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Abstract of the Dissertation

Quasisymmetries of the Feigenbaum Julia set and transcendental dynamics

by

Timothy Alland

Doctor of Philosophy

n

Mathematics

Stony Brook University

2023

We give an explicit description of the group of topologically extendable quasisymmetric

self-maps of the Feigenbaum quadratic Julia set. We also describe the transcendental dynamics

of the Feigenbaum renormalization fixed point whose structure plays an important role in

restricting what maps can belong to the group of quasisymmetries.
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Chapter 1

Introduction

In the last decade there has been a substantial increase in interest in the field of quasisymmetric
geometry. Perhaps the most natural invariant for this setting is the group of quasisymmetries
of a given space. One can coarsely classify sets as being either little quasisymmetric or
highly quasisymmetric depending on whether its group of quasisymmetries is finite or infinite,
respectively. In the world of Julia sets of rational maps, quasisymmetric groups have been
computed for Sierpinski carpets in [BLM14] and for the basilica Julia set in [LM18§|. The
Sierpinski carpets from [BLM14] are examples of sets that are little quasisymmetric while in
[LM18], Lyubich and Merenkov show the basilica is highly quasisymmetric. The methods

from |[LM18] also extend to every hyperbolic Julia set in the main molecule of the Mandelbrot
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Figure 1.1: Julia set of the Feigenbaum quadratic, 7.



set (i.e. maps reachable by a finite series of bifurcations from 2%). The goal of this thesis is
to describe the group of quasisymmetries of the Julia set of the Feigenbaum quadratic, 7.,
(see Figure , thus giving the first example of the group of quasisymmetries of the Julia
set of an infinitely renormalizable map and, more generally, a non-hyperbolic quadratic.

The Feigenbaum quadratic’s lack of hyperbolicity prohibits us from applying the methods
of [LM1§| in our setting. Instead, we rely heavily on the topology and geometry of the
transcendental dynamics of the quadratic-like renormalization fixed point from which we are
able to fully determine the group of extendable quasisymmetries of 7.. We give now some
quick definitions in order to state the main results and give better intuition as to the ideas of
the proofs.

Given a homeomorphism 7 : [0,00) — [0,00) and metric spaces (X,dx),(Y,dy), a
homeomorphism ¢ : X — Y is said to be a quasisymmetry with distortion function n

(n-quasisymmetry or n-qs) if for all distinct triples xy, zo, 23 € X,

dy (d(x1), ¢(72)) dx (71, 22)
dy (¢(21), d(73)) = (dX(fEh%)) '

When X =Y, we call ¢ a quasisymmetry (or n-quasisymmetry if n is specified). As is done

for the basilica in [LM18] we restrict our scope to quasisymmetries of 7 that are topologically
extendable (to an orientation-preserving homeomorphism of C).

A quadratic-like map (ql map) is a degree 2 branched covering between topological disks
UeeV. Let 0 € Uy € V be suitable open topological disks and let f : Uy — V; be the
period-doubling renormalization fixed point in the space of quadratic-like maps — for more on
this map and its existence, see [Buf97] or [McM96]. As such, f has the desirable property of

satisfying the functional equation

F(2) = —pf2 ') (1.0.1)

where p > 1. Define the Julia set of f, J = J(f), to be the set of non-escaping points; that
is,
J ={z€U|forallneN, f*(z) € Up}. (1.0.2)
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By (L.0.1) and (1.0.2), for all k € N,
prtTcg (1.0.3)

and ka cu T — pu*J is a degree two mapping. We say a subset J C J is a little Julia
set of depth k if J is a pre-image of %7 under f" for some n € Ny. For each little Julia set,
J, we define a “shift” map o; : J — J (under which J is invariant) which acts as a shift on
the little Julia sets contained in J and of depth one more than that of J. Given the top-level
shift map on J, every other shift map is then defined canonically in terms of the dynamics
and scaling. See Section [5.1] for formal definitions and Figures [5.2] and [5.3] for drawings of
these maps. Let p: J — J be the symmetry given by p(z) = —=z.

Let X be the collection of little Julia sets of depth less than k. From this, define
Y, :={p,0s | J € Xi} and Gy to be the group of maps generated by elements of Y.

The following statement is the main result of this dissertation and the sentiment is that
any quasisymmetry of 7 is dynamical in nature for all sufficiently deep little Julia sets and
the action of a quasisymmetry on J can be fully described in terms of shift maps on little
Julia sets of shallow depth (where what is considered shallow depends on the distortion of

the quasisymmetry).

Theorem 1.0.1. For any distortion function n there exists a k € N and distortion function
1 such that for any topologically extendable n-quasisymmetry ¢ : J — J, there exists a

sequence of ' -quasisymmetries (gn)nen C Gi such that g, — ¢ uniformly.

As mentioned earlier, the proof of Theorem relies heavily on the topology and

geometry of the transcendental dynamics of the renormalization fixed point, f. The following

set, Ju, is of particular importance. By (1.0.3]),

T = Ju"T (1.0.4)

neN

is an increasing union and therefore well defined. By Proposition it is dense in C. We

use Jo to obtain rigidity in the quasisymmetric group of 7. A primary example of how this
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is done is via Lemma which lets us pass from a quasisymmetry of 7 that fixes 0 to
a limiting map which preserves “limb structures” in J, and via Propositions [£.8.8]|,
and which essentially say that if the closure of these “limb structures” in J,, don’t
intersect then they are bounded away from each other relative to their diameters. Since the
“deep limb structures” in J approximate the “limb structures” of J, the quasisymmetric
property implies these deep “virtually touching” limbs must go to “virtually touching” limbs
under gs maps which gives rigidity to the quasisymmetric group of 7.

In proving Theorem [1.0.1] we also obtain the following theorem:

Theorem 1.0.2. The uniform closure of the group of topologically extendable quasisymmetries

of J is properly contained in the group of topologically extendable homeomorphisms of J .

The fact that it is a proper subset highlights a key difference between the quasisymmetric
group of J versus that of the quasisymmetric groups for the basilica and other hyperbolic
Julia sets coming from the main molecule, for which the uniform closure is the entire group of
extendable homeomorphisms. In this way, the Feigenbaum Julia set is in some sense a middle
case between that of the Sierpinski carpet Julia sets and the hyperbolic Julia sets of the
main molecule. Theorem [1.0.2] essentially follows from the fact that there exists topological
“rotations by 90 degrees” that rotate by 1 the 4 connected components of 7 \ {0} but that

any such map cannot be gs.

1.1 Organization of the chapters

Chapter [2| gives formal definitions, states some theorems from the literature, and proves some

lemmas that rely only on the general theory and tools from their respective areas.

Chapter |3| gives definitions and proves lemmas regarding geometry of J. For example,

that it is tetravalent and uniquely arc-wise connected (Lemmas|3.2.7 and |3.2.3]) This chapter

serves primarily as a preliminary to both chapters [ and B} defining objects and proving
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lemmas that will have analogs in the transcendental setting or will be of use for exploring

quasisymmetries of 7.

Chapter 4| is the main chapter detailing transcendental dynamics of the renormalization
fixed point. Much of this chapter mirrors Section 5 of [DL18] by Dudko and Lyubich as
the structures are very similar. The recorded lecture [Dud20] by Dudko was a great help in
the writing of this chapter and it informed both the style and substance of much of what is
presented here. Detailed here are the concepts of limbs, lakes, and §-points (an analog of the
standard definition in the quadratic setting.) We show here that the escaping set consists of
quasi-arcs that are continuously parametrized by escaping time and that closed limbs are
uniform quasidisks. A key observation that is formally proved here is also the discrepancy
between real and imaginary limbs which, as we’ll see, prohibits the existence of qs “rotations

by 1/4”. (See Proposition [4.9.6])

Chapter [5|is the main chapter that goes through the proof of Theorem [1.0.1 There are 5
steps to the proof, each with their own section. Section [5.2] shows that while rotations by
1/4 do exist topologically, by Proposition they do not exist as gqs maps. For this, a
limiting argument is used where we pass from the quadratic-like setting to the transcendental
setting. Section [5.3| greatly restricts what is allowable under a gqs map and shows that every
gs map is k dynamical for some k, meaning that the action of a qs map on a deep Julia set is
given by the dynamics: as a unit, it maps forwards to the center via the dynamics, it maybe
rotates by 180 degrees, and then it maps backwards under the dynamics to an image little
Julia set of the same depth. Section |5.4| shows that the lift of any gs map of J to T via
the Bottcher coordinate is again a gs map — something that does not come for free. The
argument for this is by explicitly showing that the lift satisfies the gs property. This is done
by starting in simple cases and gradually working our way to the general setting. Section [5.5
shows that any topologically extendable gqs map of 7 is qc extendable (to C). While this is
possible via cutting and pasting together qc maps and taking advantage of the result that

the Lebesgue measure of J is 0 (by |[DS20]), we instead opt to show this via qc extension of
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tunings of the Basilica that limit on 7. The last step is done in Section [5.0] in which, for any
quasisymmetry of 7, ¢, we construct an explicit sequence of shift maps with the property
that the n-th map of the sequence and ¢ have the same action on the spine children of the n
largest (extended) little Julia sets of depth less than k. This sequence converges uniformly to
¢ because the diameters of the (extended) little Julia sets go to 0 and because, from Section
[b.3] we know ¢ moves little Julia sets of depth & dynamically. That is, we are able to show
that on “large” (extended) little Julia sets of depth k the maps are equal, while on “small”

(extended) Julia sets of depth k, the maps differ by at most e.



Chapter 2

Background

2.1 qgs and qc maps

Definition 2.1.1. We say a map ¢ : U — C where U C C is open is conformal if ¢ is

holomorphic and injective.

Definition 2.1.2. We say an orientation-preserving homeomorphism ¢ : U — C where
U C Cis open is K-quasiconformal (K-qc) if ¢ has locally square-integrable distributional
derivatives satisfying

|0:0(2)] < k[0.¢(2)|

1+ k
for a.e. z € U where K = 1+—k: A map ¢ is said to be quasiconformal (qc) if it is K-qc for

some K > 1.
The following is a special case of the Koebe Distortion theorem (see e.g. [Lyul).

Theorem 2.1.1 (Koebe Distortion). Let ¢ : D — C be conformal. Then for any r <1, ¢|.p

15 m-qs where n depends on r.

The following is Theorem 3.4 in the paper by Tukia and Vaiséla [T'V80].



Theorem 2.1.2. Let X,Y be metric spaces, let M > 0, and let a,b € X be distinct points.
If F is a family of n-qs maps from X toY such that for each f € F, dy(f(a), f(b)) < M,

then I s equicontinuous.

We define an n-quasi-arc to be an 7-qs image of an interval I C R. Similarly, we define
an n-quasi-circle to be an 7-gs image of T and we say a topological disk, D is an n-quasi-disk
if D is the image of D under an 7-gs map. One remark is that if D is a topological disk and
0D is an n-quasi-circle then D is an r/-quasi-disk where 7’ depends only on 7. Hence, to
show something is a quasi-disk, it suffices to show that its boundary is a quasi-circle. We
say something is a quasi-arc (quasi-circle, quasi-disk) if it is an n-quasi-arc (n-quasi-circle,
n-quasi-disk) for some distortion function 7. We say a family of quasi-arcs (quasi-circles,
quasi-disks) is uniform if there exists a distortion function 7 such that each is an n-quasi-arc
(n-quasi-circle, n-quasi-disk).

We say an arc or topological circle A C C has c-bounded turning if for any a,b € A,
diam([a,b]) < c|a — b| where ¢ > 1 and [a,b] C A is a sub-arc connecting a and b whose
diameter is less than or equal to the complementary arc. An arc has bounded turning if it
has c-bounded turning for some ¢ > 1.

In Theorem 4.9 of the same paper by Tukia and Véisald [TV80], they prove a generalization

of the following:
Theorem 2.1.3. Let v C C be homeomorphic to [0,1] or T. Then ~y is ¢s if and only if ~
has bounded turning.
Lemma 2.1.4. Let A € D, and A, B disjoint closed quasi-arcs such that
o X ={0}UU,en, A"(AU B) is an arc
e diam(ANAA),diam(BNAB) > 0.

Then X is a quasi-arc. (See Figure[2.1])



5 N
N

O

Figure 2.1: The set X and the subsets A, B,AA,AB C X from Lemma

Proof. By Theorem [2.1.3] it suffices to show that X is BT. Also by Theorem there
exists ¢; such that A, B are ¢;-BT. Let a,b € X. Since scaling by A has the same effect on
diam([a, b]) and |a — b|, we may assume WLOG that a € X \ AX. With this assumption, a, b

satisfy one of the following cases.

(1) If a,b € A or a,b € B then |a — b| > diam([a, b])/c; since A, B are ¢;-BT.

(2) If we're not in the first case, then either a € A\ AX and b€ X \ Aora € B\ \X
and b € X \ B. Suppose that a € A\ AX and b € X \ A. Since X is an arc

and diam(A N AA) > 0, AN XA C X is a (non-singleton) closed sub-arc. Hence,

A\AX NAX \ A = 0 as they are the closure of the connected components of X
after removing the sub-arc A N AA. Therefore, d(A\ AX, X \ A) > 0 and so for
co = diam(X)/d(A\ AX, X \ A) we have that

diam([a, b]) < diam(X) = cod(A\ XX, X \ A) < cz|la — b).

(3) If the first two are not satisfied, then a € B\ AB and b € X \ B (or vice-versa.) This
case is exactly analogous to the previous and so there exists ¢ such that diam([a, b]) <

csla —b).

Hence, X is ¢-BT where ¢ = max{cy, 2, c3}. ]

Lemma 2.1.5. Let X be a topological circle, A, B quasi-arcs such that
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Figure 2.2: Drawing to accompany Lemma [2.1.5]

T‘ Tg_ -I I-l: /)\I|
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L R

I

Figure 2.3: Drawing to accompany Lemma for the case n = 3.

1. AUB=X,
2. d(A\ B,B\ A) > 0.
Then X is a quasi-circle. (See Figure[2.9)

Proof. By Theorem let ¢; such that A, B are ¢;-BT. Let ¢y = diam(X)/d(A\ B, B\ A).
Let a,b € X. If a,b € A or a,b € B then diam([a, b]) < ¢1]|a — b| since A, B are ¢;-BT. If not,
thena € A\ B and b € B\ A (or vice-versa). Therefore,

diam([a, b]) < diam(X) = c2d(A\ B, B\ A) < cs]a — b|.
Let ¢ = max{cy,co}. Then X is ¢-BT. O

We say a map x : U — V where U C V is expanding if there exists a A > 1 and € > qj

such that if 2,y € U and d(z,y) < € then d(x(z), x(y)) > Ad(z,y).
Lemma 2.1.6. Let \ € C, ne N, and I, 11, I5, ..., I,,11 be arcs such that the following hold:

1. Iy =AMy and fori=1,2,...n, I; C I.

'Tf U is not compact, then ¢ may depend on z.

10



2. IC]1U]2U"'ULH_1.

3. There exists an open set U D I such that for each i = 1,2, ...,n, there exists an open

set U; D I; and an expanding, conformal or anti-conformal map x; : U; — U such that

4. Fori=1,2,...,n, I; N 11 is an arc and for |i — j| > 2, ;N I; = 0.
Then I is a quasiarc. (See Figure[2.3)

Proof. For each i € {1,2,...,n+ 1}, define
J#i

By the fourth assumption, the closures of the J; are all disjoint. Hence, we have that
i#j

Therefore, if 21,29 € I and d(z1, 22) < C then there exists an i € {1,2,...,n + 1} such that
I; 2 2z, 2.
Let x : I — I be defined as
Xi(2), z€ L\ liz1,i€1,2,...,n,
x(2) =
x1(AT12), 2 € L,
By Schwarz Lemma each y; is expanding. Therefore x is also expanding. Let 0 < ¢ < C such
that for any a,b € I there exists N € N such that d(x™(a), x¥ (b)) > €.
Let ¢ = diam([)/e. Let a,b € I and let N € Ny be the smallest non-negative integer such
that d(x™(a),x" (b)) > €. Observe that for 0 < i < N, d(x*(a), x*(b)) < € and so for each 4,

x'(a), x"(b) belong to some common I;, j € 1,...,n + 1. In this way,

diam([x" (a), X" (b)]) < diam (1) = ce < cd(x" (a), X" (b)).

11



Let x~ represent the branch sending x(a), x™ (b) to a,b. Since this map is conformal
or anti-conformal on U, it is 17-qs on I, where 7 is independent of a, b or the choice of branch.
Since

diam([x" (a), X" ()]) < cd(x" (a), x" (b)),
then for any z € [a, b],

d(x" (2),x" (1) < ed(x™ (), x™ (b).

Therefore,
d(z,b) <n(c)|la—b|.
And so
diam([a, b]) < 2n(c)|a — b).
Hence, I is BT and so by Theorem I is a quasi-arc. O

2.2 Quadratic-like maps

Recall from the introduction that a quadratic-like (ql) map is a degree 2 branched covering

g:U — V where U € V are (open) topological disks. We define the filled Julia set of g,
K(9) :={z€U| f*(z) € U for all n € N},
to be the set of non-escaping points and we define the Julia set, J(g) := 0K(g).

Definition 2.2.1. Two ql maps g : U = V, ¢’ : U — V' are hybrid equivalent if they are
conjugate under a qc map ¢ on neighborhoods of their filled Julia sets such that @[ is

conformal.

The theory of quadratic-like maps, along with the following theorem were introduced and

proved in [DHS85|, (see also [Lyu] or [McM96].)

Theorem 2.2.1 (The Straightening Theorem). Any ¢l map g is hybrid equivalent to a

quadratic map f.: z — 2%+ c. Moreover, if K(g) is connected then f. is unique.
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2.3 Tuning basilicas

It is well known that there exists a unique decreasing sequence (¢, )nen, C R such that the
critical orbit of f. is periodic of period 2" and for ¢ € [c,, 0], if z — 2% + ¢ has an attracting
cycle then its period is at most 2". For each n € N, we define B,, := J(f.,) to be the n-th
tuning of the basilica where By is the basilica itself. This sequence (¢, )nen, is convergent, see
[McM96|. Define ¢, as the limiting value. Then the Feigenbaum quadratic is defined as the
map z — 22 + ¢, and we denote it merely by f.. As the next proposition from [Dou94] shows,

asn — oo, B, = J..
Proposition 2.3.1. If 7(f.) = K(f.) then for any sequence ¢, — ¢, J(fe,) = T (f.).

fo may be alternatively defined as the straightening of f to a quadratic. Therefore, by
The Straightening Theorem, f and f. are hybrid-equivalent and so J(f) and J(f.) are
gs-equivalent. Hence, they have canonically isomorphic quasisymmetric groups. Since f
satisfies (1.0.1)), we prove most of our results using f instead of f., as its scaling properties

make it easier to use.

2.4 Bottcher coordinate

Since f, is a quadratic, we have the following theorem which uniformizes C\ 7, the basin of
infinity of f., by conjugating it with the squaring map on the exterior of the closed disk. This
uniformization of the basin of oo by the exterior of the closed disk is known as the Bottcher

coordinate. For a proof, see [Lyu| or [Mil06].

Theorem 2.4.1. There exists a conformal map v : C\ D — C\ J. such that

feltbe(w)) = te(w?). (2.4.1)

Since 7, is locally connected by Theorem [3.2.2] the map . extends continuously to a
continuous map . : T — 7, satisfying (2.4.1)). Since f and f. are hybrid conjugate, we can

13



also define the Bottcher coordinate for J as the lift to T under ¢ := h o 9. where h is the qc

map conjugating f and f..

14



Chapter 3

Structures within 7

3.1

Notation

v := f(0) which is also known as the critical value.

« refers to the fixed point which is the landing point of the 1/3,2/3 external rays.
refers to the fixed point which is the landing point of the 0 ray. By (1.0.1)), for k£ € N,

ay := (—p)~*a is a periodic point of period 2.

An a-point, S-point, or ag-point is a pre-image of «, 3, or ay, respectively, under f"

for some n € Nj.
For A,B,C € Ryg wesay A~ Bif C"'B< A<(CB.
The set of pre-critical points is denoted
PCP:={ce J| f*(c) =0, some n € Ny}.
Note that for convenience, we include the critical point, 0, in the set of pre-critical

points.

2mit

Throughout the paper, T C C denotes the unit circle and instead of writing e“™" where

t € R for points in T, we adopt the more concise notation ¢ € [0, 1]/ ~.
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3.2 First properties

For simplicity, we previously defined J as the set of non-escaping points of f : U — V. This
is, however, the traditional way of defining the filled Julia set, denoted KC(f). In this way,
the Julia set would then be defined as J(f) := 0K(f). We can get away with this simpler

definition of J because of the following proposition which is proved in [McM94].
Proposition 3.2.1. Since f is infinitely renormalizable, J(f) = K(f).

The following theorem is due to Jiang and Hu [JH93|.
Theorem 3.2.2. 7 is locally connected.

A path between points zp, 2o is understood to be the image of a continuous mapping
p: [0,1] — C such that p(0) = z; and p(1) = z,. We say a path between z; and z is an arc
if the path is injective. We say a path connected set is uniquely arc-wise connected if for any

two points z1, 25 in the set, there is a unique arc connecting them.
Proposition 3.2.3. J is uniquely arc-wise connected.

Proof. J is arc-wise connected by Theorem 31.2 of [Wil70] which says that a compact,
connected, locally connected metric space is arc-wise connected. Since J = K, by the
maximum modulus principle J is simply connected. Therefore, since J has no interior, J is

uniquely arc-wise connected. O]
The following theorem is proven in [Mil06].

Theorem 3.2.4. Let p: C — C be a polynomial of degree at least 2. For any z € J(p) C C
and any neighborhood N 3 z, the union of forward images of N under p contains all but at

most 1 point (in C).

A point b € X is said to be a branch point if X \ {b} has at least 3 connected components.
We say a branch point, b, is of degree d if X \ {b} has d connected components. A set X is

said to be tetravalent if for any branch point b, the degree of b is 4.

16



Lemma 3.2.5. J \ {v} has ezactly 2 connected components.

Proof. By Lemma [3.2.3] since v € [, 5] C R, J \ {v} has d > 2 connected components.
We know there exists 2 distinct components: one containing [—f,v) and one containing
(v, B]. Suppose v is a branch point of degree d > 3 and let X be one of the components
that does not intersect R. Since 0 is the unique critical point and is not periodic, for all
n > 0, the degree of f"(v) is equal to the degree of v. Since J NR is forward invariant, by
taking a sufficiently small neighborhood of v, we find that the two connected components of
J\{f™"(v)} containing J NR\ {f"(v)} must correspond to the two components of J \ {v}
that intersected R. Hence, f*(X)NR = () for all n > 0. Since X is a connected component
of J\ {v}, there exists an open set U D X such that U N J \ X = (). By the invariance of
J under f, U also satisfies the property that f(U) N (J NR) = for all n € N. This is a
contradiction by Theorem [3.2.4] O

Corollary 3.2.6. J \ {0} has 4 connected components.

Proof. Since J \ {v} has 2 connected components, there are exactly 2 external rays that land
at v. Since v is the critical point, this means there are 4 rays that land at 0. These rays cut

the plane into 4 sectors. Hence, J \ §{0} has 4 connected components. ]
Lemma 3.2.7. J is tetravalent and the only branch points are pre-critical points.

Proof. Let b € J be a branch point. By Corollary if b is a pre-image of 0 then
degree(b) = 4. Suppose b is not a pre-image of 0. Then degree(b) = degree(f"(b)) for all
n > 0. By Theorem combined with invariance of J under f, every component of 7\ {b}
must eventually intersect R. Since f(R) C R this means that there exists an N € N such
that for every component X of 7\ {b}, fN(X)NR # (). Since for all n, 7\ {f"(b)} can have
at most two components that intersect R we have a contradiction. Hence, the only branch

points of J are 0 and pre-images of 0. n

Lemma 3.2.8. Fvery x € (—f, () is a cut-point of J.
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Proof. We already know that if = is a pre-critical point then it is a degree 4 branch point,
and hence a cut-point.

Since ¢ : T — J is surjective, there exists an external ray Ry that lands at x. Since J is
symmetric about R, R_4 also lands at x. Since the arc Ry U {z} U R_4 separates the plane

into two pieces and only intersects J at z, x is a cut-point. O

Corollary 3.2.9. For any k > 0, any iterated pre-image of (—u)~%3 is a non-branching

cut-point of J .

Proof. By Lemma [3.2.8) (—u)*3 is a cut-point. Since (—u)~*3 is not in the post-critical

set, all pre-images of (—u)~*3 are still cut-points.

3.3 Limbs

Let X be the component of J \ {0} that intersects iR,. Define Ly := X U {0}. We say a
subset L C J is a (quadratic) limb if L is an iterated pre-image of £L4 under f. The spine
of Ly is

spine(Lt) :== iR N Ly

and more generally if L is any limb and n € Ny is such that f"(L) = £L; then
spine(L) :={z € L | f"(2) € iR}.

For both pre-critical points and limbs we use the term generation to describe their
dynamical distance to 0 or £Ls. That is, for a limb L, Gen(L) = n if f*(L) = £L4 and for a
pre-critical point ¢, Gen(c) = n if f*(c) = 0.

The following lemma follows directly from the definition of a limb.

Corollary 3.3.1. For every pre-critical point, c € PCP, ¢ is the root of exactly two limbs:
L.L.
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Proof. This follows immediately from Lemma and the definition of a limb. O

Since J is tetravalent and uniquely arc-wise connected, for every point z € J we may

define the level of z in the following inductive manner:

If z € JNR, then level(z) = 0.

If 2 ¢ R and z € spine(L) for some limb L that is rooted in R, then level(z) = 1.

e More generally, if z € spine(L.) \ {c} for some limb rooted at ¢ and level(c) = n then

level(z) =n + 1.

If z does not belong to any spine in J then level(z) = oc.
We say that an arc p has a turn at a point c if:
1. ¢ € Int(p) is a pre-critical point, and

2. The two components of J \ {c} that p intersects are not opposite of each other. That
is, under a rotational ordering of the components of J \ {c}, the two components that

intersect p are adjacent.

This definition of levels coincides with the intuitive notion of the number of turns in the
unique path from 0 to z in J.
For L C J a limb rooted at ¢, define |L| := t5 — t; where 0 < t; <ty < 1 € T such that

(t1) = ¥ (ty) = c. In other words, |L| is the size of L in the Bottcher coordinate.

Lemma 3.3.2. Given two distinct limbs Ly, Ly rooted at ¢y, co respectively such that ¢; # cs.

If Ly Ly # 0, then either Ly C Ly or Ly C Ly.

Proof. If ¢5 € Ly then ¢; € [0,¢3]7. Since only one of the 4 components of J \ {c2} can
contain ¢, the others are contained in L;. Since the component that contains ¢; also intersects

R, it is not a limb. Hence, the limbs rooted at ¢y are contained in L;.
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If instead ¢y & Ly, then for z € Ly N La, [c, 2] 3 ¢; as any path going from outside the
limb to inside the limb must pass through the root. Hence, ¢; € Ly. By the same argument

as in the previous case, this means that L; C Ls. O

Lemma 3.3.3. There is a unique pre-critical point ¢, € Ly \ {0} of generation 3. Every

other pre-critical point in Ly \ {0} is of greater generation.

Proof. Let x1,—x1 be the two pre-images of 0 under f in J where z; > 0. By Lemma [1.3.2]
it suffices to show that this is true along (0, ;] := spine(L4) \ {0}. That is, 8; € iR, is
defined to be the tip of spine(L4).

We can do this easily by observing the dynamics. f((0,5;]) = [-5,v) # 0. Since
flio, and fl—g,0 are both injective, f([—3,v)) = (f(v), 8]. Since v < —x1, 0 < f(v) < 1.
Hence, f2((0, f]) = ((v), 8] % 0. Therefore, F3((0,5y]) = £(f(v), B) = (f*(v), B]. Since
0 < f(v) < 2y and f(z1) = 0, by injectivity f*(v) < 0. Hence, f3((0, 5;]) = (f*(v),8] 2 0
while for n =0,1,2, f*((0,5;]) # 0. O

Lemma 3.3.4. For any € > 0 there are only finitely many limbs whose diameter is at least €.

Proof. Let (Ly)nen be any sequence of limbs. Since J is compact, the limbs L,, converge on
a subsequence. Since there are only finitely many limbs

We prove this by contradiction. Suppose there exists an ¢ > 0 and infinitely many limbs
with diameter at least e. Thus, there exists a sequence of limbs L,, such that diam(L,) > €
and the dynamical height of L,, is at least n. Since J is compact, there exists a subsequence
ny such that L,, — Y such that Y is connected and diam(Y") > e. However, ¢»_1(L,) C T is
an interval and diam(¢_1(L,)) < C' - 27" for some C' > 0 that doesn’t depend on n. Hence,
Y~1(Ly,) goes to a singleton as ny — oo. But since ¢ : T — J is well-defined, this implies

Y is a singleton, a contradiction. O]

Corollary 3.3.5. If (Ln)nen is a sequence of limbs such that Ly, 2 Ly then (),oy 5 @

singleton.
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Proof. By Lemma diam(L,) — 0 as n — oco. Hence, diam((") .y L»n) = 0. Furthermore,

neN —n

since each L,, is compact and non-empty, () _y Ln is non-empty. Therefore, it is a singleton.

neN

[]
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where L., L., denote the two limbs rooted at the pre-critical point c.

Proposition 3.3.6. J \ X is totally disconnected.

Proof. Let {L;}nen be a sequence of limbs such that L,, 2 Ly,1;. Then (), .y Ly is compact

and non-empty. Let z € [ _y Ln. Then z ¢ spine(L) for any limb L because otherwise z

neN

could only belong to finitely many limbs. Hence, z € J \ X, and so J \ X is non-empty.

Let z € J \ X, and, by Proposition , let p be the unique arc from 0 to z in J. Since
z & X, p must have infinitely many turns. Otherwise z would lie in R or spine(L) for some
limb L. Hence, z lies in a decreasing nested sequence of limbs.

Let z1 # 2o € J \ Xs. Since z1, 2o belong to different decreasing nested sequences of
limbs, there exists a limb L; 3 z; such that L; ZF 2z and let ¢; denote the root of L;. Let
01,0, € T such that ¢p~"(Ly) = [61,6]]. Let Ry, , Ry, be the corresponding external rays. Then
since Ry, U{c1} U Ry N J = {c1}, it separates z; from 2, in X, hence they lie in different

connected components ]

Corollary 3.3.7. J = X,.

Proof. If w € J\ X, then for all n, f"(w) € J \ X since spines of limbs map either to spines
of limbs or to J NR. Therefore if z € X and w € J such that f*(w) = z then w € X.

Since the set of all iterated pre-images of z is dense in J, X is dense in J. O
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3.4 Important Points

There are some points in J (or in w27 ) that will be of use in later sections which we will

define here. To see these points drawn on 7., see Figure 4.3

e 1, is defined to be the unique positive pre-image of 0 under f and will be particularly

relevant throughout Chapters 4 and 5.

e By Lemma there is a unique point, ¢, of generation 3 in L;. For convenience,

define y; := p?c;.

e By an analogous argument to that of Lemma there is a unique pre-critical point

of generation 5 separating 0 and c¢;. Define y, := p?cy.

3.5 Little Julia sets

Within J are little copies of itself. Recall from the introducation that a little Julia set of
depth k >0, J C J, is a pre-image of %7 under f™ for some n > 0. As we will see, these
little Julia sets — and the variations of them which we are about to define — play an important
role in understanding the group of quasisymmetries of 7.

Let J be a little Julia set of depth k and let n € Ny such that f*(J) = u~*J. The spine
of J, denoted spine(J), is the set I C J such that f*(I) = u=*[—3, 8]. We say aset I C J is
a I-dimensional (1d) little Julia set of depth k if I = spine(J) for some little Julia set, J, of
depth k. A 1d little Julia set is called a patriarch if it is not contained in any other 1d little
Julia set. The term patriarch would have little meaning for regular little Julia sets because
the only little Julia set not contained in any other is J itself.

Given J, the extended little Julia set containing J is

J := spine(.J) U U (L.U L))

ce PC Pnspine(J)
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Figure 3.1: For the little Julia set, J := u~'J. Depicted is J>JD spine(J) in red, blue,
and green, respectively.

k ez ol T, Tome)
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AL)
Figure 3.2: The spine of every limb consists of the root, the tip, and a countable union of
patriarchal 1d little Julia sets. I; ; is the j-th patriarchal 1d little Julia set of depth ¢ from
the root.

(i.e. J extends J by taking the full limbs rooted in spine(.J), as opposed to trimming off the
“decorations” as would be done to achieve J.)

Given a little Julia set, J, of depth k. A child of J is a little Julia set, J. C J of depth
k + 1. Similarly, a spine child of J, is a child of J, J., such that spine(J.) C spine(.J).
Analogously, a child of a 1d little Julia set, I, of depth k is a 1d little Julia set, I. of depth
k + 1, such that I, C I. It is worth noting that there is a natural indexing by Z of the spine
children of any little Julia set. This indexing corresponds to the ordering of the real bounded

Fatou components of the Basilica from left to right, such that the 0-th component contains 0.

Lemma 3.5.1. For any limb L. rooted at c,

spine(L.) = {c} U U I
i,jeN

where I; ; is the j-th closest 1d little Julia set of depth i to the root of L. Furthermore, I; ; is

a patriarch 1d little Julia set. (See Figure[3.4)
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Proof. Since every limb is a pre-image of £L4, it suffices to show that this is the case for L.
pw~B(L+) is the a-point in spine(L;) closest to 0. Since two consecutive a-points in
spine(L+) form the endpoints of a 1d little Julia set of depth 1, the a-point in spine(L;)
closest to 0 is also the closer to 0 of the two endpoints of I; ;. Since a-points accumulate on
B(L4) in spine(Ly), it follows that
U 1y = (7' B(Ly), B(Ly)).
jeN
Since p ="t ; is the j-th closest 1d little Julia set of depth i to u=*B(L+) in spine(Ly), it
follows that it is also the closest one to 0 as there can be no 1d little Julia sets of depth ¢ in

spine(Ly) N u™' T = (0, u~*B(L4)] 7. Hence, I;; = p~" "1, ;. As such,

UUn,=UJr "0, (3.5.1)

= B (L), B(LY)) (3.5.2)
= (0, B(Ly)). (3.5.3)

Since [—f3, 5] is the unique 1d little Julia set of depth 0, any 1d little Julia set not
contained in R is a patriarch 1d little Julia set. Hence, I, ; is a patriarch 1d little Julia set
for all j. Similarly, u=*[—23, 8] is the unique 1d little Julia set of depth ¢ in p~*J. Since I;
lies closer to 0 than any 1d little Julia set of depth ¢ — 1, for any ¢ > 1, I, ; is also a patriarch

1d little Julia set. O

Corollary 3.5.2. If I is a patriarch 1d little Julia set then I = [—f, ] or I C spine(L) for
some limb L in which case it can be characterized as the j-th closest 1d little Julia set of

depth i to the root of L among those in spine(L).

Proof. By Proposition [3.3.6 there are no 1d little Julia sets outside of J N R and the spines
of limbs. If I # [—4, 5] then by Lemma 3.5.1} I C spine(L) = {c} U, ;o 1i,; where I ; is
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the j-th closest 1d little Julia set of depth 7 to the root of L. Since I is a patriarch 1d little

Julia set, I = I, ; C spine(L) for some i,j € N. H

Corollary 3.5.3. If ¢ is a pre-critical point and I > ¢ is a 1d little Julia set then for L. a

limb rooted at ¢, I N L. = {c}.

Proof. Suppose I 5 cis a 1d little Julia set. Let I, D I be the patriarch 1d little Julia set
containing /. Let X > ¢ be a spine. By Corollary I, C X. Hence, I,N L. = {c} and so
INnL.={c}.

[

Lemma 3.5.4. [ is a 1d little Julia set if and only if it is the closure of the union of a unique
2-sided sequence of distinct 1d little Julia sets such that consecutive elements overlap at an

end-point.

Proof. We begin by proving the forward direction. Consider first the depth 0 1d little Julia
set, Iy = [—3,8]. For j >0, define I, := ([, —]) where the branch of f~7 is chosen
such that it fixes 8. For j < 0, define I, := f77([o, —a]) where the branch of f~7 is chosen
such that it sends 8 to —f. In this setting UjeZ Lo = (=0, 0), Iy is the closure of the union
and consecutive elements overlap at a point.

Now consider the general case where [ is a 1d little Julia set of depth k. Let n such
that f"(I) = u=*[—p,8]. Let f~" be the branch such that f~"(u=*Iy) = I. Define I; :=
S (%1, 0). This sequence satisfies both desired properties: its union is a dense subset of I
and consecutive elements overlap at a point.

For the backwards direction, suppose (I});ez is a 2-sided sequence of distinct 1d little Julia
sets such that consecutive elements overlap at a point. Since the end-points of a 1d little Julia
set of depth k are pre-images of (—u)~*(, the assumption that consecutive elements overlap
at an end-point implies that each 1d little Julia set is of the same depth. Let k := depth([})
for all j € Z. By Corollary [3.5.2] the elements of this sequence are not patriarch 1d little

Julia sets. Therefore, let I, D I) be a 1d little Julia set of depth 1 less than Ij). Let n be the
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dynamical height of I,. Then f"(I}) = u~*I; for some i € Z. Therefore, f(I}) = w0

I =1,

for all j € Z or f™(I}) = I for all j € Z. Hence, ez L

[]

Corollary 3.5.5. Every 1d little Julia set is uniquely determined by the patriarch 1d little
Julia set it is contained in as well as an element of Z" for some n € Ny describing where

amongst the descendants of the patriarch it is located.

Proof. By Lemma [3.5.4] the children of a 1d little Julia set are indexed by Z. Since each of
their children are also indexed by Z, and so on, an element of Z" for some n € Ny can specify

where amongst a patriarch 1d little Julia set’s descendants a given 1d little Julia set lies. [J

3.6 More properties of J

Note that the term spine is used to refer to subsets of both little Julia sets and limbs. We

say a spine is maximal if it is not contained in any other spine.
Lemma 3.6.1. If X is a maximal spine then X = J NR or X = spine(L) for some limb L.

Proof. It X = J NR or X = spine(L) for some limb L then X is maximal. If X is any other
spine then X is the spine of a little Julia set of depth at least 1 and so is a 1d little Julia set.

If X is not a patriarchal 1d little Julia set then X is not a maximal spine. If it is a patriarch

1d little Julia set then by Corollary X C spine(L) for some limb L. O

Lemma 3.6.2. Let X be a maximal spine. Then the set of pre-critical points in X is dense

n X.

Proof. We prove this by contradiction in the context of (f., J.) using the fact that pre-critical
points are dense in ., (see Corollary 4.13 of [Mil06]). By the conjugacy of (f, J) and (f., J.)
the result also holds for 7.

Suppose there is some open interval I C X such that I contains no pre-critical points.

Since we may further restrict I if necessary, we assume WLOG that the end-points of I are
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also not pre-critical points and that neither are endpoints of X. By Lemma [3.2.8] every
point in X other than its end-points are cut-points of 7.. By Lemma [3.2.7] the only branch
points of 7, are pre-critical points. Therefore, every point in [ is a non-branching cut-point.
Since [ is an open interval and since its end-points are non-branching cut-points, J. \ I
has 2 connected components, both of which are closed in C. Hence, C\ (7. \ I) is an open

neighborhood of I that contains no pre-critical points: a contradiction. O
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Chapter 4

Transcendental dynamics of the

renormalization fixed point

4.1 Definition of f as a transcendental map onto C

Recall f : Uy — Vj is the period-doubling renormalization fixed point which satisfies both

(1.0.1) and p~t7 C J.

By (1.0.1), we may define fY/2(2) := puf(u~'2) where f%/2 : ulUy — uVj is a rescaled
quadratic-like map. (See Figure ) Letting U, := f~2Y2(uVp) we get a degree 4 branched
covering f : Uy — pVy. Similarly, for n € N, we may define the gl map f/2" : yu"Uy — "V
by fY%"(2) := p"f(u"z). Letting U, := f~2"V/2"(u"Vp), we get that f : U, — p"Vp is a

degree 2" branched covering. Defining Oy := ], . Un, we get a (o-proper) transcendental

neN
map f : {2y — C. This construction can be extended to find the maximal domain of f* for

any dyadic s > 0, which will be denoted €.

Two useful objects of study are

T = U w'J

neN
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Figure 4.1: Drawn is a zoomed in picture of 7., which gives a close approximation of the
structure of J.

Figure 4.2: Re-scalings of the quadratic-like map f used to build the transcendental dynamics

of f: 0 —C
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and

Esc = U Esc;

t>0

where ¢t is dyadic and Esc; := C \ Dom(f*).

A proof of the following proposition can be found in [McM96|:
Proposition 4.1.1. 7, is dense in C.

Corollary 4.1.2. Each component of Esc is simply connected and has empty interior. Fur-

thermore, for any two points zq, zo € Esc, there exists at most 1 arc connecting them.

Proof. Since J is dense by Proposition and since Esc C C\ J, Esc has empty
interior. Since J, is also connected, Esc cannot contain any non-contractible loops. That
is, if p1, po C Esc are two arcs with the same starting and ending point, then p; = ps since

otherwise they would bound some open region that would be disjoint from 7. O

Since f is an even function, we can define F' to be the function satisfying f(z) = F(z?).

The following proposition is due to Henri Epstein, see [Eps92] or [Buf97].
Proposition 4.1.3. There exists a real-symmetric bounded domain W > 0 such that

o F|w is univalent

o F(IV) = C\ (00, 0] U [, +00)).

4.2 First properties of 7
Lemma 4.2.1. J,, has empty interior.

Proof. Since J has empty interior, this follows as a direct consequence of Baire Category

Theorem. O

The following is a corollary of Lemma |3.2.3
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Corollary 4.2.2. 7, is uniquely arc-wise connected.

Proof. Let 2,2y € Js. There exists an N such that z;, 2 € V7. By Lemma , there
exists a unique arc v = [z, 23] vy C N T between z; and z,. Let 7/ be any arc between
z1 and zy in J. If v # o then these paths will bound a planar region, U, which by
maximum modulus principle must be contained in J,,. However, by Lemma this is a

contradiction. O

Lemma 4.2.3. Remouving any pre-critical point separates Ju into 4 path connected compo-
nents. Moreover, any point ¢ such that Ty \ {c} has at least 3 path connected components is

a branch point of uNJ for some N € N.

Proof. Let N € N such that ¢ is a branch point of ¢V 7. By Lemma, , for any M > N,
pM T\ {c} has 4 connected components since c is also a branch point of ™ 7. For z, 25 €
pM T, being in the same component of p 7 \ {c} is equivalent to the path [z, z],m 7 Z c.
Therefore, by Corollary , if 21,20 € p™MJ then they are in different path connected
components of ™7 \ {c} if and only if they are in different path components of J, \ {c}.
Hence, J \ {c} has 4 path connected components.

Let b € Jy such that J \ {b} has at least 3 path connected components. For sake of
contradiction, suppose b is not a branch point for " J for any n. Let 21, 22, 23 € J \ {b}
belong to different path connected components. Let M such that z;, 29, 23,0 € p™ 7. Since b
is not a branch point of ™7 we may assume WLOG that z;, 2, are in the same connected
component of pM 7 \ {b}. Hence, [z1,20],7 # b. However, since z1, 2, are in different
components of J \ {b} any path between them in 7, must pass through b. This contradicts
the fact that [z, 25,7 = [21, 22] 7... Hence, each branch point of J is a branch point of
u"J for some n.

Hence, as in the case for J, every such point b € 7, is a pre-image of 0, and so its

removal separates J, into 4 path connected components. O
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Figure 4.3: Seen is a computer drawing of an approximation of 7, with the boundaries of
the closures of limbs rooted at u='xy, z1, px1, p Y1, Y2, and 3, added by hand for emphasis.

Remark 4.2.4. Actually, Lemma can be strengthened to the stronger result that J. is
tetravalent. This can be done by identifying certain arcs in Esc landing at a given pre-critical

point ¢ such that removing these arcs and ¢ cuts the plane into 4 open sets.

4.3 Limbs

Let X be the connected component of J., \ {0} containing iR~¢. Define £4 := X U{0}. We
say L is a limb (of generation t) if it is a pre-image of L4 under f* for some dyadic t > 0. A
limb of generation ¢, £, is said to be rooted at ¢ if ¢ € £ and f*(c) = 0. Two (disjoint) limbs
L1, Ly are said to touch if £, N Ly # 0. We define the spine of L4 to be

spine(L’T) = iRZO C £T'

The spine of a general limb is defined in the natural way in terms of pre-images of spine(L;).
More generally, we say a set X C J is a spine if X = R or if X = spine(£) for some limb
L. The spines in J,, are analogous to the maximal spines of 7. For examples of some limbs,

see Figure
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Proposition 4.3.1. ££; are the only unbounded limbs.

Proof. Let W be the bounded domain from Proposition such that F|y is univalent
onto C\ ((—o0,v] U [—pv,+00)). Let ¢ # 0 be a pre-critical point. By rescaling if necessary
we may assume WLOG that ¢ € W. Therefore, f(c) € C\ ((—o0,v] U [—puv,+00)). Since
the branch of f~! that sends f(c) to ¢ maps C\ ((—oo, v] U[—puv, +0)) to a bounded set (by

Proposition |4.1.3)), the branch of f~! maps the (transcendental) limbs at f(c) to the limbs at

c. Hence, we get that the limbs rooted at ¢ are bounded. O

Lemma 4.3.2. Let ¢ # ¢ be pre-critical points such that ¢ € L. where L. is a limb rooted

at c. Then Gen(c') > Gen(c).

Proof. Let s = Gen(c). Then f*(¢') € f*(L.) = £L+. Since the post-critical set is contained

in R, f*(¢) is not in the post-critical set. Hence, Gen(c') > s. O

Lemma 4.3.3. Let Ly, Ly be limbs of generation at least s. If L1 and Ly are touching then
f5(Ly), f25(Ly) are touching.

Proof. This is a direct consequence of continuity of f* on its domain. m
Corollary 4.3.4. If L, Ly are limbs of the same generation, then L1, Lo do not touch.

Proof. This follows from Lemma because L4 are the only limbs of generation 0 and

they do not touch. O

Lemma 4.3.5. For any limb L rooted at ¢, Jx \ {c} has 4 connected components, one of

which is L\ {c}.

Proof. Let s = Gen(c). Since J is connected and ¢ is a pre-image of 0, which is not in the
post-critical set, there exists a neighborhood of ¢, U,, such that f*|y, is conformal. Since 0 is

a branch point of degree 4, ¢ is also a branch point of degree 4. O

Corollary 4.3.6. Let L be a limb. Any path in J between a pair of points z1 € Jx \ L

and zy € L must pass through the root of L.
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Proposition 4.3.7. Given two limbs L1, Ly. If L1 N Ly # O then L1 C Lo, Lo C Ly, or

L1 N Ly = {c} where ¢ is their common root.
Proof. The proof is the same as for Lemma [3.3.2] m

Corollary 4.3.8. If Xy # X, are spines, then X1, Xo are either disjoint or overlap on one

of their endpoints.

Proof. Since X; # X5, we may assume WLOG that Xy = spine(L,) for some limb L,. If
X7 =R then X; N Xy = {co} where ¢; is the root of £, if and only if c; € R. If X; # R then
X, = spine(L;) for some limb £; rooted at ¢;. If £, N Ly = 0 then X; N Xy = (). If not, then
by Proposition [£.3.7, £1 D L, or vice-versa. For concreteness, assume £1 O L. Then £, is
rooted in X; if and only if X7 N X5 = {c}. If Ly is not rooted in X; then XN Xy =0. O

Corollary 4.3.9. For every pre-critical point c, there is a unique mazximal spine X. such

that ¢ € Int(X.).

Proof. If X is a maximal spine and ¢ € Int(X) then by Corollary 4.3.8, X is unique. Let
N € N such that ¢ € u™¥ 7. Since the number of turns away from R is bounded by 2% Gen(c),
since each turn occurs at a pre-critical point, and since each pre-critical point is the root of a

limb, and hence the endpoint of a spine, it follows that ¢ belongs to a spine. O

Lemma 4.3.10. If X is a spine and ¢ € Int(X) is a pre-critical point of generation s > 0

then there ezists c¢1,co € X such that Gen(cy), Gen(cs) < s and [cy,¢3]7, D c.

Proof. If X =R, then we may choose ¢1,co = 0, pc. It X = iR or :R<; then we may again
choose ¢y, ca = 0, pe. If not, then X is some pre-image of iR>( or i{R<y and so the result also

holds for general X. O

Lemma 4.3.11. For any bounded limb, L, there exists s dyadic and k € Z such that f*(L)

is a limb rooted at £pFz;.
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Proof. Recall that +x; are the only two points in J that map to O under f. Let ¢ be the
root of £. Since ¢ € Ju, ¢ € u*J for some k € Z. Hence, for some s, f*(c) = &uFz;. The

statement of the lemma follows. [
Recall the points x1,4y;, and ys from Section (3.4
Lemma 4.3.12. For any k € Z,
1. pFxy is the unique point of least generation in (0, pF+lx;) C R.
2. pFyy is the unique point of least generation in (0, u*ly,) C iR.
3. pFyy is the unique point of least generation in (0, u*y,) C iR.
Proof. By it suffices to prove each for a single choice of k.

1. We want to show that py~'z; is the point of least generation in (0,2;). By (1.0.1)),
Gen(putzy) = 2Gen(z;) = 2. Since (0,z;) C J and there are only 7 points of
generation less than or equal to 2 in J — 0,4x, Futay, £ (z1) — we see the

statement holds by examining where each of them lies.

2. For the case k = —3. pu 3y, u %y, € J and it is simple to verify that there is no
point of generation less than or equal to 6 = Gen(u3y;) in (0, u2y). This has been
partially done already in Lemma where it is shown that p~2y; is the point of least

generation in R, N 7.

3. For this one, it is similarly simple to verify for the case k = —2.

We have the following immediate corollary.

Corollary 4.3.13. 1. The points {u*z, | k € Z} are exactly the points in R that cannot

be separated from 0 by a point of lesser generation.
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Figure 4.4: We see in blue 0°O(L,,), the coast of the lake associated to L,,, and in red
00,(L,,), the boundary of the right half-lake associated to L,

2. The points {£uFyy, £1Fys | k € Z) are exactly the points in iR that cannot be separated

from 0 by a point of lesser generation.

4.4 Lakes

For any s, Dom(f*) has a certain “chessboard” type structure, as introduced in [Buf97]. We
use here a slightly more general approach to demonstrate this structure via the following

lemma, which is taken from |[DL18§]|.

Lemma 4.4.1. Let g : Domg — C be a o-proper map, where Dom g is either D or C.
Suppose that the set of critical values CV(g) of g is discrete and assume thatl: R — C is a

simple properly embedded arc such that
1. [(R) D CV(g), and
2. 1 splits C into two open half-planes V' and W'.

Then
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e g (1) is a tree in Dom g; in particular, if U is a connected component of Dom g\ ¢*(1),

then U has a single access to infinity; and

o there is a “chess-board rule”: if Uy and Uy are two different components of g*(V'), then

oU, N OUy N Dom g is either empty or a single critical point of g.

The “squares” of the chess board cut out by f~*(R) are what we call lakes. That is, a
lake of generation s is a pre-image of H, or H_ under f°. There is a natural correspondence
between limbs and lakes. Let £ be a limb of generation s. Then O(L) is defined to be the

unique lake of generation s containing £. Given a lake O of generation s, its coast is
0°0 := 00 N Dom( f*).

The following proposition is also from [DL18] and follows from Lemma m Using

slightly different language, it was also known by Epstein, see [Eps92| or [Buf97].
Proposition 4.4.2. Let O be a lake of generation s.

e O has a single access to Esc (i.e. after identifying C \ Escy = D)

o f°:0 — H is conformal

e 0°O is an arc in f~°(R)

e f5:0°0 — R is a homeomorphism

Corollary 4.4.3. Let QO be a lake of generation s. Then there is a unique ¢ € 0°OQ of

generation s.

sc0 1s a homeomorphism and 0 is the unique point of generation

Proof. By Propositionid.4.2} f*

0 in J» (and hence, in R.) Therefore c¢ is the unique point in 9°Q of generation s. H

Corollary 4.4.4. Let O = O(L,) be a lake of generation s > 0. 950,950 are two paths in
Js from c that limit on B(L.) with infinitely many turns such that each turn is the first

encountered pre-critical point ¢’ such that Gen(c') < s.
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Proof. There are two parts to the above statement: first, that following the coast from c
in either direction has infinitely many turns, and second, that these paths limit on a single
point.

By [4.3.9, let X be the unique spine containing ¢ in its interior. By Lemma there
exist points cf, ¢j of generation less than s on either side of ¢ in X,. Since [c), ;] C pM T for
some N and since points of generation less than s are discrete in 7, we can define co, ¢;
to be the closest pre-critical points of generation less than s in X, that are separated by c.
It follows that 0°O(L.) N Xo = [co, ¢1] 7. -

Since ¢ is a critical point of ¢, 0°O has a turn at ¢;. Let X; 3 ¢; be the spine that 9°O
turns on to when traveling away from c. If ¢; € Int(X;) then by the same argument as for X,
there exists a closest point of generation less than s in X, ¢, for which 0°ON X, = [c1, 2] 7., -
If instead, ¢; is the root of Xy, then there exist points in X; of generation arbitrarily close to
Gen(cy). Since Gen(cp) < s, there exist points in X of generation less than s. In particular,
there is a closest point (to ¢;) of generation less than s, cq, for which 0°O N X = [y, ¢2) 7., -

Continuing in this way, we find that the path from ¢ starting in the direction of ¢; and
going along 0°Q has infinitely many turns. Since the path in the direction of ¢y is analogous,

it also has infinitely many turns.

]

Within a lake O of generation s, we define the right and left half-lakes of generation
s, denoted, O,, O, to be the subsets of O such that f*(0,) equals Q; or Q;;; and f*(0,)
equals QQ;; or Qry. That is, while lakes are pre-images of the upper or lower half-planes,
half-lakes are pre-images of quadrants. The definition of right and left half-lakes is such that
if O = O(L) then the right half-lake of O is the portion of O lying to the right of spine(L)
— when viewing spine(£) as an oriented path from the root of £ to f(L£) — while the left
half-lake lies to the left.

By Proposition 4.4.2] we may define simple paths
050 := 0°0 N 00,

39



9,0 := 90N 00,
From these definitions, it follows that
050U 9,0 =00
and
950N 90 = {c}.
Lemma 4.4.5. Fvery lake is contained in either the upper or lower half-plane.

Proof. Since R is forward-invariant, C \ R is backwards invariant. Since every lake is defined
as a pre-image of H, or H_, every lake is disjoint from R and so by connectedness is contained

in either H, or H_. [
Lemma 4.4.6. If Oy, O, are lakes such that QO N Qy # O then Q1 C Oy or Oy C Oy.

Proof. Let s; = Gen(Q) and s; = Gen(Q3). WLOG, suppose s; < so. Then H = f51(0y) is
the upper or lower half-plane and f*1(Qy) is a lake of generation s —s;. Since f51(Qg)NH # 0,
by Lemma f5(0y) C H. Hence, Oy C Oy. O

Lemma 4.4.7. Let s >t > 0. For any limb, L, of generation s, there is a unique lake of

generation t, Qy such that O, D L.

Proof. Since all the lakes of generation t are disjoint, it suffices to show that there exists one
that contains £. Since s > t, f*(£) is a bounded limb contained in H, or H_. Hence, there

is a lake of generation ¢ containing L. [

Lemma 4.4.8. Let L be a limb rooted at ¢ such that Gen(c) = s > 0. Ifc € R, let X :=R.

Otherwise, let X := spine(L,) such that Int(X) > cE| Then
30@(5) NX = [Cl, Cg]joo

where ¢y, co are the closest pre-critical points of generation less than s in X.

1

nt(X) refers to the 1-dimensional interior.
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Proof. By Proposition |4.4.2) f*: 0°O(L) — R is a homeomorphism. Since f*|(, c,),.. has
no critical points 0°O(L) cannot leave X before leaving (cy, ¢2)7,.. On the other hand, since
1, ¢ are critical points of f*, 9°O(L) cannot extend past ¢;,ce in X because this would

break injectivity of f*

8c0(L)- ]

4.5 [-points

In the quadratic setting, S-points are pre-images of the §-fixed point and are also the ends
of the spines of quadratic limbs. We now define an analog for the transcendental setting
in which S-points here are again the ends of the spines of limbs and can also be viewed as

pre-images of oo.

Lemma 4.5.1. For any bounded limb, L., (L.) := spine(L) \ spine(L) is a singleton.

Proof. By Lemma and by the self-similarity of J,, under scaling by p, it suffices to
show this is true for £_,, C H,. By Lemma , let Q3,4 be the lake of generation 3/4

containing £_,,. We use the following map
ooy = fPop™?: Oy — H. (4.5.1)

Note that by , scaling by 172 sends the lake of generation 3/4, to a lake of generation
3. Tt is a simple matter of verifying that f3(—pu 2z1) = —r; and that the image is H, as
opposed to H_. Therefore this map is conformal. Since Q3,4 C H,, it is expanding in the
hyperbolic metric on H, . Since x_,,(L_,,) = L_,, the set B(L_,,) is invariant under x_,,,

an expanding map. Hence, it is a singleton. O

2Without using this language, this lemma follows from work of Epstein, see [Eps92], who knew that as
z — 00 in Hy, F71(2) tended to a single point.
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4.6 Tree order on Esc

Borrowing notation from |DL18], we define the partial order “>” as the tree order on (-
points. We write 3, > [, and 5, = B, A By if B, € O(B,). Note that 8, > [, implies

Gen(fB,) > Gen(S,). Whenever 3, = 3, we may define the external chain as

[Bus B] := Escaena NOB)\ | 08y
0(8s)FBo

where ¢ € {p, \} and f3, is any S-point. In other words we remove any pieces of Esc not lying
between 3, and (3,,. From the definition, it is clear that for 8, < 5., [8, Bu] i connected.
We will see in the next section that it is an arc parametrized by escaping time.

If 8, € O.(6,) and B, € O_(B,) then we say that 5, and 3, are <-separated by 3, and

write B, = B, A Buw.

Lemma 4.6.1. For any 8, > B = Bs,
hd [ﬁsaﬂw] N [ﬁwaﬂv] = {ﬁw}y

L4 [657 Bw] U [Bwa 6@] - [Bs’ﬁv]'

Proof. Since 3,, is a branch point of Esc it is a cut-point of [fs, 8,]. Hence, [Bs, Bw] N |[Buw, Bo] =

{Bu}-

For the second part, let t = Gen(,). Then

[5& ﬁw] = ESCt m@)(ﬁs) \ U @L(ﬁl)
O4(Bu) ZBw

because all the half-lakes of generation at least Gen((,,) are removed because they do not
contain f3,,. Hence, [Bs, Bw] U [Buw, Bu] C [Bs, By]. This argument also shows the other direction

because it shows that if z € [fs, B,] \ [Bw, 5o then z € [Bs, Bul- ]

4.7 s structure in Esc and J

Define 3y := B(L,,) € Q;. For k € 7Z, define B, := pu~*3;. This notation is such that
Gen(f,) = 2*.
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Figure 4.5: Drawn in black is the ray R?, with the points Sy, 31, 32 labeled in red, and the
level 1 tiles Iy, I5, I3 in blue and green.

Lemma 4.7.1. For k <1, B < fi.
Proof. By Lemma [4.4.8]

O°O(Be) NR = [0, ¥ o] 5 play.
Hence, £,,-1,, C O(f) and so

B(Ly1z,) = B € O(Br).

By Lemma we may define RY in the following way:
Ry = U[B1, Bo] U [Bo, B U [Br, Bo] U -+ .
For j € {II,111,1V} define R) C QY accordingly by reflections of R} across R and iR.
Lemma 4.7.2. For any 5, < B, with Gen(8,) = s > 0. Then the following hold:

1. Gen(ﬂkﬁw) - Gen(,ukﬁv) = Q_k(Gen(Bw) — Gen(f,))
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2. Fort < s, Gen(f'(8,)) — Gen(f*(3,)) = Gen(f,,) — Gen(f,)

Proof. The first property is a direct consequence of (1.0.1). The second property is also
straightforward since for any point z with escaping time s, then for ¢ < s, f*(z) has escaping

time s — t. N

Lemma 4.7.3. Forj € {I,I1,I111,1V}, Rg-) 1s an arc, continuously parametrized by escaping
time. That is, for each j, there is a homeomorphism h; : (0, 00) — R? such that Gen(h;(t)) =

t.

Proof. By (1.0.1) and Lemma m, it suffices to show that I := [/, /1] is continuously

parametrized by escaping time. To achieve this, we will define a Markov partitioning

I=1Ul,Ulzand amap x : I — I such that x(I;) = I for ¢ = 1,2,3 such that for any two

1
)

points a,b € I and any branch of the three branches of x~
| Gen(x ™' (a)) — Gen(x ' ()| < 27'| Gen(a) — Gen(b)|.

The maps we’ll use are as follows:

X1 i=p to—f:O(L,,) — H, (4.7.1)
Xoi=p 2o—f:0(L,,) — Hy (4.7.2)
3= —fPop 2 O(L,z2,) — Hy (4.7.3)

We now explain how for each i = 1,2, 3, the maps x; can be joined together to define the
map X : I — I with the aforementioned desired properties.

It is easy to verify that x;(u~'z;) = u~'z;. Therefore, since x; maps into H,, x1(81) = fi.
Let £ := x{*(L;,). Since 3, € O(L,,) and x;'(B1) = b1, fi € O(L'). Therefore, for
g = pB(L), f < fi. By Lemma Gen(f;) — Gen(8') = 27(Gen(By) — Gen(8;)). Hence,
Gen(f') = 1.5. Since f' < By, o < B1 and Gen(f') > Gen(fy), Bo < 5 < P1.
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Since x1(f') = By and x2 = p~' o x1, we have that x»(8') = B1. Let £ := x5 (Ls,)
and let 3" := B(L") = x5 (Bo). Since By < B1, x(8") = Bo, and x(B') = B, it follows that
p" < p'. Using the same argument for finding Gen(f’), we can conclude Gen(p") = 1.25.

It is easy to verify that x3(z;) = x;. This, combined with the fact that ys maps
onto H, implies that x3(8y) = Bo. Therefore x3(0(L,,)) = O(L,,). By Lemma

Gen(x3'(B1)) = 1.25. One can verify by the real dynamics of f that

x3([0,21]) = [=f%(0), 1] C (" oy, 4]

By Lemma [£.4.4] [0,21] = 0°O(L,-1,,). Hence, x3(61) € O(L,-1,,). Since x3 sends
lakes to lakes, this in turn implies that 8, € O(x3'(£,-12,)) and so x5 (61) < Bi. Since
Gen(B") = Gen(x3'(B1)) and since their lakes intersect — as they both contain 3, — they
must be the same point by Lemma [4.4.7]

In summary, By < 8" < 5" < B, so we have the following tiling:

I =3, 3], (4.7.4)
L= 1[5", 0], (4.7.5)
I3 = [Bo, 8"], (4.7.6)

satisfying x;(1;) = I. Let x : I — I be defined piece-wise by the maps x;. By Lemma m,
for any branch of x=", Gen(x " (1)) — Gen(x"™(5y)) < 2™. Since each x; is expanding by
Schwarz Lemma, we also have that the pre-images of I under x" shrink to points as n goes

to co. Hence, [ is an arc which is continuously parametrized by escaping time. O]
Proposition 4.7.4. RYU {0} U RY; and RY,; U{0} U RY,, are quasiarcs.

Proof. By symmetry and self-similarity under scaling by p, it suffices to show that

J=RjU{0} U R} N (O(L,,) UO(L )

is a quasiarc.
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Let 8’ € RY be the B-point of generation 1.5. (This corresponds with the definition of /3’
from the proof of Lemma m) Let I' := [uf, 81] D [Bo, B1]- Fori=1,2,3, let I! := x; ' (I').
By Lemma [2.1.6] applied to x; and I/ for i = 1,2,3 and I} := pl;, I' is a quasiarc.

Let A := 1" and let B be the reflection of A about the imaginary axis. Then by Lemma

2.1.4] J is a quasi-arc.

Corollary 4.7.5. RYU {0} U RY, = OL;.

Proof. By Lemma m, B = RYU{0} URY, is an arc. Since R? tends to oo in quadrant [
and RY, is the reflection of RY about the imaginary axis, B separates C into two regions.
Let U be the connected component of C\ B containing iR,. Since BN Jx = {0} and
UDiRy, £y CU. Since UN(RUIR_) =0, U does not contain any of the 3 other connected
components of J \ {0}. Hence, (T \ £+)NU = 0. Since J is dense (by Proposition [4.1.1]),
Ly=U. O

Corollary 4.7.6. For any limb L. rooted at ¢, OL. \ {c} C Esc.

Proof. Let s > 0 such that f*(L.) = ££+. To ease notation, assume f*(L.) = L4. Since

0L N\ {B(L.)}) = L+, the statement follows from Corollary |4.7.5 O
Lemma 4.7.7. For any two disjoint limbs L1, Lo,
L1NLy=0L1NIL,.

Proof. Tt suffices to show that £, N £y C 0L, N 0L, since the other direction is immediate.
If 2 € Int(£;) then there exists a neighborhood N(z) C Int(£;). By Corollary m
N(2)NLy = 0. Hence, Int(L£;)NLy = (). Since the same argument works to show Int(Ly)NL; =

(0, it follows that

1N Ly = (L£1N L)\ (Int(L;) UInt(Ly)) = L, N IL,.



AL\
L t. L

Figure 4.6: Depicted are two limbs, £y, Lo, satisfying A(L;, £2) and mapping to Ly, £k,
for some k € Z under f°. Shaded in blue is the region from Corollary 4.7.10| on which f* has
gs bounds.

A

MX,

Definition 4.7.1. For two limbs, L1, Lo, say A(Ly, Ls) is satisfied if
1. L4, L5 are rooted in the same spine or are both rooted in R
2. El, £2 touch

3. Gen(L;) < Gen(Ly).

Lemma 4.7.8. For any limb Ly, there exists a limb Ly such that A(Ly, L) is satisfied.

Proof. By Corollary let X be the unique spine such that ¢ € Int(X). By Lemma
.48 0°O(L1) N X = [cq, ) where Gen(c,), Gen(c,) < Gen(cp) and for any ¢ € (cq, ) 7.0,
Gen(c) > Gen(cy). If X = R then both ¢,, ¢, € Int(X). If instead X is the spine of a limb,
then X contains only one endpoint (as the other end is a S-point. Hence, at least one of ¢,, ¢
belongs to Int(X). Therefore, we can define ¢y to be one of ¢, ¢, such that ¢y € Int(X) and
we can define Ly as the limb rooted at ¢y and lying on the same side of X as £;. Since one
of the two connected components of 9°Q(L;) \ X is contained in Ly, 3(L£,) € Ly. Therefore,

Lo and Ly touch and so A(Ly, L) is satisfied. O
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Figure 4.7: A double lake at some ¢ # 0.

For any pre-critical point ¢ of generation s, by Corollary [£.3.9 let X be the unique spine

such that ¢ € Int(X). Let L., £ be the two limbs rooted at ¢. By Corollary |4.4.4
IO(L)NX =0°0(L)NX = [e1, 2],

where ¢, co € X are the closest pre-critical points on opposite sides of ¢ of generation less

than s. Therefore, we may define the double lake at ¢ to be
@(ﬁc) U @(E/C) U (Cl, CQ).

In this way, a double lake is the union of two lakes and the interior of their shared boundary

and is a topological disk (when ¢ # 0). (See Figure [1.7])

Lemma 4.7.9. For any pre-critical point c, let V. denote the double lake at c. Then V, s
open and f*(V.) = C\ ((—o0,a] U [b,+00)) where a,b belong to a finite set of points up to

scaling by .

Proof. Let ¢ be pre-critical point of generation s > 0 and let £, £’ be the two limbs rooted
at ¢. By Corollary let X be the unique spine such that Int(X) 5 ¢. By Lemma[4.4.8|

J°O(L)NX = 0°O(L)NX = [c1, ca] where ¢1, ¢y are the closest pre-critical points to ¢ in X of
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smaller generation. Since f*(O(L))U f5(O(L") =H, UH_, f*(V.) = C\ ((—o0,a] U[b, +00))
for some a < 0 < b € R. Since f*(V.) is open, V. is also open.

We now show that there exists a finite set of points, P C (xy, ux), such that for some
ko, ky € Z, 1i*|al, kb € P. Let s; be the minimum of the generations of ¢y, ¢o. Let Iy := [c1, ¢a].
Then [, := f*'(ly) has 0 as an endpoint, is contained in R or iR, and by the definition of
Iy, the other endpoint of I; is such that there is no point of smaller generation between
it and 0. Therefore, by Corollary I; is one of the three possible types of intervals:
+[0, pFay], £[0, pFy1], £[0, Fys] for some k € Z. Since f is even, and since scaling by u does

not affect distortion, we may assume WLOG that I; is one of [0, uz4], [0, y1], or [0, pys].

Case 1: I} = [0, pa1]. By Lemma [4.3.12 f*'(¢) = 1. Since Gen(z1) = 1, applying f sends x;
to 0, and the double lake at 1 to C\ ((—o0,v] U [—puv, +00)).

Case 2: I = [0,y;]. By Lemma , f51(c) = yo. Since Gen(yy) = 5, and f*([0,y1]) =
[£°(0), f2(0)] = [£°(0), —p 0], applying f° sends the double lake at y to C\((—oo, f°(0)]U

(=170, +00)).

Case 3: I; = [0, uyo]. By Lemma[4.3.12) f*'(c) = y1. Since Gen(y;) = 3, and f3([0, uye]) =
[£2(0), f2(0)] = [£2(0), —pao].

Combining these three cases, rescaling, and taking the absolute value, we find our set of

finite set of points is P = {|v|, u|f3(0)], | f*(0)|}. O

Corollary 4.7.10. Every bounded limb is uniformly gs-equivalent to L,,. More generally,
there exists a distortion function 1y, such that for any pair of bounded limbs Ly, Lo of
generations sy, sy satisfying A(L1, Ly), f5|v is n1-qs where U is an open set containing Lo

and the half-lake of generation sy intersecting both Lo and L. (See Figure )

Proof. Let L1, L5 be bounded limbs rooted at ¢y, co, as in the statement of the corollary. By
Lemma [4.7.9 the double lake at ¢; maps conformally under f*' to C\ ((—o0,a] U [b, +0))
where for some kg, ky € Z, p*e|a|, u*b € P C (xq, pzy) by Lemma where P is a finite
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set. Furthermore, f*(c;) = 0 and f*'(cy) = +pu*z; € (a,b) for some k € Z. By rotation 180
degrees if necessary and rescaling by u~*, we may assume WLOG that f%(cy) = x;. Let
p € P be the point of minimal distance to x;. Since U is the smallest open set containing Lo
and the half-lake of generation s, intersecting both £y and £q, U’ := f*1(U) is the smallest
open set containing £,, := f*'(Ly) and the half-lake of generation 1 intersecting £,, and
+L;. Since U is compact and U N R = [0, 2;] the modulus of C \ ((—o0, a] U [b, +o0)) \ U” is

bounded. Hence, by Koebe distortion, the result follows.

Proposition 4.7.11. The closure of every bounded limb is a uniform quasidisk.

Proof. By Corollary 4.7.10} it suffices to show that X = dL_,, is a quasicircle. Recall the
map -1 (see (4.5.1).) Since x_o, (L_z,) = Ly, fixes B(L_,,), and |x",, (B(L_z,))] > 1,

X_2,(X) = X and is locally linearizable in a neighborhood of 3(L£_,,) to the map z — Az

where A = (xZ1,)/(B(L_,,)) € D.
Let N be a neighborhood of (£ _,,) on which x_}  is linearizable. Let N’ = xZ2 (N) C N.
Let U be the double lake at —x1. f(L_s,) = =Ly, f(U) =V =C\ ((—00,a] U [b, +00)) for
some a < 0 < b, and f|y is conformal. Since f(X \ N') C K € V where K is compact, f~!|x
is gs by Koebe distortion. Therefore, since (RY,; U RY},,) is a quasiarc by Proposition m
X \ N'is a quasiarc.
This means that, in particular, the two connected components of X N (N \ Ny) are quasi-

arcs. By Lemma applied to X N (N \ N) and x5, we have that X N NV is a quasiarc.
Finally, applying Lemma to X \ Ny and X N N, we get that X is a quasicircle. m

4.8 More properties of limbs
Lemma 4.8.1. [By, 81] = L1 N L,, .

Proof. By Corollary [4.7.5, By, 1] € L;. Therefore, it suffices to show [By, 1] € L,,. Since
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we already know Sy := $(L.,) € L,, and since, by Corollary [4.1.2] there is at most 1 arc

between any two points in Esc, it suffices to show 3; € L,,.

By Lemmald.7.1} By < 1. Since f(B1) = B(L_s,) € RY; and since the branch f~!: H, —
O(L,,) satisfies f~1(RY,) C OL,,, it follows that 3, € OL,,. Since IL,, is a quasi-circle
(Proposition , and 0L, \ {z1} C Esc, there is an arc between 3 and 3, contained in
OL,, NEsc. By Corollary [4.1.2| this is the unique arc from 3; to 3. Hence, [By, 81] € 0L, .

We now show the other direction, namely, that [3y, 5] 2 £ N L,,. By Lemma ,
LyN L, =0LNOL,, = RYNIL,,.
By Lemma [1.7.3] and since 8y < 81 € O(Ls,),
R} NO(Ly,) = RN Ox(Ly,).

Therefore, by scaling,
RINO(L,~1,,) = BRI NO\(L,14,).
Therefore,
2 € RINIL,, = z€ {Bo} ULy \Op(Ly-14y)
— Gen(z) € [1,2]

= 2z € [, 1]

Lemma 4.8.2. For x € (u 'a1,21) a pre-critical point, L., L+ do not touch.

Proof. By Lemma and symmetry across iR, E_T and L£_,, intersect on an interval.
Pulling back by f~*, we find that £,-1,, N L., = [B1, 8] where B, < . This interval blocks

any limb £,, € (u @1, 2;) from reaching L;. For a picture, see Figure O]

From the previous lemma, we get the following immediate corollary:
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Corollary 4.8.3. A real limb touches L+ if and only if it is rooted at +u*xzy for some k € Z

and contained in the closed upper half-plane.

Lemma 4.8.4. If ¢y, co belong to the interior of a common spine and there is no pre-critical
point of order less than max{Gen(c;), Gen(ca)} between them, then the limbs rooted at ¢y, co

touch.

Proof. WLOG, suppose s; = Gen(c;) < Gen(cg) = so. If there is no pre-critical point of
generation less than s, in (¢, ¢2) s then by Lemma [4.4.8 ¢, € 0°O(L,,). Since there is no
pre-critical point of lesser generation between f*!(¢;) = 0 and f5'(c2) € R, then by Corollary
[1.3.13 f*1(co) = £p "z, for some k € Ny. Since the limbs at f*1(c;), f*(c2) map backwards
to the limbs at ¢; and ¢y along the same branch of f~*' the limbs at ¢; and ¢y must also

touch. O

Lemma 4.8.5. If ¢; # ¢y belong to the interior of a common spine then there exists a unique
pre-critical point c3 € (c1,C2) 7., of minimal generation. Furthermore, Gen(cz) # Gen(cy) and

Gen(cs) # Gen(cy).

Proof. WLOG, assume that Gen(c;) < Gen(cg). Since c¢1,co € pJ for some n € N,
[c1, e2) 7., C p™J. Therefore, since " J has only finitely many pre-critical points of generation
less than s, for any s > 0, there exists a point of minimal generation in (cq, ¢3) 7,.. By Corollary
any two limbs of the same generation cannot touch. Therefore, by Lemma [4.8.4] the
pre-critical point of minimal generation must be unique and cannot be the same generation

as that of either ¢; or c,. O

Corollary 4.8.6. Let ¢y, co be pre-critical points belonging to the interior of a common spine
with Gen(cy) < Gen(ca) and let c3 be the unique pre-critical point of least generation strictly
between them. Let L1, Ly, and L3 be limbs rooted at ¢y, ca, and c3, respectively such that all

are lying on the same side of their common spine. If L1 and Ly do not touch, then

o B(Ly) < B(Ls3) < B(L2), or
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etbe

Figure 4.8: This figure is meant to accompany Corollary and shows the unique limb
L3 of minimal generation that lies between any two non-touching limbs £, and £, that are
rooted in a common spine and lie on the same side of said spine.

o B(L3) = B(L1) N B(Ly).

Proof. By Lemma let ¢ be the unique point of minimal generation lying strictly

between ¢; and co. If £1 and L5 do not touch then by Lemma [4.8.4
Gen(cs) < max{Gen(c;), Gen(cz)}.
Hence, either
Gen(cy) < Gen(cz) < Gen(cg) or Gen(cs) < Gen(cp) < Gen(ca).

Case 1: Suppose Gen(cy) < Gen(cz) < Gen(cg). Since c3 is the point of minimal generation
in (c1,c2), there are no points of lesser generation in [cy, cs]. Therefore, by Lemma
.48 c2,c5 € 0°O(Ly) and B(L2), B(L3) € O(Ly). Similarly, since there is no point of
generation less than Gen(cz) in [c3, ¢2] 7., 2 € 0°O(L3) and B(Ly) € O(L3).

Case 2: Suppose instead that Gen(cs) < Gen(L;) < Gen(Ly). Since there are no points of
lesser generation between ¢z and ¢; or between c3 and ¢y, they each belong to 9°O(Ls).

Since c3 lies between them, their limbs belong to different half-lakes of O(L3). Hence,
B(L3) = B(L1) N B(La).
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Figure 4.9: Depicted here is the definite gap between the collection of limbs rooted in
(—x1, —p'x1) and L4. By invariance of 7., under scaling by p, all bounded limbs rooted in
R that don’t touch £4 cannot be too close to L4 relative to their diameter.

]

Let L,, Ly be limbs rooted at a, b such that A(L,, L) is satisfied and let £, be the unique
limb lying between them that touches both of them. Then define R, as the closed region
bounded by [a,b] .., L, NO(L,), and L, N O(L,).

By density of pre-critical points in [a, b] 7,

oo

and density of J in C, it follows that R, is

equal to the closure of all the limbs rooted in (a,b) 7 and lying on the same side as £, and L.

Lemma 4.8.7. There exists a constant C > 0 such that if L. C H, and does not touch L4

then
d(Ew £T)
diam(L.) — ¢

Proof. By Lemma L. is not rooted at ¥z, for any k € Z. By scaling invariance under
p and symmetry of J,, about iR, we may assume WLOG that L, is rooted at ¢ € (u'xy, x1).
Let R,-1,, ., be the closure of all such limbs in that interval. Since R,-1,, ., and L; are

disjoint, we have that
d(‘cm £T) > d(R#71$17$17£T)

0.
diam(L.) = Ru-14y ~
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Figure 4.10: Drawn is a -neighborhood of £,, which is made to be disjoint from the limbs
shaded in green where we cannot guarantee good distortion bounds under the dynamics being
applied in the proof of Proposition

Proposition 4.8.8. If L, Ly are rooted in, and laying on the same side of, a common spine

and do not touch, then

d(£17 ‘CQ) >
min{diam (L), diam(Ly)} —

for some C' > 0 that does not depend on Ly or L.

Proof. Let Ly, Ly be rooted at ¢y, ¢z, respectively. By Lemma[£.8.4] if £; and £, don’t touch
then there exists a limb L3 rooted at c3 € (c1, ¢a) 7, such that Gen(cz) < max{Gen(c;), Gen(cy)}.
By Corollary [4.8.6] there are two cases to consider corresponding to whether 3(£1) < B(L3)
or vice-versa. In each case, we show the desired property by mapping the larger limb — £; or
L3 —up to L,, or L+ with bounded distortion and showing that the property holds there.
The main strategy of this proof is to argue the existence of a d-neighborhood of either £, or
of a compact set containing f*(L;) or f*(Ly) that is disjoint from the other limb which we
can then pull back under a map with good distortion to bound £, away from L, relative to

its diameter or vice-versa.
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Case 1:

Case 2:

Suppose that Gen(L;) < Gen(L3). Then by Corollary [1.8.6, 8(£1) < B(L2). By
Lemma [1.7.8 let £y be a limb such that A(Lo, L) is satisfied. Let s = Gen(Ly).
Assume WLOG that f¢(£,) = L., C @Q; since otherwise we may post-compose f* with
a symmetry of C and scaling by p" for some n € Z so that this is the case. Then
by Corollary , f~* is 7/-qs on an open set U D L,,. Also by Corollary
there are only finitely many points in (z1, uz1) that can be critical values of the map
f2:0°0(Ly) — R. Let x;, be the greatest pre-critical point in (21, pzy) such that £,
touches £,, and (x1,2}) is guaranteed to be without critical values under our map and
every limb rooted in (1, x) is contained in U. Let B be the closure of the collection of
limbs that are lying in Q;, are rooted in (0, u~'2;) U (24, px1), and do not touch L,,.
Since BN L,, = 0, there exists a constant § > 0 such that Ns, the §-neighborhood of

L., satisfies Ns C U and Ns N B = ().

If f*(Ly) C B then d(Lq, Ly)/diam(Ly) > C} since f*(L2) N Ny = 0 and f~%|y, has
good distortion, where f~° is an appropriately chosen branch. If instead, f*(Ls) Z B,
then f%(Ls) is rooted in (u~ 'y, x,). Since we may map f*(Ly) and L,, by f to f57(Ls)

and £4 with good distortion, we get that d(Ly, £5)/ diam(Ly) > Cy by Lemma [4.8.7

Suppose instead that Gen(L3) < Gen(L;). Then by Corollary [4.8.6] 5(L3) = B(L1) A
B(Ly). Similarly to Case 1, let Ly be a limb such that A(Ly, L3) is satisfied. Let
s = Gen(Ly) and WLOG, assume as before that f*(L3) = L£,,. In this instance, define
By, as the closure of the limbs rooted in (0, 'z;] and define By as the closure of
the limbs rooted in [z, pxq) where z; is as defined in Case 1. If f*(£y) and f*(Ls)
are both in By, U Bg then at least one of them is rooted in (0, z 'x;]. Observe that
by Corollary B;, € U where U D L,, is an open set on which f~* has good
distortion bounds. Since By, N Br = (0, and U D By, is open, there exists a ¢ > 0 such
that the d-neighborhood of By, is both contained in U and disjoint from Br. WLOG,
suppose f*(Ly) C By (as opposed to f*(L;).) Pulling this d-neighborhood back by f*,
we find that d(Lq, £o)/ diam(Ly) > Cs.
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If f°(Ly), f*(L2) are not both contained in By, U By then at least one of them is rooted
in (u™'xy, 7). Mapping this forward by f sends it to (—zy, f(z3)) where f(z3) € (0,1).
WLOG, suppose f*71(L;) is rooted in (—z1,0). By Corollary , any suitably
chosen branch f~*7! sending f**1(£;) to £, has good distortion on a neighborhood
U DO (L_,,). Let G be the closure of all the limbs rooted in (—xy, —pu~'z;]. Since
G is contained in the (open) left half-plane and G C U, there exists a §-neighborhood
G C Ns C U such that Njs is still contained in the left half-plane. Scaling down G by
1% so that it contains f**1(£;) and then pulling =% N; back by f**!, we find that
d(Ly, L)/ diam(Ly) > Cy.

Taking C' := min{C}, Cy, C3, Cy}, we obtain the desired result for any such limbs £, Lo. O

Proposition 4.8.9. If L1, Ly are limbs such that A(Ly, L) is satisfied, then

d(/B(EQ)v £1)
min{diam (L), diam(Ly)} 20

for some C' > 0 that does not depend on Ly or L.

Proof. If L5 = £L4 then this is immediate as d(8(L2), L) = oo. If Ly = L,, then the
inequality also holds for some C' > 0 since all the real limbs of greater generation that touch
L, are bounded away from ((L,,). All other cases follow from Koebe distortion, symmetry,
and scaling since we may map Lo, £ up to L,,, £ with bounded distortion where A(L,,, L})

is satisfied. n

Proposition 4.8.10. If Ly, Ly are limbs satisfying A(Ly, L2) and L1 s C Ly is a limb rooted

in spine(Ly) that does not touch Lo, then

d<£1,sa ‘CQ) >
min{diam(L; ;), diam(Ls)} —

for some C' > 0 that does not depend on Ly, Ly, or Ly ;.

Proof. The proof is similar to that of Proposition We may map L, 5, Lo with bounded

distortion by Koebe under the dynamics and scaling to £ ,, £ where £  is an imaginary
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limb and £} is rooted at +x;. From there, the problem can be reduced to finally many cases
such that for each, the distance between the limbs relative to their diameters is bounded

from below. [

4.9 Contrast between layouts of real limbs and
imaginary limbs

A limb rooted at c¢ is said to be real if ¢ € R. Similarly, a limb rooted at c¢ is said to be

imaginary if ¢ € iR\ {0}.

Corollary 4.9.1. Every pair of touching limbs touch on an interval and there is a unique
limb in between them that touches both. That is, let L1, Lo be touching limbs rooted at ¢y, co

such that Gen(L1) < Gen(Ls), then
['_1 N £_2 = [61)7 51(1] C Esc

where B, = B(Ls) and By, = P(L3) where L3 is the unique limb rooted in [c1, c2) 7., such that

[e's}

L3 touches both L1 and L.

Proof. We first observe that this statement holds for £y and £,,. By Lemma we
already know their closures intersect on an interval, namely the quasi-arc [y, 51]. By scaling,
LN m = b1, B2]. Since f maps L,-1,,,L,, to L_,,, L+ whose closures intersect on a
quasi-arc, namely the reflection of [5y, 1] about iR, it follows that £,-1,,, £, must also
intersect on a quasi-arc. Since £,,-1,, touches both £; on an interval every limb rooted in
(0, i~ z1) is bounded away from L, and so cannot touch it. Similarly, since £,-1,, touches
L,, on an arc, any limb rooted in (u~'zy, 1) is bounded away from £; and so cannot touch

it. Hence, £,-1,, is the unique limb rooted in [0, z;] that touches both £4 and £,,. By

I
invariance of 7, under scaling and symmetry this immediately generalizes to the case when

Ly = +L; and Ly a limb rooted at +u*z; for any k € Z.
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For the general case, suppose L1, Ly are touching limbs such that Gen(L;) < Gen(L,).
Let z be in the intersection of the closed limbs. By Lemma |4.7.7, z belongs to the shared
boundaries of the closed limbs and so by Corollary [4.7.6 z € Esc and Gen(z) > Gen(8(L2)).
Hence 1 < z and so z € O(L;). Furthermore, z = 35 or 5 < z. Therefore, by Lemma m,
O(Ly1) D O(Ly). We can then reduce to the case when £, = ££4+ by mapping O(L,) to the

upper or lower half-plane under the dynamics. O

Corollary 4.9.2. If £y and Ly are touching limbs such that Gen(L;) < Gen(Ly) then
O(Ly1) D O(Ly).

Proof. By Corollary , B(L1) < B(Ly) since B(Ly) € IL,. Hence, if B(Ly) < 2 then
B(L1) < z. This means that if z € O(Ly) N Esc then z € O(L;) N Esc. Therefore, by Lemma

O(L1) 2 O(Ly). o
Lemma 4.9.3. Consider L, Ly,, Ly, C Qr. L'y, Ly, touch and L,,, L, touch.

Proof. This follows from Lemma [4.3.12] Since y5 is the point of smallest generation in (0, y;),
mapping forward by f3/* sends y, to a point of smallest generation in (f3/4(0),0) and so
¥4 (y2) = —pFa, for some k € Z. Since f3*(L,,), f3*(L,,) touch, so do L,,,L,,. The

argument is analogous for £,,-1,,, L,,. O

Lemma 4.9.4. £, ,L,,, L, C Q; all touch L,,.

Proof. Recall g/, 3" from (4.7.5)). By Lemma {4.8.1] Lemma and Corollary it
suffices to show B(L,-1,,) = " and B(L,,) = B".

By Corollary and Lemmal.3.12| (L,,-1,,) < B1and B(L,,) < Bi1. Since Gen(5(L,-1,,) =
Gen(f') = 3/2 and Gen(B(L,,)) = Gen(s”) = 5/4 and since the lake of any given generation

containing (; is unique, it follows that 3(L,-1,,) = " and 5(L,,) = 8". ]

Corollary 4.9.5. For any pre-critical point y € iRy \ {u*y1, u*y2 | k € Z}, L, does not

touch any real limbs.

59



Proof. This follows immediately from Corollary and Lemma The idea is the same
as for Lemma [£.8.2] O

Proposition 4.9.6. Real limbs touch 0 or 3 imaginary limbs. Imaginary limbs touch 0, 1,

or 2 real limbs. All of the above cases are realized.

Proof. This follows immediately from Corollary and Lemmas [4.9.4] and |4.9.5] O]

See Figure for a picture demonstrating Proposition

60



Chapter 5

Quasisymmetries of J

5.1 Defining the maps of the generating set

The most important homeomorphisms of 7 to itself are a collection of “shift” maps. For any
little Julia set, J, there is a shift map and they are named as such because they shift the
little Julia sets centered along the spine of J. In order to define these maps, we first define
the involuti(on L Jso — Js as follows:

f(z),  z€[=B,a]UU.cpepn-pa Lc UL

U(z) = FU2), ze€(aBlU Ueercpnas LeU L, The branch of f~! is chosen such

—2, otherwise.

\
that it fixes a. See Figure for a picture of the different regions of the map corresponding
to each case in the definition of «. The following proposition gives an important remark about

L.
Proposition 5.1.1. ¢ does not extend continuously to C = J.

Proof. 1t suffices to show that ¢ does not extend continuously to 5(L£_,,). Indeed, as z —
B(L_,,) along spine(L_,,), ¢(z) = oo since Gen(5(L_,,)) = 1. However, as z — $(L_,,) in
L+, 1(z) = f7HB(L_s,)) € C where the branch of f~! is the one from the definition of ¢. [
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Recall from the introduction, the map p : J — J is defined as p(z) = —z. Abusing
notation, we also will use p as the negation map for any point z € C. Before we define shift
maps for general little Julia sets, we start by defining one for the central little Julia set of

depth k, p=*7 for each k € Ny. For k € Ny, define o}, : J — J by
o= "oporouy. (5.1.1)

See Figure |5.2| for a drawing of the map 0y. By looking at the definition of oy one can see
that to the right of o, 0y acts as f~! where the branch is chosen such that it fixes 3. In this
way, oo shifts all the little Julia sets of depth one that are to the right of o and centered
on R to the right by one. To the left of a, g acts as —f and in so doing shifts all of the
little Julia sets on that side to the right by one. While not necessary, it may be easier to
first picture this map acting on the Basilica Julia set by replacing f with z + 2% — 1 in the

definition of .
Proposition 5.1.2. oy, acts as identity outside of the extended little Julia set p=*7.

Proof. This follows from the definitions of o, and ¢. For z ¢ ;??7, L(pkz) = —p*2. Hence,
p ot (2) = 2. O
Proposition 5.1.3. For each k, oj is nx-qs where n depends only on k. However, these

distortion bounds deteriorate as k — co. Moreover, the maps o) converge pointwise to a map

that is identity outside of =Ly and maps £L4 to 0.

Proof. The fact that each o}, is ni-qs follows from Proposition which we prove later in
this chapter.

As k — oo, spine(u™*J) = u=*[-8, B] — {0}. Therefore W — Ly U—Ly as k — oo.
Therefore, for z € J \ (Ly U —L4) there exists k, such that for k > k,, ox(z) = z. For z € Ly,
01(2) € Ly-ry, C WLy, Since p="L,, — {0} as k — oo, the maps 0., converge pointwise
to a map that is identity off of L+ U —L4 and projects Ly U —L4 to {0}. Hence, because each
oy is normalized in that it fixes 0, 8, —f, there can be no uniform distortion bound 7,,;r such

that oy is Ny for all k. O
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Using the maps oy, we can define a shift map for each little Julia set. Let J be a little
Julia set of depth k and let n be the smallest number such that f*(J) = p=*7. Define

froorofi(z), z€]
o;: T =T byos(z)= where " is the well-defined branch

z, otherwise.

that sends ;%7 to J. Since oy, fixes 47", the above map is continuous.
Proposition 5.1.4. For J = u=*7, 05 = oy.
Proof. This follows immediately from Proposition and the definitions of o; and o,. [

We call the maps o7, where J is a little Julia set, shift maps because it shifts the little
Julia sets centered along the spine of J of depth one greater than depth(.J). Figure depicts

oy for a seemingly random choice of J.

Figure 5.1: Depicted is ¢ : Joo = Joo- tlr, = f: R1 — Ro, t|r, = 7' : Ro — Ry, t|g, = p

5.2 No gs rotations by 1/4

Since f is even, it is immediate that p = z — —z, the rotation of J by 1/2 is an isometry of

J. A natural question is: Is there an analog of p that rotates the 4 connected components of
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Figure 5.2: Depicted is the map oy : J — J. Blue dashes mark the real a-points, which
each shift one to the right under oy.

J\{0} by 17

Definition 5.2.1. A rotation by 1/4 of J, 014 + J — J, is a topologically extendable
homeomorphism (onto its image) such that 6;,4(0) = 0 and 6, ,4(R;: N J) C iR NJ (i.e. the
map “rotates” the 4 connected components of 7 \ {0} sending each to the adjacent one in

the counter-clockwise direction). For technical reasons, we allow for rotations by 1/4 to map

64



Figure 5.3: Depicted is 0y : J — J where J is a little Julia set of depth k. o acts as identity
outside of J, which is bounded by the red external rays in the middle and left sketches.

ojl5=Ff"ooro 5

strictly inside 7.
Proposition 5.2.1. (Topological) rotations by 1/4 exist.
Proposition is shown in three steps:

1. defining an explicit map, pi/4, that rotates the 4 connected components of J \ {0}

counter-clockwise,
2. showing py/4 is a homeomorphism, and
3. showing p;,4 is topologically extendable.

Let Uy, Us,Ug, and Uy correspond to the “north”, “south”, “east”, and “west” components
of 7\ {0}. In this way Uy = L4 \ {0}. Once py,4 has been defined on Uy, we can define p; 4

on the other three components in the following way:
® pralvw = PO Py,
® pijlug = popisop.
hd P1/4|UE = pPOpP1/40Pp.

In this way, p1/4 will have the additional desirable property that pf =P and so p} /= id.
We also define p/4(0) := 0.
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Figure 5.4: Shown here is J with the strips Sy, Si, S, S] marked. p; /4 rotates the 4 connected
components of J \ {0} and is defined such that p,4(Sk) = S, for k € N.

We now lay the foundation for defining py/4 on Un. Let 8y := B(Ly). For k € Ny, define

Ly o= p (7' By, By) C Ry
Using the intervals I}, we define the “strips” of Uy:

Sp=ILU |J L.UL.

ce PCPNI},

Define
prals, = p" o —f2o g, (5.2.1)

Since UkeNo Sy = U, this fully defines p;/4 on Uy and therefore is enough to fully define

p1/a on J. See Figure[5.4]
Lemma 5.2.2. py/4 : J — J is a homeomorphism.

Proof. We first show that py /4|, is a homeomorphism onto Uy .

Observe that f(8;) = —f. Therefore, by (1.0.1)),
= B = f(Br) = T (=B) =

The last equation is due to the fact that the « fixed point of f is equal to the g fixed point

of the pre-renormalization of f. Hence, because f2 does not have critical points in I,

— f*(Io) =[-8, a). (5.2.2)
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Since every pre-critical point in [ is of order at least 3, Lemma tells us that every
pre-critical point in a transcendental limb rooted in I is also of order at least 3. Hence, — f?
moves every transcendental limb rooted in I, homeomorphically. Therefore, since the limbs
in 4*Sy are contained in the transcendental limbs rooted in Iy, — f?|,xg, is homeomorphic
onto its image for all £ € Nj.

Define I}, := = *[—3, a) and define the strips

Sp=nu |J L.UL.

cePCPNI],

These new strips, which are analogs of S, C Uy, similarly satisfy UkeNO S, = Uw. Further-
more, by , the definition of p;/4 is such that p;/4(Sx) = S;,. Since the endpoints of
I, I, are related under scaling by i, the definition of p;/4 guarantees continuity at these
endpoints, which are the points where the closures of consecutive strips intersect.

Hence, py/4 is continuous within each connected component of 7 \ {0}. Therefore, the
only potential for discontinuity in p;/4 is at 0. However, by the self-similarity of J,, under
scaling by u, the size of transcendental limbs rooted at z goes to 0 as z — 0. Since limbs in
J are contained in transcendental limbs, their diameter, too, must go to 0, as z — 0. Since
Iy, I, — 0 as k — oo, it follows that S, S, — 0 as k& — oo. Hence, as z — 0, p1/4(2) — 0

and so we have continuity at 0. This proves p;/4 : J — J is a homeomorphism. O]
Lemma 5.2.3. py/4 1s topologically extendable.

Proof. We do this by showing that there exists an orientation-preserving homeomorphism

p1/4 such that the following diagram commutes:

T P1/4 T
Y lﬂ}
j P1/4 j
Recall the strips Sy C Uy from the proof of Lemma and fy = [(L4). By Corollary

3.2.9, for all k € N, p73; is a non-branching cut-point. Hence, for each k € N there are two
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points 0 < ), € T such that
Y(0k) = ¥ (0;) = u"B;.
Since the only branch points of J are pre-critical points (see Lemma , for each k € Ny,
Sk \ { "B} is the connected component of J \ {u*G;, u=%71 4} containing I, \ {u%5:}.
Hence,
7 (So) = (641,04)
and for k > 0

7 (Sk) = (Og1, O] U [0, 01, ,)-

By (1.0.1)), p1/4|s, as defined in (5.2.1)) can be rewritten as
prjals, = (D)F (5.2.3)

By symmetry of J about 0, multiplying by —1 in the dynamical plane corresponds to adding
1/2 mod 1 in the Béttcher coordinate of T. Let g be the doubling map on T. Therefore, if
we define

2k+1

~ 1 1
Pjala, = =7+ Z(—l)kH +y9

then by (2.4.1)), the diagram commutes.

Since p1/4 is continuous where the closures of consecutive strips intersect, so is pi /4.
Piecing together all of the strips, we have that the diagram commutes on all of ¢~ (Uy).
We can extend p;/4 in the same way to the other components. By continuity, the 4 rays
landing at 0 are invariant under p+,4 and rotates them by one counter-clockwise in the
same way it does the intervals corresponding to the connected components of 7 \ {0}. Hence,

p1/4 : T — T is a homeomorphism on which the diagram commutes. O]

By Proposition there exists real limbs — limbs rooted in R — that touch 3 imaginary
limbs while an imaginary limb — a limb rooted in iR — can touch at most 2 real limbs. The
following proposition implies that this is an immediate obstruction to any rotations by 1/4

about 0.
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Lemma 5.2.4. Let ¢ : J — J be an n-qs map such that $(0) = 0. Then ¢ induces an n-qs

map ¢oe : C = C such that for any limb L. rooted at ¢, ¢oo(Le) C Ly (c)-

Proof. We first begin by defining ¢, as a limit of scalings of ¢ and showing that it has the

desired properties.

Let m(n) € Z such that ™™ ¢(u"z,)| € [v1,pux1). Define ¢, : p"J — pu™™MJ by
Pn(2) == ™M (u"2). Each ¢, is n-gs. For n > k define ¢, = ¢y |,+. The normalization

of ¢, at z1 implies the family {@,|,x 7 }n>k is pointwise bounded. Since 0 is fixed and ¢, is

b
normalized at z;, then by Theorem the sequence (¢, |,k 7)n>k is equicontinuous for each
k € N. Therefore, by Arzela-Ascoli for all k € N, there is an 7-qs map ¢oo 4 : p*J — C such
that on a subsequence ny, which is chosen to be a further subsequence of ng_1, ¢n, k = Pk
uniformly as n; — oco. Since the domains p*J are increasing with respect to k, by taking
further subsequences each time we get the property that for [ > &, ¢oc|,#7 = ¢oc k- Therefore,
by letting k — co we get an 1-qs map ¢ : Joo — C. Since J is dense by Proposition [4.1.1

and since gs maps may always be extended to the closure, ¢, can be extended to a map

¢ : C — C.

We now show that for a limb L. rooted at ¢, ¢oo(L.) C Tw(c) Let ¢ € J be a
branch point, let 3(c) be the tip of the spine of the (relevant) transcendental limb rooted
at ¢, and let f,(c) be the tip of the spine of the (relevant) limb of " J rooted at c.
Since these limbs exhaust the transcendental limb rooted at ¢, then for n > N and N
sufficiently large, |B.(c) —¢| > |B(c) — ¢|/2. Let ny be a subsequence such that ¢,, — ¢
uniformly on V7. Since each ¢, is 7-gs, fixes 0, and is normalized at z, it follows that

G, (L.NpNT) C K = K(c,n), where K is compact. In addition, by the qs property,

1

- c—0
U ( Bn(c)—c

Pny (B (€)) = Pn, ()
¢nk (C) - ¢nk (0)

;
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Hence,

diam(Ly, (o)) > (¢ (Bn(c)) — dn ()]
Cg|C|

N (‘IBN(Z)—C

Since the closure of transcendental limbs are uniform quasidisks (Proposition 4.7.11}) it

v

= Cl = Cl(C, 77)

follows that for all n > N, area(%) > (5 for some Cy > 0 that depends on C;. Since a
compact set can contain only finitely many limbs whose closure has area greater than Cs, the
set {¢n, (c)} must be finite. Since ¢, (¢) = Poo(c), it follows from discreteness of the roots
that for some Ny >> 1 and for all ny > N1, ¢n, (c) = dn, (c). Hence, ¢poo(Le) C Ly (o)-

]
Proposition 5.2.5. If 0y, : J — J is a rotation by 1/4 then 6,4 is not quasisymmetric.

Proof. Suppose 61,4 is a gs rotation by 1/4. By Lemma(5.2.4] there is a sequence of normalized
scalings of ¢ /4 that uniformly converges to a gs map 6,4, : C — C which sends limbs to
limbs. However, by Proposition 01,4 cannot be continuous because of the combinatorial

difference between real and imaginary limbs. O

Lemma 5.2.6. If ¢ : J — J 1s topologically extendable then ¢ preserves the rotational

ordering at every branch point.

Proof. By Lemmal[3.2.7 J is tetravalent and all the branch points are pre-critical points. Let
¢ be a pre-critical point. Since J \ {c} has 4 connected components, there are 4 external rays
that land at c. Hence, ¥~*(J \ {c}) consists of 4 open intervals in T. Let ¢ : T — T be the
lift of ¢ to the Bottcher coordinate. Since gg is continuous and orientation preserving, ngﬁ sends
these 4 open intervals to another 4 open intervals while preserving their rotational ordering.
Hence, when ¢ maps the connected components of 7 \ {c} to the connected components of

J \ {#(c)} it preserves their rotational ordering. O

Recall the definition of levels of J from Section (3.2
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Corollary 5.2.7. If ¢ : J — J s a topologically extendable quasisymmetry, then ¢ preserves
the levels of J. In particular, (J NR) = J NR.

Proof. Tt suffices to show that ¢(J NR) = J NR. Since ¢ is topologically extendable, all
the other levels will be preserved.

By Lemma [5.2.6] if b € J NR, ¢(b) = 0, and ¢(RN J) # RN J then it follows that
o(JNR) = T NiR. For n such that f™(b) = 0, we have that ¢ o f~"(0) = 0 where the branch
of f~" is chosen such that it is defined on a neighborhood of 0 and sends 0 to b. Hence, if
be JNR and ¢(RNJT) #RNJT then locally this composition will be a rotation by 1/4 (or
by —1/4) which, by Proposition , contradicts the assumption that ¢ is gs.

Suppose instead that b € J \ R is a branch point and ¢(b) = 0. There are two cases to

consider (see Figure :

Case 1: ¢ maps the limbs of b to Ly, L;. This is the same as would happen under locally
mapping b up to 0. However, in this case, the path from b to 0 is mapped to a path
from 0 to ¢(0) with the same number and order of turns. Since each turn in a path
from 0 results in an increase in level, it is then the case that for 2 € J NR \ {0},
level(¢(z)) = level(¢(0)) + 1. What this means is that J N R is mapped to the union
of the spines of the limbs rooted at ¢(0). If we locally map ¢(0) back to 0 under f™,
then we get that in a neighborhood of 0, f™ o ¢ is locally a rotation by 1/4. This can
be put into a precise form to directly apply Proposition by taking a large enough
k such that f"|s,-«s) is univalent. Thus the map f"o¢o p k. J — J is a rotation

by 1/4. This contradicts the assumption that ¢ is quasisymmetric.

Case 2: The alternative to Case 1 is that ¢ maps the spines of the limbs at b to J NR\ {0}.
This is contrary to what would happen when mapping b to 0 under the dynamics.
In a similar spirit to case 1, we would get that for some k,n that the composition
pofMmou*:J — Jis arotation by 1/4 mapping into J, a contradiction to the

assumption that ¢ is quasisymmetric.
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Figure 5.5: Case 1 (upper) and Case 2 (lower) for the proof of Corollary [5.2.7

We are now ready to Prove Theorem [1.0.2

Proof of Theorem[1.0.2. By Propositions and [5.2.5], topological rotations by 1/4 exist

while gs rotations by 1/4 do not. By Corollary [5.2.7, R is invariant under extendable
quasisymmetries. Therefore, if ¢ : J — J is an extendable quasisymmetry such that ¢(0) is
close to 0 then ¢(5(L+)) must map to the tip of a limb whose root is close to 0 and so cannot
be close to . Hence, p1/4 (and more generally any topological rotation by 1/4) does not

belong to the uniform closure of the group of (extendable) quasisymmetries. ]
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5.3 Deep little Julia sets move dynamically

Definition 5.3.1. We say a little Julia set J C J (of depth k € N) moves dynamically with

scaling under a homeomorphism ¢ : J — J if
Gly=f""ou op o f;

where n is the number required to map J injectively to the center, (i.e. f*(J) = u=*7),
i€ {0,1}, 1 € Z, and f~™ is a well-defined branch. For I C J a Id little Julia set, the
definition for moving dynamically with scaling is analogous.

We say a little Julia set (resp. 1d little Julia set) J C J (resp. I C J) moves dynamically
under a homeomorphism ¢ if under the above definition, [ = 0. Note that if J or I moves
dynamically, then its image is another little Julia set (resp. 1d little Julia set) of the same
depth.

We say a homeomorphism ¢ : J — J is k-dynamical if every little Julia set of depth k

moves dynamically.

Lemma 5.3.1. If ¢ : J — J is k-dynamical then ¢ sends little Julia sets (of all depths) to

little Julia sets of the same depth.

Proof. 1f J is a little Julia set of depth k; > k then J is contained in a little Julia set of
depth k. Hence, J moves dynamically and so its image is a little Julia set of the same depth.

If J is a little Julia set of depth & — 1 then J is the closure of a countable union of little
Julia sets of depth k. Let Jy C J be the central little Julia set of depth k — that is, for n
such that f*(J) = p=*17, f*(Jo) = u=*TJ.

Let J = p 1.7 and let Jo = u*J. Let J be the little Julia set of depth k — 1 such that
J D ¢(Jy). We will show that J = ¢(.J). By Corollary , spine(J) C R. Hence, for some
ly, ...l €Z, a,lj_l 0---0 all(j) = J since we may post-compose ¢ by p, we assume WLOG

that ¢(5) = 5. O
This section is devoted to proving the following proposition:
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Proposition 5.3.2. If ¢ : J — J is n-qs then ¢ is k-dynamical for some k that depends

only on n.

Any quadratic limb, L., rooted at ¢ has an extension to a unique transcendental limb
L. D L. that is rooted at ¢ as well. Two limbs, Ly, Lo, are said to wvirtually touch if their
extensions to transcendental limbs touch.

Define the property A(Lq, Ly) for quadratic limbs analogously for how it was defined for
transcendental limbs, (see Definition [1.7.1]) If A(Lq, L») is satisfied, define depth(L, L»)
in the following way: for n satisfying f"(L;) = +L4, we have f"(Ls) is rooted at +u "z,
for some k := depth(L, Ly) € Ng. The following lemma says that when the depth is large,

Property A is preserved under gs maps.

Lemma 5.3.3. Suppose ¢ : J — J is n-qs and Ly, Ly are limbs such that A(Ly, Ly) is
satisfied and depth(Ly, Ls) > k = k(n). Then A(¢(Ly), ¢(L2)) is satisfied.

Proof. Since J := U, ey #"J and since £4 and L,, are touching limbs, then for any € > 0,

there exists an N € N such that for n > N,

d(LT7 L/F"m) _ d(‘CT N /Lnja ‘Cftl N :unj) <€
diam(L,,—n,, ) diam(L,, N pJ) '

By Corollary {4.7.10, we can map L; and Ly to &L+ and one of the limbs rooted at £p "

with good distortion on a neighborhood of Ls. Since the ratio

d(Ly, Ly)
min{diam(L, ), diam(Ls)}

(5.3.1)

is quasi-preserved under gs maps, (5.3.1)) is small when depth(L,, Ls) is large.
Let £}, £} be the extensions of ¢(L1), ¢(L2) to transcendental limbs. Since ¢(L1) C L]

and ¢(Ly) C L}, observe that for i € {1,2}

d(p(L1), d(L2)) _ d(Ly, Lh)
diam(¢(L;)) 2diam(ﬁg) (5.3.2)

Since ¢ is topologically extendable, ¢(L1), ¢(Ls) must still be rooted in the same spine.
Therefore, if A(¢(Ly1), ¢(Lo)) is not satisfied then either ¢(L;), ¢(Ls2) don’t virtually touch
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or Gen(¢(La)) < Gen(¢(Lq)). If ¢(L1), ¢(L2) don’t virtually touch then by Proposition
then the right side of is large, a contradiction. If instead, they do touch, but
Gen(p(Ly)) < Gen(¢(Ly)) then by Proposition 4.8.9] then by a similar argument we again
arrive at a contradiction. Hence, A(¢(Lq), (L)) must be satisfied when depth(Ly, Ly) >

k= Ek(n). O

We also need the following property, which extends Lemma to secondary limbs as

well.

Lemma 5.3.4. For Ly, Ly satisfying A(Ly, Lo), there exists a k, = k,(n) such that if
depth(Ly, Ly) > k,, then the secondary limbs of Ly that virtually touch Ly must be sent under
¢ to the secondary limbs of ¢(Ly) that virtually touch ¢(L). (See Figure[5.6)

Proof. By Lemma [5.3.3] there exists k, € N such that when A(Ly, L,) is satisfied and
depth(Lq, Ly) > k;, then A(¢(L1), ¢(L2)) must also be satisfied. Therefore, by Proposition
and by the same logic as in the proof of Lemma [5.3.3] then for k, sufficiently large, ¢
must send the secondary limbs of L; that virtually touch Lo to the secondary limbs of ¢(L;)

that virtually touch ¢(Ls). O

Corollary 5.3.5. Let ¢, Ly, Ly be as in Lemma [(5.5.4. If L3 is another limb rooted in

the same spine as Ly, Ly such that Lz virtually touches Ly and Gen(Ls) = Gen(Ls), then
Gen(¢(Ls)) = Gen(¢(Ls)). (See Figure[5.4)

Proof. Let ny = Gen(L;). Then f™(Ly) = £L; and f™(Ly), f™(L3) are rooted at +u "z,
for some common k € N. By symmetry of J about iR, the secondary limbs of +L; that
virtually touch f™(Ls) share the same roots as the secondary limbs that virtually touch
f™(Ls3). Hence, the secondary limbs of L; that virtually touch L, have the same roots as
the secondary limbs that virtually touch Ls. Therefore, by Lemma [5.3.4] the mapping of the
secondary limbs dictates that Gen(¢(Ls)) = Gen(¢(Ls)). O
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Given two limbs Ly, L, that virtually touch and are rooted at ¢y, co, respectively, then
by Corollary there is a unique pre-critical point ¢z € (c1, ¢2)7 such that one of the two
limbs at c3 virtually touches both L, and Ly. Call c3 the step down from ¢ and co. We then
inductively define a point ¢ € (c1, ¢2) to be n steps down from ¢, and ¢y if it is n — 1 steps
down from either ¢; and c3 or ¢y and c3. Note that in this way, for each n € N there are 27!
pre-critical points that are n steps down from ¢; and ¢,. We say ¢; and ¢y are each 0 steps
down from ¢; and cy. See Figure [4.9 for a picture where one can clearly see from looking at
the limbs the pre-critical points that are 1 or 2 steps down from —z; and —p 'z, (as well as

one of the pre-critical points that is 3 steps down.)

Lemma 5.3.6. Let ¢1,c5 € J be the roots of virtually touching limbs rooted in the same

spine. Then for any pre-critical point ¢ € (c1,¢2) 7,
Gen(c) > max{Gen(c;), Gen(cy)}.

Furthermore, there is a unique pre-critical point ¢ € (¢1,¢3) 7 of least generation and this

point is the step down from c; and cs.

Proof. Suppose WLOG that Gen(cy) > Gen(c;) = ny. By Lemma [4.3.3) ™ (1), f™(c2)

are again the roots of virtually touching limbs. By Corollary 4.8.3 since f™(¢;) = 0,
ch = fM(cy) = £pFx; for some k € Nyg. By Lemma , ¢y = p 1 f™(cy) is the unique
point of least generation in (0, c,) s and is of greater generation than that of either 0 or d,.
By Corollary , it is also the step down from 0 and ¢,. Applying the branch of f~™* that
sends [0, ¢5] 7 to [c1, ca] 7 we obtain the result with c3 := f7"(c}) being the unique point of

least generation in (c1, cz) 7 and the step down from ¢; and cs. O

Lemma 5.3.7. If c¢1,co € J are the roots of virtually touching limbs rooted in the same

spine, then every pre-critical point ¢ € (c1,c2) 7 is finitely many steps down from ¢y and cs.

Proof. Let n = max{Gen(cy), Gen(c)}, let ¢ € (¢1,¢c2) 7 and let m = Gen(c) —n. By Lemma
[(.3.6, m > 0.
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Let Iy = (c1,¢2)7. By Lemma [4.9.1] there exists unique c3 € (c1, )7 such that the limbs
rooted at c3 virtually touch the limbs rooted at ¢; and at ¢;. By Lemma Gen(cz) > n
and for every ¢ € I1 := (¢1,¢3)7 U (¢3,¢2) 7, Gen(c) > n + 1. In other words, I; is equal to Iy
minus the unique pre-critical point that is 1 step down from ¢; and c;. Define I; to be I
minus the 2/~! pre-critical points that are j steps down from ¢; and c,.

Since every pre-critical point in [,,, has generation greater than m + n, c is at most m

steps down from ¢; and c». O

Lemma 5.3.8. Let Ly, Ly be limbs satisfying A(L1, L) and let Lg be the unique limb of greater
generation that virtually touches both Ly and Lo. Then depth(Ly, Ls) and depth(Lsy, L3) are

both greater than or equal to depth(Lq, Ls).

Proof. Let k € Ny denote depth(Ly, Lo) and let ny = Gen(L;). Then, by definition, f™ (L) =
+L4 and f™(Ly) is rooted at +u *x;. By continuity in the setting of J.,, f™(L3) is the
unique limb of greater generation that virtually touches both f™ (L) and f™(Ly). Therefore,
fm(Ls) is rooted at 4+~ * 1z, Hence, depth(Ly, Ls) = k + 1. Since f2° sends p %z, to 0

and p %tz to (=1)*tpu~*2y, depth(Ly, Ls) = k. o

Corollary 5.3.9. Let ¢, L1, Ly as in Lemma [5.53.4 Then the action of ¢ on Ly and Lo
determines the action on all the limbs in between (rooted in the same spine). That is, for

1, Co the roots of Ly, Ls, respectively,

¢|[61,C2]J =f""o (_1)i © Ml © fn’[cl,cﬂj
for some m,n € Ny, i € {0,1}, and | € Z and well-defined branch of f~™.

Proof. Let n = Gen(Ly). Since A(Ly, Lo) is satisfied, f"(Ly) = £Ly and f"(Ls) is rooted
at £u *x; for some k > k,. Since k > k,, Lemma m tells us that A(¢(Lq), ¢(Ls)) is
satisfied. Then for m = Gen(¢(L1)), f™(¢(L1)) = £Ly and f™(¢(Ly)) is rooted at 4!z,

for some [ < k. By topological extendability of ¢, Lo lies to the right of L, along their spine
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if and only if ¢(Ls) lies to the right of ¢(L;) along their spine (oriented with respect to

spine(L1), spine(¢(Ly)), respectively.) Let Xy = {¢1,¢o}. Hence, for i =0 or 1 and
Ti=f""o (=1 opulofr

where f~™ is the well-defined branch such that 7(c;) = ¢(c1) and 7(c2) = ¢(c2).

Let X, (resp. X)) denote the set of pre-critical points in [¢1, ¢3] 7 (resp. [d(c1), d(ca)]7)
that are at most n steps down from ¢; and ¢ (resp. ¢(c¢;) and ¢(cz).) We will show using
induction that for all n € N, ¢|x, = 7|x,,-

The definition of 7 requires it to send the point of least generation in a sub-interval of
[c1, e2] 7 to the point of least generation in the image (of the sub-interval.) Therefore, by
applying induction to Lemma[5.3.6] we have that 7(X,,) = X/, and preserves their relative
ordering within their spine.

Suppose that for some n, ¢(X,,) = X! and that ¢ preserves the relative ordering of X,,, X/
within their spines. Let ¢ € X, 41 \ X,,. By definition, ¢ is a step down from two points
Ca,Cp € X,,. Let L, L.,, and L., be limbs rooted at their respective points such that they
all (pairwise) virtually touch. By Lemma , the depth of each pair of limbs is at least k.
WLOG, assume that Gen(c,) < Gen(c) and so A(L,,, L) is satisfied. Since ¢, ¢, € X,,, we
have by assumption that A(¢(Le,), ¢(L,)) is also satisfied. Applying Lemma [5.3.3} we have
that A(¢(Le, ), ¢(Le)) and A(¢(Le,), ¢(L.)) must also be satisfied. Hence, ¢(c) is the unique
step down from ¢(c,) and ¢(cy). Hence, ¢(X,41) = X/, and ¢ preserves their relative order.

Therefore, by induction ¢l = T|U, ey Xn- Since J, ey X is equal to all pre-critical

eN Xn

points in [c1, ¢2] by Lemma and since the set of pre-critical points in [c1, ¢o] is dense in
[c1, ¢2] by Lemma [3.6.2) then by continuity we have that |, c,] = 7|(c;,c]- O

Let I be a 1-dimensional little Julia set of depth £ € N, and let n € Ny such that
fr(I) = u=*[—3, ] for some k € N. Given I, define the center to be the point in I that
maps up to 0 under f". Similarly, define the eldest children to be the points in I that map

up to £ %2, under f".
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Figure 5.6: For depth(Lq, L) > k,, from Lemma The overall picture is preserved under
0.

Corollary 5.3.10. 1d little Julia sets of depth k > k, move dynamically with scaling.

Proof. Since any little Julia set, J, of depth k can be mapped forward to %7 on a
neighborhood of J with uniformly bounded distortion, it suffices to prove the corollary for
the case when I = p~*[—8,8],1 = ,u_’;[—ﬁ,ﬁ].

If p(0) =0 and ¢(u"*x;) = ,u_';xl then by Corollary , d(—pFxy) = —,u_’;xl. Hence,
by Corollary , li— by phey) =T plx. Define x, := f~™(0) where the branch of f="
is chosen to fix 3. We show that for all n, ¢|,-r_y, 4, = * — .

Since o and 'z, have the same generation, and their limbs both virtually touch L,,,
then by Corollary P plz. By symmetry, this can be extended further

to 1 *[—wy, 75]. One can continue in this manner to extend to all of I. ]

Lemma 5.3.11. If for some k € N, ¢ : J — T is a qs map that sends 1d little Julia sets of
depth at least k to 1d little Julia sets (of any depth) then ¢ sends 1d little Julia sets of all

depths to 1d little Julia sets and further, ¢ preserves the depth of any 1d little Julia set.

Proof. Let k € N be such that ¢ sends 1d little Julia sets of depth at least k£ to 1d little Julia
sets. Let I be a little Julia set of depth k£ — 1. By Lemma [3.5.4] there exists sequence (I;);ez,

such that for each j € Z I; C I is a 1d little Julia set of depth k and such that for any j € Z,
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I;. By assumption,

I; N I;4; is a point. Furthermore, Lemma [3.5.4| tells us that [ = UjeZ j

#(1;), ¢(1;41) must be 1d little Julia sets. Since [}, I;1; share an endpoint, ¢(1;), ¢(14+1)

must also share an endpoint and so must be of the same depth. Hence,

o) =o(|J 1)) = | o(1)

JEL JET
is a 1d little Julia set. Hence, 1d little Julia sets of depth £ — 1 go to 1d little Julia sets.
Continuing in this way, we see that if 1d little Julia sets of depth at least £ go to 1d little
Julia sets then 1d little Julia sets of every depth go to 1d little Julia sets.

We now show that the depth of a 1d little Julia set must be preserved. Since every 1d little
Julia set is contained in a patriarchal 1d little Julia set, it suffices to show that patriarchal
1d little Julia sets go to patriarchal 1d little Julia sets of the same depth.

By Corollary we already know that [—f, 5] maps to itself under any qs map. For [
any other patriarch 1d little Julia set, I is uniquely identified by 3 things: a depth &, a limb
L such that I C spine(L), and a number [ € N for which it is the I-th closest 1d little Julia
set of depth k to the root of L amongst the 1d little Julia sets in spine(L). In this way, every
patriarch 1d little Julia set other than [—f, f] is part of a 1-sided sequence of 1d little Julia
sets of the same depth with adjacent elements of the sequence sharing an endpoint. Other 1d
little Julia sets, however, are part of a 2-sided sequence. Assuming 1d little Julia sets go to
1d little Julia sets, this distinction implies that patriarch 1d little Julia sets go to patriarch
1d little Julia sets. Within the spine of any limb, it is the patriarch 1d little Julia sets of
depth 1 that limit on the tip of the spine. Hence, patriarch 1d little Julia sets of depth 1
must map to patriarch 1d little Julia sets of depth 1. One may then use induction to show
that the depth of every patriarch 1d little Julia set must be preserved as well as its position,
[, in the one-sided sequence in which it lies. In summary, if 1d little Julia sets go to 1d little

Julia sets, then they must also go to 1d little Julia sets of the same depth. O]

The following is an immediate corollary of Corollary [5.3.10]and Lemma [5.3.11]
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Corollary 5.3.12. 1d little Julia sets of depth k > k, move dynamically under extendable

n-quasisymmetries of J .

Lemma 5.3.13. If 1d little Julia sets of depth at least k move dynamically, then (full) little

Julia sets of depth k move dynamically.

Proof. Suppose 1d little Julia sets of depth at least £k move dynamically under ¢. Let J be
a little Julia set of depth k and let I = spine(.J). By assumption ¢|; = f~" o pl o f*. We
want to show that ¢|; = f~ o pl o f*. Let L be any limb rooted in I. spine(L) N J is a
countable union of patriarchal 1d little Julia sets of depth greater than K. Hence, each must
move dynamically and go to the corresponding patriarchal 1d little Julia set of the same
depth and position in spine(¢(L)). Hence, @lspine(z)yns = f~" o p o f*. This argument may
be repeated for any limb L’ rooted in spine(L) N J. Since L, L were arbitrary, we can induct
on the number of turns necessary to reach a point z € J from spine(.J). This results in a
dense subset X C J on which ¢|x = f~" o0 p' o f*. Extending to the closure, we have that all

of J moves dynamically. O

Corollary [5.3.12| and Lemma [5.3.13| together imply Proposition [5.3.2]

5.4 qs Lift to T

Let ¢ : J — J be an n-quasisymmetry. By Proposition [5.3.2] let £ € N be such that it is
k-dynamical. Let J be any little Julia set of depth i < k and let J = ¢(.J). Let n,7 € Ny be

the dynamical distances of J, J to p~*7. Then we have the following commutative diagram:

(by Proposition |5.3.2)

Since ¢ is n-gs and f"|;, f|; are n/~-gs by Koebe, the induced map on p~*7 must be
n"-gs. By Lemma and Proposition the induced map sends little Julia sets in u=17
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to little Julia sets in =17 of the same depth. Therefore, by Corollary , the little Julia
sets of depth i + 1 intersecting =17 NR form an invariant collection under the induced map.
By Lemma [3.5.4] this collection is naturally indexed by Z such that consecutive elements
overlap at a point. Therefore, by continuity, there exists [ € Z and e € {0, 1} such that
ol o p¢ and the induced map from the diagram have the same action on the spine children of
pu~'J. However, since the induced map is 1’-gs, it follows that |I| < N for some N € N that
depends only on n” which, in turn, depends only on  — not on ¢ or J. We say such a map —
one that is k-dynamical and can shift the spine children of any given little Julia set at most
N times — is of type (k, N). For the rest of this section, ¢ : J — J will be any (topologically
extendable) homeomorphism of type (k, V).

The following lemma is immediate from the preceding paragraph.

Lemma 5.4.1. If ¢ : J — J is a topologically extendable n-quasisymmetry then it is of type
(k,N) where k, N depend only on 1.

The rest of this section is devoted to proving the following proposition:

Proposition 5.4.2. For ¢ : J — J of type (k, N). The lift of ¢ to the Bdttcher coordinate

qg: T — T is n'-qgs where n' depends only on k, N.

Lemma 5.4.3. If J is a little Julia set of depth | € Ny, then o;, (the lift of ;5 to T), is

2% ~bi-Lipschitz.

Proof. Since o is defined as identity outside of J and by conjugating o; under the dynamics
so that it acts on .J, , it suffices to show that the lift of o; to T, o; is 2217bi—Lipschitz. By
and , 07 is piecewise dynamical and on each segment is identity, le, or a branch
of f ~2' Tt therefore follows that &, is piecewise dynamical under the doubling map on T, g,
and on each segment is identity, ng, or a branch of g_21. Hence, 0y is piecewise linear and

22'_bi-Lipschitz. O
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Lemma 5.4.4. For every | € N there exists a correspondence between Z' and the real little

Julia sets of depth [.

Proof. We define the correspondence inductively such that J;, ;,. . ;) is the 4;-th spine child

of J; where the ordering is from left to right and the 0-th spine child is the central

1582500058 —1

one.

For [ = 1 the real little Julia sets of depth 1 are naturally indexed by Z with the integer 0
corresponding to p~17. If [ > 1 and the correspondence is well-defined for j < [, then we
can extend it to a correspondence between Z' and the little Julia sets of depth [ by attaching
the correspondence between Z and the spine children of each real little Julia set of depth

[ — 1 onto the existing correspondence between Z'~! and the real little Julia sets of depth

[—1. [l

Let J be a real little Julia set of depth [ < k. Since o is defined by bringing J to p~'J
under the dynamics, o either shifts the spine children of J to the left or the right. To remove
this technicality, we will define a new collection of shift maps that always shift real little

Julia sets to the right in the following way.

For [ € {1,...,k — 1}, using the correspondence between real little Julia sets of depth [ and
Z!, for each (i1, is,...,1;) € Z', define o, 4, i) == 05 where J and (i1, %9, ..., %) are identified
under the correspondence and € € {1, —1} is such that O(ir jis,....i;) Shifts the spine children of

J to the right.

Lemma 5.4.5. If J,J correspond to (iy,is, ...,i), (i1, 12, ..., i), Tespectively then for l; =

h:. E— ) . ll l2 DRI lk: 7
ij —ij, the map ogog -0 ;. . sends . J to J.
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Proof. Let Jj, j,,..j,) be the real little Julia set that corresponds to (j1,j2, ..., ji).

I Il . lpg—1 Ik o ) 1 o . U1 o )
90 9 (iy) ‘7(1'1,@'2,,“,%72)0(11,1'2,,,,,7;,%1)(J(u,lz,..-,zk)) = 0093 (il’i2’,,,,ik72)(J(Zl’mr“:zk‘i’lk))
_ bl B
o 00 U(ll) (il’iQ"'wiku)(J(il?iQ"“:ik))

S I B B
= 0p U(il)(J(il,z'g,ia,...,z‘k))

l
= 001 (J(i1,22,’~£3,...,%k))

= (11,325 01k)

Lemma 5.4.6. Let A =~ (J NR) C T. Then ¢|x is M—bi-Lipschitz where
M =23~ DN, (5.4.1)

Proof. Let J be a real little Julia set of depth k and let .J = ¢(J). Since ¢ is k-dynamical
then by Lemma and Corollary J is a real little Julia set of depth k. Let J, J

correspond to (i1, 4y, ..., %), (1, 12, ..., i), respectively. By Lemma [5.4.5]

o1 1 l
¢|J = 0010(31) T 0_(11?177:27--~7ik71)|‘]

where [; := Ej — i;. However, since ¢ is of type (k,N), |l;| < N for all j € {1,2,...,k}. By

is 22'N —bi-Lipschitz. Letting j run

Lemma [5.4.3) 7;,,..q;) is 22l7bi—Lipschitz. Hence, Eéil“ i)

over 0,1,...,k — 1, we get that for

M = 92°N [ 92'N 92" IN _ 5(2F-1)N

q§| 7 is M-bi-Lipschitz. Since ¢ is k-dynamical it is therefore affine with slope in [M ™1, M].
Since the dynamics of the limbs of 7 are determined by the dynamics of their roots, we

may extend linearly the definition of ng5| ; to all of J, , the extended little Julia set. Let qu

denote the map that agrees with 5 on (the lift under the Béttcher coordinate of) real little

Julia sets of depth k£ and is defined on the rest of J by extending linearly each real little
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Julia set of depth k to its extended little Julia set. Then éﬁ\R is a piecewise linear map of
T to itself (with countably many breakpoints) and such that the slope of each segment of
linearity lies in [M 1, M]. Hence, ¢w is M-bi-Lipschitz. Therefore, since $R| A= gg| A $| A 1s

M—bi-Lipschitz. O

We now begin gradually expanding the scope of points in T over which we are able to

control the regularity of gg

Lemma 5.4.7. Let L C J be a limb, t1,ty € T such that ¢(t;) € spine(L), and M as above.
Then
[o(L)|

[9(t1) — @(t2)| =m I [t — tal.

Proof. To begin, consider first a single little Julia set, .J, of depth k whose spine is contained
in spine(L). As a corollary of No Rotations, ¢(spine(L)) = spine(¢(L)). The location of J
within spine(L) can be effectively described in terms of the maximal little Julia set, Jiax,
which is the largest little Julia set satisfying spine(.J) C spine(Jmax) C spine(L). The location

of Jmax within spine(L) cannot change under ¢, hence

l9(L)]
Jmax = 7 Jmax .
oCms)| = L

Within Jy,x, the location of J can be given by a finite sequence (@41, a;42, ..., ay) where
j is the depth of J,... Let oo = &(Jmax) and let (@ji1,aj49,...,a;) give the location of
J = ¢(J). Since ¢ is of type (k, N), it follows that |a; — a;| < N for each i € {j +1,..., k}.
From this, we have that |.J |/ ]jmax| s |J|/|Jmax|- Combining this with the above equation,
we get

[o(L)|

] = = L
L]

Given the last equation, we can now apply the argument used in the proof of the previous

lemma for arbitrary, ¢, ¢y satisfying ¥ (1), ¥ (t2) € spine(L). O]

Let o, t, € TN[0,1/4] such that ¢ (o) = 0,1 (tx) equal to the ay-point in spine(L;) closest

to 0. Let C) = |L+|/|tx, — to|. It then follows that for any limb L = ¢([ta, %)), if t € (ta,ts)
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such that 1(t) lies outside the little Julia set of depth k containing the root of L, then
[ta = t], |te — t] =, [t — ta] = |L].
Lemma 5.4.8. Let t; <ty € T and define z; = (t;) fori=1,2.

1. If there exists a limb L such that L 3 zy, z9 then

~ ~ L
B(11) — B(ta)] ey EL1D
| L1 2|

where Ly o 1s the smallest limb containing both z1, 2.

2. If no such limb L exists, then
[6(t1) = B(t2)| Zeznr [t — Lo

Proof. We prove the first of the two statements. The proof of the second is analogous. The
idea of the proof is as follows: divide [t1, t5] into three sub-intervals [t1,v11], [v1.1, V2.1], [72.1, 2]
where the ray R, lands at a pre-critical point, ¢;; € spine(L2) such that ¢(t;) € L, ,.
Since by Lemma [5.4.7] we already have expansion along the spine of a limb controlled, the
problem is reduced to showing that expansion in these sub-limbs is controlled. This is done
by considering the first turn in [¢; 1, 2;] 7 that leaves the little Julia set of depth k containing
¢;.1. Before that turn, there can be no added expansion. The

Then [t1,t5] is contained in the lift of L to the Bottcher coordinate. For i = 1,2, define
n; € NU {oo} to be the level of z; minus the level of spine(L;2) (i.e. n; is the number of

turns needed to reach z; from spine(L;3).) Let A; = {l € N | | <n;}. There is a sequence of

pre-critical points (¢; j);jea, corresponding to a sequence of nested limbs such that
1. ¢;1 € spine(L; »)
2. for j,j+1€ Ay, i1 € spine(Ly, ;).

For every such ¢; ; (except for possibly when n; < oo, j = n;, and ¢; ,, = 2;) there is a unique

point 7, ; € [t1,t2] such that ¥(v; ;) = ¢ ;.
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We have the following two equations.

n;—1
[Vig — til = (Z 1vig — '7i,j+1|> + Vi — til,

J=1

¢ (% 1) — o) = (ZZ |¢ Yij) 'Vm-i—l)’) + |$(%,m) - $<t1>|

For each j € A;, define ay(v;;) € T to be the closer to v;; of the 2 points in T that
descend to the ag-point in spine(L, ;) closest to ¢; ;. Suppose for now that there exists an
index jmin Which is the smallest index such that the arc between ~; ;. and 7, ;. . 41 contains

the arc between ;.. and o (7i ... )- Then for each j € A;, j < jmin, we have that

Y ’¢( c”)’

(i) — ¢(Yij+1)] = L Nvig = Yigel

Ci,j

and also that
O(Le)| _ 6(Les, )
| Le; ;| L

Ci,j+1 |
Therefore, we have that

]mln

|¢(7%1) ’yzyjmm Z |¢ ’yll /77«,I+1)|

jmln

Czl
- Z |’Yz',l — Vit

Czl

Jmln

cll ZWZ Vig+1|
|LC'Ll| ' A

[9lLe)|

| I \%‘,1 = Yi,jmin
ci,1
[9(L12)]
=y W Vit = Vigun |-

Beyond juin, we have that

Z ’Oék(fyla]mm> - ’)/’L'vjmin - C'71|

L.,

%9 min

Z |tZ - fyizjmin

Civjmin '

~

Moreover, since g/ig(ak(%,jmin)) = i (O(Vijms ), the same thing can be said in the image. That
is,
&Ly )| 2 10(8) = OVigoi)| 2 10(k (Vijin)) = S i)l = Ci (L, )]
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Putting this together, we have the following chain of equations (up to marked constant

factors):
[0(vip) — o(t)] = [0(7i,1) = O(Vigmin)| + 1@ (Vijuin) — ()]
gck ’925(77471) - ¢(ryiajmin> + |L¢(Ci,jmin)|
|¢(Le,,)| (
=" ‘P)/’L,l - ,}/17 jmin + ’LCZ] i )
|Lci,1 ’ T
~ |o(L1y2
=M u ' (‘77«,1 - fyi’jmin + |Lci,jmin >
| L1 2]
~  lo(L12)]
:Ck —r 1 (‘77/,1 - P)/i,jmin + ’ﬁyivjmin - tl‘)
| L1 2]
|p(Ly2)|
P2l iy — 8
|L172’ |’y 71 |
~ ~ ~ O(Li2
Hence, [¢(7i,1) — ¢(4:)] Sczm |\(LT|>| rin — il

If no such index j;, exists, then we obtain the stronger statement:

N N I
3s0) — at)| 2y 1222y
| L1 |

By Lemma|5.4.7] we have that

~ ~ L
|6(11,1) — ¢(72,1)] Emr CE 71,1 = Y2,1]-
| L1 2]

Combining this with the above argument proves the statement.

]

Lemma 5.4.9. Let tq,to,t3 € T such that |t, — ta] = |t1 — t3] # 0. Suppose also that there
is a limb containing 2 of the 3 points. Let Ly be the smallest such limb. There is a number

n € N depending only on k, N such that the following hold:

1. If there is a limb containing all 3 points, let Ly, be the smallest such limb. Then




Figure 5.7: Case 1 (left) and Case 2 (right). Shown are the external rays corresponding to
t1,t2,t3 € T. In the drawn example of Case 1, there is only one limb, L such that Ly & L C Ly,
however in general there can be arbitrarily many.

2. If not, then

(See Figure[5.7.)

Proof. Let I, 9,11 3 C T be the intervals of equal length between ¢, and t,, and between ¢,
and t3, respectively. Let z; = ¥(t;). Since t; lies between ¢, and t3 it follows that z; € L.
WLOG assume that 2z, € L. Hence, [tg — t1| < |Lg|. If 23 € Ly then L, = L, and so there
is nothing to prove. Let m € N be the number of limbs strictly containing L, and strictly
contained in L, if it exists. Name them L,, D L,,—1 2 --- 2 Ly 2D L. Fori=1,2,....m
let ¢; be the root of L; and let 7; € T such that v; € I; 3 and ¥(v;) = ¢;. In this way, if L,
exists then ¢, € spine(L;); otherwise, ¢,, € R. Furthermore, ¢; € spine(L;;1). Under this

construction, we have that
t—t3| = [t1 — 7| + [y — el + -+ et — Yol + e — ts].

Let n be the smallest positive integer satisfying 23~ > C}.. Since C}, depends only on k
which depends only on 7, n depends only on 7. Observe that since every pre-critical point in
iR, N'J has dynamical distance at least 3, it follows that if Ly C L; then |L,| > 23|L].

If 1 <1 <mand ¢_q lies beyond aj(¢;) in spine(L,,) then we have that

it —ta] > |y — o] > C YLy > CF 2% Ly > O 2% |t — .
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Since |t; — t3| = |t; — t2|, it follows that [ must be less than n. Hence, for all n <1 < m,
\o(L)| /|| 1] = |@(Ln)|/|Ln| as they must all lie in the same little Julia set of depth k.
Additional expansion/contraction can occur at ¢, even when m > n — 1 since |t3 — ,| can
be arbitrarily small relative to |t5 — ¢1]. Hence, for R = |¢(Ly)|/|Ls| if Ly exists and R =1

otherwise, we have

o (L) _ 16 )| 10| _ [6(Lna)
| Lim] | L1 [ L] | Ln—1]
SO 2 N 1 2 DO TN
|Ln—2| |L1| |Ls|

Since the above chain of similarities and equalities has at most n instances where two sides

are equal up to a factor of M, this completes the proof. n

Proof of Proposition[5.4.9. We show that for some C; = Ci(k, N), we have that for any

tl,tg,tg eT distinct with |t1 - t2| = |t1 — t3|, that

9(t) = o(ta)| _
6(t1) — o(ta)|

For i = 1,2,3, define z; = ¢(t;). If 21, 2o share a common limb, let L; 5 be the smallest

such limb and define Ry o = |¢(L12)|/|L12|. If not, define Ry, = 1. Define R; 5 in the same

way, depending on whether z;, z3 share a limb or not. By Lemma [5.4.8|

|$(t1) — $(t2)| ey Riolty — tol,

|$(t1) — $(t3)| =y Ryslts — ts).

By Lemma [5.4.9, R;2/R13 =n» 1. Putting those together, we have

o~

600) = Olta) _ e Rralts —tal s
6(t1) — o(ts)] Ry slty —ts] —

Since C, M, n only depend on k, N, this completes the proof.
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5.5 qc extension to C

Lemma 5.5.1. If ¢ : J — J is of type (k, N), then for all n > k the lift of ¢ to the Bdttcher
coordinate descends to an n'-qs ¢, : B, — B, that moves dynamically every little copy of
By,_k. Furthermore, there exists a K-qc map ®,, : C — C such that ¢, = ®p|p,. K,n' depend

only on k, N.

Proof. By Proposition , ggz T — T is n”-gs.

Let v, : T — B} be the Bottcher coordinate map for By, and ¢ : T — 7 be the Bottcher
coordinate map for J. The correspondence is such that if J is a little Julia set of depth &
then v 0 y71(J) is a bounded Fatou component of By,.

Since there is a one-to-one correspondence between little Julia sets of depth k and little
copies of B,,_j, in B,, given by 1,01/~ and since this correspondence agrees with the dynamics
of little Julia sets of depth k£ under the functional equations ¥ o g = f o, ¥, 0 g = fr o Yy,
we get that any k-dynamical homeomorphism of J corresponds to a homeomorphism of B,
for all n > k. This correspondence is such that both maps share the same lift to T under
their Bottcher coordinate. For ¢ : J — J k-dynamical, we define ¢,, : B,, — B,, with n > k

such that the following diagram is commutative.

J 257

o] ﬁr

T --%_
ll/’k llﬁk
B, - B,

Let K such that the Ahlfors-Beurling extension of ¢ to C\ D is K-qc on C\ D. This can
then be brought down to an extension of ¢ into the basin of co. Since ¢ is k-dynamical, ¢
can be extended conformally into every bounded Fatou component. Since B,, is qc-removable,
we get that the extension of ¢,, ®, : C — C is K-qc. Therefore, ®,, is 1’-qs and so ¢, is

7-s. =
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Proposition 5.5.2. If ¢ : T — J is of type (k, N), then ¢ is K-qc extendable to C and so

is n'-qs where 1’ depends only on k, N.

Proof. By B, — J as n — oo. Since ®,(+(B,)) = £0(B,), the maps P, are
normalized. Hence, ®,, converge uniformly on a subsequence to a K-qc map ¢ : C — C such

that ®|; = ¢. O

Since 7-qs maps are of type (k, N) where k, N depend only on 7, we have the following

immediate consequence.

Proposition 5.5.3. If ¢ : J — J is n-qs, then ¢ is K-qc extendable to C where K depends

only on .

5.6 Uniform Approx of ¢ by G}

Index X, the collection of little Julia sets of depth less than k&, by N such that if ¢ < j then

1. diam(J;) > diam(J;)

-~ ~

2. J, ¢ J;

~

Furthermore, since diam(.J,) — 0 as n — oo and since there are only finitely many limbs of

diameter at least € for any choice of € > 0, diam(j;) — 0 asn — oo.

Lemma 5.6.1. For any n-quasisymmetry ¢ : J — J there exists a sequence {my, }nen with

|my| < L for some L € N such that for
Ta =07 0p 07" € Gy,
satisfying Tn(:];,c> = ¢(jzc) for any i < n and any spine child J;. C J;,

Proof. By Corollary |5.2.7, ¢([—03, 8]) =[-8, 5]. By post-composing with p, if necessary, we
may assume WLOG that ¢(5) = S.
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We prove this by induction. J; = J. By Corollary and Lemma [5.3.1], there exists
an my such that o™ (u=1J) = ¢(u~'J). Hence, for any spine child of 7, J., agil(jc) =
aml(jc) = ¢(J.). Suppose for some n € N, that 7, = opta’n? .o satisfies 7,(Jic) = ¢(Jie)

-~ -~

for any ¢ < n and any spine child J;. C J;. We now show that 7,(J,51) = ¢(Jpi1)-

Case 1: If J,44 is the spine child of some little Julia set, .J,, then J, = J; for some i < n. Hence,

-~ ~

To(Jny1) = ¢(Jnt1).

Case 2: If not, then spine(J,+1) is a patriarchal 1d little Julia set contained in spine(L) for
some limb L. Let J be the little Julia set of depth & — 1 such that L is rooted
in spine(J). Since j;ﬂ C j, J = J; for some i < n. Therefore, since ¢ is k-

Jie =0
T.(L) = ¢(L). Since patriarchal 1d little Julia sets go to patriarchal 1d little Julia sets,

-~ ~

To(spine(Jp41)) = ¢(spine(J,11)). Hence, 7,(Jpi1) = ¢(Jpi1).

dynamical, for .J; . the spine child of .J; containing the root of L, 7, Ji..- Hence,

Knowing this, we can move on to mapping the spine children of :];1+1 to the same place under
both ¢ and 7,,1. We now know that 7,,, ¢ both send the spine children of jn+1 to the spine
children of gb(fnﬂ). ¢, however, will shift them by some m,; € Z while 7,, doesn’t shift
them. (If m,; = 0, this corresponds to no shift.) Define 7,41 := 7, 0 ag;z*ll. In this way,

for every spine child Jy11. C Jns1, Tng1(Jnti1,e) = &(Jnt1,e). Since O-Jn+1|j\jn+1 = id, Thi1

maintains the same behavior as 7,, on each .J;, ¢ < n. This completes the proof. O

Lemma 5.6.2. Let ¢ : J — J be n-gs. Foralln €N, let 7, = o' 0} -0 € Gy, be the

maps that satisfy the statement of Lemma|5.6.1 1, — ¢ uniformly as n — oo.

Proof. Let € > 0. Let 6 > 0 such that if X C J and diam(X) < ¢ then diam(4(X)) < €. Let

-~

n € N such that if J; € X} satisfies diam(J;) > § then i < n. The argument is as follows:

we show that for every z € J, either there exists a little Julia set, J, such that z € J, ,

~ ~ ~

diam(J) < § and 7,,(J) = ¢(J) (Case 1) or, if not, then 7,(2) = ¢(z) (Case 2).
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Case 1:

Case 2:

Suppose there exists an extended little Julia set, ) z, such that depth(j ) < k and
diam(j ) < 0. Given this, we may further suppose that J is the largest such extended
little Julia set satisfying these conditions. Let jp be the smallest extended little Julia set
such that depth(jp) < k and JAp D J. By our assumption, it follows that diam(JAp) > 0.
Hence, 7,(J.) = ¢(J.) for every spine child J, of J,. If J is not patriarchal, then .J
is one of these spine children. If instead, J is patriarchal, then for L the limb such
that spine(J) C spine(L), we have that :T;, is the unique extended little Julia set of
depth k — 1 such that its spine contains the root of L. Since ¢ is k-dynamical and

diam(J,) > 9, it follows that 7,(L) = ¢(L). And so 7,(J) = ¢(J) since patriarchal

little Julia sets go to patriarchal little Julia sets.

If Case 1 is not satisfied, then every extended little Julia set, J 3 z with depth(j ) <k

satisfies diam( A) > 4. Let J 3 z be of depth k — 1. Observe that J minus the endpoints
of its spine is equal to the union of each of its extended spine children. Hence, if z is
not in a smaller extended little Julia set of any depth, then z is one of the endpoints

~

of spine(J) in which case 7,(2) = ¢(z). If instead, z belongs to smaller extended little
Julia sets but none that have depth less than £, then it must be that depth(j )=k—1.
Furthermore, we can say that in this case z € J or z is the S-point of a limb L rooted
in J — if z is anything else, then it would belong to a strictly smaller extended little

=9

g, for every

~ -~

Julia set of depth less than k. Because diam(J) > § and depth(J) =k —1, 7,
5= ¢

little Julia set of depth k contained in J. Since J is equal to the closure of a countable

Je

for every spine child of J. This, however, further implies that 7,

union of little Julia sets of depth k we have that 7,,|; = ¢|;. Hence, we also have that

for any limb L rooted in J, 7,,(8(L)) = ¢(B(L)).

]

By Proposition [5.5.2, the maps 7, are all 1’-qs. Hence, Lemmas and prove
Theorem [0l
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