(¢')
P'ed
¢'#¢

Observe that we can bound the mass added in U, as follows:

(Us) — 1(Ug) = i(Ug \ Image(9)) + (@) — [1(Uy \ Image(¢)) + p(9)]
= ((Uy \ Image(¢)) — u(Us \ Image(9)) + 20(¢) — (o)

S%@+Av JRACK
< diam(r(U, \ Image(@))) + 20(6) < 200£(9) + 26() < 4041:(¢)

where the final inequality follows from Lemma [2.4.17] The fact that p(t) > p(t) for all t € I
implies i — p is a positive measure so that, because p(t) = p(t) for all t € I\ N(®) and

Z“ W(Us) =" fi(Us) — p(Uy) <404 p(¢) < 404p(T). M
€d Ped Ped

) —

| /\

The final lemma we will prove in this section gives sufficient conditions for an inequality
like fi(B) 2 ¢(B) to hold for any Borel set B. The fact that fi is comparable to ¢ on (M)
means that in order for fi(B) < ¢(B) to hold, most of I' N B must be contained in y(S;).
Even then, it must be true that p < 1 on most of ' B so that 7] ~ 1 inside B, constraining
the total amount of length that B is allowed to contain. Lemma proves a sort of
contrapositive of this observation, showing that a lower bound on ¢(B) translates into a
lower bound on /i(B) in terms of ¢(B). First, we will need a version of the area formula:

Lemma 2.4.19. (Area formula) Let f : R — R be a Lipschitz map and let g : R — R be an
integrable function. Then the map

S

zef~1({z})

/ )If (v Idy—/xz

ef~t{=h)
For proof of this result, see |[Fed69] Theorem 3.2.5.

18 measurable, and

Lemma 2.4.20. Fiz § < 1L0 and let B C ¢y be Borel. If either
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(i) £(B) > (14 0)diam(B), or
(i) i(B) > 0 diam(B),

then,
3

i(B) > L(B).

Proof. We first prove that |(1)| implies the conclusion. Consider the set Esp: = {t € I : p(t) <
62} N~y 1(B). Observe that p(t) < §* implies v1(t) > 1 — §? so that Esz C S;. The former
inequality directly implies ¢t € S, so that Ez C S;. Applying the area formula (Lemma
2.4.19)) with the Lipschitz function v, : I — R and the integrable function %XE(;Q gives

/ —| il dt = / Z IBRCHC du—/sGW > 7&3) du.

7r 1(u) ﬂEég

Because Es» C S, and + is injective, the set v 71 (7~ (u)) N Ej2 contains at most one element,
and is nonempty only if u € w(y(FEs2)) C B. Therefore, we get

1 1 1
Z - Z ’71( )X“fl( 52)(u) < 1_—52X71(E52)(U)-

/
sey~H(m 1 (u))NEs2 N (S) sey~H(m 1 (u))NE;2

Using these statements, the area formula simplifies to
((Es2) / #dug/ LdugdiL(B).
e T ), 7 (8) () 1 — 02 1— 62
Now, define Cs2 := BNT'\ v(Es2). We have
(B) > [i(Cs2) > 0°(Cyz) = 6*(U(B) — U(Ey2)).
Adding in the lemma’s hypothesis, we have both
{(B) > (1+ 6)diam(B), and

diam(B)
2) <
UBp) < 5
This means
((Ejs2) < diam(B) 1‘ 14 1 .
((B) 1-46%2 (14 6)diam(B) (14+6)(1 —4?)

BRIt el P ek ek PR R

— 1 — .

(146)(1—06?%) 1+ 2

using the fact that § < . Rearranging this inequality gives ({(B) — ((Esz) > 2((B).
Therefore 5

i(B) 2 8*(((B) — U(Ey)) = - U(B).
This concludes the proof that implies the conclusion. We now show that implies the
conclusion. From [(i)] it suffices to assume ¢(B) < (1 + §) diam(B). Then,

0
2

A(B) > sdiam(B) > 012 diam(B) > 2¢(B). n
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2.4.2.2 Martingale refinement: Bounds on the A; and A,;; sums for I

In this section, we provide the refinements of Proposition and (part of) Proposition
2.4.7 for a rectifiable Jordan arc T'.

Lemma 2.4.21. For any Q € A'(M, K)
wUg") Z (Ug").
Proof. In the proof of Lemma [2.4.6, we gave the existence of an arc {, C Ug" such that

UUE) > L1 NUET) + £(&) > (1 + 1%) diam(Ug")

as in (2.43)). Applying Lemma [2.4.20| gives the result. |
Proposition 2.4.22.

Z Br(Q)? diam(Q Z diam(Ug) Sag ().

QeA; QeA;

Proof. Fix A" = A'(M, K) and follow the proof of Proposition to get
> Br(Q)diam(Q) Sa 27 Y U(USy) S 27 MU < 27Ma(T).

Qea’ TeT)e

The result follows by summing over M and K. [

We wish to argue for similarly for A, but an inequality like that of Lemma [2.4.21| does
not hold for Ay balls. We proceed by splitting A, ; into a subfamily where i(Ug) 2 ¢(Ug) on
which we can run the martingale argument and a leftover subfamily on which i(Ug) < ¢(Uy).
We define

Ng11 ={Q € Ay i(Ug) 2 Egé(U )}
No1o={Q € Aoy : i(Ug) < €3€(U )}
=Ng1 \ Ao

The collection Ag1, can be handled with the addition of one inequality to the proof of
Proposition [2.4.13

Proposition 2.4.23.
Z Br‘(Q)Q dlam(@) S;A Z dlam<UQ) §J7517€3 /L(F)

QEN2.11 QEN2.11

Proof. We apply Lemma/2.4.5\with D = 2¢; ', q = 1+1;

by the forest structure 7,° = and use the produced collection {wg}qen,,, to calculate, as
in the proof of Proposition [2.4.13]

Y diam(Ug) S Y, UUom) S Y, ilUgmr)) S (D). u

€A21.1 0 0
Q TETAY TeTxy |,
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2.4.2.3 Bound on the A, ;5 sum

We now handle the family As 5, beginning with a general summary of the argument. We
show that Q € Ay 15 implies Ug NI essentially consists of a small perturbation (in length)
of a line segment through the center of () which is parallel to the chord line of I' (see Lemma
2.4.24)). Because of the definition of the bends and /i, the nearly-segment pieces inside disjoint
cores in this family project to line segments on the chord line of I' which have controlled
overlap (see Lemma. By decomposing A, 15 into a sequence of “levels”, each of which
consists of a disjoint subfamily of Ay, we can exploit this packing lemma by controlling the
number of balls which have overlapping 7o arcs (see Remark , controlling the core
diameter sum on each level in terms of a disjoint collection of subarcs of 7¢’s (see Lemma
[2.4.27) and [2.4.28]). This all works for the subcollection of cores which lie on the “inner”
region of parent cores. The proof is completed by showing that the “outer” family of cores
is controlled by the inner family (see Lemma [2.4.26)).
Let us begin the proof. Define

ng ‘= {xq +ter : t € R}.

This is the line parallel to the chord of I' which passes through the center of (). The next
lemma states that any ) € Aq 1.2 has 7g close to ng with constant dependent on €.

Lemma 2.4.24. Let Q € Ag15 and § C T such that ENyg = @. Then,
(1) 7o € B(ng, 100e3 diam(Q)), and
(ii) ENT (1 —106))coQ) = 2.

Proof. We begin by proving . We will assume that y9 € B(ng, 100e3 diam(Q)) and show
that a(Ug) > e30(Ug). Let 7" := Edge(g), 7' :==7"Nco@ =: [z, y], and let ¢ be a connected
component of yo N cp@ of largest diameter. We will show that 4" makes angle of order €3

with ng, derive a lower bound for the “excess” length of 4/, and then use that to bound %

from below. First, observe that §(7g) diam(2Q) < 2e;, diam(Q) implies, by Lemma [2.4.2]
7o C B(v", 262 diam(Q)) and 7" C B(rg, 262 diam(Q)). (2.52)

Let z € v be such that dist(z,7g) > 100e; diam(Q)). Then, there exists 2" € 4" such
that |z — 2"| < 2e;diam(Q) < ezdiam(Q) so that dist(2”,ng) > dist(z,ng) — |z — 2"| >
99¢5 diam(Q)). We can define the angle 6 = Z(v/,ng) = Z(v",ng) by translating the
segment 7" so that one of its endpoints lies in 7y and measuring the angle in the (at
most 2-dimensional) plane containing 7 and this translated segment. The previous es-

timates then imply tan(f) > %?2%(?) > 45e3. Using the Pythagorean theorem, we

get | —y]? = |7(z) — 7(y)|? + |7t (z) — 71 (y)|?, and the lower bound on tan(f) implies
Tt (z) — 7 (y)| > 45es|m(x) — w(y)|. Using the difference of squares formula with the
Pythagorean theorem estimate, we compute

[z —yl —|m(z) —7w(y)| _ 7t (2) — 7 (y)]? - 45%e3|m(z) — m(y)[?
[z —yl [z —yl(lz =yl + |7(x) =7 (y)]) ~ [z —yl(lz = y| + [7(z) = 7(y)])

> 4522 idiam(UQ)Q
- *diam(Up) - 2 diam(Up)

> 10063 (2.53)
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Now, let 2/, y" be the endpoints of ¢ on 9(co@). By (2.52)) and the fact that zg € g, we
have

|z — 2’| < 8eydiam(Q) and |y — ¢'| < 8ep diam(Q).

We estimate

file) o ply) [m(2') —7(y)] _ |2 =y = |7(@) — = (y)|
(9 =) =~ v @ — ]
[z —y| — |m(z) — 7(y)| — 322 diam(Q)

|x — y| + 16€5 diam(Q)
Sz —y[ (@) —7(y)| 32¢; diam(Q)
— 2 |z — y |z — y| + 16€5 diam(Q)

>

> 5062 — 64cy tey > 40es
(2.54)
where we used (2.53)) and |z —y| > %co diam(Q) in the penultimate inequality. We would like
to show that fi(yg N Ug) > €34(7g N Ug). Given the preceding inequality, the only possible
obstruction is the existence of components of 7o NUg with long length and small i measure.

It suffices to consider the case where fi(y9 N Ug \ ) < 40€34(vo NUg \ ¢). Unpacking this
inequality, we see

40€50(vo N U \ @) = il NUg \ ¢) = ulve NUq \ ¥)
> (1 NUqg \ ¢) — diam(m(yq N Uq \ ¢))-

Rearranging gives

diam(7(yo NUg \ ¢)) _ diam(Ug)

14 <

< 20(p) (2.55)
where the final inequality follows since z¢ € 79 € S(Q). Using (2.54) and -

(7o NUg) = ip) > 40e30(p) > = (40€5¢(¢0) + 10e3l(vq N Ug \ ¢)) = 5e3l(vq N Ug).

[\le—

With this intermediate inequality, we can now prove the lemma. Arguing as in the proof of
f(vg NUg) > beal(yvg N Ug) above, it suffices to assume that 1(Ug \ vg) < 563¢(Ug \ 7).
We get

U(Ug \19) < diam(f(_Ugig\ 19)) < 2l(yq N Ug).

Multiplying this inequality on both sides by €3, we use this to estimate
i(Uq) = i(Uq N1q) = 5e3t(Uq Nyg) = 3e5L(Ug Ng) + e36(Uq \ @) > 65L(Ug)-

This concludes the proof of . We now prove Suppose () € Ay is such that €N
71 (1—10€1)coQ # @ and let € ENm~((1—10€;)coQ). We will show that a(Ug) > €24(Ug).
By Lemma | we have either 7o N Ug N {2 : 7(2) > n(x)} C y(M,) or g NUgN {z:
m(z) < m(x )} C 'y( ») because the extension of 7 to an arc containing £ must cross from
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the boundary of 2¢) to x with an arc disjoint from 7. Therefore, we conclude that v N Ug
contains an arc ¢ C o N @ N (1 — 10€1)co@ with () = 2¢(¢) > 2(10e1¢0) rad(Q) >
10€; diam(Ug). This means [i(Ug) > 2¢; diam(Ug) so that, by Lemma [2.4.20

~ (261)3
aUq) =2 —;

This lemma places strong restrictions of the geometry of I' N 2Q). The fact that v is
restricted to be nearly parallel to 7y on the scale of diam(Q)) allows us to derive packing
estimates for disjoint families of balls in A, ;5 along the direction of the chord of I' as in the
following lemma.

f(UQ) > E?E(UQ) > €§€(UQ) [ |

Lemma 2.4.25. For any 1, Q2 € Ag1.2 such that Ug, NUg, = O,

™ (ECOQ1> N (ZELCOQQ) = J.

Proof. Suppose by way of contradiction that (iCOQl) N (%LCOQQ) # @ and assume that
diam(Qs) < diam(Q;). The fact that co@Q1 N Q2 = @ and 7 (iCOQl) kK (icoQg) + &
imply, respectively,

|Zq, — 2@,| = co(rad(Q1) + rad(Q2)),
7(2q,) = 7(wq,)| < F(rad(Q1) + rad(Q2)).

From these, we estimate

’ﬂ-l(le) - TrL<xQ2>| > |xQ1 - xQzl - ‘77-<1:Q1> - ﬂ-(xQz)l

> %(rad(@l) +rad(Q-)) > CQ—Orad(Ql) + corad(Q2).

Therefore, B(1g,,100e3 diam(Q1)) N Ug, = @ because 100e3 diam(Q;) < ¢ rad(Q:) so that

Lemma [2.4.24] implies v, N Uy, = @ and 7(Ug,) C 7(yg,). Because 7(Ug,) C 7(vg,), we
get Ug, C M,, implying i(Ug,) = 2¢(Ug,), contradicting the fact that i(Up,) < €34(Ug,)
because (02 € Ay 1. [ |

Definition 2.4.9 (Levels and inner/outer cores). Because we would prefer to work with
pairwise disjoint subfamilies of As 15 in view of Lemma [2.4.25] we will divide As ;5 into
pairwise disjoint “levels” using its tree structure. Indeed, fix j, 1 < j < J and recall 2; is
one of the J families of balls ordered by inclusion of cores constructed in Proposition [2.1.19]
Consider the family A}, = A1 N 2;. We define the k-th level of AL, for k>0 as

L =1{0Q € A%.l.Q Q€ Ck(Q(T>)’ T'e 7—22.1.2}

where we set C*(Q(T)) = {Q(T)}. The family .Z, is pairwise disjoint for any & > 0 and
Ay 19 = Uiso &k We additionally want to single out balls which live away from from the
boundary of the core of their parent in the tree structure. We define the inner and outer
balls:

Ar=%4U{Qe€ A%.m \ % :2Q C (1 —5e1)coP(Q)},
AO = A%.l.Q \ A[.
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We can show that the diameters of the outer cores are controlled by the diameters of the
inner cores using Lemma and some algebra.

Y diam(Ug) < ) diam(Ug).

QEAO QGA]

Lemma 2.4.26.

Proof. Fix Q € A}, and let Q' € C(Q). Recall that diam(2Q’) < ¢, diam(Ug) as in ([2.45).
Hence, if Q' € Ap, then Lemma [2.4.24] implies

T\ 7o) N2Q' N7 ' ((1 —106))cQ) = 2. (2.56)

Because the cores of balls in C'(Q) are pairwise disjoint, the projection lemma [2.4.25(implies

S dam(Ug) <5 Y H <7r <%Q>> < 200¢1¢o diam(Q) < 200€; diam(Up).

Q'eC(@Q)NAo QR'eC(@Q)NAo

Summing this inequality over Q) € %, we get

Z diam(Ugy ) = Z Z diam(Ug/) < 200¢; Z diam(Up)

Q€L i1NAG Qe Q€C(Q)NAL QL
<200e Y diam(Ug)+200e Y diam(Ugy).  (2.57)
Q'eZ.NAo Q' eELLNAT

In order to simplify the notation, define

SP = Z diam(Ug),

Q' eZLNAo

S = Z diam(Ugy ).
Q' eLNAY

The lemma will follow from some algebraic manipulations of (2.57)). We can restate (2.57))
in this notation as
SP. < 2006, Sy + 200€,.S;.

[terating this inequality over k, we get

k
0 <) (200e,)"S),
n=0

which gives

Z diam(Ug) =

k

0 < iz 200€,)" Sy, = Z (200€1)" S5,

1M
wnn

QeAop k=0 n=0 (k,n)eNxN
n<k
=) > (2006)"S, S Z Sh=">_ diam(Ug). |
m=0 n=0 m=0 QEAT
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With this lemma, we now concentrate on proving » ,.,, diam(Ug) < i(I'). Because
A; C Agq, any Q € Ay has the existence of an arc 7¢ as described in the section following
Lemma It follows from the neighborhood containment of g in Lemma [2.4.24] that

there exists a subarc (o C 79 N (1 — ¢)2Q) C v(M,) such that
1
Diam(¢g) > 1—Odiam(2Q).

These properties imply
_ L.
(o) = 7 diam(20Q). (2.58)

Fix a level £ := %4, N A; and define an equivalence relation on %/ by putting Q@ ~ Q' if
and only if there exists a collection {Q,}n,>1 C & such that (g, N (g, .. 7 @ while both
CoNU,>1 Con # @ and (o N5 €. # @. That is, Q ~ Q' if and only if {y and (g can
be connected by a connected path of ¢ arcs from %!. This partitions %/ into equivalence
classes .i”,f = Uie I ©ri- In each equivalence class ¢, there exists a ball Q}c‘ﬂ of maximal
diameter. The arc CQ% dominates the sum of diameters of balls in this equivalence class in
the sense of the following lemma:

Lemma 2.4.27.
> diam(Ug) < filGgy)-

QECk

Proof. Define (;,; := UQE% Cq- We claim that for any @ € 6},
0 < dist(m(zq), m(Image((r;))) < diam(2Q) < diam(2Qy%).

Indeed, to prove the left inequality, suppose that dist(7(zq), 7(Image(¢x;:))) = 0. Because
Co € v(M,) for any Q € %, we know that (;; C v(M,). Therefore, there exists ¢ € ® such
that (x; C ¢ and ((¢) > g(CQi\:Ii) > 35 diam(2Q}%) > diam(Ug). Recalling the definition of
N(®) (see Definition , it follows from the fact that sup,cy,, dist(7(z), 7(Image(¢))) <
diam(Ug) that v~ '(Ug) C N(®), implying i(Ug) > ¢(Ug) which contradicts the fact that
Q) € A1 For the right inequality above, notice that (g C 2Q) so that (;; N2Q # @.
Therefore, by Lemma , {m (%OQ) }Qe%ﬁm is a collection of pairwise disjoint intervals of
total length less than 10 diam(Q;%). This means

3 diam(Ug) <5 Y A <7r (Z—OQ» < 50 diam(Q};) < 2507(Cou )
QESh; QEGh; ’
using ([2.58) in the final inequality. [ |

The following lemma gives the reason for restricting this argument to the inner cores.

Lemma 2.4.28. The arcs in the collection {CQQI_}@O,EM have pairwise disjoint images. As
a result, ’

3" diam(Ug) S A(T)
QeA;
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Proof. Fix k,k' > 0 and ¢ € I, i € I;;. Because the cores of balls in %, are pairwise
disjoint for any k& > 0, we can assume k& > k' > 0. For ease of notation, let Q1 := Q%, Q2 =
Q% s, and Q" = P(Q;) which exists because & > 0. Suppose by way of contradiction that
Image(Cg,) N Image(g,) # @. We first claim that Uy NUg, = @. Indeed, further suppose
by way of contradiction that Ug, N Ugy # @. Then k < k' implies Q' € C™(Q2) for some
m > 0. Because Q1 € A; and because diam(Q)y) > diam(Q’) > diam(Q), we have

2@1 - (1 - 561)00Q/, and

diam(2Q;) < ¢ diam(Ugy).

We conclude 20, C Uy C Ug,, which contradicts Image((g,) N Image(¢g,) # @ because
Cg, NUg, = @ by definition as a subarc of 7g,.

From this claim, we see that dist(2Q, xg,) > 4€; diam(Ug ) so that we can again conclude
diam(Qs) > diam(Q'), for otherwise we would have 2Q); N2Q)2 = @ which is in contradiction
to our starting assumption that Image((g, )NImage(y,) # @. Now, because (g, , (o, < v(M;)
and Image((p,) N Image((y,) # @, we can conclude that there exists a bend ¢ € ® such
that Image(Cq,) U Image(Cq,) C Image(¢), hence £(¢) > (Cq,) > 55 diam(2Q2). Because
2Q1 N 2Qy # @, this implies v 1(Q1) C N(®) so that a(Ug,) > ¢(Ug,), contradicting the
fact that () € Ag; and implying our assumption that Image({g,) N Image({p,) # @ must
be false. This proves the first claim of the lemma. Using Lemma [2.4.27] we get

Y diam(Ug) =) > Y diam(U) S Y Y ilCoy) < D). |

QEAT k>0 ’LengQefkl k>0 zezp”;”

Now that we have controlled the inner cores, we can finish the proof of the bound for
Ag 12 and of the proof of Theorem [A]

Proposition 2.4.29.

Y Ae(@Pdiam(Q) Sa Y diam(Ug) Sy D).

QEA2.1.2 QEA21.2

Proof. Using Lemmas [2.4.26| and [2.4.28] we get

Z diam(Ug) Z Z diam(Ug) S Z diam(Ug) + Z diam(Ug) < (). W

QEA2 1.2 =l Qenl |, QeAr QeAo

This completes the proof of Theorem [A]

Remark 2.4.30 (General rectifiable arcs). Given a rectifiable arc ', with arc length pa-
rameterization 7,, one can proceed as for Jordan arcs and define the measure p by du =
(7)«(p df). Lemma [2.4.16|likely holds, and one can define bends and likely carry out a simi-
lar program to that of Section to show that 3", Ar, (Q)* diam(Q) <a £(T,) —crd(T,).

This is importantly weaker than the more desirable inequality

S Br, (@) diam(Q) 4 H'(T,) — exd(T)). (2.59)

Qe
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If one would like to achieve [2.59| via methods similar to those used here, one likely needs a
stronger definition of p. For any t € I, set m(t) := inf{~;(s) : v(s) = v(¢)}. A more prudent
choice of p might be something like

dpy = opdH!

ey o {10 (0 exists and ai() = inf{4(5) s € 771 (0)
" o otherwise.

That is, we assign to x the maximal p value achieved on v~!(z). We do not investigate this
approach further here.

2.5 Theorem

In this section, we show how making minor modifications to the proof of the 2 direction of
Theorem 1.3 in [Bis20] gives a proof of Theorem [B] First, we need a slightly weaker version
of Theorem

Theorem 2.5.1 ([Bis20] Theorem 1.1 in R™). Let I' C ¢y be a rectifiable Jordan arc. For
any multiresolution family 7€ associated to I' with inflation factor A > 30, we have

() — diam(T) $ > Br(Q) diam(Q).

Qe

Proof. The proof is similar in form to Bishop’s proof in R™, but we construct coverings of the
curve by pieces of I' inside Voronoi cells centered at net points rather than dividing convex
hulls of pieces of the curve along diameter segments. Assume diam(I") = 1. Define

Vo i ={Vo(z) 2z € X}
where, given any z € X,,,
V() ={yel:Vze X, |z —y| <|z—yl}.
Since X, is a 27"-net centered on I', it is clear that
271 < diam(V,,(z)) < 27" (2.60)

By definition, for any n > 0 we also have T' = J Vo(z) so that

xeXy

((T) = HYT) < limsup Z diam(V,,(z)).

n—00 CEGX’n
This means is suffices to prove
Z diam(V,,(z)) < diam(T") + C Z Br(Q)? diam(Q) (2.61)
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for any n > 0 and some C' > 0. We will show

Z diam(V,,(x)) < Z diam(V,,_1(y)) + C’ Z Br(Q)?* diam(Q) (2.62)

zeXn yeXp_1 QEY,

where each ball Q) € 7 will only appear in ¥, for a bounded number of values of n. We
can prove Theorem by repeatedly applying inequality (2.62). Indeed,

Z diam(V, Z diam(V,,_1(y)) + C’ Z Br(Q)* diam(Q)

reXny yGXn 1 QEYn
< Y diam(Vas(y) +C Y Br(Q)* diam(Q)
YEXn—2 QEYy_1UY,,

< diam(Vp(z0)) + "> Y Br(Q)? diam(Q)

k=1 Q€%

< diam(T") + C Z Br(Q)? diam(Q).
Qex

We now turn to proving . Fix € < 2719 For any net point x € X, call x flat
if Or(B(z,10-27")) < € and call = non-flat if fr(B(z,10-27")) > e. We will construct a
function P : U, X, — U,X, which assigns each y € X,,.; to a parent P(y) € X,.. Since
diam(I") = 1, Vo = {W(2z0)} so for any y € X, define P(y) = 5. Fix n > 0 and a point
y € Xpy1. If there exists 2/ € X, such that 2’ is non-flat and y € V,(2'), then define
P(y) = /. Otherwise, every x € X, such that y € V,(z) is flat. Choose one such z and
let ’,y" € V,(x) such that diam(V,,(x)) = |2’ — ¢/|. We define d, := [2/,y] and call d, a
diameter segment of V,,(z). Let 7y, : o — R be the orthogonal projection onto the line
containing d,. Since € is small, we can write

X, NB(x,10-27") = {vy,...,on}
Xn+1 N Vn(aj) = {ula s 7uM}

where

7sz(’l]1) < ... < Wdz('UN)7
Wdz(ul) < ... < Wdz(uM)

We define E, = {uj,upy}. If y & E,, then define P(y) = z. If y € E, we define P(y)
dependent on the behavior of points adjacent to = in X,,. Assuming z = v; with 0 < j < N,
suppose first that y = u;. Then if v;_; is non-flat, define P(y) = v;_;. Similarly, if y = uy,
and v;1; is non-flat, then put P(y) = v,41. Otherwise, put P(y) = «.

With the function P defined, we write

Y diam(Vaa(y) = Y diam(Va @)+ Y diam(Vaga(2)).

yeXn41 YEXn+1 2€Xn11
P(y) flat P(z) non-flat
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If P(z) is non-flat, then |z — P(z)| < 4-27" so that B(P(z),10-2™") C B(z, A27""!) because
A > 30. Hence, Br(B(z, A27"71)) >4 e. Using (22.60)), this means

Yo dam(Via(2) Sea D Br(B(z, 42771 diam(B(z, 427"

2€Xn+1 2€Xn+1

P(z) non-flat P(z) non-flat
< Z diam(V,(x)) + C’ Z Br(B(z, A27"1))? diam(B(z, A27"1))
r€Xn (=)
x non-flat
< Y diam(Vu(@)+C > Br(Q)* diam(Q). (2.63)
xe){ﬁ . rad(Q)=A2—"-1

Now, let = € X, be flat. We will construct a set seg(x) of subsets of diameter segments
of the sets {V,,+1(y)} for y with P(y) flat. For y € X,,41 with P(y) flat, let d,, be a diameter
segment. If y € X,,;1 NV, (x) but y € E,, then put d, into seg(x). If y = u; € E,, then we
have the decomposition

Var1(y) = (Vayr (y) N Va(2)) U (Vaga (y) N Va(vi-1))

because € is small. Put the segment d, NV, (v,;_1) in seg(v,;_1) and the segment d, NV, (z) in
seg(x). We similarly handle the case when y = uy. In this case, put the segment d, NV, (z)
in seg(z) and the segment d, NV, (v;11) in seg(v,41). With these sets constructed, we can

now write
> diam(Vaa(y) = Y dy= Y Z HY( (2.64)

YEXnt1 YEXn+1 r€Xy s€seg(x
P(y) flat P(y) flat z flat
With (2.64]) in place, we only need to give an appropriate bound for Zsebeg H!(s). Define
Q. = B(xr,A27™). We claim
> H(s) < diam(Vi,(x)) + CBr(Qq)* diam(Q,) (2.65)

s€Eseg(x)

for some large C' > 0. In order to prove this statement, we first state a lemma given in

[BS17]:

Lemma 2.5.2. (|BS17] Lemma 8.3) Suppose that V- C R" is a 1-separated set with #V > 2
and there exist lines {1 and s and a number 0 < o < 1/16 such that

dist(v,¢;) < a forallveV andi=1,2.

Let m; denote the orthogonal projection onto £;. There exist compatible identifications of ¢4
and Uy with R such that m (v") < m (V") if and only if mo(v') < mo(v”) for all V', 0" € V. If

vy and vy are consecutive points in V' relative to the ordering of m(V'), then
H ([ur,u9]) < (1+3a?) - H' ([m1(ur), 71 (us)])  for all [uy, us] C [v1, ). (2.66)
Moreover,
H ([yr,va]) < (1+120%) - Hi([mi(), mi(ya)])  for all [yr, 2] C Lo, (2.67)
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Applying this lemma with ¢; = d, and ¢y = d,,, for any segment [sq, s3] C d,,, we have

M ([s1,52]) < (1+ CBr(Qy)* diam(Qx))H' ([7a, (51), 7a, (2)))-

Enumerate seg(z) = {s1,...,sny}. With this, we can write
Z H'(s) < (1+CBr(Qr)* diam(Q)) Y H'(ma,(
s€eseg(x s€seg(x)

< (14 CBr(Q,)*diam(Q,)) ("Hl(dm) +2 Z H (74, (55) N sz(sz'_i'_l)))

i=1

= (1 + CBr(Q,)* diam(Q,)) (diam(Vn(x)) +2 Z_ H (7q, (si) N de(Si_A'_l))) .

(2.68)

Because x is flat, # seg(z) is bounded above by a universal constant, so we only need to
show that

M (mp(si) N7p(sie)) < C'Br(Qp)* diam(Qy). (2.69)

for some C’" > 0. It suffices to bound the length of the overlap between the projections of
consecutive Voronoi cells V1 1(u;), Vi1 (u;1) within the tube of radius 20r(Q.) diam(Q,)
around d,. The boundary between the cells is the intersection of this tube with the hyper-
plane of points of equal distance from both u; and u;,1. A simple geometric estimate of the
type carried out in [BS17] pages 41 and 42 gives (also see Figure [2.8). Combining

(2.68) and ([2.69)) gives (12.65)). Applying (2.65)) to (2.64]), we can finally write
Z diam(V,,41(y)) = Z diam(V,,41(y)) + Z diam(V;,41(2))

yEXn+1 yEXn+1 2€Xn4+1

P(y) flat P(z) non-flat
< Z diam(V,,(x)) + C’ Z Br(Q)? diam(Q)
xGXﬁ ¢ rad(Q)=A2-n-1

+Y > HY(s)

:L“Eﬁxn s€Eseg(x)

< Z diam(V,,(x)) + C’ Z Ar(Q)? diam(Q)

xGXﬁ . rad(Q)=A2—n-1
+ ) diam(Vo(x) +C" > Br(Q) diam(Q)
reXn rad(Q)=A2—"
z flat
< ) diam(V,(z)) + C > Br(Q)? diam(Q).
z€X, rad(Q)e{A2—n—1, A2-n}
This proves inequality (2.61)) and finishes the proof of Theorem m [ |

The method for replacing diam(I") with crd(I") in Theorem is nearly identical to
that given in [Bis20|. Since most of the argument is dimension independent, we only need
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U; r

9 —
0,
dz 45F (Q:I;)diam(Q:l:)
Uj4-1
2—71—1

Figure 2.8: This figure depicts a worst case estimate for the overlap of V11 (u;) and Vj, 41 (w;41)
along the diameter d, for u;, u;11 € X,,11 NV, (x). The blue line depicts the hyperplane which
forms the boundary between V,,1;(u;) and V,41(u;51) while the overlap is bounded above

by the quantity . We have tan = 22 gzzdﬁanf(("?z) = 25 damio,)- Rearranging, we find

r = 80r(Q,)* diam(Q,)* - 2" <4 fr(Q,)? diam(Q,) as desired.

to replace certain collections of dyadic cubes with appropriate collections of balls in a mul-
tiresolution family, and switch out applications of the version of Theorem proven there
with Theorem [2.5.1] itself. We now give a summary of the needed modifications to Bishop’s
proof.

Proof. (Theorem [B)) We will make some amendments to Section 4 of [Bis20] beginning on
page 15, but the vast majority of the proof is identical because Bishop’s arguments are
mostly dimension-independent from this point on. We reproduce most of the argument here
for convenience.

Assume the Y., Ar(Q)* diam(Q) < oo and that diam(T') = 1. Let Qo € J# with
2 < diam(Qy) < 4 so that I' C Q. Suppose [ is a small positive number to be chosen below.
If Br(Qo) > Po, then we have

exd(') < diam (D) = 1 < 2o(Q0)°

< 62 dlam<Q0> 5 BF(QO)Z dlam(Q(])
0

Therefore, by Theorem [2.5.1],

((T) — cerd(T") < diam(T") — crd(T") + C Z Br(Q)? diam(Q Z Br(Q)* diam(Q).

Qen Qen

Hence, we may assume that Or(Qo) < 5o. Let z,y € ' be such that |z — y| = diam(I") and
re-orient I" so that x = 0 and y = (1,0,0,...). Assuming t(z) < t(y), let v; = v(0,¢(x)) and
v2 = v(t(y), £(T")). That is, v, is the subarc of I" from the beginning of T" to = and s is the
subarc from y to the end of I'. Observe that

crd(T) > diam(T) — £(y1) — £(72)
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so that applying Theorem three times (using the fact that ~;, v, are Jordan arcs) gives
T) —erd(T) < E(I’) — diam(L) + £(y) + £(2)

Z Br(Q)? diam(Q) + diam(v;) + diam(7s). (2.70)
Qen

This means we only need to show that diam(y1) + diam(y2) Sa Y ger Ar(Q)? diam(Q).
Because the arguments for both arcs are the same, we only consider ;.

Let € = diam(~;) > 0. Let Q1,...,Qx be balls with diameter going from diam(Q)) to
€ such that among all balls of their given radius, their center is closest to x. We have that
k ~ log(diam(Qo)/€). If any of these balls satisfies fr(Q;) > fo, then

Br(Q,)?
53

so that diam(y;) satisfies the desired bound. Hence, we assume that fr(Q);) < B, for all
1 <j < k. Let L; be an infimizing line in the definition of fp(Q;). We measure the angle
that L; makes with the z;-axis by translating it to intersect 0, then measuring the angle
between these lines in the (at most 2-dimensional) plane containing them.

Case 1: Assume that L; makes an angle larger than 103, with the z; axis for some ¢. Since
the angle between Lg and L; is bounded by C Z; 1 Br(Q;) and the best line for Q) is within

an angle fy of the xj-axis, we have Z i1 Br(Q;) Z Bo 2 1. The Cauchy-Schwarz inequality
implies

diam(y;) < diam(v1) < Br(Q;)* diam(Q;)

1S (;&(@ﬁ) (Zﬁr Q;)*2 ) (ZT) ~ QkZﬁr Q))*2

Therefore, Z;?:l B(Q;)277 = 27% > € so that

k
e = diam(y) < Z )% diam(Q;)

as desired.

Case 2: Now, assume that all of the lines L;, 1 < j < k make angle less than 105, with
the xj-axis. Consider a subarc 74 C = that is contained in and connects the boundary
components of the annulus

B <x é diamm)) \B (x 1—10 diam(m) |

Because 7] and v, have comparable diameters, it suffices to bound diam(~;).
Given any p € 74, one of the following two statements holds:

(i) Every ball Q = B(z, A2™") with p € B(z,2™") and diam(Q) < 1 diam(v;) satisfies
Br(Q) < Bo.
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(ii) There exists a ball @), of the above form such that Sr(Q,) > So.

We let ' C 4} be the set of points p where a ball (), as in (ii) exists. Since 7] is rectifiable,
it has tangents almost everywhere. Bishop provides the following two lemmas

Lemma 2.5.3. ([Bis20] Lemma 4.1 for ) If p € v{\E and p is a tangent point of T', then
p has a “crossing property”: If Q € 7 has p € %Q with diam(Q) < di%o('”) then v; must
“cross” @ in the sense that v1 must connect the two components of 0Q NW where W is a
cylinder of radius dlam(Q) containing p.

Lemma 2.5.4. (231320/ Lemma 4.2) ((E) = £(71)-

We have changed the statement of Lemma [2.5.3| only by replacing the setting from R"
to 5 and replacing dyadic cubes with balls in a multiresolution family. Bishop proves this
lemma by constructing a “dividing” hypersurface which v, can only cross once because v,
is a Jordan arc. It is straightforward to modify Bishop’s construction by replacing n — 1-
dimensional planes in R" with corresponding hyperplanes in ¢5. Given Lemma [2.5.3 Lemma
follows directly from Bishop’s original argument. For the proofs of these results, we
direct the reader to [Bis20] (especially see Figure 6 there for a good picture of Lemma [2.5.3).

Given these lemmas, we can complete the proof of Theorem [B| by noting that Lemma
2.5.4] implies that ~ is nearly covered by the balls {Q,},cr so that there is subcollection of
distinct balls {Q,, }; with

diam(~}) < 5Zd1am Qp,) Sso Z Br(Qy,)* diam(Q,,) < Y Ar(Q)* diam(Q).

Qe

Combining this result with (2.70)) completes the proof of Theorem [B] [
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Chapter 3

Lipschitz decompositions of domains
with bilaterally flat boundaries

3.1 Introduction

3.1.1 Overview

In many areas of analysis, general domains which are somehow “close” or well-approximated
by a Lipschitz domain tend to have many desirable properties.

Definition 3.1.1 (Lipschitz domains). We say that Q@ C R**! is a Lipschitz domain if for
each p € 09, there exists r > 0 such that B(p,r) N J is a Lipschitz graph.

For instance, the idea of finding good Lipschitz domains inside of more general domains
has an important place in the study of harmonic measure in the plane and beyond [DJ90],
[Dah77], [Bad10], [Azz18]. Lipschitz domains have similarly been used to give characteri-
zations of rectifiability and uniform rectifiability [Akm+19|, [Akm+17], [BH17], [GMT18].
The slightly stronger notion of a Lipschitz graph domain has also played an important role
in quantitative geometric measure theory.

Definition 3.1.2 (Lipschitz graph domains). We say that an open, connected set @ C R4+1
is an M-Lipschitz graph domain if the following holds: There exists a composition of a
translation, dilation, and rotation A with image domain 2 = A(£2) such that there exists a
function rg : S* — R* with

00 = {r5(0)0 : 0 € S}

and, for any 6,1 € S¢
r(0) — rg ()| < M0 — |,

L <t

T Sral@) =1

Intuitively, a Lipschitz graph domain is a “Lipschitz graph over a sphere”. These domains
appear in the following striking result due to Peter Jones which is the primary inspiration
for this paper:
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Theorem 3.1.1 (|Jon90] Theorem 2). There exists a constant M > 0 such that the following
holds: For any simply connected domain Q C C with H'(09) < oo, there is a rectifiable curve

T such that
o\ = Jo
J

where € is an M-Lipschitz graph domain for each j, and

> HU(09y) < MH(09).

J

We informally say that Theorem [3.1.1] gives a Lipschitz decomposition of a domain €2 in
the sense that () is written as a union of closures of disjoint Lipschitz graph domains with
boundary lengths controlled by the boundary length of Q. Also see [GJM92] for a similar
result for minimal surfaces in R™. Despite being geometrically interesting in and of itself,
Theorem has an important place in the history of quantitative geometric measure
theory because it is central to Jones’s original proof of the Analyst’s Traveling Salesman
Theorem in R?. This central result gives a characterization of subsets of rectifiable curves
and an estimate on their lengths in terms of a quantity called the Jones beta number which
measures how close a subset £ C R? is to being linear locally.

Definition 3.1.3 (Jones beta number). Let E,Q C R? where @ has finite diameter. We
define the g-number for F in the “window” @) by

. dist(zx, L)
Be(Q) = inf U Tam(Q)

where L ranges over all affine lines in R2.

Theorem 3.1.2 (cf. [Jon90] Theorem 1, [Oki92] in R", n > 2). Let E C R?. E is contained
in a rectifiable curve if and only if

BR(R?) = diam(E) + Y Bp(3Q) diam(Q) < oo

QEA(R?)

where A(R?) is the set of all dyadic cubes in R?* and 3Q is the cube with the same center as
Q) but three times the side length. If ¥ is a connected set of shortest length containing E,
then

BE(R?) S H! () (3.1)

and

BE(R?) 2 H (D). (3:2)

There are now many results referred to as “Traveling Salesman Theorems” which share
the general structure and philosophy of Theorem but take place in different spaces
such as Hilbert space [Sch07a], Banach spaces [BM23a], [BM23b|, Carnot groups [Li22],
graph inverse limit spaces |DS16], and general metric spaces [DS21], [Hah05]. Many also
apply to different geometric objects such as Jordan arcs |Bis22|, Holder curves [BNV19],
higher-dimensional sets [AS18|, |Hyd22a|, [Hyd22b|, [Ghil7], or measures [BS17], [BLZ23].
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Jones proves Theorem [2.1.1]essentially as a corollary of Theorem [3.1.1 Roughly speaking,
given a rectifiable curve I' C D, one can apply the Lipschitz decomposition result to each
component of D\I" and use the boundaries of the produced Lipschitz graph domains to control
the beta numbers of I'. In fact, this shows that rectifiable curves in R? admit extensions
of controlled length which are quasiconvex: if one considers the union of the boundaries as
a new curve I' = U;0Q, UT", then HYT) < HYT) and T is quasiconvex (see [AS12b] for a
generalization of thls corollary to higher dimensions).

Jones’s result is powerful, but it is confined to two dimensions. In this paper, we consider
the following question:

Question 3.1.3. For Q C R d > 1, what geometric conditions on OQ are sufficient for
Q to admit a Lipschitz decomposition?

One of the attractive features of Theorem is the minimality of its assumptions on
Q2; Jones only assumes simple connectivity and finite boundary length. These assumptions
suffice essentially because they give access to a nicely behaved parameterization in the form
of a conformal map ¢ : D — €). The lack of similar conformal maps in higher dimensions
precludes one from directly translating Jones’s original argument from R? to higher dimen-
sions, but, by assuming stronger control of the geometry of J€2, one does get access to nicely
behaved parameterizations which are sufficient replacements. The vital geometric condition
on 0f) is called Reifenberg flatness, which states that OS2 is bilaterally close to a d-plane at
all scales and all locations. This bilateral closeness is measured by the bilateral beta number.

Definition 3.1.4 (bilateral beta number). For £ C R", P a d—plane, and B a ball, the
d-bilateral beta number relative to P for E inside B is

bBL(B, P) = dg(BNE,BNP).

diam(B)

The full bilateral beta number for E inside B is then

b3L(B) = inf bBL(B,P).
P d-plane
Definition 3.1.5 ((e, d)-Reifenberg flatness). For fixed € > 0 and d,n € N with 0 < d < n,
we say a set E C R™ is (e, d)-Reifenberg flat if, for all x € E and r > 0,

bBL(B(z,7)) < e.

Sets that are (e, d)-Reifenberg flat for small enough ¢ < €y(d,n) admit bi-Holder pa-
rameterizations which we informally call Reifenberg parameterizations. This was first shown
by Reifenberg in [Rei60], but was later generalized by David and Toro [DT12] to produce
parameterizations of Reifenberg flat sets “with holes” along with giving a condition under
which the parameterization can be upgraded from bi-Holder to bi-Lipschitz.

Theorem 3.1.4 (cf. |DT12] Theorem 1.10). For any d,n € N with0 < d <n and 0 < 7 <

10, there exists a constant ey(d,n) such that if € < eg and 0 € E C R" is (¢, d)-Reifenberg
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flat, then there exists a bijection g : R — R™ satisfying the following conditions: For any
z,x,y € R™ with z arbitrary, v —y| < 1,

l9(2) = 2| < 7,

1 T —T
Z\w—y\” <lg(z) — g(y)| <3z —y|'7,

and, for some d-plane P such that bfr(B(0,10), P) <,
ENB(0,1) =g(P)N B(0,1).

Given a domain Q C R¥*! such that 99 is (e, d)-Reifenberg flat, we use the Reifenberg
parameterization g produced by Theorem [3.1.4] as a replacement for the conformal map in
Jones’s original argument to first prove the following new result

Theorem C. Let Q C R be a domain with 0 € 9Q. There exists €y(d) > 0 such that for
any L >0, if e < €9 and

(i) 002 is (e, d)-Reifenberg flat,
(ii) Yoty Boa(B(x,275)2 < L for all x € 09,

then there exists a Ahlfors d-reqular, d-rectifiable set ¥ such that

QﬂB(O,l)\E:GQj

j=1

and there exists Ly(e, L,d) > 0 such that £ = {Q;};es, is a collection of disjoint L-
Lipschitz graph domains. In addition, for any y € 02N B(0,1) and 0 < r < 1, we have

Z’Hd(aﬁj N B(y,7) Separ

Jj=1

See Deﬁnition for the definition of Bay (B(z,27%)). Hypothesis (ii)|is used to ensure
that David and Toro’s bi-Lipschitz condition for the Reifenberg parameterization is satisfied.
If this hypothesis is not satisfied, then one can still run the proof of Theorem [C|to produce a
collection of Lipschitz graph domains whose total boundary measure and Lipschitz constants
blow up near where the sum in diverges. However, we conjecture that a result similar to
Theorem |C| holds without assumption .

If one is willing to weaken the conclusion of {§2;} being disjoint to having bounded
overlap, then one can show that similar Lipschitz decompositions exist for domains with
weaker assumptions on the boundary. We prove the following result of this type:

Theorem D. Let Q C R be a domain with 0 € 9. There exist constants A(d), L(d), e(d) >
0 such that if 0 € 02 is (€,d)-Reifenberg flat, then there exists a collection of L-Lipschitz
graph domains {$2;}jcy such that

(i) @ <,
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(i) Q0 B0,1) € UL, 2,
(111) 3C(d) > 0 such that Vx € Q, x € Q; for at most C values of j,
() For anyy € 02N B(0,1) and 0 < r <1, we have

> HYO N By, 7)) Sear HU(OQN B(y, Ar)).

j=1

To prove this result, we use a collection of (1 4+ C')-bi-Lipschitz Reifenberg parameter-
izations to produce a large collection of disjoint Lipschitz graph domains with controlled
boundaries and expand these domains with Whitney-type “buffer zones” to form a true cov-
ering of QN B(0,1). This method carries over to the well-known d-uniformly rectifiable sets
of David and Semmes who give many different equivalent definitions of d-uniform rectifiabil-
ity [DS93]. One such definition involves the bilateral weak geometric lemma (BWGL), which
roughly says that E looks Reifenberg flat on most scales and locations.

Definition 3.1.6 (bilateral weak geometric lemma). Given a family of Christ-David cubes
2 for E (see Theorem [3.2.5)) and constants M, e > 0, define

BWGL(M,¢) = {Q € 2 : bBL(MBg) > ¢}.

For Q € &, define
BWGL(Q, M. e)= > ((R)"

RCQ
REBWGL(M,e)

We say that F satisfies the bilateral weak geometric lemma if for any M, e > 0, there exists
a constant Cy(M, €) such that for all Q) € 2,

BWGL(Q, M, €) < Col(Q)*. (3.3)

If £ is (¢, d)-Reifenberg flat, then BWGL(Q, M, ¢) = 0 for all Q and M. Equation (3.3)
is often referred to as a Carleson packing condition. One can define a d-uniformly rectifiable
set as a Ahlfors d-regular set which satisfies the BWGL.

Definition 3.1.7 (Ahlfors d-regularity). We say that a set E C R™ is Ahlfors d-regular if E
is closed and there exists a constant Cy > 0 such that for any z € E and 0 < r < diam(F),
we have

Cylrt < Y E N B(x,r)) < Cyrt.

Definition 3.1.8 (d-uniform rectifiability). We say a Ahlfors d-regular set £ C R" is d-
uniformly rectifiable if E satisfies the BWGL.

Using similar methods to those of the proof of Theorem [D| we prove an analogue of
Theorem [D] for d-uniformly rectifiable sets.
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Theorem E. Let Q C R be a domain with 0 € 0Q. If 0 is d-uniformly rectifiable,
then there exists L(d), A(d) > 0 such that there ezists a collection of L-Lipschitz graph

domains {Q;} e, such that conclusions|[(i), [(ii), [(iir), and|[(iv) (with additional dependence
on uniform rectifiability constants) of Theorem @ hold.

Uniform rectifiability was studied in detail by David and Semmes in [DS93] where connec-
tions between the BWGL and numerous other equivalent definitions involving boundedness
of singular integral operators, approximation by Lipschitz graphs (the existence of corona
decompositions), “big piece” parameterizations by Lipschitz maps, and more. Uniform recti-
fiability has recently become of interest in the study of harmonic measure and the solvability
of the homogeneous Dirichlet problem in rough domains. In [Azz+20], the authors give a
geometric characterization of open sets 0 C R9*! such that there exists p < oo such that the
LP(02)-Dirichlet problem is solvable given the background hypotheses that 92 is Ahllfors-
David d-regular and €2 satisfies the interior corkscrew condition. They prove that solvability
is equivalent to 02 being d-uniformly rectifiable and €) satisfying a quantitative connectiv-
ity condition called the weak local John condition. A related line of research studies LP
solvability of inhomogeneous problems on rough domains. In the course of preparing this
work, the author was notified of [MPT22] in which the authors study equivalences of solu-
tions to boundary value problems in rough domains and show that the regularity problem
for so-called DKP operators is LP-solvable on certain geometrically nice domains. In the
course of their study, the authors derive a very similar result to Theorem |E| with the added
assumption that €2 satisfies the interior corkscrew condition and the added conclusion that
the nice approximating domains are adapted to a DKP operator (see Section 4.3 of [MPT22]
and see also [MT22] for an earlier version of their construction).

3.1.2 Outlines of the paper and proofs of the theorems

In Section 3.2}, we introduce the necessary notation and basic facts about Reifenberg parame-
terizations, Whitney decompositions, Christ-David cubes, coronizations, Reifenberg flat sets,
and uniformly rectifiable sets.

In Sections [3.3] and [3.4] we respectively prove Theorems [C| and Theorems [D] and [E] while
taking for granted the results on Lipschitz graph domains proved in Section |3.5| and results
on controlling the derivative of Reifenberg parameterizations proved in Section |3.6|

Roughly speaking, the proof of Theorem [C] in Section [3.3] proceeds as follows. The
fact that 02 is Reifenberg flat means that we can produce a Reifenberg parameterization
g : R — R+ gquch that g(RY x {0}) N B(0,1) = 92N B(0,1). The uniform bound on the
beta-squared sum in condition of Theorem |C| ensures that g is L'(d, L)-bi-Lipschitz so
that 02 is in fact a bi-Lipschitz image, hence uniformly rectifiable. This means that there
exists a Christ-David lattice Z for 02 with a graph coronization whose stopping time regions
F = {S} consist of cubes well-approximated by Lipschitz graphs with Lipschitz constant
small in terms of d and L’ (this is a coronization that produces a corona decomposition).
Proposition [3.6.7/implies that Dg is nearly constant on parts of its domain which are mapped
into regions of € sitting “above” a stopping time region S on the scale of the cubes inside
S. By the results of Section [3.5] ¢ maps forward Lipschitz graph domains to Lipschitz graph
domains when the change in Dg is small compared to the Lipschitz constants of the mapped
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domains. Therefore, to produce a Lipschitz decomposition of 2 N B(0, 1), it suffices to
produce a Lipschitz decomposition .4 (see Definition of the domain of ¢ into domains
over which Dy is nearly constant so that the collection of images .Z = {¢(D) : D € £} is
a Lipschitz decomposition.

In order to form this decomposition, we produce a “coronization” of a lattice of Whitney
boxes which parallels the coronization for & on 0S) (see . That is, we separate Whitney
boxes into bad boxes which g maps near bad cubes in Z N % or cubes on the “edges” in
scale and location of stopping time regions in . This decomposition then maps forward to
a collection of domains whose total surface measure is bounded by the surface measure of
0N plus the Carleson packing sums for the bad and “edge” cubes of Z.

The proofs of Theorems [D]and [E] both follow a single similar argument to that of Theorem
[Cl In the Reifenberg flat case, the difference is that any single global Reifenberg parameteri-
zation g produced for the set is not in general bi-Lipschitz, so we have no uniform estimates
on how g distorts any given cube. In the uniformly rectifiable case, we have no global Reifen-
berg parameterization because there can be many scales and locations at which Reifenberg
flatness fails. In either case, we sidestep these by producing a collection of local (1 4 6)-
bi-Lipschitz parameterizations by parameterizing pieces of the domain above stopping time
regions in a graph coronization (see Definition using single stopping time domains
composed of Whitney cubes. By similar arguments, the surface measure of these domains is
controlled by the surface masure of 92 N B(0, 1) plus the Carleson packing sum of the same
bad set of cubes in 2 N % and near “edges” of stopping time domains. We then fill parts of
QN B(0,1) that are missed by these domains with “buffer zones” of cubes on the exterior of
these domains as well as families of cubes which sit above surface cubes in the bad set. By
similar reasoning, the surface measure of these domains is bounded by the same Carleson
packing sums as above.

3.1.3 Acknowledgements

The author would like to thank Raanan Schul for many helpful discussions and suggestions.
This work would not have been possible without his original inquiry into the problem and
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3.2 Preliminaries

3.2.1 Conventions and basic definitions

Whenever we write A < B, we mean that there exists some constant C' independent of A and
B such that A < CB. If we write A S, B for some constants a, b, ¢, then we mean that
the implicit constant C' mentioned above is allowed to depend on a, b, c. We will sometimes
write A ~ B to mean that both A < B and B < A hold.

In many computations, we use a constant C' to denote a catch-all, general constant which
is allowed to vary significantly from one line to the next.
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Definition 3.2.1 (Hausdorff measure, Hausdorff distance, Nets). For F, E C R", a € R,
we let
dist(E, F) = inf{|lx —y| : x € F, y € E},
dist(a, F) = dist({a}, F)
and define
diam(F) = sup{|z —y| : z,y € F'}.

For any r > 0, we let
B(E,r) = {r € R™ : dist(z, E) < r}.

For any subset F' C R%*! an integer m > 0, and constant 0 < § < oo, we define
A (F) = inf {Z diam(E;)?: F C U E;,diam(E;) < (5} .
The Hausdorff m-measure of F' is defined as

H™F) = lim A" (F),
6—0
We will only use this in the case m = d, and we often use the notation |F| = s#4(F). We
refer to the function 2 as the m-dimensional Hausdorff content. Given two closed sets
E,F C R¥! and a third set B C R we define the Hausdorff distance between F and F
inside B as

2
dg(E,F) = max{ sup dist(y, F), sup dist(y,E)}.

diam B yeENB yeFNB

Given a subset £ C R4l and r > 0, we let Net(F,r) denote the set of r-nets of E. That is,
X € Net(FE,r) if X C FE such that both

(i) Forany z £y € X, o —y| >,

(i) £ CU,ex Blz,7).

3.2.2 Reifenberg parameterizations
In this section, we record the basic facts about Reifenberg parameterizations needed from
[DT12].
3.2.2.1 Coherent Collections of Balls and Planes (CCBP)
Set r, = 107" and let z;; € R, j € J, satisfy
|k — Tig| > T (3.4)

Put Bj; = B(x;, ) and for A > 0 define V;} = Ujes ABjx = Ujes, B(@jk, Arg) where AB
is always the ball with the same center as B and radius dilated by a factor of A. We also
assume

zin € V2. (3.5)
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We will always use a d-plane as the initial surface 3. We require
dist(x;0, X0) < € for j € Jp. (3.6)

Finally, the coherent collection of planes is a collection of planes (in general of any dimension
m < d+ 1, although here we only take d-planes) P, associated to z;j such that the
compatibility conditions

e, . 100r (Pigs Pii) < € for k>0 and 4, j € J;, such that |z;, — x| < 1007y (3.7)
dy, 0,100(Pi0, Py) < € fori € Jyand x € Xy such that |z;0 — 2| < 2, (3.8)

du,  20r, (Pis Pjg41) < € fori € Jy and j € Jiyy such that |z — 2j041| < 2rp. (3.9)
With these conditions, we can define a CCBP

Definition 3.2.2. A CCBP is a triple (X0, {Bjx}, {Pjx}) such that conditions (3.4), (3.5),
(3.6, (3.7), (3.8]), (3.9) are satisfied with e sufficiently small in terms of d.

We first state a small modification of a lemma in [AS18] which gives criteria for a triple
(X0,{Bjx},{Pjr}) to be a CCBP.

Lemma 3.2.1 (cf. |[AS18] Theorem 2.5). For any k € NU{0}, let rj, = 107", Let {x;1}jeu,
be a collection of points such that for some d-plane Py we have

diSt(ij,(), Po) < €,

|k — Tig] > Tk,

and, with Bjj, = B(z;k, k),

Q:i’k E Vk271
where
V= | ABjs.
Jje€Jx

Let Pjj, be a d-plane such that xj) € Pjr. There is eg > 0 such that for any 0 < € < €, if
(i) Seforallk >0 and j € Jy

then (Po,{Bjx},{Pjr}) is a CCBP. See (3.74) for the definition of the €, numbers.

CCBPs allow the construction of Reifenberg parameterizations which we will denote by
the letter g. David and Toro give the following Theorem

Theorem 3.2.2 ([DT12| Theorems 2.15, 2.23). Let (Xo,{B;x},{P;r}) be a CCBP with €
sufficiently small. Then there exists a bijection g : R™ — R™ such that

g(z) =z when dist(z,Xg) > 2, (3.10)

() — 2| < Ce for z € R", (3.11)
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1

7!
for z, 2 € R™ such that |2 — z| < 1, and ¥ = g(X0) is a Ce-Reifenberg flat set that contains
the accumulation set

2T < g(2) — g(2)] < 3] — 2|7 (3.12)

E {x € R"; & can be written as & = Hm () kem), with k(m) € N

m——+00

and j(m) € Jyamy form >0, and lim k(m) = 4oo}.

m——+00

If in addition there exists M > 0 such that

Zeﬁg(fk(z))Q < L forall z € X,

k>0
then g is bi-Lipschitz: there is a constant C(n,d, L) > 1 such that

C(TL, d7 L)il‘z - Z/‘ < ’g(z> o g(2/>| < C(n7d7 L)|Z o Z/|'

3.2.2.2 The definition of ¢

Following Chapter 3 of [DT12], we take 1), to be a smooth function vanishing outside V;?
and 0;; to be a collection of smooth compactly supported functions in 105;; such that
V705 1(y)] < Crary™ and Yi(y) + 3 e, 0jk(y) = 1. We then define a sequence of maps fj,
by

fov) =y, frr1=o0ro fi

where

_y_’_zejk 7T]k ] ¢k y+zejk Wj,k(y)a

j€Jk jE€Jk

where 7}, is orthogonal projection onto Pjj. In our application, we only care about points
inside V8, so ¢1(y) = 0 and the formula simplifies to

ZHM 7'I'J]C

J€Jk

The map o}, also satisfies
o (y) — y| < Cery, (3.13)

for k> 0 and y € ¥

The map g is constructed by, roughly speaking, interpolating between adjacent maps in
the sequence f; at distance 7y from the surface ¥y = fr(Zo). In order to construct this,
David and Toro define a collection of linear isometries R; on R™. The following proposition
summarizes the properties of Rj that we need

Proposition 3.2.3 (|DT12] Proposition 9.29). Let R denote the set of linear isometries of
R™. Also set

Ti(z) = TE(fr(x)) forx € Xy and k > 0.
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There exist C* mappings Ry : ¥o — R, with the following properties:
Ro(x) = I for x € ¥,

Ry (x)(To(x)) = Ty(x) forx € Xy and k > 0,
|Riv1(x) — Rp(z)| < Ce forx € ¥ and k > 0, (3.14)

In addition, we record the bounds the distance between generations of tangent planes
and between planes at different locations

Lemma 3.2.4 ([DT12] Lemma 9.2). We have that for k > 0 and xz,2’ € 3y such that
|’I/ o $| < 107
D(TEpi1(frerr(2), TEx(fi(2))) < Cre

D(TE(fi(2)), TEk(fr(2))) < Cagry I fi@') — ful2).

Now, following Chapter 10 in [DT12], we define a collection py of positive, smooth, radial
functions such that » 7, o pr(y) = 1 for y € R™\ {0} and p(y) = 0 unless r; < [y < 207y,
Because [ry, 207%] N [rr—2, 207 _2] = [rk, 207%] N [1007, 20007 ] = &, we always have at most
two values of k such that pg(y) # 0 for any fixed y. In order to single out specific values of
k, we define functions [,n : Rt — N by

l(y) = min{k € N : pi(y) > 0}, (3.15)
n(y) = max{k € N: pi(y) > 0} =I(y) + 1. (3.16)

More concretely, we have
n(y) =n <= 20r,.1 =2r, <y < 20r, (3.17)

because then p,11(y) = 0 while p,(y) > 0. Roughly speaking, n(y) gives the index of the
maps fy(,) which is most relevant for the behavior of g on points roughly distance |y| from
Y. We will now assume ¥, = R? and write

= " ) (i) + Rua) -y} for 2= (2.y)

k>0

We will commonly use the notation z = (z,y) as understood above when discussing points
in the domain of g.

3.2.3 Whitney cubes, Whitney boxes, and Christ-David cubes

We will make significant use of the standard Whitney decomposition of the upper half-space
with respect to R? x {0} C R+,

Definition 3.2.3 (Whitney cubes). Define

W= {[k127" (k1 +1)27"] x -+ x [ka27", (kg + 1)27"] x 277,27 s ky, ... kg,n € Z} .
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W consists of exactly the dyadic cubes in R? x [0,00) which satisfy (W) = h(W) =
dist(W, RY) where ¢(W) = h(W) denote the side length of W and the height of W. Cubes
W, R € # have a natural partial order induced by distance to R? x {0}. We define the
projection 7 : R4 — R? x {0} by 7(z,y) = x where (7,7) € R? x R and write

W<R

if and only if 7(W) C w(R). If h(W) = h(R), we call W a child of R and R a parent of W.

— 2
This gives a partial order on # which we use to define the descendants of W

DW)={Re# :R<W}.

This partial order imposes a natural tree structure on % which we will use in stopping
time constructions. It will additionally be useful to refine the family of Whitney cubes into
rectangular Whitney boxes in which the side length of the boxes in the first d-coordinate
directions is allowed to vary.

Definition 3.2.4 (Whitney boxes). We define the set of p-th order Whitney bozes by
Ry = {[1277 7", (k1 + 12777 x - X [ka27P7" (kg + 1)27P7" ] x 277,27 s ky,n € Z}

These are like Whitney cubes, but they have lengths along the first d coordinate directions
contracted by a factor of 2°. Given R € %,, we call {(R) = 277" the side length and
h(R) = 27" = dist(R,R?) the height so that

/(R) = 27Ph(R).

Any collection of Whitney boxes has a tree structure induced by the same partial order as

in Definition We set Z = U, %,,.

We will later construct stopping time regions composed of Whitney boxes in the upper
half space. We will also need the following notion of “closeness”.

Definition 3.2.5 (A-close subsets). We call two subsets W, R C R¥™! A-close (as in [DS93]
pg. 59) if the following hold:

% diam W < diam R < Adiam W,

dist(W, R) < A(diam W + diam R).

We will also use the notation
W >4 R
when W is A-close to R.

We will also need families of partitions of 9Q C R¥*! which function as dyadic cubes do
for R?*1. These were originally devised by Christ in [Chr90], but the formulation given here
is due to Hytonen and Martikainen from [HM12].
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Theorem 3.2.5 (Christ-David cubes). Let X be a doubling metric space. Let X} be a nested
sequence of maximal pt-nets for X where p < 1/1000 and let ¢ = 1/500. For each k € Z
there is a collection 9 of “cubes,” which are Borel subsets of X such that the following hold.

(7’) X = LJQGQ,C Q
(i) I Q,Q € 7 =P and QNQ # 0, then Q C Q' or Q' C Q.

(i4i) For Q € 9, let k(Q) be the unique integer so that Q € P, and set £(Q) = 5pF@). Then
there is (g € X, so that

B(zg,cl(Q)) € Q C B(zq,l(Q))

and
X, = {IQ : Q € -@k}

If in addition we assume X C R and X is Ahlfors-David d-reqular, then these cubes also
satisfy

(iv) |Q] =4 (diam Q)? ~4 £(Q)".
For any Q € 9, we will use the notation QY to refer to the parent of Q
We will refer to any family of Christ-David Cubes for 92 by & and define

Bg = B(7q,(Q)).

3.2.4 Coronizations for Reifenberg flat and uniformly rectifiable
sets

The boundary measure bounds for our Lipschitz decompositions come from Carleson packing
conditions for well-chosen coronizations of a Christ-David lattice for 02. Coronizations
essentially consist of a partition of & into “good” cubes 4 and “bad” cubes % and a further
partition of ¢ into disjoint stopping time regions .# = {S; };.

Definition 3.2.6 (stopping time regions). We call S C ¥ C 2 a stopping time region if it
is coherent, i.e.

(i) There exists a “top cube” Q(S) € S such that R C Q(S) for all R € S,
(ii) If @ € S and R € Z satisfies Q C R C Q(95), then R € S,
(iii) If @ € S, then either every child of @ is in S, or none of them are.

Remark 3.2.6. We note that Definition makes sense with any well-ordered collection of
subsets of R in place of 2. For instance, we will use the term stopping time region to
refer to such collections of Whitney boxes with the partial order defined in Definition [3.2.3]

Definition 3.2.7 (Coronizations (cf. [DS93] Definition 3.13)). We say that a triple (¢, %, .%)
is a coronization of ¥ if
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(i) .# is a collection of disjoint stopping time regions as in Definition with ¢ =
USeﬁ S?

(i) YUAB =P and Y NA =0,

(iii) & and {Q(S)}scs satisfy Carleson packing conditions. That is, there exist constants
C1,C5 > 0 such that for any Q € 9

Y UR) < CHYQ), and Y L(Q(S))! < CHYQ).
"G Qfg)@

The stopping time regions in coronizations collect scales and locations into good, “con-
nected” packages on which 02 behaves well. David and Semmes used the concept of a
coronization to produce a definition of uniform rectifiability involving corona decompositions

Definition 3.2.8 (Corona decomposition (cf. [DS93] Definition 3.19)). We say that a set
E C R™ admits a d-dimensional corona decomposition if for any constants 1,6 > 0, there
exists a coronization (¢, A, F) of a d-dimensional lattice & for E such that for each S € Z,
there exists a d-dimensional Lipschitz graph I'(S) with Lipschitz constant less than 7 such
that for each z € 2Q) and @) € S

dist(z,I'(S)) < 6 diam(Q). (3.18)

If one has an appropriate coronization, then one can use Reifenberg parameterizations to
produce the approximating Lipschitz graphs in the definition of the corona decomposition
directly. We call these specific good coronizations graph coronizations

Definition 3.2.9 (graph coronizations). For constants M, e,d > 0, we say that (¢, %,.7) is
a d-dimensional (M, €, §)— graph coronization if it is a coronization such that 2 O BWGL(M, ¢)
and for each S € .7 and @) € 5, there exists a d-plane Py 3 x¢ such that

(i) Y eeoes BEY (M Bg)? < € for any x € Q(S).
(iii) Angle(Pg, Py(s)) < 6,

Condition above uses the content beta number introduced by Azzam and Schul in
[AS1g]. This is closely related to the more standard LP beta numbers used by David and
Semmes in characterizing uniform rectifiability via the strong geometric lemma.

Definition 3.2.10 (L? beta numbers and content beta numbers). Let B = B(z,r) C R4*!
and let P be a d-plane. We define

8L (B, P) = (id /BOE (M)p dl%ﬂd(y>)1/p’

r T

and we define the LP beta number as

B%,p(B) = inf{ﬁ%vp(B, P) : P is a d-dimensional plane in R*™}.
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Similarly, we define
1 9] 1/p
(B, P) = (—d/ A x € BNE : dist(x, P) > tTB}tp_ldt> :
s Jo

and we define the LP content beta number as
4P(B) = inf{B%"(B, P) : P is a d-dimensional plane in R},

If £ is Ahlfors d-regular, then these two beta numbers are comparable with constants de-
pending on d and the regularity constant.

Proposition 3.2.7 (cf. [DS93] Part I, Theorem 1.57 and Theorem 2.4; Part IV Proposition
2.1). Let E C R be Ahlfors d-reqular for d > 1. The following are equivalent:

(i) E is d-uniformly rectifiable,

2d

(ii) E satisfies the strong geometric lemma: For any Q € 9, M > 1, and 1 < p < 75,

Z Bt (MBR)*((R)" Sara 0(Q)
RCQ

(i1i) E admits a corona decomposition.
(iv) E admits an (M, e, d)-graph coronization for any M, e, § > 0.

The main tool we will use to create Lipschitz decompositions is the graph coronization. In
Appendix we review the d-dimensional traveling salesman results of [AS18| and [Hyd22a]
which give a similar analysis for general Reifenberg flat sets. By collecting these results, we
prove the following proposition:

Proposition 3.2.8. For any d,n € N with 0 < d < n, there exists eq(d,n),d(d,n) > 0 such
that if € < ¢g < 6* and E C R" is (¢,d)-Reifenberg flat, then E admits an (M, e, )-graph
coronization for any M > 0.

We will use the existence of graph coronizations as in the previous two propositions to
prove Theorems [D] and [E]

We also record some important facts about using beta numbers to control the Hausdorff
distance of planes. Given a set F C R and a Christ-David lattice 2 for E, we define
epsilon numbers adapted to the lattice 2 and a collection of planes {Pp}ges. Fix K = %.
We define

€(Q) = sup {dKBR(PU, Pa) : K(R) € {k(Q), k(Q) — 1}, k(U) = K(Q), 2q € %BQ n %BR} .

This is essentially a version of David and Toro’s €}, numbers which is adapted to a cube
structure rather than a general collection of nets. Now, let M > 12—2](. We will use these to

control €}, in terms of 5% (M Bg) in the second lemma below. First, we give a recall a general
result that allows one to bound the Hausdorff distance between planes by beta numbers:
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Lemma 3.2.9 (JAS18] Lemma 2.16). Suppose E C R" and B is a ball centered on E such
that for all balls B' C B, %(B') > crg,. Let P and P’ be two d-planes. Then

d+1

I (PP S (2] 08B, P) + BB
BI

The next lemma applies this to bound €(Q) by Bé’l(l\/[ Byg):

Lemma 3.2.10. Let & be a Christ-David lattice for a lower content d-regular set E and
K, M > 0 be constants such that % < K <107'*M. If {Po}gea is a family of d planes

satisfying BS" (207 K Bg, Po) < B5' (2p" 'K Bg), then
€(Q) Spara B (MBg).

Proof. Let U, R € 2 be cubes which achieve the supremum in the definition of ¢(Q). Then

€(Q) = dkp,(Pu, Pr).

We want to apply Lemma with B = B’ = K Bg. First, we prove some ball inclusions.
We claim
KBr C2p 'KBy. (3.19)

Indeed, we let y € K Br and we compute

ly —au| < |y —ar| + 2R — 20| + |1 — TU]

< K{(R) + %K(R) + %E(U) < 2K/((R) < 2p ' K((U).

Second, we claim
20" 'KBy C MBg and 2p 'K Br C M By, (3.20)

Because ((R) > ((U), it suffices to prove 20 ' KB C MBg. We let y € 2p"' KB and
compute
-1 K -2
[y —wol <y —wrl + |vr — wol < 4p™ KU(R) + 1(R) < 10Kp™l(Q) < MU(Q).
Now, we apply Lemma |3.2.9| with B = B’ = K Bg, then

dicp,(Pv,Pr) S BE' (K Br, Pp) + By (KB, Py)
<, By (207 KBy, Pr) + %' (20" K By, Py)
< BE (207 ' KBR) + B3 (20 K By)
S B (M Bg).

where the second line follows from (3.19)), the third line follows from the hypothesis on Py,
and the final line from ({3.20)). [
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3.3 The proof of Theorem

. 4 . .
Fix constants p = -, K =1 )y = 10K = 4, — 1000Vd Thpoyehout this section, assume
1000° p ! p2 0 cop )

that  C R satisfies the hypotheses of Theorem . We begin by constructing a Reifenberg
parameterization for 02 N B(0, 1)

3.3.1 The CCBP adapted to ¥

We want to form a CCBP adapted to the Christ-David lattice & for 02 with the aim of
applying David and Toro’s bi-Lipschitz Reifenberg parameterization result Theorem [3.2.2
For any k € Z, let s(k) be an integer such that

50p°%) <y, < 50p5R)~1 (3.21)
We note that if Q) € Zs), then this means
104(Q) < rp < 10p1(Q) (3.22)

and
Co . Tk
< —1p < cl(Q) < diamQ < 4(Q) < —.
5000Tk_ 10prk_co< ) < dia =UQ) = 10

For any k > 0, define

Vi = {aq: Q € Dy, QN B0, A0) # B}, (3.23)
X € Net(Yk,m). (324)

We enumerate X}, = {z;};cs, and often use the notation z;, = xq = zq,,. Let P achieve
the infimum in the definition of bBsq(B(0,10A4)) and define

Bjr = B(Tjx, k),
Pix = Pg,,,

where Py, 3 zq,, are such that bBsn (20 'K By, ,) < bB3n (207K Bg,, ) as in the hypothe-
ses of Lemma [3.2.10, We first show that €] (x;) is controlled by €(Q; ).

Lemma 3.3.1. Fizk > 0 and Q € Dyy. For any z € R™™ such that |z —x¢| < 200p714(Q),

er(2) < Ke(Q).

Proof. We first show that the supremum in the definition of €(Q) is over a larger collection
of pairs of planes than that in the definition of € (2). Let i € J, be such that z € 10B;.

Then by (3.22),
K
lzg — 2in] < |lvg — 2| + |2 — @ik| < 200p71(Q) + 107y, < 300p H(Q;x) < EK(Q)

because K > 10%p™" and €(Q) = €(Q;x). Therefore, zg € £ Bg,,. If instead z € 11B;;,_4
for some i € Jj_1, then

K
(2= Tina] < |rg—2|+|z—ik1| < 20007 (Q)+11r 1 < 310p (Qip—1) < 1—05(@@1@—1)-
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Therefore, zg € £Bg,, ,. In addition, for any admissible z;; in the definition of €,(z) we

can write 1007, § 1000p’1£(Qu) < K{(Qqy) so that 100B;; € KBg,,. Let Py and B, be

planes which achieve the supremum in the definition of €} (z). Then

Kg(BQm,l)
1007”[

using the fact that £(Qu,) < 7. [ |

dmm,hlUOBm,l (Pi,k’ Pm,l) < dKBQm,l (PQi,k7 me,l) < KdKBQmJ (PQi,k’ PQm,z)

Applying this result for z = x;;, shows that € (z;x) < (@) which we can use to prove
that the triple 2 = (P, {Bjx}, {Pjx}) is a CCBP.

Lemma 3.3.2. & is a CCBP.

Proof. We will use Lemma m First, we will show that for any j € Jy, dist(z;0, ) S €.
Indeed, z;0 = ¢ for some Q € YD) with Q N B(0, Ag) # @. Hence, z¢ € B(0,24,) NN
so that bBsa(B(0,104,), Py) < € implies

diSt(Q?Q, Po) § bﬁ(B(O, 10A0)) : 10A0 Sd €
Now, we fix k > 0 and j € J; and prove the following claim:
Claim T:here exists ¢ € J;_; such that x;; € B; 1

Proof I:ndeed, let z;;, = xq, . If s(k) = s(k—1), then Y;_; = Y} so that 2q,, € V1. The
claim follows since Xj_; is an r;_j-net for Yj_;. If instead s(k) > s(k—1), then Tom € Yi_1
ik

so that there exists ¢ € J,_; such that Tow € B, x—1. We have
7,k

(Q(1)> _ 55D < 5Bl <y
so that

) ) . 1
dist(2q, ., Tix—1) < dist(zq,,, xQ(_lg) + dlst(x@_lg,xi,k_l) </ (Q§,§> + 1oy < 215y
Js Js

which proves z¢g., € 2B; ;1. [
By Lemma [3.3.1], it suffices to show that €(Q;x) < €. But by the definition of Pg,, and
Lemma [3.2.10] we have €(Q;x) Sad ﬁg’é(MBQM) Se [

Since we’ve shown that 2 is a CCBP, Theorem [3.2.2 gives a Reifenberg parameterization
g : R — R+ guch that

g(FPy) N B(0,1) =002 N B(0,1)

Without loss of generality, we can assume Py = R%¢x {0} and translate the Whitney decompo-
sition % as in Definition to a new decomposition ¥ such that Wy = [—2,2]? x [4,8] €
#'. We have that

0.0 B(0,1) C g([~2,2]" x [0,8])

because 0f2 is contained in the closure of U, X}, so in practice we only need to consider the
set of descendants of Wy to cover QN B(0,1):

Wo={W W' W e D(Wy)}. (3.25)

We can now derive some useful properties of g.
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Lemma 3.3.3 (Properties of g).
(i) For any x € [-2,2]¢ x {0} and n € N,

fol(z) € VB

n

(ii) For any z = (z,y) € [-2,2]? x [0, 8]

(1= Cld)e)ly| < dist(g(2),00) < (1 + C(d)e)lyl. (3.26)

(iii) For any x € [—2,2] x {0} and p,n € N with p < n, there exists a collection of cubes
Qn € Qn-1 € -+ C Qp such that for any k with p < k < n, dist(g(z, ), Qs)) S Tk

and
n

Z € (fu(2))? Supa Z 5;&%(MBQ,€)2.

k=p k=p
In particular, g is L'(L, p, M, d)-bi-Lipschitz.

Proof. Let z = (x,y) be as in[(ii)| with n = n(y). We first prove|(ii)| with the added hypothesis
that f,(z) € V;*. We will then prove [(i)] which will complete the proof of [(ii)|
Observe that

9(z Zpk ) {fi(@) = fu(2) + Bi(z) -y}

where |fi(z) — fu(x)| S erp and Ri(z) - y is a vector of norm |y| which is orthogonal to
the tangent plane Ty(z) to ¥ at fy(x). The fact that f,(x) € V¥ implies the existence of
Q € Dyn) such that |f,(x) — zo| < 8r,. The fact that bBypa(M Bg, Pp) < € combined with

Lemma and implies
A, (2)197, (Zn, Q) < dy, (@),10r, (Xn: Po) + dy,2),10r, (Po, 0Q) S (3.27)
We conclude dy, ()19, (Tn () + fn(x), 0Q) < Ce, which implies
(1= Ce)ly| < dist(g(2),092) < (1 + Ce)ly]

as desired.

We now prove by induction on n. For the base case n = 0, notice that fo(z) =
x € B(0 5\/_) N Py so that bBsa(B(0,1040), Py) < € implies the existence of y € 9 with
dist(y, ) <a, € There exists Qg € @5(0) such that y € Qo and dist(Q,0) < 10v/d so that
g, is a member of the set Yj (see (3.23))) from which the maximal net X, forming the CCBP
is taken. Notice that

[fo(@) = 2q,| < o =yl + [y — 2q,| < Ce+ £(Qo) < 2ro.
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Hence, we are done if zg, € Xo. Otherwise, there exists zg, € X, such that |z, — mQ6| <o

so that |fo(z) — 2| < 3ro implying fo(x) € Vi?. This proves the base case for |(i)}
For the inductive step, assume that f,(x) € V% for some n € N. Using (3.27), we find
y € 0f2 such that

|fn+1<x) - y| < ‘fn+1(x) - fn(x)l + ‘fn(x) - Z/| 5 €Tn+1

and hence there exists Qni1 € Zyng1) with dist(Qn41,0) < 10v/d such that | fr1(x) —
Q.| < 2rnpq1. By a similar argument to the base case, this finishes the proof of

To prove [(iii)] notice that f(z) € 99 so that there exists an infinite chain of (possibly
repeating) cubes Qo 2 Q1 2 --- 3 f(x) where Qi € Zy). We claim that

€ (fr(2)) < e(Qu) < Ba(MBg,).

Indeed, by Lemmas [3.3.1]and [3.2.10] we only need to show that | fi.(z) —xq,| < 200p~4(Qx)
to verify the first inequality. But we have

() — 2] < |felx) = f()| +|f(z) — zq,]

as desired. Because the set {n : s(k) = s(n)} has a uniformly bounded number of elements
in terms of p, it follows that

n n

D (@) Sarp Y e(@n)’ Sapa Y Boa(MBg,).

k=p =p k=p

o

The claim that dist(g(z,7), Qx) S i follows from [(ii)} By the hypotheses on €, we have
S o € (fr(@))? S 3 payeq Boa (M Bg)? < L so that g is L'(L, p, M, d)-bi-Lipschitz by The-
orem [5.2.2) [ |

Now that we know that ¢ is L'-bi-Lipschitz, we define p(L’) € Z such that
-t <[] < 2P (3.28)
and we replace #( with
Ry ={R € Ry :IW € Wy, RCW}.

That is, %, is the set of Whitney boxes R with ¢(R) = 27Ph(R) which are contained in some
member of #;. This ensures that

L'U(R) = L'27"h(R) < h(R) (3.29)

so that g does not stretch R across too far of a region on the scale of h(R).
We say more about the shape of image boxes in the following lemma:
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Lemma 3.3.4 (Image boxes). For any W € %, we have
(1 - Ce)h(W) < dist(g(W),00) < (1 + Ce)h(W), (3.30)

(1 — Ce)h(W) < diam g(W) < 5vVdh(W). (3.31)
There exists constants Co(L'), C1(d) such that

B(g(ew), Cq "h(W)) € g(W) € B(g(ew), CLh(W)) (3.32)

where cy is the center of W.

Proof. We first note that (3.30)) follows from (3.26) and the fact that dist(W,RY) = h(W)
by definition. To prove (3.31)), let z, 2’ € R with z = (z,y), 2" = (2/,3'). We have

lg(z,y) — 9@, y)| < |g(x,y) — g(’, y)| + |g(a,y) — g(z’, )]
<Lz —2'[+2y -9

< L'VAl(R) + 2h(R)
< 5V dh(R)

The lower bound follows from by considering the distance between images of points
in the lower and upper faces of W. To prove , we first observe that each box W € #
contains a small ball B(cy,c(L')h(W)) around its center. Since g is L’-bi-Lipschitz, we get
a larger constant Cy(L’) such that the lower containment in holds. The existence of
C'(d) as in the upper containment follows from the upper inequality in . We also note
that because g is injective and distinct boxes R, W € %, have disjoint interiors, we have

B(g(ew), Co "h(W)) N B(g(cr), Cy 'h(R)) = @. (333.)

3.3.2 Whitney coronizations and the Lipschitz decomposition

In Item |(iii)| of Lemma we showed that the mapping g was bi-Lipschitz so that OS2
is locally a bi-Lipschitz image. Hence, 02 is d-uniformly rectifiable and therefore has an
(M, €, §)-graph coronization for arbitrarily small values of € and § by Proposition m Take
€(d,L),d'(d,L) > 0 fixed later sufficiently small and let € = (¢, %,.%) be an (M,€,d)-
graph coronization for 0f).

The plan for the proof of Theorem [C] is to construct a “coronization” of %, which
“follows” the coronization & of 0€2. That is, we will construct a triple

(gw = (gw;f%wv 9)

of good boxes, bad boxes, and stopping time regions .7 = {T'}recs (see Remark [3.2.6)
partitioning %, such that for each T' € .7, there exists some S € % such that the images of
all boxes in 7" under g are “surrounded” in scale and location by cubes in S.
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Definition 3.3.1 (g-Whitney coronizations). Let g, Z,, be as above. We now give a partition
of #,, into a bad set %, and good set ¥, which picks out all Whitney boxes whose images
under g are “Ap-surrounded” by surface cubes within a single stopping time region S € .%:

G, ={Wew :35 € .F, VQ € Z such that ) ~4, g(W) we have ) € S}, (3.34)
By =W\ G (3.35)

(See Definition M) Given a root box W € ¥,,, we define the stopping time region Ty,
with top cube W to be the maximal sub tree of D(W)N%,, such that for any R € Ty, either
all of its children are in Ty, or none are. Any such stopping time region has associated
minimal cubes and stopped cubes

m(Tw) = {R € Ty : R has a child not in Ty},
Stop(Tw) = {R € # : R has a parent in m(Tw)}.

We initialize our construction with the lattice %Z,, and triple (¥, Z., % = &). Given the
k-th stage stopping time collection .7, we choose a root box W € ¥, \ Ure 5, T and form the
stopping time region Ty. We set 11 = Z U {Tw}. Repeating this process inductively,
we obtain a partition .7 = J;—; J of ¥, into coherent stopping time regions. This gives
the triple €, = (%, $Bw, 7). We call €, the g-Whitney coronization of %, with respect to
C=(9,%8,%).

Remark 3.3.5 (improving the stopping time). In this construction, we used Whitney boxes
with side length ¢(R) = 27Ph(R) to ensure that for any R € %, diamg(R) <, h(R).
Without this condition or some other method of controlling the size of image boxes, we
could have z = (z,y), z = (2/,y/) such that h(R) < |g(2) — ¢g(2')| which would cause us to
lose control of the change in Dg across R we desire in Lemma [3.3.8 below.

What we really want are image pieces of some kind which satisfy the conclusions of
Lemma (3.3.4] along with small parameterization derivative change across the pieces as in
Lemma below. If one could form reasonable stopping time domains out of similar
pieces whose images satisfy the conclusions of with constant C dependent only on
d, this would essentially prove a version of Theorem |C| without hypothesis . If g were
K (d)-quasiconformal, then this could likely be accomplished by adding modifications to the
stopping time by dynamically either combining or cutting apart children boxes for a given
top box W(T) along coordinate directions according to the size and shape of Dg inside.
In general though, Dg can distort boxes so badly that coordinate boxes cannot be mapped
forward appropriately in general, so one would need to devise a better way of partitioning
the domain into pieces which are mapped forward well under a more wild parameterization.

We will use %, to break up #,, into regions which will map forward under g to the
Lipschitz graph domains we desire as in the conclusion of Theorem [C|

Definition 3.3.2 (Stopping time domains). Let €, = (Y, Bw, 7 ) be a g-Whitney coro-
nization as above. For each T' € .7, we define a stopping time domain

DT:UW.

wer
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For each W € 2, we note that {(W) = 27Ph(W) where p is as in (3.28) and define a
collection of associated trivial domains by chopping W into 2P cubes of common side length
¢(W). That is, assuming W = [0, {(W)]¢ x [L(W), 2h(W)], we set

Lo = {[0, (W% x [h(W) + kE(W), (W) + (k + 1)E(W)] : 0 < k < 27 — 1},

The collection 2" = {Dr}res UUyegm, L is a partition of e, W = [—2,2]% % [0,8] up
to finite overlaps on boundaries. Each cube domain Ry € £y is C(d)-Lipschitz graphical,
but the domain Dy is not Lipschitz graphical in general. However, T' consists of a coherent
collection of boxes of a given ratio of side length to height ¢(R) = 27Ph(R). Therefore,
applying a dilation A, by a factor of 27 in the first d coordinates gives a domain A,(Dr)
consisting of cubes. Proposition then gives the existence of a d-rectifiable, d-Ahlfors
upper regular set >r such that

Ap(Dr) \ Er = U AP(D%>

jeJdr

where {A,(D})}jes, is a collection of C(d)-Lipschitz graph domains with disjoint interiors.
By Lemma [3.5.4) we then get the existence of a constant C’(L, d) such that D}, is a C'(L, d)-
Lipschitz graph domain. We then finally define

"% - {D%}Teﬂ,jeh YU U "%W'

WeAy

We can now define the collection of Lipschitz graph domains .Z as desired in Theorem

[Ct

Definition 3.3.3 (Lipschitz decomposition). Let % be as in Definition [3.3.2, We define
the Lipschitz decomposition of QN B(0,1) as

% ={9(D):D e %4} (3.36)

In order to prove Theorem [C] it suffices to prove Propositions [3.3.6] and [3.3.7] below.

Proposition 3.3.6. Let Q be as in Theorem@ and L = {Q;}jes, be as in (3.36). There
exists L1(L,d, e) > 0 such that for any j € Jg, Q; is an Li-Lipschitz graph domain.

To prove Proposition [3.3.6], we use the fact that the graph coronization € of 02 and the
Whitney coronization %, of Definition [3.3.1| adapted to & were chosen so that Dg is very
close to being constant on any given domain D € .%,. This uses the explicit calculations for
Dg given in Proposition [3.6.7] This means g distorts D only slightly such that D remains a
Lipschitz graph domain (see Proposition . The refinement of Whitney cubes to smaller
Whitney boxes ensures that diam(g(W)) ~4 h(WW) holds for any box W so that g(W) does
not stretch across too long of a region of 02 compared to its distance from 0Q2. If W € By,
then this ensures that Dgl|y, varies at a rate determined at worst by the Reifenberg flatness
constant e. Because in this case, W is divided into the set Zjy of cubes, which are C(d)-
Lipschitz graph domains (note C' is independent of L), g maps them forward to Lipschitz
graph domains given that € is fixed small enough with respect to d.
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The construction of stopping time regions .7 proceeds in such a way that any T' €
is a coherent collection of (potentially long and thin) Whitney boxes such that the change
in Dg on Dy is controlled by the geometry of 0f) inside some surface stopping time region
S € . These regions are defined such that 02 looks like a Lipschitz graph with small
constant € (L, d) and angle variation ¢'(L, d) on the scale of cubes in S from which we derive
that Dg|p, varies at a rate determined by &'(L,d) (See Lemma [3.3.8), giving Lipschitz
graphicality for domains in {¢(D7)} e, re7 by Proposition again as long as €, are
fixed small enough with respect to L and d.

Proposition 3.3.7. Let Q2 be as in Theorem@ and L = {Q;};es, be as in (3.36). For any
y € 002N B(0,1) and 0 < r < 1, we have

> 109N By, 7)) Separ® (3.37)

JEiz
To prove [3.3.7| we use the fact that the Whitney coronization is chosen in such a way
that the images of boxes in the bad set %, have surface measure controlled by the measure
of the Ay-close bad cubes £ or cubes in & on the “edges” of stopping time regions which we
collect in the set %, in below. These cubes form a Carleson set (see Lemma
which gives Carleson packing type estimates for the surface measure of the image cubes
{9(Rw)}wez,, rRwezy- DBecause the only time we stop in the construction of T' € 7 is
when we hit some W € 4, the surface measure of domains in {g(Dr)}reco is controlled by
the measure of nearby cubes in Z,. The fact that ¢ is bi-Lipschitz and preserves distances
to the boundary means that the family {g(WW)}wes behaves in many ways like a Whitney
decomposition itself (see Lemma so that we can bound the number of image boxes
which are Ag-close to any fixed bad cube Q) € A,, giving the desired Carleson type estimates.

3.3.3 Lipschitz bounds for Theorem [C|

The goal of this section is to prove Proposition [3.3.6, The following lemma allows us to
control the change in Dg on any stopping time domain 7.

Lemma 3.3.8 (Variation of Dg). For any T € .7 and z,w € Dr, we have
|Dg(2) - Dg(w)™" — 1| < C¢' (3.38)

Proof. First, fix some T" € 7. We want to apply Proposition with My <4 1 and
z = ¢(W(T)) = (x,y) by showing that Dy C G0, So, let 2/ = (2/,4') € R € T and let
n=n(y'), p=1(y). We need to prove the following three statements:

(1) [fo(@) = fp(@)] Sarp,
(i) Dohep ek (fal(2)? S €,
(iii) Angle(Ti(a"), T,(2)) < .
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We begin by observing that |(i)| follows from the fact that f, is L’-bi-Lipschitz so that

fo@) = fy(a')] < L'l —a') < 2DVAUW (1)) Sa h(W(T)) S 1

~J

using (3.29). To prove let @, 2 Qpi1 2 -+ D @), be the cubes given by Lemma|3.3.3] For
any k with p < k < n the fact that dist(g(z’,rx), Q) < . means that (2/,7) € R < W(T)
with

. Cop Cop Cop . .
d > col > Lp > U h(R) > d R) = Ayd R.
iam Qr > col(Qrr1) > 10 ry > 500 (R) > 1000vd iam(R) o diam

so that @ ~4, R. This means there exists S € .# such that Q; € S for any k by the
definition of the stopping time region 7. We conclude that

n

S G(fil@)? S S BE(MBg, )2 S €.

k=p k=p

To prove [(iii), observe that

Angle(T},(2'), T, (2")) < Angle(T},(2"), Po,) + Angle(FPg,, Po,) + Angle(Pg,,, T,(2'))
Sd+6+6€ <6

where we used Lemma and the fact that Q,,Q, € S. [

Using the results of Section [3.5] we can now prove Proposition |3.3.6|

Proof of Proposition[3.3.0. Every domain in .Z is either of the form g(D?F) for some T' €
T ,j € Jr or g(Rw) for some W € A, R € L. We first consider domains of the first
form.

Let T € 7 and let A, : R? x R — R be given by A,(x,y) = (2Pz,y). By definition,
the image stopping time region D). = A,(Dr) is composed of cubes and Proposition
implies there exists a constant Ly(d) such that D/, has a decomposition into Lg-Lipschitz
graph domains which passes to a decomposition of Dy into Ly(d, L')-Lipschitz graph domains
{D%}je Jr by applying A, ! Now, using Lemma , we see holds on D so that by
taking €'(L',d), ' (L', d) sufficiently small, Proposition implies g(DJ) is an Ly (L', d)-
Lipschitz graph domain.

Now, let W € %, and Ry € Zy. The proof of Lemma shows that |Dg(z) -
Dg(w)™' — I < Ce using only the fact that 9 is € Reifenberg flat. Since Ry, is a cube, it is
a C(d)-Lipschitz graph domain so that Proposition implies g(Rw) is a C'(d)-Lipschitz
graph domain as long as ¢ is sufficiently small with respect to d. [

3.3.4 Surface area bounds for Theorem

We now focus on proving Proposition [3.3.7 We will justify the name coronization by proving
Carleson estimates for the g-Whitney coronization which will imply the desired estimates
for our domains.
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Definition 3.3.4 (Cy-Whitney family). Let Qo C R be a domain and let Cy > 1. We
say that a collection ¥ of subsets of Q) is a Cy- Whitney family if for every V € ¥, we have

Cytdiam V' < dist(V, Q) < Cydiam V, (3.39)
there exists ¢y € V such that
Bl(ey,Cytdiam V) C 'V, (3.40)
and, if V' #£ V', then
B(cy, Cytdiam V) N B(eyr, Cy tdiam V') = @. (3.41)

Lemma 3.3.9. Let Q, 7 be as in Definition[3.5.4) Let A>1, U C R™! and set
VA’U:{VEHViV:AU}.

Then,
#(Vav) Saco.d 1 (3.42)
If % is a collection of subsets such that for any V' € ¥, there exists U € U such that
V ~, U, then
Z(diam V) <acod Z (diam U)?. (3.43)

vVery Ucw

Proof. For any V € ¥, we have
dist(U, V) < Adiam U,

A diam U < diamV < Adiam U.

Let By = B(cy,Cy ' diam V) and fix u € U. It follows that By C V C B(u,3Adiam U) and
Cytdiam V' > (CyA)~! diam U so that {Bv }vey,, is a collection of disjoint balls with radius
r(By) > (CyA)"'diam U contained in the ball B(u,3Adiam U) and hence has cardinality
bounded in terms of Cy, A, and d. This proves .

To prove (3.43)), notice that
D (diam V)T < Y Y (diam V)4 Sa Y #(Yaw)(diam U)? Sacoa Y (diamU)¢ W

ver Uew Vevau vew vew
We define
Go={g(W): W € %y} (3.44)
and observe that Gy is a Ag(L/, d)-Whitney family by equations (3.30) - (3.33):

Lemma 3.3.10. There ezists a constant Ao(L',d) > 0 such that Gy is a Ao(L', d)- Whitney
family.

Combining this fact with Lemma [3.3.9] will allow us to bound the surface measure of
images of stopped boxes in terms of the side-length of Ay-close bad and stopped cubes in Z.
The following two lemmas will give a Carleson packing condition on this bad subset 4, C ¥
defined in below from which we will be able to conclude the desired surface measure
bound . We begin with the following lemma due to David and Semmes.
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Lemma 3.3.11 (cf. [DS93] Part I Lemma 3.27, (3.28)). Let A > 1, let 2 be a Christ-David
lattice with coronization (¢, %,.F). Then,

(a) The set
o ={Q €9 :3Q €S #S3Q such that Q ~, Q'}

satisfies a Carleson packing condition.

(b) Suppose 7 C P satisfies a Carleson packing condition. The set
0 ={Q € 2 :3Q" € A such that Q ~4, Q'}
satisfies a Carleson packing condition.

This lemma will directly give us a Carleson packing condition on the set
PBe=AU{Q €9 :3Q €5 #S5>Q such that Q ~, 2 Q'}. (3.45)

Lemma 3.3.12 (A, Carleson packing condition). The family 2. satisfies a Carleson packing
condition. For any W € B, there exists Qw € AB. such that g(W) ~a, Qw.

Proof. The fact that A, satisfies a Carleson packing condition follows from Lemma [3.3.11]
For the second statement, let W € %,,. By definition, W ¢ ¥%,, so that either

(i) 3Q € A such that g(W) ~4, Q,
(11) 351, Sy € & such that Ql €S 7é N QQ with g(W) >~ A Ql and g(W) >~ 40 QQ.

The first case gives the desired cube QQy immediately. In the second case, a calculation using
the definition of Ag-closeness shows that Q1 ~542 @2 so that Q1, Qs € %, and we can set

Qw = Q1. [ |

We now fix y € 92N B(0,1) and 0 < r < 1. In order to pick out the pieces of the
domains which actually intersect B(y,r), for any T' € 7 we define

T =AT € T :Qr N B(y,r) # T}
We break up 7, into regions with large and small top cubes:

Ty ={T € Z,, : (W(T)) > 107},
‘Z/ﬂ" = “Z//,r \ %

It is also convenient to collect all of the boundaries associated with a given stopping time
domain 7" € .7 into one set:
Br = | J 09
Je€JT
We note that Br is d-upper Ahlfors regular by Proposition [3.5.1, Proposition [3.3.7] will
follow from the following three lemmas below. The first gives a bound for the domains in
J1.,» while the second gives a bound for those in .7, ,.
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Lemma 3.3.13.
Z HdBTmB(ya )) L’dr <%d(anB(y7 ))

TeIy, s

Proof. We will show that #(.7,,) is bounded independent of y and r. For any 7" € 77, , we
claim that there exists some Wy € T such that h(Wr) ~ r and dist(g(Wr),y) ~ r. Indeed,
by definition there exists Ry € T such that g(Rr) N B(y,r) # @. There then exists a box
Wr € T with Wy > Ry with the desired properties because of and the inequality
h(W(T)) > 10r. But, since the collection {g(Wr)}recz, , is a Whitney family, it follows that
N =#(T1y) = #{9(Wr)}rez, ) Srra 1. Therefore, since Br is d-upper Ahlfors regular,

> HUBrNB(y.r) Sa #( I Swar .
TGP7L,T
We now handle the regions with small top boxes:

Lemma 3.3.14.
> HUBr N By 1) Spae HHOQN By, Adr)) Spar”. (3.46)

TETy, r

Proof. We first note that since H¢(Br) <q HY(0Qr), we have

> HBrnBly.r) < Y HUBr) S > HU0r).

TE€Ty, T€T,. s T€T,. s

Therefore, it suffices to prove } ;. | HYO0T) Sprae HUOQ N B(y, A2r)).
For any T' € ., (3.29) gives diam g(Bot(W))) <4 h(W) so that Lemma and the
fact that ¢ is L’-bi-Lipschitz give an analogue of 1'

HYONr) Sar HAO N 0Q) + Y HY(g(Bot(W)))
Wem(T)

SaHU O NOQ) + > h(W (3.47)

Wem(T)
Now, W € m(T) implies that there exists a child W’ € Stop(T) N A, for which we have
Q € B, with g(W') ~4, @Q by Lemma [3.3.12] For any x € @), we compute
|z — y| < diam Q + dist(Q, g(W')) + diam g(W') + dist(y, g(W"))
< 24 diam g(W') + 24, diam g(W') + diam g(W') + 10r
< 10VdAh(W') + 10r < 100V dAgr < A2r (3.48)

This shows that Q@ C B(y, Ar). Hence, applying Lemma with ¥ = {g(W) : W €
m(T)} and % ={Q € B.: Q C By, A3r)}, we get

Z h NAO d,L’! Z E(Q)d 5d,e’ Hd(aQ N B(ya A(%r)) (349)
wem(T) QEA.
QCB(y,A3r)
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where the last inequality follows from the Carleson packing condition for %.. By ob-
serving that 007 N OQ C B(y, 50V/dr) for any T € .7, and H(9Qr N 00 N OQ) = 0 for

T # T, (3.47) implies
> HUO) Sagwrae HHOQN B(y, Ajr)) Sa

TET, ,

using the fact that ¢ is bi-Lipschitz and parameterizes 02 in the last inequality. [

Finally, we handle the boundaries of “trivial” cube domains associated to the bad boxes
in %4,. To do so, we collect the boundaries associated to fixed W € %, into the set

U or.

ReZLyw
Lemma 3.3.15.
S HUBw (1 B(y,7)) Serae HAON Bly, A3r)) Sagan
WeBw

Proof. We first note that
> HBwnBlym) < Y, H(Bw) < H(O9(W)) S h(W)"

WeB.y, WeB,
g(W)NB(y,r)#2

using H(g(Bot(W))) <4 h(W)? as in above In addition, there exists some cube

~d

Q € A, such that g(W) ~4, @ and, as in , Q C B(y, A%r). Hence, we have
> HYBw N B(y,r)) Sa Z MWV Sapar Y, HQ)

WeBy W e QeB.
g(W)NB(y,r)#o QCB(y,Ajr)
Sae HY(OQ N By, Ajr)) Saw . u

Proof of Proposition|3.3.7. First, consider §2; € £ such that either there exists jo, Ty such
that Q; = QF or there exists W € %, and R € Ly such that Q; = g(R). Therefore, we
have

> HY09,; N B(y, 1))

JjE€EJ»

< DY) HNOUNBy, )+ Y D> HYOY N By.r))

TeIL r je€IT T€Zy,r jE€IT
+ > ) HYORNB(y,r))

WeRByw ReLw

> HBrnBy,r)+ Y HBrnByr)+ > H'(BwnB(y,r)

TeIL, » TETy,r WeEBy

SL/,d,e' r?
by Lemmas [3.3.13, [3.3.14, and [3.3.15 ]

This completes the proof of Theorem [C]
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3.4 The proofs of Theorems D] and

We now turn to proving Theorems [D] and [E] Both of these theorems will follow from the
following result

Theorem 3.4.1. Let Q C R4 be a domain. There exists constants A(d), L(d), eq(d) > 0
such that if 02 admits a d-dimensional graph coronization with € < €y, then there exists a
collection £ = {Q;};ey., of L-Lipschitz graph domains such that

(i) Q; € Q,
(i) QN B(0,1) C U2,
(i) 3C(d) > 0 such that Vo € R x € Q; for at most C values of j,

() For anyy € 02N B(0,1) and 0 < r <1, we have

i HUOQ; N By, 7)) Sea HUON N B(y, Ar)).

J=1

The proof will be via relatively minor modifications of the argument for Theorem [C| The
idea is to construct a collection of CCBPs with associated maps {g; }ic; where g; : D; — Q
which individually parameterize only a little piece of Q at a time. These maps will be
(1 + C§)-bi-Lipschitz at the cost of introducing an outer “buffer zone” of domains in the
image of these mappings having bounded overlap.

We now fix constants p, Ag, K as in Section and set

2000v/d A, }

Cop

10K
M:max{0—2, A%}
p

Ay = max {QOAg,

3.4.1 Local CCBPs adapted to ¥

We will construct Reifenberg parameterizations as in subsection [3.3.1] centered around the
points of a Whitney-like net Cy of 2N B(0, 1) rather than having a single global map.
For every n > 0, define

Sp =327
D, ={z € B(0,1) : dist(z,090) = s,},
Cn = Net(D’m Sn) = {pi,n}ieln-

Set C[) = Un Cn
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Definition 3.4.1 (flat and non-flat points). Let p € QN B(0,1). Define

.
2, = {Q €2 :Q =/, B (p, §dlst(p, 89))}

We say that p is flat if there exists S € .# such that 2, C S. Otherwise, we say that p is
non-flat. Given the set Cy above, we define the flat and non-flat points of Cy by

foz{pECOHSeg, ngS},
No=Co \ Fo.

Fix p € Fy and let S, € .# be such that 2, C S,. Without loss of generality, assume
that dist(p,0) = dist(p, 9Q) = 6 = so. The fact that p € F implies there exists Q, € P
with dist(p, @,) < 6 and ¢op < diam(Q,) < 1 = rq so that Q, € 2, because A; > 10(cop) ™.
Hence, bfBsa(M Bg,) < e. Without loss of generality, suppose Py, = R? achieves the infimum
in the definition of bBsq(M By, ).

For any k& > 0, let

Yy ={2q: Q€ 5N %}, (3.50)
X7 € Net(Y, ry,). (3.51)
We enumerate X}, = {z;};jes, and define
Bjy = B(jk, 7x),
Pir = Iq;
2y = (Po, ABjx} APk}

where Pg,, 3 zq,, satisfy B5o(2p 'K Bq,,.Po,,) < Ban(2p 'K Bqg,, Bg,,) as in the hy-
potheses of Lemma [3.2.10] Using the fact that @ € S, C ¢ so that b5(M Bg) < €, a nearly
identical argument to that of Lemma gives that %, is a CCBP:

Lemma 3.4.2. For any p € Fy, 2, is a CCBP.
We will now prove the following analogue of Lemma |3.3.3

Lemma 3.4.3 (properties of g,). There exists a choice of constant Ay Sq Ao such that for
any z = (x,y) € D,, the following hold:

(i) faw)(r) € Vf(y)a
(i) (1= Ce)ly| < dist(gy(2), 092) < (1 + Ce)lyl.
(iii) For any m € N with m < n(y), there exists a collection of cubes Qny)y € Qney)—1 <

-+ C @y such that for any k with m < k <n, Qp € S, and dist(g(z, %), Qr) S 7k

Y
and
n

S C(ful@)? Sarpa Y Baa(MBg,)? S e.

k=m k=m
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Proof. The proof is similar to that of with the only complication being that we need
the map g, to also behave nicely on the buffer region of A, close cubes to those in #;. We
will prove this for fixed z = (z,y) by first assuming that |(i)| holds and showing that items
and @ hold. We will then prove item |(i)| by induction, considering the points (z,7x) € D,
for 0 < k < n(y) (assume without loss of generality that h(W(T)) = 4).

So, first assume that item holds. Given this, item follows exactly as in Lemma
m item Similarly, item follows as in Lemma [3.3.3] item [(iii)] by replacing the
infinite chain of cubes with a chain terminating in Qny) € Zs(n(y)) N Sp-

We now prove item by the induction discussed above. For the base case, recall that
fo(z) = x so that (x,y) € 73 means dist(z, W(T,)) < 2A¢diam W (T"). Since we’ve chosen
M large enough, x € M Bg, N Pg, so that dist(x,0€) S e. This means p € F implies that
there exists Qo € Zs(0) N S, such that |z — z¢g,| < 2r¢ from which the claim follows. We will
finish the proof by proving the following claim:

Claim F:or any k < n(y), fi(z) € V¥ implies that fi1(z) € V2,

Proof T:he fact that (z,7%) € ﬁ means that (a: i) € Ry € ¥, and there exists W € T,
such that Ry ~4, W. This gives dlSt(Rk, W) <a, h(W) and 7 ~ h(Ry) ~4 diam Ry ~4,
h(W). If now fi(xz) € V¥, then there exists Q € S, N Dy, such that |f(z) — zg| < 8ry,
so that bBsq(MBg) < e implies there is Qp41 € @s(kﬂ) with | fir1(2) — 20,1 | < 2rpq.

Applying item and (3.31)) gives

dist(Qr+1, g(W)) < dist(Qr41, 9(Ry)) + diam g(Ry) + dist(g(Rx), g(W))
< 2V dh(Ry) + 2V dh(Ry) + Ao(diam g(Ry,) + diam g(W))
< 5V dAgh(Ry) + 5VdAo(h(Ry,) + diam g(W) < A2 diam g(W)

and

diam Qk—H S TE+1 S h(R) S th(W) S 2A0 diam g(W)
. Cop Cop Cop Cop .
diam Qp41 > col(Q) = —=rip1 2> 5~h(Ry) > (W) 2 ——=— diam g(W).

10 — 200 — 2004, - 1000\/3140
Therefore, Qrr1 ~a, g(W). By the definition of T, we then have Q41 € S, so that
L@, € Yy and fri(x) € V¥, as in Lemma 3.3.3 “. | |

3.4.2 The Lipschitz decomposition with bounded overlaps

Hence, by Theorem we get a Reifenberg parameterization g, : R4 — R and we
let # be the Whitney decomposition of H* such that Wy = [-2,2] x [4,8] € # so that
p = c(Wy) = (0,6) and let #o = {W € %] : W € D(Wp) as in (3.25). We now give a
one-step version of the stopping time _construction in Definition to produce a single
domain D, and an extended version D, which contains additional “buffer” cubes which g,
maps forward to approximating Lipschitz graph domains

Definition 3.4.2 (Stopping time regions around flat p). Fix a constant A; > 1 and p € F
and form the map g, and Whitney lattices %, and % as above. As in (3.34)), we define

G, ={W € #,:VQ € Z such that Q) ~4, g,(W) we have Q € S,}
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By definition, p € Fy implies W, € ¢%,. Define a single stopping time region 7, C #; by
setting 7}, to be the maximal subtree of D(W,) N¥, such that for any R € T, either all of
its children are in 7}, or none are.

Definition 3.4.3 (Stopping time domains around flat p). For any p € Fy, we define a
stopping time domain
D,= |J W

WET,

Additionally, we extend D, by a “buffer” region of Aj-close cubes on the boundary of D, by
defining the extended stopping time region and extended stopping time domain by

={We#, :3ReT, Wy, R},

:UW'

weT,

bS] >*Bﬂ>

We will carve up the image domains

Q= 9p(Dy),
Q= gp(Dp)

to construct one family of our desired Lipschitz graph domains in the conclusion of Theorem

B.41

We will also need to construct Lipschitz graph domains around non-flat ¢ € Nj. Because
0f) admits a graph coronization, there are a controlled number of such ¢ so that we can cover
the regions around them by “trivial” domains without adding too much total boundary.

Definition 3.4.4 (Trivial domains around non-flat ¢). Fix once and for all an auxiliary
Whitney decomposition W of Q. For any q € Ny, there exists a Whitney cube W, € W such
that ¢ € W, and

diam W, < dist(g,092) < 8diam W,,.

We directly define

Weﬁq

We will get our final collection of domains by choosing a well-spaced subsets F C Fq and
N C N, and carving up the domains in {2, }per U {Q}gen-

To choose our collections F and N, we put an ordering on the points of Cy by choosing
some ordering on each finite set C,, and then imposing p, < p,, for any p, € C,,, pm € C,,
with n < m. Cy has a least element which we call ¢y and we define an auxiliary collection
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Po = {po}. Given the definitions of Cy and Py, we define C, 1 and P, inductively for any
n > 0 by

A
Crr1=0Cpn\ {p € C, : dist (p, U Qp/) < 3—8 dist(p, 89)} , (3.52)

p'€Pn

Pn+1 = Pn U {pn+1}, (353)

where p,, 11 is the least element of C,, 11 with respect to the ordering inherited from Cy. Finally,
put

C= Upnu
n=0
F=FyNC,
N =NyNnC.

We can now give the definition of our desired Lipschitz decomposition with bounded overlaps

Definition 3.4.5 (Lipschitz decomposition with bounded overlap). For any p € F, Propo-
sition implies there exists an Ahlfors regular d-rectifiable set X7, such that

D\ %1, = |J D)
jedyp

where D7 is an Lo (d)-Lipschitz graph domain. We set €/ = g,(DJ) and define our Lipschitz
decomposition with bounded overlap

Z = {gp(W)}pe}‘, WeDp\Dy U {Qé}’peﬁ jet, U {R}qu, ReDy (3.54)

In analogy to Propositions [3.3.6 and [3.3.7, we will finish the proof of Theorem if
we can prove the following propositions:

Proposition 3.4.4. Let Q) be as in Theorem and L = {Q;}jes, be asin (3.54). There
exists L1(d) > 0 such that for any j € J¢, Q; is an Ly-Lipschitz graph domain. In addition,
we have

(i) @ <,
(111) 3C(d) > 0 such that Vz € Q, x € Q; for at most C' values of j.

Proposition 3.4.5. Let Q be as in Theorem and L = {Q;}jes, be as in (3.54). For
anyy € 02N B(0,1) and 0 < r < 1, we have

> HU 0N By, 1) Sea HUOQN B(y, Air)). (3.55)

NISHEZ
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3.4.3 Lipschitz bounds and covering / overlap properties for
Theorems [D] and [El

In order to prove Propositions [3.4.4] and [3.4.5] we must show that the mapping g, behaves

on D, as our single Reifenberg parameterization g did on each Dy in the setting of Theorem
[Cl

The following analogue of Lemma allows us to control the change in Dg, on any
extended stopping time domain ﬁp.

Lemma 3.4.6 (Variation of Dg,). For anyp € F and z € Y/D\p, we have
Dgy(2) — 1] < €8 (3.56)
In particular, gp|p, is (1+ C0)-bi-Lipschitz.

This result follows directly from the proof of Lemma m Equation follows
from the added observation that p € D, and dist(p,dQ?) > 2 (after normalizing) implies
Dg,(p) = I so that the claim follows from by taking w = p.

We now have enough to show that each domain in £ as in is Lipschitz graphical

Lemma 3.4.7. There exists a constant Ly(d) > 0 such that Q; is an Ly-Lipschitz graph
domain for all j € Jo.

Proof. Each domain in the set {R} - rep, 18 a cube, which is an Lo (d)-Lipschitz graph
domain trivially. Each domain Q; in the set {g,(W)},cx wep,\p, U {Q}per, jes, is the
image under g, of an Ly-Lipschitz graph domain. Therefore, by Lemma |3.4.6| and [3.5.6] there
exists Li(d) > Ly such that each such €2; is an L;-Lipschitz graph domain. |

In order to prove the remaining statements of Proposition [B.4.4] we first show that the
buffer region 2, \ 2, contains a cone around €2y with respect to the distance to 02 for any

p€eC:
Lemma 3.4.8. For any p € C, ﬁp contains a 42-cone around 2, with respect to distance

10
from 092. That 1s,

F = {w € Q0 dist(w, Q,) < % min {dist(w, 0Q), dist(g,(W(T})), 89)}} - ﬁp (3.57)

Proof. First, suppose that p € F and let z € F. Since ﬁp = gp(ﬁp) where g, is (1 + C6)-bi-
Lipschitz by Lemma and translates distance in the domain to R? to distance to d€) in

the image by Lemma [(ii)] it suffices to show
A .
{z € Q : dist(z,D,) < ZO min {dist(z, RY), dist(W(Tp),Rd)}} CD, (3.58)

because the desired containment then follows by mapping (3.58|) forward. Now, there exists
W € T, such that dist(z, W) = dist(z,D,) and there exists a cube W, € %, such that
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z € W,. By the definition of ﬁp, it suffices to show that W ~,, W.. We estimate
A
dist(W, W,) < dist(z,D,) < ZO min{dist(z, R?), dist(W(T,), R%)} (3.59)
AO . AO .
< - min{A(W2), A(W(T}))} = - min{l(W>), (W (L))}
Using this we get

(W) = h(W) < dist(W, W.) + diam W, + h(W.) < (% +Vd+1+ 1) UW,) < Agt(W>)

given that Ay > 4v/d. A similar calculation shows that £(W,) < Agl(W) which completes

the proof in the case when p € F. If ¢ € N, then Q, = W,. Let w € F and let W,, € Va
with w € W,,. By a similar computation to the above, one can show that W, ~4, W, from
which the result follows. [ |

With the help of Lemma|3.4.8, we can prove the bounded overlap and covering properties

of Z.
Lemma 3.4.9. Let p,p' € C, p #p'. The following hold:
(1) QNQy =0,
(ii) QN B(0,1) € U,ee O,
(11i) 3C(d) > 0 such that Vo € Q, z € ﬁp for at most C' values of j,
(iv) Q, C Q.

Proof. We begin with proving . Using the partial order on C, assume without loss of
generality that p’ < p. By the definition of ¢, we have dist(p, /) > % dist(p, 02). We
claim that

Q, C B(p,3Vddist(p,00)) C B (p, % dist(p, 89))

where the final inclusion follows because Ay > 120v/d. Indeed, if p € N, then Q,=W,>p
with diam W, < dist(p, 012). If instead p € F, then Q, = g,(D,) where D, is composed of a
union of cubes in the descendants D(W (T},)) where dist(p, 0S2) > ¢(W (T,)) so that the fact
that g, is (1 + C0)-bi-Lipschitz means v/d + 1dist(p, 2) > diam(g,(WV)) and dist(p, ) >
dist(g,(W), p) for any W € T,,. The claim follows.

We now provel[(ii)] Let z € QN B(0,1) and let & > 0 be such that s, < dist(z, Q) < sy
By the definition of Cy, there exists p, € C} such that

|z — pr| < 3s = 65511 < 6dist(z,00).

Now, if p, € C, then by Lemma 2 €Q,. Otherwise, py & C so that by (3.52)) there

Pk
exists p € C such that p < py and dist(py, 2,) < % dist(pg, 002) = %sk = f—gskﬂ. But then

A A
dist(z,,) < |z — pr| + dist (pr, ) < 65541 + 1—§sk+1 < 1—8 dist(z, 6Q)
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so that z € (AZp by Lemma as long as dist(z,(2,) < ‘f—gdist(g(Wp),aﬂ) which follows
from the fact that p < py (p is not a net point of smaller scale).

We now prove Let z € QN B(0,1) and define C, = {p € C : z € Q,}. It suffices to
prove

#(C.) Sa'l

First, suppose p € C, NF. Then there exists W € fp such that z € g,(W) and the definition
of Q, then implies that there exists R, € T, such that R, ~4, W. Let r, = dist(z, 02).

Lemmas and imply that diam g,(R,) =g dist(g,(R,), 02) >4, 7, and there exists
Co(d, Ag) > 0 such that

B(gy(cr,) Cg =) € gp(R,) € B2, Cor) (3.60)
Since Q, N Q, = @ for p # p, we have
9p(Rp) N gy (Ry) = 2. (3.61)

it follows from (3.60) and (3.61]) that #(C. N F) Sa,a 1. A similar argument shows that
#(C.NN) <ga, 1 from which the claim follows.

Item follows from Lemma G [

Remark 3.4.10 (Whitney family). In fact, (3.60) and (3.61) in combination with Lemma
show that there exists a constant A;(d) such that the family

G = emulywm,. (3.62)
pPEF geEN
WeT,

is a A;-Whitney family in the sense of Definition (compare with Lemma 3.3.10).
We can now finish the proof of Proposition

Proof of Proposition[3.4.4. We showed the existence of L; such that €; is L;-Lipschitz
graphical forany j € Jg in Lemma [3.4.7 The fact that Q; C Q follows from Lemma

while Q C | ey, §Yj follows from Lemma (i)} Finally, item of Propo-
sition follows from Lemma because for each p € C, there is by definition at

most one index j, such that z € Q; C €, [

3.4.4 Surface area bounds for Theorems and [E

In this section, we prove Proposition |3.4.5. The proof is similar to that of Proposition |3.3.7
given Remark [3.4.10l Fix y € 92N B(0,1) and 0 < r < 1 and let Ay = 100v/dA2, As =
50V dA; Ay. If p € F is such that Q,NB(y,r) # @, then there exists a cube R with ¢(R) < 2r
such that g,(R) N B(y,r) # @ and g,(R) ~4, W with W € T,,. Then

dist(g,(W), y) < dist(g,(W), gp(R)) + diam g,(R) < Ap(1 + Ap) diam g,(R)

< 3VdA2(R) < 10V dA%r.
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Therefore, since Ay > 50v/dAZ, we get that Q, N B(y, Aor) # @. We set

L7A27“ {T peF Q mB(y>A2T)7£@}

Y

The above discussion gives that fAZp NB(y,r) # @ = Q,N By, Ayr) # @, so it suffices
to consider stopping time domains in the family 7 ,,,. Break up 7 ,,. into regions with
large and small top cubes:

Trngr = Ty € T 4y HW(T})) > 10457},
%71427" = 9 Aar \ %,Aﬂ“‘

Y,

We also collect all of the boundaries of domains in our decomposition .# associated with a
given flat point p € F into the set

= Joyu | gm) (3.63)

jeJr, Web,\D,

We note that B, is Ahlfors d-regular with constant depending on d and A, by Proposition
3.5.1l and the fact that each cube W C Zsp \ D, is Ag-close to a cube W’ € T, with at least
one face inside 0D,,.

We can then use the arguments of the previous section to get the following analogues of

Lemmas 3.3.13| and 13.3.14l
Lemma 3.4.11.

Z HYB, N B(y,r)) <qr¢ < HUONN B(y,r)).

pEF
Tp€IL, Agr

Proof. 1t follows from the proof of Lemma |3.3.13| and the fact that G; is a Whitney family
(see Remark [3.4.10)) that # (77, 4,r) Sa,.a 1. Since B, is Ahlfors d-regular, we have

Z Hd(Bp A B(?/a T)) SAo,d #(%,AQT‘)Td S)AQ,d rd- L

pEF
Tp€=7L7A2r

We now handle the regions with small top boxes:

Lemma 3.4.12.

> HYB,NB(y,r)) Sae (02N By, Asr)). (3.64)

peEF
TPG'Z/,AZT

Proof. We modify the proof of Lemma [3.3.14 m We first observe that since H4(B,) Saya
H(092,), we have

STOHUB,AB )< Y HUB) Saa Y. HUOD,).
peF pEF peF
Tp€Ty, apr TpeTy, agr TpETy, Agr
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Therefore, it suffices to prove with B, N B(y, r) replaced by 0€2,. For any T, € I7, a,,
we get

HUOD,) Sa HAOQN 00+ Y (W (3.65)

wem(Tp)

Now, W € m(T},) implies that there exists a child W’ € Stop(7},) for which we have Q) € %,
of with g(W’) ~4, @ by Lemma [3.3.12] By replacing 4, with A; and r_with A,r
in (3.48), we get Q C B(y,50vdA;Ayr) C B(y, Asr). Hence, applying Lemma with
YV ={gW): W em(T,), T, € %AQT} and % ={Q € %B.: Q C B(y, Asr)}, we get

S Y MW S Y U@ S HUON Bly Ayr))  (366)
peEF  Wem(Tp) QeB.
TeZ,, Agr QCB(y,Asr)

where the last inequality follows from the Carleson packing condition for .. By observ-
ing that 99, N 9Q C B(y, 50V/dAyr) and HE(Q, N OQ, NIN) = 0 for any p # p,
implies
> HY0Q,) Sae HUOQ N B(y, Agr)). m
Tpeyyw‘\ﬂ
We also need to bound the surface measure associated to trivial domains around non-flat
g € N. For any q € N, we define the set of boundaries

B,=ow,u |J ow

wew
WCDG\Dy

We note that H4(B,) Sa.a, ((W,)".

Lemma 3.4.13.
> HUB, N By, 1)) Sae HUOQN By, Asr))
qeN

Proof. Observe that B, N B(y,r) # @ implies there exists ) € %, such that W, ~jp4, @
and @ C B(y, Agr) so that we have

Y HBNBy,r) < D> W) e D> UQ)! Sae HHOQNB(y, Asr)). W
qeEN qeEN QEBe
BqNB(y,r)#£o QCB(y,Asr)

Proof of Proposition[3.4.5 Q; € & implies that there either there exists jo,Ty such that
Q; = Q%? orqeN such that Q; = R € W where R ~, W,. This means that

> 109, N B(y.r))

J€je

< > N MO NBy.))+ > > HUOYN By, )+ Y HAB, N B(y,r))

TETL, Agr JEIT TE€Ty Agr JEIT qeEN
> HUBrnBy.r)+ > HBrnBly.r)+ Y HYB,NB(y.r))
TETL, Agr TETy, Agr qeN
Surae HUOQN By, Asr))
by Lemmas [3.4.11} [3.4.12 and [3.4.13] [ |
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3.5 Lipschitz graph domains

Because each stopping time domain is not necessarily a Lipcshitz graph domain, we will
construct a Ahlfors d-regular, d-rectifiable set Y7 which carves Dr into a collection of ¢(d)-
Lipschitz graph domains. The images of these nicer domains under a Reifenberg parame-
terization whose derivative is nearly constant on the domain will then map them forward to
Lipcshitz graph domains as desired in the conclusions of Theorems [C], [D] and [E]

3.5.1 Carving up stopping time domains

We want to prove the following proposition:

Proposition 3.5.1. There exists a constant Lo(d) > 0 such that for any stopping time region
T C W, there exists a d-Ahlfors upper reqular set Xp which is a union of subsets of d-planes
such that ‘
Dr\Xr = | J D}
Jje€JT

where

> HYOD]) Sa HU(ODr) =g HADr NRY) + Y (W) (3.67)

JeJr wem(T)

and D% 1s an Lgo-Lipschitz graph domain.

Remark 3.5.2. In Proposition|3.5.1} we only care that T is a coherent collection of cubes in the
sense of Definition [3.2.6 not that they are produced by the specific g-Whitney coronization
construction in Definition B.3.1]

Y7 will be defined as a union of more local sets Yy, for W € m(T'). The basic idea is
to use a “cover” emanating from the bottom face of every minimal cube W downwards at
a 7 angle with the vertical in order to turn the jagged right angles made by stopped cubes
into smoother 7§ angles which look Lipschitz to a point sitting above them higher up in the
domain. This is essentially a modification of Peter Jones’s algorithm for turning chord arc
domains composed of Whitney boxes in the disk into Lipschitz graph domains in his proof
of the Analyst’s Traveling Salesman Theorem in the complex plane (see pg. 8 of [Jon90]).
We now construct Xy .

Fix T and W € m(T). By translating and dilating, we can without loss of generality
assume W = [—1,1]¢ x [2,4]. For any function f : R? — R, we let Graph(f) denote the
graph of f in R over R? x {0}. We begin by defining, for 1 < j < d,

H()(.Z‘) = 2,
ngfl(fﬂ) =3 + x]’,
HQj(ZE) =3 - Z;.
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Cover(W)
1
Diyider(W)
-3 -2 -1 1 2 3

Figure 3.1: A representation of W, Cover(W), and Divider(W) in R%.

The graphs of these functions (except Hy) over R? are planes which make an angle of 7 with
R? and contain the edges of Bot(W) with z; = —1 and x; = 1 respectively. We define
Hy(z) = min Hi(x),

Cover(W) = Graph(Hy) N H*!,

Cover(W) is the lower envelope of the collection of planes given by the graphs of the H,.
In R?, Cover(W) forms the sides of a square pyramid minus its tip with base [—3, 3]> x {0}.
In general, Cover(W) divides H*"! into two components: a bounded component Cy with
boundary Cover(W)U [—3,3]? x {0} and the unbounded complimentary component. It also
follows that

He(Cover(W)) <g HYBot(W)) = ¢(W)4. (3.68)

Cover(W) is one of two parts of Xy. The second part will be called Divider(W) because its
purpose will be to ensure that all future domains beneath Cover(WW') look similar to the top
domain by separating future domains from one another with vertical plane extensions of the
sides of cubes sliced by Cover(W).

We begin by defining ¢, = 1 + Z?:_g 277 and

2= {@ € a(=3,31 % (0)  6Q) = tues 1, =27
d
3, 1<j<d, a;=+t,, Q= H[%bﬂ}

j=1

where A4([—3,3]¢ x {0}) is the set of d-dimensional dyadic cubes contained in [—3,3]¢ x {0}.
Intuitively, we think of ¢, as the radii of growing balls in the /., metric centered at 0,
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[35)

Figure 3.2: A representation of [—3,3]? x {0} split into 2; in yellow, 25 in red, and U ;.2,,
left uncolored at the edge of 25 (The white square in the middle sits below the cube W €
m(T'), hence nothing above it lies in Dr). The set Divider(W') shoots out of the page as a
union of extensions of the sides of the squares up to the points at which they hit the slanting
top of Cover(W).

and the cubes inside 2, as the natural collection of dyadic cubes tiling the set difference

between successive balls with side length exactly equal to the gap between the two square
rings forming the boundaries of the ¢, balls (See Figure . Set 2 =2, 2, and define

Divider(W) = Cw N U {F; x [0,20(Q)] : F; € Faces(Q), Q € 2}.
Because Z?il H(F; < [0,20(Q)]) Sa HU Q) and [=3,3] x {0} = Upe o @ is a disjoint union,
it follows immediately that
HE(Divider(W)) <q HY(Bot(W)) = £(W)<. (3.69)

Now, we define
Yw = Cover(W) U Divider(W),

Yy = U Yw N Dr.
wem(T)

We first prove the upper regularity claim of Proposition |3.5.1
Lemma 3.5.3. X is upper d-Ahlfors upper regular with constant C <4 1.

Proof. Fix R > 0 and « € Xy C Xp for some W € m(T). We write
HYSrNB(z,R) = > H(SwnB@R)+ > H(SwnB(R)).

Wem(T) wWem(T)
h(W)<10R R(W)>10R
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We note that 7(1W) and 7(W’) have disjoint interiors for any W, W’ € m(T') with W # W',
so that
> H(EwNB@R)Se Y, HY(Bot(W)) < (20R).
wem(T) wem(T
h(W)<10R h(W)<1OR

On the other hand, there are a uniformly bounded number of minimal cubes N(d) with
h(W) > 10R such that B(xz, R) N Xy # & so that

> HUSwnB(x,R) < N(d) - c(d)R* $q R

wem(T)
h(W)>10R

because H(Xy N B(x, R)) < ¢(d)R? for any particular W by construction. Therefore, YXr
is upper regular. [ |

We now finish the proof of Proposition [3.5.1]
Proof of Proposition[3.5.1. 1t follows from ({3.68]) and (3.69) that

< > HUSw) Sa Y. HABot(W)) < HABot(W(T))) Sa H(0Dr)

Wem(T) Wem(T)

which proves . We now need to show that the resulting domains D% are Lipschitz-
graphical. If D7 is the domain containing W (T'), then the claim follows with the choice of
central point cy(ry. Indeed, the cube W(T') is clearly Lipschitz-graphical with respect to
cw (r), and any boundary point of Dgf not in W (T) is either in a vertical plane containing one
of the vertical faces of W(T'), or is part of the Lipschitz graph consisting of the horizontally
planar faces Bot(W) for W € m(T') and the planes of Cover(W) making § angles with the
bottom faces.

Now, suppose D% NW(T) = @. We have set up the construction such that this will
not differ too much from the top cube case. Let W € m(T') be a cube of minimal height
such that D}, C Cy and H4ID] N Cover(W)) > 0. Such W exists because its minimality
implies that for any W’ € m(T') of smaller side length than W, Cover(WW’) can only be part
of the “lower” boundary of D% while the only non-vertical planar pieces in > are bottoms
and covers of minimal cubes. Then the cube R of maximal height such that RN D% #+ O is
exactly the cube of length £(Q) sitting above Q@ C RY x {0}, Q € 2 used in the definition of
Divider(W).

Therefore, R N Dgr is a cube sliced by finitely many d-planes passing through its sides
and corners at 7 angles. By the geometry described above, D% contains the convex hull of
cr and Bot(R), so we have that D% is Lipschitz-graphical with respect to %(CR + CBot(R))-
Indeed, Lipschitz-graphicality follows for points in RN D% immediately, and follows for the
rest of D% by the same argument as for the region containing W (7') because the definition
of Divider(W) ensures that all cubes which make up D7, are children of R. Indeed, the
boundary outside of OR consists of vertical planes containing one of the vertical faces of R
or is part of a Lipschitz graph consisting of horizontally planar faces Bot(W’) for W’ € m(T)
with W’ < R and the planes of Cover(W'’) making 7 angles with the bottom faces. [ |
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3.5.2 Images of Lipschitz graph domains

We now show that the Lipschitz graph domain property is preserved under images of maps
whose derivatives are nearly constant. We begin by observing that linear transformations
preserve Lipschitz graph domains

Lemma 3.5.4. Let Q C R*! be an Lo-Lipschitz graph domain and let A : R4 — R pe
an L'-bi-Lipschitz affine map. Then there exists a constant Ly(Lg, L") such that A(QY) is an
L1-Lipschitz graph domain.

Proof. Without loss of generality, assume A(0) = 0 and set Q' = A(2). Then since Q =
{to: 0 <t <r(0), 0 €S}, we know that ' = {tA(0) : 0 <t < A(F), 6 € S?} so that ' is
star-shaped and rq/ is well-defined. We have

oY = A(0Q) = {A(r(0)0) = r(0)A(9) : 0 € S},

Therefore, given 1) € S¢, we see that

rr(®) = g ( A7) ) 1

AN ()] ) [AZH @)

Because A~! is L/-bi-Lipschitz and rq is Lo-Lipschitz on S%, rq is composed of products and
compositions of bounded Lipschitz functions and it follows that there exists L;(Lg, L’) such
that rq/ satisfies the requirements of Definition after scaling. |

We now move from affine maps to maps whose derivative is sufficiently close to the
identity. In preparation, define ¢, for any z € R%*! to be the line passing through 0 and z
and let P, = (} + 2. Define the radial cone at z of aperture « and radius R as

Co(a, R) = {y € B(x,R) - % < tan(a)} \ {z}.

Lemma 3.5.5. Let Q C R be an Ly-Lipschitz graph domain. There exists a constant
6o(Lo,d) > 0 such that if § < & and ¢ : Q — ©(Q) is a (1 + §)-bi-Lipschitz C* map
satisfying

|Dp(z) —I| <6 (3.70)

for all z € Q, then there exists L, Sioa 1 such that (S2) is a Ly-Lipschitz graph domain.

Proof. Assume without loss of generality that €2 is Lipschitz graphical with respect to 0 and
©(0) = 0. We first verify that rq : S¢ — R* is well-defined, i.e., the domain is star-shaped
with respect to 0. Let p(x) € 02 and let v(t) = ty(z). We want to show yNIdp(Q) = {p(z)}.
Set ¥(t) = ¢~ (y(t)). We would like to prove

5(t) — 2] < 5lal (3.71)
for all ¢t € [0,1]. First note that
[Do(2)™" = 1| = [Dg(2) ™" - [I — Dg(2)~']| < 20||Dg(2)~"| < 34
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using the bound |Dp(2) 7Y < m < (1420) where 0yin(Dp(2)) is the smallest singular

value of Dp(z). This means

7' (t) — 2| = D™ (v(t)) - 7/ (t) — 2| = [Dp(3(1) ™" = 1] -7/ (t) +/(t) — =]
< 30|p(x)| + |p(x) — xf < 55]x|

where the final line follows from the fact that ¢(x) = fol Do(tx) -z dt = x+ fol(Dgp(tx) —1)-
x dt so that |p(z) — x| < d|z|. It follows from the mean value theorem that 4 C C, (106, |x]).
Since C, (100, |z|) N 0N = @ for § sufficiently small in terms of Ly, it follows that choosing
dp small enough gives ¥ NI = {z} so that v N Ip(2) = {p(x)} as desired.

Set ' = ¢(92). Now, rq is well-defined and implies

1

<8 <2
2(L0+1)_m( )<

so that we only need to show that rq/ satisfies the Lipschitz bound in Definition for
some constant Ly (Lo, d). Let a,b € 0Q with a = |a|iy; and b = |b|i)e. Let ¢ = |ipy — 1bo. If
Y > 7, then the result follows directly from the fact that ¢ is (1 4-0)-bi-Lipschitz. If instead
Y < 7, then there exist unique z,y € 02 such that a = (r) and b = ¢(y) and we assume
without loss of generality that |z| > |y|. Let © = rq(01)01 = |z|01, y = rq(62)02 = |y|fs and
set 0 = |91 — 02|

We first claim that it suffices to show

|61 = 02| Sroa |t — el (3.72)
Indeed, if (3.72)) holds, then

ror (Y1) — rer(2)| = [lal = [b]| < fa = b] = |o(x) — (y)| < (1 + )]z —y|
< (1+0)(|lz — O1lyll + [61ly| — y])
= (L4 0)(ra(61) — ra(b2) + [y[|61 — 62])
< (14 0)(Lo +1)[01 — 02| Sroa |1 — Yol

Now, we concentrate on proving [3.72]
Put z = (1 — |z —y|)z and ¢ = (1 — |a — b|)a and define

a=ZLzxy, o = ZLp(z)ab, B = Lcab.

By the law of cosines,

_ pl2 2 )2 12
COSOé:|Z o+l =yl El] :1—"2—3/',
2|z — xfjz —y| 2|z — xf?
o — 192) = @) + lp(@) = o) = [o(2) = o)

2p(x) — e(2)[le(x) — »(y)]
- 2(14+6)2|z — > — (1 —0)*|z — y|? <1- |z —y|?

Bt | MY 55.
= 21— 0)2z —af? oz —gp 0T eAT
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Because (2 is Lo-Lipschitz-graphical, o 21, 1 so that if § is sufficiently small, then o' > §.
In addition, implies that ¢([z, z]) € Cu (108, 2(|¢(x)| — |c]) so that |3 — o] < 200,
meaning > § as long as § is small enough. To complete the proof, observe that 1)) — 15| ~
Za0b, |0y — 0| ~ Zx0y, B = Z0ab, and o = Z0xy so that § > § implies using the
fact that ¢ is (1 4 0)-bi-Lipschitz. |

Finally, by chaining Lemmas [3.5.4] and |3.5.5] we can prove the following desired propo-
sition:

Proposition 3.5.6. Let Q@ C R™! be an Lo-Lipschitz graph domain and suppose g : £ —
g(Q) C R js C1 and L-bi-Lipschitz. There exist constants Ly, 6o(Lo, L) > 0 such that if
0 < &g and

Dg(2) - Dgw)™ — 1] < 4 (3.73)

for all z,w € §, then g(Q2) is an Li-Lipschitz graph domain.
Proof. Suppose € is Lipschitz graphical around 0 and set
L(z) = Dg(0) - 2.

By Lemma [3.5.4] L(Q) is Ly(L, Lo)-Lipschitz graphical. The map ¢ : L(2) — g(€2) given by

p=golL™
satisfies
Do(z)(L(w)) = Dg(L™*(L(w))) - DL~ (L(w)) = Dg(w) - Dg(0)~" - w
so that
| Do —I| <.
By taking dy sufficiently small in terms of L{j, Lemma implies that there exists L (Lj)
such that ¢(€2) is L;-Lipschitz graphical. [ |

3.6 Controlling the change in the derivative of
Reifenberg parameterizations

The goal of this appendix is to give conditions under which we can say that the change in
the derivative of a Reifenberg parameterization ¢ : R — R9*! is small. This is specified
exactly in Proposition below.

3.6.1 Preliminary derivative estimates and regularity

In this section, we review some properties of the maps used in the construction of a Reifenberg
parameterization g that we need to make specific estimates on the change in Dg. First, the
surface ¥ has a nice local Lipschitz representation:
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Lemma 3.6.1 ([DT12] Lemma 6.12). For k > 0 and y € Xy, there is an affine d-plane P
through y and a Ce-Lipschitz and C* function A : P — Pt such that |A(x)| < Cery, for all
x € B(y,19ry) and

Yr N B(y,197) = I' N By, 197%).

where I' denotes the graph of A over P.

Now, we record distortion estimates for Doy, as in [DT12] chapter 7. Importantly, Doy
is very close to the identity in the following sense:

Lemma 3.6.2 ([DT12] Lemma 7.1). For k > 0, oy, is a C*-diffeomorphism from ¥y, to Yi11
and, fory € Xy,

Doy (y) : TEk(y) = TXki1(ok(y)) is bijective and (1 4+ Ce)-bi-Lipschitz.
In addition,
|Doy(y) - v —v| < Celv| fory € Sy, and v € TS (y)
0e(y) — on(y) —y + 9| < Cely— | fory,y € %y

More precise estimates can be obtained when restricting Doy to its action on vectors
tangent to X,. The best way to capture this is to define quantities which take into account
exactly how close the nearby planes of appropriate scale in the CCBP are. These are the €},
numbers, defined by

¢, (y) = sup {du, ,100r,(Pje, Piy) 5 j € Ji, L € {k — 1, k}, (3.74)
1€ Jl, and Yy < 1OB]'7]C N 113171}

The following lemma gives estimates in terms of these numbers

Lemma 3.6.3 ([DT12] Lemma 7.32). For k > 1 and y € ¥, NV®, choose i € Ji such that
ly — x| < 10ry. Then

|D7; e 0 Dog(y) o Dy — Dmig| < Cel(y)?, (3.75)

and
Doy (y) - v| — 1| < Cel(y)? for every unit vector v € TSy(y). (3.76)

Similarly, these numbers also control the distance between tangent planes to the surface
and nearby Pj;. For any & > 0 and y € ¥, NV and @ € J; such that |y — z; x| < 107y, we
have (|DT12] (7.22))

Angle(TEy(y), Pix) < Cej(y)- (3.77)

Finally, we also use an estimate on D?oy, obtained in by Ghinassi in [Ghil7] in work on
constructing C'1® parametrizations.

Lemma 3.6.4 ([Ghil7] Lemma 3.16). For k>0, y € 5, NV},

Doy < 2 < 0L

Tk Tk
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where we interpret the norm on the tensor D?c}, as the Euclidean norm on R™. We also
provide the following lemma and proof adapted from a proof of [DT12] to fit our needs.

Lemma 3.6.5 (cf. [DT12] (11.22)). Suppose ¥ is such that for any x,z’ € X, there exists
a curve vy connecting x and x' with {(vyy) < (14 Ce)|lz — a'|. Let 1 < M3e < ¢(d) < 1 with
c(d) sufficiently small and k > 0 be such that | fi(z) — fr(2')| < Mry. Then there is a curve
v L — Xy such that ((y) < 2|fe(z) — fr(2')].

Proof. We first prove the following claim:
Claim F:or any 0 < p < k,

(@) — foop(a)] < M5—k

Proof W:e prove this by induction. Indeed, observe that
| frp1(2) = frmp-1 (@) = lop s (frmp(@)) = 032y (fap(2))] < (14C)| fimp(2) = fimp ()]
by (3.13)). Applying this for p = 1 gives

| fro1(z) = froa(2)] < (1 + Ce)(Mry) <

(3.78)

Mrk—l

This proves the base case. Assuming the claim holds for some p, we get

Mrk‘—p < Mrk—p—l
1574 5p+1

| frp-1(2) = frp1(2')| < (1 + C¢)

|

To continue the proof of the lemma, we modify the proof of [DT12] (11.22). If | fi(x) —

fr(2")| < 18r%, then the claim follows immediately from the local Lipschitz graph description

of ¥y in Lemma[3.6.1] So, assume | fi(z) — fx(2")| > 18ry and suppose first that there exists
an integer 0 < m < k such that | f,,(x) — fin(2)| < 5r,,. We calculate

Mr,,
5k—m

so that by the above claim we can assume k —m < logs M < log M. Applying the Lipschitz
graph lemma for B(f,,(z), 197,,), we see that there exists a path v, C ¥,, such that

Um) < (14 CO)fn(x) = fn(@)] < (1 + Ce)(Cerm + [ fr(x) = fu(a")])
< (14 Ce)|fr(z) — fr(z")| + Cerglog M.

On the other hand, since |f,.(z) — fn(2")| < 5rp, we get €(vy,) < 107, and so we can
choose a chain of N < 11%7;"1 = 10¥™ < M? points contained in 7,, with consecutive points
separated by a distance of at least 117, beginning at f,,(x) and ending at f,,(z’). Call this

collection of points { f,,(x;)}Y, for z; € 3. This implies the total length of the string of
points { f(z;)} is

<Oy, <= logsM —1<k—-—m

Z | fe(2r) = fre(zi)| < Z [Cerpm + | fm(21) = frn(2111)]] < CerpM? log M + £(¥m)

< C’erkMQ log M + (14 Ce)| fx(x) — fr(z)].
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In addition, for any admissible [ we can calculate
|fe(x) = fe(zipr)| < Cerp + | frn(xr) — frn(@i1)| < Cerglog M + 11y, < 121, (3.79)

Using (3.79) and Lemma once again, we connect each pair (fx(x;), fx(z111)) by a curve
v of length £(vy;) < (1 + Cé)|fr(x) — fr(xit1)| to get a curve v with

((y) < 1+ COL < (1+ Co)lfulx) — fula)| + CerpM*log M < 2|fi(z) — fu(2')|

using the fact that |fi,(z) — fe(2')] > 18r; and M < ¢!, i.e. € is sufficiently small compared
to M. This completes the proof if there exists such an m where fi(x) and fi(z’) pull back
to a Lipschitz neighborhood in %,,. If there does not exist such an m (i.e., k is too small),
then we instead use the assumed curve vy C X in place of 7,, and argue as in the previous
case. |

We also recall a reverse triangle inequality:
Lemma 3.6.6. (Reverse Triangle Inequality) Let u,v € R™ with (u,v) > —3|ul|v|. Then

lu| + |v| < 2|u+v|. (3.80)

3.6.2 Controlling the change in Dg

Proposition follows from a series of computations involving the derivative of the map g
produced by Theorem for a given CCBP. Proposition says that given a “central”
point z € R and an inflation factor 1 < M, such that Mye is sufficiently small, we can get
a set G2 such that w € G means Dg(w) is very close to Dg(z) in the sense of (3.81).
Proposition follows from Lemmas [3.6.8] and [3.6.10] which give separate horizontal
and vertical estimates respectively. Define the sets of horizontal and vertical vectors by

H=TR*x {0}, V={0}xR.

These lemmas show how to appropriately bound the individual pieces of the difference
Dg(x,y)— Dg(2',y) and Dg(2',y) — Dg(x',y') between points z = (z,y), 2’ = (2/,y’) respec-
tively when acting on v € H U V. Corollaries [3.6.9] and [3.6.11] put these pieces together to
get the requisite Dg estimates, from which we prove Proposition |3.6.7

Proposition 3.6.7. Let 0 < ¢ < 0§ < 1 and My > 0 such that 1 < M3e < c(d) with c(d)
sufficiently small. Fiz a CCBP (Xo,{Bjx},{P;x}). Let z,2' € R X R with z = (z,y), 2’ =
(2", y") where [y'| < |y| and assume fru)(x) € Vf(y) and fo) (') € Vf(y,) (see (3.16)) ). Define

n(y’)
Gi\/fo = {z/ = (:L‘/, y') € Rd+1 : ]fn(y)(a:) — fn(y) ([L’/)’ < MoTn(y), 62(]0]6(513/))2 < €,
k=n(y)
Angle(Ty(z'), Try (2') < 6}
Then there exists C'(d) > 0 such that for any w € G0, we have

z )

|Dg(w) - Dg(2)™* — I| < C(d)6. (3.81)
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Lemma 3.6.8 (Horizontal Estimates). Let z,2', My, e be as in Proposition m and let
ve HUV. Let k be such that pi(y) > 0. If | fe(z) — fe(2")] < Moy, then

|D fe(x) -v— Dfp(x') - v] < Ce|Dfp(x) v, (3.82)
[(Da(Bi(2) - y)) - v — (Da(Bi(2) - y)) - v| < Ce|D fi(x) - vl (3.83)

In any case,
o) - ') < Ce[§an) (3.51)

where the constant C' depends on M.
Proof. We begin with proving (3.82]). We have

IDfi(z) - v = Dfi(a) - v] = |[Dor-1(fr1(x)) = Dog_1(fo-1(2"))] D fua(z) - v
+ Doy (fo-1(2")) [D feo1(z) = D frr(2")] - v]
< |Dfr-1(x) - v||Dog—1(fr-1(x)) — Dop_1(fr-1(z"))]
+ | Do—1 (fi1 (@)D fr-1(x) - v = Dfr1(2) - 0]

Recursively applying this inequality for decreasing values of k gives
D fi(x) - v = Dfi(a’) - v|
< |D fr-1(x) - v||Dog—1(fe-1(x)) — Dop_1(fr-1(z"))]
+ \Dak,l(fkfl(x’))](]ka,g(x) || Dog—s(fr-2(2)) — Dog—a(fr—2(2"))|
+ |Dog—s(fr—a (@)D fr—a(2) - v — D fra(2') - v])
<D fr—1(x) - v||Dog—1(fr-1(x)) — Do—1(fr-1(2"))] (3.85)

k P
- Z (H |D0k—m(fk—m(x/))|> D fr—p-1(z) - v] - |Dog—p1(fr—p-1(2)) = Dog—p-1(fr—p-1(2)]-

Now, Lemma [3.6.2 implies

[T 1D0m(fiom(@)] < (1+ e, (3.86)
and
p+1
Dfip-1(@) - o) = | T] Dot (fiomia @) Dfila) - 0] < (14 CP D fila) o (3.87)

Using Lemma , we see that (3.78) implies |fy_p—1(x) — frip_1(2')| < Mogl’fjf’l <
Moyry_,—1 so that we get a rectifiable curve v,_,_1 connecting f_,—1(x) and fr_,—1(2’) such
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that £(yi—p-1) < 2| fr—p-1(2) — fr—p-1(2’)|. Lemma [3.6.4] gives

J R ) Y
I

< [ 1Dk Ol Ol

<C 2 frp1(®) = frpa(2)]
Tk—p—1

€ A4brk_p_1
5p+1

|Doy—p1(fe—p-1(x)) — ng—p—l(fk—p—l(x/)” =

<C

TE— p 1

< CM,
Applying (3.86), (3.87), and (3.88) to (3.85) gives

k
|Dfe(z) -v—Dfe(z')-v] < (1+ CG)C’§|ka(x) -u| + Z(l + Ce)P(1 + Ce)P D fi(x) - v|C M,y

p=1

5p+1 (3.88)

5p+1

1+C’e

< Ce|D fi(x) - v| + CeMo| D fi.(x Tl

Iltvjzv

< Ce|D fi(x) - v].
We now prove (3.83)). For any ¢ > 0, Proposition implies that the quantity Ry(z +

tv)-eqi1— Ri(x)-eq41 is the difference between the unit normal vectors to the linear subspaces

T3 (fr(x 4+ tv)) and TE(fr(z)). But by Lemma we have

|Ri(z+tv) - a1 — Ri(2) - egir| < D(TEk(fr(z +1tv)), TE(fi(2))) < Cé\fk(l‘ﬂv)—fk(xﬂ-
(3.89)
Hence, we can write
| Bi(x 4 tv) - ea1 — Ri(2) - eq4 lyl . Ml +t0) — fiu(2)]
(Du(Re(x) -9) - v] < [y[lim . < ce iy a

< Ce|Dfi(x) - | (3.90)

where |y| < 7 since pg(y) > 0. We then have

(Dz(Ri(z) - y)) - v = (Da(Bi(2') - y)) - v] < Ce(|Dfi(x) - v| + [D (') - v]) < Ce| D () - vl

using (3:82).
Finally, we prove (3.84)). First, we compute
dg ag . , Opk ,
- _ - R — R .
9 0:0) = 500" = 320 (o) = o)+ Rele) -y = Rae) 0}
+Zpk g1 — Ri(2) - eqy1)
k>0
=141
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Let p,p + 1 be the values of k such that px(y) > 0. Since p,(y) + pp+1(y) = 1, we have

%_Pyp(y) + 8”8;?((1;) = 0. This implies

= %_Zp@) (fol@) = Fyra(2) + Ry(@) -y = Rppa () -9)

aﬁl;p( ) (fo(z ") — fp+1($/) + Rp(lfl) "y — Rp+1($,) %)

But using (3.13)) and (3.14)), we have

|| < TQ(CETP + Cely|) < Ce.

p

By (3.89) we have
Ce Ce ,
1] < |pp(y)|r—|fp(96) Sola)| + Ipp+1(y)|r—+1|fp+1(x) = fpr1(@')]
P

)
< OMoe(lpp(y)| + [pp41(y)]) < Ce
<

Ce. We will complete the proof of (3.84]) by

g( Y) — ay(w Y)
showing that ‘— x y)‘ 1. Indeed,

dg

Do) - \ m% V(@) — foa(@) + Bo(2) -y — Ry () - y)] (3.91)

+ [op(Y) Bp() - €ay1 + ppi1(y) Bpra(2) - €ara] |-

But the previous computation shows that the first expression has norm < C', while the
second expression is a convex combination of two nearly parallel unit vectors because R,(z)
and R,.;(z) are orthogonal matrices which are Ce close. Hence, we get

gg (3.92)
y |

Corollary 3.6.9. Let z, 2’ be as in Lemmal[3.6.8 and set p = n(y'), m = n(y). Then for any
vector v € HUV, we have

|Dg(l‘7y) U= Dg($,7y) ’ U| < CE|Dg(l’,y) . UI

Proof. First, suppose v = v, € H. Since v, - egy1 = 0, we have

Dg(x,y) - ve = Y pr(y) {Dfi(x) - va + D(Ri(x) - y) - v, }. (3.93)

k>0

Therefore, we get

|Dg(z,y) - va — Dg(x',y) - va| (3.94)
< Zpk(y){lka(:c) vy — D fi(2") - vo| + [D(Ry(2) - y) - v — D(Rp(2)) - Ux|}
< CMOGZPk D frlz) - val} -
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using (3.82)) and (3.83). We now want to bound >, - pr(y) {|Dfr(x) - ve|} by [Dg(,y) - ve|.
In order to do so, we first simplify notation by setting

s =pp(y); t = pps1(y),
U1 = Dfp(x) " Vg, U = Dfp-i—l(x) * Vg,
v3 = D(Ry(7) - y) - va, s = D(Ryis () - y) - v

Putting v = vy + vg, u = uy + ug, we have Dg(z,y) - v, = sv + tu. In this notation,

[v1 —ui| < Celu], (3.95)
|va], lug| < Celvy], (3.96)

by Lemma [3.6.2| and (3.90]). We then want to prove the following claim:

Claim : s|vi| + t|uq| < |sv + tul.

Proof U:sing (3.96]), we get s|vi| < s|v1| + s|vz| < s|v| and similarly t|u;| < tju|. We now
just need to show that [sv| + [tu| < |sv + tu|. By Lemma [3.6.6] this follows if we can show
(sv,tu) > —3|svl|tu]. Indeed, we have

(sv,tu) = st ((v1,u1) + (v, uz) + (Vg uy) + (va,uz)),
> st(|v1|* = (v1,uy — v1) — Ce|vy|?) > st(1 — Ce)|vy|> > 0.

|
This completes the proof for v = v,. If instead v = v, € V, then Dg(z) - v, = v, gZ(z)
and the result follows from (3.84) in Lemma [3.6.8| [ |

Lemma 3.6.10 (Vertical Estimates). Let z, 2', v, p, m be as in C’orollary. If >, e (fe(@)? <

Ce and Angle(TE,(f,(2")), TEm(fm(2"))) < Cd, we have

> (or(y) = o)) D fila) - v < CO|Dfp(a) - 0], (3.97)
> o) D(Ri(a') - y) - v = pr(y)D(Ri(2') - ) - v| < CO|Df (') - v], (3.98)
D) - G| < 05| )| (3.9

Proof. We being by proving (3.97)). First, since Doy, is (1 4+ Ce)-bi-Lipschitz for any k, we
have

[Dfp(x") - v = Dfpia(a’) - v| < CelDfp(a’) - vl.
This implies

> oe(y)Dfu(a’) -0 = Df,p(a) - v

k>0

< @) Dfi(a) v — Df,(a) -] (3.100)

k>0

< Cel D fy(2)]
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because pi(y) # 0 only for k = p,p+ 1. An identical argument gives ([3.100|) with y replaced
by 3 and p replaced by m. We now want a similar bound for |D f,,(2") - v — Df,(z) - v|. For
ease of notation, define u = Df,(2') - v and w = an_pl Doy (fr(2")) - u. We can then write

[HDak ful(z ] U —u

|D f(2") - v — Dfy(z = |w — ul.
The fact that Y7} € (fi(2"))? < Ce® means
H Doy (fi(2))| < H 1+ CMZE,(fu(2))? < 1+ CM2e2. (3.101)
k=p

Hence, ||w| — |u]| < CMGe*|u]. Since w € T, (fm(z)), u € TE,(f(2")), and we've as-
sumed that Angle(T3,(f,(2")), TE,,(fm(2"))) < C4, we have Angle(w, v) < C'§ and it follows
that

lw —u| Sag O|ul (3.102)

as long as 0 and e are sufficiently small. Finally, using (3.100)) and (3.102)), we see

> (or(y) = pe(y)) D fila') - v

k>0

< Y ) D) v — Dfy(a

k>0

+[Dfp(a') v = Dfin(a) - v|
< Ce|Dfy(x') - v| + Ce|D fr () - v] + CO|D fp(2") - v|
< COlDf, () o]

The proof of (3.98)) follows from (3.90) and (3.97)). Indeed,
> pe()D(Ri(2') - y) - v = pr(y) D(Ri(2') - o) - v

k>0

Zpk )D fr(a) - v — D fp(a') - v

k>0

< CelDfy (') - v] + CODf, (") - o] + Cel Dfpn(a) - v
< Co|DJ, (') o).

Finally, we prove (3.99). We have

9y D) = gy @] S | T () + Rule )|+ ) Uil + Rl )
F1ou) — ey DR -
= (51+52+53.

We first handle d; and 9. We have

(1fp(@") = fpra(@)] + [ Rp(2") = Rpa(2)|ly]) < Q(Cﬂ"p +Cery) < Ce

T'p

80;0
< |ZFP
0 < By (y)
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by (3.13) and (3.14). A nearly identical calculation gives the same bound for d;. We now
handle d5. First, notice that

Z,Ok(y)Rk(x’) cearr — By(2) e | < Z ok (|| R (") - eqrr — Ry(2') - eara| < Ce
k>0 k>0

(3.103)

by (3.14). Because Ry (z') is an isometry such that Ry(x')(T%¢(2")) = T2k (fr(x)), Re(2') -
€441 18 the unit normal to T2 (fr(2")) so that

[Ry(a) - g — Rnl@) - eaa| < C Angle(TE, (@), TEwm(f(@'))) < C5. (3.104)

Finally, (3.103)) and (3.104]) imply

03 < Zpk(y)Rk(x/) ceqr1 — Ry(2') - eqiq Z pr(y g1 — R (@) - eq1
k>0 k>0
+|Rp(2) - ear1 — Rin(2') - g1
0
< Ce+ Ce+C5 < C6 ag( Nl
Yy
where the final inequality uses (3.92)). [ |

Corollary 3.6.11. Let z,z" be as in Lemma|3.6.10. Then for any vector v € HUV, we
have
|Dg($/7y) U= Dg(zlvy/) ) U| < 05|D9(I,7Iy) ’ U|

Proof. Suppose first that v = v, € H. Then using (3.93)), we compute

|Dg(2',y) - ve — Dg(x',4/) - va (3.105)
> (0ey) — oy ) D fila') - ve + pr(y) D(Ri(2') - y) - 05 — pu(y)D(Ri(a’) - o) -
) (3.106)

< C|Dfp(2") - vy| < CO|Dg(x',y) - vyl
< CH(1+CH)|Dyg(x,y) - vi| < CO|Dg(x,y) - vy (3.107)
using (|3 and (| in the first 1nequahty, in the second, and (| in the third.

If instead V=, € V then Dg(z',y) = v, - 8—9(56 y) and the result follows from (13.99) and
[B3.84). m

Using Corollaries [3.6.9] and [3.6.11}, we can prove Proposition [3.6.7]

Proof of Proposition[3.6.7 Let 2/ = (2/,9') € GM°. We will show that for any vector v €
HUV,
|Dg(x,y)-v— Dg(z',y) - v| < Cé|Dg(x,y) - v. (3.108)
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The set G0 is designed exactly so that 2/ € GMo implies that the hypotheses of Lemmas
[3.6.8] and [3.6.10] are satisfied. Hence, we can apply Corollaries [3.6.9] and [3.6.11] so that

|Dg(z,y) - v—Dg(2",y) - v|
< |Dg(z,y) -v— Dg(z',y) - v| +|Dg(2,y) - v — Dg(a',y) - v|
< Co|Dg(z,y) - v| + C|Dg(a',y) - v]
< C4|Dg(x,y) - vl.

By decomposing an arbitrary v € R as v’ = v, + v, where v, € H and v, € V, we write

|Dg(x,y) - v'=Dg(a',y') - V|
<|Dg(z,y) - v. — Dg(z',y") - va| + |Dg(x,y) - vy — Dg(a',y/) - v,
< Co(|Dg(x,y) - va| + |Dg(z,y) - vy|)
< C4|Dg(x,y) - '], (3.109)

Where the final inequality follows from an application of the reverse triangle inequality in
Lemma . We justify the application of the lemma by looking at the equations
and (3.91). These imply that the vector Dg(z,y) - v, is nearly parallel to TS (x) while
the vector Dg(x,y) - v, is nearly perpendicular to 7% (z) for some value of k where the
deviations described are on the order of e. This implies [(Dg(x,y) - vy, Dg(x,y) - v,)| <
$|Dg(x,y) - vs| - |Dg(z,y) - v,| so that the lemma applies. With this, we now compute,

[Dg(') - Dg(2)~" -v' = v'| = |[Dg() — Dg(2)] - Dg(z)~" - v'| < Cd|Dg(z) - Dg(z)~" - v
= Co||. |

This concludes the computations we need to bound the change in Dg. By integrating
Dg over paths in a quasiconvex domain (2, we get a companion result to Proposition [3.6.
which roughly states that the map g|q is a (1 + C0)-bi-Lipschitz perturbation of Dg(zg) for
any zy € £2. More precisely, for any z € R4 define

L.,(2) =20+ Dg(z)(z — 20)- (3.110)
This is the affine transformation which approximates g near zy. Define
Pz =go Ly (3.111)

Proposition 3.6.12. Let Q C R be a quasiconvex domain with constant My such that
Q C G for some z € Q and My, € be as in Proposz'tz’onm. Then the map ., : L,,(2) —
g(2) is (14 C0)-bi-Lipschitz and

|Dp.,(w) = I| < Co (3.112)
for allw € L., ().
Proof. Because w € L. (G°) by assumption, we get

D, (w) = Dg(Lz, (w)) - DL (w) = Dg(z) - Dg(z)~"
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for 2/ = L '(w) € G¥°. Equation (3.112) follows from (3.6.7).
To prove that ¢, is (1 + C6)-bi-Lipschitz, let v : [0,1] — R be a path with v(0) =
20, 7(1) = z, and () Sap |20 — 2|. Put 4(t) = L., (y(¢)) and wg = L,,(2) = z. Observe
that
LN (w) = 20 + Dg(z0) " (w — 20).

We estimate
eal) =~ putun) = [ D(goLZOww(t)).:/(t)dt‘
~| [ Doty pL2G0) w)dt’

~| [ potro) - Dyt ww\

= |w — wy —i—/o [Dg(v(t)) - Dg(z0) " — 1] -’y’(t)dt’ :

Using the fact that v(t) € Gé‘gﬂ for all ¢, Proposition implies, on one hand

1
020 (W) = 2 (wo)| < [w — wol +/ |Dg(+(t)) - Dg(z0)~" — I| - |¥'(t)ldt
0
< lw — wo| + C6|Dg(20)| - £(7)
< (14 Co)|jw — wyl.
On the other,

|20 (W) — 2 (wo)| = Jw — wol —/0 |Dg(y(t)) - Dg(z0)~" = I| - |7'(t)]dt
> |w — wo| — Cé|Dyg(z0)| - £()
> (1= C9)|w — wol

where the final inequality on both hands comes from the fact that |w'—w| = |Dg(2)-(2'—2)| <
|Dg(2)| - |z — 2’| and our assumption that () <y, |2 — 2/|. |

3.7 Graph coronizations for Reifenberg flat sets

The goal of this section is to provide a proof of Proposition which states that there
exist (sufficiently small in terms of d) constants €, > 0 such that Reifenberg flat sets admit
(M, €, §)-graph coronizations.

Reifenberg flat sets are a subset of a more general class of sets called lower content d-
reqular sets studied by Azzam and Schul [AS18] and later Hyde [Hyd22a] as a class of objects
for d-dimensional traveling salesman results.

Definition 3.7.1 (lower content d-regularity). A set £ C R4 is said to be lower content
d-regular in a ball B(x,r) if there exists a constant ¢ > 0 and rp > 0 such that

HUENB(x,r)) >cr® forallz € ENB and r € (0,rp).
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A set E is lower content d-regular if there exists a constant ¢ such that E is lower content
regular with constant ¢ in every ball centered on F.

Since a Reifenberg flat set X satisfies bfs(B) < € in every ball by definition, the only
remaining requirements for the existence of a graph coronization are control over Bg’l—squared
sums and control over the frequency of angle turning of well-approximating planes. The
necessary control over (-sums is contained in the following traveling salesman theorems
formulated for general lower content regular sets:

Theorem 3.7.1 ([Hyd22a] Theorem 1.6). Let H be a Hilbert space and 1 < d < dim(H), 1 <
p<p(d), Co>1, and A > 10°. Let E C H be a lower content d-reqular set with reqularity

constant ¢ and Christ-David cubes 9. There exists ¢ > 0 small enough so that the following
holds. Let Qo € & and

Be.codn(@Qo) = UQo)" + D BE"(CoBa)*(Q)™.
QCQo
Then
B8.Coap(Qo) Sadepcoe H(Qo) + BWGL(Qo, A, €). (3.113)

Theorem 3.7.2 ([Hyd22a] Theorem 1.7). Let H be a Hilbert space, 1 < d < dim(H), 1 <
p<oo, A>1, € >0, and Cy > 2p~" where p is as in the construction of the Christ-David

lattice . Let E C H be lower content d-reqular with reqularity constant ¢ and Christ-David
cubes 9. For Qy € Y, we have

HY(Qo) + BWGL(Qo, A, €) Sadecoe BE,c0.ap(Qo)-
If E is (e,d)-Reifenberg flat, then the BWGL terms above vanish and (3.113) gives

a Carleson packing condition for the content beta number sum reminiscent of the strong
geometric lemma for uniformly rectifiable sets from which we will conclude the desired 3?
sum control.

We will require small technical tweaks of the stopping time machinery of Azzam and
Schul on Reifenberg flat sets. We review the necessary definitions here, but refer to [AS1§]
sections 5-8 for a full treatment of the construction.

Definition 3.7.2 (d-dimensional traveling salesman stopping time). We fix constants 0 <
€ < o with a(d),e(d) to be chosen sufficiently small in terms of § as required in [AS1§] .
For any cube () € Z, we define a stopping time region Sg by adding cubes R C @) to Sg if

(i) RM € Sg,
(ii) Angle(Py, Py) < « for any sibling U of R (including R itself).
For any collection of cubes 2, define a distance function
do(x) = inf{l(Q) + dist(z,Q) : Q € 2}.
For any Q) € 2, define

do(Q) = ;Ielé do(z) = inf{{(R) + dist(Q, R) : R € 2}.
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We let m(S) be the set of minimal cubes of S, those which have no children contained in S

and define
28 =Q)\ | @
Qem(S)
Let
Stop(—1) = %

and fix a small constant 7 € (0,1). Suppose we have defined Stop(/N — 1) for some integer
N > 0 and define

Layer(N) = U{Sg 1@ € Stop(N —1)}.
We then set Up(—1) = @ and put

Stop(N) ={Q € Z : @ maximal such that @ has a sibling Q" with £(Q") < Tdpaye:(v)(Q")},
Up(N) =Up(N -1)U{Q € Z: Q D R for some R € Stop(/N) U Layer(N)}

[AS18] Lemma 5.5 says that, in fact
Up(N)={Q € Z:Q ¢ R for any R € Stop(N)}.

Essentially, Layer(N) is a layer of stopping time regions Sg beginning at the stopped
cubes of the previous generation and continuing until reaching a cube R with a child R’ such
that Angle(Py, Pr/) > a. Stop(N) is formed by taking a “smoothing” of Layer(N) that
ensures that nearby minimal cubes in Stop(V) are of similar size. One forms a CCBP from
the centers and bf-minimizing planes of cubes in Up(/NV) which gives a surface ¥y for any
N > 0 which converges to ¥ as N — o0o. Azzam and Schul give tools for proving bounds on
the degree of stopping in this construction in the following lemma

Lemma 3.7.3 (|Hyd22a|] Lemma 4.4 (5)). Let ¥ be (¢, d)-Reifenberg flat and 9 a Christ-
Dawid lattice for . Let N > 0. For any Qg € &,

ST 0Y UQ) Suae HAQ)

NZ>0 QeStop(N)
QCQo
Proof of Proposition[3.2.8. Fix M > 1, and €, > 0 sufficiently small in terms of M, d,n
determined by Lemma and Theorem and let 6 = 100c. Let 2 be a Christ-David
lattice for ¥ and let { Py} oes be a family of d-planes such that 2o € Py and &' (M Bg, Pg) <
2BE (M Bg). Fix Q € 2 and form a collection of stopping time regions .# = {Sg} contained

within @ satisfying the stopping conditions Items and of Definition We set
G =9, B =2. To prove that € = (¥, B, F) is an (M, ¢€,0)-graph coronization, we only
need to show that % is a coronization, i.e., there exists a constant C'(M, ¢, d,d) such that

D UQ9) < CHYQ).

SesF
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Define

Ss={Q e 2:35 € .F, Qe Stop(S), Angle(Py, Py(s)) > 0},

Sp=4Q€2:35.F, QeStop(S), > BE(MBg)*>n
QCRCQ(9)

It suffices to show that ZQeséuSﬁ 0(Q)* < CHUQp). We define

Stop(—1,6) = {Qo},
and, given Stop(N — 1,0) for some integer N > 0, we define
Stop(N,d) = {R € S5 : R maximal such that R C @ € Stop(N — 1,9)}.

With this, we have
= U Stop(NV, 9).

N>0

We will use this to show that Y5, ¢ £(Q)? < CH(Q).

Fix @ € Stop(V,d) and let x € @ \ 2(S). Then there exists R € S5, R C @ such that
x € R and, since 0 > 100a, there exists a cube R’ € Stop(K) for some K > 0 such that
RC R CQ. Set

Stop(Q) = {R € 2 : R maximal such that R € U Stop(N) and R C Q} :

N>0
The above argument has shown that @ \ 2(Sg) € Ugestop(q)R- We see
Q'S Y, UR) +(2(50))-
ReStop(Q)

This means

2 Q=3 >,

QESs N>0 Q€Stop(N,5)

ey Y. ( > €<R>d+Hd<z<S@>>)

N>0 QeStop(N,8) \ ReStop(Q)

SHQo)+Y, >

K>0 ReStop(K)

Nd5€ (QO)

where the penultimate line follows from the fact that Stop(Q) N Stop(Q') = @ for Q, Q" €
Ss, @ # @', and the final line follows from Lemma [3.7.3]
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We now show that » e, Q) < CHY Qo). We have

> <> Q) {62 > BEN(MBp) ] =e?> e (MBg)

QES/@ QGS;} Q%REQ(S) Rey
eSes
S BN (MBR)*(R) San HY(Qo)

Re2

using Theorem in the last line.
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Chapter 4

Uniformly rectifiable metric spaces
satisfy the weak constant density
condition

4.1 Introduction

The relation between the rectifiability properties and density properties of sets and measures
has long been a topic of interest in geometric measure theory. For a metric space X, we say
that £ C X with " (F) < oo is n-rectifiable if £ can be covered .7 almost everywhere
by a countable union of Lipschitz images of subsets of R™. In Euclidean space, rectifiable
sets give a natural generalization of C! manifolds. If £ C X is n-rectifiable, then for J#"
almost every z € F,

lim A" (B(x,r)NE)

lim ok =1 (4.1)

as holds for an n-dimensional submanifold of Euclidean space (See |Kir94] Theorem 9 for a
proof of (4.1))). In fact, if E C R?, then the above condition also implies n-rectifiability and
hence gives a characterization of rectifiability equivalent to coverings by Lipschitz images.
This was first proven by Marstrand for n = 2, d = 3 [Mar61] and Mattila for general n,d
[Mat75]. Later, Preiss showed that any measure in R? whose n-dimensional density merely
exists and is finite .##"-a.e. is rectifiable, generalizing this result [Pre87).

The weak constant density condition (WCD) is one of several conditions meant to provide
an analog of in the world of uniform rectifiability pioneered by David and Semmes in
their foundational works [DS91] and [DS93].

Definition 4.1.1 (uniform n-rectifiability). We say that a set £ C R? is uniformly n-
rectifiable if there exists a constant Cy > 0 such that E is Ahlfors (Cy, n)-regular, i.e., for all
r € Fand 0 < r < diam(E),

Cyltr™ < #™(B(z,7) N E) < Cor", (4.2)

and F has Big Pieces of Lipschitz images of R™ (BPLI), i.e., there exist constants L,0 > 0
such that for all z € E and 0 < r < diam(E), there exists an L-Lipschitz map f : B(0,7) C
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R" — R such that
" (B(x,m)NEN f(B(0,r))) > 0r". (4.3)

One can think of this as a stronger form of n-rectifiability in which one requires a uniform
percentage of the measure of each ball to be covered by a Lipschitz image. David and Semmes
introduced the WCD as a way of quantifying by requiring that in almost every ball,
there exists a measure supported on the set with nearly constant density nearby.

Definition 4.1.2 (Weak constant density condition, Carleson sets and measures). Let E C
R? be Ahlfors n-regular, let Cy, ey > 0, and define

3 Ahlfors (Cy, n)-regular p, spt(p) = E,
9G.4(Co,e0) =% (z,r) € ExRT| VYye B(z,r), 0<t<r, . (44)
[W(ENB(y,t)) — "] < eor”

%cd(cm 60) =F X R+ \gcd<007 60). (45)

We say that E satisfies the weak constant density condition if there exists Cy > 0 such that
for all ¢ > 0, B.a(Co,€0) is a Carleson set. That is, there exists a constant C; > 0 such
that for all z € £ and 0 < r < diam(E),

" dt
/ / Xp,ycd(co,eo)(x,t)dt%”"(x)? < COyr".
B(z,r) 40

If this holds, we say that ngcd(com)d%"(:v)% is a Carleson measure and say that B.q(C, €o)
is C;-Carleson.

For related quantitative conditions involving densities, see [Cho+16], [AH22|, and [TT15].
The work of David, Semmes, and Tolsa combine to prove the following Theorem:

Theorem 4.1.1. Let E C R? be Ahlfors n-reqular. Then E is uniformly n-rectifiable if and
only if E satisfies the WCD.

David and Semmes proved the forward implication in Chapter 6 of [DS91] using a char-
acterization of uniform rectifiability (condition C2 of [DS91]) more closely related to the
boundedness of singular integral operators. We will say more about this when we discuss
our result.

They proved the reverse implication only in the case n = 1,2, and d — 1. Their proof uses
the fact that if a measure is very close to having constant density in a large neighborhood of
scales and locations, then its support is well-approximated by the support of an n-uniform
measure, a measure y for which there exists ¢ > 0 such that u(B(x,r)) = cr™ for all x € spt(u)
and r > 0. Because uniform measures in Euclidean space are completely classfied for n = 1, 2
(they are all multiples of Hausdorff measure on a plane) and for n = d—1 (they are Hausdorff
measure on products of planes and light cones [KP87]), David and Semmes are able to
show that a WCD set is very close to flat on most balls which are good for the WCD. The
absence of a classification for uniform measures in intermediate dimensions prevented a direct
adaptation of their arguments. However, Tolsa completed the proof of the reverse direction
in Theorem in [Toll5| by replacing elements of David and Semmes’s argument specific
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to their examples of uniform measures with general flatness properties of uniform measures
derived by Preiss [Pre87] in addition to new arguments using the Riesz transform.

In general, classifying uniform measures is a difficult open problem, but see [Nim22| for
an interesting family of examples. For further studies of uniform measures in Euclidean
spaces see [Pre87] (and [De 08] for a more gentle presentation of Preiss), [KP02], [Nim17],
and [Nim19]. For research into uniform measures in the Heisenberg group see [CMT20| and
[Mer22] and for a related result in £2_, see |[Lor03].

Given the fact that is valid even in rectifiable metric spaces, it is natural to ask
whether there is some extension of the above theory to uniformly rectifiable metric spaces,
i.e., metric spaces which are Ahlfors n-regular and have big pieces of Lipschitz images of
subsets of R™. In this paper, we extend a piece of this theory by proving the following
theorem.

Theorem F. Uniformly n-rectifiable metric spaces satisfy the WCD.

Our proof is made possible by the recent work of Bate, Hyde, and Schul [BHS23| which
adapted a substantial portion of the theory of uniformly rectifiable subsets of Euclidean
spaces to metric spaces. While our argument uses this theory, it does not follow David
and Semmes’s original proof very closely. Roughly speaking, David and Semmes proved the
Euclidean version of Theorem [F| by showing that for most balls centered on an n—uniformly
rectifiable set F, there exists a d-plane P such that the pushforward of Hausdorff measure for
E onto P must be very close to symmetric. They do this by showing that the non-symmetric
balls contribute substantially to the value of a Carleson measure defined using integrals over
E of a family of smooth odd functions designed to detect asymmetry.

We prove Theorem [F| by first proving that bi-Lipschitz images satisfy the WCD. Then,
using the fact that uniformly rectifiable spaces have very big pieces of bi-Lipschitz images
in Banach spaces proven by Bate, Hyde, and Schul [BHS23|, we adapt the bi-Lipschitz im-
age arguments to the general case. To handle the bi-Lipschitz image case, we first prove
Lemma [4.3.3] a form of quantitative Lebesgue differentiation theorem for L? functions very
similar to theorems considered by David and Semmes (see [DS93] Lemma IV.2.2.14, Corol-
lary IV.2.2.19, etc.), although our proof proceeds by contradiction and uses a compactness
argument, a method which differs significantly from their proofs. We apply this lemma to
the Jacobian of the metric derivative of our bi-Lipschitz function f : R” — ¥ to control the
variation of its averages over neighborhoods of scales and locations and receive control over
the variation of the Hausdorff measure of ¥ using the area formula. To the knowledge of the
author, this gives a new proof of the WCD even in the Euclidean case.

We note here that the naive converse of Theorem [4.1.1]is false: There exist Ahlfors regular
metric spaces which satisfy the WCD, yet are not uniformly rectifiable. Indeed, the metric
space (X, d) = (R, |- |i/2) is in fact 2-uniform: #2(B(z,r)) = cr? for all z € R and r > 0,
hence X satisfies the weak constant density condition, yet X is purely 2-unrectifiable. Some
different examples of this failure are given by Bate |[Bat23]. He proves that every 1-uniform
metric measure space is either R, a particular union of disjoint circles of radius d, or a purely
unrectifiable “limit” of the circle spaces. These last two spaces are examples of 1-uniform
spaces which are not uniformly rectifiable.

Analyzing connectedness plays a special role in the proof because any 1-uniform connected
component must be locally isometric to R, implying any connected 1-uniform space is itself R.
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From these examples, it seems reasonable to think that some connectedness and topological
conditions are necessary hypotheses for any type of converse to hold. It also follows from
work of Schul [Sch07a], [Sch09], and Fassler and Violo [FV23] (see also [Hah05|) that any
Ahlfors 1-regular connected subset of a metric space is uniformly 1-rectifiable, although
perhaps adding some form of weaker hypothesis could provide an interesting converse to our
result in the one-dimensional case using Bate’s classification.

4.2 Preliminaries

Whenever we write A < B, we mean that there exists some constant C' independent of A and
B such that A < CB. If we write A <, B for some constants a, b, ¢, then we mean that
the implicit constant C' mentioned above is allowed to depend on a, b, c. We will sometimes
write A <, B to mean that both A S, . B and B S, A hold. We use the notation
f:+ E — F tomean f is a surjective map from E to F.

Let (X,d) be a metric space. For any subset FF C X, integer n > 0, and constant
0 < § < oo, we define

G (F) = inf{ Zdiam(Ei)d F C U E;, diam(E;) < ¢ }
where diam(E) = sup, ,cp d(z,y). The Hausdorff n-measure of F' is defined as

A" (F) = lim 5™ (F).

0—0

Occasionally, we will specify a subset ¥ C X and write J&" = J#"|x. For any " measur-
able A C X and measurable f: A C X — R, we define

} 1= 55 | H@w @),

We let D(R™) denote the family of dyadic cubes in R™. For @) € D(R"), we let ¢(Q) denote
the side length of Q). If R € D(R") and k € Z, we define

D(R)={QeDR") |QCS R},
Di(R)={QeD(R) | L(Q)=2""(R) }.

We will also need a version of “cubes” associated to a metric space. David [Dav88| introduced
this idea first, and it was later generalized by |Chr90] and [HM12]. The following formulation
draws most from the latter two.

Theorem 4.2.1 (Christ-David cubes). Let X be a doubling metric space. Let X}, be a nested
sequence of maximal p¥-nets for X where p < 1/1000 and let ¢y = 1/500. For each k € Z
there is a collection P of “cubes,” which are Borel subsets of X such that the following hold.

(i) X =Ugeq, @-
(1)) If Q,Q € 2 =\JDr and QN Q" # D, then Q C Q' or Q' C Q.
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(iii) For Q € 9, let k(Q) be the unique integer so that Q € P, and set £(Q) = 5pF@) . Then
there is xg € X}, so that

B(rq,cl(Q)) € Q C B(zq,{(Q))
and

X, = {ZEQ HONS @k}
(i) If X is Ahlfors n-regular, then there exists C' > 1 such that

A" { e |d, X\ Q) <np*}) Sn'/UQ)"
forall Q €  and n > 0.

In addition, we define
Bq = B(xq, {(Q))-
In analogy to the dyadic cube notation, for any R € ¥ and k € Z we also write

IR)={QeZ|QC R},
Zk(R)={Q e 2(R) | Q) =p "(R)}.

We will actually prove a form of the WCD adapted to Christ-David cubes. The following
two lemmas will allow us to show that the cube WCD in Definition implies the WCD
from Definition . Recall from Theorem m that ¢ = 5(1)—0.

Lemma 4.2.2. Let X be a doubling metric space with doubling constant C,. There exists
N(Cy) € N such that the following holds: There exist N Christ-David systems of cubes
{9 N | for X such that for any v € X, 0 < t < diam(X), there exists i € {1,...,N} and
Q € Z; with (Q) < %t such that v € ©Bg and t < 24(Q).

Proof. Fix p < 1000 For each k, let X), be a maximal copF-net for X. We now iteratively
construct maximal pF-nets X}, X2 ..., X}¥ ... in the following way. Let X} be a completion
of a maximal p¥-separated subset of X to a maximal pF-net for X. Given X i for any i > 0,
construct X by completing a maximal p*-separated subset of Yy 1= X;,\ (X UX?U...UX})
to a maximal p*-net for X. We claim that this process terminates in N(Cjy) steps, giving for
each k € Z a collection of maximal pf-nets X},..., X}. Indeed, let B be a ball of radius
20" By doubling, there exists N(Cq) < oo such that #(B N Xk) < N(Cy). Suppose that
1B N YJ # & for some j > 0. Then, because X J*1 is maximal, there exists some x € B OYJ
such that z € X} Therefore, #(BNY/™) < #(BNY}) whenever BN Y/ # @. This
means —B N YNJr1 @ for any such B, implying YkN+1 = @ and X, C Ul_lXZ as desired.
We now show that the lemma follows from this. Recall that Theorem [.2.1] takes as
input a collection { X}, }rez of maximal p*-nets for X and outputs a system of cubes 2 such
that every zj € X, is the “center” of a cube Qf € Z with Bx (z, cob5p") = coBga € Q5.
We apply Theorem [4.2.1] “ to the collection {X}}rez for every 1 < ¢ < N and receive a
Christ-David system Z; such that each point Z; € X is the center of some Q € Z; for
some i. So, let # € X, 0 < t < diam(X), and let k € Z such that cop*~1 < t < copF.
Because Xk is a maximal cyop¥-net for X, there exists & € Xk such that d(z, ) < cop®.
Because X C UN, X}, there then exists 1 <i < N and @) € Z; such that & = xq so that
z € B(xg,cop®) = tB(zg, col(Q)) = LBg. Similarly, £20(Q) < ¢ < 2(Q). [
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Lemma 4.2.3. Let X be Ahlfors (Cy,n)-reqular. If X satisfies the cube WCD of Definition
then X satisfies the WCD.

Proof. We first note that if an ag > 0 as in exists, then (2Cp)™! < ag < 2C, by
Ahlfors regularity. Therefore, whenever L%””(X ﬂ B (y,7)) — agr™| < el(Q), we have

((ag) '™ (X N B(y,r)) —r"| = (aQ)_l\%"(X N B(y, 7)) — agr’| < (2C) 'eol(Q).

This means that one can replace " with a multiple of J#" and agr" with " in the
definition of the cube WCD at the cost of increasing ;. Therefore, it suffices to show that
the complement of

Go(Co. o) = { (.1) € X x R Jae > 0, such that Yy € B(z,t), 0 <r <t, }

(X N B(y,7)) — a@yr"| < et”

is a Carleson set. In order to show this, we apply Lemma to X and receive a finite
number of Christ-David systems {Z;}Y, with N depending only on n and Cj such that for
any x € X, 0 <t < diam(X), thereexistsi € {1,..., N} and Q € Z; with £(Q) < t such that
r € 2Bg and t < 24(Q). It follows that if if Q € %.q(Co,€), then (z,t) € 4% (Co, C(n)eo)
for any x € 2B and ’%%Z(Q) <t < 2U(Q) by choosing a(,4) = ag. Therefore, if X satisfies
the cube WCD then Z; has a Carleson packing condition for its bad set, implying a Carleson
condition for the bad balls of the WCD with a larger choice of ¢y and with larger Carleson
constant. |

4.3 Oscillation of means of L? functions

In this section, we review necessary facts about wavelets and prove Lemma |4.3.3] one of our
main tools for the proof of Theorem [F]

Definition 4.3.1. We follow the presentation of [Tol12]. Given h : R" — R and @) € D(R"),
define

— 1+, h(z)dz if x € P, where P is a child of Q,
Aqh(s) = {fp fo .
otherwise

If h € L*(R™), then
Z Agh and hyg = ][ h + Z Arh
QeD(R™) RCQ

where the sums converge in L? and (Agh, Agh)r: = 0 when Q # Q' so that ||kl =
> oep 1Aqh[[5. One can view Agh as a projection of h onto the subspace of L? formed by
the Haar wavelets hgy, € € {0,1}"\ {(0,0,...,0)} associated to Q. For any k € N, define

Z > Il AgR3. (4.6)

J=0 ReD;(Q)
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Remark 4.3.1 (Properties of A). Notice that if h € L>°(R™), then A} has a form of geometric
lemma since

> A=) Z 0 NARRIE Sk Y IARR]E Sy €(Q0)™

QCQo QCQo j=0 ReD,;(Q) RCQo

This gives the Carleson condition

2 <o D ARQ) Seamnl UQ0)" (4.7)

QCQo QCQo
AR(Q)>54(Q)™/?

AT also scales appropriately in the following manner: Let (), Qe D(R™) and let T : R — R”
be the affine map sending ) onto @ by

xr — l'Q
T(z) = Q+< 10 )e(Q) (4.8)

€(Q)
translated version of & satisfying ||h||2 = ||h||2 because, by change of variables,

o185 -89 it i

Similarly, notice that if V C Q and V C Q with T(V) =V, then

~ ~ ~ <\ /2 .
where x4 is the center of Q. Let h € L*(Q) and set h = <@> hoT 1 a scaled and

1avhl = [ Avn@)fde = [ (AR @)

(40 o= (29 1

which gives AlQ)? = <£E—g§> AMQ)2.

Definition 4.3.2 (normed balls). Given L > 0, we define the set of norms on R which are
L-bi-Lipschitz to the Euclidean norm by

Np={ll-1I + L7lz]| < |=| < L]}

Given a dyadic cube @ € D(R™) and L > 0, we define a collection of L-bi-Lipschitz normed
balls inside @ by

B(@Q) ={Byy(,r) €Q : ||| €N, r > L7H(Q)}-

The following lemma gives a form of compactness result for By (Q).
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Lemma 4.3.2. Fiz Q € D(R") and L > 0. Let B; = By, € BL(Q) for j € N. There exists
a subsequence of B; = By, (7;,7;) and a normed ball B = By (x,r) € BL(Q) for which the
following holds: For every n > 0, there exists jo € N such that for all 7 > jo,

BH.”(x, (1 — 57])7’) - Bj - B”‘H(:L‘, (1 -+ 57})7’). (4.9)

Proof. Because || - ||; € Ng, for all j, the functions f; : B(0,1) — R given by f;(z) = |z
are an equicontinuous, uniformly bounded family of continuous functions. Therefore, they
subconverge uniformly to some limit function f : B(0,1) — R. It is straightforward to
show this function gives a norm || - || when extended homogeneously to R™. By passing to
further subsequences, we can assume that 2; — = € Q and r; — r with L7(Q) < r. We
set B = Bj.(x,r) and fix > 0 as in the statement of the lemma. By the convergences
assumed, we can take jy large enough such that for j > jo, we have ||z; — z|| < npmin{r,r;},
|r; —r| < pmin{r,r;}, and

(L=n)llzll < [lzfl; < @+ )|z, for all z € R",
We now aim to prove (4.9)). Let y € B;. Then
ly — =l < lly — 25l + llzg — 2l < L+ 20)lly — 25l + 07
<(1T+2n) 1+ n)r+nr < (14 5n)r.
so that y € By (x, (14 51)r). On the other hand, if z € By (z, (1 — 5n)r), then
Iz =l < e =l + e = a3l < (14 20)2 = 2+ (4 20) o — a5
< (L+20)(1 = dn)ry + (L4 2n)nry <7;
showing z € B;. [ |

Lemma 4.3.3. Foralle, M,L > 0, n € N, there exist k(e, M,L,n) € N and d(e, M, L,n) >0
such that the following holds: Let h € L*(R™) with h > 0 and ||h||; < M. Let Q € D(R"™).
If AMQ) < 60(Q)™?, then for any normed ball B € Br(Q), we have

]{Bh—th‘ge]éh

Proof. Suppose the conclusion of the lemma is false. Then there exist €, M, L,n and a
sequence of maps h; € L*(R") with ii; > 0 and ||h;lls < M, cubes @Q; € D(R"), and normed

balls B; € B(Q;) so that ([10) does not hold for hj, Q;, B;, yet A?j(Qj) < %E(Qj)”/z. For

any j € N, let T; be the affine transformation sending Q]’ onto @ = [0,1]" as in (4.8) and
define a scaled and translated copy of h; called h; : Q — R as in Remark by

~ n/2
_ E(Qj) 7 -1
hj = XQ (m) hj e} T}

. n/2  j.
Let ¢; = fQ h; and observe that A?J Q) = (%) A?’ (Qj) < %E(Q)”/Q = % by Remark

. In addition, we define B; = T](B]) to be the appropriately translated and scaled copy

. (4.10)
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of Bj. By the weak compactness of bounded closed balls in L?, there exists some h € L*(Q)
such that h; — h in L? for some subsequence of h;. By further refining subsequences and
using Lemma [£.3.2] we can further assume the subsequence is chosen so that a limiting
normed ball B = By (x,7) € BL(Q) as in the lemma’s conclusion exists. Let ¢ = fQ h.

We will first show that h = ¢ by showing that Ayh = 0 for all V' C (. By weak

convergence we have
cj:/hj—>/h:c. (411)
Q Q

Write hj = ¢j + 3 pcg Arhj and h = c+ 3 o Agh. Fix V C @) and observe

/ thvh == / (Cj + Z Ath) Avh = Cj/ Avh + Z<Ath,Avh>
Q Q Q

RCQ RCQ
- <Avh]’, Avh> .

where the final equality follows since (Agrfi, Ay fo) = 0 whenever fi, fo € L? and R # V.
Similarly, we have
[ Hvh = (b, Avh) = (Bvh, Avh) = [ Avh]?
Q

Using weak convergence again, we get

(Ayh;, Ayh) = /

Q Q

Using Cauchy-Schwarz, we can now conclude that ||Ayhll; < lim; [[Ayhjlls. We claim
that ||Ayhlls = 0. Indeed, if j is sufficiently large, then both V' € D;(Q) and ||Ayh|2 <
2||Ayhjll2. This means

J
hy
IAVAIS < AAvhP <4 > [|Aghs]3 =4A7(Q) <
k=0 ReD(Q)

SN

for all large j. This shows that Ayh =0 for all V' C @, hence h = ¢ as desired.
We will now show how this leads to a contradiction. Let n > 0 and choose j large enough
so that
By = BH,“(I, (1 — 577)7’) - Bj - B”,H(I, (1 + 57])7”) =: B,.

Using the fact that h; > 0 (this is the first use of this hypothesis),

[z wefn (4.12)
B1 Bj B2

S foef o f B £
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Because " (B;) < £"(B;) < £"(B3) and ﬁn%?% (1 + ' (n)n), we can assume without
loss of generality that

limsup][ hj—][hj Slimsup ][ il <11+ dn)e— ¢ Sune.
j B; Q j B
Since this holds for all > 0, we get limsup; |f, h; — fQ h;
hypothesis
hj — hj > € ][ h]
Q

for all j so that limsup; |

fB fQ

Remark 4.3.4. Suppose that we only want to conclude (4.10)) with normed balls B € B (Q)
replaced by Q' € D;(Q) for j < k € N. The following stronger condition holds even without
the positivity assumption for h: Let o : D(R™) — D(R"™) where a(Q) € D;(Q). There exists

Co(k,n) > 0 such that

The proof is straightforward: because a(Q) € D;(Q), there is a chain of at most k£ + 1 cubes
a(Q) =0Q; C Q-1 C ... C Qo= Q such that Q;4; is a child of @;. Therefore, we can use
the triangle inequality to write

" < Collnll3- (4.13)

QCR

U(Qi—1)" < ZIIAQ hl3-

[ i—

Because each cube ' C R can appear in at most N(n,k) < oo chains of the above type,
this gives

J(Q)
" Sk D 18I Suk D IARRIE = |IA]3.
QCR i=1 QCR

The reader should also see [DS93] Lemma IV.2.2.14 for a version of this statement where
a(Q) is only required to be N-close to ) rather than contained in Q.

Corollary 4.3.5 (cf. [DS93] Corollary 1V.2.2.19). Let L,e, M > 0 and let h € L>(R") with
|Alle < M. Let

Gy(L,€) = { Q € D(R)

h‘ <€ for allBEBL(Q)}.

Then By (L,€) = D(R™) \ %.(L,€) is C(M, L,n,e)-Carleson.
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Proof. Let h = h + |h|lo + 1, let €, M, L > 0, and choose k,0 > 0 such that the conclusion

of Lemma holds. Let
fBiL f(}ﬁ ][(l)ﬁ }

and fix R € D. By Lemma [4.3.3, Q € %, implies AL(Q) > 06(Q)™? so that by (7).

%}l:{QED(R”) > €

dB € BL(Q),

U< Y U™ Sekmm UR)
QCR  QCR
Qe AL (Q)>o0Q)™/?

The result follows since f, 7 — fo h=f,h— fohand | f, h| < 2M +1 so that B, (L, (2M +
l)e) C #;. m

4.4 Bi-Lipschitz images satisfy the weak constant
density condition

In this section, we use the tools from Section to prove that metric spaces which are
bi-Lipschitz images of Euclidean spaces satisfy the WCD. In this section and the next, we
will use the following version of the WCD adapted to Christ-David cubes using only .7#".

Definition 4.4.1 (Cube weak constant density condition). Let (X, d) be an Ahlfors n-regular
metric space, Z be a system of Christ-David cubes for X, and let Cy, eg > 0. Define

Jdag > 0, such that Yy € 2Bg, 0 <r < 2/(Q), }
4.4(Co, €0) = €9 o 2 2 . (414
a(Co, o) { @ LA (B(y,7)) — agr| < e l(Q)" (4.14)
%Cd(007 60) = .@ \ gcd(Cg, 60). (415)

We say that X satisfies the cube WCD if there exists Cy > 0 such that for all choices of
system 2 and €y > 0, B.q(Co, €o) is Carleson.

See Lemma for a proof that this version of the WCD implies the version given in
Definition We will also need to review some of the theory of rectifiability in metric
spaces.

Definition 4.4.2 (metric derivatives, jacobians). Let f : R™ — X be L-Lipschitz. We say a
seminorm on R” |Df|(x) is a metric derivative of f at x if

i A1) = 1DF|@)y = 2)

= 0.
Yz ly — x| + |z — 2|

Given a seminorm s on R”, define _# (s), the jacobian of s, by

s =atwn ([ (st ran i) o
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Kircheim used these ideas to prove the following metric analogs of Rademacher’s theorem
and the area formula for Lipschitz maps from R" into metric spaces.

Theorem 4.4.1 (cf. [Kir94] Theorem 2, Corollary 8). Let f : R" — X be L-Lipschitz and
let Zi(x) = _Z(|Df|(x)). A metric derivative for f exists at L™ almost every x € R™. In
addition, for any Lebesgue integrable function g : R™ — R,

[ @ s@azr@ = [ X o) | arw),

zef~y)

In their work on Lipschitz analogs of Sard’s Theorem, Azzam and Schul developed the
following quantitative measure of how far a function f is from being given by a seminorm.

Definition 4.4.3. Let f: R" — X and @ € D(R"). Define

md(Q) = —inf sup |d(f(), f(y)) — [l — ]

E(Q) [l z,yeQ

They used this to prove the following metric quantitative differentiation theorem.

Theorem 4.4.2 ([AS14] Theorem 1.1). Let f : R® — X be an L-Lipschitz function. Let
d > 0. Then for each R € D(R"),

> UQ)"T < CE )R
QED(R)
mdf(3Q)>0L

Finally, we will need to extend the standard system of dyadic cubes.

Definition 4.4.4 (one-third trick lattices). The following family of dyadic systems were
introduced by Okikiolu |[Oki92]. For any e € {0,1}" and cube @y € D(R"), define the
shifted dyadic lattice

Di(Qu = { @+ 12

D°(Qo) = | J Ds(R™)

320

Q € D;(Qo) } :

and set

D(Q) = |J D(Qu.

ec{0,1}n

f)(QO) has the following property: For any x € Qg and j > 0, there exists ) € 15(@0) such
that z € 2Q (See [Ler03] Proposition 3.2).

We now begin setting up the proof of the WCD for bi-Lipschitz images. We use the
following good family of dyadic cubes from our collection of dyadic trees D to do analysis in
the domain of our bi-Lipschitz maps.
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Definition 4.4.5 (L-good Ig). Let f : [0,1]" — ¥ be L-bi-Lipschitz. Fix Q € 2(¥). We
call a dyadic cube Iy € D L-good for @) if the following hold:

(i) (Io) =1 Q)
(ii) 3Bq € f(lg),
where the implicit constant in M(l) is independent of @) and Ig.

Using the special property of the one-third trick lattices and the definition of bi-Lipschitz
maps, the following lemma is standard.

Lemma 4.4.3. Let f : [0,1]" — ¥ be L-bi-Lipschitz. For each Q € 2(X) with ¢(Q) <r 1,

there exists an L-good Ig € D.
For k € N, § > 0, define

(4.16)

3 L-good Ig € D with
Y5 (k,6) = ey
Hh0) { ¢ AL (Ig) < 60(Ig)™2, mdy(Ig) < & } ’

By (k,5) = D\ Dx(k, ). (4.17)

Lemma 4.4.4. Let f : [0,1]" — X be L-bi-Lipschitz and let € > 0. There exist k(e, L,n), d(e, L,n) >
0 such that the following holds: For any Q € % (k,d) there exists a constant cg <, 1 such
that for any normed ball B € Br(lg),

A" (f(B)) = cqZ"(B)| < ecq-L™"(B)

Proof. Let I € D for Q be as in (4.16)), let € > 0, and assume k, § are small enough to satisfy
the hypotheses of Lemma with respect to 0 < _#; € L* and e. Then A,{f (Ig) <9

implies that
‘]éff_]é/f‘SEfof‘-

for any normed ball B € B (Ig). By setting cg = fQ 7 and using the area formula, we get
the desired inequality. [ |

Lemma 4.4.5. Let f : [0,1]" — X be L-bi-Lipschitz, let Cy be a regularity constant for 3,
and let € > 0. There exist k(eg, L,n), (e, L,n) > 0 such that % (k,d) C 9.4(2Co, €). In
fact, for any Q € %= (k,d), there exists a constant (2Cy)™" < ag < 2Cy such that for any
y € By, 0 <r </(Q), we have

" (B(y, 7)) — agr"| < €ol(Q)". (4.18)
That is, the condition on cubes in 9.4(2Cy, €y) is attained with a multiple of F™.

Proof. First, we note that if a constant ag such as in (4.18) exists, it must satisfy (2Cp)~* <
ag < 2C) for small enough €y because ¥ is (Cy, n)-regular. Let Iy be as in (4.16) and let
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e > 0. By Lemma [£.4.4] we can choose k large enough and § > 0 small enough so there
exists c¢g =g, 1 such that for any B € By (Ig)

(A" (f(B)) = cqL™(B))| < ecqZ™(B). (4.19)
In addition, the fact that md(/g) < ¢ implies that there exists a norm || - || such that
Sup |d(f (@), () = llz = ylla| < 6(Ig). (4.20)
xz,y€lg

Let ¢|.|, Xrn 1 be such that Z"(B.,(0,7)) = ¢, We set

aQ = €QCllq

and begin the proof of (4.18)).
Let yo = f~!(y). We claim that there exists a constant c;(n, L) > 0 such that

By == By (yo, (1 = c18)r) € f7H(B(y, 7)) € Byjjg (Yo, (L + c10)r) =t Ba. (4.21)
For the first inclusion, let zy € B;. By ,
d(f (o), f(yo)) < llzo = wollg + 30L(Ig) < (1 —crd)r + C(L,n)or <r

where the final inequality holds if ¢; is large enough. Similarly, let zo € f~'(B(y,r)) C Ip.
Then
120 = wollq < d(f(20), f(y0)) + 0(31g) < 7+ C(L,n)or < (1 + c1d)r

with the same restriction on ¢ as above This finishes the proof of (4.21)). Because 3By C
f(lg), we immediately have that By, By C I for small enough 0 so that By, By € Bar(Ig).
Using ([4.19)), this implies the existence of a constant cy(n, L) so that

A (B(y, 1)) < A" ([(B2)) < el +€)cyo(1 4 c10)"r" < agr™ + e +0)(Q)".

A similar computation using " (f(By)) gives a similar lower bound for " (B(y,r)). This
shows that
5 (B(y, 1)) — agr| < ca(e+0)((Q)"

By choosing € small enough, then £ large enough and ¢ small enough, we get the conclusion
of the lemma. |

Lemma 4.4.6. Let f : [0,1]" — X be L-bi-Lipschitz. For any k,6 > 0, Bx(k,0) is
C(k,d,n, L)-Carleson.

Proof. Let R € 2. By Lemma [4.4.3] Remark [£.3.1 and Theorem we have

Q"< > (Q"+ > Q"+ D> Q)

QeA(k,0) QCR QCR QCR
QCR A{f (IQ)>6£(IQ)TZ/2 mdy(Ig)>0 4(Q)>C(L)
Sta Y WM+ Y Q)"+ C(Ln)U(R)"
IoCIR 1gCIR
A,;]f(IQ)>(5€([Q)"/2 mdf(IQ)>6
Skopn LUR)" +UR)" Spn U(R)". [ |
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Theorem 4.4.7. The WCD holds for any bi-Lipschitz image of [0, 1]™.

Proof. Let f be L-bi-Lipschitz f : [0,1]" — X. Choose Cy(L,n) such that ¥ is Ahlfors
(Co,n)-regular and let ¢g > 0. Choose k large enough and § small enough with respect
to €o, L,n so that %s(k,d) C %.q4(2Cy, €0). That is, the conclusion of Lemma holds.
Then Beq(€o,2Cy) C ABs(k,d). Lemma implies that %x(k,d) is C(eo, L, n)-Carleson,
implying Z.q(2Co, €y) is also C(eg, L,n)-Carleson which says exactly that ¥ satisfies the
WCD. [

4.5 Stability of the weak constant density condition
under big pieces

The goal of this section is to prove Theorem [F} uniformly n-rectifiable metric spaces satisfy
the WCD. We will prove this via a stability argument. That is, we will use the fact that
uniformly rectifiable metric spaces have big pieces of bi-Lipschitz images (in fact, very big
pieces of bi-Lipschitz images with worsening constants) to transfer our bi-Lipschitz image es-
timates to the uniformly rectifiable case. The primary tool for this argument is the following
abstract analog of the John-Nirenberg-Stromberg theorem.

Lemma 4.5.1 ([BHS23] Lemma 4.2.8, [DS93] Lemma IV.1.12). Let X be an Ahlfors n-
reqular metric space and 9 a system of Christ-David cubes for X. Let o : 9 — [0,00) be
gwen and suppose there are N,n > 0 such that

A" S zeR| D a@Q <N b | =nlR)" (4.22)

QCR
TEQ

for all R € 9. Then,
> a@UQ)" Sny ((R)"
QCR

forall R € 9.

For our application, we will take a(Q) = Xz.4(Co,c0) (@) Where HBeq(Co, €o) is as in (4.15]).
If we can show that (4.22) holds for this choice of «, then we will conclude

Y X2 @UQ)" = D Q)" S UR)" (4.23)
QCR QCR
Q€Zca(Coseo)
which is exactly the desired Carleson packing condition for %B.q(Cp, €r). We will need the
following result from Bate, Hyde, and Schul’s paper which states that uniformly rectifiable
metric spaces have very big pieces of bi-Lipschitz images.

Theorem 4.5.2 (cf. [BHS23] Theorem B, Proposition 9.0.2). Let ¢ > 0 and let X be
uniformly n-rectifiable. There is an L > 1 depending only on €,n, the Ahlfors reqularity
constant for X, and the BPLI constants for X such that for each x € X and r > 0 there
exists ' C B(z,r), satisfying 2(B(x,r)\ F) < er? and an L-bi-Lipschitz map g : F — R™.
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Remark 4.5.3. If we embed X isometrically into {4, then we can take the map g~' : g(F) —
F C /,, above and extend it to an L/(L,n)-bi-Lipschitz map f : R" — /,, satisfying the
same conclusions with respect to the isometric embedding of X. (See [BHS23| Lemma 4.3.2
for a proof.)

We now begin setting up the proof of Theorem [F] Fix a uniformly n-rectifiable metric
space X with regularity constant Cjy and a system of Christ-David cubes Z for X. Let ¢y > 0
and R € 2(X). By applying Theorem to the ball 3Bg, we get an L-bi-Lipschitz map
f:R™ =3 C/l, such that

HP(3BR\ X) < %E(R)”. (4.24)

We will only need to use f near where it parameterizes 3Bp, so it suffices to consider f|,
where Iy is L-good for R (See Definition . We can assume without loss of generality
that Ir = [0, 1] so that the results of the previous section for bi-Lipschitz images of [0, 1]™
apply to f.

Because ¥ has such large intersection with 3Bg, we can use the following lemma to find
a substantial subset R C R such that for every z € R, every cube Q C R with 2 € Q has
very large intersection with .

Lemma 4.5.4. Let X be a doubling metric space with a system of Christ-David cubes P .
Let € > 0, FF C X measurable, and let R € & be such that 7" (R \ F) < e (R). Define

~ C
R:{:UGR For all Q € 2 such that x € Q C R, }

A (QNF) > (1—26) Q) (4.25)
We have ,%”"(R) > e (R).

Proof. This proof is essentially contained in the proof of Lemma IV.2.2.38 in [DS93|, but we
need to be more precise than them about the constant e. If x € R\ R, then z is contained
in some cube @ such that Z"(QNF) < (1 —2¢)7™(Q). Let {Q;}; be a maximal disjoint
family of such cubes so that R\ R = |J, Q;. Then

A"((R\ R)NF) Z%”” (QiNF) < (1—26) ) Q) (4.26)
< (1 —26)"(R\ ) < (1 —2¢)"(R).
On the other hand,

H"(R\R)NF) = #"(RNF)\ R) > #"(RNF) — #"(R) (4.27)
> (1— )" (R) — #™(R).

Combining (4.26) and (4.27) and rearranging gives

HMR) > (1 — €)™ (R) — (1 —26)#™(R) = e™(R). |

While this lemma allows us to control the measure of the part of X outside of X, we will
also use separate control of the maximal distance of points in ) € Z(R) from ¥ as measured
by the following quantity.
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Definition 4.5.1. Let (Z,d) be a metric space and suppose X,Y C Z. For z € X and
0 < r < diam(X), define

1
Ixy(x,r)=—- sup dist(y,Y)
7 r yeXNB(z,r)
dist(y,Y)<r

The following lemma gives Carleson control over cubes where Ixy is large.

Lemma 4.5.5 ([BHS23| Lemma 4.2.6). Let (Z,d) be a metric space with X,Y C Z Ahlfors
(Co, n)-reqular subsets and 2 a system of Christ-David cubes for X. For any § > 0, the set
{Qe 2| Ixy(3Bg) >} is C(Cy,n,d)-Carleson.

We can now define the good family of descendants of R we want to consider. Let F =
f7YX). For any k € N and § > 0, consider the following three conditions applicable to
Qe PR)CI2X):

(i) 2"(Q\X) < FHAM(Q),
(ii) Ixs(3Bg) <9,
(iti) 3L-good I € D(R™) for which the following hold:
a) AT (Ig) < 6l(Ig)"?,
b) md;(Ig) <.
Define

Grik,0)={Q €€ Z(R)| Q satisfies , and},
Brik,0) =D\ 9 s(k,06).

We first show that ¥ ¢(k, ) cubes are good for the WCD for X. The reader should compare
the following lemma with Lemma 4.4.5|

Lemma 4.5.6. Let X be uniformly n-rectifiable with reqularity constant Cy, let € > 0, and
let R € 2(X). Let f:R™ — % be L-bi-Lipschitz and satisfy (4.24). There exist k,6 > 0
dependent on Cy, €g,n, L such that 9 ¢(k,0) C 9.4(2Cy, €o).

Proof. Let Q € Gr¢(k,6), y € 2Bg, 0 <r < 24(Q) and let I be the cube guaranteed from
condition . Notice that B(y,r) C ¢oBg. By condition , there exists yy € X satisfying
ly — yo| < 300(Q). Let ro =7+ 35¢(Q) so that

Bz(yoﬂ’—) N X g BX(y7T) N )Y g Bz(yo,’f’+) N X.

Since mdy(Ig) < 6, the proof of Lemma 4.4.5] specifically of (4.9)), shows that there exists a
norm || - [|g and ¢;(n, L) > 0 such that the balls

By = By (f " (w0), (1 = c10)r-),
By = Byjo (f (), (1 + c18)r)
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satisfy By, By € Bar(Ig) and
BiNEC fYBx(y,r)NY) C BN E. (4.28)

Let € > 0. By taking 0 small enough and £ large enough so that the hypotheses of Lemma
are satisfied for _#yxp, AkffXE(]Q) < §0(Ig)"? gives

']{B/fXE_][Q/fXE <e ]é/fXE

for any normed ball B € By, (Ig). Set cg = ‘ fQ I fXE‘- After rearranging and applying the

area formula, this becomes
|7 (f(BNE)) —cqL"(B)| < ecoZL"(B). (4.29)
Let £"(By,(0,7)) = ¢)or™ and set ag = cocy,. Combining ([4.28) and ([£.29) gives

A" (Bx(y,r) NE) <A (f(B2 N E)) < cq(l +€)L"(Ba) = ag(l+¢€)(1 —c16)"r}
=ag(l+e)(1 —c10)"(r+30(Q))"
<agr" +C(n,L)(e + 9)((Q)".

A similar argument using B; gives a similar lower bound so that
A" (Bx(y,r) NT) — agr"| < Cln, L)(e + 5)(Q)",
Finally, using , we have

[ A" (Bx (y, 7)) = agr”| < A" (Bx(y,r) \ ¥) + | 2" (Bx(y, 7)) N % — agr”|

< A (ceBoN X \Z) + C(n, L) (e + 0)(Q)"
%Og(Q) +C(n, L)(e + 0)(Q)" < €l(Q)"

IN

where the final inequality follows by first fixing e sufficiently small in terms of €y, L, n then
0 small and k large in terms of €, eq, n, L. [ |

We now show that %p (k,d) is not too big. The reader should compare this lemma with
Lemma [£.4.6

Lemma 4.5.7. Let X be uniformly n-rectifiable with regularity constant Cy, let €g, 0,k > 0,
and let R € 2(X). Let f : R* — X be L-bi-Lipschitz and satisfy (4.24). There exist
constants N,n > 0 dependent on k, 9, €y, n, L such that

H" | S v € R Z X% (ko) < N > nl(R)". (4.30)

QCR
z€eQ
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Proof. Define

$1={QCR|Ixx(3Bg) >4},
B> ={Q C R | there is no I satisfying [(ii)] } .

Lemma shows that %, is C(0, C’O, ) Carleson and Lemma [4.4.6] shows that %, is
C(k,d,n, L)-Carleson. Let R be as in and write R = \U; Q: for a maximal disjoint set
of cubes. By Chebyshev’s inequality;,

IO" rE€R Z XZ (ko) (Q) > N < N /R Z X%, 5 (k) (@

QCR QCR
T€Q z€Q
1
S I Z Xz (Q) + x2.(Q)
QCQ:CR
zEQ
1 n n
S| 2 QT+ D Q)
i QCQ; QCQ;
QE% QESB,

Sk6.Corcoml Z€ <—€ (R)".

The result follows by taking N sufficiently large and using Lemma [
We finally observe that these pieces combine to prove Theorem [F}

Proof of Theorem[F]. Choose R € 2(X) and apply Theorem to get an L-bi-Lipschitz
map f: R" - ¥ C /, satisfying . Fix k large enough and § small enough in terms of
Co, €0,n, L so that Zr ;(k,0) C %.4(2Cy, €9). That is, the conclusion of Lemma holds.
Then we have f%cd(QC(]; 60) N .@(R) - %R’f(k, 5) so that X%cd(200750)(Q) < X%R,f(k76)(Q) for
all @ € R. Lemma gives the existence of N, 7 independent of R so that

A" rER Z X Bea(2C0,c0) = N 2 ?7£<R)n
QCR
reQ

By Lemma [4.5.1} this implies %.q4(2Cy, €o) is Carleson, implying X satisfies the WCD. W
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Chapter 5

Iterating the big pieces operator and
larger sets

5.1 Introduction

A closed set E (with more than one point) in a metric space X is said to be Ahlfors-David
k-regular if there is a constant C' > 1 such that for all » € (0,diam(£)) and x € E we have
C~lrk < H¥(EN B(z,r)) < Cr*. For some given class .% of Ahlfors-David k-regular subsets
(of a metric space X), we define BP(.%) as follows: F' € BP(%) if F is a Ahlfors-David
k-regular set for which there exists a constant § > 0 such that for any x € F' and R > 0,
there is a set G, r € .# such that

H*(B(z, R)NFNGyupr) > 0H (B, R)NF).

Conditions involving BP(.%#) for various classes of sets .# play an important role in the
theory of uniformly rectifiable sets in R” developed By David and Semmes (see e.g. [Dav91],
[DS91]). While the original motivation was the study of singular integral operators, the
study of such conditions has taken on a life of its own.

In the context of singular integrals, the condition BP(.%) is important because it allows
the uniform boundedness of a family of SIOs given by convolution with ‘nice’ kernels over
sets in .# to be transported to sets in BP(%). In particular, one can define successively
weaker conditions BP?(.%) for all j > 0 which all imply boundedness given that the SIOs are
bounded on .Z; the initial case David and Semmes considered [DS91] used Lipschitz graphs
as the base class, i.e., E € BP/(LG). This raised a natural question: how do the collections
BP/(LG) behave as j grows? It turned out that for j > 2 the collections BP?(LG) are all
the same and their elements are called Uniformly rectifiable sets. We refer the reader to
[DS93], [DS91], specifically to Proposition 2.2 on page 97 of [DS91], and Theorem 2.29 on
page 336 of [DS91|. For n € [k,2d + 1) one also needs [AS12a] to show that BPBI implies
BP(BP(LG)), but this is not where most of the work goes — the proofs by David and Semmes
of that stability (for 7 > 2) are quite sophisticated and rely on a Euclidean ambient space.

There has recently been interest in other families .#, in particular for the purpose of
studying Parabolic Uniform Rectifiability. See e.g. the work in [Bor+-22|, where the questions
about Uniform Rectifiability in the metric setting are discussed for this purpose. In fact, we
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refer to [Bor+22| for a great introduction on contemporary applications of the idea of Big
Pieces.

An immediate corollary of the main result contained in this essay (Theorem is that
stabilization of the operator BP? occurs in the setting of metric spaces for j > 2 as well.
Our proof is both simple and direct.

5.2 A Theorem

Theorem G. Let .7 be a class of (closed) Ahlfors-David k-reqular sets in a metric space X.
Let E C X be a Ahlfors-David k-reqular set with E € BP(BP(%)). Then there exists a set
F C X such that

(i) ECF,
(ii) F is Ahlfors-David k-regular.
(i) F € BP(%).

The constants in the conclusion are quantitative with dependance on the constants in the
assumptions.

Corollary 5.2.1. Let .F be a class of closed Ahlfors-David k—regular sets in a metric space
X. For any j > 2, and any constants b1, ...,0; > 0 defining BP?(F), there are 01,0, > 0 such
that the family BP(BP(.%)) defined using 61,8, is equal to BP?(.F) defined using 0, ..., 0;

Proof of Corollary[5.2.1 Let E € BP*(#). Then for any + € E and R < diam(E) we
have a set B , € BP*(F) such that H*(B(z,R) N E) < H*(B(z,R)N ENE,). By
Theorem , there is a set F, p € BP(%) so that F, g D E, p. Clearly H*(B(z, R) N E) <
H*(B(x,R) N E N F, ). We have shown E € BP*(#). This gives for any j > 3 that
BP/(#) = BP/"!(.#), and so we are done by induction. |

Proof of Theorem|[G| for the case diam E < co. We suppose that diam F' < co. In order to
construct the set F', we first fix a dyadic cube decomposition of E denoted by A = A(FE)
with root cube root(A) = Qo = E. By construction, for each cube @) € A there exists a
point ¢(Q) € @ which we call the center of @ satisfying

dist(B(c(Q), c; diam Q), E\ Q) > ¢ diam Q). (5.1)

for some constants c¢;,c; > 0 (see e.g. [Chr90] and [HM12]). From now on, define B, ) =
B(c(Q), ¢ diam(Q)). We construct the set F' desired in the theorem inductively. At stage 0,

use the fact that £ € BP(BP(.%)) to find a closed set Fyp, € BP(.#) such that Fy, C Beq,)
and
Hk(BC(QO) N E N FQO) 291 Hk(BC(QO) N E) 201702 dlam(QO)k

We define

Fy = Fg,.
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We continue the construction by defining a dyadic decomposition 2Z; of the set E \ Fp,.
Indeed, since Fy, is closed, E \ Fg, is relatively open in E and for any x € E \ Fg,, there
exists some dyadic cube @ 3 z of maximal diameter such that dist(Q, Fp,) > diam Q. We
call the disjoint family of all such maximal cubes 2, so that we have

E\FQOZ U Q.
QEZ:

We now give stage 1 of the construction of F'. For each ) € 24, Again find closed a set
Fy € BP(.%) such that
H (B NENFQ) Zoyer.e0 HY(Q): (5.2)

We define

Py =Fy,U | Fo
Qe2,

Continue the construction inductively. Given the construction completed up to stage m, we
define the set 2,,,1 to be the collection of dyadic cubes with maximal diameter contained
in F\ F,, such that @ € 2,,,, satisfies

dist(Q, F,,,) > diam(Q). (5.3)

D1 is a disjoint decomposition of E \ F,, so that

E\F.= |J @ (5.4)

Qegm+l

Given such a @, let iy € BP(%) with Fig C B, be such that (5.2)) holds and define

Fos =F,U U FQ:FQOUUFQU---U U FQ. (5.5)
QEQerl QEQI QGQm+1
Finally, set
m=0

and define 2 = U,,,2,,. Now that we have constructed the set F', we note two of its simple
properties. First, given any @ # Q' € 2, equality (5.3)) implies

dist(Fg, Fgr) > min{diam(Q), diam(Q")}. (5.7)
Second,

limF CEU | ) Fn
m=0
where lim F' denotes the set of limit points of F. Indeed, suppose x € lim F' with z; —
z, x; € Fg,. If the set {Q;}; is finite, then implies the sequence Fp,; is eventually
constant, say Fg, — Fg, meaning x € Fy, since Fg, is closed. If instead {Q;}; is infinite,
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then consider a subsequence xy; — x such that Q; # Q, for any 4,j. The fact that zy,
converges combined with then implies diam @); — 0. Since dist(Fg,, F) < diam Q;, we
have dist(z, £) = 0 which implies € E. (In particular, we will soon see that this implies
HF(lim F \ U,, F,) = 0.)

Proof of (i): Notice that for any N € N,

m=0

HAE\ F) < HE (E\ U Fm) < HHEN Fy)

because the sets F), are increasing. Letting 0 < ¢y < 1 be the constant implicit in inequality

,We can write
WA\ F) B (E\FN U FQ) = (U Q\ U FQ)

Qe2N Qe2N QE2N
= Y HNQ\Fy) <(1—c) Y HYQ) = (1 - co)H'E\ Fy_1)

QE2N Qe2N

where we used the fact that Fp N Fpr = @ for Q, Q" € Zy. Since this holds for any N, we
can iterate this inequality to get

HNE\ Fy) < (1—co) " H (E)

from which we conclude H*(E \ F) = 0. To finish the proof of (i), let x € E be arbitrary.
Since E is Ahlfors-David regular, for any R > 0, H*(B(z, R)) > 0 so that F N B(x,r) # @.
This means x is a limit point of F', implying x € F' because F' is closed.

Proof of (ii): Fix any point z € F and some R < diamF. If z € F\ Uy,F,,, then
we can find a particular Fp with dist(z, Fp) < 1 and dist(z, Fpp) = dist(z, z) for z € Fp.
Then, we have B(z, R/2) C B(z,R) C B(z,2R), and substitute the first ball or final ball
for B(z, R) in the proofs of lower and upper regularity respectively. Hence, we can assume
x € UpF,,,. By definition, there exists @, € Z,, such that x € Fy,,, for some m € N. Write

H'BE R)NF)= ) HB(z R)NFy + H*(B(z, )N Fg). (5.8)
FonB(z,R)#2 FonB(z,R)#2
diam Q>10R diam Q<10R

We will first show that F' is upper regular. Let 2; be the collection of cubes summed over
in the first term of (5.8). By (5.7), we have that for any Q,Q’ € 2, dist(Fy, Fr) > 10R.

This means 2 has at most one element. Given such a @), choose y € B(z, R) N Fy and write
H"(B(w, R) N Fo) < H*(Fg N B(y,2R)) < R*

using the fact that Fy is itself Ahlfors-David k-regular. This proves the first sum in (5.8
has the appropriate upper bound. Let 2;; be the collection of cubes summed over in the
second term of (5.8). Since diam(Q) < 10R, any Q € 2, satisfies Q C B(z,20R). We first
prove a lemma
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Lemma 5.2.2. Let Q € 2, and let D(Q) be the descendants of Q) in Z. Then

1wl Fol= D) H(F) Soiee HEQ).
Q'eD(Q) Q'eD(Q)

Proof of Lemma[5.2.9 Suppose for simple notation that @@ = Q. Using the regularity of
each Fp, we have

# U r)-E ¥ wuwzel ¥ oo

Q€eD(Qo) m=0QeD(Qo)NZm D(Qo)N2m

In analogy to (5.4), Qo \ Fin_1 = UQeD(QO)QO Q holds so that

> HQ=H(Q\Fu)=H | Q\Fa2\ U R

QeD(Qo)N2m, QReED(Qo)NZm—1

= HF U Q\ U Fy

QED(QO)QOfl QED(QO)ﬂQm,1

< > HHQ\ Fy)

QRED(Qo)NZm—1

<(l-c) >  HYQ

QED(Qo)NLZm—1

where ¢y was defined as the implicit constant in (5.2)). Iterating this inequality, we find

1l U Fol 0D 0 —ca)"H Qo) Seo HH(Q)
QeD(Qo) m=0

Using this lemma, we can write

> HB@RNF)< > Z P S Y HMQ)

FoNnB(z,R)# Q maximal Q’€eD(Q @ maximal
diam Q<10R QEeZrr Qe2rr

< H*(E N B(xz,20R)) < R".

This proves the desired bound for the second sum in , proving the upper regularity
of F. Now we show that F' is lower regular. If R < 100diam @),,, then the claim follows
immediately from the lower regularity of Fy. If 100diam @,, < R < diam F', then since
Fg,. N Qm # @, there exists z € @ (and thus, z € E) with B(z, R) O B(z, R/2) and

H*(B(x,R)N F) > H*(B(z, R/2) N E) > R*
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using the fact that £ C F. This completes the proof of lower regularity, hence of (ii) as well.

Proof of (iii): Fix = € Fp,, and R > 0 as in the proof of (ii). Fix a constant a > 10 to
be chosen later. If R < avdiam @), then since Fy,, € BP(.#), there exists G, p € .% such
that

HE(B(x, R) N Fg,, N Gar) > 0HY(B(z, R) N Fy,,) Zcra R¥ 200 HE(B(x, R)NF)  (5.9)

where C” is the regularity constant for F,, and C” is the regularity constant for F. Now,
suppose that adiam@,, < R < diam F. Since x € Fy, , there exists a chain of cubes
Q; € 2;, 0 <i<m such that

ngQm—lg---nggQO'

Next, notice that for any choice of o > 10, there exists a smallest cube (); in the above chain
such that R < adiam @); since for all admissible R, R < 10diam ). Choose the constant «
such that for any y € E \ F;, the cube ;11 3 y satisfies

diSt(QH_l, FQZ) < % diam Qi-‘rl' (510)

In general, o will depend on the constants used in the construction of A, as it may be the
case that all of the children of the cube ); are small relative to (); with bounds given in
terms of these constants. With such an « chosen, let ); be the smallest cube in the above
chain for x such that R < adiam();. This means that R > adiam @), so that
implies that there exists y € Fy, such that B(y, R/2) C B(x, R). We can now repeat the
argument of with @; in place of @,, to finish the proof. This completes the proof of
Theorem [G] for the case diam E < oo. [

Before we turn to the case diam E = oo, we need the following lemma. It says, roughly,
that finite diameter subsets of E can be made regular by extending them slightly. This
extension also preserves the BP(F) property.

Lemma 5.2.3. Let E C X be a Ahlfors-David k-reqular set and suppose that G C E' satisfies
diam G = D < oo. For any A > 1, there exists a set G C E such that

(i) GCGCBG2)NE={zeE: dxG) <L},
(ii) G is Ahlfors-David k-regular with constant C(k,Cp, A).

Furthermore, if E € BP(F) with constant 0 for some class of Ahlfors-David k-regular sets,
then G € BP(F) with constant 0(k,0g, A).

Proof of Lemma |5.2.5. We define an “interior” of the set G C E by
D
I4(G) = {xeG:d(w,E\G) > Z}

The corresponding “boundary” is then
D
G\ 14(G) = {xEG:d(w,E\G) < Z}
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We will construct the set G inductively. In the first stage, we will take a maximal net of
appropriate size inside G'\ I4(G) and add in balls around each net point to G. In the second
step, we consider a smaller “boundary” of this new set and repeat the above process with
a finer net and smaller balls. If we continue this process indefinitely while adding balls of
exponentially decreasing radii, we get the desired set by taking a closure. We now give this

construction explicitly.
Let Go = G and let X; be a maximal Z-net for the set G\ I4(G) C E. Define

2D
r€Xq
Given the set G,,, we define X,,;; to be a maximal 4*”%—1&6‘5 for G, \ Iin.A(G,) and we let
2D
Gpi1 = i )
=G, U B(m,él I > NE
IGXn+1

Finally, define

G = G Ghp.
n=0

We will now show that G satisfies the desired properties in the statement of the lemma.
Proof of (i): The maximal distance of a point x € G from G is just given by the sum
of the radii of the balls added in each step:

2D & 8D 3D
g =<
d(z,G) < 1 ;:04 =1 <71

Proof of (ii): First, we observe that since G C E, we immediately have, for all z € G,
R >0, )
H*(B(z, R) N G) < H*(B(z, R) N E) < CpRF.

Hence, G is upper Ahlfors-David k-regular with constant Cr. We will now show that G is
lower regular. In order to do so, we will first prove that there exists a constant 0 < ¢ < 1
dependent only on A such that

Ve € G, VR, 0 < R < diam G, 3y € E such that B(y,cR)NE C B(z,R)NG.  (5.11)

We note that (ii) will follow from this since for any relevant pair (x, R), we get the existence
of y € E such that

Ck Rk

E

H*(B(z,R)NG) > H¥(B(y,cR) N E) >

by the lower regularity of £. We now prove (5.11)). We begin by using the constant ¢ = l0-4+'A
(we will only need to decrease it by a factor of % at the end of the proof). Let z € G and
assume = € G, for some m. There exists some minimal n such that x € I;n4(G,,) because
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x € G\ Iyma(G,,) implies © € Iym+14(Goyq) by the triangle inequality. Indeed, let t € X, 11
be a nearest net point to x and let z € E'\ G,,,1. We can calculate

2D D D D
d(xz,z) > d(t,z) —d(t,z) > 4_"‘7 - 4_7”2 = 4_”"”2 > 4_’”_12.
Therefore, d(z, £\ Gpy1) > 4_’”_1% so that © € Iym+14(Gpuy1). Suppose first that n < 4.
In this case, we will take y = x, and we must show the inclusion of the balls given in (5.11))
for any admissible value of R. For 0 < R < 47*L note that = € [414(Gy) implies

D
44A

so that B(z, R) NG = B(z, R) N E. If instead 42 < R < diam G < D + %2 < 10D,

d(z, E\ G) > d(z, E\ Gy) > (5.12)

R 10D D

/
_ 12
R= A~ T0.4.4 A

Which shows that

B(z,/R)NECB (x,4_4§> NE=DR8 (x,4_4§> NG

by (5.12). Now, suppose n > 4. This means © € Ina(G,) \ Iyn-14(G,—1). Hence, if

R < 478 then we can take y = z and note that B(z, R) NG = B(z, R) N E in analogy
to (5.12)). Now, suppose 4_7"% <R< 4_m+1% for 0 < m < mn — 3. There exist net points
z, € X, for m + 3 < p < n such that

(5.13)

In this case, we choose y = x,,,13. We calculate

R D D
'R) = ——  \c —(m+3)_—~__ ) C m ) C
B(y,/R) =B (xm+3, 10‘44‘14) CB (wm+3,4 10A2) CB (x,4 A) C B(z, R)

using (5.13) and the fact that 4_’"% < R< 4_m+1%. In the case when % < R < 10D,
choose y = x3, the nearest net point in X3 and observe that

R D D
By,dR) =B (3,——— ) CB 4=V cB(e,2)CB
(v, ¢ R) (x?” 10.44.A) = (xm”” A) = (x A) < Bl F)

again using (5.13). This proves (5.11) for all x € G, for some n. If z € G, for all n,
then given any admissible R > 0, there is a net point t € Xy for arbitrarily large N such
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that d(z,t) < £ so that B(t,£) C B(z, R) and, applying to B(t, &), we get a point
y € B(t, %) such that B(y, %) Q B(t, %) C B(z,R). Take ¢ = % and B(y,cR) C B(z, R)
so that ho}ds with ¢ = 5 44_ 7

Proof that G € BP(F). This follows from (5.11]). Indeed, for any admissible pair (z, R),
choose y as given by (5.11). Applying the BP(F) condition for E in the ball B(y, cR) gives
a set H, .r € F such that

HE(B(z, R)NG N H,.r) > H(B(y,cR)NEN Hyor) Zagpx RY 20 HE(B(z, R) N G).
This concludes the proof of the lemma. [ |
Proof of Theorem [G| for the case diam E = co. Fix x9 € E. Let A > 1 and, for n > 0, set

Bn = B(ZL’(), An)

where the constant A is sufficiently large in terms of Cg, k, and 0g, the BP constant. Let
E,, be the Ahlfors-David regular extension of the set £ N B, with constant A in Lemma
5.2.3| replaced with 100 so that F,, C B(E N B,, %). E,, satisfies the hypotheses of the
finite diameter case of the theorem, so apply the theorem to get a regular set F,, € BP(F)

satisfying
A"
EnangB(x()v 4)

In order to ensure bounded overlap, we then define FO = F, and Fn for n > 1 to be the
regular extension of £, \ %Bn_l given by the lemma with constant A there replaced by 100A

here. By construction, F,, C B(F,, Azol) so that Fj, N iB,_1 =@ and F, C B(x,2A"). We

also have F, € BP(F) with constant 6 independent of n. We now define
F=|JF,
n=0

and claim that F' satisfies conditions (i)-(iii).
Proof of (i): By definition, £N (B, \ 3B,_1) C F,s0 E =y EN(B,\ 1B,_1) C F.
Proof of (ii): For any n, F, is regular with some constant Cp(A, Cz, k) independent
of n. Lower regularity of F with constant Cp follows immediately, so we only need to show
that F is upper regular. Let € F, for some n. Observe that, for j > 2

- ~ 1 1 . .
d(z, Fryj) > d (Fn, ZB”+]'1) > Z_lAnﬂA —2A" > A2

provided we choose A sufficiently large. Hence, if R < A"2, then B(z, R) N FJ = @ for
|n — j| > 2. In this case,

H¥(B(z,R)NF) = Z’H’“ (z, R)N Foyj) <o R

j=—1

NCF
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independent of n because Fnﬂ is regular with constant independent of n. Now, suppose
Al < R< At for j > n — 2. We can write

Jj+2 Jj+2 Jj+2
HHB(z, R)NF) =Y H' Bz, R)NE) <Y HYE)<Cr ) diam(F)"
=0 =0 =0
~ j+2 ~ ~
<Cp ) (4A)*F <20p(4A)THDF < (4A) R CL(4R)".
=0

This proves upper regularity and finishes the proof of (ii). From now on, let Cr = Cp(Cg, A, k)
be the regularity constant for F.

Proof of (iii): Let € F, and R > 0. Suppose first that 0 < R < A""2. Because
F, € BP(F) by the lemma with constant 0z (6, A, k) independent of n, we get the existence
of a set G, r € F such that

H*(B(z, R)NF N Gyr) > H (B, R) N EF,NGar) 25, 4 H¥(B(z, R) N F,)
>cp RF >c, HY(B(x, R)N F).

using the fact that F, is regular. Now, suppose A7 < R < A/! for j > n + 2. Because
z e F,, iA”_l < d(z,z9) < 2A™ so that

Fj_5 C B (20,2A477%) C B (2,247 + 24") C B(z,A’") C B(z, R).

Using the above containment and the fact that Fj_, € BP(F), there exists a set G, € F
with both G, r C B(z, R) and

HE(Gor N Fj_y) Zip diam(F; )" > AUk >, RF.

Hence, we have H*(B(z, R) N Gor N F) 25, 45 R* Z0r H¥(B(z, R) N F) as desired. |
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