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Abstract

This thesis is compiled from the previous works of the author ([Guu22|, [GT21],
[Guu21]). It examines the Crane-Yetter theory in three different contexts. The first
context involves proving its equivalence to the Turaev shadow state sum as a 4-manifold
invariant. In the second context, we focus on its values at 2-manifolds. The values are
linear categories. We describe the structures of the linear categories for all oriented
surfaces with at least one puncture. Lastly, an application of Crane-Yetter theory to a
problem in tensor categories is provided.



Table of Contents

Acknowledgements

Introduction

1.1 Invariants as data representations . . . . . ... ... ... ... ... ..

1.2 TQFTs as higher invariants . . . . . ... ... ... ... .. ......

1.3 The Crane-Yetter TQFT . . . . . . . . . . ... . ...

1.4 Summary ofeach section . . . . . . . . . ... ... L.

Preliminaries

2.1 Algebra . . . . ... e
2.1.1 Premodular categories . . . . . . ... ..o
2.1.2 Examples . . . . . . . ...
2.1.3 Graphical calculus . . . .. ... ... ...
2.1.4 Coordinates . . . . . . . ...
2.1.5 6j-symbols, 10j-symbols, and 15j-symbols . . . . . . . ... ...

2.2 Topology . . . . . . .
2.2.1 4-manifolds . . . . . ...
2.2.2 Triangulations . . .. . .. ... ... .. o
2.2.3 Handle decompositions. . . . . . ... ... ... L.

2.3 Crane-Yetter statesum . .. ... ... ... ... oL

Crane-Yetter Theory and Turaev Shadow

3.1 Introduction. . . . . . . . . . . .. ..o
3.2 Turaevshadows . . . . . . . . . . . . . .. ..
3.3 Shadow statesum . . ... ... ... ...
3.4 Main result: equivalence of state sums . . . . . . ... ... ... ...

Categorical Center of Higher Genera

4.1 OVEIVIEW . . . . . vttt e e
4.1.1 Previous work of CY in (co)dimension two . . . . . ... .. ...
412 Mainresult: CY~Z . . . . . .. .
4.1.3 Summary of each subsection . . . ... ... ... ... ... ..

4.2 Topological theory . . . . . . . . . . . . .. ..
421 Stringmnets . . . ...
4.2.2 Crane-Yetter theory in dimension two (CY) . . .. ... ... ..
4.2.3 A presentation of surfaces (o-construction) . . ... ... .. ..

4.3 Algebraic theory . . . . . . . . . . ...
4.3.1 Motivation: Drinfeld categorical center . . . . . . . . . ... ...
4.3.2 Categorical center of higher genera (Z). . . . ... ... ... ..

10
11

12
12
12
14
14
17
19
22
22
23
24
24

27
27
27
32
34



433 Propertiesof Z . . . . . ...
4.3.3.1 Connecting functors . . . . . ... ...
4.3.3.2 Ambidextrous adjunction . . . . ... . ... ... ..
4.3.3.3 Zis finite semisimple abelian . . . . . . ... ... ...

4.4 Proof of the main theorem . . . . . . . . .. ..o

4.4.1 Strategy . . . . . ..

442 Proof . . ...

4.4.3 Reducing topologicaldata . . . . . . . ... ... ... ..
4.4.3.1 topology — algebra . . . . .. ... ... ... ...
4.4.3.2 topology +— algebra . . .. ... ... ... ... ... .
4.4.3.3 topology <> algebra . . .. ... ... ... ... ...,

4.5 Outlooks and Remarks . . . . . . . . . ... .. oo

Explicit Factorization of Categorical Center

5.1 Introduction. . . . . . . . .. .. L
52 MainResult . . . . . . . . ...
5.2.1 Functor: G . . . . . . . ...
5.2.2 Transformation: b,d,p,q . ... . .. . ... ...
523 FEGHEF . . e
524 Cmodular = Gisaninverseof F . . . . ... ... ... ....
5.3 Discussion & Prospect . . . . . . . .. ... oo
Appendix
6.1 Abelian categories . . . . . . . . . ... o
6.2 Semisimple categories . . . . . . . ... o o
6.3 Tensor categories . . . . . . . . . . ...
6.4 Adjunctionsasmonads. . . . . . . . . . ... ..
6.5 Miscproofs . . . . . . .
Bibliography

73
73
74
74
75
7
79
82

84
84
87
88
91
100

106



Acknowledgements

The last six years of my life have been the most rewarding and meaningful, thanks
to my time in the Math PhD program at Stony Brook University. During this period,
I had the opportunity to delve deeply into my interests and explore areas of study that
brought me immense satisfaction. I am incredibly grateful for this experience and owe
a great deal of gratitude to those who supported me along the way.

I want to express my heartfelt gratitude to my PhD advisor, Alexander (Sasha)
Kirillov, for his devoted mentorship during my academic journey. Sasha demonstrated
a lot of patience and expertise as a researcher, teacher, and communicator. His guidance
and insights in research and writing were invaluable, and his capability to clarify
complex concepts with precision and clarity had a deep impact on me. If given the
choice to choose a PhD advisor once again, I would definitely choose Sasha. Thank
you, Sasha, for your enlightening guidance and taking me on this thrilling journey.

I would also like to express my gratitude to Dennis Sullivan for his remarkable con-
tributions as a researcher and teacher. Working with him was an precious experience,
and I learned an immense amount from his expertise. Despite the serious and complex
nature of his research and mathematics, Dennis possesses a remarkable ability to make
the learning process enjoyable, playful, yet insightful, revealing the fascinating and
captivating aspects of the subject matter beyond its formal structure. I consistently
experienced his curiosity and generosity throughout our interactions and received in-
valuable guidance and support from him. I am deeply grateful for the opportunity to
work with him.

I would like to extend my heartfelt gratitude to my advisor during undergrad,
Chenyu Chi, for guiding me through a period of ignorance and setting high standards
for me to achieve. I would also like to express my appreciation to Chin-Yu Hsiao,
Wu-Yen Chuang, and Jing Yu for their assistance in writing recommendation letters.
Without their support, I would not have achieved what I have today. I am also grateful
for the support of my friends and colleagues at Stony Brook, whose presence made my
stay there vibrant and enjoyable. Although the COVID-19 pandemic forced me to
spend several months in Lawrence, Kansas, I found it to be a peaceful and conducive
environment for concentration. Lastly, I would like to thank my parents and my
wife for their unwavering support, which has been a constant source of strength and
motivation for me.

The technical part of the work was made possible thanks to the help and fruitful
discussions with many people, and I would like to take this opportunity to express
my gratitude to them. In alphabetical order, I would like to thank: Alvaro Mar-
tinez Ruiz, Andrei Okounkov, Cailan Li, Charles Stine, Chenyu Chi, Chining Chou,
Colleen Delaney, David Ben-Zvi, David Jordan, Dennis Sullivan, Hao-Lan Xu, Henry
Liu, Jiahao Hu, Julia Plavnik, Kinnear Patrick, Louis Kauffman, Luuk Stehouwer,



Mahmoud Zeinalian, Mikhail Khovanov, Mien Wang, Noah Snyder, Oleg Viro, Onkar
Gujral, Pavel Etingof, Richard Stanley, Sahand Seif, Sam Auyeung, Sam DeHority,
Scott Carter, Sean Sanford, Thibault Décoppet, Vladimir Turaev, Xun Gao, Yakov
Kononov, Ying Hong Tham, Yu-Ping Wang, Yu-Ting Liu, and more others.

Jin-Cheng Guu
May 1, 2023



1 Introduction

1.1 Invariants as data representations

When exploring a mathematical concept, one typically begins with its presentation,
which describes the object using simpler objects. However, this presentation merely
offers a distant image of the object’s true nature. For instance, a finite set of generators
and relations that present a finite group appears vastly different from the group itself.
Similarly, a finite set of triangles and gluing data presenting a manifold may fully
describe the space but obfuscate its topological structure with intricate details. Hence,
it is natural to strive for deeper comprehension. One common approach is to represent
the presented object in alternative forms.

When it comes to representing data, two primary concerns arise. The first is the
accuracy of the representation: does it lose any information, and if so, how much?
Secondly, as the representation becomes a mathematical object in its own right, it
is reasonable to ask how well we understand the represented object. Can we easily
characterize or compute it? In many cases, a balance must be struck between these
two considerations. A more precise representation may provide less insight into the
matter, as exemplified by the presentation itself, which accurately and tautologically
represents the object. Conversely, a less accurate representation simplifies the object
to a greater extent and may be more illuminating, as demonstrated by the size of a
finite set. Although it does not represent the set faithfully as a mathematical object,
it does provide significant information about the set.

Representations are also known as invariants. In topology, they are referred to as
topological invariants. The dimension is the simplest example of an integer-valued
invariant that assigns a positive integer to a given space. Another example is the
genus of a surface, which is also an integer-valued invariant. However, invariants need
not be restricted to numerical values. Although numbers are more straightforward
to understand, they have limited capacity to hold information. The homology functor
H(—;Q), on the other hand, represents topological spaces as vector spaces and provides
more information than just the dimension. More sophisticated examples represent the
objects as even more intricate algebraic objects, such as groups, algebras, Hopf algebras,
and so on. A concrete example of this is given below.

Theorem 1.1 [Man06] Finite type nilpotent spaces X and Y are weakly equivalent if
and only if the E*-algebras C*(X) and C*(Y) are quasi-isomorphic. o

The transition from numbers to more complex objects is a groundbreaking shift
in thinking. Not only does it permit more precise representations of objects, but it
also enables us to capture relationships between objects through the use of (higher)
functors. This ability to represent relationships is arguably even more important than
the accuracy of the representation itself.



1.2 TQFTs as higher invariants

Another example of an invariant that takes vector spaces as its values is a topological
quantum field theory (TQFT), as developed by Michael Atiyah [Ati88]. TQFTs were
originally motivated by theoretical physics. In essence, a TQFT assigns a vector space
to a manifold, much like homology. However, it also assigns a linear transformation to
the manifold of one higher dimension that ‘bridges’ the lower manifolds in a compatible
manner. Interestingly, this results in a number-valued invariant for closed manifolds,
since each closed manifold ‘bridges’ the empty manifolds, which must be assigned the
trivial vector space.

This generalization from numbers to vector spaces does not stop here. By viewing
vector spaces as objects in a category, one can bring this process to assigning objects
in higher categories. An instance of such is called an extended topological quantum
field theory (extended TQFT) [Lur09].

Example 1.2 (Witten-Reshetikhin-Turaev model) One-dimensional and two-
dimensional manifolds have been completely classified. While a presentation for three-
dimensional manifolds exists through the use of knots and surgery theory (see [Licl12,
chap.12] and [Kir78]), this classification is dependent on the classification of knots,
which is a complicated and ongoing research field. Other presentations suffer from the
same issue. As a result,invariants of other types for 3-manifolds are of great interest.

In the 1980s, a new kind of invariant emerged from the intersection of mathematics
and physics, starting with Vaughan Jones’ groundbreaking Jones polynomials. These
invariants can be constructed using a variety of mathematical structures such as von
Neumann algebras, quantum groups, and rational conformal theories, as described in
[CY93b, sec.1]. It is natural to wonder if these different types of invariants can be
unified, and indeed they can. They all turn out to be special cases of the Witten-
Reshetikhin-Turaev (WRT') model, which takes as its input algebraic data a modular
tensor category, as discussed in [Bar+15].

As an extended TQFT, WRT model assigns a number to each closed 3-manifold, a
vector space to each closed 2-manifold, and a linear category to each closed 1-manifold.
However, it does not go on and assign a linear 2-category in the 0-th dimension. See
1.6 for more discussion. o

Example 1.3 (Turaev-Viro model) The Turaev-Viro (TV) model was originally
introduced as an invariant for 3-manifolds using state sum construction [TV92]. It was
then realized that the TV model provides a 3-dimensional TQFT.

Later, it was established in [KB10] that the TV model is actually a fully extended
TQFT. This means that it assigns a number to each closed 3-manifold, a vector space
to each closed 2-manifold, a linear category to each closed 1-manifold, and a linear
2-category to each O-manifold (i.e., the point) in a compatible manner. It was also



demonstrated that
TV(j(M) ~ WRTz(C) (M)

where M is a closed manifold of dimension 2 or 3, C is a spherical category and Z(C)
is its Drinfeld categorical center ([Ball0] and [Balll]). o

Example 1.4 (Crane-Yetter model) As a 4-dimensional analogue of the TV model,
the Crane-Yetter (CY) model has premodular categories as its input algebraic data. It
is the main topic of this paper, and will be treated in its own section (1.3). o

Theorem 1.5 (0CY = WRT) The WRT model is the boundary theory of CY, while
the input algebraic data is a modular category. More precisely, for a modular category
C and a 4-dimensional manifold W possibly with boundary,

CYc(W) = k" WIWRT: (W),

where o denotes the signature and k denotes a constant based on the input algebraic
data (the modular category given in 2.15). This extends to manifolds with colored
graphs [BGMO07, Theorem 2].

For a 3-dimensional manifold M possibly with boundary, the vector spaces CYc(M)
(cf 4.9) and WRT¢(0M) are widely believed to be equivalent. However, to our best
knowledge a rigorous proof has not been provided. o

Remark 1.6 In 1.2 we mentioned that the WRT model does not extend to the 0-th
dimension. There are two explanations for this fact.

1. From the Turaev-Viro model perspective [Ball0], for WRT to extend to a point,
one needs the input modular category C to be the Drinfeld center of a spherical
fusion category D, which is not always the case.

2. From the Crane-Yetter (CY) model perspective, the WRT model is a boundary
theory of CY (1.5). However, a single point is not the boundary of any 1-manifold:
one needs at least two points.

From the second point of view of 1.2, one sees that the WRT model, though successful
and fruitful, is a part of larger theory - the Crane-Yetter model, which is the main
TQFT we will focus on in this work. o

1.3 The Crane-Yetter TQFT

Originated in [CY93b], the Crane-Yetter model was first defined as a state-sum. In
particular, for a triangulated 4-manifold M and a modular tensor category C, one
define

CY(M) = DM ™17, dim c(0)TT, dim ¢(t)TT¢ 15j(c, &),

10



where ¢ runs through all “colorings”, n; is the number of simplices of dimension i in
the triangulation, o runs through all triangles, t runs through all tetrahedra, & runs
through all 4-simplices, and 15j denotes the so called 15j-symbols. The upshot is
that the sum is independent of the triangularization, therefore defines an invariant of
4-manifolds. This holds even when the C is a premodular category.

Later in [CKY97], it was known that this seemingly complicated sum can be ex-
pressed in terms of the Euler characteristic and the signature, both being old and
well-known topological invariants. While this provides a combinatorial formula for the
signature of 4-folds, it also means that the CY model with the input data being a
modular tensor category C somehow trivializes. A reason why it trivializes is that the
WRT model is the boundary theory of the CY model (1.5). Indeed, the input alge-
braic data for 3-manifolds (modular tensor categories) are too ‘ideal’ for 4-manifolds.
Other types of algebraic data should be considered. Premodular categories are such
examples, on which we focus in this paper.

On the other hand, the CY model is expected to be a fully extended TQFT. In
particular, it gives a number to each closed 4-manifold, a vector space to each closed 3-
manifold, a linear category to each closed 2-manifold (or a 2-manifold with boundary
but with empty boundary condition) [AT22] [Tha2l]|, and conjecturally a linear 2-
category to each closed 1-manifold (the circle), and conjecturally a linear 3-category
to each closed O-manifold (the point).

1.4 Summary of each section

In this work, we focus on the Crane-Yetter theory. We examine it in three different
contexts. The first context involves proving its equivalence to the Turaev shadow state
sum as a 4-manifold invariant (see section 3). In the second context, we focus on its
values at 2-manifolds. The values are linear categories. We describe the structures of
the linear categories for all oriented surfaces with at least one puncture (see section
4). Lastly, an application of Crane-Yetter theory to a problem in tensor categories is
provided (see section 5).

11



2 Preliminaries

Convention 2.1 (manifold, field) Throughout this paper, by a manifold of dimen-
sion " we mean an oriented smooth manifold without boundary of real-dimension n;
we also work over a fixed field k that is algebraically closed and with characteristic 0.

o

2.1 Algebra

2.1.1 Premodular categories

We will define (pre)modular categories assuming familiarity with a fusion category, a
braided category, ribbon structure, and the (Drinfeld) categorical center. A complete
and recommended source is [Eti+15]. For definitions written in a dictionary-style
starting from “scratch” (additive categories and abelian categories), please refer to
section 6.3. Other useful sources are [BK02], [Kas12], [Turl0]. Examples can be found
in section 2.1.2.

Definition 2.2 (Braided Fusion Category) A braided fusion category is a braided
category whose underlying monoidal category is a fusion category. o

Definition 2.3 (Muger center) Given a braided fusion category C with braided
structure c_ ,, we say an object X in C is transparent (and otherwise opague) if

C_XO0Cx— = idX,_.

We define the Muger center Mu(C) of C to be the full tensor subcategory of C
consisting of transparent objects. Note that in some other literature, the Muger center
is also called a Muger centralizer or an E,-center. o

Recall that if c_ , is a braided structure of a braided fusion category C, then c‘*],f is
also a braided structure for the underlying fusion category. This produces an opposite
braided fusion category, which we denote by CP°P. Directly by the definition of a
(Drinfeld) categorical center, there is a tautological functor from C X CboP 0 Z(C).

Definition 2.4 (Tautological functor F) Given a braided fusion category C, there is

a natural functor C Cbor by Z(C) that maps each object XX Y to (X®VY,c_x® c;l_)
and each morphism (f X g) to (f ® g). o

Definition 2.5 (Factorizable category) Given a braided fusion category C, if its
tautological functor F is an equivalence of categories, we say that C is factorizable,
and call any of its inverse functor a factorization of the Drinfeld center Z(C). o

12



Notice that the structure of Z(C) is in general opaque. For example, even the fusion
ring of Z(C) is hard to identify. Factorizability reduces the complexity of Z(C) to that
of C.

Definition 2.6 (Premodular Category (6.68, 6.72)) A premodular category is
a ribbon fusion category (equivalently, a braided fusion category equipped with a
spherical structure). o

Definition 2.7 (Complete set of simple objects) Let C be a premodular category.
By a complete set of simple objects O(C) we mean a set O(C) = {i,j,...} of simple
objects in C that exhausts all simple types and that satisfies (1 # j) = (i % j). Define
its dual set to be

O(C) ={i"li€ O(C)}

where i* denotes the (left) dual object of i. ©
Notice that by the axiom of premodular category, any O(C) is a finite set. From now

on, we assume that any premodular category C comes with a fixed complete set of
simple objects O(C).

Definition 2.8 (S-matrix) Let C be a premodular category with the braided structure
c. The S-matrix of C is defined by

S := (sxv)x,yeo(c)

where sxy = Tr(cy xcx,y) € K, where Tr denotes the (left) quantum trace that depends
on the spherical structure of C. o

Definition 2.9 (Modular Category) [Eti+15, p. 8.13.14] A modular category is a
premodular category C whose S-matrix is non-degenerate. o

Fact 2.10 (Characterization of Modularity) [Eti+15, 8.20.12 and 8.19.3] The fol-
lowing conditions are equivalent for a premodular category C:

1. C is modular.

2. Mu(C) ~ (Vect.)

3. C 1s factorizable.

&

Surprisingly, the fact indicates that modularity and factorizability are equivalent
for premodular categories, so as a consequence modularity reduces the complexity of
Z(C). While this is desirable from the algebraic point of view, it is not the case from
the topological point of view: The power of the topological quantum field theory is
largely reduced by modularity exactly due to this fact.

13



2.1.2 Examples

Example 2.11 (Finite group) Let G be a finite group. Then the category Rep(G)
of finite-dimensional linear representations of G over K has a natural structure of a
premodular category. o

Example 2.12 (Drinfeld double) Let G be a finite group and D(G) its Drinfeld dou-
ble over K. Then the category Rep(D(G)) of finite-dimensional linear representations
of D(G) over k has a natural structure of a premodular category. o

Example 2.13 (Crossed module) Let X be a finite 2-group (or called a finite crossed-
module) [Banl0]. Then the category Rep(X) of finite-dimensional linear representa-
tions of X over k has a natural structure of a premodular category. o

Remark 2.14 Let G be a finite group. Both G and D(G) can be viewed as special
cases of finite crossed modules. Hence, 2.13 generalizes 2.11 and 2.12. o

Example 2.15 (Quantum group) In the case k = C, let g be a semisimple Lie algebra
and q a root of unity. The semisimplified category Rep(U4(g)) of the category of finite-
dimensional representations of the quantum group Ug(g) has a natural structure of a
premodular category. For explicit constructions, see [Kas12] and [BKO02]. o

Example 2.16 (Even part of the quantum sl;) In the case k = C, let q be a
root of unity. The semisimplified category C = Rep(Uq(sly)) of the category of finite-
dimensional representations of the quantum group Uq(slz) has a structure of a modular
category. The even part Cp of C has a structure of a premodular category [KOO01].

2.1.3 Graphical calculus

We will use the technique of graphical calculus ([BKO02] and [Kas12]) while dealing
with premodular categories.

x* &
}7@‘ o= D

Xey % Xt X 2%

X Y 7 X _7
Y7 1 < /X —

y-~ =X T

XV 2L veX coevx

1 — X X*

14



An advantage of this is that many equalities among morphisms can be proved graphi-
cally, thanks to the work of Reshetikhin and Turaev [Res90] [BK02, Theorem 2.3.10].
For example, to prove

evaly o cxy 0 Cx,y* O CX,y © COeVy = Cx,y,
X\</7 Y . Xx\/ﬁy
7 N AP SNV

it suffices to establish an isotopy of ribbon tangles, which is a trivial task, and trans-
late the procedure back into the equations in the syntactic equations. Such feature of
graphical calculus provides sophisticated quantum link invariants (e.g. Jones polyno-
mials). An interesting exercise left for the unconvinced reader is to turn all graphical
equations in this paper into syntactic equations.

In the rest of the section, we provide some useful lemmas and notations for graphical
calculus.

Lemma 2.17 Let C be a premodular category with spherical structure a. Let X,Y be
C-objects. Define a pairing of k-linear spaces

Homc(X,Y) ® Home(Y, X) Q k

that sends ¢ ® U to
Tr(Wod) =evalxo ((axopod) ® Ix«) ocoevx € Endc(l) ~ k.

Then the pairing is nondegenerate by the semisimplicity of C, identifying the linear
space with its linear dual Homc(Y, X) ~ Hom¢(X, Y)* o

Define the Casimir element
wxy = Li; ® ¢' € Home(X,Y) ® Home (Y, X)

where the ¢;’s is any basis of the former multiplicand and the ¢U's is its dual basis
under the identification given in 2.17. Graphically, we use dummy variables ¢ and ¢*
as a short-hand notation:

Raln RAN Y EaN

15



Lemma 2.18 Let C be a premodular category and W be a C-object. Then

Tw = Zicoo)Didim(i)d' o ¢y,

where the ¢’s and the ¢pV's form a pair of dual bases for the vector spaces Homc¢(X,Y)
and Homc(Y, X) respectively, and dim(i) denotes the (left) quantum trace of id;. ¢

Notation 2.19 (regular color) Let C be a premodular category and O(C) a complete
(up to isomorphism) set of simple objects of C. We use Q in the graphics to represent
the regular color ®ico(cydim(i)idi : i — i. We also denote dim(Q) by Zico(c) dim(i)?,
which is nonzero [ENOQ9]. o

With this shorthand notation (O, we can present the lemma graphically by

s - ) ) (S - (HEE)

1€0(C)

We recall the sliding lemma (lemma 4.28) above.

Lemma 2.20 (Sliding lemma) Let C be a premodular category. Then the following
morphisms are all equal, where Q is the shorthand notation given in 2.19.

E——S X - X X X
x X _/’ x\ X \

y—t— > [ e— 4 Y —— >y [ k4

o

Heuristically, the moral of this lemma is that QO protects everything “inside” it by
making it transparent.

Lemma 2.21 (Censorship of Opacity) [Mue03, Lemma 2.13] Let C be a premodular
category, Mu(C) its Muger center, i a simple C-object, and A = dim(Q)d;cmu(c), We
have the following equality.

16



&

Heuristically, QO only allows transparent objects to pass. Note that by the charac-
terization of modularity (2.10), only the identity object is allowed to pass when C is
modular.

2.1.4 Coordinates

Recall that a premodular category C is semisimple, k-linear, and fusion. Define its set
of simple objects to be the set I of simple C-objects up to isomorphism. Denote 0 € I
so that the monoidal identity 1 € 0. As taking monoidal dual preserves simplicity, for
each i € I there is a unique element i* in I such that V;* € i* whenever V; € i. Thus
the set I is finite and it has an involution I = I. Using the spherical structure, we
can define for each i € I the number dimc(i) = dim(i) € k as the trace of idy, and
the number v; € k* as the twisting coefficient tr(0v,)/tr(idy,), where 0y, denotes the
endomorphism of V; depicted in the following graph.

D—>
We further define the Gauss sum of C to be

Ac=) vi'dim(i)
iel

In order to do computations with a premodular category we need to choose and fix
some extra data (called a coordinate). All intrinsic results are independent of the
choice (except the square root D of the global dimension).

Definition 2.22 (coordinated premodular category) Let C be a premodular cat-
egory and I its set of simple objects. Choose and fix the following:
e A number D € Kk such that D? = D el dimc(i)? (the global dimension of C).
A set of C-objects {Vi}ic1 such that V; € i and that Vy = 1.
A set of isomorphisms [Turl0, p.313] {w; : Vi — (Vis)*}ier.

e A set of numbers {dim( (i) = dim/(i) € K}ies such that dim{(0) =1, dim{(i)? =

dime(i), and dim¢ (i*) = dim{(i).

A set of numbers {v! € K}ic1 such that vj =1, (v/)? = v, and v{. = v/ [Turl0,
p.313).
Such a 5-tuple d = (D, {Vi},{w}, {dim’(i)}, {v{}) is called a coordinate of the pre-

modular category C. Such a pair (C,d) is called a coordinated premodular category.
o

17



We will often confuse a premodular category with a coordinated premodular category.

Definition 2.23 (multiplicity module) Let C be a coordina‘ged premodular category
and I its set of simple objects. Respectively, define HU¥, HL’, and H‘fj to be the k-
modules Home(1,V; ® V; @ Vi), Home Vi, Vi ® V), and Home (Vi ® Vj, Vi), o

We identify HE with HY*" and H‘fj with HY""" by the linear maps induced by the
following graph and call them the canonical identifications:

Vi V; V; Vv

Recall that the natural pairing
HY @k HS — Home Vi, Vi) -5 k)

is nondegenerate by the semisimplicity of C. The braided structure of C guarantees that
the k-modules HY*, HM Hitk HikKt HKI HYU are all isomorphic. In category theory,
we must carefully distinguish equalities from isomorphicities, hence we introduce a way
to keep track of the isomorphisms among the H9¥’s.

Definition 2.24 (canonical isomorphisms) Let C be a premodular category, c its
braided structure, I its set of simple objects, and 1,j,k € [. Define the canonical

isomorphisms HU* ——— o1 (i3k) Hitk and Hik 2295, (ik) H by
o1(iK) - = v{v{ (vi) " ev,y, @ idy, ),

o2(iik) : § = vivi(v{) T (idv, ® v, v, )b

o
It is a simple exercise in the theory of tensor categories to check that
o1(jik)or (ijk) = id,
02(ikj)o2(ijk) = id, (2.25)

01(jki)oz(jik) o1 (ijk) = o2(kij) oy (ikj) oz (ijk)

so 07 and o) specify the isomorphisms among the six k-modules.
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Definition 2.26 (symmetrized multiplicity module) Let C be a premodular cat-
egory, | its set of simple objects, and 1i,j,k € [. Define the symmetrized multiplicity
module H(i,j, k) to be the k-module consisting of functions ¢ that assign an element
¢i2is ¢ HU21s to each ordering (ir,1y,13) of the set {i,j, k). o

The point is that all the symmetrized modules H(i,j, k), H(i,k,j), H(j, 1, k), H(j, k, 1),
H(k,1,j), H(k,j,1) are equal as sets. By definition, there is a canonical identification
between H(i,j, k) and HU*.

Definition 2.27 (contraction) Let C be a coordinated premodular category, I its set
of simple objects, and 1i,j,k € 1. Define the contraction map HY* ® H¥T"" — Kk by the
following diagram [TurlO, figure VI.3.5]

Denote the canonically induced contraction map on the symmetrized modules to be
([Turlo0, p.334])
*ijk - H(la j) k) Ok H(i*) j*) k*) — k.

This defines a nondegenerate pairing and thus induces a canonical element 1d(1,j, k)
in the domain of *j ([Turl0, p.333]). o

We will abuse notation by denoting natural contractions from the non-ordered tensor
products V ®k H(i,j, k) ®k H(i*,j*, k*) to K by *ijx for any k-module V.

2.1.5 6j-symbols, 10j-symbols, and 15j-symbols

Definition 2.28 (6j-symbol) For each 1i,j,k,1, m,n € I, we define the 6j-symbol
PR o He o HY @ HE o k
U om nl @ Mm@ @ i

to be the linear map induced by the partial tensor network on the 2-sphere S%:
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Using the canonical identifications, we define the induced map

‘l j k] CH(L 3, k) © Hik L m*) @ Hin, 1%, §) @ Him, n*, %) — k
Il m n

to be the normalized 6j-symbol. o

Proposition 2.29 (basic equalities of 6j symbols) Let C be a coordinated pre-
modular category, I its set of simple objects, 1,j,k,k’,1,m € I, jo,j1,-.-.,js € I, and &
be the Kronecker delta. Then we have the degenerated 6j symbol

i k
I m O

‘ = S idydim’ (1) 7T dim/(5) T'1d (1,5, k) € H(i,j, k) @k H(i*, 5%, k). (2.30)

We also have the so called Biedenharn-Elliott identity as an equality in the non-ordered
tensor product of the k-modules

H(]§7];7]6) ® H(]T) ]5) ]5) & H()Z: )E; )O) & H(]67]17]7) ® H(];:]ZJS) & H(]gy j3) ]4)

(in the context of state sum over a triangulation, this corresponds to the Pachner
(2,3)-move):

j5 33 Je| o 1 J2 s N juod2 o ds| P de| 2 J3
*j%jsj A o = dim( ) 54555 %5525 %555 L 1. 20 L@ 0 QLT T )
1015]8(]4 5o sl = lis o 17) J% 00545273 55032 ””6<J3 je 3| Pa o d7| a7 Js)
(2.31)
We also have the orthonormality relation
i* j* k* .‘L j k/

ST, K91l L) = dim(K) 3 dim{n)sime e
nel

).

Il m n
(2.32)

1* m* n*
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Finally, we have the Racah identity

V./ V./ V-/ V'/ V-/ V./ -1 ]:1 J:Z J:3 - V! _]dim ) ) okiwq i ki sk <]] ):4 J & ]:2 J:1 ]3)
i3 )6( i1 Vi2 Via 15) ia 5 e ]%( ]) (3545134 P25\ 12 5 Je )4 )5 )
(2.33)
&

Proof. Proofs and references for the modular case can be found in [TurlO, section
VI1.5.4]. The proof does not use modularity at all, so it carries through for the pre-
modular case verbatim. |

Definition 2.34 (10j-symbol) Let C be a coordinated premodular category, I its set
of simple objects, and jqp € I with jop = ji, for 0 < a,b < 4. Denote [x,y,z, W] to be
the vector space Homc(Vo, Vj, @ Vj, ® V), ®V;,, ). Then define the 10j symbol (and its
mirror, resp.)

jo1 joz Jo3 joa jor Joz Jjo3 Jos
j12 J:13 ]:14 . 1213 1:14 resp.
)23 )24 . - )23 )24
j34 10 S j34W

to be the k-linear map from the non-ordered tensor product of k-modules
[01,02,03,04] ® [12,13,14,10] ® [23, 24, 20, 21] ® [34, 30, 31,32] ® [40,41,42,43]

to k induced by the following (equivalent) C-colored graphs (resp., the same gadget
but with the underlying graph mirrored and all arrows reversed).

O AR O O O 0
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odiag

o

Remark 2.35 (15j-symbol) A 15j-symbol is an equivalent variant of a 10j-symbol. It
was used in the older literature to make sure the morphism spaces are 1-dimensional.
The 10j-symbols are more intrinsic, so we use them instead of the 15j-symbols. o

2.2 Topology

2.2.1 4-manifolds

Manifolds in real dimension 4 are interesting because of their wildness, witnessed in
the following examples:

1. Real dimension 4 is the smallest dimension where the topological structures and
the smooth structures disagree.

2. For n € N\ {4}, the euclidean space R™ as a topological space admits exactly one
diffeomorphism type, while R* admits infinitely many [Sco05][Mil62, p.2].

3. The (smooth) Poincare conjecture for the n-dimensional sphere S™ has been re-
solved except for n = 4, which remains widely open to date despite several
attempts.

4. The Universe where we live seems to be best-modeled by a 4-manifold.

Despite its wildness, in dimension 4 the notion of smooth manifolds coincides with the
notion of piecewise-linear (PL) manifolds [Tur10, sec.IX.1.1]. The data of the later can
be made combinatorial and concrete.
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2.2.2 Triangulations
This section is standard [RS72, chap.1] [Manl6, sec.2] but included for completeness.

Definition 2.36 (simplicial complex) An abstract simplicial complex is a pair K =
(V,S) of finite sets V and S ¢ 2V, such that T € S whenever 0 € S and T C ¢. For a
subset S’ C S, its closure is

S'={treS|tcoeS’}

Given a simplex T, its star and its link are

Star(t) :={c e S|t C o}, Link(t):={c € Star(t)|TNo= ¢}

We say that K is an abstract combinatorial manifold (possibly with boundary) of
dimension n if the link of each of its simplices (or equivalently each of its vertices) is
PL homeomorphic to either a sphere or a disk, and if top cell has dimension n. The
geometric realization |K| of K is defined as usual by gluing k-dimensional simplices
inducively on k > 0.

An orientation of a combinatorial manifold is an ordering of the vertices up to
even permutations. We define the standard n-simplex to be A, ={0,1,2,...,n}, with
[0 <1< ...<n] being its standard orientation. Its kth face is defined to be

An(k) = (-1)*A(012.. . k...n).

For example, the standard oriented 4-simplex A4(01234) has a 3-dimensional face being
A4(1) = -A4(0234) = A4(2034) = .... This face, in turn, has another 2-dimensional
face A4(12) = A4(034). In general, for i < j, denote A(ij) = (-1)"F1(0...i...5...4).

o

Definition 2.37 (Pachner move) Let an abstract combinatorial manifold K = (V, S)
of dimension n. A Pachner (1,n + 1)-move along a top-simplex T € S is defined to be

K ~» K’, where
K’ = (VH{*}, (S\{t} H(H(fU{*}))> )

f

where f funs through each face of T. A Pachner (2,n)-move along two top-simplices
1,7’ € S that share a face f € S is defined to be K ~ K’, where

K' = (v, S\t [ ]9 u{*,*’}))> )

9

where g runs through each face of f, and % (*’, resp.) denotes the opposite vertex of
fin 7 (t/, resp.). We say the inverses are Pachner (n,2)-moves and (n + 1, 1)-moves
respectively. Denote K ~ K’ if K’ can be obtained by K via a finite sequence of Pachner
moves.
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(2,2)
ELEEAN (1,3)

o
Notice that a Pachner move K ~~ K’ induces naturally a PL. homeomorphism K — K’.

Definition 2.38 (triangulation of PL-manifolds) Let X be a piecewise-linear man-

ifold. A triangulation of X is a PL-homeomorphism X ®, |K| for some combinatorial
manifold K. o

Fact 2.39 [Pac87] Any piecewise-linear manifold X has a triangulation ¢ : X ~ [K].
Any other triangulation ¢’ : X ~ |K’| satisfies K ~ K’. Finally, an orientation of X
restricts to a coherent orientation for each top cell of K. o

2.2.3 Handle decompositions

By Morse’s theory of extremal points, any smooth manifold admits a handle decompo-
sition. By Cerf theory, two handle decompositions present the same manifold (up to
diffeomorphism) if and only if both decomposition data are related by a finite sequence
of handle creations, handle annihilations, and handle slides [GS01]. A triangulation of
a manifold admits a natural handle decomposition by taking dual (each k-dimensional
simplex corresponds to a (4 — k)-handle; each (co)face relation corresponds to an at-
tachment). The correct state sum based on this datum is the universal state sum
[Wal21]; it transforms a handle decomposition into a number. A useful fact to notice
is that closed 4-manifolds are reconstructible from their handles of indices 0, 1, and 2
(3.19).

2.3 Crane-Yetter state sum

Throughout this section, let C to be a coordinated premodular category and I be the
set of simple C-objects.

Definition 2.40 (colored combinatorial manifold) A C-coloring of a combinatorial
manifold X is a map 3 : X; — I, where X; denotes the set of oriented 2-simplices of X,
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such that B(-x) = B(x)* for all x € X5. A C-colored combinatorial manifold is a pair
of a combinatorial manifold and a C-coloring of X. o

Definition 2.41 (10j symbol for a colored simplex) Let A be a 4-simplex with
a total ordering on the set of vertices, and let 3 to be a C-coloring for A. C-colored
simplex. Denote f to be the color (A4(ab)) € I assigned to the oriented 2-cell

A4(&B). We define the 10j symbols for (A, ) to be the 10j-symbols (2.34)

Bsi g& Eo% Eoﬁ Bsi Eo& Eo@ Eo?t

10j(A) = 2 Pi3 Pia o 10j(A) = | 2 Pi3 Piz

) By Bz ) . . Bz Bx
S - Palg

O

Definition 2.42 (Crane-Yetter state sum for a closed 4-manifold) Let X be
an connected, oriented, closed piecewise-linear manifold, ¢ : X — |K| a triangulation,
B :Ky; — I a C-coloring of K, and T a total ordering on the set of vertices of K.

For each 4-simplex A of K, we assign a 10j-symbol 10J(f3,A) as follows. If the
orientation restricted from X agrees with that from 7 (i.e. [X][o = T|a, or say of coherent
orientation), then we assign 10J(f3,A) = 10j(A, B|a); otherwise, if [X]|x» = —1|s (or say
decoherent orientation), then we assign 10J(f,A) = 10j(A, Ba).

Now each 4-simplex has a 10j-symbol, which is just a linear map. Recall that the
oriented 3-simplices correspond to morphism spaces. We will contract the linear maps
(taking a huge trace) using the fact that each 3-simplex A’ is the face of exactly two
4-simplices. More concretely, observe that there are two cases.

e Both of them have coherent (or decoherent) orientations.
e One of them has coherent orientation, while the other has decoherent orientation.

In the first case, the corresponding vertices (2.34) of the C-colored graphs that underly

the assigned 10j-symbols have the incoming and outgoing arrows exchanged. In the

second case, the orientations of the arrows are the same but the colors are dual. Hence

in both cases, we can contract the 10j-symbols along A’ as usual (2.27). Since X is a

closed 4-manifold, the final result is an element in the underlying field (i.e. a number).
Finally, we define the Crane-Yetter state sum of X to be the number

[c = prom) 3 [Taim(ir) <*®1OI(B;A)> ,
X B f A

where D? denotes the global dimension of C, ng denotes the amount of vertices, n;
denotes the amount of edges, the sum runs over all possible C-colorings 3 of K, the
product runs through all faces f of K (recall dim(x) = dim(x*) for all x in C), the
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tensor product runs through all 4-simplices of K, and * denotes the large contraction
specified above.

The result only depends on the PL-homeomorphism type of X due to the invariance
under Pachner moves. We refer the curious readers to the original paper [CY93a]
[CKY97]. o

The original state sum uses 15j-symbols and therefore involves a product running
through the 3-simplices. The term is absent here because it is absorbed into the 10j
symbols. The state sum is expected to be extended to a fully extended topological
quantum field theory ([BJS21, section 1.5] [Co023] [BBJ18] [AT22]). For explicit eval-
uations of the Crane-Yetter model see [Bér21| (for numerical values on 4-folds) and
[Guu21] (for categorical values on 2-folds).
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3 Crane-Yetter Theory and Turaev Shadow

3.1 Introduction

Topology is the wildest in dimension 4. For example, the smooth Poincare conjec-
ture remains far from proven only for n = 4, and the topological R™ admits exactly
one diffeomorphism type unless n = 4, in which case uncountably many are available.
There are gauge-theoretic tools which, to some extent, are sensitive to exotic smooth
phenomena, such as the Donaldson and Seiberg-Witten invariants. Despite their suc-
cesses, they are unable to tackle a large class of problems including the smooth Poincare
conjecture for n = 4.

In the 90s, a simpler invariant of smooth 4-manifolds was proposed by Crane and
Yetter (CY). The original CY invariant could only detect homotopy type but its sim-
plicity leaves room for modifications. Despite several attempts at modification (e.g.
[Bar21]), to date, there has not been much success at detecting exotic smooth phe-
nomena. A recent work by Reutter [Reu20] explains the failure, and suggests the need
for a non-semisimple or derived variant of the CY model.

Before moving into that direction, the author aims to settle another issue first.
There is another invariant of 4-dimensional smooth manifolds, the shadow model a
la V. Turaev [Tur91] [Turl0Q], from statistical mechanics. Moreover, it was known
that the shadow model coincides with the CY model when both degenerate [TurlO,
X.3.2 & theorem X.3.3] [BGMO07| to the 3D Witten-Reshetikhin-Turaev model (also
known as the quantized Chern-Simons theory). It is thus necessary to clarify their
relationship in the general semisimple case. Despite the difference of their origins and
formal definitions, this paper shows them equal, suggesting once again that semisimple
models have reached their limit in terms of detecting exotic smooth phenomena.

Along proving the equivalence of the two models, we make heavy use of the con-
struction of the shadow model given in [Turl0]. We include the essential details of the
construction in this paper which serve as a digestible survey of the shadow model.

3.2 Turaev shadows

A shadow is another type of structure that encodes closed 4-manifolds. Roughly speak-
ing, a shadow is a 2-polyhedron with extra decorations (called gleams) that remember
the twisting data. A 2-polyhedron is a topological and combinatorial object that
encodes 3-dimensional manifolds [Mat]. It is called a pre-foam in the literature of
Khovanov homology (from foams) [KR21].

Definition 3.1 (tripod) Define the standard tripod to be the topological subspace of
R3 consisting of the points (x,y, z) such that at least two of the entries are zero, and the
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last entry belongs to [0, 1). Define a tripod to be any topological space homeomorphic
to the standard tripod. o

Definition 3.2 (cone) For each topological space X, define its standard open cone
cone(X) to be the quotient space (X x R>0)/((x,0) ~ (x/,0)). Define an open cone of
X to be any topological space homeomorphic to cone(X). o

Definition 3.3 (local shape) Let X be a topological space and x € X. Denote by T
the standard tripod and S the 1-skeleton of the boundary of the standard tetrahedron
(a trivalent graph with 4 vertices and 6 edges). Respectively, we say that x is a smooth
point, a line point, a tetrahedral point, a boundary smooth point, or a boundary line
point of X if it has a relative neighborhood homeomorphic to (R%,0), (T x R, (0,0)),
(cone(S), (*,0)), (R x Rxo,(0,0)), or (T x Rxo, (0,0)). o

Definition 3.4 (simple 2-polyhedron) A simple 2-polyhedron with boundary is
defined to be a piecewise-linear compact CW-complex P of real dimension two, such
that each of its point p is either a smooth point, a line point, a tetrahedral point, a
boundary smooth point, or a boundary line point. If only the first three types are
involved, we call P a simple 2-polyhedron without boundary. o

Definition 3.5 (components of a simple 2-polyhedron) Let P be a simple 2-
polyhedron with boundary. Define the set of smooth points (or called interior points)
of P to be Int(P). Define the set of line points, tetrahedral points, and boundary line
points to be sing(P). Define the set of boundary line points and boundary smooth
points to be 0P. Call a connected component of Int(P) to be a region of P; define
the set of regions to be Region(P). P is said to be orientable if each region of P is
orientable. An orientation of P is an assignment of orientations to each of the region.
o

Figure 1: The graphic is taken from [KR21].

Definition 3.6 (shadowed 2-polyhedron) Let P be a simple 2-polyhedron, and A
an abelian group with a distinguished element w € A. We define a shadow to be a
pair of an orientable 2-polyhedron P and a map (called gleam) gl : Region(P) — A.
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Unless specified further, we assume that A = Z [%] and w = % We denote —P to be
the same simple 2-polyhedron but with all gleams flipped by (a — —a). o

For each connected oriented closed surface ¥ and each a € A, there is a shadowed
2-polyhedron X, which consists of X~ with the gleam a assigned to the only region. For
example, S% denotes the 0-gleamed 2-sphere.

Definition 3.7 (nullity of a shadowed 2-polyhedron) [Turl0, section VIII.5.1] Let
P be an oriented shadowed 2-polyhedron. For each region Y of P, the contraction map
(P/0P) — P/(P\ Y) and the orientation of Y induces a map

H,(P;0P) — Z;h — (h]Y).
Define the symmetric bilinear form Qp on H;(P;0P) by summing over all regions of Y

Qr(hi,ha) =) () (hglY)gl(Y) € A
Y

and restrict it to Qp along the natural map H,(P) — H;(P;0P) (which is injective by
a usual argument using long exact sequence). H,(P) is a free abelian group, and so is
Ann(Qp). Finally, define the nullity of P to be null(P) = rank(Ann(Qp)). o

We remark that if the shadowed polyhedron comes from a 4-manifold X, then the
bilinear form defined in the previous definition coincide with the intersection form of
X [Turl0, section IX.5].

Definition 3.8 (shadow moves) [Turl0, section VIII.1.3, p.369]
The basic shadow moves Pj, P, P3; are given in the following graphics (taken from
[Tur10]). A shadow move is a finite composition of the Piﬂ ’s.
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Definition 3.9 (shadow) A shadow is an equivalence class of shadowed 2-polyhedron
P up to a shadow move. We denote the shadow by [P], and say that P represents the
shadow [P] [Turl0, p.370]. o

For two connected shadow [P] and [P’], we construct the shadow [P] + [P’] as follows.
Arbitrarily identify two arbitrarily chosen closed disks D C Int(P) and D’ C Int(P’)
in P] [ P’, and equip the interior of D (a new region) with gleam 0. So defines a simple
2-polyhedron and we say that it represents [P] + [P’]. It is well-defined by [TurlO,
lemma VIII.2.1.1]. For an integer m € Z>¢, we define m[P] as the sum of m-many [P].

Definition 3.10 (stable shadow) Two connected shadowed polyhedra P, P’ are called
stably shadow equivalent if there exists n,n’ € Zxq such that [P]+m[S3] = [P/]+m/[S]].
Extend the definition to non-connected ones in an obvious fashion. A stable shadow
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is defined to be a shadowed polyhedron up to stable shadow equivalence. Denote the
stable shadow of [P] to be stab([P]). o

We are ready to present a closed 4-manifold in terms of shadows.

Definition 3.11 (locally flat 2-polyhedron in a 4-manifold) Let X be a closed 4-
manifold. A 2-polyhedron P in X is flat at a point p € P if there exists a neighborhood
U of p in X such that UN P lies in a 3-dimensional submanifold of X. We say that P
is locally flat if it is flat at all p € P ([Turl0, p.394]). ©

Definition 3.12 (skeleton of a 4-manifold) Let X be a closed 4-manifold. A skeleton
[Turl0, p.395] of X is a locally flat orientable simple 2-polyhedron without boundary
P such that a closed regular neighborhood of it with some 3- and 4-handles form X. ¢

For example, CP! = {[x : y : 0]} is a skeleton of CP? = {[x : y : z]}. By [Tur10, theorem
IX.1.5], every 4-manifold has a skeleton (by compressing the (0,1,2)-handles in an
arbitrary handle decomposition).

Definition 3.13 (stable shadow of a 4-manifold) Let X be a closed 4-manifold.
Take a skeleton P of X and construct a shadowed simple 2-polyhedron by assigning
gleams to the regions ¥ in the following way.

1. If ¥ is homeomorphic to a closed surface, define the gleam to be the self-intersection
(which is independent of the orientation of X)

(Z]-[X]) e Ho(X;Z2) =Z2 Cc Z[1/2].

2. Otherwise, X is non-compact. Deformation retract it to a compact subsurface ;.
Denote N to be the normal bundle of £y in X. Consider the line bundle 1 over
0%y by [Turl0, section VIII.6.2, p.397], which may be regarded as a sub-bundle
of Nlaz,. The circle bundle P(N) is trivial over X, since the later is a homotopy
1-type. With a choice of an orientation of £y, and X, 1 induces a section of
P(N)|s. The obstruction class of this section to the whole P(N) is an element of
H2(Zo, 9%0;m1(S")) = Z. Finally, define the gleam to be the half of the resulting
integer (which is independent to the choice of Ly).

It is the main theorem of [Turl0, section IX.1.7] that all shadowed polyhedra chosen
in such fashion above are all stably shadow equivalent. Therefore, it defines the stable
shadow sh(X) of the closed 4-manifold X. o

Example 3.14 sh(+CP?) = stab([52i1]) and sh(S*) = stab([Sé]). o

A handle decomposition of a closed 4-manifold X gives rise to a shadow of X [Turl0,
section IX.4]. The explicit construction will be recalled below in 3.17, which will be
used to prove our main theorem.
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Definition 3.15 (skeleton of a 3-manifold) Let Y be a closed 3-manifold. A skeleton
of Y is an orientable simple 2-polyhedron without boundary P C Y such that Y\ P is
a disjoint union of open 3-balls [Turl0, p. 400]. o

Definition 3.16 (shadow cone of a framed link in a 3-manifold) Every compact
3-manifold Y has a skeleton [Turl0, theorem IX 2.1.1]. For example, the equator S?
of $3 is a skeleton. Let P be a skeleton of Y and 1 be a framed link in Y. Projecting
| generically onto P induces a shadow projection. Assign gleams around each crossing
point as in [Turl0, figure IX.3.4]. Then construct the shadow by naturally attaching a
disk along each projected component on P (as a new region) endowed with zero gleam.
Denote the resulting shadow to be CO(Y,1) (well-defined up to stable shadow moves
[Turl0, section IX.3.3]). o

Definition 3.17 (shadow of a 4-manifold from a handle decomposition) Let
X be an oriented 4-manifold and H = U?:o H; be a handle decomposition, where H;
denotes the union of the handles of index i. Define Y to be the closed 3-manifold
0(Ho U Hy). By the definition of handle decomposition, the gluing datum of H; onto
the handles with lower indices is encoded as a link 1| in Y. Define the stable shadow
sh/(X,H) to be CO(Y,1). o

Remark 3.18 It is a theorem of [Tur10, sec.IX.4.2] that sh’(X, H) does not depend on
the choice of H as a stable shadow. In fact, sh/(X, H) equals the stable shadow sh(X)
[Turl0, sec. IX.7]. o

Remark 3.19 [GS01, section 4.4] The handles of indices < 2 are enough to reconstruct

the whole closed 4-manifold. o

3.3 Shadow state sum

Throughout this subsection (3.3), we fix an orientable shadowed 2-polyhedron P (over
Z[%], with boundary), a coordinated premodular category C, and its set of simple

objects I. Our goal is to define the shadow state sum f;h C

Definition 3.20 (module of a trivalent graph) Let K, be the empty graph andy
be a trivalent graph. A C-coloring of vy is a map

{oriented edge of v} A, I, with Ale) =A(—e)™.

Define a k-module

®H7\ AL

where H denotes the symmetrized modules (2.26), x runs through all vertices of y
and the A,’s denote the colors assigned to the nearby edges oriented toward x. Define
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k-modules

Hy)= € HM), H(Ko) =Kk,
A€Ecolor(y;C)
where color(y; C) denotes the set of C-colorings of . o

By a C-coloring of P we mean a map ¢ from the set of oriented regions of P to
I such that ¢(X) = ¢(—X)*. Denote by color(P;C) the set of all C-colorings of P.
An orientation of a 2D region induces an orientation on its edges by (n /\ -), where
1 denotes a vector pointing outward from the region. Therefore, a C-coloring ¢ of P
induces a C-coloring 0¢ of its boundary 0P, a trivalent graph.

Definition 3.21 (shadow state sum) [Turl0, section X.1.2]
Every C-coloring on 0P extends to some C-coloring on P, so H(0P) = 3 o10r(p.c) H(39).
Fix a ¢ € color(P;C), and define the following k-modules and vectors.

e For each oriented edge € in P \ 0P, define Hy(€) to be H(i,i’,1”) where the i’s
are the colors assigned to the three adjacent regions compatibly oriented with €.

e For each (unoriented) edge e in P\ 0P, define Hy(e) to be the non-ordered tensor
product Hy (€)®Hgy(-€) with an arbitrary orientation €. The pairing (2.27) defines
a canonical vector el € Hy(e).

e For each tetrahedral point x € P, pick a small enough neighborhood U of x in
P homeomorphic to the cone of the 1-skeleton of the boundary of some tetrahe-
dron. The closure U a C-colored 2-polyhedron with four boundary line points
X0,X1,%2,%3 and six C-colored regions. Denote by ¢y; the color for the oriented

region xx;X; (clearly, ¢i; = ;) Finally, define a vector and a k-module
3
_ o1 b0z b0 —
x| 6(8)H (xix) = Hg(x),
o ¢ o = e v 1)

where ® denotes the unordered tensor product of k-modules. The result is inde-
pendent to the labeling 0,1, 2, 3.

The procedure above defines a vector in the k-module

(®X|X|d)) ®e|e|cb <® H(p ) & (® H¢(e)>

where x runs over all tetrahedral points of P, and e runs over all (nonoriented) edges of
P\ OP. By contracting the vector along all tetrahedral points x and all edges e whose
boundary points are not both in 0P, we obtain a vector in |¢p| € H(0¢). Finally, we
define the shadow state sum to be

sh
(J C>: DL2PIllP) ST Gy i) | € Y H(d) = H(P),
¢

P d€color(P)
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where D denotes the global dimension, b, denotes the second betti number, null
denotes the nullity (3.7), and oy € K is a normalizing constant defined as

op = [ [dim¢(@p(e)) " [ [ dime((V)XMvg (V)29 T T dimy(Home (Vo, Vi@ Vi@ Vi),
e Y g

where e runs over edges of 0P (but not circle 1-strata), Y runs over regions of X, g runs
over circle 1-strata of sing(X), and x denotes the Euler characteristics. o

Proposition 3.22 (shadow state sum is invariant under stable shadow move)
Let C be a premodular category and P,P’ be 2-polyhedra that are equal as stable

shadows. Then
sh sh
J C :J C.
P /

Namely, shadow state sum is invariant under stable shadow move. o

Proof. We start with the special case where C is a modular category. For invariance
under basic shadow moves, the essential ingredients are the orthonormality relation,
the Racah identity, and the Biedenharn-Elliott identity (2.29); see [TurlO, theorem
X.2.1] for a proof. For invariance under addition of S(Z), it boils down to proving the
addition formula

[P1 + P2 =[Py @ [P,

[Turl0O, theorem X.2.2] and using the equality |Sé| = D7 Zieldim(i)z = 1. Both
proofs carry through verbatim to the premodular case. |

Definition 3.23 (shadow state sum of a 4-manifold) Let X be a closed 4-manifold,
C a coordinated premodular category, stab([P]) a stable shadow of X represented by a
shadowed 2-polyhedron P. Define the shadow state sum f;h C of X to be | ]s;h C, which
is well-defined by 3.18 and 3.22. o

3.4 Main result: equivalence of state sums

Theorem 3.24 (equivalence of state sums) Let X be a closed 4-manifold and C be
a coordinated premodular category. Then

cYy sh
J C:J c.
X X

Namely, their Crane-Yetter state sum and shadow state sum are equal. o

Remark 3.25 The Witten-Reshetikhin-Turaev (quantum Chern-Simons) model is
known to be the boundary theory of Crane-Yetter model [BGMO07] [Tha2l]. It is
also shown that the former is the boundary theory of the shadow TQFT [Turl0, X.3.2
& theorem X.3.3]. Therefore, theorem 3.24 provides another proof for the first fact. ¢
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Proof. Fix a small € > 0.

We begin by computing the shadow state sum for X. First, fix a triangulation T
for X. Denote by T; to be the set of i-cells of T, and fix a total ordering on Ty. Recall
that the ordering induces an orientation of each 4-cell. If it agrees with the orientation
from X, we call it an coherently oriented cell; otherwise a decoherently oriented cell.
From T we will construct a shadow of a similar “shape”. Indeed, the dual of the any
triangulation provides a handle decomposition H, in which each k-cell corresponds to
an (n — k)-handle. The construction in (3.17) constructs a shadow for X, as follows.

Take the union of the 0-handles and the 1-handles. Its boundary Y is a connected
sum of [Ty| 3-spheres. By (3.17 and 3.16), we need to pick a skeleton of Y. We will
construct a very concrete one as follows. Within each 4-simplex A, YNA is $3\ (5 x B3).
Think of this as R3 \ Uy Be(V), where By(x) denotes the ball of radius r centered at
x, and V runs through the set {(1,0,0),(0,1,0),(-1,0,0),(0,-1,0)}. Denote S'(¥) to
be the equator dual to V of each 2-sphere S?(V) := 0B.(V). The largest component
of Bo(1) \ (U\751(‘7)) is a 4-punctured 2-sphere. Finally, remove an e-disk centered
at (0,0,1) from it, and let the boundary straightly stretch to (0,0, +o0); this is a
5-punctured 2-sphere X, which is a local skeleton for Y.

To continue following (3.17), we need to project to the links (the gluing data of the
2-handles in Y) to L. It is a geometric exercise to construct a projection so that the
projected diagrams look as follows

depending on whether the 4-cell is coherently oriented or not. The construction then
cones the projected links, and assigns gleams around each intersection of links on X.
This encodes a local piece of the complete shadow, which is a gleamed 2-polyhedron P
without boundary. However, P also looks the same locally within each 4-simplex (up
to mirror), so for simplicity we will keep working locally.

The shadow state sum, locally, is represented by the following diagram and its
mirrored image.
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boa/ Ju
T b
P14 P14
i ¢02
(& e
d /
; e Poz
O
< $13 k
l h

0

where each of the 5 tetrahedral graphs is obtained by the 6j-symbol twisted with the
4 gleams around the corresponding tetrahedral point. The vertices in the graph are
paired (indicated by the colors), and paired vertices are actually labeled by elements
of the bases and dual bases of the morphism spaces. We contract them and obtain the
following diagram using the techniques given in [KB10, Lemma 1.1, 1.3].
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We can further contract each theta graph to the central component using the following
procedure.
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Repeat for five times, and the result is the following
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This is almost the 10j-symbol involved in the definition of the f;y C, except the extra
edges labeled by b, d,f,h,j,l. However, after contracting the local pieces together,
the extra edges form unlinks (colored by the regular coloring Q = } ; ;dim(i)i) and
therefore can be viewed as a factor D? and removed from the diagram. The rest of the
proof is by counting. [ |
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4 Categorical Center of Higher Genera

4.1 Overview

Recall that the Crane-Yetter theory is extended to (co)dimension 2 (sec 1.3). So given
a premodular category C and an oriented 2-manifold Sigma, its value CY¢(Sigma)
is a linear category. In this section, we compute and describe these the values for all
surfaces with at least one puncture.

4.1.1 Previous work of CY in (co)dimension two

Recent developments of the CY model include its Hamiltonian formulation and its
higher-codimensional aspect. The former is called the Walker-Wang model (cf [WW12]
and [Wall5]). However, while the relation between CY and the Walker-Wang model
are commonly believed, to the best knowledge of the author, it has not been explicitly
proved.

The later, on the other hand, is currently studied by A. Kirillov’s school start-
ing around 2018. In particular, Tham and Kirillov correctly defined CY model in
(co)dimension 2, computed some examples, and proved the excision property. This
in turn showed that the CY model coincides with the factorization homology in the
special case that the input category is premodular.

Remark 4.1 In a recent paper [AT22], it is stated in Corollary 7.6 that the Crane-
Yetter theory in (co)dimension 2 coincides with the factorization homology given in
[BBJ18] for certain algebraic input data. Therefore, we expect that both approaches
actually study the same theory. Please note that [BBJ18| wrote their work earlier
than [AT22]. However, we will still quote the results from [AT22]| as the author is
more familiar with it. o

In the rest of this section, we recall the results from Kirillov and Tham. The main
statement of this paper will follow in the next section.

)3 Disk Cylinder Sphere 1-punctured torus General

CYe(Z) | C Z(C) Mu(C) Z°(C) Z:(C)

Drinfeld center | Muger center Elliptic center

Categorical center
of higher genera

Theorem 4.2 [AT22, Section 5] Let C be a premodular category, and £ = D? be the
open disk. Then as abelian categories

CYz(C) ~ C.
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Theorem 4.3 (Drinfeld center) [AT22, Example 8.2] Let C be a premodular cate-
gory, Z(C) its Drinfeld categorical center, and £ = S' x I =S' x (0, 1) be the cylinder.
Then as abelian categories

CYz(C) ~ Z(C).

Moreover, as multifusion categories, the topological nature of ¥ induces a so called
reduced tensor product ® ([Tha22], [Was19]) for Z(C). Indeed, stacking two cylinders
together produces another cylinder S' x (0,2) ~ S! x I. o

Notice that the reduced tensor product is in general different from the usual tensor
product of the Drinfeld center.

Theorem 4.4 (Excision principle) [AT22, Theorem 2.3|

Denote the Deligne tensor product by X. Let £ be an open surface with n punc-
tures. Then the category CYy(C) has a structure of module category over CYs(S' x
1)¥" which is (Z(C),®)®" by 4.3.

Let X; and X; be smooth oriented surfaces possibly with punctures. And let CY
be Crane-Yetter theory in dimension two. Then we have an equivalence of abelian
categories.

CY(Z1U22) = CYZ] ‘ECY( ) CYZZ)

LNz

where Xp denotes the balanced (Deligne) tensor product over D [DSS19]. ©

Remark 4.5 For a related result on the excision principle, see [Co023| and [BBJ18]. In
particular, we mentioned above that the CY model is a special case of the factorization
homology. In [C0023], it is further shown that a factorization homology coincides with
the skein category for ribbon categories, which are more general than premodular
categories; it is also shown that the ribbon categories satisfy the excision principle,
providing a more general result than the theorem above. Notice that in [BJS21], a fully-
extended 4-dimensional TQFT (based on a braided fusion category) is constructed, and
is expected to be an extension of the CY model. Please see discussions in section 1.5.2
and 1.5.3 therein. S

Theorem 4.6 (Muger centralizer) [AT22, Corollary 8.5] Let C be a premodular
category, Z/(C) its Muger centralizer, and X = S? be the 2-sphere. Then as abelian
categories

CYs(C) ~ Z'(C).

In particular, if C is modular, then the result trivializes as in

CYs(C) ~ (Vect).
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Tham defined for a premodular category C an associated category Z¢(C), coined
the elliptic Drinfeld center. Its objects are the triples (X,vy1,v2), where X is an object
of C and the y;’s are half-braidings of X that satisfy certain relations. See [Thal9] for
a full definition. The name is justified by the following theorem.

Theorem 4.7 (elliptic Drinfeld center) [AT22, Corollary 9.5+6] Let C be a pre-
modular category, Z¢(C) its elliptic Drinfeld center, and £ = 21,0 be a once-punctured
torus. Then as abelian categories

CYs(C) ~ Z°(C).
In particular, if C is modular, then there is an equivalence of left CYgi,1(C)-modules
C >~ CYp2(C) =~ CYs(C).
o

Theorem 4.8 [Tha22, Corollary 4.5] Let C be a premodular category, Z the Drinfeld
center construction, ® the stacking tensor product, and £ = S' x S! be the standard
torus. Then

CYz(C) ~ Z((£(C), ®)).

o

One of the main theorem of [AT22] is that Crane-Yetter theorem in dimension two
also trivializes when the input data is modular.

Theorem 4.9 [AT22, Remark 9.8] Let C be a modular category, and X an n-punctured
surface of genus g. Then up to equivalence CYz(C) is independent of g. In fact, we
have an equivalence of module categories over (Z(C),®)X™

CYs(C) ~ C¥n.

Notice that when n = 0 the power is the category of finite dimensional vector spaces.
o

An easy proof of this fact due to the author of this paper uses the excision principle
and a basic equivalence of braided categories C X C®°P ~ Z(C) [Eti+15], where C®P
denotes the same braided category as C but with the inverse braiding.

4.1.2 Main result: CY ~Z

The main result of this paper is an explicit calculation of the Crane-Yetter theory
for all smooth oriented surfaces with at least one puncture. In particular, we obtain a
description of the value on the 3-punctured 2-sphere which was missing in the literature.
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With the excision principle, this provides us several combinatorial constructions of the
same category. Also with the excision principle, this provides us a fairly compact
description for the values on all smooth oriented surfaces. In this section, we overview
the statement and its consequences, leaving a detailed proof to section 4.4.

Crane-Yetter theory in dimension two is defined as a linear category whose spaces of
morphisms are vector spaces presented by many complicated generators and relations.
By a calculation we mean to describe it as a category whose description is much smaller.
An analogy of this is that the first homology of the circle “calculated” to be the group
of integers

Hi(S") ~z

Given any open surface X, we present it by an oriented 2-disk and some segments
of its boundary glued. Which segments are glued together are described by some
combinatorial data, called the admissible gluings. With a choice of an admissible glu-
ing o, the categorical center of higher genera Z = Z; is a specific category explicitly
constructed in 4.49, with some basic properties given in 4.3.3. Roughly, given a pre-
modular category C and an admissible gluing o of rank n, the categorical center of
higher genera Z = Z;(C) is a category with objects of the form (X,vy1,...,yn) Where
X is a C-object and the v;’s are half-braidings satisfying specific relations. The main
statement is that Z is equivalent to CY (L) as a finite semisimple abelian category.

( EUTTRZ5)
Z-iZ 3~ =S
\ i

Theorem 4.10 (Main statement) Let n be a nonnegative integer, o an admissible
gluing of rank n, X, the surface constructed from o, C a premodular category, Z,(C)
the categorical center of higher genera of C with respect to o, and CYz_(C) the Crane-
Yetter theory (over C) of the surface L.

Then CYz_(C) only depends on C and the oriented topological type of the surface L.
Moreover, we have an equivalence of finite semisimple abelian categories

CYs, (C) ~ Z4(C).

A detailed proof of the main statement is given in section 4.4.

Example 4.11 (n = 0) For n = 0, the surface X is the open disk, the categorical center
of higher genera reduces to the underlying premodular category C, so the theorem
recovers that CYsg(C) ~ C as shown in 4.2. o
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Example 4.12 (n = 1) For n = 1, the only possible surface is the cylinder, the
categorical center of higher genera reduces to the Drinfeld center Z(C). Hence, the
theorem recovers that CYs(C) ~ Z(C) as shown in 4.3. o

Example 4.13 (n = 2) For n = 2, there are two possible surfaces: the 1-punctured
torus and the 3-punctured disk. In the former case, the categorical center of higher
genera reduces to the elliptic center Z¢(C), so the theorem recovers that CYy(C) ~
Z°(C) as shown in 4.7. In the later case, the theorem provides a new result. o

Remark 4.14 In H;(S') ~ Z, one sees the algebra of the shape S' and the shape of
the algebra Z. Our main result should be viewed as a higher analogue. That is, one
sees the (higher) algebra of the shape X, and the shape of the (higher) algebra Z;. ©

Remark 4.15 A full definition for premodular categories is given in 6.68. o

Remark 4.16 These categories have their tensor structures and module categorical
structures [Eti+15] coming from their topological nature. This will be treated in the
author’s following work. o

Remark 4.17 The smoothness condition is not necessary for our theory, but is in-
cluded for the sake of simplicity. Indeed, later we will see that the Crane-Yetter theory
in dimension 2 can be defined based on stringnets. With the smooth structure, it is
easier to regulate how they meet each other. On the other hand, Crane-Yetter theory
works also in the PL-setting, parallel to its 3-dimensional analogue, the Turaev-Viro
theory. Curious readers are refer to a setup given in [KB10]. o

4.1.3 Summary of each subsection

e Section 4.2: The relevant topological theory, namely the Crane-Yetter theory in
dimension two, is treated formally in terms of string-nets ([Kir11]).

e Section 4.3: The relevant algebraic theory, namely the categorical center of higher
genera Z;(C), is constructed. We prove some of its basic properties, such as its
finite semisimple abelianess and its ambidextrous adjunction with the underlying
C.

e Section 4.4: The proof for the main theorem is given, which bridges the topolog-
ical theory and the algebraic theory.

e Section 4.5: Outlook and remarks.

4.2 Topological theory

In this section, we describe the topological side of our main statement (cf 4.10 and
4.14), namely the Crane-Yetter theory in dimension two, is treated formally in terms
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of string nets. This includes a definition of Crane-Yetter in dimension two, and a
combinatorial description of oriented smooth surfaces. The former requires the notion
of string nets (also called tensor nets or tensor networks), which will be treated in
4.2.1. A definition of Crane-Yetter theory in dimension two follows in 4.2.2. Finally,
the combinatorial description of smooth surfaces (o-construction) is given in 4.2.3.

4.2.1 String nets

Originated from Penrose combinatorial description of space-time [Pen71], string nets
are the building stone of Crane-Yetter theory. They are also called (quantum) tensor
nets or tensor networks in other contexts. In dimension two, they were first explicitly
written by the physicists Levin and Wen in [LWO05]. For Crane-Yetter theory, how-
ever, we need string nets in dimension three. Following [AT22], we provide a formal
definition 4.27 of them in this section.

Before the formal definition, keep in mind that it aims to formalizes the pictures
of the following sort.

Definition 4.18 (2-folds) A 2-fold is either a compact oriented smooth manifold
without boundary of real dimension 2, or such a manifold with finitely many points
removed (punctures). A 2-fold is also called a surface. o

Definition 4.19 (Extended 2-folds) An extended 2-fold is a 2-fold M with the extra
data

{(pl;W ) OT]) v (pmvn; Orn)};
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where n < oo, the points p; € M are disjoint to each other, the tangent vectors
vi € T,;M are nonzero, and the orientations or; are in the set {+, —}. o

Definition 4.20 (3-folds) A 3-fold is an oriented smooth manifold with boundary of
real dimension 3. o

Definition 4.21 (Framed arcs in a 3-fold) Let M be a 3-fold (4.20). An arc « in
M is a smooth embedding of the standard interval I = [0, 1] (with orientation from 0
to 1) into M. We require that if an end-point is sent by « to the boundary 0M, then
« has to intersect the boundary transversally.

A framing of an arc « in M is a non-vanishing smooth section s of the normal
bundle of x(I) € M. A framed arc is an arc equipped with a framing. o

Remark 4.22 For our theory, the smoothness condition is not necessary but included
for the sake of simplicity. Crane-Yetter theory works also in the PL-setting, parallel
to its 3-dimensional analogue, the Turaev-Viro theory. Curious readers are referred to
the setup given in [KB10].

The framing, on the other hand, is necessary. Such structure is expressed in slightly
different way in related works. For example, in the context of skein modules, people
use the notion of ribbons instead of that of arcs. The “width” of a ribbon corresponds
to the normal vector from the section. o

Definition 4.23 (Framed graphs in a 3-fold) Let M be a 3-fold (4.20). A framed
graph I' in M is a finite collection of framed arcs «; 4.21 satisfying the following
conditions.

e Denote the set of arcs of ' by E(T).

e The images of the embeddings «;’s do not meet each other, with an exception at
their endpoints which must be in the interior of M.

e Let p be a point in the interior of M. Denote Out(p) (In(p), resp.) be the
set of the o’s with p = ;(0) (ei(1), resp.). Denote the set of all arcs (edges)
E(p) := In(p) U Out(p). The directions of the tangent vectors of the «'s that
end at p must be different, i.e. for each i # j, there is no positive real number r
such that vi = rv;. In the case where E(p) is nonempty, we call p a vertex of T'.
Denote the set of vertices by V(I').

e Let o« € E(I'). If an end of « ends on the boundary of M, we call the end-point
a boundary point of I'. Denote the set of boundary points by B(I").

o

Definition 4.24 (Extended 3-folds) An extended 3-fold is a pair of a 3-fold M and
a framed graph I' in M. o
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Notice that an extended 3-fold (M, I') naturally induces an extended 2-fold 9(M, T') :=
(0M, oTI'), where OI" denotes the set

{(pi,vi,ori) [ pi € B(I)},
where v; is naturally identified via
Np, = TH,M/Tp,x ~ T, (0M)

with the framing vector of ' at the point p;, and or; € {+,—} is + (—, resp.) if the
framed arc « that passes through p; is oriented such that «(1) = p; (x(0) = pj, resp.).

Definition 4.25 (C-extended 2-folds) Given a premodular category C, a C-extended
2-fold, or a C-colored extended 2-fold, is an extended 2-fold with an extra data: a C-
object X; is assigned to each oriented framed point (pi,vi, or;). We call X; the “color”
assigned to the point p;. o

To define a C-extended 3-fold, we need the Reshetikhin-Turaev theory ([Turl0],
[BK02], [Kas12]) for genus-O surfaces which we recall here. Let C be a premodular
category. To each C-extended 2-fold

M = (M;{(thlavhon) .. (Xn,pn;vn, OTn)})

diffeomorphic to a sphere, the first part of Reshetikhin-Turaev theory functorially
assigns a vector space RT(M) that is (non-canonically) isomorphic to

(X{,.., X5) :==Home(1,X§ ®...®X}),

where X{ denotes X if (or; = +) or X{ if (o1 = —).

Let C be a premodular category, and V be a real vector space of dimension 3. Let
S be a finite collection of distinct framed oriented rays from the origin of V, with an
assignment S i> Obj(C). In this case, we say V has a finite collection of distinct
C-colored rays. Then the Reshetikhin-Turaev theory for genus-O surfaces naturally
assigns a vector space RT¢(V, S, d) to the sphere (V —0)/R,.
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Definition 4.26 (C-extended 3-folds) Let C be a premodular category, and M be
an extended 3-fold (M, T). A C-coloring of (M, T') is an assignment as follows:

e To each arc « of I, assign a C-object X(«).

e After such assignment, to each vertex p of I', the tangent space at p naturally
has a finite collection of C-colored rays (S, ¢).

e The Reshetikhin-Turaev theory for genus-0 surfaces assigns a vector space RT(p) :=
RTc(T,(M), S, d) as above. Note that RT(p) is (non-canonically) isomorphic to

Home (®Xj, ®Xo)

where the X; runs through the objects assigned to all incoming arcs, and the X,
runs through the objects assigned to all outgoing arcs.

e After such assignment, to each vertex p of y assign a vector v € RT(p).

A C-extended 3-fold M is a 3-fold with a C-colored graph inside. This gives the
boundary oM a C-extended surface structure. Conversely, we call such a C-colored
graph a framed graph that satisfies the boundary condition posed by the C-extended
surface OM. o

Let C be a premodular category. While the first part of Reshetikhin-Turaev the-
ory for genus-0 surfaces assigns a vector space to a C-extended genus O surface, the
second part of it assigns a C-extended 3-fold (M, I') diffeomorphic to a ball to a vector
RT(M,T) € RT(oM).

Definition 4.27 (String nets in 3D) Let C be a premodular category and M a 3-fold
whose boundary oM is a C-extended surface. Let F be the free vector space over k
generated by all C-colored graphs that satisfy the boundary condition posed by oM.
Let N be the subspace generated by either of the following

e The difference I' — '’ of two C-colored graphs that are smoothly isotopic to each
other.

e A linear combination v = Zc;l; such that there exists a closed region B C M
diffeomorphic to a ball such that the vector assigned by the Reshetikhin-Turaev
theory for genus-0 surfaces of v|g is the zero vector.

We call S(M) := F/N the space of string nets of M with the given boundary condition,
and we call an element of S(M) a string net. o

We conclude this section with a useful lemma.

Lemma 4.28 (Sliding lemma) Let C be a premodular category. Then the following
string nets are equal, where Q is the shorthand notation given in 2.19. Heuristically,
the moral is that Q protects anything “inside” it by making it transparent.
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x X\ X
. y—— >y

<&

Proof. Apply 2.18 locally with W = X ® Q. Use isotopy and the naturality of the
braidings. And then apply 2.18 locally again with W = Q ® X. |

Notice that in fact Y can be more general than an object - the lemma works even
when Y is a puncture.

4.2.2 Crane-Yetter theory in dimension two (CY)

We define the Crane-Yetter theory in dimension two in this subsubsection, following
[AT22, section 5]. Let X be a smooth oriented 2-manifold and C a premodular category.
To define CYg(C), we first define an auxiliary category cys(C).

Definition 4.29 (cyx(C), an auxiliary category) Given a premodular category C
and a 2-fold X, we define the k-linear category cys(C) as follows. An object is a
collection ¢ of C-colored points and tangent vectors, such that (X, c) is a C-extended
2-fold. Given two objects ¢ and c’, the morphism space Homcyz(c](c,c/ ) between
c and ¢’ is defined to be the space of string nets for the 3-fold ~ x [0, 1] satisfying
the boundary condition (€ x {0}) U (¢’ x {1}), where € denotes the same collection of
C-colored points as ¢ does but with all orientations flipped. o

Two examples of morphisms in cys, ,(C) is depicted as follows.




Definition 4.30 (Karoubi envelope) Given an additive category C, its Karoubi
envelope (Karoubi completion) Kar(C) is defined to be the category as follows. The
objects are pairs (X,p), where X € Obj(C) and p € Homc(X, X), such that p? = p.
Given objects X = (X,p) and Y = (Y, q), the space of morphisms HomKar(C)(f(,\_() is
defined to be the subspace of Homc(X,Y) consisting of those f such that qfp =f. <

The Karoubi envelope is the pre-abelian completion in our context.

Definition 4.31 (CYz(C), Crane-Yetter theory in dimension 2) With the nota-
tions above, we define

CYz(C) := Kar(cys(C)). (4.32)

o

Remark 4.33 The definition given in 4.31 was first given in [AT22, section 5|. That
it extends the original Crane-Yetter theory is proved in [Tha21]. o

It is immediate from the definition that cyy(C) is additive. On the other hand,
CYg(C) is in fact finite semisimple abelian for all surfaces with at least one puncture
(cf 4.37, 4.57, 4.58). It’s conjectured that it holds in fact for all surfaces.

4.2.3 A presentation of surfaces (o-construction)

In this paper, we construct a surface X from the standard disk and an additional
data o € Admy,,., give some examples, and prove that such construction produces all
oriented surfaces with at least one puncture.

Definition 4.34 (Adm;,,, admissible gluings) Let n be a nonnegative integer. An
element o in the permutation group Sy, on 2n elements is called an admissible gluing
(of rank 1), if o satisfies the following conditions.

e 0 has no fixed points.
e 0 is an involution; i.e. 0% =1.
We denote the subset of admissible gluings by Adm), C Syy. o

Definition 4.35 (X, o-construction) For each admissible gluing 0 € Adm;y,, we
construct a smooth surface X,. Start from the standard oriented disk. We choose
2n closed segments with the same length from the boundary. To make the presen-
tation easier, we emphasize them by drawing them like legs (without changing the
diffeomorphism type), and we call them legs from now on.

T= 0 (2 ) ---
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Glue the end of the legs in pairs according to o with the orientation preserved. Finally,
removed the boundary the the result to be an open surface. The result is denoted by
2o o

Example 4.36 The only element (12) in Adm; constructs the cylinder £ ;,) ~ Cylinder.
The elements 093 = (12)(34) and o077 = (13)(24) in Admy construct a 3-punctured
sphere > and a l-punctured torus respectively.

o= (12Y3EP T=(E4)
3 3 3= P
\ \

_

-7 T =~
7 N
F =
/\ L
’ ;
-

<o

So constructed surfaces must have at least one puncture, thus the procedure does
not give all surfaces. However, the following theorem shows that this is the only case
it misses.

Theorem 4.37 The o-constructions produce all oriented surfaces with at least one

puncture (i.e. all open surfaces). o
Proof. Indeed, the admissible gluing 071 = (13)(24) € Admy gives an once-punctured
torus X, ,. Similarly, the admissible gluing

021 =070 (57)(68) = (13)(24)(57)(68) € Admg

gives an once-punctured surface of genus two. Following this fashion, for any g € N
one can construct an once-punctured surface of genus g by using the admissible
gluing

09,1 = (13)(24)(57)(68) ... ((4g — 3)(4g —1))((4g — 2)(4g)) € Admyy.
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021 = (13)(24)(57)(68)

To add k punctures to the surface, use the admissible gluing
Og,(k+1) = 0g,10((4g+1)(4g+2))((4g+3)(4g+4)) ... ((4g+2k—1)(4g+2k)) € Admyg ok -
Then the statement follows from the well-known classification of oriented smooth
surfaces. [
Notation 4.38 (o-orbit) We take this opportunity to introduce a later useful nota-
tion. Let o0 € Adm,,. Denote [i] to be the orbit of
ie{1,2...,2n}
under the action of o, [i]’ the smaller number in the set [i], and [i]” the larger number

in the set [i]. Note that the set {[1],[2],...,[2n]} has exactly n elements.

As an example, for 0 = (13)(24), we have

M={,3, 0'=1 [0"=3
21=1{2,4}, [2I'=2, [21"=4
Bl ={1,3}, BI'=1, B"=3;
4] =1{2,4), M'=2, [@"=4
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4.3 Algebraic theory

In this section, we describe the algebraic side of our main statement (cf 4.10 and 4.14),
namely the categorical center of higher genera Z.

Its definition is quite algebraic and abstract, so some motivation is supplemented
in 4.3.1. The formal definition is given in 4.3.2. Finally, some basic properties of Z
are proved in 4.3.3. In particular, we show that Z is finite abelian semisimple, and
that there is a strictly ambidextrous adjunction between Z = Z(C) and the underlying
premodular category C.

4.3.1 Motivation: Drinfeld categorical center

Abstract algebraic theories (groups, rings, modules.. etc) are ubiquitous in modern
mathematics. Among the algebraic objects, the abelian ones are simpler, and are often
first treated. One then builds the theory toward the generic cases. In group theory,
for example, one can study a group G by starting with its center Z(G) C G and then
apply induction.

Drinfeld’s categorical center is an analogue in the categorical setting. There, al-
gebras are replaced by categorical algebras (more precisely, by monoidal categories
[Eti+15]), and centers are replaced by categorical centers. As in the classical theory,
the theory of the one side helps that of the other.

In contrast to the classical case, categorical centers need not be smaller nor easier.
This is due to the fact that equalities are replaced by equivalences in the categorical
settings. Therefore, the condition ab = ba is replaced by ab ~ ba. That is to say,
a categorical commutativity not only remembers both sides being identified, but also
how they are identified. Therefore, a typical object in the Drinfeld center Z(C) is a
pair (X € Obj(C),vy), where v is a half-braiding that encodes how X commutes with
all the others. To be more precise, a half-braiding v of X is a natural equivalence

() @XLX®(-)

satisfying some compatibility conditions 6.62. It is worthwhile to mention that such
construction has been successful in many contexts, e.g. representation theory, statis-
tical physics, knot theory, .. etc.

Categorical center of higher genera Z = Z,(C) = Zz (C), on the other hand,
generalizes the Drinfeld center. Instead of remembering how X commutes with others,
an object (X,vy) remembers how X commutes in multiple different ways. The amount
of ways depends on the underlying surface X = X;. Therefore, an object of Z;(C) is a
pair (X,vy), where vy is a collection of half-braidings

Y :{YMYZV : ':'Yn}~
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However, extra conditions must be carefully imposed in order to keep track of the
underlying topological data. In contrast to the case of Drinfeld center, multiple half-
braidings give essentially infinite ways to fuse via tensors, e.g. viv2v2Y1vIiVI1Y2-- -
Therefore, suitable commutative relations among the half-braidings are needed. This
is given in the formal definition of Z;(C) as (:comm 1), (:comm 2), and (:comm 3) (cf
4.40).

Before moving on to the formal definition of Z;(C), let us remark on the premodular
condition on C. As a classical analogue, it does not make sense to talk about the
center Z(S) for a set S; one needs a few extra structures on S. In the categorical
setting, in order to define the Drinfeld center, merely a plain category C is not enough.
Essentially, a monoidal structure is required. Similarly, for categorical centers of higher
genera, we need essentially the braided structures (cf 6.60), which are included in the
premodular condition. Note that we will assume premodularity for other purposes, but
the categorical center of higher genera can certainly be defined for other less restricted
categories.

4.3.2 Categorical center of higher genera (Z)

In this section, we formally define the categorical center of higher genera Z,(C) for
a premodular category C and an admissible gluing o0 € Adm;,. Assume C to be a
premodular category throughout this section.

Definition 4.39 (o-pair) Let 0 € Admj;,,, i.e. 0 an admissible gluing. Define a o-pair
of C to be a pair (X,vy), where X is a C-object and vy is a set of half-braidings for X (cf
6.62)

Y ={vanYa, - Yin!

satisfying pairwise commutative relations in 4.40. o

Recall the notation [i] from 4.38, and note that y contains exactly n elements
instead of 2n.

Definition 4.40 ((:comm), technical commutative relations) Let Z; and Z; be

objects in C, and c¢ be the braided structure of C (so a® b b a). Given [i] and
[j], there are three possible cases without loss of generality

o [il' <" <l <[l
o [iJ' <[l <" <[l

o [iJ' <[l <[l" <0l
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C:comm 1) Cicomm 2) Cicomm 3)

—_— . [j]” - — . []]N —
N\ \
< L 7
i Tee— i —— e y ~—
,m// [ﬂ [7]/ M »[ﬂ/

We will give the technical conditions that the y’s should obey, following by their
graphical versions.
(1) In the first case, v and vy are required to satisfy the following commutative
relation (:comm 1), functorial in Z; and Z;.

(51,2, ® N @ ez, xx,2, Vi), z,)) (4.41)

=(1®cz,,2,)((cz, xex,z, Vi), z,) @ D(1 ®Y[j],zz)(c(z]_,]z)2 ®1) (4.42)

(2) In the second case, v and vy are required to satisfy the following commutative
relation (:comm 2), functorial in Z; and Z,.

(Yi1,2, ® D ®vpay,zy) (4.43)

-1 —1
=@y, )iz @ N0 vz, 1) (4.44)

(3) In the third case, vy and yy; are required to satisfy the following commutative
relation (:comm 3), functorial in Z; and Z,.

(Vi,2z, © DO @ Ypy,zy) (4.45)
=(1®cz,,z,) vz, ® (1 ®Y[ﬂ,z2)(c(zjz)z ®1) (4.46)

Notice that the first and the third case are almost the same, which is not surprising
given their topological meaning. To make them look alike, define

Yii),- = C-XEX,-YIil,--
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(/[‘u (] . / (N
2 - = : = wl
AV Lh
(:comm 1)
. (KR { [j] KR} / [j]
Wl = W 52 oW
(:comm 2) (:comm 3)

O

Definition 4.47 (o-morphism) Given two o-pairs X = (X,y) and Y = (Y, B) of C,

define [X, Y], to be the linear subspace of Homc(X,Y) consisting of the morphisms
(X AR Y) compatible with all the half-braidings in the following sense. For any Z € C,

we have for each 1 <1 < 2n,

WX

/\

Finally, let the identity maps and the compositions be inherited from that of C. o
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Definition 4.49 (categorical center of higher genera) Let C be a premodular
category, and o € Adm),, an admissible gluing. The categorical center of higher genera
Zs(C) of C is defined to be the category with objects the o-pairs of C and with
morphisms the o-morphisms. o

4.3.3 Properties of Z

In this section, we establish some basic properties of categorical centers of higher
genera. In particular, we show that they are finite semisimple abelian categories,
and that there is a strictly ambidextrous adjunction between it and the underlying
premodular category C.

4.3.3.1 Connecting functors

In this subsubsection, we establish the relation between C and its categorical center of
higher genera Z;(C), where C is a premodular category and ¢ is an admissible gluing.
More precisely, there exist two additive functors I, and Fg.

Io:C=2Zs(C): Fg.

We will see that I; is both a right and a left adjoints of F; (thus vice versa) in
section 4.3.3.2. Such a pair of adjunction is called a (strictly) ambidextrous adjunction
in the literature.

Definition 4.50 (forgetful functor) The forgetful functor
Fo
C Z,C

is defined to send objects (X,y) to X, and to send morphisms by inclusion (recall that
the morphism space of Z(C) is defined as a subspace of that of C). Clearly, it is an
additive functor. o

Definition 4.51 (induction functor) The induction functor
C 1% Z4(C)

is more complicated, so will be defined step-by-step. Define I;(X) to be (X4,y), which
is given below.

Denote by O(C) the set of isomorphism classes of simple objects of C. Let o(C) be a
set of representatives. To each C-object X, define another C-object

o(C)n
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where Xy runs through o(C) for those k = [k]/, and X; = Xf[k},) for those k = [k]”.

Here, recall that the first case means that k is the smaller member in the set [k], while
the second case means that k is the larger member (cf 4.38). For example,

T(12) = ®xeo(c)X @ X*.

Notice that it does not depend on the choice of 0o(C) up to canonical isomorphisms.
Similarly, neither does X, for general admissible gluings o.
Next, to each k, we define the [k]-th half-braiding vy for X,

(=) ® Xo 224 X, @ (=) (4.53)

as in the following pictures.

I

Bird's eye view

Bird's eye view

Bird's eye view
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Bird's eye view

[+: 7t i P : Bird's eye view

L: N |D;(l EK;]E : Bird's eye view

To be more precise, denote the braiding of C by 3. The morphism in the first picture
above is

B*,an o B*,an_] ©...0 B*,Q[k]//_*_] o Cba o d)a o B*,Q[k]/_] ©...0 B*,Qz © B*,Q]

where ); denotes the ith component of (O in the picture counted from the left, and
where

¢ ® bq € Home(Qpgr, Qpgr @ (=) ® Home (=) ® Qpgr, Q)

is the canonical element (a sum of any dual basis) given similarly as in 2.18.
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We contend that so given (X, 7v) is indeed an object of Z;(C). One needs to show
that each element in 7y is a half-braiding, and that y satisfies the commutative relations
(4.40). A proof of this can be found in (6.91). It remains to define the map on the

morphism spaces Homc¢ (X, Y). Given a morphism X RN Y, one defines
Io(f) :=f:=1d®" @f ® id®™. (4.54)

To conclude, it remains to show that
e The morphism f is compatible with the half-braidings y and f.
e The construction (—) preserves the identities and the compositions.

The first point is shown in (6.92). The second point is clear. o

4.3.3.2 Ambidextrous adjunction

Both functors F, and I, are additive immediately by definition. We are ready to state
and prove the main statement of this subsubsection.

Theorem 4.55 The functors
I,:C227Zs(C): Fy

so defined in 4.50 and 4.51 are (strictly) ambidextrous adjoint to each other. In other
words, I is both a left adjoint and a right adjoint of F,, thus vice versa. o

Proof. We will prove that Fy is right adjoint to I;. Namely, we need to show
that for each C-object X and for each Z,(C)-object (Y, 3), there is a vector space
isomorphism

F: HomC(X7F0'(Y) B)) = HomZg(C)(IO‘(X)) (Y7 B)) : G.

It will then be obvious that the other side can be proved verbatim by taking duals
(or by flipping the graph, in terms of graphical calculus). To prove such equivalence,
we construct explicit maps for both sides, and argue that each composition equals
the identity map.

Given ¢ € Home(X, Fs(Y, B)), define its image on the other side to be

F(C])) . (ﬁkE{m,...,[Zn]}BE,Q) e} (] ®...Q® 1 & (I) & ] ®...Q0 1),

T dim{Q)

where Q) is the shorthand notation given in 2.19, the index set {[1] ..., [2n]} consists
of exactly n elements instead of 2n (cf. 4.38), and the term IT is explained below:
The term ITis a C-morphism I;(Y) — Y. Each Bﬁ] o 1s a C-morphism Q@Y®Q — 'Y,
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induced from Q ® Y m Y ® Q by composing the evaluation map (note that

O* ~ Q). So the BELQ’S are maps that kills the [i]’-th and the [i]”-th component
of () by using ;. However, depending on the combinatorial nature of o € Admy,,,
one should insert suitable braidings for it to make sense. For example, if n = 3,
(1] = [4], [2] = [6], and [3] = [5], we define the T term as in the following diagram —
the order of the [i]’s does not really matter, thanks to 4.40.

0 i) ¢y 15) Ly (&3 RAR AN Y]
aaa a an fan N an
/ £l
& = ]

(]
) ]
X X

That F(¢) is indeed a morphism in Z;(C) follows directly from the commutative
relation 4.40, that half-braidings are by definition monoidal, and the sliding lemma
4.28.

X X
iy
T |
! — NN AN ST
S~ m*
Y Y

On the other hand, given \{ € Homgz_ (c)(Is(X), (Y,B)), define its image G(1)
on the other side to be as indicated in the graph below.

To prove that GF is the identity map, use the fact that the half-braidings are by
definition functorial. Hence one can slide the QQ’s out the axis. Finally, the product
of the dimensions of the (’s cancel with the denominator.
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>
x
b

N
~-
Y

x

Y

To prove that FG is the identity map, use the sliding lemma again. Then use the
assumption that { is a Z;(C)-morphism to drag O down. Finally, slide the Q’s
away from the axis as in the case for GF = 1.

n=2, for cxample.
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4.3.3.3 Z is finite semisimple abelian

In this section, we show that the categorical centers of higher general over premodular
categories are finite semisimple abelian categories.

Lemma 4.56 ((monadic) projection) Let 0 € Adm;, be an admissible gluing, C
be a premodular category, Z = Z;(C) be the categorical center of higher genera of C
with respect to 0, and X = (X,vy.) and Y = (Y, 3.) be Z-objects.

Recall that the morphism space Z(X,Y) is by definition a subspace of C(X,Y). Then
there is a natural projection 7, s € End(Morc(X,Y)) to the subspace Z(X,Y) that
respects the composition. o

Proof. The full proof is tedious and postponed to 6.4. In particular, see 6.87.
Roughly, the statement follows from the monadic nature of the strictly ambidextrous
adjunctions and a condition called the “unity trace condition” (6.82). |

Theorem 4.57 Let C be a premodular category, ¢ € Adm), an admissible gluing.
Then the categorical center of higher genera Z;(C) is a finite semisimple abelian cate-

gory. o

Proof. The complete proof is tedious and thus postponed to the appendix. See
6.88, 6.89, and 6.90. The main idea is to make heavy use of the projection 4.56. W

4.4 Proof of the main theorem

In this section, we prove the main statement of this paper.

Theorem 4.58 (Main Statement) Let C be a premodular category, 0 € Adm,, an
admissible gluing, £ = X, the surface constructed from o. Then the Crane-Yetter
theory of L, over C and the categorical center of higher genera Z;(C) are equivalent
as k-linear categories

CYs (C) >~ Z4(C).

As the Z;(C)’s are proven to be finite semisimple abelian 4.57, the Crane-Yetter theory
for each open surface is also a finite semisimple abelian category. o

To stress the informal aspect again, we recall 4.14.
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Remark 4.59 In H;(S') ~ Z, one sees the algebra of the shape S' and the shape of
the algebra Z. Our main result should be viewed as a higher analogue. That is, one
sees the (higher) algebra of the shape X, and the shape of the (higher) algebra Z;. ©

Example 4.60 (n = 0) For n = 0, the surface X is the open disk, the categorical center
of higher genera reduces to the underlying premodular category C, so the theorem
recovers that CYy(C) ~ C as shown in 4.2. o

Example 4.61 (n = 1) For n = 1, the only possible surface is the cylinder, the
categorical center of higher genera reduces to the Drinfeld center Z(C). Hence, the
theorem recovers that CYy(C) ~ Z(C) as shown in 4.3. o

Example 4.62 (n = 2) For n = 2, there are two possible surfaces: the 1-punctured
torus and the 3-punctured disk. In the former case, the categorical center of higher
genera reduces to the elliptic center Z¢(C), so the theorem recovers that CYy(C) ~
Z°Y(C) as shown in 4.7. o

Example 4.63 (General case) In the later case, the theorem provides a new result
by providing an explicit value Z3(C) for the 3-punctured sphere. Together with the
excision principle and the value for the disk and the cylinder, this allows us to actually
compute the values for all oriented surfaces, in several different ways. For example, a
4-punctured sphere has values Zy 4(C) and Zy 3(C)Xz(¢) 5) Z0,3(C). By the invariance
of tqfts, we know that they are equivalent. We can then use this to compute the value
for the surface of genus 2, say, and so on. o

4.4.1 Strategy

CYs_(C)
Kar(cys,(C)) —— Kar(ho.cyz, (C))
cys,(C) +—=— ho.cys,(C)

1. (Condensation of string nets) By definition, CYs_ (C) is the Karoubi envelope
of cys,(C). Find an equivalent subcategory ho.cys (C) of cys, by reducing
topological data. Then of course

Kar(cys, ) ~ Kar(ho.cys (C)).
2. (top — alg) Construct a functor

ho.cys, (C) 2 Zo(C),
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and extend it to
Kar(ho.cys, (C)) & Z4(C).

3. (top « alg) Construct a functor
Kar(ho.cys, (C)) < Z4(C).

4. Argue that the compositions JoG and Go]J are equivalent to the identity functors.

5. Show that the equivalence is of finite semisimple abelian categories.

4.4.2 Proof

In this section, we give the full proof of the main statement. Each subsection corre-
sponds to each step in the outlined strategy.

4.4.3 Reducing topological data

In this subsection, we reduce the topological data by constructing a smaller yet equiv-
alent subcategory

ho.cyz, (C) = cyg, (C). (4.64)

Definition 4.65 (ho.cyz, (C)) Let C be a premodular category and o an admissible
gluing. The subcategory ho.cys (C) of cyz, (C) is defined as follows.

Let p be the central point of the standard disk. An object of ho.cys, (C) is defined
to be the single C-colored point (p, X) for some X € Obj(C). A morphism from (p, X)
to (p,Y) is the equivalence class in which the following string net lives.

Clearly, ho.cys(C) is a subcategory of cyqs(C). o

Theorem 4.66 (equivalence of reduction) The inclusion functor
t: ho.cyr, (C) = cys, (C)

is an equivalence of categories. Clearly, it is additive. o
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Proof. By a basic lemma in category theory, it is enough to show that t is fully
faithful and essentially surjective.

(Essentially surjective) Recall that a typical object of cys (C) is a finite collection
of C-colored points on . It suffices to find an equivalent object of the form (p, X),
for some X € Obj(C). This can be done by the following reductions.

1. Slightly push the points on the boundary into the smaller side.

2. Compress the points from the legs into the disk.

3. Then compress further for the points to stay in a small unit disk in the middle.
4. Project the objects to a fixed line.

5. Take their tensor products.

Each step above can be realized as an isomorphism in CYy_(C), so every object is
isomorphic to an object in ho.cys (C).

(Fully faithful) We ought to show that

Homho‘cy;U(C)((p: X)) (p)Y)) ; Homcy;U(C)((pyX); (p;Y))

is an equivalence of vector spaces. Clearly, it is linear and injective, as the quotient
relations on both sides are the same. To prove surjectivity, we have to show that
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any arbitrary string net with given boundary condition is equivalent to a stringnet
given in the definition of ho.cys_(C). This can be done by a similar compression
process as in the proof of essential surjectivity.

Push the stringnets away from the end of the legs.

Push the stringnets away from the legs.

Compress everything into a fixed central bar.

L

Replace the stringnets through boundaries with one strand for each leg by taking
tensor products by using the Reshetikhin-Turaev evaluation.

Then compress vertically.

5.
6. Then finally replace the tangled mess in the middle by a morphism.
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4.4.3.1 topology — algebra

In this subsubsection, we aim to construct a functor
Kar(ho.cys, (C)) L Z4(C).

As Z;(C) is abelian (4.57), by 6.93 we only have to construct an additive functor

ho.cys, (C) 2 Zo(C).

To define j, recall that a typical object of ho.cys (C) is a colored point (p, X),
where p denotes the central point of the standard disk. Define its image under j to be
Xs as in (4.52). A typical morphism from (p,X) to (p,Y) is a linear combination of
the equivalence classes of the stringnets like I'. Define the image of [I'] under j to be

X

~ &

12 " iy [

where Q is the shorthand notation given in 2.19 crossings mean the braidings of C, and
the nontrivial pairs of intertwiners are given in [KB10, (1.8)]. Extend the definition
additively, and then we have our desired additive functor j.

4.4.3.2 topology + algebra

In this subsubsection, we construct a functor
Kar(ho.cys, (C)) < Z4(C).

Recall that a typical object in Zs(C) is (X,v), where X € Obj(C) and vy is a set of
half-braidings

Y={yunYa--- Yot

satisfying some relations 4.40. Define the image of (X,y) under G to be ((p, X),m,),
where p denotes the central point of the standard disk, and 7, to be the equivalence
class of the following stringnets.
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lQm

That 7, is a projection follows from the commutative relations (4.40) and a graphical

lemma [Kirll, (3.7)]. For morphisms, define the image of (X,vy) 5 (Y,B) under G to
be
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which is indeed a morphism in the Karoubi envelope because 7, and 71g are idempo-
tents.

4.4.3.3 topology + algebra

In this subsection, we will show that Jo G and G o] are equivalent to identity functors.

That G o ] ~ 1 follows directly from the same argument of [Kirll, Figure 15]; we
just have to do it n times. On the other hand, in fact we have J o G = 1. Indeed,
denote (Jo G)((X,vy)) = (X/,v’). That X’ = X follows directly from the sliding lemma
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4.28, and that 'y’ =y follows from the sliding lemma, and the fact that half-braidings
are by definition monoidal.

Finally, since G and ] are additive, this proves the equivalence of both sides as
abelian categories. Therefore, CYs_(C) and Z;(C) are equivalent as finite semisimple
abelian categories.

4.5 Outlooks and Remarks

In this section, we describe some open directions and more work in progress.

Surface combinatorics Let £ be an open surface of a fixed topological type. In
general, there are many different admissible gluings o with ~; ~ X. As Crane-Yetter
theory is topological, we have many differently-presented categories that are in fact
equivalent.

Moreover, the excision property 4.4

CYz,uz, (C) = €Yy, (C) Keyy o, (0) €V, (C)

provides more ways to obtain X. See 4.63 for a concrete example. It is an interesting
work to establish explicit equivalences.

Surfaces without punctures

The main statement of this work provides a nice description for the Crane-Yetter
theory of any surface with at least one puncture. While the case without punctures can
be taken care easily by patching with the excision principle, the resulting categories
are described in terms of balanced (Deligne) tensor products, which are more obscure.
The author believes that there should be a better description.

Module categorical structures

The Drinfeld center with the stacking tensor product ® acts on CYy(C) in possibly
multiple ways. We will establish the module categorical structure for CYy(C) explicitly
in future work.

Concrete computations

Compute examples for Crane-Yetter theory in dimension two and three explic-
itly and concretely, especially for premodular categories C that are neither modular
nor symmetric. There are a few candidates. The first is the even part of the semi-
simplification of Rep(Ugsly) for special q. Another family of examples are given by
Rep(X), where X denotes a finite 2-group [Ban10]. Compute C-Y invariants for 3-folds
and 4-folds directly from our result, and seek for insights.

Action of mapping class groups
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Crane-Yetter theory is expected to be a fully-extended TQFT. So given a surface
Y, its mapping class group MCG(X) should act on CY¢(X) or any premodular category
C. Compute the action explicitly.

Minimal data for Crane-Yetter

When C is modular, CY in dimension two trivializes to the number of punctures.
In particular, for closed surfaces X, CYg(C) trivialize to the Muger center of C, which
is just (Vect) due to the modularity [Eti+15, Prop 8.20.12]. On the other hand, when
C is not modular, CYg(C) does no seem to depend on full information from C. Find
the minimal data needed in order to determine CYy(C).

Piecewise-linear setting

For exposing stringnets with simplicity, we assume smooth structures for our sur-
faces. Crane-Yetter theory can be made precise in the PL setting. This is not necessary
and should be removed in future work. For an analogue in one dimension lower, see
[KB10].
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5 Explicit Factorization of Categorical Center

Section 5 is written with Ying Hong Tham.

5.1 Introduction

Topological quantum field theories (TQFT) provide sophisticated invariants for man-
ifolds. For example, the Witten-Reshetikhin-Turaev (WRT') 3D model gives rise to
the celebrated quantum invariants for knots and 3-manifolds, vastly generalizing the
Jones polynomial which disclosed deep connections among low-dimensional topology,
quantum algebras, combinatorics, field theories, and statistical mechanics. It is known
in recent years that the WRT is a special case of (more precisely, a boundary theory
of) a 4D model, the Crane-Yetter model (CY).

Another interesting aspect about TQFTs is that they provide invariants for (higher)
algebras. For example, the 2D FHK model "integrates" [BBJ18] an input algebra
A over the circle to its (classical) center Z(A). A nontrivial example is the WRT
model, which distinguishes higher algebras (e.g. modular tensor categories (MTC)) by
examining the expectation values over various Wilson loops. This is a powerful tool
for the classification program of MTCs, whose importance in mathematics and physics
can be found in [Bar+15| and [Bar+19].

We are interested in the CY model, which produces category-valued invariants of
surfaces. Similar to the FHK model, over the cylinder the CY model "integrates" the
input tensor category into its categorical center (& la Drinfeld) Z(A) 1. Moreover, over
the 2-sphere the CY model integrates the input to its Muger centralizer, which was a
key to study premodular categories [Mue03]. Given their importance, it is therefore
natural to ask for the results over other surfaces. The results for the (punctured) tori
210 and X;; were computed in [Thal9] and [Tha22|, while the rest of the surfaces
Z4n were done in [Guu21] by showing that the CY model integrates to the categorical
center of higher genera (see a construction therein).

This work focuses on an extension of the computation. To be more precise, we
investigate the surgery picture of the CY model in dimension 2 + 1 by computing the
values (as functors) of the morphisms in the cobordism category Cob,;. Thanks to
the excision principle [Coo023] [AT22], we only have to take care of the basic handle
move:

CY(D?UD?) «— CY(S' x 1)
F:CXCP «—Z(C):G

While the functor F is well-known to the tensor categorists [Eti+15, (8.18)], the
construction of the functor G has been left open for years. In particular, in the special

1The construction was not obvious priori and was used to construct quantum groups in the 80s.
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case where the input algebra is modular, the functor G was known to exist by dimension
argument. Despite the succinct definition of Z(C), its structure is notoriously hard.
Knowing an explicit construction of G helps us understand their structures in future
work. In this paper we do four things.

1. Explicitly construct the functor G (section 5.2.1).
2. Show that it is ambidextrous adjoint to F (section 5.2.3).

3. Explicitly construct the natural transformations witnessing the adjunctions. We
conjecture that this is the value of the CY model for the corresponding 2-
cobordism (section 5.2.2).

4. Show that G is indeed the inverse functor of F in the special case while the input
category C is modular (section 5.2.4).

Finally, we remark that the construction of G is fairly nontrivial from the viewpoint
of tensor categories, and only becomes obvious when we considere the topological
nature of the higher algebras. We hope that the community can utilize the CY model
to reveal the inner structures of tensor categories more in the future.

5.2 Main Result

For any premodular category C, we aim to construct a functor
Z(C) & cmcbop,

and prove it an inverse functor for C X CP°P 5 Z(C) in the case that C is modular by
constructing explicit natural isomorphisms.

Throughout this section, we fix a premodular category C, fix a complete set of
simple objects O(C) and its dual O(C)* (2.7). With a C-object X fixed, Hom¢(X, i*)
is a finite dimensional vector space over C with a natural nondegenerate pairing 2.17
with Homc(i*, X). Pick and fix an arbitrary basis X[i] ={«i1, ..., o1 } for the former
space, and form its dual basis X[i]* = {oc%, e oc}i} in the latter. We will drop the
super/subfix when there is little danger of confusion. We also identify x and its (left)
double dual x** by the spherical structure of C.

5.2.1 Functor: G

Definition 5.1 (The coupling morphism T} (x,)) Let (X,y) be an object of Z(C).
For each i € O(C), define the C-morphism [ (x ) to be the product of m and the
following morphism

._(..1
' RN
e R
L — i
\
\ \
—_—>
X —gx—— X



&

By axiom, C is an abelian category, so there is a canonical object [; (x,) and two

canonical maps (i® X) — I (xy) and Ij (x ) s, (i®X) such that T3 (xy) = (C) o (—).
Both canonical maps depend on 1 and (X,7y). However for simplicity we often omit
mentioning the dependence. Notice also that Fiz,(x'y) = I3 (x,y) by the tensoriality of y
and the sliding lemma.

Definition 5.2 (The functor G) Define G to be the functor that sends any object

(X,v) in Z(C) to
P ¥ xy,
ie0(C)

and any morphism (X,vy) ®, (Y,B) to

P 1-R(>ohvp o (li@d) ol xyo ).
ie0(C)

o

The construction was motivated by the Crane-Yetter theory and the construction of
the categorical center of higher genera [Guu2l]. Notice what while its existence was
known by (Frobenius-Perron) dimension argument [Eti+15|, this construction is new
and is expected to provide insight in the difference between two topological quantum
field theories, the Witten-Reshetikhin-Turaev theory and the Crane-Yetter theory.

Remark 5.3 It is not hard to prove from the definition of G that G is lax monoidal.
When C is modular, lemma 5.12 implies that G is monoidal. However we do not expect
this to be the case in general. One might find counterexample in C = Rep(S3), where
S3 is the nonabelian group of order (3!). o

5.2.2 Transformation: b,d,p,q
We will further construct four natural transformations
146F, GFL1, 15FG, 621,
and argue that they witness FG ~ 1 and GF ~ 1 where C is modular.

Definition 5.4 (The transformations d and q) To construct the natural transfor-

mation 1 % GF, it suffices to construct a morphism in C X C°P for each object X X Y.
We thus define

X[l
d = dxxy = Z di = Z Z di(k),
k=1

i€0(C) i€0(C) k=

where di(k) denotes the product of /dim(i) and the following morphism:
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X i
coev< X
Y —> [ rixmy)

Similarly, define the natural transformation GF 91 to be the sum

IX[ill
d=dxay:= )_ qii= ) Y dqi(k),

i€0(C) i€0(C) k=1

where qi(k) denotes the product of \/dim(i) and the following morphism:

Notice that while di(k) and q;i(k) depend on the choice X[i], the morphisms d; and q;

do not.

Definition 5.5 (The transformations b and p) To construct the natural transfor-

mation 1 % FG, it suffices to construct a morphism in Z(C) from each object (X,vy) to

FG(X,v) = Bico(c) 1" ® 1 ® X. We thus define

b= b(X,y) = Z bi

i€0(C)
where b; denotes the product of \/dim(i) and the following morphism:

coev (]
& ©
1

® p——— Lxy
X > X (=)ol (x,v) Y
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Similarly, define the natural transformation FG 2,1 to be the sum

p= Zm

ieO(C

where p; denotes the product of /dim(i) and the following morphism:

i* > 1*
o o D
Lixy) —— < ®

T (x,v)0 & X > X

<&

It requires some effort to check that so defined transformations b and p are indeed
morphisms in Z(C). We prove that in the following lemma.

Lemma 5.6 Given an Z(C)-object (X,vy), the definition of the natural transformations
b =b(x,) and p =p(x,) are indeed morphisms in Z(C). o

Proof. By the definition of Z(C), it suffices to show that b and d respect the half-
braidings y and ¢ ® ¢”'. We provide a graphical proof for this fact.

Since any proof for b also works similarly for p, so we shall only prove for b. By
definition of Z(C), it suffices to prove the following equality (functorial in Z € Obj(C))

N X - :
Z Z
However, this follows directly from the tensoriality of the half-braiding y and the
sliding lemma 4.28. |

5.2.3 FFHGHFF

In this section we prove that F and G are ambidextrous adjunctions witnessed by the
natural transformations b, d,p, . In the next section, we will prove that F and G are
inverse to each other if the underlying category is modular.

Proposition 5.7 (G - F) The functor G is a left adjoint to the functor F, witnessed
by the natural transformations d and p. o
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Proof. 1t amounts to proving two things, in which (-) denotes the whiskering product
in the 2-category of categories.

o FHF)=(FISFeF2L
e (G5 G)= (G %5 Gre &2 )

To prove the first equation, evaluate the term on the right on (XXY) € Obj(CX CP°P).

The result is
X S X
O
iy | ©_ 0
dim(i) wa (5.8)

ZiEO(C) dlm(Q)

which is exactly 1rxxy) by canceling dim(Q) with the (-loop and by absorbing dim(i)
to the o-pair and creating 1x using lemma 2.18. The second equation can be proved
similarly. |

Proposition 5.9 (FF G) The functor F is a left adjoint to the functor G, witnessed
by the natural transformations b and q. o

Proof. 1t amounts to proving two things, in which (-) denotes the whiskering product
in the 2-category of categories.

e (G5 G)=(G <% GrG 5 g)

o F5F) =(F2 FoF %

To prove the first equation, evaluate the term on the right on (W, ) € Obj(Z(C)).
The result is

j j
$ (m:gg))z W | — __—w (5.10)

1,j€e0(C)

which is indeed ig () by absorbing dim/(i) into the d-pair to create 1; and by canceling
the QO’s. The second equation can be proved similarly. |

Remark 5.11 (G is a C X C*°P-bimodule map) Since F is monoidal, the fact that
G is adjoint to F makes G a C X C°P-bimodule map by the proof of [DSS19, corollary
2.13]. The authors thank Thibault Décoppet for pointing out this fact. o
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5.2.4 C modular = G is an inverse of F

We state our main theorem in this paper and will provide a proof after a few lemmas.

Theorem 5.12 (Main Theorem) If C is modular, then the functor G is a factoriza-
tion of the Drinfeld center Z(C). More precisely, G is an inverse functor for F witnessed
by the natural transformations b, d, p, q. o

Proof. It amounts to proving that the compositions

qd:1 - GF— 1,
dq:GF =1 — GF,
pb:1—=FG—1,
bp:FG—=1—=TFG

(5.13)

are equal to identity natural transformations. These are proved respectively in lemma
5.14, 5.16, 5.18, and 5.19. |

Lemma 5.14 Let XX Y be an object in C X C°P. Then the morphism

XRY LY xRy
is equal to the identity morphism idyyxy. o

Note that this lemma does not assume modularity.
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Proof. We prove the equality by direct computation.

qod=() qi)o()_d)
i j
:Zqiodi

XX

\
— Z Z Z dim(i)qi(k) o di(r)

i k=1 r=1

X[
=Y Y aim@ak) o k)
k=1

i

5.15
i,k oc} ( )
P M e
1 L . . coev l
~ dim(Q) ; 1; dim(i) | v o w
= idxwy

The first pair of sums collapse to a single sum because Homc(i,j) is zero unless i =j.
The second pair of sums collapse to a single sum by the simplicity of i and the definition
of the pairing between Homc (X, 1*) and Homc(i*, X). The factor dim(i) is absorbed
to the upper pair of x to make the identity of X by 2.18. The lower pair of « traces to
5{‘ by definition. [ |

Lemma 5.16 Suppose C is modular. Let X XY be an object in C X CP°P. Then
(d o q)xmy is equal to the identity isomorphism idgrxxy)- o

Proof. Recall that the image of XX Y under GF is

P I,

1€0(C)
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where [; denotes I; rxxy). We will prove the equality by direct computation.
dog=() di)o() qj
i j
= Z dioq;

(]l X
=2 Z Z dim(i) di(r) o g (k)
i k=1 r=1
= di o qi(k)
Z% e (5.17)
i* i*
X X

dlm ZZdlm IigX—‘X;k— - X = I
i

= idgr(xmy)

The pairs of sums collapse as in the proof of the last lemma. The cut skeins are
connected and protected by a Q-circle by lemma 2.21. And the factor dim(i) is
absorbed to make the identity of X by 2.18. |

Lemma 5.18 Suppose C is modular. Let (X,v) be an object in Z(C). Then (pob)(x)
is equal to the identity isomorphism id(x - o
Proof. 1t is not hard to check that (p o b)(x ) is equal to the product of and
the following morphism

dlm dim(Q)

_______

S=0 .-

By lemma 2.21, the horizontal Q kills off all nontrivial components in the vertical QO
providing the desired equality. |

Lemma 5.19 Suppose C is modular. Let (X,y) be an object in Z(C). Then (bop)(x )
is equal to the identity isomorphism idgg(x y)- o
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Proof. We prove the equality by direct computation.

26 - 2l - %

v\ Y Y

= I Q\_\ = (;)

The tensoriality of v allows the left circle to attach on the right; thus follows the
first equality. The sliding lemma allows us to slide one strand to the background, and
then again the tensoriality of v allows detachment; thus follows the second equality.
Finally, we sear the two strands and use lemma 2.21 to smooth it out; thus follows the
third equation. |

5.3 Discussion & Prospect

Using the topological insight from the Crane-Yetter TQFT, we provided an explicit
equivalence between C X CP°P and Z(C) for modular categories C. With the same
idea, we can also provide explicit equivalences (and witnessing natural isomorphisms)
between the categorical centers of higher genera Zy(C) [Guu2l] and C", where I is an
oriented surface with n punctures. In particular, this provides an explicit equivalence
between C and the elliptic Drinfeld center Z¢(C) [Thal9].

We stress again that this only works in the case where C is modular. This happens
for a good reason. Over modular categories, the Crane-Yetter theory is expected
to trivialize to the Witten-Reshetikhin-Turaev theory by taking boundaries. It is
interesting to investigate the situation where C is not modular. In fact, this is the
motivation of the current paper. We expect that by measuring how the adjoint functors
F and G fail to be an inverse of the other, the difference between both theories will
become clear, leading to a better understanding of the full power of the Crane-Yetter
theory. Moreover, this will also help understand the structures of the categorical center
of higher genera (note that the Drinfeld center is hard enough).

One way to attack this problem is to look for a general tool in category theory
that measures the failure of the invertibility of a pair of adjoint functors. As F and
G are adjoint to each other, the failure can be measure by the induced (co)monads.
We expect that the effect of the (co)monads should coincide with tensoring with some
object whose size is controlled by the size of Mu(C). This seems to be the case for GF
but not FG. Successfully characterizing the effect of both GF and FG in such a way
will provide a better proof for theorem 5.12 and a better understanding of the failure
of invertibility. Before such characterization is known, there is hope to make guesses
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based on explicit computations for various genuine premodular categories: (super)-
groups, crossed modules, and the even part of the semisimplification of Rep(Uq(sl2))
[KOO01]. We leave this for future work.
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6 Appendix

Most sections in the appendix are added for the sake of completeness.

6.1 Abelian categories

A complete definition of an abelian category is given in this subsection. In particular,
see 6.25.

Definition 6.1 (pre-additive category) [Macl0, I.8. p.28] A pre-additive category,
or called an Ab-category, is a category A in which each hom-set is an (additive) abelian
group, with respect to which the composition maps are bilinear. o

Definition 6.2 (biproduct) [Macl0, VIII.2. Definition] Let A be an pre-additive
category (6.1). For each pair of A-objects (a,b), define their biproduct to be the pair
(¢,{Pa,Pv,1a,iv}), where ¢ is an A-object, p, and py are morphisms from c to x, iq
and i, are morphisms from a and b to ¢, with the equations satisfied:

1a = Pdla (6.3)
]b = Pbib (64)
1c =1aPa + oPo- (6.5)

&

Definition 6.6 (initial object) [Macl0, p.20] Let C be a category. An initial object
s in C is a C-object such that to each C-object a there is exactly one C-morphism
s — a. o

Definition 6.7 (terminal object) [Macl0, p.20] Let C be a category. A terminal
object t in C is an C-object such that to each object a there is exactly one morphism
a—t. o

Definition 6.8 (null object) [Macl0, p.20] Let C be a category. A null object z is a
C-object which is both initial (6.6) and terminal (6.7). ©

Definition 6.9 (additive category) [Macl0, VIIL.2. p.196] An additive category A
is an pre-additive category (6.1) that satisfies the following conditions

e A has a null object (6.8).
e A has a binary biproduct for each pair of A-objects (6.2).
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Definition 6.10 (zero morphism) [Macl0, p. VIII.1.] Let C be a category with a
null object z (6.8). Let a,b be C-objects. The zero morphism from a to b is defined
to be the composition of the morphism from a to z and the morphism from z to b

(agb)::(a—>z—>b).
o

Definition 6.11 (monic morphism) [Macl0, p.19] Let C be a category. A monic
morphism is a C-morphism a — b such that the left cancellation rule holds:

(mf =mg) = (f =g). (6.12)
&

Definition 6.13 (epi morphism) [Macl0, p.19] Let C be a category. An epi mor-
phism is a C-morphism a — b such that the right cancellation rule holds:

(fe=ge) = (f=g). (6.14)
S

Definition 6.15 (diagonal functor) Let C and ] be categories. The diagonal functor
A from C to CJ is defined to send each C-object c to the constant functor A., and to

send each C-morphism c L, ¢ to the constant natural transform Ay. (cf [Macl0, p.67]).
o

Definition 6.16 (universal morphism) [Macl0, p. III.1.] Let C and D be categories.

Let ¢ be an C-object. Let D 3, C be a functor. A universal morphism from c to S
is a pair (r,u), where r is D-object and ¢ — Sr is an C-morphism that satisfies the
following condition:

For each pair (d,f) € Obj(D) x C(c,Sd), there is a unique D-morphism r a
with S’ ou ="f. o
Definition 6.17 (categorical limit) [Macl0, p. II1.4.] Let C and ] be categories and

] L, C be a functor. A limit for the functor F is defined to be a universal morphism
(6.16) (r,v) from A to F, where A is the diagonal functor (6.15) from C to CJ. o

Definition 6.18 (equalizer) [Macl0, p. III.4.] Let C be a category, a, b be C-objects,
and f, g be C-morphisms from a to b. The equalizer for the pair (f, g) is defined to
be the limit (6.17) of the corresponding functor P L , Wwhere P denotes the category
with exactly two objects 0,1 and two non-identity morphisms 0 = 1. o
Definition 6.19 (kernel) [Macl0, p. VIII.1.] Let C be a category with a null object
(6.8). A kernel of a morphism a L b is defined to be an equalizer (6.18) for the pair
(f,a 9 b), where 0 denotes the zer morphism (6.10). o
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Definition 6.20 (cokernel) [Macl0, p.192] The notion of a cokernel is the dual of
the notion of a kernel (6.19). ©

Definition 6.21 (pre-abelian category) An abelian category is an additive category
(6.1) in which ever morphism has a kernel (6.19) and a cokernel (6.20). o

Lemma 6.22 Let A be a pre-abelian category. Then each morphism X 1Y in A has
a canonical factorization [Ive, p. I.1]

f= (X — cok(ker(f)) , ker(cok(f)) — Y). (6.23)
o

Definition 6.24 (exact category) An exact category is a pre-abelian category in
which the middle morphism of the canonical factorization (6.22) f’ of each morphism

foy s . .
X — Y is an isomorphism. o

Definition 6.25 (abelian category) [Macl0, VIIIL.3. Definition] An abelian category
is an pre-abelian category (6.1) in which every monic morphism (6.11) is a kernel, and
every epi morphism (6.13) is a cokernel. o
Lemma 6.26 Let A be a pre-abelian category. Then the followings are equivalent.

e A is abelian.

e A is exact.

o
Lemma 6.27 To summarize, an abelian category is a category such that the followings
are satisfied.

e (pre-additivity) Every hom set is an abelian group such that every composition
is bilinear.

e (additivity) A null object and binary biproducts exist.
e (pre-abelianity) Every morphism has a kernel and cokernel.

e (exactness) Canonical factorizations induce isomophisms between the images and
coimages
cok oker(—) — ker o cok(—).

&

Lemma 6.28 Let C be an abelian category and D be an additive category. Suppose

there is an additive equivalence of categories C % D. Then D is abelian. o
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Proof. By 6.27, we have to show that the additive category D is pre-abelian and
exact. )

Let X’ 5 Y/ be a D-morphism. Pick C-objects X and Y such that FX and FY
are isomorphic to X’ and Y’ respectively. Since

C(X,Y) ~ D(FX,FY) ~ D(X’,Y'),

¢’ has kernels and cokernels, and its canonical factorization induces isomorphisms
between images and coimages. |

6.2 Semisimple categories

Throughout the whole section, assume that k is an algebraically closed field of charac-
teristic 0.

Definition 6.29 (subobject) [Eti+15, p. 1.3.5] Let C be a category and X be a
C-object. A subobject of X is a monic C-morphism Y X o

Definition 6.30 (simple object) [Eti+15, p. 1.5.1] Let C be an abelian category.
A simple object X of C is a nonzero C-object whose only subobjects are O % X and
X 1, X, o

Definition 6.31 (semisimple object) [Eti+15, p. 1.5.1] Let C be an abelian category.
A semisimple object X of C is a direct sum of some simple objects of C. o

Definition 6.32 (semisimple category) [Eti+15, p. 1.5.1] A semisimple category is
an abelian category whose objects are all semisimple. o

Definition 6.33 (object of finite length) [Eti+15, p. 1.5.3] Let X be an object of
an abelian category C. We say that X is of finite length if there exists a positive integer
n and a sequence of monic morphisms

each of whose cokernel object Xi;1/X; is simple. Call n the length of this sequence. ©

Remark 6.35 Such a sequence is called a Jordan-Holder series for X. By Jordan-
Holder theorem [Eti+15, p. 1.5.4], all Jordan-Holder series of X have the same length.
o

Definition 6.36 (length of an object) [Eti+15, p. 1.5.5] Let C be an abelian cate-
gory and X a C-object. The length X is defined to be the length of one, thus all, of its
Jordan-Holder series. o
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Definition 6.37 (linear category over a field) [Eti+15, p. 1.2.2] Let k be a field.
A k-linear category is an additive category C whose hom-spaces are k-vector spaces,
such that all compositions of morphisms are k-linear maps. o

Definition 6.38 (locally finite abelian category over a field) [Eti+15, p. 1.8.1]
A locally finite category (or an Artinian category) over k is a k-linear abelian category
C that satisfies the following conditions.

e Every object has finite length.

e Every hom space is a finite dimensional k-vector space.

o

Definition 6.39 (finite abelian category over a field) [Eti+15, p. 1.8.6] A finite
category abelian category C over k is a locally finite abelian category over k such that

e C has enough projectives, i.e. every simple object of C has a projective cover.

e The set of isomorphism classes of simple objects is finite.

o

Remark 6.40 By discussion before [Eti+15, p. 1.8.6], a finite k-linear abelian category
C is equivalent to the category of finite dimensional modules over a finite dimensional
k-algebra A. o

6.3 Tensor categories

Recall that the Crane-Yetter theory CY comes in a family, of which member depends
on a type of algebraic data called the premodular categories. Despite its technical
definition (finite semisimple ribbon braided rigid tensor category), it does not hurt too
much to think of a premodular category as a higher categorical analogue of a finite
abelian group: the “braided tensor” structure encodes the (higher) group operation,
the “rigid” structure encodes the (higher) inverses, and the “ribbon” structure ensures
that (g”')™' is equivalent to g.

In this section, a complete definition for a premodular category 6.68 is collected
from [Eti+15]. Throughout the whole section, assume that k is an algebraically closed
field of characteristic 0.

Definition 6.41 (monoidal category) [Eti+15, p. 2.1.1] A monoidal category is a
septuple
(C’ ®) a’ 17 L) 1’7 r)’
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that satisfies the pentagon axiom and the triangle axiom [Eti+15, (2.2)], where C is a
category, C x C % Cisa bifunctor,

(m1®@—2)®—3) 5 (—1®(—2®—3))

is a natural equivalence, 1 is an object in C, 1®1 — 1 is an isomorphism, (—) 4 (1e—)
and (—) = (— ® 1) are natural equivalences.

We will abuse notations and denote the septuple by C. The bifunctor ® is called
the tensor product bifunctor, the pair (1, () is called the unit object, and the natural
equivalence a is called the associativity isomorphism o

Definition 6.42 (duals of an object) [Eti+15, 2.10.1 and 2.10.2] Let X be an object
of a monoidal category (C,®,1,a,t,1,7). A left dual of X is an object L with two
morphisms

LeX 51 (6.43)
19 XL (6.44)

such that the compositions of the following the identity morphisms

T®ev

X L8l X o) o X S Xe (LeX) 12X, (6.45)
Llecv 1 o xel) S LaX) oL 2851 (6.46)

Similarly, a right dual of X is an object R with two morphisms

X®R 21 (6.47)
19 Re X (6.48)

such that the compositions of the following are the identity morphisms

ev/®1

X 1200 x o R X) 2 (X @ R) @ X €L X, (6.49)
R 8L ReX) RS R (X®R) 1295 R, (6.50)
&

Remark 6.51 It can be proved that the left (resp., right) dual, if exists, is unique up
to isomorphism [Eti415, p. 2.10.5]. We will denote it by X* (resp., *X). o

Definition 6.52 (rigid object) [Eti+15, p. 2.10.11] Let C be a monoidal category.
A rigid object X of C is a C-object that has a left dual and a right dual. o

Definition 6.53 (rigid category) [Eti+15, p. 2.10.11] A rigid category C is a monoidal
category all of whose objects are rigid. o
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Definition 6.54 (multitensor category) [Eti+15, p. 4.1.1] A multitensor category
C over k is a locally finite k-linear abelian rigid monoidal category if the bifunctor ®
in the monoidal structure is k-bilinear on morphisms. o

Lemma 6.55 [Eti+15, p. 4.2.1] Let C be a multitensor category. Then the bifunctor

® 1s exact in both factors. o

Proof. 1t is a fun exercise to prove. A sketch is as follows. Let X be a C-object.
The rigidity says that X® (—) is a left and right adjoint functor. In general category
theory, adjoint functors preserve all (co)limits essentially because Hom does and
Yoneda lemma. In particular, they preserve (co)kernels. [ |

Definition 6.56 (multifusion category) [Eti+15, p. 4.1.1] A multifusion category
over k is a multitensor category that is finite over k and semisimple. o

Definition 6.57 (fusion category) [Eti+15, p. 4.1.1] A fusion category C is a mul-
tifusion category with Endc(1) ~ k. o

Definition 6.58 (braiding) [Eti+15, p. 8.1.1] A braiding of a monoidal category
(C,®,1,qa,,1,7) is a natural equivalence

(-1®—2) 5 (@) (6.59)
such that the hexagon diagram [Eti+15, (8.1)] holds. o

Definition 6.60 (braided category) [Eti+15, p. 8.1.2] A braided category is a
monoidal category with a braiding. o

Remark 6.61 The Yang-Baxter equation holds automatically in a braided category
[Eti+15, p. 8.1.10]. o

Definition 6.62 (half-braiding) [Eti+15, (7.41)] A half-braiding for an object X in
a monoidal category (C,®,1,a,t,1,7) is a natural equivalence

X®—-) S (—X) (6.63)
such that the hexagon diagram [Eti+15, (7.41)] holds. o

Definition 6.64 (twist) [Eti+15, p. 8.10.1] Let C be a braided rigid monoidal cate-
gory. A twist of C is an element 0 € Aut(idc) such that for each C-object X,Y

Oxey = (0x ® Oy) o cy x o cx,y (6.65)

o
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Definition 6.66 (ribbon structure) [Eti+15, p. 8.10.1] Let C be a braided rigid
monoidal category. A twist 0 is called a ribbon structure if (6x)* = (0(x+)), where the
first dual is taken in a rigid category. o

Definition 6.67 (ribbon tensor category) [Eti+15, p. 8.10.1] A ribbon tensor cat-
egory is a braided rigid monoidal category equipped with a ribbon structure. o

Definition 6.68 (premodular category) [Eti+15, p. 8.13.1] A premodular category
is a ribbon fusion category. o

Definition 6.69 (pivotal structure) [Eti+15, p. 4.7.7] Let C be a rigid monoidal
category. A pivotal structure of C is a natural isomorphism

()% ()
such that axgy = ax® ay for all C-objects X and Y. We call a rigid monoidal category

pivotal if it is equipped with a pivotal structure. o

Definition 6.70 (pivotal dimension) Let C be a rigid monoidal category with a
pivotal structure a. Let X be a C-object. We define the pivotal dimension with
respect to a to be

dim(X) := Trace(ax) € Endc(1).

o

Definition 6.71 (spherical structure) [Eti+15, p. 4.7.14] Let C be a rigid monoidal
category with a pivotal structure a. The latter is called a spherical structure if

dimg (X) = dimg(X*)
for any C-object X. o

Remark 6.72 [Eti+15, p. 8.13.1] Equivalently, a premodular category is also a braided
fusion category equipped with a spherical structure. o

Definition 6.73 (modular category) [Eti+15, 8.14 and 8.20.12] A modular category
is a premodular category with a non-degenerate S-matrix. o

6.4 Adjunctions as monads

Definition 6.74 Let X be a strict 2-category, C and D be X-objects, and C %D and

C < D be morphisms. We say that F is right adjoint to G, that G is left adjoint to F,
if there exists 2-morphisms

Ip & FG, GF S 1c
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such that the followings

exlg

G=Golp L GoFoG 'S G

Tp*e

F=TpoF ™5 FoGoF S F

equal the identity 2-morphisms 1g and 1f respectively. Denote F - G in this case.
We call 1 and € the unit and counit of the monad, and call the coherence condition
the rigidity condition. o

Definition 6.75 Let X be a strict 2-category, D be an X-object. Then E = Endx(D)

is a 1-category. A monad of D is a monoid object T = (T,n, u) in E. That is to say, T

is an E-object, and (1p L T) and (T2 & T) are E-morphisms such that

(Ir*m)=Tr=poMmx17y), o (px 1) =po Ty p).

o

Theorem 6.76 Let X be a strict 2-category, C and D be X-objects, (C 5 D) and

(C & D) be morphisms such that F is right adjoint to G. Then T = FG has a monad
structure given by
(o 1), (5T

Trxexlg

where u is defined as FGFG = FG. Dually, 1= GF has a comonad structure. ¢
Proof.
It
= ]F * ]G

— 15%(G %% GFG 'S @)
— (FGolp ™' rGFG "' FG)

— (Tolp ™S ToT ST

I
= ]F * 1G
= (F™SFGF S P« lg
— (IpoFG ™™ FGFG M FG)

— (poT ™LToT ST
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(T3 TR T2 Ky

((FG)(FGFG) 'me*Ime¥lsy pgrg Meles £g)

1GF*€

Tr % (GFGF "= GF S 1p) * 1g
Tr % (GFGF S 1p) x 1g

= (ML T2 A,

Theorem 6.77 Let C and D be categories, C *, D and C &€ D be functors such that

F is a right adjoint functor to G, i.e. there exists natural equivalence ® such that

Then F is right adjoint to G the strict 2-category Cat of all categories.

C(Gd,c) —— D(d, Fe).

®d@

Proof. From the given natural equivalence @, we have to construct 1p L FG and

GF = 1¢ that satisfy the conditions as in 6.74. We contend that ng = Dgcallca)

and €, = CDSC) (Tf.) are as desired.
Let us first show that 14 is indeed a natural transformation from 1p to FG. So

is €. similarly, whose proof will be omitted. Let d ®, d’ be a D-morphism. We

shall prove that the following commutative diagram commute.

First notice that

¢ﬂ'”

d,Gd’

As @ is an equivalence, it suffices to prove that Cl)é_gd,((FGqﬂ oT1q) is also G¢.

d . FGd

le : lFGCb

a 5D

— (Gd)Fod L (mar)
= (GH)*(Tea)
= G¢

1
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04 Uy (FG)ong) = @Y (y/((FGP) o <Dde(1Gd))
= (G o @Y g, 0 (FGP)L((FGP) 0 Dy callca))
= (Gd)xo <Dd,Gd(®d,Gd(]Gd))
= (Gd)y(Tga)
= G(I)
which is due to the naturality of ©

C(Gd, Gd) LN D(d,FGd)

l(Gm l(FGcb)

C(Gd,Gd")’ Dace D(d,FGd’)

Next, we have to show the rigidity conditions of 1 and €. Indeed, from the
naturality of ® we have the commutative diagram

FGd Gd

C(GFGd, Gd) —<*S'D(FGd, FGd)

l(G(nd)*) l”?‘

Dq4,Ga
C(Gd,Gd) ———— D(d,FGd)

and thus the following holds

[(exTg)o(lg*n)la= (ex1glac(lg*nla
= (GFGA =%% Gd)o G(d M FGa)

= Gd "), GrGd 8% Ga
(=1

Y 1
= GdMGFGd Fea,call(Fea)) cd
-1)
(1
= (G( )) (GFGd FGde (FGA) Gd)

-1
= (q)((i)(;)d © T]E) (Trga)
-1
= q)é,g)d(ﬂd) = lga.
The other rigidity condition follows similarly from the commutative diagram

Fc GFc

C(GFc, GFc) —— D(Fc, FGFc)

l(ea* i{Fec)*

(D c,Cc
C(GFc,c) —<° D(Fe, Fe)
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Therefore, adjoint functors give adjoint pairs in the 2-category Cat, which in turn
gives a monad and a comonad in Cat. Let’s summarize the result in the following
theorem.

Theorem 6.78 Let C 3 D and C <& D be functors such that F is right adjoint to G.
Then there is a D-monad (T = FG,n, 1) and a C-comonad (L= GF, €, A), where

Na = Pa,callga)), k=Trxex*1g,

-1
ec=Dp (Tre), A =Tg +n + 1r.
&

For the rest of this subsection, assume that C 5 Disa right adjoint functor of C &
D with the natural transformation ®. The categories C and D are intimately tided
together by the adjoint functors between them. For example, a part of compositions
in C can be identified as monadic composition in D.

Theorem 6.79 The usual composition map
C(Gx, Gy) x C(Gy, Gz) = C(Gx, Gz)
is identified under @ as the Kleisi composition
D(x,Ty) x D(y, Tz) =5 D(x, Tz)

or(f, g) > pz o (Tg) o f.

Proof. Since @ is an equivalence, and since

O(o(@(f,g))) = Dz (D] (L(g) 0 OL g, (1)),

it suffices to prove that

-1 -1 -1
O Lz o (Tg) o f) = BT L (g) o DUL(F).

The main task would be to express yz in terms of @.
From the commutative diagram

q)FGz,Gz

C(GFGz,Gz) —= D(FGz, FGz)

—)oG(g) (—)og
(

y,Gz

C(Gy, Gz) —¥*, D(y,FGz)
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we have

uzo(Tg)o
(@fas 6a(Trez) 0 F(G(g)) o f)
(@te ga(Trez) © G(g)) o f)

(©yc
(

w1
-

(lrez0)) o)

y,G
= Fo Y (g)of)
sz

)

It remains to prove that

O (Foy ) of) =0l U (g) o @l (F),

which directly follows from the commutative diagram obtained from the naturality
of @©:

C(Gx, Gy) Drcy D(x, FGy)

jaﬂ'”(g)o(—) lm['wo(—)
(DX z
C(Gx, Gz) —°5 D(x,FGz)

The natural equivalence @ isn’t as easy to manipulate as the (co)monads it induces.
We collect more statements that express the former in terms of the later.

Lemma 6.80 In terms of (co)monad, ® can be expressed as follows.
Qa,c(Pp) =F(P)omg,

O (W) = ec o G).

S
Proof. These are evident from the commutative diagrams below respectively.
C(Gd, Gd) *> D(d,FGAd) C(GFc, Fc) % D(Fc, Fc)
Joot-) |Foe(-) [0 |06 1)
[OFS Dq,re
C(Gd,¢) —=~ D(d, Fe) C(Gd,c) — D(d,Fc)
|
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Instances arise where two functors are adjoint to each other from both sides. We
call them (strict) ambidextrous functors.

Definition 6.81 (ambidextrous adjunctions) Let C 5 D and C <€ D be functors.
We call F and G a pair of (strict) ambidextrous functors if F is both left-adjoint and
right-adjoint to G. o

Two monads and two comonads arise from a pair of ambidextrous functors. More
precisely, that F - G gives a natural D-monad (T = FG,n, i) and a natural C-comonad
(L= GF,e,A). Similarly, that F 4 G gives a natural D-comonad (T = FG,n’, 1) and
a natural C-monad (L= GF,e’,A’). In particular, we have a bimonad structure on
T=(T,n, w, €,A), with unit n, multiplication y, counit €, and co-multiplication A.

Definition 6.82 We say the bimonad T is of unity trace if

, 1
(I 5T 25 1) = (1p 225 1p).

We say the bimonad T is of collapsable diamond if

By the following lemma, the second condition is superseded by the first one.
Lemma 6.83 If such adjunction is of unity trace for |, then T is of collapsable dia-

mond. <o

Proof.
T 2T
—  (FG 1<ls, pgR)G 1rele, k)
= (1515 1)+ 1,
= Texlgoxlg=17
m

The unity trace condition turns out to be crucial for our work - essentially it guar-
antees an averaging map analogue to that in the theory of finite group representations.

Lemma 6.84 Let T = (T,n, 1, €,A) be a D-bimonad of unity trace. Then for each D-
object x and y, the morphism [D(x, y) ol D(x, Ty)] is monic, the arrow [D(x, Ty) _}nyo(—)
D(x,y)] is epic, and moreover the map (1, on;) is a projection map onto the image of

(ny o—J. o
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Proof. The unity trace condition says that nl’J omy = 1y, so the first two conditions
follow. The last statement is also evident since

(nymy)? =n}Tyny =n/ny.
n

Therefore, in the context of (strict) ambidextrous adjoint functors, the unity trace
condition yields a projection map

C(Gx, Gy) =% D(x,y)

from the equivalence C(Gx, Gy) ~ D(x,Ty). In the next lemma, we see that this
projection is functorial without any extra assumption.

Theorem 6.85 Let F: C < D : G be a pair of strictly ambidextrous adjoint functors,
and T = FG be the naturally induced bimonad on D. If T is of unity trace, then 7,
is functorial in the sense that

1. mx(Gx Tox, Gx) =14.
2. For C-morphisms (Gx ®, Gy = Gz), we have

Thx,y §

(X y Tty Z) ( ﬂx,z(o'd))

z).

Proof. By the unity trace condition and 6.80,

7Tx,x(]Gx) :T]>/< o (Trgx o Mx) = Ix,

proving the first statement. It remains to prove that

(nz 0 F(o) omy) o (ny o F(d) omx) = (n; o Flod) ony).

Indeed,
(z&TzﬂTy&y&TyﬂTx&x)
= (2T Ty Moy My O g e )
= (2 T Ty gy JOOD e e )
SECTN TUlLy TPLUE CPLLLLS SRS ML
= (z&TzMTyMTx&x)
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The first two equalities follow from the naturality of n. The third equality T, ) =
N(7) follows from the Eckmann-Hilton argument

NIt =T7%mn.
Finally, the last equality follows from all the tricks and conditions: that 1 is natural,

that Ton=mnoT, that T is functorial, and the unity trace condition. |

Remark 6.86 In the context of categorical center of higher genera, the proof above
translates into the following graphical proof, where the orange dotted lines represent
the shorthand notation Q given in 2.19.

o

In the proof, it is tempting to demand ny o né to be identity, which would have
finished the proof right away. However, it is not necessarily true. In fact, it is false in
our context. The best one can say about it is that it is idempotent.

Example 6.87 Let C be a premodular category, ¢ be an admissible gluing, D be the
categorical center of higher genera Z;(C), F be the induction functor C Lo, Z5(C), and

G be the forgetful functor C nia Z5(C).

By 4.55, both functors are strictly ambidextrous to each other. Moreover, it is
clear by their definitions that the bi-monads they form are of unity trace. Therefore,
by 6.85, we have the followings.

1. D((X,v),(Y,B)) embeds into C(X,Y) naturally, with a natural projection 7, g
onto the subspace.

2. C(X,Y) embeds into D(I(X), Is(Y)) naturally, with a natural projection 7y y onto
the subspace.

o

This is an analogue of the averaging map one has in the theory of finite dimensional
complex linear representations of finite groups.
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6.5 Misc proofs

Statements and proofs that could break the flow of are collected in this section. The
readers are advised to use it as a reference.

Lemma 6.88 Let C be a premodular category and ¢ € Adm;,, an admissible gluing.
Then the categorical center of higher genera Z;(C) is an abelian category. o

Proof. By 6.27 we need to show that Z;(C) is an additive category such that

e every morphism in Z;(C) has a kernel and a cokernel.

e Z,(C) is an exact category.

By its definition, Z;(C) is additive. To prove that every morphism has a kernel
and a cokernel, first let (X,vy) AR (Y, B) be a Z;(C)-morphism. Recall by definition
that f is a C-morphism X T Y that respects both sets of half-braidings vy and f3.
Since C is premodular thus abelian, f has a kernel K <™ X in C. We will construct
a Zs(C)-object (K, m*y) such that (K, m*) = (X,v) is a Z(C)-morphism and is in
fact a kernel of f.

To construct m*y, notice that all we need is a set of half-braidings for K that
work compatibly with y. As

K& Xx5hy

is exact and that ® is bi-exact 6.55, we see that 1(_ ) @ m and m ® 1(_ are kernels
of 1(_y®f and f ® 1(_) respectively. Therefore, y;j o (m® 1(_,) factors through
1(—y®m uniquely. Ditto for the other direction. So defines an natural isomorphism

(m*y) )
—_—

K® (—) (-)®K.

Define so for all other i’s. it’s straightforward to prove that m*y is a o-pair 4.39
from that vy is also one.
From the construction above, clearly

(K,m*y) = (X,y)

is a Zy(C)-arrow. It remains to show that m is indeed a kernel of f in Zs(C).

Let (W, «) L (X,v) be a Z;(C)-morphism such that fh = 0. Then h uniquely
factors through m by some C-morphism k. The crux is to show that k is indeed a
Zs(C)-morphism. But indeed, by the projection 6.87 we have

h=mok
= n(h) =mn(mok)=mn(m)omn(k)
= h=momn(k)
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But since k is unique, we have k = 7(k), which is indeed a morphism in Z;(C).
Therefore, m is a kernel of f. The argument works for the cokernel, and is thus
omitted. A corollary of this construction is that the (co)kernels are really the same
as in C, so Z4(C) is clearly exact since C is exact. [ |

Lemma 6.89 Let C be a premodular category and ¢ € Adm), an admissible glu-
ing. Recall from 6.88 that the categorical center of higher genera Z,(C) is abelian.
Moreover, it is semisimple. o

Proof. Let (X,v) AR (Y, B) be a monic morphism in Z;(C). It suffices to show that
f has a left inverse. Recall that f is also a C-morphism X T, Y. We contend that

foy - ..
X — Y is monic in C. Indeed, assume

WwWLxLy=whxLy

then B B
(LWL (7)) 5 (Y, 8) = (1w (X,v) 5 (Y, )

by the construction of I,. Then g = h, and thus g = h.

Since C is semisimple, we get a left inverse X &Y for free. However, p lives in
C, so we need to find another candidate that does the job in Z;(C). This is again
taken care by the projection 6.87 We contend that it is a left inverse of f in Z(C).
Indeed, as 7t is a projection, g . (f) = f. So,

Ty (p) o f =7y (p) oty p(f) =y y(p o f) =1y 4 (1x) = Tx.

Lemma 6.90 Let C be a premodular category and ¢ € Adm), an admissible glu-
ing. Recall from 6.88 and 6.89 that the categorical center of higher genera Z,(C) is
semisimple abelian. Moreover, it is finite. o

Proof. To prove that Z;(C) is finite, we turn to the finiteness of C. Since Z;(C)
is a k-linear abelian category by construction, from 6.38 and 6.39 we only have to
show four things.

e Every object has finite length.
e Every hom space is a finite dimensional k-vector space.

e Z;(C) has enough projectives, i.e. every simple object of Z;(C) has a projective
cover.

e The set of isomorphism classes of simple objects is finite.
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To prove that every object has finite length, pass a simple filtration of an object
in Z5(C) to one in C by the forgetful functor F,. Extend the latter to a simple
filtration in C, which has finite length as C is assumed finite. Thus the former is
also of finite length. To prove that every hom space is of finite dimensional, recall
that the morphism spaces of Z;(C) are defined as subspaces of those of C. Therefore
the dimension of the former is bounded by the dimension of the later, which is finite
the finiteness assumption of C.

To prove that Z;(C) has enough projectives, it suffices to show that Z;(C) is
semisimple, as then each epic morphism admits a left inverse. But this fact has
been shown in 6.89. To prove that there are only finitely many simple objects (up
to isomorphism), we utilize the ambidextrous adjunction of F; and I;. Let (X,vy)
be a simple object of Z;(C). From

HomC(X) Y) ~ HomZU(C] ((X)Y)x IU(Y))

we know that (X,7y) appears as a summand in I(Y) for any Y that appears as a
summand in X. Since C has finitely many simple objects (up to isomorphism), it
follows that there are finitely many such (X,vy). [ |

Lemma 6.91 The set of half-braidings defined in 4.53 satisfles the pairwise commu-
tative relations 4.40. o

Proof. By definition, we have to prove that for each i,j, yi and v; satisfies the
commutative relation posed in 4.40. In this pictorial proof, we use the color light-
blue to indicate y; and the color red to indicate y;. Recall that with out loss of
generality, there are three cases to consider
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(AN

Lemma 6.92 The induced morphisms in (4.54) is compatible with the sets of half-
braidings y and (3 given in (4.53). o

Proof. Clearly it holds from the following figure.

. N\ |

\ 4
y b4
]
X X
| id®" @ f @id®" | SR B | I 0)
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Lemma 6.93 Let A be an additive category and B be an abelian category. Suppose
AL

is an additive functor. Then ¢ lifts additively to the Karoubi completion Kar(A) of
A:
Kar(A) 2, B.

Proof. Given the assllmptions, we must construct @ explicitly. Recall that a typical
object of Kar(A) is X := (X,p) of X € Obj(A) and an idempotent p € Enda(X).

Define ®(X) to be img(dp(p)). Recall also that a typical morphism
f
X,p) = (Y,q)

is an A-morphism X 5 Y such that f = qfp. Hence @(f) induces a B-morphism

¢(f) .
—1

im(¢(p)) m(¢(q)).

Define it to be ®(f). So defined map @ is clearly an additive functor that extends
¢. [

105



References

[AT22]

[Ati88]

[Bal10]
[Balll]

[Ban10]

[Bar+15]

[Bar+19]

[Bar21]

[BBJ18]

[BGMO7]

Jr. Alexander Kirillov and Ying Hong Tham. “Factorization Ho-
mology and 4D TQFT". In: Quantum Topology 1 (2022), pp. 1-54.
DOI: 10.4171/QT/159.

Michael F. Atiyah. “Topological Quantum Field Theory”. In: Pub-
lications mathématiques de I’ H.E.S., tome 68 (1988), p. 175-
186 (1988).

Benjamin Balsam. “Turaev-Viro invariants as an extended TQFT
II". In: (Apr. 2010). arXiv: 1010.1222v1 [math.QA].

Benjamin Balsam. “Turaev-Viro invariants as an extended TQFT
II1”. In: (2011). arXiv: 1012.0560 [math.QAJ.

P. Bantay. “Characters of Crossed Modules and Premodular Cate-
gories”. In: Moonshine - The First Quarter Century and Beyond
Proceedings of a Workshop on the Moonshine Conjectures and
Vertez Algebras (2010), pp. 1-11. por: 10.1017/CB09780511730054 .
003.

Bruce Bartlett et al. “Modular categories as representations of the
3-dimensional bordism 2-category”. In: (Sept. 2015). arXiv: 1509.
06811 [math.AT].

Maissam Barkeshli et al. “Symmetry fractionalization, defects, and
gauging of topological phases”. In: Phys. Rev. B 100 (11 Sept.
2019), p. 115147. DOI: 10.1103/PhysRevB.100.115147. URL: https:
//1link.aps.org/doi/10.1103/PhysRevB.100.115147.

Manuel Béarenz. Ewvaluating TQFT iwnvariants from G-crossed
braitded spherical fusion categories via Kirby diagrams with 3-
handles. 2021. arXiv: 1810.05833 [math.GT].

David Ben-Zvi, Adrien Brochier, and David Jordan. “Integrating
quantum groups over surfaces”. In: Journal of Topology 11.4 (Aug.
2018), pp. 874-917. 1sSN: 1753-8416. por: 10.1112/topo . 12072.
URL: http://dx.doi.org/10.1112/topo.12072.

John W. Barrett, J. Manuel Garcia-Islas, and Joao Faria Martins.
“Observables in the Turaev-Viro and Crane-Yetter models”. In: J.
Math. Phys. 48 (2007), p. 093508. DoI: 10.1063/1.2759440. arXiv:
math/0411281.

106


https://doi.org/10.4171/QT/159
https://arxiv.org/abs/1010.1222v1
https://arxiv.org/abs/1012.0560
https://doi.org/10.1017/CBO9780511730054.003
https://doi.org/10.1017/CBO9780511730054.003
https://arxiv.org/abs/1509.06811
https://arxiv.org/abs/1509.06811
https://doi.org/10.1103/PhysRevB.100.115147
https://link.aps.org/doi/10.1103/PhysRevB.100.115147
https://link.aps.org/doi/10.1103/PhysRevB.100.115147
https://arxiv.org/abs/1810.05833
https://doi.org/10.1112/topo.12072
http://dx.doi.org/10.1112/topo.12072
https://doi.org/10.1063/1.2759440
https://arxiv.org/abs/math/0411281

[BJS21]

[BKO2]

[CKY97]

[Co023]

[CY93a]

[CY93b]

[DSS19]

[ENOOY]

[Eti+15]

Adrien Brochier, David Jordan, and Noah Snyder. “On dualizability

of braided tensor categories”. In: Compositio Mathematica 157.3

(Mar. 2021), pp. 435-483. 1SsN: 1570-5846. DOI: 10.1112/s0010437x20007630.
URL: http://dx.doi.org/10.1112/50010437X20007630.

Bojko Bakalov and Alexander Kirillov. Lectures on Tensor Cate-
gories and Modular Functors. Bulletin of the London Mathemat-
ical Society, 34(3), 374-384, 2002. 1SBN: 0-8218-2686-7.

Louis Crane, Louis H. Kauffman, and David N. Yetter. “State-Sum
Invariants of 4-Manifolds”. In: Journal of Knot Theory and Its
Ramifications | Vol. 06, No. 02, pp. 177-234 (1997).

Juliet Cooke. In: Advances in Mathematics 414 (2023), p. 108848.
ISSN: 0001-8708. DoOI: https://doi.org/10.1016/j.aim.2022.
108848. URL: https://www.sciencedirect.com/science/article/
pii/S000187082200665X.

Louis Crane and David Yetter. “A categorical construction of 4D
topological quantum field theories”. In: (1993), pp. 120-130. DOI:
10.1142/9789812796387_0005.

Louis Crane and David Yetter. “A categorical construction of 4d
topological quantum field theories”. In: Quantum Topology. 1993,
pp. 120-130. DOI: 10.1142/9789812796387 _0005. eprint: https:
//www.worldscientific.com/doi/pdf/10.1142/9789812796387_
0005. URL: https://www.worldscientific.com/doi/abs/10.
1142/9789812796387_0005.

Christopher L. Douglas, Christopher Schommer-Pries, and Noah
Snyder. “The balanced tensor product of module categories”. In:
Kyoto Journal of Mathematics 59.1 (2019), pp. 167-179. por:
10.1215/21562261-2018-0006. URL: https://doi.org/10.1215/
21562261-2018-0006.

Pavel Etingof, Dmitri Nikshych, and Viktor Ostrik. “On fusion cat-
egories”. In: Ann. of Math. (2) 162.2 (Mar. 2009), pp. 581-642.
ISSN: 0003-486X. DOI: https://doi.org/10.4007/annals.2005.
162.581.

Pavel Etingof et al. Tensor Categories. American Mathematical
Society, 2015.

107


https://doi.org/10.1112/s0010437x20007630
http://dx.doi.org/10.1112/S0010437X20007630
https://doi.org/https://doi.org/10.1016/j.aim.2022.108848
https://doi.org/https://doi.org/10.1016/j.aim.2022.108848
https://www.sciencedirect.com/science/article/pii/S000187082200665X
https://www.sciencedirect.com/science/article/pii/S000187082200665X
https://doi.org/10.1142/9789812796387_0005
https://doi.org/10.1142/9789812796387_0005
https://www.worldscientific.com/doi/pdf/10.1142/9789812796387_0005
https://www.worldscientific.com/doi/pdf/10.1142/9789812796387_0005
https://www.worldscientific.com/doi/pdf/10.1142/9789812796387_0005
https://www.worldscientific.com/doi/abs/10.1142/9789812796387_0005
https://www.worldscientific.com/doi/abs/10.1142/9789812796387_0005
https://doi.org/10.1215/21562261-2018-0006
https://doi.org/10.1215/21562261-2018-0006
https://doi.org/10.1215/21562261-2018-0006
https://doi.org/https://doi.org/10.4007/annals.2005.162.581
https://doi.org/https://doi.org/10.4007/annals.2005.162.581

[GS01]

[GT21]

[Guu21]

[Guu22]

[Ive]

[Kas12]

[KB10]

[Kirll]

[Kir78|

[KO01]

[KR21]

Robert E. Gompf and Andrés I. Stipsicz. 4-Manzifolds and Kirby
Calculus. Vol. 33. 1. Cambridge University Press, 2001, pp. 116-
127. 1SBN: 0-8218-0994-6.

Jin-Cheng Guu and Ying-Hong Tham. “Explicit factorization of
Drinfeld categorical center”. In: submaitted to Applied Categorical
Structures in Oct 2022 (2021). arXiv: 2111.06919 [math.QA].

Jin-Cheng Guu. “Categorical Center of Higher Genera and 4D Fac-
torization Homology”. In: (2021). arXiv: 2107.05914 [math.QA].

Jin-Cheng Guu. “Equivalence of field theories: Crane-Yetter and
the shadow”. In: submaitted to Journal of Knot Theory and Its
Ramifications tn Oct 2022 (2022). arXiv: 2206.04570 [math.ph].

Birger Iversen. Cohomology of Sheaves. Springer Berlin, Heidel-
berg. 1sBN: 3-540-16389-1. DOIL: https://doi.org/10.1007/978-3-
642-82783-9.

Christian Kassel. Quantum Groups. Springer-Verlag New York,
Inc, Oct. 2012. 1sBN: 978-1-4612-6900-7. DOI: https://doi.org/
10.1007/978-1-4612-0783-2.

Alexander Kirillov and Benjamin Balsam. “Turaev-Viro invariants
as an extended TQFT”. In: (2010). arXiv: 1004.1533 [math.GT].

Alexander Kirillov. “String-net model of Turaev-Viro invariants”.
In: (2011). por: 10.48550/arXiv. 1106 .6033. arXiv: 1106 . 6033
[math.AT].

Robion Kirby. “A Calculus for Framed Links in S3”. In: Inventiones
mathematicae 45 (1978), pp. 35-56. URL: http://eudml.org/doc/
142535.

Alexander Kirillov and Viktor Ostrik. “On g-analog of McKay corre-
spondence and ADE classification of 5A[2 conformal field theories”. In:
arXw Mathematics e-prints, math/0101219 (2001), math/0101219.
arXiv: math/0101219 [math.QA].

Mikhail Khovanov and Louis-Hadrien Robert. Foam evaluation
and Kronheimer—Mrowka theories. 2021. DOI: https://doi.org/
10.1016/j.aim.2020.107433. URL: https://www.sciencedirect.
com/science/article/pii/S0001870820304618.

108


https://arxiv.org/abs/2111.06919
https://arxiv.org/abs/2107.05914
https://arxiv.org/abs/2206.04570
https://doi.org/https://doi.org/10.1007/978-3-642-82783-9
https://doi.org/https://doi.org/10.1007/978-3-642-82783-9
https://doi.org/https://doi.org/10.1007/978-1-4612-0783-2
https://doi.org/https://doi.org/10.1007/978-1-4612-0783-2
https://arxiv.org/abs/1004.1533
https://doi.org/10.48550/arXiv.1106.6033
https://arxiv.org/abs/1106.6033
https://arxiv.org/abs/1106.6033
http://eudml.org/doc/142535
http://eudml.org/doc/142535
https://arxiv.org/abs/math/0101219
https://doi.org/https://doi.org/10.1016/j.aim.2020.107433
https://doi.org/https://doi.org/10.1016/j.aim.2020.107433
https://www.sciencedirect.com/science/article/pii/S0001870820304618
https://www.sciencedirect.com/science/article/pii/S0001870820304618

[Lic12]

[Lur09]

[LWO5]

[Mac10]

[Man06]

[Man16]

[Mat]

[Mil62]

[Mue03|

[Pac87]

W. B. Raymond Lickorish. An Introduction to Knot Theory. Springer
New York, NY, Oct. 2012. 1sBN: 978-1-4612-6869-7. DOI: https:
//doi.org/10.1007/978-1-4612-0691-0.

Jacob Lurie. “On the classification of topological field theories”. In:
Current Developments in Mathematics Volume 2008 (Oct. 2009),
pp. 129-280. URL: https://projecteuclid . org/euclid . cdm/
1254748657.

Michael A. Levin and Xiao-Gang Wen. “String-net condensation: A
physical mechanism for topological phases”. In: Phys. Rev. B 71
(4 Jan. 2005), p. 045110. por: 10.1103/PhysRevB.71.045110. URL:
https://link.aps.org/doi/10.1103/PhysRevB.71.045110.

Saunders Mac Lane. Categories for the Working Mathematician.
Springer New York, NY, Nov. 2010. 1sBN: 978-1-4419-3123-8. DOI:
https://doi.org/10.1007/978-1-4757-4721-8.

Michael A. Mandell. “Cochains and homotopy type”. In: Publi-
cations Mathématiques de l’Institut des Hautes Etudes Scien-
tifiques (2006). por: 10.1007/s10240-006-0037-6.

Ciprian Manolescu. “Lectures on the triangulation conjecture”. In:
(2016). arXiv: 1607.08163.

Sergei Matveev. Algorithmic Topology and Classification of 3-
Manafolds. Springer Berlin, Heidelberg. XII, 478. 1SBN: 978-3-662-
05102-3. DoI: https://doi.org/10.1007/978-3-662-05102-3.

John Milnor. “Topological Manifolds and Smooth Manifolds”. In:
Proc. International Congress of Mathematicians - Stockholm
(1962).

Michael Mueger. “On the structure of modular categories”. In: Pro-
ceedings of the London Mathematical Society (Sept. 2003), pp. 291
308.

U. Pachner. “Konstruktionsmethoden und das kombinatorische
Homoomorphieproblem fiir Triangulationen kompakter semilinearer
Mannigfaltigkeiten”. German. In: Abh. Math Sem. 57 (1987), pp. 69—
86.

109


https://doi.org/https://doi.org/10.1007/978-1-4612-0691-0
https://doi.org/https://doi.org/10.1007/978-1-4612-0691-0
https://projecteuclid.org/euclid.cdm/1254748657
https://projecteuclid.org/euclid.cdm/1254748657
https://doi.org/10.1103/PhysRevB.71.045110
https://link.aps.org/doi/10.1103/PhysRevB.71.045110
https://doi.org/https://doi.org/10.1007/978-1-4757-4721-8
https://doi.org/10.1007/s10240-006-0037-6
https://arxiv.org/abs/1607.08163
https://doi.org/https://doi.org/10.1007/978-3-662-05102-3

[Pen71]

[Res90]

[Reu20]

[RS72]

[Sco05]
[Thal9]

[Tha21]

[Tha22]

[Turl10]

[Tur91]
[TV92]

Roger Penrose. “Angular Momentum: an Approach to Combinato-
rial Space-Time”. In: Living Reviews in Relativity
http://www.livingreviews. org/lrr-2008-5 Carlo Rovelli. Univer-
sity Press, 1971, pp. 151-180.

N. Yu. Reshetikhin. “Ribbon graphs and their invariants derived
from quantum groups”. In: Comm. Math. Phys. 127.1 (1990), pp. 1-
26. 13sN: 0010-3616.

David Reutter. Semisimple 4-dimensional topological field the-
ories cannot detect exotic smooth structure. Jan. 2020. arXiv:
2001.02288 [math.GT].

C. P. Rourke and B. J. Sanderson. Introduction to Piecewise-
Linear Topology. Springer-Verlag New York Heidelberg Berlin, 1972.
ISBN: 0-387-05800-1.

Alexandru Scorpan. The Wild World of 4-Manifolds. 2005. 614
pp.

Ying Hong Tham. “The Elliptic Drinfeld Center of a Premodular
Category”. In: arXww:2019.09511 (2019).

Ying Hong Tham. “On the Category of Boundary Values in the
Extended Crane-Yetter TQFT”. Ph.D. thesis. 2021. arXiv: 2108.
13467 [math.QA].

Ying Hong Tham. “Reduced tensor product on the Drinfeld center”.
In: Journal of Algebra 608 (2022), pp. 573-616. 1SsN: 0021-8693.
DOIL: https://doi.org/10.1016/j . jalgebra.2022.05. 031.
URL: https://www.sciencedirect.com/science/article/pii/
50021869322002824.

Vladimir G. Turaev. Quantum Invariants of Knots and 3-Manaifolds.
De Gruyter, 2010. 1sBN: 978-3-11-022183-1.

Vladimir G. Turaev. “Topology of Shadows”. In: (1991).

V.G. Turaev and O.Y. Viro. “State sum invariants of 3-manifolds
and quantum 6j-symbols”. In: Topology 31.4 (1992), pp. 865-902.
ISSN: 0040-9383. DOI: https://doi.org/10.1016/0040-9383(92)
90015-A. URL: https://www.sciencedirect.com/science/article/
pii/004093839290015A.

110


https://arxiv.org/abs/2001.02288
https://arxiv.org/abs/2108.13467
https://arxiv.org/abs/2108.13467
https://doi.org/https://doi.org/10.1016/j.jalgebra.2022.05.031
https://www.sciencedirect.com/science/article/pii/S0021869322002824
https://www.sciencedirect.com/science/article/pii/S0021869322002824
https://doi.org/https://doi.org/10.1016/0040-9383(92)90015-A
https://doi.org/https://doi.org/10.1016/0040-9383(92)90015-A
https://www.sciencedirect.com/science/article/pii/004093839290015A
https://www.sciencedirect.com/science/article/pii/004093839290015A

[Wall5]

[Wal21]

[Was19]

[WW12]

Kevin Walker. How are the Walker-Wang TQFT and the Crane-
Yetter TQFT related? https://mathoverflow.net /users/284/kevin-
walker. Jan. 2015. URL: https://mathoverflow.net/q/194633.

Kevin Walker. A unwversal state sum. 2021. arXiv: 2104 . 02101
[math.QA].

Thomas A. Wasserman. “The Reduced Tensor Product of Braided
Tensor Categories Containing a Symmetric Fusion Category”. In:
(2019). arXiv: 1910.13562 [math.QA].

Kevin Walker and Zhenghan Wang. “(3+1)-TQFTs and topological
insulators”. In: Frontiers of Physics (2012). DOI: 10.1007/s11467-
011-0194-z. URL: https://doi.org/10.1007/s11467-011-0194-
z.

Compiled Time: [2023-05-0219:50:08]

111


https://mathoverflow.net/q/194633
https://arxiv.org/abs/2104.02101
https://arxiv.org/abs/2104.02101
https://arxiv.org/abs/1910.13562
https://doi.org/10.1007/s11467-011-0194-z
https://doi.org/10.1007/s11467-011-0194-z
https://doi.org/10.1007/s11467-011-0194-z
https://doi.org/10.1007/s11467-011-0194-z

	Acknowledgements
	Introduction
	Invariants as data representations
	TQFTs as higher invariants
	The Crane-Yetter TQFT
	Summary of each section

	Preliminaries
	Algebra
	Premodular categories
	Examples
	Graphical calculus
	Coordinates
	6j-symbols, 10j-symbols, and 15j-symbols

	Topology
	4-manifolds
	Triangulations
	Handle decompositions

	Crane-Yetter state sum

	Crane-Yetter Theory and Turaev Shadow
	Introduction
	Turaev shadows
	Shadow state sum
	Main result: equivalence of state sums

	Categorical Center of Higher Genera
	Overview
	Previous work of CY in (co)dimension two
	Main result: CY Z
	Summary of each subsection

	Topological theory
	String nets
	Crane-Yetter theory in dimension two (CY)
	A presentation of surfaces (-construction)

	Algebraic theory
	Motivation: Drinfeld categorical center
	Categorical center of higher genera (Z)
	Properties of Z
	Connecting functors
	Ambidextrous adjunction
	Z is finite semisimple abelian


	Proof of the main theorem
	Strategy
	Proof
	Reducing topological data
	topology  algebra
	topology  algebra
	topology  algebra


	Outlooks and Remarks

	Explicit Factorization of Categorical Center
	Introduction
	Main Result
	Functor: G
	Transformation: b, d, p, q
	F G F
	C modular  G is an inverse of F

	Discussion & Prospect

	Appendix
	Abelian categories
	Semisimple categories
	Tensor categories
	Adjunctions as monads
	Misc proofs

	Bibliography

