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Abstract

In recent works a method was developed which uses harmonic maps to construct stationary asymptot-
ically flat solutions to the (44-1)-dimensional vacuum Einstein equations with symmetry group Rx U (1)2.
This method is characterized by two features: a wide range of domain of outer communication (DOC)
topologies, and conical singularities known as struts. In this dissertation we generalize the method to
work in all higher dimensions. We find that the range of DOC topologies produced is vastly greater
than those found with the (4 + 1)-dimensional method. Unfortunately these topologies are not yet fully
understood, as it is deeply connected to the following open question in toric topology:

Which simply connected (n + 2)-dimensional manifolds admit effective T" -actions?

In this dissertation we conjecture an answer to the above question and provide a partial proof. In the
process we develop tools to study both the homeotype of the manifold and the equivariant homeotype
of its torus action. The issue of when solutions are regular, i.e. without conical singularities, is also
partially resolved. We find that regular solutions always exist to a Kaluza-Klein reduction of the vacuum
Finstein equations, and under certain topological conditions regular solutions of the vacuum equations
exist without a dimensional reduction.
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1 Introduction

1.1 Background and Motivating Problems

For (3 4+ 1)-dimensional spacetimes, it is expected that any asymptotically flat stationary axially symmetric
non-trivial regular solution to the vacuum Einstein equations must have black hole horizon of a single 2-
sphere. Some results in this direction have been obtained [7,[17/51,53], but a complete resolution is still
out of reach. On the other hand, in (4 4+ 1) dimensions, there are several known regular solutions other
than the S®-horizon Myers-Perry [38] black holes, namely the Emparan-Reall and Pomeransky-Sen’kov
black rings [12,/46] having horizon topology S x 52, the black Saturns |10] of Elvang-Figueras, as well as
the the black bi-rings [11] and di-rings [13}/22] found by Elvang-Rodriguez, Evslin-Krishnan, and Iguchi-
Mishima. It is reasonable to expect that many more regular solutions may be found in higher dimensions,
other than trivial examples obtained for instance by taking products of known solutions with flat tori. A
significant motivation for this dissertation is to expand the availability of candidate regular solutions, as well
as to expand the range of topologies exhibited. We accomplish this goal, and indeed provide a plethora of
candidates having an increasing variety of topologies, by generalizing a (4 4 1)-dimensional technique known
as the harmonic map method.

In recent works the harmonic map method has been developed as a technique to construct stationary
asymptotically flat solutions to the (4 + 1)-dimensional vacuum Einstein equations with symmetry group
R x U(1)2. More precisely, it has been shown that an axially symmetric harmonic map from R3\ T into the
symmetric space SL(3,R)/SO(3) produces a stationary U (1)?-symmetric solution to the Einstein equations,
provided that the harmonic map satisfies certain asymptotic conditions at infinity and on the subset of the
z-axis I". This method was used in 28] to produce such solutions which are asymptotically flat, while in [27]
a similar approach was applied to obtain solutions with Kaluza-Klein and locally Euclidean asymptotics.
The method has also been used in the non-vacuum case [2|, where stationary bi-axisymmetric minimal
supergravity solutions were produced. The harmonic map method is characterized by two features: a wide
range of domain of outer communication (DOC) topologies, and conical singularities known as struts. The
topologies of the DOCs were analyzed with the use of plumbing of disk bundles in [25]. In the same paper
compactificaitons of the DOCs were classified by using the works of Orlik and Raymond [43}{44]. The absence
of conical singularities on the two unbounded axes was also established in |27]. It is important to emphasize,
however, that many of these solutions are expected to have conical singularities on at least one of the bounded
components of the axis. In [51] it was in fact proven that certain symmetric spacetimes with mutliple black
holes cannot exist without conical singularities. However even those solutions which are not regular should
still be of interest, since we expect that one could perturb time slices to obtain initial data, satisfying relevant
energy conditions, with outermost apparent horizon and DOC having exotic topologies.

In Section [ we generalize the above method to work in all higher dimensions. Specifically we show that
a harmonic map from R3\ T to SL(n + 1,R)/SO(n + 1) produces a well-behaved, vacuum, asymptotically
locally Kaluza-Klein spacetime (M"+3, g) with symmetry group R x U (1)" (see Theorem. By well-behaved
we mean the stationary Killing field are complete, the DOC is globally hyperbolic, and the DOC contains
an acausal spacelike connected hypersurface which is asymptotic to the canonical slice in the asymptotic end
and whose boundary is a compact cross section of the horizon. These assumptions are used for the reduction
of the stationary vacuum equations, and are consistent with [18]. By asymptotically locally Kaluza-Klein we
refer to a spacetime which asymptotes to the ideal geometry (R‘l_s’l / G) x T"H572 where T2 is a flat
torus, G C O(4 — s) is a discrete subgroup of spatial rotations, and s € {0,1,2}. If G is trivial, then the
moniker ‘locally’ is removed from the terminology.

We find that the range of DOC topologies produced is vastly greater than those found with the (4 + 1)-
dimensional method. Unfortunately these topologies are not yet fully understood, as it is deeply connected
to the following open question in toric topology:

Which simply connected (n + 2)-dimensional manifolds admit effective T™-actions?



This question received a lot of attention in the 70s and 80s when it was solved in the n = 2 case by Orlik
and Raymond [43|[44] (see Theorem [2.34)), in the n = 3,4 case by Oh [41,42] (see Theorem 2.51), and also in
the 2-connected case by McGavran [35] (see Theorem. In recent years toric topologists have been more
focused on understanding higher cohomogeneity torus actions [4]. This research has indirect applications to
our cohomogeneity-two case [504[55], which although less popular remains an active area of research in and of
itself [23]. On the other hand, manifolds which admit cohomogeneity-two torus actions are in some sense the
simplest of all ‘toric objects’, and understanding them could serve as a basis for understanding fundamental
concepts in toric topology. The concept we are most interested in is cohomological rigidity, which roughly
states that two ‘toric objects’ are diffeomorphic if they have the same integral cohomology ring [4, Definition
7.8.29]. Although this is obviously not enough to distinguish the diffeotypes of manifolds in general, at the
time of writing this dissertation not a single counter example is known. Cohomological rigidity has been
proven for certain classes of ‘toric objects’ (the so-called Bott manifolds) which admit additional algebraic
structure [6], but has not been proven in general even for the cohomogeneity-two case. If an answer to the
question of which simply connected (n + 2)-dimensional manifolds admit effective T™-actions is provided,
this would in particular resolve cohomological rigidity for the cohomogeneity-two case. In this dissertation
we conjecture to this exact question (see Conjecture and provide a partial proof (see Theorem @ In the
process we develop tools to study both the homeotype of the manifold and the equivariant homeotype of its
torus action (see Theorems [B| and .

The issue of conical singularities on our spacetimes is also partially resolved. We find topological condi-
tions under which the angular momenta of black holes can be balanced against each other so that struts are
not needed (see Theorem . Surprisingly, we find that this method also works on spacetimes without black
holes, producing vacuum soliton solutions. We also show that under no topological restrictions spacetimes
can still be balanced (see Theorem , however they no longer satisfy the vacuum equations. Instead they
satisfy the k-reduced Kaluza-Klein equations (see Definition which are a higher dimensional general-
ization of the usual Einstein-Maxwell-Dilaton equations. This can be viewed as evidence towards the idea
that times slices of solutions with struts can be perturbed to obtain initial data satisfying relevant energy
conditions, thus providing another reason why solutions with struts are still physically relevant.

1.2 Contributions and Main Results

An overarching goal in the study of manifolds with torus actions has always been to understand their
topology. This task is far too ambitious in the general case. However restricting attention to (n + 2)-
dimensional manifolds with effective T™-actions whose quotient spaces are contractible and without orbifold
points, the task becomes manageable. Such manifolds are called simple T™-manifolds (see Deﬁnition. A
map between simple T"-manifolds F': M — N is call weakly equivariant if there exists a Lie homomorphism
@: T" — T™ such that F(t-p) = ¢(t) - F(p) for all p € M and t € T" (see Definition [2.6). Such a
maps is often denoted by (F,p): (M,T") — (N,T™). An equivalence class of simple T"-manifolds up to
weakly equivariant homeomorphisms is called a weak equivariant homeotype. The classification of simple T"-
manifolds up to weak equivariant homeotype is more or less trivial. Therefore when we speak of ‘classification’
of simple T"-manifolds we mean a classification of their homeo or diffeotypes.

In [43] Orlik and Raymond classified all 4-dimensional simple T%-manifolds (see Theorem [2.34). Later
McGavran [35] and Oh [41}[42] examined higher dimensional manifolds, leading to McGavran’s classification
of 2-connected simple T™-manifolds (see Theorem and Oh’s classification of simple T and simple T*-
manifolds (see Theorem [2.51)). Inspired by the works of McGavran and Oh, we conjecture a classification of
all simple T™-manifolds for all higher dimensions.



Conjecture A. Forn > 2, the manifolds

M(3,3) :=S° (1.1)
M(n, k) ::#?:_g’ (j (;l_’__ f) + (k—n) (n j_ 3)) S§2+I x gn—d (1.2)
M(n, k) :== (M(n, k) \ $? x ") U §2%5"™ (1.3)

admit smooth effective T™-actions making them simple T™-manifolds. Any closed simple T"-manifold is
diffeomorphic to T" ™™ x M(m, k) or T"™™ x M(m,k), or a quotient of either one by a finite subgroup of
™.

In the above conjecture the manifold M (n,k) is created from M (n,k) be removing a single copy of
52 x 8™ and replacing it with S2xS™, the unique non-spin S™-bundle over S2. Notably M(n, k) only exists
when k > n and M (n, k) only exists when k& > n. This conjecture encompasses McGavran’s classification by
setting n = k and Oh’s classification by setting n = 3,4. Orlik and Raymond’s classification is not included
in the above conjecture simply because the presence of CP? and CP? would complicate the statement.
Conjecture |A] also encompasses a conjecture made in a previous work, |24, Conjecture E], which itself is a
refinement of the topological portion of a conjecture by Hollands and Ishibash [18, Conjecture 1|. Lastly,
if Conjecture [Alis true then the diffeotype of any (n + 2)-dimensional simple 7™-manifold will be uniquely
determined by its fundamental group, its second Betti number, and whether or not it’s spin. This would
prove the cohomological rigidity conjecture for all such manifolds and be a useful step towards proving it in
general.

The first main result we have is stated in terms of rod structures. For any simple 7"-manifold M"t2
the quotient space M/T™ is a contractible 2-manifold with corners, usually a polygon. The action of T™
on M is entirely described by the 1-dimensional stabilizer subgroup on each of the edges of M/T™. These
edges are called awxis rods, or simply rods. Using the isomorphism 7™ = R™/Z", the 1-dimensional isotropy
subgroup of each rod can be described by a primitive vector v € Z"™ which we call a rod structure. Theorem [B]
below provides an explicit method to compute the intersection form from the rod structures for any simply
connected 72-manifold.

Theorem B. Let M* be a simply connected T?-manifold with rod structures {v1,...,vi} C Z? defining the
linear map A: ZF — 72. There exists an explicit isomorphism

U, : ker(A) C ZF — Hy(M;7Z) = ZF2

(a1,...,a5) = [o]
which computes the intersection form of M in the following way,

Q(ol,[8) = D aifjdet(vi,v;). (1.4)

1<i<j<k—1

This is proved in Theorem Note that the apparent lack of symmetry in Equation is corrected by
hidden symmetry coming from « and  being in ker(A) which is a (k —2)-dimensional primitive sub-lattice of
ZF (see Remark. Theoremis used to give a way to immediately, without any computations, determine
whether a manifold is spin or not (see Theorem . It is also used to prove that any 4-dimensional spin
simple T?-manifold can be extended to a closed spin simple T2-manifold (see Theorem . This fills a gap
in a previous work, specifically proving that the technical assumption needed for |24, Theorem C] to prove
[24, Conjecture D] is always satisfied when n = 2.

While writing this dissertation, a paper by Islambouli, Karimi, Lambert-Cole, and Meier was released
which contains a result similar to Theorem B (see |23, Prop. 5.6]). However the proof method we use for
Theorem [B|is quite different from theirs and leads to different applications of these two results. In [23] they



use a method similar to Melvin in [36] and compute the Euler classes of linearly plumbed disk-bundles over
2-spheres. This method makes for an elegant proof and an easier to read intersection form, although it also
requires that all but at most one pair of adjacent rod structures be admissible. For this reason it largely
only works for manifolds with at most one boundary component. In order to extend this technique one
would need to either develop a theory of Euler classes of linearly plumbed disk-bundles over 2-spheres with
orbifold points, or make extensive use of fill-in and excision techniques. By contrast our proof method uses
the Hurewicz isomorphism theorem to explicitly represent each homology class as a continuous map from S2
into the manifold. This allows our proof method to work for any 4-dimensional simply connected T2-space,
including those with orbifold points or many boundary components.

We will see however the true utility of Theorem [B]is that it can be used to gain intuition for Theorem [C]
below, which is its direct generalization into all dimensions. Theorem [B] has a statement which is easy to
understand and a proof which is geometric. By contrast the statement of Theorem [C|is in four parts (see
below) and the proof requires intense algebraic computations taking up the entirety of Section |3} Neverthe-
less, Theorem [C] has proven extremely useful in the effort to prove Conjecture [A] and thus we believe it is
worth the effort of understanding.

Theorem C. Let M"*2 be a simply connected T™-manifold with rod structures {vi,...,vi} C Z" defining
the linear map
A2 (id @A) : AT2(Z") @ ZF — AL (ZM)

by sending a ® e, to a A v, for each basis element e, € Z* and each o € N*=2(Z").
a. For each 2 <1 < n there exists a surjective homomorphism
U ker(A2(id®A)) — H;(M;7Z) (1.5)
(a1,...,a) = [@] (1.6)
which is described explicitly in terms of the rod structures.

b. The map V;, well-defines a bilinear form, which we refer to as an equivariant intersection form,

by
Q(la],[8]) := Z Qo AVa A By Avy € NTI™2(ZM) =2 Hyy o (T Z) (1.8)
1<a<b<k—1

where [a] and [B] are homology classes in H;(M;Z) and H;(M;Z) respectively.

c. When i = 2 the map Va,: ker(A) = ZF~" — Hy(M;Z) is an isomorphism. When i +j = n + 2 the
equivariant intersection form Q: H;(M;Z) ® H;(M;Z) — H,(T";Z) = Z agrees with the intersection
pairing on H.(M;Z).

d. Let (F,p): (M™F2T™) — (N"2.T™) be a weakly equivariant submersion between simply connected
T-manifolds with equivariant intersection forms Qpr and QN respectively. Then

Qn(Eal], Fi[8]) = ¢«Qu ([, [8]) (1.9)

where [a] and [B] are homology classes in H;(M;Z) and H;(M;Z) respectively.

The entirety of Section [3]is dedicated to proving this theorem, culminating its proof in Theorem [3.5] As
stated above, Theoremis direct generalization of Theorem The map A: Z¥ — 72 is replaced with a more
complicated map A"2(id ®A): A"2(Z")®Z* — A"~ (Z") which reduces to A: Z* — Z" when i = 2. Part|a]



generalizes the isomorphism W, to instead be a collection of surjective homomorphisms ¥, onto all the non-
trivial homology groups. Part [b] defines a new bilinear operation which we call the equivariant intersection
form and shows that ¥;, can be used to compute it. Part [ shows that the two results from Theorem [B] the
isomorphism and the ability to compute the intersection form, both persist in higher dimensions. However
they cannot both happen at the same time unless n = 2. Part[d]shows that the equivariant intersection form
transforms naturally with respect to weakly equivariant submersions (see Remark. In other words, the
following diagram commutes.

Hi(M) ® H;(M) " H;(N) @ H;(N)

Jou Jox

Hipj o(T") —=— H,pj o(T")

This in particular shows that the equivariant intersection form is an invariant of the weak equivariant
homeotype of M.

The existence of an object such as the equivariant intersection form which transforms naturally under
certain weakly equivariant maps is interesting in its own right. However Theorem [C]and the lemmas used in
its proof have interesting applications of their own. Part [ais used to explicitly compute the integral homology
groups of all simply connected closed T"-manifolds and ends up proving that Conjecture[A]holds in homology
(see Theorem . A lemma used in the proof of Part @ is crucial in understanding the relationship between
rod structures and the Euler class in principal torus bundles (see Theorem [2.81)). This in turn is used to
construct the rod structures for M (n, k) and prove they are indeed simple T"-manifolds (see Theorem.

The next main result assembles all of the progress made towards proving Conjecture [A]

Theorem D. Conjecture[4] is partially proven in the following ways:

1. For any 2 < n < k the manifold M(n,k) admits an effective T™-action making it a simple T™-manifold
with k rods.

2. For all 2 < n < k there exist a simply connected non-spin T"-manifold with exactly k rods.

3. If M™*2 is a closed simple T™-manifold with non-trivial fundamental group, then it has a torsion free
cover T"™™ x N where N™12 is a simply connected, simple T™-manifold.

For the following, let M™ 12 be a closed, simply connected, simple T™-manifold with k rods.
4. If M is 2-connected then it is diffeomorphic to M (n,n).
5. If n < 4 then M is homeomorphic to M (n, k) if it is spin and M(n, k) if it is not spin.
6. M and M(n, k) have the same homotopy groups; m;(M) = m;(M(n, k)).
7. M and M(n,k) have the same integral homology groups; H;(M;Z) = H;(M(n,k); Z).

Part [I] is proven constructively in Theorem [2.52] Part [2] was essentially proven by Oh, though not
stated in this way (see Theorem . Part |3| is proven by Theorem m Parts 4| and [5| come from the
classification theorems of McGavran (see Theorem and Oh (see Theorem respectively. Part |§|
is proven in Theorem Note that having the same homotopy groups does not make these manifolds
homotopy equivalent because the isomorphsims between m;(M) and m;(M(n,k)) do not all come from a
single map M — M (n, k). Part [7|is proven in Theorem

In this dissertation we also example simple T"-manifolds which are not closed. Here classification is
possible, albeit in a much less elegant way than Conjecture [A] Our goal is to generalize the 4-dimensional
classification theorem [25, Theorem 1] which decomposed the manifold into a disjoint union of linearly
plumbed disc bundles over 2-spheres, and a few other more simple pieces. There does not seem to be a



direct natural generalization of linear plumbing which is applicable to the higher dimensional setting. In
fact, a naive approach leads to a construction that is not unique, as there are various ways to glue the
neighboring toroidal fibers together (see Figure for an example). In order to remedy this issue we define
a generalized or toric plumbing with additional parameters p, € Z™ which are called plumbing vectors (see
Definition . In Theorem [E| we present a full classification of all one-ended simple T"-manifolds with
boundary. This is the topological portion of a theorem resented in a previous work [24), Theorem B].

We will use the following notation for the building blocks of the decomposition. The axis I' is a union of
intervals {T'; ; }ZIJ:J{Q, j=1,...,3 called azis rods, each of which is defined by a particular isotropy subgroup
of U(1)™. With each such rod that is flanked on both sides by another axis, we associate §; ; = &; ; X 773
where &; ; is a (D?) disc-bundle over either the 3-sphere S3, the ring S x S, or a lens space L(p,q) with
p > q relatively prime positive integers. A sequence of such product spaces may be glued together, with
the help of plumbing vectors, to form the toric plumbing P (fl,j, NI 1 IR P j) The topologies of
&ij, and the plumbing vectors themselves p; ;, are completely determined by the rod structures of the axes
involved.

Theorem E. Let M2 be a one-ended, simple, T™-manifold with boundary. The manifold M is decomposed
as

N3 N2 Ny
Mn+2: U,P(&l,jv"'affj,j ‘pQ,j7"'7ij,j) U B:—ln XTn_Q U O£+2UM;L’I’;’;127 (110)
j=1 m=1 k=1

in which each constituent is a closed manifold with boundary and all are mutually disjoint expect possibly at
the boundaries. Here C’,ZH is [0,1] x D* x T"=1, B2 denotes a 4-dimensional ball, and the asymptotic end
MZ;Q is given by Ry x Y x T2 where Y represents either S, or St x S2. Furthermore N3, Na, and Ny
are the number of connected components of the axis which consist of three or more axis rods, two axis rods,

and one finite axis rod, respectively.

In the Section [4] we examine the Einstein equations themselves. In doing so we produce a generalization
of the harmonic map method introduced in |27] which works in higher dimensions. This generalization was
published in a previous work [24, Theorem A] and is presented as Theorem [F| below.

In the statement of Theorem [F] we use the phrase rod data set. An n-dimensional rod data set D =
{(v1,T1,¢c1),...,(vk,Tk,cr)} is a collection of primitive vectors v; € Z", closed intervals I'; C R whose
interiors do not overlap, and constants ¢; € R". We say that an (n 4 2)-dimensional Riemannian manifold
(M"™+2 g) agrees with the rod data if it admits an effective and isometric T"-action such that interior of the
quotient space is homeomorphic to the half plane (M/T™)\ (M /T™) = R3 and the T™-action makes M a
simple T™-manifold with rod structures v; corresponding to axis rods I'; C R = 3Ri. The constants ¢; € R"
are known as potential constants and are used to both dictate the asymptotic behavior of the harmonic map
near I' as well as compute the angular momenta of black hole horizons. These horizons correspond to the gaps
between the axis rods, R\ T, and in the theorem below are assumed to be non-degenerate closed intervals.
A rod data set is said to be admissible if T'; NT;11 # 0 implies a condition on the second determinant divisor
of the rod structures, Deto(v;, v;1+1) = 1 (see Section and Corollary . This is a purely topological
condition necessary for M to be a manifold. The terms model map and asymptotic used in the statement of
the theorem below are made precise in Definitions and [£.7]respectively, but can be understood intuitively
as an approximate solution to the harmonic map equations.

Theorem F. Suppose that {(v1,T1,¢1),..., (Vi,Tk,ck)} is an n-dimensional admissible rod data set with
non-degenerate horizon rods.

(a) There exists a model map oo : R3\ T — SL(n+1,R)/SO(n + 1) which corresponds to the rod data set.

(b) There exists a unique harmonic map ¢ : R3\ T — SL(n + 1,R)/SO(n + 1) which is asymptotic to the
model map @ .



(¢) A well-behaved asymptotically (locally) Kaluza-Klein solution of the (n+3)-dimensional vacuum Einstein
equations admitting the isometry group R x U(1)™ can be constructed from ¢. Such a metric is smooth
except possibly along the finite axis rods where conical singularities may be present.

(d) Any time slice of the spacetime produced is a simple T™-manifold which agrees with the rod data.

This is established in Theorem [4.9] Suppose that (M, g) is a spacetime produced by Theorem [F] Strictly
speaking ¢ is only known to be smooth on M \ I'. There are two obstructions to extending g smoothly
across I' |28, §8.1]. The first obstruction is the presence of conical singularities, the absence of which we
call geometric regularity. This obstruction is addressed in two separate ways in Theorems [G] and [H] The
second obstruction is termed analytic regularity. This condition concerns differentiability properties of the
metric at I and is analogous to the regularity condition for surfaces of revolution at the poles. This analytic
regularity condition was treated in the (3 4+ 1)-dimensional vacuum case by Li-Tian [30,/51] and Weinstein
[52], whereas the Einstein-Maxwell setting was addressed more recently by Nguyen [40]. It is generally
believed, though not yet proven, that analytic regularity will be satisfied in this higher dimensional setting
as well |28, Remark 8.1.1], or at least it is believed that metrics which are geometrically regular will turn
out to also be analytically regular. However the analytic regularity condition will not be addressed in this
dissertation.

Assuming the analytic regularity condition is satisfied, the presence of conical singularities becomes the
only obstruction to smoothly extending the metric across ' |28, Remark 8.1.2]. Tt is important to emphasize,
however, that many of these solutions are expected to have conical singularities on at least one of the finite
axis rods. In [51] it was in fact proven that certain symmetric spacetimes with mutliple black holes cannot
exist without conical singularities. Intuitively these conical singularities, or struts, provide a non-zero force
that prevents the black hole horizons from collapsing and changing topology. This is analogous to how electric
charge can be used to balance two black holes which would otherwise fall into each other. Theorem [G] below
shows that under certain topological conditions it is possible to produce vacuum solutions without conical
singularities. In the statement of the theorem we use e; € Z™ to denote the standard basis vectors.

Theorem G. Given n-dimensional rod data {(e1,T1),..., (ex,I'x)} with k < n and non-degenerate horizon
rods, there exists a choice of potential constants {c1,...,cp} C R™ such that the spacetime produced by
Theorem [F] is without conical singularities.

This is proved in Theorem Theorem [G] has not been presented before, but a similar techniques
was used in a previous work [24, Proposition 7.2] to produce a counter example to a conjecture by Hollands
and Ishibashi |18, Conjecture 1] (see Remark for a discussion). Although the topological restrictions
in Theorem [G] appear quite restrictive, it still produces a plethora of candidate examples spacetimes. For
instance, the 3-dimensional rod data {(e1,T'1), (e2,I'2),(es,'3)} with 'y NIy = Iy N T3 = () produces a
simply connected, asymptotically Kaluza-Klein spacetime with black hole horizon topology 2 - (S% x S1),
which we are tentatively calling ¢ri-rings (see Example . Amazingly Theorem |G| works even when no
black holes are present, showing that the physical intuition of counter rotating black holes ‘balancing’ each
other is not the full picture. In reality asymptotically Kaluza-Klein spacetimes, in our case asymptotic to
the model geometry on R x 772, have additional freedom compared to the usual asymptotically flat case
coming from the choice of flat metric on 7" 2. Theorem |G| uses this additional freedom to ‘rescale’ the
size of individual circles, alleviating conical singularities for certain choices of rod structures. These vacuum
solutions without black holes are are solitons, and are believed to be static thus producing complete Ricci
flat Riemannian manifolds.

The final main result is Theorem [H] below which shows that generic rod data can always produce regular
spacetimes, though they are no longer vacuum. Instead they satisfy the k-reduced Kaluza-Klein equations
(also called azion-dilaton gravity |45, pg. 349]). These are defined as the field equations on M"*3 which come
from solving the vacuum Einstein equations on principal a T*-bundle MR+ gyver M (see Definition .
When k£ = 1 this reduces to the usual Einstein-Mawxell-Dilaton equations on M, the same equations which



resulted from the famously ‘almost successful’ attempts by Kaluza and Klein to unify general relativity and
electro-magnetism. A comprehensive overview of these equations can be found in [47] (see also [45, Ch. 11]).
However the technique we use to produce solutions has little to do with the k-reduce Kaluza-Klein field
equations themselves, nor much to do with any harmonic map equations. Instead solutions are produced in
a topological way by showing that every simple 7"-manifold is covered by a simple 7" t*-manifold with rod
structures nice enough to satisfy the hypotheses of Theorem [G} The proof is seen in Theorem

Theorem H. Suppose that {(v1,T1),...,(vi,Tx)} is n-dimensional rod data with non-degenerate horizon
rods. If the solutions produced in Theorem[G| are analytically regular, then there exists a well-behaved regular
asymptotically Kaluza-Klein stationary solution of the (n+ 3)-dimensional k-reduced Kaluza-Klein equations
with time slice admitting the U(1)™ symmetry group, and in particular agreeing with the rod data.



2 Topology

2.1 Preliminaries

The main objects of study in this thesis are manifolds M2 equipped with an effective co-dimension 2 torus
action, a T™-action. Recall that a group action is effective (or equivalently faithful) if t € T" and t -z = x
for all z € M, then t is the identity element in 7". This means that any such action is defined by a Lie
group embedding ®: T" < iso(M) where iso(M) is the ‘isomorphism’ group of M. That means iso(M)
is the group of homeomorphisms for continuous actions, diffeomorphisms for smooth action, isometries for
isometric actions, etc... Because of the rigidity of Lie groups, such torus actions can be described entirely
combinatorially. This combinatorial information, paired with topological information about the orbit space
allows us to reconstruct the original manifold.

Example 2.1: As an example consider the quotient map C? — R, x R, defined by the standard 72
action on C2. In Figure we imagine the total space, C2, being reconstructed by placing 72-fibers over
each interior point. The size of each of the two circles depends on the distance the interior point is from
each of the axes. On the axes themselves one of the circles vanishes entirely and the fiber is a single S*.
At the origin, or corner, both circles vanish and the fiber is a single point.

P1 1

Figure 2.1: On the left is the quotient space of the standard 72 on C2, defined by (¢1, ¢2) - (p1€%t, poe?®2) =
(pre?OrF1) | poeil@21¢2)) giving the quarter-plane {(p1, p2)|p; > 0} = Ry x R,. On the right is the quotient
space of the standard T2 action on S° C C3, as described in Example lens quotient C2 S5 over

CP2

Example 2.2: For another example, consider the T3-action on S°, inherited from the standard T°3-
action on C3. That is, S° = {(z1,22,23)|[21]* + |22|> + |23 = 1} and (o', ¢, ¢3) - (21,22, 23) =
(ei¢1z1,ei¢222,ei¢323). Using polar coordinates z; = pjeiej we see that the quotient space S°/T° =
{(p1,p2,p3)lpT + P3 + p3 = 1} = {(p1, p2,/pi + p3)|pT + p3 < 1} is perfectly described by the triangle
in Figure The total space can then be reconstructed by placing a trivial T3-fiber bundle over the
triangle and collapsing appropriate circles on the boundary. Specifically, the first circle when p; = 0
which is the vertical axis, the second circle collapses when py = 0 which is on the horizontal axis, and
the third circle collapses when p3 = 0 or p? + p3 = 1 which is on the ‘diagonal axis’.

For more complicated T™-actions (as we saw in the previous example) the term ‘axis’, as in axis of
rotation, becomes less and less meaningful. Because of this, term axis rod is defined. For a specific T™
action on an (n + 2)-manifold M" "2, an azis rod is a connected component of the set of points p € M whose
isotropy or stabilizer subgroup stab(p) C T™ is 1-dimensional. In a similar fashion we define a corner as a
connected component of the set of points whose stabilizer subgroup is 2-dimensional. In Example 2.I] we
was that there were two axis rods separated by a single corner. In Example there were three axis rods
separated by three corners. These terms will be used interchangeably to describe both subsets of M and
their images in the orbit space M/T".

We now turn our attention to the main theorems. In the main theorems, the total space M"*2 is
either assumed to be simply connected directly, or it satisfies topological censorship which implies simple
connectivity. This results in the quotient space M/T"™ being contractible and there being a rather simple
description of the topology for M. The following theorem, which originally appeared in |29, Theorem 1.3



but left the proof to the reader, shows exactly how simple the topology for M is.

Theorem 2.3. Let M™*2 be a compact (possibly with boundary), oriented, simply connected space with an
effective T™-action for n > 1. Fither M is the 3-sphere, or its quotient space M/T™ is contractible and the
quotient map M — M/T™ defines a trivial fiber bundle over the interior of the quotient.

Proof. The fundamental group of a T™-manifold (a manifold with an effective T"-action) of dimension n + 2
can be calculated from the topology of the quotient space and the bundle structure, using the Seifert-Van
Kampen Theorem. This was carried out by Orlik and Raymond [44] Page 94] in the case when the quotient
space is an orbifold without boundary, yielding the group presentation

M”Jr2 <T1,...,Tn,oq,...,Oéa,’Yla-~~a'Yga617"'759|
76 751 76, s [73, 753 [73, 65]; - for all é and j (2.1)
[’71,(51]"'[’79,59}'Ql"'aa'Tfl"'Tﬁ";
aft - b forlzl,...,a>.

The generators 7 arise from the torus fibers, the a’s represent loops around each of the a orbifold points,
and the 7’s and d’s are generators associated with each of the g handles. In the first line of relations we see
that the 7’s commute with themselves as they are the generators of a torus, and commute with the a’s, v’s,
and &’s since the former are generators of the fiber and the latter are generators in base space M"*+2/T™.
In analogy with the presentation of the fundamental group of a genus g surface, the second line of relations
represents the obstruction to contractibility of the circumscribing loop around all of the handles and orbifold
points. That loop is homotopic to the loop around the fibers described by ¢ = (¢, ..., ¢,) € Z™ = 7 (T™).
The last line of relations indicates how each orbifold point singularity is to be resolved, namely, going around
the i-th orbifold point ¢; # 1 times is equivalent to going around each of the torus fibers p;; times.

We wish to show in this case that M"*2 = §3. To do that, let the list of generators in Equation be
denoted by G and the list of relations by R, so that mj(M"+?) = <Q|R> is trivial. Clearly then the group
Hy = <Q’R U {[ev, a5, Vi (5k}> is also trivial. This is an abelian group which can be presented as

Hl = (Za D Zn) / SpanZ{(la C), (Q1e1a pl)v ) (Qaeav pa)}7 (22)

where 1 € Z* is the vector consisting of all 1’s and p; = (pi1,- -, pin) € Z™. The number of generators is
a + n, and the number of relations is a@ 4+ 1, hence H; can only be trivial if n < 1. If n = 1 then M"*2 is a
simply connected closed 3-manifold, and thus is homeomorphic to S3.

We now consider the case where the quotient has boundary, that is 9 (M nt2/ T”) # (). The fundamental
group in this case was calculated by Hollands and Yazadjiev |20, Theorem 3|, and takes the form

Mn+2 g< s Ty X1y e v vy aa,ﬁl,...,Bb,fyl,...,’yg,él,...,59|
[7i, ] [Tis a]; [Tis Byl; 73, 7v4]; [73,05]; for all 4 and j
[v1,01] -+ [vg, 0g] -1 -~ - Br - B (2.3)
aft -t eoghing forl=1,...,a
Tfi”-T:{Z; fork:l,...,m>.

The extra generators 3 represent the b boundary components of the orbit space which are homeomorphic to
circles; on these components the torus action may or may not degenerate. Additional relations are included
for these generators showing that they commute with the generators of the torus fibers. The last line of
relations is defined by vectors vi = (v},...,v}) € Z" known as rod structures. A rod structure is a vector
assigned to each axis rod which represents the homotopy type (up to sign) of the stabilizer subgroup in
m(T™) = Z™. As before denote the generators of by G and the list of relations by R. We can
immediately determine that g = 0 by examining <Q|R u{mn,qj, ﬂg}>, which is in fact the fundamental group
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of a genus g surface. Next consider the Abelian group Ha = <g"R U {7, [a;, a;], A1} ), which may be presented
as

Ho = 7%/ spang{1,q1€1,...,Ga€a}- (2.4)

This group cannot be trivial unless ¢ = --- = g, = 1, however this contradicts the nature of ¢;, and thus
a = 0. Finally consider the subgroup (G|R U {r;}) = (B1,...,Bs|B1 - By), and observe that it is trivial only
when b = 0 or 1. However (M /T") is compact and non-empty so b # 0. Therefore quotient space M /T?
has neither holes nor handles no holes or handles, making it homeomorphic to a disk D?, and the quotient
map M — M/T"™ has no orbifold points, making it a trivial bundle over the interior. O

In the above proof the notion of rod structures was introduced. The manifold being simply connected was
used to show that there were no holes, handles, and orbifold points and that all the ‘topological information’
is contained in the rod structures. This means that for simply connected manifolds rod structures completely
describe the torus action, and in particular can be used to reconstruct the manifold from its orbit space. In
fact rod structures completely describe the torus action even for non-simply connected manifolds, as long as
they satisfy the consequences of Theorem This leads to the following definition.

Definition 2.4. A simple T™-manifold is an orientable smooth manifold M™% &k > 0 equipped with an
effective T™-action, in which the quotient space M"+*/T™ is contractible and the quotient map defines a
trivial fiber bundle over the interior of the quotient.

The term simple T™-manifold was chosen for a number of reasons. Firstly, the original objects of study
were (n + 2)-dimensional simply connected T"™-manifolds, which Theorem guarantees are simple 77
manifolds. Secondly, the term intentionally covers more than just the cohomogeneity-2 case, which is the
main focus of this thesis, because many of the topological ideas discussed in this thesis are expected to work
in higher cohomogeneity. For example the round S” can be reconstructed from the standard T* action in a
manner similar to reconstructing S° in Example Thirdly, the explicit indication of the dimension of the
torus is meant to distinguish the study of these manifolds from the world of ‘toric topology’ which primarily
studies 2n-manifolds with T™-actions. Although when referring to a collection of simple T"-manifolds with
various values of n, we will use the term simple T-manifolds to avoid confusion. Lastly, the world of toric
topology has already claimed the terms: toric manifold, quasitoric manifold, torus manifold, and topological
toric manifold [4].

Strictly speaking, a simple 7™-manifold M is a pair (M,®) where ®: T" < iso(M) is a Lie group
embedding of the torus into the Lie group of isomorphisms of M (homeomorphism for continuous 7™ actions,
diffeomorphisms for smooth actions, isometries for isometric group actions, etc...). This leads to stricter
versions of equivalence between simple T-manifolds than merely being homeomorphic.

Definition 2.5. Suppose M and N as simple T-manifolds with group actions ®: T™ < iso(M) and
U: T" < iso(N) respectively. A map F': M — N is strongly equivariant if and only if

F(t-p):=F(2(t)(p) = ¥ (t)(F(p) =t F(p)) (2.5)

for all t € T™, p € M. Or equivalently, the following diagram needs to be commutative.

T x M —2E, 7nox N
@Xidi l‘llxid
iso(M) x M iso(N) x N

eval J{eval

M—7r M
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If n = m and F is a homeomorphism (diffeomorphism) then the simple T"-manifolds (M, ®) and (N, ¥) are
said to be strongly equivariantly homeomorphic (diffeomorphic).

Definition 2.6. Suppose M and N as simple T-manifolds with group actions ®: T™ < iso(M) and
U: T" < iso(N) respectively. A map F: M — N is weakly equivariant if and only if there exists a Lie
group homomorphism ¢: T™ — T™ such that

E(t-p) = F(®(t)(p)) = ¥(p(t))(F(p)) = ¢(t) - F(p)) (2.6)
for all t € T", p € M. Or equivalently, the following diagram needs to be commutative

T ox M —22E sy Ny

@xidJ{ J/\I/Xid

iso(M) x M iso(N) x N
leval leval
M—r oM

We usually refer to this by saying (F,): (M, T™) — (N,T™) is a weakly equivariant map. If both ¢ and F
are homeomorphism (diffeomorphism) then the simple T"-manifolds (M, ®) and (N, ¥) are said to be weakly
equivariantly homeomorphic (diffeomorphic).

Note that what we call ‘strongly equivariantly homeomorphic’ is traditionally referred to simply as equiv-
ariantly homeomorphic, without the word ‘strongly’. However we add the word strongly here to emphasise
the distinction between ‘equivariant’ and ‘weakly equivariant’. The phrase ‘weakly equivariant’ is the most
commonly used term for Definition however in some sources the function F' in Equation is called
p-equivariant and sometimes the pair (F, ¢) is simply called ‘equivariant’. A lack of clear distinction between
these terms has caused confusion in the past (compare |42, Theorem 1.6] to |41, Lemma 2.2]). We will see
later in Remark that this confusion is not merely due to a typo, but do to a subtly in the definition of
rod structures.

Remark 2.7. It (F,p): (M, T™) — (N, T™) is a weakly equivariant map between simple T-manifolds, then

(stab(p)) C stab(F(p)) (2.7)

for all p € M. This is seen by using Equation (2.6)) since if t € stab(p) then ¢(t) - F(p) = F(t - p) = F(p).
Remark 2.8. Consider a (smooth) manifold M with two distinct T™-actions ®g, ®1: T™ — iso(M). If the

simple T™-manifolds (®g, M) and (®;, M) are weakly equivariantly homeomorphic (diffeomorphic) then the
map F': M — M in Definition is itself an element of iso(M). When comparing the embeddings we see

F(@o(o™ (1)) (F~ 1 (p)) = ®1(£)(p)

which means that as maps ®;: T™ < iso(M) and ®g o p~1: T™ — iso(M) are conjugate by F € iso(M),
that is
F(®go ™ H(t)F~! = &(t)

for all t € T™. Stated another way, conjugacy classes of T™ C iso(M) are in one-to-one correspondence with
weakly equivariant homeo(diffeo)types of M. This bijection was made explicit for smooth 4-dimensional
simple 7?-manifolds in [36].

The previous remark has significant consequences when M is given additional structure such as a metric,
complex structure, symplectic form, etc... In all of these cases the group of structure preserving isomorphisms
is a compact Lie group. Such Lie groups are special because all maximal torus subgroups belong to the same
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conjugacy class. In effect, there is at most one torus action which respects the additional structure up to
weak equivariance.

Theorem 2.9. Let M™ 12 be a topological manifold which is homeomorphic to a simple T™-manifold and not
homeomorphic to a simple T" t-manifold. Endow M with some additional structure k (such as a complex
structure, or an orientation, smooth structure, and a metric) and let iso(M, k) C iso(M) denote the Lie
subgroup of homeomorphisms which preserve k. If iso(M, k) is compact, then any two k-preserving T™-
actions ®g, ®1: T" — iso(M, k) are weakly equivariantly homeomorphic via a map F € iso(M, k) and an
automorphism ¢ € Aut(T™). Furthermore there exists a homotopy ®: [0, 1] xT"™ < iso(M, k) which connects
Dy and @ 0 .

Proof. The embeddings ®;: T" < iso(M, k) define Lie subgroups ®;(T") C iso(M, k) which are both
homomorphic to the torus T™. These are maximal tori since the existence of a larger torus subgroup
T+ C iso(M, k) C iso(M) would imply that M is homeomorphic to a simple 7"*!-manifold. Because
iso(M, k) is finite dimensional the Maximal Torus Theorem can be applied, which states that there exists an
element in the connected component of the identity F' € iso(M, k)g so that F®q(T")F~1 and ®;(T") are
identical as subgroups of iso(M, k). Since both subgroups are abstractly homomorphic to 7™, there exists
an automorphism ¢ € Aut(T™) so that F®q(t)F~! = ®; o p(t) for all t € T". Lastly F is in the connected
component of the identity of iso(M, k) so there exists a path v: [0,1] — iso(M, k) where v(0) = id and
v(1) = F. Define the homotopy ®: [0,1] x T™ < iso(M, k) as ®(s,t) := v(s)®o(t)y(s)~* and observe that
® connects Py to P o p as desired. O

Remark 2.10. When discussing manifolds with additional structure such as a metric or a complex structure,
the torus structure is only defined up to weak equivariance. This makes it somehow the ‘correct’ category
to work in.

The next few lemmas can all in some way be attributed to Orlik and Raymond. They are presented here
for completeness with only a brief description of their proofs.

Lemma 2.11 (Cross-Sectioning Theorem [42,[43]). For any simple T™-manifold M"*2, the quotient map
m: M — M/T"™ admits a global section o: M/T™ — M. If M is a smooth manifold with a smooth torus
action, then the section can be chosen to be smooth as well.

Orlik and Raymond originally proved this statement for the n = 2 case |43|, but their techniques generalize
to all n > 2 [42]. The idea is to first break up the boundary of the orbit space (M"™+2/T™) into separate
pieces, which we call axis rods I'; € (M /T™). Next show that the bundle over these boundary pieces always
admits a section. Finally use the triviality of the bundle over the interior to extend the section from the
boundary to the entire orbit space.

Remark 2.12. Let M™*2 be a simple T™-manifold with quotient map mpr: M — M/T™, section opr: M/T™ —
M, and rod structures and axis rods {(v}4,TM), ... (vM ,TM)}. Let N"*2 be a simple T"-manifold defined
similarly. Any weakly equivariant map (F,¢): (M™*2,T™) — (N™*2 T") defines a map between their
quotient spaces f: M/T™ — N/T™ by

f(@) =75 (F(om())). (2.8)

If f is a homeomorphism between M/T™ and N/T™ as ‘manifolds with corners’ then M and N have the
same number of rods and up to relabeling

Fiy =1f. (2.9)
As an abuse of notation we sometimes use I'M to denote 7,;' (I'M), in which case the expressions F(I'M) and
stab(I') make sense. Using Equations (2.7) and (2.9) we can see ¢(stab(I'}M)) C stab(F(I'M)) = stab(I'lV).

Since stab(T'Y) is generated by vV we see
(V) = v, (2.10)



If in addition ¢ is surjective, then the weakly equivariant map (F, ¢) is called a weakly equivariant submer-
sion.

The next lemma is our version of Orlik and Raymond’s Equivariant Classification Theorem. It was
originally stated in terms of the strongly equivariant case, however as noted in Remark the weakly
equivariant case is more useful. Plus the terminology used in the original presentation of the theorem would
no longer be recognized by a modern reader.

Lemma 2.13 (Equivariant Classification Theorem [42,43|). Let M™% and N™*2 be simple T™-manifolds
with rod structures {v1, ..., vy} and {w1,... Wy} corresponding to azis rods {T?,... . TM} and {T'Y,..., TN
respectively. There exists an orientation preserving weakly equivariant homeomorphism (diffeomorphism) be-
tween M and N if and only if:

1. they have the same number of axis rods, that is k = k’,

; ; . ) c+i det(p) =1
2. there exists a matriz ¢ € SL(n,Z), a fized constant ¢, and a permutation p(i) =
c—i det(p)=-1
such that £o(v;) = W),

3. and there exists a homeomorphism (diffeomorphism) f: M/T™ — N/T™ between their orbit spaces with

the property that f(T'M) = I‘%).

If ¢ is the identity matriz then M and N are strongly equivariantly homeo(diffeo)morphic.

Note that if M and N are closed manifolds, then the third property follows from the first two. The proof
of Lemma m given by Orlik and Raymond relies on the existence of a section op;: M/T™ — M. This
allows every point p € M to be expressed as p = ¢ - opr(z). Therefore the function F can essentially be
defined by F(¢ - onp(z)) = ¢ - on(f(z)). The body of the proof is spent ensuring that F' is well defined.

Remark 2.14. The last line of Lemma makes it clear that a simple T"-manifold (®, M) is defined
up to strongly equivariant homeomorphisms by its rod structures. An extremely subtle point is that rod
structures are (up to a sign) the homotopy classes in 71(T™) of the stabilizer subgroups of the axis rods
{T'1,...,Tx}. When a basis is chosen for w1 (7™), these rod structures can be represented by integer vectors
{vi,..., vk} C Z". However, m1(T™) has no preferred basis. This means that a different mathematician
given the same embedding ®: T" — iso(M) will get the same rod structures, but may represent them by a
distinct set of integer vectors {v{,..., v} } C Z". These vectors differ exactly by a change of basis Bv; = v/,
B € SL(n,Z) which are in one-to-one correspondence with Lie group homeomorphisms A: T — T™.
Therefore when one misinterprets the integer vectors {vy,..., vy} C Z" and {v/,...,v}} C Z" as being the
rod structures themselves instead of merely being a representation of them, it appears that a single embedding
®: T™ — iso(M) yields two distinct simple T"-manifolds which are weakly equivariantly homeomorphic but
not strongly equivariantly homeomorphic. This confusion has in at least one [24], and most likely in many
more, lead to scrapping the concept of ‘strongly equivariantly homeomorphic’ all together and erroneously
using the term ‘equivariantly homeomorphic’ to mean ‘weakly equivariantly homeomorphic’.

In light of the previous remark, we present the following corollary.

Corollary 2.15. Every simple T™-manifold M™*? is strongly equivariantly homeomorphic (diffeomorphic)
to
(M/T™ xT")/ ~

where (2,0) ~ (x,¢-0) for all@ € T, x € M/T™, and ¢ € stab(x) C T™. Upon choosing an ordered basis
for m (T™) there exists a representative for the strong equivariant homeo(diffeo)type, known as a standard
model, of the form

(B xR"/Z")] ~
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where B is the unit ball and (z,0) ~ (z,\v; + 0) for all @ € R"/Z", A € R, x € T; the closure of the azis
rod T';, and the v; € Z" represent the rod structures, that is v; = £[stab(T';)] € m(T™) =2 Z". The standard
model is unique up to boundary preserving homeomorphism (diffeomorphism) of B, the signs of the integer
vectors v;, and up to at most an action by the dihedral group Dy where k is the number of axis rods.

The proof of this corollary is immediate. Simply realize the constructed spaces as simple 7T"-manifolds
using the obvious T™-action and then apply Lemma [2.13]

Remark 2.16. The unit ball in Corollary [2.15] can easily be replaced with any other homeomorphic open
subset of R?2. Common choices for this are RE_ when two of the axis rods are semi-infinite in length, or a
simple k-gon when the manifold is closed.

This last lemma makes clear the distinction between the weak equivariant homeotype and weak equiv-
ariant diffeotype of a simple 7™-manifold M"*+2; there is none. Orlik and Raymond first proved this in
1970 for closed 4-manifold [43]. However there doesn’t appear to be a generalization of this result to higher
dimensions in the classic literature. In 2012, Wiemeler proved a similar statement for strongly quasitoric
manifolds |55, Corollary 5.7] and more interestingly showed that the diffeotypes of quasitoric manifolds are in
one-to-one correspondence with the diffeotype of their quotient space polytope |55, Theorem 5.6]. Wiemeler’s
proof works equally well for lower cohomogeneity cases and in particular works for (n + 2)-dimensional sim-
ple T"-manifolds, which themselves can be viewed as intersections of hypersurfaces in quasitoric manifolds.
Since the quotient spaces of these manifolds are 2-dimensional and there are no exotic smooth structures in
2 dimensions, we have the following theorem.

Theorem 2.17. Every closed simple T™-manifold M™ 2 has ezactly one smooth structure which agrees with
the smooth structure of the Lie group T™.

The above theorem shows that any continuous effective action of 7™ on M™*? defines a unique smooth
structure on M. However there may be smooth structures on M where the action of T™ is not smoothable.
The following examples shows just that. For instance, although it is currently unknown if exotic smooth
structures on S* exist, Theorem m proves that only the standard smooth structure admits a smooth
T2-action. The following example is even more explicit.

Example 2.18: The 4-manifolds K 3#@2 and 3@1?2#20@2 are homeomorphic, however one admits a
smooth effective T?-action and the other admits a complex structure and thus they are not diffeomorphic.
The space K 3#@2 is an algebraic variety which is not rational, ie there does not exist a Zariski open
set in K3#CP~ which is bi-holomorphic to a Zariski open set in CP?. Since every complex surface with a
smooth effective T-action is rational we know that K 3#@2 does not admit a smooth T2-action. On the
hand 3(C]P’2#20@2 does admit a smooth effective T2-action as seen in Orlik and Raymond’s classification
theorem (Theorem [2.34). However it does not satisfy the conditions of Delzant’s theorem (Theorem
meaning it does not admit a complex structure.

2.2 Rod Structures

When studying simple 7™-manifolds M"*2 arising from general relativity the quotient space M/T™ is often
assumed to be homeomorphic to the half plane Ri, or to a lesser extent D? which can be considered a
compactification of Ri. The boundary 8]1%1 of the base space is divided into segments separated by finite
intervals or horizon rods where the fibers do not degenerate. The boundary points of horizon rods are called
poles. The portion of the boundary not covered by horizon rods is covered by axis rods, intervals separated
by corners. Associated to each axis rod interval I'; C 8Ri is a rod structure v; € Z"™ which defines the
1-dimensional isotropy subgroup R/Z-v; C R™/Z"™ = T™ for the action of T™ on points that lie over T';. The
topology of the total space M™*2 is determined by the rod structures, namely

M2 = (RE x T™)/ ~ (2.11a)
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Figure 2.2: Each of these two rod diagram shows the 2-dimensional quotient space as the right-half-plane
with the vertical lines being their boundaries. On the left is the standard rod diagram for R*, and can be
seen as a deformation of the image in Figure On the right is a rod diagram for R*\ B*. The jagged
line is a black hole horizon rod, the interior of which correspond to the product of an open interval with 772.
The rod structures flanking the horizon rod yield horizon cross-sectional topology S, which is the interior
boundary of R*\ B*.

(1,0) (1,0)

(0,1) (0,1)

where the equivalence relation ~ is given by

(. @) ~ (. @+ Avi) (2.11b)

with p € T';, A € R/Z, and ¢ € T". A graphical representation of this information is called a rod diagram,
see Figure for simple examples. These are drawn as either a disk or a polygon in the compact case, or
a half plane in the noncompact case, in which the boundary is divided into segments with associated rod
structure vectors indicating which linear combination of generators that degenerate at the axes. Black dots
represent corners or poles where two rods meet, and the segments drawn with jagged lines are horizon rods
along which the torus action is free.

Given that M"™*2 admits an effective T™ action, the quotient map M"+2 — M"™+2/T™ exhibits M"*? as
a T™-bundle over a 2-dimensional base space with possibly degenerate fibers on the boundary. Fibers over
interior points are n-dimensional, while fibers over points along the boundary can be (n — 1) or (n — 2)-
dimensional. The set of points where the fiber is (n — 1)-dimensional are called azis rods while the points
with an (n — 2)-dimensional fiber are called corners. The set of corners is always discrete. Associated to
each axis rod is a vector v € Z™ called the rod structure, that defines the 1-dimensional isotropy subgroup
R/Z-v C R"/Z™ = T" for the action of 7" upon that axis rod.

It should be noted that the notion of rod structures given so far does not guarantee a unique presentation.
Indeed, the vectors v and 2v both generate the same isotropy subgroup R/Z - v, and thus both can be used
to describe the same rod structure. In order reduce the number of presentations, it is natural to restrict
attention to primitive elements. A vector v is primitive or a set of vectors {vi,...,vi} C Z" forms a
primitive set, if they are linearly independent and

Z" Nspang{vi,...,vi} =spang{vy,...,vi}. (2.12)
For a single vector v = (v!,...,v"), this is equivalent to the components being relatively prime, that is
ged{v!,...,v"} = 1. Note however that even demanding rod structures be primitive vectors, we cannot

distinguish between one choice of rod structure v and its negative —v since both generate the same isotropy
subgroup. This fact will be used when it is advantageous to replace v with —v.

Next, observe that the group of unimodular matrices GL(n,Z) (which is equal to SL(n,Z)) provides
the group of coordinate transformations for 7" = R™/Z"™. Two rod diagrams are equivalent, and thus the
Tm-spaces they describe are equivariantly homeomorphic, if every rod structure of one is obtained from the
corresponding rod structure of the other by the action of the same unimodular matrix. Figure 7?7 shows
an example. This means quantities depending only on the 7"-structure will be invariant under GL(n,Z)
transformations. The following proposition exhibits an example of such a quantity, Dety, referred to as the
kth determinant divisor |39, Chapter II, Section 14]. In the statement we will use the multi-index notation
I, for k < n, to denote the set of k-tuples i = (i1,...,1x) € Z¥ such that 1 < iy < --- < i < n.
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Proposition 2.19. Let vy,..., vy, € Z", k < min{m,n}, and set

Detg(vi,-..; Vi) :gcd{QJi lie Iy, je I}, (2.13)
where Q; is the determinant of the k x k minor obtained from the matrix defined by the column wvectors
Vi,.-+, Vi, by picking columns j and rows i. Then Dety, is invariant under GL(n,Z), that is

Detg(vi,...,Vim) = Detg(Avy, ..., Avy,) (2.14)

for all A€ GL(n,Z).

Proof. Let w € /\k Z" be a k-form on Z". Each such form can be written as a linear combination of the
basis elements {€* A--- Ae |i€ I}, where {e'} is the basis of covectors dual to the standard basis {e;}
of Z", so that e'(e;) = &}. Thus

w = Z ailmikeil A Ae, a; € 7, (2.15)
ielp

where by definition et A -+ A e (v,,,...,v;,) is the minor determinant QJ‘ Consider the k x k minor
determinant Q’Ji- of the matrix formed from the column vectors Avj ,..., Av; , and observe that Q’; is
multilinear and antisymmetric in {v;,,...,v;, }. Therefore it is a linear combination as in ([2.15), and may

be expressed as

i C oy
Q5= alQi. (2.16)
velp

Observe that if p € Z divides Q}l for all i’ € I}, then p also divides Q'; and hence
Dety(Avy,..., Avy) = ged{Q'} |1 € [P, j € I7'} > ged{Q |1 € I, j € I"} = Dety(vi,...,vin). (2.17)
Furthermore since A=! € GL(n,Z), the same reasoning shows that
Detg(Vi,...,vm) = Detp (A7 H(Avy),..., A7 (Av,,)) > Detg(Avy, ..., Av,,). (2.18)

The desired invariance follows from these two inequalities. O

A corner point between two adjacent axis rods is admissible if the total space over a neighborhood of the
corner is a manifold. The importance of the second determinant divisor in the current context arises from
the fact that it determines whether or not a corner is admissible. Since the corner point represents an (n—2)-
torus within the total space, a tubular neighborhood will be a manifold if and only if it is homeomorphic to
B* x T" 2, or equivalently if its boundary is S x T2, This last criteria occurs precisely when there is a
matrix @ € GL(n,Z) such that Qv = e; and Qw = e, where v, w are the rod structures of the axis rods
forming the corner, and e;, e are members of the standard basis for Z". Corollary 2.23] below, guarantees
that such a @ exists if and only if Deto(v,w) = 1. The statement of this result uses the Hermite normal
form, whose properties are listed in the next lemma. A proof of this lemma can be found in [31]. The
Hermite normal form may be viewed as the integer version of the reduced echelon form, or as the integer
version of the QR decomposition for real matrices.

Lemma 2.20. Let A be a n x k integer matriz. There exist integer matrices Q and H such that QA = H,
where Q is unimodular and H = (h;;) has the following properties.

1. For some integer m, the rows 1 through m of H are non-zero, and the rows m + 1 through n are rows
of zeros.
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(1,0,0) (1,0,0)

(17_1a1) (07170)
(2,0,3) (2,0,3)
(17130) (277171)

Figure 2.3: This figure shows two rod diagrams, separated by an arrow, both depicting (5 + 1)-dimensional
spacetimes with a single black hole. Each rod diagram shows the 2-dimensional quotient space as the right-
half-plane with the vertical lines being their boundaries. The jagged lines are black hole horizon rods,
the interior of which correspond to the product of an open interval with 72. The rod structures flanking
the horizon rod yield horizon cross-sectional topology S' x S2. The two rod diagrams depict the same
spacetime. The unimodular matrix in the middle represents a coordinate change on 7. In particular, it
is the transformation matrix from Lemma which sends the rod structures on the left to their Hermite
normal form on the right.

2. There is a sequence of integers 1 < r; <re < .-+ <1y <1 =rank A such that the entries h;r, of H,
called pivots, are positive for i = 1,...,m. The pivot h;., is the first non-zero element in the row i,
that is, h;; =0 for 1 <j <.

3. In each column of H that contains a pivot, the entries of the column are bounded between 0 and the
pivot, that is, fori=1,...,m and 1 < j <1i we have 0 < hj,, < hyy,.

The matriz H is unique and is known as the Hermite normal form of A. Furthermore, the Hermite normal
form of BA is equal to the Hermite normal form of A whenever B is a unimodular matriz. Finally, the
unimodular matrix Q, known as the transformation matrix of A, is unique when A is an invertible square
matrix.

It should be noted that if the first [ columns of A are linearly independent, then the upper-left [ x [
block of the Hermite normal form of A is upper triangular with nonzero diagonal entries, namely r; = i for
i=1,...,l. For our purposes, the matrix A will typically consist of a collection of k rod structures for rods
which are not necessarily adjacent. An example of this is shown in Figure where the 3 x 4 matrix A is
assembled from the rod structures on the left (treated as column vectors), and sent to its Hermite normal
form consisting of the rod structures on the right, via the transformation matrix that appears in the middle
of the diagram.

Remark 2.21. If rod structures {vy, vo, v3} arise from three consecutive rods with admissible corners, then
more information is known about their Hermite normal form {w;,ws, w3}. In particular w; = e1, wo = eq,
and ws = (¢,7,p,0,...,0) with 0 < ¢,7 < p, p = Dets(v1,va,vs), and ged{q,p} = 1 if the set of vectors
is linearly independent. In the case of a linearly dependent triple, we have p = 0 and ¢ = 1, while r is
unconstrained. Furthermore, given any integers u, A € Z there exists a coordinate change which sends v; to
w; where

wh = (0,1,0,...,0) (2.19)
wy = (¢ + up,7 + Ap,p,0,...,0).

In order to establish the relationship between the admissibility condition for corners and the 2nd deter-
minant divisor, we recall the Smith normal form. This may be considered as the integer matrix analog of
the singular value decomposition, and is utilized in the classification of finitely generated Abelian groups.
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This latter fact will be employed when we compute the fundamental group of the DOC in Corollary A
proof of the following result can be found in [39).

Lemma 2.22. Let A be an n X k integer matrix of rank l. There exist integer matrices U, V', and S such
that UAV = S. The matrices U and V are unimodular, and S is diagonal with entries s; such that s;|s;+1
for 1 < i < l. These entries, referred to as elementary divisors, satisfy s; = 0 for i > | with all others

computed by

Det;(A) ,
J— < 22
5 Detifl(Ay i<l ( 0)

where we have set Deto(A) = 1. The matriz S is unique and is known as the Smith normal form of A.

The distinction between the Hermite and Smith normal forms, in the context of rod structures, is as
follows. The transformations used to obtain Hermite normal form are always actions by n X n matrices on
the left. Such an action corresponds to shuffling the Killing vectors around by linear combinations. This
does not affect the topology of the total space nor its toric structure, only the representation of the torus
T =2 R™/Z™ and thus the rod structures. By contrast, Smith normal form also includes actions on the
right by k£ x k matrices. These actions correspond to shuffling the axis rods themselves. This changes the
topology of our space, possibly no longer making it a manifold. Consequently, when seeking out a simpler
presentation of the rod structures we will invoke the Hermite normal form in order to avoid changing the
topology. Two exceptions to this are in the proof of Corollary 2.25] where only the integer span of the rod
structures is significant and not their order, and in the proof of Corollary 2.23] below, where the Hermite and
Smith normal forms coincide.

Corollary 2.23. Let A be an n X k integer matriz of rank k. Then Dety(A) = 1 if and only if the upper
k x k block of the the Hermite normal form of A is the identity matriz.

Proof. Assume that the upper k x k block of the Hermite normal form is the identity. By uniqueness, this
matrix is also the Smith normal form. The diagonal entries are then 1 = s; = Det;(A)/ Det;_1(A), which
implies that Dety(A) = Dety_1(A4) = --+ = Deto(A4) = 1.

Conversely, assume that Dety(A) = 1 and let

R o
be the Smith normal form of A, where S = diag(s1, ..., sk). Consider the n x n matrix
S 0 V-1 0
B=U"! = 2.22
v [0 In—k] [ 0 In—lj 4 2], (2:22)

where E consists of the last n — k columns of U~ It follows that

. Det;y (A) Dety, (A)

det(B) = det(U ") det(S) det(V ") =51+ s, = = Dety,(A). 2.23
et(B) = det(U ) det(S) det(V ) = sy~ = oL G- S = Dety(4) (2.23)
By assumption Dety(A) = 1, and thus B is invertible. Therefore
1 I,
BT A= ol (2.24)
and by uniqueness this must be the Hermite normal form of A. O

As mentioned after the proof of Proposition[2.19] this corollary shows that a pair of adjacent rod structures
v, w is admissible if and only if Dets(v, w) = 1. Moreover, in a similar manner, a collection of k rod structures
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{V1,...,Vk} can be sent to the standard basis {ey,..., e}, and thus forms a primitive set, if and only if
Detg(v1,..., V) = 1. Another application of the Hermite normal form is to give a variant proof of Hollands
and Yazadjiev’s horizon topology theorem |20, Theorem 2]. It states that for n > 2, all closed (n + 1)-
manifolds with an effective T™-action, whose quotient is not a circle, must be a product of 7%~2 and either
S3, alens space L(p,q), or S* x S2. This is a generalization of a result by Orlik and Raymond for 3-manifolds,
see [43, Section 2]. Observe that the (n + 1)-dimensional case can be reduced to the 3-dimensional case by
applying the transformation matrix from Lemma to the matrix of rod structures defining the horizon,
which we assume to be primitive vectors. In particular, the resulting Hermite normal form consists of the
new rod structures (1,0,...,0) and (¢,p,0,...,0), with 0 < ¢ < p. With this representation of the T™-action,
the last n — 2 coordinate Killing fields clearly never vanish. Therefore the total space is homeomorphic to a
product of 7”2, and a 3-manifold ¥ with an effective 72 action. According to the possibilities given for the
3-dimensional case, we find that ¥ is either S3 if p =1, S1 x $? if p = 0, or the lens space L(p, q) if p > 1.

Remark 2.24. Given a horizon topology X x T2, it is possible to determine the topology of ¥ directly from
the 2nd determinant divisor. Let v, w € Z™ be primitive vectors that describe the flanking rod structures of
the horizon, and compute Dety(v, w). If this value is 0, then v = +w and ¥ = S x §2. If it is 1, then the
pair is admissible and ¥ = S2. If Dety(v,w) = p > 1 then ¥ = L(p, q) for some g < p. Moreover, ¢ may be
found from the relation w = ¢qv mod p.

Note that the asymptotic end of a manifold can be thought of as a ‘horizon at infinity’ and the rod
structures of the two semi-infinite rods can be used to calculate the topology of the asymptotic end in a
similar manner. The last result in this subsection will show that rod structures can also be used to calculate
information about the global topology, in this case the fundamental group.

Corollary 2.25. Let M™2 be a connected, simple T™-space, possibly with boundary, with rod structures
{v1,va,...,vi} CZ". The fundamental group of M is
Zn

M) = 72" Pl B DLy, 2.25
m (M) spang{vy,...,Vg} D Loy @O Ly ( )

where s;|s;41, s; s the i entry in the Smith normal form of the matriz composed of the column vectors
{vi,..., vk} asin (2.20), and | = dimspang{vy,...,vi}.

Proof. In the proof of Theorem it is revealed that the fundamental group of a T"-manifold M™+?2 takes
the form of . This reduces to the first equality in Equation in the case that M is a simple T"-
space, since it then has no holes, handles, or orbifold points. Furthermore, recall that the Smith normal form
of the matrix (vi,va,...,v,,) is obtained by both left and right actions using unimodular matrices. This
does not alter the integral span of the columns. Thus, as in the classification of finitely generated abelian
groups, by a change of basis given by these unimodular matrices, we obtain the second equality in . O

2.3 4 Dimensions

This subsection will be dedicated exclusively to 4-dimensional simple T?-manifolds. First several spacetime
topologies will be reviewed, such as the famous Black Ring of Emparan-Reall [12] and the more recent
Khuri-Weinstein-Yamada Black Lens |28|. Following that, the works of Orlik and Raymond will be discussed,
including a proof of their classification theorem (Theorem for closed simply connected 4-manifolds with
effective T2-actions.

The rod structures of several well known (4 + 1)-dimensional stationary spacetimes are depicted in
Figure 2.4} These rod diagrams show the topology of a Cauchy surface intersected with the domain of outer
communication. Note these can all be constructed by adding horizons to the {(1,0),(0,1)} rod diagram
for Minkowski spacetime. This is equivalent to excising regions from R*, the spatial part of Minkowski
spacetime. Indeed, as seen in Figure the Myers-Perry rod diagram dipicts R* \ B*. Similarly the Black
Ring shows R*\ (S! x B?) whereas the Black Saturn, Bi-Rings, and Di-Rings are combinations of these two.
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(1 0) (170) (1’0) (170) (1’0) (LO)
| (1,0) (1,0)
'Y (1.0) (1,0) 0.1)

0,1 (1,0)
(0,1) (0,1) (0,1) 0.1) 0.1) 0.1

Minkowski Mpyers-Perry Black Ring Black Saturn  Bi-Rings  Di-Rings

Figure 2.4: Shown above are the rod diagrams for several well known examples of (4 + 1)-dimensional
stationary bi-axially symmetric spacetimes which exist without conical singularities. These are Minkowski
space, Myers-Perry [38] with horizon S3, The Emparan-Reall and Pomeransky-Sen’kov black rings [12,46]
with horizons S x S2, the black Saturns [10] of Elvang-Figueras with horizons S* x S2, and the the black
bi-rings [11] and di-rings [13}[22] found by Elvang-Rodriguez, Evslin-Krishnan, and Iguchi-Mishima with
horizons 2 - S x S2.

(¢:p)
: (0,1) 1 (0,1)
(1,-p) (—ko, kiks — 1) (1,0 Y -y (1,0)
1,k
(0,1) ( (0, 3 (0,1) (0,1) 0D ©,1)
Black Lens L(p, 1) Black Lens L(p,q) 2 Myers-Perry 2 Myers-Perry Soliton Soliton

Figure 2.5: Shown above are the rod diagrams for spacetimes that are known or suspected to always require
struts. The left two are which produce the Black Lens studied in [28]. The middle two show two different
ways to produce asymptotically flat spacetimes with black hole horizons 2 - $3. Because of symmetry both
of these spacetime are known to have conical singularities [51]. The last two show spacetimes without black
holes, which are known as solitons.
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(1,0) (0,1) (1,0) | S2 x §2|(1,0)

(0,1)

Figure 2.6: Shown above are the rod diagrams for the simplest examples of a T2-action on a closed 4-
manifold.

Figure shows spacetimes with slightly more complicated topologies. These are all still asymptotically
flat because the second determinate divisor of the two semi-infinite rods, Det2{(1,0), (0,1)}, is 1. However
these spacetimes are all known to [51], or suspected to, have conical singularities known as struts present
along the finite axis rods. We will examine these struts later in Sections and To construct the L(p, q)
Black Lens spacetime one needs to be able to join the (1,0) and (g, p) rods by a finite number of axis rods in
such a way that every corner is admissible. This was proven possible in [25] (see also [1] for an exploration
of efficient fill-ins). The following theorem is a slight generalization which works in higher dimensions.

Theorem 2.26. Given any two (primitive) rod structures v,w € Z"™, it is always possible to find a finite
number of additional rod structures that connect v to w in such a way that each corner in the resulting
sequence of rods is admissible. That is, there exists a sequence of rod structures {vi,...,vi}, with vi = v
and v, = w, having the property that Dety(vi,vir1) =1 fori=1,... .k — 1.

Proof. By Lemma [2.20] there exists a unimodular matrix @ which transforms v and w into Hermite normal
form, in particular Qv = (1,0,...,0) and Qw = (¢,p,0,...,0) where 0 < g < p. If ¢ = 0, then p = 1 since
w is primitive, and hence Detqo(v,w) = 1. So assume that ¢ > 1. In |25 Section 3] (see also Lemma [2.47))
an algorithm is presented that is based on the continued fraction decomposition of p/q, which produces a
sequence of rod structures in Z? connecting (1,0) to (g,p) such that each corner is admissible. We may
then append zeros to each of the rod structures in this sequence, to obtain a sequence in Z" that connects
(1,0,...,0) to (g,p,0,...,0) with the same property. Applying @' then produces the desired sequence. []

Remark 2.27. This result was also used in [25], for (4 + 1)-dimensional spacetimes, to construct simply
connected fill-ins for horizons. The simple connectivity of the fill-ins preserves the fundamental group of the
DOC, and is not difficult to achieve since in this low dimensional setting admissible rod structures cannot
contribute to the fundamental group, as can be seen with Corollary In higher dimensions this is not
the case, and a more careful choice of rod structures is needed to achieve simply connected fill-ins. Moreover,
since the boundary between the filled in region and the DOC in the higher dimensional case has a much
larger fundamental group, there is a more complicated relation between the topologies of these regions.

The topology of closed simply connected 4-manifolds with an effective T2-action is known do to the works
of Orlik and Raymond. Below are some examples.

Example 2.28: The rod diagram {(1, 0), (0, 1), (1,0),(0,1)} in Figuredepicts the standard Cartesian
product S? x S2. The fiber over each interior point is S* x S'. The first S' degenerates on the left and
the right sides, the (1,0) rods, thus the fiber over a horizontal line is S% x S1. That second S* degenerates
on the top and bottom sides, the (0, 1) rods, making the total space S? x S2.

Example 2.29: The rod diagram in Figure depicts CP?. First observe that removing the (1,1)
rod turns this into a diagram for R*, which is homeomorphic to B. The (1, 1) rod itself has an S* fiber
on each interior point, which shrinks to a single point when the rod meets either the (0, 1) or (1,0) rods.
This makes the total space over the (1,1) rod homeomorphic to S?. Therefore M can be constructed
from B* and S? with a single gluing map f: dB* — S2. Such maps are classified by 73(S5?) which is the
free group generated by the Hopf map S — S2. Recall that the homomorphism 73(S?) — Z is given by
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(1,0) (0,1) (1,0) (0,1)

CP* P
(1,1) (1,-1)

Figure 2.7: Shown above are the rod diagrams for CP?, and its opposite orientation manifold CP?.

(0,1)

(1,0) CP? (1,1)

(LOo)| s2xs% |(1,1)

(Lo cp® |(L1)

Figure 2.8: The rod diagram above shows how $2x 52 is CP?#CP?.

calculating the linking number of any two fibers of the map S$% — S2. The two obvious points to look at
the fibers over at the {(1,0),(1,1)} corner and the {(1,1),(0,1)} corner. Thinking of B* as the unit ball
in C? shows that the fiber over the first corner is {(0, z) : |2|> = 1} and the fiber of over the second corner
is {(w,0) : Jlw|* = 1}. These obvious have linking number 1 and thus, up to a choice of orientation, the
map f: B* — S? is the Hopf map which by definition makes M homeomorphic to CP?. The opposite
orientation is chosen when (1,1) is replaces with (1, —1), resulting in CP?.

Example 2.30: The manifold S$2%S? in Figure is the unique non-trivial S? bundle over S2. This
is diffeomorphic to CP?#CP?, the blow up of CP?. To view this we draw a horizontal line across the
square and note again that sitting above that line is an S®. However now we look at each half of the
square that the horizontal line separates. The top half looks similar to the first triangle representing
CP? if we remove a neighborhood of the bottom left corner. In fact, the 4-manifold sitting above the
top half of our square is homeomorphic to CP? with a ball removed. Similarly the bottom half looks like
same triangle but with the position of the (0,1) and the (1,0) edges switched. This switching induces a
change in orientation, and the 4-manifold sitting above the bottom half of our square is CIP? with a ball
removed. These two manifolds are glued along their shared boundary and thus we get CP?#CP?.

Example 2.31: Rod diagram A in Figure depicts the m** Hirzebruch surface F,,. To see this,
first use Equation (2.11)) to express A as

A= ([0,00]* x T?)/ ~ (2.26)
where
(1, 02) - (2,y,01,02) = (v,y,¢1 + 01, d2 + 02) (2.27)
and
(079,91792) ~ (07y7¢+91792)
(x3079179 ~ ($707915¢+92)
b2) ~ (
(

)
(Oovyagla 2) ~ OO,y,¢+01792)
(25,00,61792) ~ z7oo7m¢+017¢+92)'

° (2.28)
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&0 S5 (1,0) CP? (0,1)
(1,0) M (1,1) ——— (1,0) M (0,1)

00 L) (1,0) CP? (0,1)

(_171)

Figure 2.9: The rod diagram above shows that the manifold M described in Example is CP?#CP?.

Next, split A into A_ = {(x,y,01,02) € A:y <1} and Ay = {(x,y,01,02) € A:y > 1}. Define B, B_,
and B, similarly. Both A and B define the same T?-manifold, in particular S: A — B defined by

S(‘Z‘7 Y, 015 92) = (‘Ta Y, 91 - m927 02) (229)

is an isomorphism. Notice that S fixes the y coordinate, so A, is isomorphic to B4. This means A can
be constructed by gluing A_ and B, together, using S as a transition function. Now consider the map
(z,y,01,02) — (xe% ye'®?) and notice that is defines an isomorphism between A_ and C x {|z| < 1}
and between By and C x {|z] > 1}, where C = C U {oc}. In these new complex coordinates S acts as
a clutching function, an automorphism of the bounary C x {|z| = 1} which sends S(w, z) = (z~™w, 2).
This makes ) )

Cx{lz| <1}UC X {|z] > 1}
A= , : ,

(w, e?) ~ (e~imbqy ¢if)

(2.30)

which is a standard description of the m** Hirzebruch surface F,,.

Both CP? and all of the Hirzebruch surfaces belong to a family of complex surfaces known as projective
toric varieties. These complex manifolds come equipped with a natural torus action which makes them an
excellent source of examples of simple T2-manifolds. Indeed the blow up of any projective toric variety is
itself a projective toric variety and thus also a simple T2-manifold. However not all simple T2-manifolds
admit a complex structure. The relation between these two areas is best seen in Delzant’s theorem [9, ch.
28] which we will state below without proof.

Theorem 2.32 (Delzant). A closed simple T?-manifold M* with rod structures {vy,..., vy} admits a com-
plex structure which agree with the T?-action if and only if it is possible to construct a simple, convex k-gon
in R? where the normal vector to the it" edge is +v; for all i.

Example 2.33: The manifold M given by the rod structures {(1,0),(0,1),(1,1),(2,1)}, seen in Fig-
ure does not admit a complex structure and is in fact homeomorphic to CP?*#CP?. We know
M does not admit a complex structure because any simple quadrilateral with normal vectors equal to
(1,0), (0,1), (1,1), and (2,1) is not convex. To see that M is homeomorphic to CP*#CP? we note
that the first and third rod structures form an admissible pair. This allows a change of coordinates
to make the first and third rods structures (1,0) and (0,1) respectively, resulting in an equivalent rod
diagram {(1,0),(—1,1),(0,1),(1,1)}. Consider a curve in M/T? which connects the first and third
rods. The fiber over each point on the interior of the curve is 72, collapsing to {pt.} x S! at the
(1,0) and to S x {pt.} at the (0,1) end. This makes the total space of the curve into an S® which
separates the rod diagram into to half. In particular {(1,0),(0,1),(1,1),(2,1)} is composed of the di-
agrams {(1,0),(0,1),(1,1)} and {(1,0),(1,1),(2,1)} which are both rod diagrams for CP? as seen in
Example meaning M = CP?#CP?,
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0 1

Loy A4 |(1,0) (Lo)y| B |(1,0)

(0,1) <é T) (—m, 1)

Figure 2.10: Both A and B represent the same 4-manifold and the same T2-structure. They differ only by

a change of coordinates S = ((1) —1m>

Theorem 2.34 (Orlik & Raymond). A simply connected, closed 4-manifold which admits an effected T?

action is either S* or the connect sum of S% x S2’s, CP?’s, and CP?’s. This connect sum respects the toric

action in the sense that there exist 3-spheres breaking up the manifold into its constituent parts which inherits
the toric action [43).

The proof of this theorem is presented below for both completeness, and because it is a useful example of
how topology can be read off from the rod structures. It is slightly different than the original proof published
by Orlik and Raymond in [43] do to the use of Hermite normal form and other direct computations. Because
of this, the proof is shorter and arguably easier to read.

Proof. The first step is to prove that any 4-dimensional simply connected closed T2-manifold must be a
simple T2-manifold with at least two axis rods, no horizons, and a base-space homeomorphic to D?. The
fact that it is a simple T2-manifold was proven in Theorem and the fact that it contains at least two axis
rods was proven in Corollary [2:25]

The next step is to classify all closed 4-dimensional simple T2-manifolds with 2, 3, or 4 axis rods. These
can be seen in Figures and Let M be such a manifold with 2 rods. Since M is a
manifold and the rods are adjacent, separated by a corner, the pair of rod structures must be admissible.
Thus their second determinent divisor is 1 and their unique Hermite normal form is {(1,0), (0,1)}. Without
loss of generality assume that these are the rod structures. Removing one of the two corners is equivalent
to removing one of the two fixed points. This yields the standard rod structure for R* and thus M is its
one-point compactification, S*.

Now assume M has 3 rods. Remark [2:21] say that any three consecutive admissible rods can be assumed
to be in the form {(1,0), (0,1), (1,r)}. The first and third rods must also form an admissible pair, and thus
r = £1. Since there are only two choices for r there must be at most two distinct simply connected, closed
4-manifolds with effective T2-actions and exactly 3 fixed points (recall that the fixed points are corners).
The manifold CP? = {[#1 : 22 : 23]} inherits an effective T2 action from C3, the only fixed points of which
are [z:0:0],[0:2:0],and [0: 0 : z]. Choosing the opposite orientation gives CP? with the exact same
action. Thus any rod diagram with 3 rods must be either CP? or CP?.

Now assume M has 4 rods. Again, using Remark [2.:21] assume that the rod structures are of the form
{(1,0),(0,1),(1,a),(b,c)}. The admissibility of the first and fourth rods forces ¢ = 1. Similarly the admis-
sibility of the third and fourth rods forced ab — 1 = +1. If ab = 2 then without loss of generality assume
the rod structures are of the form {(1,0), (0,1),(1,1),(2,1)}. In this case the first and third rods also form
an admissible pair. This allows a change of coordinates to make the first and third rods structures (1,0)
and (0, 1) respectively, resulting in an equivalent rod diagram {(1,0), (—1,1),(0,1),(1,1)}. Consider a curve
in M/T? which connects the first and third rods. The fiber over each point on the interior of the curve is
T2, collapsing to {pt.} x ST at the (1,0) and to S* x {pt.} at the (0,1) end. This makes the total space of
the curve into an S which separates the rod diagram into to half. In particular {(1,0), (0, 1), (1,1),(2,1)}
is composed of the diagrams {(1,0),(0,1),(1,1)} and {(1,0),(1,1),(2,1)} which are both rod diagrams for
CP?, meaning M = CP*#CP?.
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In the other case where ab = 0, assume without loss of generality that the rod structures are of the form
{(1,0),(0,1),(1,0), (b,1)}. From Equation (2.11) the total space can be described as

M= ([0,1 x T?)/ ~ (2.31)
where ~ is defined by the rod structures, in particular

(0,y,01,02) ~
(2,0,01,05) ~
(1,y,01,02) ~
(2,1,01,05) ~

0,y,¢+ 01,62)
x,0,01,¢ + 02)
Ly, ¢+ 01,02)
x,1,b¢ + 01,0 + 63)

(2.32)

P

for all € S*. Now consider the description of S? as ([0,1] x S1)/ ~ where (0,6) ~ (0,¢ + 0) and (1,6) ~
(1,¢ + 0). Using these descriptions, define the projection map P: M — S? by P(x,y,601,02) = (y,02). By
construction this defines a fiber bundle P: M — S? with fibers P~%(yo, 60y) = {(z, 50,0, 00)}. Equation
shows (0,yo,8,60) ~ (0,0,0,00) and (1,y0,6,6p) ~ (1,y0,0,6), meaning the fiber over each point (yo, 6p)
is 52, thus M is an S2-bundle over S2. Up to homeomorphism these are classified by maps from S® to
Diff(S?). The latter space deformation retracts to SO(3) and 71(SO(3)) = Zs, meaning there are two
distinct homeotypes possible for M. These are the trivial bundle S? x S2, and the non-trivial bundle $?x S?
which is diffeomorphic to CP*#CP?.

Now that the manifolds with 4 or fewer rods have been classified, let M have k > 4 rods and proceed
by induction on k. Consider a rod diagram with rod structures (mj,n;) through (mg,ny). Following the
notation of Orlik and Raymond, let L;; denote a curve connecting the i*" and ;" rods and let W;; be the
region bounded by this curve containing all the rods in-between ¢ and j.

Without loss of generality assume (mq,n1) = (1,0) and (my,ni) = (0,1). Because of the admissibility
of adjacent rods, there exists e = £1 and ;1 = £1 such that (mq,n2) = (ma,e2) and (Mmr_1,nk-1) =
(€g—1,nk—1). Now proceed by cases.

Case0: mo =0o0rng_1 = 0. If my = 0 then det [ 0 c2

€k—1 MNk-1
an S° separating M into Wy y_1#Wj_1 2. The same holds true if instead ni_; = 0.
Case 1: m; =0 for 2 < j < k — 1. Here we see n; = 1 and the curve L;; separates M into W1;#W;;.
Case 2: n; =0 for 2 < j < k — 1. Very similarly m; = 1 and the curve Lj; separates M.

Case 3: ’%‘ = 1. Now |n;| = |m;| = 1 and both L; and Ly; represent an S3. If j = k — 1 then Lj 1
J
separates M. If j = 2 then Ly 5 separates M. For all other j either Li; or Ly; can separate M.

} = +1 and thus the curve Lj j,_; represents

Case 4: None of the above happen. This case is impossible. To show that we list the ratios of each edge
in order

m; Ek—1

’ ’ ’ Nk_1 1

i

nj

5 < 1. Since we are not

in cases 1, 2 or 3, we know that 2 < j < k — 1. Because the determinant of consecutive edges must be

where 1 = co. This is shown in Figure [2.11] Let j + 1 the first time that ‘Z‘]—Ll
J

+1, we have mjnji1 = £1 + mjin; or [mjnji1| < 14 |mjpin;|. Since everything is an integer, we also
have |m;| > 1+ |n;| and |nj41| > 1+ |mjpq] to give us (1 + |n;[)(1 + |[mjq1]) < 1+ |mjpin;|. This is a
contradiction, thus the proof is complete. O

Remark 2.35. The decomposition of our 4-manifold into connect sums is not unique. Indeed in case 3 of
the above proof we can see there are typically two different way to split the manifold. In Figure 2:12] we
see a more concrete example. Take each region separated by a dashed line and connect the boundary edges
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(Mji1,m541)

(mj,n;)

(Ek—1,MK—1)

N
N
N
N
N
N

(07 1) (m2a52)
(1,0)

Figure 2.11: Above we see a rod diagram accompanying Case 4 in the proof of Orlik and Raymond’s
classification theorem (Theorem [2.34)).

together at a new corner. Now refer to Examples and to confirm that each region is homeomorphic
to its label in the diagram in Figure |[2.12

(1,0) (1,0)

Figure 2.12: A toric diagram showing CP?#CP?#CP? =~ §2 x S24#CP?.

We can generalize the above a bit more, as seen in Figure 2.13]
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(1,0) (1,0)

Figure 2.13: These two toric diagrams are related by the change of basis Ll) I}

]. The lines show that
Fp#t + CP?* = F,o 4 + CP2

Remark 2.36. In the proof of Theorem it is noted that there are only two distinct homeotypes of S2-
bundles over S2, despite there being an integers worth of choices of rod structures and therefore distinct
T?-structures. This is because the clutching functions f: S — Aut(S?) used to define the S2-bundle must
itself respect the S!-structure of S2, and thus the automorphism f(6) € Aut(S?) is actually described by an
element in Aut(S'). So instead of m1(SO(3)) = Zs classifying S2-bundles over S? up to homeomorphism, the
group 71 (SO(2)) = Z classifies effective T2-actions on S?-bundles over S? up to equivariant homeomorphism.

2.4 Intersection Form

The classification theorem of Orlik and Raymond is a powerful tool for the study of 4-dimensional simple
T?-manifolds. However this tool does not provide us with a method to actually compute topology from rod
structures. For example, a manifold with 4 rods may be homeomorphic to S2 x §2, CP?#CP?, or CP?#CP?.
In fact the number of distinct homeotypes grows linearly with the number of rods. Fortunately all of these
homeotypes can be distinguished by their intersection forms. In this section we give a formula to compute the
intersection form and prove Theorem |B] Following that we will demonstrate some immediate consequences
of Theorem [Bl

Recall that the intersection form of a 4-manifold, Q: Hy(M;Z) @ Hy(M;Z) — Z, is a bilinear form
on second integral homology. Calculating Ho(M;Z) is easy in the present case since Theorem has M
decomposed as a connected sum of CP?, CP?, and S? x S2.

Proposition 2.37. If M is a simply connected, closed 4-manifold with an effective T?-action and k azxis
rods, then

Hy(M;7) = 7F2, (2.33)

Proof. If M is indecomposable, then it either has 2 rods and is S4, 3 rods and is CP? or CP?, or 4 rods and is
52 x 52 or CP?4CP?. In all cases Equation is satisfies. Now assume by induction that the statement
has been proven for all such manifolds with fewer than k rods. If M is decomposable, then there exists
closed simple T2-manifolds N; and Ns such that N1#Ns =2 M where the connected sum is equivariant. In
the proof of Theorem [2.34] is is apparent that N; has 3 < k; < k rods and in particular ky + ko — 2 = k.
Therefore Ho(N;; Z) = ZF:=2 and by Mayer-Viatoris Ho(M;7Z) = Ha(Ny) @ Hy(Ny) = Zkthe—4 = 7k=2 O

The above proof is perhaps the simplest way to compute Hy(M;Z), although it uses the powerful Orlik
and Raymond classification theorem (see Theorem [2.34)). Other methods of computing the second homology

28



group exist which don’t rely on the classification theorem. One such method in the case when M is not
closed is shown in |26} §5.2]. There the authors compute the generators of the deRham cohomology group
H?(M;R), which turns out to be equivalent to computing Ho(M;Z) when M all horizons are flanked by
admissible rod structures. However in order to compute the intersection form directly from the rod structures
we would like a geometric picture of Ho(M;Z) which doesn’t rely on Poincaré duality. This brings us to the
following Lemma which computes an isomorphism between ker(A: Z¥ — Z2) and Ho(M;Z). Strictly
speaking Lemma [2.38| contains no more information than Proposition Indeed, since M is simply
connected Theorem shows A has full rank and thus ker(A) = Z*~2. However the explicit construction
of the isomorphism ¥, will be crucial in the proof of Theorem [2.40| and thus Theorem

Lemma 2.38. For any simple T?-manifold M* with rod structures forming the matriz A: ZF — 72, there
exists an isomorphism

U, : ker(A) — Ho(M;2Z) (2.34)
defined explicitly in terms of the rod structures.

Proof. Tt turns out to be easier to construct W t: Ho(M;Z) — ker(A), so that is what we will do. Recall
the Hurewicz Isomorphism Theorem; the first non-trivial homotopy group induces an isomorphism between
its Abelianization and the associated homology group [16, Theorem 4.37]. In particular, since M is simply
connected, every class [o] € Ho(M;Z) is assigned a unique [f] € mo(M). The homology class is realized by
the push forward [a] = f.([S?]) where [S?] is the canonical generator of Hy(S?%;Z)) and f: S? — M is a
representative of [f] € ma(M). The homotopy class [f] assigned to [a] € Ha(M;7Z) will be used to compute
the value ¥ 1([a]) € ker(A).

Pick a representative of the homotopy class f € [f]. Denote its image by f(5?) C M. Assume that f(S?)
is disjoint from the corners of M/T? (ie, the fixed points of the T2-action). This is possible by choosing a
generic f € [f] so that f(S?) is transverse to the corners. Since the corners are 0-dimensional and f(S?)
is 2-dimensional their intersection must be empty. Define N := T2(f(52)) C M to be the orbit of f(52)
under the T2 action. Since N is invariant under the T2 action, it can be described as 7~ 1(R) = N where

R C M/T? is some subset of the orbit space which misses the corners. This is shown as the shaded region

in Figure 2.14]

Figure 2.14: The shaded region shows the image of 52 under 7o f, i.e. R := 7(f(S?)). This region is then
homotoped down to the ‘spider-like’ region R := Ry U Ry U Ry U R3 U R4 U R5, which is equivalent to the
image of S? under 7o f1, i.e. R = 7(f1(5?%)).

We now wish to deform R C M /T? into a spider-like shape R C R composed of a body Ry and k legs
Ri,...,R;. Each leg R; is a single line segment which connects its associated axis rod I'; to the small
contactable region which is the body Ry. These pieces form R = Ry U Ry U --- U Ry where the union is
disjoint except at their boundaries, as depicted in Figure The explicit homotopy G: R x [0,1] — M/T?
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which deforms R into R induces another homotopy F: N x [0,1] — M which deforms N to N := 7 1(R).
Similarly let N; denote 7~1(R;) and Ny denote 7~ 1(Ry). By restricting our attention to f(S5?), we see that
this defines a homotopy f;(x) := F(f(x),t) between the map f = fo and a new map f;: S> — M where
f1(S?) C N. Since f; is homotopic to f, it is clear that f; € [f].

Choose a leg R; and parameterize it by ¢ € [0,1] where ¢t = 0 is the point on the edge I'; C (M /T?).
Define B; := ffl(Ni) C S? and X; := fi1(B;) C N; for i = 0,1,...,k. Without loss of generality assume
that 1 is a regular value of the map 7|y, : ¥; — [0,1]. This can be accomplished by possibly homotoping
f1 or slightly pushing the boundary of Ry to contain an e-portion of the curve. We therefore see the
boundary 0%; = 7r|§1({1}) as a 1-dimensional submanifold with orientation induced from ¥; = f1(B;) in
the standard way. The space 7r|§1({1}) is a closed, oriented submanifold of 771(Ry) = T? x Ry so define
a; € Hi(T? x Ry;Z) = H,(T?%Z) to be its homology class. Now take the push forward i.(a;) via the
inclusion map ¢: 7r|§11({1}) — 7 1(R;). Since 77|§3({1}) is the boundary of ¥; C 7 1(R;) we see that
te(a;) € Hi(m Y (R;);Z) is trivial. Recall that 771(R;) is homeomorphic to the product of an interval and
the torus R?/Z?, with the v;R/Z C R?/Z? circle on the torus collapsing at one of the end points. Therefore
the first homology group of m~!(R;) is isomorphic to H;([0,1] x T?;Z)/v;Z = Z and thus a; must be an
integer multiple of v; € Hy(T?;Z). We will denote this integer by a; so that

a; = a;V;. (2.35)
This allows us to finally define the inverse function ¥, ! as
(o)) == (aq,...,ap) € Z". (2.36)

Now that W ! has been described, we must show three things: that it is well-defined, that its image is
contained in ker(A), and that it is in fact an isomorphism. Let us start with the proof that Ao W ! =0
since it is the most technical. The definition of A shows A(a;e;) = a;v; = a;. Of course a; is the homology
class of 7r|§1({1}) which coincides with f1(0B;). Recall that S? = By U By U---U By and f1(S?) C M is a
closed cycle, thus —[f1(0Bo)] = [f1(0B1)] + -+ + [f1(0By)] € H1(T? x Ro;Z). Since f1(0By) C T? x Ry is
exact in H,(T? x Ro;7Z) we conclude that

AT ([a]) = A(ar, - . o))

=o1Vy+ -+ apvy
ap+---+a,
[f1(0B1)] + -+ [f1(0By)]
=0¢ H(T*7Z).

We will now show that W 1([a]) is well defined. Recall that in the construction of ¥ !([a]) a map f € [f]
was chosen with the property that it missed the corners of M/T?. Let X denote the set of all possible maps
g € [f] which miss the corners of M/T?. Define ®(g) € ker(A) to be the value of ¥ !([a]) using the map
g € [f]. Since ker(A) is a discrete space and ®: X — ker(A) is clearly continuous, we only need to show
that X is path connected to prove that ® is a constant map. Let go,g1 € X and let G: S? x [0,1] — M
be a homotopy between them. Without loss of generality we can assume that G is generic and thus its
image G(S? x [0,1]) € M will be transverse to the corners. Since this is 3-dimensional and the corners are
0-dimensional, we conclude that G(S? x [0,1]) is disjoint from the corners. In particular g; :== G(-,t) € X
for all ¢, which means that X is path connected and ® is a constant map. This means ¥, *([a]) does not
depend on any choice and W, t: Ho(M;Z) — ker(A) is a well defined map.

Since ¥ ! is a linear map between two free Z-modules of the same finite dimension, proving surjectivity
will be sufficient to show that ¥, ! is an isomorphism. To that end, let Ry, R1,..., Ry C M/T? be subsets
defined as above and choose some vector (aq,...,a,) € ker(A). For each ¢ = 1,...,k we define a map
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fi: D?* = 77 Y(R;) C M from the disk with orientation chosen so that the homology class [f;(0D?)] €
H1(T? x Ro;Z) is equal to a;v;. Pick a point py € 7~ 1(Rp) and perturb f; so that py € fi(0D?) for all
i=1,...,k. Note that f;(0D?) is a representative of the trivial (and only) element in the based homotopy
group 71 (M, po) and that f;: D?> — M can be interpreted as a null-homotopy. Now consider the bouquet of
circles C' := f1(0D?) U --- U f(0D?) with the opposite orientation. By construction its homology class is
[C] = —(a1vi + -+ anvy) =0 € Hi(T? x Ry;Z) and thus C represents a trivial element in the homotopy
group 71 (T2 x Ro,po). Define the map fo: D? — T? x Ry C M with fo(0D?) = C to be a null-homotopy of
C. By attaching these null-homotopies along their boundaries in the obvious way, we construct an element
of ma(M, po), which we denote by [f]. Letting [a] € Ha(M;Z) denote the element associated to [f] € ma(M)
via the Hurewicz isomorphism, we see that ¥ !([a]) = (au,...,a,) as desired. Hence our construction of a
well defined isomorphism W, !: Hy(M;Z) — ker(A) is complete.

O

Note that since U, : ker(A) — Hy(M;Z) is an isomorphism its dual map ¥*: H?(M;Z) — Hom(ker(A),Z)
is also an isomorphism. Using these maps and the natural sublattice structure of ker(A) C Z* allows us to
represent important topological quantities as vectors in Z*. This is seen in the following example.

Example 2.39: Consider the closed simple T2-manifold M given by the rod structures v = (1,1),
vy =v4—(1,0), and vz = v5 = (0,1). From Theorem@we know that M 2 CP?#52 x S? and can see
the decomposition explicitly in Figure Define :!: CP?\ {pt.} = M and (?: S? x S?\ {pt.} — M to
be the embeddings which give this decomposition. Similarly define the maps A?, Ui, and j° according to
the following commutative diagram

CP*\ {pt.} —“— M - §2 x §2\ {pt.}

.1 -2
ker(A?!) SN ker(A) PR N ker(A?)

l\l}i J{\If l\pi
1

L

Hy(CP?) —— Hy(M) +—— Hy(S2 x 52)

where the maps j are actually restrictions of the identity on Z°. Observe that ker(A!) is defined by
a single vector, which we will denote by CP' := e; — e5 — e5. Similarly ker(A?) is generated by two
vectors, ii = ey —ey and SL?? := e3 — e5. Using the above commutative diagram it is clear that image of
these vectors under W, generate Ho(M;Z). Take the second Stiefel-Whitney class wy € H2(M;Zs) and
pair it with any one of these generators x to see (wa, U,x) = (wg, i Wix) = (1fws, Pix). By naturality
viwy = wo(CP?) # 0 and 15(ws) = we(S? x S?) = 0, hence w, is described by sending CP* to 1 and 52
and Sg to 0. o

If we wish to see a ‘vector representation’ of wy, then choose a w € H?(M;Z) whose mod-2 reduction
is wy and consider the linear map L € Hom(ker(A), Z) which satisfies the equation

L(u) = (w, ¥,u) (2.37)

for all u € ker(A). By an integral version of the Riesz Representation Theorem, there exists a (non-
unique) vector n € Z° such that
n-u= (w, ¥,u), (2.38)

where the dot product is inherited from Z° using the basis {ey,...,es}. If we choose the representative
W € [we] which sends CP! = e; — ey — e5 to 1 and both ii = ey; — ey and Sg = e3 — e5, we see that
n = e; satisfies Equation (2.38)) and thus can be considered a ‘vector representation’ of ws.
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(1,1)

Figure 2.15: In the diagram above the integer vectors on the outside of the pentagon represent the 5
rod structures {vy,...,vs} of the manifold M = CP?#52 x 52 described in Example The vectors
{e1,...,e5} are the basis vectors of Z° used to define the linear map A: Z° — Z? by A(e;) = v;, orA =

110 1 0
[1 010 1
from CP! ¢ CP?. The second and third vectors, e; — e, and e — e5, come from the spheres S2 := S? x {pt.}
and S7 := {pt.} x S? respectively.

} . The kernel of A is generated by three vectors. The first vector e; — es — e5 € Z3 comes

Theorem 2.40 (Theorem. Let M* be a simply connected T?-manifold with rod structures {v1,...,vi} C
72 defining the linear map A: ZF — 72. There exists an explicit isomorphism

U, : ker(A) C 2% — Ho(M;7) = 7F2

(a1,..., 1) — [af
which computes the intersection form of M in the following way,

QUal,[B) = Y aifjdet(vi,vy). (2.39)

1<i<j<k—1

Before the proof of this theorem we need to make some remarks on Equation (2.39)).

Remark 2.41. At first glance, Equation does not appear to be symmetric since it contains the term
det(v;, v;) which is antisymmetric. However the symmetry is hidden in the fact that (ai,...,ax) € ker(A)
and thus ay;vy + -+ + apvy = 0 € Z?. Using this and the fact that det(v;,v;) = 0 we can express
Equation as

Qal, [8) = Y aiBjdet(vi,vy). (2.40)

1<i<j<k
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From here a simple calculation will prove the symmetry.

Qal B - QAL ) = [ 3 detami vy | = | S det(Biviazv;y)
1<i<j<k 1<i<j<k

= Z det(a; vy, Biv;) | — Z det(B;vi, a;v;)
1<i<j<k 1<i<j<k

= Z det(aivi, ijj) + Z det(ajvj, Bzvz)

1<i<j<k 1<i<j<k
k

det(aivi, ijj)
=1

Il
M=

=
et (aqvi+ -+ Ve, f1vi + - + Bevi)
et(0,0)

-
I

i
S o o

Remark 2.42. The sign of the left hand side Equation depends on a choice of orientation of M
while the sign of the right hand side depends on if the rod structures are labeled clockwise or counterclock-
wise. The existing convention is to label diagrams counterclockwise, and for the manifold associated to
{(1,0),(0,1),(1,1)} (oriented counterclockwise as seen in Example to be oriented as CP? and not CP?.
In order to preserve these conventions, we choose to define

w:=dx Ado' Ady A dg? (2.41)

2 2
to be a positively oriented top form on M = M, where (x,y) € M/T? are coordinates on M/T? and
(¢t, ¢?) € T? are coordinates on T2.

Proof of Theorem [2.40, The isomorphism W, : ker(A) — Ho(M;Z) was given in Lemma Choose ho-
mology classes [a], [8] € Ha(M;Z) and define (a1, ...,ax), (B1,-..,8k) € ker(A) so that U, ((ay,...,ax)) =
[a] and . ((B1,...,Bk)) = [B]. Following the construction in Lemma [2.38] let [f] € m2(M) represent [a] and
define f: S? — M so that 7o f(S%) C M/T? is a union of k line segments. Denote 7~! of each of those
line segments as A; and 7! of the center Ag, so that A := AgU Ay U---U Ay = f(S?). Similarly define
g: 8% - M and B := ByUB; U---U By, = g(5?) for [f].

Perturb B slightly so that A and B intersect transversely. Now that they are transverse, the intersection
pairing Q([c], [8]) can be computed by summing up the signed intersection numbers of A; and B;, denoted
by #(Al N Bj);

Qal,[8) = >,  #(4nBy). (2.42)
i,7€{1,....k}
However many of these intersections may be empty. In fact Figure shows that it is possible to homotope
B so that the intersection A; N B; is only nonempty when 1 <i < j <k —1;

Qe [8]) = Z #(A; N By). (2.43)

1<i<j<k—1

The signed intersection #(A; N B;) is quite easy to compute. The curves m(A;), 7(B;) C M/T? intersect
in a single point py € M/T?, so the intersection of the surfaces is contained in a single fiber, 4; N B; C

71 (po) = T?. Choose coordinates on M/T? so that po = (o, yo) and that the curves A; and B; are tangent

A = (uf,u?) and uP = (uB,u?) respectively. Rescale u# and u? so that det(u?,u?) = +1.

to the vectors u 2 Uy 2 Uy

33



Figure 2.16: The left diagram shows the quotient space M/T?. In it are the images of a representative of
each of the homology classes [a] € Ha2(M;Z) (represented by A and depicted by the blue dashed lines) and
[8] € Ho(M;Z) (represented by B and depicted by the red solid lines). Both A and B are broken up into
line segments which are individually labeled according to which axis rod they meet; A = A; U---U A5 and
B = B;U---UB;s. A small circle is drawn around the intersection of A, and B3 with a blown up image to
the right. This shows how each intersection can be deformed so that A; is pointing in the positive x direction
and Bj; pointing in the positive y direction.

We can then assume that A; is parameterized by f;: (—¢,&) x St — M/T? x T? where

fi(t,0) == (po + tu, Boyvy) = (20 + tuld, yo + tuﬁ, Ba;v}, Bav?) (2.44)
and the positive ¢ direction is pointing toward the center, away from the edge I';. Similarly assume

9;(t,0) == (po+ tu®, 0p;v;) = (xo + tul yo + tuf, 051-1)]1-, Qﬂiv?) (2.45)

parameterizes B;. To determine the signed interesection number, we have to take the wedge product of the
volume forms of A; and B; and compare it to the volume form of M, w = dz A d¢' Ady A dp?. This requires
knowing the sign of (ufdx—i—u‘y“dy)/\(ufdx—i—udey) = det(u?,u?)drAdy. Asseenin Figure the fact that
{v1,...,vi} are labeled counterclockwise and i < j means that (uZdz + u;;ldy) A (ulde 4wy dy) = dx A dy.
We can now examine the wedge product of the volume forms.

wa, Nwp; = (uldx + u‘;dy) A (v det + vidg?) A (uBdx + ufdy) A ﬁi(vjl-d(bl + vjz-dqbz)
= —a;Bidx A dy A (vjde' +vide?) A (vjdd' + vide?)
= —a; B det(vy,v;)dx A dy A dp* A dp?

a; 55 det(vy, vj)w.

Therefore the signed intersection number is
:}%'é(Az N Bj) = alﬂj det(vi,vj) (250)
which confirms Equation (2.39) and completes the proof. O

Remark 2.43. Theorem m gives a formula to compute the intersection pairing Q([«], [5]) of any homology
classes. If we wish to see the intersection form as a (k — 2) x (k — 2) matrix we must first compute the
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(1,0)
(0’ 71)

Figure 2.17: The Hirzebruch surface IF,, is shown above as a Delzant polytope. The rod structures are defined
from the embedding into R? as the outward pointing normal vector.

following k x k matrix

D det(v;,v;) 1<y . (2.51)
det(Vj,Vi) { >j

and then compute a surjection R: Z¥~2 — ker(A) C ZF. Once these are computed, we see the matrix
representation of the intersection form @ as

[Q) = RTDR. (2.52)

The above equation can be verified by computations done in Remark

Example 2.44: Let us compute the intersection form of the n*® Hirzebruch surfaces F,, a mani-
fold which was previously examined in Example 2.3} Since algebraic geometers may be interested
in this example, we will use rod structures coming from the Delzant polytope construction of F,,;
{(-1,0),(0,-1),(1,0),(n,1)}. Since rod structures are only defined up to sign this is equivalent to
the rod structures seen in Example It also has the added advantage that det(v;,v;+1) = 1 for all
1. This is apparent when looking at the off-diagonals in the matrix

0 1 0 -1
1 01 n
D= 0 1 0 1 (2.53)
-1 n 1 0
The rod structures show
0= vy + V3 (254)
0=nvy+vy+vy (2.55)

and in particular spany{(n,1,0,1),(1,0,1,0)} = ker(4) C Z*. Therefore the surjection R: Z?> —
ker(A) C Z* has a matrix form of

n 1
1
R=|, (1) (2.56)
1 0
which is used to compute the intersection form
n 1
[Q] = RT"DR = L o} . (2.57)
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If instead different generators of ker(A) were chosen, giving a different matrix

n—10 1
, 1 0
= 2.
R I (2.58)
1 0
then it would simply lead to a different presentation of @Q);
RTDR = [" B 2t (1)} . (2.59)

In the above example we see the intersection form itself is not enough to distinguish the Hirzebruch
surfaces F,, from F,,_o;, as seen in Equations and . This is because F,, and F,,_o; have the same
underlying smooth manifold structure and are only distinguished by their torus actions (or equivalently
their complex structures, see Theorem . On the other hand, the bilinear form D in Equation
clearly comes from FF,, and not F,,_o;. This is because in general the matrix of determinants D defined in
Equation is an invariant of the weak equivariant homeotype.

Remark 2.45. The Hermite normal form of {vy,..., v} can be read off from the top two lines of the matrix
of determinants D defined by Equation (2.51) in Remark Specifically {wq,...,wg} is the Hermite
normal form of {vy,..., vy} where

(—D%,DY) > 2.

The following theorem gives a method to read off whether or not a manifold is spin from the rod structures
without preforming any computations. While writing this dissertation a different proof of the same result
was published |23, Prop. 6.1]. Their proof is much shorter than ours but utilizes a more sophisticated
characterization of spin.

Theorem 2.46. Let M* be a simple T?-manifold with rod structures {vi,...,vy} C Z*. The manifold M is
non-spin if and only if there exists three rod structures u,v,w € {vy,...,vg} (in no particular order) such
that

u=(1,0) mod 2
0,1) mod 2 (2.61)
w=(1,1) mod 2.

vV =

—~

Proof. Recall that a simply connected 4-manifold M is spin if and only if its intersection form is even,
meaning Q([a], [a]) is always an even integer. Thus to prove that M is non-spin we only need to find a
homology class [a] € Ho(M;Z) such that Q([a],[a]) =1 mod 2. As a short hand for this proof, let m = a
denote m = a mod 2 for m € Z and let v = (a,b) denote that v! = a and v? = b for v € Z2.

We begin with proving the “if” direction. Let i1,42,i3 € {1,...,k} be three distinct integers so that
the rod structures {v;,, vi,, v;, } satisfy Equations (in no particular order). Consider the intersection
of the primitive submodule spany{e;,,e;,,e;,} Nker(4) C Z*. Since dim(spany{e;,,e;,,e;,}) = 3 and
dim(ker(A)) = k — 2, we know that their intersection is a non-trivial primitive submodule of Z*. Let
a € spang{e;,,e;,,e;, } Nker(A) C ZF be a primitive element in their intersection. Since o = (av, ..., ax)
is primitive, at least one of its three non-zero entries must be odd. So without loss of generality assume
a;, = 1. Next, by possibly relabeling the rod structures, we can assume that ¢3 = k. This gives us the
following equations:

QpVE + o, Vi, = Vi, (2.62)
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and

Q([a], [Oz]) = Z det(oz,;v,;, OéjVj) =4 det(ailvil y aizviz) = Oy det(vil,vb) = Q4. (263)
1<i<j<k—1

Hence if o;, =1, then M is non-spin.

Assume by contradiction that «;, = 0. Next assume without loss of generality that v = 1. With these
two assumptions we see akvé = akv,i + ailvill = 111-12 = 1 which means o = 1 and v,i = 1. Now we have two
cases. In the first case v = (1,0). By looking at the determinant det(vg,v;,) = 1 we see v%l = 1. Plug this
into the second equation of we see v7, = o vi +a;,vf, = 0. This means v;, = (1,0) which is impossible
since vy, is already congruent to (1,0). In the second case vy = (1,1). Since we already know v} =1 the
vector v;, must be congruent to (1,0). This leave only one equivalence class remaining and thus v;, = (0, 1).
Of course doesn’t agree with Equation either since (1,1) = vi = apvi + i, vy, = vy, = (1,0).
Therefore it is impossible for a;; = 0 which means «;; = 1 and thus the self-intersection of [a] is odd,
proving M is non-spin.

For the other half of the proof, assume that Equation is never satisfied, that is at least one of these
three equivalence classes is never achieved by any rod structure on M. Without loss of generality, assume
v; £ (1,1) for alli = 1,..., k. Next, assume by contradiction that there exists a homology class [a] such that
Q([a],[a]) = 1. Let ®([a]) = a = (ay,...,a;) € ker(A) C Z* and define the subset {41, ... i, } C {1,...,k}

so that o; = 1 if and only if j € {i1,...,%m}. Reducing @ mod 2 shows

Q[a], [a]) = Z det(v;, v;) (2.64)
1<i<j<k—1
4,5 E{i1,eyim }

which means if Q([a], [a]) = 1 then the summand on the right must be nonzero an odd number of times. Of
course det(vy;,v;) = 1if and only if v;; # v;,. By hypothesis there are only two equivalence classes for rod
structures, (1,0) and (0,1), so let 1 <n < m—1 be the number of rod structures in {v;,,...,v; } which are
congruent to (1,0) and m —n be the number of rod structures congruent to (0,1). Without loss of generality
assume that v;, = (1,0) and v, , = (0,1). Next we use the fact that by ordering the rod structures, we can
force i, = k and thus

Q(a], [a]) = Z det(vy,vj) =n(m—n—1) (2.65)
1<l<j<m—1
because the set {v;,,...,v;, ,} contains exactly n vectors congruent to (1,0) and m—n—1 vectors congruent

to (0,1). Similarly when we reorder the rod structures to make i; = k, we see

Q(el,[a) = > det(v,v;) = (n—1)(m —n). (2.66)

2<I<j<m

It is impossible for both n(m —n — 1) and (n — 1)(m — n) to be odd which means we have reached a

contradiction and the proof is complete.
O

The previous lemma shows the parity of rod structures is what determines whether or not a manifold is
spin. The following lemma shows that we can control the parity of rod structures when preforming fill-in
operations, like those done in Theorem [2.26]

Lemma 2.47. The rods (1,0) and (q,p) can always be connected by {w1,...,wr} such that wi = (1,0),
wi = (q,p), and w}w? =0 mod 2 for all i < k.

Proof. The proof of this is very similar to the proof in [25], but with a slight complication to guarantee

37



wiw3 =0 mod 2. First, let A; and B; denote the entries of the it rod, that is w; = (4;, B;). Notice that

(A1, Br) = (1,0) (2.67)
(A2, B2) = (b2, 1) (2.68)

for some unknown integer by € Z. Since each pairs of consecutive of rods {w;, w; 11} is admissible they must
span all of Z? = span{w;, w;,1}. Therefore it is possible to define integers a; and b; for i > 2 such that
w; = b;w;_1 + a;w;_o, or written in terms of A and B
Ai = biAi,1 + aiAi,Q (269)
Bi = biBi—l + aiBi_g. (270)

This recursion equation has the unique property that the coefficients a; and b; are related to a continued
fraction expansion, namely

An a9

— =+ —F 2.71

R —— (2.71)

. v
Now a simple continued fraction for the rational number % of the form

q 1
—=by+ —F 2.72
p by + ﬁ ( )

can be computed using the Euclidean algorithm. The algorithm is as follows. Let ¢ = 1 and p = x5 and
find the unique integers b;,7; € Z where 0 < r; < x; which solve the following

T =b1xa + 12 (2.73)
Ty = bowz + 13 (2.74)
(2.75)

Tp—1 = bg—12k + Tk (2.76)
T = bk$k+1 (277)

where r; = x;11. Note that the algorithm terminates at when r; = 0, which is always achieved since {r;}
is a strictly decreasing sequence of non-negative integers. This was the algorithm used in [25] to compute
the rod structures connecting (1,0) and (g, p).

To prove the current theorem, the Euclidean algorithm needs to be modified slightly by adding an
additional term a;. Like before, set ¢ = 1 and p = x2. At each step, define b; and r; ; using the Euclidean
algorithm, that is

xTr; = b;xi+1 + Tg_‘_l (278)

for 0 <7}, < @1 If b is a multiple of 2, then let b; = b}, ri;1 = i |, a;41 = 1 and proceed to the next
step. If not, then let b; = b} + 1 and define r;y; = |r§+1 - xi+1| and a;;1 = sgn (rg+1 - xi+1) so that the
equation

T =biTip1 + Qip17i41 (279)

is satisfied. Notice that {r;} is still a strictly decreasing sequence of non-negative integers, and thus reaches
0 in finite time. The algorithm terminates as soon as this happens, meaning the final b5 may or may not be
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a multiple of 2. All together, the algorithm appears as

o = bol‘l +airy (280)
r1 = bixo + asrs (2.81)
(2.82)

Tpo1 = bg_17) + agry (2.83)
Tk = brTrt1- (2.84)

This gives the coefficients for the continued fraction expansion of % in the form of Equation .

Finally we need to check that A;B; = 0 mod 2 for all i < k. The ¢ = 1 case is satisfied by our initial
conditions (A1, B1) = (1,0) and for the ¢ = 2 case, (A2, Ba) = (b2, 1), the modified Euclidean algorithm
guaranties that bo = 0 mod 2. The remaining cases are proven by induction.

A;B; = (biAi,1 + aiAi,g) (biBi,1 + aiBi,g) (285)
= a?Ai_QBi_Q mod 2 (286)

=0 mod 2 (2.87)

O]

The next theorem is an application of the previous two lemmas. It shows that any 4-dimensional spin
simple T2-manifold can be extended to a closed spin simple T2-manifold. This was hypothesised to be true
in a previous work. Specifically Theorem [2.48] proves that in the n = 2 case the technical assumption needed
for |24, Theorem C]| to prove |24, Conjecture D] is always satisfied.

Theorem 2.48. Let M* be a simply connected, asymptotically flat, spin, T?-manifold with boundary. There
exists an extension M C M to a complete, asymptotically flat, spin, simple T?-manifold.

Proof. Let {v1,...,vi} be rod structures for M. Since M is spin Theorem applies and we can assume
without loss of generality that for all 4, v; £ (1,1) mod 2. If M does not have any horizons then it is closed
and the proof is complete. If there is a horizon between the i'" and (i +1)*! then we first find a U € SL(2,7Z)
so that U(v;) = (1,0) and U(v;+1) # (1,1) mod 2. Then apply Lemma to U(v;) and U(v,41) to

produce a string of admissible vectors {wy,..., w;} where wy = U(v;) and w; = U(v;41). We now insert
rods with rod structures {U=1(wa),..., U~ (w;_1)} between the i'h and (i + 1) rod in a manner similar
to Theorem Repeat this process for every horizon. O

The following proposition gives a slight spin to a previously known result (see [50, Theorem 4.4]).
Proposition 2.49. Every 3-dimensional lens spaces L(p; q) is T?-equivariantly spin cobordant to zero.

Proof. A lens space L(p;q) is the boundary of a horizon flanked on either side by the rods v = (1,0) and
w = (—¢q,p). Without loss of generality assume w Z (1,1) mod 2 possibly by applying the change of
1 a
0 1
structures {wy,...,wy} where w; = v and w; = w. These rod structures form a simple 7%-manifold M*
with boundary OM = L(p;q). Since w; #Z (1,1) mod 2 for all i, we use Theorem to conclude that M
is spin. Thus L(p; q) is T?-equivariantly spin cobordant to zero. O

coordinates U = { ] € SL(2,Z) for some a € Z. Now apply Lemma [2.47 to produce admissible rod

2.5 Higher Dimensions

In this subsection we overview previous work that has been done by McGavran and Oh towards proving Con-
jecture [A] It does not appear that this conjecture has previously been recorded in the literature. However, it
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I M(n,n)
54
55
S3 % 83
#5(59% x S%)
#9(53 x S°)#8(S1 x )
#14(83 x SO)#35(8% x S9)
#20(S® x ST)#64(S* x SO)#45(S° x S°)
#27(S3 x S®)#105(S* x ST)#189(S° x S)
#35(S5% x S9)#160(S* x S¥)#350(S° x ST)#224(S% x SF)

S| || ot k| o nof| 3

Table 2.18: Listed are the first few manifolds described in Theorem

should be noted that McGavran claimed in [35, Theorem 3.6] (see also [34]) to have proven a similar state-
ment. Specifically McGavran claimed to have proven that the manifolds M (n, k) described in Conjecture
are the only simply connected manifolds which admit an effective T™-action. Oh [42] pointed out flaws in
McGavran’s argument, the least of which being the existence of simply connected non-spin manifolds ad-
mitting effective T™-actions. Nevertheless a portion McGavran’s argument (Theorem 3.4 in [35]) was found
to be without error and in effect proves Conjecture [A] for the 2-connected case. This argument has in fact
been generalized to higher cohomogeneity and been shown to work up to diffeomorphism (see [3, Theorem
6.3] and |4, Theorem 4.6.12] which both reduce to the cohomogeneity 2 case when their simplex/polytope is
2-dimensional). The theorem presented below is Theorem 3.4 in 35|, modified slightly to include the n = 2
and 3 cases which were certainly known to McGavran, and set in the language of rod structures.

Theorem 2.50 (McGavran). For all n > 2, there is a unique closed 2-connected (n + 2)-manifold which

admits an effective T™-action. This manifold admits rod structures {e1,...,en,} C Z™ and is diffeomorphic
to
S4 n=2
M(n,n) =< 85 n=3 (2.88)
#0500 ST x SmT n > 4.

In |42] and [41] Oh studied the 5 and 6 dimensional cases and ended up proving Conjecture [A] for all
simply connected 5 and 6-manifolds. His classification argument relies heavily on surgery theory, Barden’s
classification of simply connected 5-manifolds, and Jupp’s classification of simply connected 6-manifolds.
Unfortunately these specific classification results do not reach higher dimensions in the way that is needed,
and thus Oh’s techniques cannot be used to classify simple T™-manifolds of dimensions greater than 6.

Theorem 2.51 (Oh). Forn = 3,4 the homeotype of a closed simply connected T™-manifold M™"? is uniquely
determined by the number of rods and whether or not it is spin. In particular is M has 3 rods then it is S°,
and if it has more than 3 rods it is determined by the table below;

| H n=3 | n=1 |
spin #(k —3)(S? x S%) #(k — 4)(S? x SH#(k — 3)(S% x S%)
non-spin || (S2xS%)#(k —4)(S? x S3) | (S2xS)#(k — 5)(S? x SY)#(k — 3)(S% x S3)

where k is the number of rods.

In [42, §5] Oh discusses the errors in McGavran’s classification. A key step in the classification is a
surgery procedure which Oh refers to as equivariant replacement. In terms of rod structures, preforming
an equivariant replacement on a closed simple T"-manifold M at the corner {v;,v;;1} would be equivalent
to inserting an additional rod with rod structure w between them, so long as deto{v;,w,v;y1} = 1. The
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resulting space M’ is a closed simple T"-manifold with one more rod than M. McGavran’s classification relied
on the assumption that if M is spin, then any manifold M’ resulting from equivariant replacement operations
on M would also be spin. The issue with this procedure is that without knowledge of the remaining rod
structures of M, it is in general impossible to choose a w so that the resulting manifold is still spin. However
if we are restricted to a very limited choice of rod structures, then this problem disappears. This is shown
in Theorem below. A complete proof of this theorem requires tools we will developed in Sections
and Nevertheless we will present the theorem and proof here for completeness.

Theorem 2.52 (Theorem@ Part . The manifolds M (n, k) as described in C’onjecture admit effective

T"™-actions making them simple T™-manifolds with k rods.

Proof. From Theorem we know that M(n,n) is a simple T™-manifold with structure {es,...,e,}. By
preforming k — n equivariant replacements on M (n,n) we can form the simply connected T™-manifold M’
with rod structures {eq,...,e,, e, e3,ea,€3,... ,92/3} where the last rod structure is ey if £ — n is odd and
e3 if k —n is even. The arguments in |35, Lemma 3.5] and |35, Theorem 3.6] show that M’ is homeomorphic
to M(n, k) if we can show M’ is spin. Lemma in Section shows that M’ is spin and completes the
proof. O

In [42, Remark 5.8] Oh proved that for all n > 2 there exists an (n + 2)-dimensional non-spin, simply
connected T™- manifold. His proof is by induction on n. Starting with a simply connected, non-spin
T™ l-manifold M™*!, he creates a new manifold M2 by attaching n additional rods with rod structures
{e1,...,e,} to the simple T"-manifold S' x M. Oh then proves that M is also non-spin. However the
point of attaching n rods to S! x M is only to ensure that M is simply connected. This can however be
accomplished by only a single rod, assuming that M is simply connected. Hence by starting with a simply
connected non-spin 7T2-manifold with m > 2 rods, Oh’s construction produces a simply connected non-spin
T™ manifold with m +n — 2 rods. We shall record this observation we just proved in the following Theorem.

Theorem 2.53. For all 2 < n < k there exists an (n + 2)-dimensional closed, non-spin, simply connected
T™-manifold with exactly k rods.
The remainder of this section is dedicated to examples.

Example 2.54: Since S? admits an effective 72 and S? admits an effective S! action, the product
S3 x 52 admits an effective T3-action. This can easily be seen with the following presentation

S% x S2 = {(e" cos(z), e sin(x), e’ y)|(z,y) € [0,7/2] x [0,00], 6" € [0, 2n]}. (2.89)

The rod structures for S3 x S? with the standard torus action are shown in Figure m

Example 2.55: The total space of a S®-bundle over an orbifold S?/Z, with a single orbifold point
of order p admits an effective T3-action. This can be see in Figure Since M is simply connected,
Theoremtells us that M is diffeomorphic to either S2 x 3 or §2xS3. To determine which one would
require computing the cohomology ring which is equivalent to the intersection pairs Ho(M)® Hz(M) — Z.

2.6 Covering Spaces and Orbifolds

Let us recall the definition of an orbifold. A topological space X is an orbifold if it is second countable,
Hausdorff, and locally covered by charts homeomorphic to a quotient of a Euclidean ball by a finite group.
Note that all topological manifolds are orbifolds, but the underlying topological space of an orbifold may or
may not be a manifold. For example the quotient of R? by any finite subgroup of SO(2) is homeomorphic
to R?, while the quotient of R* by certain finite subgroups of SO(4) is no longer homeomorphic to R*.

Definition 2.56. A simple T™-orbifold is an orientable smooth orbifold M"*2, k > 0 equipped with an
effective T"-action, in which the quotient space M /T™ is contractible and the quotient map defines a trivial
fiber bundle over the interior of the quotient.
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(1,0,0)

(1,0)

(0,0,1)

53 x §2

(0,0,1)

Figure 2.19: We see the toric diagram for S x S2. The projection map down to S? is equivalent to collapsing
the third circle. The projection map over to S? is equivalent to collapsing the first two circles.

(qthap)

(0,0,1)

(1,0,0)

(0’ ]‘7 0)

(1,0,0)

(0,1,0)

(0,1,0)

Figure 2.20: M is the total space of an S3-bundle over the orbifold SQ/ZP. To the left we see the projection
map which collapses the first two circles entirely.



Recall the definition of a subaction. An action of group G on a topological space X is defined by a
continuous map G x X — X satisfying certain properties. Any subgroup H C G defines a groups action of
H on X, known as a subaction, by restricting the map G x X — X to H x X — X. For a simple T"-manifold
M"™*2 any subgroup of the torus H C T™ defines a subaction. These subactions are automatically effective
because the action of T™ on M is effective. If in addition to being effective the subgroup action is free,
then the quotient M/H defines a manifold. If the subaction is only almost free, meaning that every isotropy
subgroup is discrete, then the quotient M/H defines an orbifold |5, Proposition 1.5.1].

Any discrete subgroup H C T" is finite and therefore defines an effective almost free action of H on
M"+2, This gives M/H the natural structure of an orbifold. Moreover the action of T on M descends
to an action of T"/H on M/H. It is easy to see that the inherited action is effective and that 7" /H is
abstractly homomorphic to an n-dimensional torus. This gives an effective action of T™ on M/H and gives it
the structure of a simple T™-orbifold. If M/H is in fact a manifold, then it is of course a simple T™-manifold.

The quotient map M — M/H defines M as a covering space of M/H. When M/H is also a manifold
then the usual theory of covering spaces relates the fundamental groups of M and M/H. This relationship
is explored in the following theorem.

Theorem 2.57. Let M2 be a T™-manifold with k axis rods and with fundamental group
mM)=7Z""'®Z, & - &L,

where $;|8;41. For each s; and for each q which divides s; there exists a T™-manifold M2 with a free
Zq C T™-subaction making M a q-fold cover over M. Furthermore there exists a single set of rods structures

{v1,..., vk} for M which describes the rod structures of each M as {V1,...,V} where
Cvh
V= (Ujl, ,v;_l, ;],v;-"'l, cs vl (2.90)
Proof. Let {wi,...,wy} be any set of rod structures for M, and let A = [wy ---wg] be the n X k matrix

where the w; are column vectors. Using Lemma there exists unimodular integral matricies U and V
such that S = UAV where S is the unique Smith normal form of A. Since U € SL(n,Z), the columns of
U A represent rod structures of M, which we denote as {vy,..., vy}

Note that spanjz{vi,...,vg} is equal to the span of the columns of UAV, and thus the columns of S.
Using Corollary 2.25] to calculate the fundamental group of M reveals

7-(1(M) :Zn—l’ @Zs,l @-”@Zs;/, (291)

where S is rank !’ with diagonal entries s;. The fundamental group being unique easily shows that [ = I’
and s} = s; and spany{vi,..., vy} = spang{sies,...,sie}.
This is used to show that the v; defined by Equation (2.90)) are integral. Indeed, observe

v; € spang{vi,...,Vi}
= spang{siey,..., s}
C Spanz{el, ey €-1,4€,€541,. .. ,en}
which shows ¢ divides the i*" entry of v;. We can also wee that v; are primitive since gcd{ﬁjl-, . ,17;‘} divides
ged{o],. .. ,17;-*17(117;,6;—“, <07} = ged{vj,...,v}} = 1. In a similar vein the fact that Dety{V;, V;;1}

divides Deto{v;, v;41} = 1 proves admissibility. Putting this all together confirms that {v1,...,V} is a set
of admissible rod structures.

These rod structures define a T"-manifold M :=
D2 xR™ /7"

w where (p,0) = (p,0 + \v;) forallp e T'; C

0D?%. We can similarly view M as where (p,0) ~ (p, 0 + Av;). With these representations of our

43



T™-manifolds we define the covering map

D? x R /7" D? x R /7"
P: a / — a /

~ ~

given by P(p,0) = (p,Q(0)), where Q is an endomorphism of R"™/Z" given by
QO ...,0™) = (0',...,07 q0", 07 ... o™). (2.92)

Since M is defined as a quotient space, we need to ensure this function is well defined. Note that @ is
linear and that Q(v;) = v; by construction. Letting p € I'; we see

thus P is well-defined.
Lastly we need to show that P: M — M is a covereing map, i.e. the deck transformations act properly
discontinuously. To that end, consider a non-trivial element of the deck transformation group 8 — 6 + gei

where 1 < d < ¢. Suppose this fixes a point in M. It clearly cannot fix a point on the interior of M /T
and must instead fix a point on the boundary. If this sub-action fixes a point in I'; it will have to fix all
points in the rod, and thus will also fix the points in I'; N I';11. Supposing that this action fixes a point p
on the {V;,V 41} corner means that (p,8) ~ (p, 6 + %ei). This can only happen when there exists rational
numbers A, i € Q such that

d - .
gei = )\Vj7 +uvipr € Rn/zn
It is easier to work in the vector space R™ than the quotient space R™/Z"™, so find a w € Z™ such that
d . . n
gei +w = )\Vj, +uvipr € R™
Since A\ and p are rational numbers, there exists integers a, b, ¢ € Z such that
d . .
c—e;,+cw =av; + bvjiq, (2.93)
q

or equivalently
cde; +cQ(wW) = avj + bvy. (2.94)

Looking at the second determinant divisor, we see that

b=>bDeto{v;,vji1}
= Deto{v;,bvjt1}
= Deto{v;,av; +bvjt1}
= Deto{v;, cde; + cQ(w)}
= cDeto{v;,de; + Q(w)},

thus ¢|b. Similarly, we can see that c|a, so without loss of generality, let ¢ = 1. This means that de; +Q(w) =
av;+bv;i1 € spang{vi,..., vy} = spang{siey,...,se;}. In particular, the i*" entry of de;+Q(w) is divisible
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by s;. However g|s; combined with s;|d+ qw® gives ¢|d+ quw?, which contradicts our assumption of 1 < d < q.
Therefore there are no fixed points and the g-to-1 map P: M — M is indeed a covering map. O

Corollary 2.58 (Theorem @ Part . Every simple T™-manifold M™ 2 has a torsion-free covering space
M with a weakly equivariant covering map (P,Q): (M,T™) — (M, T™).

Corollary 2.59. Let M"2 be a simple T™-manifold with rod structures {vi,...,vi}. Choose an integer
g>1and anie {l,...,k} to define

Lol ottt o) (2.95)

V= (vh .0 ;

iU
forallj=1,..., k. The vectors {v',...,v}.} define a simple T™-orbifold

 MJT X T"

~

M (2.96)
where (p,0) ~ (p,0 + \v}) for allp € T; C O(M/T™), 8 € R"/Z", and A € R/Z. The space M is a g-fold
orbifold covering of M’ with orbifold covering map

P: M — M (2.97)
(0, 0%,...,0m) > (p, 0%, ..., 0" q0" 0" ... 0). (2.98)

If each Vv’ is a primitive vector, and if each {v’, v’} is admissible whenever {v;,v;i1} is, then M' is a
simple T™-manifold and P: M — M’ is a covering map.

Proof. Consider the effective almost free Z4-action on M given by
1 ny _ i—1 M i pitl n
m-(p,6,...,0")=(p,01,...,0° ", — 40,07, ...,0") (2.99)
q

where € Zq = (¢'Z))Z Cc R/Z, p € M/T™, and " € R/Z. Since Z, acts effectively on M there exists
a g-to-1 map P: M — M/Z,. Furthermore Z, is finite and thus acts both almost freely and properly
discontinuously on M. Almost freeness guarantees that M/Z, is an orbifold |5, Proposition 1.5.1], while
proper discontinuity means P: M — M/Z, is an orbifold covering map [5, Example 2.3.2]. Lastly notice
that Z, = (¢~'Z)/Z C R/Z is a subgroup of the ' circle in 7" = R/Z x ...R/Z and is therefore a subgroup
of T™. Since Z, C T™ is finite, its quotient space M/Z, is automatically a simple T™-orbifold by definition.

The topology of the quotient space can be described by the topology of M and the quotient map P.
Using Corollary 2.15] we express M as

M/T" x T

~1

M= (2.100)

where (p,0) ~1 (p,0 + \v;) forall pe T'; C O(M/T™), @ € R"/Z", and A € R/Z. The Z4 action described
in Equation (2.99) naturally gives M/Z, the quotient topology of

M)Z, = <W>/N2 (2.101)

~1

where (p,0%,...,0") ~o (p,0',...,071 0" + %,9“‘1, ...,0™) for all p € M/T™ and @ € R"/Z". Of course
these two relations commute and we can see
Mz, o M ve2) X (T o) (2.102)

~1
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(1,0,0) (0,1,0) (1,0,0) (0,1,0)  (1,0,0) (0,1,0)

5 f 5 P 4 L y 41,
S T S v (p; 015 q2)
0 0 ‘112
(O,Oa]-) (—(I17_(J271) (—Qh—QZ,P)

Figure 2.21: The transition from S® to L(p;q1, ¢2)

The relation ~3 comes from a Z,-action on the it" circle in T". This means we can express 7" as a product
of n copies of R/Z to see that (T™/ ~3) is a product of n copies of R/Z where the i'" copy is replaces
by R/q'Z. There is a natural homomorphism R/q~'Z — R/Z given by 6 — ¢f. This defines a natural
homomorphism (T7/ ~3) — T™ via (0,...,0™) — (01,...,071 ¢0*,0°TL ... 0) where §7 € R/Z for j # i
and 6’ € R/q~'Z. This gives us the expression

M/T" x T™

~1

M/Zy = (2.103)

Where (p,0%,...,q0° ...,0") ~1 (p,91+)\vjl~,...,q(9i+)\v§),...,0"+)\U?) forallp € T';, 0! € R/Z for | # i,
and 6’ € R/q~'Z. Finally we replace ¢f' € q(R/q~17Z) with 6" € R/Z and denote the relation by ~ so that

M/T" x T™

~

M/Z,= (2.104)
where (p,8) ~ (p,0 + \v}) for all p € T';, 8 € (R/Z)", and \ € R/Z as desired.

Let M’ := M/Z,. We now see that M’ is a simple T"-orbifold defined by the vectors {v{,...,v}}
with a g-fold orbifold covering map P: M — M/Z,, just as required. The last thing to check are the
conditions under which M’ is a manifold. First we must assume that each vector V;- € Z" is primitive and
therefore agree with the definition of rod structures as primitive vectors. The only other thing to check
is that M’ is a manifold at the corners, i.e. a tubular neighborhood of each corner is homeomorphic to
T"=2 x B*. This is equivalent to the rod structures flanking the corner forming an admissible pair. Since
M is a manifold, whenever there is a corner at I'; N T';41 C M/T™ the rod structures {v;, v;+1} must be
admissible. Therefore if we assume that {v,v;1} is admissible whenever {v;,v;1} is, we know that M’
has admissible rod structures at every corner. This means that M’ must be a manifold and is therefore a
simple T"-manifold. O

Example 2.60: Corollary can be used to construct the 5-dimensional lens space L(p;q1,q2) as a
simple T3-manifold. We begin with a model for S° = {(21,22,23) € C® : |21|* + |22|® + |23/ = 1} C C3.
Next consider the free S' action on S° defined by rotating the third circle once and the first and second
circles q; and go times respectively, that is 0 - (21,22, 23) 1= (€921, €292, ¢923). The lens space
L(p;q1,q2) is defined to be the quotient of S® by the discrete subgroup Z, C S'. This S! is itself
an embedded subgroup of 7% which acts effectively on S°. By choosing the ‘standard’ coordinates on
T3 = R3/Z3 (as seen in Example , S® has rod structures {e;,ez,e3} and L(p;qi,gz) is the quotient
of a discrete subgroup of the (q1, 2, 1)R/Z C R3/Z3 subtorus action. Of course we can choose a different
set of coordinates on 7. Consider the matrix U € SL(3,Z) which sends U(e;) = e1, U(ez) = ea,
U(es) = (—q1,—q2,1), and U(qy,q2,1) = e3. This linear transformation gives S° the rod structures of
{(1,0,0),(0,1,0),(—q1, —g2,1)} and shows that L(p;qi, ¢2) is the quotient of a discrete subgroup of the
e3R/Z C R3/Z3 subtorus action. With these rod structures we can apply Corollary and see that S°
is a g-fold cover of L(p; g1, ¢2) with rod structures {(1,0,0),(0,1,0), (—q1, —q2,p)}
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2.7 Subtorus Actions

One useful fact about higher dimensional simple 7™-manifolds is that they admit almost free circle actions.
Recall that an action S* < iso(M) is almost free if for any point p € M the stabilizer subgroup stab(p) C S!
is finite.

Lemma 2.61. Let M"*2 be a simple T"™-manifold with rod structures {vi,...,vy}. Let u € Z" be a
primitive vector such that

u ¢ spang{v;,vi11} (2.105)

foralli=1,... k. The subtorus action uR/Z C R™/Z" =2 T™ on M is almost free, the quotient space M’ :=
M/St is a simple T"-orbifold, and the quotient map P: M — M’ is weakly equivariant. Furthermore if
Q: Z™ — 7" is a surjective homomorphism with u € ker(Q), then {Q(vy),...,Q(vk)} are rod structures
for M'.

Proof. Note that every vector u € Z"™ defines a subtorus action uR/Z on M. Any such action clearly
preserves the fibers of the map 7: M — M/T™. Thus the subtorus action is almost free if and only if it
acts freely or almost freely on each of the fibers. Since any subtorus action acts freely on fibers over interior
points, we must only check if uR/Z acts almost freely on 7= 1(T';) and 7= *(T; N Tyy1).

To determine the isotropy subgroup of uR/Z acting on 7= 1(T';), let p € T';, ¢, € R"*/Z"™ and t € [0,1).
The action is defined as ¢ - (p, ¢y) = (p, Py +1tu). Since p € I';, we know that (p, Py +tu) ~ (p, by +tu+ Av;)
for any A € R. Therefore the action by ¢t € R/Z fixes a point if and only if there exists a A € R such that
tu+ Av; = 0 € R"/Z", or equivalently if there exists a w € Z™ such that

tu+ w € spang{v;}. (2.106)
Similarly the action of t € R/Z on 7~ !(T'; NT;41) fixes a point if and only if there exists a w € Z" such that
tu+w € spang{v;, vit1}. (2.107)

Of course the only way the action uR/Z can fail to be almost free is if there is an ¢ € {1,...,k} and
a w € Z" such that either Equation (2.106) or (2.107) is satisfied for all ¢t. This can only happen when
w = 0 € Z"™ and thus only happens when u € spang{v;,v;y1} for some . By hypothesis u satisfies
Equation and therefore must always induce an almost free subtorus action.

Since the action is almost free, the quotient space M’ = M’ /S! is automatically an orbifold |5, Proposition
1.5.1]. It also inherits the T™-action from M with the change that the stabilizer group stab(p’) for every
point in p’ € M’ now contains the subgroup uR/Z. By construction uR/Z N stab(p) = {0} for any point
p € M and thus stab(p’) = stab(p) ® uR/Z when p’ is the image of p. Now consider the linear surjection
Q:Z" — Z"/uZ = Z"'. Observe that it induces a Lie group surjective homomorphism Q: R"/Z" —
(R™"/Z"™)/(uR/Z). In particular this has the property that stab(p’) = Q(stab(p)). We can now describe the
quotient space as

M/T™ x Q(R™/Z")

~

M = (2.108)

where (p, Q(0)) ~ (p,Q(0) + AQ(v;)) = (p,Q(0 + A\v;)) for all p € T';, 8 € R"/Z", and A € R/Z. Observe
that Q(R"/Z") = R"~!/Z"~! and thus the T"-action on M descends to a 7"~ !-action on M’. Moreover the
action is effective, the quotient space M’/T"~1 = M/T™ is contractible, and quotient map M’ — M'/T"~1
defines a trivial fiber bundle over the interior. Hence M’ is a simple 7" !-orbifold. Since for each j the
stabilizer subgroup stab(T';) = spany{Q(v;)} is not trivial we conclude that {Q(v1),...,Q(vg)} is the set of
rod structures for M’. However since M’ is in general only a simple T™-orbifold, these rod structures need
not be primitive nor satisfy admissibility.

The presentation of M’ above allows us to express the quotient map P: M — M’ as P(p,0) = (p, Q(9)).
In this form it is clear that P is weakly equivariant since Q: T" — T" ! is a Lie group homomorphism
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and thus Q(t + 0) = Q(t) + Q(0) for all t,6 € T". In particular letting p € M denote (p,0) we see
P(t-p) =P(p,t +6) = (p,Q(t) + Q(8)) = Q(t) - P(p). o

Remark 2.62. For any simple T™-manifold M"*2 with n > 2 there always exists infinitely many primitive
vectors u € Z" such that uR/Z defines an almost free subtorus action on M. This is because the number of
primitive vectors in B, (0)NZ™ grows at a rate of O(r™) while the number of vectors in B, (0)Nspang{v;, v, i1}
grows at a rate of O(r?). Thus for large enough r > 0 there always exists a primitive u € Z" which satisfies
Equation for all i. In fact, exists n — 2 linearly independent primitive vectors {uj,...,u,_2} which
generated an almost free subtorus action of uR/Z x - -+ x u,_oR/Z.

Even though almost free actions are plentiful we will later see with Lemma [2.66] that free actions are not.
One useful way to construct free actions is with the following corollary.

Corollary 2.63. Let M"*2 be a simple T™-manifold with rod structures {vy,...,vi}. Any collection of
vectors {w,...,wi} C Z' defines a simple T" ' -manifold M™HF2 with rod structures {V1,...,v%} C Z"H!
where

The manifold M admits a free T' C T™* subtorus action of
T' = e, \R/Z x - x e, R/Z C R jzntl = prtl, (2.110)
The quotient space is M and the quotient map P: M — M is
P(p,0',...,0") = (p,0",...,0™). (2.111)
Proof. The first step of the proof is to construct the space M. Let

—~ M/Tn X Tn+l

M : (2.112)

~

where (p,0) ~ (p,0 + \v;) for all p € T'; € I(M/T™), @ € R*/Z"*! and A € R. Now we must show
that M is indeed a simple 7"t -manifold, that is {V1,...,Vi} are admissible rod structures. Note that
each vector is primitive since ged(v}, ..., o7, w}, ..., wl) divides ged(v},...,v?) = 1. Similarly the fact that
deto(V;, v;) divides deta(v;, v;) shows that {¥;,V,} is admissible whenever {v;,v;} is. Therefore M is a
simple T"*!-manifold with rod structures {v1,...,Vz}.

Next let us show that the subtorus action defined by spang{en+1,...,€,11}/spang{€,i1,...,€,1;} isin
fact free. To do this we will show that the subtorus action of uR/Z C R"*!/Z"+! is free for any primitive
vector u € spang{eni1,...,ent1}. Choose u € spang{e,i1,...,€e,1;} and assume by contradiction that
such an action is not free. In particular this means there exists an i € {1,...,k}, a vector z € Z"*!, and

integers 1 < d < ¢ such that
d
—u+ 2z € spang{v;, V;11}. (2.113)
q

Following the proof of Theorem this gives relatively prime integers a, b, c € Z such that

d
c—u+cz=av;+ bv;y. (2.114)
q

Let x € Z", y € Z! so that z = (x,y). We now split up Equation (2.114) into two parts
cX=av; +bviy (2.115)

d
c—u+cy = aw; + bw;. (2.116)
q
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Rearranging terms we see that
cdu = q(aw; + bw; — cy). (2.117)

We know that ¢ cannot divide d since 1 < d < gq. We also know that ¢ cannot divide each term of
u = (ul,...,u!) since u is primitive. Thus ¢ must divide c. This means there exists an m € Z such that
¢ = mgq. This allows us to express b in the following way

b= bDeta(vi, Vit1)
= Deto(v;, bvit1)
= Deta (v, av; + bviy1)
= Detgy(v;, cx)

= q Dety(v;, mx).

Hence ¢ divides b. By a similar argument we can see that ¢ divides a as well. We have now reached a
contradiction since ¢ > 1 divides a, b, and ¢ which are relatively prime. Therefore the subtorus action must
be free.

This subtorus action freely rotates the last [ circles of M = (M/T" x T"+1)/ ~ while leaving the first n
circles untouched. Hence the projection map P: M — M /T" is described by

P(p,0t,...,0" = (p,6,....6m). (2.118)

The last step of this proof is to show that the quotient space M /T' is indeed M. By repeated applications
of Lemma we can see that M /T' is a simple T"-manifold with rod structures {vy,...,v,}. Finally we
use the face that M /T = M/T" to see

M/T' =~ (M/TnXTnH>/Tl (2.119)

~

o M/Tn X (T7L+Z/Tl)

(2.120)

M/T™ xT™
o M/T" X T (2.121)
where ~ in the first line is using the rod structures {vi,...,V;} and ~ in the last two lines is using the rod
structures {vy,...,vi}. This is the standard model of M as described in Corollary thus M /T! = M
as desired. O

Example 2.64: Consider CP? with rod structures {(1,0),(0,1),(1,1)} as in Example Using
Corollary with I =1 let w; =0, wo = 0, and ws = 1. This constructs the simple 7T3-manifold M
with rod structures {(1,0,0), (0,1,0), (1,1,1)} and defines the projection map P: M — CP? as P(p,0) =
(p,Q(0)) where Q: R3/Z3 — (R3/Z3)/(e3R/Z) = R?/Z?, or in coordinates

Q(0*,6%,0%) = (6*,6%). (2.122)

This projection map is depicted by projy 1)y« in Figure @ Now apply the change of coordinates
U e SL(3,Z),
1 0 -1
U=10 1 -1}, (2.123)
0 0 1

which sends {(1,0,0), (0,1,0), (1,1,1)} to its Hermite normal form {(1,0,0), (0,1,0), (0,0,1)}. These are
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the standard rod structures for S° as seen in Example, thus M = 5. The free Sl-action on M generated
by es in the old coordinate system now becomes a free S'-action generated by U(ez) = (—1,—1,1)
on S® in the new coordinate system. Similarly the projection map P: S° — CP? is now described by
P(p,0) = (p,Q'(0)) where Q": R3/Z3 — (R3/Z3)/((—1,—-1,1)R/Z) =2 R?/Z2, or in coordinates

Q'(6%,6,0%) = (0* — 03, 0% — 6°). (2.124)

This projection map is depicted by projy_y _y 1)+ in Figure @

Example 2.65: In this example we will show that the T"-manifold M (n,n) described in Conjecture
is the total space of a principal 7"~ 2-bundle over #("52)(S? x S?) if n is even or CP*#| 25| (S? x S?) if
n is odd. From Theorem we know that {ei,...,e,} are rod structures for M(n,n). We now define
the rod structures

B e +e 2<it<n, =1 mod 2
Vo= ! (2.125)
e; + ey 2<i4,i=0 mod 2

e, +e +e i=n=1 mod?2

By construction {vy,...,Vv,} C Z" is a primitive set, and in particular there exists a U € SL(n,Z) such
that U(e;) = v; making {V1,...,V,} rod structures for M(n,n). Now for each i define v; € Z? and
w; € Z"2 by the equation

Vi = (vi, w;). (2.126)

From Equation we see that {vy,...,v,} = {e1,ez,es,...,e2,€1+e3} C Z?, where the last vector
is only equal to e; + ey is n is odd. Observe that {vy,...,v,} C Z? is an admissible set of rod structures.
Using these rod structure we define the T2-manifold M. Now apply Corollary to see that M(n,n)
admits a free T2 subtorus action with quotient M. This is equivalent to saying M (n,n) is the total

space of a principal 7" 2-bundle over M. Finally we use the Orlik and Raymond classification theorem,
Theorem to show M = #("5%)(S? x S?) if n is even or CP?#|(n — 4)/2](S? x S?) as desired.

Lemma 2.66. Let M2 be a simple T™-manifold with n > 2 and with rod structures {vi,...,vi}. For
each i =1,...,k such that the I'; N ;41 corner exists, define a linear surjection
ZTL
P 7" — ~ 72 (2.127)

spang{vi, Viy1} B

Let u € Z™ be a primitive vector that defines an almost free subtorus action uR/Z C R™/Z™ on M. This
action is free if and only if P;(u) € Z"~2 is primitive for all i = 1,...,k.

Proof. First assume that the action uR/Z on M is only almost free. This means there exists an integer
m > 1 where the finite subgroup Z,, C uR/Z = S?! fixes a point (p, ¢o) in 7= 1(T;) or 7~ }(T; N T;41) for
some i. Without loss of generality assume that the point (p, ¢,) € 7~ 1(I'; N T;41) is fixed by the subgroup

Zm = (=7)/7 C R/Z. This means that (p, ¢,) ~ = - (p, o) = (p, Py + ~u). We see from Equation (2.107)
that this means there exists a w € Z™ such that u+ mw € spang{v;, v;11}, or in particular

Pi(u) = —mP;(w). (2.128)

Therefore P;(u) is not primitive.

Now assume that there exists an i such that P;(u) is not primitive. In this case there exists w’ € Z"~2
and an integer m > 1 such that P;(u) = mw’. Choose w € P, '(w’) and we see that P;(u — mw) = 0, thus
satisfying Equation . Therefore the action is not free. O
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1 0 -1

(1,0,0)/ \(1.1,1) T (1,0,0) /" \(0,0,1)
(0,1,0) (0,1,0)
Proj{(0,0,1)}+ PrOj{(—1,-1,1)}+

(1,0) (1,1) F 0} (1,0) (1,1)
CP? % CP?

(0,1) (0,1)

Figure 2.22: The diagram above depicts the process described in Example By presenting the projection
maps S° — CP? as ‘collapsing’ certain vectors, we can see a clear relation between the rod structures and
the vector that generates the circle action. In particular, letting ¥; and v; be rod structures for S® and CP?
respectively, and letting u be the vector that describes the projection map we see that for all i there exists
a \; € Z such that v; + Au = (v;,0).

Corollary 2.67. Let M"*2 be a simple T™-manifold with with rod structures {vi,...,vi} and let E C

{1,...,k} denote the set for which the corner T'; NT;41 exists. For each i € E define a linear surjection
n " n—2
P72t —— 7", (2.129)
spany{v;, viy11}
Any primitive set {uy,...,w;} C Z" defines an almost free subtorus action of T C T" on M if
spang{uy,...,w} Nspany{v;,v;y1} = {0} (2.130)

for alli. This action is free if {P;(uy),..., Pi(w)} is a primitive set for all i, that is if
Det/{F;(w), ..., Pi(w)} =1 (2.131)

for all 1.

The following example shows that simple T"-manifolds which admit almost free subtorus actions need
not admit free subtorus action.

Example 2.68: Consider the 5-dimensional lens space L(p;¢1,g2) as described in Example m and
shown in Figure [77] We will show that not every lens space admits free subtorus actions. The argument
follows a similar approach to that used in [50] to distinguish the homeotype of higher dimensional lens
spaces. Let u € Z3 be a primitive vector which describes an almost free action on L(p;q1,q2). Applying
Lemma [2.66| we construct the maps P; as

Py(u) = u? (2.132)
Py(u) = pu' + qru’ (2.133)
Ps(u) = pu® + qau®. (2.134)

51



We now assert that P;(u) is primitive. Note that £1 € Z are the only primitive elements in Z which
gives us a manageable system of equations, namely P;(u) = +;1. This reduces to

+,1
oyl 1l (2.135)
P
g1
w2 = 3 LE (2.136)
P
ud =41, (2.137)

The fact that u must be an integer vector mean L(p; g1, ¢2) admits a free subtorus action if and only if

g1 = +21 mod p (2.138)
g2 = +31 mod p (2.139)

for some choice of +5 and +3. In particular L(5;4,1) admits the free circle action coming from u =
(=1,0,1), while L(5;3,1) does not admit any free subtorus action.

(17070) (_QIa_q27p)

L(P% qi, Q2)

(0,1,0)

Figure 2.23: Above we see the rod diagram for the 5-dimensional lens space L(p; g1, g2).

The existence of free and almost free subtorus actions on simple T"-manifolds has several immediate
consequences. We will list them as propositions here. Most of these results are known, however the proofs
presented here are simpler than the ones cited.

This first proposition discusses the toral rank conjecture, generally attributed to S. Halperin, (see [14] pg.
271] and |14, Remark 7.11]) which states that any closed manifold M which admits an almost free torus
action of rank r satisfies the inequality

dim(M; Q) > dim(T"; Q) = 2" (2.140)

As of the date of this dissertation, this conjecture is unsolved in the general case and remains one of the
most prominent questions in toric topology.

Proposition 2.69. Assuming C’onjecture is true, any simply connected T™-manifolds M™? satisfies the
toral rank conjecture. Specifically M admits an almost free action of T" 2 and the sum of the Betti numbers
of M is

dim(H(M;Q)) = 4 + (k — 4)2" 2 (2.141)

where k > n is the number of rods.

Proof. Conjecture [A] asserts that M = M (n, k). The proof of this proposition is a simple calculation of the
total Betti numbers of M (n, k). To avoid repeated computations, we use Lemma which computes the
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Betti numbers of M (n, k) as

1 j=0n+2
bj =140 ji=1n+1 (2.142)
(k=2)(5) - (55 - (70) 2<i<n
Now observe the following computations.
n+2
dim(H(M;Q)) = > b; (2.143)
j=0
=2+ b (2.144)
j=2
- n—2 n—2 n—2
=2 k—2 — — 2.14
*;Q (5-2)-(25)-(G20) (2:145)
n—2
n—2 n—2 n—2
=2+ k—2 . 1. . 2.146
jz_;](( )< J ) (J—1> <J+1>) (2:146)

() (V) (w0 () - (1) - (7)) ew

=44 (k—2)2"2-2.2"2 (2.148)
=4+ (k—4)2"2 (2.149)
O

This next proposition is a special case of |14, Theorem 7.33|, however with a much simpler proof.

Proposition 2.70. Let M"*2 be a closed simple T™-manifold with k rods. Its Euler characteristic is

E n=2
X(M) = 2.150
(M) {O n > 2. ( )
Proof. For the n = 2 case let {vi,...,v,} be rod structures for M. Choose a primitive vector u € Z? \

Ule spany{v;}. By design the subtorus action uR/Z C R?/Z? has fixed points only on the k corners. We
now apply the Poincaré-Hopf index theorem which states that the Euler characteristic of a closed manifold
is equal to the Euler characteristic of the fixed point set of an S! action on that manifold. The fixed point
set of the uR/Z action is k points thus x(M) = k.

When n > 2 Lemma guarantees the existence of an almost free S'-action. In particular this means
the action has no fixed points. Hence by the Poincaré-Hopf index theorem x(M) = 0. O

Proposition 2.71. Let M™*2 be a simple T™-manifold and let w;(TM) be the it" Stiefel-Whitney class of
its tangent bundle. Then
Wpao(TM) =+ =ws5(TM) = 0. (2.151)

Proof. The statement is trivial if n < 2. When n > 2 the existence of an almost free 7" 2-action on M
means there are n — 2 linearly independent non-vanishing sections of the tangent bundle. This forces the top
n — 2 Stiefel-Whitney classes to vanish |37, §2, Prop. 4]. O

Proposition 2.72. Let M™*2 be a simply connected closed T"™-manifold. If n+2 # 4k and M is spin, then
it is oriented null-cobordant.
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Proof. Since M is simply connected and spin we know w; = we = 0. A simple application of the Wu
formula |37, Problem 8-A] shows Sq¢'(ws) = wiws + w3, hence w3 = 0 as well. Proposition shows that
w; = 0 for all 7 > 0 as well, thus the only possibly non-trivial Stiefel-Whitney class is wy.

Any closed oriented manifold is oriented null-cobordant if and only if all of their Stiefel-Whitney and
Pontryagin numbers vanish [37, pg. 217|. These numbers are pairings of the the fundamental class of M
with polynomials of characteristic classes. But all Pointryagin classes are in degree 4i for some 4. Similarly
the only possibly non-vanishing Stiefel-Whitney class is in degree 4. Hence any non-vanishing characteristic
class polynomial must be of degree 4k for some k. By hypothesis dim(M) # 4k and thus all Stiefel-Whitney
and Pontryagin numbers vanish. O

Proposition 2.73. Let M"2 be a simple T™-manifold admitting a free subtorus action of T* C T™ with
submersion map f: M — N := M/T". Then

TM = f*(TN)® E (2.152)
where E is the trivial rank | vector bundle.

Proof. Recall that the submersion f: M — N splits the tangent space T, M splits into a vertical and
horizontal part. Further recall that the pullback vector bundle is defined as f*(TN) := | ] {p} x TN
peEM

using the transition functions of TN over N. This means that the tangent bundle can be split as
TyM = Ty N @ ker(df).

Now let {X71,...,X;} be linearly independent, non-vanishing sections of 7'M defined by the free T! action.
These form a basis for ker(df). Choose any inner product on T'M and define the map F: TM — f*(TN)®FE
by

F(p, U) = (pa (dfp(v)7 <X1|;D7 U>7 LR <Xl‘p’ U>))

Note that if df,(v) = 0 then v € ker(df,). If df,(v) = 0 and (X;|p,v) = 0 for all ¢, then v = 0. This
means v — F(p,v) is injective and therefore an isomorphism. Hence F': TM — f*(TN) @ E is a bundle
isomorphism and TM and f*(T'N) @ E are isomorphic as vector bundles [37, §2, Lemma 2.3]. O

Note that in general, having isomorphic tangent bundles is not enough to conclude that two homeo-
morphic smooth manifolds are diffeomorphic (consider exotic smooth structures on R*). This means that
Proposition 2.73] on its own is not strong enough to prove that two smooth simple 7™-manifolds are diffeo-
morphic, even when they are homeomorphic and are both torus bundles over the same 4-manifold.

We can see that having a free subtorus action is a useful property, unfortunately not every simple T"-
manifold admits one. The following lemma and theorem offer a slight work-around.

Lemma 2.74. Let M™*? be a simple T™-manifold with rod structures {vi,...,vi}. For eachi € {1,... k}
there exists a simple T"-manifold M™t3 with rod structures

) {(vj,()) jAi (2153

Vi = . .
€nt1 J =1

Assuming that Deto{v;, vix1} = 1, then the subtorus action defined by u = (v;, —1) € Z" ! is free and the
quotient space is M, that is -
M = M/(uR/Z). (2.154)

Proof. We must first check that the vectors {v1,..., vy} C Z"*! are indeed rod structures. Clearly each v;
is a primitive vector. For admissibility observe that Deto{V;+1,V;} = Deti{v;+1} =1 and Deto{V;,V, 11} =
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Deta{v;,vj+1} whenever j,j + 1 # i. Thus {vq,...,v4} C Z"*! are indeed rod structures for a simple
T+ manifold M.

Next we need to check that the action defined by u = (v;,—1) is almost free. Since v;11 # +v;, we
see (v;,—1) & spang{(v;+1,0),ep41} = spany{v;+1,v;}. For j,j —1 # i we have (v;,—1) ¢ Z" x {0} =
spanz{(v;,0), (vj41,0)} = spanz{v;, v;41}.

To see that the action is free, assume by contradiction that the action has a non-trivial isotropy subgroup
on the I'; N T4 corner. If j,j + 1 # ¢ then following the argument in Lemma there exits a t € (0,1)
and a w € Z""! such that t(v;, —1) + W € spang{Vv;,v;+1} C R" x {0}. This is impossible since the n + 15
component of t(v;, —1) + w will always be non-zero. If the action has a non-trivial isotropy subgroup on
the T'; N ;41 corner, then ¢(v;,0) + @ € spang{(vi+1,0),e,41}. Letting w = (w,w" 1) we see that this
reduces to tv; + w € spang{v;11}. Now by hypothesis Deta{v;,v;11} = 1 which means there exists a
U € SL(n,Z) such that U(v;) = e; and U(v;11) = e3. Applying this transformation to the equation we see
te; +U(w) € spang{ez}. This is impossible to satisfy because the first component of te; + U (w) will always
be non-zero.

The last step is to check that {vy,...,vg} are indeed the rod structures for M/(uR/Z). This is accom-
plished by defining the map Q: Z"™! — Z" with Q(e;) = e; for all j <n and Q(e,+1) = v;. Observe that
u € ker(Q) since Q(u) = Q((v4,0)) —Q(en+1) = 0. Lemma [2.61] now shows that {Q(v1),...,Q(vx)} are the
rod structures for M /(uR/Z). By construction Q(v;) = Q((v;,0)) = v, for j # ¢ and Q(Vv;) = Q(ept1) = v;.
The proof is now complete. O

Theorem 2.75. Every closed simple T™-manifold with k rods is homeom(diffeo)morphic to a quotient of
M (k,k) x T"=2 by a free T*=2 subtorus action, that is

M = (M(k, k) x T""?) /T2 (2.155)

where M (k, k) is the manifold described in Theorem[2.50,

Proof. Let {v1,...,vi} be the rod structures for M. By applying Hermite normal form without loss of
generality we can assume that v; = e; and vy = e3. We now apply Lemma repeatedly on 37¢ through

k" rod structure. This gives us a simple T"T*~2-manifold M"™* with rod structures {V1,...,Vi} defined
as
e; 1 =1,2
V= J . (2.156)
enyj—2 J>2,

and a free TF=2 C T"++=2 subtorus action so that M /T*=2 = M. After applying a change of basis so that
v; =e;forallj =1,...,k, we can clearly see M splits as the product of T™2 and a simple T*-manifold with
k rods. In Theorem this particular manifold was shown to be M (k, k) as described in Conjecture[A] [

Theorem 2.76. Let M"*? be a closed simple T™-manifold with rod structures {1,...,k} forming a rank
matriz A: ZF — 7. The higher homotopy groups of M are

VA i=2
mi(M) = {m(M(k:,k:)) P> 2 (2.157)

where M (k, k) is the manifold described in Theorem [2.50.

Proof. First note that since A has rank [, M must be homeomorphic to the product of 77! and a simple
T'-manifold N"'*2 with k rods and a finite fundamental group. This combined with the fact that m;(M) =
7 (T" x N') = 71;(N') for all i > 2 allows us to compute the homotopy groups of M in terms of N’. Now
apply Corollary to produce a simply connected covering space of N’ which we will denote by N. Since

the higher homotopy groups of covering spaces agree, i.e. m;(N') = 7;(N) for all ¢ > 2, we can compute
homotopy groups of M in terms of N.
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Applying Theorem to N creates a fiber bundle
T2 5 M(kk)x T2 5 N (2.158)
which induces the following long exact sequence in homotopy
co o (TF2) = o (M (ky k) x TV ?) = 1 (N) = T 1 (TF2) — - (2.159)

Again recall that 7;(7%~2) = 0 and 7;(N x T*72) = 1,(N) for all i > 2. This simplifies Equation ([2.159)
into
0— m(M(k,k)) = m(N)—0 (2.160)

for ¢ > 2 and
mo(M(k,k)) — ma(N) — 71 (T*2) = 7 (M (k, k) x T""2) — 71(N) (2.161)

for ¢ = 2. We immediately see from Equation (2.160)) that m;(N) = m;(M(k,k)) for i > 2. For the i = 2
case we recall that N is simply connected and from Theorem M (k, k) is 2-connected. This reduces
Equation (2.161)) into the short exact sequence

0= m(N) =272 5772 50 (2.162)

Now recall that any short exact sequence of Abelian groups splits and we see mo(N) = Z*F~! as desired. O

The next result concerns the rational homotopy groups of simple T"-manifolds. These are the groups
mi (M) ® Q for large i. The study of these groups is closely related to the study of the rational cohomology
ring, and for manifolds with torus action is examined in |14, Remark 1.105]. A simple dichotomy in rational
homotopy theory is the distinction between elliptic and hyperbolic. A manifold M is rationally elliptic if
there exists an N > 1 such that m;(M) ® Q = 0 for all ¢ > N. A manifold which is not rationally elliptic is
called rationally hyperbolic. The proposition below distinguishes between these two cases.

Proposition 2.77. Any closed simple T™-manifold M™2 with k rods is rationally elliptic if and only if
k < 4.

Proof. Theorem [2.76] shows that m;(M) = m;(M(k,k)) which means we need to determine when M (k, k)
is rationally elliptic. Let us recall some facts from rational homotopy theory; All spheres are rationally
elliptic [14, Example 2.44] and the product to two rationally elliptic manifolds is rationally elliptic [14,
Example 2.45]. Theorem [2.50 shows M (2,2) = S*, M (3,3) = S°, and M(4,4) = S x S3. Therefore M is
rationally elliptic if k¥ < 4. For the other direction recall that the connected sum of two manifolds whose
cohomologies have at least two generators each is rationally hyperbolic [14, Remark 3.5]. Theoremmshows
that M (k, k) = ?;i’j (’;;f) S2t3 x §¥=J is a non-trivial connected sum of products of spheres when &k > 4.
Since the cohomology of a product of spheres has at least to generators, M must be rationally hyperbolic
when k > 4. O

2.8 Torus Bundles

In the previous section the existence of free and almost free subtorus actions was used to gather information
about the topology of M"™*2. In the case where the action is free this defines a fiber-bundle over a manifold.
Specifically, if T! C T™ acts freely on M"™*+2 then M is the total space of a principal T'-bundle, or torus
bundle, over a simple 7"~ !-manifold B"~!+2

Th — M2 — g2,

In this section we will examine the topological information contained in the bundle structure itself.
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Recall that a rank 2 real vector bundle over B, along with its associated principal S'-bundle, are com-
pletely determined by a characteristic class é € H?(B;Z) known as the Euler class. In fact, there is a
one-to-one correspondence between H?(B;Z!') and principal T'-bundles over B. In Theorem and Corol-
lary [2:81] this correspondence will be used to relate the rods structures of B and M. However in order to
state and prove Theorem [2.80] we will need the following lemmas, which will be proved in Section [3]

Lemma 2.78 (Corollary [3.14). For any simply connected T™-manifold M™% with rod structures forming
the matriz A: ZF — Z™, there exists an isomorphism

U, ker(A) — Hy(M;Z) = 7™ (2.163)

defined explicitly in terms of the rod structures.

Lemma 2.79 (Corollary. Let M™%2 be a simply connected T™-manifold with projection map myr: M —
M/T™, rods {TM, ..., TM}, rod structures {v}M, ... ,vM} forming the matriz AM: Z¥ — Z™ and isomor-
phism UM ker(AM) — Ho(M;Z). Similarly define N"*2 to be a simply connected T™-manifold. Suppose
there exists a weakly equivariant map (F,p): (M, T™) — (N,T™) which induces a homeomorphism between
the quotient spaces M/T™ and N/T™ with the property that

N (F(my (0)) =TF (2.164)
o(vM)y =vN (2.165)

for alli=1,...,k. Then ker(AM) C ker(AN) C Z¥ and
(UM (w)) = BV (w) (2.166)

for all w € ker(AM).

Note that Lemma [2.78 has already been proven for the n = 2 case in Lemma [2.38] Interestingly the
proof of Lemma [2:38] generalizes to a proof of Lemma [2.78 without issue. In Section [3] we however prove a
much more general statement, Lemma [3.13] which Corollary is merely a special case of. Lemma [2.79
can either be viewed as a technical lemma relating ker(AM) to ker(A™N), or be viewed in a geometric way as
an embedding of Hy(M;Z) into Ho(N;Z). This most likely also has a geometric proof, however we will not
attempt to write such a proof (as it is not needed and this dissertation is hundreds of pages long already).

In Theoremwe examine a principal S'-bundle M — M over a simply connected T™-manifold M"*2.
Lemma is important because it allows us to express the Euler class of this bundle, ¢ € H?(M;Z), as
a vector in ZF. Consider the domain of the isomorphism VU, : ker(A: Z¥ — Z") — Ho(M;Z) as a subspace
of Z* and equip it with the dot product inherited from Z* using the standard basis {ej,...,e;}. Using the
definition of cohomology as the dual space of homology, and the fact that Ho(M;Z) is torsion free, we can
define the ‘dual’ of the Euler class é* € Hy(M;Z) by the equation

U 1) u=é(V,u) (2.167)

for all u € ker(A4) C Z*.

Theorem 2.80. Let M" 2 be a simply connected T™-manifold with rod structures {vi,...,vi} forming the
matriz A: ZF — Z". Let M"*3 be simply connected and let P: M — M be a principal S'-bundle over M
with Buler class € € H?>(M;Z). The total space M is a simple T -manifold which admits rod structures
{V1,...,Vi} defined by

Vi = (vi,m) € 2" (2.168)

for any vector n = (m1,...,nK) € ZF satisfying the equation

n-u=¢(U,u) (2.169)
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for all u € ker(A). The projection map P is weakly equivariant and expressed as
P(p,0',...,0") = (p,6',...,0™). (2.170)

Proof. Applying Corollary with [ = 1 and w; = n; shows that M is a simple 7™ !-manifold admit-
ting a free subtorus action of S! 2 e, R/Z C R"+1/Z"+! with quotient map P: M — M defined by
Equation (2.170). The fact that the S'-action is free means P: M — M is a principal S'-bundle. Using
Equation it is clear that P is weakly equivariant. The only thing left to prove is that the Euler class
of P: M — M is indeed é.

By definition the Euler class of a bundle is the generator of the kernel of P*: H2(M;Z) — H2(M;Z).
To express this as a vector, let A: ZF — 7" denote the matrix composed of the rod structures {vy,...,V}.
Then let U, : ker(A) — Hy(M;Z) and U, : ker(A) — H, (M, Z) be the isomorphism described in Lemma

Suppose ¥ € H?(M;Z). Then using the definition of H?(M;Z) as a the dual of Hy(M;Z), and using
Lemma to reduce P*\T/* to U,, we see

P*(9)(V,w) = 9(V,w) (2.171)

for all w € ker(A). We now replace 9 with € and use Equation (2.169) to see

P*(&)(V,w) = é(U,w) =1 -w. (2.172)

By construction w € ker(A) which means w - v = 0 for all 4. Since n = V,4; we conclude that

P*(e)(¥,w) =0 (2.173)
for all w € ker(A) and thus é € ker(P*).

We now recall a fact from topology. If P’: M’ — M is a principal S!'-bundle with Euler class z €
H?(M;Z) and P: M— Misa principal S'-bundle with Euler class é = gv € H2(M;Z), then there exists a
g-to-1 bundle covering map M — M. In particular this means there exists a g-to-1 covering map M — M
as manifolds. The fact that M is simply connected means this cannot happen and thus é must be primitive.
Finally we note from Lemma that P*: H*(M;Z) — H? (JT/.?, Z) is injective and from Lemma and
that dim(H?(M;Z)) = dim(H?(M;Z)) + 1 meaning ker(P*) has only one generator. Since é € ker(P*) is
primitive we know it must generate the space and therefore is the Euler class.

O

Theorem 2.81. Let M™ 2 be a simply connected T™-manifold with rod structures {v1,..., vy} forming the
matriz A: ZF — Z". Let M +2 be the total space of a principal T'-bundle P: M — M with Euler class
e=(&',...,&") € HX(M;Z") = HX(M;Z) @ Z!. M is a simple T -manifold which admits rod structures
{V1,...,Vi} defined by

Vii=(vi,ni,...,nh) ezt (2.174)

where for each j =1,...,1, the vector i’ := (n{, .. ,ni) € ker(A) C ZF is defined by the equation
n-w=2¢& (U,w) (2.175)
for all w € ker(A) C ZF. The projection map P is weakly equivariant and expressed as
P(p,0',....0") = (p,0',...,60™). (2.176)

Proof. The proof is a direct consequence of repeated applications of Theorem [2:80] followed by applications
of Corollary 2:59 to deal with non-primitive Euler classes.
O
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We now have the tools needed to finish the proof of Theorem [2.52] stated earlier in Section[2.5] The final
piece of the proof requires proving the following lemma.

Lemma 2.82. Let n > 2 and N(n,k) be a closed, simply connected T™-manifold with rod structures
{vi,...,vi} defined by v; =e; fori <n —1 and v; € {eg,e3} fori>n—1. N(n,k) is spin.

Proof. The proof relies on induction. Let {vi,..., v} be rod structures for N(n — 1,k) and define the
T"-manifold N by the rod structures {¥1,..., v} C Z" where v; := (v;,0) € Z" for i # n and v,, := (v;,1).
Using Corollary we see that N is the total space of a principal S*-bundle over N(n — 1,k). Applying
the change of coordinates U € SL(n,Z) defined by U(e;) = e; for i # n and U(v,) = e, to N(n,k) we see
that N is homeomorphic to N(n, k) and thus N(n, k) is also the total space of a principal S'-bundle over
N(n —1,k). We now assume by induction that N(n — 1,k) is spin. Since all principal circle bundles over
spin manifolds are spin, we know that M’ is spin. Therefore if N (3, k) is spin for all k& > 3 then the proof is
complete.

By construction N (3, k) has rod structures {eq, eq, e3,e9,€3, ..., e2/3} where the last rod structure is es
if k is even and e3 is k is odd. If k is even then we preform a similar trick as before and define a change
of basis U € SL(3,Z) so that U(e;) = e, U(ez) = ea, and U(ez) = e; + e3. Using Corollary we see
N(3,k) is a principal S'-bundle over a simple T?-manifold with rod structures {ei,es,e1,es,...,e1,e2}.
From Theorem we know this is spin, and thus N (3, k) is spin.

If k is odd the argument must be modified as any simple 72-manifold with an odd number of rods is non-
spin. We will prove the statement for k = 5 since the manifold N(3,5) was already studies in Example m
However the arguments presented here and in Example 2:39 works perfectly fine for any odd k > 3. Define
the change of basis U € SL(3,Z) by U(e1) = (1,1,1), U(e2) = e, and U(es) = ez to get rod structures
{(1,1,1),e1,e2,e1,e3}. We apply Corollarywith l=1,w;=1and w; =0fori # 1tosee N = N(3,k)
is a principal S*-bundle over a simple T2-manifold W with rod structures {(1,1),e;,e2,e;,e2}. Now apply
Theorem m to see that the Euler class ¢ € H2(W;Z) of the bundle P: N — W satisfies the equation

e;-u=¢(¥,u) (2.177)

for all u € ker(A) where A is generated by the rod structures of W.
The manifold W was studied in Example[2.39] In this example it was found that an integral representative
of the second Stiefel-Whitney class w € [wo(TW)] C H?(W;Z) also satisfies the equation

e -u=w(¥,u) (2.178)

for all u € ker(A). From Equations (2.177)) and (2.178)) it is clear that @ = é. By definition & € H?(W;Z) gen-
erates the kernel of P*: H2(W;Z) — H?(N;Z) which means P*(w) vanishes, and thus its mod-2 reduction
P*(wz(TW)) vanishes as well. Finally we use Proposition[2.73|to see TN = P*(TW)® E where E is a trivial
line bundle. The additivity property of Stiefel-Whitney classes shows wa(TN) = wy(P*(TW)) @ we(E) =
wo(P*(TW)) and the naturality property shows wq(P*(TW)) = P*(w2(TW)) = 0. Hence N is spin and
the proof is complete.

O

We end this section with a simple lemma which is vital to the proof of Theorem [H]

Lemma 2.83. For any simple T™-manifold M™*? with rod structures {vi,...,vy}, there exists a principal
T*-bundle P: M — M where M"*+2 is a simple T"t*-manifold admitting rod structures {ey,... ex}.

Proof. We first apply Corollary to M with [ = k and with w; = e;. This produces a simple T ++2.
manifold M with rod structures v; := (v;, w;) € Zntk, By construction the top determinant divisor of these

new rod structures is one, Detg{vy,...,Vp} = 1. This means the Hermite normal form of {vy,..., v} is
{e1,...,er} (see Corollary [2.23). Therefore there exists a change of basis U € SL(n + k,Z) which sends
U(v;) = e; making {eq,...,ex} rod structures for M as desired. O
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2.9 Spectral Sequence

For the remainder of this section we will be examining a special class of T"-manifolds which are the total
spaces of principal 7"~ 2-bundles over 4-dimensional simple T2-manifolds. This is equivalent to the existence
of a free T"~2 subtorus action.

Lemma 2.84. Let M"*2 for n > 2 be a closed simply connected T™-manifold with k rods. Suppose M is
the total space of a principal T"~2-bundle over a T?-manifold B*;

™2 5 M — B.

The Eo page of the Serre spectral sequence is

Z (p,q) = (0,0)
Zbh+a =2
EPa = P (2.179)
z (p,q) = (4,0 +2)
0 else

007007

Proof. Recall that Serre spectral sequences have various pages. When doing calculations for a general fiber
bundle F — X — B, we start with the second page E3* = H*(B) ® H*(F'). Note that cohomology without
coeflicients is assumed to have Z coefficients. This page inherits a product structure from the cup products
on the two cohomology rings. Namely

b Hul e f)=)Mpur)e (fuf) (2.181)

for any b’ € H*(B) and f, f' € H*(F), where |f| and |o/| denote the degrees of f and b in their respective
cohomology rings. In our specific case the cohomology rings are quite simple,

A*(Z"?) = H*(T™?) (2.182)
Zo7ZF 2?97 =H*(B), (2.183)
where ZF~2 = H?(B) and the product structure is given by some full rank, symmetric bi-linear form

Q: 7ZF=2 ® ZF~2 — Z. Thus the groups on this second page are

A9(Z"2) p=20,4
EYT = HP(B; H(T" %) = H(B) © A(2"2) = { 22 @ Aa(z" %) p=2 (2.184)
0 else
and the differential
dy: EYT — EhT2a! (2.185)

respects this product structure in the sense that is follows the graded-Leibniz rule. The Fy page is depicted
in Figure [2.24] which immediately shows

E =17 (2.186)
Ey" =17 (2.187)

Notice that E5'? = 0 for odd p. This passes to the third page where E5'? = 0 for odd p as well. In
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n—2 An72(Zn72) 0 Zk:72 ® An72(an2) 0 An72(Zn72)
n—3 An—S(Zn—2> 0 Zk—Q ® An—S(ZTL—Q) O\) An—B(Zn—Q)

T
n—4 An74(Zn72) 0 Zk:72 ® An74(an2)0\ An74(Zn72)

3 A3(Zn_2) 0 Zk—2 ®A3(Zn—2) 0 A3(Zn_2)
9 AQ(Zn72) 0 7ZF2 A2(Z’n72)0\) AZ(Zn72)

1 7n—2 w2 ® 7k—2 0\
0 z 0 7h-2 0\ z

ER1 0 1 2 3 4 H?(B)

Figure 2.24: Here is the image of the second page of the Serre spectral sequence.

particular
Eyl=0=E)1 (2.188)

for all g. But since the differential on the third page ds: E?? — EZT*972 moves between even and odd p,
we conclude that EY'? = EP:? and therefore we only need to compute one page of the spectral sequence.

To do these calculations, we need to know information about the bundle structure. Recall that the Euler
class € € H?(B;Z"%) = H*(B;Z) ® Z"2 = 7F=2 ® Z"~2 completely determines the topology of the 77 2-
bundle over B. In particular, since B is simply connected, the fundamental group of M can be calculated

as
Zn—2

mM) = pE T Sy

(2.189)

By assumption 71 (M) is trivial which immediately implies & > n. Furthermore the Smith normal form of &
has only 1’s along the diagonal. By choosing bases for H?(B) = Z*~2 and 7 (T"~2) = Z"~2 we can splits é
up into its column vectors

€=1[61,...,€n—2] (2.190)

each of which are Euler classes for an associated S' € T2 sub-bundle. If the bases are chosen so that € is
in Smith normal form, then
& =e €2 (2.191)

form the standard basis for Z*—2.
The Euler class defines the differential

d: Z"? = Byt — B30 = 7k

in the following way
n—2

ae; (2.192)
1

dla) =d (Z_: aiez) =

1=
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where oo = Y1 12 a'e; € Z"2 and &; € Z*~2 for each i. We also have a trivial differential
d: B5° — EZP» 1 =0, (2.193)

Using the graded Leibniz rule and these two differentials, we can generate all of the other differentials. Let
a; € Z""? and 8 € HP(B) for p € {0,2,4}. The differential d: E}? — E§+2’q_1 is then

d(ﬁ@al/\-~-/\aq):d(ﬁ)@)al/\~-~/\aq+ﬁ®zq:(—l)ia1/\~-~/\d(ai)/\~-~/\aq (2.194)
i=1
:5®i(—1)ia1/\~~/\d(a¢)/\~~/\aq (2.195)
i=1
=ﬂ®zq:(—1)id(ai)Aa1A---A@A---Aaq (2.196)
i=1
zq: V(BUd())@ar A AG; A+ Aay (2.197)

where the hat is used to indicate an object which has been removed from the product.
We will now continue this calculation for in the p = 0 case. Let o € A9(Z"~?) which using multi-index
notation can be described as

a= > ales= > alvie; A Ney, (2.198)

Jery—? 1<j1 < <jg<n—2

Observe then the following;

dla)=d| > ale, (2.199)
Jery~?
—d Z ajl"'j‘lejl A Nej, (2.200)
1<j1<<jg<n—2
—d Z Ozjl"'j“ejl A Nej, (2.201)
Ji<ji+1

Here j; < ji+1 is simply used as a shorthand for 1 <j; <--- < j, <n—2.

q
= > Iy (—1)ld(e;,) ®ej, A NG A Ay, (2.202)
Ji<Ji+1 =1
= > Iy (<1)7e, ey A A& A Ny, (2.203)
Ji<jit1 =1
= >l Iy (<1 HENEE ge Ao Ne, Nej A Aey, (2.204)
Ji<Ji+1 i=1
Z Oéjl"'jq Z(—l)(i_l)qé]‘i ®e]‘i+1 /\"'/\e]‘q /\e]'1 /\"'/\ej,F1 (2205)
Ji<Ji+1 i=1
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We deduced i — 1+ (i—1)(¢—1i) = (i—1)g mod 2 by noting that when ¢ is even, (i—1)(¢—4) = (i—1)i =0
mod 2, and when ¢ is odd (i —1)(¢ —i) = (i —1)> =i —1 mod 2. Now let j,4; = j; for all 4, and we
continue or calculations.

q—1
= ) alI Y (<1)9,, e, A ey, (2.206)
Ji<Ji+1 i=0
1 o )
o Z ot Z(_l)zqéj1+i ®e€jpy N Nej (2.207)
" jie{l,...,n—2} i=0

The % is placed there to cancel out the redundant terms from no longer requiring a strict ordering of the j;.

Il
2| =
g

(_1)iqaj1qu§j1+i ® €j,., Ao A €. (2.208)

QJr+i-dati i1y @€, NN, (2.209)

|
2
7

Recall that cyclic permutations of the indicies in a/t*Js also introduces a (—1)% sign. And since we are
summing over all possible combinations of j; already, we can remove the sum over i.

1 o
=L S Y i ey, A Ay, (2.210)

_ Z Z ahquéjl ®ej, A Aej, (2.211)
J1=11<j2 <+ <jg<n—2
Z Ozjl"'j‘?éjl ®ej, A Nej, (2.212)
1<ji<n—2
1<j2< < jg<n—2
- Z ozjl"'j‘?ejl ®ej, A Aej, (2.213)

1<j1<n—2
1<j2 < <jg<n—2
J1#Ji

From the above calculations it is clear that d: Eg’q — Eg’q_l is injective and
Eg,q =0 (2.214)

for all ¢ # 0. Note that the image of d(EY?) € E3%"" is a primitive submodule. Since E39~" is torsion free
we conclude that the quotient E39™" /d(EY?) is torsion free as well.
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We now compute d: ZF=2 @ AY(Z"%) — AT=Y(Z"?). Let x € ZF¥~2 @ A9(Z"~2) and observe;

k—2
dx)=d (Z e ® o/) (2.215)
i=1
k—2
- Z (d(e;) ® o' +e; Ud(a')) (2.216)
i=1
k—2
=> eiUd(a’) (2.217)
i=1
k—2
= Zei @] Z Oz”l"']qéjl Qej, N--- A €j, (2.218)
i=1 1<ji<n—2
1<ja<-+<jqg<n—2
J1#7i
k—2
=> e U > a'tdie; @ej, Ao Aey, (2.219)
i=1 1<j1<n—2
1< < <jg<n—2
J1#57i
k—2
= Z Z a’tJi(e; Uej, )ej, Ao Ney, (2.220)
i=1  1<ji<n—2
1<) << jg<n—2
J1#£37i
Recall that the cup product Z*~2 ® Z¥~2 — Z defines a full rank symmetric bi-linear form Q.
k—2
=> > Qlei, ej, )t Jrej, N+ Nej, (2.221)
i=1 1<j1<n—-2
1<j2<+<jg<n—2
J1#£37i
k—2 n—2
= > Qei, €5 )a " T1ej, N--- Nej, (2.222)
i=1 j1=1 \1<j2<-<jq<n—2
J17#di
k—2 n—2
=>. > Y Qlee)a e A Ney, (2.223)
i=1 j=1 \1<ji1 < <jg—1<n—2
J#Ji
k—2n—2
= D> ) Qeisej)a’ | ey (2.224)
JerzE \ =y
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To simplify things we will only look at the coefficients now

k—2n—-2

d(x)” =Y > " Qe )0’ (2.225)
T
k—2n—2
=YD Qia’ (2.226)

i=1 j=1
Jj¢J
k—2n—2

=D Qya’ (2.227)

i=1 j=1

This can be thought of as taking the dot product of Q and a” in Z*~2 ® Z"~2. Of course the j** column of

o’ is zero whenever j € J. We can imagine o’/ to be in some subspace V C Z¥~2® Z"~2 which is isomorphic

to ZF=2 ® Z"~ 91, The orthogonal complement of this subspace V' is the set of matrices where the ;%™
column is zero if j ¢ J. Since @ is full rank, we know that @Q ¢ V+ and thus there exists a a’/ € V such
that Q - o’/ # 0. To show that in fact Q - o/ = 1 requires additional information.

From the Orlik and Raymond’s classification theorem, Theorem [2.34] we know that B is a connected sum

of CP%s, CP%s, and S2 x S2’s. This means that in the ‘standard’ basis of H? (B), the matrix represenation
1
of @, which we will denote by Q' € Z*~2 ® Z¥~2_ is a block diagonal matrix with entries [+1] and {(1) O} )

In particular, the columns of Q' are primitive vectors in Z*~2. We are not using the ‘standard’ basis which
means that Q = P~1Q’P for some P € GL(k—2,7Z). Note however that P~! acts on the column vectors and
sends primitive vectors to primitive vectors. Similarly P sends the column vectors to linear combinations of
columns vectors, and since this is invertible over the integers it sends column vectors to vectors which remain
primitive. In particular the column Q,; for [ ¢ J is primitive. This means there exists a vector w € Z*~2
such that Q.- w = Quuw' = 1. Now define o/’ := w' for j = | and a”” := 0 for j # [. By construction
Q- a’ = 1. Therefore d: E3? — Ey7 ! is surjective and

E3?=0 (2.228)

for all ¢ #n — 2.
We are then left only to compute

ker (d: E;’q — Eg’q_1>
B = (2.229)
im (d: J AR E;W)

Since all three spaces are torsion free, d: E3? — Ey7~ ! is surjective, and d: E39" — E3? is injective with
a primitive image, we conclude that E§ "% is torsion free. In particular this means it can be computed simply

by counting dimensions;

dim(E3?) = dim(ker) — dim(im) (2.230)
= dim(E2?) — dim(Ey9™") — dim(E 7™ (2.231)
= dim (2" ? ® AY(Z"?)) — dim (A7 1(Z"?)) — dim (AT} (Z"72)) (2.232)
n—2 n—2 n—2
:(k_Q)( q )_<q—1>_<Q+1> (2:233)
= Doty (2.234)
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where by, 4 is defined in Equation (2.180). Thus

E29 = b2+ (2.235)
for all gq.
As stated previously, £5 = E. Therefore when we collect Equations (2.186)), (2.187)), (2.188]), (2.214]),(2.228)),
and (2.235)) we see that Equation (2.179)) is satisfied and the proof is complete. [

In general the knowing the infinity page of a Serre spectral sequence is useful for computing rational
cohomology groups. However the following simple topological lemma, attributed to Jiahao Hu, shows that
our specific spectral sequence has additional properties.

Lemma 2.85. Let B be simply connected and F — E — B be a Serre fibration with associated integral
cohomology spectral sequence terminating on the " page, i.e. Es = E,.

1. If ER: is torsion-free for all p+ q = j, then H7(M;Z) is torsion-free.

2. If for each j, E2:2 =0 for all but at most one pair (p,q) such that p+ q = j, then

H*(E;Z) = Tot*(Ex) (2.236)
as graded Tings, where
Tot/ (Ex) = € ER. (2.237)
p+q=j

The first statement of Lemma immediately tells us that the cohomology groups (and thus also the
homology groups) of M are torsion free. In Lemma we explicitly compute the homology groups of the
manifolds M (n, k) described in Conjecture [A|to show that they are identical to the homology groups of M.
This proves Part [7] of Theorem [D]in the special case where M satisfies the hypotheses of Lemma

Lemma 2.86. The Betti numbers of the manifold

M(n, k) = #7=3 (j (’;; f) + (k—n) (” J_ 3)) §2H7  gni (2.238)

for k> mn are

1 i=0,n+2
by =40 i=1n-1 (2.239)
(k=2)(12) - (1= - (175) 2<i<n

Proof. Since M(n,k) is a closed, simply connected (n + 2)-manifold we know by = 1 = b,42 and b; =
0 = by41. For b; with 2 < ¢ < n we examine Equation . For each 0 < j < n — 3, the coefficient
in Equation contributes to both boy; and b,_;. Stated another way, b; is equal to the j =7 — 2
coefficient in Equation plus the j = n — i coefficient. This tells us the Betti numbers of M (n, k) are

by = ((1—2)(7;_3 + (k- n) (7;_;)) + ((n—i)(nn;i 1) + (k—n)(z_:j)) (2.240)

66



for 2 < i < n. We can now begin to simplify above expression
] i RCE] (g RRUEI (g ER U0 G (2.241)
O] (3 RACE] (S EYCEE T (il (2.042)
~e-a(325) - (155)- () 2213
o (i) ramn(i) - (i)

The last line is written as the sum of Equation (2.180) and a remainder term. Expanding this remainder in
terms of factorials gives

(n—2)‘ 1 1 n—29
(n—i T (1_2)(71_1-)) (2.244)

b = (k —2) (?:;) - (7;__;) - <T;__12> (2.245)

as desired. 0

which simplifies to 0. Thus

Theorem 2.87. Let M™ 2 have k rods and satisfy the hypotheses of Lemma . Then M satisfies Con-
jecture [4] in homology. That is,
H;(M;Z) = H;(M(n,k);Z) (2.246)

foralli=0,...,n+2, where M(n,k) is the manifold described in Conjecture .

Proof. We first use Lemmam to compute Tot'(M) := P EP:% and find

p+q=i
Tot! (Ex) = 2" (2.247)
where
1 1=0,n+2
(k=2)(173) - (15 - (17 2<i<n

Now using Lemma and Poincare duality we see
H;(M;7) = 7%, (2.249)
This agrees the homology groups computed for M (n, k) in Lemma thus
H;(M;Z) = H;(M(n,k);Z) (2.250)
as desired. O

Remark 2.88. The second statement from Lemma tells us that the cohomology ring of M is equal to
the cohomology ring of E+,, denoted by Tot*(E). Having found that Fo, = E3 in Lemma we can say

H (M 7) = (ker(dgz E> — E») >

2.251
im(dgi E2 — EQ) ’ ( )
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where the cup product is then inherited from the cup product on E5 described in Equation (2.181f). Using
the isomorphism

Ey =2 A*(Z" %) ® H*(B) (2.252)

and the graded Leibniz rule, the differential ds can be described by

da(w) = 0 (2.254)
where w € H*(B), e; € {e1,...,e, 2} C Z" % is a standard basis element, and é = (€1,...,6,_2) €

H?(B;7"~?) is the Euler class.

Recall that since B is a simply connected 4-manifold with torsion-free cohomology, its cohomology
ring H*(B) is fully described (H2(B;Z),Q), where @ is the intersection form. Using the isomorphism
U, : ker(A) — Hz(B;Z), Theorem |B| neatly describes (Hz2(B;Z), ) in terms of the rod structures. Simi-
larly, Theorem [2.81| neatly describes the Euler class in terms of the rod structures. The existence of both of
these theorems, along with the fact that Lemma [2.85] gives a way to explicitly compute the cohomology ring
in terms of H*(B) and the Euler class, implies that there ought to exist an elegant formula which computes
the cohomology ring of M in terms of the rod structures. Unfortunately as of the writing of this dissertation,
such a formula has not been computed.

2.10 Plumbing

Characterizing the domain of outer communication can be done in two main ways. One way is by compact-
ifying the space and classifying it as a simply connected manifold. In the next section we use this method
for spatial dimensions 4, 5, and 6 and will explain the obstructions that arise in extending these results into
higher dimensions. The other method is by breaking up the domain of outer communication into simpler
pieces, then gluing them back together. This is the method of plumbing constructions which will be discussed
in this section, whose main purpose is to provide the proof of Theorem [E] Since this is a purely topological
result, any mention of dimension in this section will refer only to the spatial dimension.

In Theorem [E] the domain of outer communication is broken up into components based on the number
of corners they contain. The pieces which contain no corners are either the asymptotic end M.,q4, or a
piece which is homeomorphic to [0,1] x D? x T"~! which we denote CZH. When a piece contains a single
corner it is a neighborhood of that corner, and thus by admissibility it is a tubular neighborhood of a torus
B*xT"~2. This part of the analysis is identical in the 4-dimensional case and is covered in [25, Theorem 1].
The differences in higher dimensions occur when looking at components which contain at least two corners.
A component with exactly two corners will turn out to be the product of a torus 773 with a disk bundle
over a 3-manifold rather than a 2-sphere. For components with more than two corners, we will have to define
a generalization of plumbing where the fibers and base space are not the same dimensions.

Theorem 2.89. Let N be a neighborhood in the orbit space of a portion of the axis I' with 2 corners and no
horizon rods. The total space over N is isomorphic to T" 3 x & where the action of T™ = T" ™3 x T3 acts
componentwise. Here & is a D?-bundle over X € {S3, L(p, q), S* x S?}. The formula for the topologies of X
and & are computable from the rod structures.

Proof. The rod diagram of our space has three axis rods separated by two admissible corners. Using Remark
we can, without changing the topology, transform our rod structures into the form of Equation ,
where the last n — 3 entries of each rod structure are 0. Now the last n — 3 Killing fields never vanish, hence
the total space is a product manifold 773 x &, where the T™-action splits naturally into 772 acting on
itself and T° acting on &. Here ¢ denotes the manifold given by the rod diagram {(1,0,0), (0,1,0), (g,7,p)}.

The space £ can be deformation retracted to the middle axis rod where the second Killing field vanishes.
This rod represents a closed manifold X € {S®, L(p, q), S' x S?}. Fibers over this space correspond to rays
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extending out from the middle axis rod; see Figure [2.26] Each point in the interior of the middle axis rod
corresponds to an entire 72 while a ray terminating at that point corresponds to D? x T?. Each of our
two corners corresponds to an S in our base space X while the adjacent axis rods corresponds to D? x S*.
Therefore ¢ is a D?-bundle over X.

To determine the topology of X and £, we look at the rod structures. If they are linearly dependent,
then by admissibility the rod structures are {(1,0,0), (0,1,0), (1,7,0)}. Again, there is a free S* action, and
after factoring out this action, it remains to analyze a disk bundle in 4-dimensions generated by the diagram
with rod structures {(1,0), (0,1), (1,7)}. The base space of this latter bundle is S?, and its self-intersection
number, or equivalently the characteristic number of its Euler class is r, see [25]. In particular, we have
X =8t x §2.

If the rod structures {(1,0,0),(0,1,0),(g,7,p)} are linearly independent, the base space X = L(p,q).
Recall that L(1,q) = S® for all ¢. The number of distinct disk bundles, or equivalently SO(2)-bundles, over
X is determined by the number of homotopy classes of maps from X to CP°°, the universal classifying space
for SO(2). Since CP* is an Eilenberg-Maclane space of type K(Z,2), homotopy classes of maps from X
to K(Z,2) are classified by H*(X;Z) = Z,. The element in a cohomology group which corresponds to a
specific bundle ¢ is called the Fuler class e(§). This is a total invariant of the bundle &.

By the uniqueness of the Hermite normal form, the r € Z, = H?(L(p,q);Z) in the rod structure
is uniquely determined for each equivariant homeomorphism class of £. Conversely, for each class in
H?*(L(p,q);Z) = Z, there is a unique disk bundle over L(p,q). Each of these disk bundles admits an
effective T3 action, with T' acting on the fibers, and a T? acting on the base L(p,q). Thus to each of
these disk bundle corresponds a rod diagram with 3 axis rods and two admissible corners. This gives us a
one-to-one correspondence between 0 < r < p and e(¢) € H?(L(p, q),Z). Furthermore, for the trivial disk
bundle D? x L(p,q) both e(¢) = 0 and r = 0. This is because the quotient of L(p, q) by its T?-action can be
represented as an interval where the (1,0) and the (g, p) circles degenerate at the end points. Similarly, the
quotient of D? by S can be represented by a half open interval where the circle degenerates at the one end
point. Taking the product of these two spaces gives us a rod diagram of {(1,0,0), (0,1,0), (¢,0,p)}, from
which we deduce that r = 0. O

The above theorem shows that the total space over a neighborhood of three consecutive axis rods {u, v, w}
is T3 x €. There is a subtorus T which leaves the slices {¢p} x & < T"~3 x ¢ invariant, and is spanned
by the rod structures {u,v,w} C Z™ as follows:

T3 o spang{u,v,w} R" | ™ 9955

= T C ﬁ = . ( . 5 )

However, {u, v, w} is not necessarily a primitive set. We may therefore need to perform an integral version

of the Gram-Schmidt process to produce a primitive set. Note that in the following lemma, if £ is a disk
bundle over S* x S2, then p =0, ¢ = 1, and Equation (2.256)) is trivially satisfied.

Lemma 2.90. Let {u,v,w} C Z" be consecutive rod structures whose neighborhood lifts to T" ™3 x & in
the total space, where £ is a disk bundle over L(p,q) with Euler class determined by r. Then there exists a
unique vector p € Z" satisfying

W = qu + rv + pp. (2.256)

Furthermore {u,v,p} C Z"™ forms a primitive set.
Proof. The first step is to show that p is well defined by , and is indeed a primitive vector. We put
{u,v,w} into its Hermite normal form and let A be a coordinate transformation which satisfies Au = ey,
Av = ey, and Aw = ge; + res + pes. Let p = A les, then clearly w — qu — rv = pp is divisible by p.
Furthermore, since es is a primitive vector we obtain that p = A~ 'es is primitive as well.

Note that {u, v, p} is a primitive set if and only if Dets(u, v, p) = 1. By multi-linearity of determinants
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and Equation (2.256)), we compute
Dets(u, v, p) = p~ ! Dets(u,v,w) = p~ ! Dets(e1, ez, (¢,7,,0,...,0)) = 1, (2.257)

where the next to last equality follows from the coordinate invariance of Dets. It follows that {u, v, p} forms
a primitive set. O

We now turn to handle portions of the axis with more than two consecutive corners. Portions of the axis
with [ 42 corners will be shown to be [+ 1 disk bundles glued together. This gluing will be a generalization of
plumbing. This higher dimensional plumbing, which we will refer to as toric plumbing is not a straightforward
generalization of other linear plumbings due to the extra circles. For each pair of disk bundles we will define
a plumbing vector which distiguishes the different ways two disk bundles can be plumbed together. Figure
shows some examples of the same two disk bundles being plumbed together in different ways to form
non-homeomorphic total spaces.

Consider a section of the axis rod with rod structures {vg,vi,...,v;42}. From Theorem a neigh-
borhood of each consecutive triple of rod structures {v;, v;11,v;12} lifts to the total space M as a product
& =2 T3 x & C M where & is a disk bundle with Euler class determined by r; over either L(pi,q;) or
St x 82 if p; = 0. We can arrange the rod structures into Hermite normal form {wg, w1, ..., w; 4o} so that
Av; = w;. Recall that A may not be unique, but the w;’s are. By remark [2.:21] the first three elements are
Wy = e1, W1 = ey, and wa = (qo, 0, D0, 0,...,0). For each i such that p; # 0, there exist by Lemma
vectors p,; satisfying

Wite = GiW; +T;Wit1 + piPp;. (2.258)

When p; = 0, we define p, = 0, and (2.258)) is trivially satisfied.
Definition 2.91. The vectors p; satisfying (2.258) are referred to as plumbing vectors.

Remark 2.92. If B is a change of coordinates, i.e. a unimodular matrix, then {vg,...,v;42} and
{Bvo,...,Bv;12} have the same Hermite normal form and thus the same plumbing vectors. Therefore
the plumbing vectors do not depend on the choice of coordinates, but rather depend only on the topology
and toric structure of the total space.

While the set of plumbing vectors is uniquely determined by a set of rod structures, they are not uniquely
determined by a set of topologies &;. In Figure we present two pairs of examples of the same disk
bundles being plumbed using different plumbing vectors. From Remark [2:92) we know that the total spaces
will actually have different toric structures, and not just differ by a change of coordinates. Furthermore, in
these examples the boundaries of the total spaces have different fundamental groups. Thus plumbing vectors
can affect the actual topology of the total space, not just its toric structure.

Plumbing vectors satisfy a number of relations, the first of which is the collection of recursion equations

Wo = €1, W1 = €3,

Wito = ¢;W; +1miWip1 + pip, if p; # 0, and (2.259a)
for i =0,1,...,l. These relations are also used to define the plumbing vectors. The next two conditions are

admissibility and primitivity. Adjacent rods {w;;1, w; 12} need to be admissible, i.e. Deto(W; 1, W;t2) = 1.
By using the recursion relations and the multilinearity of determinants, this can be rewritten as

Detsy (Wi-l—h qiW; eripi) =1. (2259b)
The primitivity condition

Detg{w;, wit1,p;} =1, (2.259¢)
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L(3,2) x S

(1,0,0,0) (0,1,0,0) (0,0,1,0) (0,0,0,1) (1,0,0) (0,1,0) (2,3,5)  (11,9,24)
P (€.£]es) P (£1,£2[(1,0,2))
SQ X T3 SS X Sl

(1,0,0,0)  (0,1,0,0) (0,0,1,0) (1,0,0,0) (1,0,0)  (0,1,0)  (2,3,5) (—3,9,—11)
’P(£7€|el) P(§17£2|(7170773))

Figure 2.25: The left two examples are different plumbings of the trivial bundle & = S* x D? x S3 with itself.
In the top left example the plumbing vector is p; = e4 while in the bottom left example the plumbing vector
is p; = e;. The right two examples are different plumbings of &; over L(5,2) with Euler class determined
by 3 and &; over L(7,3) with Euler class determined by 2. The plumbing vector for the top right example is
p; = (1,0,2) while the plumbing vector for the bottom right example is p; = (—1,0,—3). We can see that
for each pair the topology and toric structure of the total space is different because the plumbing vectors

are different. The notation P (£1,€2,u) refers to the toric plumbing of £; and & with plumbing vector u as
defined in Definition m

when p, # 0, is guaranteed by Lemma If p, = 0 then this condition does not apply. Finally, we get
two conditions from the fact that {wyg, ..., w;12} is in Hermite normal form. The first tells us what the last
possible nonzero entry is for each plumbing vector. Let p, = (pi1,...,Pin), and for convenience define p_,
to be ey. If p;; =0 for all j > r and —1 <3 < k, then

pr; =0 (2.259d)

for all j > r. The second restricts the size of the other entries. If py . is the last non-zero entry of p, and
if Pir, =0 for all 0 < i < k, then wyyo 1 is a pivot in the Hermite normal form {wg, w1,..., w42} and

0 < Wi42,5 < W42, 5 (2.2596)

for j < ri. These relations are collectively referred to as the plumbing relations.

Using the plumbing relations one can find all possible values for p,. If the base space of & is S* x S2
then pg = 0 so from Equation po = 0. If po # 0 then we use Equation to see that
po = (a,b,¢,0,...,0) for some integers a, b, and c¢. This makes ws 3 a pivot, and using the recursive
definition in Equation gives us 0 < a < c and 0 < b < ¢. Finally the primitivity condition
forces ¢ = 1 and p, = e3. Since p,, is determined only by the topology of & and not by any plumbing
information we do not include it when describing the plumbing of &, and &;.

Remark 2.93. The plumbing relations together with the topologies of the disk bundles completely
determine p; in the special case that &, is a bundle over S! x S2. In the first case when &; is also a bundle
over S x S? we have p, = 0 by Equation . The second case is where & is a disk bundle over a
lens space. We now know that p, = 0 so from Theorem and Equation wy = (1,70,0,...,0)
and ws = (r1,70m1 + ¢1,0,...,0) + p1p,. Since {wy,wy,p;} forms a primitive set we know that p; =
(a,b,c,0,...,0) for some integers a, b, c. Equation gives 1 = Detz{es, wa,p;} = ¢. Now applying
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P1

€1

P2
€3

Figure 2.26: In the figure above we have wo = €1, wi = ea, wa = (qo,70,P0), and w3 = 1 w1 + 11 Wa + p1Py,
in accordance with Equation (2.259a). The diagram on the left shows a toric plumbing of two disk bundles,
&o and &1, over lens spaces L(pg, qo) and L(p1,q1), along plumbing vector p,. The fibers of €y are given by
rays emanating from wy, while the fibers of £; are given by rays emanating from ws. One can see that in
the overlap that the fibers and sections of the base switch roles between £y and £;. The overlap is shown
again on the right, but this time a transformation matrix has been applied which sends w; to e; and ws to
ey. This allows us to view the overlap as homeomorphic to C2 x S! with coordinates (pie'®!, poei®2, ¢3).

the pivot condition, Equation (2.259¢)), we see 0 < arip; < p;. But from Theorem 0<r <ppso
a = 0. Similarly, we get the condition that 0 < p1b + r¢r1 + g1 < p1 which uniquely specifies b. Therefore
when p, = 0 and p; # 0 there is only one vector p; = (0,b,1,0,...,0) which satisfies all the plumbing

relations from Equations ([2.259)).

Proposition 2.94. There is a one-to-one correspondence between collections of admissible rod structures

{wo,W1,...,Wira} C Z" in Hermite normal form and collections of bundles {€o,&1,...,&1} paired with a
set of primitive vectors {py,...,p;} C Z" satisfying Equations (2.259).
Proof. Let {wg, w1,..., w12} C Z™ be a collection of admissible rod structures in Hermite normal. Theorem

shows that from each successive triple {w;, w; 1, W; 2}, there is a unique bundle &; which is the lift of
a neighborhood of these three rods to the total space M. The rod structures also give the integers ¢;, r;,
and p; used in Definition @ to define the plumbing vectors. Since these p, are indeed plumbing vectors,
they satisfy the full plumbing relations in Equations (2.259).

Conversely, let {£o,€1,...,&} be a collection of bundles and let {p;,...,p;} C Z" be a collection of
vectors satisfying Equations . These equations do not make sense without defining rod structures
{wWo,W1,...,Wiy2}, which is done in Equation . Note that the w; are unique since the integers
¢i, i, and p; are uniquely defined by each &; in Theorem m By hypothesis, {wqg, w1, ..., w; 1o} satisfies
Equation which can be rewritten as Deto(w;11, W;t2) = 1, thus proving admissibility. To show
that the rod structures are in Hermite normal form, we must verify that the matrix composed of column
vectors w; satisfies the conditions of Lemma, m To do so, let wy42,4, be a pivot. That is, w424, is the
last nonzero component of wy9 and w; p, =0 for all 0 <7 < k4 2. Since w; 3 is a linear combination of
w;, W;+1 and p,, this is equivalent to the conditions of Equation . Therefore whenever w42 p, is a
pivot, we have 0 < wy19; < Wiyon, for all j < hg. This proves that {wy,..., w42} is indeed in its unique
Hermite normal form. O

Definition 2.95. Let & =2 T" 3 x &, i=0,...,l, where each &; is a D?-bundle over either a lens space or
St x S2%. Let {py,...,p;} C Z" be a collection of primitive vectors satisfying the plumbing relations from
Equations (2.259). We define the toric plumbing of £o,&1,...,& along the plumbing vectors py,...,p; to
be the (n + 2)-dimensional simple 7™-manifold given by rod structures {wo, w1, ..., w;} where the w; are
determined by Equations . This simple T"-manifold is denoted by P (50,61, & |p1, e ,pl).

Toric plumbing is a generalization of standard equivariant plumbing. In the latter the base and the
fiber have the same dimensions, while in the former they do not. To see that this is related to standard
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plumbing, we restrict ourselves, for the sake of clarity, to n = 3 and consider the simple T3-manifold
P ({0,61 ’pl). First observe that this is a gluing of €y and £€;. We can see the first inclusion £y < P (fo, & ‘pl)
easily since {wg, w1, Wz} is the standard rod diagram for £y. To find the inclusion of &; simply apply the
coordinate transformation A which sends w; to e;, w2 to es, and sends p; to ez if p; # 0. Observe
that {Awq, Aws, Aws} is the standard rod diagram for £;. The matrix A exists because of the primitivity
condition from Equation .

We will now show that the gluing map has a form similar to the gluing map from standard plumbing.
The map will be from a subset of £y to a subset of &1, as depicted by the overlap in Figure [2.26] This
region is an open neighborhood of a single corner, thus is homeomorphic to S' x B%. In both &g, and &; this
corner represents a single circle, called a polar circle, in the base 3-manifold where one of the Killing fields
degenerates. It is apparent that the overlap region can be thought of as a trivialization S* x B2 x D? of the
D2-bundle &; over a neighborhood of a polar circle. Here we use B? for a disk in the base, as opposed to
D? for a disk fiber. Just as in standard plumbing we can see from Figure that the D? fibers, in say &
which are represented by rays emanating from w;, switch roles in the overlap with the B? sections in the
base of &5, represented by rays emanating from wo.

In order to fully define the gluing of £y and &; we need some automorphism on the overlap S! x B2 x D2,
The discussion above shows that B? and D? get switched which leaves the circle S' unaccounted for. Since
the automorphism must respect the action of T2 on S' x B? x D2, the image of this S' can be represented
uniquely by a homotopy class, i.e. an element of 7 (T3;Z) = Z3. Note however that the S! being sent to a
vector in Z3 is not the polar circle ST C S* x B2 x D? but rather an S' C T2 which acts upon it. These circle
actions are not unique because there are two Killing fields, the ones associated to B? and D? respectively,
which vanish on the polar circle. The only criteria we have for these circle actions is that the Lie group
homomorphism from T2 to T be an isomorphism. This is equivalent to saying that our circle, together with
the circle actions on B? and D?, forms an integral basis for Z3. Letting this circle action be represented
by the plumbing vector p; € Z3, we see that this is exactly the statement of Equation for i = 1.
Therefore we can think of the plumbing vector, defined in Equation , as representing the image of
our circle action.

Writing a simple 7"-manifold M as a toric plumbing of disk bundles P ({o, &1,...,& |p1, e ,pl) facilitates
the analysis of rod diagrams. Indeed P (€o,&1,... ,§l|p1, ...,p;) and P (&,&),... ,{Hp’l, ...,p}) can be
distinguished easily, as they are isomorphic if and only if §; = .f; and p, = p), for all j and k. To see
this, use Proposition m to get rod structures {wo,..., w2} and {wg,...,w; .} from the disk bundles
and plumbing vectors. These rod structures are automatically in their unique Hermite normal form, and
therefore the two simple T™-manifolds are isomorphic if and only if the rod structures are identical.

Remark 2.96. Given a set of bundles {£g,&1,...,&;} it is difficult to determine all possible sets of vectors
{p1,P2,...,p;} for which the plumbing relations are satisfied. However it is fairly easy to check if
a given set of vectors {p;, Ps,...,P;} satisfies the plumbing relations for the bundles {£o,&1,...,€;}. First
check that each p, is a primitive vector. Then simply follow the recursion equations to find all
the w;. If each successive pair {w;, w; 1} is admissible, i.e. if their second determinant divisor is 1, then

{wo, ..., W2} does indeed give a well defined rod diagram for a manifold. Lastly check if {wyg,..., w12}
is in Hermite normal form. If they are in Hermite normal form then {p,,p,,...,p;} are valid plumbing
vectors, and in fact are the plumbing vectors for the manifold given by {wyq,..., w;ia}.

Figure exhibits an example of the decomposition stated in the theorem with three black holes,
one toric plumbing, a piece with one corner, and another piece with no corners. Note that the horizons
are deformation retracts of the gray areas, hence removing them has no effect on the domain of outer
communication. Given any rod diagram, we can decompose the orbit space, minus neighborhoods of the
horizon rods, into these components. This completes the proof of Theorem [E}
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M5

end

P(&1,€2(p) S1 x B co

(1,0,0) (0,1,0) (2,1,5) (2,1,4) (1,1,0) (4,5,0) (0,0,1) (0,0,1)

Figure 2.27: This is an example of the decomposition of the domain of outer communication described in
Theorem [E] The black hole horizons are deformation retracts of the gray areas. There are four remaining
pieces. Since this is a topological description, we can deform the black hole horizons to the boundary of the
empty regions. In the leftmost piece, & is a D?-bundle over L(5,2) with Euler class determined by 1 and &
is a bundle over L(2,1) with Euler class 0. The plumbing vector is p = (1,0,2). The asymptotic end Me,q
is homeomorphic to Ry x S x §3. The rightmost piece C° is the product [0,1] x D? x T2

2.11 Equivariant Cohomology

In this section we will define a few concepts from the world of toric topology and relate them to the tools
introduced in Theorems [B] and [C] The majority of the focus will be on equivariant cohomology and the
equivariant cohomological rigidity problem, which we will define later. Interestingly, all of the definitions and
results from toric topology presented below work equally well for simple T™-manifolds of any cohomogeneity,
not just cohomogeneity two. Despite this fact, we will present the results only for the cohomogeneity two
case as the tools we wish to compare them to are defined only for simple T"-manifolds of dimension n + 2.
Unless otherwise stated, all manifolds in this section are assumed to be closed.

We begin first with the construction of a Stanley-Reisner ring of a simple k-gon (see |4l §3.1] for a
discussion on Stanley-Reisner rings of a general simplicial complex).

Definition 2.97. Suppose Py is a k-gon with edges I'1,...,'x. The face ring or Stanley-Reisner ring of Py,
is a polynomial ring on k generators of degree two

Z[Ty,...,T]
(T;T;|T; N =0y

Z[Py) = (2.260)

Next we will define the equivariant cohomology first as a ring, and then as an algebra (see |33] and
|4, §B.3] for more details).

Definition 2.98. Given a topological space X and an action of G on X, the equivariant cohomology ring
of the pair is denoted by H(X) and defined as the integral cohomology ring

H5(X) = H*(EG x¢ X) (2.261)

where EG is the total space of the universal classifying bundle FG — BG and

EG x X

E X =
GXG e

(2.262)

is the quotient of G via the diagonal action.

In our case the group G is the torus 7" and our topological space X is a simple T"-manifold M"*2.
The following lemma [33] Prop. 2.1]|49, Theorem 3.5] relates the equivariant cohomology ring of a simple
T™-manifold M"+2 with the face ring of its quotient space as a polygon.

Lemma 2.99. Let M"2 be a closed simply connected T™-manifold with k rods {T1,...,T1}. The equivariant
cohomology ring of M is isomorphic to the Stanley-Reisner ring of a k-gon, Z[Py]. Specifically
Zlri,. .., Tk

Hpa (M) = rD AT, =) (2.263)
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where T, € H2,(M) is the Poincaré dual of the equivariant cycle corresponding to the co-dimension 2
submanifold 7= (I';) C M.

Notice that as a ring, the equivariant cohomology carries very little information about M. It can only
be used to distinguish manifolds which have a different number of rods. For instance as rings H7» (CP?) =
Z[Ps3] = H3s (S®), and thus cannot be distinguished by their equivariant cohomology rings alone. However,
the introduction of an algebra structure will be useful in distinguishing them.

Recall that G acts on the universal classifying bundle EG with quotient equal to the universal classifying
space BG. This produces a projection map

P: EG x¢ X — EG/G =: BG (2.264)
The map acts on cohomology
P*: H*(BG) — H*(EG x¢ X) =: H5(X) (2.265)

to give H(X) additional structure as algebra over H*(BG).

Definition 2.100. Given a topological space X and a group action of G on X, the equivariant cohomology
algebra of the pair is the ring HE (X) equipped with the additional structure of an algebra over H*(BG)
defined by

u-w:= P*(u) Uw (2.266)

where u € H*(BG), w € H}(X), and P*(u) U w is the cup product of P*(u) and w as elements in
H*(BEG x¢ X).

The torus T™ is fortunate enough to have a universal classifying space which is a manifold, specifically
BT™ = (CP*™)™. (2.267)

Additionally the cohomology ring H*(BT™) is easy to express. It is the free polynomial algebra on n
generators of degree 2, that is
H*(BT™) = 7Z[e!,...,e"]. (2.268)

Therefore the H*(BT™)-algebra structure on the equivariant cohomology is completely defined by where
P*: H*(BT™) — H}.(M) sends the n generators of H*(BT™). The following lemma [49, Lemma 3.6]
[33L Prop 2.2] does exactly this.

Lemma 2.101. Let M"*2 be a closed simply connected T™-manifold with rod structures {vi,...,vi}. The
H*(BT™)-algebra structure on Hx. (M) is defined by

k
P(e') =) wir (2.269)
j=1

where vj = (vj, ..., v}).

The above lemma makes clear that the algebra structure is defined entirely by the rod structures. Thus if
two simple T"-manifolds M ™2 and N™*2 are strongly equivariantly homeomorphic they must have identical
equivariant cohomology algebras. If M and N are only weakly equivariantly homeomorphic, that is if there

exists a homeomorphism F: M — N and an automorphism ¢ € aut(T™) such that

F(t-p) =(t)- F(p) (2.270)

for all t € T™ and p € M, then the equivariant cohomology algebras of M and N must be related in some
way. This brings us to the notion of weakly isomorphic equivariant cohomology algebras.
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Definition 2.102. Two equivariant cohomology algebras H3..(M) and Hi..(N) are weakly isomorphic if
there exists a ring isomorphism ®: Hx., (M) — H}..(N) and an automorphism ¢ € aut(T™) such that

O(u-w) = ¢*(u) - D(w) (2.271)
for all w € H*(BT") and w € H}.,(N), where ¢* denotes the automorphism on H*(BT"™) induced by ¢.

We can now finally state and the equivariant cohomology rigidity question and its resolution. The question
is: Is the weak equivariant homeotype of a simple T™-manifold completely determined by its equivariant
cohomology algebra? This is answered affirmatively by the following theorem.

Theorem 2.103. [48, Theorem 4.2] Two simple T™-manifolds M™% and N"*? are weakly equivariantly
homeomorphic if and only if their equivariant cohomology algebras are weakly isomorphic.

It is interesting that equivariant cohomology algebra turns out to be equivalent to the equivariant homeo-
type of a simple T"-manifold. Unfortunately right now this cannot be directly used towards proving Con-
jecture [A] which is an attempt to classify the homeotypes of simple 7"-manifolds. Indeed the classification
of weakly equivariant homeotypes is trivialized by putting the rod structures in Hermite normal form (see
Lemma. Though clearly the rod structures can be used to reconstruct the manifold (see Corollary
which means they must contain the information of the homeotype of the manifold. Simply put, the equiv-
ariant cohomology algebra is too information rich to be used to classify homeotypes directly.

The equivariant cohomology algebra, which again is equivalent to the rod structures, becomes useful in
one of two ways. The first way is to develop a partially forgetful functor which transforms the equivariant
cohomology algebra into, or otherwise uses the rod structures to compute, an existing topological invariant.
This is the method most commonly employed. See for instance Theorem [B| where the rod structures are
used to compute the intersection form, or Section [3| where they are used to compute the homology groups.
The second way the rod structures become useful is in defining auxiliary structure to extend the usefulness
of existing topological invariants. This is the rational for defining the ‘equivariant intersection form’ in
Theorem [C] which is also proved in Section [3] We end this section with the following construction of the
cohomology ring of the manifolds M (n,n) described in Conjecture |Al This too is unfortunately not directed
useful in proving Conjecture [A|since the manifolds M (n,n) are already classified by Theorem m However
the construction below partially inspired the CW complex construction in Section [3] and thus we feel it is
important to include.

Remark 2.104. The manifolds M (n,n) are entirely determined by their number of rods, and thus the Stanley-
Reisner ring can be used to directly compute the cohomology ring. In |4, §4.5] a detailed construction is
carried out, which goes as follows. The Stanley-Reisner ring is first defined as

Z[Flv s 7Fn]

Z = . 2.272
[Pn] <F1FJ|F1 N Fj = (Z)) ( 7 )
Using the exterior algebra A*(Z™) they then define the quotient algebra
A(Z"™) @ Z[Py,
R*(Pn) = (2") & Z{P:] (2.273)

<e1F1|z:1,,n)

At this point a bi-degree map and a type-(—1,0) differential operator are introduced to R*(P,) making it a
bi-graded co-chain complex;

bideg(e;) = (—1,2) d(e;) =T (2.274)
bideg(T;) = (0,2) d(T;) =0 (2.275)

Loosing the information of the bi-grading gives a degree map of deg(e;) = 1 and deg(T';) = 2. The cohomology
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ring generated by this co-chain complex is isomorphic to the cohomology ring of M (n,n);

H*(M(n,n);Z) = H[R*(P,)]. (2.276)

7



3 Cellular Homology

The main purpose of this section is to prove Theorem [C] and Part [7] of Theorem [D} We in fact end up
proving slightly stronger versions of both of these statements. The methods used in these proofs involve
constructing a CW complex from the rod structures of M and explicitly computing its cellular homology.
The calculations are highly technical. For this reason we present all of the main results here. Complete proofs
are also provided here, but they offer little more than a reference to the relevant lemma. Most lemmas will
be given their own subsection, with the smaller ones sharing a subsection.

Theorem below discusses two main tools and how they interact. The first tool is the well known
action of H,(T™) on M

H(T")®@ H,(M) — H.(M)

which comes from the group action 7™ x M — M. The second tool is a stratification of the homology groups
H,.(M). Indeed, in the construction of the CW complex for M we find that the torus action produces a
natural stratification which ends up passing to homology. This gives Equation and will be discussed in
length in Section |3.2

Theorem 3.1. Let M™ be a simple T™-manifold with rod structures {vi,...,vi} forming the matric
A:7ZF — 7™, The homology groups H.(M;Z) form a stratified H,(T™;Z)-module

.E[Z(JM'7 Z) = HZ'Q()(M; Z) P Hi,Q’Q(M; Z) (o) Hi,4’4(M; Z) (31)

where [ - [x] € Hyyep(M;Z) for oll (o] € H(T™;Z) and [x] € Hyp(M;Z). Any weakly equivariant
homeomorphism (F,@): (M,T™) — (M, T™) respects this module structure in the sense that

F(la]- X)) = p.a] - Fi[x] (3.2)
where Fy[x] € Hqp(M;Z) and p.[a) € H(T"; Z).

Proof. The homology groups H, ,(M;Z) are defined in Section and are shown in Lemma to have the
property that [a] - [x] € Hyqep(M;Z) for all [a] € H (T™;Z) and [x] € H,,(M;Z). The second property,
Equation (3.2)), is proven in Lemma O

The following Theorem shows how to compute the homology groups. Notice that H; o and H; 4.4
have simple formulas while the formula H;_5 2 is quite complicated. Intuitively H; ¢ is the portion of the
homology which comes from the fundamental group. If the fundamental group has a non-trivial free part
then M2 = 77l x N'*2 for some simple T'-manifold N. The portion of the homology which comes
T s H;_4 4. The remaining portion is H;_2 2> which comes from N. This is computed using a function
A~2(id ® A) which maps A'=2(Z") ® Z* to A*~1(Z") by

A2([dRA) (w @ W) == w A A(w). (3.3)
The group H,_» 2 contains the bulk of the homological information of M and is simplified in Theorem

Theorem 3.2. Let M™ be a simple T™-manifold with rod structures {vy,...,vi} forming the rank-l matric
A:7ZF — 7", Define E C {1,...,k} so that there is a corner at I'. N Twyq for every c € E. The bi-graded
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homology groups of M are

N l
nl
Hio(Mi2) & oy = "z 69]6—91 Z/s;Z) (3.4)
ker(A"2(id ® A))
H; M;Z .
- 22( ) At J(Zn) {Va®eaavc+1®ec+vc®ec+1|>aE{L-"ak}aceE} (35)
Hyoys(M:Z) > A2z M s closed (3.6)
e {0} M is not closed. .

Proof. The H; (M;Z) homology group is calculated in Lemma Similarly the H;_4 4(M;Z) homology
group is calculated in Lemma Equation (3.5)) is technically proven in Lemma however is not
discussed until Lemma [3.22) O

Theorem 3.3. Let M"*2 be a simple T™-manifold with k rods and m corners. If Hi(M;Q) = {0} then
Hi_22(M;Q) can be computed from

dim(H;_g.(M; Q) = k(z’jQ> - (Z " 1) - k(?:;> - m(?::?) (3.7)

If instead Hi(M;Q) = Q~!, then M = T"~! x N'*2 for some simple T'-manifold N, and H;_2(M;Q)
can be computed using the universal coefficient theorem and the following Kiinneth-like formula

Hyy(M;Z) = @ H(T"2) @ Hyp(N;Z). (38)
ct+d=a

Proof. The Kiinneth-like formula is found in the proof of Lemma as Equation (3.111). Equation (3.7))
is derived in Lemma [3.22 O

In the following theorem we show that H,.(M) is torsion free when M is simply connected. More
importantly we confrim that Conjecture [A] holds in homology.

Theorem 3.4 (Theorem@ Part . Let M2 be a closed simply connected T™-manifold with k rods. The
integral homology of M 1is torsion-free and has Betti numbers

1 i=0,n+2
"m0 i=1n+l (3.9)
k(T2 - (") 2<i<n.

In particular M has the same integral homology as M(n, k) in Conjecture '
H;(M;Z)= H;(M(n,k);Z). (3.10)

Proof. When i € {0,1,n + 1,n + 2} the formula is obvious so let 2 < i < n. In Lemma we see that
H;_22(M;Z) is free with dimension

dim(H;_22(M; 7)) = k( 7_””2) (:J - k<?:;> - k(?:j) (3.11)

Using the formulas from Theorem we see that when M is simply connected H;_o o(M;Z) = H;(M;Z).
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In Lemma we see that H;(M(n,k);Z) is free with dimension

dim(H; (M (n, k); Z)) = (k — 2) <" N 2) - (” N 2) - (" - 2>. (3.12)

1 —2 1 —3 1—1

A simple application of the following binomial coeflicient identities will show that all three of these expressions

are identical;
(zf2> (?:;>+<1Z:32>+<?__22> (3.13)
(21—11> (TZL:D”(TZL:;)*(?__;) (3.14)

O
The final main result of this section is the proof of a slight generalization of Theorem [C] to work for

non-simply connected manifolds as well. We write the theorem in its entirety here, where all the homology
groups H;(M;Z) and H;(M;Z) in the statement of Theoremare replaces by the subgroups H;_2 2(M;Z) C
Hl(M, Z) and Hj_Q,Q(M; Z) C HJ(M, Z)

Theorem 3.5 (Theorem ) Let M"™2 be a simple T™-manifold with rod structures {vi,...,vg} C Z"
defining the linear map
AT2d®A): A2 @ ZF — ATz

by sending a @ e, to a A v, for each basis element e, € ZF and each o € N"=2(Z").
a. For each 2 <1 < n there exists a surjective homomorphism
Uit ker(A"2(id®A)) — Hi_29(M;7Z) (3.15)
(a1,...,a1) = |a] (3.16)
which is described explicitly in terms of the rod structures.

b. The map V;, well-defines a bilinear form, which we refer to as an equivariant intersection form,

Q: Hi22(M;Z) @ Hj_22(M;Z) = Hiyj—o(T"; Z) (3.17)
by
Qal, 18]) == Y. aaAVaAByAvy € NVTHZM) = Hyj o(T";7Z) (3.18)
1<a<b<k—1

where [a] and [3] are homology classes in H;_oo(M;Z) and Hj_o o(M;Z) respectively.

c. Assume M is simply connected so that Ho(M;Z) = H;_29(M;Z). When i = 2 the map Vs, : ker(A) =
Zk=" — Hy(M;Z) is an isomorphism. Wheni+j = n+2 the equivariant intersection form Q: H;(M;Z)®
H;(M;Z) — H,(T";Z) =2 Z agrees with the intersection pairing on H.(M;Z).

d. Let (F,p): (M™2 T™) — (N"2.T™) be a weakly equivariant submersion between simply connected
T-manifolds with equivariant intersection forms Qur and Qn respectively. Then

Qn(Fila], Fi[8]) = ¢« Qu([al, [8]) (3.19)

where [a] and [B] are homology classes in H;(M;Z) and H;(M;Z) respectively.

Proof. For Part @7 the homomorphism W, : ker(A"?(id ®A)) — H;_22(M;Z) is shown to be surjective in
Lemma and defined explicitly in terms of cell structures in Equations (3.137)), (3.138)), and (3.145)).
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Lemma [3.17 shows that ¥, defines a bilinear form @ exactly as described in Part [b] The first statement of
Part [d is proven in Corollary while the second statement is proven in Lemma [3.18] Part [d]is proven in
Lemma [3.21] O

Many of the techniques used here work even when M is not a manifold. That is, the rod structures
{v1,..., vk} need not form admissible corners and M may in fact be a simple T"-orbifold (see Deﬁnition.
However the main focus of this dissertation is on manifolds, so if needed admissibility of the rod structures
will be assumed without statement.

3.1 Chain Complex

Lemma 3.6. Let M"*2 be a simple T™-manifold with rod structures {vi,...,vg} C Z" and corners at
PeNTeyr if and only if c € E C {1,...,k}. There exists a CW complex X which is homeomorphic to M.
The cellular chain complex of X has additional structure as a A*(Z™)-module

A (Z™) -G
C.(X) AN (ZY) R (3.20a)
with generators
G = {Xq4,8aXa; 124, B, cc|c € E,a € {1,...,k},Xq € {p2a—1,P2a, [2a-1}} (3.20b)
and relations
R - {Va : gaxa,vc : ccachrl ‘ c¢:|C € Ea ac {]—7 ey k}vxa S {p2a717p2a7 IQafl}}" (320C)
The degree map and boundary operators are defined as
deg(py) =0 d(py) =0 (3.21a)
deg(l) =1 I(Iy) = poy1 — Po (3.21b)
deg(€uxq) = deg(xy) + 2 0(€aXqa) = Vo - Xq + £,0(%4) (3.21c¢)
deg(B) = 2 OB) =1+ +In (3.21d)
deg(c.) =4 O(ce) = Ve Eer1Pac+1 + Vert *§ePac + Ve AVeyt - Iae (3.21e)
deg(a-y) = deg(a) +deg(y)  d(a-y) = (-1)**“a-a(y) (3.21f)

force E, be {1,...,2k}, a € {1,...,k}, Xo € {P2a_1,P2a:12a-1}, ¥ € G, and o € AN(Z™) for
1 = deg(a).

Proof. Before we begin constructing X we need to check that the object defined in Lemma [3.0] is indeed a
chain complex. This means we need to check that equations

deg(9(z)) = deg(z) — 1 (3.22)

9*(z) =0 (3.23)

hold for all z € C(X). Since 9: C,(X) — C,(X) is a linear operator, we need only show these statements

hold for simple elements of C.(X). For both of these equations let ¢ € E, b € {1,...,2k}, a € {1,...,k},
Xa € {P2a-1,DP2a,I2a—1}, Y € G, and o € AY(Z") for i = deg(a). Equation (3.22) is shown by the following
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simple computations:

deg(9(1)) = deg(po+1 —pp) =0 (3.24)

deg(9(§axa)) = deg(va - Xa + £a0(Xa)) = max{deg(va - Xa), deg(§ad(xa))} (3.25)
= max{1 + deg(x,),2 + deg(0(x,))} = deg(x4) + 1

deg(0(B)) =deg(l1 +---+ Iox) =1 (3.26)

deg(0(cc)) = deg(ve - Eev1P2c+1 + Vert - §ePac + Ve AVeyr - Iae) (3.27)

= max{deg(ve * &c41P2¢+1),deg(Ve A verr - Ioc)}
= max{1 + deg(pact1) + 2,2 + deg(l2.)} =3
deg(d(a - y)) = deg(ar- O(y)) = deg(c) + deg(d(y)) = deg(a - y) — 1 (3.28)

Similar computations below prove Equation (3.23)).

9*(py) = 9(0) =0 (3.29)
0*(Iy) = Opp+1 — pp) =0 (3.30)
*(€ap2a—1) = O(Va - p2a—1) + 0(£a0(p2a—1)) = —Va - O(P20—1) + (£,0) =0 (3.31)

By the same argument 9?(£,pa,) = 0.

82(5(1]2(1—1) = a(va : IQa—l) + 3(5(13([2(1—1)) = —Vg- a(IQa—l) + 8(5(1(]’2(1 - p2a—1)) (332)
= —Vg- (p2a _p2a—1) + v - (p?a - p2a—1) =0
P(B) =01+ -+ Iy) = (p2 — p1) + -+ + (P2ks1 — P2k) = P2ks1 —p1 =0 (3.33)

The points are labeled cyclically so par41 and p; are the exact same 0-cell.

9 (cc) = 0 (Ve EcyrPact1 + Vey1 - EcPac + Ve AVern - Ioe) (3.34)
= —V:A Vet1 " P2c+1 — Vet1 AV DP2c + Ve A Vet1t (p2c+1 - p2c) =0
P (a-y)=(-1)a-0*(y) = (-1)'a-0=0 (3.35)

Therefor the object defined as Cy(X) in Lemma is indeed a chain complex. The remainer of this proof
is dedicated to constructing X.

To construct a CW complex X, we will decompose M into pieces of three different “types”. Doing this
will allow us to build the CW complex in three stages Xo C X; C X = X = M. At the 0'* stage X,
consists only of pieces of Type-0, at the 15¢ stage X is created by attaching all the pieces of Type-1 to Xo,
and at the 2"? and final stage X5 = X is created by attaching all the Type-2 pieces to X;. The pieces are
defined as follows. Consider the projection map w: M — M/T™. There is a single Type-0 piece defined to
be the total space over the interior of the base 7=1((M/T™)\ d(M/T™)). Type-1 pieces are defined to be
tubular neighborhoods of the total space over the interior of each of the k axis rods, #=*(I'; \ dI';). The
Type-2 pieces are similarly defined to be tubular neighborhoods of the total space over each of the corners,
7~ 1T;NT;51). This decomposition can be seen in Figure for a simple T"-space with three rods and two
corners.

We begin at the 0*" stage. Notice that the single Type-0 piece, 7~*(B \ dB), is homeomorphic to the
product of the torus T™ and a 2-ball B. We will construct the CW complex Xy by taking the product of CW
complexes for these two spaces. Consider a cell structure on the closed 2-ball B with 2k O-cells, 2k 1-cells,
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Figure 3.1: Decomposition

Figure 3.2: R* = T2 x (1,00) x RUD? x Stx

(1,0) (1,0)
(0,1) (0,1)
and 1 2-cell. This is defined by
2k
B® := | J pa (3.36)
a=1
2k
B':=B"Uy, | J L (3.37)
B*:=B'y, B (3.38)

where the attaching maps f,: I, — B and g: 0B — B! send 91, to {pa+1} U {pa} and S* = 9B to
I U--- Uy in a way that B is homeomorphic to a 2-ball and the associated chain complex for B is

C.(B) = Co(B) ® C1(B) ® Ca(B) (3.39)
Co(B) = spang{p1,... Do} op; =0 (3.40)
Cl (E) = spanZ{Il, ey IQk} 8[1 = Pi+1 — Di (341)
CQ(B) = spanZ{B} OB =1+ -+ Iy. (342)

Next, recall that there exists a CW-complex for 7™ with exactly (%) i-cells. We denote the 0-cell by {p},
the 1-cells by {eq,...,e,}, the 2-cells by {e; Aej|l <i < j <n}, and so on. The associated chain complex
is therefore

C.(T") = P Ci(T™) (3.43)
=0

Co(T™) = spang{p} (3.44)

Ci(T") =spang{ej, A---Nej, |1 <ji1 <--- <j; <n} (3.45)
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The boundary operator on C,(T") must be trivial since C;(T™) = z(%) = H;(T";Z). Furthermore H,(T™;Z)
has a natural ring structure on it coming from the ring structure on H*(7™;Z) via Poincaré duality. This
coincides with the ring structure on C,(T™) implied by the wedge product notation. Therefore C,(T") has a
natural ring structure isomorphic to the exterior algebra A*(Z"), or equivalently to the free A*(Z™)-module
on a single element which we denote by

C.(T™) = A*(Z") - {1). (3.46)

Finally, we define X to be the Cartesian product of B and 7™ with the associated cell structures described
above. This multiplies the associated chain complexes so that

C.(Xo) = C.(T™)  C,(B) (3.47)

and
Ci(Xo)=Ci(T") @ Co(B)® C;1(T™) @ C1(B) & C;—2(T™) ® Co(B). (3.48)

Rearranging the terms and using the fact that C.(T™) = A*(Z") we can see
C.(Xo) = A*(Z") @ (Co(B) © C1 (B) & Ca(B) (3.49)
and therefore C,(Xy) is a free A*(Z™)-module over the generators of Cy(B) @ C1(B) & C2(B). In particular
Ci(Xo) = A(Z") -{p1,- - p2k, 11, - . ., o, B} (3.50)

where the degree map and boundary operator are defined by the graded Leibniz rule;

deg(py) =0 (py) =0 (3.51a)
deg(ly) =1 I(Iy) = po+1 — Py (3.51b)
deg(B) =2 OB)=1,+ -+ I (3.51¢)
deg(a - y) = deg(a) + deg(y) da-y) = (~1)*=@a. o(y) (3.51d)

forbe {1,...,2k}, y € {p1,..., 02k, 11, ..., Io, B}, and o € A*(Z") for i = deg(c).

Now that the 0" stage is complete we have a CW complex for X, C X, which can be thought of as
the single Type-0 piece of X. In the 15 stage we will add on the Type-1 pieces. There are k such pieces,
each associated to an axis rod I', and are homeomorphic to the product of an interval and ([0, 1] x T™)/ ~,
where (0,0) ~ (0,0 + A\v,) for 8 € T™ and A € R. Written another way, each piece is homeomorphic to
IxD?*x T ! where T"1 = w and D? 2 ([0, 1] x v,R/Z)/ ~. These pieces will be created by attaching
several smaller cells.

Each rod structure v, € Z" naturally defines an element v, € A'(Z"), which intern naturally defines the
linear combination of 1-cells v, - pag—1 = viey - pog_1 + -+ + v7€, - Paq_1. Define a new 2-cell by attaching
OD? to e - pag—1 U --- U e, - pag—1 so that at the chain level the boundary operator sends this 2-cell to
Vo - P2a—1 € C1(Xp). Similarly, define another 2-cell by attaching dD? to v, - pa,. Denote these 2-cells by
EaPaa_1 and £,pa, respectively. Next we define the 3-cell £,15,_1 by attaching 9(D? x [0, 1]) so that D? x {1}
is sent to €,p2q, D? x {0} is sent to £,paq_1 With the opposite orientation, and St x [0,1] is sent to v - Iz 1.
On the level of chains this is described as

O(€aP2a—1) = Va * P2a-1 (3.52)
a(§ap2a) = Vg " P2a (353)
0(&al2a—1) = Va - T2a—1 + &aP2a — EaP2a—1- (3.54)
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We now need to attach the torus, 77! =2 w. Since v, is primitive, we have Z" /v,Z = Z"~! and
therefore can choose a basis {fi,...,f,_1} for Z"/v,Z so that f; A v, € A?>(Z"). These basis vectors will
define the higher dimensional cells. Let 1 < j; < --- < j; < n —1 define the (i +2)-cell f;, A--- AL, - Eapaa—1
by attaching its boundary to f;, A--- Af;, Avg - p2gs—1. In the same manner as above we define the (i + 2)
and (i + 3)-cells f;, A--- Afj, - Eapaq and £, A--- A, - {gloq—1 so that on the chain level

OEj, Ao Afj, - Eapra—1) = (1) Fj, Ao Afj, AVa - Paa—1 (3.55)
0 (fJ VARERIVAN fji . fapga) = (*1)Z‘fj1 VARERIVAN fj7 N Vg P2q (356)
0 (f] VARERIVAN fji . 5(1[2(1—1) = (—l)ifjl VARERIVAN fji AR (Iga_l + &aP2a — fapga_1) . (357)

This gives C,(X1) a natural structure of a direct sum of C,(Xy) and several free A*(Z"~!)-modules,

D A2 ) - {axa)- (3.58)
ac{l,....,k}
Xa€{P2a—1,P2a,12a-1}

To see Cy(X1) as a A*(Z")-module, we use the fact that A*(Z"~1) - {£,x,} is itself a A*(Z™)-module;

A* (Zn) . {gaxa}

N@) - (G} = A (@ 9a) - (€} = g S (3.59)
This shows AT - Gy
Ci(Xy) = m (3.60)
with
G1 = {Xq,&aXa, [2q, B, la € {1,...,k},Xa € {P2a—1,DP2a, [2a—1}} (3.61)
and
Ry ={vy-&uXa,la € {1,...,k},xXq € {P2a—1,P2a; T2a—1}} (3.62)
The degree map and boundary operator are defined by Equations and
deg(&,x,) = deg(x,) + 2 0(€aXa) = Vg Xq + 0(Xa) (3.63)

fora € {1,...,k} and x, € {p2a—1,D24, L2a—1}

In the 2% and last stage we construct X = X, by adding the pieces of Type-2 to X;. These pieces are
associated to the corners I', NI, 11 and are homeomorphic to ([0, 1]2xT™)/ ~ where (0,y, ) ~ (0,3, 0+A\v,)
and (z,0,0) ~ (x,0,0 + pveyq) for z,y € [0,1], @ € T™, and A\, x € R. Of course since M is a manifold,

a tubular neighborhood of a corner must be homeomorphic to D* x T"~2 [reference something] where

n—2 ~ R"/spang{va,Vat1} 72 ~ _spang{va,Vas1} 4~ 2 2\ /
T = A , T = Zrspany {Vava 1]’ and D* 2 ([0, 1] x T#)/ ~.

The D* piece defines a new 4-cell ¢,. From the construction of ([0,1]? x 7?)/ ~ and by looking at
Figure for reference, we know how 9 (([0,1]? x T?)/ ~) is attached to X;. The ({0} x [0,1] x T?)/ ~
piece is sent to v - £4v1P2a11, the ([0,1] x {0} x T?)/ ~ piece is sent to Va1 - aP2a, and the remaining
({1} x [0,1]U[0,1] x {1}) x T?)/ ~ piece is sent to V4 A Vai1 - Iao. On the chain level this is described by

0(¢a) = Va - Lat1P2a+1 + Vas1 - EaD2a + Va A Va1 - Iog. (3.64)

To describe the remaining (i + 4)-cells we just repeat the construction done in the 1% stage. At each
corner {v,,vqy1} is a primitive pair, so Z"/spany{va,var1} = Z" 2. Thus it is possible to choose a

2 L .
basis {g1,...,8n_2} for Z"/span;{v,,v,+1} so that g; A v, € A2(Z" /vei1Z) = %, gj NVar1 €

85



36

Vi

Vo

V3 Eipt a7 &po

Figure 3.3: This figure is a little deceptive because it makes it seem that the outermost circle is a boundary.
That £ and ¢ have 4 edges, when infact they both have 3. The outermost circle corresponds to the center
of a disk.

A7 v 7)) = %, and g;AvaAVet1 € A3(Z™). We can therefore define the (i+4)-cell gj, A+ -Agj, -¢q
so that

O(gjs Ao Agji ta) = (=1)'gj A Agj, - 9ca) € Cips(X1). (3.65)
This makes C,(X2) the direct sum of C,(X;) and several free A*(Z"~2)-modules,
P Az ?) - {c}- (3.66)
ceEE

Of course this is also a A*(Z"™)-module since

AN(Z") - {ee}

A (Z"2) e} =2 A*(Z™ ) spang { Ve, Ver1}) - {co} = N T v e o] (3.67)
Therefore X = X5 has a chain complex of
C(X) = W (3.68)
where
deg(a - y) = deg(a) + deg(y) O(a-y) = (~1)%Wa - a(y) (3.69)
for y € G and a € AY(Z") for i = deg(a). The generators are
G =G U{c|ce E} (3.70)
and relations
R=RyU{ve- ¢ Vel - Ce|c € B} (3.71)

Equations (3.51), (3.63), and (3.69) agree with Equations (3.21)) as desired and the proof is complete.
O
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3.2 Bi-Graded Homology Groups

Lemma 3.7. Let M"*? be a simple T"-manifold. The torus action on M make the homology groups of M
into a stratified H,(T";Z)-module;

I?[Z(Z\47 Z) = Hi,O(M; Z) (&) Hi,272(M; Z) D Hi,4’4<M; Z), (372)
where [a] - [X] € Hoytep(M;Z) for all [a] € H(T™Z) and [x] € Hop(M;Z).

Proof. Let X be the CW-complex for M defined in Lemma and C,(X) be its cellular chain complex.
Let 0; denote the restriction of 0 to C;(X). The homology groups of X are defined as H;(X;Z) := i;%iﬁ).
To stratify H;(X;Z) we need to first stratify C;(X) by introducing a bi-degree map for simple elements in

C.(X). This is defined in the following way

bideg(ps) = (0,0) (3.73a)
bideg(l) = (—1,2) (3.73b)
bideg(£,x4) = (0,2) + bideg(x,) (3.73¢)
bideg(B) = (—2,4) (3.73d)
bideg(c.) = (0,4) (3.73e)
bideg(a - y) = (deg(«),0) + bideg(y), (3.73f)

force E,be{1,...,2k},a € {1,...,k}, Xo € {P2a—1,P2a,I2a—1}, Yy € G, and a € AY(Z") for i = deg(c).
Notice that for all z € C,(X) where bideg is defined, if bideg(z) = (a,b) then deg(z) = a + b.

Next, extend the definition of bideg to linear combinations Az + z’' € Cyy(X) of simple elements with
the same bi-degree in following way

bid bid = bid !
bideg(va + o) o { Vi0eB(Z)  bides(z) = bidex() -
not defined bideg(z) # bideg(z’)
where A € Z and z,2’ € C,14(X). By construction,
Cop(X) :={z € C.(X)|bideg(z) = (a,b)} (3.75)
is now a well defined subspace of Cy4(X). By using Equations (3.73]) and ([3.20) we see
Cio(M) = NI(Z") - {p1.... . poc} (3.76)
k
j AZ2Zn) {€ap2a-1,8aP24 }
. . AL (ny | af2a—15Sal2a
Cia (M) = A"HZ") - {L, . I} @ QB NB@) v eopm s va o] (3.77)
k
AZ 3(Z") {€atoa—1}
. =A"%(z")-{B azZaz )
Ci—aa(M) := N*(Z") - {B} ® @ TR R S A (3.78)
A 4(Z”) : {Cc}
57 - .
g% N=5(Z7) - {ve - €y Verr - Ce}
In particular, C;(X) is broken up into three three distinct subspaces which direct sum so that
Cl(X) = Ci,O (X) D Ci_272(X) D Oi_474 (X) (379)

To show that this stratification passes to homology, let 9, denote the restriction of 9 to C,p(X) C
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Figure 3.4: Caption

Cu1p(X). Using Equations (3.21)) and (3.73) it is easy to check that
bideg(d(z)) = bideg(z) + (1, —2) (3.80)

for all z € Cyp(X). This induces the chain complex diagram seen in Figure and defines the homology
groups
ker(0q.p)

Hyy(X:7) = —\Gab)
ol ) im(0g—1p+2)

(3.81)

Observe that - ker(@ap) ker(a““)) and therefore H, ,(X;Z) C Ho14(X;Z). Equation (3.79)) then show

m(0a—1,64+2) im(Oa+b+1

the homology groups split as
Hi ()(7 Z) = Hi’Q(X; Z) (&) Hi72,2 ()(7 Z) D Hi,4’4(X; Z) (382)

as required.

Finally choose homology classes [x] € H,,(M;Z) and [o] € H.(T™;Z) with representatives x,x’ € [x]
and «, o’ € [a]. Using the cell structure for 7™ described in the proof of Lemmawe see that the boundary
operator is trivial on C,(7T™) and there is only one represenative of each homology class, thus a = o/. We
also know that since x,x" € C, (M) are both representatives of the same homology class, there exists a
y € Cq—1,p12 such that O(y) = x —x/. Thisshows - x—a/ - ¥ =a - (x—%x') =a-9(y) = 0((-1)°a - y)
and therefore

o] - [x] = o

is a well defined product of homology classes. Thus H, .(X;Z) is a stratified H,(T™;Z)-module as desired
and the proof is complete. O
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3.3 Weakly Equivariant Maps I

Lemma 3.8. Let M™*2 be a simple T™-manifold and let N"*2 be a simple T™-manifold. Let {T'}%, ... TM}
be rods for M with rod structures {vM,... ,V,ICV[}, defining rod structures and rods for N similarly. Suppose
there exists a weakly equivariant map (F,p): (M, T™) — (N,T™) which induces a homeomorphism between
the quotient spaces M/T™ and N/T™ with the property that

v (F(my (D)) = (3.83)
(v = N (3.84)
foralli=1,... k. Then F induces a homomorphism on the bi-graded homology groups

Fo: Hop(M;Z) — Hy (N Z)

with the property that
Fu(lo] - ]) = ¢« ([a]) - Fu([x]) (3.85)
for all [a) € H (T™ Z) and [x] € Hy «(M;Z).

Proof. Using Lemma we can construct a CW complex X for M and Y for N. We will distinguish the
cells in X from Y by labeling them with the superscript M or N. For instance, M is a (—,2)-cell in X.
Using the map F we will assign a cell structure to N which agrees with the cell structure on Y. This is a
common procedure for CW complexes, however we will alter the process slightly by using a bi-grading of
the cells and a boundary operator which sends (a, b)-cells to (a 4+ 1,b — 2)-cells. This will allow us to assign
a cell structure to N in an order which is more natural to the construction in Lemma 3.6l

Let’s begin by first defining for each a € {1,...,2k} the (0,0)-cell map

(0,0

gt = Pl (3.86a)

which sends the (0,0)-cell {p}} to {F(pM)} C N. This defines the (0,0)-skeleton in N. Note that each
point F(pM) is distinct since by hypothesis F induces an homeomorphism on the quotient spaces. We now
define the (—1, 2)-cell maps

gy MY = Fpu (3.86b)

for each b € {1,...,k} in the same way. Note that boundary of each interval I, is sent to the (0, 0)-cells
F(p)t,)—F(py") which is part of the (0,0)-skeleton of N. Thus the maps {95_1’2)} define the (—1, 2)-skeleton
on N. We similarly construct the map

g2Y .= Flgu (3.86¢)

to define the (—2, 4)-skeleton.

We now define the (1, 0)-cell maps g(1 0, :[0,1] = N by g(1 -0) (t) := te; gt 0)( M) where we are using the
action of R"/Z™ on N, and e; € Z" is a standard basis element. Note that when ¢t = 1 the action is trivial,
giving 9[(1 p 0 empty boundary as expected. Though a similar procedure we define the higher dimensional cell

maps as maps from [0, 1]* in the following way

gDty ) = (trey, + -+ tieg,) - o0 (91 (3.86d)
Ging Pt 1) = (e, o i) gy () (3.860)
gy )(th o) = (e, + -+ tiey,) - g2V (BM) (3.86f)

for every a € {1,...,2k}, be {1,...,k} and J € I
Note that Equation (3.86k|) defines n distinct (0,2)-maps. We now define the remain 2k (0, 2)-cell maps
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by
g((IO’Q) = F|£(JLMP(JL\/1 (386g)

for @ € {1,...,2k}. Note that géo’z) is a map from a disk D? sitting inside of M to N. The boundary
of 950’2) is by definition the restriction of g,(lo’Q) to the boundary of the disk. The boundary of ¢MpM is
vipM = {tvi - pMit € [0,1]} € M where a = 2j or a = 2j — 1. Since F is weakly equivariant we
know its image is {@(tv}') - F(p}")|t € [0,1]} € N. By hypothesis ¢(v}') = v and thus the image is
{tv¥ - F(p)")|t € [0,1]} which is equal to the image of Z?:l(vév)igggo). This makes the boundary of g{**%

lie in the (1, 0)-skeleton, as expected. Through a similar procedure we define the cell maps

gy Y = Fley (3.86h)
g% = F|u (3.861)

forallbe {1,...,k} and c € E C {1,...,k}. The final maps we must define are the ones coming from the

torus action on the images of ¢MpM, ¢MIM and M. For that we define

00D (b, b, w) = (hey, + - + tie,) - 60D (@) (3.867)
915?;174)@1; oot x) = (tey, + -+ tieg,) ~g§_1’4) (x) (3.86k)
9PV (b, .t x) = (e, + -+ tiey,) - g0 (). (3.861)

The maps defined in Equations cover N, any two maps of the same dimension do not overlap
except on the boundary, and image of the boundary of any map is contained in the image of maps of lower
dimensions. Thus Equations give a well-defined cell structure on N. In particular this cell structure
was constructed to make it identical to the one constructed for N using Lemma [3.6] with the identification
of

g0 s pl (3.87a)

gt s 1N (3.87h)

g2 5 BN (3.87c)

9l = ) (3.87d)

g ey (3.87¢)

g0 s N (3.87f)

for a € {1,...,2k}, b € {1,...,k}, and ¢ € E. Moreover, by construction F' induces a map on the chain
complex of

Fu(a-y™) = gu(a) ¥V = pu(a) - Fu(y™) (3.88)

where y € {pa,&aPa, La,Eplp, e, Bla € {1,...,2k},b € {1,...,k},c € E}, a € AY(Z™), and ¢.: AY(Z™) —
A¥(Z™) is the homomorphism induced by ¢: Z™ — Z™. This homomorphism passes to the bi-graded homol-
ogy groups and proved Equation ([3.85). O

Remark 3.9. Many common simple T"-manifolds admit non-trivial weakly equivariant automorphisms which
can be used to infer symmetries of the homology groups. For example consider M(5,5) as defined in
Conjecture [A| and Table m This 7-manifold has rod structures {ej, ey, e3, ey, e5} and admits a weakly
equivariant automorphism of order 5 defined by rotating the quotient space 1/5" of a rotation and sending
the basis vectors e; to e;;1. This shows that Zs acts on H, ,, but does not determine if it acts trivially or
not. Later during the discussion of H;_3 2, we will see that almost any such automorphism acts non-trivially
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on H,_55. In particular, there is a non-trivial Zs action on the non-trivial groups H;_2 2(M(5,5);Z) for
i=3,4.
3.4 Computing H,((X;Z)

Lemma 3.10. Let M™*2 be a simple T™-manifold with rod structures {v1,...,vy} C Z". Using the funda-
mental group of M

!
Z’n
M) = ~7 (Z 3.89
(M) spang{vi,...,Vi} @362 /5 (3:89)
the (i,0)-homology group can be calculated as
A'(z") Y ed
H;o(X;Z ‘iz Yo EP(Z)s 3.90
i0( ) = AiL(zn) - {Vh_.ka} Je:? /8;Z) (3.90)

Proof. Let X be the CW-complex of M. By definition H; o(X;Z) is the quotient of ker(9; 0: Ci .o = Ciy1,—2)
and im(9;_1,2: Ci_1,2 = C;0). However C;11,_2 = {0} is trivial so ker(9;0) = C; 0 and we see that

H;o(X;Z) = Ci0(X)/im(di-1,2)-

Next, Equation (3.77)) shows us that the homology classes [apq], [ pp] € Ci0(X)/im(d;—1 2) are homologous
since

Q- pp—a-pg=a-(pp—Pa) (3.91)
:a~8([a+fa+1+"'+fb_1 +Ib) (3.92)
=10(a- I+ +1)). (3.93)
2k
Furthermore, Equation (3.76]) shows that every element of C; ¢(X) is just a linear combination ), a® - p,.
a=1

Therefore references to specific points p, can be dropped when computing this homology group H; o(X;Z).
This leads to the simplification

Cio(X) Ai(zm)
m(9-12) AT E e} )
<® A =2(Zn){va-€a}

Lastly observe that in the denominator 8(vy-&) = —vyAvy, = 0 € A*(Z™). This shows that & (A*"2(Z") - {v, - & }) =
{0} for all a =1, ..., k. Therefore

(3.94)

k k
im(8;_g2) =0 (@ A=Yz - {ga}> =P Az - {va} (3.95)

a=1 a=1

and we recover the first half of Equation (3.90).
To prove the second half of Equation (3.90) define Z; o := A*(Z") and B, o := A*"Y(Z") - {v1,..., vk} s0
that H; o(X;Z) = Z;0/Bio. Recall from Lemma that the Smith normal form of a set of rod structures

{v1i,...,vk} C Z* is a unique collection of vectors {siei,...,s;e;} C Z* such that spany{vi,..., v} =
spang{siei,...,s;e;} and s;|s;j41 for all 1 < j <! < min{n, k}. The first property shows us
ATHZ™) Ave, vy 2 ATHZTY) - {sieq, ... 510} (3.96)
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while the second one shows that
sjej Nej e spanz{sjej VAN ejf} (397)

will always hold for any 1 < j < j/ <. Using these two equations we see

Bio=A"HZ") {s1e1,...,sie1} (3.98)
= spanZ{ejl AR /\eji71 A Sje]“l < jl < < ji—l <n,1< j < l} (399)
= spang{s;, €, A+ Aej |1 <ji <. <ji <njy <1} (3.100)

We can similarly express Z; o as

Zio = AN(Z") (3.101)
= A'(spang{ei,...,en}) (3.102)
= Ai(spang{eii1,...,e,}) @ATHZ") - {ey,..., e} (3.103)
= AN(Z"") @spang{e;, A---Aej, | 1<j1 < <ji<n,ji <1} (3.104)

Notice that in both B; o and Z; o, for each j = 1,...,[, there are (?:17 ) distinct basis elements that are wedge
products which start with e;. Therefore the quotient space is equal to

!
Zio/Bio = A(Z" ) @ @ Zs;1) (3.105)
j=1
as desired. O

3.5 Computing H; 44(X;Z)

Lemma 3.11. Suppose M"*2 is a simple T™-manifold with rod structures {vi,...,vy} forming matriz
A: ZF — Z™ of rank |. There exists a simple T'-manifold N2 such that M is homeomorphic to T" ™! x N
and

_ A=2=H(Zn=Y M s closed
Hi_4s(M;Z) = Hi_o_(T" 5 Z) ® Hyo(N;Z) = ) (3.106)
{0} M is not closed.
Proof. Without loss of generality assume that the rod structures {vi,..., v} are in Hermite normal form

so that v; € spany{e1,...,e;} C Z" for all i. Consider M as the quotient space (M/T™ x T™)/ ~ and define
N := (M/T"™ x T")/ ~ by collapsing the last n — [ circles in 7" = T x T, Clearly M = T"~! x N and
we can apply Kuneth formula to get

H.M;Z)= H,(T" " 7) ® H.(N;Z). (3.107)

)_A(Z)

Now construct the CW complex X for M as usual. Consider the chain complex C, (X A (zm)R rom

Lemma [3.6)as an Abelian group. Define the subgroup C, (Y) = A (panslereiD)-G — & ( ¥y and construct

A*(spang{ei,..., e })R
a subcomplex Y C X to be the collection of cells whose associated chains are in C.(Y). Clearly C.(Y) is the

associated chain complex to the CW complex Y, and Y is a CW complex associated to N. Next observe that
A*(Z™) = A*(spang{eii1,...,e,}) ® A*(spang{ey,. .., e }) which means in particular C,(X) = C.(T" ) ®
C.(Y) since C, (T 1) =2 A*(spang{ej;1,...,e,}). The exact isomorphism C,(T" 1) @ C.(Y) — Ci(X) is
described by (a,y) + a -y for ally € C,(Y) and a € C,.(T"7).

Note that C,(Y") inherits the bigrading from C.(X) so bidegy (y) = bidegy (y) = bideg(y). Using this,
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combined with the fact that bideg(a - y) = deg(a) + bideg(y), we can see the following isomorphism

Con(X) 2 C(T" ) @ O, (V) (3.108)
Cap(X) = @ Co(T") @ Cap(Y). (3.109)
ct+d=a

Because Y inherits the boundary operator from X, this is indeed an isomorphism of chain complexes and
not just an isomorphism of Abelian groups. Explicitly dy (y) = 0x(y) = 9(y) implies that Opn—iy (a,y) —
Ox (a-y) as seen in the following calculation:

Opn-ixy(a,y) = (Opn-1(@),y) + (1)) (a, dy (v))
= (=1)*& ) (a, 0y ()
= (=1)*& ) (a, 0x (y))
(1)) (@, 0x (y)) = (—=1)*&@a- 0x (y)
=0x(a-y).

Since C, .(X) and C.(T""!) @ C, .(Y) are isomorphic as stratified chain complex, the isomorphism passes
to homology.

H,.(M;Z) = H(T" " Z) ® H..(N;Z) (3.110)
Hoy(M;Z) 2 @ Ho(T";Z) @ Hyp(N;Z) (3.111)
c+d=a

Next we will show that H;_44(N;Z) = {0} for all j <[+ 2 and thus

Hi 44(M;Z) = Hy 5 ((T"4Z) ® Hi_5.4(N;Z). (3.112)

By definition the homology group H;_4 4(N;Z) is equal to lffrf((g gj:;:((;/)):g]’:jj((;/)))) However Cj_54(Y) =
{0} which means H;_4 4(N;Z) = ker(9j_4,4) = {y € C;_44(Y)|0(y) = 0}. For the following calculations
let Z' denote spany{e,...,e;} C Z" and let v, € Z! denote the vector consisting of only the first I

entries of v, € Z" (i.e., the only possibly non-zero entries of v,). Now consider C;_4 4(Y") expressed using

Equation (3.78) as

N=3(ZY) - {€uTzq-1]a € {1,... k}} N=4ZY - {c.|ec € E}

A=2(Z) . (B : :
(Z)ABY S G2 va - Ealwala € (o k1T & N30 {ve - covers e € B}

(3.113)

and let y € C;_44(Y). This means there exists o € AI=2(Z"), B € AI=3(Z") for b € {1,...,k}, and
¢ € AN=*(Z") for ¢ € E such that

k
y=a-B+> B &ly1+ Y 1 c (3.114)
b=1 ceE
Examining 9(y) we see
da-B) = (=1)/2a- (I + - + Iz) (3.115)
(B &Iap—1) = (1) 2 (B* Avp - Lop—1 + B* - & (p2y — p2v-1)) (3.116)
a('}/c : cc) = (_1)j_476 A (Vc : §c+1p20+1 + Vet1 t fcp2c + Ve A Vet1 ot IQC) . (3117)
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From the above equations, if d(y) = 0, we can deduce

a-Iyp1=B"Avy- Iy ( )

—a Ty =" AV Avprr - I ( )

B &pan = 7" A Voyr - Eopa (3.120)
=B &pav—1 =" Avy_1 - Epaya ( )

forallb=1,... k.

Assuming 9(y) = 0, we will show that y # 0 if and only if o € A7=2(Z!) is non-trivial. The if direction
is obvious since o # 0 automatically means y # 0. For the only if direction assume that y # 0 so at least
one of the terms in Equation (3.114) must be non-zero. Assume there exists a b € {1,...,k} such that

B &y € Af\_];;Z(,Z)l?{jf”éz};i}l} C Cj_44(Y) is non-trivial. By Equation this means 3% - &lop—1
is a non-trivial element in AJ=3(Z!/vyZ) - {& 12,1} and therefore 8% A v, # 0. Using equation we
see a # 0. Similarly assume there exists a ¢ € F such that v¢ - ¢, € AJ‘*4(%JL)7~I~1{£/Z:~)€C?{,:JCC}+1~cc} C Cj_ga(Y)
is non-trivial. Equation show ¢ - ¢, is non-trivial in AJ=%(Z!/spany{v.,ver1}) - {c.} and therefore
Y AVe AVeyr # 0. By Equation we again see a # 0 as desired.

Observe that M (or equivalently N) being not closed means that it is missing a corner, or in other words
there exists an a € {1,...,k} \ E. Since a ¢ F the term «* is automatically 0 and by Equation
a =0 and thus y = 0 as well. This shows H;_44(N;Z) = {0} for all j whenever M is not closed. For the
remainder of the proof we will assume that M is closed, that j < [ + 2, and assume by contradiction that
y #0.

Note that for any n € A1 (Z") we have d(n-y) = (=1)"*179n-9(x) = 0 and thus 1y € ker(9;_34) =
H;_34(N;Z). In particular, if y # 0 then it is possible to choose 1 so that z :=n-y € H;_34(N;Z) is
non-trivial. To see this first we express a € AV~2(Z!) as

a= Y ale, A Neq,, (3.122)
Jell_,
where o/ € Z and Ijt2 ={J={a1,a2,...,a;-9}]1 <a1 <--- <aj_o <I}. Since a # 0 there exists a J €
I§_2 such that o’ # 0. Without loss of generality assume that a’t # 0 where J; := {1,2,...,j — 2} € IJL_Q.
Forqe{l,....,j—2}let J,:={1,2,...,¢q—1,q+1,...,j — 2,1} € I;_Q. Now observe that

j—2
afej 1A Aer=alle A Ne 1+ Y alier A NEGA Aey. (3.123)
q=1

This is a sum of j — 1 linearly independent vectors in A'~1(Z!) and is therefore equal to 0 if and only if each
vector is 0. By construction J; # 0 which means aoAej_1 A---Aej—1 #0. Letting n:=e;_1 A--- Aej_q we
see that z is a non-trivial element in H;_34(N;Z) C Hj41(N;Z).

Recall that the matrix of rod structures A has rank [, and thus by Lemma[3.10| Hy (N; Q) = H; o(N;Z) ®
Q = {0}, or b1(N) = 0. This leads to a contradiction. Observe that d(mz) = 0 and that mz # 0 for all
non-zero integers m € Z. This means z generates a free, infinite cyclic subgroup Z = (z) C H;_34(N;Z).
Since H;_34(N;Z) C Hi41(N;Z) and N is a closed, oriented (I + 2)-manifold, Poincaré duality shows that
Hy(N;Z) also contains a free, infinite cyclic subgroup. In particular b (N) # 0.

The last step of the proof is to show that H;_s 4(N;Z) = Hy12(N;Z). If N is not closed then this is trivial
as both groups are {0}. Assuming N is closed let [N] € H;12(N;Z) = ker(0;42) denote the fundamental
class and let N € Cj42(Y) = Ciy20(Y) @ C12(Y) & C1—2,4(Y) be a chain which represents [N]. However
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using Equations (3.76) we see Cjy20(Y) = {0}. Equations (3.77)) shows

{fapza 1y gap2a}
124
Cl2 @Al 1 {Va §aP2a—1,Va gaPZa} (3 )

Every [-form in AY(Z!) is a multiple of the “volume form” w € A!(Z!), and since v, is primitive there exists
a basis {uy,...,w;} for Z! with u; = v, such that w =u; A---Aw; = £(uz A --- Awy) A v,. Therefore any
[-form in the numerator of Equation also appears in the denominator which means Cj(Y) = {0}.
As aresult N € 017274(}/) = Cl+2(Y) and thus Hl,2’4(N;Z) = Hl+2(N;Z).

Remark 3.12. Recall that when M™*2 is closed, Poincaré duality is equivalent to the perfect pairings on the
free and torsion parts of homology

FH(M;Z)® fHppoi(M;Z) > 7 (3.125)
TH;(M;Z) @ THpi1_i(M;Z) — Q/Z. (3.126)

We can combine this with the stratification of homology

fHi(M;Z) = fH; o(M;Z) @ fHi—20(M;Z) ® fHi—1,0(M;Z) (3.127)

THZ(M,Z) gTHlo(M,Z) @TH1_270(M,Z) (3128)

This leads to six perfect pairings on the free part and three perfect pairings on the torsion parts. As we know,

the Poincaré dual of [N] in H,(T"~! x N;Z) is [T™"!] which is a homology class in H,,_;o(T"" x N;Z).

Since [N] generates the homology H,._44(M;Z) we see that fH; ¢ is “Poincaré dual” to fH,_2_;4. This
reduces the six perfect pairings to two

sz‘,O (M, Z) & an,Q,iA(M; Z) — 7 (3.129)

fHi25(M;Z) @ fHos2(M;Z) = Z. (3.130)

In addition, we can plainly see that 7H, ¢ cannot be self-dual. This reduces the number of torsion perfect
pairings to two.

TH; o(M;Z) @ THp—i12(M;Z) — Q/Z (3.131)

)

TH_0o(M;Z) @ THp—i—1,2(M )—>Q/Z (3.132)

3.6 Algebraic Representatives of H; 5(X;Z)

Lemma 3.13. Let M2 be a simple T™-manifold with rod structures {v1,...,vy} C Z" defining the matrix
A:7F — 7", Using A construct the linear map

Ai_z(id ®A)Z Ai—Q(Zn) ® 7F Ai—l(Zn) (3.133)

defined using the standard basis {ei,...,ex} C ZF by

A2 (1d @A) (B@eq) = BAAl,) = BAV,. (3.134)
foralla=1,...,k and 3 € A"=2(Z"™). There exists an explicit surjective homomorphism
T ker(AT2(id®A)) C AT2H(Z") @ ZF — Hy_92(M;Z) (3.135)
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with a kernel of

ker(W;,) = A3(Z™) - {vy, ® €, Ver1 @ €.+ Ve @ ecy1|b € {1,...,k},c € E}. (3.136)
Proof. Define the homomorphism
Ut N2(Z") @ ZF — Ci_a (3.137)
by
Vi(Bwe;)=pB-§prj—1+BAv; (I 4+ Iz-2) (3.138)
where {ey,..., e} are the standard basis elements of ZF and B € AP=2(Z"™). The map ¥, extends linearly
so that when
k: .
x=> B e, (3.139)
we have
A(V;(x)) =8 Zﬁf ® e, (3.140)
k . .
= Z 0 (/BJ . §jp2j71 + B A \Z5 (I1 + -+ Izjfg)) (3.141)
j=1
k . .
Z (B2 Avj-paj1 = B AV (paj—1 — 1)) (3.142)
Zﬂj Avj | pr (3.143)

By construction ¥;(x) € ker(9;_2,2) if and only if 0 = Z BIAV;.
J_

Notice that A*=2(id ®A4)(x) = Z B7 A v; which means ¥;(ker(A*~?(id ®A))) C ker(d;_2,2). This allows
J_
us to define the homomorphism

- 5. ker(@i_g 2)
Uiyt ker(A2(id @A) » — 222 > H, 5 5(X;7Z 3.144
r( @i ) n(0,_s.4) 2,2(X;Z) ( )

simply by taking the homology class of the image of V;
U, (x) := [T, (x)]. (3.145)
To show that ¥;, is surjective, choose a homology class [y] € H;_2 2(X;Z). We will construct a representative

va € [y] C ker(9;—22) that is in the image of ¥,.
A generic representative y; € [y] will be of the form

k
X1 = Z (o - &paj1 + B - &paj + - Toj1 + 6 - Iyj) € ker(9;_2,2) (3.146)

Jj=1
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for some where o/, 37 € A*~2(Z") and 77,67 € A*~1(Z"). This can be simplified in the following way

yi=0 - &paj 1+ B oy +7 - Loj1 + 07 - Iy ( )
= (o) + B7) - &pajo1 + B - &§(p2j — p2j—1) + 7 Ipjo1 + & - I ( )

= (od 4+ B7) - &pajo1 + (1) 72 (0B - & Inj—1) — BF AV - Dojo1) +97 - Dojo1 + 6 - Iy (3.149)

=(ad + B7) - &pajo1 + (V + (1) 2RI NAY)) Doy 4+ 67 I+ 0(. ). (3.150)
(3.151)

Therefore there exists a representative yo € [y] of the form
Yo=a - &paj 1+ 5 Dy 1+ - Iy (3.152)

with o/ € A"=2(Z") and 57,47 € AP=1(Z™).
Now we use the condition that d(y2) = 0 to simplify the representative further.

0= d(ys) (3.153)
=0(a? &pajo1 + A Loja + - Iy) (3.154)
= ()" Ay o 4+ (1) (D2g — pajor) + (1) - (21 — p2y) (3.155)
= (=12 (@ Av;+ 57 =971 pajoa + (7 = 57) - pay) (3.156)

Hence 3/ = 4/ in Equation (3.152)) which means there exists an even simpler representative, y3 € [y], of the
form

_Oj'f' . 6’j. Io.: [o.: 4
J - . '
ys3 P2j—1 ( 25—1 2]) (3 15 )

We can preform one final simplification. Consider

0=0(ys) (3.158)
=0 (o - &poj 1+ - (T2j-1 + Ij)) (3.159)
= (=1)"2(a? Av;j) pojo1 4+ (1) B - (pojy1 — p2j-1) (3.160)
= ()" (@ Avj+ 5 =71 pyja). (3.161)
Therefore

gl =0 +a Av, (3.162)

for all j = 1,...,k (where 80 = g¥). By fixing 3*, this gives the formula
B =B AV o Ay (3.163)

k ) ko
for j =1,...,k— 1. Finally note that Y (87 — 8*)- (Izj—1 + I2;) is homologous to > 7 - (Iz;_1 + I>;) since
Jj=1 j=1

O(B* - B) = (—1)""1p*(I; + - + I3;). So there exists representative y4 € [y] for any choice of 5*. Setting
B* = 0 we have the following formula

S

k -1
Y4 = Zaj ~&ip2j—1 + (OzH_1 AVigr+ -+ ok A Vi) - (Igj_1 + Igj). (3.164)
j=1 i—1

<
Il
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Lastly, one need to rearrange terms in Equation (3.164)) to express it in terms of ¥;.

k—1
ZO& fjpgj 1 =+ Z 04J+ AV j+1 4+ 4 Oék A Vk) . (I2j—1 =+ Igj) (3165)

:Zoﬂ &ip2j— 1+Z Z (o' Avy) - (Izj—1 + Iy) (3.166)
j=1

j=1ll=j+1
k
= ZO(J £Jp2] 1+ Z Oé /\Vl IQJ 1 +IQJ) (3167)
j= 1<j<I<k
k k 1-1
= Za - &§jp2j—1 +ZZ (@ Avy) - (T2j-1 + Iay) (3.168)
j=1 =2 j=1
k k j—1
=Y ol Gpai+ DY (& AV) - (Tam + ) (3.169)
J=1 j=21=1
= Zoﬂ §iP2j—1 +Zoﬂ Ay (I 4+ Ipj ) (3.170)
7=1
Zaj e |. (3.171)
Jj=1

Thus ¥;, is indeed surjective.

We now need to calculate ker(¥;,). First observe that ¥;(8®e;) = 0 if and only if 3 € A*=3(Z") - {v,}.
Therefore ker(¥;) = A"3(Z") - {v,®@ep|b € {1,...,k}}, which happens to be contained in ker(A*~2(id ® A)).
This means the kernel of ¥;, can be calculated as

ker(W;,) = U, 1 ({0}) U W (im(9;_3.4) \ {0}). (3.172)

Having already computed W; ' ({0}) we are left with computing ¥; ! (im(d;_3.4) \ {0}). To do this we will
choose an arbitrary non-trivial element y € C;_34(X) and compute its boundary. We will then derive
relations for its coefficients based on the assumption that d(y) = ¥;(x) for some x € ker(A""2(id ® A4)).

Let

k
y = (—l)iil a-B+ Zﬂjfj[gj_1 +e€575¢ | € 01_374()() (3.173)
j=1
where
1 jekE
ei=4 7 (3.174)
0 j¢F

and a € A"Y(Z"™), B; € AT2(Z™), and v; € A""3(Z™). The (—1)"~! in front is put in place to cancel the
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sign coming from the graded-Leibniz rule.

ay)

k
(D)Mo | a B+ Bi& 1 + 25756 (3.175)
j=1

a- (I + -+ Iy) (3.176)

k
=Y By Avy-Doj1 + B - &i(pay — p2j-1))

j=1
k

+ Y& A (Vi Epajn + Vi - b2y V5 AV - Tzg)
j=1

k
((a — B A Vj) ~Ipj_q + (a+ ;Y5 NV A Vj+1) Iy (3.177)

J

Ja

+ (€57 A Vi1 — Bj) - &ip2j + By - &ip2j—1 + €57 AV - §j+1p2j+1)

We can stop here and determine three relations that o, 3; and ~; have to satisfy. First, nothing in the
image of ¥; contains any po; terms. Thus the coefficient infront of the py; terms must be 0.

v; A Vi1 corner at (paj,pajt1)
Bi=eiAvim=13 """’ . e (3.178)
horizon at (pgj,p2j+1)
Second, the coefficients in front of the I;_; and I; term must agree.
AV AV, corner at iy D24
- Bj A Vi = €575 A \Z) N Vit = i / g+ . (pQJ p2J+1) (3179)
horizon at (pa2;,p2j+1)
Third, the (I35—1 + Iox) term never appears in the image of ¥,.
atere AVE AV =0=a— B Avg (3.180)
These three relations tell us that y is entirely determined by «y;. In particular
k
(=D 'y = —er AVEAVE- B4y e (3 A vy - o+ 750 ) (3.181)
j=1
This simplified form allows us to continue our calculations
aNy)=>_ ((Oé + &% AV Avigr) - (Izj-1 + Iz5) (3.182)
j=1
+&5 (4 A Vi1 &ip2j—1 + 7 AV '§j+1]92j+1))
= Z ((a +e;v AV AVig) - (T2j—1 + Ioj) (3.183)

j=

—

+ (557 A Vi1 +Ej—1V-1 A V1) - fjp2j71)

The last step is to rearrange terms so that 9(y) in the standard form of the image of ¥;. For ease of notation,
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let a; := (a—&—sjvj/\vj/\vjﬂ) for 1 <j<k-—1andag:=ax:=0.

k
Z% (I2j-1 4 I2;) =

Jj=1

™=
Mb

_

Il
[
M-

I I I
~ . ESIECR x> . PO
i &ML I 1M1
- - -
I Mu. I I
— [S [

ECH
I
-

Il
<.
= |l M?r
[\v]

<.
Il
—
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aj - (Io—1 + Iz) —

a; - (Iyi—1 + Ia)

a; - (Ioi—1 + Io1) —

(aj —ajy1) - (I + -

(aj—1—aj)- (I +-

(a1 = ag) - (I + -+

k j—1

D> aj - (Tuor + 1)

j=11=1
k j—1

- Zz&j “(Lar—1 + I21)

Jj=21=1

?T‘

a1 - (Iog—1 + Iap)

-1
=1

<.
I

—

o~

J
—aj11) > (To1 + Iy)
=1

+ Iy;)

<+ Iy9)

+ I_2)

(3.184)

(3.185)

(3.186)

(3.187)

(3.188)

(3.189)

(3.190)

(3.191)



We conclude with the following

M=

oy) =) (aj—1—az) - (Ii+ -+ Iz—2) + (g7 AVjs1 + €171 AVj-1) - §P2j—1 (3.192)
j=1
k
= Z (((a +Ej1vj—1 AV_1 A vj) —(a+ T ARE WA vj+1)) (L 4+ ]2j_2) (3.193)
j=1
+ (€57 AVip1 +€j-17-1 A V1) '§jp2j71)
k
=3 ((Ej—m‘—l AV a AV =7 AV AVj) - (T + -+ Igja) (3.194)
j=1
+ (6% AVjs1 +€i-17-1 Avj-1) - §jp2j_1)
k
= Z ((€j_1’}/j_1 ANVji_1+ €7 N Vj+1) AV - (Il + -+ IQj_2) (3195)
j=1

+ (657 A Vi1 +Ej—1Y-1 A V1) - fjp2j—1)

I
.Mk

<(5ﬂj Avit1) - &paj—1+ (€7 AVit1) Avy- (I + -+ I2j—2)> (3.196)
1

J

k
+Y° ((€ﬂj AV;) - &ipapzier + (€59 AVi) AV - (I +--- + I2j+1))
j=1
- Z ( Ve A Vc+1 Ecp2c71 + (’YC A Vc+1) A Ve (Il +-- I2c72)> (3197)
ceE
+ Z ( Ye N Vc §c+1p20+1 + (’Yc A Vc) ANVeyq - (Il + -+ IQC))
ceE
=D V(Y AVer1®@ed) + Y Wi(ye Ave @ ecqr) (3.198)
ceE ceE
=, (Z Yo (Ver1 ® €+ Ve ® ec+1)> (3.199)
ceE
= \Ifl(x) (3.200)

where x € A73(Z") - {vep1 ® €. + Ve ® ec1lec € E} as desired. This shows ¥ (im(9;_34) \ {0}) =

AN=3(Z™) - {vey1 @ €. + Ve @ eqy1]c € E} and proves Equation ([3.136)).
O

The above lemma is especially simple when i = 2 since the map A*~2(id ®A) becomes simply A. Ad-
ditionally the kernel vanishes since ¢ < 3, and thus Us,: ker(A) — Ho2(M;Z) is an isomorphism. Fi-
nally when M is simply connected, from Lemmas [3.10] and [B.11] we see that H; = H; 52, in particular
Hy(M;Z) = Ho2(M;Z). This special case is recorded in the following corollary.

Corollary 3.14. For any simply connected T™-manifold M™t2 with rod structures forming the matriz
A:7ZF — 7™, there exists an isomorphism

U, ker(A) — Ho(M;Z) (3.201)

defined explicitly in terms of the rod structures.
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3.7 Geometric Representatives of H; »5(X;Z)

Lemma 3.15. Let M"*2 be a simple T™-manifold with projection map 7: M — M/T™. Choose an interior
point Ry € M/T™\ O(M/T"™) and a collection of line segments R, C M/T™ that connect Ry to each of the k
rods 'y C O(M/T™), as described in Figure and in the proof of Lemma , For every homology class
[y] € Hi—22(M;Z) there exists an i-dimensional CW-complex Y and a continuous function f: Y — M such
that [y] is realized by the pushforward of the fundamental class [Y] € H;(Y;7Z);

LY =lyl- (3.202)

fO)c |7 (Ra). (3.203)

Proof. This proof has two steps to it. The first step is to show that there exists a CW complex Y and a
continuous function f:Y — M which satisfies Equation and where the projection of the image is
distinct from the corners, i.e. w(f(Y))NT, Ny =0 for all a = 1,...,k. The second step is to deform
f so that the projection of the image is contained in the curves R,, i.e. Equation is satisfied. This
second step is a trivial task and a diagram of the procedure can be seen in Figure The remainder of
this proof is dedicated to proving the first step by explicitly constructing the CW complex Y and a the map
frY— M.

Let X be the CW complex for M. As observed in the previous lemma, every homology class [y] €
H;_22(X;Z) can be represented by ¥,(x) =y € [y] for some x € ker(A*"2(id ®A)). This means there is a
representative y € [y] is of the form

y = V,(x)

k
\I/i “ a
;5 Qe ) (3.204)

k
ZBG : fap2a71 + Ba AvVg - (Il +---+ 12a72)~
a=1

Consider the cell structure of D?> = p U S' U D? with a single 0, 1, and 2-cell so that OD? = S!'. For
each a € {1,...,k} define the cell map f,-: D* — X by sending p to paa_1, D? to &up2q_1, and St to
Vg - P2a—1. Using the usual cell structure on 7%~2 with exactly (232) j-cells, define Y, := 7772 x D2,
Extend the map to f,-:Y,~ — X by sending T2 x {p} to % paa_1, T*"2 x B to 8% - &,paq—_1, and
AT 72 xD?) = T2 x St to B4 A vy - pag_1. This makes f,—: Y,- — X a cellular map between CW
complexes. Next let Y,+ := T°"! x [0,1] be a CW complex and define the cell map f,+: Y,+ — X by
sending T~ x (0,1) to B4 A vy - (I1 + - + Izq_2), sending T°~% x {0} to —3% A V4 - P2q_1, and sending
T x {1} to B* A v, - pr.

Now defined the CW complex Y, by gluing Y,- and Y,+ together in the obvious way, by attaching
d(Yy-) to T"F x {0} C O(Y,+). Define the cell map fo: Y, = X by fuly, . = fo=. Note that the image
of any cell map is a CW sub-complex, and that the union of any sum-complexes is also a sub-complex. In

k k
particular |J f,(9Y,) is a CW complex which we can use to define Y. Let Yy := |J f,(9Y,) and define
-1 a=1

Y := YUy, Y1 Uy, -+~ Uy, Y, by attaching 8Y, to Yy via fo: Y, — Yo.

If the CW complex Y has a fundamental class [Y], then it is a primitive element in the top cellular
homology group H;(Y;Z). Since Ci11(Y) = {0}, we know that every element in H;(Y;Z) is uniquely
described by a closed chain in C;(Y). Each Y, has two i-cells which we denote by Y,- and Y,+. These
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are the only é-cells in Y and thus C;(Y) = spany{Y;-,Yi+,...,Y,-, Y+ }. By construction dY,+ = % A
Vo - p1 — 0Y,— where 8% A v, -p1 € C;i—1(Yy) C Ci—1(Y). Recall that x € ker(A*~2(id ®A)) and observe

k k
Y BY AV, = AT2(Id®A)(Y B @ e,) = AT?(id®A)(x). Therefore an i-chain given by an element in
a=1

spang{Y1-, Y+, ..., Y-, Yk+a} ils closed if and only if all the coefficients are identical. This means H;(Y;Z) =
Z and we can define the fundamental class [Y] as being represented by the closed chain Y;- + Yi+ + -+ +
Y- + Y+ € CZ(Y)

The map f: Y — X was defined by f|yai = f,+. By construction f,- sends the i-cell Y,- to 5% &.p2a—1
and f,+ sends Yo+ to B* Avy - (I1 + -+ + Izq—2). Therefore the induced map f.: C;(Y) — C;(X) sends
Yi-4+Yi+ 4+ -+ Y- + Yt toy and f.: Hi(Y;Z) — H;(X;Z) sends [Y] to [y], satisfying Equation .

Finally we must show that f(Y) is disjoint from each corner 7~}(I'. N Txy1). For each ¢ € E, the set
7 1([.NT.y1) is entirely contained in the (n+2)-cell v¢-¢, for some y¢ € A"~2(Z"). The cell map f: Y — X
misses these cells and thus f(Y) misses the corners.

O

Remark 3.16. Under certain circumstances Lemma, can be upgraded to guarantee that Y is a smooth
closed manifold, rather than merely a CW complex. Assume that M is simply connected and [y] = [a] - [z] €
H,_92(M;Z) where [z] € H;(M;Z) and [a] € H;_;(T™;Z) for j < 3. The Hurewicz Isomorphism Theorem
guarantees that [z] = g.[S7] for some continuous map g: S — M. Then since dim(S7) + dim(x (T, N
Tot1)) < dim(M™2) we can use transversality to force 7(g(S7)) to be disjoint from every corner. Now
let h: P77 — T™ be a continuous map so that so that h.[T"77/] = [a] € H;—;(T™;Z). Define the map
[:T77 x 87 — M by f(¢,p) = h(¢) - g(p). Letting Y := T x §7 we see that f: Y — M satisfies the
conclusion of Lemma

3.8 Equivariant Intersection Form

Lemma 3.17. Let M"*2 be a simple T"-manifold with rod structures {vi,...,vi} forming the matriz
A:7ZF = 7Z". There is a bilinear form

QZ HZ',ZQ(M; Z) X Hj72’2 (M, Z) — HiJrj,Q(Tn; Z) (3205)

which for W, (i a’ ®ea) = [x] € Hi_22(M;Z) and ¥, (f: B° ®eb> =ly] € Hj_22(M;Z) is defined
a=1 b=1

as
Q(x],[y]) == Z Q" Ava ABY AV, € NN 2 Hy i o(T™ 7). (3.206)

1<a<b<k—1

k .
Proof. First note that > a®®e, € ker(A""2(id®A)) C A*=2(Z") ® ZF so a® € A"=%(Z") is an (i — 2)-form
a=1

on Z". Similarly 8° is a (j — 2)-form and a® Av, A B Ay is an (i + j — 2)-form. Using the cell structure for
T™ described in the proof of Lemma we see that a® A v, A A% A vy is naturally described as an element
of Hi4j_2(T™;Z). The only thing to prove is that @ is well-defined.

To that end, we construct a new bilinear form (analogous to the bilinear form defined in Remark

D: ker(A"2(id ®A)) @ ker(AT2(id @ A)) — ATTI=2(Z") (3.207)
k k
which for a:= 3" a®®e, and B:= Y. B @ e, is defined by
a=1 b=1
D(e, B) = Z a® Avg A BY A vy, (3.208)
1<a<b<k
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Next choose an element v € ker(¥;.) C ker(A"?(id®A)). Observe that ¥,.(a) = ¥;.(c + ). Thus if
D(a+~,8) = D(e, B) for all a, 3, and -, then Q is well defined.

From Lemma we know v € AT3(Z") - {v, @ e,, Ve ® €cr1 + Ver1 ®eca € {1,...,k},c € E}. To
show that D(a + 7, 8) = D(av, B), first let v € A*3(Z") and fix a € {1,...,k}. Observe that

D(y-vyo®eqB) = Z YAVe AVg A B AV, =0.
a<b<k

The same result happens for any fixed ¢ € F, namely if v = v (v, ® .41 + Ver1 ® €.) then

DH.B)= > YAVeAVern AB AL+ D YAVep1 Ave AR AWy

c+1<b<k e<b<k
= YAV AVey1 ABFTY AV + Z 'y/\(vc/\vcH+vc+1/\vc)/\5b/\vb
ctH1<b<k
=0

Since D is bilinear we see D(v,3) = 0 for any v € ker(¥,,) C ker(A*~2(id®A)) and B € ker(A7~2(id ® A)).
Therefore D(a + 7, 3) = D(a, 3) for all @ € ker(A*~?(id ®A)) and Q is well defined. O

The Lemmal[3.18|below relates the equivariant intersection form with the intersection pairing from singular
homology. The proof is a straightforward generalization of the proof of Theorem which, amongst
other things, shows that shows that the equivariant intersection form and the intersection form coincide in
dimension 4. In the statement of the lemma we also use the fact that when M is simply connected, the
homology groups H;_22(M;Z) and H;(M;Z) are isomorphic. This can be confirmed by Lemmas and
BI1

Lemma 3.18. When M is simply connected and i + j = n + 2, the equivariant intersection form
Q: H(M;Z)® Hj(M;Z) — H,(T",Z) = Z (3.209)
agrees with the intersection pairing from singular homology,
N: H;(M;Z)® H;( M;Z) — Z.

Proof. Let us briefly review the intersection pairing from singular homology. A singular i-chain is a formal
sum of oriented continuous maps from an i-simplex to M. Given an i-chain and a j-chain, each consisting
of a single oriented map which happen to be transverse to each other, and with i + j = dim(M), it is
possible compute an integer value known as the signed intersection number. This pairing is extended to
all pairs of i-chains and j-chains by linearity. If the j-chain is the boundary of a (j + 1)-chain, then the
signed intersection number will always be zero. This pairing then passes to singular homology to produce
the intersection pairing.

In Lemmait was shown that every homology class [y] € H;_22(M;Z) = H;(M;Z) can be represented
by a continuous map from a CW complex in the space, f: Y — M. Note that Y is not an i-simplex but,
by restricting f to the i-cells of Y, the map f: Y — M can be thought of as a formal sum of maps from
i-simplexes into M and is thus a singular i-chain. This i-chain is in particular a representative of [y] in
singular homology. In a similar manor we use Lemma to produce a representative g: Z — M for
[z) € Hj(M;Z). Assume without loss of generality that f and g are transverse to each other. We can now
compute the intersection pairing [y]N[z] € Z by computing the signed intersection number of f and g, which
we will denote by #(f Ng).

The maps f and g can be homotoped so that the images of mo f and 7o g lie in k line segments. Denote
the portion of Y corresponding to the a'” line segment as Y,, and denote the restriction of f to Y, as
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fa := fly,. Similarly define Z, and g,. By breaking up f and g into pieces, we can compute #(f N g) by

k
#(FNg) = #(faNg).

a,b=1

A similar computation was done in the proof of Theorem m where it was found that #(f, Ngs) = 0 unless
1<a<b<k-1

To compute #(f, N gp) we must go back to the construction of f and ¢g in Lemma Suppose
that YF_ o © e, = x € ker(A"2(id®A)) and Yp_, 8 ©® ey = w € ker(A7~2(id®A)) so that U;(x) =
y € [y] and ¥;(w) = [z] € H;(M;Z). For any interior point in the curve p € 7o f,(Y,) we see that
fa(Yo)Nm=Y(p) C 7= 1(p) = T™ is an oriented (i — 1)-dimensional subtorus, representing the homology class
a® Av, € ATYZ™) = H;1(T™;Z). Similarly g,(Zp) N7~ Y(p) C T™ is a (j — 1)-dimensional subtorus,
representing the homology class 8% A v, € AI=1(Z") = H;_1(T"™;Z). Because (i — 1) + (j — 1) = n, the
intersection pairing of these two forms is a single integer which is equivalent to the signed intersection number
of f, and g,. Representing the integers as A™(Z"™) = Z, we see that the signed intersection number of f, and
gp is a® A vy A B Avy. This proves that the intersection pairing of [y] and [z] is

yinlzl= Y. a®AvaAB Av,€ANZ") L. (3.210)
1<a<b<k—1
This is equivalent to the equivariant intersection form Q([y], [z]). O

3.9 Weakly Equivariant Maps II

Lemma 3.19. Let (F,¢): (M™2,T™) — (N" T2 T™) be a weakly equivariant map satisfying the hypotheses
of Lemma[3.8 Then for all2 <i<m

F (W (w) = U (pa(w)) (3.211)

for all w € ker(A'2(id®@AM)) C A=2(Z™) ® ZF where p.: AN72H(Z™) @ ZF — AN72(Z") @ ZF is the
homomorphism induced by ¢: Z™ — Z™ via v.(v @ e,) = p(V) ® e,.

k
Proof. The proof is a simple computation. Let w = > a?®e, € ker(A"~2(id @ AM)). Observe the following

a=1
chain of equalities which uses notation defined in the proof of Lemma[3.8]

F (UM (w)) = ( (Za ®ea>> (3.212)

F (UM (a"®e,)) (3.213)

[
™=

a=1

I
W

Eo(a® &Mp)l  +a* AV (1M + -+ 13,)) (3.214)

a=1

[
™=

(p(a®) - Fu(€p ) +p(a®) Ap(vM) - (F(IM) + -+ F(IHL,))  (3:215)

a=1
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We now use Equation (3.88) from the proof of Lemma [3.8] to express image of the image of F, in terms of
N.

F(U (W) =D (p(a®) - & pho_y + (@) AV - (IY + -+ I30_y)) (3.216)
a=1
k
=D N (p(a”) ®eq) (3.217)
a=1
k
_ 11(2 ®ea> (3.218)
= UM (0. (w)) (3.219)
O
The above lemma has a special case when ¢ = 2 and the manifolds are simply connected. First

Corollary shows that ¥ induces an isomorphism on the second integral homology group. Second,
0 N72(Z™) R ZF AN ~2(Z") @ ZF in Lemma reduces to the identity map on Z¥ when i = 2. This special
case is recorded in the following corollary.

Corollary 3.20. Let M™*2 be a simply connected T™-manifold with projection map wpr: M — M/T™,
rods {TM, ..., TM}, rod structures {v}M, ... ,vM} forming the matriz AM:ZF — Z™ and isomorphism
UM ker(AM) — Ho(M;Z). Similarly define N"*2 to be a simply connected T™-manifold. Suppose there
exists a weakly equivariant map (F,@): (M,T™) — (N, T™) which induces a homeomorphism between the
quotient spaces M/T™ and N/T™ with the property that

N (F(my (D)) =T (3.220)
p(vil) =vY (3.221)

for alli=1,... k. Then ker(AM) C ker(AN) C Z* and
Fu (M (w)) = BV (w) (3.222)

for all w € ker(AM).

Lemma 3.21. Let (F,¢): (M™2,T™) — (N" T2 T") be a weakly equivariant map satisfying the hypotheses
of Lemma . Then for any i,j € {2,...,m}

Qn (F[x], Fuly]) = @« (Que (Xl [¥1)) (3.223)

for all [x] € Hi_a2(M;Z) and [y] € Hj_22(M;Z) where py: Hixj_o(T™;Z) — Hit;—o(T";Z) is the homo-
morphism induced from p: T™ — T".

Proof. Using Lemma/|3.13|let w, := Z a’®e, € ker(A"2(id®AM)) and w, := Z BPxe;, € ker(A72(id @ AM))
a=1

so that WY (w,) = [x] € Hi_22(M;Z) and W} (w,) = [y] € Hj_52(M;Z). NOW observe the following chain
of equalities.

Px (QM([XL [Y])) = Px (QM(\I’%(WI)v W%(Wy))) (3-224)
= Z a® AvM A B AVM (3.225)
1<a<b<k
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The above line is simply the definition of Qs from Lemma [3.17]

e QuL D) = Y. wu (@ AV AR AV (3.226)

1<a<b<k
= Y ela) A AeB”) Ap(vi) (3.227)

1<a<b<k
= > e@) AV Ae(B) AV (3.228)

1<a<b<k

k k
=Qn <\I/N <Z (o) ® ea> LU (Z p(B") ® eb>> (3.229)
a=1 b=1

= Qn (T (0 (W), U (s (wy))) (3.230)

We now use Lemma [3.19] and conclude

2 (@i, ) = Qu (Fu(WY (w)), Fu (W2 (w,)) (3.231)
— Qn(F.[x], Bly)). (3.232)
O

3.10 Computing H, »:(X;Z)

Lemma 3.22. Let M be a simple T™-manifold of dimension (n+2) > 4 with k rods and m < k corners. If
the first rational homology group of M wvanishes, then for 2 <i<n

H; 55(M;Q) = Q" (3.233)

bk(lf >(2f1>k<?_;>m(?_§> (3.234)

If in addition M is simply connected, then

where

Hi_5o(M;7) = 7", (3.235)
Proof. In Lemma [3.13] a surjective homomorphism
s ker(A2(id®A)) — Hi_92(M;7) (3.236)
was constructed. This gives a representation of the integral homology group

ker(A"2(id ®A))

H;_22(M;Z) = kor(Vsn) (3.237)

where the kernel of ¥;, was computed to be
ker(W;) = A3(Z") - {Ve @ ey, Ver1 @ €.+ Ve Recilac {1,... k},c€ E} (3.238)
where E C {1,...,k} is the set of corners of M. Recall that any rational homology group is a vector space

and as such its only invariant is its dimension. The dimension can be computed by taking the difference of
the dimensions in the numerator and denominator in Equation (3.237));

b; = dim(ker(A"2(id ®A)) ® Q) — dim(ker(¥;.) ® Q). (3.239)

107



To prove that the integral homology is also only defined by b; amounts to showing that H;_o2(M;Z) is
torsion-free. To do this we will first show that ker(A*=?(id ®A)) is a free Z-module so that no torsion is
inherited from it. Then we will show that ker(¥;,) C ker(A"~2(id ®A)) is a primitive sub-latice or sub-
module, so no new torsion is introduce by taking a quotient.

Our first goal is to compute the dimension of ker(A*~2(id ®A)). To that end consider the domain and
range of A*~2(id ® A) thought of as a linear map between Z-modules

dom(A"2(id ®A)) = A"2(Z") @ Z (3.240)
= spang{a @ w|a € A72(Z"), w € ZF} ( )

range(A 2 (id ®A)) = A=3(Z"™) - A(ZF) (3.242)
= spang{a A A(w)|a € A73(Z"), w € ZF}. ( )

If we tensor these spaces with QQ then they become vector spaces and the rank-nullity theorem will al-
low us to compute the dimension of ker(A*~2(id ®A4)) ® Q from the dimensions of dom(A*2(id ®A4)) ® Q
and range(A*~?(id®A)) ® Q. Note that since range(A""2(id®A)) C A*"1(Z") and ker(A""2(id®A)) C
A=2(Z") ® ZF are all clearly finitely generated free Z-modules, they too are described by a single invariant
known as the dimension. Thus for ease of notation we will suppress the Q when computing dimension.

Computing the dimension of the domain is trivial since the dimension of a tensor product is the product
of the dimension, thus

dim(AT3(Z") @ ZF) = k (Z f 2) : (3.244)

Computing dim(range(A'~2(id ® A))) is more difficult but will be made easy by introducing new bases for Z"
and ZF coming from the Smith normal form of A (see Lemma [2.22)). As an abuse of notation we will denote
the elements of both new bases as f,, so that {fy, ..., fi} C ZF is a basis for Z* and {f},...,f,} C Z" is a basis
for Z". The fact that Z*¥ and Z" are formally distinct vector spaces (i.e., a single vector cannot be in both
vector spaces) will hopefully mitigate any confusion that this abuse of notation causes. Recall the that Smith
normal form of a rank-/ linear map A: Z¥ — Z" is given by UAV = S where U € GL(n,Z), V € GL(k,7Z),
and S is the diagonal matrix diag(sy,...,s;,0,...,0). Using the standard bases {e;,...,ex} C ZF and
{e1,...,e,} CZ" we define the new bases as

£, :=V(e,) = Vle, € Z* (3.245)
f,:=U"(e,) = (U 1)e, € 2" (3.246)

Observe that the matrix representation of A in these new bases is the Smith normal form of the matrix
representation of A in the standard bases;

Alfa) = AV es)
= AV'e,
= (AV)le,
= (U 18)e,
= (U 1)5Sees
= (U Hesce,
= U (s.€4)

= 8,f,.
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In this basis the kernel and range of A become easy to represent;

ker(A) = spang{f,1,...,f} = 2" (3.247)
range(A) = spang{sifi,...,s/f} = Z". (3.248)

We can also define an “orthogonal complement” ker(A)* C Z* as
ker(A)* := spany {f;,...,f;} = 7Z! (3.249)

so that Z* = ker(A) @ ker(A)*. Note that ker(A)L is only “orthogonal” to ker(A) with respect to the
dot-product using the {f,} C Z* basis, and not some underlying inner-product on Z*.
With this new notation we can find a new set of generators for the range;

range(A'2(id ®A)) = spang{a A A(w)|a € A73(Z"), w € ZF} ( )
= spang{a A A(w)|a € A3(Z"),w € ker(A)} ( )
= spany {f; N A(f,)|J € I ,a € {1,...,1}} ( )
= spang {5 A sof|J € I' 5,a € {1,...,1}} (3.253)
= spang{f; A s f,|J € I]' 5,a€{l,...,l},a & J} ( )
= spanyg{f; A sof,|J € I' 5,a € {1,...,l},a < J}. ( )

Where we are using the now standard multi-index notation with J and I;>, and a < J means a < j.
Observe that by construction the generators in Equation (3.255)) are all linearly independent. Computing

the dimension is now a simple combinatorics problem. For each a € {1,...,l} we must choose the distinct
values for the i — 2 numbers {j1,...,Jji—2} from our set of n — @ numbers {a + 1,...,n};
' /n—a n n—I
di A2 (id®A))) = = — . 3.256
et ea) =3 (175) = (") - (7)) (3.256)

The rank-nullity theorem then shows

dim(ker(A"2(id ®A))) = k(zf 2) + (Z‘__ f) - (Z " 1). (3.257)

The above equation is true for any linear map A: Z¥ — Z" of rank [. However by hypothosis the H(M; Q) =
{0} which from Lemma means | = n. Therefore when the first rational homology group vanishes

dim(ker(A"2(id ® A))) k( " ) ( " > (3.258)

1—2 1—1
Our next goal in this proof is to compute the dimension of ker(¥,,).
ker(W) = A73(Z") - {Ve @ €q, Var1 @ € +Va D eqi1la € E}. (3.259)
We will denote this space by IV and split it up into two sub-spaces,

Ny = ANT3Z") {v, ®ela € {1,...,k}} (3.260)
Ny :=AN"3(Z") {Var1 ® €q + Vo @ eqyila € {1,...,k}}, (3.261)

noting that N = Ny + Nj.
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To compute the dimension of N; we must first express it as a Z-module

Ny =AT3Z™) {ve®@eqlac{l,...,k}} (3.262)
=spang{B AV, @eq|f € AT3(Z"),a € {1,... k}} (3.263)
k
= @spanz{ﬂ AVa ®eqB € ANT3Z™)} (3.264)
a=1
k .
= P spans{B A va @ eal € ANTHZM), B AV, # 0} (3.265)
a=1
Now for each a € {1,...,k} we will define a basis {u},...,u”} of Z" where u? := v,. Recall that this is

always possible because v, € Z" is a primitive vector. By expressing 8 in this basis we observe

k
Ny = Pspang{ul A+ Aul Ava®ed| € g n g J} (3.266)
a=1
k
= @spanz{ufll A AU AUl @ e, € T (3.267)
a=1

By construction the set of generators in the above equation are linearly independent which means

-1
dim(Ny) = k(?_ 3). (3.268)
At this point we are going to pause and define two new manifolds. Let both M’ and M be simple T7-

manifolds defined by the rod structures {vi,..., v}, but with M’ having 0 corners and M having k corners.
Note that if m = 0 then M = M', E =0, N5 = {0}, and

Ker(A"2(id @A
Hi (M5 7) = 5 N(l 24)) (3.269)
1

However, notice in the definition of Ny that since v; are primitive vectors, the sublatice (submodule) Ny C
A=2(Z™) ® Z* must be primitive. In particular, N; is a primitive sublatice of ker(A*~2(id ® A)) as well hence
H,_22(M';Z) is a free Z-module. This means H;_52(M';Z) = 7Y where

b = k<l7_12> - (:1) k(?__gl> (3.270)

Observe that since each corner in M is equivalent to 772, the space M’ can be thought of as M with
k copies of T"~2 removed, M’ =2 M \ k- T" 2. Assume for now that M is simply connected (which is
equivalent to saying that M’ and M are simply connected). This means each of the tori coming from each
of the corners is null-homotopic. This gives us the remarkable identity

M’ = M#(S"T2\ k-T2, (3.271)
We can now use Meyer-Viatoris to compute the integral homology of M.
oo Hy(S™Y — H; (M) @ Hj(S" ™2\ k-T" %) — H;(M') — Hj—1(S™) — ... (3.272)
Since H;(S™"2\ k-Tn"2) = Z+(iZ5) for 0 < i < n + 2, we can solve for the homology of 37 and see

H; (M) = 2 +(153) (3.273)
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for 2 < i <n. With a similar exercise we observe that
M = M#(S" T2\ (k—m)-T"?) (3.274)

and therefore

Hy(M) = zb—m(53) = 7 (3.275)
establishing Equation as desired. (Note that since M is simply connected, H; o(M) = H;_44(M) =
{O} and thus Hi_272(M) = HZ(M))

Now that the statement has been proven for the the simply connected case, we return to the case where
Hy(M;Z) # {0} but H;(M;Q) = {0}. Recall Corollary [2.58 proves that M has a torsion free cover M which
is also a simple T"-manifold with k rods. Since H:(M;Q) = {0} we know that M is in fact simply connected
and thus H,;(M;Z) = Zb. Now since M is a cover of M there exists a surjection H;(M;Q) — H;(M;Q)
between their rational homologies |16, Proposition 3G.1]. This provides an upper bound to the dimension

To prove that b; is also a lower bound we return to the Z-module NJ.

Ny = A"3Z")  {Var1 ® €y + Vo @ €gp1la € E} (3.277)
= spang{B A (Vay1 ® €, + vV, @ eqy1)|f € AT3(Z"),a € E}. (3.278)

Now for each a € {1,...,k} we define the basis {ul,...,u”} of Z" with the property that both u? := v, and

qul := vg41. This is always possible because whenever there is a corner at I'y N I'y41, the rod structures

{Va;Va+1} are admissible and thus form a primitive set. In this basis we can express Nj as
N =spang{ul' A Al A (Ut ®e, +ul ®egqr)|] € I y,a € E} (3.279)
Now let B =ullt A--- A wli~* and supposed n — 1 € J. Then

BA(Var1 @ €q+ Ve D €qy1) :u{;1 /\~~-/\uji*4 /\u”*1 A(Var1 ®eq+ vy ®eqyr) ( )
=ul' A AW AU A (W T ®e, Ul @earr) ( )
=u' A AW AU AU @ e (3.282)
=uw' A AW AU AU @ ey ( )
=ul A AW AU AV ®egyn ( )
€M (3.285)
A similar argument shows that if instead n € J then S A (Vo111 ® €4 + vy ® €441) is also in Ny. This gives
N; and NJ a non-trivial intersection and makes computing the dimension of N more difficult. To avoid this
problem we define a new subspace Ny C NJ, as

Ny :=spang{ul' A---Auli—2 AUl ' ®e, +ul ®e,1)|] €172 a€ E} (3.286)

noting that N = N; 4+ Ns. Without even determining whether the generators in Equation (3.286) are basis
vectors or not, we can see that an upper bound for the dimension of N5 is

dim(Ny) < m<7z - 2) . (3.287)

This gives an upper bound for the dimension of N and thus a lower bound for dim(H;_22(M;Q)) =
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dim(ker(A*~2(id ®A))) — dim(N). In particular we see

dim(H;_z5(M; Q) > k(li‘Q) - (Z " 1) - k<7z_31) - m<’z_§> = b;. (3.288)

Equation (3.233)) is now satisfied and the proof is complete.
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4 Einstein Equations

In Section [] we examine the Einstein Equations and prove Theorems [F] [G] and [H The first of these,
Theorem |F| is the generalization of the harmonic map method [27},28] into higher dimensions. The other
two, Theorems|[G|and [H] are more geometric and topological in nature, but rely on Theorem[F] It is therefore
important that we begin with an overview of the harmonic map method and its assumptions.

The vacuum Einstein equations are notoriously difficult to solve in general. However when sufficient
symmetry is assumed the equations sometimes reduce to a more manageable form. In our case the vacuum
Einstein equations on a Lorentzian manifold (M"*3, g) admitting symmetry group R x U(1)" reduce to
a harmonic map equation for ¢: R®> — SL(n + 1,R)/SO(n + 1). The domain for the harmonic map is
obtained from the orbit space M"*3/[R x U(1)"], which is homeomorphic to the right half plane {(p, 2) :
p > 0} |15,[19,120], by adding an ignorable angular coordinate ¢ € [0,27), yielding R® parametrized by
the cylindrical coordinates (p, z, ). The harmonic map itself is axisymmetric, as it does not depend on ¢.
Uniqueness theorems for higher dimensional stationary n-axisymmetric black holes ultimately reduce to the
uniqueness question for such harmonic maps with prescribed axis behavior |20].

Geometrically, we must assume that (M"*3, g) is a connected asymptotically locally Kaluza-Klein sta-
tionary vacuum spacetime, with 2, 3, or 4 ‘large’ spatial asymptotically (locally) flat dimensions. By asymp-
totically locally Kaluza-Klein we refer to a spacetime which asymptotes to the ideal geometry (R‘l_“"’l / G) X
Ts=2 where T2 is any flat torus, G C O(4 — s) is a discrete subgroup of spatial rotations, and
s € {0,1,2}. If G is trivial, then the moniker ‘locally’ is removed from the terminology. Note that we
cannot have more than 4 ‘large’ dimensions since R® does not admit an effective T3 action, and fewer than 2
‘large’ dimensions is just not interesting. We will refer to such spacetimes as well-behaved if the orbits of the
stationary Killing field are complete, the domain of outer communication (DOC) is globally hyperbolic, and
the DOC contains an acausal spacelike connected hypersurface which is asymptotic to the canonical slice in
the asymptotic end and whose boundary is a compact cross section of the horizon. These assumptions are
used for the reduction of the stationary vacuum equations (preformed in Section , and are consistent
with |18§].

The prescribed axis behaviour of our harmonic comes in the form of a rod data set {(v1,T'1,¢1),..., (vi, Tk, ck)}
consisting of rod structures v; € 7' (see Section, arisrods I'; CT' C BRi (see Section, and potential
constants c; € R™ (see Section. This information encodes an approximate solution to the harmonic map
equations, referred to as a model map. We then say that the model map corresponds to the rod data set.
The connected spaces in-between axis rods, which are intervals in the real line, are referred to as horizon
rods. These represent the horizon cross-sections of black holes. If all horizon rods have nonzero length,
then the rod data is associated with nondegenerate black hole solutions |20, Lemma 7]. Note that rod data
with no horizon rods is still considered nondegenerate. The prescribed harmonic map problem is solved by
finding a solution which is asymptotic to the model map. A precise description of the properties required for
the model map is given in Definition and the notion of asymptotic maps is reviewed in Definition
Theorem [F| is a generalization of Theorem 1 in [28]. In particular, it extends the previous result to higher
dimensions, and removes the assumption of a compatibility condition for the rod data. However the notion
of admissibility, which was explained in Section [2.2] is still retained since this is required to ensure that the
total space arising from the rod structures is a manifold.

4.1 Harmonic Map Equations

Let (M"3 g), n > 1 be a well-behaved asymptotically Kaluza-Klein stationary m-axisymmetric vacuum
spacetime, that is, any time slice (M™"*2 g) C (M"*3 g) admits it admits U(1)" as a subgroup of its
isometry group, and thus admits an effective T"-action. As a consequence of topological censorship [§], the
fundamental group of the asymptotic end of M is equal to the fundamental group of M. This forces the
orbit space M/T™ to be simply connected and precludes the existence of any orbifold points in the quotient
map M — M/T™, thus satisfying the conclusion of Theorem and making M a simple T"™-manifold
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(see Definition [2.4). In particular, the spacetime metric g may be written in Weyl-Papapetrou coordinates
[18] Theorem 8] as

g=f1e(dp® +d2?) — fp%d + > fi(de' + widt)(de) + wdt), (4.1)

i,j=1

where (f;;) is an n x n symmetric positive definite matrix with determinant f, and f;;, w’, o are all functions
of p and z. To avoid writing sums we will use Einstein notation with the following notation convention.

Notation 4.1. For the remainder of Section [ unless stated otherwise:

the indices i, j, k, etc..., are assumed to range over {1,...,n}, and

the indices p, v, A, etc..., are assumed to range over {t, p, z}.

Furthermore, 0; denotes 04, and dx* denotes dp, dz, or dt depending on the value of p.

Remark 4.2. The relation between rod structures and axis rods can be seen in the metric. On each axis rod,
a circle corresponding to the rod structure collapses. This means the associated Killing field vanishes. If
v = (vl,...,v") is the rod structure for the axis rod Iy, then its Killing field is X, := v'0;. Thus z € Iy if
and only if
lim g(X,, X,) = lim f;;v'v? = 0. 4.2
lim g(Xq, Xg) = lim fi;v'v (4.2)

To see the harmonic map equations let
g3 1= €27 (dp® + dz?) — p*dt?, AW = wid, (4.3)

then the vacuum equations imply
d(f fij %3 dAY)) = 0, (4.4)

where %3 represents the Hodge dual operator with respect to g3. Thus, there exist globally defined twist
potentials w; such that
dw; = 2f fij %3 dAY). (4.5)

The value of the twist potentials on axes adjacent to the horizons determines the angular momenta of the
black holes. Next, note that we can write the 3-dimensional reduced Einstein-Hilbert action [32] as

1
S = R®) 4514 = Tr(d71d® A +3P~LdD), (4.6)
Rx (Mn+2/[RxU(1)"]) 4
where ) )
f~ —fw; .
P = =1,.. 4.
(Lo, i )e =t (@)

is symmetric, positive definite, and satisfies det(®) = 1. By varying the action with respect to ® and applying
R-symmetry, a majority of the reduced Einstein vacuum equations becomes equivalent to setting a quantity
7 known as tenston to zero:

Tflj = Aflj — fkmvuflmv,ufkj + fﬁlvuwlvﬂwj =0,

| y l (4.8)
T = Awy — UV iV pwk = VP fin Vw; = 0.

The above are the equations for a harmonic map ¢ : R3\ ' = SL(n + 1,R)/SO(n + 1), where ¢ is defined
in terms of (fi;,w;) coordinates (see Sections and . Given a solution to this system, the remaining
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metric components w® and o may be found by solving the quadrature equations [21, Pg. 34]

B 1, 1.,
p o, = éf 2 (f,Qp + f2z) + gf I FirpFitp — ko2 Fit,2)

1, .
+ if A (Wi pwj,p — Wi,zWj,z)
_ 1, 1 ... 1o s (4.9)
plo, = Zf 2fof-+ szfklfikyfjl,z + §f YW, wij
i 1 pij
w,p = pf f jwj-,z
w, = _pfilf”wjvp'

Therefore, the stationary vacuum equations in the n-axially symmetric setting are equivalent to a harmonic
map problem with prescribed singularities on I', a subset of the z-axis which represents the axes of the
U(1)™-action or rather those points associated with a nontrivial isotropy group.

4.2 Model Map

In this section we construct the model map ¢o: R3\T' — SL(n +1,R)/SO(n + 1) seen in Theorem [F| This
map describes the singular behavior of the desired harmonic map near the axis I', as well as the asymptotics
at infinity. The model map can be viewed as an approximate solution to the singular harmonic map problem
near the axes and at infinity [28,54]. We define a model map as follows.

Definition 4.3. A map ¢o: R*\I' = SL(n +1,R)/SO(n + 1) is a model map if
1. |7(®0)| is bounded, where 7 denotes the tension of g, and
2. there is a positive function function u € C?(R?) with Au < —|7(pg)| and u — 0 at infinity.

It should be noted that if |7(po)| = O(r~®) as r — oo, for some o > 2, then this is sufficient to
satisfy condition (2). In order to facilitate the construction of the model map, we will utilize the following
parameterization of the target space. Namely, the target space is parameterized by (F,w), where F' = (f;;) is
a symmetric positive definite n X n matrix and w = (w;) is an n-tuple corresponding to the twist potentials.
On each axis rod, the Dirichlet boundary data for w; is constant. These so called potential constants c;,
defined by

C; = (wl,...,wn)|pi, (410)

determine the angular momenta of the horizons and do not vary between adjacent axis rods which are
separated by a corner. In (F,w) coordinates, the metric on the target space SL(n + 1,R)/SO(n + 1) may
be expressed as (see [32])

i‘j{; I ifijfkldfikdfjl n ;fijdb})idwj _ i[Tr(F_ldF)}g " iTr(F_ldFF_ldF) n ;dthf—ldw7 (411)
where f = det F and F~! = (f¥) is the inverse matrix. By setting
H=F"'VF, G=f'F(Vw)?, K=f"1'F'Vu, (4.12)
it follow from that the squared norm of the tension becomes
|72 = i[Tr(diVH + @) + i Tr[(div H + G)(div H + G)] + %f(div K)'F(div K). (4.13)
It is clear from that the tension norm is invariant under the transformation
F hFh' and w+— hw, (4.14)
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for any h € SL(n,R). Note that det h = 1 is not required for this to hold when w is constant, since G and
K are then zero. The next result generalizes the model map construction from lower dimensions that was
presented in [27}28].

prz (p17p2707 2009 0)

Figure 4.1: This diagram depicts the various regions used in the construction of the model map. Axis rod
structures are represented by p, q, r, and t, while horizon rods are indicated by dashed lines.

Lemma 4.4. For any admissible rod data set, with nondegenerate horizons, there exists a corresponding
model map ¢o: R3\ T — SL(n + 1,R)/SO(n + 1), for n > 2, having tension decay at infinity given by
7| = O(r=5/?).

Proof. We first present a proof for the rod data set corresponding to two horizons and a single corner, as
shown in Figure [fI] At the end of the proof, we will indicate the necessary adjustments for the general
case. Observe that in the diagram there are four neighborhoods R1, R, R3, and R4 associated with certain
axis rods, having rod structures p, q, r, and t respectively. The model map will be constructed separately
in each of these regions. The following two harmonic functions on R3 \ I' will play an important role in the
construction

U = log(rq — (2 — a)) = log(2r, sin?(6,/2)), vy = log(rq + (2 — a)) = log(2r, cos?(0,/2)),  (4.15)

where r, = 1/p? + (2 — a)? is the Euclidean distance from the point z = a on the z-axis, and 6, is the polar
angle.

Consider first the case in which the asymptotic end is modeled on L(p, q) x T2, where 0 < ¢ < p. By
applying Lemma [2.20] if necessary, it may be assumed without loss of generality that the rod structures on
the semi-infinite rods are p = (p1,p2,0,...,0) with po > 0, and t = (1,0,...,0). The model map outside of
a large ball (corresponding to the shaded region outside of the circle in Figure and in the regions R4
and R4, may then be given by

Fy, = hEyht, w = h(6), (4.16)
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where @ is a function of 6 = 6 alone described below and

i 0 VP2 0
Fy = diag (evo~1082 gvo~log2 7 ) h=|1/ypz -p1/vPz 0 |, (4.17)
0 0 I,

with I,,_, representing the identity matrix. Notice that, up to multiplication by constants, k! sends t — ey
and p — e;. Thus, the matrix F} possesses the appropriate kernel at the semi-infinite rods to encode
the given rod structures. Moreover, since o = (F},w) is obtained from the map (F},&) by applying an
isometry to the target space, and F) arises from the canonical flat metric on R* x 7"~ 2, it follows that
div H = div F; 'V F; = 0. We may further choose @(6) to be constant for 6 € [0, ¢] U [r — ¢, 7], thus showing
that (F7,w) is harmonic in Ry and R4. The constants are chosen to coincide with the prescribed potential
constants on the axis rods. Within the remaining angular interval, &(f) may be prescribed arbitrarily as
long as it is smooth. In order to verify the decay of the tension for this map in the range 6 € [e, 7 — €],
observe that since Fy = O(r), f = O(r?), |[Vw| = O(r71), and div K = O(r~*) we have

f(div K)!Fy (div K) = O(r™?), G=0(@"). (4.18)

Hence |7| decays like r=5/2 which is sufficient. Similarly, in the case where the asymptotic end is modeled
on S? x T" 1, we can without loss of generality assume that the rod structures on both the semi-infinite
rods are (1,0,...,0). The model map outside of the large ball and in the regions R; and R4 is now given by

Fy = diag (e, 1,...,1), w=w(6), (4.19)

where u = 2log p and w is constant on 6 € [0, €] U [r — ¢, 7]. As before, the tension decays as |7| = O(r—°/2)
when r — oo.

Next consider the compact region Ro below the first horizon. The poles in this region are located at
z=aand z = b, a < b, and the rod structure is q = (g1, ¢2, - - . , gn). The model map in this region is defined
by

F2 = hgﬁghé, W = C2, (420)

where F, = diag (e, 1,...,1), u = uq — up, and

ho = ([q, eg,...,en]t)_l. (4.21)

The constant vector ¢y is chosen to agree with the prescribed potential constants on the rod. As pointed out
in the remark preceding the lemma, det ho = 1 is not required here since w is constant. It follows that the
map o = (F,w) is harmonic in region Ras.

Now we will deal with the regions R3, R4 and the transition region 7 between them. Let the pole S be
at z = s > 0 and the corner C; be at z = 0. The rod structure above the corner Cy is r = (r1,...,7,), and
below the corner is t = (1,0,...,0). Because of admissibility, we can without loss of generality assume that
ro > 0. As above we set w to be a constant c3, agreeing with the prescribed potential constant on the rods,
in the entire southern tubular neighborhoods R3 and R4. Let

Fy = diag (e“, €%, 1,...,1), u = (ug — log2) — A(z)(us — log 2), v =g — log?2, (4.22)
where A = A(z) is a smooth cut-off function which is 1 near R3 and 0 near R4. Define the map in region R

by
F3 = h3F3hé, w = 3, (423)
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where »
h3:\/p>2([r’ehe37“-aen]t) . (424)

We have already given the map in R4. In order to define the map in 7, set hs(z) to be a smooth curve of
invertible n X m matrices which connects hz in to h in . Note that this is possible since both
endpoint matrices have negative determinant, and that the curve may be chosen so that the second column
of (h3(2)t)”" remains the constant vector 1/\/pzei. The map F3(z) = h3(2)F3(z)h(2) then identifies the
correct rod structures, and agrees with the previously defined map on Ry4. Since w = ¢3, we have G = K =0
in R3 URy. It remains to show that div F371VF3 is bounded on the transition region 7, since it vanishes on
the complement. To see this, compute

div Fy 'V Fy =[V(E3hb) 7] - (h3 'Vhs) Fshl 4 (F3h) ™t div(hy ' Vhs) F3hl
+ (Fsht) ™' (hy 'Vhg) - V(Fshy) + (Vhy") - (Fy 'V E3)Rg (4.25)
+ hg ' div(Fy 'V F3)hl + h3'(Fy 'V Fy) - VhY 4 div(h3 ' Vhs).

Note that |[Vu| and 8,v = 1/r are clearly bounded in 7. Moreover, the second row of hy *Vhz vanishes, and
this leads to the desired boundedness of div F;; 'V Fs. Indeed, consider the first term on the right-hand side

of (4.25)), namely

[V(E3ht)™Y - (hy'Vhs) Fyhl = [(hg)‘1 0.F "+, ()™

-Fgl] (h3'0.h3)F3hy. (4.26)
The only potential difficulty in bounding this expression on 7 arises from the function e™?, in Fg_ ! and
8ZF3_1. However, since hy 19.h3 has a vanishing second row, the products

Fyb(h3'd.hs), 0. Fy 1 (h3'0.h3), (4.27)

no longer contain e~” and the first term of is controlled. The remaining terms may be handled
analogously. It follows that is bounded, and hence the model map ¢y = (F3,w) has bounded tension
in a tubular neighborhood of the two southern most rods. This treats the case in which the asymptotic end
is modeled on L(p,q) x T"~2, and a similar procedure may be used in the case that the asymptotic end is
modeled on S? x T"1,

We will now address the multiple corner case. Any connected component of the axis consists of a consec-
utive sequence of axis rods. To construct the model map in a tubular neighborhood of such a component,
first divide this region into neighborhoods centered at corners and transition regions between corners. The
basic block consists of two such neighborhoods around adjacent corners C,, and Cs, and the transition region
T between them. It suffices to illustrate the map construction in such blocks, as the full map may then be
obtained by combining the individual pieces to handle any rod structure configuration.

Consider a basic block with rod structures p, q, and r on axis rods I'y, I's, and I's respectively, moving
from north to south. Note that p and q, as well as q and r, must be linearly independent since the corners
C,, and C; are admissible. It follows that there is a collection of standard basis vectors {e;,,...,e;, ,} that
complete {p,q} to a basis, and similarly for {q,r}. We may then form the matrices

—1 —1
hp.q= ([p, qQ€,--- ,einfz]t> , heg = ([r, q,€j,,- -, ejnfz]t> ) (4.28)

Next define F = diag (e*,e",1,...,1) where u and v are harmonic, with e* vanishing on I'; and T's, and
e’ vanishing on I's. These functions may be given as the sum of logarithms of the form . Then Fy
corresponds to the rod structures e, ez, and e; on I'y, I's, and I's respectively. Consider a smooth curve of
invertible n x n matrices hp|y q(2) which agrees with hp q on I'y and in a neighborhood of C,, and transitions
over 7 C I'y so that it agrees with hy q on I's and in a neighborhood of C,. The existence of such a curve
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is possible since we may assume that the determinants of hp 4 and hy o have the same sign by replacing r
with —r if necessary. Moreover, the curve may be designed such that the second column of (hphw(z)t)_1
is the constant vector q. This implies that the second row of h;|1r thp\r,q vanishes, so that with the help

of we find that div F~'VF remains bounded along 7, where F = hp|r,qF0h;‘r’q. The model map
o = (F,w) on the basic block, with w constant, then has bounded tension.

Lastly, it remains to treat the case of multiple blocks within an axis component. To accomplish this,
take v and v harmonic so that e* and e” vanish in an alternating fashion on the string of axis rods. The
diagonal matrix Fjy is then defined along the entire string. We will inductively construct the model map on
basic block assemblies. As a demonstration of this, consider adding an additional rod I'y, with rod structure
w, to the sequence of three rods discussed above which we call basic block B;. We may view the I's, I's, T’y
string, with rod structures q, r, w, as a basic block Bs; the corner between the third and fourth rod will be
denoted by C,. The map has already been defined into a neighborhood of I's, and may be extended into a
neighborhood of T'y as follows. Recall that the maps

= hp|,r)qF0hf)|r,q7 Fy = hr7q\wF0hf‘7q‘w7 (4.29)
are defined on the basic blocks By and By respectively, and identify the desired rod structures. However,
they do not necessarily coincide on the overlap regions. In order to remedy this situation, let h4(2) be a
smooth curve of invertible n x n matrices connecting hy q t0 hyy With a transition over 7 C I's. This
is possible since by replacing w with —w if necessary, we may assume that both endpoint matrices have
determinants of the same sign. Moreover, this curve may be chosen such that the first column of (h4(z)t)71
remains the constant vector r. Set F' = h4(z)F0h4(z)t on I's, and observe that this agrees with F} and Fj
near the corners Cs and C,,, respectively, so that F' is naturally defined on all of By U B5. Since the first row
of hZIVh4 vanishes, we find with the aid of that div F~'VF remains bounded along I';. The model
map ¢ = (F,w) on the two basic blocks, with w constant, then has bounded tension. We may continue this
process inductively to treat any number of consecutive axis rods. O

Remark 4.5. In |27,/28] an additional technical assumption on the rod structures, known as the compatibility
condition, was used for the construction of the model map. The condition, which is not required for Lemma
states that given three adjacent rod structures with admissible corners, say (m,n), (p,q), and (r, s), the
following inequality must hold

mr(mg —np)(ps —rq) <0 . (4.30)

This turns out not to be a geometric condition, as it can always be achieved by a change of coordinates.
To see this, first assume without loss of generality that the determinants (mg — np) and (ps — rq) are 1, by
possibly replacing (p, q) or (r,s) or both with the vector of the same length and opposite direction. Note
that this operation does not alter the isotropy subgroup prescribed by the rod structure. Next apply the

U:( ¢ _p) (4.31)

unimodular matrix

—-n m

to obtain the rod structures U - {(m,n), (p,q), (r,s)} = {(1,0),(0,1),(+',s")}, for some r',s" € Z. Then
Equation (4.30)) is clearly satisfied for the new set of rod structures.

Remark 4.6. Lemma [.4] and Remark [£.5] provide the proof of Part [a] from Theorem [F}

4.3 Energy Estimates

In this section we show how the energy estimates based on horocyclic coordinates can be generalized from
the lower rank target space setting that was treated in [28, Section 6]. The target space is now SL(n +
1,R)/SO(n+1), which is a noncompact symmetric space of dimension n(n+3)/2 and rank n. For convenience
we denote G = SL(n+ 1,R), K = SO(n + 1), and X = G/K. The Iwasawa decomposition is given by
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G = NAK, where A is the abelian group

n+1
A = {diag(e, ..., e 1) |He = (4.32)

and N is the nilpotent subgroup of upper triangular matrices with diagonal entries set to 1. Thus, given
g € G there are unique elements m € N, a € A, and k € K with g = mak, and the symmetric space X
may be identified with the subgroup NA. Denote xg = [Id] € X and note that the orbits A -z =: F,
and N - x( are respectively a maximal flat and a horocycle. The former is an n-dimensional totally geodesic
submanifold with vanishing sectional curvature, and the latter is an n(n + 1)/2-dimensional submanifold
with the property that each flat which is asymptotic to the same Weyl chamber at infinity has an orthogonal
intersection with the horocycle in a single point. Furthermore, since each point x € X may be uniquely
expressed as ma - g, the assignment z — §, = ma - §4, yields a smooth foliation whose leaves are the flats
{m + §zo tmen; the flat §, orthogonally interects the horocycle N -z only at x. In this manner, the pair
(a,m) gives rise to a horocyclic orthogonal coordinate system for X.

A Euclidean coordinate system r = (r1,...,7,) may be introduced on §,,, and can then be pushed for-
ward to each flat m-F,, so that the horocyclic coordinates (a, m) may be represented by (r, m). Furthermore,
each r’ defines a diffeomorphism (translation) (r,m) — (r +r’,m) that preserves the m-coordinates, and for
each m’ € N there is an isometry that preserves the r-coordinates (r,m) — (r,m’m). These r-translations
map horocycles to horocylces, and therefore may be used to push forward a system of global coordinates
6 = (0',...,0""t0/2) on N -z = R*"+1/2 t0 all horocycles. It follows that (r,6) form a set of global
coordinates on X in which the coordinate fields 0,, and Jy; are orthogonal, and such that the G-invariant
Riemannian metric on X is expressed as

n(n+1)/

g = dr’ + Q(db, df) Zdr + > QldGJdH (4.33)

7,l=1

where the coefficients @Q;;(r, 8) are smooth functions. Moreover, the proof of |28, Lemma 8] generalizes in a
direct manner to the current setting to yield the uniform bounds

bQ(&,€) < 9,,Q(8,§) < cQ(&, ), (4.34)

foralli=1,...,n and & € R""+t1/2 where 0 < b < ¢. With the help of , by expressing the harmonic
map equations in the horocyclic parameterization we may establish energy bounds on compact subsets away
from the axis. In particular, if ¢ : R*\T' — X is a harmonic map and 2 C R3\ ' is a bounded domain then
the harmonic energy restricted to 2 satisfies

Eo(p) <C, (4.35)

where the constant C depends only on the maximum distance sup,cq dx(¢(y), o)

Definition 4.7. Two maps 1, po: R3\ ' — X are asymptotic if there exists a constant C such that
dx(¢1,02) < C, and dx (p1(y), ¢2(y)) = 0 as [y| = oo.

The distance between the model map and solutions to the harmonic map Dirichlet problem on an ex-
hausting sequence of domains may be estimated via a maximum principle argument |54, which is based on
convexity of the distance function in the nonpositively curved target. This supremum bound together with
the energy bound, allow for an application of standard elliptic theory to control all higher order derivatives.
The sequence of harmonic maps on exhausting domains will then subconverge to the desired solution, for
details see |28}, §6 & 7]. We record this conclusion as the following result.

120



Lemma 4.8. Let ¢ be a model map. Then there exists a unique harmonic map ¢ : R3\ T — X such that
© 15 asymptotic to q.

We are now ready to prove Theorem [F]

Theorem 4.9 (Theorem. Suppose that {(v1,T1,¢1),..., (Vi, Tk, c)} is an n-dimensional admissible rod
data set with non-degenerate horizon rods.

(a) There exists a model map oo : R3\ T — SL(n+1,R)/SO(n + 1) which corresponds to the rod data set.

(b) There exists a unique harmonic map ¢ : R3\ T — SL(n + 1,R)/SO(n + 1) which is asymptotic to the
model map @g.

(c) A well-behaved asymptotically (locally) Kaluza-Klein solution of the (n+3)-dimensional vacuum Einstein
equations admitting the isometry group R x U(1)™ can be constructed from p. Such a metric is smooth
except possibly along the finite axis rods where conical singularities may be present.

(d) Any time slice of the spacetime produced is a simple T™-manifold which agrees with the rod data.

Proof. As stated in Remark Lemma [£.4] and Remark provide the proof of Part [aj Lemma
establishes Part Since ¢ is asymptotic to g, it can be shown in the same way as |28, Theorem 11],
that the two maps respect the same rod data set. Furthermore, Part |c] may be established analogously
to [28] §8]. Finally Part @ is established by applying Remarkto any time slice of (M, g). This completes
the proof. O

4.4 Conical Singularities

In this section we will discuss the presence of conical singularities on axis rods and prove Theorem [G] In
order to do this we will need to introduce two new definitions.

Definition 4.10. We say that (M, g) is a simple T™-manifold, or simple T™ Riemannian manifold, if (M, g)
is a Riemannian manifold equipped with an effective isometric 7"™-action so that M is a simple T"™-manifold
in the sense of Definition 2.4l

If (M"™*2 g) is a simple T"-manifold with an asymptotic end, then the interior of the image of 7: M —
M /T™ is usually described as the open half plane (M/T™)\d(M/T™) = R%. The standard (p, z)-coordinates
on the closed half plan, (p, z) € R>o X R, gives a global coordinate system for the quotient space M/T" =
]R2>O \ . Recall that T =T; U---UT} and that as an abuse of notation we use I'; to both denote a portion
of the boundary of the quotient space which we call an axis rod T; C O(M/T™) and to denote the subset
7~1(T;) € M. In addition we can use the standard coordinates on the torus, (¢!, ...,¢") € R/Zx---xR/Z to
create a global coordinate system (p, z, ¢*, ..., ¢") on M\I'. We call this coordinate system (p, z)-coordinates
or cylindrical coordinates. Note that in the same way polar coordinates on R? are not defined at the origin,
this (p, z)-coordinate system is not defined on I" and thus cannot be extended to a global coordinate system
on all of M. However M \ T is a dense open subset of M which means that the (p, z)-coordinate system
is an almost global coordinate system. More importantly any CY metric on M can be fully described by
its restriction to M \ I and thus can be fully described by the (p, z)-coordinate system. In this coordinate
system, any metric g on M \ T appears as

9= > (gudatds” + g,;datd¢’ + gi,dd'da” + gijde'de’) (4.36)

4,j=1 p,ve{p,z}

where dz# and dx” represent dp and dz, depending on the value of ;1 and v. For the remainder of Section [£.4]
we will be using the following notation convention.
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Notation 4.11. For the remainder of Section [£.4]
when using Einstein summation notation Latin indices will be assumed to range over {1,...,n},
while Greek indices will be assumed to range over {p, z}.

Definition 4.12. Let (M"*2 g) be a simple T"-manifold with rod data {(vi,T1),...,(vk, %)} and Rie-
mannian metric g € C°(M) N C?*(M \T). Using (p, z)-coordinates choose a point (0,zy) € T'; C IR, and

define the Killing field X := v}0y; where v; = (v],...,v?). The cone angle at (0, z0) is

2m
X, X; . f
a(zp) := lim fo \/m — lim circum .erence. (437
=0 [73/9(8,,0,) p—0  radius

If the cone angle is constant for all (0,z) € T'; then we denote its value as a;.

Remark 4.13. When the spacetime (M, g) is written in Weyl-Papapetrou coordinates
g= [t (dp? +d2?) — fTIp2dE* + fij(do' + w'dt)(d¢ + wdt),

the equation for the cone angles of the time slice (M, g) reduces to

oy fuvi

where zy € Iy and v = (v,,...,v}) is the rod structure for T',.

Vg
Lemma [£.14] below is a simple yet powerful observation about cone angles and isometric torus actions. In
the statement of the lemma we use the phrase locally isometric, which may be defined differently by different
source. For our purposes, two Riemannian manifolds (X, g) and (Y, h) are locally isometric if for all p € X
and ¢ € Y there exists open sets U/ W C X and V,Z C Y with p € U and ¢ € Z such that there exists
isometries F': (U,g) — (V,h) and G: (Z,h) — (W,g). Note that this definition does not depend on the
existence of any globally defined map (X, g) — (Y, h) or (Y,h) — (X, g). In particular any two open subsets
of Euclidean space are locally isometric, regardless of their topologies.

Lemma 4.14. Let (M™2 g) be a simple T"™-manifold with rod data {(e1,T1),...,(ex,Tx)} for k < n,
possibly with conical singularities along I'. If each cone angle «; is constant along I';, then there exists a
metric g’ for M such that:

1. (M, q") is a simple T™-manifold with the same rod data as (M, g),
2. (M\T,¢) is locally isometric to (M \T,g), and
3. (M,g') is without conical singularities.

Proof. For all j > k define 3; := 1 and for all j < k define §; by the cone angle, 8; := iaj. The new metric
g’ is defined on M \ T by g and expressed in terms of Equation (4.36) as

G = G 9 = Bljgw- gij = ﬁilﬁjgij. (4.39)

We now extend ¢’ by continuity from a metric defined only on M \T" to a metric defined on all of M. Observe

that (M, g’') is a simple T"-manifold as T™ still acts effectively and isometrically on (M, g’). It also has the

same rod data {(e;,I'1),...,(ex,'x)} as (M, g) whenever the Killing field X; = 0y; vanishes on (M, g) it
also must vanish on (M, ¢).

Note that ¢’ is not the pullback of g by some ‘change of coordinates map’ on M \ I'. However one could

image ¢’ begin the pullback of g via a local isometry F': (U, g') — (V,g) which we will now define. First
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choose a points on the torus 6g,m, € (R/(27Z))". Now for sufficiently small £ we define the open sets
U, V. M\T in coordinates by

U := (RQZO\F) X (0(1) —5,0(1] +e)x - x(0f —e,05 +¢) (4.40)
V= (REG\T) x (Bi(ng — &), Bu(mg +€)) X -+ X (Bu(n§ — €), Bu (0 + €))- (4.41)

The map
F(p7 2 ¢17 . )¢TL) = (p7 Z761(¢1 - 9(1) + né)’ cee 7Bn(¢n - 98 + 778)) (442)

is then a diffeomorphism between U and V. Moreover, F': (U, g") = (V, g) is an isometry since g(Fs(0,), Fx(94i)) =
9(0,, B%Ow) = g,; = 9'(9p, 0ys). By preforming similar calculations with g, g,;, and g;; we can see that
indeed F*(g) = ¢’, or more specifically F*(g|v) = ¢'|u. Since the points 8y and 7, were chosen arbitrarily
we conclude that (M \T',¢") and (M \ T, g) are indeed locally isometric.

The final thing to check is that (M, ¢’) is without conical singularities. This is a simple calculation. By
definition the cone angle (M, ¢’) at (0,2) € I'; is

o/ () i Tim J0 VIR K]

p—0 f V9 (0,,0,)

Since X; = 45 we see g'(X;, X;) = g}; = égjj. Similarly ¢'(9,,9,) = g,,, = gpp- This simplifies to
J

L o VI X)) oy (4.44)
B; P 15 V9(0,.0,) Bj
La; and thus

where «; is the cone angle for (M,g) at any point (0,2) € T';. By construction f; = 5-
o' (zo) = 2 for all (0, z9) € I'; and for all j. Since the cone angle for (M, ¢’) is 2m along all of I we conclude
that (M, g’) is without conical singularities. The proof is now complete. O

(4.43)

(Zo)

Suppose the simple T"-manifold (M"*+2, g) given in Lemma is a time slice of a stationary spacetime
M = M x R. Expressing the full Lorentzian metric g in Weyl-Papapetrou coordinates as

g = fte? (dp? +dz?) — 7 p2dt? + fi;(ddt + w'idt)(de’ + wdt), (4.45)
we see that Lemma produces a corresponding Lorentzian metric

g = £ d2) — fPA + fi(5do! ) (50w, (4.46)
J

Bi

The spacetimes (M \ T, g) and (M \ T, ¢’) are in fact locally isometric. The collection of local isometries
expressed in Equation (4.42)) is modified to

F(tapﬂza(blv‘ .. 7¢n) = (t,p,Z,ﬂl(QSl - 9(1) +77(%)7 . 7Bn(¢n - 08 +ng)) (447)

so that time is include. As a result if (M, g) solves the vacuum Einstein equations then so does (M, g¢’). Of
course any stationary vacuum solution of the Einstein equations with symmetry group U(1)™ can be expressed
in Weyl-Papapetrou form [18, Theorem 8|, and must solve the harmonic map equations (see Section .
This is made explicit in the following lemma.

Lemma 4.15. The spacetime metric g’ can be put in Weyl-Papapetrou form as

g/ _ f171€20—' (dp2 + de) o f/71p2dt12 + lej(dgﬁl + w/zdt/)(d(bj + w/jdt/) (448)
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where

IS fl g

fi' L 5iﬁjf” o o IOg(ﬁ)
Bi=PBy- B t’::%t
fli=det(fly) = B2 w" = B’

If the spacetime metric g satisfies the harmonic map equations, then so does ¢g’, having twist potentials
I np—1p-—1
w; =076 w;. (4.49)

Proof. The metrics g and ¢’ are defined in Equations and respectively. As state above in the
discussion above, that fact that (M,g) and (M, ¢’) are locally isometric means that ¢’ can be written in
Weyl-Papapetrou form and that it satisfies the harmonic map equations if and only if g does. The only
claims that need to be checked are the exact values of the metric coefficients of ¢’ in terms of g. This is
done with a simple computation. Plug in f/~! = B2f~!, €29 = p2e2, w'i = BBw!, and dt' = B~ 'dt
into Equation and observe that it reduces to Equation . For the harmonic map equations (see
Equations and (£.9)) one needs to check that w] := 87! 3; w; satisfies dw] = 2" f/; x5 dA’U). Once this
is established then the rest of the proof reduces to confirming that each term in the harmonic map equations
scales properly with 8 and S;. O

In order to apply Lemma to the metrics produced by Theorem [F]we must know that the cone angles
remain constant along the axis rods. This was shown in the (4 + 1)-dimensional setting in |28, Remark
8.1.2], but the argument works without issue in the higher dimensional setting. We record the results in the
following lemma.

Lemma 4.16. Any solution to the Einstein equations (M, g) produced by TheoremlE has cone angles con-
stant along its axis rods.

The step last in the proof of Theorem [G]is showing that the metrics produced by Lemma[4.14] are indeed
asymptotically Kaluza-Klein. This is proven in the following lemma.

Lemma 4.17. Let (M"*2,g) be a simple T™-manifold satisfying the hypotheses of Lemma|4.14 If (M,g)
is asymptotically Kaluza-Klein, then (M,g’) is also asymptotically Kaluza-Klein.

Proof. First observe that the semi-infinite axis rods have rod structures e; and eg, thus the ‘horizon at
infinity’ has topology of S3 x T™~2. In particular this means there are 4 ‘large’ spatial dimensions and g
asymptotes to § = dgan—2, the product of the Euclidean metric on R* and n—2 metrics on S'. Importantly
the definition of asymptotically Kaluza-Klein does not depend on the size of the various S'’s that make up
the torus. We will shows that ¢’ asymptotes to a metric ¢’ which identical to d, except with the circles
possibly being of different sizes. Below we prove the statement for k = n = 3, however the proof works
without issue for all n > 2 and all k£ < n.
By definition g asymptotes to an ideal metric on R* x S,

§ = Opax g1 = Opa + a?dp?® = da? + dy? + dx3 + dy3 + a*dip? (4.50)

where a > 0 is some constant which represents the ‘radius’ of the circle S*. By ‘asymptotes’ we mean
g = h + 6 where h decays to 0 sufficiently quickly as r grows, with 7 defined by 72 = 22 + y? + 23 + 3. We
wish to show that ¢’ asymptotes 6’ where &' is also defined by Equation (£.50), except with constant a’ > 0.
This will involve transforming the (p, z, ¢*, ¢?, ¢3) coordinate system into (x1,y1, 22, y2, ).

First assume that (M, g) has rod data {(e1,T'1), (es,I'2),(e3,I's)} where I'; and T’y are the two semi-
infinite axis rods. With this we can set 1) = ¢3. We now introduce the intermediate step of Hopf coordinates
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on the (p, z)-plane, defined by

rsin(2n) = p (4.51)
rcos(2n) =z (4.52)

where 0 < 27 < 7 is the angle past the positive z-axis. Next using ¢' and ¢? we introduce bi-polar
coordinates (r1, ¢*, ro, ¢?) on R%. The radial components are expressed in terms of Hopf coordinates by

r1 = rsin(n) (4.53)
ro = rcos(n). (4.54)

Finally, these bi-polar coordinates can be transformed into the usual (x1,y1,22,y2) Cartesian coordinates
with the following

z; = r; cos(¢') (4.55)
yi = risin(¢"). (4.56)

Notice that p? + 22 = 72 = 23 + y? + 23 + y3. In particular this means the metric g becomes arbitrarily
close to § for sufficiently large z > 0. The cone angle of I'; can be computed at any (0, z) € 'y, in particular
for large z > 0 where the metric is sufficiently close to §. Since § is without cone angles we conclude that
g is without cone angles on I';. The same argument applies to I's. Therefore the metric components of ¢/,
expressed in terms of the (p, z)-coordinate system in Equation , are identical to that of g with the
exception that g5 = égug, Gis = %91’37 and g4 = 5%933 for p € {p,z} and i € {1,2}. By construction,
1 = ¢* and none of coordinates (z1,¥1,22,%2) depend at all on ¢3. Therefore in the (x1,y1,Z2,y2,v)
coordinate system we can see

1 1
Ipia; = Ipias Tpop = R Gy = v (4.57)

where p,q € {z,y} and i,j € {1,2}. Now using g = h + § we define 2’ and ¢’ to be the components of ¢’
which come from h and § respectively. In particular we see that A’ decays to 0 just as fast as h does, and

2
§' = dai + dyf + da3 + dys + (53) dip?. (4.58)
Since g’ asymptotes to 6’ and ¢’ is a flat metric on R* x S! with a circle of radius 3 we conclude that g’ is
in fact asymptotically Kaluza-Klein. The proof is now complete. O

We are now ready to prove Theorem [G]

Theorem 4.18 (Theorem [G)). Given n-dimensional rod data {(e1,T'1),...,(ex,T%)} with k < n and non-
degenerate horizon rods, there exists a choice of potential constants {cy,...,cp} C R™ such that the spacetime
produced by Theorem[F] is without conical singularities.

Proof. First choose arbitrary potential constants {di,...dr} C R™ subject to the constraints that d; =
djyq if T, NT;41 # 0, and denote them by d; = (d}, ...,d?). Applying Theorem [F| to the rod data
set {(e1,T1,d1),...,(er, T'k,dg)} produces a spacetime (M,g) which agrees with the rod data. Using
Lemma we know that the cone angles along each axis rod I'; are constant, say 273;. This allows
us to apply Lemma and produce a new asymptotically Kaluza-Klein (Lemma spacetime metric g’
where all cone angles are 27. The spacetimes (M, g) and (M, ¢') are locally isometric and in particular we
see from Lemma that (M, ¢’) satisfies the harmonic map equations. The twist potentials of g and ¢’
are related by Equation , wh = BB 1w;. Since potential constants are defined by the restriction of

125



the twist potentials to the axis rods, we see that

S R (4.59)
=\ g5 3 :

are the potential constants for g’. Therefore (M, g’) is solution to the harmonic map equations without
conical singularities coming from rod data {(e;,I'1,¢1),..., (ex, Tk, ck)}-
O

Example 4.19: Consider 3-dimensional rod data of the form {(e1,I'1), (e2,T'2), (e3,I's)} with two non-
degenerate horizon rods between the axis rods. Theorem [G] produces a well-behaved asymptotically
Kaluza-Klein stationary vacuum spacetime (M5!, g). Geometrically the spacetime has 4 ‘large’ spatial
dimensions, yet topologically M is simply connected (see Theorem . In fact using Theorem we
can see that it’s Cauchy surface is diffeomorphic to S°\ 3 - S'. From Remark we see the horizon
cross section is 2 (S x S1), which makes this a pair of balanced ‘black rings’. We are tentatively calling
these tri-rings since it takes 3 dimensional torus symmetry to define, and obviously because it evokes the
similar sounding bi-rings [11] and di-rings [13}22].

Remark 4.20. The arguments employed in the proof of Theorem also work for rod data of the form
{(e1,T1),...,(er,Tk),(e1,Tk41)} with & < n. The crux of the proof of Theorem is in Lemma
which uses the fact that the rod structures are ‘orthogonal’ to each other to simplify cone angle calculation.
In short, having rod structures of the form {es,...,e;} means that adjusting the cone angle for I'; involves
only scaling the i*" circle in 7", and does not affect the cone angle for I'; at all. However in |27, §6] (see
also proof of Lemma it was shown that the semi-infinite axis rods are without conical singularities.
This means the circles corresponding to the first and last rod structures do not need to be scaled at all,
and thus do not need to be orthogonal to each other. In particular having the first and last rod structures
be identical poses no problem at all. This argument was used in a previous work |24, Proposition 7.2] to
produce a spacetime devoid of conical singularities having rod structures {e1, e, €1} with black holes at the
two corners, which was used as a counterexample to a conjecture by Hollands and Ishibashi [18, Conjecture
1].

4.5 Dimensional Reduction

The purpose of this section is to prove Theorem [Hl We begin by giving a definition of the k-reduced Kaluza-
Klein equations.

Definition 4.21. A spacetime (M, g) is said to solve the k-reduced Kaluza-Klein equations if there exists a
principal T*-bundle M over M with Riemannian submersion P: (M, §) — (M, g) such that (M, §) solves
the vacuum Einstein equations.

The 1-reduced Kaluza-Klein equations are perhaps the most famous. This was Kaluza’s and Klein’s
famously ‘almost successful’ attempts to unify general relativity with electro-magnetism, resulting in the
Einstein-Maxwell-Dilaton field equations (sometimes refered to as dilaton gravity|45, pg. 349]). Higher
dimensional generalizations, which we refer to as the k-reduced Kaluza-Klein equations (also refered to
as azion-dilaton gravity |45, pg. 349]), have less immediate physical interpretations but are nevertheless
mathematically interesting. A derivation of the action functional for these equations can be found in [45|
§11.4], while the field equations themselves can be found in [47]. Interestingly, in the proof of Theorem We
produce regular solutions to these field equations despite not needing to know any information about them
beyond Definition We now present the proof of Theorem [H] without delay.

Theorem 4.22 (Theorem [H)). Suppose that {(v1,T1),...,(vi,Tk)} is n-dimensional rod data with non-
degenerate horizon rods. If the solutions produced in Theorem [G are analytically regular, then there exists
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a well-behaved regular asymptotically Kaluza-Klein stationary solution of the (n + 3)-dimensional k-reduced
Kaluza-Klein equations with time slice admitting the U(1)™ symmetry group, and in particular agreeing with
the rod data.

Proof. Let M be the siNmple T™-manifold defined by the rod data {(v1,T1),...,(vg,Tk)}. Define a new
simple T"**-manifold M with rod data {(v1,T1),..., (Vx, %)} where ¥; is defined by

Vi = (vi,ei) eZ"® zF. (460)
Corollary shows that the map P: M— M given by

P(p,¢',..., 0" F) = (p,0",...,0") (4.61)

defines a principal T*-bundle over M with free T*-action on M generated by e, ;R/Z C R"* /7% Now
define the change of basis matrix U € SL(n + k,Z) by U(V;) 1= epq, for i =1,...,k and U(e;) := e; for
j=1,...,n. Applying this matrix to M we see that it admits rod structures {€n+t1s--)r€nikt

Applying Theoremto the rod data {(en+1,T1), ..., (€ntk, ['k)} produces a btationary spacetime (./W ,4)
with time slice (M , §) agreeing with the rod data. Now apply the change of basis U~! so that (M g) has rod
data {(v1,I'1),...,(Vk,I'x)}. Extend the projection map P: M — M to include t so that P: M — M :=
M xRis a submersmn in the sense that dP: TM — TM is everywhere surjective. This defines a vertical
distribution V := ker(dP) C T M in the tangent space of ./\/l and using the metric § gives its orthogonal
complement horizontal distribution H := ker(dP)*

The fact that T* acts by isometries on M allows us to ‘pushforward’ the metric g and define a metric
g = P.(g) on M. To see that such a pushforward is possible, choose a point p € M, tangent vectors
X,Y € TyM, and curves v, C M with 7/(0) = X and 7/(0) = Y. Now choose any po € P~!(p) and
define the unique lifts 9,7 C M with Y0(0) = Po = 70(0) and let Xo = 74)(0) and Yy := 7(0). For
any other point p; € P~!(p) the vectors X; := 7,(0) and Y; := 7,(0) are defined similarly. Since T*
acts transitively on the fibers of P, there exists a t € T* such that t Po = P1. Because t is an isometry
we know t*(gp,) = gp,- By uniqueness of lifts t(50) = 51 thus t.(X ) X1, and similarly t,(Yy) = Yi.
Therefore we see g, (Xo, o) = t*(dp,) (X0, Yo) = Jp, (t+Xo0,t.Y0) = §p,(X1,Y1). This means that there
exists a well-defined metric ¢ on M coming from g. Specifically

9p(X,Y) := §p(X,Y) (4.62)
for any p € P~'(p) and X € H N de)_l(X) and Y € H N de,_l(Y). By construction
dPs: (Hp, Gpln) = (TpM, gp) (4.63)

is an isometry, and thus P: (/T/l/, g) — (M, g) is a Riemannian submersion. Since (/\7 ,§) 1s assumed to be
a complete regular (i.e. satisfy both analytic and geometric regularity) smooth Lorentzian manifold, and
T* acts freely and by isometries, we know the quotient space (M, §)/T* = P,(M,§) = (M,g) is also a
complete regular smooth Lorentzian manifold. In particular (M, g) is a regular solution to the k-reduced
Kaluza-Klein equations. O

In Theorem [H] the dimension of the reduction is chosen to be equal to the number of rods k. This is in
no way optimal. In fact in almost all cases this number can be lowered to to k& — 2.

The metric for g can be explicitly described in terms of §. Let (MV ,g) be the spacetime described above,
written in Weyl-Papapetrou coordinates as

2 n+k
§= ef (dp? + dz?) — ’} dt? + Z Fis(do' + widt)(dd? + widt). (4.64)
ij=1
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Using the submersion P: M= M

P(t’p”z7¢17"' 7¢n+k) = (t’p’z7¢1)""¢n) (4'65)

we wish to compute the ‘pushforward’ metric g := P,(§). It turns out that g will be able to be expressed
in a form that is close, but not exactly equivalent, to Weyl-Papapetrou form. This is shown in Lemma
below. This lemma, its proof, and everything in this section that follows will become much easier once we
introduce the following notation convention.

Notation 4.23. For the remainder of Section

the indices i, j, k, etc..., are assumed to range over {1,...,n},

the indices a, b, ¢, etc..., are assumed to range over {n+1,...,n+k},
the indices 1, j, k, etc..., are assumed to range over {1,...,n+ k},

the indices p, v, A, etc..., are assumed to range over {¢,p, z},

and the indices p, v, A, etc..., are assumed to range over {t,p,z,1,...,n}.

Furthermore, 0;, 04, and 0; denote Oy, Opa, and Jy: respectively, and dz* is assumed to be dp, dz, or dt
depending on the value of pu.

Lemma 4.24. Suppose (Mi J) and (M, g) are the spacetimes described in Theorem . There exists one-
forms B® := Bid¢' + Bidt and symmetric positive definite matrices f;; and kqp, all of which only depend on
p and z, such that the spacetime metrics g and g can be expressed as

G =9+ kap(do” + B*)(d¢® + B") (4.66)
and . )
g= (}—K(dpQ +d2?) - %dﬁ + fi(de +widt) (dp? + widt). (4.67)

Proof. We begin by writing g in its Weyl-Papapetrou form,;
- 1 2003 2 2 F1.212 | F i i j j
g=f"e“(dp” +dz°) — fTp7dt” + fij(de' + w'dt)(d¢’ + wdt). (4.68)

In order to extract g from § we will need to seperate the d¢® and d¢® parts from each other in Equation (4.68)).
The first step to doing this is decomposing f;; into its parts like so

f" . fij JrB?RabB? ‘ B Kab
1) -

4.69
Hang ‘ Rab ( )

Recall that any symmetric invertible matrix can be decomposed in this way with the pieces f;;, B}, and kg
are all being defined by this decomposition;

KRab ‘— fab (470)
BY := K f,; (4.71)
fi = fij = Biran B}, (4.72)

It should be pointed out that ., and f;; are both positive definite symmetric matrices of size k x k& and
n X n respectively. We are also using the convention that f and « denote the determinants of f;; and kg
respectively, and f% and k% denote the entries of the inverse matrices (f;;) ™! and (k). The inverse and
determinant of fij can be computed from Equation using variations on the Woodbury matrix identity.
We find

fij ‘ _fik B’l;
—Bghi | ke + By fIB

fi= (4.73)
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and

f=1Tk (4.74)
If we further define
B == w® (4.75)
so that
B = Bld¢' + Bidt (4.76)

becomes a one-form, we can compactly rewrite Equation (4.68) using these new terms. This results in the
following expression;

20 2
§= " (dp? +d2?) —

T fﬁdtQ + fij(do' + w'dt)(dd? + widt) 4 Kap(de® + B*)(de® + B). (4.77)
Equation (4.77)) is convenient because with it we can immediately see
G(0a, 05 — B50:) = 0 = §(0a, O — B0,

This combined with §(0q,0,) = §(0a4,0-) = 0 shows H to be generated by Z, and Z; where

Z; = 0; — B0,

Zy = 0y — Bi O, (4.78)
Z,:=0,

Z, = 0,.

Moreover Equation (4.65)) shows that 0. generate the kernel of dP: M — T M, thus the pushforwards of
Z; and Z,, are the standard coordinate vector fields;

dP(Z;) = 0; dP(Z,) = 0. (4.79)

Using the fact that P: (M, §) — (M, g) is a Riemannian submersion allows us to now directly compute the
metric coefficients of g in terms of how g acts on the horizontal vectors. The results of these computations

are:
9(0:,0;5) = 9(Zi, Z;) = fi;
9(0;,04) = §(Zi, Zy) = fijw’
i P 4.80
g(@t,at) = g(Zth) = fijuﬁuﬂ — ﬁ ( . )
_ 620'
g(am 8/7) = g(Zpa Zp) = e
Therefore the spacetime metric g is shown to be
620 pQ . X . .
g= f—(dp2 +dz?) — f—dtz + fii(dd' + w'dt)(de? + wdt) (4.81)
K K
and the proof is complete. O

Since the simple 7" **-manifold M was constructed from the simple T"-manifold M, we already know
what the relation between their rod structures is. However we can see this relation explicitly in the metric
as well. Recall from Remark that the (n+ k)-dimensional rod data {(v1,T1),..., (vg,Tk)} of (M, g) can
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be recovered from the metric by the formula
li fi} =0 (4.82)

for all i and for all points z € Iy if and only if v, = (v;, e v}]”‘k) is the rod structure for I';. By splitting

fij up into its parts we can recover the rod data for (M, g) as well. This is easiest to see in matrix form;

| fi+ Bfl-@abB? ‘ B Kap ] {vﬂ _ [fijvé + B¢ (nabb’?vg + nabvg)

Food . (4.83)
v . .

ij b b b

1 KapBY ‘ Kab vy Kap B3] + Kapv,

Since the left hand side of this expression goes to zero, both components of the right hand side go to zero.
By reranging terms we can easy see that fijvg goes to zero as well, and thus

vy = (v),.,00) (4.84)

is the rod structure for the I'; rod on (M, g).
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