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Abstract of the Dissertation

Laminations of chaotic and Newhouse dynamics

by

Zhuang Tao

Doctor of Philosophy

n

Mathematics

Stony Brook University

2022

In one-dimensional dynamics, there are quadratic unimodal maps where the orbit of the
critical point has a rate of expansion, the so-called ” Collet-Eckmann Condition”. For maps
with the Collet-Eckmann Condition, we cannot find any periodic attractors. In holomorphic
dynamics of higher dimensions, the situation is completely different. In particular, in the
thesis, we study holomorphic systems of arbitrary dimensions. In the dissipative family of
such systems, we are able to construct a ”Collet-Eckmann Lamination” in the parameter
space. Fach leaf of this lamination is of codimension-1 and each map in the leaf has a critical
point with expanding directions and its orbits have chaotic properties. The topological
classes of the w-limit set of the critical point are stable along each leaf of the lamination.
We also observe the Newhouse Phenomenon in this lamination. In particular, there are
maps in the lamination which have a critical point with Collet-Eckmann condition and have
the coexistence of infinitely many periodic sinks. Moreover, the union of periodic sinks
accumulates at the w-limit set of the critical point. In the parameter space, we can also find
leafs in Collet-Eckmann Lamination where a generic point has the Newhouse Phenomenon.

The closure of the Newhouse points is the same as the closure of the whole lamination.
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Chapter 1

Introduction

One of the purposes of science is to understand the law of the world. The main theoretical
tools for scientists to do so are through modelings using mathematics. We may build up
differential equations for continuous time models or recursive relations for discrete time

models, which abstractly, can be written as

dX (1)
= = F(X(),1) (1.0.1)
Yo = G (Yo, n) (1.0.2)

for continuous time ¢ or discrete time n respectively, where X (¢) and Y,, are points in some
appropriate spaces with finite or infinite dimensions, F' and GG are maps with certain regularity.

Now suppose we get the right model for our target object, and suppose we know how
to solve our equation for any given initial state, can we predict the motion of the target
object in a certain amount of time in practice? For example, in physics, in order to know the
orbit of a planet, physicists came up with a system of differential equations using Newton’s
mechanics to describe the motion of a group of celestial objects interacting with each other
gravitationally, which is called the N—body problem. For N = 2, the two body problem is
completely understood. The two planets are either trapped in elliptical orbits that share a

focus at the center of mass, or they escape along hyperbolic orbits. They will also be confined



to a two dimensional Euclidean plane in the three dimensional Euclidean space due to the
conservation of angular momentum.

But when N > 3, things are much more complicated. In the striking work of Henri
Poincaré [Poi90], he found that in some cases of the 3-body problem, the trajectory of objects
will be extremely sensitivity to initial conditions, which we know today as chaos. In these
situations, when the initial condition was perturbed a little bit, the resulting trajectories
will change dramatically after a certain time. So in such a system, even the system itself is
deterministic, due to the inevitable existence of errors in the observation of initial state, it is
impossible to predict the state when time is longer than some finite number. Chaos theory
was summarized by Edward Lorenz, who introduced the famous Lorenz system in [Lor63], as:
Chaos: When the present determines the future, but the approximate present does not

approximately determine the future.

The following old proverb may describe the chaotic system metaphorically:

For want of a nail the shoe was lost.
For want of a shoe the horse was lost.
For want of a horse the rider was lost.

For want of a rider the message was lost.
For want of a message the battle was lost.
For want of a battle the kingdom was lost.

And all for the want of a horseshoe nail.

In the dynamical point of view, we can give an explanation like the following:

A small change of the initial states (”Lack of a nail”) will lead to a dramatic change of the
state in the long run (”Losing a battle”). For an introduction to mathematical theory of
chaos, we refer to the textbooks written by Devaney [Dev89] and Guckenheimer& Holmes

[GHS3).



So we now know for chaotic systems, one problem of such system is the unpredictability
of long time future in practice as the inevitable existence of errors in the observation of
initial state. The other problem for chaotic systems in practice is the inevitable existence
of modelling errors. In practise, when people build up a model, it may often come up with
using many parameters or using some assumptions and approximations. The errors in the
observation of parameters or the error occurs during the assumptions and approximations
contribute to the error of the model. So it is also very important to know the robustness
of the dynamical features we got for the model in practice, which means these dynamical
features are the equivalent for any small perturbations of the model. This leads us to consider
the stability of the system itself. There are many versions of definitions of such kind of
stability, the strongest version of stability conditions is the structural stability introduced by
Andronov and Pontryagin |[AP37|. In discrete dynamical systems, this notion can be defined
as follows.

Let M be a manifold and f : M — M be a diffeomorphism on M as the dynamical system.
Let & be the class of diffeomorphisms of certain regularity, which can be C"(r > 1), C* or
holomorphic. We say f is G-structurally stable if for any small enough perturbation g of f in
the class G, there exist a homeomorphism h of M, such that ho f = goh holds for all points
in M. From this definition we can see that for any point x € M, the orbit of z under f can
be mapped one-to-one to the orbit of h(z) under g through the homeomorphism h. In other
words, the two systems are the same up to change of coordinates. If we change restrict the
conjugation equation of f and g to holding on subsets of M with certain dynamical meanings
such as the non-wandering set of a map, then we can get weaker versions of stabilities.

There are two aspects of understanding the structurally stable systems, one is to understand
the orbital structures of the structurally stable systems, and the other is to understand the
density of structurally stable systems among all dynamical systems in a given regularity
class, measure-theoretically or topologically. Uniform hyperbolicity is observed to give a way

to describe the two aspects. In discrete dynamical systems, uniform hyperbolicity can be



defined as follows.
Let a M be a manifold and f : M — M a C'-diffeomorphism. A compact f-invariant
subset I' C M is uniformly hyperbolic if the restriction of the tangent bundle T'M to I splits

into two continuous invariant subbundles:
TM|r=FE°® E" (1.0.3)

and E* being uniformly contracted and E* being uniformly expanded. Given a hyperbolic

compact set A, for every p € A, the sets

n—-+00

W (p) = { e M: lim d(f"(), f* () = o},

W) = {¢ € M < Tim_d("(p). 1" () =0}
are called the stable and unstable manifolds of p. By invariant manifold theorems, they are
immersed manifolds tangent at p to respectively E*(p) and E*(p). There are many studies of
structural stability, hyperbolic dynamical systems and their relationships. For a mathematical
treatment of these topics, we refer to the textbook written by Shub [Shu87] and also the
comprehensive introduction to modern dynamical systems written by Katok and Hasselblatt

[KH95]. We also refer to a very good lecture by Berger |Ber18| summarizing recent progress

on structural stability. Here we cite one classical result:

Theorem 1.0.1. (Anosov [Ano67], proof by Moser [Mos69]) A uniformly hyperbolic compact

set A for a C'-diffeomorphisms is structurally stable.

The main conjecture on structural stability is the Palis-Smale stability conjecture [PS70]:

Palis-Smale stability conjecture. A C*(or C*, s > k) diffeomorphism is C* structurally
stable if and only if it satisfies Axiom A and the transversality condition.

We now give the definition of Axiom A and strong transversality condition. Here the
Axiom A is related to the hyperbolicity. Indeed, a diffeomorphism f is called Axiom A if the
following conditions holds:

(1) The non-wandering set, Q(f), is a compact hyperbolic set;

4



(2) The set of periodic points of f is dense in Q(f).

Where the non-wandering set Q(f) is defined as
Q(f) := {x| for all open U > z , there exists N such that f¥(U)NU # 0} (1.0.4)

And for an Axiom A diffeomorphism f, we say it satisfies the transversality condition if
the stable and unstable manifolds of any two points in Q(f) are in general position. The
transversality condition is an important, as it can be shown that, the breaking of transversality
condition will make the system away from structural stability.

Here we want to emphasis one special cases, which is the homoclinic orbits. For a
hyperbolic fixed point p, ¢ is a homoclinic point if ¢ is inside the intersection of the unstable

and stable manifold of p, in other words, we have

lim f'(q) = p. (1.0.5)

t—+o0

We can classify homoclinic points into two categories by transversality condition: If the stable
and unstable manifolds of p are transversal at intersection point ¢, then this intersection
point is called transverse homoclinic point. Otherwise we call it homoclinic tangency point.
The homoclinic point was firstly introduced by Henri Poincaré [Poi90] during the treatment
of 3-body problem. The Horseshoe map, introduced by Stephen Smale [Sma67], plays an
important role in understanding the dynamics near a transverse homoclinic point. The
Horseshoe map is a a topological model with a very simple symbolic dynamics description
and it is the first example of a structurally stable diffeomorphism with an infinite number of

periodic points [Sma63]. And using this tool, we have the following theorem [Sma65|:

Theorem 1.0.2. Suppose x is a transversal homoclinic point of f € Diff(M). Then there
is a Cantor set A C M,z € A, and m € Z*such that f™(A) = A and f™ restricted to A is

topologically a shift automorphism.

The chaotic behavior around such maps are actually theoretically known, and it is an

example of the so called "Hyperbolic attractors”.



But unfortunately, we don’t have such beautiful and simple description for dynamics
around homoclinic tangency points. And it is beyond the context of classical uniform
hyperbolic systems. We need more math around it. Palis gave a conjecture around it in
[Pal00] (Conjecture II):

Palis Conjecture. In any dimension, the diffeomorphisms exhibiting either a homoclinic
tangency or a (finite) cycle of hyperbolic periodic orbits with different stable dimensions
(heterodimensional cycles) are C” dense in the complement of the closure of the hyperbolic
ones, r > 1.

Pujals and Sambarino [PS00] have provided a positive solution to the conjecture for
surface diffeomorphisms and r = 1. In the dissertation, we are interested in the holomorphic
case. More concretely, we will focus on the bifurcation of dynamical systems with quadratic
homoclinic tangency associated to a hyperbolic periodic cycle.

There are many interesting dynamical phenomenons around bifurcation of homoclinic
tangencies. Two important properties are of our special interest, the Collet-Eckmann
Condition and the Newhouse phenomenon. We start with discussing the Collet-Eckmann
Condition first.

For expanding maps on an bounded interval(it is an example of hyperbolic systems), we
can find an invariant probability measure which is absolutely continuous with respect to the
Lebesgue measure. The expansiveness plays an important role in the proof. But if we are class
of unimodal maps (an example of such families are the quadratic family:f.(z) = 2* + ¢,c €
[—2, }L]), because the existence of the critical point, there are no universal expansion. Hence
such an invariant measure absolutely continuous with respect to the Lebesgue measure may
not exist for all the unimodal maps. Collet and Eckmann [CES83| firstly introduced an weak
condition, now called The Collet-Eckmann Condition, on the growth rate of post-critical point
to guarantee the existence of invariant probability measures which is absolutely continuous

with respect to the Lebesgue measure. Let ¢ be the critical point of a unimodal map f, then



the Collet-Eckmann Condition can be defined as:
|IDf"(f(c))| = KA, for all n > 0, (1.0.6)

where K > 0 and A\ > 1 are constants. The maps with Collet-Eckmann Condition have shared
many fine properties with the classical hyperbolic systems: exponential decay of correlations,
the central limit and large deviations theorems, good spectral properties and zeta functions,
see [KN92|, [You92| for details.

For unimodal C! maps on an compact interval satisfying the Collet-Eckmann condition
together with some other technical conditions, they showed the existence of invariant proba-
bility measures which is absolutely continuous with respect to the Lebesgue measure. Many
papers later have addressed this question, e.g. Nowicki and van Strien |[NS8§|, Benedicks and
Carleson [BC85] and Tsujii [Tsu93]. For interested readers, we refer the classical textbook
[MS93] for detailed treatment. One may ask whether the Collet-Eckmann condition a typical
condition among certain family of maps. The answer is actually yes.

As having the absolutely continuous invariant measure can be viewed as the ”stochastic”
property, Lyubich has shown in [Lyu02| that almost every real quadratic map is either
regular or stochastic. A quadratic map P, : x + x? + ¢ is called regular if it has an
attracting cycle. In this case, the attracting cycle is unique and attracts almost all orbits
[Sin78],|Guc79]. It is called stochastic if it has an absolutely continuous invariant measure.
In this case the measure is unique, weakly Bernoulli, and almost all orbits are asymptotically
equidistributed with respect to it [Led81], [BL91|. Furthermore, in the works of the Avila
and Moreira [AMO05],][AMO03], the statistical properties of quadratic family or S-unimodal
maps are analyzed, they showed a dichotomy of regular and stochastic behaviors of maps,
roughly speaking, there exist a full measure subset in stochastic parameters of the family
satisfying the Collet-Eckmann condition.

The Collet-Eckmann condition is also considered in holomorphic dynamics, many papers

have considered the properties of rational Collet-Eckmann maps over Riemann spheres, e.g.,



Przytycki [Prz98], Graczyk and Smirnov [GS98|, Magnus[Asp04], Astorg, Gauthier, Mihalache
and Vigny [Ast+19).

For dynamical systems of dimensions greater than 1, one notable usage of the Collet-
Eckmann condition is the the celebrated work of Benedicks and Carleson [BC91] on the the
dynamics of the Hénon map. They have shown in the following celebrated theorem for the

real Hénon family T : (z,y) — (1 +y — ax?, bx):

Theorem 1.0.3. (Benedicks, Carleson) Let W be the unstable manifold of T at its fized
point in x,y > 0. Then for all ¢ <log2 there is a by > 0 such that for all b € (0,by) there is

a set E(b) of positive one-dimensional Lebesgue measure such that for all a € E(b) :

(i) There is an open set U = U(a,b) such that for all z € U,
dist (T%(z), W) =0 asv — o0

(ii) There is a point zy = zy(a,b) € W* such that
(a) {T" (z0)},—, is dense in W";
(b) |DT” (20) (0, )] = e

In Theorem [1.0.3] property (iz)(b) is also called the Collet-Eckmann condition. There
are many great studies following Benedicks and Carleson’s methods, e.g., Mora and Viana
[MV93], Wang and Young [WYO01],[WY08], Viana and Lutstsatto [VLO03|, Takahasi [Tak11].

And in this dissertation, we will define the Collet-Eckmann condition in similar manner.

Another property which is of our interest is the celebrated Newhouse phenomenon |[New74],
which is, roughly speaking, the existence of maps with coexisting infinitely many sinks, plays
an important role in the theory of non-hyperbolic dynamical systems. Many theorems and
conjectures are related to this phenomenon. The classical theory makes inductively use of
the idea of persistent tangencies and a deep analysis of intersections of Cantor sets. Then
we can prove that for certain class of diffeomorphisms some manifold M, there exist a

open subset which consist of diffeomorphisms with persistent tangencies and therefore, a
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generic diffeomorphism in this open subset would carry infinitely many sinks. For a detailed
explanation about this topic, we refer the classical textbook [PT93|. Recently in the work of
Berger |[Ber16|, the author introduced the notion of C?—paratangency and parablender to

prove that the following theorem:

Theorem 1.0.4. (Berger) For alloo >r >d >0 oroco >r=d>2, forallk >0, we
have the following:

(1) If M is a compact surface, then there exists an open set U in C (Rk, C"(M, M)) and
a Baire residual set R in U so that for every (f.), € R, for every |a| < 1, the map f, has
infinitely many sinks.

(2) If n > 3, then there exists an open set U in C (R*, Diff "(M, M)) and a Baire residual
set R in U so that for every (f,), € R, for every |a| < 1, the map f, has infinitely many

sinks.

For Newhouse Phenomenon in the dynamical systems of several complex variables, it was
firstly constructed in the work of Buzzard [Buz97| and Gavosto [Gav98| for polynomial maps
with high degree. Recently, Biebler [Bie20] have constructed a residual set in the space of
automorphisms of low degree in C3 which consist of parameters satisfying the Newhouse
phenomenon. For polynomial automorphisms of C?, Dujardin and Lyubich [DL15| have
certified a holomorphic version of Palis conjecture [Pal00] by showing that for a family of
dissipative polynomial automorphisms of C2, the set of parameters satisfying either locally
weakly J*-stable condition or Newhouse phenomenons is dense in the parameter space.

There are many great articles around all the subjects we have mentioned above. We

apologize if there are any missing of references and citations.

1.1 Methodology and Statement of main theorems

Recently, Benedicks, Martens and Palmisano in [BMP18§] started to study the stability of

the Newhouse phenomenon arsing from unfoldings of homoclinic tangencies for dissipative



C® real maps. They are able to prove that there are codimension 2 laminations, named as
”"Newhouse Laminations”,in the parameter space consisting of maps with infinitely many
sinks . And the sinks moves smoothly along the leaves of the lamination. And based on
their result, Martens, Palmisano and I in [MPT20] have extended the result to polynomial
self-maps on C?. The analysis in the two works are all based on real analysis and there are
some obstructions to extend the result into holomorphic settings.

In this dissertation, we are able to extend the results to dynamical systems in several
complex variables. Both the parameter space and the phase space will be holomorphic in this
dissertation. We follow the same combinatorics aspects of dynamics as [BMP18]and [MPT20],
but we reconstruct everything using purely tools from complex analysis. In this way, we are
able to give a better geometrical picture and can be applied for future developments.

Besides, following the ideas from Benedicks and Carleson [BC91|, we also study the
stability of the Collet-Eckmann condition. After showing there is a complex codimension-1
lamination in the parameter space of maps with the Collet-Eckmann condition, we are able
to find a dense subset of the lamination of maps with Newhouse phenomenon. This subset
can be viewed as the extension of the real Newhouse Laminations constructed in Benedicks,
Martens and Palmisano in [BMP18] to the holomorphic setting.

This dissertation is mostly self-contained. After reviewing some basic tools from complex
analysis, all the theorems and lemmas are proved in the dissertation.

In the dissertation, we restrict ourselves in family of dynamical systems with unfoldings
of strong homoclinic tangency. We have define the notion of strong homoclinic tangency and
the unfolding of it in Section 2.4.

Now we give a definition of the Collet-Eckmann condition in our setting. Before give the
actual definition, we need to define the meaning of critical point in our setting, which we
named as a ”quasi-critical point”. It is given in section 2.5, see definition [2.5.1] Figure[1.1
gives a model illustration of ”quasi-critical point” in the real slice.

Then we can give the definition of Collet-Eckmann condition.

10



Wioe(s4)

Wine(s3)

Figure 1.1: Model picture of ”quasi-critical point” in the real slice

Definition 1.1.1. We say a dynamical system F': M — M satisfies the Collet-Eckmann
condition if the following holds:

There exist constants K,p > 1, a point ¢ € M which is a quasi-critical point of F' and a
vector V' of unit length in the tangent space of M at ¢, such that the following holds for every
positive integer n:

IDF"(c)(V)] > K - p". (1.1.1)

Our main results on around the Collet-Eckmann condition is the followings:
Theorem A. Let M, P be complex manifolds with dim(M) > 2 and dim(P) > 3. Let
F:P x M — M be a holomorphic family of unfolding of a map with a strong homoclinic
tangency. Then we have the following results:

There exist a codimension 1 lamination in P, denoted as €&, satisfies the following:

11



(1) €€ has unaccountably many leafs. All the leafs in the lamination €& can be viewed as
graphs over a fixed domain with uniform radius.

(2) For any parameter t inside €€, there exist a quasi-critical point ¢(t) € M and a vector
V (t) of unit length in the tangent space of M at ¢(t), such that F} satisfy the Collet-Eckmann

condition at ¢(t) in the direction V() for some K, p > 1 uniformly, i.e.,
[DE (c()(V (1) > K - p". (1.1.2)

(3) ¢(t) and V() persist along each leave of the lamination holomorphically. Also, the
combinatorics of ¢(t) under the map F', which is given by the kneading sequence (see remark
6.2.3), will be constant along the leaves. On the contrary, different leaves will have different
kneading sequences.

(4) The closure of €€ is a lamination. Furthermore, the transversal sections of the lamination
€€ are cantor sets, i.e., totally disconnected perfect sets.

(5) The w-limit set of c¢(t), w(c(t)), forms a cantor set. c¢(t) is a recurrent point, i.e.,

c(t) € w(e(t)).

Remark 1.1.1. Let t be a parameter in a leaf L of the lamination €&, we emphasize that
w(c(t)) is not stable in the parameter space in the following sense. For any complex embedded
disc U in the parameter space centering at ¢ with small radius, and transversal to the leaf
L at t. We may holomorphically extend c(t) to ¢ € U, but ¢(t') will no longer satisfies
the Collet-Eckmann condition and w(c(t)) will no longer conjugate to the w(c(t')) for any

t' € U,t' # t. In particular, w(c(t)) is is not hyperbolic for every ¢ € L.

For the Newhouse Phenomenon, we have the following theorem:
Theorem B. With the same assumptions in Theorem A, there exist a set 91 inside €&,
such that there exists infinitely many sinks for maps with parameter in 91$. And 91$) has

following properties:
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(1) The closure of 91 is the same as the closure of €€, i.e.,
NH = ¢¢ (1.1.3)

(2) There exist leaves in €€, such that the intersection of 91$) with that leaf are dense in the
leaf.
(3) Let 0 € M9, then there exists sequence of sinks {Pél)} with strictly increasing periods,

such that the following holds:

w(c(o)) = U 0P\ U, O(PY), (1.1.4)

[

where O(PC(,I)) denotes the orbit of the sink.

1.2 Further Discussions and Questions

Let L be a leaf in the lamination €€, for any ¢ € €€, by Remark [1.1.1] we know that w(c(t))
is not stable in the transversal direction of the leaf L. But we may investigate the stability
behavior of w(c(t)) when ¢ moves along the leaf L. The starting point is the Theorem A(2),
c(t) will have the same kneading sequence when ¢ moves along the leaf L. And we make a
conjecture on this subject as follows:
Conjecture. For two parameters t; o € L, we have that w(c(t1)) is conjugated to w(c(ts)).
If it is true, compared with the definition of structural stability, we may say that F' is
w(c(t))-stable along the leaf L. This gives a very weak version of stability.

The conjecture is not proved in the dissertation. But the reason why we think it is true is
the following:

Suppose t; is a parameter on a leaf L of lamination €& where there exist a sink. By
section 4, we can find a box in the phase space such that its return map is a Hénon-like map
with image completely inside it. Then when we perturbing the ¢y along the leaf, the relative

position of the box with the image of the same iteration of maps will change continuously
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to other possibilities. Figure shows some of the relative position in the real slice of the

phase space. We call it a Hénon renormalization region for cases (b) — (e).

(0 (b (e

(a1
| —
©

Figure 1.2: Relative position of the box with the image in the real slice. (a) is the case when
they do not intersect, (c) is the case of sink, (b) — (e) are the cases when they intersect with
each other.

Now we want to see the corresponding regions of the Hénon renormalization region in the
parameter space. We specify the parameter space to the one using (i, A, a) as coordinates,
where a is the unfolding parameter, u is the only unstable eigenvalue of the differential of our
map at the associated hyperbolic fixed point p, A is the unique largest stable eigenvalue of the
differential of our map at p (See section 2.4 for details). Then the a axis is transversal to the
lamination €&. And we can actually find 2 strips in the (u, A\)—plane, while the strip, named

as Hénon strip, H are made of the parameters such that the box intersect with the image of
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return map (cases (b) — (e) in Figure [1.2)), while a sink strip contained in H consisting of
parameters with sinks what got by continuation of the sink at ¢ (case (¢) in Figure . See
Figure for the picture in the real slice of (u, A) plane. So if parameter ¢ walk through this

Hénon strip H, a sink will be created and disappeared in the phase space. For a parameter

Figure 1.3: Model picture of H and sink strip in the real slice of (u, A) plane.

t1 in 919, there are infinitely many Hénon strips { H;} and corresponding sink strips. Their
intersections will contain the point ¢;. See Figure [1.4] for an illustration in the real slices of
(i, A) plane. When t is a parameter on leaf L with Newhouse phenomenon, we may have an
illustrative picture (figure . If we are on the leaf with dense subset of Newhouse points
as Theorem B, part (2), we can see that there exist an collection of countably many Hénon
strips, such that they concentrate on the dense subset of Newhouse points in the leaf. What
we can prove is that the complement of all the Hénon strips in the leaf will have positive
measure for every leaf in the lamination €€&.

But surprisingly, by the construction of the ¢(t) for ¢t € L, we can see that w(c(t)) will

never enter any of the Hénon renormalization regions. Thus we can see that all the Hénon
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Figure 1.4: Model picture of intersection of Hénon strips at a Newhouse point ¢ in the real
slice of (i, A) plane.

strips in the parameter space will not affect the structure of w(c(t)).

When ¢ moves along the leaf, the Hénon renormalization regions actually will change
dramatically as figure [1.2] indicates, the birth and death of sinks can be viewed as a form of
topological instability. Furthermore, when ¢ is a Newhouse parameter, by part (3) of Theorem
B, we can see that w(c(t)) and the union of orbits of the sinks have a close relationship: they
share the same boundary! So if the conjecture holds, then in the neighborhood of the cantor
set w(c(t)), we can split it into two regions, a ”Stablity” region and a ”Instablilty” region.
The ”Stablity” region is w(c(t)), while the ”Instablilty” region consists of unions of all Hénon
renormalization regions.

The two ingredients in our discussion, the limit set of a point with Collet-Eckmann
condition and the regions creating the Hénon renormalization (and corresponding little Hénon
strips in the parameter space), also have appeared in Benedicks-Carleson’s work [BC91| on
real Hénon maps. Thus we may also ask whether there is a form of stability conditions

applies to Benedicks-Carleson’s situation. Notice that even though the Hénon renormalization
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Figure 1.5: Relative position of w(c(t)) and basins of sinks for a Newhouse parameter ¢

regions will not affect w(c(t)) in our case, but it will play an role in substantially in Benedicks-
Carleson’s situation, as the transitivity of the Collet-Eckmann point in the strange attractor.
So we need to exclude the potentially affecting Hénon strips in order to get a stability
condition, and we expect the set left after these procedures remain positive measure. So we
end our discussion with the following question:

Question. In theorem [I.0.3] for a real Hénon family T, is there an submanifold P in the
parameter space such that the Collet-Eckmann point z; move analytically with the same
kneading sequence? If so, is there a subset in P with positive Lebesgue measure (of P), such

that the resulting strange attractor persist analytically along P with same combinatorics?
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Chapter 2

Preliminaries

2.1 Univalent functions and an Univalency Criteria

A domain in the complex plane C is an nonempty open connected subset. Let E be a domain
in C, a holomorphic function f : E — C will be called a univalent function if it is injective.

The following is a criteria for univalency, the proof can be found in [Pom92|.

Proposition 2.1.1. Let f be non-constant and analytic in the domain H C C and let G be

the inner domain of the Jordan curve J.If
f(z) =»J as z— OH,

then f(H) = G. If furthermore f assumes in H some value in G only once (with multiplicity

1) then f is injective and H is simply connected.

For univalent map, we have following distortion estimations, we refer to [McM94] and

[FMOS] for details.

Theorem 2.1.2. Let D C U C C be bounded domains with Mod(D,U) > m > 0. Let
f:U — C be a univalent map. Then there is a constant C(m) such that for any x,y and z
i D, the following holds:

1 W - 1e

Gy V)] < = < Cm) I @)
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2.2 Polynomial-like maps and its perturbations

Following Douady-Hubbard[DH85], we have the definition of polynomial-like maps:

Definition 2.2.1. A Polynomial-like map of degree d is a triple (U, U’, f) where U and U’
are open subsets of C isomorphic to discs, with U’ relatively compact in U, and [ : U — U

a holomorphic mapping, proper of degree d. If d = 2, we call it a Quadratic-like map.

Now we prove a proposition about perturbation of proper maps of a given degree in the
complex plane. First we give a technical lemma. Denote A be the unit disc in the complex

plane C.

Lemma 2.2.1. (1) Let d > 2 be a positive integer, then there exists positive constants
Ry = /55 € (0,1), eq = 7%(y/51)" € (0,1) only depending on d and a increasing
analytic function My : [0, eq) — [0, Rq] such that the following holds:

for any € € (0,¢4), any holomorphic map f: A — A and any number u € C with |u| = 1,
define g(z) = uz® + ef(2) a holomorphic function on A, let A, be the disc centered at origin

with radius r. Then g : A, — C has d — 1 critical points counting with multiplicities when

r € (My(e), Ry). Furthermore, we have
My(e) < ea1. (2.2.1)

(2) When d = 2, for any € € (0,e2) and o € (0,1), let t*(=2) € (0,1) be the unique

solution of the following equation in (0,1):

11—«

(1—1%)? = t. (2.2.2)

€
t*(1=2) is analytic function depending on *=. Then for any t € (t*(=2),1), we have the
following:
Let f : A — A be a holomorphic map with t < |f(z)] < 1 for z € A, u a complex
number with modulus 1. Consider the function g(z) = uz® + e¢f(z) on A. Then for any

r e (My(e(1 —1t%),Ry), g : A, — C has unique critical point. Denote the corresponding
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critical value as v(g). Then we have the following lower-bound estimation:

lv(g)| > ate. (2.2.3)

Proof. 1t suffice to prove the lemma for © = 1 in both parts.
(1) Since ¢'(2) = dz%' + ef'(z). By Rouché’s theorem, ¢'(z) will have d — 1 zeros(counting

with multiplicities) in the disc A, = {z||z] < r} if the following inequality holds:
elf'(2)| < d|z|* (2.2.4)

on the circle S, = {z||z| = r}. By Schwarz—Pick theorem, we have

IO

L—[z2 = 1=z

[f'(2)] <

Thus, inequality (2.2.4]) will hold on S, if we have

€

—3 < drt=? (2.2.5)
- T

Thus we consider the real function H(r) : (0,1) — R defined by
H(r) = dr?™" — dr*t

Then we have

d—1
Hl — d d 1 d—2 - = 2
(r) = dd+ )r (2 )
Thus when 7 € (0, 4/ %), H'(r) > 0, implying H (r) is strictly increasing on (0, %), hence

eq = H(y/=1) = 24(,/4=1)=1 and My(e) = H'(e)

d+1 d+1 d+1

invertible. Thus denote Ry = /4=t

d+1’

on [0,¢€4]. Then when € € (0,¢4), for any r € (My(€), Rq), inequality (2.2.4) holds, hence g(z)
will have d — 1 critical points counting with multiplicities on A,. For the last inequality, one

can check when r € (0, \/Z:Jj), we have
H(r) > r "
Taking inverse function on the both side, we have
r> H ' (rd .
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Thus we have

This proves the part (1).
(2) Following the same method of part (1), we have ¢'(z) = 2z +¢€f’(z). By Rouché’s theorem,

¢'(z) will have 1 zero (counting with multiplicities) in the disc A, if the following inequality

holds:

elf'(z)| <2r (2.2.6)

on the circle 5, = {z||z] = r}. But now by Schwarz—Pick theorem and the assumption
t <|f(2)|] <1, we have
L )P 1
()] < < .
Thus inequality (2.2.6) will hold on S, if we have

e(1 —1?)
1—1r2

< 2r. (2.2.7)
By previous discussion in part (1), it is equivalent to the following:
r > My(e(1 —t%)).

Thus for any r € (My(e(1—1?)), Rq), g : A, — C has unique critical point. Next we consider

the estimation on |v(g)|. Since g(z) = 2% + €f(z), we have
[v(g)| > et —r*

for any r € (My(e(1 — t?)), Rg). Take a sequence r; € (Ma(e(1 — t?)), Ry) with limr; =
My (e(1 — t?)), passing to the limit and use the inequality (2.2.1)), we have

[v(g)] > et — (Ma(e(1 - t%)))*

> et — (e(1 — t?))?



When t € (¢*(1=2),1), we have

l—«

(1—1*)?* < t.

€

Combining the two inequalities together, we have

[v(g)] > e[l = £(1 = )’

11—«

S —
/

€

= et

which finish the proof. n

Remark 2.2.2. Above lemma focus on the behaviors of critical points and values under small
perturbations. For the perturbation of zeros of analytic functions, we refer to [Ros69a] and

[Ros69b].

Proposition 2.2.3. Let U, U’ C C be two bounded simply connected domains and f : U' — U
be a holomorphic proper surjective map of degree d, d > 1. Denote all the critical points of f
by wy, -+ ,wq_1. Suppose there exists a simply connected domain T C U such that T contains
all the critical value of f, we choose a small enough number 6 with 0 < 6 < d(T,C —"U). If
d > 2, we also require the following:

For any w;, T contains D(f(w;),29), the open disc centered at f(w;) with radius 26. Then
their exists an open neighborhood of w;, denoted by D;, such that f(D;) = D(f(w;),20). We
assume that for rach i # j, either D; = D; or D; N D; = ().

Let g : U' — C be a holomorphic map satisfying |g(z) — f(2)| < & for all z € U’, then the
set T" = g~ Y(T) is a simply connected domain and g : T' — T is a holomorphic proper
surjective map of degree d. Furthermore, all the critical values of g on T is contained in

U D(f(w:),20).
Proof. Consider the straight line homotopy H from f to g on U’:
H:[0,1]xU — C

H(s,z) = (1—39)f(2)+ sg(z).

22



Notice that since |g(2) — f(2)| < § for all z € U’ and 0 < § < d(T,C — U), we can deduce

that T is strictly inside H(s,U’) for every s € [0,1]. Thus for any z € T, we have:
wind(g(oU"), z) = wind(f(0U"), z) = d

where a proper orientation of QU’ is chosen. Since T is in one connected component of
C\g(dU’), we conclude that g is a degree d map from 7" onto T.-When d = 1, the conclusion
follows easily. When d > 2, it suffice to prove that 7" contains all the d — 1 critical points.

Now consider f locally around w;, f : D; — D(f(w;),2d). Then we know that f is a degree
d; proper map on D; for some d; < d. Let ¢; : (D;,w;) — (A, 0) be the uniformization map
such that ¢;(w;) = 0, & be the affine map from D(f(w;),20) to A such that &(f(w;)) = 0.
Then ﬁ =& o fog; ! is adegree d; map from A to itself with only critical point 0. Thus we

have f;(z) = u;2% where |u;| = 1. Now let §; = & o0 go ¢; . Then we have

~ ~ , 1
9:(2) = fil2)| < dlei] = 5.

Since % < €= %(, / %)d_l, by lemma [2.2.1, we have g; has d; — 1 critical points on the

disc A, with 7 € (Mg, (1), Ry,). Then all the critical values are contained in a disc Ay,
where s(r) = r% + 1. Choose a sequence {r;} in (My,(3), Rq,) such that lim; r; = My, (3).

We conclude that all the critical values are contained in the closed disc A My, (1)) Since

(3

My (3)) = (Ma()* + 5 < (577 + 5 < 1.

Thus all the critical values of g on A, with r € (Mg,(3), Rg;) are in the unit disc A. Since
& and ¢; are biholomorphisms, we know that there are d; — 1 critical values counting with
multiplicities in D(f(w;),20) for the map g corresponding to the local map f : D; —
D(f(w;),2d). Combining all the local information together, we know that 7" is homeomorphic
to a disc. Thus 7" is a simply connected domain and ¢g : 77 — T is a holomorphic

proper surjective map of degree d, and all the critical values of g on 7" is contained in

U D(f(w;),26). O
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The following proposition is given in Douady-Hubbard ([DH85])(Example 4 in Chapter

1), which can be deduced as a corollary from previous proposition.

Proposition 2.2.4. (Perturbation of Polynomial-like map)([DHS85]). Let f : U — U be
a polynomial-like map of degree d with d > 2. Denote its critical points as wq, -+ ,Wq_1,
counting with multiplicities. Choose 0 satisfying 0 < § < d(U',C — U) and let Uy be the
component of {z|d(z,C—U) > §} containing U'. Suppose that § is so small that Uy contains
all the critical values f(w;), where 1 < i < d—1. Then if g : U — C is an holomorphic
function such that |g(z) — f(2)| < & for all z € U’, the set U, = g~ (U;) is homeomorphic to

a disc and (Uy,Uy, g) is a polynomial-like map of degree d.

The following estimation is useful, we refer to [McM94]| (Lemma 5.5 in [McM94]) for

details.

Lemma 2.2.5. Let (U, U, f) be a quadratic-like map with critical value lying in a compact
set K C U, and let K' = f~Y(K). Then we have:
1. Mod(f~(A)) = %(A) for any annulus A C U enclosing K.

2. Mod(K',U") > MedllU),

2.3 Earle-Hamilton holomorphic fixed point theorem

Earle and Hamilton proved a holomorphic fixed point theorem in [EH70).

Theorem 2.3.1. (Earle-Hamilton) Let D be a nonempty domain in a complex Banach space
X and let h: D — D be a bounded holomorphic function. If h(D) lies strictly inside D, then

h has an unique fized point in D.

For a mathematical treatment about it we also refer to [Har03].
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2.4 The definition of strong homoclinic tangency and

its unfoldings

2.4.1 The definition of strong homoclinic tangency

The definitions of strong homoclinic tangency and the the unfoldings of strong homoclinic
tangencies in the real setting appear in [BMP18]. In [Zhuang], the definition was extended
to the holomorphic case in C?. In this paper, we consider the strong homoclinic tangency in
cm.

First, following [NPT83], we give the definition of holomorphic quadratic homoclinic

tangency.

Definition 2.4.1. Let M be an m-dimensional complex manifold and f: M — M a local
holomorphic diffeomorphism, p is a rank-one hyperbolic fixed point. Let ¢ € W*"(p) N W*(p),
we say f has a holomorphic quadratic homoclinic tangency if the following holds:
(T'1) W*"(p) and W*(p) intersect at ¢ uniquely in the neighborhood of ¢,

(T2) The holomorphic tangent space T, °(W*(p)) is a subspace of T,°(W*(p)),

(T3) Let i : T,°(W*"(p)) — W"(p) be a holomorphic map such that i(0) = ¢ and (d1)o
is identity matrix; Let m be a holomorphic projection (i.e., 7 = 7) of a neighborhood U
of ¢ to a complex 1-dimensional submanifold such that 7(q) = ¢, (d7),(T,°(W*(p))) = 0
and m1(W*(p)NU) = q; Let R = w(U), we call R the unfolding manifold associated to
q. Then 7 o4 maps 0 to ¢, d(w 0i)y = 0. The second holomorphic derivative 9*(7 o 7)y :
T, (W (p)) @ T, (W*(p)) — T, °(R) is a well-defined quadratic map. We define @ to be
the composition of 0*(m o) with the canonical isomorphism T,*(R) = T.-°(M) /T, °(W*(p)).
We require

Q: T, (W"(p) @ T, (W"(p)) — T, °(M)/T,;"(W*(p))

to be a non-zero quadratic map. Notice the definition of () is independent of various choices.
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Remark 2.4.1. Following the definition, there are coordinate systems (21, ,2,) on a

neighborhood of ¢(g corresponding to origin) such that W?*(p) and W*(p) locally have the

following;:
W#(p) = {zm = 0},
Wu(p)={z="+=2m_1=0,2, = sz}} where s is non-zero complex number.

Remark 2.4.2. A geometric consequence is the following:

For a small enough neighborhood Wy, (p) of ¢ in W*(p), 7|

loc,q

(p) - I/quéc,q(p) — R’ i'e'v
the projection map 7 restricted on T/Vf;qq(p), is a branched double-cover onto its image with

unique branch point gq.

Now we will give our definition of strong homoclinic tangency in the holomorphic setting.

Definition 2.4.2. Let M be an m-dimensional complex manifold and f : M — M a local
holomorphic diffeomorphism satisfying the following conditions:
(f1) f has a rank one saddle point p € M, with only 1 unstable eigenvalue |u| > 1 and stable

eigenvalues X = (A, Agy ..oy A1), where A is the unique one with largest modulus, namely

|>‘| > max |>\”L|7
2<i<m—1

(f2) Allul* < 1,
(f3) f has a holomorphic quadratic homoclinic tangency ¢ € W*(p) N W#(p), in general
position,namely

n—o0

.1 n
lim Elogd(f (¢1),p) = log A,

(f4) the direction 0 # B € T,, W*(p) is in general position, namely

1
lim —log |[Dfy(B)| =log|A|,

n—oo 1

(f5) f has a transversal homoclinic intersection, go € W*"(p) N W#(p) in general position,

namely

1 .
lim —logd (f" (q2),p) =log|Al.

n—oo N,

A map with these properties is called a map with strong homoclinic tangency.
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Remark 2.4.3. Let Dy(q2) be the closed local unstable manifold isomorphic to a complex disc,
such that go is on the boundary of it. Then there exists N € N such that ¢z = = (q1) lies

in the interior of D}(gz).

2.4.2 The unfolding of a map with strong homoclinc tangency

First, let us define the 1—parameter unfolding of a map f with a holomorphic quadratic

homoclinic tangency. Let DD, C C be a disk centered at 0 with radius 7.

Definition 2.4.3. Given a map f : M — M with a holomorphic quadratic homoclinic
tangency, then the 1-parameter unfolding of f is a holomorphic map F : D, x M — M
with the following properties:

(Ul) Fy = f, f has a hyperbolic fixed point p and a holomorphic quadratic homoclinic
tangency point ¢ € W*(p) N W?#(p) is associated to p,

(U2) there is a holomorphic map p : D, — M such that p(a) is a hyperbolic periodic point
of F, and p(0) = p. Following the same notation (i.e. m,4, R) as in (T3) in Definition [2.4.1]
we have an univalent map ¢ : D, — M such that ¢(0) = ¢ and for each a, W|Wzﬁc,q<a>(P(a)) :

Wisea((P(@)) — R is a branched double-cover onto its image and 7(¢g(a)) is the unique

branched point. We also have the 1—parameter family of non-zero quadratic form @), with

Qo = Q defined by
Qu : Ty (Wi (p(a)) © Ty (Wi (p(a)) — T, (M) /T, (W3 (p)).
Thus the composition of 7 and ¢ is an univalent map, moq : D, — R.

Remark 2.4.4. Using the notation in Remark and above Definition, the 1-parameter
unfolding F of f, (21, ,2m) on a neighborhood of ¢(0) ( ¢(0) corresponding to origin) such
that W*(p(0)) and W*(p(0)) locally have the following:

W2 (p(a)) = {zm = 0},

Wu(p(a)) ={z2="= 2,1 =0, 2, = $27 + a} where s is non-zero complex number.
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Then we consider the concept of unfoldings of maps with strong homoclinic tangency
of certain type. This definition is stronger than the previous notions in ([BMP18]) and

([Zhuang]), but it is also a natural definition.

Definition 2.4.4. Given a map f with a strong homoclinic tangency with saddle point p, P
a holomorphic manifold with complex dimension k greater or equal to 3 with a base point O,
we consider a holomorphic family F': P x M — M through f with the following properties:
(F1) Fo = f;

(F2) A holomorphic function p : P — M, with p(O) = p, such that F}, has a rank-one saddle
point p(b). The saddle point p(b) of F, has unstable eigenvalue ;(b) and stable eigenvalues

-

A(D) = (A(b), A2 (D), ..., A1(D)) , where A(D) is the unique one with largest modulus, namely

AB)] > max |Ai(b)|;

2<i<m—1
Moreover, pu(b), X(b) are holomorphic mapping of b.

(F'3) There exist positive integers ki, ko such that the following holds:

>
w"“

Up to biholomorphism, P can be written as 73, ((,umm)ﬁ, (umam)ﬁ) ><Tt2((/\mm)%, (Anaz) 2 ) X
Dy (€)xU, where 1 < fimin < fimaz, 0 < Apin < Amaz < 1, € >0, and Ttl((ﬂmm)ﬁ, (Mmm)ﬁ) -
{1 € Cllpnin) & < 12| < (tmae) 1}, Toa Oonin) 2, o)) = {2 € Cl i) 2 < Jta] <
()\mw)%}, Dy (€) = {a € C||a|] < €}, U is a bounded domain in C*~3. Furthermore, for any

(t1,t2,a,7) € P, we assume

[I,(tl,tg,a,, 7') = (tl)kl (241)
and
Mty ta, a,7) = (ty)*2. (2.4.2)
(F4) For pimazs Amaz, We assume
)\maa;(,umaac)g < ]-a (243)

(F'5) for each given (u, A\, 7) € Tp(tmin, fmaz) X Tr(Amins Amaz) X U, Fiuxo,-) is a map with

strong homoclinic tangency, and Fi, x o,r) is 1—parameter unfolding of Fi,, »0-) for a € Dq(e).
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A family of maps F' with these properties is called an unfolding of map with strong

homoclinic tangency of type (ki, ks).

Remark 2.4.5. Throughout the rest of the paper, we will only consider the case for k; = kg =1
for simplicity of discussion. Indeed, all the results can be extended to any (ki, k2) pair by
simply rewrite every p, A by tlfl,t§2 respectively. So in this manner, we will set our parameter
space with local coordinates (u, A, a, 7).

Furthermore, when we are not in the process with the analysis of parameter dependence,
for the simplicity of writing, we will also use the notation (¢,a) where a is the unfolding

parameter and t stands for the rest of parameters,i.e.,t = (u, A, 7). Thus we will focus on the

family F}, witch is the unfolding of map with strong homoclinic tangency.

Remark 2.4.6. The condition Apax/is,., < 1, see (F4), allows us to choose 6 € (0,1) such that

1< )‘12119 /”Lfnin and Aﬁlax/"tmax < 17

We can choose any 6 satisfying

10g fimax 310g fimin 1
0<bOp=——"—<b0<= =0, < —. 2.4.4
07 log L 2 log to ( )

Amax )\min

Example 1. Now we give a degree 4 family of polynomial endomorphisms which are
unfolding of map with strong homoclinic tangency in a domain of C2.

For m = 2, let 1,25 be 2 nonzero different complex numbers with |z;| < |zs|, denote

ful®) = —d—x(z — 11)%(x — 13) be a polynomial of degree 4, we may consider the following
1

generalized Hénon-like map H,, ., on C*:

x fulx) —ey+a
> #2) (2.4.5)

Y x
where we assume |p| > 1. The map H,, ., is non-invertible when e = 0, invertible when € # 0,

and its inverse map are

— . (2.4.6)



When €,a = 0, O = (0,0) is a fixed point of H, 0, and we can take W} _(O) to be the
y—axis and W} (O) to be the graph {(f,.(z), z)||xz| < 2|z2|}. We have a homoclinic tangency
at (0,21) and a transversal homoclinic intersection at (0, z5).

Now we perturb €, a in a small disc around 0, which means chooseing a small disc D (p)
around 0. Let u be inside a round annuli T'(p1, ) with pu3 < 1. So we consider triple
(1: €, a) in T(pr, p2) x De(p) x Da(p).

Denote the fixed point continued from O to be Py(p,€,a) = (p(p, €, a), p(i, €,a)). Then

we have p(u,€,0) = 0 and it is the solution of the equation
fulz) —ex +a=x. (2.4.7)

Thus we have the following asymptotic expansion when €, a small enough:

1 1 r1 + 279 I

plue.a) = all= )+ o)t T =1

a + higher order terms). (2.4.8)

Let t12(p, €, a) be the 2 eigenvalues of DH,, . .(p(1, €,a)), with
B1(1,0,0) = g1, (11,0, 0) = 0.
We have that t; 5 satisfies the following equation:
t* — f/;(p(u, €,a))t +e=0. (2.4.9)

Then we have the asymptotic expansion of t; and t5:

20 x4 229
w—1 x4

1
th=p+ (—;)e + ( Ja + h.o.t; (2.4.10)

1
ty =0+ (—)e + 0a + h.o.t. (2.4.11)
il

Now consider the holomorphic map h : (i, €,a) — (1,9, a), and use t1ty = €, we know

the differential of h at (i, 0,0) is

1 —1 2 zit2z
pooop—l 122
Dh((p0.0)=| 0 1 o (2.4.12)
0 O 1



Then the Jacobian is
1
Jach((:uﬂ 0, O)) = det(Dh((l% 0, O))) = /7 # 0. (2.4.13)

Thus A is local diffeomorphisms in the neighborhood of (u,0,0), we may choose some p such
that A is local diffeomorphism in T'(p1, p2) X De(p) x Dy (p).

Now consider the first component of the map h and denote it by S, i.e , Sea(p) = t1.
Since we have h(u,0,0) = (1,0,0), we know Syo(u) = . When p small enough, by, formula

(2.4.10)), we can find a small constant 0 < s < #2z%t such that
|Sea(p) = Soo(n)| < s (2.4.14)

for any (p,€,a) € T(p1, p2) X De(p) x Dy(p). Then by proposition [2.2.3] we know S, is

a diffeomorphism from (S o) (T(u1 + s, 2 — s)) onto T'(p1 + s, g2 — s). Denote V(p) :=
U (Sea) M (T (1 + 8,2 — ) x {e} x {a} C T(p1, u2) X De(p) x Dy(p). And we also have

le[,|al<p

1(Sea) H(t1) — t1] = 1S0,0 0 (Sea) H(t1) — Sew o (Sea) M| < s (2.4.15)
for t; € T(u1 — s, o + 8). Thus we have
T(p1 + 25, 2 — 25) X De(p) x Dalp) C V(p) C T(p, p2) x De(p) x Da(p).  (2.4.16)

Now let p; = # we know h~! defined by

PS)

hil(tl, t2, CL) = ((Stlt%a)il(tl), tltg, CL) (2417)

is a well-defined injective holomorphic map from T'(u; + s, 1o — ) X Dy, (p1) x D, (p) onto
V(p). And we have

-1 -1 -1 -1
oS + 8%‘8 to 8%5 t oS

oty Oa 85*1
Jac (h™") = det to t 0 | =7t #0. (2.4.18)

0 0 1
Thus V(p) is biholomorphic to T'(1 + 8, 2 — s) X Dy, (p1) X Du(p) via map h.
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Now for (t1,t5,a) € T(pu1 + s, 2 — ) X Dy, (p1) X Dy(p). First denote P(ty,ts,a) to be

Py(h™*(t1,t2,a)). And in coordinate, we denote

P(t1,te,a) = (p(t1, t2, a), p(ty, ta, a)).

Then denote the local stable and unstable manifold of P(t1,t2,a) by W' (t1,t2,a). Then we
know W} .(t1,t2,a) is a graph over D, (0,2|z3|) in y-axis.

Denote the foliation 20%(t1, t2, a) to be the foliation generated by translating W2 (1, t2, a)
in z-direction, and denote 7°(¢1,t2,a) to be the projection map along the foliation into the
horizontal plane {y = p(t1,t2,a)}. When we consider (¢1,ts,a) € T (1 + 8, pio — ) X Dy, (p1) X
Dy (p). Let Uy 1,0(r) = {(x,y)||x — p(t1,t2,a)| < r,y = p(t1,t2,a)}.

First we consider the case when t, = a = 0. Then under this case, 7°(t1,ts,a) = 7,
where 7, is the projection onto z-coordinate. And Uy, oo(r) will be the 1-disc {(x,0)||z| < r}
in the z-coordinate. Now consider (7)1 (Uy, 00(r)) N W (t1,0,0), it will have 3 connected
component when 7 small enough since (7)1 (0) N W} (¢1,0,0) = {O, (0,21), (0, z2)}. Let
W(r) be the connected component of (m,) " (Uy, 00(r)) N W.(t1,0,0) containing (0, ).
Then there exist a 7o > 0 such that 7°(¢1,0,0) is a degree 2 branched cover from W*"(ry) onto
U(rp) with critical point (0,2) and critical value 0.

By proposition , when €, a small enough, there exists 1 < rq such that (7%(¢y, t2, @) "N (Uy, 4p.4(71))N
W .(t1,t2,a) have 3 connected component. The projection 7°(t1,t2,a) on each component

have degree 2,1, 1 separately. Now let W, (r) be the connected component such that it is

t1,t2,a
an degree 2 branched covering onto Uy, 4, (1) via projection 7°(¢;, t2, a). Let the y-coordinate
of the critical value of this map be v(t1, ¢, a).

Now we want to solve equation v(ty,t9,a) = p(t1,t2,a). Notice that v(t1,0,a) = a and

v(t1,0,0) = p(t1,0,0) = 0. We have

ov
— =1 24.1
aa (tla O? O) ) ( 9)
and
ov op
-7 N —0. 2.4.2
. (t1,0,0) . (t1,0,0) =0 ( 0)
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By formula (2.4.8) and (2.4.11)), we know

5q(11:0.0) = =, 52(£,0,0) = 0. (2.4.21)

Thus we have

O(v(ty, ta,a) — p(t1,ta, a)
da

t1—1 t;—1

(t1,0,0) =1+ £ 0. (2.4.22)

Then by implicit function theorem, there exist py < p; such that there exist holomorphic

map g : T(ug + s, 2 — s) X Dy, (po) — Dyu(p) with g(t1,0) = 0 such that

U(tl, t2, g(tl, t2)> = p(tl, tz, g(tl, t2>> (2423)

Now consider h : (t1,t2,a) —> (t1,t2,a’), where @’ := a — g(t1,t5). Then % is invertible by

~

h71<t15 t?a a/l> - (tla t27 a/ + g(tla t2))

2.5 The normalization of unfoldings

In this section we normalize previous definitions by change of coordinates and rescaling without
loss of generality. Let F,, : M — M be an unfolding of strong homoclinic tangency. Let p
be a hyperbolic fixed point of Fjo. There exist a coordinate system (Z,y) = (1, , Zpm_1,9)
in a small enough neighborhood of p satisfying the following:

(1) p = (0,0). F, . is hyperbolic on D = {(Z,y) | || < L, |y| < L} with p the hyperbolic
fixed point. Denote Dy = {(Z,y) | |x:| < 2,|y| <2}, then L > 2 is a constant chosen to
satisfy Fy.(D2) € D and thal(Dg) C D for every (t,a). Furthermore by the property of local
diffeomorphism, we may assume that there exist 0 < s < 1 such that ||DF(v)|| > s|v| for
every point p € M, and nonzero vector v the tangent space of p.

(2) W (p) becomes a disc in y-axis, i.e. Wi.(p) = D, = {(0,y) | |y| < L}.

(3) Wi .(p) becomes a poly-disc in Z-axis, i.e., W7 _.(p) = Dz = {(Z,0) | |z;] < L,1 < i <
m — 1}.

(4) Fio has homoclinic tangency points at ¢;(t) = (1,22(t), -, zn-1(t),0) and g¢5(t) =
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F~N(qi(t)) = (0,--,0, 2z3), where z;(t) is holomorphic functions of t and ||z;(t)|| < 3, N is a
positive constant integer and |z3| € (lﬁ, 1).

The tangent space of W"(p) at ¢;(t) is contained in Tj, ;)W?*(p). Then the unfolding
manifolds R; now become vertical: R(t) = {(1,z2(t), -, Zm-1(t),y) | ly| < L}, we may

identify each R(t) with the y-axis. Now denote , as the projection map onto the y-coordinate,

u

then [y wo® Witea

) (p) — D, is a double branched cover with unique branched

point ¢ (t). Thus we have the following lemma:

Lemma 2.5.1. (D,, W}

loc,qs (t

(P, T, %) is a quadratic-like map in a neighborhood of qs(t)

restricted in the y—azis with unique critical point qs(t) and corresponding critical value 0.

(5) my o hy is identity map, i.e., m,q(t, a) = a.
In other words, (D, W}

Toc.qs (t.a) (p), ﬂyﬂ{i) is a quadratic-like map with unique critical

point denoted by gs(t,a) = F; N (q:1(t,a)) and corresponding critical value a.

Using Taylor expansion, we may assume

N A B
DF ‘q1(t,a)+(Aac,Ay) = (2.5.1)
C DAx+2QAy

where A, B,C, D, (@ are bounded matrices holomorphic over coordinates and parameters,
(Az, Ay) are the coordinates of the point with centered at ¢;(t, a), since we have a quadratic
homoclinic tangency, we also have |Q| > Qo > 0. Since F'V is diffeomorphism, we know that
DF? has nonzero determinant, so C(0,0) is a nonzero vector and we may assume C' nonzero
for the whole neighborhood of ¢ (¢, a).

(6) There is a homoclinic intersection point ¢a2(t) = (0, z2) such that W?*(p) intersect with
W .(p) at go(t) transversely and Wj (q2(t)) = {(Z,22) | |zs| < L,1 < i < m — 1}, where
|z] = 2. Furthermore, there exist a constant integer M > 0, such that F™ will send a
neighborhood of ¢, to a neighborhood of g3 for every parameter in the parameter space. And
there exist two constants ¢; 2 > 0, such that the tangent cones {(7,, v,)||V:| < ¢1|vy|} with

base point p; in the neighborhood of ¢, will be mapped into the tangent cone {(,,v,)||t;| <
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$2|vy|} with base point FM (p;).
(7) Moreover, the restriction of the mapping to each axis of the coordinate system is linearized,
see for example [Mil06].

On the the unstable invariant manifolds, we have

— —

Fupar(0,y) = (0, py), (2.5.2)
and on each z;-axis, we have
Furar(0,- sz ,0) = (0, , Nwg, -+ ,0),1<i<m—1 (2.5.3)

where A\ = \.

Besides, at the origin, we have

. A(t,a) 0
Dﬂ,a(oa 0) = )
0 n
where A(t, a) is the diagonal (m — 1) x (m — 1) matrix with diagonal terms (A, -+, Ap_1).

Thus, for (z,y) in D we have the following estimate
F(Z,y) = (AL + Py(Z,y), py + Pu(Z, y)), (2.5.4)

where P, is holomorphic functions satisfying P,(Z,0) = 0 and Pu(a, y) =0, P = (Ps1,  +, Pon1)"

is holomorphic mapping satisfying the following:

PS,i(()?"' 707y) =0
Their derivatives at the origin are zero. From above condition, and by using Taylor expansion

around origin, we have following estimates:

Lemma 2.5.2.

m—1
i=1

m—1
Psi(@,y) = O( Z 1T + Z iy).
i=1

1<i<j<m—1
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(8) The parameter space are chosen to be P = T,,(ftmin, fmaz) X Ta(Amins Amaz) X Da(2) X U.

Definition 2.5.1. For a dynamical system F' : M — M, we call a point ¢ a quasi-critical
point associated to the hyperbolic point p,if there are sequences of points {c¢;} and {s;}, such
that the following holds:
(1)

c; € W4 (p),s; € W(p). (2.5.5)

(2)
lime; = ¢, lims; = c. (2.5.6)

(3) The local stable manifold of s; and ¢ are graph over the z-axis, i.e., m, are biholomorphism
from W} _(s;) onto the image.
(4) For every i, m, : W} (¢;) — C is double branched cover onto the image inside the y—axis.

Besides, W}%.(¢c;) are pair-wisely disjoint.

2.6 Invariant holomorphic cone fields

There exists stable and unstable holomorphic cone fields, namely C¢(«), C*(«) inside T.°C™

for every x € D, where

C;(OO = {(U_;,Uu) = (Ula T 7Umfluvm) | |Uu| < OC‘US|}7
Ci(a) == {(v5,v) = (U1, , V1, Um) | |0u| = |vs]}y
where | - | is the L? norm of a vector. Since F, is hyperbolic in D, there exist a o such that

the stable and unstable cones are invariant under F; ,.

Proposition 2.6.1. If z, f(z) € D, we have

Df;ay (Cia(@)) € Co()
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Df. (C(a)) C C¥,) ()
We also have

Df,
umf<iﬁ$ﬂ<mua Vo € Ca) — {0};

1D 1
ol = T+¢

Vw € Cf,(a) — {0}

10 > ¢ > 0 is a small constant satisfies (Amaz + €)(maz + €)> < 1, floin — € > 1 >

where ]

Amaz + € €< 1(1— ), A —e > _max {|Ni(t,a)|} +€ whenm > 2, e < —”mi”?m“ and
2<i<m—1

HKmin

6 )\mzn

< fax{lar (D121}

2.7 The foliation of Palis invariant

For a map f with homoclinic or heteroclinic tangencies, Palis ([Pal78]) has introduced a
differentiable invariant treating the conjugacy of diffeomorphisms. We can define a quantity
of f called Palis invariant , denoted as Pa(f), by the following equation:

log ||

_ . 92.7.1
log || (2.7.1)

Pa(f) =

Since our parameter space contains u, A as coordinates, we can view Palis invariant as a map
from our parameter space P =T x T}, x D, x U to the real line. Then the level sets of Palis
invariant { Pa(f) = ¢} form a real codimension-1 foliation where all leaves can be written as

one the forms:

1
Urenmonmen) {881 = =7} % DI = €} X By x T, 2.7.2)
or
1
UCE(Nmin,M'maw) {/"L||/“’L| = C} X {)\||)\| - W} X Da X U (273)
In our case, we know that the range of P(f) is just [—loi‘izlgc“'z‘ , —1°i|izlil"|] = [%, ﬁ]
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Chapter 3

Hyperbolic dynamics of graph

transformation

Definition 3.0.1. For any mapping f : A — B, where A, B are sets, define the graph of
f, denoted by Gr(f), to be the subset of A x B:

Gr(f):={(z, f(x))|z € A}. (3.0.1)

We have the following proposition:

Proposition 3.0.1. A. Let U is a connected open subset of C¥, f: U — C a holomorphic
mapping, endow Gr(f) with the subspace topology, then Gr(f) is a holomorphic hypersurface
of C**1 which is biholomorphic to U.

B. Moreover, let f; : U — C holomorphic mappings, © = 1,...,1 and denote F :=
(fi,..., fi) : U — C', endow Gr(F) with subspace topology of C**', then Gr(F) is a

holomorphic submainfold of C**! which is biholomorphic to U.

Denote $(a) be the set of all holomorphic hypersurfaces H C D such that Vp € H, T, %’OH C
C3(a), B(a) be the set of all holomorphic 1-dimensional submanifolds V' C D such that
Vp eV, T];’OV C C¥(a). We call an element in $(«) almost horizontal while an element in

U(«) almost vertical.
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Remark 3.0.2. For every almost horizontal hypersurface H € $)(«a), there exist a holomorphic
mapping fg : 7z — D, with bounded derivative such that H can be represented as the
graph of fy, i.e., H=Gr(fy).

Similarly, for every almost vertical 1-dimensional submanifold V' € U(«), there exist
a holomorphic mapping gy : mV — Dz with bounded derivative such that V' can be

represented as the graph of gy, i.e., V = Gr(gy).

By proposition [2.6.1 we have the following lemma:

Lemma 3.0.3. For any H € H(w), we have (F,(H) N D) € H(a); for any V € V(a), we
have (F; o(V)N D) € V(a)

Definition 3.0.2. The two operations (F;,'(H) N D) € $(a) and (F;,(V) N D) € V(a) are

called the graph transformation of H and D respectively.
Since {y = ¢} € H(a), {(x1, - ,Tm-1) = (€1, -+ ,em_1)} € V(a), we get a special case:

Lemma 3.0.4. If (z;,vy;) = F'(Z,y) € DY 0 <i < n, then

- - i ‘yn‘ ‘yn‘
Zi|| < Collzoll([A] +¢€)°), Cimrrm < |yl < Cor————
b (lul +e)n=t =70 = 7 (Ju] — e

where Cy, C1, Cy are constants uniformly bounded away from zero.

Estimates for orbits in D have been studied previously. See for example [AS73]. For
completeness, using the above lemma, we prove the following estimates for the norm of

coordinates of points which remain in the domain of semi-linearization after n iterates

following [MPT20].

Lemma 3.0.5. (1) If for a point (T,y) € D withy # 0, (z;,y;) = F(Z,y) € D,V 0 <1 < n,

then for n large enough we have

|74l < C(Zo, yn)TolIN"
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and
1
C(*'E’Oa yn)

where C(Zo, y,) s a positive constant depending on Zo,y, with a uniform upper bound C,i.e.,

C(Zo, yn) < Cy for all pairs (Zo,y,), all n and all F,,.
(2) Whenm > 3, let K be a positive constant. Denote Jx = {(x1, T2, , Tm_1,Y) € DHxl\ >

K|(z2,- -+ ,Zm-1)|}. Then we have F(Jx)ND C J,k, where

o Amm — € > 1
T e '
Furthermore, if we have
1
K> K= (3.0.2)

then for a point (Z,y) € Jx with (z;,y;) = F'(Z,y) € Jg, V 0 < i < n, then for n large
enough we have

where C(Zy, yn, K) is a positive constant depending on Xy, y, with a uniform positive lower

bound Cy(K),i.e., C(Zo, yn, K) = C1(K) > 0 for all pairs (Zo,y,), all n and all Fy,.

Proof. (1) By Equation and Lemma [2.5.2] since P, and P, is of order 2, we can write

P, and P, by the following

T = ATy + P (Tk, yr) = ATy + Di(Ze, yi) T,
Yrr1 = i + Pu (T, yr) = pyr + Ei( T, yi) v,
where Dy is a (m — 1) x (m — 1) matrix-valued holomorphic mappings on (7,y), Ej is a

holomorphic mapping on (Z,y). Furthermore, by lemma [2.5.2, we have

|| Di|| < M(|Zx| + |yk|) and |Ex| < M |7y (3.0.3)

for some constant M, where || || is L? operator norm of a matrix,i.e. ||A]|| := sup{ |’|i1|" v #0}.

By shrinking the domain D appropriately we may assume that

|| Dy, [Ex| < e. (3.0.4)
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By Lemma |3.0.4] we have

n n

D13 < D (M + 9 ol < T 13l (3.0.5)
k=0 k=0

and

nyk < Zﬁ lynl < ,:“l— [Ynl - (3.0.6)

Notice that the lemma is automatically true for ¥y and y,. Then, for some 0 < k < n, we

have
k-1
Ty = N1 + D1 (Th—1, Yp—1)Th1 = H (A + D;) o, (3.0.7)
i=0
and
1 Gy
o _ ,,—(n—k)
Yk =1 HEkka = yni]l(HE)- (3.0.8)
Using (3.0.7)), the fact In(z) <z — 1 for > 0, and (3.0.6), we have
k-1 k-1
In [ < I [[(A+ D) || + I |Zo] < Y In(|[Al| + ||Dil]) + In ||
i=0 i=0
k-1 k—
<Y (A +[|Di]]) + In |Zo] < In(|A*]) Z |)\| | %o
i=0 i=0
M (.
In([A*]) +In |Zo| + - o (Z(ka\ + \W))
M [ pl - 1 L
) + Inlol + 15 (Al + ol )

Similarly, using (3.0.8)), the fact In(z) <z — 1 for z > 0, (3.0.3) and (3.0.5)), we have the

upper bound:

In

B/l
Sy *Z 1B

= In |y,| —i—Zln

pn "“) ’1+

n

1 M 1
<yl + —— 57 |E] < Injyal + ( |fo|),
= = \I= =«

1=0




and the lower bound:

E;
— )
L

1=k
Sty - (L
>y, — — | ————— .
I \T= =™

Thus we finish our proof for this part.

A

(2) For every point (Z,y) = (21,2, ,Tm-1,y) € Jr with F(Z,y) € D, denote (1,72, ,Tpn-1,Y) =
F(Z,y). We also denote A~ = maxa<ij<m—1{|\i(t,a)|}. Then by previous discussion, we have

|EE\1| (/\mm B €)|ZL‘1| )‘mm — €
|(?L‘\27"' vi‘\m—l)| g (/\_ —|—€)|(CL’2,--- 7J7m—1)| AT+ €

Thus we have F(Jx) N D C J,k.

Next for a point (Z,y) € Jx with (7, y;) = F'(Z,y) € Jk, V 0 < i < n, denote

(1_‘;7 yz) = (xi,la Ti2, " Tim—1, yz)

Thus following the discussion in part (1), we have

xz—i—ll—zl—i_ § lj xuyz T j-

Thus we have

|xz+11|—|zl+z 1] l‘uyz xz]|

m—1
/ zll_‘z 1] xuyz xz]‘
7=1

m—1 m—1
> i) — Z| )15 (5, vi) |2 - Z |z35]2
7j=1
> |i,1| - Z' 1] xzayz | \/ |xz 1|
m—1
= ([A] = \/1+— |(Di)1; (%3, y3)|*) |2 |-

Jj=1
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By condition ([3.0.2)), we have

m—1
/ / 1
‘)\|— 1+— | 1] xl,yl >‘)\’— 1+ﬁ6>0'

J=1

For any 1 < k < n, using inequality In(1 — x) > =% where x € (0,1), we have the following

estimate:
k—1 1 + % m—1
In(|ag]) = n(AF) + In(|zoa]) + > In(1 — Y > (D)1 (&, pi) )
i=0 j=1

> In(|A[*) + In(Jzoq]) — Z

> ln(|)\|k) + ln(’$071‘) —

D D Dy (v 2
Al —ey/14 2 im0 \ =1
/1_’_% k—1
> In(|A]*) + In(|zoa]) — — > M(|E] + [vil)
|>\‘ - 6 1 + K2 ’L=
VIt e
(A1) + () — v (o
|| —e,/l—i—% €=

1 )
— | .
1— [\ =€

Finally we have

B B} 1
(| ]) = (o)) = m(A[*) > (| ]) = (/T + =lwoa]) — (A

1 k—1
1 \/1+F

]

Remark 3.0.6. By part (2) of the lemma, for ¢;(t), it will enter Jg, in finite forward iterations.

Thus by replacing ¢i(t) with some F;(¢;) where s > 0, we can assume ¢ (t) € Jx,.
For a point Z = (Z;, Z,) € D, denote the linear unstable cone with slope ¢ > 0 by
VU (Z;0) = {(Z,y) € D|ly — 2,1 = |7~ Z||}.
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Now consider 2 distinct points (%o, yo), (25, yp) € D with F*((Zo,y0)) € D and F*((Z},v})) €
D for 0 < k < n. Denote their forward iterations by (Zx, yx) = F¥((Zo,v0)), (T4, y,) =

F*((Z,v4)). Then we have the following estimation:

Lemma 3.0.7. Suppose there exists an v > 0 such that (25, y;) € V*((Zo,yo); ). Then there

exist a constant ( = max{0, — logy, Wg\#} > 0 not depending on n, such that when n

large enough, for 0 <k <n—C, (Z,y;.) € V*((Zk,yx);t~), where t~ = min{e, ‘“HQ#} > 0.

Furthermore, there exists an uniform constant C((Zo, Yn, g, Yh,t)) > 0 such that

13 — ykl > C((Zo, Yns T, Y )1l [0 — w0l (3.0.9)

for any 0 < k < n. C((Zo, Yn, Ty, Yo, t)) has a uniform positive lower bound C(i) only

depending on t.

Proof. Again by previous lemma, we have the following:

Trp1 = ATy + P (Tr, yr) = ATk + Di(Tr, yr) T,

Yir1 = Wk + Pu (Zi, yi) = 1y + E(Trs Y)Y,
Py (7

f;g—‘,—l = Af;c ko Yk ) Axk + Dk?(xka yk)xka

Yerr = MY + Pu (T y1) = 1y, + BT y1) Vs
By lemma we have
| Di(Zx, i) — D@, yp )|l < M (|7 — T3] + |yr — yil) (3.0.10)
and
Then we have
W1 — Ynrt| = [y — Yi) + Ee(Z, ) Ve — Er (s ) Y|
> vy, = el = 1 Ex (@ vi) Y — Er( T, yre) Y|
> ullyr — vl = 1 Ex(@, vi) Ui — En( @, vi) k] — [ Ee (T i) vk — Ei(Zrs i) |

> (Il = | Ee(Zy ) Dlyr — il — M |2 — T [yl
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and

Thp1 — Lot | = AT, — Te) + D&, ) Tpe — Do, yie) T
< A+ [De(@, yi) DI, — Tl + [ Dr(Zx, yie) — Di(&, i)l - 174

< (A 1Dk, i) DIZY, — el + M (|25 — T + lye — i) |75

If we denote [ > 0 be a number such that (Z},y;.) € V*((Zk, y); lx), we let lp = ¢. Then we

have
W1 — Ykt | = (o] = | Ee(@, vi) DIy — vl — M |25 — 2| |y
. M |yy|
> (|| — |Be(@, vi) | — I Nk — vkl,
and

Trpr — ot | < (M + [Dr(@, yi) D, — Tl + M2 — Tyl + [y — yi]) 7]
A+ | D25, yp,)| + M| 7|
L

< ( + M|Z|)ys — el

Overall we have the following inequality

(ol = 1Bk (@ i) Dl — Myg
AL+ [ D (@ )| + (1 + 1) M| T |
(Jpl = )le — M|y
T A e+ (1 +L)M|T]

lpy1 2

Denote Ry, (1) = % Then function ¢ = Ry, (1) has following properties:

(1) It is increasing and has two asymptotes: [ = — ]@E]j —land t= m?ﬁ'.
(2) It has two intersection points with the line ¢ = [, denoted by (w,;n, wy. ,,) and (w;{,n, w;j, )

where

ot Ul = 1N = 2e = M) £ /(1] = [A] = 2¢ = M[&[)? — AM2]75] - [y

are the two roots of the quadratic equation:
MIZ|P? = (] = [A] = 2€ = M| |)l + M|ye| = 0.
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Since we have M|Zg|, M |yx| < € < @, thus the discriminant of the quadratic equation
(Il = (Al = 26 = M|Zx])* — 4MZ| @] - [yl > (] = [A] = 3€)* — 4 > 0.

is always positive. We have the inequality:

| — |A[—2e = M|zZ%|
<
OM 7| Y

0 <wy, < e

(3). When I € (wy,, wy,,), we have Ry, (1) > . When | € (w],,, +00), we have Ry, (I) > wy,,.

Overall, when | € (w,,,, +00), we have Ry ,(I) = min{l,w] }.

Now when n large enough, by lemma [3.0.5, we have

(Il = [A] = 26 = M|Z5]) — /(1] — [A] — 26 — M|7,[)* — AM2[75] - [y

kn M ||

— 2M|yk|

(Il = IA] = 26 = M@y |) + v/ (Jul — [A] = 2¢ — M[Zy])? — 4AM2[Z,] - [yl
< M‘yk‘

|| = |A| = 26 — M|

M|yk|

Sl = Al = 3e

Cy M [y || =)

| — [A] — 3e
CyML|p| ="+

S ul = A = 3
where L is the radius of D. Thus when k£ < n + min{0, log, W#}, we have

_ M L")

wy,, < <.
Bl = A = 3e

Besides, for any 0 < k, K’ < n, we have

wo < M’yk’
B ] = X — 26 — M |7y ]

€
<
|1 — [A] = 3e
| = |A] = 3e
< P S
2¢
ol = N = 2¢ = M|
2M | Zy|

+
< Wy,
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Thus we let ( = max{0, — log),, M} > 0, then when n large enough, for any 1 < k <

Ci1ML

n — ¢, we have the following estimations:

I 2 Ri—10(lp—1)

WV

Rk—l,n ©6--+0 RO,n(lO)

> Rk—l,n ©---0 Rl,n(min{L> w(—)’:n})

: + +
> mln{b» W py 7wk—1,n}

pw — [\ — 3e
|1l = [A] )

> min{s, 5

=1 .

Thus we know (), y;.) € V*((Zx, yx);¢7).

Finally, for any 1 < £ < n — (, we have

o M|yk_1|

e =yl = (|| = | Er—1 (T 1, Y1) — —1|)|y2_1 — Y|
- M|?Jk—1|

> (|p| = [Er—1 (T 1, yp1)| — T N1 — Y1
M|yp—1|

> (|pl = [Er—1 (T 1, yp1)| — — N—1 — Yr—1|

/ e N M|y2|
> 1y = vol [ [ (Il = |1 B:(@, )| = =),
=0
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Then we have

k—1
M|yz|
Infyr, — yel = fyg — ol + D> In(lul =[BT, v))] — —)
i=0
k—1

Ei(T5 i My,
>1n|yé—yo|+k1n|u|+zln<1_| (@, 1) il
=0

| ||t

)

k—1 |Ez‘(‘f§‘:y§)| +]|\4||yi\
> In |y, — yo| + k1n |y —Z 1 |Et(fgvyg)| M;wlyz-\
=0 S el (ule
k—1
Ei(@,y)| | My
> In |y, — yo| + kIn || — L [T v :
B Yo = vol + K In |y |M|—e(1+%);( |l +Iu|b‘>
k—1
M|z = Myl
<l ol — |1l i i
= In|yp — yol + k1n |l |/L|—e(1+%);( |l +|ulf)
M M 1 M |pl—e

> In|y) — yo| + kln|p| — [Ynl).

= e+ D) T = o il — e - 1
Thus

1Yk = il > C((Fo, Y, T, > 1)1l 190 — wol
for any 0 < k < n — (.C((Zo, yn, T, y,,, t)) have a lower bound:

i (ML g M )
= (U4 2) | L= N[ =™ fule |u] —e =17
[ (% 1 M- pl -
ul —e(1+5) pl L=\ —e  fule ul —e—1

C((i'ba Yn, fga y;m L)) = eXp[_

L)] > 0.

> exp|—
When n large enough, ¢ < n, we can see that for k > n — (,

|Z/;L7<+1 - yn—C+1| > (|p] — |En_¢(f;,<,y;h<)|)|y;,< - yn—C| - M ‘fn—c - f;h(‘ ’y”—d
> Y = Yn—|
since
|y;L7< - yn—C| > C((£07 Yns f{)? y;w L))|M|H—C|y6 - y0|

and

| T = ] lyn—cl < CIA" [l =6 < [l
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Repeat this process for k& < n, by shrinking the constant C'((Zo, yn, Ty, ¥, ¢)) properly, we

have
W — vl > C((Zo, Yn, Zo, vl )| 1]" |56 — ol-

for any 0 < k < n. ]

When orbit of points are inside the hyperbolic domain D, we may extend lemma 17 in

[BMP18] in our situation to get a estimation on the differential matrix:

Lemma 3.0.8. If (v,y) € D™ ! x D and Fi(x,y) € D™ ! x D, for all i < n, then for any

k < n,we have

an (K)N E  aro(K)NF ik
DF*(z,y) = nBX A n (3.0.12)

an (k) asn(k)pt
where a;;(k) are matrices satisfy following properties:
(1) a;;(k) are matrices holomorphically depending on all the parameters and unifomrly bounded
with respect to n, k;
(2) there exists constant o € (ﬁ, 1) and C > 0 such that for any integers i,j from 1 to
m—1, |a11(k5),~j| < COék,'

(8) ase(k) # 0 and uniformly away from zero.

Proof. Let us denote (xy,yx) := F*(x,y) and by equation (2.5.4) and lemma [2.5.2, we can

denote the differential matrix at this point as

DF (24, y) = A+ Dulk) Dok (3.0.13)

Doy (k) p+ Dao(k)

and we have the following estimations on each entity of every matrices:

1D11(K)|lmae = O(lk] + lyl), (3.0.14)
[ D12 (k)| maz = O(|z]), (3.0.15)
|| Da1 (k)| maz = O(lyxl), (3.0.16)

| Daa(F)| = O(|k]). (3.0.17)
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where || - || ez denote the max norm of a matrix. Now let

ari (R)N* P ago (B)NEpk
DF*(z,y) = 1 (R)A" " ara (k)X 7

as: (k) ”n{k aga (k) p”

then by (3.0.13]), we have

an(k+1) = ;M (A + Dy (k) ans (k) + D12(lc)a21(k)%ﬁ, (3.0.18)
and
a1 (k -+ 1) = N pn= Dy (k) (k) + (1 + %Dm@)) 21 (k) (3.0.19)
Since 2, — O(|\!]), we have
| Dy (k)| < C|\*| (3.0.20)

for some constant C' > 0 dependent of k,n, thus

H (1 + ;Dm ) ﬁ (1 + — A ) < Zlo_l (1 + % |>\|i) < (3.0.21)

i<k 1=0 |’u|

where C” independent of n, k. Then from (3.0.19)), (3.0.21)) and the fact a9 (0) = 0, we have

|az1 (k)| [maz = O (Z ()’ Hall(i)HmaI) (3.0.22)

i<k

Let My, = max;< ||a11(7)||maz- Then by (3.0.18)) and (3.0.22), we have

l[a11(k + 1)||mae < (

1 1 i .
T Ok + lyel)lar (k)| maz + WO (Z (Au) !Ian(Z)Hmm)

i<k
1 1 e
<[+ (M + ——)]l]a (/f)||maz+— M-
|1 ' i [p|™ 1 — [ Ap
1 1 e
AT I
ul =R (1= gl

where o > 0 are constants independent of n and k. Thus when n large enough, fix
RS (|—1‘, 1) with oy < ag, there exist positive integers ko and k; independent of n, such

that, for any k with kg < k < n — ky, we have

1 Cy

Mk,1 g Oéng, (3023)
™ 1= A

la11(k + 1)||mee < arllain(F)||mee +
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and for 0 < k < kg or n — k1 < k < n, we have
Hall(k + 1)Hma:1: < <042 + 201)M]c (3024)

Thus we know when n large enough, M are uniformly bounded for all k.

Furthermore, we have when ky < k < n — kq, there exist some constant C3 > 0 such that

1
Haﬂ(k + ]->||ma:v < 041||a11(k:)||maz + CSW (3025)
Then we know that
_ 1 C
||a11(k)|‘max < (al)k ko’lall(kO)Hmam + W 1 _3@1- (3026)

Thus by the choice of o, we know there exists constant C' > 0 such that when n large enough,
for every 0 < k£ < n, we have

a1 (k)| maz < Clan)". (3.0.27)

By (3.0.22)), we also get ||az1(k)||mas are uniformly bounded for all k.

Similarly, we have

a,lg(k’ + ].) = i (A + Dll(k)) alg(k’) + %Dm(k’)iagg(k}), (3028)
and
= )\—k a D22<k) a
an(k+1) = i Doy (k)ara(k) + (1 + m ) 22(k). (3.0.29)

By (3.0.21)), (3.0.29) and the fact ag(0) = 1, we get

|as2 (k)| = O (1 + % > O Ham(i)Hmax) : (3.0.30)

"

Let M}, = max;< ||a12(?)||maz- Then by (3.0.28)), we have

la12(k + 1)|fmaz < (

L Ozl + 1) ar2(F) fmas + O (1 " ﬁ S () ||a12<z'>\|mm>

’,u| <k
1 1 1 Cy
< [— + Os(|\F + + M, + Cs,
g T O ) T T M T G
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where C5 45 > 0 are constants independent of n and k. By same argument as above, when
n large enough, we can settle down that |ai2(k)||maee are bounded for all £ < n and this
bound are independent of k,n. Thus by (3.0.30)), when n large enough, we know asy(k) are

uniformly bounded and away from zero for all k. Thus we finished the proof. O]
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Chapter 4

Cascades of sinks

By shrinking the coordinates and replacing N with N + n, we may assume
Ty Fo(Wie(as(t,0))) 2 Dy (0,2)

and

dist(Wys.(gs(t,0)),C — D,(0,2)) > 10e.
We will prove following proposition in this section:

Proposition 4.0.1. Forn large enough, there exists a holomorphic mapping ay = T),(ftmin, fmaz) X
T\(Amins Amaz) X U — Dy(2) and a positive constant n > 0 such that there exists a
disc in in the a-parameter with center a,(t) and radius w—ml'ﬁ, which we denoted by
Da(an(t), ") € Da(2), such that they satisfy the following:

For each a € D,(a,(t), m), F, o has a sink with period N +n. Moreover, the sink created

18 holomorphically depending on t.

Just a reminder, as we mentioned previously, t is just (u, A, 7).

We will prove this theorem by construction in several steps, throughout the process,t =

(1, A, 7) will be fixed:
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Step 1. Since by definition, we know

(Dya VVlZc,qg(t) (p), 7TyFt],\(f))

is a quadratic-like map, then there exists a simply connected domain Dy(t,0) C W}, a5 () (p)

such that

71-yP;t],\(])(DO(tv O)) = Dy(ov 2)7
dist(0Dy(t,0), g3(t)) = m, where m is a constant satisfying

1
0<m< 7 (4.0.1)

Besides, (D,(0,2), Dy(t,0), 7, F}) is a quadratic-like map, with unique critical point gs(t)

and critical value 0.

Remark 4.0.2. The three lemmas 4.0.3}§4.0.414.0.6 extends above fact further, and each lemma

can be viewed as an extension from the previous lemma. Even though we state these lemmas

in a similar way, the proofs for each lemma use different ingredients.

Now we first prove the following lemma to show similar construction exists for every n:

Lemma 4.0.3. There exist a sequences of simply-connected domains D, (t,0) with qs(t) =
N Dy (t,0)and Dy(t,0) C Dy—1(t,0) such that (Dy(0,2), Dy(t,0), 7, F\"™) is a quadratic-like
map, with unique critical point q3(t) and critical value 0. For n large enough, the diameter of

D, (t,0) has the following estimates:

1
- < diam(D,(t,0)) < Ca
Co |l

where Cy is a positive constant.

Proof. We construct D, (t,0) inductively on n. Suppose the Lemma is verified from 0 to n,
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then by Lemma [3.0.5 we know for every point (0, z) € D,(¢,0),

7T-yF’t],\([)JrnJrl (07 Z)

.

7TyFt70

—myFyg™(0,2)] = |( — ) (Fip (0, 2))]

= | E(Fp (0, 2))my (Fp ™ (0, 2))]
< elmy (Fip™(0,2))

< 2¢

< d(Dy(t,0),C — D,(0,2))

< d(D,(t,0),C — D,(0,2)).

N+n+1
71'yFt,o

Thus, by Proposition [2.2.4] we know ( )1 (D, (0,2—2¢)) is a simply connected domain

inside D, (t,0).

Thus we know

T FN+n+1 T FN+n+1
(Dy(07 2 — 26)7 (%)71(1)?4(07 2 — 26))7 %)

is a quadratic-like map. Since we know 0 has only 1 preimage ¢3(t), we know the unique
critical point is g3(t) and corresponding critical point 0.

Thus we can see that
(Dy(0, (2 = 2¢)), (my BT 1) 71Dy (0, |l (2 = 2¢))), my BT

is a quadratic-like map.

Since |p|(2 — 2¢) > 2 and 0 € D,(0,2). We conclude that
(Dy(07 2)7 (WyFt],\([)—i_n—i_l)_l(Dy(O? 2))7 7Ty}(ﬁt],\(f)—i_n—’—l)

is a quadratic-like map.
Then we define D,,41(t,0) to be (m, F\T"™)"1(D,(0,2)), a simply connected domain
inside D,,(¢,0). Thus we finish the induction step and the sequence D,,(t,0) is constructed.

Now we estimate the diameter of D, (¢,0). Since

Fio(Du(t,0)) = Fy ' (Fip ™ (Da(t, 0)))
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and WyFtJ’\(T)’L”(Dn(t, 0)) = Dy(0,2), by Lemma we can see that
2 —n
o s diam (7, F5(Dn(t, 0))) < 4C | .

Then since diam(Dy(t,0)) > m > 0, and (D,(0,2), Dy(t,0), 7, F}{) is a quadratic-like map,

there is a uniform constant Cy > 0 such that

1
- < diam(D,(t,0)) < Ca
Co|pl2 |l

n
2

Since ¢3(t) € Dy(t,0) for every n and the diameter of Dy(t,0) is asymptotic to zero exponen-
tially fast. We have
q3(t) = QDn(t, 0).

0
Step 2. Now we extend previous result from (¢,0) to (¢,a). Since by condition (5) in Section

we know

(‘DZM I/Vllzl;c,qg,(t,a) (p)’ 77yﬂﬁ>

is a quadratic-like map with unique critical point denoted by ¢3(t,a) = thaN (¢1(t,a)) and
corresponding critical value a. By change of coordinates in a—parameter, there exist Ag =
D,(0,2) such that for every a € Ay, there exists a simply connected domain Dy(t,a) C D,
such that

(Dy<0’ 2)’ Do(t, a>7 WyFt{\zfz)

is a quadratic-like map with critical point g5(¢,a) and critical value a € D,(0,2), and

dist(Dy(t, a),C — D,(0,2)) > 5e.

Now we will prove the following lemma to show similar construction exists for every n:

Lemma 4.0.4. For everyt, there exist a sequence of domains in the a-parameter, A, C D,(r)

with Ag = D,(0,2) and A,y1 C A,. For each a € A, there is a simply connected domain
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D, (t,a) C D,, such that
(Dy(()? 2)7 Dn(t7 CL), 7-‘-y}?t],\clt+n>

is a quadratic-like map with critical point denoted by qsz(n,t,a) and critical value v(n,t,a).

Furthermore, we have an univalent onto mapping
hin : Ay — Dy(0,2)

defined by hyn(a) = v(n,t,a). A, is a simply-connected domain.
Moreover, their exist a uniform constant Cy such that diameter of A,, and D, (t,a) has
the following estimation.:

1 C
—— < diam(A4,) < 3 , forn > M,
Cslpl™ "

|

1
= < diam(D,(t,a)) < Cs
e

~ no
] 2

C
Dn(tv Cl) C Dy(QS(n7 tv O)a ‘Mﬁ)

Proof. First, following the method used in the proof of Lemma[4.0.3| we construct A,, D, (¢, a)
and hy, inductively in n. n = 0 case is verified in the above discussion.

Suppose we have constructed Ay, Di(t,a),a € Ay and the univalent mapping h;j, from
Ay to D,(0,2) for k < n. Then for every point (0,2) € D,(t,a), where a € A,,

ﬂ-yFt,a

FN—l-n—l-l 07
Tofia ™~ 0.2) m N0, 2)] = (=2
I ’ M
= [En(F (0, 2))my (B0, 2))]

| — ) (F (0, 2))]
< elm, (FX(0,2))]

< 2¢

< d(Dy(t,a),C — D,(0,2))

< d(Dy(t,a),C — D,(0,2)).

Thus by Proposition [2.2.4] we know

T FN+TL+1 T FN+n+1
—E )T (Dy (0,2 = 2¢)),

(Dy(0,2 — 2¢), ( . .

)
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is a quadratic-like map, for a € h;;(D,(0,2 — 2¢)). Denote the critical value by —h”L’t(a).

N+n+1

Then by proposition [2.2.3] we know that the critical value of % and the critical value
of F;:T“” differ by 4e, i.e.
hn,
n1al@) o)) < e (4.0.2)
]

where a € h;%(Dy(O, 2—2¢)). Then by proposition [2.2.3, we know that h"+t(a) is univalent

from (“-249))=1(D, (0,2 — Ge)) to D,(0,2 — Ge).
Thus

(Dy(O, |:“|(2 - 26))7 (WyFt],\;+n+1)_1(Dy(0> |#|(2 - 26)))v WyFt{\;—i_nH)

is a quadratic-like map, for a € h;é(Dy(O, 2 — 2¢)). Denote the critical point by g3(n+1,t,a)

and the critical value by v(n + 1,¢,a). Then we know that

hn,
v(n+1,ta) = MHT’tm) = hni14(a).

U

Thus hy414(a) = 0 if and only if h"+‘(a) = 0 if and only if a = 0. Thus by proposition [2.1.1

we know hy,114(a) is univalent from (hy,114) "1 (D,(0, (2 — 6€)u)) onto its image. Furthermore,
since we have fi,,(2 — 6€) > 2, we know D,(0,2) is in the interior of the image. Thus we
may define a simply connected domain A, to be the preimage (h,41.) " (D,(0,2)).

In conclusion, for a € A, 1, we have a quadratic-like map
(Dy(0,2), Dpya(t, a), WyF;],\ynH)

with critical point g3(n + 1,¢,a) and critical value v(n + 1,¢,a), where D,, (¢, a) is defined
by (m, F{u ") 71Dy (0,2)). Beside we know hy,41.(a) defined by hyi14(a) = v(n+1,¢,a) is
univalent from A, ., onto D,(0,2). This finish the induction step.

The estimation on the diameter of the D, (¢, a) follows the same proof in Lemma [4.0.3]
and the compactness of A,,. Now we estimate the diameter of A,. By above calculations, we

find that there exists constant C' > 0 such that

Ohyt
da

1
—p" < 0)] < Clp|™
il <=5 = (O < Clul
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Then by theorem [2.1.2] we can see that there exists constant C3 > 0 such that

1
—— < diam(4,) < %
n ILL n

which finish the proof. O

Remark 4.0.5. The same argument can be applied if we relax D, (0,2) to D,(0,2 + ¢). That
is:

There exist a sequence of domains in the a-parameter, A, C D, (r) with Ay = D,(0,2+¢€)
and A}LH - Zn For each a € gn, there is a simply connected domain lN?n(t, a) C D,, such
that

(Dy(0,2 +¢), En(t: a), Wyﬂj,\g+n)

is a quadratic-like map with critical point denoted by g¢3(n,t,a) and critical value v(n,t,a).

Furthermore, we have an univalent onto mapping

ht,n . An — Dy(O, 2 + E)

defined by hy,(a) = v(n,t, a). A, is simply-connected.
Moreover, their exist a uniform constant Cy such that diameter of A, and D, (¢, a) has

the following estimation:

1 ~
< diam(A4,) < &, for n > M,
Cspl?

ik

1 ~ C
— < diam(D,(t,q)) < —,
Cslp|2 |2
Cs
D,(t,a) C Dy(gs(n,t,0), _|,u|%)

Furthermore, A,, is a proper subset of A,.. And for every a € A,, D,(t,a) is a proper subset

of D,(t,a).

Step 3. Let S be a domain in Dz, denote V(S) be the standard vertical foliations in D for
x €S, ie., V(S) consists of 1-dimensional submanifolds of the form Lz, = {(Zo,y)|y € D,}

where 7y € S as leaves. For every n > 0, we consider the foliation F},(V(S)). We parametrize

59



the leaves of this push-forward foliation by the Z-coordinate of its preimage, and denote

the leaf with parameter ¥ by me,t’a, ie., Lyzia = Ft’}a

(Lz) N D. Thus by lemma [3.0.3]

zn757t7a € U(«). When S is the polydisc in Dz centered at 0 with radius r, we simply write
V(S) by V(r).

Now consider V,, 14(D) := F},(V(Dz)) N (Dz x D,(t,a)), and denote the leaves of V, ; .(D)
coming from Zmi’t’a by Lnita, i-€, Lpzta = Zn,@t,a N (Dg x En(t,a)). Then m,lr, ., . :

Lyzta — ﬁn(t, a) gives a bi-holomorphism from L,, z;, to ﬁn(t, a). Thus we may define its

inverse mapping, denoted by Hol, ;. z, i.e., Hol, ¢ 0z = (7|1, -, a)_1 : Dy (t,a) — Ly zta.

Now we consider the following mapping:

G(n,Z,t,a) : Dy(t,a) — C
Y — WyFt{\ngn(HOln,t,a,f(y))

where ¥ € Dz, a € ﬁn

We now prove the following lemma:

Lemma 4.0.6. There exists a constant number M > 0 depending on €, such that for every
n > M, we have the following:

For every ¥ € Dg, there exists a simply-connected domain A, (Z) properly inside Em such
that for every a € A,(Z), there exists a simply-connected domain D, (t,a,Z) properly inside

D, (t,a), such that
(Dy(0,2), Dy(t, a, %), G(n, Z,t,a))

is a quadratic-like map with critical point q3(n,t,a,Z) and critical value v(n,t,a,Z). Further-
more, the mapping

hn,t,f . An(f) — Dy(O, 2)

defined by hy1z(a) == v(n,t,a, %) is an univalent mapping onto its image. And their exist
an uniform constant Cy > C3 such that diameter of A, (Z) and D,(t,a,Z) has the following
estimation:

! o

—— < diam(A, (%)) < , form = M,
G (An (7)) il
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1
—— < diam(D,(t, a, ¥)) Cs
Calp|

1
Dy(0> 2— 56) g hn,t(An,t<f)> g Dy(o, 2+ —6).

N

where Mod denotes the modulus of the annulus.
Remark 4.0.7. When 7 = 0, we have

A,(0) = A, and D,(t,a,0) = D,(t,a).
Thus lemma is just the spacial case of lemma for ¥ = 0.

Proof. Let (0,y) be a point in Dy (t,a). Since Holn,t,a,g(ﬁn(t, a)) is contained in FY,(Lz), by
lemma, |3.0.5 we know

[ Holyta,2(y) — (0,9)] < Ci|7||A"™.
Thus
[y B (Holn,.a,2(y)) — m, Fia ((0,))] = O(IA).
Furthermore, by lemma |3.0.5, we have
[y B2 (Hoby t2(y)) — m, o ™ ((0,9)] = O(Aul™). (4.0.3)
Thus we know there exists a constant M; > 0 such that for every n > Mj,

1y E ™ (Holy () — m, (0, 9))] < g (4.0.9)

W =

Then by proposition for every a € h;,;(D,(0,2 + 2¢)),

) (G, & 1, a) ) (Dy(0,2 + 2e

2
(Dy((), 2+ € 3

3 ), G(n, f,t,a)) (4.0.5)

is a quadratic-like map, holomorphically depends on &, ¢, a. Define D, (t, a, Z) by
D, (t,a,%) := (G(n,Z,t, a))_1 (Dy(0,2)).

Since D, (0,2) is proper subset of Dy (0,2 + %¢), we may define A,(Z) S h;,;(D,(0,2+ 1e)) by

=~
An (D) = {a € A,|(D,(0,2), Dy (t,a,7), G(n, T, t,a))

is a quadratic-like map with critical value contained in D,(0,2)},
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and A, (7)) is a simply-connected domain properly inside Zn Then we can define the

following holomorphic mapping;:
hn,t,f : An’t(f) — Dy(O, 2)

by

hniz(a) :==v(n,t, a,T).

123}

Denote ip be the restriction onto D. Then by Inclination Lemma, since Lz intersects with

stable manifold transversally, we know that

lim (ip o Fyq)"Lz = D,

n—oo

in C'-topology. Thus for any given @, h,;z converge to h,; as n goes to oo in C'-topology.
Then by Theorem 2.5 in [PP11], we conclude that h,; z is univalent when n large enough.

We finish the proof by noticing that the estimations on the diameters of A, (¥) and
D, (t,a,7) follows the same argument as in lemma [4.0.4]

Also when h,,; z are univalent for all # € Dz, we have the following estimation:

1 1
D,(0,2 — ge) C hnt(An(T)) C Dy(0,2 + 56)

]

Lemma 4.0.8. When n large enough, there exists a holomorphic mapping sa, : Dy — C

such that the following holds:
g3(n,t,a, %) =v(n,t,a, @) if and only if a = sa, (7).

Proof. By lemma [4.0.6, when n large enough, h,,;z is univalent. Thus we may define the
following mapping:

Poyz: Dy(0,2) — C

by



Then it is a holomorphic mapping by the definition of A,z and gs(n,t, a,Z). Since we have
gs(n,t,a, @) € Do(t,a) S D,(0,2) for a € A, (Z), we know that P, z(D,(0,2)) lies strictly
inside D, (0, 2). By Earle-Hamilton holomorphic fixed point theorem ( Theorem , there
exists a unique fixed point v of P,z in D, (0, 2).

Now we define sa,, +(Z) to be h;i =(v), then it is easy to see it is a holomorphic mapping

and holomorphically depending on t. By the uniqueness of the fixed point, we can see that
¢3(n,t,a, %) =v(n,t,a, @) if and only if a = sa,,4(7)
which finish the proof. O

Now since

(Dy(0,2), Dy (t,a,%),G(n,Z.t, a))
is a quadratic-like map with critical point g3(n,t, a, ¥) and critical value v(n,t, a, ), we may
denote the following:
Hol, ;02(g3(n,t,a,7)) := (Xi(n,t,a,7),q3(n, t,a, X))
and

F;ﬁ{\(fz+n(X1(n7 tv a, f)v Q3(”a t7 a, f)) = (XQ(nv t7 a, f)7 U(’)’L7 ta a, f))

Lemma 4.0.9. For n large enough, there exists a point x;,, € Dz, such that the following
holds:

Xi(n, t,88,,(7), T) = Xa(n, t,s8,,(7),7) if and only if T =z, ;.

Proof. By lemma [4.0.8, we know that X;(n,t,sa, (%), Z) holomorphically depending on Z,

where 7 = 1, 2. Besides, we have

Wth;Znyt(f) (Xi1(n, t,sa,4(7), T), q3(n, t,58,,4(7), 7)) = Z.

Now we may define the a holomorphic mapping
Spt: Dz — C™71
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by the following:

Snt(%) = Wth]\s[a L(@(Xi(n, t,san,(7), ), gs(n, t, sa,,4(), 7).

Since |Xi(n,t,sa,+(Z))| = O(|A|™), when n large enough, we know S, (%) € Dz(2), where
Dz(2) ={(Z,0) | |z;] <2,1<i<m—1}.

Since L > 2, we know that S,,;(Dz) is strictly inside Dz. By Earle-Hamilton holomorphic
fixed point theorem ( Theorem [2.3.1]), there exists a unique fixed point of S, (%) in Dz. We
denote that fixed point by 7, ,

Since

th\ga +(Z )(X1(n,t,san,t(f),f),qg(n,t,sanyt(f),f))

can be rewritten as

F’I’L

t,san,¢(Z

) (Xa(n, T, 88, (T), T), v(n, T, san,(T), T)),

we know, when ¥ =z ,,

—n *

F;t,san,t( * )(Xl(n t Sant(xn t)7 nt) Q3(n t Sant(‘m;t)?xn,t))

and
F;Zn,t(m;,t) (XQ(na t? San,t(x;:,t)a l':;,t)a U(n, ta Sanp,t (332,1:), x;,t))

are both in L, . Thus

*

(Xu(n, 8,880, (2 1), 07,0), g3 (0, by s2n,1(27,4), 27, 1)

and
(X2<n7 t, San,t<x;,t)7 x;,t)v U(”? t, San,t (x:;,t)a x;,t»

are both in F"

t,san,t(x]

)(Lx;,t) A D. Since F" (o t)(fow) N D is almost vertical, it can be

t,san t(T

represented as the graph over D,, but we know that

*

4s (nv b, 8ant (‘%Z,t)? xn,t) = ’U(TL, 12 San,t(x;,t)> :E:;t),
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we must have
Xi(n,t,san(7y, ), 2, ) = Xo(n,t, 82, (2, ), 75, 1)

n,t/r»“n,t

Since },, is the unique fixed point of S, we can see that
g3(n,t,a,%) =v(n,t,a, @) if and only if a = sa,+(7)
Which finish the proof. O
Remark 4.0.10. We actually know that
(X1(n,t,a,©),q3(n,t,a,x))
and
(Xso(n,t,a,%),v(n,t,a,r)) = Ft{\;Jr"(Xl(n,t, a,t),qs(n,t,a,x))

3 3 = * — *
coincide when & = x} , and a = sa, (2}, ;). Thus

(Xl (TL, i San,t(w;kz,t% x:(z,t)v a3 (nv l San,t (xz,t)v x;,t))

is a periodic point of Fy,, (e ,) With period N + n.

Next, we prove that the periodic point is a sink. We know

(Dy(()?2)7Dn(tasan,t($2,t) x ), G(n,x, tasan,t@:;,t)))

»ngt »n,ty

is a quadratic-like map with a superattracting critical fixed point g3(n,t,sa, (2, ,), 7}, ;). We

may choose 2 univalent mappings
¢i(n,t) : D, — C,

where ¢ = 1,2 and C, denotes the complex plane with coordinate z, such that the following

holds:

1) ¢1(n, t) mappings D, (t,san (2}, ), 7}, ;) biholomorphically onto D, (0, 1), with g3(n, ¢, san (2}, ), 7}, ;)

»nt

to 0;
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2) ¢a(n,t) mappings D, (0,2) biholomorphically onto D, (0, 1),with gs(n,t,sa,(z}, ), z}, ;) to

»¥nt
0, we choose ¢2(n,t) to have the explicit formula:

%y - %QS (n> ta San,t(‘r:,t)a $;,t)

1- %qu,(n, ta San,t(x;,t)> .1':;7,5)

¢2(n, 1) (y) =

It is just the composition of the linear mapping y — %y and the Mobius mapping

Y- %Q?)(n’ t San,t(af;,t)a x;,t>

1 - %yQ3 (n7 ta Sanp, ¢t (:C;kl,t)7 x;,t) .

Thus, ¢2(n,t) o G(n,z}, ,,t,san (2} ,)) 0 (¢1(n,t))"" is a degree 2 mapping on the unit disc

n,t’

D, (0,1) with unique superattrating fixed point 0. Thus by complex analysis, we see that

Qﬁz(ﬂ, t) B G(”? ’I;kz,t’ i, Samt(x:;,t)) O <¢1 (n7 t))_l(z) = 6227

where £ is a complex number with |£| = 1. Thus we have

G, %10ty s0m (5. () = 2, 1) (E(n(m, £)(1))°). (4.0.6)
Now we prove the following lemma:

Lemma 4.0.11. There ezists a constant T = C(€) > 0 only depending on €, independent of
n and t, such that , if we denote

T

Epi(a) = Dy(QS(nv t San,t(ﬂfil,t), 372,7&)7 W

),

then we have the following:

1)
En,t(l) -,C«- Dn(t7san,t(l‘;,t) T, >’

»ngt

2)

’» Hn,t

1
(G(n, 2,4, t, 880, (27, ) Ene(1) C Ent(§) when n large enough.

Proof. For simplicity of writing, we will denote D,,(t,sa,(z},,), 7 ), G(n, x) ;, t,88,,(7}, ,)),

®i(n,t), qz(n,t,san (2}, ), 7 ) and p by Dy, G, ¢4, g3 and p respectively in this proof, where

1 =1,2. Thus by equation (4.0.6)) is rewritten as

G(y) = o3 (E(d1(n))?),
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where ¢, simply rewrite as

1 1
9Y — 34d3
baly) = 228
- ‘ZJ(I3
Consider a disc D, (0, ﬁ) in the z-plane with center 0 and radius | |n , where 7 > 0 with
1 pl2
be determined later. Then we have
T (7_/)2
(£¢%>(DZ<07 n )) = DZ(O> " )
ZE 1z
By Koebe }L Theorem, we have the following:
_ T/ 7!
¢1 (D=0, —=)) 2 Dyl(gs, 5 !(cbl ) ()| —=)),
|| 2 e
(7_/)2 (7_/>2

¢ (DZ(O’W) C Dy(gs,4l(¢5")'(0)] e ))-

Thus we have

/ /

G(D,(gs, ~ |<¢1 Y(0)| =) = (67" 0 €22 0 61)(Dy (g3, ; |<¢1 ) (0)|—))
Ik 1k
C (¢5" 0 £2%)(D-(0, fﬁ»
2 a (4.0.7)
= (D0, 717
(7_/)2

C Dy(gs, 4(62")'(0)] il )-

Let 7 = %](¢;1)’( )= W” = }1|(q§1_1)’(0)]7’|m%, then formula (4.0.7) is equivalent to the

following;:

lul 2

n 641(03" (072
G ) < Pl e Gy o))

The lemma will be proved if the following condition is satisfied for 7 = 7:

64/(¢5")'(0)|77 G
P (e Y O T T 2l
It is equivalent to the following inequality:
—1y/ 2
64)(63) (O _ (109)

[Pl (@7 (0))2 2|l

Since (¢3')'(0) = & — L|g3|?, thus it is equivalent to the following inequality:

_ (e ()
16(4 — lgs?)
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Now we give a lower bound estimation of |(¢;")'(0)].

Since g3 € Dy(t) C D,(0,2 — ¢€), we have

san (7)) € hot

*
n,t,xnyt

(Dy(07 2 - 6))a

and (D, (0,2 —¢€),G"1(D,(0,2 —€)),G) is also a quadratic-like map. By the same method
as in the proof of Lemma [£.0.6] we may have the following estimation on the diameter of
GH(D, (0,2 - )

Cy(e)
|2

Y

m < diam(G1(D,(0,2 — €))) <

where Cy(€) is a uniform constant only depend on Cy and e. Besides, by Lemma we

have

2
2—¢

Mod(Dy \ G(Dy (0,2 — €))) > %Mod(Dy(O, 2)\ Dy (0,2 — €)) = — log(

pym ) > 0.

Since ¢, is univalent on D,,, by Theorem [2.1.2] we have a constant C' > 0 depending on
+ log(5%), such that for any z,y,z € G(D,(0,2 — ¢)),

[91(y) — ¢1(2)]

LBl <o)

1
~ o) <

By choosing sequences of points y;, z; € diam(G~1(D,(0,2 — €)) such that lim |y; — 2| =
diam(G~1(D,(0,2—¢)) and using the fact that |¢(y)—¢1(2)| < 2 for any y, z € G~1(D,(0,2—

€), we have
2
diam(G—(D,(0,2 —¢))

¢ (g3)] < C < 204(e)Cul?

Since ¢(gq3) = m, we have

1
¢71 / 0 2 -
Thus for 7 = W, we have
n -1y 2
Pl YO 1 o

16(4 —[gs?)  ~ 64Cu(€)*C?(4 — |gs[?)
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Thus 7 = 7 satisfies inequality (4.0.10). Thus we have

641(65"Y (0) T
TuPrl(gr ()R < P g

we can see that it only depends on €, independent of n and ¢. This

-
G(D (Q3a | ’n)) C Dy(QS

Let C(E) = _256041(6)202’
finishes the proof. O
Since q3(n,t,san,¢(2},,), ¥y ;) € Du(t,a,2},,) C Dy(0,2 — ¢€) and by equation ( 4.0.4)), we

have

2

|7ryﬂj,\cfz+n(HOln,t,san,t(wZ,t),f(y)) - WyFN—m(HOln,t,san,t(w;,t),x;,t (y))| < ge

for every y € D, (t,a) and every ¥ € Dz. By Proposition we conclude that
(Dy(ou 2)7 Dn(t7 CL, 5)7 G(na fv t? San,t<x:;,t))>
is quadratic-like for every ¥ € Dz, i.e.,

San,t (2, ;) € An(T).

Now we prove the following lemma:

Lemma 4.0.12. Let H,(r) be a polydisc in the Z-plane centered at 0 with radius K|\

Then there exist a constant k > 4C independent of n and t such that

FN (Hy(6) X Ea(1)) € (o (2

bysan o (7,) 5

3
K) X E”t<z_l)> when n large enough.

It then implies that
(Xi(n,t,sane(2y, ), T p)s gs(n, T s (27,,), 27, 0))
15 a sink.

Proof. By equation (4.0.3]), we have

|7T?/Ft]\s[:n (x2 ) (H01n7tﬁsan,t(l‘f«b,t)i(y)) - 7TyFt]\s[aj:Ln (€5 )(H01n tsan (27, 4),27 4 ®))l

<y B ey ol tsa (o 0.2()) = m B ((0,9)) 1+
12 (0,9) = 7y F o (Fbnn .51, ()
= O(|An]")
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for every & € Dy and y € D, (t,a). By condition (F3) in Definition [2.4.4] for n large enough,

we have
‘WyFt],\sf;rft(az;t) (HOln,t,san,z(x;i,t),f(y)) - WyFt],\S[;T;(x;!t) (HOln,t,san,t(x;*l,t),x;t ()|
1
=O0(—3,)
|
T
e

Thus we have

o 3
G(n,t,san(7y,,), T)(En (1)) C EW(ZL)

Besides, by the normalization of the problem, when n large enough we can see that

7T5FN

t’san,t

(z:yg(Hn,t(H) X En,t(]->> - 7TrD2.
Thus by lemma we have
maFN o (Hpy(k) X Eny(1)) € H,y(2C)).

t,8an,t (wi,t)

Choose a constant s such that %/{ > 2(C";. Then we have

1 3
Ft o ) (Ha(K) X Eny(1)) C (Hut(58) X Ene(7))
which finish the proof. O

Step 4. In this part we finish the proof of Theorem 4.0.1. Now choose 17 > 0 small enough,

consider a disc around say, ;(z;, ;) in A, (7}, ;) with radius W, denote it as Dg(san¢(z}, ), |“’|72n ).

Then for every a € Dg(san (7}, ,), |u7|72")’ by Taylor expansion of F{%(Z,y) on (Z,y,a)

parameter, we know the following:
N .. Cn )
(Hpt(k) X En(1)) is in W—nmghbourhood of
l’[/ n
Ty o (i)  Brg(1))

where C' > 0 is some constant uniformly away from 0.
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Besides by the lemma in Appendix, we know

» 1 S n

WyFt,san,t(:IJ:L,z)(Hn’t(§l{) % En,t(Z)) o O( ‘:uln ) N O( ‘M'gn)
1 3

-neighbourhood of WyF;;”(Hm(?@) X E’”(Z))

n
RS

Thus if we choose 1 small enough such that O(

CT] < T .
) + mir < g5 @ Then since

» | 3
71'z,/th],\s[an,t(ac;“m)(‘T_In,t("'i) X En(1)) C WyFt,san,t(x;t)(Hn,t(§“) X En,t(i))?
we find
WyFt{\g(Hn’t(m) x E,.(1)) is in 8017|——M|2n—neighbourhood of
» 1 3
Ty F (Hn,t(gf’v) X En,t(z))-

Thus by lemma we have

Ty FO T (Hp g (k) X Eny(1)) is in -neighbourhood of

8™
1 3 3
Wy(Hmt(?f) X EW(ZL)) = EW(ZL)’
ie.,
N+n 7
TyFia " (Hae(k) X Ep(1)) C En,t(g)-

Thus by lemma [3.0.5) we have

3
ﬂth{\;J“”(Hm(m) x E,+(1)) C H,:(2C) C Hm(é—l/f)

by the choice of k. Overall, we have

FEY (Hg () X Eny(1) € (B (35) X Buol2))

Thus there exists a unique sink of mapping F{%™ inside H,,(r) x E,(1). Since z},, is

holomorphically depending on ¢, then if we define the mapping

an 2 Dy(r) — Dy(r)
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by
an(t) = san, (x:z,t>>

we can see that a,(t) is a holomorphic function. This finish the proof of Proposition O
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Chapter 5

The creation and properties of

secondary tangency

5.1 The creation of secondary tangency

In this section, we will create a map by, ki @ T (tmins Pmaz) X Ta(Amins Amaz) X U — Dy (2)
such that when parameter are on the graph of this map, FNTn+N+n+N+k il] exhibit the a
new homoclinic tangency. We will show this result by construction in several steps, again, we
fixat=(u A\ 7).

Step 1. First of all, we will consider iterations with iternery N + On. We begin with the

following lemma:

Lemma 5.1.1. There exists a constant x > 0 such that, for n > 2y, we have
hit(An) € Dy,(0,2)\Dy(t,0)

for every k < n — x. Especially, when n > %5, we have

On <n —y,

thus
h@n,t(An) - Dy(ov 2)\D0(t7 0)
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Proof. We know that D, (0,1) C D,(0,2)\Do(t,0). By inequality (4.0.2), for a € A,,, we have

hos(a), o= hig(a)  hipig(a)

|hie(a) — =1 (== — — =)l
t Iun—k: p— Mz—k Mz—l—l—k
< — |h2-,t(a) B hz‘+1,t(a)’
= i—k i+1—k
i M 2
n—1 1
<de |=[H
= M
<de |-
=0 M
Aelp]
lul =1
Thus we have
hyt(a) de|p 2 de|p 2 A€ fipmin
(@)l < pnk I+ | =1 S [ F =1 D T——
Homin Hmin

Let

In(2— —2-)—1In(l — 1 —4¢
( nir) ( Fmin ) (5.1.1)

X= lIl Hmin

be a positive constant. Then one can check that for any s > y, we have

2 4e min
L e

< 1.
Honin — Hmin — 1

Thus when n — k > y, i.e., k <n — x, we have

(@) <

Thus we have

hies(As) € D,y(0,1) € D, (0,2)\Dy(t,0).
UJ

Step 2. Thus when a € A, consider the intersection of F}y,"""(Dy,(t, a)) with Dz x Dy(t,0).

Then m, is degree 2 covering map with no branched points onto Dy(¢,0). Let Lg,(t, a) be one
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of leaves of this covering, then Ly, (t,a) can be viewed as the graph of a (m — 1) vector-valued

holomorphic function lp, ;4 : Do(t,0) — Dg, i.e.,
Lon(t,a) = {(lpnta(2), 2)|z € Do(t,0)}.
By Lemma |3.0.5, we have
dist(0, 73(Lon (t, @))) < 2C1| A"
By the same argument of equation (4.0.3)), we have
Ty B (ot (y), y) — my B ((0,9)) = O(IA ")

where y € Dy(t,0). Since [Mp| < 1 and D,(t,a) C Dy(t,0), for n large enough, we have

- 1
My Fra™ (ona(y), 9) = 7y Fi ™ ((0,9))] < e

where y € D,(t,a). Since
(Dy(o’ 2 + 6)’ E7‘L(t7 CL), WyF;t],\tlz+n)
is a quadratic-like map, by proposition 2.2.4] and by the same argument as in the proof of

Lemma there exists a simply connected domain there exists simply connected domains

Topn(t,a) C 5n(t, a) and Ag, ., C A,, such that

(Dy(oa 2)7 TO,n(ta a), WyFt{\g+n(l9n,t,a(y>7 y))

is a quadratic-like map of y variable with critical value v(6n, n,t,a), where a € Ay, ,,. Besides,

there exists a univalent map
h@n,mt : AHn,n — Dy(0> 2)

defined by hgnni(a) = v(0n,n,t, a).
By Step 1 and the definition of Ly, (¢, a), we know there exists a simply connected domain
§9,n(t, a) C Dy,(t,a) such that ﬂyFNJre” is a biholomorphic map from ggyn(t, a) to Ty, (t, a)

t,a

and F/\"(Sy,(t,a)) is a subset of Lg,(t,a).
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Thus we have the quadratic-like map

(Dy(()? 2)7 §9,n(t7 CL), WyFN+n<FtJ,\c[z+0n))

t,a

with same critical value v(6n,n,t,a) and function hg, ,, defined above.

Step 3. For n > k > 0, let Uy be a neighborhood of 13k(t,0) such that U, C Uj_; and
E{\ﬁk(Uk) 2 Dy(0,2 + 2¢), for a € A,. We have the estimation

1

diam(Uy) < w
0

MES

Denote B(k,0,n,t) to be
B(k,0,n,t) = hy! ., (Uy).

We have the following estimations:

Lemma 5.1.2. When n large enough, we have

1
,un

Besides, there exists an uniform constant C > 0 such that when k is large enough, we have
(5.1.3)
for every a € B(k,0,n,t).

Proof. The first estimation follows from the distortion theorem [2.1.20 Since hg, ,+(0) = 0,

when k large enough, there exist some € € (0, 1), such that
Ug C D(0,1+€)\ D(0,1—¢). (5.1.4)
Then by distortion theorem [2.1.2) we can see the second estimation. O
When a € B(k,0,n,t), we know that

(Uk, (my BT (FT) 7 (k) my G (L))
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is a proper map of degree 2, and we denote (m, F/, " (F/L )™ (Uy) by Skn(t,a).
We are interested in the map m, £y o FN " o ENF" on Spgn(t, a). First, let us analyze

k+N N+n N+6n
the map 7, Fy'; " om, Iy, 7" o Fy 77" on Sy (t, a).

By above discussion and Lemma [4.0.4] we know that for a € B(k, 8, n,t),

(WyFtITJN © 7Tzzl:;tj,\cifn © Ft],\cfzwn(sk,@,n(ta a)), Skon(t,a), WyFtlf:N © 7TyFt],\c[ern © Ft],\(/;+9n)

is a polynomial-like map of degree 4. It has 3 critical points and critical values (counting
with the multiplicities), the critical values are m,F/\"*(v(0n,n,t,a)) and v(k,t,a). As long
as v(fn,n,t,a) # qs(k,t,a), we have WyFt{\g+k(v(9n, n,t,a)) # v(k,t, a).

When a € Zn, choose a simply-connected domain U,,, such that the following holds:

D,(t,a) C U,

and
1

|2

).
By previous discussion, we know that
qs(k,t,a) € U,

FN+k

where 0 < k< n,ac€ Zn. Now we prove the following lemma for =, ta oD Uy:

Lemma 5.1.3. There exist a constant Ky > 0 and an integer § > 0, such that for any

k<n—p, ze Dy0,2+¢)\D,(0, MKﬁ), there exists two univalent functions
Cl<k7 Z)) CQ(ka 2) : B(k7 Q) n, t) — Uk7

such that

”yFt{\ngk(Q ci(k,z)(a)) = 2,
where 1 = 1,2. Their images ¢;(k, z)(B(k,0,n,t)) are strictly inside Uy. Moreover, for any

simply-connected domain T inside D, (0,2 + €)\D,(0, mfﬁ), the maps:
z — ¢i(k, z)(a)
are univalent on T for any a € B(k,0,n,t).
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Proof. Choose a Ky > 0 such that

K,
FH(Un) € Dy(0, T22)

|l

We choose 5 > 0, such that

D,(0, ) € D,(0,1)

|M|n .
for k <n — 8. Now for any z € D,(0,2+ €)\D,/(0, s —0 ) consider the equation

oy Frn((0,y) =

where a € B(k,6,n,t). Then it has 2 different solutions on y variable y = ¢; and y = ¢5. In

this situation, we have
N+k
oy Fy

By 70,

Yy=ci

where ¢ = 1,2, then by implicit function theorem, we have

= ci(k, 2)(a)

are well defined holomorphic functions on the set B(k,0,n,t), where i = 1,2.
For any fixed z € D,(0,2 + €)\D,(0, s o) we have that ¢; is univalent on a-variable

because
dci ﬁﬂyFNJrk/(%ryFNJrk
da da dy

When y € dUy, since FYy,™*(Uy) 2 Dy(0,2 + 2¢), we know that F\**(9Uy) lies outside of

£ 0.

D, (0,2 + 2¢). Thus ¢;(k, 2)(B(k,0,n,t)) are strictly inside U.
Let T be a simply-connected domain inside D, (0,2 + €)\D,(0 ,W) for any fixed

a € B(k,0,n,t), again we consider the equation
m, F T ((0,y) =
where z € T'. For different z, we must have different y, then the conclusion follows easily. [

Now we only consider k satisfying 0 < k <n — 5.
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Given z € Dy(0,2 4+ €)\D,(0, MKﬁ), for i = 1,2, define the maps:
a(/{, Z) : Uk — Uk

by
ik, 2)(y) = cilk, 2)(hgn 1 (y)

By lemma [5.1.3] ¢;(k, 2)(Uy) lies strictly inside Ug. Thus by theorem [2.3.1] there exist an

unique fixed point y;(k, z) such that

El(ka Z)(yZ(kv Z)) = yz(kv Z)

Moreover, y;(k, z) depends holomorphically on z-variable when z lies in any any simply-

connected domain inside D, (0,2 + €)\ D, (0, ﬁﬁ) Denote b;(k)(z) = h; !

On,n,t

(yi(k, z)). Thus

we have

myF e (0000, 0,8b,(k)(2))) = m EE  honn(0i()(2))

= WyFt],%IZ)(z) (yl(k7 Z))
= WyF;{YEI:)(Z) (El<k7 Z) (yl(k7 Z)))

= ﬂy}l]’\ﬂ:)(z)(%(h 2)(bi(k)(2))

= Z.

It is then easy to see that b;(k)(z) is an univalent function on z when z lies in any any
simply-connected domain inside D, (0,2 + €)\ D, (0, IulKﬁ)
Now we goes back to the map m, F/, ™" o F\ " o Ft{\;*e". Since for any y € Skgn(t,a), we

t,a

have

|maF ™ o B ()| < 2C1 A"

Thus we have

|7ryFt{ZL+’f o ngn o Ft{\yen(y) - wyFt{\;M o wyFtﬁ+” o Ft{\;+9“(y)| < Cy A" |p)® (5.1.5)
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where () is a positive constant. Denote
TSkon(t,a) = (Wyﬂ{\cfz+k ° Ft],iJrn © Ft],\;Jron)il(Dy(Oa 2+¢))
When n large enough such that 100C4|\|"|u|"~” < ¢, by proposition we know that
(Dy(0,2 4 €), TSk pn(t,a), 7, FT o FNT™ o FLT™)

is a polynomial-like map of degree 4, where a € B(k,0,n,t). We are interested in the
critical value of the map WyFtJE*k o Ff};*” o Eﬁ”” corresponding to the critical value
WyFt{\;+k(<6, v(On,n,t,a))) of the map WyFtJ’\fl“LkOWyFt{Yf”oFtﬁw", we denote it as sv(k,0,n,t, a).
Denote
Bronn() = g t(U\Un).
Consider the disc D, (g2(t), 10C4|A|"|u|¥), then it is a simply-connected domain inside D, (0, 2+
e)\D,/(0, “fﬁ) We conclude
yi(k,z) € U\U,
for z € D, (qa(t), L0C4 A" u]F).

Hence b;(k)(z) is univalent on Dy (q2(t), 10C4| A" p|*) and

bi(k)(Dy (ga(t), LOCH A" 1l*) C Bregnn(t).
For a € b;(k)(D,(gx(t), 10C4|A|"|u|*), denote
Py(t,a) C (m Byt o m L™ o FNHM) 71Dy (go(t), 10C4 | A" ul)

t,a

be the component containing the critical point. Then Pg(t,a) is homeomorphic to a disk. We

have following lemma:

Lemma 5.1.4. For a € b;(k)(D,(ga(t), 5C4| A" |p]*), let

Bult,a) = (m, N 0 FX 0 ENFO| L (D, (b7 (k) (@), 3CHAI" )

7
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then ﬁk(t,a) C Py(t,a) homeomorphic to a disk and m,F%,™" o EN*" o ENY" s a proper
map of degree 2 from Py(t,a) onto Dy(gfl(k)(a), 3Cy A" |ul¥). Thus sv(k,0,n,t,a) is in the

image, i.e., we have
|sv(k,0,n,t a) — (gz(k))_l(a)| < 204\l (5.1.6)

Let SB;(k,t) C gi(k)(Dy(QQ(t),504‘)\’”’/.1/‘k) be the a parameters such that sv(k,0,n,t,a) €
Dy (q2(t), 2C4|A["|u|*). Then we know SB;(k,t) is homeomorphic to a disk and sv(k,0,n,t,a)

is univalent on a-variable from SB;(k,t) onto D,(qa(t), 2C4|A|"|u|*) for each t.

Proof. We know that Wyﬂ{z*k o Wyﬂ{\f" o Ft]’\g”" is a proper map of degree 2 from Py(t,a)

onto Dy (qa(t), 10C4|A["|u|*), where

a € b;(0)(Dy(go(t), 10Cy A" |])).
When a € b (k) (D, (2(t), 5Ca| A" ]*)), we know that
D, (b7 (k) (a), 3C4| A" |u]*) € Dy(ga(t), 9Cu A" ul*).

(2

By inequality 1} and proposition , we know that ﬁk(t, a) homeomorphic to a disk and
Ty FN R FN T o N is a proper map of degree 2 from ﬁk(t, a) onto Dy(E;I(O)(a), 3CH A" |-

Besides, by proposition [2.2.3] we also have
|sv(k,0,n,t a) — (E(k))_l(a)\ < 204|)\|”|,u\k (5.1.7)

Then again by proposition we know S B;(k, t) is homeomorphic to a disk and sv(k, 0, n, t, a)

is univalent on a-variable from SB;(k,t) onto D, (qa(t),2Cs|A\|"|u|*) for each ¢. O

Definition 5.1.1. Denote b, ;(t) be the point in SB;(k,t) such that

sv(k,0,n,t,b,1.:(t)) = q2(2),

ie. FN+9n+N+n+N+k

Lbnpa(t) has a secondary tangency. By lemma |5.1.4] for any k < n — 3, we know

that by, (t) is holomorphically depending on t for ¢ € D;(7). Especially, by lemma [5.1.2
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there exist uniform constant C' > 0, such that when n large enough, for k£ large enough,

i=1,2 and t € T(lmin, fbmaz ), We have

1 C
< Nbngi ()] < —. (5.1.8)
Clul |ul”
Step 4. Denote PTB@DFN(ai) ) be the a% component of DFt]\;(ai) - at (#,y). Since
v Ty ’ Ty
Pr 2 DF}} (ai) » is non-zero, there exist an neighborhood of ¢3(t), denoted by S, such
q3(t
that
|Pro DF(-— 0 ) ]>C>O (5.1.9)
Em t,a ax

for every point (7,y) € S. For n large enough, we have Uy, C S.

Now we consider the case when a € D,(a,(t), #), i.e., when a is in the parameter

discs which exhibit a periodic sink. Choose an a in this disc, then consider the map
(Dy(0,2), Dy(t, a), 7, FiT™), we know the critical value v(n, ¢,a) € U,. Thus we know there
exist a positive constant e > 0 such that D,(v(n,t,a),e) € S C Dy(0,2). Denote ¢(y)
be the affine map transforming D,(v(n,t,a),e) to A with v(n,t,a) to the origin of A, i.e.,
o(y) = ¢(y —v(n,t,a)).
Denote £(y) be the uniformization map from (m, F/\"™)~ (D, (v(n,t,a),e)) to A such that
&(gs(n,t,a)) = 0. Then ¢ o @Fﬁ*’” o &1 is a holomorphic map from A to itself preserving
the boundary. 0 is the only zero and it is of degree 2. Thus ¢ o 7, [}, N+ o €71 = uz? where
lu| = 1.

Denote the ¢ o 7, F, ™" (lgnt.a(—), —) © £ be g(2), then it is a holomorphic map from A
to C.

Lemma 5.1.5. For n large enough , there exist an uniform constant C' > 0 such that
—IVM” < |my F " (lona(y): ) — m BN ((0,9))] < CIA ™,
where y € Dy(v(n,t,a),e).

Proof. The upper bound part is already proven in the previous discussions. Now we prove for

the lower bound. When n large enough, we know that F},(Dgn(t, a)) are inside Jg,. Thus
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by lemma [3.0.5] we have
Loy (t,a)) C Jyonk,

and

dist (0, 73( Loy (t, a))) = 2C1 (Kq)| A"
Thus when n large enough, by condition (5.1.9), we have
Ffo(Lon(t, a))) C Ji,

and

Iy Fl(lon.a(y), y) = y FLa((0,))] > 20C1 (Ko) A

Furthermore, there exist an ¢ > 0, such that

E{Yx(%n,t,a(y)a y) S Vu(Ft],\tfz((67 y))) L)

Then by lemma [3.0.7] their exist an uniform constant C' > 0 such that

nin 1 n
|7TyFtJ,\;+n(l6n,t,a(y)>y) - 7Tzﬂpt],\!;r ((0,9))] > 6|)‘9#| .

Thus we have
1 C
@WM” <lg(z) —uz’| < ;|/\9M|n-
Then by part (2) of lemma [2.2.1] for the case e = $|Xu|", t = Z. Since € goes to zero when

n getting larger. there exist a > 0 such that t*(e, a) > % Thus we have the lower bound:
60 honns(@) 0 €] > o | Nl"
n,n,t 06 .

Then we get our desired estimation:

Lemma 5.1.6. For a € D,(a,(t), |u7|72”)’

1
aa\)\a,u\" < |hgnnt(a) — hni(a)] < QC\AGM”.

Furthermore, by condition lemma |[3.0.5 and|[3.0.7, we can conclude that for k < n,

1 n n
GNPl < [ (hon (@) = B (rng(@)] < C > |l
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Since hy,+(a) € Uy, we know that hg, () € Up\U,, we have
|sv(0,6,n,t,a)] <|sv(l,0,n,t,a)] <--- <|sv(n—1,0,n,t,a)| <|sv(n,8,n,t a)

and

|sv(0,0,n,t,a)| <2+€<|sv(n,0,n,t a)
Definition 5.1.2. Denote ng < n be the integer such that
sv(ng,0,n,t,a) € Dy(0,2+¢),
sv(ng+1,0,n,t,a) ¢ D,(0,2 +€).

Lemma 5.1.7. For a € D,(a,(t), ﬁ%), when n large enough, there exist constant C' > 0

independent of n such that
1 n n
5])\9”]2 ulf < |sv(k,0,n,t,a)] < C'|A\ul*|ul* (5.1.10)

for 0 < k < n. Furthermore, we have estimation on ngy:

—2log(|X°p))

og(upy " O

no = (
Proof. For k < n, we have the following estimations:
|sv(k,0,n,t,a) — F ™ (honni(a))] < 2C4 A" |pl*
by lemma
%|A(’M|2”|/~L\’c < F  (honna(@) = FS (hag(a))] < CIN pl ™|l
by lemma and

1
Iun—k

|[Fia (hng(a))] < €

by the choice of a. Since we have

APlpl® <|A|12">”

| A9 ]2 pulF | ]2
F=d _( 1 )”

IO pf2r e \ [N 3]
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where
|/\|1720 1 _ )
2 TN

Thus when n large enough, there exist a uniform constant C’ > 0 such that the following two

inequality holds:

|sv(k,0,n,t, )| < |svk,0,n,t,a) = ™ (honna(@)| + [FL (o (@) = FLL (hng(a))]

+ [ F ™ (@)
1

< 204 A pl® + CIN |l * + C\Mn_k

< C'IN |l

[sv(k,0,n,t,a)| > [FL™ (honne(a)) = Fg™ (hae(a))| = [sv(k, 0,n,t,a) = F (honne(a))|

— |E (R ()]
1
Iun—k

1 n n
> SN Pl = 2C A"l - €
> i|>\9 |2n| |k:
C/ IU“ ILL °
Thus by the definition of ngy, we have

1

SNl < [sulno, 0,11, a)] <24 ¢

< |sv(no +1,0,n,t,a)| < C'|Auf ||,
Then we have

2+¢
'\

< NuPpl < 2+ e)C".
After taking logarithm and take n large enough, we have

—2log(|\’ul)

"0 = (g (Jul

n+ O(1).
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5.2 Finite time Collect-Eckmann condition

In this section we will prove that for a in a neighborhood of b, 4 ;(t), there are points in the
phase space satisfying the finite time Collect-Eckmann condition.

Let us consider @ in a neighborhood of b, ;(t), now sv(k,8,n,t, a) is the critical value of

FN+9n+N+n+N+k

ta we denote the critical point constructed as ¢}, then denote the

the map m,

following forward orbits of ¢i:

2 =FN (@1)
2y = F ()
25 = FN (2
’ () (5.2.1)
2y = F" (23)
5 = FN <Z4)
6 — Fk (25)
For any 0 < I < k, we compute the differential matrix of F" TN+ at 2
DEmNAL _ an (DXt ap (DA ! A B apr ()N 1™ ayp(n) N
921 (l)# (lgg(l)/il C DA.TZ4 + ZQAyZ4 921 (’I’L) CLQQ(TL),U”
(5.2.2)
Thus we have
DF" (23) vy _ ap (M)A ™ apa(n) A" ™ vy
1 asi(n) ase(n)u” 1
(5.2.3)
| (aun(n)vr + ass(n)) A"p”
as (n)vy + aga(n)p™
. Ly (v1) . .
and let us denote it as . Then the two components have the following estimations
Ly (v1)
when |vi| < 2(¢1 + ¢2 + 1) and n large enough:
Ly (v1) | = O(|An]") (5.2.4)
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and there exists 1 < L; < Ly such that

Lilul" < |Ly w)| < Lol

Since we have Az, = O(|A|") and there exists positive constants Ls, Ly such that

Ls Ly
Yul < —F
ul® Ik
Then by computation, we have the following
DF”+N <Z3) U1 _ ALx (’Ul) + BLy (’Ul)
1 CL, (v1) + (DAx,, +2QAy.,)

We can see that

L, (Ul)

DF™™ (2 ( O(lul™),
and
DF™N () ( =< Ay |ul™
If we go forward in [ steps, we have
DFWNH (z) 1 ~lan()(AL (v1) + BL, (1))
+ a13(l) (CLy (v1) + (DA, + 2QAy.,)
and
DE (e | ~an(l) = (AL (1) + BL, ()

+ &QQ(Z)MZ(CLJ; (Ul) +

Thus we have

U1
| DEMTNT(25)

1
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= O((|Au)'|ul™)

(DAz,, +2QAy,,)L, (v

(5.2.5)

(5.2.6)

(5.2.7)

(5.2.8)

(5.2.9)

Ly (v)](|M])

(5.2.10)



and

DFn-I—N—I—l U1 >9 A L n+l L n+l—k 5211
| (23) | > 2|Q[|Ayz, ||az (k)| L1|p| |1l : (5.2.11)
1

y
where L a positive constant. Thus we have the following lemma:

Lemma 5.2.1. There exists constant C' > 0 such that, when |Ay,,| > CW, for any

m — 1 dimensional vector vy with |vi| < 2(é1 + ¢2+ 1) and 0 <1 < k, we have

%1
| DE™NFL (2) | > (L +1)|p|"H*. (5.2.12)

Y

More concretely ,we have

DFn-‘rN-‘rl v = A n—+l
| (23) | =< Ay, [|p" (5.2.13)

Y

v

Besides there exist some constant C' > 0 such that DF" Ntk (z3) ' ) are in the cone
1

{(W, v)||T:] < C' (M) ¥ |y}, and when k large enough, we have C'(|Au|)* < ¢1.

Since by the construction of zy, we know z4 € Ui\U,, and then we can find a simply-
connected domain U, between Uy and U, such that any point z € Up\U,., we have |Az| >

C W, and we denote

CE(n, k) = h;’rzl,n,t(Uk\UC)'

It is an annulus with same modulus with U \U,, and when a € CE(n, k), inequality [5.2.12
holds. And this would be the neighborhood of b, ;(tf) we now taking. By previous construc-

tions, we can find a number 8 € (0, 1) such that
k
- <p (5.2.14)
n

for all admissible (n, k) pairs when n large enough. Then we let

P = || =0 (5.2.15)
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where o € (0,1) is a constant satisfies

1_M log%

7IOglulmin
OSSR N (5.2.16)
for any
log L
n> 2N 2\ e ) M (5.2.17)
1og | ¢t]min
Thus when (5.2.17)) holds, we have
n+l—=k
< : " . .
P n22N{£1,%]rilgk”u || v (5.2.18)
and
s = pr T (5.2.19)

for any 0 < ! < M. Now we can state our key lemma:

Lemma 5.2.2. Let any a € CE(n, k), integer T € (0,n+ N + k|, there exist constant C > 1,

such that for any m — 1 dimensional vector vy with |v1| < 2(¢1 + ¢o + 1), we have

v v
IDET (z) | |12 IDFT (=) | ' | |>0p. (5.2.20)
y
when n large enough. Furthermore, when zg are in the neighborhood of qo as in the condition

(1) states, then we can extend (5.2.20}) further to the case T € [n+ N +k,n+ N + k + M].

Proof. By inequality [5.2.12| and the fact [5.2.18] we know condition ([5.2.20)) is true for
T e[n+ N,n+ N+k]. And for T € (0,n], by lemma [3.0.8, we have

(%} U1
IDFT (z3) | > |DF (23) | > Colul” > Cip" (5.2.21)
Y

with C; > 0 and C > 1 when n large enough. The last part of T"is when T" € [n+1,n+ N —1],

when n large enough such that

n+N Cf/
P N (5.2.22)
|| Ch
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We have that

%1
[|[DET (23) | > Cy|p"sT™ > C1pN T > CrpT (5.2.23)
1

Taking C' to be the smallest constant appeared in all above estimation, we still have C' > 1.

now let zg are in the neighborhood of ¢, as in the condition (1) states, then for T" €

n+ N +k,n+ N+ k+ M], we have

v
IDFT () | " |1l > ClpfsT N > ¢pT (5.2.24)

1
where C' > 1 and the last inequality hold by ([5.2.19)). m
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Chapter 6

The renormalization scheme and the

Collet-Eckmann condition

Since now we have constructed a secondary tangency, it is natural to localize ourselves to this
new homoclinic tangency and its unfolding, we will describe this renormalization procedure
first, then we will prove that the limiting object, which is a codimension 1 Lamination, will

satifies the Collet-Eckmann condition.

6.1 The renormalization scheme

Definition 6.1.1. Let U be a open connected subset of C”, for a holomorphic mapping
f U — C, let Uy an open connected subset in U, § > 0, define the d-cylindrical neighborhood
of f over Uy in C"*!, denoted by CY(f,U;), as

CY(f,Uy;0) = Zg]l{z} x D(f(2),9) (6.1.1)

where D(f(z),0) is the disc in C with center f(z) and radius 6. We endow it with natural

subspace topology.

It has the following properties:
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Proposition 6.1.1. CY(f,Uy;0) has a complex 1-dimensional foliation with leaves D(f(z), )
for z € Uy, it also carries a complex n-dimensional foliation with leaves Gr(f|y, + w) with

w € D(0,0).

Definition 6.1.2. Let b : T, (ftmin, fmaz) X Tr(Amin, Amaz) X U — C be a holomorphic
mapping, 6 > 0, we say a family F': P x M — M is an unfolding of strong homoclinic
tangency with respect to (P,b) the following holds:

(1). There exists some § > 0, such that P = CY (b;0);

(2) Let G be the following family

G Ty (fomin, tmaz) X T(Amins Amaz) X U x D(0,60) x M — M

(t7 a, Z’) — E,a+b(t) (I)
This family G is an unfolding of strong homoclinic tangency.

Now using above definition, we can summarize the secondary tangency as the following

lemma:

Lemma 6.1.2. Let b, ,; be the mapping of seconday tangency, then there exist a small cylinder
neighborhood of the graph of b, x:, denoted as P = CY (B :0), such that FNTon+tN+tntNtktM
is an unfolding of strong homoclinic tangency with respect to (P, by, ;). Furthermore, the
new tangency is again in the neighborhood of qi, which means we can keep using the same

normalization in the phase space.

Thus if we start with some unfolding of strong homoclinic tangency (P™,b(1)) by keep
using lemma , and in each level, we choose a new b, ;; map to create new secondary
tangency, we can have a chain of renormalizations (PY, ") with PU+D c PO, After all, let
us consider the intersection of all P this limiting object is a graph of some holomorphic
map over T, (tmin, fmaz) X Tr(Amin, Amaz) X U in the parameter space, we denote this map
as beo.

Now if we collect all possible chains of renormalizations, we end up with a collection of
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limiting objects b, by the construction, we can see that all such b,, maps have disjoint
graphs in the parameter space. Thus it forms a complex codimention 1 lamination, let us

denote it as C¢E.

Proposition 6.1.3. €€ is a codimention-1 lamination in the parameter space (A, p,a) €

T\ x T, x Dy. Every leaf of the lamination is a graph over T\ x T,.

6.2 The Collet-Eckmann condition

In this section we will prove that all the leaves in €€ satisfy the Collet-Eckmann condition
for the whole time in the phase space.

Now suppose we start from an unfolding (P,b). We rename the notation in section
5.2 as the following: Denote qgl) to be ¢}, ¢ to be z3, TM) = n+ N +k+ M, NO =
N+ +N+n+N+k+M=N+60n+N+TW and qél) to be FN(I)(qg)), then we
can choose § > 0 such that CY(b,6) C |J, CE(n, k). And now F will of strong homoclinic
tangency with respect to (P’,b), where P’ = CY (b;0) (shrink ¢ if necessary). Then we can
repeat out construction with respect to this new unfolding.

Thus we can find new n®, k? and corresponding secondary tangency curve b&)2>’k(2)7i(t),
and new CEM (n® k) such that lemma holds again for a € CEM (n® k@) [ €
(0,n®+ NW 4+ k@) and Zél) = N +on®+NO (qg)’). Since NY = N+0n+N+n+N+k+M,
thus the neighborhood of ¢(!) will map diffeomorphically onto a neighborhood of zél) through
FraN+k+M when a € CEM(n® k@), Now let ¢? = F*(”JFN“”M)(ZS)). Since when n(?
goes to oo, ¢? and zél) will converge to ¢) and qél), we may take nl!) large enough such
that DF" N+ () will map the tangent cone {(vi,v2)||v1] < 2(¢1 + ¢o + 1)|va]} at
c? into the tangent cone {(vy,vs)||v1] < 2(¢1 + P2 + 1)|vg|} at z?(’l). Thus ¢ will also
satisfies lemma [5.2.2 for 0 < T < n+ N +k+ M +n® + NO 4 k® 4 M. We have
T =n+ N+k+M+n?+ NO 4 @ =70 4 n@ 4 NO 4 k2 + M. Now we can

present the induction steps in the following lemma:
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Lemma 6.2.1. Suppose we have an unfolding with respect to (PO, b)), where where

PY =y (bW;60), and q% in the neighborhood of q1 5 respectively with FN(l)(qgl)) = qél), )

in the nested neighborhoods of all previous ¢®), where k < 1. And T® such that DFT(Z)(C(”)

satisfies lemma with 0 <K T < TW when a € PO,

Then for (n™ | k1) large enough, we have bff()m),k(m)’i(t) curves which is inside CEO (n(+) | pU+1)) ¢

PW such that zél) satisfies for0 < T <) 4+ NO 4 kD 4 M. Then we let

NED = NO gD 4 NO 05D 4 NO gD A = NO 490D - NO 170 (6.2.1)

(I+1
3

and we have ¢ N““)(qyﬂ)) — q:())l+1)' A1) —

) in the neighborhood of q, 3 respectively with F

F_(T(l))(zél)) in the nested neighborhoods of all previous ¢*, where k <1+ 1. Let
7D — 7O 4 () 4 NO 4 g0+ 4, (6.2.2)

then Y will also satisfies lemma[5.2.4 for 0 < T < T,

Now choose a leaf by, in the lamination €&, let the graph of by (t) be M;P", then we have

the following proposition:

Lemma 6.2.2. For every parameter (t,a) in the graph by, there exist a point cx(t,a) in
the intersection of neighborhood of ¢V such that it satisfies for every positive integer T

Moreover, co(t,a) is a quasi-critical point as definition m

Proof. Now let a = by (t), by previous constructions, we have c¢(!)(¢, a) and their neighborhoods
U® satisfying lemma for 0 < T < T®. So we have a nested sequence of closed sets

{U®}, then we define c,(t,a) as the intersection of all U i.e.,
Coo(t,a) = MUW. (6.2.3)

It is easy to see ¢ (t, a) satisfies the lemma for whole positive time, it is easy to see

this point is a quasi-critical point by above construction. Thus we finish the proof. O
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Remark 6.2.3. By the normalization of unfoldings, there exists neighborhoods Uy, Uy, Us of

q1, G2, q3 respectively such that for the whole family of maps, we have
FN(Ug) C Ul,FM(UQ) c Uj. (624)

Then the forwards orbit of co(t, a) under F;, can be decomposed by the following four types
of orbits:

Type A,: An orbit z, F(2),..., F"(z) with z € Uy, F™(z) € Us, F'(z) € D, for 0 < i < n.
Type By: An orbit 2, F(2),..., F¥(2) with 2 € Uy, F"(2) € Uy, Fi(z) € D, for 0 <i < k.
Type C: An orbit z, F(2),..., FN(2) with z € Us, FN(z) € U;.

Type D: An orbit 2, F(2),..., FM(2) with z € Uy, FY(z2) € Uy.

IF we may construct a kneading sequence of F} (c(t,a)) following lemma , using symbols
A,, By, C, D if the part of orbit belongs to corresponding Type above. By the induction
formulas of T® and N®, this kneading sequence will be the same when c(t,a) moves along

the leaf of the lamination €¢&.

6.3 Proof of theorem A

Now we may give the proof of theorem A:

Proof. Part (1), (2) follow from proposition [6.1.3] Part (3) follows from lemma and
remark . For part (4), notice that for any two leaves Ly and Ly of €&, by the construction
of the lamination, there exist an integer [ > 0, such that the (n!, k;) of the two leaves differ
from each other, which implies that the corresponding P® for L; and L, have disjoint
neighborhoods. Thus if we fixed some ¢, the vertical transversal slice of €& over ¢ is totally
disjoint. The perfectness follows from the following fact in the renormalization scheme:

For the unfolding of homoclinic tangency with respect to (P,b), we have the

lim by pi(t) = b(t) (6.3.1)

n+k—s o0
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uniformly. Thus for any cylindrical neighborhood of the a leaf L in €€, there exist another
leaf inside this neighborhood. Thus any point in the transversal vertical slice of the €€ is
non-isolated point, which prove the perfectness of the transversal vertical slice of the €&. This
finish the proof of part (4). Part (5) actually comes from the construction of Collet-Eckmann

point. Let ¢t be a parameter in a leaf L of €&, by lemma [6.2.1], we have

lim ¢(t)® = ¢(t). (6.3.2)

[—00

We also know from construction, that the forward image of c(t)(l) will pass the neighborhood
of c(t)*Y for every [ > 0. Thus we can see that c¢(t) € w(c(t)), i.e., c(t) is a recurrent

point. O
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Chapter 7

Coexistence of sink and secondary

tangency

In this section, we will consider the coexistence of sink and secondary tangency, by previous
discussion, we will restrict ourselves into the case of the intersection of graphs of two maps
a,(t) and b, ;(t). This intersection can be furthermore transformed into the solution of the
equation

sv(ng, 0, mn,t, a,(t)) = qo. (7.0.1)

We will discuss above equation in the rest of this section.
The following theorem of Huber|Hub51| is very useful, for a proof we recommend

[Kob70](P14. theorem 6.1):

Theorem 7.0.1. Let T; be the annuli {z|0 < r; < |z| < R;}, i=1,2. Then a holomorphic

map [ from Ty into Ty satisfies:
Ry

log -
|deg(f)] <

~ R1 .
log 74

(7.0.2)

The degree in the theorem is the degree of the homomorphism f, : m(17) — m1(13)
induced from the map f, i.e, if we denote the generators of m1(T;) by «;, i = 1,2, then we

have
fraq = deg(f)as.
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First of all, we consider the case when we fix a A and 7, we prove the following proposition:

Proposition 7.0.2. For every (A, 7) € T\ x U, when n large enough, there exist an integer

d, € [—1011%%51 , lozgl%ifz] such that the following holds:

(1) If k € [ko(n), ki(n)], then we know that sv(k,0,n,t,a,(t)) defines a covering map from

27’L—i—k|)\‘29n7 %M2n+k|)\|29n)

a subset of T'(fmin, fhmaz) Which is a topological annuli onto the annuli T'(C'u:" ont
containing qs with degree 2n + k + d,,.

(2) If k € [k1(n), ko(n)], then we know that sv(k,0,n,t,a,(t)) defines a covering map from

a subset of T(ftmin, tnr) which is a topological annuli onto the annuli T(Cp2t*|\2", &)
containing qs with degree 2n + k + d,,.

Thus when k € [ko(n), ke(n)], the equation

sv(k,0,n,t,a,(t)) = ¢ (7.0.3)

has 2n + k + d,, solutions.

We also have
k k log 77
lim £y M) g OB, (7.0.4)
" n n n 1Og Hmaz
and
ks (n) log 13
lim = 20 — 2. (7.0.5)
n n 10g fimin

Proof. Whenever sv(k + 1,6,n,t,a,(t)) is inside D,;,, by condition (3.0.3)), (3.0.4) and propo-
sition ([2.2.3)), we have

|sv(k+1,0,n,t,a,(t)) —p-sv(k,0,n,t,a,(t))| < 2min{M|A*, e}|sv(k,0,n,t, a,(t))| (7.0.6)
Besides, by lemma when sv(k,0,n,t,a,(t)) is inside D,, it can be written as
sv(k, 0,n,t,an(t)) = K x(t) (\0) ™ ¥, (7.0.7)
where K, ;(t) is holomorphic with uniform bound:
1

— K, .(t :
C<| n,k()|<0
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Put formula (7.0.7) into (7.0.6]), we have

2
| Ky (t) — Kni(t)] < Tl min{ M| A", e} K, (t)]. (7.0.8)

First we consider the case k < ki(n), where k;(n) is the largest integer such that the
following holds:

C 2tk \120m < 1, (7.0.9)

max

i.e., we have
log £ + 26nlog
ky(n) = | —< AL op (7.0.10)
10g fimaz

Then by equation ((7.0.7) and the condition on K, x(t), we know that sv(k,0,n,t,a,(t)) is

a holomorphic map from T'(kumin, fimaz) into annuli T'(Ep24*|N2n, Cp2et#|N2") inside D,

By Theorem [7.0.1} we know that |deg(K, x(t))| < lozglﬁ. Since two holomorphic maps from

KEmin

annuli A; into annuli A; with same degree are homotopic. Then we may choose a homotopy
from K, x(t) to C,t%%nx® where C, is a scaling constant. Then we have a homotopy

from sv(k,0,n,t,a,(t)) to CytdeoKnr+2ntk)\20n thys the degree of sv(k,0,n,t,an,(t)) is

2n + k + deg K, (t), which is an integer inside [2n + k — 102;2%5,6 2n + k + 102 log € ].
Homin Homin

We know that for any to € [tmin, fimaz), the image of the circle S(ty) = {t||t| = to} under
sv(k,0,n,t,a,(t)) is a loop inside an annuli T'(Zt5" A2, C5"T*|\2m).

Thus when n large enough, the image of T'(tmin, fimaz) under sv(k, 0, n,t, a,(t)) contains

k|)\|29n 2n+k|)\|29n).

1
; 6:umaz

Thus go € T(CpZit*|A#n, Lp2rik|X[?") is equivalent to

max

an annuli T'(Cp2%t

1
CREHHAR < 2 < Stk

The first part of the inequality is always satisfied when k < k;(n), and the second part of
the inequality is equivalent to k < ko(n), where ko(n) is the smallest number such that the

inequality 2 < Zp2rfF|A[?" holds, i.e.,

max

log 2C' 4 20n log ‘—}\'
ko(n) = | oz —2n] < ki(n). (7.0.11)
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Next we consider the case when k € [ki(n), ka(n)], where ko(n) is the largest integer such
that
Cp 2tk y20n 9 (7.0.12)

min

i.e., we have
log % + 26nlog ﬁ

k = 2n|. 7.0.13
() = | ) (1.0.3)

Denote t,, ) = (é)ﬁ(ﬁ)%, then we have
CEFINP = L. (7.0.14)

Now K, x(t) is a holomorphic map from T'(pimin, tnx) into T(%, ).
Now consider T'(ftmin, tnko(n)), then all K, (1) is well defined on it for k < ky(n). When

n is large enough, we may take the following condition holds:

2
MARM < — 7.0.15
e (r019
for k € [ko(n), ka(n)]. Let v be the circle {t||t| = to} with tg € (fmin, tnk(n)). Then for each

k € [ko(n), ko(n) — 1], define the following map:

Hk:[O,l]x7—>(C

(s,t) — (1 — 8)Kpie(t) + sKp gy1(2).
By inequality ((7.0.8)) and condition ([7.0.15)), we have
[Hi(s, )] < [Knk ()] + 8| Knpi1(t) — Kok (t)] < 2C,

and

1
[Hi(3,0)] 2 [Knp ()] = 8| Knps1(t) = Knp(t)] < 55

Thus Hj defines a homotopy from K, () to K, 411(7) inside T(55,2C). As a consequence,
K, j41(t) has the same degree with K, (t) as maps from T'(fimin, tnky(n)) into T(55, 2C).

Thus when n large enough, all K, x(t) have the same degree for k € [ko(n), k2(n)], we

may denote the degree as d,,. Then we have d,, € [—loilﬁifm , 102‘;2%51 |. Then we know that
Hmin Hmin
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sv(k,0,n,t, a,(t)) is a holomorphic map from T'(ftpin, tn k) into T(%uf&#|/\|2en, L) inside D,

o L
with degree 2n+k-+d,. We may assume L large enough such that L > 2C?, then % € (0,1).
2

: : : 2n+k 20n L : 1 2n+k 20n __ L
Furthermore, the image contains an annuli 7'(C'pi,i"|A[*", &) since Gt [A[*" = & > 2.

We also have g, € T(Cp2"t*| A2 L),

¥
Besides, by equation ([7.0.7]), we have
Osv(k,0,n,t,a,(t)) 1 0K,k(t) 1
= ’ + (2n+ k)—)sv(k,0,n,t,a,(t)). 7.0.16
a g + n+ b)) s W) (70.10)

By replacing T'(fimin, fhmaz) by some interior T'(fmin + 0, ftmaez — 0) and take the interior as
the new domain of p, we may assume T'(ftmin, fmaz) 18 compactly supported in T'(fimin, fimaz)
with

fimin < fimin < ftmaz < flmaz- (7.0.17)

Thus by Koebe’s Distortion Theorem, we have 8Kg;f(t) is uniformly bounded. Then when

Osv(kfn.t,an(t))
B)

n large enough, we have is never zero. In conclusion, we have finished the

proof. n

By the meaning of equation ((7.0.3)) and the definition of b, ;(¢) and a,(t), we have the

following corollary:

Corollary 7.0.3. For every (A, 7) € T\ x U, when k € [ko(n), ka(n)], for each i = 1,2, we
have a,, intersects with by, transversally at finite many points, in total, there are 2n +k +d,

ntersection points.
Next we prove the following proposition:

Proposition 7.0.4. For every given (\,7) € T\ x U, denote the solution set of equation

for (n,k) as Ty g (N, 7). For any to € T (tmin, fmaz), We have a sequence t,, € 'y,

such that
with

1
[tn —to] = O(), (7.0.18)
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where

i = 291125 éﬂ -
Denote
LimDy, , = {liT:En toltn € Tnk, }, (7.0.19)
then we have
LimT,, ., = {t = |tol}. (7.0.20)

For any arc I in {t = |to|}, let J,, :={rzlr € [l — £, 14 L],z € I}. Then we have

1m = s
n #kan 27T|t0’

(7.0.21)
where |I| is the arc-length of I.
First we prove the following lemma:

Lemma 7.0.5. Let T; be the annuli {z|0 < r; < |z| < R;}, i=1,2. Then a holomorphic map

f from Ty into Ty can be written as:
f(z) = 24es®) (7.0.22)
on Ty, where d is the degree of f and g(z) is a holomorphic function on T). Besides, we have
logry — dlog Ry < Re(g(z)) < log Ry — dlogry (7.0.23)
for all z € T7.

Proof. By theorem [7.0.1 we know f has a bounded degree. Then for any circle I" around 0

contained in 77, we have

/
/ Pz — omid. (7.0.24)
rf
Now let h(z) = 279f(z), then we have
h/
Tdz =o. (7.0.25)
rh
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Fix a point a in T}, then

4 h/
g(2) :/a Edz

is a well-defined holomorphic function on 7j. Thus };;((j)) =¢'(2), i.e, (h-e79) =0. We have

h(z) = ce? (2)
where ¢ is some constant. We can choose another holomorphic function g(z) such that
h(z) = 9,

Thus
flz) = 24e9(2)

Furthermore, since f(z) € Ty, we have
ry < |2|%eR6E) < R,
for all z € T}. Thus we have
logry — dlog Ry < Re(g(z)) < log Ry — dlog
for all z € Tj. O

Now we prove the proposition

Proof. By lemma [7.0.5] for each K, ;(t), we could decompose as
K x(t) = p™ exp(P, (1)) (7.0.26)

where P, x(t) is holomorphic and |Re(P, x(t))| is uniformly bounded:

1
log el dnlogpimaz < Re(P,x(t)) < log C — d,, 108 tmin.- (7.0.27)
Besides, we have
0K, k() a1 OP, () d,  OP,x(t)
) — n P’I’L t dn — Kn t _— ! . 7.0-28
S = it exp(Ps()dy + - ) = 1) S
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Thus we have

0K, 1 (t)
OPuslt) _ o _dn (7.0.29)
are uniformly bounded. Since
exp(Pi(t)) = exp(P, (t) + 2mi), (7.0.30)
we may assume
Im(P,x(t)) € [0,CP] (7.0.31)

for some positive constant CP. Now for each n, choose a k,, € [ko(n), ko(n)] such that

kn log 737
lim =2 = 20— _ o (7.0.32)
non log [t
then for each pp € Ty, ,, we have
exp( Py, (£)) p Hntdn N2 = g, (7.0.33)
Thus it satisfies one of the following equations:
Py, (1) (qo) T 2smi
- = 7.0.34
eXp(2n+kn+dn)” (A)% eXp(2n+kn+dn)’ ( )
where s =0,1,....,2n + k, + d,, — 1. Since we have
8Pn k(t)
0 Pnk (t) Pnk (t) Y 3’
— — ) = — 1 K . 7.0.35
o P g = el (U g ) (7.0.35)
Then we have
., 0 Py, (t)
lim | — —_— =1. 0.
im [ (exp( ) (7.0.30)
When n large enough, we may assume
(ol > (707
—(exp(m——— —. 0.
o P ok, +d, " 2

Pn,kn (t)

Thus exp( )p is a local diffeomorphism when n large enough, we conclude that
equations ( [7.0.34]) have exactly 1 solution for each s =0, ...,2n + k, + d,, — 1. Since now we

have

lim exp( P (1)

S UL A — 7.0.38
n 2n + k, + dn) ( )
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and

S
lim g™ et =1, (7.0.39)
1 20n 7iogu£ |)\| iog‘tlil
lHm(=)2nFkntdn = (=) 5T = [t |(=) "5 TN | .04
im () e = (1) [tol () (7.0.40)

Denote Arg(z) be the argument of complex number z which in [0,27). Then for n large
enough, choose s, such that

2sp,m + Arg(qe) 20n CP T
— Arg(\ ~ Arglto)| € —
mnthtd, V% v Yk AIS o
(7.0.41)

Let t,, be the number in I', 5, corresponding to s,, in equation ([7.0.34)), then we have

ltal 1ol = O (10.42)

and
CP+2m
2(2n + ky, + d,,)

for n large enough. Besides, for every ¢ € {t||t| = |to|}, we may choose s such that condition

|Arg(t,) — Arg(to)| <

(7.0.43)

(7.0.41)) is satisfied for s, = sty = t;. Thus there exist ¢} € I', 5, such that

. 1
[ta] = ltoll = O() (7.0.44)
CP+2r
Arg(t,) — Arg(to 7.0.45
Arg(67) = Arg(t9)] < gz (7045
and
2(5n - 3*)7 2
— Arg(ty) — Arg(t; 0.4
|2n—|—kn—|—dn|<| rg(to) rg(0)|+2(2n+k:n+dn) (7.0.46)
for n large enough. Thus we have
LimT,, ., = {t = |tol}- (7.0.47)

and for any arc I in {t = [to|}, let J, := {rz|r € [l — +,1+ %],z € I'}. Then we have

, #L g, N | 1]
1m = ,
n #kan 27T|t0|

where |1| is the arc-length of I. O

(7.0.48)
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The next proposition is about extending the solutions of equation through the A
parameter. First of all, since integer-valued d,, depends continuously on A, thus d,, would
be constant over a open subset in A parameter. Next, for n large enough, the solvability of
equation turns to k € [ko(n), k2(n)], where by equations (7.0.11} [7.0.13)), the 2 integers
depends on A and they are constants over a circle {|A\| = [}. Now we state the following

lemma:

Lemma 7.0.6. Suppose for a parameter pair (A, ), we can find some (ng, ko) solve the

equation , then there exist ly,1ls € (0,1), which satisfies

207
A (7.0.49)

ko+2ng
( ) 26n(
,U/max

and

2 %0mg
Iy = @ (7.0.50)

ko+2ng 7

(Hmln) 26n
where C' is the constant in the formula (7.0.11 . Then consider the annuli defined by

Ta(ly,le) = {\ max{ly, \pin} < |A| < min{le, Moz }}. For every A € Th(l1,12), we can solve
equation for (no, ko). In other words, the solution can be extended to the annuli.

Proof. We only need to consider the equations:
l{fo(no) = ko, k‘Q(TL()) = ]C(). (7051)

By equations ([7.0.11}, [7.0.13)), we can see [y, 5 are the solutions of above equations respectively.
]

Now we denote the I'), ;; as the solutions of equation over T, x T x U,then we
know, I', , = U I k(A 7), then by above lemma, we know the points in each slice can be
extended. Thus I',, ; has several disjoint components and each component can be viewed as a
finite cover over the annuli 7,,. Now we can extend proposition to T, x T), the Palis

invariant will arise naturally:
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Proposition 7.0.7. Denote the solution set of equation for (n,k) as Ty x (A, 7). For

any B € [%, %], we have a sequence k, with
K,
lim — = 2603 — 2.
non
Denote

LimTy g, = { (1, M) (e, A) = lim(pen, An) where (pn, Mn) € Tk, b (7.0.52)

then we know that LimI, y, is the level set of the Palis invariant {Pa(f) = B}.
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Chapter 8

The Newhouse phenomenon

First of all we will construct the set of Newhouse phenomenon in the phase space with a
fixed A and 7.

Now we have the following technical lemma:

Lemma 8.0.1. Let F' be an unfolding of strong homoclinic tangency with respect to (P,b),
where P = CY (b;8). Then there exist an integer ny > 0, such that the followings can be
created:

(1). Holomorphic mappings a, : T (tmins fmaz) —> C with Gr(a,) C CY (b;9), such that there
exist an uniform constant n > 0, such that when n > ngy, we have C'Y (ay; ngm) C CY (b;9),
and Fy, has a sink of period greater than n for a in C'Y (ay; E:*t)’

(2). Holomorphic mappings by ki © T (fmin, fimaz) —> C, where k in {ko(n),..., k2(n)},
i =1,2, Gr(boyi) C CY(b;6) \ Gr(b), such that Fy, , ) have a holomorphic quadratic

homoclinic tangencies. We have
0 < ko(n) < ka(n) < n,kao(n) — ko(n) = O(n). (8.0.1)

There exist an uniform constant C > 0, such that when n > ny,

1 C
bt — b(D)] < — 02
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where t € T (tmins tmaz ) -
Furthermore, there exists number 5;1,“ > 0 such that F' is an unfolding of strong homoclinic
i= COY (bui; 0, :) C CY(b;0). Let us

tangency with respect to (P, bu ki), where P,

n,k,i’ n,k,i

define BB ((P,b)) to be the collection of all such pairs (P, ,,bnk,i)). Let us denote

B((P,b)) = U Gr(b). 8.0.3
(PO) =, U Gr) (503

We have
B((P,b)) =B((P,b)) UGr(b); (8.0.4)

(3). For any a,, k in {ko(n),...,ko(n)}, Gr(a,) intersects with the 2 graph of mappings
Gr(bng,i), where i = 1,2, at, in total, 2n + k + O(1) points transversally. Let Ty, . be the

collection of t-coordinates of the intersection points of a, and by, i, I'y i be the union of T,

n,k,i

fori=1,2. We know:

an,m N an,k,Z = Q)v
#an,kJ’ #an,k,2 > O
#an,k,1 + #an,k,2 =2n+k+ O<1);

. CT((P,D)) := U I'y d bset T miny Hmaz )5
(4) ((P,b)) (P yepn(p a dense subset of T'(fbmin, fmax)
(5). For any (P',V') € BB((P,b)), without loss of generality, suppose b’ = by, .1, there exists

Oy > 0 such that, for any t € Ty, there exist an neighborhood Uy (t) of t, such that

U

CY (', Uy(t);0) C CY (an; ——) NP’ (8.0.5)
and
CY(b/, Ub’ (t)7 5b’) N CY(Z)/, Ub’ (t,), 51)’) = @ (806)

whenever t #t'. We call CY (V, Uy (t);dy) a Newhouse box of ((P,b),(P',V)) type and
let us denote INH((P',b')) := U CY (U, Uy(t); o)

tely,

109



().

GT'((P,b)) := (P’,b’)e‘%%((P,b)) te%/ Uy (1), (8.0.7)
NH((PY) = U INH((P',V)); (8.0.8)
We have
mNH((P,b)) = GT'((P,b)), (8.0.9)
CT((P,b)) € GT((P,b)), (8.0.10)

GT'((P,b)) is an open and dense subset of T'(fimin, fmaz), and
NH((P,b)) D Gr(b). (8.0.11)

Proof. By the definition of unfolding of strong homoclinic tangency with respect to (P,b),
it is enough to prove the lemma under the case b(t) = 0 for all t € T'(ftmin, fimaz). Part (1)
follows from proposition [£.0.1}

Part (2) and inequality (8.0.2)) follows from lemma and definition (8.0.4) follows
from (8.0.2)).

Part (3) follows from proposition [7.0.2]

Part (4) follows from proposition [7.0.4]

Part (5) follows from corollary [7.0.3]

Part (6), by the definition of GI'((P,b)) and NH((P,b)), we know that and
holds. As a consequence of CT'((P,b)) is dense in T'(tmin, fimaz ), We know GI'((P,b)) is an

open and dense subset of T'(tmin, fhmaz). By the openness and denseness of GI'((P, b)) and
(8.0.4), we know (8.0.11)) holds. n

By lemma [8.0.1] we can define a tree as follows:

Definition 8.0.1. Let I’ be an unfolding of strong homoclinic tangency with respect to
(P,b), where P = C'Y'(b;0). Define a tree Tree((P,b)) as follows inductively on the level of
the tree:

(1). The root node is (P,b);
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(2). For any node (P’ 1) of level k in the tree, define its child nodes are all the elements from
PBB((P',V)), where PB((P',V)) is defined in (2) part of lemma [8.0.1]

Then we can define the following operations on each node of the tree:

For any node ((P',0')) € Tree((P,b)), denote I((P’, b)) be the level of this node. By lemma
8.0.1) we can also define CT'((P',V')), GI'((P',t')) and NH((P',0')). When I((P',V)) =,
for any (P",0") € PBB((P', b)), we call the Newhouse boxes of ((P',b), (P",b")) type the
Newhouse boxes of ((P',V), (P",b")) type in [-th generation. For every natural number

[, denote the following:

NHO((P,b)) := U NH((P' b)), 8.0.12
(( ) )) (P! W)eTree((Pb)),l((P'b))=l (( ) )) ( )

Finally, we define the Newhouse set of the tree as follows:
NH((P,b)) = nu NHY((P,b)). (8.0.13)

We also denote B((P,b)) to be the following:

w0 o 8.0.14
(( ) )) (P’ b )eTree((P,b)) T< ) ( )

For the Newhouse boxes of any generation, we have the following lemma:

Lemma 8.0.2. (1). Let (P',V/) € Tree((P,b)) of level I, let U be a Newhouse box of
((P,0), (P",b")) type in I-th generation. Then we know the following:
UNNH((P",b")) contains infinitely many Newhouse boxes in | + 1-th generation.

(2). ZQO NH®O((P,b)) is nonempty and

N NHO((P,b)) D Gr(b). (8.0.15)

1>0
Proof. (1).For any point (¢,0/(t)) € U N Gr(b”), using the denseness of CT'((P”,b")) and
inequality (8.0.2)) in lemma [8.0.1} we know there exists an infinity sequence {n;}, a sequence

of nodes {(Py,, by, )} where (P, by, ) € BB((P",0")), and t,, € I'y, , such that

lim (b, (tn,)) = (£, 1" (1)). (8.0.16)

k—o0
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Thus when k large enough, we can find infinitely many disjoint Newhouse boxes in [ 4+ 1-th
generation containing (t,, , by, (t,,)) inside U.

(2). Let U be a Newhouse box in 0-th generation. By part (1), we know that U contains
infinitely many Newhouse boxes in first generation. By repeatedly using part (1), we know
that U contains infinitely many chains of nested Newhouse boxes in all generation. Since
NH((P,b)) is the union of all the Newhouse boxes of 0-th generation, and NH((P,b)) D> Gr(b),

we know that

N NHO((P,b)) S Gr(b). (8.0.17)

>0

O
Now we state a theorem of the set of Newhouse phenomenon and give the proof.

Theorem 8.0.3. For any given X\, denote (P,b) to be the pair (T (tmin, tmaz) X Da(r), O).

Then there ezists a set MH((P,b)) C P such that F,, have infinitely many sinks for each

(t,a) € MH((P,b)). Furthermore, NMH((P, b)) = B((P,b)).

Proof. From lemma deﬁnitionand lemma , we only need to prove MH((P, b)) =
B((P,1)).

First we prove W contains W

For any node (P',b) € Tree((P,b)), we know Tree((P’,V')) is just the sub-tree of T'ree((P, b))
with root (P’,V'), then by lemma , we know that

N NHO((P' 1)) D Gr(¥). (8.0.18)

=0

Thus we know

MA((P,)) > () NHO((P, 1)) > Gr(¥), (8.0.19)

This proves MH((P,b)) contains B((P,b)).

Then we prove MH((P, b)) C B((P,b)).
For any point z € MH((P,b)), we have a sequence of points {z,} converging to z with

zn € NMH((P, b)), thus for any z,, there exist a infinity strictly-increasing sequences of positive
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integers I,, such that z, € lr} NH®O((P,b)). Thus when n large enough, for each z,, we
el

can find a point Z, such that ||z, — Z,|| < 2, and there exist a node (P,,b,), such that

Zn € Gr(b,). Thus we have

limz, =z (8.0.20)

and

limz, € B((P,b)). (8.0.21)

This proves MH((P, b)) C B((P,b)). Overall, we have

NH((P, b)) = B((P,b)). (8.0.22)
]

Furthermore, the set of total Newhouse phenomenon 91$) would be the union of all such

MNH((P, b)) with (A, 7) moving all over the Ty x U.

8.1 Newhouse Phenomenon and the lamination of
Collect-Eckmann condition

Now we have constructed 2 objects of the Collect-Eckmann condition and the Newhouse
Phenomenon, denoted as €€ and 91§ respectively, in previous sections. We now want to

consider their relationships. First of all, it is easy to see the following fact
Proposition 8.1.1. 91 C ¢¢.
We next state the following proposition:

Proposition 8.1.2. There exist leaves of €& such that for every leaf, there exist a dense

subset of that leaf consisting of Newhouse points.

Proof. We take a countable basis B of Ty x T),, label them by B;. The Palis invariant gives

a foliation of this product, and the range of Palis invariant is [%, %], now we choose a
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countable dense subset {53;} of the interval [%, %] Now we construct the desired leaf in €&
as follows: First, we give pairs of positive integers (7, j) in lexicographical order, then we
construct the renormalization scheme as follows: For each pair (7, j), suppose for (i,7 — 1),
we have a open subset of Newhouse boxes NH, ;_; inside B;, choose 2 small balls Dy C Dy
inside NH; ;_1, we can find a denseness of {f3;}, there exist some f such that the level set
{Pa(f) = B} intersect with D; transversally, thus by lemma we can find a some (n, k)
such that global sink box with this (n, k) intersect with Dy transversally, thus we denote this
open subset of NH; ;1 as NH, ;.

Finally, by construction, this renormalization process will give a leaf in €&, and then for

each B;, by considering the intersection of NH, ; for all j, this will give a Newhouse point

with projects inside B;. Since B; gives a basis of T x T),. We prove our conclusion. O

8.2 Proof of Theorem B

Now we give a proof of Theorem B.

Proof. The first 2 part of the theorem are proved in Theorem [8.0.3, Proposition and
8.1.2l Now we prove part (3).

Let 0 € 919, Pgl) be the a sink created in the [-the level of renormalization scheme and
O(P;l)) be the orbit of the sink, and let ¢ be the point with finite time Collet-Eckmann

condition created in lemma [6.2.1, which leads to

lim ¢ = ¢(0). (8.2.1)
l—o0
Then we have the following:
dist (¢, O(PH)) — 0, when n™) — oo, (8.2.2)

where dist stands for the Hausdorff distance between sets. Furthermore, if we denote O (p)

be the forward orbit of point p from time 0 to time 7', then we have the following:
distD(OT(l)(c((f)), OT(l>(c(0)) — 0, when [ — o0, (8.2.3)
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where distp denotes the dynamical distance of two orbits, i.e.,

distp (O™ (P),0™(Q)) := oililgn dist(F"(P), F'(Q)). (8.2.4)

Then we have
w(c(o)) = 0PI\ U O(PY). (8.2.5)
O
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Chapter 9

Appendix

Denote B*(D™1(100), D) be the space of bounded holomorphic maps from D™~!(100) into
D, such that, Vf € B*(D™ 1(100), D), it satisfies the following two properties:
(A) it can be represented as a graph of a holomorphic function g which maps from from
D™=1(100) into D,(100), i.e., f(x) = (z,g(z)), Vo € D~(100);
(B)va € D21(100), DA(T,DP) € G
We endow B*(D™~1(100), D) with supremum norm for any two maps f, g in B*(D™~1(100), D):
d(f,g) = sup{ length of intersection of f, g by v using restricted metric on ~},
v

where v run over all almost vertical curves in D.

Define K}, :=ipo thal where ip is the restriction onto D, actually K7, is just the graph
transformation. Thus we have d(K?,(f), K7 ,(g)) < M%gd(f, 9)

Denote D™~1(100) x {0} by O, then O is the unique attracting fixed point for the action
K}, on the metric space (B*(D}*~'(100), D), d).

Thus d(K;,(f), Q) < d(f,0). Then denote f; := (K7,)'(f), we have d(f;,0) <
md( f,0).

Now differentiate f, = K;,(f.—1) by a, we have

_1
|l —e

af, 0K},
% - a—f(fn—l)

Ofn1 n oK}

t,a
da oa (Fn1)-
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Apply above equation repeatedly, we have

%_ 8K;a 6 ta afk —, T a[(tsa 8Ktsa
e = o ) S gy + ST TG0 5 ()

forany 1 <k <n—1.

31;5@ (O < Ld(f,0) when ||f]| is small

: oKs , oK},
Since H 3}7 H < Ml,a || a; (@>
enough and L depends uniformly on || f|.
Thus we have the following lemma:
Lemma 9.0.1.

Ofn, n
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