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Abstract of the Dissertation
Loop spaces, cyclic homology, and the A, algebra of a Lagrangian submanifold
by
Yi Wang
Doctor of Philosophy
in
Mathematics
Stony Brook University
2023
The thesis consists of three chapters. In the first chapter, we prove a variant of Jones’
theorem on cyclic homology and S!-equivariant homology, and describe a chain level refinement
of the string topology gravity algebra discovered by Chas-Sullivan. In the second chapter, we
construct a new chain model of the (based and free) loop (path) space of a path-connected
topological space X, defined using the fundamental groupoid of X. This may be viewed as
a generalization of a classical theorem of Adams to non-simply-connected spaces. In the
third chapter, we give a formulation of the Lagrangian Floer theory of a single Lagrangian

submanifold in terms of its free loop space, namely lift the Fukaya A, algebra of a Lagrangian

submanifold L to the dg Lie algebra of cyclic invariant chains on the free loop space of L.
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Chapter 1

A cocyclic construction of
Sl-equivariant homology and

application to string topology

1.1 Introduction

Let M be a closed oriented smooth manifold and LM = C*(S', M) be the smooth free loop
space of M. In a seminal paper [5] (and a sequal [6]), Chas-Sullivan discovered rich algebraic
structures on the ordinary homology and S'-equivariant homology of £M, initiating the
study of string topology. In particular, there is a Batalin-Vilkovisky (BV) algebra structure
on (shifted) H.(LM) (J5, Theorem 5.4]), which naturally induces a gravity algebra structure
on (shifted) HS'(LM) (5} Section 6], [6, page 18]).

The goal of this paper is to describe a chain level refinement of the string topology gravity
algebra, and compare it with an algebraic counterpart related to the de Rham dg algebra
Q(M). Along the way we also obtain results on the relation between cyclic homology and
St-equivariant homology, and an S'-equivariant version of Deligne’s conjecture.

In spirit, this paper may be compared with work of Westerland [50]. Westerland gave a



homotopy theoretic generalization of the gravity operations on the (negative) S'-equivariant

homology of LM, whereas we describe a chain level refinement.

Cyclic homology and S'-equivariant homology

The close connection between cyclic homology (algebra) and S'-equivariant homology (topol-
ogy) was first systematically studied by Jones in [32]. One of the main theorems in that paper
(|32, Theorem 3.3]) says that the singular chains {S,(X)}x>o of an S'-space X can be made
into a cyclic module, such that there are natural isomorphisms between three versions of cyclic
homology (positive, periodic, negative) of {Sy(X)}r>0 and three versions of S'-equivariant
homology of X, in a way compatible with long exact sequences.

The first result in this paper is a theorem “cyclic dual” to Jones’ theorem. As far as the

author knows, such a result did not appear in the literature.

Theorem 1.1.1 (See Theorem [1.3.1). Let X be a topological space with an S'-action. Then
{S.(X x AM)}iso can be made into a cocyclic chain complex, such that there are natural
isomorphisms between three versions of cyclic homology of {S.(X x A*)}1>¢ and three versions

of St-equivariant homology of X, in a way compatible with long exact sequences.

Jones dealt with the cyclic set {Map(A¥, X))}, and the cyclic module {S(X)}x, while we
deal with the cocyclic space {X x A*}, and the cocyclic complex {S,(X x AF)},. It is in
this sense that these two theorems are “cyclic dual” to each other. In the special case that X
is the free loop space of a topological space Y, Theorem [1.1.1| may also be viewed as “cyclic
dual” to a result of Goodwillie ([27, Lemma V.1.4]). As does Jones’ theorem, Theorem
has the advantage that it works for all S'-spaces.

The cyclic structure on singular chains plays no role in Theorem [1.1.1, what matters
is the cocyclic space. Indeed, the main motivation for the author to seek for a result like
Theorem is to study the S'-equivariant homology of LM, using a novel chain model of

loop space homology defined via certain “de Rham chains”, introduced by Irie [29].



Deligne’s conjecture

What is called Deligne’s conjecture asks whether there is an action of certain chain model of
the little disks operad on the Hochschild cochain complex of an associative algebra, inducing
the Gerstenhaber algebra structure on Hochschild cohomology discovered by Gerstenhaber
[21]. This conjecture, as well as some variations and generalizations, has been answered
affirmatively by many authors, to whom we are apologetic not to list here. What is of most
interest and importance to us is work of Ward [48].

Ward ([48, Theorem C]) gave a general solution to the question when certain complex of
cyclic (co)invariants admits an action of a chain model of the gravity operad, inducing the
gravity algebra structure on cyclic cohomology. Recall that the gravity operad was introduced
by Getzler [25] and is the S'-equivariant homology of the little disks operad. So Ward’s result
can be viewed as an S'-equivariant version of operadic Deligne’s conjecture ([48, Corollary
5.22]).

The second result in this paper is an extension, in a special case, of Ward’s theorem. To
state our result, let A be a dg algebra equipped with a symmetric, cyclic, bilinear form (,) :
A® A — R of degree m € Z satisfying Leibniz rule (see Example [1.5.9). Then (,) induces a
dg A-bimodule map 6 : A — AY[m], and hence a cochain map © : CH(A, A) — CH(A, AY[m])
between Hochschild cochains. Let CHye (A, AY[m]) be the subcomplex of cyclic invariants in

CH(A, AY[m]). Let M5 be the chain model of the gravity operad that Ward constructed (see

also Example [L.5.3](iii)).

Theorem 1.1.2 (See Corollary [1.6.8). Given A, (,),0,0 as above, there is an action of M
on © 1 (CHeye(A, AV[m])), giving rise to a structure of gravity algebra up to homotopy. If
6 is a quasi-isomorphism and © restricts to a quasi-isomrphism O~ (CHeye(A, AY[m])) —
CHeye (A, AY[m]), this descends to a gravity algebra structure on the cyclic cohomology of A,

which is compatible with the BV algebra structure on Hochschild cohomology.

Here the BV algebra structure on the Hochschild cohomology of A (when @ is a quasi-



isomorphism) is well-known (e.g. Menichi [42] Theorem 18]), where the BV operator is given
by Connes’ operator (Example [1.2.6)). By compatibility with BV algebra structure we mean
the content of Lemma [1.5.1l Note that Ward’s original theorem only applies to the situation

that € is an isomorphism ([48, Corollary 6.2]).

Chain level structures in S'-equivariant string topology

Let us say more about Irie’s work [29]. Using his chain model and results of Ward ([48]
Theorem A, Theorem B]), Irie obtained an operadic chain level refinement of the string
topology BV algebra, and compared it with a solution to the ordinary Deligne’s conjecture
via a chain map defined by iterated integrals of differential forms.

The third result in this paper is a similar story in the S'-equivariant context. Note that
the string topology BV algebra induces gravity algebra structures on two versions (positive

i.e. ordinary, and negative) of S'-equivariant homology of LM (Example [1.7.1)).

Theorem 1.1.3 (See Theorem [1.7.6])). For any closed oriented C™-manifold M, there exists
a chain complex O satisfying the following properties. Firstly, the homology of O is
isomorphic to the negative S'-equivariant homology of LM , and (’)‘;\ZC admits an action of M

(hence an up-to-homotopy gravity algebra structure) which lifts the gravity algebra structure

mentioned above. Secondly, there is a morphism of M-algebras
O — O7H(CHeye (M), M)V [~ dim M])) (1.1.1)

which is induced by iterated integrals of differential forms, where the structure on RHS follows
from Theorem and © comes from Poincaré pairing. At homology level, the morphism
(1.1.1)) descends to a map (part of arrow 4 below) which fits into a commutative diagram of

gravity algebra homomorphisms

1
—

N

(1.1.2)

w

‘—
[\

N

—— D.

Q



Here A is the S'-equivariant homology of LM, B is the negative cyclic cohomology of Q(M),
C is the negative S*-equivariant homology of LM, D is the cyclic cohomology of Q(M).
Arrows 1, 4 are defined by iterated integrals on free loop space, and arrow 2 (resp. 3) is the
connecting map in the tautological long exact sequence for St-equivariant homology theories

(resp. cyclic homology theories).

The crucial part of Theorem is, of course, the chain level statement that fits well
with structures on homology. The first part of Theorem was conjectured by Ward in [48]
Example 6.12], but the correct statement turns out to be more complicated, as we actually
lift gravity algebra structures on negative S'-equivariant homology rather than S!-equivariant
homology, whereas they are naturally related by a morphism (arrow 2).

Other than the chain level statement, part of the results at homology level is known.
For example, the fact that arrow 1 is a Lie algebra homomorphism appeared in work of
Abbaspour-Tradler-Zeinalian as [I, Theorem 11]; The fact that commutes was of
importance to Cieliebak-Volkov [10] (the arrows are only treated as linear maps there).

In a forthcoming paper, the author is going to apply results in this paper to Lagrangian

Floer theory, in view of cyclic symmetry therein (Fukaya [17]).

Outline

In Section [1.2] we review cyclic homology of mixed complexes. In Section [1.3] we prove
Theorem In Section [I.4] we review Irie’s de Rham chain complex of differentiable spaces
and apply Theorem to it. In Section [1.5] we review basics of operads and algebraic
structures. In Section [1.6] we prove Theorem [I.1.2] In Section we prove Theorem [1.1.3]

Conventions

Vector spaces are over R, algebras are associative and unital, graded objects are Z-graded.

Homological and cohomological gradings are mixed by the understanding C, = C~*, C* = C_,.



As for sign rules, see Appendix . For the sake of convenience, we may write (—1)° for a

sign that is apparent from Koszul sign rule (Appendix [1.8.1]).

Acknowledgements

I am grateful to my advisor, Kenji Fukaya, for guidance, encouragement and support. I also

thank Kei Irie and Benjamin Ward for correspondences.

1.2 Preliminaries on cyclic homology

A convenient way to study different versions of cyclic homology is to work in the context of
mized complezes, which was introduced by Kassel [33]. By definition, a mixed cochain complex
is a triple (C*,b, B) consisting of a graded vector space C* and linear maps b : C* — C*t1,
B :C* — C* ! such that

=0, B =0, bB+ Bb=0.

Let u be a formal variable of degree 2. Define graded R[u]-modules C[[u]]*, C[[u,u™']*,
Clu™'* by

ciu' | ¢; € C’”*m},

1

>0
Z ciu' | k € Zsg, ¢; € C™ 21}
>_k

{3
t
X

ciui | ke Zzo, c € Cm_%}.

—k<i<0
Here the R[u]-module structure on C'[u~!] is induced by the identification C'[u~] = C[[u, u™!]/uC|[u]].
Then b+ uB is a differential on C[[u]]*, C[[u,u™']*, Clu~']*, resulting in cohomology groups
denoted by

These are three classical versions of cyclic homology of mixed complexes, called the negative,

periodic and ordinary (positive) cyclic homology of (C*,b, B), respectively. We prefer to
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distinguish them by suggestive symbols ([[u]], [[u,u™!], [u™!]) rather than names, as did in
[10]. Here cohomological grading is used for cyclic homology since we deal with cochain
complexes. If we move to homological grading C, := C'~* and replace u by v (a formal
variable of degree —2), then the mixed chain complex (C,, b, B) gives negative, periodic and

ordinary (positive) cyclic homology theories

HCE”” _ Hcﬁ;}]’ Hc[k[vﬂf_ll — HC * HCE}’_I] = HC[;*_I].

[lwu=t]

([10] also takes the Hom dual of C' to define cyclic cohomology theories of (C, b, B), which we
try to avoid in this article.)

For any mixed cochain complex (C*,b, B), there is a tautological exact sequence
co = HCyy (C) = HO, 1y (C) 225 HC (C) 225 HCHH(C) — -+ (1.2.1)
which is induced by the short exact sequence
0 — C[u]] iR Cllu,u™] & Cllu,u™']/C[u]] — 0
and the (b 4+ uB)-cochain isomorphism

(Cllw,u™)/Clul])* 25 Cl™ T Y e’ Y '™

—k<i<—1 —k<i<—1

The connecting map By, : HCF;%}(C’) — HCﬁ:ﬁ(C) is given on cocycles by

By: Z*P(Clu")) = 27 (Cl[u]]); ) e’ = Blcy).

—k<i<0

Note that By is not a cochain or anti-cochain map from Clu~!]**? to C[u]]**!. Similarly,

from the short exact sequences
0 — C[[u]] /uCl[u]] % Cl[u, w™"]/uC[u]] % Cl[u, w™"]/C[[u]] = 0

0 = uCllu]] = C[[ul] 2 Clful) /uC{u] - 0

one obtains the Gysin-Connes exact sequences

s HY(C,b) 5 HCY, ) (C) 25 HCHR () 225 HHY(CLb) — -+ (1.2.2a)
o HO2(0) S HOG, (C) 22 BY(C,0) 25 HOH(C) — - (1.2.2b)



The connecting maps HCE‘;%](C) Loy {g*+1(C,b) and H*(C,b) 2 HCE‘[;ﬁ(C) are given on

cocycles by By and B, respectively.

Lemma 1.2.1. The map By, : HCE’:“_%}(C’) — HCﬁ;r”l(C) in (1.2.1) and the exact sequences
(11.2.2) fit into the following commutative diagram:

s = HY(C,b) —=— HCj, y(C) —25 HCE (C) =2 H*H(C,b) = -

id lBO* lBO*

)

= HY(C,b) — HOi(C) == HOIH(C) = HH(Cb) = -

id

Proof. The left and the right squares commute since they commute at the level of cocycles.
As for the middle square, let ¢ = Zngk cjul € Z*(Clu™']), then By(u - p(c)) = B(c—1) and
i (u - Bo(c)) = B(co)u. Since ¢ is a cocycle, 0 = (b+ uB)(c) = Z?:_k(b(cj) + B(cj_1))uw’ €

Clu™1. In particular, b(co) + B(c_1) =0, so B(co)u — B(c_1) = (b+ uB)(cp) is exact. This

proves By, o (u - p,) = (i} - u) o By,. O
Definition 1.2.2. Let (C*,b, B), (C"*,b", B”) be mixed cochain complexes.

(i) A series of linear maps {f; : C* = (C")* % }icz,, is called an oo-morphism from C* to
C™ it 3o v fi s (Cllu,u™1*, 0+ uB) — (C"[[u, u™"']*, V" + uB") is a cochain map, or

equivalently, if {f;}i>o satisfies 0" fo = fob and B" f; 1 +0"f; = fi.1B+ fib (i > 1).

(ii) An oo-morphism f = {f;}i>0 : C* — C" is called an co-quasi-isomorphism if fy :

(C*,b) — (C",1") is a cochain quasi-isomorphism.

(iii) Given two oo-morphisms {f;}i>0,{gi}i>0 : C* — C"*, a series of linear maps {h; :
C* — (C")*'}icz,, is called an co-homotopy between them if h = Y7, u'h; :
Cllu,u™* = C"[[u,u™"]* is a (b+ uB, " +uB")-cochain homotopy between Y. u' f;
and Zizo u'g;, or equivalently, if {h;};>o satisfies fo — go = V"hg + hob and f; — g; =
W'hi + hib + B"hi_y + hi1 B (i > 1).

A morphism between mixed complexes is an co-morphism {f;};>o such that f; = 0 for

all 7 > 0, namely a single degree 0 linear map that commutes with both b and B. A quasi-

8



isomorphism between mixed complexes is a morphism that is also a (b, b”)-quasi-isomorphism.
A homotopy between two morphisms f, g : (C*,b, B) — (C", V", B") is an oco-homotopy
{hi}i>o such that h; = 0 for all i > 0, namely a single degree —1 linear map h satisfying
f—g=V'h+hband B"h+ hB = 0.

The following important lemma goes back to [32, Lemma 2.1], and is a special case of [51],
Lemma 2.3] which is stated for S'-complexes (an oo-version of mixed complex). The proof is

a spectral sequence argument by considering the u-adic filtration on C[[u]]* etc.

Lemma 1.2.3. Let {fi}i>0 : (C*,b,B) — (C"™, V', B") be an oco-quasi-isomorphism. Then

Zizo u'f; induces isomorphisms on HCp,, HC

[uu=1]

and HCFU71] . ]

The following lemma illustrates the naturality of the tautological exact sequence and
Connes-Gysin exact sequences for cyclic homology, with respect to oo-morphisms between

mixed complexes.

Lemma 1.2.4. Let f = {fi}is0 : (C*,0,B) — (C"™,b",B") be an oo-morphism. Then
[ =", u'fi induces a morphism between the exact sequence (1.2.1)) for C' and C", namely
there is a commutative diagram

* = * * Bos *

lf* lf* lf* lf*

11 N

* L U Py * B *
-~ HCj,y(C") —— HCj,,, (C") — LTS L (C7) — HCh(CT) -
Similarly, for the exact sequence (1.2.2a)), there is a commutative diagram
"H*(C, b) L) Hcf‘u_l](o) b HCFJ:%}(C) L H*+1(C, b) .

lfoa« lf* lf* lfc)*

" /
Ty

H*(O// b”) HC* 1 (O//) wpl HCE:r—ll](CH) Bo. H*+1(O’/,b//)--~ )
The case of the exact sequence (1.2.2b)) is also similar.

Proof. We only write proof for the first diagram since the others are similar. The left

and the middle squares commute since they commute at the level of cocycles. Now let



c = Z?:o cu™d e 7272 (Cu]). (b+ uB)(c) = 0 says b(c_;) + B(c_j—1) = 0 for all
j €10,...,k}. Also recall the co-morphism f satisfies B”f;_1 + b"f; = fi_1B + f;b. Using

these relations, it is a straightforward calculation to see

> ABleo) - ut =B (Y files)) = 0" +uB) (3D frguale)-ut).

120 0<j<k 120 0<j<k
The LHS is (f o By — B{ o f)(c), and the RHS is exact, so commutativity of the right square

is proved. O

We now discuss some important examples of mixed (co)chain complexes and their cyclic
homologies. Recall that a cosimplicial object in some category is a sequence of objects C'(k)

(k € Z>) together with morphisms
0; :C(k—=1)—=C(k) (0<i<k), 0,:Clk+1)=C(k) (0<i<k)
satisfying the following relations:

(Sjéi = (5¢6j,1 (Z < j)7 (123&)

00; = 00541 (7, S j)7 (123b)

51'0']‘_1 (’L < j)

00 = 4 id (i=j,j+1) (1.2.3¢)

5,-_10j (Z > j + ].)

\

A cocyclic object is a cosimplicial object {C'(k)}x together with morphisms 74, : C(k) — C(k)

satisfying the following relations:

Tt =id; (1.2.4a)
T0; = 01T (1 <0 < k), 7o = Op; (1.2.4Db)
k0 = 0im1Te (1< i< k),  Thoo = 0374 (1.2.4¢)

For example, let A% := R A* :={(t;,...,t)) eRF | 0<t; <--- <t <1} (k> 0) be the

standard simplices, then {Ak}kezzo is a cocyclic set (topological space, etc.) with standard

10



cocyclic maps §; : AF1 — Ak g, AL 5 AF 70 AR 5 AF defined by

;

(0,t1,. .., te1) (i =0)
0i(t1s - ti1) == (b, ..t ti o ty) (1<i<k—1) (1.2.5a)
| (F ot 1) (i = k),
0t tigr) = (b1 oo Tigds - tier) (miss ti) (0 <@ < k), (1.2.5b)
Te(t, .oy te) = (ta —t1, ...t — t1, 1 — t). (1.2.5¢)

Remark 1.2.5. Equivalently, for A* := {(sg,51,...,5,) € [0,1]** | 59+ 51--- + 5, = 1}

(k>0), 7 : AF — AF reads Tk(S0, 81, - -5 Sk) = (81, -+, Sk, S0)-

Example 1.2.6 (Cocyclic complex and Connes’ version of cyclic cohomology). Consider
the category of cochain complexes where the morphisms are degree 0 cochain maps. Let
((C(k)*, d), d;, 0, Tk) be a cocyclic cochain complex, then a mixed cochain complex (C,b, B)
is obtained as follows. Let

§:Ck=1)" = Ck); oy > (=Dl 0N (1)i6,(cn), (1.2.6)

0<i<k

then 62 = 0, 6d + dé = 0. Let (C*,b) be the product total complex of the double complex
(C(k)', d,8)17=":

lEZ

cr=[] c)=]]cth)y™ b=d+s

I+k=x k>0

For later purpose we also introduce the normalized subcomplex (C%

nm?

b) of (C*,b):
Crn = [[ Com(B)"™*,  Cum(k):= [ Ker(o;: C(k) = C(k —1)).
k>0 0<i<k—1
Note that the natural inclusion {Cnm(k)} C {C(k)} is not cosimplicial since §; does not

restricts to Cym (k). The natural inclusion (C

nm?

b) — (C*,b) is a quasi-isomorphism (see [38,
Proposition 1.6.5] or [29, Lemma 2.5]). Note that so far only the cosimplicial structure on

{C(k)* }x>0 has come into play. Next, define the operator B : C* — C*~! by

B := Ns(1 —X) (Connes’ operator),
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where A, N, s are given by (here |c| is the degree of ¢ = (cx)k>0 € [ ;50 C(k) in C¥)
)\|C’(k) = (—1)k7'k, N|C’(k:) =14+ A4+ /\k, S(C) = (—1)‘(:'_1(O‘ka+1(6k+1>>k20.

Although Cy, is not closed under A\, N, it is closed under s, B. For ¢x11 € Cyn(k+1)*, there
holds s(A(cky1)) = (=D)lrrtloy 2 (1) = (=1)l*+1lm.00 (k1) = 0, so Connes’ operator B

has simpler form on normalized subcomplex:
Ble,,, = Ns.
To see (C*,b, B) is a mixed complex, define
V:C* = C e ble) — (=), (cpm1) iso-

It is a routine calculation to see ()2 =0, N(1 —=X) = (1= AN =0, (1=X\)b=V(1-N),
BN = NV and Vs + st/ = 1. It follows that B> = Ns((1 — A)N)s(1 — X\) = 0 and
bB+Bb = NUVs(1-\)+Nsb'(1-\) = N(1-\) = 0, as desired. The identity (1—\)b =V'(1—\)

also implies that the space of cyclic invariants,
Ceye == Ker(1 — \) C (C, ),

forms a subcomplex (we denote this inclusion by iy). This leads to Connes’ version of cyclic

cohomology of the cocyclic cochain complex,
HC3(C) = HC}, (C’(k), d, 0;, O'Z',Tk) = H"(Ceye, b).

Since B = N's(1 — X) vanishes on Cey., (CF ., b) is also naturally a subcomplex of (C[[u]]*, b+

cyc)

uB). By an argument similar to [38, Theorem 2.1.5, 2.1.8] one sees that this inclusion

I)\ . (O*

cyc)

b) — (Cl[u]]*, b+ uB) induces an isomorphism

The short exact sequence 0 — (Ceye, b) 2, (C,b) 22 (C/Clye, b) — 0 induces Connes’ long

ezact sequence (we follow the presentation of |34, Section 0.14])
oo HCL(O) 25 7Y (C,0) 25 Her Y () 2 He N ) = - - (1.2.8)
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Here we have made use of an isomorphism HC} ' (C) 2 H*(C/Cleye, b), which is a consequence

of another short exact sequence
0 = (C/Clye,b) =25 (C 1) 5 (Coge, b) — 0 (1.2.9)

and the fact that (C, V') is acyclic (since 0's + sb’ = 1). Lemma below says (|1.2.8)) can
be identified with (1.2.2b). Finally we mention that HC{,;(Cum) = HCj,; (C) = HC{(O),

where the first isomorphism follows from Lemma [1.2.3]
A subexample of Example [1.2.6[is as follows.

Example 1.2.7 (Cyclic cohomology of dg algebras). Let A* be a dg algebra with unit
14. Then {Hom*(A®*! R)};>¢ has the structure of a cocyclic cochain complex, where
6; : Hom*(A®F R) — Hom*(A®*™1 R), 0; : Hom*(A®**2 R) — Hom*(A®**1 R) and 7 :
Hom*(A®*1 R) — Hom™(A®*! R) are

—1ep(asy a Q11 i—0
5PN a1 ® - ® apyy) = (—1)°p(as ® -+ ® ax ® agra1) (i =0)

a1 @ ® a1 @ - Qagyr) (1 <1< k),
o) @ @apn) =@ ® - ®4;Q14Q a0 ® - ap) (0<i<k),

Te(@)(a1 ® -+ ® agr1) = (=1) (a1 ® a1+ -+ ® ax). (1.2.10)

The associated mixed total complex is denoted by CH*(A, AY). For simplicity, denote cyclic
homologies of CH*(A, AY) by HC[,-1(A, AY), HCJ,;;(A, AY) = HC{(A, AY), ete. Classically,
HC3 (A, AY) is called (Connes’) cyclic cohomology of A.

Let us also recall that for any dg A-bimodule M*, there is a structure of cosimpli-

cial complex on {Hom*(A®* M)}r>0, where §; : Hom*(A®*! M) — Hom*(A%* M), o; :
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Hom*(A®*+1 M) — Hom*(A®* M) are
(

(—1)far- flaz @ -+ @ ay) (i =0)
6l(f>(a1®®ak>: f(a1®®alaz+1®®ak) (1§Z§k—1)

flar® - ®ag-1) - ay (i = k),

\

()@ ®a)=fla® R4, ® @ ®a) (0<i<k)

The associated total complex, denoted by CH*(A, M), is called the Hochschild cochain complet,
whose cohomology group, denoted by HH*(A, M), is called the Hochschild cohomology. Taking
M* = (AY)* = Hom" (A, R) with dg A-bimodule structure satisfying

(dp)(a) + (=1)¥p(da) = 0, p(ab) = (=) 1HDAG - p)(a) = (p-a)(b),  (1.2.11)

one sees that the cosimplicial structure on {Hom*(A®* AY)}, is the same as that on

{Hom*(A®**! R)} described previously, in view of the natural isomorphism
Hom* (A%, AY) =2 Hom*(A®* @ A,R) = Hom*(A®**! R)
from Hom-® adjunction. See Example for further discussion.

Remark 1.2.8. We shall use the name “Connes’ version of cyclic cohomology” for “cocyclic
complex”, even if we work with chain complexes rather than cochain complexes. For
a cocyclic chain complex ((C’ (k)*,(?),éj,a,;,Tk), Connes’ version of cyclic cohomology is
HCNC) := H,(C%, b) where C9¢ := Ker(1 — \) C C,, and HC}(C) is isomorphic to HCI!
of the mixed chain complex (C,, b, B) = (szo C(k)usr, 0+ 6, Ns(1 = X)).

Lemma 1.2.9. In the situation of Example[1.2.6], the isomorphism (1.2.7)) and the long ezact
sequences (1.2.8)) and (1.2.2b)) fit into the following commutative diagram:

L CHCOL(C) =21 HA(C,b) —2 HOYC) =25 HOP(O) - -

%ll Ax id %ll s glh*

L HCG () 2 HY(CLh) 2 HOp A (0) -2 HC(C) -

14



Proof. The left square commutes since it commutes at cochain level. To verify commutativity
of the other two squares, we need explicit formulas of By and Sy. Since (1 — A\)b=¥(1— ),
there is a cochain isomorphism (C'/Cqye, b) % (Im(1 — A),?'). Also note that Ceye = ImN
and Nlc,,. = ((k + 1)idker(1—(—1)kr) k20 : Ceye =+ Ceye is a linear isomorphism. By definition,
B, is the composition

HY(C,5) 225 H(C/Cuyerb) 25 B (Im(1 — ), ) 25 HO;(C),

where by examining (1.2.9)), Q». : HC; () = H*(Im(1 — \), ¥) is given on cocycles by

Q1 7N Crye,b) = Z*(Im(1 — N\),b0); o+ (Vo (N

Ccyc)_l)(aj)'
Let us calculate that on Z(C,b),
O\B=Q\Ns(1—\) =Vs(1—-N\)=(1-st)(1-XA)=1-A—s(1l-\Nb=1-x (1.2.12)

Thus (Blescee)s = (@x) 1o (1 = A) o py. = By, which says the middle square commutes.
Similarly, S is the composition

(17>‘)_1 Rxx

HC; ™ (C) %—> H*(Im(1 — \), %) H*(C/Clye, b) 225 HCITY(O),

where Ry, : H*(C/Ceye, b) — HC3T(C) is induced by the map
Ry:{y € C" [ b(y) € Ceye} = 27 (Coye, b); 4y = b(y).

also holds on Z(C/Ceyc,b), and implies (1 — X\)7'Qxi = (Ble/ceye—sCeye)s - Therefore
for ¥ € Z* 1 (Ceye, b),

Sx([z]) = [b(y)] € HCH(C),
where y is any choice of elements in C* satisfying B(y) = = and (1 — X)(b(y)) = 0. For such
zand y, —b(y) —x-u = (b+uB)(—y) is exact in C*[u]], so In, o (—Sy) = (i} -u) o L), i.e.

the right square commutes. O]

Example 1.2.10 (S'-equivariant homology theories [32]). Let X be a topological S'-space,

namely a topological space with a continuous S'-action F'X : S* x X — X. Let (C,,b) =
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(S«(X),0) be the singular chain complex of X, and define the rotation operator B = J :
Si(X) = Se1(X) by

J(a) == F*([SY] x a), a€ S.(X). (1.2.13)
Here [S'] € S)(S") is the fundamental cycle of S', namely [S'] = 74" : A’ = [0,1] — R/Z = S',
and X is the simplicial cross product induced by standard decomposition of A! x AF into
(k + I)-simplices (see [28, page 278]). Then 0J + JO = 0 since 9([S'] x a) = I[S'] x a +
(—1)%elS'1[S!] x da = —[S'] x Ja. To see J* = 0, let us write down the cross product with [S!]
explicitly. For k € Z>o and j € {0, ..., k}, consider the embeddings ¢ ; : A*1 — Al x AF
defined by

Lk,j<t1, NN 7tk+1) = (tj+17 (tl, e 7tj7tj+27 Ce ,tk+1)),

then for (o : AF — X) € Si(X),

S'1x0= > (1/(r§ x0)ou, € Spn(S' x X).

0<j<k

Let FS' :S' x S' = SY, ([t], [t']) — [t + '] be the rotation S'-action on S', then
FE([8' % [81)) = F* o (n x ) ov9 = F* o (mt X 7m5i) 0 11y = 0.

From the commutative diagram

1
FS xidx

Sl X Sl XX ———— Sl x X ([t]’ [t/]vr) —_ ([t_’_tl]vx)
St x X r y X ([t), FX([t'], %)) — FX([t + 1], 2)

we conclude that for any a € S,(X),
T (a) = FX([8"] x FX(8'] x @) = FX(FZ([S"] x [8"]) x a)) = 0.

For the mixed chain complex (C,, b, B) = (5.(X), 0, J), there is a natural isomorphism ([32]
Lemma 5.1])
HCP (S(X)) = HS (X) := H,(X xg ESY),

*
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namely HCL”_l](S (X)) is isomorphic to the S'-equivariant homology of X, i.e. homology
of the homotopy quotient (Borel construction). The other two cyclic homology groups of
(S.(X),0,J) are called the negative and periodic S*-equivariant homology of X, and are
denoted by

G (X) = HCWI(S(X)),  HE(X) = HCl I (5(X)),

respectively. The tautological exact sequence translates into
o GY(X) = HY(X) = HE (X)) = G5 (X)) = -+, (1.2.14)
and the Connes-Gysin exact sequences translate into
o= Ho(X) = HY(X) = HY 5(X) = H, y(X) — --- (1.2.15a)
e G (X) = G (X) = Hu(X) = GL(X) = - (1.2.15D)

We end this example by mentioning that (|1.2.15a}) coincides with the Gysin sequence associated
to the S'-fibration X x EFS' — X xq ESh.

Remark 1.2.11. There seems to be no interpretation of GS'(X) and HS' (X) as homol-
ogy groups of some spaces naturally associated to X, but there are homotopy theoretic
interpretations. For example, when X is a (finite) S'-CW complex, [3, Lemma 4.4] says

G§1 (X)) is naturally isomorphic to the homotopy groups of the homotopy fixed point spectrum
(H A X,)"" where H is the Eilenberg-MacLane spectrum {K(Z,n)}.

1.3 A cocyclic complex and an oco-quasi-isomorphism

Let X be a topological space with St-action F'X : St x X — X. There is a cocyclic structure

% A 7 7

on {X x AF}cp , where 62 = idy x 08", 0% = idy x o (62", 0" are as in

(1.2.5)), and TleM : X x AF — X x AF is defined by

TN @ty ) = (FX([], )t — b — £, 1 — 1),
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Taking singular chains of the cocyclic space {X x AF};5q yields a cocyclic chain complex
{S.(X x A*)}i>0. Let us denote the associated mixed complex by
(SX2 b, B) = (H Sern(X x AF), 9+ 6, Ns(1 — A)).
k>0
The S'-action on X extends to X x AF where the S'-action on AF is trivial, and then the
rotation operator J : S,(X) — S.;1(X) defined in Example extends component-by-

component to SX2 by
J 5K = S8, (m)kso = (J(k))kso-

By Example[1.2.10] J? = 0 and 9J 4+ JO = 0. Since S! acts trivially on A*, J commutes with
8,05 1t follows that 0J + J§ = 0 and J(SXAmm) C XA oo (SXAp J), (SXAmm p T)

are also mixed complexes. J also commutes with T,f( XA because of the commutative diagram

k
. X x
1d§1 X T

K
S x X x AF

S'x X x AF
:[FXXAk :[FXXAk (1.3.1)
k TleAk k
X x AF s X X A

([t], 2, t1, . te) —— ([t], FX([t1], ), t2 — t1, ..., 1 — #1)

l |

(FX([t],2),t1,.. ., tp) —— (FX([t+t],2),ta —t1,..., 1 — 1),

so JB + BJ = 0. We will analyze the relationship between the mixed complexes

(SX2 b, B), (SX2,b,J), (S.(X),0,J).

dXxA’“ X x Ak 7_X><A’C
K

If there is no risk of confusion, we shall write ,0; s T and the induced maps on
singular chain complexes as d;, 0;, 73, for short. Note that d;, 0; do not involve S'-action, so if
we forget the S'-action, there is still a total complex (SX2,b = 9 + J) from the cosimplicial

chain complex {S,(X x AF)} ez,

Let us state the main theorem of this section.
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Theorem 1.3.1. Let X be a topological S'-space. Then for both of the mized complex

structures (b, B) and (b, J) on SF* =[]0 Ser(X x AF), there are natural isomorphisms
HCP (58X =~ B (X)) as Rlo~]-modules,
HCv($X2) > HS'(X)  as R[[v, v~ ]-modules,
HOW (5%2) >~ G5 (X)  as R[[v]]-modules.

Moreover, these isomorphisms throw the (tautological and Connes-Gysin) exact sequences

(1.2.1)(1.2.2) for cyclic homology theories onto the (tautological and Gysin) exact sequences

for St-equivariant homology theories.

Proof. The statement about isomorphisms is a consequence of Lemma Corollary
and Proposition below. The statement about long exact sequences is then a consequence
of Lemma [1.2.4] |

Corollary 1.3.2. For any topological S'-space X, Connes’ version of cyclic cohomology
of the cocyclic chain complex {S.(X X A") ez, is naturally isomorphic to the negative

St-equivariant homology of X . ]
Lemma 1.3.3. For any topological space X, the projection chain map

pro : (SX20) = (S.(X),0);  (ck)rso — o
18 a quasi-isomorphism.

Proof. Since pry is surjective, it suffices to prove Ker(pry). = [y Ses(X x AF) is b-acyclic.
Let us write S, := Ker(pr,). and consider the decreasing filtration F, (p € Z>;) on S defined
by fpg* = szp S.+x(X x AF). The Ej-page of the spectral sequence of this filtration is

divided into columns indexed by ¢ € Z>, each of which looks like
0— Hy(X x AY) 25 H (X x A?) 2% H (X x A%) 25 ... (1.3.2)

For each k > 1, the map pp == 0901+ 051 : X X AF = X x A" = X (z,t1,...,t) —

(x,0) = z is a homotopy equivalence. Since pyy1 = proy and 0;6; =id (i = j,j + 1), we
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conclude that for any k > 1and 0 < i < k, H,(X x A*1) QNN H, (X x AF) is an isomorphism

such that (6;). = (0%—1); " Then since 8|, (ar-1xx) = (—1)7* Zf;g(—l)i&u (1.3.2)) is nothing
but

—1)(o1)y " ~1)4(o3): "
0 — Hy(X x AYY S g (v x A% S | (X x A%) S,

—

1%

Thus all E,-terms vanish. Finally, since the filtration JF, on S is complete (S = 1&15 /F,S)
and bounded above (S, = F;5,), standard convergence theorem [49, Theorem 5.5.10(2)] gives
H.(S,b) = 0. O

Remark 1.3.4. The proof of Lemma [1.3.3| implies that more generally, for a cosimplicial
complex {(C(k)s,0)}rk>o0, if 0go1---0k—1 = C(k) — C(0) is a quasi-isomorphism for each
k > 1, then so is pry : ([0 C(k)utk, 0 +6) — (C(0)s,9) (29, Lemma 8.3]).

Corollary 1.3.5. For any topological S*-space X, pry : (SX2,b,J) — (S.(X),0,J) is a

mixed complex quasi-isomorphism. O

Note that S.(X) = SX2(0) = SX2mm(0) by vacuum normalized condition. Since
(SXAmm p) s (SX2 1) is a quasi-isomorphism, Lemma, and Corollary also hold
true if SX2 is replaced by SXA™™  In the following, we may use SX2"™ to simplify calculation
involving Connes’ operator B. One could also stick with SX#, though.

Recall the augmentation map ¢ : Sp(X) — R, YN - (A° =5 X) = Y\

Lemma 1.3.6. Consider the topological S*-space S* with rotation action on itself.

(i) There exists a sequence of elements {£" = (£ )k>0 € SZS;A’nm}nezzo such that

e&@) =1 b)) =0, b¢")=(J-B)E) (n=1)

(11) Suppose {£"}n>0, {™ >0 both satisfy conditions in (i). Then there exists a sequence

of elements {n™ = (N} k>0 € S§;ﬁinm}nezzo such that

=& =bn"), &="=bn")—(J-B)n"") (n>1).
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Proof. (i) Consider the isomorphisms (pry), : Ho(S5' 2™ b) 5 Hy(S!) from Lemma [1.3.3

~

and ¢, : Hy(S') — R induced by augmentation. Choose a 0-cycle £V in the homology class
(g, 0 (prg)s) " 1(1) € Ho(SS'2™™ b), then €0 = (£9),50 is as desired. Next, since bB = —Bb
and bJ = —Jb, B(£°) and J(£Y) are 1-cycles. We claim that they are homologous. Since pr,
is a quasi-isomorphism, it suffices to look at pry(B(£°)) and pry(J(£°)). By definition,
pro(B(£7) = (Ns(€%)o = oom (€]),  pro(J(€7) = J(&)) = FZ' (18" x &).
By construction, & € Sy(S') is homologous to the map A° 3 0 — [0] € S!, and &) €
S1(S' x Al) is homologous to the map A! 5 ¢+ ([0],¢) € S x Al. So pry(B(£?)), pry(J(£2))
are homologous to
A - S x AT I ST x AT S e ([0],8) = ([t 1 —t) = [H],
1
Al 5 AU A 5 ST xS L S e (1,0) 5 (8, 0) — [,
respectively. Namely they are both homologous to [S']. This proves the existence of
e SQSlA’nm satisfying b(&') = (J — B)(£°). Now suppose €%, &1, ... €" (n > 1) have been
chosen as desired, to find "™, simply notice that (J — B)(£") is a (2n + 1)-cycle:
b((J = B)(") = —(J = B)(b(§") = —(J = B)*(§"") =0,

where (J — B)? = 0 since J2> = 0, B> = 0 and JB + BJ = 0 (see (1.3.1)). Since
Hopr (S8 ) 2 Hy 1(SY) = 0 (n > 1), (J — B)(£") is exact, i.e. £"! exists.

(ii) By construction, £° is homologous to £°, so n° exists. To inductively find n™ for
n > 1, simply check that £&" — &™ + (J — B)(n™ 1) is a 2n-cycle, which is then exact since
Hy,(SY) =0 (n>1). O
Proposition 1.3.7. Let X be a topological S*-space. Denote the transposition X xSt — Stx X

by v.

(i) Choose & = {&"},>0 as in Lemma (z) Define a sequence of linear maps f¢ = {f$:
S.(X) = SEon" buzo by

Fi(a) = ((F¥2 o (v x idar))u(a x &) -
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Then f is an co-quasi-isomorphism from (S.(X),0,J) to (SXA"m b B).
(ii) For two choices £,&', the co-quasi-isomorphisms f¢, f& are co-homotopic.

Proof. (i) The verification of f§0d—bo f§ = 0 is simpler than fSod—bo f§ = BofS —f5 joJ
(n > 1), so we omit it. Let us write Fj, := FX*2" o (v x idas) : X x S! x AF — X x A¥. For

n>1,

((fio0—=bo fi)(a), = (Fi)«(0a x & — d(a x &) — d(a x &_,))
= (F)+((=1)a x (-0g; — 3€;_,))
= (=1)l(F)«(a x (B(&5T) = J(E)),

where the last equality follows from b(¢") = (J — B)(£"1). Now introduce maps

Gr: X xS'x AP = X x A*
(@, [t b1, b)) = (FY(E+ 1], @), 80 — by, 1 = 1),
H,: X xS'x S' x AF 5 X x AF

(z, [t], [t') te, .. te) = (FX([t +1],2),t1,...,ts),
then

. 1y AF k
Gk:FkO(ldxkaS XA)—Tlg(XA OFk,

Hi = Fpo (idy x F"2) = Fj o (F¥ X idgiar) 0 (v X idgiyar).
It follows that
(=1)"I(Fy).(a x B(&EH)) = B((Fy)«(a x &71)),
(=D)(Fi)ala x J(E) = (F)u(J(a) x 7).

This implies (f$0d —bo f&)(a) = (Bo f5_, — f5_, 0 J)(a), so f¢ is an co-morphism. It
remains to show f5 is a quasi-isomorphism. Since &) is homologous to A? 3 0 +— [0] € S,

pry o fg is chain homotopic to idg, (x). Since pr, is a quasi-isomorphism, so is fg )
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(ii) Choose 7 as in Lemma|L.3.6{ii). Define a sequence of linear maps h" = {h! : S,(X) —

XA,nm
S*+2n+1}n20 by

hl(a) == (1) ((F¥2 o (v x idar))a(a x 0)) -

Then similar calculation as (i) shows h" is an co-homotopy between f¢ and f¢'. O]

1.4 The story of differentiable spaces

1.4.1 Differentiable spaces and de Rham chains

Materials in this subsection are collected from Irie [29]. The notion of differentiable spaces is
a modification of that utilized by Chen [§], and the notion of de Rham chains is inspired by
an idea of Fukaya [10].

Let % = anmzo Uy, ;m where %, ,, denotes the set of oriented m-dimensional C°-
submanifolds of R". Let X be a set. A differentialble structure 2(X) on X is a family of

maps {(U, ¢)} called plots, such that:
e Every plot is a map ¢ from some U € % to X

e If p:U— Xisaplot, U € % and 6 : U' — U is a submersion, then pof : U — X

is a plot.

A differentiable space is a pair of a set and a differentiable structure on it. A map f: X — Y
between differentiable spaces is called smooth, if (U, f o p) € Z(Y) for any (U, p) € Z(X).
A subset of a differentiable space and the product of a family of differentiable spaces admit

naturally induced differentiable structures ([29, Example 4.2(iii)(iv)]).

Remark 1.4.1. Differentiable structures are defined on sets rather than topological spaces.
For later purpose, we say a differentiable structure and a topology on a set X are compatible

if every plot is continuous.

Example 1.4.2. Here are some important examples of differentiable spaces.
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(i) Let M be a C*°-manifold. Consider two differentiable structures on it:
a) Define (U,p) € (M) if ¢ : U — M is a C*™-map;
b) Define (U, p) € P (M,eg) if ¢ : U — M is a (C*-)submersion.
The set-theoretic identity map idas : Myeg — M is smooth, but its inverse is not.

(i) Let LM := C*>(S', M) be the smooth free loop space of M, where S' = R/Z. There is
a differentiable structure 22(LM) on LM defined by: (U, ) € Z(L) iff U x S' — M,

(u, [t]) — @(u)(t) is a C*°-map.

(iii) For each k € Zs, the smooth free loop space of M with k inner marked points, denoted

by Lri1 M, is defined as
{(vti, oo te) € LM < A" | 977(0) = 97"y(t;) = 0 (1 <Vj <k, ¥m > 1)}

It has induced differentiable structure (LR, ,) as a subspace of LY x A* where A

is viewed as a subspace of R* with the differentiable structure in (i)(a).

(iv) The smooth free Moore path space of M, denoted by IIM, is defined as
{(T,7) | T € Rxo, v € C™([0,T], M), 9;"7(0) = 9;"y(T) =0 (Vm = 1)}.
Consider two differentiable structures 2(I1?), 2(11X,) on TIM:

reg

a) Define (U,p) € Z2(IIM) if ¢ = (or,0,) : U — IIM satisfies the following

conditions: (1) pr : U — Rsg is a C*°-map. (2) The map
U:={(u,t)|ueUtel0,or(w)]} = M; (u,t)— o~ (u)(t)
extends to a C™®-map from an open neighborhood of U in U x R to M.

b) Define (U, p) € 2(1IM) if: (U,¢) € 2(IIM) and the map U — M, u — ¢, (u)(to)

reg

is a submersion for t5 = 0,7
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(v) For each k € Z>, the smooth free Moore loop space of M with k inner marked points,

denoted by %1 M, is defined as

{((To,70), - -+ (Th, ) € (MM | 45(T5) = 7;41(0) (0 < j <k —1),
Y(Tk) = 70(0)},
= {(T,7,t1,... . t) eIM xRF | 0<t; <--- <t < T, 4(0) =~(T),

0 y(t) =0 (1<Vj<k, Vm>1)}.

Apparently there are two ways to endow the set %1 M with differentiable structures,
namely as a subset of (IIM)**! or of IIM x R¥. Tt basically follows from [29, Lemma

7.2] that these two ways are equivalent. Let us denote by LY, (resp. LY, ) the

differentiable space obtained from IT" (resp. TI}Y,

Note that the inclusion of sets L M = {T = 1} C Z11 M, induced by the inclusion

LiM x AF C TIM x R*, is also an inclusion of differentiable spaces £, — M.

The de Rham chain complex (C27(X),d) of a differentiable space X is defined as follows.
For n € Z, let Cy, := @y pyemx) 2™V (V). For any (U, p) € Z(X) and w € QI U(U),
denote the image of w under the natural inclusion QI™V="(U) — C,, by (U, p,w). Let
D,, C C,, be the subspace spanned by all elements of the form (U, ¢, mw') — (U, ¢ o m, '),
where (U, p) € 2(X), U' € %, ' € QimU'=(") and 7 : U — U is a submersion. Then
define C4¢(X) := C,,/D,,. By abuse of notation we still denote the image of (U, ,w) under
the quotient map C, — C(X) by (U, p,w). Then 9 : C#(X) — C9 (X) is defined by
O(U, p,w) := (U, p,dw). The homology of (C4%(X),d) is denoted by H(X).

Remark 1.4.3. For any oriented C*°-manifold M, there exists n € Z>, and an embedding
t: M — R"™ Then («(M),17') € P(Myeg) C P (M), and (t(M), 71, (171 w) € CIE(M,eq) C
CIE(M) for any w € Q.(M). Such a de Rham chain is independent of choices of n and ¢, and
by abuse of notation we write it as (M,idy,w). If M is closed oriented, we call (M, idyy, 1)

the fundamental de Rham cycle of M (or Meg).
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Let XY be differentiable spaces. The cross product on de Rham chains is a chain map

CiR(X) @ CHR(Y) — CH (X x Y), defined by

(U, p,w) x (V,n,9) = (=DM U(U x V, o x b, w x n). (1.4.1)

1.4.2 Sl'-equivariant homology of differentiable S'-spaces

Let X be a differentiable S'-space, namely X is a differentiable space with a smooth map
FX :S'x X = X, where S' is endowed with the differentiable structure in Example

1.4.2(i)(a). Let (S',idgi, 1) € C{E(S) be the fundamental de Rham 1-cycle of S'. Define
T OM(X) 5 OF(X): s FX((Sidon, 1) x a),

then J is clearly an anti-chain map. We claim J2 = 0. Let g : S! x S! — S! be the smooth
map ([t], [t']) — [t + t'], then by the same arguments as Example [1.2.10} to see J* = 0, it
suffices to prove g,((S',idgi, 1) x (S!,idg1, 1)) = 0 € C4E(SY). This is easy:

(1.4.1)

g.((S',idg1, 1) x (S, idgi, 1)) == —g.((S' x S',idgi g1, 1))

= —(S' x S',idg1 0 g, 1) = —(S*,idg1, g1(1)) = 0.

The middle equality on the second line holds since g is a submersion. Thus (C4%(X),d, J)
is a mixed chain complex. One can then define positive (ordinary), periodic and negative
“S'-equivariant de Rham homology” of X as the HCL”il], HC! and HCL[”’VH versions of
cyclic homology of (C4%(X), 0, J).

Consider A* as a differentiable subspace of R¥. Then the cocyclic maps d;, 0;, 7, among
{X x A}z, defined by the same formulae as in Section , are smooth maps between
differentiable spaces. So {X x AF},cz  is a cocyclic differentiable space and {C##(X x
Ak>}ke7z;20 is a cocyclic chain complex, which gives rise to a mixed complex

(CgR’XA,b, B) = (Hcgfk(X X Ak>a6+ 57 NS(l - )\)>

k>0

The smooth S'-action S' x X — X also extends trivially to S! x X x A* - X x A¥ and

gives a mixed complex (CX2, b, .J).
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There is counterpart of Theorem for differentiable S'-spaces, whose proof is also
similar. We omit the details since we will not make essential use of it.

The smooth singular chain complez (C$™(X),0) of a differentiable space X, introduced
in [29] Section 4.7], is defined in a similar way as the singular chain complex of topological
spaces, except that only “strongly smooth” maps A¥ — X are considered. The homology of
(C:™(X),0) is denoted by H™(X).

Smooth singular homology is related to singular homology and de Rham homology in the

following way.

e Let X be a differentiable space with a fixed compatible topology (Remark [1.4.1]). Then
every strongly smooth map A*¥ — X is continuous, hence there is a natural inclusion

(CIM(X),0) = (S.(X),9).

o (5™ (4R are functors from the category of differentiable spaces to the category of
chain complexes. Given a cocycle u = (ug)g=o € CoPE = [Tis0 CE7(AF) in the class
1 € R HR(pt) = HJ™ there is a natural transformation (* : C*™ — C9% defined
by (X)) : CF™(X) — C(X), 0 + 0.(ux). The homotopy class of t*(X) does not

depend on u (since H¥%P* = (0 when n > 0).

Assumption 1.4.4. X is a differentiable space with a fixed compatible topology, such that

IR

the chain maps discussed above induce isomorphisms H,(X) < H*(X) = HE(X).

Proposition 1.4.5. Let X be a set which satisfies Assumption[1.4.4 and admits an S*-action
that is both smooth (w.r.t. differentiable structure) and continuous (w.r.t. topology). Then
there are natural isomorphisms HCW ™ '1(CIR-XAY o [S'(x) HCIw ' l(CIRXAY o HS (X),
and HCMN(CIRXAY = HOPI(CIRXAY =~ GS' (X)), which are compatible with tautological and

Connes-Gysin long exact sequences.

Proof. Consider the mixed complex (C5™*2 b, B) associated to the cocyclic complex {C5%, (X x

AF}y. For any k > 0, X x A¥ is a differentiable and topological S'-space satisfying Assumption
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[1.4.4] By construction, the inclusions (C¥™(X x AF),0) < (S.(X x A¥),8) commute with
the cocyclic maps &;, 0y, T, so there is an inclusion (CS™X2 b B) — (SX2 b, B). On the
other hand, given a choice of u, the chain maps (“(X x AF), : C5™(X x AF) — CIB(X x AF)
commute with cocyclic maps since (* is a natural transformation, so we obtain a morphism
(CsmXA b B) — (C4RXA b B), whose homotopy class does not depend on u. Now consider

the following commutative diagram of chain maps

(Si(Aa b) — (Cim,XAvb) — (CgR’XAvb>

lpro lpro lpro

(5:(X),0) +—— (C3™(X),0) — (CI(X),0).
By Lemma [[.3.3] and Remark [1.3.4] all vertical arrows are quasi-isomorphisms, and by
assumption, arrows in the second row are quasi-isomorphisms. Thus arrows in the first
row are quasi-isomorphisms. In this way we obtain quasi-isomorphisms of mixed complexes
(SXA.b, B) + (Cs™XA b, B) — (CI¥%XA b B), and get the desired isomorphisms by Lemma,
1.2.3] Theorem [1.3.1] and Corollary [1.3.2] Compatibility with long exact sequences is a

consequence of Lemma and Lemma [1.2.9] O]

Example 1.4.6. Let M be a closed oriented C'**°-manifold. It is proved in [29, Section 5,
Section 6] that Assumption is satisfied for M, M, (with manifold topology) and £M
(with Frechét topology) in Example [1.4.2] Moreover, £ is an S'-space that Propositon

applies to.

1.4.3 Application to marked Moore loop spaces

Consider the various versions of smooth loop spaces in Example [[.4.2] The following lemma

is proved in [29, Section 7).
Lemma 1.4.7. For any closed oriented C'*°-manifold M and k € Z>, the zig-zag of smooth

maps between differentiable spaces

idey M

T=1
M M M M k
L1 reg L $— L = L7 XA
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induces a zig-zag of isomorphisms between de Rham homology groups:
HIN (LY o) = HIMG) & HINLE,) = HINLM < AY).

The cocyclic structure on { LM x A*}, restricts to { £} }x. There is also a similar structure
of cocyclic set on { %1 M}, as follows. Regarding %1 M C (IIM)**1) 6, - LM — L1 M,
0; : LiyoM — LM, 7 0 LA M — Lt M oare

.
(T,7,0,t1,. .., tp1) (i =0)

Oi(Ty sty ooy tim1) == (T v, b, oo ity o tey) (1<i<k—1) (1.4.2a)
(Tt e, T) (i = k),

oi(T 7t tisr) o= (T, 9t - i, - o) (0 <4 < k), (1.4.2b)

(T v, 1, ty) = (T, "ty —ty, .t — £, T — 1), (1.4.2¢)

where 41 (t) := y(t +t;). These cocyclic maps are smooth for both {2}, and {ZM, ., 1.
Note that if we view %1 M C (ILM)**1 then ((1.4.2d) can be written as 71,((To, Vo), - - - » (Th, &) =
(<T17 71)7 cey (Tk7 fyk>7 (T()v 70))

Let us write (CZ,b, B) := ([]i50 CH (LN 1ep), @ + 0, Ns(1 — X)) for the mixed total

complex of the cocyclic chain complex {C* (LN, ) k-

Proposition 1.4.8. For any closed oriented C'*°-manifold M, there are natural isomorphisms
HCP ' N(C?) = HS' (M), HCWP ' N(0?) =~ HS'(LM), and HCNC?) =~ HCMI(C¥) =~

GEI(EM), which are compatible with long exact sequences.

Proof. The smooth maps £, ... SN LM P LM — LM x AF commute with cocyclic
maps, inducing a zig-zag of mixed complex morphisms between the mixed total complexes
associated to the cocyclic de Rham chain complexes of these cocyclic differentiable spaces.
By Lemma [1.4.7] this is a zig-zag of mixed complex quasi-isomorphisms. The rest is obvious

in view of Lemma [I.2.3] Proposition [[.4.5 and Example [1.4.6] O
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1.5 Preliminaries on operads and algebraic structures

Let V' = {V;}iez be a (homologically) graded vector space.
A Lie bracket of degree n € Z is a Lie bracket on V[—n], namely a bilinear map

] : V&V — V of degree n satisfying shifted skew-symmetry and Jacobi identity:
[CL, b] = _<_1)(|a|7n)(|b|7n) [bu CL], [CL, [ba C]] = [[CL, b]7 C] + (_1)(|a‘7n)(|b‘7n) [ba [CL, C]]

Note that in this definition, there is no need to apply sign change (|1.8.1]).
A structure of Gerstenhaber algebra is a Lie bracket of degree 1 and a graded commutative

(and associative, by default) product - satisfying the Poisson relation:
[a,b+c] = [a,b] - ¢ + (—1)1FVIp . [q, ¢].

A structure of Batalin-Vilkovisky (BV) algebra is a graded commutative product - and a

linear map A : V, — V. (called the BV operator) such that A? = 0, and

Ala-b-c)=A(a-b)-c+ (=1)la- A -c) + (=1)IHDllp . Aa - ¢) (1.5.1)

—Aa-b-c—(=Dla - Ab.c— (=1l Plg b Ac

By induction, the defining relation (|1.5.1)) implies that for any k& > 2,

Alay ~ag -« a) = Y (D)IA(aiaz) ar @y ap (1.5.2)
1<i<j<k
—(k—2) Z (_1)|a1\+---+|ak\a1 ..... Aa; - ar,
1<i<k

where £(i, j) is from Koszul sign rule. By [24, Proposition 1.2], a BV algebra is equivalently

a Gerstenhaber algebra with a linear map A : V, — V., such that A? =0 and
[a,b] = (=1))A(a+b) — (=Dl Aa b —a- Ab. (1.5.3)

Following Getzler [25], a structure of gravity algebra is a sequence of graded symmetric

linear maps V& — V (k > 2) of degree 1, a; ® - -+ ® aj, — {ai, ..., ax} (which we call k-th
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bracket), satisfying the following generalized Jacobi relations:

> (1 as, a5}, a1, @ aks b b

1<i<j<k

Har,- . aph b, b} (1> 0)
0 (1=0).

Note that the relation for (k,l) = (3,0) implies that, with sign change (1.8.1]), the second
bracket becomes an honest Lie bracket on V[—1].

The following lemma, which goes back to [5, Theorem 6.1], is well-known to experts.

Lemma 1.5.1. Let (V,,-,A) be a BV algebra, W, be a graded vector space, with linear maps
a: W, =V, B:V,—= W, such that A =aof and foa =0. Then:

(i) W, is a gravity algebra where the brackets W®* — W are

1@ @xp = {x, .. a )= Blafxy) - a(zg)) (k>2). (1.5.4)

(i1) Let [,] be the Gerstenhaber bracket (1.5.3) on Vi. Then for any xi,x2 € W,
a({z1,22}) = (=1)"M[a(21), az2)):

Proof. To prove (i), first note that since - is graded commutative, {x1,..., 2z} is graded
symmetric in its variables. Next, the generalized Jacobi relations follow from a straightforward
calculation based on ((1.5.2)) (see the proof of [0, Theorem 8.5]), and is omitted. The proof of
(i) is trivial. O

A BV algebra homomorphism between two BV algebras is an algebra homomorphism that

commutes with their BV operators. The case of gravity algebras is similar. The following

lemma is obvious.

Lemma 1.5.2. Suppose there is a commutative diagram of linear maps
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W* “ ” ‘/* ” *41
ool
’ 5/
Wy — v,

such that (V,, W, a, B) and (V!,W., &/, B") satisfy the assumptions in Lemma and g 1s
a BV algebra homomorphism. Then f is a gravity algebra homomorphism (for the induced

structures on W ,W'). O

Next we need to work in the language of operads. We collect some basics below, and refer
the reader to |29, Section 2] or standard references [39][40] for more details.
Let (¢, ®, 1¢) be a symmetric monoidal category. A nonsymmetric operad (ns operad for

short) O in € consists of the following data:
e An object O(k) in € for each k € Z>.

e Morphisms o; : O(k) ® O(l) - O(k+1—1) for each 1 <i < k and [ > 0, called partial

compositions, that are associative: for z € O(k), y € O(1), z € O(m),

(xojy)oirj1z=x0;(yoj2z) (1<i<k, 1<j<Il m>0), (1.5.5a)

(xojy)osjo1z2=(roj2z)o,y (1<i<j<k >0 m2>0). (1.5.5b)

e A morphism 1p : 14y — O(1), which a two-sided unit for o;.

An operad is a ns operad such that each O(k) admits a right action of the symmetric group
Sk (Sy is the trivial group), in a way compatible with partial compositions.

A (ns) operad in the symmetric monoidal category of dg (resp. graded) vector spaces is
called a (ns) dg (resp. graded) operad. A Koszul sign (—1)/¥/*l should appear in in
graded and dg cases. Taking homology yields a functor from the category of (ns) dg operads

to the category of (ns) graded operads.

Example 1.5.3. Here are some examples of dg operads and graded operads.

32



(i) (Endomorphism operad Endy.) For any dg (resp. graded) vector space Vi, there is
a dg (resp. graded) operad Endy defined as follows. For each k > 0, Endy (k). =
Hom, (V®*, V), where Hom,(V®°, V) = Hom,(R,V) = V,. For 1 <i < k, | > 0,
f € Hom, (V¥ V), g € Hom,(V®, V), and o € &,

(foig)t1® + ®upp1) = (1) fl1 @ @gvi®--)®---),
(f . 0')(1)1 K& ’Uk) = (—1)Ef(’l}0—1(1) K- ® ’UU—l(n))7

18ndv = ldV € HOHI[)(V, V)

Let O be a (ns) graded operad or dg operad. A structure of algebra over O on V', or

say an action of O on V| means a morphism O — Endy as (ns) operads.

(ii) (Gerstenhaber operad Ger, BV operad BV, and gravity operad Grav.) These are graded
operads that can be defined in terms of generators subject to the relations defining
Gerstenhaber/ BV/ gravity algebras. A Gerstenhaber/ BV/ gravity algebra is exactly
an algebra over Ger/ BV/ Grav.

(iii) (Ward’s construction [48].) There is a dg operad M constructed from certain “labeled
A trees”, such that H.(My) = Grav as graded operads, and there are explicit
homotopies measuring the failure of gravity relations on M (while Jacobi relation for
the second bracket strictly holds). For this reason an algebra over M can be viewed as
a gravity algebra up to homotopy. M is closely related to the operad of “cyclic brace
operations” (Section . There are other important properties of M that we will use
later (Proposition [1.5.6(v)). Indeed the notation of Ward [48] is M., but we use M for

the reason of Remark [[.5.5
Definition 1.5.4. ([29, Definition 2.6, 2.9].) Let O be a ns dg operad.
(i) A cyclic structure (1;)k>0 on O is a sequence of morphisms 7, : O(k) — O(k) (k > 0)

such that 7‘,?“ = idow), T1(lo) = lo, and that for any 1 <i < k, [ > 0, x € O(k),
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4

TR 01 Y (1>2)

Thri—1(z 0 y) = ¢ (=) lWlry o,z (i=1, 1> 1)

2w oy (i=1,1=0).

(i1) A multiplication p and a unit € in O are elements p € O(2), € € O(0), satisfying

Ou=0,popu=poyu, de=0and poje=poge=1p.

Remark 1.5.5. An operad with a cyclic structure is called a cyclic operad. The cyclic relation
in Definition differs from some authors (in particular, Ward [48]) in the orientation of

performing cyclic permutation, but they are equivalent. See e.g. [42, Section 3].

Let O = (O(k))k>0 be a ns dg operad endowed with a multiplication p and a unit
e. Then {(O(k)., 0)}k>o0 is a cosimplicial chain complex where §; : O(k — 1), — O(k).,
0 O(k+ 1) = O(k). (0<i<k)are

(

posx (1=0)
0i(x) =S zop (1<i<k-—1) oi(x) ;=2 0541 €. (1.5.6)
porx (1==kF),
\

Denote the associated total complex by (O,,b). If there is also a cyclic structure (7) k>0
on O such that p is cyclically invariant, i.e. m(u) = p, then {(O(k)., ), 6,04, Tk }r>0 is a

cocyclic chain complex. Denote the associated mixed complex by (@*, b, B).

Proposition 1.5.6. Let O = (O(k)«, 0)r>0 be a ns dg operad. Define binary operations o

and [,] on O, = szo O(k)ssr by: for v = ()0, ¥ = (Yk)r>o0,

oy =y (=10 EDlmy, oy, (1.5.7a)
l+m=k+1
1<i<l
[gj’ y] =roy— (_1)(|x|*1)(|y‘*1)y o1 (157b)

Then for (O,,d), statement (i)(a) below hold true.
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If there is a multiplication p and a unit € on O, define a binary operation - on O, by

(x-y)g = Z (=1)W! (1 01 1) 0141 Yum.- (1.5.8)

I+m=k
Then for (O,,b), statements (i)(b) and (ii)(a) below hold true.
If there is a cyclic structure (1y,)r>0 on O, then for O%¢ = Ker(1 — \) € O,, statement
(7i) below holds true.
If there is a multiplication p, a unit € and a cyclic structure (1)r>0 on O such that

(1) = p, then for (O,,b, B) and O9°, the other statements below hold true.

(i) a) (O,,d,0) is a dg pre-Lie algebra (with shifted grading) such that [,] is a Lie bracket
of degree 1.
b) (O,,b,0) is a dg pre-Lie algebra (with shifted grading) such that [,] is a Lie bracket
of degree 1, and (O,,b,+) is a dg algebra.

(i) a) - and [,] induce a Gerstenhaber algebra structure on H.(O,b).

b) - and Connes’ operator B induce a BV algebra structure on H,(O,b) where the

BV operator is A = B,.

¢) The above two structures on H,(O,b) are related by (1.5.3).

(iii) O%° is closed under the operation [,]. The restriction of [,] to O is called the cyclic

bracket.

(iv) a) The BV algebra structure on H,(O,b) obtained in (ii)(b) naturally induces gravity
algebra structures on HCNO), HCV(O) and HCP(O)[-1].
b) The map By, : HCL 1(0)[—1] — HCI(O) in is a gravity algebra homo-
morphism. The map Iy, : HCMNO) = HCL[”H((’N)) in is a gravity algebra
isomorphism.

¢) The Lie bracket on HC)(O)[—1] induced from (iii) coincides with the second bracket

of its gravity algebra structure, up to sign change (|1.8.1]).
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(v) @iyc admits an action of the operad My (see Examplem) which covers the cyclic
bracket in (iii). Via the isomorphism H.(M-) = Grav, this induces a gravity algebra

structure on HCNO) which is the same as that in (iv)(a).

Proof. Statements (i) and (ii)(a) are exactly [29, Theorem 2.8 (i)-(iii)], which in turn follows
from [48, Lemma 2.32]. Statements (ii)(b) and (ii)(c) follow from [29, Theorem 2.10], which
in turn is a consequence of [48, Theorem B]. Note that [29, Theorem 2.10] uses the normalized
subcomplex O™ but there is no difference on homology: as explained in [29, Section 2.5.4],
the BV operator is just induced by Connes’ operator B = Ns on O™,

Statement (iii) is a straightforward consequence of [48, Corollary 3.3]. Alternatively, it is
quite handy to use definition of cyclic structures to verify that if 7, 2; = (—1)%z; (2; € O(ky),

kl—‘rkz—l[

i =1,2), then 7, 4 g,—1[x1, 22] = (—1) x1, Ta.

Statement (iv)(a) is an application of Lemma [I.5.1](i) to part of the exact sequences

(11.2.2))(1.2.8). Note that there is a transition between (co)homological gradings.
e For HCIM take V, = H,(O,b), W, = HCEK[”H(@), a = poy, and § = B,.

e For HC ! take V, = H.(O,b), W, = HC" 1(O)[~1] = HC" /(0), a = By., and
B =i,.
e For HC?, take V, = H*(@, b), W, = HCX(O), a = iy, and = B,. Here the condition

a o = A is satisfied because of Lemma [1.2.9

Statement (iv)(b) follows from Lemma |1.5.2] Lemma and Lemma [1.2.9] Statement
(iv)(c) follows from Lemma [1.5.1{(ii) and statement (ii)(c).

Statement (v) is a consequence of [48, Theorem C], where the Maurer-Cartan element

¢ = (Ck)r>2 is taken as (o = —p and ¢ = 0 (k # 2).
To see Statement (v) covers Statement (iii), we need concrete description of the action of

M on O%¢, For arity 2 it is the same as cyclic brace operations (see Example |1.6.3). [
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Remark 1.5.7. The sign in ((1.5.7a]) comes from operadic suspension (see Appendix |1.8.3]).
Indeed, O = (IT,5050(n))[—1].

Remark 1.5.8. [29, Theorem 2.8 & 2.10] and [48, Theorem A & B] contain much stronger
statements than Proposition [1.5.6(1)(ii) which we do not need (e.g. existence of an action of
a chain model of the (framed) little 2-disks operad on O or O™). Proposition M(l) (i)

themselves were known much earlier, e.g. see [42] 1.2 & Theorem 1.3].

Example 1.5.9. Let (A*,d, -) be a dg algebra with unit 14. Then End, admits a multiplica-
tion and a unit given by p(a; ® as) := ay - as, € := 14. Viewing A as a dg A-bimodule, the
cosimplicial maps 9;, 0; in Example are the same as for (Enda, p,e) in (i). To
discuss cyclic structures, suppose there is a graded symmetric bilinear form (,) : A x A — R

of degree m € Z, such that
d{a,b) = (da,b) + (—1)1"Na,db),  (ab,c) = (a,bc) (Va,b,c € A). (1.5.9)

Namely A is a dg version of Frobenius algebra, but we do not require dimg A to be finite
or {,) to be nondegenerate. Note that since (,) is symmetric, the relation (ab, ¢) = (a, bc) is

equivalent to (,) being cyclic, i.e.
(ab, c¢) = (=1)lalibFleD (he q). (1.5.10)

Now consider AY[m] where with a dg A-bimodule structure characterized by (1.2.11)) (the

degree of ¢ € AY[m] is now shifted). The degree 0 map
0:A— AV[m]; 0(a)(b) := {(a,b) (Va,b € A) (1.5.11)

is a dg A-bimodule map, and Hom(—, #) : Hom*(A%* A) — Hom*(A®*, AV[m]) is a morphism
of cosimplicial complexes. {Hom*(A®*, AV[m]) = Hom™™(A®*+1 R)},>¢ is moreover cocyclic
with cyclic permutations (7% )x>o given in Example

-1

If 6 happens to be an isomorphism, then {Hom(—,#)"" o 7, o Hom(—, ) },>o endows

(Enda, pu, ) with a cyclic structure. All statements of Proposition hold for O = End,.
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If 0 is a quasi-isomorphism, then End, = CH"(A, A) and CH*(A, AY[m]) are quasi-

isomorphic through a natural map induced by 6. In this case, let us examine the statements

(i)-(v) in Proposition for O = &ndy.

(A)

(B)

(E)

Statements (i) and (ii)(a) still hold honestly (they are irrelevant to 6).

Statements (ii)(b), (ii)(c) “hold weakly” in the following sense: Connes’ operator B
on CH*(A, AY[m]) induces a BV operator on HH*(A4, A) = HH*(A, AY[m]), making
HH*(A, A) into a BV algebra, which is compatible with its Gerstenhaber algebra

structure. This is proved by Menichi [43, Theorem 18].

Statement (iii) “holds weakly” in the sense that the subspace of weakly cyclic invariants

in CH*(A4, A), ©'(CH,.(A, AY[m])), is closed under the bracket (1.5.7b]), and hence is
a dg Lie subalgebra. Here © : CH*(A, A) — CH"(A, AY[m)]) is the cochain map induced
by (L.5.11)), and CHZ,.(A, A¥[m]) := Ker(1 — X) is the subcomplex of cyclic invariants
in CH*(A, AY[m]), with respect to the cocyclic structure on {Hom* " (A®F1 R)} ;.
This result is rather simple and should be well-known, e.g. it is stated without proof in

[44, Lemma 4].

Statement (iv) “holds weakly” in the following sense: there are gravity algebra struc-
tures on HCY(A, AY[m]) = HC{,;(A, A¥[m]) = HC},;;(A, A) and HC], -, (A, AY[m]) =
HC,-1(A4, A), induced by the BV algebra structure on HH"*(A, A) = HH"(A, A¥[m])
described in (C).

Statement (v) “holds weakly” by Corollary [1.6.8, which largely generalizes (C).

Remark 1.5.10. Statements (C)(E) above hold true even if # : A — AY[m] is not a quasi-

isomorphism. If # is a quasi-isomorphism, then so is © : CH(A, A) — CH(A, AY[m]). If ©

also restricts to a quasi-isomorphism O~ (CHey.(A, AY[m])) — CHeye(A4, AY[m]), then the

structures in (C)(E) are compatible with those in (B)(D).
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Remark 1.5.11. Statement (C) in Example is irrelevant to the algebra structure on A.
It holds true when A is just a graded vector space endowed with a symmetric bilinear form
(,) - Ax A — R of degree m. In this case, we shall write © (][, >, Hom " (A**!,R)) in

cyc
place of ©1(CH}, .(A, AY[m])).

cyc

1.6 Cyclic brace operations

This section is devoted to the proof of Theorem m Recall O := [[50O(k) if O is dg

operad, and O9¢ := Ker(1 — \) C O if O is a dg cyclic operad .

Definition 1.6.1 (Brace operations via concrete formulae). Let O be a dg operad. For each
n € Zsg, define an (n 4 1)-ary operation on O as follows. When n = 0, for a € O(r), let
a{} :=a. When n >0, for a € O(r) and b; € O(t;) (1 <j <mn), let

a{by,... by} = AZ +(-+- ((@oy, by) ogy ba) -+ 05 by), (1.6.1)

where the summation is taken over tuples (i1, ...,i,) € Z%, satisfying i;,1 > i; +t; and

mw<r—mn+1+ Z;:ll t;. The sign =+ is from iteration of (1.8.2).

Brace operations were first described by Getzler [23] in Hochschild context (generalizing
the Gerstenhaber bracket [21] which corresponds to n = 2) and later by Gerstenhaber-Voronov
[22] in operadic context. There is also an interpretation of brace operations via planar rooted
trees, going back to the “minimal operad” of Kontsevich-Soibelman [37] (see also [12], Section
7-9]), which allows for a variation in the cyclic invariant setting ([48]).

Let us fix terminologies about trees before moving to more details.

o A tree without tails is a contractible 1-dimensional finite CW complex. A 0-cell is called

a vertex; the closure of a 1-cell is called an edge (identified with [0, 1]).

e A tree with tails is a tree without tails attached with copies of [0,1) called tails by

gluing each 0 € [0,1) to some vertex.
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The set of vertices, edges and tails in a tree 1" is denoted by Vi, Er and Lp, respectively.
The set of edges and tails at v € Vi is denoted by E, and L,, respectively. The valence of a

vertex v is the number |E, U L,|. The arity of a vertex is its valence —1.

e An oriented tree is a tree with a choice of direction for each edge, from one vertex to

the other. Such a choice of directions is called an orientation of the tree.
e A rooted tree is a tree with a choice of a distinguished tail called the root.

Every rooted tree is naturally oriented by directions towards the root.
e A planar tree is a tree with a cyclic order on F, U L, for each vertex v.

Every planar tree can be embedded into the plane in a way unique up to isotopy, so that
at each vertex v, the cyclic order on E, U L, is counterclockwise.

Every planar rooted tree T' carries a natural total order on ErU Ly, which can be obtained
by moving counterclockwise along the boundary of a small tubular neighborhood of T" in the
plane. It starts from the root and is compatible with the cyclic order on E, U L, for each

v € Vp, and also restricts to total orders on Ep, Ly and E,, L, for each v € V.

e An n-labeled tree is a tree T with a bijection between {1,2,...,n} and Vp. If the

number of vertices is not specified, it is just called a labeled tree.

The vertex with label 7 in an n-labeled tree T' is denoted by v;(T), with arity a;(T).

The notion of isomorphisms of trees (with various structures) is obvious. We shall view
isomorphic trees as the same.

For n € Z>1, let B*(n) be the set of n-labeled planar rooted trees without non-root tails,
and let B(n) be the vector space spanned by B*(n). Let B*(n) be the set of n-labeled planar

rooted trees with tails, and let B(n) be the vector space spanned by B*(n).
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Given T" € B(n) and k = (ki,...,k,) € Z2, define a set

T(T', k) :={T" € B(n) | T" can be obtained by attaching tails to 7"

so that a;(T") =k; (1 <Vi<n) }. (1.6.2)

Definition 1.6.2 (Brace operations via trees). Let O be a dg operad. Define linear maps

Kn: B(n) — Hom(@®”,(’)), Rp:B(n) — Hom((;j@na @)

as follows. k, is the restriction of &,. For 77 € B*(n) and f; € O(k;) (1 <i < n),
Fu(T)(frs for s f) = Y FR(T")(fr, foreo s fo),
T"eT (T k)
where by convention summation over the empty set is zero. If a;(7") = k; (1 < i <n), then
Rn(T")(f1,. .., fn) is the operadic composition of fi,..., f, in the obvious way described by
T', where f; is assigned to v;(7”). The sign = is from iteration of (1.8.2).

Definition and Definition describe the same operations on O, as explained
below. Consider 3, € B*(n + 1) characterized by: Ejs, = {e1,...,en}, Vs, = {v1,.. ., Unt1}
where v; is labeled by ¢, Lg, = {l1i}, v =1 Ne1N---Ney, vipg € ¢; (1 < Vi <n), and the
cyclic order on E,, U Ly, is (I, eq, ..., e,). Then k,41(3,) € Hom(O®"+1 O) is exactly given
by (L.6.1). Moreover, putting B(n) in degree n — 1, B = {B(n)} carries a reduced (meaning
B(0) = 0 and B(1) = R) graded operad structure (see [48, Definition 2.11 & 2.13]) so that

{6 }n>0 generates B under operadic compositions and symmetric permutations, and
k={kn}:B—=Ends (1.6.3)

is a morphism of operads. B is called the brace operad, which tautologically controls brace
operations on brace algebras, i.e. algebras over B. We have just seen that O is naturally a
brace algebra. For the purpose of this paper we omitted details of operadic compositions on
B but explained how « is defined.

In [48], Section 3.2], Ward introduced an operad B, which he called cyclic brace operad.

Let By (n) be the set of oriented n-labeled planar trees without tails. Then B (n) is the
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graded vector space spanned by B (n) modulo the relation that reversing direction on an
edge produces a negative sign. If there is no risk of confusion, we will by abuse of notation not
distinguish 7}5 € B (n) from its image in B(n). There is a morphism of operads p : B; — B,
which is induced by maps

P BL(n) = B(n), Tsm Y (=177, (1.6.4)

TER(To)

where R (T'5) is the set of labeled planar rooted trees that can be obtained by adding a root
to the (nonrooted) tree underlying T, and £(75,7") is the number of edges in Er, = Er
whose direction from T}5 does not agree with the direction from the rooted structure of 7'
Here and hereafter, in appropriate contexts we use f* to denote a set-theoretic map which
induces a linear map f.

A natural example of cyclic brace algebras, i.e. algebras over B, is as follows.

Example 1.6.3 ([48, Corollary 3.11]). Let O be a dg cyclic operad. Consider O%¢ ¢ O
and k : B — Endg in (1.6.3). For T € B (n), p(T) € B(n) and (k0 p)(T) € Hom(O®", O).
Restricting (r o p)(T) to O gives an element in Hom((O%¢)®" ). Moreover, if f; € O(k;)
(1 <i < n) are cyclic invariant, then so is (ko p)(T)(f1,--., fa). (Such a claim appears in
[48, Theorem 5.5] where it is referred to [48, Proposition 3.10], but there is no direct proof
given in [48]. We will give a direct proof in a slightly different situation.) Hence x o p gives a

morphism By — End aeye.

Definition 1.6.4 (Cyclic brace operations). Let O be a dg cyclic operad. The cyclic brace

operations on O9¢ are those characterized by the linear maps
Fin © P Bes(n) — Hom((O%¢)%n OV°)
discussed in Example [1.6.3]

Remark 1.6.5. It seems hard to write a direct formula for cyclic brace operations on Q¢

in terms of operadic compositions, in a way as explicit as ((1.6.1]).
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Consider B2 (n) D B (n) and Bs(n) D Bo(n) by extending the definitions to labeled

planar trees with tails. There is a forgetful map
wy, + B*(n) = B (n) \ BY,(n)

forgetting the choice of root but keeping the orientation from rooted structure. Note that w;
induces w, : B(n) — By(n)/Bs(n). There is also a map
By (n) \B(n) = B(n), Thw ) (=107
T'€Ro(T},)
where R (77,) is the set of n-labeled planar rooted trees obtained by choosing one of the tails
in T/, as the root, and (T7;,T") is defined similar to e(T}5,T) in (1.6.4).

It is clear that (w, o r,)(T) = |Ro(T%)| - T%. To describe 7, o w,, consider a map
t5 : B*(n) — B*(n)

so that 7" and t5(T") are the same after forgetting the root, and the root of ¢5(7”) is the first
non-root tail of 7" (if there are no non-tail roots then ¢ (1") = T"). Then for any 7" € Ro(17,),
we have Ro(T}s) = {T",t;(T"), ..., (t)P(1")} , where p = |Ro(T},)| — 1. It follows that
(rw 0w, )(T") = (T, T - ro(Th) = > (1) T8I i (1), (1.6.5)
0<i<|Ro(TF)| -1
Here e(1",t,(1")) is the number of edges in Erv = Ej (7 whose direction towards the root of
T’ does not agree with the direction towards the root of ¢! (7").
Given k = (K1, ..., k,) € Z%, define a map
v 1 B(n) = Bo(n), To+— Z T,
T/, €T (Too k)

where T (k,Ts) C BS(n) is defined similar to T (k,T) in (1.6.2)).

Lemma 1.6.6. Let O be a dg operad. For any T € B (n) and f; € O(k;) (1 <1< n), there
holds
(Fn 0 pp)(T)(frs o fn) = (Rn 0 0 ) (T) (f1, - -5 f)-
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Proof. Consider the set of labeled planar rooted trees whose vertices have arities equal to
k = (ki,...,k,) in accordance with the labeling. Such a set can be represented as
U 7@r=J R,
TeR1(Tw) TLeT(To k)

and the result follows. O

In the rest of this section, we take O = End 4, where A is a dg algebra endowed with a
symmetric, cyclic, bilinear form (,) of degree m. Recall from Example that (,) induces
0:A— AV[m] and © : CH(A, A) — CH(A, AY[m]). To deal with signs, we may work with
A[1] instead of A. As explained in Appendix [L.§ the symmetric bilinear form (,) on A
becomes anti-symmetric on A[1], and the cyclic permutation 7, on Hom(A®**1 R) reads as
7 = (=1)F7, = X on Hom(A[1]®**1 R). Since s(Enda) = Endapy, there is no need to take
operadic suspension of B, and B(n) stands in degree 0 when dealing with A[1].

Since the pairing (,) is not necessarily nondegenerate, there is not always a cyclic
structure on End4 compatible with cyclic permutations on {Hom(A®*™! R)} via the map
Hom(A%®* A) — Hom(A®*, AV[m]) induced by (,), so the discussion of Example does

not directly apply here. However, the following is true.

Proposition 1.6.7. ©7'([],, Homy " (A®**! R)) is naturally a B-algebra.

cyc

Proof. (This proposition is irrelevant to the multiplication on A; compare Remark [1.5.11})
Similar to Example m it suffices to show if T}5 € BS(n) and f; € Hom(A®*, A) is weakly
cyclic invariant in the sense that A(6 o f;) = 6o f;, then (ko p)(T:5)(f1,. .., fn) is weakly

cyclic invariant. This is immediate from Lemma and Lemma below. O]

Corollary 1.6.8. (07 (CHey(A, AY[m])),d + ) admits an action of M. Moreover, if 0 is
a quasi-isomorphism and © restricts to a quasi-isomrphism from O~ (CHeyc(A, AY[m])) to
CHeye (A, AV[m]), this Ms-action lifts the gravity algebra structure on HCY(A, AY[m]) induced
by the BV algebra structure on HH*(A, AY[m]) (see Ezample[1.5.9(D)).
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Proof. As explained in the proof of [48, Theorem 5.5], to show M. acts on the space of
weakly cyclic invariants, it suffices to consider cyclic brace operations, which is nothing but
Proposition . In more details, Ward [48] defined a dg operad M using “A.-labeled planar
rooted black/white trees” (M is isomorphic to the “minimal operad” of Kontsevich-Soibelman
[37), and M is the nonrooted version of M. M contains B as a graded suboperad, and
acts on CH(A, A) extending brace operations. What M does more than B to CH(A, A) is
generated by the operation (f,g) — pa{f, g} where us € Hom(A®?, A) is the multiplication.
The action of M5 on ©~(CH,yc(A, AY[m])) comes from an operad morphism M — M which
extends the morphism B — B from (1.6.4). Therefore, that ©~!(CHyc(A, AY[m])) is closed
under the action of M on CH(A, A) essentially follows from Proposition and weakly
cyclic invariance of 4, i.e. .

Now we explain why the M -action induces exactly the gravity algebra structure from
BV structure on homology under quasi-isomorphism assumptions; this is just by definition.
The gravity algebra structure on HC} (A, AY[m]) follows from Lemma and
with V., = HH "(A, A) = HH (A4, AY[m]), W, = HC,"(A4,AY[m]), @ = ix, S = Bi.
The product - on CH(A, A) is just the cup product (f,g) — pa{f,g}, so the k-th
gravity bracket on HC,(A, AY[m]) is induced by the operation (fi, fa, ..., fx) +—
waf fr, pa{fo, pa{ -, pa{fr—1, fx} ---}}} at chain level, which is represented by certain
black /white tree with & — 1 adjacent black vertices labeled by p4. Edges with both black
vertices in such a tree should be contracted, creating a new tree with a single black vertex, see
[48, Appendix A, (A.10)]. This gives exactly the tree representing the generators of H,.(M-),

see [48], Definition 5.12, Figure 2]. O

Lemma 1.6.9. Let T, € B(n), T" € Ro(T},), f; € Hom(A[1]®¥, A[1]) where k; = a;(T")

(1 <i<mn). Suppose every f; is weakly cyclic invariant. Then

00 ((Rnora)(T5)(frs - fn)) = (T, T) - N(O o (Rn(T")(frs- -, ).
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Proof. In view of ([1.6.5)), it suffices to prove the following equality:

00 (R 0 ta)(T')(frs . ) = (T ta(T)) - MO © (RalT)(frs oo f)). (16.6)

If there is only one tail or only one vertex (equivalently, no edges) in 77, then t,, acts trivially
on B(n), and is obvious. Now suppose there are at least two tails and at least one
edge in T". Then there is a unique path in 7" connecting the root [; to the first non-root
tail lo, consisting of successive edges with successive vertices v;,, vi,, ..., v;, (k> 1), where
V4, , v;, are vertices of Iy, ly, respectively. Note that these & — 1 successive edges are the only

edges in T whose directions towards [; and [, disagree, so
(T t,(T") =k — 1.

Ifk=1, simply follows from cyclic invariance of 6 o f;,.

If k> 2, for each j € {1,...,k — 1}, denote the edge joining v;; to v;,, by [vi;,vs,,,],
which is identified with [0, 1]. By removing 3 € [v;,,v;,,,] forall 1 < j <k —1, 7" is cut into
k pieces, where the j-th (1 < j < k) piece T} contains v;,. By regarding [v;,,3) and (3,v;,,]
as tails, these pieces become labeled planar trees, where the planar structures are induced
from 7", and the vertex labeling is in the same order as 7”: say the vertices of T} are labeled
by ij1 <idj2 <+ <ij,, in T', then put their labels as 1,2,...,n; in Tj. Let T} _ (resp. T} )
be the labeled planar rooted tree obtained by choosing the tail (3, v;,] (resp. [v;,, 3)) in T} as
the root, where (3, v;,] is indeed I; and [v;,, ) is indeed l5. Suppose (3, v;,] (resp. [v;,3)) is
the pj;-th (resp. g;-th) non-root tail in the total order on Lvij from planar rooted structure of

T7 . (vesp. T} ). Since [y is the first non-root tail in 7", we have ¢y = --- = g, = 1, and
mt+-t+p—k+1=|Lp|—-1=k+ - +k,+1—n=K.

Denote

Fj—i_ = R?n]. (Jﬂ’]{,-f—)(fij,p ER fij,nj)? Fj_ = an (7_17{7—)(]2]'717 ER fij,nj)'
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Then for any z1,...,zx41 € A[l], there holds (Koszul sign (—1)¢ is taken w.r.t. A[l])

(R otn)(T)(f1,- s fo)(@1 ® - @ Tk), Treq1) (1.6.7)
= (=D7(F op, (Fy opy (o0 FY)) (@1 ® -+ @ k), Wpc)
= (=1 F (- @ap1), g opy (o 0py ) (2, @ - +4))
= = (=D (F .y opy (o FY ) (@, @+ ), By (- @ ap, 1)),
where the second equality follows from cyclic invariance of § o f;, , and the third equality

follows from (anti-)symmetry of (,). Iterating the above calculation by cyclic invariance of
Oofi ,,00fi o ...,00 f;, and (anti-)symmetry of (,), we see that is equal to
(D)= (@ gttty Fy g (Fy 04y (- 0g, F)) (- @ Tpy gy i)
= (=DM (—D)(Fy o1 (Fy o1 (- 01 F))(@x41 ® 21 ® -+ ® Tk 1), Tk)
= (=1 TN R (T (fry - o) (T @1 @ ), k).
Since 7x on Hom(A[1]®% A[1]V[m]) corresponds to A on Hom(A®X, AV[m]), this proves

(1.6.6). The proof is now complete. O

Remark 1.6.10. It is easy to generalize Proposition to A algebras with cyclic invariant

symmetric bilinear forms (not necessarily nondegenerate), and the proof is similar.

1.7 Chain level structures in S'-equivariant string
topology

In this section we describe chain level structures in S'-equivariant string topology, based on
the previous results. Let us first review the initial homology level structures dicovered by

Chas-Sullivan, and the chain level construction due to Irie.

Example 1.7.1 (String topology BV algebra and gravity algebra). Let M be a closed
oriented manifold and LM be its free loop space. It was discovered by Chas-Sullivan in [5][6]

that:
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e There is a BV algebra structure (A,-) on H,(LM) := H.iqimm(LM). Here A is
induced by the S'-action of rotating loops (i.e. A = J, where J is defined by (1.2.13)),
- is induced by concatenation of crossing loops and is called the loop product. The
associated Gerstenhaber bracket is called the loop bracket. We call this BV algebra the

string topology BV algebra.

e There is a gravity algebra structure on HS, 1, (LM) (as an application of Lemma

to part of the Gysin sequence (|1.2.15al)), whose second bracket is the string bracket
([5, Theorem 6.1]) up to sign (1.8.1)). We call this gravity algebra the string topology

gravity algebra.

A similar application of Lemma to part of the Connes-Gysin sequence ((1.2.2b|) for
the mixed complex (S,(LM), 0, J), together with Lemma and Lemma yields the

following lemma.

Lemma 1.7.2. For any closed oriented manifold M, there is a gravity algebra structure on
GidimM(ﬁM), such that the natural map HS, yi 1y (LM) — GidimM(L’M) in (1.2.14)) s

a morphism of gravity algebras. ]

Example 1.7.3 (Irie’s construction [29]). Given any closed oriented C'*°-manifold M, one

can associate to M a ns cyclic dg operad (Our, (Tk)k>0, i, €) With a multiplication and a unit,

defined by:
o For each k € Zzo, (Onr(k)s,0) := (CH i 11 (L1 1eg), O)-

e For each k € Z>1,k' € Z>o and j € {1,...,k}, the partial composition o; : Oy (k) ®
Ou(k') — Op(k+ K — 1) is defined by

z0; &' = (con;) (% ey, Xevo ¥,

where ¢y, X ey, 18 fiber product of de Rham chains with respect to evaluation maps ev; :

M . oM o :
L reg = Mieg and ev : L . — My (it is well-defined because of submersive
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condition), and con; : L1 M ey, Xevy L1 M — Ziy M is the concatenation map

defined by inserting the second loop into the first loop at the j-th marked point.

e For each k € Z>g, 7, : Op(k)s — Op(k). is induced by (1.4.2¢).

o 1o, = (M,i1,1) € Op(1)o, o := (M,iz,1) € Op(2)g, € := (M,ig,1) € Op(0)y. Here
for k>0, iy : M — L1 M is the map p — (0,7,,0,...,0), where ~, is the constant

loop of length 0 at p € M.

By [29, Theorem 3.1(ii)], there is an isomorphism H*(@M,b) = H.(LM) of BV algebras,
where these BV algebra structures are from Proposition [1.5.6| and Example respectively.
(The crucial thing about O, is the chain level structure which refines the string topology
BV algebra, but we do not need to use it.)

Let (Q(M)*,d, A\) be the dg algebra of differential forms on M. For each k£ > 0, there
is a chain map I : Cy 1 (LM o) = Hom ™ (Q(M)®*, Q(M)), called iterated integral of

differential forms: for ny,... e € Q(M),

(U, o, w)(m @ - - @mg) i= (= 1) (o)i(w A @i A= A pme), (1.7.1)

where ¢ := (dim U — dim M) (jm| + - - + |mx]) and ¢; :=ev; 0 ¢ (0 < j < k). Moreover,
I = (Ii)k>0 : O — Endg(ary is a morphism of ns dg operads preserving multiplications and

units (J29, Lemma 8.5]).

The paring (o, 8) := [,, @ A B is a graded symmetric bilinear form on Q*(M) of degree
m = —dimM, in line with Example [1.5.9] The induced dg Q(M)-bimodule map 6 :
Q (M) — (Q(M)Y[— dim M])* is a quasi-isomorphism by Poincaré duality, hence induces a

quasi-isomorphism

O : CH(Q(M),Q(M)) = CH(Q(M), Q(M)"[— dim M]). (1.7.2)
Lemma 1.7.4. The composition
Ooly:Oyik)— Hom_*(Q(M)@’k,Q(M)V[— dim M]) (k>0) (1.7.3)
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15 a morphism of cocyclic complezes.

Proof. {001}y is a composition of cosimplicial maps, so it suffices to check 70001}, = fol}o1y,

which is a simple computation by definition. O

According to Lemma|1.7.4, © o I : Oy, — CH(Q(M), Q(M)"[— dim M]) preserves cyclic

invariants. Moreover, the following is true.

Lemma 1.7.5.

[: (09, — O Y(CH (M), Q(M)Y]— dim M])) (1.7.4)

cyc
1s a morphism of M-algebras.

Proof. First, is a morphism of B-algebras since I : Oy — Endgary is a morphism of
ns operads, and the (cyclic) brace operations on the associated complexes are defined using
operadic compositions. Then by the proof of Corollary to show is a morphism of
M,s-algebras, it suffices to show Ir(u) = A, where = (M, i3,1) € Op(2) is the multiplication

in Oy;. But this is obvious from definition. O

Theorem 1.7.6. For any closed oriented C*-manifold M, the ns dg operad Oy with (i) k>0,
i, € in Example gives rise to the following data:

(i) A chain complex O :=Ker(1 — \) C Oy which is an algebra over M. In particular,

H,(O%) carries a gravity algebra structure.

ii) An isomorphism H,(O%°) = GS. . LM) of gravity algebras, where the gravity
M *+dim M
algebra structure on GidimM(ﬁM) is as in Lemma .

(iii) A morphism I : (O9°), — O H(CH_*(QUM), UM)"[—dim M])) of M-algebras, such

cyc

that the induced map in homology fits into the following commutative diagram of gravity
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algebra homomorphisms:
Hi—dimM—l(‘CM) — HC[:;JT]I(CH(Q(M% Q(M)Y[— dim M]))
£
: HC (CHO(M), QM) [~dim M) (175)
27
G2 i ar(LM) —— HC;"(CH(Q(M), (M) [~ dim M))).

Here arrows 1, 4 are induced by (1.7.3), arrow 2 is as in (1.2.14), arrow 3 is as
in (1.2.1). The gravity algebra structures are those on the (negative) S*-equivariant

homology of LM (Ezample Lemma and on (negative) cyclic cohomology
of UM) (Ezxample[1.5.9) in view of Poincaré duality.

Proof. Statement (i) follows from Proposition[L.5.6(v). Statement (ii) follows from Proposition
[L.5.6|iv) and Proposition [1.4.8] As for statement (iii), / is defined in Lemma [1.7.5} Arrows 2,
3 are gravity algebra homomorphisms by Proposition m(lv) and Example Arrows 1,
4 are gravity algebra homomorphisms by Lemma [[.7.4] Lemma and Lemma [1.5.2; The
diagram (1.7.5) commutes by Lemma[l.2.4] Strictly speaking, since the grading of Oy (k).
has been shifted by dim M from C* (LY, .,), there is a minor sign change for
in Oy compared to C (the same thing happens in [29, Lemma 8.4]), and thus we should

repeat the proof of Proposition [1.4.§ under new signs and use new isomorphisms to make the

diagram commute without question of signs, but this is straightforward. O

Remark 1.7.7. Statement (i) in Theorem is an easy combination of work of Irie and
Ward, so it is not new. But it was not known before if the chain level structures in statement
(i) correctly fit with known homology level structures in string topology (it was even not
known whether H,(O$°) is the S'-equivariant homology of LM), so statement (ii) is new.
As for statement (iii), some (perhaps not all) of the homology level statements are known,

see the discussion after Theorem the chain level statement is more crucial, and is new

because the fact that M., (nontrivially) acts on ©~'(CHZ:(Q(M ), Q(M)"[— dim M])) is new
(Corollary [1.6.8]).
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Remark 1.7.8. It is known that if M is simply-connected, then the iterated integral map
I:(Oy), = CH*(Q(M),Q(M)) is a quasi-isomorphism (proved by K. T. Chen [7] and
improved by Getzler-Jones-Petrack [26]). In this case Lemma implies arrows 1, 4 in

(1.7.5) are isomorphisms of gravity algebras.

Note that arrow 4 in (|1.7.5)) is not exactly induced by I, but is the composition ©, o I,.

The author does not know an answer to the following question.

Conjecture 1.7.9. For any closed oriented C*°-manifold M, the quasi-isomorphism (|1.7.2))

restricts to a quasi-isomorphism on (weakly) cyclic invariants,

O~ (CH: (M), Q(M)Y [~ dim M])) = CHZ (M), Q(M)Y[— dim M]).

cyc cyc

1.8 Appendix: Sign rules

1.8.1 Koszul sign rule

Compared to ungraded formulas, a sign (—1)%l is produced in graded setting whenever a
symbol a travels across another symbol b. For example if A, B are graded vector spaces, the
graded tensor product of graded linear maps f : A - Bandg: C — D, fRg: AQC — BRD,
is defined by (f ® g)(v @ w) = (=)l f(v) ® g(w).

1.8.2 Sign change rule for (de)suspension

Let C' = {C'}iez be a graded vector space. For any n € Z, define a shifted graded
vector space C[n] = {C[n]'}icz by C[n]* := C*™". (In homological grading this turns into
C[—n]-; := C_;_,.) C[—1] is often denoted by >C and is called the suspension of C. Let
s: C' — C[—1]; x — sz be the shifted identity map which is of degree 1. By Kozsul sign rule,

for xq,...,z, € C,

k

SR, @ @ap) = (—1)Z=m*Dlilse @ . @ sy (1.8.1)
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Here |z;] denotes the degree of x; in C, and the sign (—1)*~9%il comes from exchanging
positions of k — i copies of s with that of z;. The sign change ([1.8.1]) identifies the graded

exterior algebra of C' with the graded symmetric algebra of C[—1], as
(s® S)((_l)\xl\\lexz ®x1) = (_1)\:):1\((_1>1+\sx1|\slesx2 ® s11).

The same rule applies to sign change between A and A[l], the desuspension of A.

1.8.3 Operadic suspension

Let (O, 0;) be a dg operad in cohomological grading. The operadic suspension of O is a dg

operad (sQ) with partial compositions 6; satisfying

5O0(n) = O(n)[1 — nl,

ad;b = (_1)(i—l)(m—1)+(n—1)|b;(9(m)|’ (1.8.2)

where a € sO(n), b € sO(m), |b; O(m)| is the degree of b in O(m). For an explanation of
signs (which comes from Koszul sign rule), see e.g. [29, Section 2.5.4].

When O = End 4 is the endomorphism operad of a dg algebra A, there is an isomorphism
of dg operads sO = s(Endy) = Endapy. Therefore, for signs related to s(Endy), one may

alternatively use Koszul sign rule for A[1] and perform (1.8.1)) when necessary.

1.8.4 Cyclic permutation

If (O,0;) is a cyclic dg operad, then (sO, ;) also carries a cyclic structure where 7, =
(—1)*7; under the naive identification sO(k) = O(k). On the other hand, let A be a
dg algebra, consider the cocyclic complex {Hom(A®**! R), 7} and the operation 7 on
Hom(A[—1]®¥+1 R) induced by 73, under the linear isomorphism s : A — A[—1]. Then the

following equality says 7 = (—1)%7;, after sign change ([1.8.1]):

T 082 =7 0 (s%% @ 5) = (—1)*(s ® s%) o 1y,
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where s®* applies to 1 ® --- ® 13, € A®* and s applies to 23, € A. Therefore, when
discussing cyclic homology theories of A under the naive identification A = A[—1], cyclic

invariants in C'(k) is Ker(1 — A) = Ker(1 — 7%), and Nlcu) = SE N =30 AL
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Chapter 2

A chain model of path spaces and loop

spaces from the fundamental groupoid

2.1 Introduction

Let X be a path-connected, locally path-connected, semilocally simply-connected topological
space. This is the standing assumption throughout this chapter, leading to existence of the
universal covering space of X at any base point. The purpose of this chapter is to study

chain models of the following spaces of paths (loops) in X in a united way:
e (Free path space). PX := Map([0, 1], X).
e (Free loop space). LX := Map(S!, X) = {y € PX | v(0) =~(1)}.

e (Space of paths between two points). P, »X = {y € PX | 7(0) = z,v(1) = 2}, where

x,x' € X.
e (Based loop space). L, X = {y € LX |v(0) =z} = P, X, where z € X.

The basic idea is that, instead of only considering points in X (as people usually do), we also

add the information of homotopy classes of paths between points.
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Since this chapter is short (no more than 20 pages in thesis format), we are lazy to write a
more detailed introduction here. Let us simply mention that the main result (Theorem
can be viewed as a generalization of Adams’ cobar theorem [2] on homology of the based
loop space, and Chen’s theorem [7] on iterated integrals of differential forms and homology
of the free loop space. Adams’ work and Chen’s work both require X to be simply-connected
(but see Remark below), while we drop this condition by adding information of the
fundamental group(oid) of X to the chain model. Of course, both the statement and proof of

Theorem won’t appear here without the precursors.

Remark 2.1.1. Recent work of Rivera-Zeinalian [46] and Rivera [45] shows that Adams’
cobar theorem is true without the simply-connectedness assumption, as long as one carefully

chooses suitable versions of chains on X and L,X. It might be interesting to compare their

results with Theorem 2.2.11

Acknowledgements

The main result in this chapter, Theorem [2.2.1] was a conjecture of Kei Irie communicated to
the author in Fall 2022. (To be precise, Kei Irie proposed the free loop space version of the
conjecture.) I thank Kei Irie for sharing his ideas, for feedback on my previous unsuccessful
attempts of the proof, and for generously suggesting that I can write a single-authored paper
based on current results. (Or this should be part of a collaboration.) I also want to thank

Manuel Rivera for helpful communication, especially for teaching me Lemma [2.3.4]

2.2 Construction of the chain model

Let I1; X be the fundamental groupoid of X, which consists of elements (p,q, o) where
p,q € X and o is a (relative) homotopy class of paths in X from p to g. There is a source
map

s: I X — X, S(p,C],U) =D,
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and a target map

t: I X - X, t(p,q,0)=q

For p € X, define [p| € 11X by [p] := (p,p, [constant path at p]). There is a natural
surjection PX — II; X sending v to (7(0),v(1),[y]), which makes II; X into a topological

space with quotient topology. There is a continuous map
{(007 C1) S <H1X>2 | t(Co) = S(Cl)} — HlX, (Co, C1) — Cp * Cq, (221)

which is induced by concatenation of two paths vy, y; with 70(1) = 71(0) in the obvious way.

For each k € Zs, consider the following subspaces of (IT; X)**+1.

e PFX is consists of (co,...,cx) € (ILLX)* ! such that t(c;) = s(cip1) (0 < Vi <k —1).
e LFX consists of (cg,...,c;) € PPX such that t(cx) = s(co).

o Pk

z,x’

X consists of (cg,...,cr) € P*X such that s(cy) = =, t(c) = o',
o LEX consists of (co,...,c,) € LYX such that s(cp) = z. Clearly LEX = PF X

For simplicity of exposition, we introduce a symbol X € {P, L, Py, Py, L}, so that XX
means one of PX, LX, P, »X, L, X, and X*X means one of P*X, LFX, Pf’x,X, ﬁ’;X.

For each of X € {P,L, Py, L}, there is a cosimplicial structure (see (1.2.3)) on
{X*X }r>0 given by operations §; : X*1X — X*X g, : X*1X — X*X | where

(CO,...,Ci,l,[s(ci)],cl-,...,ck,l) (OSZ S k'—l)
(2‘(00, C 7Ck_1) =

(Cos -+ o1, [t(ch1)]) (i = k),

Ui(cﬂ7 c. ,Ck+1) = (Co, N & BN & T I 7Ck+1) (0 < 1 < kf)
Moreover, for X = £, there is a rotation operation 7, : £LFX — £LFX,
Tr(coy -y cx) == (€1, .o, Cry Co) (2.2.2)

making {L£; X }x>0 into a cocyclic space (see (|1.2.4)).
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Recall the standard simplex A* := {(t1,...,t;) € R5o |0 <ty < -+ <t < 1}. There is

a natural map (by convention tq := 0, t1 := 1)

XX AR 5 XX () = (V) (i), [y

[ti7ti+1]])0§i§k~ (2.2.3)

In fact, e* is a quotient map. Define (v,ty,...,t) ~ (¥, t),...,t}) iff for all 0 <i <k +1,
(t:) =/(t;) and [y

then ef induces a homeomorphism between (XX x AF)/ ~ and X*X. There are also

[titina]] = [7'|[t;,t;+1}] (after linear reparametrization of v|y, 4,1, 7' [t§7t2+1]),
evaluation maps ev? XX 5 X (0<j<k+1),

ev?(co, cey CE) = B (2.2.4)

Putting these together gives covering maps

PEX — XFH2, (Coy- -y cr) = (s(co), .- s(ck), t(ck)) (2.2.5a)
PowX — {2} x X x {2'}; (Cor- - cx) = (x,58(c1) - ., s(cr), 7) (2.2.5b)
LEX — XFH, (Cor- .y cr) = (s(co), .. s(ck)) (2.2.5¢)
LEX = {a} x X*; (Cor- - cx) = (2,8(ct), - - 5(c))- (2.2.5d)

These covering maps are compatible with cosimplicial structures, where the cosimplicial

structure on {X**2},-, is defined by

. k+1 k+2 :
0; : X — X s (l’o,...,xk>f—>(l’o,...,xi_l,xi,$i7$i+1,...,Ik), OSZSI{?,

. vEk+3 k+2 .
Ji'X - X ) (m07"'7xk+2)'_>(x07"'7xi—17xi+1a'"7xk+2)7 OSZSku

and the cosimplicial structures on the other spaces are obtained by restriction. If X is
simply-connected, these covering maps are trivial, i.e. identity maps.

Recall from Example that for a cosimplicial complex {(C'(k)., ), d;, 0; }r>0 there is
a total complex ([ ], C(k)wtr, 0 +9), and for a cocyclic complex {(C(k)«, ), 6;, 04, tx fr>0

there is a mixed total complex ([ [z~ C(k)str, O + 6, B), where B is Connes’ operator.
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Conjecture-Theorem 2.2.1. For any path-connected, locally path-connected, semilocally
simply-connected topological space X, any points x,x’' € X, and all of X € {P, L, Ppa, Ly},
the natural map b XX x AP — X*X (k> 0) of cosimplicial (cocyclic if X = L)
spaces induces a quasi-isomorphism

CAXX) = (H Corn(XX x AF), 0+ 5)

k>0

N (H Con(XFX), 0+ 5) = CH(X),

= \kZ0
where (Cy, 0) is any chain complex functor of an ordinary homology theory such that every-
thing appearing in the statement is well-defined. (Unless otherwise specified, C, stands for

normalized singular chains with coefficients in a commutative ring R with unity.)

Remark 2.2.2. One can easily state a cochain (cohomology) version of Conjecture-Theorem

and prove it by the same method as the chain (homology) version which we will display.

Lemma 2.2.3. For any topological space Y, the projection

pry: C2(Y) = (H Coar(Y x AF), 0 + 5) — (C(Y),0);  (ag)k>o0 — ao (2.2.6)

k>0
is a quasi-isomorphism. Moreover, if &€ = (& )k0 € ([Tjzo Cerk(AF),0+6) = C§(pt) is a

cycle such that [&] =1 [(A° — pt)] € Hy(pt), then the map
Ee: C(Y) = C2(Y); arr (ax &0
is a chain map such that pryo B¢ = ide, (v)-
Proof. pr, is a quasi-isomorphism by Lemma|l.3.3] The rest holds by direct computations. [

Remark 2.2.4. Throughout this chapter, we fix the choice of & = (&)g>0 in Lemma as
& = [AF] =1 (A 5 AF) € C(A%).

In the rest of this chapter, we will prove Conjecture (and it becomes Theorem [2.2.1)).
In view of Lemma [2.2.3, Conjecture says that for each of X € {P, L, Pyo, L.}, CX(X)
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is a chain model of XX. Moreover, when X = £, the natural map e* : £LX x AF — £FX
preserves cocyclic structures, so by results in Chapter [I the cyclic (co)homology groups of
CE(X) are isomorphic to the S'-equivariant homology groups of £LX.

Our proof follows the strategy of Getzler-Jones-Petrack [26], which borrows ideas from

Adams [2] and Chen [7].

2.3 Revisiting Adams’ cobar theorem

Let us first prove Conjecture for X =P.
Proposition 2.3.1. Conjecture for PX s true.

Proof. Define a chain map 3 : (CP(X),0 +§) — (C.(X),d) by 8 := t. o pry, where pr,
is the projection chain map C7(X) — C,(P°X) as in (2.2.6), and t, : C,(P°X) — C.(X)
is induced by the target map t : P°X = II; X — X. Consider the following commutative
diagram

CAPX) —=— CP(X

C.(PX) —— C.(P°X) C.(X),
where pr, : C2(PX) — C.(PX) is defined in the obvious way and is a quasi-isomorphism.
Since the map toe” : PX — X sending v to v(1) is a homotopy equivalence, we know
tyoel : C.(PX) — C,(X) is a quasi-isomorphism. Therefore, in order to show e, is a
quasi-isomorphism, it suffices to show f is a quasi-isomorphism. To this end, consider a chain
map 7 = toc, : Co(X) = CT(X), where ¢, : C.(X) — C.(P°X) is the chain map induced
by the constant path map ¢ : X — P°X, p— [p], and ¢ : C,(P°X) — CF(X) is defined by
(t(a))o = a, (t(a))r = 0 (Vk > 0). It is clear that 8 on = ide,(x). On the other hand, define a

linear map s : CT(X) — CT(X),

(s(@)i = (=D ferlars) (Vk 20),  a = (ap)izo € CT(X),
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where fi, : C.(P*1X) — C,(P*X) is induced by the map fi, : P**1X — P*X defined by

fr(coy .o yeks1) == (c1,. .., cry1). It follows from definition that
foodr=cot on P°X,
frody=1id on P*X (k> 0),

frodi=0i_10fr1 onP*X (k>0,1<i<k+1).
Using these identities, it is easy to check idecp(x)y —no 8 =00s+ s0d. Since s also satisfies

dos—+sod =0, we conclude that n is a chain homotopy inverse of . ]
Theorem 2.3.2. If X is simply-connected, then Conjecture for L, X is true.

Remark 2.3.3. Theorem is essentially due to Adams [2] with a slightly different

statement. Let us make a short comparison between our statement and Adams’:

e The chain map Adams constructed is in the opposite direction to ours. Namely, Adams’

map goes from chains on X to chains on L, X.

e Adams was working with a based version of normalized singular chains on X (which
we will recall later) and normalized cubical chains on £, X, while in the statement of

our theorem, the choices of chains on X and £, X are flexible.

)

In the following, we present a detailed proof of Theorem [2.3.2] which is similar to Adams
original proof. It is worth doing so, as some ingredients in the proof will be important later.

We need some preparations. Recall the R-module of normalized singular n-chains of X is
Cr(X) = (maps o : A" — X)/(degenerate maps) = (nondegenerate o : A" — X).

We shall use Map(A™, X)) to denote the set of nondegenerate maps A™ — X, or shall not
explicitly mention that degenerate chains have been modded out when such a thing is obvious.

The normalized singular chains of X form a dg coassociative coalgebra (C,(X), 0, A), where

A:C(X) = Cu(X) ® Cu(X) is the Alexander-Whitney coproduct,

Afo) := Z 00,..s @ 05, 0 € Map(A", X),



where for 0 < k <1< n, oy ;: A"™% — X is the restriction of ¢ to the subsimplex of A"

-----

with vertices k,k +1,...,1. For 0 <i < k, define chain maps §; : C,(X)®**! — C,(X)®F+2,

oy 1 Cu(X)BRH3 =5 O (X)®h+2 by

dilag @ Rag)  =ag @+ Qa1 ®A(a;) ® a1 @+ @ ag, (2.3.1a)
ap @ ®a; QA @ @ agre  (dega; = 0)

0};(@0 (I} axk+2) = (231b)
0 (dega; > 0).

Then {(C,(X)®**2.9),d;,0:}x>0 is a cosimplicial chain complex. If z € X is a base point,
then via the natural inclusion C,({z}) — C.(X), {C.({z}) @ C(X)®**®C.({z}) }x>0 becomes
a cosimplicial subcomplex of {C,(X)®**2},50. Note that

R- (A= {z})®R (n=0)

Cn({r}) =
0 (n #0),

so Ci({x}) can be identified with the trivial coalgebra R with A(1) = 1® 1, and the inclusion
Ci({z}) = C.(X) can be identified with a coaugmentation R — C,(X).

For k € Z>, there is a quasi-isomorphism AW, : C,.(X*+2) — (C(X)®+2), defined by

AWy (o) == Z (' 0 00,.0) @ (T2 004 0) @+ @ (T"2 0 Osprnrm)s  (2.3.2)

0<s1<<spp1<n
where 7/ : X*2 — X is projection onto the j-th factor. (This is just a generalization
of the usual Alexander-Whitney map AW, : C.(X x X) — (C(X) ® C(X))..) It is not
hard to see { AWy }r>0 is a map of cosimplicial chain complexes, generalizing the fact that
A = AWyoDiag,, where Diag, : C\.(X) — C.(X x X) is induced by the diagonal map. Then
by a comparison argument, { AWy }r>o induces a quasi-isomorphism
(H Corn(X*2),0 + 5) = (H (CX)=+*2) 0+ 5) : (2.3.3)
k>0 k>0

Similarly, restricting to C,({x} x X* x {z}), AW}, gives a quasi-isomorphism

Ci({a} x X* x {2}) = (C({z}) ® C(X)*" ® C({a})). (2.3.4)
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which is compatible with cosimplicial structures. Thus

<H Crsn({z} x X* x {2}),0 + 5) = (H(C({x}) ® C(X)™ @ C({z}))rr, 0+ 5) .

k>0 k>0

When X is simply-connected, ££X = {2} x X* x {x}. In order to prove Theorem [2.3.2] it
suffices to show the map C.(L,X) = ([T,20(C{z}) ® C(X)®* @ C({x}))ssk, d + 6) defined

as

CLlLaX) 5 CH(L.X) & CF(x) S0 <H<C<{x}> ® C(X)™ @ C({a])uss, 0+ 5)

Bl k>0
is a quasi-isomorphism, where E¢ is described in Lemma [2.2.3]

For technical reasons, we will need a based version of normalized singular chains. For any
space X, z € X, and m € Zsg, define a subcomplex CI™(X, z) of C,(X) such that C1™ (X, z)
is generated by maps ¢ : A" — X which send the m-skeleton of A" to x, modulo degenerate
singular simplices. It is clear that A : C.(X) — C.(X) ® C.(X) satisfies A(CH™ (X,x)) C
cm (X, :E)®C£m] (X, ), so0 cm (X, x) is a dg subcoalgebra of C\(X), and there are cosimplicial
complexes {CI™ (X, )42} .50 and {CI"({z},z) ® CI"™ (X, )% @ CI™ ({2}, %) V1o similar
to the discussion above.

The following lemma is pointed out to the author by Manuel Rivera.
Lemma 2.3.4. If (X, 2) =0 (0 < Vi < m), then the inclusion (CI™(X, z),d) C (C.(X),d)
1S a quasi-isomorphism. [
We can now prove Theorem [2.3.2]
Proof of Theorem[2.3.3. Consider the fibration 7p : PX — X x X, w(y) = (7(0),~(1)).
We follow [41, Section 5.3] to define an increasing filtration {F,},>o on C.(PX). For
i,] € Z>o, let S(i,j) be the set of nondecreasing maps {0,...,i} — {0,...,j}. There is an

obvious identification between S(i,7) and the set of simplicial maps A? — A’ which are

order-preserving on vertices. Now we are ready to define
FplCo(PX)) = (0 : A" = PX |Ti<p, 7: A" = X x X, p € S(n,i)

S.t. 7rp0027090>.
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Then {F,} is bounded, leading to a convergent spectral sequence {E£] } which is exactly the

Serre spectral sequence of the fibration 7p : PX — X x X. Since X is simply-connected,
E}, = Hy(X x X; Hy(L,X)).
Consider the chain map (which is a quasi-isomorphism by Proposition [2.3.1])
¢ := AWoe,o0E:: (Ci(PX),0) = (H(C(X)®k+2)*+k, o+ 5) :

k>0

Define an increasing filtration {F,},>o on [T)50(C(X)®*¥2), 41 by

7 (H<c<x>®k+2>n+k> T B awe-ec..)

k>0 k>0i0++igp1=n+k
t0+ik+1<p

which induces a spectral sequence {E;;q}. One verifies by definition that ®(F,) C F,, so
® induces a morphism of spectral sequences ®, : {E] } — {E;’q}. However, the filtration
{F,} on [T)20(C(X)®*2), 1 is only bounded below, but not exhaustive. In order to prove
convergence of {E’;q} and calculate it, we will need the help of C’E](X , ).

Let us first figure out what (E°_, d°) is. By definition,

p,q’

ES, =F, (H(C(X)®k+2)p+q+k> /Fpr (H(C(X)®k+2)p+q+k>

k>0 k>0

=l P X0, (X)® &C,(X)oChX) = [[A4,® BE)eu,
k>0  ji+jo=p k>0
i1+ Fig=q+k

where
A= P LX) CLX), Blk)gr= P ReC,(X)@ 00, (X)0R
Ji+ja=p i1 tik=gt+k
The two factors R in B(k) can be both identified with C,({z}), and B, := [];50 B(k)ssr is
just the subcomplex [],o(C({z}) ® C(X)®*2 @ C({}))uqk of [1150(C(X)®*2), 1, namely
B, = Cf(X). We claim that d® : ES, — ES__, is equal to (ida, ® (Op@) + 6|B1)) ag-

Since d” is induced by the boundary map 9 + & on [],5,(C(X)®**?), 14, the claim means
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that on (ﬁp/ﬁp—l)(O(X)®k+2)p+q+k = Ap @ B(k)g+r;

Oc(xyerte + 6| oxyerte —ida, ® (Opw) + 6|Bw))
= 04, ®@idpw) £ (dolooxyere —ida, @ dolBw)) £ (Fkr1lonests —ida, @ dki1lBw))
=0 mod ]:"p,l.

Clearly 04, ® idgp) = 0 mod .7:"p_1. As for dg|c(xyor+2 —ida, ® do|Br), by definition (2.3.1a),

for anyj1+j2 =P, ’ll+ . +Zk = q—f—k’, and as € CJS<X) (8 = 1,2), bt S C“<X) (t = 1, .. .,l{?),
(dolcry —ida, ® do|Bu)(a1 @ by @ -+ @ by ® as)
0 (j1=0)
(A1) —a1®1) @b @ @by ®ay  (j1 > 0).

Since A(a1) —a1 ®1 € @, _. C;(X) ® Cj,—;(X), we have

J<n
(A1) —a1®1) @b @ -+ @b @ ag € Fp 1 (C(X)PF2) ik

This proves do|c(xysr+2 — ida, ® dolpr) = 0 mod ]:'p_l, and in the same way we can prove

Ort1lo(xyer+z —ida, ® Opy1|r =0 mod ﬁp,l.Thus we have proved

(Ef;,*, d0> o~ <H Ay ® B(k)wir, (ida, ® (Opg) + 5\B(k>))k20) : (2.3.5)

k>0

Now we need C’,E”(X ,x). Since X is simply-connected, the inclusion cM (X, z) = Cu(X)
is a quasi-isomorphism, and so is [],-o(CM(X, 2)%2), 1 = [T50(C(X)¥*2), k. Let

[Tis0 C (k). be the normalized subcomplex of [T, (CM(X, 2)®F2), 4 ie.

The inclusion [, C(k), . — szo(c[l](X>$)®k+2)*+k is a quasi-isomorphism by [29]

Lemma 2.5]. Since C’([)”(X, r) = R- (A% — {z}) has rank 1, from the definition of o; ([2.3.1b)),
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we have
1 1
(CH(X,2) @+ @ Cl (X,2)) N Nyzizpy ker oy

CH(X,2) @0 (X,2) ifi; >0 (Vje{l,... k}),

_ (2.3.6)
0 ifi; =0 (35 €{1,....k}).

Moreover, C{l] (X, z) = 0 since the constant singular 1-chain A' — {z} is degenerate. Thus

if0#£aq®a ® - Qap ®apr; € C(k), then dega; > 2 (1 < Vi < k). This fact is crucial

and has the following consequences.

(i) Consider the restriction of {F,} to [Ti50C (k)i Then ﬁq,kC(k);M = C(k)i 4}
Thus F, [Tis0 C(B)oih = iso C (K)o, sO the filtration on [, C(k), 4 is bounded.

Denote the associated convergent spectral sequence by {’E}’;,q}.
(ii) C(k)y4x = 0 whenever ¢ + k < 2k, i.e. k > q. Thus [[;50 C (k) = Brzo C(k)s s

Let B, = [[;50 B(k)., . be the normalized subcomplex of [, (R ® CM(X,2)%* @ R) i,
where R is identified with C’E}({x}, x). Explicitly,
Bh= B ReC)Xne  eC/(Xnsk

R L

Then (B, 0+0) < (B, 0+9) is a quasi-isomorphism. Similarly, there are quasi-isomorphisms

szo AP®B(I€);+I§ = szo Ap®(R®Cm (Xa x)®k®R)*+k = szo AP®B(k)*+k' By (2.3.5),

E;,q = HCI(EI()),*7 do) = Hq (H AID ® B(k)*+k7 8 + 5) = Hq (H AP ® B(k)ik-‘rk? a + 6) .

k>0 k>0

For the same reason as we have B(k); , = 0 whenever k > ¢, thus [],-, A, ® B(k),, =
Di>0 Ap ® B(k),, . Since A4, is a free R-module, we then have
Bl = H, (@ A, ® B(k). ), 0+ 5)
k>0

~ A, @ @ Hy (B(k), 14,0+ 0) = A, ® Hy(B.) = A, @ Hy(B.),

k>0

E2, = H,(A, ® H,(B)) = H, ((C(X)®). ® H,(C*X)).
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Thus {E;"’q} is first-quadrant for » > 1. Clearly Egﬁq = H,(C**X). Since B(k)} = 0 when
k > 0, we have Hy(B,,d +6) = Ho(B.,0+6) = Ho(B(0),0) = R, so E2, = H,(C(X)®?).
Now we prove convergence of {EI’;Q}. Recall {’qu} = Hprq([ 1150 C(K)iyy)- Let
A, =D, C’E](X, ) ® C’]g] (X,z). In the same way as calculating £} (r = 0,1,2), we
gt (F0., %) = (Bya0 A, © BV, 1005+ 05), By = A, H,(BL), B2, = Hy(AL 0 Hy(B).
Since H,(B') = H,(B) and A, ~ A,, by universal coefficient theorem, /Ez?,q = EN]qu. This
isomorphism of E£?-pages is induced by the inclusion [ ], (k). ; = [Tjs0 C(k)«t, 50 it also
induces ,E;,q = E;,q (Vr = 2). Thus {E;,q} = Hyi (I 1150 C(k)iir) = Hprg(I Lo C(F)ssn)-
By Proposition 2.3.1] @, : H.(PX) — H.(CT(X)) is an isomorphism, so the morphism
. {E],} — {qu} induces an isomorphism E2¢ = ng; for all p,q > 0. By previous
calculation, ®, also induces an isomorphism E, = H,(X x X) = H,(C(X)®?) = E~570 for
all p > 0. Then by Zeeman’s comparison theorem ([41, Theorem 3.26]), H, (£, X) = Ef , =
E&q >~ H,(C*X) for all ¢ > 0. Here the conditions for applying [41, Theorem 3.26] are
satisfied because of the Universal Coefficient Theorem. The proof of Theorem is now

complete. [

2.4 Proof of the conjecture in general

Lemma 2.4.1. Let f: X — Y be a weak homotopy equivalence between topological spaces.
Then for each of X € {P, L, Py, L}, Conjecture is true for X X iff it is true for XY .

(Here Py X corresponds to Py(z) sy )

Proof. The fundamental groupoid II; X is a fibration over X whose fiber at x € X is the
universal cover X of X based at z. If f : X — Y is a weak homotopy equivalence, so is the
map X — Y induced by f. Using the long exact sequence of homotopy groups induced by a
fibration we know II; X is weakly homotopy equivalent to II;Y. The space £FX is the pull
back of II; (X )**! along certain diagonals in X?**2 so £FX is weakly homotopy equivalent

to L*Y. Recall that a weak homotopy equivalence induces isomorphisms of homology groups
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with arbitrary coefficients (|28, Proposition 4.21]). By a comparison argument ([49, Theorem
5.5.11]), f induces a quasi-isomorphism between C*(X) and C*(Y). Similar arguments
show that f induces quasi-isomorphisms C%(X) ~ C*(Y) for other choices of X. On the
other hand, f : X — Y clearly induces a weak homotopy equivalence between PX ~ X and
PY ~ Y. Since there is a fibration P, ,» X < PX — X x X (and similar for Y), by comparing
the long exact sequences of homotopy groups induced by the fibrations, we see f induces
a weak homotopy equivalence between P, X and Py r)Y, and in particular, a weak
homotopy equivalence between £, X and L)Y . Since there is a fibration £, X — LX — X,
the same argument shows f induces a weak homotopy equivalence between £X and LY. It

remains to verify commutativity of diagrams, which is straightforward. m

Lemma 2.4.2. If Conjecture for L., X is true (3xg € X ), then for P, »X (Vx,2' € X)

it 1s also true.

Proof. Suppose Conjecture is true for £,,X. Since X is path-connected, for any
x,x" € X, there exists 7 : [0,1] — X such that v(0) = zo, 7(%) =z, 7(1) = 2’. Consider the
space X V [0, 1] where 0 € [0,1] is glued to g € Z. Then f=idx Vy: X V[0,1] - X is a
homotopy equivalence such that f (%) =z, f(1) = 2’. On the other hand, the quotient map

g: X VI[0,1] = X contracting [0,1] is a homotopy equivalence such that g(3) = g(1) = .

Applying Lemma [2.4.1 to X L xv [0,1] 2+ X finishes the proof. ]

Corollary 2.4.3. If X is simply-connected, then Conjecture for Py X is true. [
Theorem 2.4.4. Conjecture for L. X is true in general.

Proof. Let m: X — X be the universal covering space of X based at z, and fix € 7~ !(z).
There is a homeomorphism £, X = Haem(X,x) 73567(1.50)2, so Cu (LX) = @aem(x,z) C, (Pf,a.j)?).

Similarly, for each k € Zsg, there is a homeomorphism £FX = Hoem (x) PE X, and

T,-T
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C.(LrEX) = Docrr(x0) Cs (P% oz X). Consider the following commutative diagram:

@ C PzaxX e*OE5 @ C,anm @ HC*Jrk T,0-% )

acm (X,x) aem (X,x) aem (X,z) k>0

H j (2.4.1)
exol¢ C[;z H @ C*+k L )

k>0 aem (X,z)

By Corollary , the upper horizontal map in (2.4.1)) is a quasi-isomorphism. Therefore, in
order to prove the Conjecture for £, X, i.e. the lower horizontal map is a quasi-isomorphism,
it suffices to prove the right vertical map in is a quasi-isomorphism.
By the proof of Lemma [2.4.2] for any a € m (X, z), there is a zig-zag of homotopy
equivalences
XEXV[0,1] 53X st G303 a-d+1107

Then by the proof of Lemma [2.4.1] there are zig-zags of quasi-isomorphisms

Cu(PraaX) & Cu(P1 (X V[0,1))) = Cu(L:X),
O(,Pfa:c )(iC('PI 1( [O 1]))i>0*(£§)2)7 kEZZO'

Thus there is a commutative diagram

D I[CuPia:X) ————]] D Cor(PhosX)

acm (X,z) k>0 k>0 aem (X,x)

D I[cn@,Evin) — [ B Can@i (Xvo.1]) (242

aem (X,z) k>0 k>0 aem (X,z)

Nl l:
B ] Corrl(L£iX) < I P Con(LhX)

aem (X,z) k>0 k>0 aem (X,z)

Since X is simply-connected, £5X = {#} x X* x {#}. So there are quasi-isomorphisms
C.(e5%) B () @ O™ @ C (@),

SNz}, 5) @ (X, )% @ CU ({7}, 7)),. (2.4.3)
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Let CE](X, #) ¢ CM(X, %) be the part in positive grading. Since Cl[l] (X,%) = 0 and
C(gl] (X,#) = R, by a fact similar to |(ii)| in Theorem [2.3.2] the normalized subcomplexes of

*+k
aem (X,z) k>0

and

[1 & (M@hoedEa™ecia).q)

*+k
k>0 aem (X,x)

are both equal to

B P (cMdarnect o™ e ctia))

acm (X,z) k>0

Combining this with (2.4.3))(2.4.2))(2.4.1)) finishes the proof. O

x+k ’

Theorem 2.4.5. Conjecture for LX s true in general.

Proof. Consider the fibration 7, : LX — X, 7 +— ~(0). Define an increasing filtration
{Fp}ps0 on C.(LX) by
FolColLX)) i={(0: A" - LX |Fi<p, T: A" = X, ¢ € S(n,i)
s.t. WLOUZTOQO>.

Then {F,} is bounded, and the associated convergent spectral sequence {E] } is the Serre

spectral sequence of the fibration 7 : LX — X. In particular,

El,= @  HiLowX), E2,=H(X;H,(L.X)),

oc€Map(AP,X)

where H,(L£,X) is the local system of groups H,(£,X) on X induced by the fibration .
Recall the evaluation map (2.2.4):

eve t LFX — XFFL D (cp, . e) = s(co).
Define a filtration {F,} on C£(X) by F,(CE(X)) = [Tzo FpCrsi(LFX), where for each k,

FpCrii(LEX) = (o : A™F 5 £EX | Fi<p, 7: A" = X, p € S(n+k,i)

k

s.t. evgoo :TOgo>.
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Let {E;’q} be the associated spectral sequence. We claim that there is an isomorphism

By=H (B ) =H [ @ ConllinX)0+5], g (244

k>0 c€Map(AP,X)
where ¢(0) is (image of) the 0-th vertex of 0. Let us first construct maps that will be
proved to induce (2.4.4). For k € Zso, o0 € Map(AP, X), f € Map(A‘I*k,L’;(O)X), define
ot f € Map(AP x AYTF LFX) as follows. For u € AP, let 7, : [0,1] = AP, v,(t) := tu. Then
(007,)(0) = (0 oy, 1) (1) = a(0). For v e AT write f(v) = (co(v),...,cx(v)). Then define

(0#f)(u,v) == ((0 07, ") *co(v),c1(v), ..., ch-1(v), cx(v) * (0 07,)) -

Let Sh(q + k, p) be the set of (¢ + k, p) shuffles (Definition [3.6.1)). For any 7 € Sh(q + k, p),

there is an embedding

Lr D APTEE 5 AP S NIVE (8 tggin) = (Br(gkrt)s - - Erpagk))s (Br (1) - s Er(g)))-

Now define an R-linear map (defined on generators)

Yy : @ Corn(Lh)X) = FpCrigra(L"X),

oc€Map(AP,X)

(0. ) > sen(e,) - (0#f) ot

T€Sh(q+k,p)
On the other hand, for each k € Z>, there is an R-linear map

O+ FpCorari(LEX) — @ Corr (L) X)

oc€Map(AP,X)

----------
,,,,,
.....

7:A"— X and p € S(p+q+k,i) such that evgog = 7oy. By abuse of notation, let j be the

J-th vetex in a simplex A™. If ¢ (g) # 0, then evo o gyrk... prgrk = TOQ|aP AP — X

""" q+k,....,p+q+k
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is nondegenerate, so i = p and ¢(j + ¢+ k) = 7 (0 < Vj < p). Then since ¢ is order-

preserving on vertices, ¢(j) = 0 for all 0 < j < ¢ + k, and so ¢| N is constant. Thus
+

.....

.....
,,,,,

also proves ¢| #o =0 Thus we have defined R-linear maps
Ui D ComnlLowX) = FpCor( LX)/ Fypa Coun(£5X),
oc€Map(AP,X)

O+ FpCopr( LX) ) Fpo1Capn(LEX) — @ Corr(Lo(0)X)-

oc€Map(AP,X)

By [41, Lemma 5.23], ¢y is a 0-chain map. By [41, Lemma 5.25], ¢y is a 0-chain map. By
[41, Lemma 5.24], ¢, and ¢, are 0-chain homotopy inverse to each other. Thus ¢ induces
an isomorphism

@ H, (C(EI;(O)X)> 3) = H. (ﬁquJrk(ﬁkX)/ﬁpflchrk(ﬁkX): 8) :

oc€Map(AP,X)

Moreover, it is clear from definition that (¢)r>0 is @ map of cosimplicial chain complexes.
Since qu = [Ti>0 FyCoir(LEX) ) FprCpre(LFX) and d° is induced by 0 + d, we conclude
that (¢x)g>0 induces the isomorphism ([2.4.4)).

To calculate the RHS of , we proceed as follows. By the proof of Theorem m,

[I @ cuhoo=I1 & D CulPhasX)

k>0 c€Map(AP, X) k>0 ceMap(AP, X) aem (X,0(0))
where for ¢ € Map(AP, X), 7, : X, — X is the universal covering space of X based at
o(0), and 7, € 7, (0(0)). Again, by similar arguments as the proof of Theorem [2.4.4] (use
simply-connectedness of X, to pass from C,(X,) to ! (X,, %), use X,V [0,1] to pass from
Dk

LA X, to L’gaf(g, use the normalized subcomplex of the total complex to pass from [],

to €,.), we can show the inclusion

B I b . X)=]] DB P CowlPL s Xo)

oc€Map(AP,X) k>0 aem1(X,0(0)) k>0 ceMap(AP,X) acm (X,0(0))

is a quasi-isomorphism, and { } converges. Thus

Bhy=H, (Bp.d) = @ H(CFU(X),0+9).

oc€Map(AP,X)
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By Theorem m the filtration-preserving chain map e, o E¢ : C,(£LX) — C*(X) induces
isomorphisms E;q = E;’q for all p,q. Then by classical comparison theorem ([49, Theorem

5.2.12]), e, o E¢ induces an isomorphism H, (LX) = H,(C*(X)). O

Remark 2.4.6. In the proof of Theorem [2.4.5 although (¢ )r>0 is a map of cosimplicial
complexes, (¢x)r>0 does not seem to be a map of cosimplicial complexes. It seems not true

that ¥ 0 09 — dg 0 Y = 0 mod ]:"p_l; the same problem occurs for dy.

2.5 Some remarks
First remark. For X' = L, there is a concatenation map

con, : LEX x L X — £V X

((Coy - vyCr)y (ChyeevyChr)) > (Coy ey Chot,y Cl % Coy Chy ey Chr)y

which induces a product operation on C£#(X) = [;5o Cerr(LEX):
(k) k>0 * (Dr)kz0 1= ( > (cony).(ag, x bk2)> . (2.5.1)
ki+ko=k k>0

It is clear that (C*=(X),d+ 4d,-) is a dg associative algebra. (Possibly there are some signs
in (2.5.1)), but let us forget about it at the moment).

Let £,X be the based Moore loop space of X, then C’*(ﬁxX) is a dg associative algebra
whose product is induced by concatenation of based Moore loops. Let {(£,)xX }x0 be the
cosimplicial space defined similar to {-Z; 1M }ix>0 in Example [1.4.2(v). There are natural
maps (ﬁx)kX — LF X, and Theorem holds when we use (ﬁx) »X in place of £, X x AF,

Proposition 2.5.1. The quasi-isomorphism e, o Ee : C,(L,X) — C(X) obtained by

Theorem and Lemma induces an isomorphism of homology groups as R-algebras.

Proof. If we choose & = 1- (A* EN AF) and handle signs in (2.5.1)), then we may check

e,oF; : C.(L,X) — CL(X) is a dg algebra map. Alternatively, for any choice of & (all choices
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of & are homologous in C2(pt)), we can argue as follows. There is a dg algebra structure
on [0 Ciir((L£L2)rX) defined in the same way as C%+(X), and e, : [Tis0 Cosi (L) X) —
CF(X) is a dg algebra map. The quasi-isomorphism pr, : [, Coin((L)rX) = CL(L,X)
is clearly a dg algebra map. Since pr, and F¢ are chain homotopy inverse to each other, we

get the conclusion. O

Second remark. For X = £, one can define string topology operations on C*(X) as long
as the chain complex C, is good for transversality purposes. For example, C, may be the

(regular) de Rham chain complex defined by Irie [29] (see Section [L.4). See also Chapter

Third remark. Let (M, g) be a Riemannian manifold, and consider piecewise smooth paths
and loops on M. For each of X € {P,L, L., P, .}, there is a length function [ : XM — R,
l(y) = fol |7(t)|4dt. For a € Rsq U {oc}, define (XYM)* := [7([0,a]) C XM. Similarly,

Define a function [, : II; M — R>( by

lo(p.q,0) :==inf {I(y) | v:[0,1] = M, 7(0) =p, v(1) =q, ] =0},

and for each k € Zs, define a function I : X*M — Rsq by lx(co, - .., cr) == lo(co * - * c1.).
For a € Rs¢ U {00}, define (XY*M)* := [;'([0,a]) C X*M. Then (X*M)* is a cosimplicial
subspace of X*M, and we have a cosimplicial chain complex C,((X*M)?). Denote its total
complex by C&(M)®.

We have the following refined version of Conjecture [2.2.1]

Conjecture 2.5.2. For any a € RsoU{oo}, and for all of X € {P,L,L;, Py}, the natural

map e, : C2(XM)* — CX¥(M)? is a quasi-isomorphism.

Conjecture [2.5.2|is open to the author. It seems that the proof of Theorem [2.2.1] presented
in this chapter does not work for Conjecture [2.5.2, even in the case M is simply-connected.
If Conjecture is true, it might be useful in studying quantitative aspects of symplectic

geometry (e.g. symplectic capacities). Some work of Irie [31] is in this flavour.
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Chapter 3

Cyclic loop bracket and Fukaya A

algebra

3.1 Introduction

Let (M, wys) be a symplectic manifold which is closed or convex at infinity, and let L C M be
an embedded Lagrangian submanifold which is connected, closed, oriented. Assume L C M
is relatively spin ([18, Definition 1.6]) and fix a relative spin structure, which is used to orient
moduli spaces of pseudoholomorphic disks (D,dD) — (M, L) ([18, Theorem 8.1.1]). These
are the standing assumptions of Fukaya-Oh-Ohta-Ono [I§], where they rigorously constructed

the Lagrangian Floer theory of such (M, L):

e (Fukaya-Oh-Ohta-Ono [I8]) There is a gapped filtered (homotopy-)unital A, algebra
Q

structure m = {my }z>o on a version of simplicial chain complex QX of L with Ay,

coefficients, obtained by counting pseudoholomorphic disks (D,0D) — (M, L) with

mark points on dD. (AY

0,nov

is the Novikov ring over Q, see (3.4.2)).) The homotopy
equivalence class of this filtered A, algebra is independent of choices of the almost

complex structure on (M, wy) and virtual perturbations made in the construction.
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e (Fukaya [17]) Using differential forms Q*(L) in place of QX7 in the construction, this

filtered A, algebra is cyclic (over R), and is unique up to pseudo-isotopy.

Fukaya-Oh-Ohta-Ono also studied the Lagrangian intersection Floer theory for a pair of
Lagrangian submanifolds, but the discussion in this chapter is restricted to a single L (and
so its Hamiltonian perturbations).

In [I6], over R, Fukaya outlined another construction of the A, algebra associated to
L C M, using the free loop space of L. Fukaya’s observation is that, every map u : (D,0D) —
(M, L) restricts to a loop ulpp : S* = D — L, and if one copies this for moduli spaces of
pseudoholomorphic disks bounded by L, then one gets a chain M on LL, which is Maurer-
Cartan with respect to chain level loop bracket by disk bubbling (M being Maurer-Cartan
corresponds to the A, relations). Moreover, M should be S'-equivariant since S' C Aut(D),
and is Maurer-Cartan with respect to chain level string bracket.

In order for Fukaya’s idea to work, one needs a chain complex C, such that H,(C) =

H,(LL;R), or better a chain complex CS such that H,(C%) = HS (LL;R), such that the

following conditions are satisfied:
(i) Chain level loop bracket on C, / string bracket on CS' can be defined.

(ii) Definition of chains fit with geometry of holomorphic disks. Namely, one can really
define a chain M in C*@)Ao,no‘, or C§1®A0,no‘, from moduli spaces of pseudoholomoprhic

disks (D,0D) — (M, L), and M satisfies the Maurer-Cartan equation.

(iii) There is a naturally defined chain map C, or C' — [ 150 Hom(CL(L; R)®k C,(L;R))
which send Maurer-Cartan elements in C, or Cfl to A operations on C, (L), where

C.(L;R) is a suitable version of (co)chains on L over R.

In [29], Irie worked out details of |(1)f(iii)| for C,. In [30], Irie worked out details of |(ii)| and
then realized some applications outlined in [16], including a proof of Audin’s conjecture and

the classification of prime oriented (embedded) Lagrangian submanifolds in (C3, wyq) up to
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diffeomorphism. Irie did not work in the S'-equivariant situation, and his motivation was not
to study the (cyclic) A, algebra of L.

The purpose of this chapter was initially to work out details of Fukaya’s proposal mentioned
above in the cyclic invariant setting, based on results of the previous two chapters. In
order to keep unity of all three chapters, we omit details corresponding to Step as
well as applications to the Lagrangian Floer theory of L in this thesis, but present details
corresponding to Steps ((i)|(iii)} Details of Step ((ii)| will appear in the author’s future writings.

Let us state the outcome of Steps |(i)|(ii }(iii)| altogether, though. Note that we obtain a

chain complex C%° such that H,(C¥¢) = GS'(LL) instead of HS' (LL).

e Moduli spaces of marked holomorphic disks (D,0D) — (M, L) push forward to a
gapped filtered element M € CCYC@)Ao,nOV, which is Maurer-Cartan with respect to the
cyclic loop bracket: OM = {M, M}.

e There is a dg Lie algebra homomorphism C%¢ — [],., Hom™°(Q(L)®*, Q(L)) sending
M to the gapped filtered cyclic A,, deformation of (Q2*(L),d, A) defined by Fukaya-Oh-
Ohta-Ono [18] and Fukaya [17].

e The gauge equivalence class of M is independent of choices of the almost complex
structure on (M, w)y,) and artificial choices (Kuranishi structures, CF perturbations,
etc.) made in the construction, which implies that the cyclic A, deformation of

(Q*(L),d, N) induced by M is unique up to pseudo-isotopy.

Let us point out what (in addition to working in the cyclic invariant setting) is improved in

Step compared to what Irie did in [30].

e In [30], in order to handle families of disks and loops in a consistent way, starting from
moduli spaces of holomorphic disks, Irie first obtained maps to the continuous loop
space, then used a technical C%-approximation to obtain maps to the smooth loop

space. If we use the chain model in Chapter [2| (combine it with de Rham chains), then
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there is no need to care about smoothness of loops, and one only needs to care about
evaluation maps at mark points. Then there is no essential technical difficulty on the

loop space side. Thus the technical details to handle Step are greatly simplified.

e It becomes much easier to check the (cyclic) A, operations induced by M agrees
with the definition of Fukaya-Oh-Ohta-Ono, when there is not need to apply extra

CP-approximation to get smooth loops. (Irie did not do this.)

e We generalize the notion of de Rham chains to include plots that are maps from
manifolds with corners. This is not an essential improvement but is just a matter of

convenience for Step , but it is also interesting and might be useful elsewhere.

Remark 3.1.1. We have worked out a cyclic invariant story, which at homology level
corresponds to the negative S'-equivariant homology of £L rather than the S'-equivariant
homology. This fits very well with cyclic A, algebras, and is better than the non-cyclic
invariant story in applications. However, a truly S'-equivariant story of the Lagrangian Floer

theory of L C M with potential applications, as proposed by Fukaya [16], is still a mystery.

Outline

In Section |3.2] we introduce a version of de Rham chain complexes defined via manifolds
with corners. In Section (3.3 we combine results in Chapter [1| and Chapter |2 to present a
chain model for chain level string bracket (cyclic bracket) and iterated integrals, as well as
the [0, 1]-parameterized version. In Section [3.4] we review basics about (cyclic) Ay algebras.
In Section we establish the equivalence between pseudo-isotopy of (cyclic) A, algebras
and gauge equivalence of corresponding Maurer-Cartan elements in the (cyclic) Hochschild
cochain complex. In Section 3.6 we briefly discuss homological algebra of L., algebras that

is relavant to gauge equivalence of Maurer-Cartan elements.
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Conventions
Unless otherwise specified:
e (Algebraic structures, sign rule) The same as Chapter [1}

e (Orientations) We follows [20].
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3.2 de Rham chain complex via manifolds with corners

In Section we reviewed Irie’s construction of the de Rham chain complex of differentiable
spaces, where smooth manifolds without boundary are utilized to define the de Rham chain
complex. To establish results in this chapter, it is most natural to include manifolds with
corners into the definition of plots, and we choose to do so. (This is also the original proposal
of Fukaya in [16], and it is tricky to make things rigorous.) For simplicity, we will not discuss
the general theory of differentiable spaces in this setting (which is straightforward but requires
more writing), but only present what we need. In order not to cause confusions, we will use
a different notation for de Rham chains (involving manifolds with corners) compared to the

notation in Section

3.2.1 Some facts about manifolds with corners
Terminologies about (smooth) manifolds with corners in this chapter are adapted from [18].

Definition 3.2.1. Let P be a manifold with corners, and n = dim P.
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(i) (Corner structure stratification). For k € {0,...,n}, let Sx(P) be the closure of the
set of points in P whose neighborhoods are diffeomorphic to open neighborhoods of
0 in R"* x [0,1)*. Clearly gk(P) := Si(P) \ Spi1(P) carries a structure of a smooth
manifold without boundary of dimension n — k, which is uniquely determined by the

structure of P.

(ii) (Charts of product type). For p € g‘k(P), we can choose a chart (V},, ¢,,) of P at p, such
that ¢, : V, 5 Vo] x [0,1)%, ¢,(p) = (p,0), where [V,] is an open subset of R" ™. For

simplicity, we may just write V, = [V}] x [0, 1)*¥ when there is no risk of confusion.
Definition 3.2.2. Let P, be manifolds with corners, and f : ) — P be a continuous map.

(i) (Smooth map). f is called a smooth map if for any ¢ € P, p = f(q) € Q, there exists
e > 0, charts of product type V, = [V,] x [0,1)k at ¢ = (¢,0) and V,, = [V},] x [0, 1)
at p = (p,0), such that f(V,) C V,, and the restriction of f to V; extends to a smooth

map (in the usual sense) from [V,] x (—¢, 1)k to [V},] x (—¢, 1),

(ii) (Corner stratified smooth map). f is called a corner stratified smooth map if for any
q € Q, p= f(q) € P, there exist charts of product type V, = [V,] x [0,1)"™* at ¢ = (¢, 0)
and V, = [V,] x [0,1)F at p = (p,0), and a smooth map f, : V, — [V,], such that f is of

the form

flz,(s1,. ., 8t k) = (fq(x,(51,...,sl,tl,...,tk)),tl,...,tk)
in coordinates x € [V,], (s1,...,s1) € [0,1), (t1,...,t) € [0,1).

(iii) (Corner stratified submersion). f is called a corner stratified submersion if for any
q€Q,p= f(q) € P, there exist V, = [V,] x [0, 1)* V, = [V,] x [0, 1), f,: V, — [V}]

which satisfy the conditions in and the following condition:

For any (ty,...,t) € [0,1)* and ¢ € {0,...,l}, the map

o _

Vo] x Si([0, DY = [Vo]; (2, (515 0580)) = fyl, (515000 y 80t 5 11))
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is a submersion between smooth manifolds without boundary.

Note that if P has no boundaries or corners, then a corner stratified smooth map Q — P

is the same as a smooth map @ — P.

Lemma 3.2.3. Let f : Q — P be a corner stratified submersion between manifolds with
corners. Then for any ¢ € Q, p = f(q) € P, there exist charts of product type V, =
(V] x [0, 1) at ¢ = (7,0) and V,, = [V,] x [0,1)F at p = (p,0), and an open subset [V,,] of
RAmVal=dim{Va] gyych that [V,] = [V,] % [V,,], and that f is of the form
[y, z,8,1) = (y, 1)

in coordinates y € [V,] C RI™Vil o ¢ [V, ] ¢ RAmVal=dimlVi] -5 [0 1)} ¢ € [0, 1).

Proof. Choose charts as in Definition , and assume [V,] is precompact. Write
dim[V,] = m, dim[V,] = m + n. By definition, the map [V,] — [V,], = — f,(,0,0) is a
submersion. So there is € € (0,1) such that for any (s,t) = (s1,...,8,,t1,...,1) € [0,)"TF,
the map [V,] — [V,], z — f,(z, s,t) is a submersion. By inverse function theorem, there is a

neighborhood B, of ¢ in R a neighborhood B, of p in R™, and an open set [U,,] C R",

which depend on e but are independent of (s,t) € [0,¢)" x [0,¢)¥, and diffeomorphisms
O, 0 V)N B, > (V] N B,) x [U,,] € R™ x R
which depend smoothly on (s,t) € [0,¢)"**, such that
faly8:8) 0 @04+ ([V,]N By) x [Uyy] — R™
is the map (y, z) — y. Then, the diffeomorphism
90+ ([V;] N By) x [Uyy) x [0,€)*F = ([Vy] N B,) x [0,)"**
(Y 2.5,8) = (D4 (y, 2), 5,1)
is a coordinate change on ([V,] N B,) x [0,&)"** such that
(fogg)(y,z5,t) = f(Poi(y,2),8,t) = (fo(Po) (y,2),5,1), 1) = (y,1).

Finally we rescale the coordinates on [0,)""* and the proof is complete. O
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Definition 3.2.4 (Integration along the fiber). Let f : ) — P be a corner stratified
submersion between oriented manifolds with corners. Define a linear map fi : Qi(Q) —

QHdimP=dimQ( Py ip the following way.

e For any ¢ € Q, p = f(q), choose charts V,, = [V,] x [V, ,] x [0,1)"*, V, = [V,] x [0,1)* as
in Lemma [3.2.3] Let d = dim([V,], y1, ..., yaq be coornidates on [V,] C R", and t1,...,
be coordinates on [0,1)*. If w € Q%(Q) is supported in V,, then in the chosen charts, w
can be uniquely written as

w = Z dt; Ndyy ANwry,
<k, J|<d

where I, J are multi-indices, and each w;; satisfies wyy (&, --) = WIJ(aiy, ) =0
7 J

(1 <Vi<k,1<Vj<d). Define

f;w = Z dt[/\dyj/\/ Wwrj.

\I|<k,|J|<d [Va.p]x[0,1)!

Then fiw € QitdmP=dmQ(pP) and fiw is supported in V.

e In general, for w € Q%(Q), define fiw by patching together local definitions with the aid
of a partition of unity on ). The definition of fiw does not depend on the choice of the

partition of unity.

Definition 3.2.5 (Normalized boundary). Let P be a manifold with corners. Define a

manifold with corners 0P and a map 7 : 9P — S1(P) as follows.

For any p € g”k(P), choose a chart of product type V, = [V},] x [0,1)* at p = (p,0), and
assume [V}] is connected. Then
S1(Vy) = |J V] x [0,1)7" x {0} x [0, 1)
1<i<k
Define
v, = [T Wl > [0,1)7" x {0} x [0, 1)",

1<i<k
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and define 7|gy, : OV, = S1(V},) in the obvious way, so that the restriction of |y,
to each component of 9V, is the natural inclusion. The coordinate changes among
charts {V),},ep restricts componentwise to coordinate changes among {0V, },ep, and
the charts 0V}, (p € P) glue to be a manifold with corners, which is denoted by 0P.
The map 7 : P — S;(P) has been defined locally.

We call 9P the normalized boundary of P and 7 : 0P — S;(P) the normalization map.

The normalization map © : 9P — S1(P) induces a map g’k(E)P) — §k+1<P) for each
k > 0, which is a (k 4+ 1)-fold covering map. The composition 7 : 0P — S;(P) — P is a

smooth map. If w € Q*(P), denote
wlop == T'w € Q*(OP). (3.2.1)
If w is compactly supported, so is w|gp.

Remark 3.2.6. If P is a manifold with boundary (without corners of codimension > 2),
then OP agrees with the boundary of P in the usual sense. If S3(P) # &, then OP is not a

subset of P, and ({3.2.1)) is written by abuse of notation.

Lemma-Definition 3.2.7 (Decompositon of the normalized boundary with respect to a
corner stratified smooth map). Let f : Q — P be a corner stratified smooth map between
manifolds with corners. Then 0Q = 0°Q[]0"Q, where 0°Q, 0"Q are manifolds with corners

which can be characterized locally in the following way.

For any q € Q, p = f(q), choose charts V, = [V,] x [0,1)! x [0, 1)¥ and V,, = [V,] x [0, 1)*
as in Definition (3.2.4(ii). Then

V,no'Q = ]_[ (V] % [0,1) x [0,1)" x {0} x [0,1)*,

1<i<k

V,no"Q = ] Vil x [0,1)"" x {0} x [0,1)"* x [0, 1)".

1<i<1
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0°Q, 0"Q are called the horizonal and horizontal boundaries of Q (with respect to f),
respectively. The corner stratified smooth map [ : QQ — P induces corner stratified smooth
maps

flovg : 0°Q — OP,  flong : lQ — P
in an obvious way. (The symbols fl|avq, flong are abuse of notation.) In particular,
e If f is a corner stratified submersion, then so are f|avq, flong-
e If P is a manifold without boundary or corner, then 8°Q = @ and 0"Q = 9Q).

Lemma 3.2.8. Let f : Q — P be a corner stratified submersion between manifolds with

corners. Then for any w € Q5(Q),

(fiw)lop = (f

Q) (wlovq)-
Proof. Tt suffices to prove it locally, which is obvious from definitions. n

Lemma 3.2.9 (Stokes’ formula). Let f : Q — P be a corner stratified submersion between

oritented manifolds with corners. Then

dfiw — fidw = (=D)PFC(fl o (wlang),  Vw € QX(Q).

Proof. The proof is the same as Stokes’ theorem on oriented manifolds with boundary. [

3.2.2 de Rham chain complex of manifolds without boundary via

manifolds with corners

Let
YV = H %L,TVU (322>

n>m>0

where 7, ,,, is the set of oriented m-dimensional submanifolds (possibly with corners) of R".

Let N be an oriented manifold without boundary or corner. Define

P(N):={(V,o) |V €V, ¢:V — N is a smooth map}.
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For every n € Z>, consider the vector space

b o). (3.2.3)

(Vip)eZ(N)
For any (V, ) € Z(N) and w € QImV="(V/) denote by (V, ¢,w) the image of w under the
natural inclusion Qd™V="(V) — (3.2.3). Consider the subspace Z,, of (3.2.3) generated by
{(Vig,mw) = (V,pomw) | (V.p) € Z(N), V'€V, we Q™" "(V'),

m: V' — V is a corner stratified submersion}.

Then define
CIR(N) ;:< b Qgimv—n(V)>/zn.
(

V,p)EP(N)
We shall write the image of (V,¢,w) in C4E(N) as [(V, p,w)].

Define a linear map 0 : C2%(N) — C? (N) on generators by
[V, 0,w)] = [(V, g, dw)] + (=) VIOV, plav, wlov)]. (3.2.4)
Lemma 3.2.10. 9 : C¥(N) — C (N) in is well-defined.
Proof. Consider a generator (V, ¢, mw) — (V/,pom w) € Z,. Then we check

[(V, o, dmw)] + (=1)m<HE VOV, play, (mw)lov)]
= [(V, o, mdw + (‘U‘deimvl(7T|8hv')!(w|ahv'))] + (—1)‘mw‘+dimv[(8va elov, (mw)lov)]
= (V! pom dw)] + (=1) YOV, g o mlgnys, wlanys) + (8°V, @ 0 Tlguyr, wlgvy)]
= [(V',p 0 m, dw)] + (=) V@OV, o o oy, wlov)],

where O"V', 9°V" are said with respect to 7 : V/ — V. The first equality follows from Lemma

(Stokes” formula), and the second equality follows from Lemma [3.2.8] O

Lemma 3.2.11. 9 : C¥&(N) — C (N) in (3.2.4)) satisfies 0* = 0.
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Proof. By definition,

PV, p,w)]
= [(V, ¢, dw)] + (=) VI[AV, ooy, wlav )]
=[OV, ¢lov, (= 1)V () gy + (= 1)V (0] 01))] + [(0°V, laev, wlaev)]

= [(82‘/7 90|82V7W|82V)]-

We claim there is an orientation-reversing diffeomorphism r : 9*V — 92V such that
30‘821/ or = @‘32‘/, T*<W‘a2v) = UJ|32‘/, 7’2 =id. (325)

The normalization map 9(0V) — S1(0V) induces a diffeomorphism 7 : %0(82\/) %5 1(OV),
and the normalization map 0V — S;(V') induces a double covering map 5 : g'l (oV) — g'g(V).
Let ' : %0(821/) 55 0(0?V) be the only nontrivial deck transformation over the covering map
Ty O Ty %0(82‘/) — §2(V). It is casy to see 1’ extends to a diffeomorphism r : 92V = 92V

which is orientation-reversing and satisfies (3.2.5)). Then we have

[(82V, @lazy, wlozv)] = [0V, @lozy o 1, w2y )]
= [(aQ‘/v SO|82V7 T <w|82V))] = _[(82‘/7 Q0|(92V7 w|82V)]7
which implies [(9?V, ¢|g2v, w]a21)] = 0. O

We have proved (C4%(N), d) is a chain complex. Denote its homology by HE(N). We

also need a transverse version of de Rham chain complex of M. Define

P (Nieg) ={(V.) |V €V, ¢:V — N is a corner stratified submersion}.

Using & (N,) in place of Z(N), we can define a chain complex (C%(N,,), ) in the same
way as defininig (C%®(N),d). There is a natural chain map C%%(N,,) — CE(N) induced

by the natural inclusion Z(Nyeg) C P (N).

Lemma 3.2.12. The natural map C(N,oy) — CIE(N) is a quasi-isomorphism.
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Proof. The proof is the same as [29, Proposition 5.2]. We remark that in [29], de Rham chain

complexes C(N), CU(N,ey) are defined using plots consisting of maps from manifolds

without boundary, while in this section, de Rham chain complexes C4%(N), C4E(N,,,) are
defined using plots consisting of maps from manifolds with corners. In order to apply the
proof of CH#(Nyee) ~ C(N) ([29, Proposition 5.2]) to this lemma, it suffices to observe the
following obvious fact: If V' is a manifold with corners, ¢ : V' — N is smooth, (V) C W C N,
and F': N x RP — N is a smooth map such that for any x € W, Flgy.go : R” = Nis a

submersion, then F o (¢ x idgp) : V x RP — N is a corner stratified submersion. O

Recall the definitions of &(N) and &(Nye) from Example [1.4.2] There are natural
inclusions Z(N) C Z(N) and P (Nyog) C P(Nyeg), which induce natural chain maps
CIR(N) = CIR(N) and CH(Nyeg) = CU(Nyg).

Lemma 3.2.13. The natural map i : C(Nyo) — CB(Nyoy) is an isomorphism of chain

complezes. Moreover, (C9R(Nyeg), 8) = (CR(Nyep), 8) = (QImN=*(N), d).
Proof. There is a chain map
J : (CF(Nreg), 8) — (™ NH(N),d); - [(Vip,w)] = (N, idw, pw)] = o,
and a chain map
ko (QImNH(N), d) = (CH(Neg), 0); w = [(N,idy, w)].
It is clear that ko j ot = idgar(n,,,), 10 ko J =1dgar(n,,), o010k = idﬂgime*(N). O]

Corollary 3.2.14. HM(N) = H(Nyeg) = HI(Nyeg) = HERN*(N) = H.(N;R). O

3.3 Chain level string bracket and iterated integral of
differential forms

In this section, N is a closed oriented smooth manifold.

87



3.3.1 Chain model of LN and cyclic loop bracket

Consider the cocyclic space {L*¥N }r>o (see Section. For each k, £FN is a smooth oriented

manifold of dimension (k + 1) - dim N. There are smooth evaluation maps
evi LEN S N, (co,. .. ) = s(a) (0<i < k).

From Section [3.2.2} we have de Rham chain complexes (C2®(L¥N), ) and (CE((L¥N),eq), 0).
Define

P(LEN) = {(V.p) € P(LFN) | eviop:V — N is a submersion (0 < Vi < k)}.

Using Z(LFN) in place of P(L¥N) or P((L¥N)yeg), we can define a chain complex
(CHR(LFN),d) in the same way as defining C*(LFN) or C4B((L¥N)yeg). Similar to Lemma
, we see the natural inclusions 2 ((LFN)wey) € P(LFN) € P(LFN) induce natural
quasi-isomorphisms C7((LFN ) o) o~ CH(LFN) ~ CH(LFN).

Recall from Example m (Irie’s construction) that ((C&fy, N (LN 1ee) @))k>0 is a ns
cyclic dg operad with a multiplication and a unit. In the same way, we can define a structure
of a ns cyclic dg operad on ((CH, (LF¥N),9))s>0, with a multiplication y and a unit «.

Let us spell out the structures below for clarity.

e For k € Z>1,k € Z>p and j € {1,...,k}, there is a chain map
O : C(ld—fdimN(‘CkN) ® éﬁfdimN(‘Ck,N) - éﬁﬁ/erimN(ﬁHkl_lN)

defined as follows. If 2 = [(V,¢,w)] and 2’ = [(V',¢',w')], set @; := evF o ¢ and

@b :=evk o', Then
zo;x = (—1)1/(dimvfdimN)[(VX(cpj%) V', conj o (p; X ¢p),w x w')].

Here the fiber product V' x(,; o) V' is a smooth manifold with corners since ¢;, ¢ are

88



corner stratified submersions to N, and con; is the concatenation map

con; : LEN % LN s R 1N

(evk evh")
((coy -y Cr)y(Chyevns Chr))
. (CosevyCjmay g % €O, Cy ey Chrgy Gy % Cjy o ycr) (K >11),
(Coy vy Cjmay Cimg % CH* Cjy Cigty vy Cr) (k' =0),

where ¢;_; * ¢, etc. are as in . The operations o; are associative (|1.5.9)).
o For each k € Zsq, 7 : Cy W (LEN) — CE L G(LFN) s induced by (2:2.2).
o 11:=[(N,iy, 1)] € CIE ((L2N), € := [(N,ig, 1)] € C4E (L°N). Here
i : N — L*N; p ([p],...,[p]), (3.3.1)
where [p] = (p, p, [constant path at p]) € II; V.

Lemma 3.3.1. There is a morphism of cyclic dg operads

D = (Pr)iz0 + (Cm N (D1 ne): O))izo = (CH i N (LEN), 0))iz0 (3.3.2)

which preserves multiplicatioins and units, and induces a quasi-isomorphism

(H O*-l—k—f—dlmN "gk;—s—l reg) a + 6) (H C(>o<—&—k—|—d1mN )7 8 + 5) .

k>0 k>0

Proof. The morphism (®y)x>¢ is defined by

C*—i—dlm N (gk]j—l,reg) C*—i—dlm N (‘CkN)7

(U p,w)] € = [(U, ok 0 9, W),

where ¢, : g]ﬁ—l,reg — LFN is the set-theoretic map (vi, T;)o<i<k — (7:(0), % (T3), [Vil)o<i<k-
Clearly this morphism preserves p and €. The fact that ®, is a quasi-isomorhism follows

from Theorem and some commutative diagrams which we omit here. O

89



Proposition-Definition 3.3.2 (Chain level loop bracket and cyclic loop bracket). There
are dg Lie algebras (C5%¢(N),b,[,]) C (C5(N),b,[,]) whose bracket [,] is of degree 1, where

*

CE(N) = [T C¥ Lk ),

k>0

CLee(N) = [ Gmere (L4 N),

k>0

CIRY(LENY i= O vk (LEN) Nker(1 — (—1)F7.),
and for x = (x1)k>0, ¥ = (Yr)x>0 i CE(N),

br := 0x + 0x = (0xk + 0Tk—1)k>0, (T_1 1S vaccum)

(0x)y = Z (=) 5,05,

0<i<k

= (=D)lloy g + Z (=), ot (=)o) @y,

0<i<k

[2,y) = woy — (=1)=DWIy 0

(l‘ o y>k — Z (_1)(z‘—l)(kz—1)-1—(1c1—1)(|y|—|—k2)xk1 0; Yk, -

k1+ko=k+1
1<i<ky

There are isomorphisms
HE(N) := H.(CE(N),b) & H,iaimn(LN; R),
HO9¢(N) := H,(C2Y(N),b) = GidimN(ﬁN§ R),

where Gfl is nmegative S'-equivariant homology (Example |1.2.10). Under these isomor-

phisms, [,] corresponds to the loop bracket on H.iqim n(LN;R) and the string bracket on
GfidimN(ﬁN;R) (Example Lemma .

Proof. Direct consequences of Proposition [1.5.6, Example and Lemma |3.3.1} O

3.3.2 Model of [0,1] x C* and [0,1] x C&¢

For each k € Z>, [0,1] x £LFN is an oriented manifold with boundary. For V € ¥ (3.2.2),

amap ¢ : V — [0,1] x LFN and an interval I C R, we denote ¢ =: (o1, ¢c), and
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Vi = P, 1](] ).
Fix ¢y € (0,4). Let 01 (LFN) be the set consisting of tuples (V, p, 0, 0_) satisfying

the following conditions:
e VeV, ¢:V—10,1] x LFN is a corner stratified smooth map.
e (i, eviops): V —[0,1] x N is a corner stratified submersion (0 < Vi < k).
o 0. Viite = [1 — €, 1] x V1 is a diffeomorphism such that
@\V[l cou1] (2[1 —eo,1] X wrln) ooy,

where ip1_¢, 1) : [1 — €0, 1] = [0, 1] is the inclusion map.

o 0_: Ve = [0, €] x Vp is a diffeomorphism such that
PlVio.es = (0,c0] X Prlve) 00—,

where i[¢, : [0, €] — [0, 1] is the inclusion map.
For (V,p,04,0_) € 325[8’”(.6’“N), define
A (V,p,00,0.) = {w € V) | whiy oy = 0L X W), Wy, = 0% (1% w|VO)} .

For n € Zsg, define (we omit ¢, in the notation for Cl0] (Ek ) etc.)

clmOlN) = [ P A Voo ) | /20,

(Vip)e 2 (kN
where Z is a subspace generated by vectors
(Vip,00,0_,w) — (V' ¢, 0l 0" ,w)
such that there exists a corner stratified submersion 7 : U’ — U satisfying
¢ =pom,
w=mw,

oy om|y

[1—eg,1] (id[l,th] X 7T|V1’) © U;,

0-0 7T|V[’0’60] = (id[(),eo] X W‘VO’) °©o
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For (V,p) € 2U(LFN), let 0"V be the horizontal boundary of V' with respect to
(Lemma-Definition . Define a linear map 0 : CfR’[O’l](EkN) — Cfi[o’l](ﬁ’“]\f) by

8[(‘/7 ¥, 04,0, w)] = [(‘/7 ¥, 04,0, dw)]

+ (=) VIORY, ol gy, o4 ony, 0 |ony, wlany ).

Note that here we take 0"V instead of V. Similar to Lemma [3.2.10|and Lemma [3.2.11] we
can prove 8 : CHOU £k Ny — ¢ £k NY is well-defined and 82 = 0, so (CZ (£FNY, 9)
is a chain complex. We omit details of the proof, but point out the following lemma which is

needed in the proof.

Lemma 3.3.3. Suppose X,Y,Z are oriented manifolds with corners, and f : X — Y,
g:Y — Z are corner-stratified submersions. Let 9™/ X be the horizontal boundary of X with

respect to f. Similarly, there are 0" X, 0™9Y, 9v9Y, 9M9°F X, 9v9°F X . Then
oI X = oM X TJ(0"/ X no"/ X).
There is a corner stratified submersion
Flowt xromaorx 1 0% X MM T X — 9M9Y.
For any w € Q%(X), there holds
(fiw)]omay = (flov.t xromaor x )1(W]gv.s xromaos x)-

There is an orientation-reversing diffeomorphism r : (9"9)2Y — (0"9)2Y such that

r?=id,  glanapy o7 = glonapy, T (Mleneey) = Nl@nay (Y € Q7(Y)).

Remark 3.3.4. Concerning psedoholomorphic disks (D, 0D) — (M, L), the appearance of
€p in the definition of CfR’[O’H(EkL) corresponds to choosing almost complex structures J;
(t € 10,1]) on M such that J; = Jp for t € [0,¢] and J; = J; for t € [1 — €y, 1]. The same

applies when choosing a [0, 1]-family of Kuranishi structures, CF perturbations, etc.
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Similar to ((C’ffdimN(ﬁkN),ﬁ))kzo, there is a structure of a ns cyclic dg operad on

((Cffdiﬂv(ﬁkN) 0))r>0, With a multiplication /%! and a unit e[
o For k € Z>1,k' € Z>p and j € {1,...,k}, the partial composition chain map

dR,[0,1 dR,[0,1] ! dR,[0,1 -
O Cl'*'dlm]]\f(ﬁkN) ® C’l’+d[1mN(£k ) — Cl+l/[+d1]mN<£k+k 1N)

/

is defined as follows. For x = [(V, ¢, 04,0_,w)], 2’ = [(V',¢', 0!, 0, W")], set

;= (90[0,1];6"? °pr), 90;' = (90/[0,1176"]5/ o Qr)-

Then

zojz = (—1)!dmV—dimN-1 NV x (o) V' 8,01, 0, w x W],

where @ : VX, oy V! = [0,1] X LFF 1N is defined by
B(v, ") = (P.(v), cony (e (v), g (v))),
and ¢, ,0_ are defined as follows:
p+(v,0') = PI(1 1] © 0+ (V) = Priy_gp 1) © oy (V),
6-+(U7 UI) = (er(U? Ul)a (pr‘/l © U+(U)7 bTy, © J/+<U/)))7
P— (U, U/) = Pl0,e] © - (U) = Plo,e) © o’ (U/)7
&—(Ua U/) = (p_(U, U/)a (prVO © U—<U)7 prVO °© O-L<U/)))'
e For k € Z>o, 73 : Cff(’i[ion’nl}\,(ﬁkN) — Cffé[&l}v(ﬁk]\/') is induced by idp 1) X (7%)cr -

o 0 e CON L2y 01 ¢ UM (LONY are defined by

dim N

M[O,l] = [([O, 1] X N? id[(],l] X i27 id[l—eo,l]XNa id[O,eo]><N7 1)]7

0= [([0, 1] x N, idjo1y X i, idj—eo 115, idjo.co) s 1)];

where i, : N — LFN (k = 2,0) is the embedding (3.3.1]).

93



As a consequence, similar to Proposition-Definition [3.3.2] there are natural dg Lie algebra

structures (b, [,]) on CZ(N) and CEON(N), where

L, dR,[0,1

C* o 1] H C*+d[1m }VJrk )
k>0

crilor(n) = [ CEmNn e ).
k>0

carllleye( £k Ny i= CHRLU(LEN) A ker(1 — (—1)F7,).
For any k € Z>, there is a chain map
B CIR(LEN) — CIRON(LEN)
(Vo o,w)] = [([0,1] x V}idpa) X @, idp—c,11xv, idjo,e)xv, 1 X w)],
and there are chain maps

e, e CROU(LEN) — CIR(LFN)

e (V00 0-,0)] = (Vi el wln)],

e@) : [(‘/, QO,O'_HO'—,W)] — [(%790“/07(“)"/0)]'

Clearly, (i%");0 and (egf ))kzo are morphisms of ns cyclic dg operads, and

: : 2 0

i () = plol, i O(e) = U P () = g D (0N) = e
It follows that (i), (egf )) k>0 induce dg Lie algebra homomorphisms

i: CE(N) = CERU(N),  CE¥Y(N) — CEOEOU(N),

er: CEOI(N) = CE(N), CEwelU(N) 5 CEY(N).
Clearly e+ 04 = idce(n) and e o i|Cf,cyc(N) = idcf,cyc(N).

Lemma 3.3.5. (eq,e_): Cf’[o’”(N) — CE(N) @ CE(N) is surjective. The same is true

when restricting to C=Ye" 1](N).
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Proof. Tt suffices to show (ef), e(_k)) ; C’fR’[O’l](ﬁkN) — CIR(LFN) @ CH(LFN) is surjective
for all k. Let t be the coordinate function on [0, 1], and let £ € C'*°([0, 1], [0, 1]) be a smooth
function such that £(t) = 1 for all ¢ € [0, €] and £(t) = 0 for all t € [1—¢€p, 1]. If z = [(V, ¢, w)]

is a generator of C4%(LFN), let

T :=[([0,1] x Vaid[o,l] X %id[l—eo,l]xv,id[o,eo]xv,5 X w)].

Then e, (i) = 0, e_(Z) = . Thus the image of (e, e_) contains 0 @ C¥¢(L¥N). Similarly,

the image of (e4,e_) contains CZ®(L¥N) @ 0. This completes the proof for C=(N). The

same proof applies to Cf’cyc’[o’l](N). O
Lemma 3.3.6. i o ey is chain homotopic to idcﬁ,[o,l](N). The same is true for Cf’cyc’[ﬂ’l](N).
Proof. Since the chain complexes are over R, it suffices to prove (ioey), = idHLZ,[O,l](N). Since

e+ 0@ = idge(ny, it suffices to prove 7, 1 are quasi-isomorphisms, which is true if i), eS_L) are

quasi-isomorphisms for each k. By Remark [3.3.7, we can modify the proof of [30, Lemma 4.8]

to show that for each k, i) o es_f ) is chain homotopic to idar,0.1] This completes the

(LFN)”
proof for idcf,[o,l](N). As for idcf,cyc,[o,u(N), it suffices to prove i\cf,cyc(N), ei|cf,cyc,[o,1](N) are
quasi-isomorphisms, which follows from the result for 7, e+ and lemmas in Section [1.2 [

Remark 3.3.7. The way we define C’fR’[O’I](L’“N) is equivalent to Irie’s ([30, Section 4.4)),
modulo that we have included manifolds with corners into the definition of de Rham chains.
Irie’s definition is to consider (U, ¢, 74, 7—) where ¢ : U — RX LEN, 7 2 Upy o) = [1, 00) x Uy,
T U—oo) = (—00,0] x Uy, instead of (V,p,04,0_). Let us denote CcO ok Ny by C,
and denote the chain complex defined by Irie (but in our manifolds-with-corners setting) by
C!. The advantage of Irie’s C, is that one does not need to distinguish between horizontal
boundaries and vertical boundaries when taking the boundary operator, and it is easy to
construct corner stratified submersion to R x N (compared to [0,1] x N). The advantage of
our C, is that it fits with geometric constructions in a straightforward way, as we will see in

later sections. In the following, we show C,, C” are chain homotopy equivalent.
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(i)

Define a chain map f : C, — C. as follows. Let (V,p,0.,0_) € ,@lg’l](ﬁkl\/) and
we ey (V,p,04,0-). We can glue [1,00) x V] to [1 —ep, 1] x V} C V in the obvious way,
and extend w to [1,00) x V} as 1 x wly,. Similarly we glue (—oo, 0] x V; to V and extend
w. Let U := ((—00,0] x V1)UV U([1,00) x V7 ), and define 1) = (¢g, 1) : U — Rx LFN
by

w|(—w,0}XV1(t>x> = (tv @g(%)), "M[LOO)XVi(t?x) = (tv 905(1:))7 ¢|V = .

Then (¢g, evFot,) is a corner stratified submersion. There are natural diffeomorphisms
Ty Upnoo) o= 0 ([1,00)) = [1,00) X Uy, 7 : U_aeg) — (—00,0] x Uy

such that ¢ and @ (the extension of w) are of product forms in the obvious way on

Ultso)s U—oo0) (Via 74, 7_). Then f([(V, @, 04,0_,w)]) == [(U, ¢, 74, 7-,0)].

Define a chain map g : C, — C, as follows. Let U be a manifold with corners,
¥ : U — Rx L"N be a smooth map such that (¢g,eviory,) : U - RxN (0<i<k)isa
corner stratified submersion, and 7, : Ujy o) = [1,00) x Uy, 7— : U—ooy) 5 (=00, 0] x Uy,
such that Q/J’U[Loo), ¢|U(7OO,O] are of product form in the above sense. Suppose w € Q*(U)

satisfies that w|U[0’1] is compactly supported, and W|U[1,oo) , W|U<_oo, are of product form

0
1 X wly,, 1 X wl|y, via 74, 7, respectively. Fix £ € C*°(R,R) which satisfies

) =1(t<e). EO)=-1(>1—a) [E1)< i 0<t<1)

Note that & exists because ¢, € (0, %) Then the map A : R — R, t — ¢ + &(t)eg is a

diffeomorphism which satisfies

AMt)=t+e (t<e), Mt)=t—¢ (t>1—¢).
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We can define (V7 ¥, 0+, U*) € C@ﬁ[g:”(ﬁk]v) and w € JMEO (‘/7 ¥ O+ O-*) by

V= Ul_g,14e0]

P = N OYRIUL oy 1re) VLU g reg)
04 1= (00111 PO, © T 0111
o_ = (90[0,1]|U[750,01’prU0 ° T_|U[*EO’O])

W= w]UHO’HeO].

Then g([<Uv 2/}7 T4y T— w)]) = [(V7 9257 04,0, (D)]

Let us show f, g are chain homotopy inverse to each other. Fix x € C*([0, 1], [0,1]) which

satisfies x(s) = 0 for s near 0 and x(s) = 1 for s near 1. Define a smooth map
B0 XRSR, (5,8) o 4+ x()E (D

Then g = idg, 1 = A, and for any s € [0,1], us := u(s,-) : R = R is a diffeomorphism

which satisfies

ps(t) =t + x(s)ey (t <ep), ps(t)=t—x(s)eo (t >1—€p).

If (V,p,0,,0_) € 96[21( N) and w € ., (V,p,04,0_), denote [(V1, o' oL, 0l wh)] =
(90 N((Vp,01,0-,w))]) € Cu, where V1 = ([=e0,0] X Vo) UV U ((0,g] X V3). For any

€ [0,1], we can define (V?*,¢% 0%,0%) € ZOV(LENY and w® € o, (V?, o7, 0%,0%) in a
similar way, where V* = ([—x(s)€o, 0] x Vo) UV U ([0, x(s)€o] x V1) and ¢® is defined using
ps. Let V= UsepyV®, @ : V = [0,1] x L¥N, §(s,z) := ¢*(z), and define 53, 5=, @ in
the obvious way, so that [(V $,04,0_,w)] € Cit1. Define a linear map h : C, — Ciyq by
h([(V,p,04,0_,w)]) = [(V,®,065,5-,w)]. Then we can check doh+hod = go f —ide,.

Similarly we can show f o g ~ide. O

By Lemma and Lemma [3.3.6, 5 1]( N) is a dg Lie algebra model of [0, 1] x C£(N),
and Cf’cyc’[o’l](N) is a dg Lie algebra model of [0, 1] x C5%¢(N), in the following sense.
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Definition 3.3.8. Let (B = {Ei}iez, d,{,}) be a dg Lie algebra over R. A dg Lie algebra

model of [0,1] x B is a dg Lie algebra B together with dg Lie algebra homomorphisms
Incl: B — E, Eval;—g: B — E, Eval;—; : B—B

satisfying the following conditions:

e Eval;_(o Incl = Eval;—; o Incl = idy;

e Incl, Eval,_g, Eval;_; are (co)chain homotopy equivalences;

e Eval, (@ Eval,_,;: B— B® B is surjective.

3.3.3 Iterated integrals of differential forms parametrized by [0,1]

There is an iterated integral map

T CHR L N(LEN) — Hom ™ (Q(N)®F Q(N)) (3.3.3)

Je([(V, o, w)])(m @ + - @ i) o= (= 1) dimV=dim N4 (o), (w A o A=+ A i),

which is defined in the same way as the map I, : C4%. V(LN ;) = Hom ™ (Q(N)®* Q(N))
in (1.7.1)). Clearly J; o & = I} where @y is the map (3.3.2)).

For later purposes, we need to discuss smooth dependence of a linear map Q(N)®* — Q(N).

Let us make the following definition, which is motivated from [20, Definition 21.25].
Definition 3.3.9 (Smoothly extendable multi-linear maps).

(i) We say ¢, € Hom(Q(N)®* Q(N)) is smoothly extendable, if for any smooth manifold S

and smooth sections 7y,...,n, € T'(S x N, pryQn),
(s,2) = Yp(itm ® - - @ iimg) (), (s,z) € S x N

is also an element in I'(S x N, pry€Qy). Here pry : S x N — N is the projection onto

N,and is : N — S x N is the embedding N = {s} x N < § x N.
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(i) We say ¢ € Hom(Q(N)®* Q([0,1] x N)) is smoothly extendable, if for any smooth

manifold S and smooth sections 7y, ..., € I'(S x N, pryQn),
(s, t,z) = pr(iom & -+ @itk (t, x), (s,t,z) € Sx[0,1] x N

is an element in I'(S x [0, 1] x N, priy 1, xvQp0,1yxn). Here pryg .y 0 S x [0,1] X N —
[0,1] x N and i, : [0,1] x N < § x [0,1] X N are defined similar to (i).

The space of smoothly extendable linear maps Q(N)®* — Q(N) (resp. — Q([0,1] x N)) is

denoted by Hom, (Q(N)®* Q(N)) (resp. Hom,(Q(N)®* Q([0,1] x N))).

Remark 3.3.10. It is clear that whether S has boundaries (corners) does not influence the
meaning of smooth extendability in Definition Let us list some simple facts about

smooth extendability that will be useful later:

(i) For v € Hom(2(N)®* Q(N)), v is smoothly extendable if and only if pri o v :
Q(N)®k — Q([0,1] x N) is smoothly extendable.

(ii) If o5 € Hom,(Q(N)®* Q([0,1] x N)), then i} o ¢ € Hom,(Q(N)®* Q(N)) (Vt € [0,1]).
(iii) If v € Hom,(Q(N)®* Q([0,1] x N)), then for any n,,...,m € Q([0,1] x N),
((t2) = ou(iim @ - @im)(t, @) ) € ([0, 1] x N).

Indeed, setting S = [0, 1], @x(i;m ® --- @ i;ng) (¢, z) is C* in (¢, ) because it is the

pull-back of g (im & -+ - ® i*ng) (¢, x) via the smooth diagonal map
[0,1] x N = [0,1]> x N, (t,z) — (t,t, ).
This fact is the main reason why we introduce such a notion of smooth extendability.

(iv) The exterior derivative d and the wedge product A are smoothly extendable, and
Endpy ) = (Hom, (Q(N)®*, Q(N)))r>0 is a dg sub-operad of Endg(ny (Example (i),
Example [1.5.9)). Thus CH;(Q2(N),Q(N)) is a dg Lie subalgebra of CH*(Q(N), Q(N)).
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Example 3.3.11. Suppose V is a smooth manifold with corners, w € Q.(V), fi,..., fr :
V' — N are smooth maps, and (g, fo) : V — [0,1] x N is a corner stratified submersion.

Define vy, : Q(N)®* — Q(N), o : Q(N)®*F — Q([0, 1] x N) by

Or(m @ - @nr) = (g, fo) (WA fim A= A fim),

Yr(m @ - @) = (foh(w A fim A A k).

By looking at local expressions, it is easy to see ¢y, ¥ are smoothly extendable.

By Lemma and Lemma [3.3.1} the iterated integral maps (Ji)r>o (3.3.3) induce dg

Lie algebra homomorphisms
J=(Ji)rzo: CL(N) — CHT(Q(N), N)),

CEY(N) — CH_Z(Q(N), Q(N)),

cyc

where CH . (Q2(N), Q(N)) is the weakly cyclic subcomplex of CH*(2(V), 2(IV)) with respect

cyc

to Poincaré pairing (Section [1.7). (Here and hereafter, we write CH_(Q(N), Q(N)) in place

cyc

of O~ (CH(AN), N)Y[—dim N])) in Section ) By Example , we have

J(CL(N)) € CHT (QUN), QN)),  J(CZY(N)) € CHL o (AN), QN)).

cyc,o

Similarly, we can define a linear map (using the same formula as J except for signs)

J: CEOU(N) — T Homy = *(Q(N)®*, Q([0,1] x N))

k>0

which restricts to a linear map Cf’cyc’[o’l](]\f) = [Ti=0 Hom_* F(Q(N)®* Q([0,1] x N)).

cyc,o

In Section ﬁ, we will see that ], Hom! *(Q(N)®F Q([0,1] x N)) carries a natural dg
Lie algebra structure, and it is a dg Lie algebra model of [0, 1] x CH;(Q(N),Q(N)). The

same holds for the (weakly) cyclic invariant subcomplexes.

3.4 (Cyclic) A, algebras and (cyclic) A, deformations

Deformation problems (in characteristic zero) are in principle governed by dg Lie algebras

(or Lo algebras) via solutions of Maurer-Cartan equation (modulo gauge equivalence), see
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for example [I5]. Following this philosophy, in this subsection we discuss (cyclic) filtered
Ao deformations of the de Rham dg algebra Q(X) over the Novikov ring, and relate it to
iterated integrals of differential forms on chains on loop spaces.

We use the sign convention of Fukaya for A, algebras, namely transited from (de)suspension

(Appendix [1.§)). ([I8] does not use (1.8.1]) to view dg algebras as A, algebras, but [20] does.)

3.4.1 Coderivations on the tensor coalgebra

We discuss R-vector spaces below, but everything extends to modules over a commutative
ring with unity. First recall that a graded vector space D = {D'};cz is called a graded
coalgebra if there is a degree 0 linear map (called comultiplication) A : D — D ® D which is
coassociative, namely (idp ® A)o A = (A ®idp) o A. Let D be such a graded coalgebra.

Then one can define A" : D — D%V (n € Z) recursively by
A :=idp, A" := (A ®idp)o A" 1.

A linear map € : D° — R is called a counit if (e ® idp) o A = idp = (idp ® €) 0 A, and a
counit is unique if it exists. A coderivation of degree d is a linear map ® : D* — D**¢ such
that Ao ® = (® ®idp + idp ® ®) o A, where Koszul sign rule is applied in ® ® idp and
idp ® ®. The space of coderivations, Coder(D), is a graded Lie algebra under the Lie bracket
[,] defined by

(@, 8] :=dod — (—1)?1¥d' 0d & & e Coder(D). (3.4.1)
Let V = {V'},cz be a graded vector space. Consider the tensor algebra of V:
T(V) =PV, T.(V)=PVe,
k=0 k=1

where the grading is given on each component by |v; ® -+ ® vg| = |v1]| + - - + |vg|. There is

a graded coalgebra structure on T'(V') defined by

A @ ®v,) =Y (0 ® @) @ (V1 ® - ®v,), €: VOV SR,
k=0
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which also restricts to a graded coalgebra structure (without counit) on 7 (V).

There is a natural correspondence between Hom(7'(V'), V') and Coder(T'(V')) as follows.
e For k > 0, a graded linear map ¢, : V¥ — V can be extended to a coderivation ¢y:

—Ifn>k o @ ®@vy) =

n—k+1
Z (—1ylerlealttloizily, @. - @u;_1 @k (1@ - @V k-1) VB - @ Up.

i=1

Here when k = 0, @p(v; ® -+ - ® v;45—1) simply means ¢g(1).

—Ifn<k ¢y ®---®@v,) :=0.

e For any coderivation ¢ on T'(V), denote its Hom(V®* V) component by ¢y, then ¢

can be recovered as ¢ = Y, ., Px. This is a finite sum when evaluating on T'(V).

By restricting to k > 1, one also identifies Hom(T';(V'), V') with Coder(T'(V)).
If there is a fixed graded skew-symmetric bilinear form (,) on V, let Homey(V®*, V) be

the subspace of Hom(V®* V) consisting of ¢y, : VE* — V such that
(pr(v1 @+ @+ @ vp), vg41) = (1)l (0g @ 01 @ -~ @ -~ @ vp-1), v8).

We say ¢ € Hom(V®* V) is cyclic if it is in Homey(V®*, V), and denote the subspace of
cyclic linear maps in Hom(7'(V'), V) = Coder(7'(V')) by Hom.y.(T'(V), V) = Coderey(T(V)).
It is clear that Codercy.(7'(V)) is closed under the bracket [,] (3.4.1) on Coder(7'(V)).

Let C' = {C'}icz be a graded vector space, recall that C[1] = {C[1]'}icz, C[1]" := C*!
(see Appendix . For simplicity we still denote sz € C[1] by z, and to avoid ambiguity, we
shall write |z| for the original degree of € C, and write |z| for its degree considered in C[1],
so that |z|' = |z| — 1. The degree of ¢ € Hom(C[1]®*, C[1]) is then |ox| = |¢x] + &k — 1. If

(,) is a graded symmetric bilinear form on C', define

<IL‘, y>/ = (_1)|y| <IL‘, y>
Then (x,y)’ is graded skew-symmetric if degrees of x,y are considered in C[1].
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Definition 3.4.1 (A, algebras and cyclic A, algebras).

(i) A structure of A, algebra on (' is a sequence of linear maps {my, : C[1]®* — C[1]}x>0
of degree 1 such that the coderivation m =}, my on (T(C[1]),A) is a codifferential,

ie. mm = 0.

(ii) If a graded symmetric bilinear form (,) on C'is given, a structure of cyclic A, algebra
on (C,(,)) is a sequence of linear maps {my, : C[1]®* — C[1]};>0 of degree 1 such that

(C,{my}r>0) is an A algebra and my is cyclic with respect to (,)".

Remark 3.4.2. In Definition [3.4.1)(ii)|, one usually requires (,) to be nondegenerate. For
example, nondegeneracy of (,) is needed in the construction of the canonical model of cyclic

filtered A, algebras in [17].

The condition mm = 0 (A relation) is equivalent to mom = (m o m)|rccpp—cpn = 0,
which explicitly says that for each n > 0 and zy,...,z, € C[1],

> (=plrtrelm (5 @ @ @i @My (2 @ @ Tigppym1) ® - @ 1) = 0,

ki+ko=n+1
1<i<k;

We say an A, algebra (C, (my)g>0) is curved if mg # 0, and is strict (or uncurved) if

mg = 0. In case C is strict, A, relation implies mym; = 0, so H(C, m;) is defined.
Example 3.4.3. Let (A,d,-) be a dg algebra. In view of (1.8.1)), let us define (my)g>¢ by
my(a) = da, myla®b) = (—1)%-b,

and my = 0 for other k. Then it is easy to see (A, my, my) becomes an A, algebra. If (,) is
a symmetric bilinear form on A, then (A, my, mo, (,)) is a cyclic Ay, algebra if and only if
(A,d,-,{(,)) is a dg Frobenius algebra ([1.5.9)). In particular, if N is a closed oriented manifold,

then (Q*(N),d, A, (,)n) is a cyclic Ay, algebra, where (,)x is the Poincaré pairing:

(W, N ::/w/\n, w,n € Q(N).
N
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Recall that for every graded Lie algebra (B,[,]), each element x € B gives rise to a

derivation ad, := [z,-] on B. If x has degree 1 and [z, x] = 0, then ad,ad, = 5[ad,,ad,| =

>
%ad[xyx] = 0, and (B,ad,,[,]) becomes a dg Lie algebra. If (C,(mg)r>0) is an A, alge-
bra, then Coder(T(C[1])) is a graded Lie algebra, m has degree 1 and [m,m] = 0, so
(Coder(T(C[1])),ads, [,]) is a dg Lie algebra. Similarly, if (C, (my)g>0, (,)) is a cyclic A

algebra, then (Codercy.(T'(C[1])), adw, [,]) is a dg Lie algebra.
Definition 3.4.4 (Hochschild cochain complex of (cyclic) A, algebras).

(i) If (C,m) is an A, algebra, we call (Coder(T(C[1])),ads, [,]) the Hochschild cochain

complex of (C,m), which is a dg Lie algebra.

(i) If (C,m,(,)) is a cyclic A, algebra, we call (Coder(T(C[1])),ads,[,]) the cyclic
Hochschild cochain complex of (C,m, (,)), which is a dg Lie algebra.
Example 3.4.5. Let (A, m;, my) be a dg algebra as in Example m There are identifications
Coder(T(A[1])) = Hom(T'(A[1]), A[1]) = [ [ Hom(A[1]®*, A[1]) = ] | Hom(A®*[k], A[1])
k>0 k>0

¢ = Z@k +——  @= (k>0 — sign change (1.8.1)).
k>0

For homogeneous ¢, ¢ € Coder(T(A[1])),

~

(poi)(a1 @--- @ ay)

= Z (_1)|'¢)m"(|al|/+"'+|(li—1|/)gpl(a1 R @YU (a; @+ @ i) @ -+ @ ay),
I+m=k+1

1<i<l

which up to sign is the same as operad composition in End, (Example . Under sign
change ([1.8.1)), the commutator bracket [,] on Coder(T'(A[1])) coincides with Gerstenhaber
bracket on CH(A, A). Moreover, adg := [m, -] = [y + My, ] coincides with d — ¢.
(Here it is d — ¢ instead of d + ¢ because we use the sign convention of Irie [29] for Hochschild
differntial. See [29 Section 2.5.4] and the proof of Proposition : the operadic Maurer-
Cartan element ¢ = ((x)r>0 is taken as (o = —p and ¢, = 0 (k # 2). If ( is taken as & = u

instead, then adg corresponds to d + §).
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3.4.2 Deformation over the Novikov ring

Let R be a commutative ring with unity, the universal Novikov ring over R defined in [I§] is

o
AF = E a;TNiem

=0

1—00

a; € R, >\z € RZ(]? n; € Z, lim )\Z = OO} s (342)

where T and e are formal generators such that degT = 0, dege = 2. Degree assumption

means that for any graded AF _-module C' = {C™},.cz, it holds that T?e"C™ C C™+2,

0,nov
Since e has even degree, it does not affect signs appearing in various formulae.

R

Since we always work with R = R, for simplicity let us write Ag oy in place of Ag .-

Similarly define

Apov = {i a; T e

a; € R, \; R, n; € Z, hm/\z:oo},

1—>00
i=0
o
A&nov = {Z a;TVe" | a; € R, \; € Rag, n; € Z, leglo A = oo} :
i=0

Then A,y is the fraction field of Agneyv, and Af{nov C Agnov is an ideal. There is a ring

isomorphism

ANonov /A now = Rle, e = R,

0,nov

and a splitting of R-algebras Ag noy = A(”i o P Re.

There is a natural decreasing filtration on A,,, defined by

F Moy 1= {Z a; TV e" € Aoy

)\izA}, A ER,

which restricts to Agnov, Ag

0 nov- A filtered Ao nov-module is a Ag por-module C' endowed with

a decreasing filtration F*, called energy filtration, such that F*Ag oy - F MO FMYC and
that (), FAC = {0} (i.e. we assume the filtration is Hausdorff). Such filtration equips C

with a non-Archimedian norm and a metric
el == exp (~sup{A | w € FACY), dla,y) = [l — y]. (3.4.3)

_l’_
Anov7 AO,nova A

o.nov are complete with respect to this metric.
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We will take completion of filtered Ag yov-modules when necessary, and the completion
of C is denoted by C. The completed tensor product of C,C’ is written as C@AO'HOVC’ =
(C ®agpoe C"). There is a natural isomorphism C®y,,,,C" = 6®Ao,m C', so a finite completed
tensor product is defined without ambiguity.

We say a Aguo-module homomorphism ¢ : C' — C" is filtered if p(FAC) C FAC" (Y)N),
or equivalently, its operator norm ||¢|| < 1. Let Hom(C, C") be the A ,o,-module of filtered
homomorphisms C' — C’. It is easy to see Hom(C, C") is naturally filtered, and is complete
as long as C" is complete. For any C,C’, Hom(C, 5’) = Hom(a, 6’)

Now let C' = {C""},nez be a graded vector space, viewed as trivially filtered, i.e. F°C = C
and FAC = 0 (VA > 0). Then C ® Ag,o inherits energy filtration from Agpe,. Write
C={C"}ez = 6®A07nov, so that

cm = {f: c;Thiem

1=0

—~m

C,’GC

—2n; .
" s )\z € Rzo, n; € Z, ‘llm )\z = OO} .
1—00

Similar to T'(V') where V' is a vector space, there is a structure of a graded filtered coalgebra
over Agnoy on the uncompleted tensor algebra T(C) = P, C®Momov® - and there is an
identification Hom(7'(C'), C') = Coder(T'(C)).

Let us recall the completed tensor algebra f(C) defined in [I8, Definition 3.2.16]. Let
C®%0m0e% denote the k-fold completed tensor product of C', then T (C) is defined as a completion
of D=0 CPonov® with respect to both energy filtration P, }")‘(C’@onnovk), A € Ry and
length filtration P, C®A0»Ilovk, n € Zso. Concretely,

gl — A @ novk 1 —
T(C) = {kz_oxk formal sum | x;, € F(CFromov™) klg& Ak =00},
The coalgebra structure on T(C') uniquely extends to a (formal) coalgebra structure on 7/(C),

and every coderivation on T'(C') uniquely extends to a formal coderivation on T(C).

Definition 3.4.6 (Filtered A, algebras and cyclic filtered A, algebras).
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(i) A structure of filtered Ay, algebra on C' = U(QAO’HOV is a sequence of degree 1 filtered
homomorphisms m = {my, : C [1]®%0mer® 5 C [1]}k>0 such that the following conditions

are satisfied:

o =), m € Coder(T(C[1]))" is a codifferential, i.e. mm = 0. (Equivalently,
f € Coder(T(C[1]))" is a formal codifferential.)

_l’_

e There is a strict A, algebra structure m on C such that m; = m,®id r., mod AO,nov

on C[1]%* ® R, for each k > 0. In case k = 0 this says mg : Ag ey — C[1] satisfies

my(1) € FC[1] for some Ay > 0.

(ii) Fix a symmetric bilinear form (,) on C, which extends in the obvious way to a Ag ev-
valued symmetric bilinear form on C = 6<§>A0,n0‘,. A structure of cyclic filtered Ay
algebra on C'is a sequence of degree 1 filtered homomorphisms m = {my, : C [1]%80m0 %
C’[l]}k>0 such that (C,m) is a filtered A, algebra, and my is cyclic with respect to (,)’.

(Equivalently, 1 € Codery(T(C[1]))! is a formal codifferential.)
From now on, we call a strict A, algebra over R an unfiltered A., algebra.
Definition 3.4.7 (Filtered A, deformations and cyclic filtered A, deformations).

(i) Let (C,m) be an unfiltered A, algebra. A filtered Ao, deformation of (C,m) over Ag noy

is a filtered A, algebra structure m on C' = U@Aoyno\, satisfying Definition .

(i) Let (C,m,(,)) be cyclic unfiltered A,, algebra. A cyclic filtered Ao, deformation of

(C,mm, {,)) over Agnoy is a cyclic filtered A, algebra structure m on (C' = C®Ag oy, (,))

satisfying Definition [3.4.6(ii)|

Remark 3.4.8. (i) Our definition of filtered A,, deformations is narrower than [I8, Defi-
nition 3.2.34]. Namely, we insist on the same underlying unfiltered A, algebra (C,m)

rather than a weak homotopy equivalent one as [I8, Definition 3.2.34] did.
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(i) Filtered A algebras can be described by T(C[1]) without using T(C[1]). But the
introduction of T(C[1]) is natural, which makes it possible to interpret filtered Ao

homomorphisms (Definition [3.5.1)) as morphisms between formal coalgebras.

We want to use dg Lie algebra formalism to describe filtered A, deformations (c.f. [13]).
Let (C,m) be an unfiltered A,, algebra and C' = 6®Ao,nov. For each k > 0, there is an
obvious map Coder(T(C[1])) — Hom(C[1]#*,C[1]) — Hom(C[1]®%xe* C[1]) , inducing
Coder(T(C[1]))®Agnoy — Hom(C[1]¥%0mev® C[1]) since the latter is complete. Thus we
obtain a natural map Coder(T(C[1]))®Agnoy — Coder(T(C[1])), which is easily seen to be an
embedding of dg Lie algebras: (Coder(T(C[1]))®Agnov; ads, [,]) C (Coder(T(C[1])), adz, [,]).

We say a filtered A, deformation (C,m) of (C,m) is uniform if n € Coder(T(C[1]))®Ag nov-
For example, gapped filtered A, deformations, defined below, are uniform.

Consider the additive monoid R>g x 2Z. Let E, i be projection onto its two factors.
Definition 3.4.9. A discrete submonoid G C R>y X 2Z is a submonoid satisfying

e F(G) C Ry is discrete.

e GN ({0} x2Z) ={(0,0)}, and G N ({\} x 2Z) is a finite set for any A > 0.

Definition 3.4.10. A (cyclic) filtered A,, deformation (C,m) of (C,m) is called gapped (and
G-gapped if we want to specify G) if there is a discrete submonoid G C R x 2Z, and a
sequence of linear maps {my g : C[1]%% — 6[1]}1@0 for each 8 € G, such that
my = ZTE(ﬁ)e@mkﬂ.
BeG

Notice that by definition my o) = M. An unfiltered A, algebra is trivially gapped.

Let (E = {Fi}iez, d,{, }) be a dg Lie algebra over R, and let B = E@Aoynw be its trivial
extension over Ag nov. T be consistent with L, language (Definition , we only consider
Maurer-Cartan elements with norm less than 1. Thus we set

MC(B) = {z € (BRAL, ) | do — %{x,x} — 0}

0,nov
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Definition 3.4.11. z € MC(B) is called gapped (and G-gapped to specify G) if there is a
discrete submonoid G' C R>y x 2Z, and x5 € B for each B € G, such that
T = ZTE(B)G@@;.
BeG
Denote the set of G-gapped Maurer-Cartan elements in B by MCq(B). Notice that by

definition, x(0y = 0 for any x € MCq(B).

Remark 3.4.12. If G C ', then G-gappedness implies G'-gappedness. Thus if there are
finitely many elements that are gapped for different GG;, we can take a large common G so that
everything is G-gapped. This applies not only to gapped filtered A, algebras and gapped

Maurer-Cartan elements, but also to gapped filtered A,, homomorphisms (Definition 3.5.1]).

Lemma 3.4.13. There are bijections

{uniform filtered Ao, deformations of (C,m)} <> MC(Coder(T(C[1]))®Agnovs adz, [,]),

{G-gapped filtered A, deformations of (C,m)} < MCg(Coder(T(C[1]))®Aonov, adz, [, ])-
Similar results hold for (uniform / G-gapped) cyclic filtered A, deformations.

Proof. Since Agpoy = Re ® AJ 0y, € (Coder(T (6[1]))@/\0,1“)1 can be uniquely written as

0,nov»

~

m=m-1a, a¢c (Coder(T(C[1])BAL )"

0,nov

One readily checks that A relation i = 0 is equivalent to ma + AM — Af = 0, or say,
adzft — £[f, f] = 0. Then the desired bijection is simply m <+ ft. Clearly m is G-gapped iff &

is G-gapped. If m is cyclic, then m is cyclic iff n is cyclic. H

Remark 3.4.14. In the above we are using the usual (unshifted, cohomological) grading of a
dg Lie algebra, so Maurer-Cartan elements are of degree 1. If grading is shifted (or opposite),

then Maurer-Cartan elements are of a shifted (or opposite) degree.
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3.5 “Pseudo-isotopy = gauge equivalence”

The purpose of this section is to establish equivalence between the following two notions

(whose definitions will be given), which enhances the 1-1 correspondence in Lemma [3.4.13;
e Pseudo-isotopy of (cyclic) filtered A, deformations of an A, algebra.

e Gauge equivalence of Maurer-Carten elements in the (cyclic) Hochschild cochain complex

of the A, algebra.

In Sections [3.5.1 we collect some materials from [I7, [I8], and there is nothing new.
In Section , we collect some materials from [I7, [I8] 20], and prove the main result.

Before discussing (cyclic) A, algebras, let us introduce some notations.

Let (D, A), (D', A") be graded coalgebras, a linear map F': D — D’ is called a coalgebra
homomorphism if Ao F= (F ® F) o A. Fix such an F' € Hom((D,A), (D', A’)), then the
space of coderivations with respect to F', denoted by Coder(D, D'; F'), consists of linear maps
®:D — D suchthat AVod = (PR F+F®?d)oA.

Let V, W be graded vector spaces, then every f = (f;)i>1 € [Tis Hom(v®k,W) can be
uniquely extended to a coalgebra homomorphism

F=>"(@"F) 0 A™ € Hom((T4(V), A). (T (1), A)).

m>1

This assignment identifies Hom(7'(V'), W) with Hom((7'x(V), A), (T (W), A)). Fix such an

f, then every ¢ = (¢r)iz0 € [I10 Hom(7®k,W) can be uniquely extended to

—b

o= (T2 paf)oA? e Coder(T(V), T(W); F). (3.5.1)

~

This assignment identifies Hom(7'(V), W) with Coder(T(V), T(W); f) ([I8, Lemma 4.4.43]).
Let V = V&Agnov, W = W®Agnov, then each f = (fi)io0 € [0 Hom(V®A0vn°vk,W)
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with || fo]| < 1 can be uniquely extended to a (formal) filtered coalgebra homomorphism

fi= Z(@mf) o A™ L. f(V) — T\(W) (3.5.2)
m>0
f(U1 R Qup) = Z (1) fr (1@ @ Vky) @+ @ fr, (Vntp i1 @ - @ Up),
ki1+-+km=n
m>0, k; >0

where (—1)¢ is Koszul sign. Notice that (3.5.2) converges in T(W) since || foll < 1, || fi]l < 1.
Here f,(...) means fo(1) if k; = 0, so in particular F) =1+ fo(1)+ fo(1) ® fo(1) + - -
(this is the only place that m = 0 in (3.5.2)) makes sense).

3.5.1 (Cyclic) A, homomorphisms

Definition 3.5.1. Let (C,m), (6/,ﬁ’) be unfiltered A, algebras, and let (C,m), (C",m’) be

filtered A, algebras that are filtered Ao, deformations of C, 5/, respectively.

(i) An (unfiltered) Ao homomorphism from (C, ) to (C', ) is a sequence of degree 0

3

linear maps f = {f, : C[1]** — 6/[1]}@1 such that m’ O)% = ]%o

(ii) A (filtered) Ao homomorphism from (C, m) to (C’,m’) is a sequence of degree 0 filtered
homomorphisms § = {f;, : C[1]%%0me® — C'[1]} 450 such that ||[fo|| < 1, @' of = forh, and

f=f®idg, mod Af,,, for some unfiltered Ao homomorphism f : (C, ™) — (' w).

(iii) An A, homomorphism f is called strict if fo = 0, and is called linear if f, = 0 (Vk # 1).

(iv) A filtered A, homomorphism § : (C,m) — (C’,w’) is called gapped (or G-gapped to spec-

/

ify G), if there is a discrete submonoid G (Definition (3.4.9) and f 3 € Hom(C[1]®*, C'[1])

©(B)

(k> 0,8 € G), such that C,C" are G-gapped and f, = 5 TE® e f1 5.

The condition @’ o f = f o it is equivalent to m’ o f = § o 11, namely for each n > 0 and
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x1,. .., 2, € C[1],

D Mm@ ® @) @ @i, (k1 ® - ® 7))
r>0
k‘l“r"':‘k‘r:n
= Z (_1)|$1|,+“'+‘mi71‘/fh(xl R ®x @my, (331 R ® $i+lg—1) R ® $n)-
l1+lo=n+1
1<i<ly

Definition 3.5.2. Let (C,m, (,)z), (C",w',(,)z) be G-gapped cyclic filtered A, algebras.

A G-gapped filtered A,, homomorphism §: C' — C" is called cyclic if

(F1,0.0)(71), Fr00)(22)) & = (1, 72) 5

for all z1,2, € C, and

I
o

Yo D fra@ @ @k frp(@nn © - @ @)s

B1+B2=PB k1+ko=k

for all (k, ) # (2,(0,0)) and xq,..., x4 € C.

Definition 3.5.3. (i) The A, composition f* o f* = ((f* o §!)),) of A homomorphisms
f1, 2 is given by composition of corresponding coalgebra homomorphisms. It is easy to

see if f!, 2 are cyclic, then 2 o f! is cyclic.

(ii)) An A, homomorphism is an A, isomorphism if it is invertible with respect to A

composition. It is easy to see if f is cyclic and invertible, then §! is also cyclic.
The following lemma is used in [I8, Proposition 5.4.5].

Lemma 3.5.4. Let §: C' — C" be a G-gapped filtered Ao, homomorphism. The following are

equivalent:
(i) §: C — C'" is a filtered A isomorphism;
(i) §: C — C is an unfiltered A isomorphism;

(11i) §1 : C[1] — C'[1] is a filtered Ao nov-module isomorphism;
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(iv) T, =100 : C[1] = C'[1] is a vector space isomorphism.

Proof. “(i) = (ii) = (iv)” and “(iii) = (iv)” are obvious, so it suffices to prove “(iv) = (i), (iii)”.
We shall make induction on energy filtration, so let us write E(G) = {Ey = 0, £y, Es, ... }
where each E; < E;;1, and for any G-gapped element = = {x) 5} write
Ty = ZTE = Qﬁkg = ZT Thiy  Tpg = Z 6#.1']6”3.
BeG >0 BEG,E(B)=E;
Notice that in particular o = @, 0,0y since G N ({0} x 2Z) = {(0,0)}.
To prove “(iv) = (iii)”, define g/ ; inductively on i by g} ; = fl_(l) and g’u = — Zpd’EﬁquEi g’Lpo
fiq 0 fro for i > 0. Then g = > iso T7g); satisfies
giofi = ZTEZ' Z g1, © fig = idopy-
i>0 Byt Eq=F;
In the same way there exists f; such that f; o g} = idevpy, so f1 = = (¢}) "' and f; is an
isomorphism.
To prove “(iv) = (i)”, first define a strict total order on Z2 by (k,1) < (k',7) iff i <
or i =1,k <k, then define g;; inductively on (k,7) by goo =0, g10 = fl_(l] and

Z Z i © (fk17i1 - ® fkhil) © (fl_,(l))®k

(Lio)< (ki) kit-+ki=
Eiy+- +Ezl—E

for (k,7) > (1,0). Let g = (gk)r>0 = D250 T (9k,1)k>0, then

LRI 36 S S

>0 ki+-+ki=k
Eiy++E;=E;

satisfies (g o %)|C[1} = idep) and (go f)|c[1]®/\0,novk —0for1#k>0,s0go0f= id4 o). In the
same way there exists f such that f'og = idg ooy, sof =7 = g~ ! as coalgebra homomorphisms.

Since f is an A, homomorphism, so is g, and thus § is an A, isomorphism. O]

Remark 3.5.5. In general g} = f;' # (f!)1 = g1, since g; contains terms from fy.
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3.5.2 Homotopy equivalence of A, algebras

Let (C,m) be an unfiltered A, algebra, and let (C, m) be a gapped filtered A., deformation
of (C,m).

Definition 3.5.6. A gapped filtered A, algebra (C, m) together with gapped filtered A,

homomorphisms
Incl: (C,m) — (C,@), Evalio: (C,m)— (C,m), Evali_;: (C,@)— (C,m)
is said to be an (A algebra) model of [0,1] x C' if the following holds:
e Incl, Eval;_g, Eval,_; are linear A,, homomorphisms;
e Eval;_g o Incl = Eval;—; o Incl = 10¢;

e The underlying unfiltered maps Incl;, (Eval—y);, (Eval,—1); are cochain homotopy

equivalences between the underlying unfiltered cochain complexes (C,mmy), (C,m,);
o (Eval;—g); @ (Evaly—y); : C — C @ C is surjective.
The notion of a model of [0,1] x C' is similar.

Remark 3.5.7. (i) Over a field, for example over R in our setting, a quasi-isomorphism

between cochain complexes must be a cochain homotopy equivalence.
(ii) The gapping condition is crucial in the proof of Lemma [3.5.12| and Proposition [3.5.14]

Example 3.5.8. Let A°([0, 1]) be a linear subspace of the space of absolutely continuous
functions on [0, 1], which contains all constant functions and is closed under differentiation,
integration and multiplication. We further assume that there exists u(t) € A°([0, 1]) such
that u(0) # u(1). For example, A°([0,1]) can be taken as the space of (piecewise) polynomial

or (piecewise) smooth functions on [0, 1]. Then
A([0,1]) = A°([0,1]) @ A'([0,1]) := {a(t) + b(t)dt | a(t),b(t) € A°([0,1])}
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admits a dg algebra structure (d, A) defined in the usual way. Consider the dg algebra
embedding (R,0,-) < (A([0,1]),d,A) given by inclusion of constant functions, and the
evaluation map .A([0,1]) % R sending a(t) + b(t)dt to a(ty). It is very easy to see
(A([0,1]), (d,A\),¢,€0,€1) is a model of [0,1] x R. We remark that the surjectivity of
eo @ er: A([0,1]) = R @ R comes from the existence of u(t).

If (C,m) is a gapped filtered A, algebra, there is a gapped filtered A, structure m on
(A([0,1]) ® C)®Agnov defined in a natural way. In order to define m, it suffices to look at

elements in A([0, 1]) ® C[1] of the form a;(t) - x; + b;j(t)dt - y;, 5 =1,..., k.
e For k =0, mg is the composition
Ao nov = Cl1] = (€®A0,nOV)[1] C ((A([o,1]) ®6)®A0’n0\,)[1];

efork=1m =d® idcm + id.A([O,l]) ® my, namely

rﬁl(al(t) - T + bl(t)dt . yl) = aaalit) dt - e =+ (ll(t) . m1<I1) — bl(t)dt . ml(yl);

e For k > 2, my is A([0, 1])-linear extension of my, namely

M ((ar(t) - 21 +01(H)dt - y1) @ - - @ (ax(t) - 2 + Ok (t)dt - yr))

= ay(t) - ap(t)  -my(r; @ @ xyp)

(_1)|x1|’+-~+|acj_1\’+1a1(t) cobi () ap()dt M1 @ Ry @ - @ ).
1

_|_

k
]:
By [18, Lemma 4.2.13], m satisfies A, relation. (See Example for an alternative
proof.) Next, let Incl; : C[1] — ((A([0,1]) ® C)&Agnov)[1] be obvious inclusion, and
(Evali—y,)1 : ((A([0,1]) @ C)®Agnev)[1] = C[1], a(t) -z + b(t)dt - y — a(ty) - & be evaluation

at t =ty € [0,1], then
((A([O, 1)) ® 6)@/\07110\,, m, Incl, Eval;_, Evaltzl)

is a model of [0, 1] x C' ([I8, Definition-Proposition 4.2.15]). We remark that Incl; is a cochain
homotopy equivalence simply because Incl; = ¢ ® idg; and ¢ (R,0) = (A([0,1]),d) is a

cochain homotopy equivalence. This gives an alternative proof of [I8, Lemma 4.2.16].
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In the same way, we see (A([0,1]) ® C, m, Incl, Eval,_, Eval;_1) is a model of [0, 1] x C.

Example 3.5.9. Consider (C,m) = (Q(N),d,A), where N is a smooth manifold. Let
pry : [0,1] x N — N, (t,x) — x be projection onto N and i, : N — [0,1] X N, x> (to, )

be embedding of N at t = ¢y, then

(5, m, Incl,Evaltzo,Evaltzl) = (Q([O, 1] x N), (d,/\),prj‘v,ig,i’{)

is a model of [0, 1] x Q(N). Choose A([0, 1]) = ©(]0, 1]), then Q([0, 1]) @Q(N) is also a model of
0,1] x Q(N) by Example |3.5.8, Notice that there is a decomposition of (R[1, dt], A)-modules:

Q([0,1] x N) =T([0,1] x N,pryQn) @ dt AT([0,1] x N, pryQn)
n=a+dtANvy, «,vel([0,1] x N,pryQy). (3.5.3)

Therefore the obvious dg algebra inclusion ([0, 1]) ® Q(N) < Q([0,1] x N) induces a

commutative diagram:

Tncl Q(N)

A

Q[0,1)) ® 2N) —— Q(0,1] x N) idoc)

In this sense these two models of [0, 1] x Q(N) are naturally consistent with each other.

Remark 3.5.10. In Example [3.5.8] |3.5.9], signs can be taken in the following two ways,
which are equivalent after sign change ([1.8.1)). In both ways, Koszul sign rule is applied when
commuting A([0,1]) with C.

e (Our choice.) Suspended sign for C' and unsuspended sign for A([0, 1]), which leads to
suspended sign for C. Likewise, suspended sign for Q(N), ([0, 1] x N) and unsuspended
sign for ©([0, 1]). This choice is convenient for general A., algebras.

e Unsuspended sign for everything, which is convenient for dg algebras like Example |3.5.9

116



Definition 3.5.11. Let C,C" be gapped filtered A, algebras and f,g: C' — C” be gapped
filtered A, homomorphisms. Let C' be a model of [0,1] x C". We say f is homotopic to g in
C" and write f ~& g, if there exists a gapped filtered A,, homomorphism § : C' — C" such
that Eval,_goh = §, Eval,_; o h = g.

Lemma 3.5.12. ([18, Lemma 4.2.36, Proposition 4.2.37]) ~g, is independent of choices of
the model C' of [0,1] x C", giving an equivalence relation ~ on the set of gapped filtered A

homomorphisms from C' to C".
Definition 3.5.13. Let C,C’ be gapped filtered A, algebras.

(i) A gapped filtered A,, homomorphism §: C' — C" is called a homotopy equivalence if
there exists a gapped filtered A,, homomorphism g : ¢ — C such that fog and go f

are homotopic to identity.

(ii) A gapped filtered A,, homomorphism §: C' — C" is called a weak homotopy equivalence

if §, - (C,m,) — (C',,) is a quasi-isomorphism.

(iii) C,C" are (weakly) homotopy equivalent if there exists a (weak) homotopy equivalence

between them.
(Weak) homotopy equivalence between unfiltered A, algebras is defined similarly.

The following important result is a homotopical counterpart of Lemma [3.5.4] and is an

algebraic analogue of the classical Whitehead theorem in topology.

Proposition 3.5.14. ([I8, Theorem 4.2.45]) A weak homotopy equivalence between gapped

filtered Ao algebras is a homotopy equivalence.

3.5.3 Pseudo-isotopy of (cyclic) A, algebras

In this subsection, N is a closed oriented smooth manifold, and (Q2*(N),d, A, (,)n) is the

cyclic A, algebra in Example [3.4.3]

117



The following definition is adapted from [I7, Definition 8.5] and [20, Definition 21.25].
In order to make things clear, we introduce two versions (algebraic version and smooth
version) of pseudo-isotopy of (cyclic) filtered A, algebras, and use a different notion of

smooth dependence compared to [17]]20].

Definition 3.5.15. Suppose (C,m) is a (cyclic) unfiltered A,, algebra, G is a discrete

submonoid of R>y x Z.

(i) We say a family of linear maps

_ — = _ — — t€[0,1]
{m} ; € Hom' *?(C[1]%*,C[1)), ¢ 5 € Hom P (C[1]®*, C[1]) ke BEC
is an algebraic pseudo-isotopy of G-gapped (cyclic) filtered A deformations of m

(between m® m!) if:
(a) For zy,...,x; € C[1], the assignments
thZ75(x1®®xk), tHci:,ﬁ(x1®®fEk)

are elements in A°([0, 1]) ® C[1]. Here A([0, 1]) is as in Example [3.5.8|
(b) m* = {mj 5} is a G-gapped (cyclic) filtered A, deformation of m (V¢ € [0, 1]).
(c) CL(QO) = 0. (For cyclic pseudo-isotopy, we require c’,;ﬂ is cyclic for all ¢, k, 3.)

(d) For every x,...,x; € C[1],

d
Emz,g(ftl ® - ® Tp)

P Y Y ((rdame e me e o)

k1+ko=k+1 B1+B2=0
1<i<ky

_mzl,ﬁ1($l®"'®C22,52(xi®"')®"'®xk)) = 0,
where ¢; := |z1]" + -+ + |24

(i) In case (C,m) = (Q(N),d, A, {,)n), we say a family of linear maps

te(0,1]

{m] ;€ Hom' &) (Q(N)[1]®*, Q(N)[1]), € € Hom *(Q(N)[1]®*, Q(N)[1]) keZo0,5EG
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is a smooth pseudo-isotopy of G-gapped (cyclic) filtered Ao deformations of (d,N)

(between m°® m!) if:

a) For any C'*°-manifold S and S-parameterized differential forms 77,...,n; on N

that are C* in (s,z) € S X N,

m 5(n} @ @np)(x), i@ @) (x)

are differential forms on N parameterized by S x [0, 1], and are C* in (s,¢,z) €

S x [0,1] x N.

(b,c,d) The same as conditions (b,c,d) in[(i)]

We say m®, m! are algebraically (resp. smoothly) pseudo-isotopic if there exists an algebraic

(resp. smooth) pseudo-isotopy between them.

Notice that an S-parameterized differential form n*(z) € QQ(N) which is C* in (s,x) €
S x N is the same thing as an element 7(s,z) € I'(S x N,pryQny): simply set n® = i’n.
Here pry : S x N — N, iy : N — S x N are obvious maps. Similar description applies to
I'(S % [0,1] x N, prjg 1), v 20,17xw)-

Now we need the notion of gauge equivalence of (gapped) Maurer-Cartan elements in dg
Lie algebras.

Let B be a dg Lie algebra over R. If % is a model of [0, 1] x B, we put B = §®A0,nova and

trivially extend Incl, Eval;—q, Eval;—y; over Agne. Clearly (§,B, Incl,Eval,—g,Eval;_;)

satisfy similar properties as (?, B,TIncl,Eval,g,Eval,_;) (Definition [3.3.8). Recall the
definition of MCg(B) (Definition 3.4.11)).

Definition 3.5.16. Suppose z¢, z; € MC(B) and B is a dg Lie algebra model of [0, 1] x B.
We say wg is gauge equivalent to zy in B (via ¥) and write zg ~= x1, if there exists T € MC(B)
such that Eval,—o(Z) = xo, Eval;—;(Z) = zo. If 2o, 21 € MCg(B) for some discrete submonoid

G, we also require # € MCg(B).
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Lemma-Definition 3.5.17. ~= s independent of choices of the model B of [0,1] x ﬁ, and
induces an equivalence relation ~, called gauge equivalence, on MC(B). The same holds for

MC¢(B).

Proof. Viewing B as an L., algebra, a dg Lie algebra model % of [0,1] x B is also an L,
algebra model. Then the result follows from Example and Lemma-Definition |3.6.19] [

We can now state the main result in this section.

Proposition 3.5.18. Under the 1-1 correspondence in Lemma[3.4.13, pseudo-isotopy of
(cyclic) filtered A algebras is related to gauge equivalence of Maurer-Cartan elements in dg

Lie algebras in the following way.

(i) Two G-gapped filtered A, deformations m® m' of (C,m) are algebraically pseudo-
isotopic if and only if the corresponding G-gapped Maurer-Cartan elements 8°,al in
(Coder(T(C[1]))@Aomnovs adg, [,]) are gauge equivalent. The same holds in the cyclic
setting, where Coder(T(C[1])) is replaced by Coderey.(T(C[1])).

(ii) Two G-gapped filtered Ay, deformations m®, m' of (C,m) = (QN),d, ) are smoothly
pseudo-isotopic if and only if the corresponding G-gapped Maurer-Cartan elements
n’. nl in (Codero(T(Q(N)[1]))®A0,n0v, adz, [,]) are gauge equivalent. The same holds
in the cyclic setting, where Coder,(T(2(N)[1])) is replaced by Coders cye(T(Q(N)[1])).

Corollary 3.5.19. Algebraic pseudo-isotopy of gapped (cyclic) filtered A, deformations of
(C,m) is an equivalence relation. The same is true for smooth pseudo-isotopy of gapped

(cyclic) filtered A, deformations of (UN),d, A, (,)n)- O

To prove Proposition [3.5.18] we need some preparation.
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Let (C,m), (U/,ﬁ') be unfiltered A, algebras, fix an A, homomorphism f: C' — U/, and
consider the space of coderivations with respect to %, see (3.5.1). The map

1))

et} 2

prrmop— (1) pom

Sem  Coder(T(C[1]), T(C'[1]);§) — Codex(T(C[1]), T(C

is a differential, and gives rise to a version of Hochschild cochain complex ([I8, Lemma-
Definition 4.4.46]).

In the rest of this subsection, if (C',m) is an unfiltered A, algebra, then (6, m) is a model

of [0,1] x (C,m) discussed in Example or Example m

Lemma-Definition 3.5.20. (dg Lie algebra model of [0, 1] x Coder(T(C[1]))).

(i) Ifg = A([0,1]) ® C, then there is an injective cochain map

(Coder(T(C[1)), T(C[1]); Tncl), 6, 5) — (Coder(T(C[1])), ad)

whose image is a dg Lie subalgebra of (Coder(T(%[l])), adz, [,]). This dg Lie algebra,

m

denoted by CH(C, 5), is a model of [0,1] x Coder(T(C[1])).
(i) [f% = Q([0,1] x N), then there is an injective cochain map
(Coder (T(Q(N)[1]), T(0, 1)x N)[1]); bri), ) — (Coder(T((0, 1]x N)[1]), ad)

whose image is a dg Lie subalgebra of (Coder(T(([0, 1] x N)[1])), adz, [, |). This dg Lie
algebra, denoted by CH,(2(N), 2([0, 1] x N)), is a model of [0, 1] x Coder,(T(2(N)[1])).

Proof. (i) C[1] is a graded module over the graded R-algebra (A([0,1]),A). Let us define

the desired R-linear injection Coder(T(a[l]),T(é[l]);m) — Coder(T(C[1])), ¢ — ¢ by

A([0, 1])-linear extension:

~ ~

Coder(T(C[1]), T(C[1]); Incl) ——a—s—z_—v——> Coder 4(j0,17) (T apo,1)) (6[ ) ——— Coder(T(%[l]))

[ 1, Hom 4j0,1)) (C[ [t C1])

as R-vs
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¢ = (r)kz0 — & = (Pr)r>0

It is clear that the commutator of A([0, 1])-linear coderivations is also .A([0, 1])-linear, so

CoderA([oJD(TA([O,H)(é[l])) is a Lie subalgebra of Coder(T(é[l])). The induced Lie bracket
on Coder(T(CT1]), T(é[l]),m) is simply

{0,0'} = g; o — (_1)|90\’\s0’\’95/ o .

We now check ¢ — ¢ is a 0z ad%)—cochain map, namely verify the identity

(fiop— (—1)¥'gom) = [m, & € Coder(T(C1])).

It suffices to check that for each [ > 1,

(06— (—)M' g o) = [, ¢ - T(EN) - ). (35.4
Notice that LHS of (3.5.4)) is \A([0, 1])-linear, so it suffices to show RHS of (3.5.4)) is also
A([0, 1])-linear and the two sides have the same restriction to Hom(a[l]@)k“*l,é[l]) for each

k > 0. There are two cases.

o If | > 2, by definition i, = (Incl, o) is A([0, 1])-linear, so [f, @] = [(Tncl; o ), 3]
is A([0,1])-linear. Clearly both sides of (3.5.4) equal W, o ¢, — (—1)1#+/'p, o T on
=R 5 Tl

o Ifl=1m = id 4(j0,1)) @ My + d 4(0,1)) ® idg[l] has two parts. The first part id 4(,1) ® ™y
is A([0, 1])-linear, so by the same reason as the case [ > 2, we only need to care about
the second part. Let us write d4o,1)) ® idgm as d;, and write left multiplication by
a € A([0,1]) on TA([Oyl])(é[l]) as L,. By Leibniz rule, d; is a well-defined R-linear

operator on T (o1 (C[1]), and

dyo Ly = Lg,o + (-1)1L, o d;.
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Therefore,
[CZLH é] © La = dAt o é o La - (_1)‘@,9‘:7 o CZt © La
= (~1)d; 0 Ly 0 G — (=) G 0 (Law + (1) Lo 0 d)
- (_1)|so|’|a\(Ldta + (_1)\a|La o Cjt) 0p— (_1)|w|’|a\Ldta °p— (_1)Iw|’+\a|+|w|’|a\La 0po d,

= (—1)+lellal (1, o dyop— (=)' Lyopo CZt) = (—1)lellel o [Czt, 2.

This proves |dy, ¢] is A([0, 1])-linear. As for the restrction to C[1]%% — 6[1], clearly

(dy o ¢r) = dy o o = [ds, 1.

We have verified  — ¢ is a cochain map, so its image, Coder 4 (o,17) (T a1 (C[1])), is a
subcomplex. Therefore CH(C, ) = (CoderA([oJ])(T(é[l])), adz, [, ]) is a dg Lie subalgebra
of (Coder(T (5 L]).

It remains to show CH(U, U) is a model of [0, 1] x (Coder(T'(C[1])), adz,[,]). Define

el : Coder(T/(C[1])) — Coder(T(C[1]), T(C1]); Incl)
J s Indlo ),

Eval, ,, : Coder(T(C[1]), T(C[1]); Incl) — Coder(T(C[1]))

o — Eval—y, 0 9. (to =0,1)
Let us check Incl, Eval,— (to = 0, 1) satisfy the desired properties.

e They are dg Lie algebra homomorphisms: First, since Incl, Eval,—,, are A, homo-
morphisms, Incl, Eval,—y, are cochain maps. Next, to see they are Lie algebra
homomorphisms, note that for ¢, € Coder(T(C[1])), there holds Tnl o o) =
(mozﬂfomod}’, SO

TacI([¢, ') = Taclo ($ 0¥/ £ ¢/ 0 ) = {Tncl o 4, Tncl 0 '} = {Tac1(¥), Tnc1(¥)}.

For ¢, ¢’ € Coder(T(C[1]), T(%[l]); ﬁcl), we have Efoalt:tO 0p = E\Afalt:to opo E\Afalt:to,

SO

A

Eval,—;,({¢, @'}) = Evali—y, o (P o ¢’ + &' 0 @) = [Evali—y, o ¢, Eval,—y, 0 @'].
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e Eval;,;, oIncl = idcoder(T(é[l})) since Eval;—, o Incl = 0.

e To show Eval,_;, is a quasi-isomorphism, simply notice that Incl is a quasi-isomorphism

by [18, Lemma 4.4.49F] and Eval,_, o Incl = id.

e To show Eval,_y @ Eval;; : Coder(T(C[l]),T(a[l]);m) — Coder(T(C[1]))#? is

surjective, it suffices to show that for each k& > 0, the induced map

Hom(a(@k,é) — Hom(6®k,6)@2, or — ((Evali—g)1 o @k, (Evali—1);1 o o)

is surjective. Over a field, the surjection (Eval;—g); © (Eval,—;); : C[1] — C[1]%? is split

surjective, so Hom(am,a) — Hom(6®k,6)@2 is also split surjective.

(ii) Proof of this part is formally the same as part (i), while technically one has to be careful
with smooth extendability. First, it is easy to see Coder,(T'(2(N)[1]), T'(2([0, 1] x N)[1]); 1;"7\\,)
is a 0 z-subcomplex of Coder(T'(2(N)[1]), T(2([0, 1] x N)[1]); m/\*N), since M, m are made up
of exterior differential and wedge product. Next, by the decomposition , there are
linear maps

p07p1 : Q([Oa 1] X N) - F([Ov 1] X Na pr}k\/QN)

such that n = pn + dt A p'n for any n € ([0, 1] x N). Then we define a linear map

Ext, : Hom, (T'(2(N)[1]), Q([0,1] x N)[1]) — Hom(T(Q([0,1] x N)[1]),2([0,1] x N)[1])
© = (Pr)kz0 = P = (Pr)r>0
Pr(m @ - @) (t, o) == er(i;p"m® - - - @ i7" (¢, ) (3.5.5)

Fdt A Y ()R Gy O @ - @ ity @ - @ i) (E ).

1<j<k

Notice that ¢ (ifp'm @ - - ® i;p°n) (¢, ) may have dt component. By Remark [3.3.10)(iii)

@ is well-defined. Clearly ¢ = @y, o (pry)®¥, so Ext, is an injective. We call ¢ = Ext, (i)

2There is a typo in the proof of [I8, Lemma 4.4.49], which makes the proof there shorter than it should
be. Namely, the equation m; 0 ¢ — (—1)48 ¥4y 0 d = 0 in the 4th-to-last line on [I8], page 229] should really
be Mo 1) — (—1)%8¥y) o d = 0 (see [I8, Lemma & Definition 4.4.46]). We will fix the error in part (ii) below.
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the smooth extension of p. It is easy to see @y is R[dt]-linear, in the sense that for any

Mo e € 90,1 % N[ and j € {1 k),
@k(nl R ® (dt A 77j> R ® 77k) — (_1>\¢k\’+2{:_11 Il ¢ A @k(nl QRN ® 77k)-

Now we show that for any ¢,¢' € Coder,(T(Q(N)[1]), T(22([0,1] x N)[1]);pry), the
commutator [¢, ¢'] € Coder(T(Q([0,1] x N)[1])) also lies in the image of Ext,.
Firstly, for k € Z>1, k' € Z>o,j € {1,...,k}, define

PiS5pp € Hom(QN)[1F =1 ([0, 1] x N)[1])
as follows. For ny, ..., mprw—1 € Q(N)[1],

(k0@ ) (M & -+ @ Ny —1) (t, )
VARV j—1 /o * *
= (=)l = G (o @ - @ (@ ) @ privaw @ -+ )(E )
AnY j—1 / %
= (-l Zia Il (g @ - @il (@ ) @ @ ) (L, @)

 (—))le H AT EE W G A (i @ - @ i (0 © ) @ Ty @ -+ ) (1, ).

We claim 6,05 is smoothly extendable. Indeed, similar to Remark [3.3.10(iii), for m =0, 1

and any C'*°-manifold 5,

p(m @ - @i " (N @ - @0 1)) @ QM) (E, 1)

is C* in (s,t,x) € S x [0,1] x N because of smooth extendability of ¢}, (with respect to
S) and ¢ (with respect to S x [0, 1]), taking into account pull-back via the diagonal map
Sx[0,1] x N =S x[0,1]>x N, (s,t,z) — (s,t,t,2).
Secondly, for k, k' € Zo, we claim that [, @}, is the smooth extension of
{on o} = D ordjg — (1) N " 05,0
1<5<k 1<j<k

It suffices to check that for any 7y, ..., mw—1 € Q([0,1] x N), 7 € {1,...,k},

~ ~ AT j—1 ’ - ~
G @ @@y @)@ ) (t,x) = (=)l 2l (6500 ) (i @ -+ @ 1) (¢, ).
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Since both sides are R[dt]-linear, we may assume p'n; = -+ = p'ny 1 = 0. But then

G @ @G (@) @ @ Mpywr—1)(t, 7)
= oe(ip"m @ - @ P P (n; @ -+ ) @ -+ @ 4P g1 (t, @)
Fdt A (<) T (0 @ - @ DB @)@ @ i Mew 1) (t, )
= oe(ip"m @ - @ P (i7" @ ) @ - @ P Mg (F, @)
+dt A (1)l TR Gy O @ - @ it (0 © ) © - @ ) (8, )

VARV, j—1 ) - ~
= (=)l Z (5,00 (1 @ -+ @ 1) (£, ).

We have thus proved the image of Ext, is a Lie subalgebra of Coder(7(€2([0, 1] x N)[1])).

Next we need to show Ext, is a (d= =, ad%)—cochain map. It suffices to prove a counterpart

of , which is even easier, since here we are dealing with R[d¢]-linearity instead of
A([0, 1])-linearity, and dg algebras instead of A, algebras. Therefore we omit the details.

It remains to show CH,(Q(N), ([0, 1] x N)) is a model of [0, 1] x CHy(Q2(N), Q2(N)). For
to = 0,1, because of Remark [3.3.10i)(ii), we can define

—_

Tncl : Coder,(T(Q(N)[1])) — Coder, (T(Q(N)[1]), T(2([0,1] x N)[1]);pry,)
W = pry o ¢,

Eval,—y, : Coder(T(Q(N)[1]), ([0, 1] x N)[1]);pry) — Coder,(T((N)[1]))
P i, 00,

Most of the rest is literally the same as part (i), except for the following two things.

First, we need to prove that for each k£ > 0, the map
Hom, (Q(N)®*,Q([0,1] x N)) — Homo(QUN)®* Q(N))®2, @ = (i% 0 @r, 1} 0 @)
is surjective. If 9y, 1, € Homy(Q(N)®* Q(N)), define o, € Hom(Q(N)®* Q([0,1] x N)) by
erm @ @n)(t,x) = (1—t) - pry(u(m®- - @ne))(t, ) + - priy(W(m @ - @n))(t, ).

Then ¢y, is clearly smoothly extendable and i o ¢ = ¥y, i} 0 @ = ;.
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It remains to prove Incl is a quasi-isomorphism. Since Eval;—goIncl = idcoder,(T(Q(N)[1]);
the induced map Incl, between cohomology groups is injective, so it suffices to prove its

surjectivity. Recall the differential d; = on Hom,(T'(Q(NV)[1]), ([0, 1] x N)[1]) is defined by

~

Smmlp) =mop — (=)l o . Write

ﬁv
o1(p) = 5@,51(90) = ﬁ1 oY — (_1)WSO Oﬁl-
Notice that pry o ij is m;-cochain homotopic to identity:
t
idogo,xn) —Pry 0ig =doh+hod, h(n):= / dt A p'n. (3.5.6)
0

Moreover,
Om(Pry © 15 © ) = pry 04 0 0z 7()- (3.5.7)
Let o € Hom, (T(Q(N)[1]), ([0, 1]x N)[1]) be a 6 z-cocycle. Define a sequence {0 }zeZ>o
in Hom, (T'(Q2(N)[1]), ([0, 1] x N)[1]) by

PO =, D = o —pry 0ifo oW — 52 (hopl”). (3.5.8)
We shall prove by induction that for any ¢,
Sam(@®) =0, ¢ =0 (Vk <. (3.5.9)

The case i = 0 is obvious. If (3.5.9) holds for ¢, then by (3.5.8) and (3.5.7)), we have
J

ﬁ7

(o) = 0 and o™ = 0 (Vk < i). Moreover,

o)) =m0’ — (1) oy = 5 &N lagme: =

It follows that

sog”l)zsof) priy oigo @l — 81 (hopl”)

(13.5.6)

ohop! +hotyop! —di(hogl)

7

ﬁ ohogp +( )\¢|'ho¢§i)oﬁl_51(h0(p£i)):0.
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So (3.5.9) holds for 7 + 1. Thus (3.5.9) holds for all i. Now we set ' 1= ¢ and
@ =50 hong@. By construction, ¢, ¢” are elements in Hom, (7'(2(NV)[1]), 2(]0, 1] x N)[1]),
satisfying

p=pryoigoy + 5ﬁﬁ(g0") = Incl(Eval;—o(¢)) + (%ﬁ(g&”).

This shows Incl, is surjective. O
Next, we discuss cyclic A, algebras.
Definition 3.5.21. Let (C,m, (,)) be an unfiltered cyclic A, algebra.

(i) If C = A([0,1]) ® C, then (,) extends A([0, 1])-linearly to a A([0, 1])-valued graded

symmetric bilinear form on C. We say ¢ € Hom(C[1]®*, C[1]) is cyclic, if for any

T1,..., Tk 2o € C[1], there holds
<95k:(5151 R ® g;k)’ g;0>’ - _(_1)‘x0‘/(|xl|,+m+‘xk|,)<S5k($0 QIR ® wk—l), $k>/7

where @y, is the A([0, 1])-linear extension of ¢y.

(ii) If (C,m, (,)) = (AN),d, A, {,)y) where N is a closed oriented smooth manifold, and
C= Q([0,1] x N). Then (,)n extends to a Q([0, 1])-valued graded symmetric bilinear
form on Q([0,1] x N) by

<O./1+dt/\’}/1,(1/2+dt/\’)/2>]v Z:/

o) N\ ag + dt/ (—1)|a1|oz1 Ay + 71 A g,
N

N
where a;,v; € T([0,1] x N, pryQy). We say ¢ € Hom,(Q(N)[1]®%, Q([0, 1] x N)[1]) is

cyclic, if for any ny,...,nx,mo € ([0, 1] x N)[1], there holds

(G @ -+ @), vp)y = — (= 1)l Il (5, (o @y @ -+ @ M) i) s
where ¢ = Ext,(¢r) (3.5.5).

Lemma-Definition 3.5.22. (dg Lie algebra model of [0, 1] x Codere,.(T(C[1]))).
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(i) For (C,m,(,)), the subspace of cyclic elements in CH(C, 5) is a dg Lie subalgebra, and

is a model of [0,1] x Codery.(T(C[1])), where Incl, Eval,—o, Eval,_, are restrictions

of those of CH(C, 6)

(i1) For (UN),d, A, {(,)n), the subspace of cyclic elements in CH,(QUN),Q([0,1] x N)) is a
dg Lie subalgebra, and is a model of [0,1] x CHg ¢ye(Q2(NV), Q(N)), where Incl, Eval;,
Eval,_; are restrictions of those of CHo(2(N), ([0, 1] x N)).

Here, cyclic elements are defined in Definition |3.5.21, CH(C, 6), CH,(Q(N), ([0,1] x N))

are defined in Lemma-Definition |3.5.20
Proof. 1t is easy to see the proof of Lemma-Definition [3.5.20]also works for cyclic elements. []

Proof of Proposition [3.5.18. The proofs of (i)(ii) are literally the same, so we only write the

proof of (i). Let (5 = A([0,1]) ® C,m) be the model of [0, 1] x (C,m) (Example [3.5.8). We

will show that there is a bijection between:

e Algebraic G-gapped (cyclic) pseudo-isotopies {m}, B ch 5}266[230 sec Of G-gapped filtered

Ay deformations of (C,m) between m® m!;

e G-gapped (cyclic) Maurer-Carten elements {91 = 0, B}f:gg\é ©OFin CH(C, 6)(§>A0,nov

(CHeye(C 6)@9/\%OV in the cyclic setting) satisfying Eval;—, (‘5?) =m — mlo (to =0,1).

In the following, Conditions (a)(b)(c)(d) refer to the conditions in Definition [3.5.15, For
the sake of convenience, we divide Condition (b) into two parts: (bl) mz,(o,o) = my, for all
k € Zso,t € [0,1], and (b2) m' satisfies A, relations V¢ € [0, 1].
— _ — — t€[0,1] .
First, if {m} ; € Hom'~ HB) (C1]%*, C[1)), ¢;. 3 € Hom HB (C[1]®*, C[1]) P satisfy

Conditions (a)(c), then they determine {9 5 € Hom!'~#®) (C[1]®k 6’[1]

) )}kEZZmﬁEG\{(O’O)} by

Mg+ dtAc g =g (87 (0,0)), (3.5.10)

and vice versa. Moreover, if mj 5 is cyclic V¢ € [0,1], then ¢ 5 is cyclic Vt € [0, 1] iff Ny 5 is

cyclic. Next, (3.5.10|) implies Eval,—; (Mk 3) = —m}i‘jﬁ (8 # (0,0)), so Condition (b1) just says
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Eval,_, () = m—m =: 4% It remains to show that {my, 5, <. 5}266[2310 seq satisfy Conditions

(b2)(d) iff N = PP TE(B)G@(&kﬁ)k is Maurer-Cartan in CH(C, 5)@/\0,1“, namely

1 - . A~ A — ~
= (ML =MWo N+ Noww+No =0 € Hom(T(C1]), O)FAonor,  (35.11)

where N is the A([0, 1])-linear extension of M. By (3.5.10)), that 9 satisfies (3.5.11]) means
for each k € Z>g, 8 € G\ {(0,0)}, z1,..., 7 € C[1], the following summation is zero (here

gi = |zl + -+ |wial):

Sy e @my, y(a @) @ ® ) (3.5.12a)
ki1+ko=k+1
1<i<ky
tdt AT (11 @ @, g ® ) ® - @ ay) (3.5.12b)
+ (=1)"mp, 411 @ @MWy (2, @+ ) @ -+ @ ) (3.5.12¢)

+ (=1)TdEA g (1@ @MWy (2, @) Q- ® .’Bk)) (3.5.12d)

+ ) > ((—1)5"111};1”31(%®---®m22752(xi®---)®---®xk) (3.5.12¢)

ki+ko=k+1 Bi1+B2=p
1<i<ki  B1,82#(0,0)

+dtAmp 5 (11 Q- Q@@ ) Q- @ ay) (3.5.12f)
+ (=D)%dt A g (11 Q- @My, 5 (3, Q@) Q- ® xk))

(3.5.12g)

Since ﬁl = d.A([O,l]) X ldé[l] + idA([O,l}) X ﬁl and ﬁk = (ml o) ﬁky (]C Z 2),

(B5.12a) + (3.5.12d) + (3.5.12d)

d N
=dtA Sl @ )+ Y Y (DM (@@ m (@ © ) @),

k1+ko=k+1 B1+B2=0
1<i<ki

EEIE) +E5R) = Y D dAml (0 ® @, (1@ ) @),

k1+ko=k+1 B1+B2=0
1<i<ki  B2#£(0,0)

EER)+E5RY = > > (-D)TdtAc @1 @ @mp, (3@ ) @),

k1+ko=k+1 B1+B2=0
1<i<kr  B1#(0,0)

By looking at the terms containing dt or not separately, we conclude that 9 is a Maurer-Cartan

element iff Conditions (b2)(d) are satisfied. O
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3.6 Homological algebra of L., algebras

The theory of L., algebras ia parallel to that of A, algebras. It is sufficient for us to deal
with filtered L., algebras that are filtered in the simplest way, i.e. the (completed) tensor

product of an unfiltered L, algebra with Ag 0. So we restrict discussion to this special case.

3.6.1 Coderivations on the reduced symmetric coalgebra

Let V' be a graded vector space, the reduced symmetric algebra of V', denoted by S, (V), is
the quotient of the reduced tensor algebra T', (V') by the homogeneous ideal generated by

elements of the form
u@v— (—1)"My®v,  u,v €V homogeneous.
Equivalently, S, (V) = @,-,(V®"/6}), where the symmetric group &y, acts on V¥ by
o1 @ Qug) i=€(0;v1,...,0k) Vo) @+ @ Vphy, 0 € Sy,
where €(o;vq, ..., v;) is Koszul sign:
e(o;vr,...,05) 1= (—1)Zi<ﬂ"0(i>>0<ﬂ'> [villvs |
There is a natural identification between V®*/&;, and the fixed point set (V®*)g, , say

1
[v1®--~®vk]wy o ® - Qug) = v O O V.
'UEGk

v) © -+ Oy, is the symmetric product of vy, ..., v,. Let us write VOF := V& /G = (Vg .

Before defining a graded coalgebra structure on S (V'), we recall the notion of (un)shuffles.

Definition 3.6.1. Let r € Z>q, k1,..., k. € Z>p and k = k; + --- + k, > 1. The set of
r-unshuffles of type (ki,..., k), denoted by Sh(ky, ..., k,), consists of permutations o € &y,
such that

O'(Z) <0'(Z+1) Vi € {1,,]{5}\{k}1,k1+k52,,k1+k2+—|—k’7~_1}
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Since an r-unshuffle of type (ki,..., k) is uniquely determined by successive choices
of ki,..., k. elements out of {1,...,ky + --- + k.}, the cardinality of Sh(ky,...,k,) is
(kv + -+ k) (k! K.

We are now ready to define a degree 0 linear map A : S (V) — S, (V) ® S (V) by

Alv @ Ouy,) = Z e(o;v1..0) (Ua(l) (ORERNO) Ua(k)) ® (Ug(]g+1) (ORERNO) Ug(n)),
1<k<n-1
oeSh(k,n—k)
where €(o; vy, ,) is abbreviation for €(o; vy, ...,v,). Then

1A (A1 O - Ou,)) = (ARD(A( @O vy))

= Z E(U; Ulmn) (UU1 ©--0 U0k1> ® (U0k1+1 ©--0O v0k1+k2) ® (U0k1+k2+1 ORRRNO) UUn)?

k1+ko+kz=n
O'ESh(k:l,k‘g,k;g)

so (S4+(V),A) is a graded coalgebra (without counit). Moreover, there is a natural correspon-

dence between Hom(S;(V), V) and Coder(S,(V)) as follows.

e For any k > 1, a graded linear map ¢y, : VO — V extends to a coderivation @y
—Ifn>k (v ©@--Ouy) =
Z (o3 v1..0) SOk(Uau) ©-- '@Uo(k)) OVo(k+1) O - O Vs(n)-
oeSh(k,n—k)

— If'ﬂ,<k, (ﬁk(?h@"'@?]n) = 0.

e For any coderivation ¢ on S, (V), denote its Hom(V®* V) component by ¢, then ¢

can be recovered as ¢ = Y, o, Px. This is a finite sum when evaluating on S, (V).

If we include @9 = 0 € Hom(R, V') into (¢k)r>1, then o(1) = po(1) =0, ¢(1) = ¢o(1) = 0.
Let V,W be two graded vector spaces, there is a natural correspondence between
Hom(S, (V), W) and Hom((S.(V), A), (S5 (W), A)): Any f = (fi)s1 € [Ty Hom(VEE, V)

can be uniquely extended to a coalgebra homomorphism f : Sy (V) — S, (W) by

: €(o;v1..n) n
fo1O--0uv,) = > Tfkl@ff:wa(jl)) O O fim(OF —p— k4100 (Gm) ) -
m>1, ki+-+km=n )
o€Sh(k1,....km)
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If we include fo = 0 € Hom(R, W) into (fx)k=1, then f(1) = fo(1) =0, f(1) = fo(1) =
For my € Zxy, my € Zxy U {oo}, my < my, denote S;2(V) := @2, VO, then S7"(V)

is a subcoalgebra of S, (V), and Sm2(V) = S (V)/S7" (V) is a quotient coalgebra of
S57"2(V). Moreover:

o Every ¢ =}, ¢ € Coder(S,(V)) restricts to a coderivation on S;2(V), which is

determined by ¢1, ..., ©my—m,+1. We denote it by gb]sz%(v)_}éwg%(v).

e Every f € Hom((S4(V),A),(S4(W),A)) restricts to a coalgebra homomorphism
from S)2(V) to S}i2(W), which is determined by fi,..., fimy—m,+1. We denote it by

f|sm2(v —SmZ (W)

All discussion above extends to filtered Ag po-modules.
Definition 3.6.2. Let C be a graded vector space and C' = 6@/\0,1”.

(i) A structure of (unfiltered) Lo, algebra on C is a sequence of linear maps {[ : C[1]9F —
C[1]}x>1 of degree 1 such that the coderivation = ZkZlik on (Sy(C[1]),4) is a

codifferential, i.e. :[02[ = 0.

(ii) A structure of (trivially filtered) Lo, algebra on C' is a sequence of degree 1 filtered
homomorphisms {l, : C[1]%0me” — C[1]}4>1 such that [ = /_i®idAO,nov for an L, algebra

structure {I; };>1 on C. By abuse of notation we also write such (C,I) as (C, ).

~

The condition [o 1 = 0 (Loo relation) is equivalent to [o [ = (:[ o :[)| s, @—cp = 0, which

explicitly says that for each n > 1 and a4, ...,, € C[1],

Z 6(0'; xln) in7k+1(_[k(l'a.(1) OEERNO) xa’(k)) ® mo(k:—&-l) [ORERNO) xg(n)) =0.

1<k<n
c€Sh(k,n—k)

In particular [; o [; = 0, so one can discuss cohomology of (C, ).

Definition 3.6.3. Let (C,1), (C,1) be Lo, algebras. An Ly, homomorphism from (C,1) to
(6/,_[/) is a degree 0 coalgebra homomorphism % S (C) = S, (U,[l]) such that T o f= %

~

HI>
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The condition i/ of = ?02[ is equivalent to 4 o% = fo f Thus an L, homomorphism is
given by a sequence of linear maps (or filtered homomorphisms) {f, : C[1]®* — 6/[1]}@1 of
degree 0 such that for each n > 1 and zy,...,z, € C[1],

_, f— -_—
> €(0;21.0) L(Fiy (To) © - © To(ry) @+ O Fi (To(ntrd1) @ © To(ny))

r>1, ki+-+kr=n
oeSh(ka,..., kr)

= Y emimm) T (b (1) @+ © Troms) © Ty 1) @ -+ © Trm)-

mi+meo=n+1
T€Sh(ma,n—my2)

An L., homomorphism {f,} is said to be linear if f,, = 0 for all k # 1.
The Lo, composition ¥2of1 = ((f2 ofl) i) of Lo, homomorphisms fl, fz is given by composition

of corresponding coalgebra homomorphisms.

Example 3.6.4. Let (B,d,{,}) be a dg Lie algebra. In view of sign change rule (1.8.1)), let

us set ([)x>1 as
L(z) =dr, Llzoy) = (-1)"{zy},

and [, = 0 for K > 3. Here z ® y respects grading in B[1]. Then L, relations for
are equivalent to the defining relations of a dg Lie algebra. Likewise, a dg Lie algebra

homomorphism is exactly an L., homomorphism that is linear.

3.6.2 Homotopy equivalence of L., algebras

In this subsection, let (C, 1), (5/,?) be L., algebras, and C' = 6@/\0,110\,, C = G@Aomv.

Definition 3.6.5. An L, algebra (C, :[) together with L., homomorphisms

Tocl: (C,1) — (O,1), Evalo: (C,1) = (C,1), Eval: (C,1) - (C,1)

is said to be an (Lo, algebra) model of [0,1] x C if the following holds:

e Incl, Eval,—q, Eval;,_; are linear L., homomorphisms;

e Eval;— o Incl = Eval;—; o Incl = idg, the identity on C;
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e Incly, (Eval;—g);, (Evaly—;); are quasi-isomorphisms between the cochain complexes
(67 i1)7 (Ua il)u

e (Eval;—g); ® (Evalyy); : C - C @ C is surjective.

Example 3.6.6. Let (.,4([0, 1)), d, /\) be the commutative dg algebra introduced in Example

3.5.8 then A((0,1]) ® C is a model of [0,1] x C, where |} = d ® idgy + idagon) © b,

:[k = A([0, 1])-linear extension of [ for £ > 2, and Incly, (Eval;—o);, (Eval,—;); are obtained
by tensoring idgy;; with obvious maps between R and A([0,1]). Let us check [ satisfies L
relations. First, denote d; = d ® idéu]a ?1 = id 4([o,1)) ® [; and :[; = ik for £ > 2, then 2[, 02[, =0
on S+( ) since it is the A([0, 1])-linear extension of To1. Notice that the commutativity of

A on A([0,1]) is required here. Second, as in the proof of Lemma—Deﬁnition 3.5.20, we can

show [d, 1] is A([0, 1])-linear on S+ (C). Then [d,, [ [] = 0 since dt,

] __ = 0. This
[

1,

ty
lo

verifies = 0. We finally remark that if C is a dg Lie algebra as in Example 3.6.4] then

A([0,1]) ® C is also a dg Lie algebra.

— — — =/
Definition 3.6.7. Let f,g : C' — O’ be L., homomorphisms, and let C' be a model of
— . =/ .
[0,1] x C'. We say f is homotopic to g in C and write § ~e g, if there exists an L
— =/ — - — —
homomorphism b : C' — C' such that Eval,_qgobh = f, Eval;—; o h = g. Such an b is called an

_ =/
homotopy between f and g in C .

=/ —
Lemma-Definition 3.6.8. o is independent of choices of the model C' of [0,1] x C/, and

gives an equivalence relation ~ on the set of Lo homomorphisms from C to .
The proof of Lemma-Definition |3.6.8| relies on the following lifting result.

= =/ — —
Theorem 3.6.9. Let C,C be any Lo, algebra models of [0,1] x C,[0,1] x C/, respectively,
and let § : C — C be an Lo, homomorphism. Then there exists an L., homomorphism

~ = =/ —
f: C — C which lifts f, in the sense that

Incl of = foIncl, Evalgzt0 of =foEval;y, (to =0,1).
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For the proof of Theorem [3.6.9] see Remark [3.6.13]

= =/ —
Proof of Lemma-Definition[3.6.8 Let C,, Cy be two models of [0, 1] x C’, and suppose

P

— — — — =/ . =/
f :a g:C — C'. Let h: C — C, be a homotopy between f,g in C;. By Theorem |[3.6.9

~ =/ fad) — e
there is an L, homomorphism id : C'; — (', which lifts the identity on C'. Thenidohis a
— =/ .
homotopy between f,g in C,, so f e g. This proves e does not depend on the choice of
2

~/

C' . Next we show ~ is an equivalence relation.

e To see ~~ is reflexive, simply notice that Incl o f is a homotopy between f and f.

~/ _ ~/
e To see ~ is symmetric, notice that if f ~ g in C', then g~ | in C,, where

~/ ~/ ~

(C’ [, Incl’ ,Eval,_ O,Evalt 1) = (U,

op’ )

[,, Incl, Eval:t:17 Evalizo) .

o To see ~ is transitive, choose a specific model A([0,1]) ® C' of [0,1] x C as in
Example [3.6.6, and choose A([0,1]) as the space of piecewise smooth differential
forms on [0,1]. Notice that [0,1] can be replaced by any other closed interval [a, b]

(a < b), with Evall™! Eval[a P instead of Eval,_g,Eval,—;. For i = 0,1, suppose

t=a"

(i+1) —

E(i) 1 C — A([i, i—l—l])@? is a homotopy between f(i),f O — 5/, then b = (6(0), b(l))

is an Lo, homomorphism from C' to

{(z,y) € (A([0,1) ® A(1,2])) ® C' | Eval,%) () = Eval,ip(y) } = A([0,2) © T,

such that Evalt 0 Vo h= f , Eval,_ 02] oh = f . This shows ¥(0) ~ $(2).

The proof is complete. O

— —/

Corollary 3.6.10. Iff~g:C —

—

andf ~q: U/—>5, thenfof:ﬁ’oﬁ:U%C’

Proof. 1t follows easily from Theorem [3.6.9]

O

Definition 3.6.11. Let f: C — C’ be an L, homomorphism.

(i) i is called a homotopy equivalence if there exists an L., homomorphism g: C' — C

such that f o g and g o f are homotopic to identity.
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(ii) § is called a weak homotopy equivalence if §, : (C,1;) — (U/,fll) is a quasi-isomorphism.

Theorem 3.6.12 (Whitehead Theorem for L., algebras). A weak homotopy equivalence

between L., algebras is a homotopy equivalence.

Remark 3.6.13. Lifting theorem (Theorem and Whitehead theorem (Theorem
for L., algebras can be proved in the same way as [I8, Theorem 4.2.34, Theorem 4.2.45] for
A, algebras, where the proofs are written in an inductive, obstruction-theoretic way. The
only difference is to replace tensor coalgebra (for A, algebras) by symmetric coalgebra (for
L algebras). What is more, we only need the unfiltered version. Therefore we omit the
proofs of Theorem [3.6.9 and Theorem [3.6.12] Nonetheless, we prove the following lemma,

which is useful in inductive proof of these theorems, as well as Theorem ?7.

Lemma 3.6.14. (Compare [18, Lemma 4.4.9, Lemma 4.4.10]). Let C, C be graded vector
spaces, my, My, K € Zs1, 0 < my —my < K. Consider | = (1), € Hom(SEK(C1]), C[1]),
U= (1)f%, € Hom(SK(C'1)), C'[1]), T = (,)is € Hom(SK(C[1]), C'[1)).

~

(i) IfTol

0 on SK(C[1]), then | ol=0 on S (C[1]) — S™2(C[1]).
(i) Iffol=T0F on SK(C[]), then fol=T1of on S™2(C[1]) — Sm(C'1]).

Proof. We prove by induction on K > 1. The case K = 1 is obvious. To perform the induction,
observe that © : S (V)®@SL(V) = S4(V), (110 Oug) @ (Vg1 O+ - - OVg4y) — 01O+ - - O Vg

is left inverse to A : S(V) — S (V) ® S+ (V) up to constant multiples, namely they satisfy

Therefore, to prove (i), it suffices to assume m; > 2 and prove Ao (lo])| sz @n)—srz @) = 0

provided lol=0on SE(V). Since lisa coderivation, on S, (V') we have

Aolol = (id®1+1®id)o Aol = (i@ I+I®id)20 A = (id® (lo])+ (Iol) ®id) o A. (3.6.1)
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Inductive assumption says Tol=0on Sm2(C[1]) — Sm2(C[1]) whenever my —my < K. In
case my —my < K + 1, Since A maps S72(C[1]) into 5727 (C[1]) ® S7"*~'(C[1]), we have by

(3.6.1)) that Ao Tol=0on Sm2(C[1]) — Sm2(C[1]). The proof of (ii) is similar. O

3.6.3 Maurer-Cartan elements in L., algebras

Definition 3.6.15. The set of Maurer-Cartan elements in an L., algebra (C,1) is
MC(C):={zeC1]’=C" ||z] <1, [(exp(z)) = 0},

where

x rTOx _
eXP Z il = 1! + 5 +e [(exp(a:)) = Z H[k(l”@k). (3.6.2)

k>0 k>1

Let G C R>g x 2Z be a discrete submonoid. The set of G-gapped Maurer Cartan elements in
(C,1), deonted by MCq(C), consists of those x € MC(C) of the form z = > sec TE(ﬁ)e#xg

where each x5 € C[1]7#().

Note that (§ converges in C since ||z]| < 1ie. z € C[1JQAL If x is G-gapped,

0,nov*

then Z(0,0) = 0.

Lemma-Definition 3.6.16. If: (C,1) — (C',1) is an Lo homomorphism, then | induces
a map
< / < fk J'@k
F. i MC(C) = MC(C"),  F(2) = flexp(x)) = > _ o

k>1

The assignment |+ §f, is covariant. Moreover, f, maps MCg(C) into MCg(C").

Proof. First, for any z € C[1]°, ||z]| < 1,

l(exp(z)) = (Z@(Z ) > oy onck

k>1 n>0 k=1 Shknok) *
= > MDD el 0 i)
K k) P PR

n>k>1
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It follows easily that [(exp(z)) = 0 iff ?(exp(m)) = 0. Next,

kal _k 1Ok
o) = Da( T are™) =X ¥ pRER o R

>0 NE>1 >0 ki,..., kl>1'

- (1) 6 0 o) = 3D~ fespa)
Z Z k'l'fkl fkl z 7l flexp(x)).

k>0 k1+-+k= k>0
150 Sh(ki,..., kl)

~

Therefore if z € MC(C), then f(exp(f*(x))) = E(f(exp(z))) = ?(f(exp( ))) = 0, and so

f.(z) € MC(C). Tt also follows from that g, (f.(7)) = glexp(f,(7))) = ( (exp(x))) =
(g of)(exp(x)) = (gof).(x), so f > f, is covariant. Finally, if z = = sec T TE® " o Tg €
MCq(C), then f,(x) is also G-gapped:

BeG k>1 Bi+-+B8r=8

where each f,(7)s is a finite sum because T(,0) = 0 and G is a discrete submonoid. [

Example 3.6.17. Let (C, 1}, ), (6/,?1,?2) be dg Lie algebras as in Example , then
the the notion of (gapped) Maurer-Cartan elements coincides with Definition [3.4.11] Let
§:C — C be an Ly, homomorphism. If f is linear, then f, : MC(C') — MC(C") is the same

as that for dg Lie algebras.

Definition 3.6.18. Suppose zg,z; € MC(C) and C is a model of [0,1] x C. We say z is
gauge equivalent to x; in C (via &) and write xq ~z w1, if there exists T € MC(C) such that
Eval,—o(Z) = zo, Eval;—1(Z) = x. If 29,21 € MCg(C) for some discrete submonoid G, we

also require # € MCg(C).

Lemma-Definition 3.6.19. ~= is independent of choices of the model C of [0,1] x C, and
thus induces an equivalence relation ~, called gauge equivalence, on MC(C'). The same result

holds for MCq(C).

Proof. The proof is similar to that of Lemma-Definition W To see ~z does not depend on

the choice of 6, suppose 61, 62 are two models of [0,1] x C, and x ~E, T via T € MC(gl).
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By Theorem [3.6.9, there is an L., homomorphism 0 : 51 — 52 lifting the identity on C'.

Then o ~z 1 via 0,(7) € MC(ég) by Lemma-Definition [3.6.16] The rest of the proof is

also a copy of the proof of Lemma-Definition |3.6.8 O

Corollary 3.6.20. Suppose f,g: C — C are Lo homomorphisms and x,y € MC(C). If
f~ @ and xo ~ 1, then §,(z¢) ~ §,(21). Then same holds if x,yy € MCq(C).

Proof. Choose specific models of [0,1] x C,[0,1] x C as in Example m Let h: C —
A(]0,1])®C" be a homotopy between f, §, which extends A([0, 1])-linearly toﬁ : A([0,1])2C —

A([0,1]) ®C'. Then one checks ﬁ is an Lo, homomorphism by similar arguments as in Example

3.6.6f It is easy to see Evalgzt0 o E = Eval;:t0 o E o Eval;—,, so Evalft:0 o E = fo Eval;—g,

Eval, , oﬁ = goEval,;. Suppose xg ~ z; via & € MC(C), then clearly f,(z¢) ~ g,(z1) via

b, (%) € MC((A(]0,1]) ® C")®Ag noy)- O
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