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Abstract of the Dissertation
Family Floer program and non-archimedean SYZ mirror construction
by
Hang Yuan
Doctor of Philosophy
in

Mathematics Ph.D. program

Stony Brook University
2021

Given a Lagrangian fibration, we provide a natural construction of a mirror Landau-Ginzburg
model consisting of a rigid analytic space, a superpotential function, and a dual fibration based
on Fukaya’s family Floer theory. The mirror in the B-side is constructed by the counts of
holomorphic disks in the A-side together with the non-archimedean analysis and the homological
algebra of the A infinity structures. It fits well with the SYZ dual fibration picture and explains
the quantum/instanton corrections and the wall crossing phenomenon. Instead of a special
Lagrangian fibration, we only need to assume a weaker semipositive Lagrangian fibration to
carry out the non-archimedean SYZ mirror reconstruction.
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1 Introduction

The Strominger-Yau-Zaslow conjecture [SYZ96] asserts that the mirror symmetry
for Calabi-Yau manifolds can be interpreted as a duality between (special)
Lagrangian torus fibrations. In the language of Kontsevich’s homological mirror
symmetry [Kon95], the SYZ picture reflects the expectation that a mirror of a
Calabi-Yau manifold can be constructed as a moduli space of Lagrangian tori
equipped with rank one local systems. Moreover, the mirror symmetry has been
also extended to the non-Calabi-Yau cases by considering the Landau-Ginzburg
models.

The classical SYZ mirror reconstruction in terms of dual special Lagrangian
fibrations needs to be modified by the so-called ‘quantum correction’, also known
as the ‘instanton correction’ (Figure 1). Namely, the counts of holomorphic
disks bounding the Lagrangian fibers are expected to correct the moduli space
geometry of special Lagrangian submanifolds in some delicate ways.

In [Aur07], Auroux conjectures that if D is an anticanonical divisor in a
Kéhler manifold X and 2 is a holomorphic volume form defined over X \
D, then a mirror space X can be constructed as a moduli space of special
Lagrangian tori in X \ D equipped with flat U(1) connections, and there is
a global superpotential WY : X¢ — C given by Fukaya-Oh-Ohta-Ono’s mq
obstruction to Floer homology (counts of holomorphic disks). In particular,
given a torus fiber L, its SYZ dual torus fiber is expected to be H'(L;U(1)),
i.e. the space of flat U(1)-connections up to gauge equivalence. In the present
paper, we will give a positive answer to Auroux’s conjecture but in a non-
archimedean setting. Indeed, due to Kontsevich-Soibelman [KS01, KS06], the
non-archimedean analysis should play an important role in the formulation of
the homological mirror symmetry.

The Novikov field A is actually a non-archimedean field that is defined as

follows:
A =C((1%) = { Sinp i

The Novikov ring Ay consists of those formal series with all E; > 0. The
multiplicative subgroup Uy of A consists of those series ag + >+, a; TP with
ag # 0, so it is roughly a thickening of C*. Observe that the U, is precisely
the set of all the # € A with |z| = 1 for the natural non-archimedean norm
on A. So, the U} resembles the real torus 7" = U(1)" and will be called a
non-archimedean torus.

The main result Theorem 1.3 will construct from a reasonable Lagrangian
torus fibration {L} in X a mirror Landau-Ginzburg model (XY, W") over A
which is also equipped with a dual fibration 7. To give a quick impression
first, we indicate that the mirror space is just set-theoretically given by

XV = | |HL:U) (1)

a; € C,E; / —|—oo}

The dual fiber of L is now H'(L;Uy) = U} in place of H'(L;U(1)). It can
be essentially viewed as the space of (weak) bounding cochains on L. The
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Figure 1: (taken from [ABC"09]) The shadowed disk represents the quantum
correction.

main achievement of this paper is that, concerning the quantum correction, we
demonstrate how the counts of Maslov index zero disks lead to a rigid analytic
space structure on the set (1) and how the counts of Maslov index two disks
can give a globally-defined superpotential function WV.

The mirror construction of (XV,WV) derives from Fukaya’s family Floer
theory [Fuk01]. Following Abouzaid [Abol7b], such a Floer-theoretic approach
to the SYZ mirror reconstruction is now called the family Floer program. After
Fukaya’s initiative, Abouzaid [Abol7b, Abol7a, Abol4] and Tu [Tul4] have
significant progress on the family Floer program. But, they more or less need
to assume that the Lagrangian fibers do not bound holomorphic disks. In this
paper, we allow the presence of holomorphic disks. We also discover that the
the wall crossing phenomenon [Aur07] can be made precise by the natural A,
structures in Lagrangian Floer theory.

1.1 Main theorem

Let (X,w) be a compact symplectic manifold of dimension 2n. Sometimes we
may also drop the compactness condition. Suppose there is a smooth Lagrangian
fibration 7 : Xog — Bp in an open domain Xy of X over an n-dimensional base
manifold Byg. By Arnold-Liouville theorem, the fiber L, := 7~ '(q) over any
q € By is a torus, and there exists a natural integral affine structure on By.
An example of 7 can be (the smooth part of) a Gross’s fibration [Gro01].
(e.g. we take X = CP?; let Xy be the complement of the anticanonical divisor
D ={[z :y: 2| (zy — ez?)z = 0} minus the singular Gross’s fiber, c.f.
[Aur07, §5].) One may also take X to be an elliptic K3 surface, and the «
will be the smooth part of an elliptic fibration. To find more examples, we
note that, given an integral affine 3-manifold with certain properties, we can
construct a symplectic 6-manifold with a Lagrangian 3-torus fibration on a large
domain [CBMO09]. A Lagrangian fibration in this class usually admits an anti-
symplectic involution preserving the fibers [CBMS10]; one may also show the
Lagrangian fibers have vanishing weak Maurer-Cartan equations [Sol20].

Definition 1.1. Let J(X,w) be the space of w-tame almost complex structures;



let & be the Maslov index. Given a Lagrangian submanifold L, an almost
complex structure J is called L-semipositive if u(8) > 0 for any 8 € ma(X, L)
that can be represented by a J-holomorphic stable map. Denote by J(X, L, w)
the subspace in J(X, w) of all the L-semipositive w-tame almost complex structures.

Assumption 1.2. For every compact subset K C By, the intersection

3K = ﬂ J(Xanaw)
qeEK

has a non-empty interior in J(X,w). In this case, we call the Lagrangian
fibration 7 is semipositive. Without loss of generality, we may assume the
base By and Jx are connected and open.

We justify the assumption in the following two aspects. On the one hand,
we often know the non-emptiness. If dim X < 8, a regular J is semipositive for
dimension reasons. By [Aur07, Lemma 3.1], a special Lagrangian fibration (or
more generally, if the phase functions lift to real-valued functions) is semipositive,
at least when X is Calabi-Yau or Fano. On the other hand, the openness
condition is also inessential. In fact, we may similarly define 3IS(E for any
E > 0 by requiring only the stable maps of energy < E have non-negative
Maslov indices. Then, the Gromov compactness exactly implies that every
J IS(E is open. Clearly, the 3%(}3 decreases when K or E increases, and we have
Jr = limg_ ‘%S(E. So, for simplicity, we would content ourselves with the
above assumption in this paper.

Now, we state the main theorem of this paper.

Theorem 1.3. Given Assumption 1.2, we can naturally associate to the pair
(X,m) a triple
XY= (XY, WY, 1Y)
consisting of
(a) a rigid analytic space XV over the Novikov field A
(b) a global rigid analytic function WV
(c) a dual fibration w : XV — By

unique up to isomorphism such that for any q € By, the dual fiber (7V)~1(q) as
a set is the weak Maurer-Cartan solution space of the A, algebra associated to
the Lagrangian fiber Ly := 7w~ '(q).

Note that in most cases, the weak Maurer-Cartan equations vanish; then, a
dual fiber (V) 71(q) is set-theoretically equal to H*(L,; Up) = UR as mentioned
in (1). We will call XV, WV, and 7" the mirror space, the mirror (Landau-
Ginzburg) superpotential, and the (SYZ) dual fibration map respectively.

The dual fibration 7V is locally modeled on the following non-archimedean
torus fibration:

teop : (A")" - R” (Y1, -, Yn) — (valyp,...,valy,) (2)



where we set A* = A\ {0}. It resembles the logarithm map Log : (C*)™ — R".
The center fiber at 0 € R” is a non-archimedean torus teop~'(0) = U}, and any
other fiber can be identified with it by a shifting map y; — T“y;. Note that
the total space (A*)™ is a rigid analytic space. Moreover, the base By can be
locally viewed as R™ up to GL(n,Z)-transformations.

The two fibrations (XY, 7") and ((A*)™, teop) are locally isomorphic to each
other. But globally, a transition map ¢ (also called a gluing map) for the
dual fibration (XV,7") takes the form of y; — T¢y;exp(F;(y)). The extra
twisting formal power series F;(y) will be made explicit and precise; roughly, it
is obtained by counting Maslov-zero holomorphic disks along a small Lagrangian
isotopy among the fibers. By its geometric definition, the F;(y) vanishes if the
Maslov-zero disks are absent, making the gluing map recurs to the usual shifting
map y; — Ty, for ((A*)", teop).

The mirror construction actually contains parts of information about singular
fibers (see Figure 1): although the torus fibers are always in X, the holomorphic
disks sweep in X and usually meet X \ Xo. We expect the ultimate mirror space
could be a compactification of XV.

On the other hand, the global superpotential WV is exactly given by Fukaya-
Oh-Ohta-Ono’s mg obstruction to Floer theory as predicted in [Aur07]; the
restriction of WV to a fiber is defined by the (one-pointed genus-zero) open
Gromov-Witten invariants. The WV can have different local expressions yet,
and the presence of Maslov-zero disks accounts for the dramatic change of WV
across the ‘wall’, c.f. [CLL12,AAK16, Aur07]. Besides, we will accurately prove
that the above gluing maps ¢ must match the various local expressions of WV,
for which the non-archimedean analysis is crucial.

1.2 Speculations and further directions

Application — Disk counting . By the above discussion, the open GW invariants
in one chamber may somehow decide the ones in another chamber. In the recent
preprint [Yua21], we achieve some concrete applications of this idea as follows.
A Gross’s fibration has only two chambers of Clifford and Chekanov tori. First,
it is easy to find the superpotential over the Clifford chamber [CO06]; then, we
can use the gluing maps (across the wall) to compute the superpotential over
the Chekanov chamber. By this means, we can find all the non-trivial open GW
invariants for a Chekanov-type Lagrangian torus in CP" or CP" x CP"™". When
n = 2 (and r = 1), we retrieve the previous results of Auroux and Chekanov-
Schlenk [Aur07, 5.7 & 5.12] [CS10] without explicitly finding the disks. It also
agrees with the recent work of Pascaleff-Tonkonog [PT20, Th 1.4].

Family Floer functor . In aseries of papers [Abol4,Abol17b,Abol7a], Abouzaid
uses the family Floer program to prove the ‘homological mirror symmetry
without corrections’, assuming the A-side manifold X is equipped with a smooth
Lagrangian torus fibration that bounds no holomorphic disks. We have successfully
extended it by allowing the holomorphic disks. But, we currently have not
worked out Abouzaid’s family Floer functor which fully faithfully embeds the



Fukaya category of X into a derived category of twisted sheaves on the B-side
mirror space. A work in progress would show that a Lagrangian section L of
m in X gives rise to a ‘matrix factorization’ of WV, and hopefully, we could
still obtain a family Floer functor in some ways. Indeed, we can always locally
obtain a matrix factorization by using A., bimodules associated to L. But, a
global notion of matrix factorization on a rigid analytic space seems unavailable
at present. We expect the correct notion should resemble the twisted sheaves of
perfect complexes used by Abouzaid [Abol7b].

Semipositive v.s. special Lagrangian . Let X be a Ké&hler manifold of
complex dimension n and D is an anticanonical divisor. Suppose X \ D can be
equipped with a holomorphic n-form ). For a Lagrangian torus L C X \ D,
we have a phase function arg(Qz) : L — U(1) = S*. If arg(|) is constant,
then L is said to be a special Lagrangian. The original SYZ conjecture explains
mirror symmetry in terms of dual fibrations with special Lagrangian fibers. But,
according to Joyce [Joy03] [Joy07], the strong version of SYZ conjecture that
special Lagrangian fibrations exist globally might be false; even when special
Lagrangian fibrations exist, they might be ill-behaved. By Theorem 1.3, we
would like to propose a weaker condition: semipositive Lagrangian fibration.
A sufficient condition is to require the phase functions for the fibers can lift
to real-valued functions; so, any special Lagrangian fibration is semipositive.
(See [Aur07, Lemma 3.1].)

We note that the recent work [Lil9] obtains a special Lagrangian fibration
on a generic region of a Calabi-Yau Fermat hypersurface near the large complex
structure limit. The local structure of such a Calabi-Yau hypersurface is a
large annulus region in (C*)™, and the special Lagrangian fibration in [Lil9] is
a small C*°-perturbation of the logarithm map Log : (C*)" — R™. We expect
that adopting the weaker semipositive condition may be helpful. We also note
that the trop is an analog of the Log.

Non-archimedean approach . Starting from Kontsevich-Soibelman [KS01,
KSO06], the non-archimedean approach to the mirror symmetry has been studied
extensively. For instance, we may count curves from non-archimedean methods
[Yul6,Yu21]; the evidence for the relevance of the non-archimedean geometry to
the SYZ conjecture is also provided in [Lil9,Li20]. Note also that we may define
non-archimedean versions of differential (p, ¢)-forms [CLD12, Gub16], Kéhler
structures [KT02, Yul8], Monge-Ampeére equations [Liull, BFJ15], etc.

The Novikov field A is a non-archimedean field. From the standpoint of
Floer theory, there are also some reasons to work over A as follows. First, the
A algebras associated to the Lagrangians are in general only defined over the
Novikov field. The energies of holomorphic disks may go to infinity. Thus, for
the disk-counting, it may be more natural to use formal power series rather
than polynomials. Moreover, the complex analytic geometry is insufficient for
the convergence issue, but the celebrated Gromov compactness always ensures
the convergence in the non-archimedean topology of A.



Algebro-geometric viewpoint . Much of what we do is also inspired by the
philosophy of the Gross-Siebert program [GS11] (see also [GHK15]). For instance,
the Gross-Siebert’s work uses the ideas of tropical geometry and formal schemes
in some sense. Similarly, our work also uses the non-archimedean tropical
geometry [EKLO6]; the rigid analytic spaces [Tat71] over A is closely related
to the formal schemes over Ay due to the celebrated Raynaud’s theorem [Bosl4,
8.4/3]. Nevertheless, the purposes and methods should be different, as we
actually adopt a Floer-theoretic approach following the works of Abouzaid,
Auroux, Fukaya, and Tu [Fuk01, Aur07,Abol4, Abol7h, Abol7a, Tul4].

The algebro-geometric approach of Gross-Siebert [GS11] and Gross-Hacking-
Keel [GHK15] may be viewed as a tropicalization of the SYZ picture. It is
definitely more powerful in dealing with singularities than the Floer-theoretic
approach. So, it may offer inspirations and guidelines for further directions. It
is also very interesting to explore the relations between the two approaches in
the future. Indeed, we expect that the rays in the scattering diagram could
correspond to loci of Lagrangian fibers bounding Maslov index zero disks; the
slab/wall functions could correspond to the gluing maps, etc. A possible relation
for elliptic K3 surfaces has been foreseen in [Fuk09], using the Lagrangian
surgery.

1.3 Sketch of proof

The proof of Theorem 1.3 turns out to be technically complicated, but we can
still cover most of the essential ideas for the proof here. We also hope the reader
can find adequate motivations and intuitions.

1.3.1 Motivating ideas . Pick a Lagrangian fiber L. By counting holomorphic
disks with boundary in L and by homological perturbation, we can obtain an A,
algebra m = (my, 5), where the operator my 5 : H*(L)®* — H*(L) is labeled by
a class § € ma(X, L). These operators satisfy an A, relation with labels (§2.2).
Let E(8) = w N B be the energy and let () be the Maslov index. Now, we
define the Maurer-Cartan equation of m to be the following equation

m(b) =Y > TP my 5(b,...,b) =0 (3)
Bk

in b € H'(L)®Ay. By degree reasons and by Assumption 1.2, a class 8 can
contribute to (3) only if u(3) = 0 or 2. Given a basis {e;} of H'(L), we write
b=x1e1 + - + xne, for x; € Ag. Following [FOOO10a, §4], the equation (3)
is decomposed into a potential function in x;:

W1, )= > TP my(b,...,b) =0 (4)
w(B)=2 k
together with the weak Maurer-Cartan equation:

Maw(®) = > Y TPmy 5(b,...,0) =0 (5)

mw(B)=0 Fk



A key property of m we use is the divisor axiom! (§2.5) which implies that

9B N bk .
my, 5(b,...,b) = % myp € H> A (L)&A (6)
Therefore, the above series #° in z; can be transformed into a new series in
y; = €%, denoted by:

W (yrseooyn) = y TP mg g = 3" TEOGP - yinlng 5 (7)
w(5)= u(B)=2

We will only consider # without recalling #°. Actually, there is no information
loss, and we will even gain more in the end. To see this, we need some non-
archimedean analysis. Firstly, we note that a formal power series f in y; is
identically zero if and only if f(y1,...,¥y,) = 0 whenever y; € Uy (Lemma 2.3).
Secondly, the Novikov field A has the property that every element y in Uy can
be written in the form y = e* for some = € Ay (Lemma 2.2). Thus, using the
divisor axiom of m yields #%(z1,...,2,) = #(e*',...,e"), and we recover
#0 from # . One can also do so for (5).

1.3.2 Non-archimedean torus fibration . In analogy to the field C((T)),
the Novikov field A = C((T®)) admits a non-archimedean valuation map val :
A — R U {oo}. Tt is equivalent to a norm defined by |a| := exp(— val(a)) and
defines the adic-topology on A. Now, we consider

trop = val” : (A")" - R" (Y1, Yn) — (valyy, ..., valyy,)

It resembles the logarithm map Log : (C*)™ — R". The preimage trop~!(A) of
a rational polyhedron A C R™ is an affinoid space? and is called a polytopal
domain. Tts algebra of functions is the polyhedral affinoid algebra A{A) C
A[[Y:E, ..., Y]] consisting of all formal Laurent power series Y vezn @YV s0
that val(a,) + v - u — oo as |v| = oo for any u € A. Alternatively, f € A(A) if
and only if f(y) converges at any point y in trop~!(A) for the adic-topology in
A. The set of all maximal ideals, denoted by Sp A(A), are in bijection with the
points in trop~1(A). See Appendix A.

By Arnold-Liouville theorem, the base By admits an integral affine structure.
So, it locally looks like R™ up to the action of GL(n,Z) x R™. Thus, if A C By
is a rational polyhedron in some integral affine chart, it is a one in any other
integral affine chart. Suppose A is contained in some integral affine chart ¢, :
(U,q) — (R™,0) centered at ¢ € By. Then, ¢4(A) is a rational polyhedron in
R™. It also induces an isomorphism between

Al[ri(Ly)]] = {Z Y% | s; € Aoy € m(Lq)}

=0

LAn analog in Lagrangian Floer theory of the divisor axiom in Gromov-Witten theory;
see [Fuk10, Aur07].
2 An affinoid space is roughly a rigid-analytic analog of an affine scheme.



and A[[Y;E, ..., YE]]; then, we define A(A,q) to be the algebra in A[[m1(Lg)]]
that is identified with A{p,(A)) € A[[Y;E,...,YF]]. The induced map trop,, :
SpA(A,g) — A is also identified with the restriction of trop over ¢ (A) C R™.
But for simplicity, if there is no confusion, we often abuse the notations and
write A = ¢,(A), trop = trop,, etc.

1.3.3 Mirror local charts . Fix asufficiently fine rational polyhedron covering
{A; | i € 3} of By. Pick points ¢; € A;, and take the Lagrangian fibers
L; == Ly, = 7 1(g). Given i, the moduli spaces of holomorphic disks can
produce an A, algebra m :=m’Li on the de Rham cochain Q*(L;). To obtain
a minimal® A, algebra on the de Rham cohomology group H*(L;), we need to
choose a contraction to perform the homological perturbation (§4). We always
stick to the specific g-harmonic contraction con(g) = (i(g),7(g), G(g)) (§7) for
a metric g. It is basically the data of a Hodge decomposition:

G(9)
i(g) ﬂ
con(g) : H*(L) —=0*(L) (8)

m(9)

Denote by m := m%7Li the minimal A, algebra on H*(L;) obtained by
applying the homological perturbation to m (Figure 2). Following [FOOO10b],
we call m a canonical model of W (with respect to g). We will only use m
regardless of m. Now, we consider the Maurer-Cartan formal power series:

P =Y "TFOYPmy, e Allm(L)JoH" (L) (9)
5

Since A; is small, the P? converges on the polytopal domain trop~!(A;) due to
the reverse isoperimetric inequalities [GS14]. Thus, all the components of P?
live in A(A;, ;). As explained before, restricting the P* to U} = trop~1(0) =
ttopq_il(qi) retrieves the MC equation of m. Besides, it can also somehow recover
the MC equation of the A, algebra associated to any adjacent Lagrangian fiber
over A;.

Let 1 be the constant-one function. Just like how we decompose (3) into (4)
and (5), we write

Pr=W'1+Q'

where W' and Q° consist of all the terms with p(8) = 2 and p(3) = 0
respectively. Let a; be the ideal generated by the components of Q°, and we call
it the ideal of weak MC' equations. Define:

X; = V(a;) = Sp (AMA, ;) /ai) (10)

We claim that the above X; will give a local chart of the mirror space XV.
We also remark that in most examples, the ideal a; is just zero; then, the local

3Here ‘minimal’ means the energy-zero part of m; = ZTE(mmLB is zero, i.e. my o =0,
rather than m; = 0.



Figure 2: Homological perturbation: from m = t’** and con(g), the canonical
model m = m97L is obtained by a Feynman-diagram-like tree summation, e.g.
the above contributes to mg g,+8,+8,+8s-

chart X; is just a polytope domain trop=1(A;) = SpA(A;,¢;). On the other
hand, the W will be a local piece of the mirror superpotential WV; the dual
fibration 7V will be locally identified with the trop = trop,, on X;.

Next, we need to construct the transition maps (also called the gluing maps)
among these local charts. To define a transition map, the geometric input is a
small Lagrangian isotopy among the fibers; it is equivalent to a small movement
of almost complex structure by Fukaya’s trick (§8). The algebraic output is a
pseudo-isotopy or an As, homotopy equivalence which will define the transition
map.

1.3.4 Fukaya’s trick . Let L and L be two adjacent Lagrangian fibers over
q,q € By. Choose a small isotopy F so that F(L) = L. Denote by M(J, L) and
M(J, f/) the moduli spaces of J-holomorphic disks bounding L and L. Recall
that they determine the chain-level A, algebras

i

N J,L

m:=m I,

and m~:=m
on Q*(L) and Q*(L) respectively. In the cohomology-level, recall that we can
apply the homological perturbation (for a metric g) to obtain two minimal A,
algebras

m:=m?’ L  and m-:=m9lL (11)



on H*(L) and H*(L) respectively. They define two local charts of the mirror
space as in (10).

We first have Fukaya’s trick in the chain-level. A map u : (D,9D) — (X, L)
is J-holomorphic if and only if Fou : (D,0D) — (X, L) is F\J-holomorphic. So,
for F,.J := dFoJodF ™!, there is a natural identification M(F,J, L) = M(J, L);
the left side gives a new A, algebra, denoted by:

wf = mFL
It can be regarded as a pushforward of m”*X due to the following chain-level
equation of Fukaya’s trick:

wf = (F1*omo F* (12)

Concretely, this means W g(z1,...,2x) = (F~ )"y g(F*x1,. .., F*xy) for any
T1,y..., T € Q*(f/) Defined by the same counting, the two A, algebras
and m are actually almost identical, except the energy is varied by the following
formula E(F.p) = E(8) + (06,3 — q) for B = [u] € ma(X, L). The purpose of
using W’ in place of m is just to unify the underlying Lagrangians.

Next, we take a path J = (Js) from F.J to J. Then, the parameterized
moduli space

|| M(I, L)

gives rise to the so-called pseudo-isotopy M (see [Fuk10] or §2.3). Tt is roughly a
family of A, algebras, moving from m’ to m~, but it contains extra information
about ‘derivatives’. By (12), the pseudo-isotopy 9 actually relate m to m-~.
Further, we want a relationship between the two cohomology-level A, algebras

m and m~. Consider the two distinct harmonic contractions con(g) and con(F.g)
in the meantime. By homological perturbation, we previously use con(g) and m
(resp. m~) to obtain the canonical model m (resp. m~). Now, we can similarly
use con(F,g) and m!" to obtain another canonical model, denoted by:

mF = mF*(g,J),L

Moreover, it also satisfies the following Fukaya’s trick equation
mf = (F1)*omo F* (13)

but in the cohomology-level this time. This holds just because of the various
F-relatedness conditions, including both (12) and the fact that con(F.g) =
F~1* o con(g) o F* (put them together in Figure 2 to get some ideas). Unlike
the previous relation (12), only the homotopy class of F' matters in (13). This
flexibility will become crucial for the well-definedness of transition maps and
the cocycle conditions.

Finally, we aim to construct from the previous 9t a cohomology-level pseudo-
isotopy M between m’” and m~. To construct it, we carry out the homological
perturbation again, but we need to further find a path of metrics g = (gs)
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between F,g and g. The path always exists since the metric is also a contractible
choice. Then, we can use a family version of harmonic contraction (§7.2) to
obtain the pseudo-isotopy 9t (§7.3). Intuitively, the roles of the data J and g
can be described as follows:

ML) = M(FJ, L) S ML) [~ [ @ & i | Eo | ma mf & m-

1.3.5 Mirror transition maps . Recall that the two local charts (10) associated

to L and L are defined by the A, algebras m = m%7-L and m- = m9-/-L (11).
In addition, from the pseudo-isotopy 9, we can naturally construct an A,
homotopy equivalence (§5):

¢ im- —»m” (14)
It consists of a collection of operators Qﬁfﬁ c H*(L)®* — H*(L) for k >0, § €
mo(X, L) satisfying the obvious A, equations; by definition, we have Qéi 0=0
and Qf o = id. As the category of affinoid spaces is equivalent to the opposite

category of affinoid algebras (Grothendieck’s principle), we first consider an
affinoid algebra homomorphism: (c.f. [Tul4] and [Aur07])

OF i MA Q) > ARG YT TET DY S exp (6,3 TEOe] v 0P
5

(15)
where o € m(L) = Z", & := Foa € m(L) = Z", and (-,-) is the natural
pairing m (L) @ H'(L) — R. It should be more careful to substitute A N A
for A, A in (15), but we suppress it for simplicity. Heuristically, the coefficient
T(4=9) corresponds to the energy change in Fukaya’s trick, and the exponential
part of ¢f in (15) accounts for the quantum correction. Note that 65 g €

H'-#P)(L), so by the semipositive assumption, the wall crossing phenomenon is
only contributed by the Maslov-zero disks, which agrees with Auroux’s geometric
observation [Aur07, §3.2-3.3].

On the other side, the reader may worry that the algebra homomorphism
o' seems depend on the various choices, but fortunately this does not matter
for the following two points (explained soon later):

(A) What we need is actually a quotient morphism ¢ : A(A, q)/a — AA,§)/a
with (W) = W.

(B) The ¢ depends only on the ud-homotopy class of €F'| so finally it does not
depend on the choices.

Here we define P,W,Q,a and P,W,Q,a for the Ao algebras m and m~ as
before (§1.3.3). The ud-homotopy refers to an amended homotopy theory of
A, algebras with extra properties; the prefix ‘ud’ means ‘unitality with divisor
axiom’. We will define a category % 2 of these A, algebras to systematically
handle them. There are some heavy homological algebras, notably §3.

11



Suppose L = Lj and L = L;, and we define the local charts as in (10).
Then, the transition map

wjk:Xj —>Xr;~C

(also called the gluing map) is defined to be the induced map ¢* on the
maximal ideal spectrums for the quotient morphism ¢ = [¢%]. In other words,
we set 1, = ¢* : Sp(A(A, §)/a) — Sp(A(A, q)/a). Abusing the terminologies,
the homomorphism ¢! or its quotient ¢ is also called a transition map or a
gluing map if there is no confusion.

The point (A) will make the transition map well-defined; the point (B) will
eliminate the ambiguity caused by various choices and will finally account for
the cocycle conditions. The main techniques for the proofs are the wall crossing
formula (§1.3.6) and the ud-homotopy theory (§1.3.7).

1.8.6 Wall crossing formula . To obtain (A), it comes to the following
significant wall crossing formula (Theorem 9.7): for any n € H, (L), there exists
a collection of formal power series R" such that

" ((n, P)) = (Fan, 1) - W + £ R Q (16)
where (-, ) is the natural pairing and 1 denotes the constant-one function.

(i) If n is dual to 1, then (Fin,1) =1 and (n, P) = W. So, ¢*' (W) equals to
W modulo a.

(ii) If  runs over H, _5(L), then we see (Fin, 1) = 0, and the (5, P) runs over
all components of @, i.e. the generators of the ideal a. As Y R"-Q € a,
we see ¢!’ (a) C a.

The above two items (i) (ii) immediately achieve the point (A). Therefore, it
suffices to show (16). We give a very rough proof below to convey the essential
ideas. First, we fix coordinates and bases for which the wall crossing formula
(16) becomes an equation in A[[Y;S,...,Y.¥]]. As mentioned before, we only
need to check the equation at any y = (y1,...,yn) € Uy (Lemma 2.3); for
every 1 < i < n, we can find z; € Ag so that y; = e (Lemma 2.2). Next,
we write b := (x1,...,2z,) in H' (L)&Ag = A} = H'(L)&Ao. Remark that
one may roughly view it as a (weak) bounding cochain. Recall that (n, P) =
Zﬁm,mo,B)TE(ﬁ)Yaﬁ, and using (15) obtains that

oF (0, P))|y—y = Zm’ m076>TE(5)T<85,¢?*q>y85 exp(05, Z TE(7)¢57y87>
B ~¥#0
where we set § := F. € m(X,L). First, we have (,mgz) = <F*77,m§,é>

and TP T@B.d-a0) = TEB) que to Fukaya’s trick. Moreover, using the divisor
axiom of € yields that (c.f. (6))

ef o =l e =N "¢l (b,...,b)
k
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for any fixed ~ (we allow v = 0 here, but €§, = 0). Note also that €f, = id
and so y9f = 9800 — exp(@B, Qﬁfo(b)>. Putting things together, we see that

67 (1, PY)ly=y = Y _(Fun,ml )T exp(0B, ¥)

where

b= TPOeEL (b,...,b)
0 k

As deg CkFﬁ =1—k — u(y), the non-negativity of u (Assumption 1.2) exactly
implies that degb’ = 1. Thus, we can apply the divisor axiom of m* to the new
b as well. In consequence, we deduce that

"' (0, P))ly=y = (Fun, > m¥ (€¥(b...b),...,€¥(b,...,b)))

Surprisingly, the sum in the bracket is just one half of the A., equation for
¢f :m — mf. Therefore,

o ((n, P))ly=y = (Fun, > €F(b,...,b,m(b,...,b),b,...,b))

Eventually, applying the divisor axiom again (but in the converse direction
pulling b out) together with the unitality conditions, we can prove the wall
crossing formula (16).

1.3.7 Homotopy theory of A, algebras . To see the point (B), we need
more efforts. In a word, its proof exactly reflects the philosophy in [FOOO10b,
§4.3.2]: an A, homotopy equivalence induces a bijection on the set of gauge
equivalence classes of bounding cochains. But, this bijection is only set-theoretical,
and we need to use this philosophy in a more non-archimedean way as follows.

For a different choice F’, we can define ¢¥ and of ' similarly. Comparing
the formulas (15) of the two homomorphisms ¢ and ¢F /, we see that

o (V) = 6" (V) -exp (0, 3 TED (€] — €f5) YO

for any a € w1 (L). So, all that matters is the difference in the exponent which
we call the error term:

S = (a, . TE® (el'y —etb') YoP)

In order to prove ¢ = [¢F] = [¢F'], it suffices to show that S € a. We
explain the proof as follows: By Lemma 2.3 again, one can only focus on the
restriction S\UX as in §1.3.6. With some efforts, we can first show that e s
ud-homotopic to ¢¥'. Then, we perform the following general argument: If {©
and f! are two ud-homotopic A, homomorphisms, say, from m’ to m, then the
ud-homotopy condition means the existence of operator systems (f*)o<s<1 and
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(5%)o<s<1 satisfying a list of conditions (Corollary 2.40). These conditions will
imply that for any degree-one input b, we have

> TEO (1 4(b,...,b) = 3 4(b,... b)) =Y _TE® [y ds-b°(b,...,b,m'(b,...,b),b,...
+Zf01 ds - m(P (..., b), o Dy yb), (05080 by, 0), 55 (D), §5(Dy .., D))

On the left side, if f© = ¢ and ! = ¢ /, applying the divisor axiom returns to
the error term S. On the right side, by unitality, the first sum vanishes modulo
the weak Maurer-Cartan equations (i.e. modulo the ideal a). Besides, due to
Assumption 1.2, u(Bp) > 0. By degree reason, if (h°)¢5,(b---b) # 0, it must be
degree-zero; by unitality again, we can eliminate the second sum. To sum up,
we have S € a.

Additionally, the cocycle conditions among the transition maps can be proved
in almost the same way. Roughly, we can show the ud-homotopy between some
¢ and some composition €, o €;;, where we can also apply Fukaya’s trick to
unify the underlying Lagrangian submanifolds. There will be a similar error
term, and we can apply the above argument once again with {* = €;, and
fl = Q:jk o Q:”

Structure of paper. In §2, we mainly define a category Z 2 of certain A
algebras in order to handle the geometric inputs in an algebraically consistent
way. Further, we slightly generalize some well-known homological algebras in
§3 §4 §5 in the setting of Z 2. In §6, we geometrically review the A, algebras
associated to Lagrangians and explain how the divisor axiom and unitalities
naturally arise by using forgetful maps on moduli spaces. In §7 and §8 we
study the harmonic contractions and Fukaya’s trick respectively based on % 2
as well. In the last §9 we put the various pieces together to complete the non-
archimedean SYZ mirror construction of (XY, WV, xV).
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2 Homological algebras

2.1 Novikov field
The Floer theory usually involves the Novikov field that is defined as follows:

A =C((T%) = {iaiT)‘i
1=0

a; € C, N\ RN — +OO} (17)

The Novikov field has a non-archimedean valuation map val : A — RU {oo}
defined by sending a nonzero series Z;}io a;T™ to the smallest \; with a; # 0
and sending the zero series to co. The valuation ring Ag := val ™! [0, o0] is called
the Novikov ring. It has a unique maximal ideal A, := val™'(0,00]. Note
that the val is equivalent to a (non-archimedean) norm |y| = exp(—val(y)). In
particular, we have the so-called adic topology on Ag or A, and so it makes sense
to talk about convergence. By energy filtration we mean the filtration defined
by setting F*A = val™* [a, 00| for various a. The residual field Ag/A, coincides
with C, and we have Ay =C @ A,

The multiplicative group Uy = {y € A | val(y) =0} ={y € A | ly| = 1}
resembles the S1 = U(1) and satisfies that Uy = C* @ A,.. Define A* = A\ {0},
and we call the following map

teop : (A")" — R, (Y1, -y Yn) — (Val(yl), e ,val(yn))

a non-archimedean torus fibration. In reality, the center fiber over 0 is given
by teop=1(0) = UR which resembles the real n-torus U(1)" = T". Besides, any
two fibers of trop are related by a shifting map in the form y; — Ty;. Note
that the total space (A*)™ is a rigid analytic space locally covered by the various
polytopal domains trop~*(A) for rational polyhedrons A € R" (see Appendix
A).

An important property of A is that we can similarly define the exponential
and logarithm functions.

Definition 2.1. Given z € Ay, there is a unique decomposition z = xg + x4
with zop € C and x4 € Ay. Given y € Uy, there is a unique decomposition
y =1yo(1+yy4) with yp € C* and y; € A;. Define

k
exp(z) == €™ 3~ % € Ux

k
log(y) := (log(yo) + 2miZ) + 2:,621(—1)’“"’1?%+ € No/2miZ

Lemma 2.2. The standard isomorphism C* = C/2miZ can extend to the
following:
log
Uy = Ao/2miZ
exp

In particular, for any y € Up (i.e. val(y) = 0) there exists some x € Ag so that
y = exp(z).
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Proof. 1t is proved by a routine computation. O

Lemma 2.3. If f =3 .,nc2” € A[[zE, ..., 2F]] vanishes on U}, then f is
identically zero.

Proof. The condition actually tells that f converges on U} = trop~1(0). Thus,
by Proposition A.3 we know that f € A({0}) = Az, ..., 2F). Accordingly, as
|v| = oo, we have val(¢,) — oo or equivalently |¢,| — 0. Arguing by contraction,
we suppose f was not identically zero. Without loss of generality we may assume
the sequence |c,| attains a maximal value |c,,| = 1 for some vy € Z", and we
may further assume ¢,, = 1. Recall that Ag = {c: val(c) > 0} = {c: |¢] < 1}
and Ay = {c:val(c) > 0} = {c: |c] < 1}. So, Ag/A+ = C. Since |¢,| < 1 for
all v, we know f € Ag[[zF]]. Taking the quotient by the ideal of elements with
norm < 1, we get a power series f = >, &z” over the residue field C. Since
¢, — 0, we have |¢,| < 1 and thus ¢, = 0 for all large enough v. Hence, the
f is in reality a nonzero Laurent polynomial with ¢,, = 1. But by assumption
f(¥) vanishes for all § € (C*)"; hence, f must be identically zero. This is a
contradiction. O

The above two lemmas are simple but will turn out to be extremely important:
if we want to show some series f(y1,...,yn) = 0, it suffices to show f(e*1,... e*) =
0 for all z; € Ag.

2.2 Gapped A, algebras and A,, homomorphisms

We review the homological algebra of A, structures.

Definition 2.4. We define a label group to be a triple & = (&, E, ) that
consists of an abelian group & and two group homomorphisms F : & — R,
1 B — 27Z. Denote by 0 the unit of &.

In practice, the label group we will work on is as follows. Take a symplectic
manifold (X, w) and a compact oriented Lagrangian submanifold L C X. Consider
the image of the Hurewicz homomorphism:

&(X,L)=im (me(X,L) — Ha(X, L)) (18)

If there is no ambiguity, we will usually use the notations &(X, L) and mo(X, L)
interchangeably. Clearly, it comes with the energy map E : m2(X, L) — R given
by f — wn g and the Maslov index p : mo(X, L) — 27Z. Since L is oriented, the
image of p maps into 2Z. We define

&(L) =im (m (L) — Hy1(L))

to be the image of the abelianization map of the fundamental group. Again, if
there is no ambiguity, we will often use the notations & (L) and m; (L) interchangeably.
Moreover, we have the boundary operator denoted by 0 : (X, L) — &(L) or
0:m(X,L) = m(L).

Now, we go back to the abstract definitions. We may often think & =
(mo(X, L), E, u) as above.
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Definition 2.5. Let C, C' be two graded vector spaces over R; let & be a label
group. Given k € N and 8 € &, we define® CCy 5(C’,C) := Hom(C’®k,C).
Given § € &, we define CCg(C’,C) := szo CCy s(C’,C). Finally, we define

CC(C’,C) := CCs(C",C)

to be the subspace of [[;.s CC3(C’,C) = []; 5 CCy3(C’,C) consisting of
t = (t ) satisfying the following gappedness condition:

(a) fo,o =0.

(b) If E(8) < 0 or E(B) =0 but S # 0, then we require t3 = (t,3)xen vanish
identically.

(c) For any Ey > 0, there are only finitely many 5 € & such that tg # 0 and
E(B) < Ep.

An element in CC = CC(C’,C) is called an operator system. An operator
system t satisfying (a) (b) (c) is called gapped or B-gapped. For simplicity, if
C = (', we often write CC(C); we also often omit C', C’ or & and just write
CCy 3, CCg, CCg, CC, and so on, according to the context.

The geometric idea behind is that a non-constant pseudo-holomorphic curve
has positive energy; besides, the condition (c) corresponds to the Gromov
compactness.

Remark 2.6. Provided the gappedness condition, we can do induction on the
pairs (k,3). Indeed, we can introduce an order on the set of all such pairs:
(K',08") < (k,B) if either E(f') < E(B) or E(8') = E(B), k¥ < k. The
gappedness also tells that there are at most countably many g’s involved.

Denote by id the identity operator x — z. To compute signs, we introduce
the ‘twisted’ identity idy = id# defined by z ~ (—1)9°8*~1z. We also put

o =idy(z) = (—1)de* 1y (19)

Given a multi k-linear operator ¢, we have (—1)48 T =1id, o ¢ = ¢ o (idy)®*.
For the shifted degree
deg’ z = degx — 1 (20)

we have deg’ ¢ = deg ¢ — 1+ k. Given p € N, we put ¢#? := ¢ o (idy,)®* where
idy, denotes the p-iteration idgo---oidy of idg. It is straightforward to obtain
that

o* = (_Ddeg/ 4’id#oq§, ¢#p _ (_1)deg’¢,id#o¢#(p—l) _ .= (_1)p~deg/¢id#po¢
(21)

4If k = 0, we think Hom(R,C) = C. Taking a different label 8 € & just gives a copy of
the same space.
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Definition 2.7. Fix operator systems f = (fx.3) € CC(C”,C"), g = (gk,8) €
CC(C’,C) and h = (hi,5) € CC(C). The composition gof e CC(C”,C) of
f and g is the operator system defined by

@ofks=>, >, > 9e,80 © (Fru,p1 © - @ Fip,8,)

21 ki+--+ke=k Bo+p1++Be=p

The Gerstenhaber product g+ h € CC(C’,C) is defined by the following
operators

(g * h)k,ﬁ = Z Z Irtp+1,8 © (id;} & hu,ﬂ” ® id#)
Atptv=k B'+p"=p

The gappedness conditions ensure that the summations in the above definition
are all finite. The resulting operator systems go f and g« b are gapped as well.
Notice also that gz o (g2 0 g1) = (g3 0 g2) © g1.

Definition 2.8. A B-gapped A, algebra is a graded R-vector space C
equipped with an operator system m = (my 3) € CCg(C, C) such that degmy, g =
2 — k — p(B) and the following A, associativity relation holds

Yo > munpo(idiem, @id) =0
B4+ =B Aptv=k

In short, the relation can be written as m xm = 0. We call (C,m) minimal if
mio= 0.

In the literature, we usually work with the monoids instead of groups (c.f.
[FOOO10b]); we adopt a slightly different style here. Specifically, for an A
algebra m associated to a Lagrangian L, the subset {8 | mg # 0} forms a monoid
contained in 7o (X, L). However, the monoids may depend on choices. Since the
monoids are all contained in the same group, we prefer to use the label group
(Definition 2.4) and make all these monoids implicit.

Definition 2.9. Let (C,m), (C',m’) be two &-gapped A, algebra. A &-
gapped A, homomorphism from m’ to m is an operator system f = (f; ) €
CCgy(C',C) such that degfi 3 = 1 —k — u(8) and the A, relation mof = fxm’
holds, i.e.

Z Z Mye,B, © (fjl—jo,ﬁl Q- fjl_jl—l’ﬁé) = Z Fatu+1,8 © (idi;: ® m/u,ﬁ” ®id")
£>1 0=jp<--<jo=k Mptrv=Fk
Bo+B1+-+Be=p B'+B"=p
Once again, the summations are all finite thanks to the gappedness conditions.
If § and g are two gapped A, homomorphisms, then it is clear that go f is also
a gapped A, homomorphism. Besides, if m is a gapped A, algebra and f is a
gapped A, homomorphism, then their shifted degrees are deg’m =1 — u(-) =
1 (mod 2) and deg’ f = —pu(+) = 0 (mod 2). So, m# = —idy om and f# = idy of.
From now on, we often omit to say ‘G-gapped’ or ‘gapped’. Moreover, we
will write (C,m), C or m for an A, algebra; we will write f : m’ — m or
f:(C',m') — (C,m) for an A, homomorphism.
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Definition 2.10. An A, algebra (C,m) gives a cochain complex (C,my ).
By forgetting all my 3 with 8 # 0. it gives an A algebra (C,m), called
the reduction of (C,m). An A, homomorphism f : (C,m) — (C’,m’) also
gives a cochain map 1,0 : (C,my0) — (C',m},). We call f a &-gapped A
homotopy equivalence if f; ¢ is a quasi-isomorphism. Similarly, by forgetting
all f 5 with B # 0, it gives an A,, homomorphism § from m to m’; we call it
the reduction of f.

Definition 2.11. We define the following incomplete and partial A, conditions
for later use.

(al) An operator system m = (m; 0)1<j<k € CCo(C, C) is called an A algebra
(modulo T¥=%) if mx f|cc,, =0 and degm;o=2—jfor 1 < j < k.

(a2) An operator system m = (mg 5)r>0,£(5)<r € CC(C,C) is called an A
algebra modulo T if mxm|cc, , = 0 and degmy, g = 2 — k — () for
k€ N and 3 with E(8) < E.

(b1) Let (C,m) and (C’,m’) be two A algebras and let m and m’ be their
reductions. An operator system f = (f;0)1<j<x € CCo(C’, C) is called an
Ay, homomorphism (modulo T#=%) if (mof — ?*ﬁl')\ccm = 0 and
degfj70=1—jfor1§j§k.

(b2) An operator system § € CC(C’,C) is called an A, homomorphism
modulo T¥ if (mof—fxm')|cc, , = 0 and degfrp =2 — k — u(B) for
all k € N and g with E(8) < E.

(b3) Given B € &, an operator system §f € CC(C’,C) is called an Aw g
homomorphism if it is an A, homomorphism modulo 7#(®) and moreover

(mof—fxm')lcc, =0.

2.3 P-pseudo-isotopies

Since now, we always assume that C' is a locally convex topological vector space
or even assume that it is a direct sum of differential form spaces on some smooth
manifolds, which is enough in this paper. Let P be a contractible compact
smooth manifold with corners. The definition of smooth functions on a manifold
with corner P is delicate; for our purpose, we require such a function to be
collared® near the boundaries and corners. But for simplicity, we prefer to make
this point implicit and still use notations like C*°(P), Q*(P), etc. After all, we
just use the simple cases when P is a 1-simplex or 2-simplex.

Denote by C*° (P, C) the set of all smooth maps from P to C, and we define:

Cp:= Q*(P) Q¢ (P) COO(P, 0)

5Probably it is more precise to phrase ‘modulo T for every small €.

6This means the function looks linear on some neighborhoods of corners and it remains
constant near the boundaries away from corners; see e.g. [FOOO17b, p71, Figure 8| for some
idea.
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Alternatively, one can think of Cp as the set of smooth sections on the bundle
A*(P)® C — P, ie. the set of C-valued differential forms on P. Any element
in Cp is a linear combination of elements in the form n ® z(-) with n € Q*(P)
and z(-) € C>*°(P,C). A grading on C naturally offers a one on C>*(P,C) =
@D >, C(P,C?); further, there is a natural bi-grading on Cp: an element
n @ x(-) is of degree (p,q) if n € QP(P) and z(-) € C>*(P,C9).

The following two kinds of maps interest us. First, we have a natural
inclusion map

Incl :=1Inclp : C — Cp

sending z( to 1 ®xg, where we still denote by xg the constant map in C*°(P, ')
at g € C. Second, there is a family of evaluation maps

Eval’ : Cp — C

parameterized by s € P, sending 1 ® z(-) to z(s) and n ® z(-) to zero for
n € Q>0(P).
Geometrically, if we set C'= Q*(L), the identification

NRT AT (22)

exactly gives rise to an isomorphism of vector spaces Q*(L)p = Q*(P x L).
In this case, the Incl and Eval® can be recognized as the pullbacks pr* and ¢*
respectively for the projection pr : P x L — L and the inclusions ¢5 : L —
{s} x L C P x L. Just like ¢} o pr* = id, one can easily see that

Eval® oIncl = id

holds in general. As in [FOOO17b, Remark 21.28] or [ST16, §4.2.1], we make
the following definition. It roughly says the Q*(P)-linearity up to sign. For
I = (i1,...,i,) we denote ds;y = ds;; A+ Ads;,.

Definition 2.12. A multi-linear operator 9 : C’%k — C'% is said to be P-
pointwise (or simply pointwise) if we have the following sign compatibility
condition: for any o € Q*(P) we have

i—1
MM R, .., OANYRL 4, . ., M RTE) = (—1)deg"'((degim_H'kH'Za:l(deg"”’+deg%_1))a/\9ﬁ(nl®x1, e

In brief, this means

. 4 d d
m(:‘/l? e Yi-1, U/\yivyiJrlv LR yk) = (_1)dego deg Dﬁa/\gn(yié£ ega, LR yz#—lega’yia Yit1y .-

Remark 2.13. If an operator 9t is pointwise, it suffices to consider the inputs
in the form of 1 ® x in order to determine it. Namely, we can find a family of
operators ML : C®* — C’ for a point s € P and an ordered set [ = {1 <i; <
-+ < ig <k} such that

I d>13iy <--<ig
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and every M! is smooth in s for a fixed I. Namely, the above equation says
M1 @ 1,...,1 @ap)(s) = 3 ds; @ ML (21(s),...,ax(s)). Finally, we note
that any operator m : C®* — (' can be trivially extended to a P-pointwise
operator M : Cgk — C’5 simply by setting 9 = 1 ® m.

So far, the pointwiseness only refers to general multi-linear operators. Further,
if we have a cochain complex structure (C,my ) on C, then it naturally induces
a cochain complex (Cp,M{ ) where

MY o(dsr @ x) = (~1)1(ds; @ myo(2) + 00 T dsp Ads; @ 9s,2)  (23)

or equivalently,
DJTfo =1® my o+ Zz ds; ® 851

for the convention in Remark 2.13. One can check the sign here agrees exactly
with Definition 2.12. Both Incl and Eval® become the cochain maps with respect
to these differential maps.

In practice, we usually consider the situation C' = Q*(L) which is equipped
with the standard exterior differential m; o = d on L, then, we can show the
following lemma by routine computations:

Lemma 2.14. The identification (22) gives rise to an isomorphism Q*(L)p =
Q*(P x L) of cochain complexes so that the differential in (23) corresponds to
the exterior derivative d on P X L.

Following [Sol20, §4.3], the sign convention we choose makes my o = d. It
is slightly different from [FOOO17b, Definition 21.29] which makes my o(z) =
(—1)nt+dee@q(x) instead. This is inessential, as we can relate them to each
other by the sign transformation my g(z1,...,2%) = (=1)mg g(z1,...,z) for
€= 1<icp(n +dega;).

We also consider the cochain complex C' = H*(L) where the differential is
zero: my o = 0.

Corollary 2.15. We have the following natural identifications of cochain complezes
@ (L)p)p, = (L)pyxp, and (H*(L)p,)p, = H*(L)pyxp, -

Proof. By Lemma 2.14, the first one is direct: (Q*(L)p,)p, = (2 (P x L))p, =
Q*(P, x Py x L). For the second one, just observe that H*(L) = R™ by
selecting a basis, and then H*(L)p, = Q*(P)®™. Hence by the lemma again,
(17*(11)131)‘132 = (Q*(Pl)P2)€Bm = Q*(PQ X PI)GB"L = H*(L)p2><p1 O

Lemma 2.16. Given a manifold L, the evaluation maps Eval® : Q*(L)p —
O*(L) orEval® : H*(L)p — H*(L) are quasi-isomorphisms of cochain complezes
foralls € P. Therefore, Eval® : (0*(L)p,)p, = (L) p, and Eval® : (H*(L)p,)p, —
H*(L)p, are also quasi-isomorphisms.

Proof. For the first map, just observe that the evaluation map Eval® is identified
with the pull-back of inclusion ¢s : L — {s} x L € P x L. And, since P is
contractible, Eval® = (* is a quasi-isomorphism. For the second map, picking
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up a basis we may identify H*(L) = R™ and H*(L)p = Q*(P)®™. Since we use
the zero differential for H*(L), the induced differential on H*(L)p obtained by
(23) coincides with (up to sign) (d”)®™ where d” denotes the exterior derivative
on P; this completes the proof. O

Definition 2.17. A (&-gapped) P-pseudo-isotopy (of A, algebras) on C' is
defined to be a P-pointwise ®-gapped Ao, algebra structure MM = (im,f ﬁ) €

CCe(Cp,Cp) so that M is given by (23).

By definition, a P-pseudo-isotopy is just a special kind of A, algebra defined
on some Cp. When P = [0,1], we often just call it a pseudo-isotopy; in this
case, we will soon show that the above definition of pseudo-isotopy is equivalent
to the more specific definition as follows: [Fuk10, Definition 8.5] or [FOOO17b,
Definition 21.25].

Definition 2.18. A (classical) pseudo-isotopy of C is defined to be a family
of operators mj, 5 and ¢ g, s € [0,1] on C satisfying the following conditions:

(a) The operators mj 5 and ¢}, 5 are all smooth in s € [0,1]. Their degrees are
2—k—p(p)and 1 — k — u(ﬁ) respectively.

(b) The (C,m®) is a gapped A algebra for any s.

(c) If E(B) <0, then ¢j 3 = 0. For any Ey > 0, we can only find at most
finitely many 8 € & with E(8) < Eq so that ¢} ;5 # 0 for some s € [0,1]
and k € N.

(d) my,o :=mj g is independent of s and ¢f ; = L.

(e) For z1,...,x, € C we have
d o .
Gt 2 > dgnpeldgemigeid) - 3 3
i+j+l=k B1+B2=p i+j+l=k B1+BL2=p
(i+5+1,81)#(1,0) (€,82)#(1,0)

If P is higher dimensional, we have similar but much more complicated
conditions. Note that the above definition adopts a slightly different convention
than the one in [Fuk10].

Proposition 2.19. The two definitions of pseudo-isotopy are equivalent.

Proof. This is proved in [Fuk1l0, Lemma 8.1] and [FOOO17b, Lemma 21.31].
Assume I = (M, ) is given. By Remark 2.13, we write M = 1@ m® +ds® ¢”,
which can be used to unfold the A, condition 9t x M = 0. Then, we exactly
arrive at all the conditions in Definition 2.18, and vice versa. O

Example 2.20. For any gapped A, algebra (C,m), one can construct the so-
called trivial pseudo-isotopy M about m. Specifically, if we write Emt“ =
l®mg 5 @ +ds ® ¢ 5, then mj 5 = mkﬁ and ¢ 5 = 0, except ¢f(, = d/ds
In other words, M" = 1 ®@ m + ds ® ds. In higher dimensions, the trivial
P-pseudo-isotopy is similarly defined by 9" =1 @ m + > dsi ® disi.
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There is an alternative name for the P-pseudo-isotopy used in [FOOO17b,
Definition 21.29]: P-parametrized family of &-gapped Ao algebra strucres on
C. Indeed, a P-pseudo-isotopy is roughly a P-family of A., algebras together
with certain data of derivatives. Heuristically, if P = [0, 1], one may think of ¢*
as ‘derivatives’ of m®. In general, let (Cp,M?) be a P-pseudo-isotopy, and we
write

M (s) =1@m®*+ 3, dsy®c"*
Then, by the proof of Proposition 2.19, we immediately have:

Definition-Proposition 2.21. The (C,m?®) is a gapped A, algebra for each s € P.
It is called the restriction of (Cp,M?) at s € P. Alternatively, we say that
the 9’ restricts to the m® at s € P.

Remark 2.22. Note that the Eval® can be naturally viewed as a gapped Ao,
homomorphism from (Cp, M?) to (C, m*) by setting Eval] = Eval® and Evaly, 5 =
0 for any (k, B) # (1,0). Namely, we have m® o Eval® = Eval® « M. In contrast,
the Incl cannot be viewed as an A, homomorphism in general, unless the ¥
happens to be a trivial pseudo-isotopy.

2.4 Unitalities and q.c.dR

Definition 2.23. A gapped A, algebra (C,m) is called (strictly) unital if
there exists some degree-zero element 1 € C which is called a (strict) unit such
that

(aO) ml_’o(:ﬂ.) =0
(al) m270(1,l‘) = (71)d8gmm2_’0($, ]l) =,
(a2) mps(....1,...) =0 when (k, B) # (1,0), (2,0)

Let 11 and 15 be units of (C1,m;) and (Cy, ms). A gapped Ay, homomorphism
f:my — my is called unital (with respect to 1; and 15) if

(b1) f1,0(11) =12
(b2) frp(...,11,...) =0 when (k,3) # (1,0).

Definition 2.24. A gapped A, algebra (C,m) is called fully unital if, for any
degree-zero e € C,

(a2’) myg(...,e,...) =0 when (k, 8) # (1,0),(2,0).

A gapped Ao homomorphism § : m; — mg is called fully unital if, for any
degree-zero e € C1,

(b2)) frs(....e,...) =0 when (k, 3) # (1,0).
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Definition 2.25. An operator system t € CCgy is called cyclically unital if,
for any degree-zero element e and any (k, 8) # (0,0), we have:

k+1
CU[tlg.p(e;x1, ..., xk) == Zth’,l’ﬁ(x#, - ,mz#_l, ex;,...,x;) =0
i=1

Here the ‘CU’ stands for ‘cyclical unitality’. Note that it is necessary to
require (k,3) # (0,0), as CU[t]p,0(€) = t10(e) can be non-zero in general.
Recall that the notation 7 is introduced in (19). Be cautious that the cyclical
unitality applies for an arbitrary operator system t, while the full unitality is
defined just for some A, algebra m or some A,, homomorphism f.

The following concept may justify our new unitalities.

Definition 2.26. We say a gapped A, algebra (C, m) is a quantum correction
to de Rham complex, or in abbreviation, is a q.c.dR, if C is isomorphic to
some de Rham complex Q*(N) for some manifold N (recall Lemma 2.14 tells
Q*(L)p =2 Q*(P x L)) and the following properties hold:

(a) myo =0 for k > 3;
(b) myo(x) = dz for the exterior derivative d = dy on N;
(C) m2’0($1,$2> = (_l)degaclxl N Xo.

Remark 2.27. (1) To explain why the full unitality is reasonable, the key
observation is that an A, algebra (Q*(L), m) associated to a Lagrangian submanifold
(§6) is also proved to be a q.c.dR in the literature”. The constant-one 1 € Q°(L)

is known to be the unit of m, but the mere q.c.dR condition is actually sufficient

to obtain the conditions (a0) (al) in Definition 2.23. If we examine more
carefully the argument to prove (a2) (see e.g. [Fukl0, (7.3)]), then we will
discover that the same argument can be applied equally to any other degree-zero
form e. We will go back to this point in §6.3.

(2) The cyclical unitality naturally comes out by a homological algebra
consideration. Indeed, it gives a successful induction hypothesis, when we
attempt to prove Whitehead theorem with divisor axiom (Theorem 3.1). Moreover,
the cyclical unitality fits perfectly with the congruence relations for a divisor-
axiom-preserving homotopy theory of A,, homomorphisms (see the proof of
Lemma 2.41).

Lemma 2.28. If two gapped Ao homomorphisms f,g are unital (resp. fully
unital or cyclically unital), then gof is also unital (resp. fully unital or cyclically
unital).

Proof. We only show the cyclical unitality, and the other proofs are similar. For

(k. 8) # (0,0),

CUlgoflesles-..) = > ai*...7",CUlflep (e ).5- 1) + Y CUlglm s (Fro(e): .-
(¢€,8")#(0,0)

7See [FOOO17b, Definition 21.21 & Theorem 21.35] for the latest de Rham model, and
[FOOO10b, Definition 3.5.6 & Remark 3.5.8] for the earlier singular chain model.
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The exceptional terms with (¢, 3’) = (0, 0) in the first sum are all collected in the
second sum. By condition, we have deg f;,0 = 0. Then, the second sum vanishes
since g is cyclically unital. Meanwhile, the first sum also vanishes because f is
cyclically unital. O

Recall that the notion of a P-pseudo-isotopy of C' is slightly stronger than
that of an arbitrary A, algebra on Cp. Accordingly, we want to introduce a
slightly stronger notion of the unitality as well.

Definition 2.29. A P-pseudo-isotopy (Cp, %) is said to be P-unital if there
exists some 1 € C? so that Incl(1) is a unit of 97, In this case, we call 1 € C
or Incl(1) € Cp a P-unit of (Cp, MF).

2.5 Divisor axiom

The divisor axiom for A, algebras is known in the literature [Fuk10, Lemma
13.1] [Aur07, Remark 3.5]. Now, we assume the label group ® = (mo(X, L), E, 1)
is given by the geometric one in (18). Then, we have the boundary homomorphism
0 : ma(X,L) — m (L) which is necessary to define the divisor axiom. For an
operator system t € CCg(C, C’), we define

my

mo mi mE—1
—— — —
DA, .m(b; 21, ..., x) = > tirm(by ... by, by by by b a, b,
mo+-+mEp=m
In practice, it suffices to assume m = 1, thus, we make the abbreviation

DA[t]kﬁ = DA[t]kﬁ,l.
Definition 2.30. Given any graded cochain complex (C,d), we define
DI(C) :=DI(C,6) ={be C | b€ kerd, degb=1} (24)

and define DI(C,A) = DI(C)®A. We call both of them the spaces of divisor
inputs. Note that a degree-zero cochain map f1 o : C — C’ preserves the spaces
of divisor input f1,0 : DI(C') — DI(C").

Since now, we will only take C = H*(L)p or C' = Q*(L)p. Recall that their
differentials are given as in (23). We claim that in either case, we have the
well-defined cap product as follows:

opn: DI(C) - R, DI(C,A) = A (25)
for any 8 € (X, L). To see this, let b be a divisor input, and then write
b=12b + X ds; @ b

(1) When C = H*(L)p, the condition that b is a divisor input can imply d,,b° =
0. Thus, b° € H'(L) is independent of s; we just define d8Nb to be 8NbH°. (2)
When C = Q*(L)p, the divisor input condition tells db* = 0 and 9, b° —db; = 0.
Applying the natural quotient ¢ : Z!(L) — H'(L) to the second equation yields
that 0,,q(b%) = q(dbj) = 0. Hence, the de Rham cohomology class q(b®) is also
independent of s. So we can also define 958 Nb:= 9B Nb* = JB N q(b*%).
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Definition 2.31. An operator system t € CCg(C,C’) is said to satisfy the
divisor axiom if for any divisor input b € DI(C) and (k, 3, m) # (0,0, 1), the
following divisor axiom equation holds:

ogNb)™
DA[t]kﬁ,m(b;fEl, e ,Ik) = % tkﬂ(xl, e ,fEk) (26)

Remark 2.32. By combinatorics, there is an equivalent definition: we only
require m = 1 in the above divisor axiom equation (26). Namely, for all
(k,B) # (0,0), it suffices to require

DA[t]k’g(b;irl, cey L) = tk+1,5(b,x17 ey D)t -—I—’Lk+1’5(x1, cey T, b) = 85(7()-’%’5(%1, cey Tk)

Besides, we indicate that the divisor axiom equations for £k = 0 will be applied

to (weak) Maurer-Cartan equations: > m, g(b,...,b) = > Wrﬂoﬁ =
eaﬁmbmo 5. '

2.6 Category # 9

Our original purpose is to incorporate the divisor axiom into the standard
homotopy theory of Ay, algebras (e.g. [FOOO10b]), but the cyclical unitality
need to accompany it, as explained in Remark 2.27 (2). It turns out that we
obtain a subcategory of the usual category of A, algebras.

Abusing the notations, we denote by 1 the (equivalence class of) constant-
one function in any one of Q*(L), H*(L), Q*(L)p and H*(L)p. In this section,
we assume & = &(X, L) = mo(X, L) in (18).

Our claim is that (we will soon prove it in Lemma 2.34)

UD=UDL):=UDL,X) (27)
defined as follows is a category:

(I) An object in U P is a G-gapped Ao algebra with the following properties:
(I-0) it extends the natural cochain complex structure on H*(L)p or Q*(L)p
for some P.

1) it is P-unital, and the 1 is a P-unit;

2) it is cyclically unital;

-3) it satisfies the divisor axiom;

4) it is a P-pseudo-isotopy (and particularly it is P-pointwise).

(IT1) A morphism f in U D is a B-gapped Ao homomorphism with the following

properties

(II-1) it is unital with respect to the various 1 (so, f10(1) =1)
(II-2) it is cyclically unital.

(I1-3) it satisfies the divisor axiom;
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(I1-4) it satisfies the following identity for any divisor input b:
98N fr0(b) =98Nb (28)

Briefly, we aim to describe the (strict/cyclical) unitalities and the divisor
axiom systematically and categorically. First, the item (I-0) just means the
CC o-component of an object Ao, algebra must induce the natural cochain
complex structures on H*(L)p or Q*(L)p that we mention before. It is also
necessary for the definition of the divisor axiom. Second, we need the condition
(I1-4) to preserve the divisor axiom for compositions. We mention some examples
for which the (II-4) holds: (i) fi,0 = i(g) : H*(L) — Q*(L) is a ‘harmonic
inclusion’ which will be discussed in (94); (ii) f1,0 = 7(g) : Q*(L) — H*(L) is a
‘harmonic projection’ in (95); (iii) f1,0 = id; (iv) f1,0 is so that Eval® of; o agrees
with one of the above (i), (ii) or (iii).

Definition 2.33. Define
UD:=UD(L):=UD(L,X)

to be the subcategory of UD (27) that consists of objects m and morphisms f
satisfying the extra conditions as follows:

(I-5) every 8 in the set Gy, := {f € & | mg # 0} satisfies u(8) >0

(II-5) every f in the set Gj := { € & | fzg # 0} satisfies u(3) > 0.

Taking Assumption 1.2 into considerations, we will mainly work with the
above subcategory % 2 instead of % 2. Note that the mg = (my g)ren and
fs = (fr.8)ken are simply the collections of all components of m and f with
B fixed; c.f. Definition 2.5. From now on, an object in 9 = % P(L,X)
(similar for % 2 as well) will be usually written as (C,m), C' or m according
to the context. The set of morphisms from (C’,m’) to (C,m) will be written
as Homgy, o (C’, C) or Homg o(m’, m). Denote by Obj % 2 (resp. Mor % 9) the
collections of all objects (resp. all morphisms) in % 9.

Notice that the above definition is illegal, unless we prove U D and U D are
indeed categories in the following two lemmas.

Lemma 2.34. If f,g € Mor U D, then g of € Mor UPD. Therefore, 4D is a
category.

Proof. Since (gof)1,0 = g1,0°f1,0, the composition gof also satisfies (II-4). The
unitality and cyclical unitality are already proved in Lemma 2.28. It remains
to show the divisor axiom. In reality,

DA[g o flis(bs---) = 2 Xk 50)%(0,0) 9060 (Frossy -+ DAl (02 ) -+ T )
+2_DA[ge,, (F1,0(0); Ty s+~ Fheuse)

holds for (k, 8) # (0,0) by routine computations. Since f and g have the divisor
axiom, we deduce

DAfgofles(b;-+) =22 2tk 520,008 N0 808 (Frapr -+~ Fri i+ Fhesr)
+ 22080 N1,0() - 9,8, © (Fay -~ F50)
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By Definition 2.5 (a), we have fo,0 = 0 and so we can actually drop (k;, 5;) #

(0,0) above. Then using (28) together with 5 = Sy + Zle Bi, we conclude the
divisor axiom for g o f. O

Lemma 2.35. If f,g € Mor% 9, then gof € Mor% 9. Hence, %D is a
category.

Proof. Following Lemma 2.34 above, it suffices to check the condition (II-5) in
Definition 2.33 is preserved. In reality, by Definition 2.7, if (g o f)g # 0 then
for at least one tuple (Bo,f1,...,0¢) with 8o + 81 + -+ + B¢ = B, we have

98, © (g, ® --- ®fg,) # 0 and thus particularly gg, # 0,fs, # 0,...,fz, # 0.
Since f and g satisfy (II-5), we conclude u(8) = p(Bo) + -+ + u(Be) > 0. O

Next, the following lemma is useful for the homotopy theory of A, algebras
in%9.

Lemma 2.36. If (C,m) € Obj% 2, then its trivial pseudo-isotopy (Clo 17, M™) €
Obj% 2.

Proof. By definition, it is routine to check (I-4). By Corollary 2.15, we know the
(I-0) holds for (Cg 17, M™). Observe that fm}flﬂ =1®@myg for (k,B) # (1,0),
and it is direct to show (I-1), (I-2) or (I-5). It remains to check the divisor
axiom (I-3). Fix a divisor input b = 1 ® by + ds ® by; without loss of generality,
other inputs x; can be assumed to be in the form z;(s) = 1 ® y;(s). Then, we
have

DA[Dﬁm]k,g(b;xl, c.yx,) = 1@ DA, g(bo; Y1, - - -5 Yk)(s) + ds @ CUMk 5(b1;91, - - -, Yk)(S)

Because m is cyclically unital, the second term vanishes. By definition (25), we
have 98N b = 9B Nby(s). In conclusion, the desired divisor axiom equations of
ot follow from that of m. O

2.7 Homotopy theory with divisor axiom

Our new homotopy theory is supposed to build on % Z (one can do the same
for % 7). Be cautious that the Definition 2.37 below implicitly relies on Lemma
2.36.

Definition 2.37. We call fo, f1 € Homg o ((C’,m’), (C,m)) are ud-homotopic
to each other (via §) if there is § € Homy o ((C’, m'), (Cjo17, M™)) so that
Eval’ oF = §y and Eval' of = ;. Denote this by

fo "

We can unfold the condition as follows. An image §x g(x1,...,xx) is just
an element in Cj 1). So, by considering the bi-grading on Clg 1), we may write
F=1®fs + ds ® b, for some linear operators fs and hs. Concretely, this says

Sk,ﬁ(xla e ,xk)(s) =1 X (fs)kﬁ(xl, . ,l'k) + ds X (hs)k,g(xl, e ,a:k) (29)

28



It is clear that § is B-gapped if and only if all {5 and b, are &-gapped. We note
that despite similar notations used, there is nothing to do with the notion of
pointwiseness (Remark 2.13). Technically we should require that these f5 and
hs are constant in s near the end points (e.g. in order for a sort of gluing); but
for simplicity we would rather make this point implicit.

Lemma 2.38. § = 1®f, +ds ® hs € CCgs(C',Clo]) gives a &-gapped
Aoe homomorphism from (C',m') to (Cjo11, "™ if and only if the following
conditions hold together:

o Lwery fs is an Ass homomorphism from (C',m’) to (C,m);

e deg(bs)k,p = —k — pu(B);
e We have the identity

d . e . 1o

25 0Fs =2 bso(idyem'@id*) + 3 mo(ff e eff b, 0f @ @f) (30)
Proof. For the degrees, just observe that degf, = deghs + 1 = degF. Using
Example 2.20 and (29), we expand the A, formula > Mo (F@---®@F) =
Y. So(idy ®m' ®id®), obtaining that 1®@mo (f,®- - ®fs) +ds® (Lof,—m(f¥®
- Rff Qb0 @ ®F)) = 1®fs0(idy ®@m' ®id*) +ds® b, o (idy @m’' ®id®).
The proof is now complete by comparing both sides. O

Lemma 2.39. In the above situation of Lemma 2.38, we have:

(i) The § satisfies divisor axiom if and only if all the fs and Y5 satisfy divisor
azriom.

(i) The § is cyclically unital if and only if all the §s and by are cyclically
unital.

(iii) The § is unital with respect to the constant-ones 1 if and only if all the fs
is unital with respect to 1’s and meanwhile (hs)gg(---1---) =0 for all s
and (k,B).

(iv) The § satisfies (II-4) if and only if all the fs satisfy (II-4) (28).

(v) The § satisfies (II-5) if and only if all the fs and bs satisfies (II-5)
(Definition 2.33).

Proof. By (29), the divisor axiom equation DA[F]x 5(b;x1,...,2x) = 08 Nb-
Sk,p(x1, ..., Tx) means:

1®DA[fs]k”3(b;£U1,...,£L'k) :8ﬂﬂb( 1®(f5)k’5($1,...,(£k) )
+ds @ DAbslk,g(b; 21, ..., 2k) +ds @ (hs)k,p(x1,. .., %)

Then, the item (i) is proved by comparison. The properties for the cyclical
unitality (i) and the unitality (iii) can be proved by similar comparisons. Next,
by the definition of the cap product (25), we have 95N F1,0(b) = BN (fs)1,0(b)
and the item (iv) holds. The item (v) is obvious. O
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Corollary 2.40. fo and f1 are ud-homotopic to each other if and only if there
exist (fs) and (hs) so that

(a) All the §s € Mor % 9.
(b) The formula (30) holds for (fs) and (bs).

(c) Allthebs satisfy the divisor aziom, the cyclical unitality, and (hs)kg(---1---) =
0 for all (k, ).

(d) deg(hs)r.g = —k — u(B) and all the by satisfy (II-5) (Definition 2.33).

. ud . . .
In particular, we see that ~ is an equivalence relation.

Proof. This is just a consequence of Lemma 2.38 and Lemma 2.39. O

Lemma 2.41. If f, EY f1 and go B g1, then go o fo B g1ofi. So, % s a
congruence relation on % 9.

Proof. Let fo,f1 € Homey o ((C”,m"),(C’,;m")) and go, g1 € Homy o ((C',m’), (C,m)).
Denote by 9’ and 90t the trivial pseudo-isotopies about m’ and m. Recall that
they are defined on C[/o 1] and Cfp 1) respectively. By definition, there exists

morphisms § : C"” — C[/O,l] and & : C" — Cpo,1) in % 2 connecting fo and f1, go
and g, respectively. By Lemma 2.35, the composition & of; : C” — Cjg q is still
in % 9. Since Eval oBof; = g;ofy for i = 0,1, we conclude that goofy ud g1of1.

Now, it remains to show gg o f ud go © f1- In fact, we can first find families
(fs) and (h5) with the conditions (a) (b) (c) (d) in Corollary 2.40. Then, we aim
to check the same four conditions for the other two families: fs := gg o fs and

b => goo (57 ba,fa - fo) (31)

(a) By condition, f; € Mor% %. Then, by Lemma 2.35, we have f, €
Mor % 2.

(b) To prove the condition (b), we compute

L ofy =3 00(Fs - for L 0 Fgsfs---fs)

(
=3 g0(fs - F, bs(idy @ m” ®@1d®), - - o) + 90 (Fs -+ For W (FF - 57, s fo - Fo) o oo
=>00(jF - 17,05, fs -+ fs) (idy @ m” ©1id®) 4 go(idy ® m' @1id®)(fF - - 7, b, fs - fs)
(
(

=Y h(id} ®m” ©id*) + m(go--- 90) (77 - 7. beo o -+ Fs)

= Z 63 id;& @m’ ® id.) + m((QO o fS)# ce (90 o TS)#a 657 (90 © fS) T (90 © fS))

where the second identity uses the formula (30) for f,; and b; the third and
fourth identities hold because the fs and the go are A homomorphisms.
Thus, we show the fs and b, satisfy (30).
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(c) Concerning the divisor axiom, we compute as follows:

DA[b]r,5(b;- ) = S DA[go] ((fs)1,0(b); T -+~ bs -+ - 1)
+ g0 (- DA[#)(b;--) - be--) + X go( - by - - DA[fS (b5 --))
+ g0 (f# - DA[bJ(b; -+ ) -+ )
+ 32 CU[go] ((hs)1,0(b); fs -+ -+ fs)

Since deg(hs)1,0(b) = 0, the fifth sum vanishes due to the cyclical unitality
of go. Similarly as before, applying the divisor axiom of fs, hs and go, the
first four sums together exactly equate 98 Nb - bs. Regarding the cyclical
unitality, given a degree-zero e, we first notice that (hs)1,0(e) = 0, since
deg(hs)1,0(€) = —1. Then, there is a similar computation:

CU[Gs]k,ﬁ(eQ e ) = ZCU[QO]((fs)l,O(e)#f b fs)
5 g QU5 )+ baee) S go(-++ b CULJ(ei-) )

The above four summations must all vanish thanks to the cyclical unitalities
of fs, hs and gg. Finally, we compute

65(1):290(%()%() f)s(]l)fs()fs())
+Zgo("'(ff)kl,ﬁ1('“]1"')"'hs("')"'fs("')“')
+Zgo("'ff(“')"'f)s('")"'fs("']l"')k2,ﬂ2"')

The first sum vanishes by the property of (hs). Since the fs is unital with
respect to 1, a summand term in the second or third summation must be
zero, unless (k1,51) = (1,0) or (k2,82) = (1,0). But, if so, one input is
(fs)1,0(1) = 1, and the resulting summand term is like (go)eg(---1---)
for some ¢ > 2. Thus, the unitality of go also enforces this summand to
be zero, and the by (--- 1 ---) vanishes as desired. The condition (c) for b,
is proved.

(d) The degree of (hs)x,p is clearly —k — p(8). If (hs)g # 0, by (31) there
exists a decomposition Sy + 81 +- -+ By, + Bz + B +- -+ By, = B so that
all of the followings are non-zero: (go)g,, (ff)ﬁ; A=1,....41), (bs)gs
(fs)gy (A = 1,...,€2). Since all of them satisfy (II-5) (Definition 2.33),

the additivity of p implies p(8) > 0. Consequently, we see b also satisfies
(I1-5).

In summary, the families i’s and b, give a ud-homotopy from gg o fg to g o f1 by
Corollary 2.40. O

2.8 Weak Maurer-Cartan equations

Let (C,m) € ObjZ 2 and §f € Homy o((C”,m”), (C’',m’)) be an object and a
morphism in % 2. Recall that DI(C) denotes the space of divisor inputs (24).
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Let R be a coefficient ring: we may choose R = A} (which appears in most
literature) or R = Ao/2miZ, Ay (the convergence issue is resolved by the divisor
axiom). Define

DI(C)&R — C®R,  m,(b Z E:TE(/3 my, 5(b = ZTE(B) 9BNbmg 5
f, : DI(C"&R — C'&@R,  f.(b Z Z TE®) . 5(b Z R
5
(32)

Note that in the above, we always take sum on k first:

m(0) = 305 T7O) (S mi(b,.., b)) = X, THO My

If we write b = by + by for the decomposition Ag = C & A, then by divisor
axiom and by Definition 2.1, we obtain that

k
Mg =Y, mps(b,....b) = X, & (98nb)rmg s = (26000 Y0, B0 Yy 5 = PPy 4

So, the m,(b) has no convergence issues. The same argument applies to f.(b) as
well.

Definition 2.42. Recall that we denote all the units by the same notation 1.
We call b a weak bounding cochain if m,(b) is a multiple of the unit 1, that is,
m,(b) = a-1 for some a € Ag. We call m weakly unobstructed if it admits a
weak bounding cochain. Finally, the set of all weak bounding cochains is called
the weak Maurer-Cartan solution space of m.

3 Whitehead theorem with divisor axiom

In this section, once and for all, we fix (C’,m’), (C,m) € Obj % 2 and fix
f € Hom%g((cl,m'), (07 m)) (33)

so that the induced cochain map f1,9 : (C",m] ) = (C,my o) is a quasi-isomorphism.
In the literature, such a f is called a weak homotopy equivalence or a quasi-
isomorphism. Recall that the constant-one functions in various Q*(L)p and
H*(L)p are all denoted by 1.

Since the whole section §3 is devoted to prove the following theorem, the
reader may skip this section in the first reading. It is a mild generalization
of [FOOO10b, Theorem 4.2.45], adding the additional properties: the (cyclical)
unitality and the divisor axiom.

Theorem 3.1 (Whitehead Theorem). There exists g € Homgy, ((C,m), (C’,m’)),
unique up to ud-homotopy, so that gof and fo g are both ud-homotopic to id.
We call g a ud-homotopy inverse of f; it is often denoted by 1.
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We will carry out the proof by inductions first on the length filtration in &
and then on the energy filtration in 8. Initially, since f; ¢ is a quasi-isomorphism,
there exist a degree-zero cochain map

g1,0: cC - (34)
and a cochain homotopy map h : ¢/ — C' of degree —1 such that
9170f1:0 —id = m/LOh + hm’l,o (35)

Consider a cochain map b1 : C' — Cfo,1] defined by

bio(z) =1® ((1 = s)z + sg1,0f1,0(x)) + ds @ h(z) (36)

Then, it satisfies Eval’ oh1,0 =id and Eval! ob1,0 = g1,0 ©f1,0. By definition, we
know f o(1) = 1 and mj ((1) = 0; by degree reason, we also known A(1) = 0.
By (35) and (36), we obtain

91,0(]1) = ]1, and f]170(]1) =1®1= Incl(]l) =1 (37)
Lemma 3.2. The property (1I-4) (28) holds for g1 and b1 0.

Proof. First, we fix a divisor input b € DI(C,m; ) (24). Since the cochain
map f1,0 is a quasi-isomorphism, there exists some 4" € DI(C’,m] o) so that
g1,0(0) = 0" +m (') and §19(b') = b+ my(c). By degree reason, we have
degc = degc = 0. Since f1,0 satisfies (II-4) (28), we see that 93 N g1,0(b) =
0pNY =0BNf1,0(b') =98Nb. As for by o, by the definition of the cap product
(25), using (36) infers that 8 N b1 (b) = dB N Eval’ by o(b) = BN b. O

Remark 3.3. There is certain flexibility in choosing g1 in (34), since we only
need to require gp o satisfies (35). In practice, we are always interested in the
following cases:

e When § = Eval® : H*(L)p — H*(L) or Q*(L)p — Q*(L) for some s € P.
Then a ud-homotopy inverse g = (Eval®)~! of Eval® can be chosen so that
g1,0 = Incl.

e We will later construct a morphism ¥ € Mor % Z in Corollary 7.3 such

that if ; = i(g), where the i(g) is the harmonic embedding H* (L) — Q*(L)

for a metric g; see (94). Then, a ud-homotopy inverse g = (i9)~! can be

chosen so that g1 9 = m(g), where the m(g) is the harmonic projection
O*(L) — H*(L) as defined in (95).

Now, the pair (g1,0,b1,0) gives the initial step of the induction.

3.1 Obstruction for the length filtration

Recall that we often omit C,C" and & for the CCg(C,C’). In this section,
we aim to inductively construct the energy-zero part of the g in the component
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CCy = HZL CCy 0. By the length filtration on CCy we mean the filtration
defined by the following sequences

Fk CCO = H;‘Czl CC]‘)O

To begin with, we define a natural differential on the vector space CCy:

§:=06; : CCro — CCip ¢ > my gog—(—1)dee =R S ¢0(id;®m’1’0®idk*i*1)
] _ (38)

Obviously, the § has degree one, i.e. degd¢ = deg ¢+1. By routine computation,

we have:

506=0 (39)
To include the unitalities and divisor axiom, we introduce the following definition:

Definition 3.4. We define CC'f,% ={¢ | ¢(1) = 1} and define CCu C CCy
for k > 2 to be the space consisting of ¢ with the following propertles

(L1) DA[¢lg—1,0(b;21,...,2k—1) = 0 for any divisor input b.
(L2) CU[¢]k-1.0(€;21,...,25-1) = 0 for any e with dege = 0.
(L3) ¢(...,1,...) =0 for the constant-one 1.

Finally, we define Cng = szl CCE%; more concretely, this says (CCSd, ) =
[Ti>1(CCi%, k).

Here the condition (L1) just tells the divisor axiom for the special case
B = 0 (Definition 2.31), and the (L2) describes the cyclical unitality for 8 = 0
(Definition 2.25). Note that the length filtration in CCy can be inherited in

CCSd by setting F* CCSd = H§:1 CC?%,
Proposition 3.5 (Properties of § and CCy?).

(i) Thed restricts to a differential on CC}4 ‘0, 80 there is a cohomology H(CCj, 0, 5)
for each k.

(ii) If f is a cochain map of degree zero with f(1) = 1, then for any k, it
induces a cochain map

f.: (CCLG,6) = (CCy%, 0)
sending ¢ to f o ¢. Moreover, if f is a quasi-isomorphism, then so is fs.

(i) If f is a cochain map of degree zero with f(1) = 1, then for any k, it
induces a cochain map

f:(CCi%,8) = (CC5,0)

sending ¢ to ¢ o f€X. Moreover, if f is a qusi-isomorphism, then so is f
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Proof. (i). By virtue of (39), it suffices to show & maps CC‘,;?O into CCE?O.
Firstly, it is easy to check the § preserves the condition (L1). Secondly, given
@€ CCE%, we compute

P 5¢)(x’f£,...,x?_l,e,mi,...,xk,l) =t+mygoy , dx1,...,Ti1,€,Zi,...,Th_1)

+ Zi ¢(Z‘1, . ,xi_l,m’LOe,xi, e ,],‘k_l)
£ @, my (@), 2 el e, )
£ (@, ,xi,l,e#,mf, . ,mf_l,m'lﬁo(xj),mjﬂ, ey 1)

The first sum vanishes as ¢ satisfies (L2), and the second sum vanishes as ¢
satisfies (L1). Also, for any fixed j, we set yéj) = xf for 1 < ¢ < j—1,
yéj) =apfor j+1 < /¢ <k-1and y§j) = mj o(7;); so, the last two sums
together give =+ Zj Do ¢(y§j), . ,yéj_)l, e, yéj), - 791(21) which equals zero by
the (L2) condition of ¢. Thirdly, the § also preserves the unitality condition
(L3) because of mj (1) = 0.

(ii). Tt is straightforward to show that 0f. = f«6 and that the f, restricts
to a map from CCE?0 into CCE%. Note that when & = 1, we need to use the
condition f(1) = 1. In addition, if f is a quasi-isomorphism, then it admits
an inverse f’ in the sense that f'o f = id +my oh + hmyo and fo f' =id +
m} ok+km] o for some operators h and k. Now, given ¢ € ker 5N CCSd, we have
ho¢ e CCyt and f.f.dp = ¢+ my ghé + hmy g = ¢ + 5(ho); the similar holds
for f.f.. Hence, we get an isomorphism H(f,) : H(CCud,S) — H(CCud,g)
with an inverse H(f]) on the d-cohomologies.

(iii). As before, it is routine to check that f is a cochain map, and it maps
CC};?O into CC};%. Now, suppose f is a quasi-isomorphism, and let h, k be as
above in (ii). If 6¢ = 0, then f’?(gb) = ¢(id + 6h, ...,id + 6h) = ¢ + én for some
n8. By similar argument, we complete the proof. O

Corollary 3.6. The Eval® and Incl induce quasi-isomorphisms Evali,E/va? and

Incl,, Incl on CCE%.

Proof. Recall that the Eval® and Incl are quasi-isomorphisms. Since we have
Eval® o Incl = id, the proof is complete by Proposition 3.5. O

To perform an induction, we want to study the obstruction of extending an
Aj_1 homomorphism to an A; homomorphism. If we do not require the divisor
axiom, this is fully discussed in [FOOO10b].

Theorem 3.7. Given an A1 homomorphism g = (g;0)1<j<k—1 € Fk-1 CCSd(C’, )
between two objects (C',m'), (C,m) € Obj % P, there exists a §-closed
01(8) € CCJ(C",0)

8Notice that 6(¢(hi, ..., hi)) = (6¢)(h1,...,hi)E£>,; ¢(h1,..., 0k, ..., hy). For example,
this implies that ¢(dh,dh,id,...,id) = 6(¢>(h, oh,id, .. .,id)) as 6(id) = 0; one can compute
¢(id + 6h, . .., id + Sh) similarly.
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such that its cohomology [0 ()] € H(CC‘,;?O, §) vanishes if and only if § can be
extended to an Ay, homomorphism g7 = (g, gk,0) with gko € CC};%. Moreover,
if so, we have 0k (g) + 6(gk,0) = 0

Proof. We first make the definition: (which depends on the chosen A, algebras
m’ and m)

0k (8) == D M0 0 (85,400 @ © Gj—j,1.0) — Y Iriprr0(idl @my, ) @id")
1#1 v#1

(10)

where the conditions ¢,v # 1 guarantee that the o4(g) involve only g;¢ for

i < k. Asm,m,§ € CCLY, it is routine to check o0,(§) € CCy? as well. By

(38), the g© = (g, 9k,0) being an Ay homomorphism is exactly equivalent to

0%(g) + 0(gr.0) = 0. Moreover, every term in the expression (40) of o4 (g) has

degree 2— k. From deg é = 1, it follows that the degree of gk,0 is 1 —k as desired.

Now, it remains to prove ox(g) is d-closed. In fact, using (38), we first
compute:

00k(8) =y M100Mpo (g - ®0) + Dy Moo (8@ ®g) o (idy ®m) ,®id®)
- (2#1 migogo (idy ®m;,®id®) + 3, go (idy ®@m) o ®id®*) o (id}y ®m) , ® id*))

Using the A, equations for m and m’ together with the condition g is Ag—1
homomorphism, a tedious but routine calculation deduces dog(g) = 0. O

By definition, the reduction A, algebras m and m’ (Definition 2.10) satisfy
m' m € Obj % P as well. According to (40), the assignment g +— oy (g) is viewed
as a map from F*~1CC? to CC‘,jin and is determined exactly by m and m’.

Lemma 3.8. In the above situation, let {* = ( o)k and it = (Fr.o)x be two Ax

homomoprhisms® in CCL. Then, f' o gof is also an Ax_, homomorphism
and [ox(F' 0@ o )] = [f1.0 0 0k(8) o (77 0)®]

Proof. Recall that g € F*~1 CCy? ¢ CC{?is an A;_; homomorphism. Abusing
the notations, all the involved A, algebras here are denoted by m. To begin
with, it is routine to check f' ogof® is an Aj_; homomorphism. Besides, f'ogof®
restricts to the subspace F*~1 CCSd C FF=1CCy by the proof of Lemma 2.35.
So, the 04 (f! ogof?) is well-defined by Theorem 3.7. Indeed, if we further regard
g as an element in CCJ® by trivial extensions (i.e. we set g = grp1 = --- = 0),
then the operator system

b= ogof =(bj0)>1

satisfies that h € CCJ® and h|pr—1 o is an Ax_; homomorphism.
Now we consider

CCrp290:=3, mpo(h®---®@bh)—> ho(id} ®myo®id®)

9 Actually, it is enough to assume that they are Aj homomorphisms (Definition 2.11).
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It is easy to compute that O = o5 (h) + 5!);6’0. Also, we can compute the O in
another way as follows:

O =Y flpo(idg@m®id)oFEe - @ o - 0f)—Yfioc(@® @8 o (idy ®m®id*)o (P ®---

=Y fioomo(@®--@g)o(flo) —Xfipogo(idy ®@meid®)o (i} )"
=Y epfioomeoo@® @) o (f0)*" =, 1 floogo (idy @m,o®id®) o (f o)

where the first identity holds by the A,, homomorphism equations for f and
', the second identity holds since g is an A;_; homomorphism, and the third
is because we have trivially extended g by gi,0 = 0. The outcome exactly says
O =f100k(g) o (f ¢)®*. So, the proof is now complete. O

3.2 Extension for the length filtration

Let 90t and 9 be the trivial pseudo-isotopies about the m and m’ respectively.
Clearly, the reduction 9 (resp. 9t') coincides with the trivial pseudo-isotopies
about m (resp. m'). Denote by f = (f;,0);>1 the restriction of the § € Homg, o (m’, m)
(33) in CCy(C’, C); then, f € Homy o(m/,m). Now, we are going to show a
weaker version of Theorem 3.1 only in the energy-zero component.

Theorem 3.9. There exists an Ay, homomorphism g € QCBd(C, C") so that
gof is ud-homotopic to id via some hh € CCJ4(C, C[/o 1]) and fog is ud-homotopic
to id via some ' € CCY(C, Clo,1))

We emphasize that the b, h’ are assumed to be contained in the energy zero
part of CC(C, C[,o,l])’ which is stronger than merely saying go f and fo g is ud-
homotopic to id in the sense of Definition 2.37. We plan to prove it by induction
on k. The initial step when k = 1 has completed before.

Proposition 3.10. Let k > 2. Given f € Homgy, o(W',m) as above, we assume
8= (g0)1<j<k—1 € FF1CCH(C,C"), and b= (h;0)1<j<k-1 € F* CCH(C, Cpy )
are two Ax_1 homomorphisms such that

Eval’ ob|pr-1cc, =id, and Eval' of|pe1cc, = g0 f

Then there exists two Ay, homomorphisms g§* = (g, gr.0) € F* CCy® and bt =
(h,bro) € F* Cng, extending g and b respectively. Moreover, they satisfy that

Eval’ OE+|CCk,)0 =id, and Eval' 06+‘Cck,0 =ghof (41)

Proof. By Lemma 3.8 and by condition, we see that [Eval® ooy (h)] = [0x(Eval® o)] =
[0x(id)] = 0. Then, by Corollary 3.6, [0x(h)] = 0, which implies that there exists
some o € CC}Y% so that 0gx(h) 4+ dar = 0. Recall that naively setting by o = a
gives an Ay hoinomorphism extension, but if so, we would miss the property
(41). In reality, we need to put

Bro = o — Incl Evalo(a) € CCZ?O
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By Proposition 3.5 and by the definition (40) of 0z, we compute that § Eval® a =
Eval’ §a = Eval’(—o(h)) = —og(Eval® h) = —o4(id) = 0. Due to (38), the fact
smm o Incl = Inclom; ¢ implies that the § commutes with Incl. Thus, we get
5hk,0 = Sa—InclgEvalo(a) = davand 0g(h)+0hy,0 = 0. Then, the h+ = (h Br.0)
gives an Ay homomorphism extension such that Eval® oh*t ‘CCk,o = Eval’ b0 =
0. Since Eval® is trivially an Ao, homomorphism, the composition Eval® of™
must be an A; homomorphism, and it extends gof € FF~! CCSd. Now, we
have

ox(gof) = —d(Eval' ohT)x o = —d(Eval® oby o) (42)

and so [ox(gof)] = 0. By the proof of Lemma 3.8, we have actually shown that

0r(@of) +0( Xk 800 (@ @) = 0k(@) o i (43)

nd [0(g) o %] = [ox(g o f)] = 0. Then, due to Proposition 3.5 (iii), we have

0r(g)] = 0. Applylng Theorem 3.7 yields an extension Ay homomorphism
= (g,0k0) € F* CCUd for some g o so that oy (g) = —dgx,0. Consider

Q

(=]}
+
|

[1]

= (EV&II ohT — gto ?);“0 = Eval' ohk,0 — Gk,0© f% - Ze<k groo(f®-- @f)
(44)

Generally, this is not necessary zero in contrast to (41). So, we need to slightly
modify gro and b as follows. First, using (42) and (43) implies that 02 =
—(0k(8) + dgk,0) © f®0 = 0. Also, it is easy to check Z € CCJ¢, since so do
f, g% and hT. Thus, the = gives rise to a class [Z] in H(C ko,d) Since
f1.0 is a quasi- 1somorph1sm we can ﬁnd a 0-closed Ag € CCJ4 0(C, C’) so that
E40n = AgofPh o for some 1 € ccyd 0(C,C"). We define Ah € CC o(C, C[o 1] )
by setting Ah(s) = 1®sn. In spec1a1, we have Eval’ oA = 0 and Evzaul1 oAb =n.
Ultimately, we claim the modified b}, , := b0 + 0Ab and gj = gr,0 + Ag
meet our needs. Firstly, both of them lie in CC o by construction. Secondly,
since Ag and §Ab are d-closed, (f),f)ho) and (979k,0) are still the desired Ay
homomorphism extensions by Theorem 3.7. Thirdly, the condition Eval® 06"’ =
id is not destroyed, and one can show the modified (44) is given by =" :=
Eval' b0 = Oko Of% =tk 9000(f®- - ®f) = E+ Eval' o(5AD) — Agoﬂ 0=
Z40n—Ago f%’g = 0. Now, the proof is complete. O

Proof of Theorem 3.9. We give a proof by induction. The base case for g; o and
b1 0 has been established in (34), (36), and Lemma 3.2. Note that Eval’ b o = id
and Eval® 1,0 = g1,0f1,0 and both of them indeed live in CC o by (37). Hence,
starting from this we can repeatedly use Proposition 3.10 to obtaln 9= (0k,0)k>1
and b = (hy0)k>1 in CC8d such that

fof‘ggld

via h. It remains to show fo g % id via some h e ccye as well. In reality,
applying the above result to § in place of f, we get some € CCi? so that
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fog % id via some € Cng. Finally, the argument in the proof of Lemma
2.41 can be performed within the energy-zero part CCBd; thus, we also obtain

7T ogof®Tand fog " F og ™ id via some operator system in CCL. O

3.3 Obstruction for the energy filtration

In Theorem 3.9, we have constructed an ud-homotopy inverse g for the reduction
f within the energy-zero components. Our next goal is to carry out an induction
with respect to the energy filtration, and we treat the g as the base case. In
contrast to the length filtration, a key difference is that given a fixed 8 # 0, the
divisor axiom equations (26) will involve fi g for distinct k¥ € N. Inspired by
this, we define
CCj! c CCg
consisting of a N-labeled operator system ¢ = (¢ g)k>0 such that:

(E1) DA[plkg(b;z1,...,2) = 0B Nb - prp(21,...,2,) for every & > 0 and
divisor input b.

(E2) CU[glkp(e;x1,...,zx5) = 0 for every k > 0 and degree-zero input e.
(E3) ¢rp(...,1,...) =0 for every k and the unit 1.

The three items correspond to the divisor axiom, the cyclical unitalities and
the unitalities in sequence. We remark that (E1) and (E2) only relate pri1,8

to Pk,B-
Define
0:= 5@ : CC/g — CCB (45)
by sending an element ¢ = (px 5)k>0, With a fixed shifted degree deg’ v 5 = p
for all k, to an element d5(¢) so that the component (5§(<‘0))k,ﬁ in CCy 3 is
given by (see (21) for the notations)

Z Z mz’oo(gz:l?o@- : '®gk#:il,0®ﬁpki75®gki+1»0®' : '®gke,0)_(_1)p Z @A+#+1,50(id)¢\#®m;,0®id#)
021 ky+-+ko=k Mutv=k
1<i<t

(compare [FOOO10b, Sec. 4.4.5 (4.4.39)]). It is an analog of (38). For simplicity,
we may write Y mo (§#®- - P ReFR- - ©g)— (1) ) po(idy @m' ®id®).

There are some useful observations as follows: Firstly, the map d3 has degree
one in the sense that deg’ d5(¢) = p+1 whenever deg’ ¢ = p. Secondly, the map
d = d5 depends not only on g but also on the A, algebras m and m’. Thirdly,
because g, m,m’ € CCSd7 one can directly check that

DA[6¢le g(b; 21, ..., x1) = 5(DA[90].15(6; Zi,... 7£L'k)) (46)
as elements in CCg. Fourthly, if we can find some k so that ;3 = 0 for

1<i<k-—1, then -
(00)k.5 = 0(#r.5) (47)
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Lemma 3.11. The § = d, is a differential, that is,
dod=0

Proof. Pick up an element ¢ = (¢ g)k>0 with fixed degree components, say
deg’ ¢rs = p. Then, deg’ 6(¢) = deg’ p + 1 by definition of § := §z. We
compute

00(¢) = Y m(g#F ) g T (50)g - g) + (1) Y _(99)(idy @ m @ id)
= Z m(g#(pﬂ) g D (g#P . g#P g g)g - -g)
+ (=1)PH! Zm(g#(pﬂ) . .g#(zﬂrl)@(id# ®@m®id)g---g)
+ (1P m(g#P - g# g g) (idy @ m@id)
+ (PP o (dy @m@id) (idg @meid) =T+ 1T+ 111 +1V

where any idy or id actually refers to some id; =idy ® --- ®idy or id* =
id® ---®id. We compute:

I = Zm(id# ®m®id)(g#p---g#p<pg-~-g)

Since g is an A, homomorphism, we have m(g#? - -- g#?) = (m(g---g))#? =
(9(idg ® m ®id))#P = (—1)Pidy, g (idg ® m®id) = (—-1)Pg#P(idy ® m @ id)
and

I =(-1)" Zm(g#(pH) o gt P (idy @ m®@id) g#P - - g#Ppg - - - g)

Additionally, notice that ¢# = p(idy,...,idg) = (=1)Pidg o ¢ by (21), and we
conclude

Iy = (—1)P Zm(g#(pH) N AR L gg(idy @ m@id)g---g)
Because the A, equation tells I; = 0, we conclude that
T+IT = —(Io+ I3) + 11 = (—1)P  m(g#? ... g#Popg - - g)(idy @m®@id) = — 11
Finally the A, equation says IV = 0, and hence we have §§ = 0. O

Provided Lemma 3.11, we can show an analog to Proposition 3.5. For
simplicity, we will use the same symbol m for the various A, algebras involved.

Proposition 3.12. Let 8 # 0 and and let g be an Ao, homomorphism modulo
TFP=0 jn CCYe.
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(i) Thed = og restricts to a differential on Cng, hence, there is a cohomology
H(CCH, 65)

(ii) If f is a cochain map of degree zero satisfying (28), f(1) = 1, and the
property’? my, o o f® =fo my.0, then it induces a cochain map’!

fu=(id, f). : (CC}, 85) = (CC, 3yg)

sending ¢ to f o p. Moreover, if f is a quasi-isomorphism which admits
a right inverse h in the sense that f o h = id, then f. is also a quasi-
isomorphism.

(#ii) In the same condition of (ii), there is an induced cochain map
f=(f.1d). : (CC}*,55) = (CCY, 5505)

sending ¢ to (g o f%)k>0. Moreover, if f is a quasi-isomorphism with
a left inverse k in the sense that k o f = id, then f is also a quasi-
isomorphism.

Example 3.13. The very example we care for the item (ii) is f = Eval® whose
right inverse is given by Incl. It is a quasi-isomorphism due to Lemma 2.16,
and it can be viewed as an A, homomorphism due to Remark 2.22. On the
other hand, the Incl occasionally serves as an example for (iii), but the Incl
is not always an A,, homomorphism. For instance, if it involves a non-trivial
pseudo-isotopy 9, then My, o o Incl®® = Incl omy o does not hold in general,
and the item (iii) cannot apply in this case.

Proof. (i). By Lemma 3.11, it suffices to show 0 := dg maps CC‘[’}d into Cng.
Since m’ and g also have the unitalities, cyclical unitalities, and divisor axiom,
it is routine to check d(p) € CCEd.

(ii). Note that f € Cle% C CCP4, and one can then easily see that
fg € CCy? is also an A, homomorphism module T%=% by the condition of f.
This implies that ds5 is well-defined. Also, the degree condition on f ensures
that d75(f¢) = fo5(w), so f. is a cochain map. Next, suppose f is a quasi-
isomorphism with a right inverse h. Generally, the h does not commute with §
like f.

Take ¢ = (pr,8)k>0 € CCEd so that dp = 0 and f.p = 6 for some & €
CCY%, and then we aim to show ¢ is actually d-exact in CC%d. Since foh = id,
replacing ¢ by ¢ — Jh€, we may assume

For simplicity, we will often omit 3, for instance, ¢, will represent ¢ 5, and
my, (resp.gy) will stand for my, ¢ (resp.gg,o). Namely, we will use (-); to denote

10Equivalently, this means f can be viewed as an Ao, homomorphism in the trivial way
1 The notation here will become clear soon in Proposition 3.15
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the component in both CCy s and CCyp. Initially, mipy = (dp)o = 0 and
foo = (fe)o = 0. So py = myny for some 1y as f is a quasi-isomorphism of
cochain complexes. Additionally, there is certain freedom: we may replace g
by any element in 19 + kerm;. Using the facts that f is a quasi-isomorphism
and that f o h = id, we may choose 7y so that fny = 0. (Indeed, we can first
find ¢ € kermy so that fng = f¢ +my¢’ for some ¢’, then we simply replace 7
by no — ¢ —myh¢’.) In particular, (¢ —dn9)o = wo —m1ny = 0. Suppose we have
n = (No,M,---M0,0,...) for n; € CC, g satistying the following induction
hypothesis

e ) := ¢ — én. Moreover, we require ¢); =0 (0 <14 < k);
o (fn)i=0(0<i<k)

e (E1) holds for every pair (n;,1m;+1) (0 <i < k—1) and every divisor input
b.
* (

E2) and (E3) hold for all »;.

Since 6o = 0, we have 6¢pr1 = (09)rr1 = (5(¢ — 6n))ky1 = 0. Also,
since fo = 0, we have fippr1 = —f(0n)kr1 = —(6(fn))k+1 = 0. Because of
¢ € CCYY, the property (46) implies that DA[y)](b) = dBNb-o—DA[6n]5(b) =
§(0BNb-n— DA[n)g(b)) within F* CCg. By the third item of the induction
hypothesis, 98 Nb -1 — DA[n]s(b) restricts to zero in F¥~! CCsz. Notice also
that DA[n]g(b) restricts to zero in CCy g as nr+1 = 0. In conclusion, it follows
from (47) that DA[¢]x 5(b) = 6(08Nb-n — DA[n]s(b)) = 0B Nb- ny, ie.

Vet (b, Ty, xp) + o F e (T, TR, b) = 08N b (Snk) (21, - -+, T1) (48)

Before we continue, we prove a sublemma which will be used.

Sublemma 3.14. Fix v = (ug,...,u,0,0...) so that (E1) holds for (u;,u;t1)
with 0 < i < k—1 and that (E2) and (E3) hold for each w; with 0 < ¢ < k. Then
there exists a (k+1)-multi-linear map w41 so that (E1) also holds for (ug, ugy1)
and that (E2) and (E3) also hold for ug41. Moreover, if fu; = 0forall0 <i <k
then fug1 = 0; if u; f& =0 for all 0 < i < k then uy fEFH) =0

Proof of the sublemma. We define (08,z) = 98 N« if degz = 1 and define
(0B, x) to be zero if otherwise. We also introduce the following N-multi-linear
map

u%n) (Ih ceey iEN) = Zfi}l UN—m(IEi+1, ceey $1+N—m)'(35, iEz'+N—m+1) te (863 951‘+N)

where N,m € N are so that uy_,, is already given, ie. 0 < N —m < k,
and where the z;’s are N arbitrary inputs with the subscript is modulo NV,

ie. wjon = z;. Observe that ug\?) = uy and that these maps are cyclical

in the sense u§’$)(m1, R ugf,n)(xiﬂ, ..., xi+n) for any 4. In particular,
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u%v)(xl, coxn)=N(9B8,x1) -+ (08,2N) - up. Now, we put

k
k+1
Uk+1 = Z amu,(;i)l + Ak+1 u;f_:’i )
m=1
for undetermined coefficients a,,. Note that the ug; depends only on ug, uq, . . ., ug.

We compute

u,(!fll)(b,xh cenxE)Fo+ u,(c]fll)(azh ce T, b) =98N (k+ 1)u(k)(a:1, cey X))

ugz)l(b,xh...,:ck) —|—~~+u,(€_~_')1(x1,...,xk,b) =908Nb- (m u,(;" 1)(x1,...,xk) +u§€m)(x1,...,xk))

for every 1 < m < k, and then

k+1 k
Zuk+1(az1,...,xi_l,b,xi,..., E) = ﬁﬂﬁb(aluk (ml,...,xk)JrZ(am+(m+1)am+1)u§€m)($h...

m=1
Choose a,, = (_177);71, then a1 =1 and a,, + (M + 1)am41 = 0. It follows that
(ug, ugt1) satisfies (E1). Moreover, since this construction is cyclic, the cyclical
unitality holds as well. In fact, we compute

k
ul o e x; Tht1)
k+1 a"'7 j—1:© J+1y - k41
j=1
k-1
_ # #
= E E U 1—m (T 1y T, €, X1, i kp1-m) (OB, Tipkia—m) -+ (OB, Titkt1)
1= 1<j<i+k+1—m

where ¢, = >.'_ (degz, + 1) and we think i,j € Z/(k + 1)Z. The condition
i <j<i+k+1—m required above comes from the fact that (93,e) = 0. For
each fixed 7, the summation over j gives zero, since ug41_, satisfies (E2). Hence
ugi)l and also ugy; satisfy (E2) as we require. As for (E3), recall that we have
assumed S # 0, so u;(...,1,...) = 0 even if j = 1; furthermore, (08,1) = 0
by definition, hence one can easily check that ui41 obeys (E3) as well. Finally,
the last statement is straightforward to check. Indeed, if fu; =0 for 0 < i < k,
then fukrji1 =0for 1 <m < k+1, thus fugy; = 0. Similarly, if u; f®* = 0 for

0 < i < k, then because f satisfies (28), we conclude u(m) VR = (yo f)f;:)l

which also vanishes for 1 <m < k + 1. O

Back to the proof of Proposition 3.12 (ii). Applying Sublemma 3.14 to
n=(no,---,Mk,0,0,...) provides some Y41 so that fxgy+1 = 0, the (E2) and
(E3) hold for xx+1, and

Xk+1(b, 21,y xk) + o+ Xer1 (21, -, Tk, 0) =08 N DM (x1, ..., xk)  (49)
for any divisor input b. By (48) and (49), we see that 1511 — dxxt1 € CCE(}FLO.
Observe that 6(Yp+1—0Xxs+1) = 0 and fu(Yry1—06xrr1) = 0. By Proposition 3.5
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(ii), the f. is a quasi-isomorphism between the cochain complexes (CC‘,ﬁLm 5).
It follows that there exists some 0 € CC}C‘iLO so that

Pr1 — OXkt1 = 06 (50)

By construction, f0 € CC',;iLO is 6-closed. Hence, there exists some d-closed
0 e CC})ld so that f0' = f0 + da for some a € Cng. Since f o h = id, we
have féha = da. Then, replacing 6’ by @' — Sha, one can require o = 0. So,
f0' = f6. Moreover, one can replace 6 by § — ¢’ (which lives in §+ker §) without
affecting (50). In summary, we may assume

f0=0

in addition to (50). Now, the inductive step can be completed by putting

M1 = 0+ X1, 0 = (10, -+ 0k, M1, 0,0, ) = N+ 141 and ¥ = o —on™.
We check the four conditions in the induction hypothesis for them as follows:

o Uy = (=80T —m),,; = k1 — 1 = 0 holds by (50), and
wj:z/}j:0forj§k.

o fer1=fO0+ fxps1 =0.

e It remains to show (E1) holds for the new pair (g, nk+1), which is true
thanks to (49).

e The 1 satisfies (E2) and (E3) since so so xx+1 and 6.

By induction, the proof of (ii) is now established. Finally, the item (iii) can be
proved almost identically and we omit it. We complete the proof of Proposition
3.12. O

Proposition 3.15. Let ¥ = ( 2.0k and it = (Fr.0)& be two Ao, homomorphisms
(modulo TF=C) in % 9. There exists an induced cochain map

(anEI)* = (fm;l)g : (CC[]—;’dvéﬁ) - (chdv(sfloﬁo@) (51)

Moreover, we have the associativity in the sense that (f2,%). o (%, ). = (f® o
72,52 0 7

Proof. We start with the definition: let ¢ = (¢o,g)x and deg’ @i g = p for a
fixed p, we define (f, f)2¢ to be the operator system as follows:

Silo@* e - R pR50-- 2§ o (e af°)
If f* = id or f* = id, we respectively have that
(. id)ie=po (e &)

(id, )¢ =Fo (@@ " RpRFR - @7)
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Remark that although generally (51) depends on g, the special case (°,id)g
does not. Since deg’ f* = 0, we know deg’(f°,id).p = deg' ¢ = p. A direct
computation shows that

(id, F)ET o (7,id). = (.72, and (i)l T o (id, 7§ = (7. 7). (52)
Because of this decomposition, it suffices to prove Proposition 3.15 for (id, ).

and (fo,id)* separately. Firstly, as {f°, f' and g satisfy the divisor axiom, we
have

DA[(°,id).plip (b5 21, ., 2k) = ST DALk, 5 (10 (0): (21, ), FO( - 2)
DA[(id, f')plip (b5 21, 2p) = S Fro (@ (x1,-..), . DALl (b)), 8( - )

Hence, we have the desired divisor axiom. Similarly, we can show the unitality

and the cyclical unitalities. To sum up, both (id, '), and (f°,id), map CCEd

into CCEd. In the next, we want to check

5(F,1)«() = (7°,71)«(8p)  or more precisely 615050 (7, F) (0) = (7, ')« (65%)
(53)

Without loss of generality, we assume deg’ ¢ = p. Consider

Fr:=f'o(ildy @m®id®) o (@’ ® - 0§ 0p@g®---g)o(F o )
Fy=flo@” e - 0i0pege-g)o(idyeomeid?)o (e )

and put F = F; — F». On the one hand, because the f* and f* are A,
homomorphisms, one can show that the F' exactly agrees with the left side
of (53). On the other hand, as g is an A homomorphism, one can show the
F agrees with the right side of (53). The proof of (51) is complete. Finally, it
is clear that (f2,id).(j°,id). = (2 o {°,id), and (id, }*).(id, )« = (id, }? o f}).,
then the associativity in general, i.e. (F2,§%). o (f° 1) = (f° o f2,§ o f1)., can
be proved by the decomposition in (52). O

By declaring F¥ CC := [sco.p)< CCs = IlrenIlp@)<p CCrp we
obtain the so-called energy filtration on CC. We remark that since it may
happen that 98 Nb # 958 Nb even if E(B) = E(B'), we cannot directly
follow [FOOO10b]. This gives one reason why we have to consider a copy CCpg
separately, one for each 5 € & (Definition 2.5). For every B € &, we define

FBCC = FP® CC x CCe = [[ ()< (s CCp x CC (54)

Similarly, we can define FE CC" and FB CC" adding the conditions of unitality,
cyclical unitality, and divisor axiom. Now, in analogy to Theorem 3.7, we can
prove the following:

Theorem 3.16. Fiz B € & with E(B) > 0, and fix (C1,m’),(Cy,m) € Obj% 2.
Suppose g = (gr.p)rp € FE® CC"(C, Cy) is an Ay, homomorphism modulo
TE®) s0 that (28) holds for g1o. Then, there exists a 55-closed

os(g) € CCE(C1, Cs)
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such that its cohomology [og(g)] vanishes if and only if g can be extended to an
Aoog homomorphism g+ = (g,98). Moreover, in this case, we have og(g) +
d5(g8) = 0.

Proof. Define the k-th component (or more precisely, the CCy, g-component) of
og(g) to be

Y .
> Mgy © (Gj1—jous @ @ Gjy—jo_r.80) — D Oxgurrp o (idy @m), g, @id")

0=jo<--<je=k Aptv=k
BO+@1+"'+B[:B ﬁ/-‘rﬁ”:B
Vi#0:8; #B B'#B

(55)

Firstly, parallel to the proof of Theorem 3.7, we can show og(g) € CCEd using
the conditions that m’, m and g are all contained in CcC". Next, being an Ao B
homomorphism exactly means that

og(g) + 0g(g8) =0 (56)

Suppose we could find gg to solve this, and we would like to study the degrees
beforehand. In reality, due to (55) above, the degree of an arbitrary term in
og(g) can be computed as follows:

degmy g, +> deg gj,—j,_1.p, = 2—L—p(Bo)+ 25—y (1= (i—ji—1)—1(Bi)) = 2—k—u(B)
deg grtpt1,5r +degmy, g =1 —A—p—p(B) +2—v—p(B") =2—k—pB)

This is exactly what we desire. Besides, since the dg in (45) has degree one, the
degree of gi p must equal to 1 — k — u(B) as we desire. Beware that we use
the ‘un-shifted” degree here. In terms of shifted degrees (20), we actually have
deg’ 0g(g) = 1 — u(B) = 1(mod 2) and deg’ gg = —u(B) = 0(mod 2). Now, it
remains to check og(g) is d-closed. By (45), we compute
8(0g(g)) = Xm0 (87 @ @ FF @ myp, (g5, @ D gp,) RFD - @ )

+ 2o my g, 0 (95, ® - @ gg,) 0 (IdY @ m , ®id*)

— Xm0 (§F® " @gp o (idy @m] 5 ®id*)@gR - @)

— 295' o (ld;# X mfj’ﬁ,, X ld.) o (ld;/: [ m;O [ ld.) = Al —+ AQ — Ag — A4
Asin (55), we need the conditions like 3; # B (i # 0) and 3’ # B (or equivalently
B" #0) in the summations, but for simplicity it may be helpful to add a ghost
term gg = 0. Now, we consider

A= > M, 0 (g, @+ @ gp,) o (idy @ m] , @id®)
Y+ +B1++B-=B

First, separating the terms with v # 0 and v = 0 and using that g is an A
homomorphism modulo T (B), we obtain A =TI'y +TI'y where

Tpi= om0 (idy@m®id®)o(ge - ®g)
Pyi=3 m oo (idy @m®id?)o(g@- - @g) = A1+ Ay
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Next, separating the terms with ' # 0 and those with v/ = 0, we also see that
A =T +T%, where

[ =3 go(idy ®m ®id®*) o (id} @ m’' ®id®) — Ay; Iy = A
In the end, the A, equations for m and m’ tells respectively that 'y + I's

7A1 + Ag and Fll + T, = AQ — A4. So (5(03(9)) = (Al — Ag) + (AQ — A4)
-A+A=0.

oo

Lemma 3.17. Let {° and f' be two As g homomorphisms in % 9. If g €
FE® ccvd 4 any Ase homomorphism modulo TE®) | then so is flogof®, and
we have

log(f* o go )] = [(1.F")«0s(9)] = (°,1")<[0a(0)]
where §° and §* are the reductions. Moreover, og(f' o g o {°) — (f°,1).08(g) =

6((f' ogof)s).

Proof. The statement relies on Proposition 3.15; it is analogous to Lemma 3.8.
Clearly, f' o go §° is also an A, homomorphism modulo T7®). As in the proof
of Lemma 2.35, one can see f o g o f* restricts to an element in FZ(®) CC" as
well. Hence, due to Theorem 3.16, the left side can be defined. Let’s extend g
to the whole CC by adding zero ghost terms. Define b := f* o g o {°, and then
h=1f'ogof’ We consider

B= Ztﬁo(h®~-~®b)—Z[]O(id;&@ﬁl@id.) € CCg
First, it is easy to see that ‘B = og(h) + 05 (bs), where hg € CCh. Next, we
expand ‘B:
P=Xfolidyemeid)o(ge- g (f'e--af)-Lfo(@e g o(idzemeid)o (e af)
=S o (g#®---®g#® m(g®- - ®g)— Y g(idy ®m®id®)] @@@---@g) o(fP®---®f)
Here the terms in the square bracket are elements in CCg; they agree with
og(g). So, we also obtain P = (f°,§').0s(g). By comparison, the proof is now
complete. O
3.4 Extension for the energy filtration

We are now at the stage to finally prove the most general Theorem 3.1. Recall
that using the reduction | of the fixed f € Homg ((C’,m’), (C,m)) in (33), we
have constructed g and b in Theorem 3.9. They serve as the base case in the
energy-zero level. Next, we perform the inductive steps for the energy filtration
by the following analogy of Proposition 3.10.

Proposition 3.18. Let B € & is so that E(B) > 0. Suppose

g=(grp) € FE® CC™(C,C"), and b= (hpp) € FF® cc(c, Cloy)
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are two Ass homomorphisms modulo T*®) such that
Eval® o pe@ o = id, and Eval' ob|pee cc = gof

Then, there exists two A g homomorphisms gt = (g,g8) € FBCC" and
h* = (h,bg) € FB CC™ extending the g and § and satisfying the following
property:

Eval’ oht|pe oo =id, and Eval'oh®|pecc =g of (57)

Proof. We think of g and b as elements in F'® CC (54) by setting zeros in the
component CCg. By Lemma 3.17, we have (id, Eval®),[og(h)] = [og(Eval’ of)] =
[og(id)] = 0; by Proposition 3.12 (ii), we have [0g(h)] = 0. By Theorem 3.16,
we have some o € CCp? so that og(h) + da = 0.

To ensure (57), we cannot set hg = a directly, and we need a slight modification
of a as before. Firstly, the condition Eval’ oh|pr@)cc = id implies that
og(Eval®oh) = og(id) = 0 by (55). Then, due to Lemma 3.17, we have
og(Eval® oh) — (id, Eval®),og(h) = 0, and thus (id, Eval’),og(h) = 0. Besides,
using Proposition 3.12 yields that (id, Eval’).6a = §(id, Eval®).a = 6(Eval” oq).
So, we have 0 = (id, Eval®), (0g(h) + da) = 6(Eval’ oa). Now, we define:

hs = o — Incl Eval’ oax

Then, we have Eval’ ohg = 0, thus, the h™ = (b, hg) satisfies the first half of
(57). Besides, due to (45), we can show that dhg = da — Incld Eval’ oa = da,
and hence og(h) + dhg = 0. In other words, setting h™ = (b, hg) supplies an
Ao g extension of b.

The composition Eval op™ is also an Ao, homomorphism which is exactly
an extension of g o f. It follows that og(g o f) = og(Eval' oh) = Eval' oog(h) =
— Eval' §(hg) = —0 Eval' hg. Meanwhile, by Lemma 3.17 and Proposition 3.12
(iii), we also conclude 0 = [og(g o f)] = (f,id)«[os(g)] and [og(g)] = 0. By
Theorem 3.16, the g can be extended to some g+ = (g, gg) so that 0g(g) = —dgs.
Unfortunately, we cannot ensure the following vanishes:

IT := (Eval' oh™ — g% o f)g = Eval’ ohg — (§,id).g8 — S pep8sc(FR--@F)

So, we need to further modify gg and hg. To begin with, observe that since
f,g7,ht € CC", we see that IT € CCEd. We compute:

01l = — Eval' 0og(h)+(f, id).08(g) ~0((g0f)8) = —o&(gof)+(f, id)..08(g)—d((gof)s)

which vanishes precisely owe to Lemma 3.17.

Next, we claim that (f,id). is a quasi-isomorphism. In fact, by Proposition
3.12(iii), (Incl,id), is a quasi-isomorphism; so is (Eval’,id). due to the fact
Eval’ o Incl = id and Proposition 3.15. Also, observe that (id,id). = (b, id),(Eval®,id).
and that (f,id).(g,id). = (b,id).(Eval®,id).. On the other hand, by Theorem
3.9, there is another ud-homotopy b’ between § o g and id; we similar conclude
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that (id,id), = (b’,id).(Eval®,id), and (g,id),(f,id). = (B’,id).(Eval',id).,.
Putting things together, we can show (f,id), is a quasi-isomorphism.

Now, by the above claim, one can find some Ag € CCRY(C,C") so that
6Ag = 0 and IT+6n = (f,id). Ag for some n € CCx?. Define Ah € CCR(C, Clo.p)
by Ab(s) = 1 ® sn; we have Eval’oAh = 0 and Eval' cAh = 5. Finally,
we define hg := bhg + 6Ah and g5 = gg + Ag. Both are contained in ccyd
by construction, and these modifications also given the A, g extensions since
dhg = dbg and dgg = dgg. It remains to show the new extensions h'* = (b, hg)
and g't = (g, gp) satisfy (57). In fact, the first relation is clearly preserved,
and the second holds, since I’ := (Eval' oh’t — g't o f)g = I1 4+ Eval' o(6Ah) —
(f,id).Ag = IT + 61 — (f,id).Ag = 0. O

Proof of Theorem 3.1. Denote by fz the component of § in CCg, and we define
Gy := {f € & | 3 # 0}. One can similarly define G, and Gy for the A
algebras m and m’. Now, we put

G=N-GjUGy UGy (58)

to be the additive monoid generated by Gj, G, and Gv. By the gappedness, the
image F(G) under the energy morphism FE(cot) is a discrete subset of [0, 00),
say, E(G) = {0 =X < A1 < Adg < -+ < A; < A1 < ---}. Note that every
E=1(X\) NG is finite and E71(0) N G = {0}. We aim to inductively construct g
and h within the subspace

cc™ =] I ccp C CCg
7=0 B(8)=);

Suppose we already have two operator systems g and h? in CC"”) := [T’_, [scc p(s)=», ccy!
so that they are A, g homomorphisms for every § € ® with E(8) = \; and the
following identities hold in the space F* CC x H%G:E(ﬁ):/\i CCag:

Eval®oh’ =id, and Eval'oh’ =g'of (59)

By Theorem 3.9, we have the initial step for i = 0. Suppose the g and h* are
given as above.

We first claim the two identities in (59) actually hold in the larger space
FA+1 CC. In fact, pick an arbitrary 8 with \; < E(8) < Aj11; then 8 ¢ G.
Then, since the hi lives in CC®, we have (Eval®! oh’)s = Eval”! Ohfa = 0.
First, it is clear that (id)s = 0, and so Eval’ oh’ = id in F*+ CC. Second,
(g'of)s = Zgz’ﬁo o(fg, ®- - -®fg,) must vanish, otherwise 8 = Bo+S1+---+ 08¢ €
®. So, Eval' oh? = g’ o f in Fi+1 CC as well. We next claim that the g’ and
h? can be viewed as A, homomorphisms modulo 7%+, Indeed, pick 8 with
Ai < E(B) < Aix1; then B ¢ G. Suppose one can choose ;’s so that 8 = 5;
and my g, © (g%1 R R® g%l) is nonzero. Then, by induction hypothesis, we have
B; € G for each i. It follows that 8 = Y 5, € G, a contradiction. Suppose
one can choose 81 and B9 so that 8 = B; + 2 and ggl (idy ® mj, ®id®) is
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nonzero, then f; € G by induction hypothesis. Since B2 € Gy, we deduce
B = B1 + B2 € G, a contradiction. Thus m o g’ — g x m’ is zero not only in
F* CC but also in CCp for any 8 with \; < E(8) < Ai+1. Namely, the g° is
an A, homomorphism modulo 7%+, Similarly, one can show so is h?.

Now, it is legitimate to apply Proposition 3.18 for every class in the finite
set GN{B | E(B) = Xit1}, thereby obtaining the extensions gi*! and hi*?
in CCU*Y of gi and b respectively. By construction, they also satisfy the
induction hypothesis. Ultimately, we obtain g and b in CC™) g0 that gof
is ud-homotopic to id via h. Moreover, this construction exactly tells the set
{8 ] 9s # 0 or hg # 0} must be contained in G; thus, the g and b satisfy the
condition (II-5) (Definition 2.33). The conditions (II-1) (II-2) (II-3) for g and b
hold by the definition of CC", and the (II-4) holds by Lemma 3.2.

In summary, we can find g,h € MorZ Z so that g o f is ud-homotopic to
id via h. It remains to further prove f o g is also ud-homotopic to id as well.
Applying the whole argument again to the g (instead of f), there exist some

f.5" € Mor Z 2 so that f og % id via h’. Then, using Lemma 2.41 we conclude
ud

PP o(gof)=(Fog)of™f and thus jog ™ fog ™ id, 0
Remark 3.19. There is a useful observation in the above proof: The ud-homotopy
inverse g of f satisfies that the set Gy := {8 | gg # 0} is contained in the set
G=N:GjUGyH UGy (58).

4 Homological perturbation

A ribbon tree is a tree T with an embedding T < D? C C such that a vertex v
has only one edge if and only if v lies in the unit circle 9D?. Such a vertex is
called an exterior vertex, and any other vertex is called an interior vertex. The
set of all exterior (resp. interior) vertices is denoted by C§**(T) (resp. Ci*(T)).
Then, Co(T) = CS¥(T)UCI(T) is the set of all vertices. Besides, an edge of T
is called exterior if it contains an exterior vertex and is called interior otherwise.
The set of all exterior edges is denoted by C$**(T) and that of all interior edges
is denoted by Cin(T).

A rooted ribbon tree is a pair (T, vg) of a ribbon tree T and an exterior vertex
vo therein. We call vy the root; it gives a natural partial order on the set of
vertices Cy(T) by setting v < v’ if v # v’ and there is a path in T from v to
vo which passes through v’. Particularly, the root vg is the largest vertex with
respect to this partial order.

Definition 4.1. For a label group & = (8, E, i), a G-decoration on (T,vp) is a
map B : Ci*(T) — &. It is called stable if any v € Ci"*(T) satisfies E(B(v)) >0
and has at least three edges whenever B(v) = 0. Given k € N and € &,
we denote by 7 (k, 8) := J (k, 8; &) the set of B-decorated stable rooted ribbon
trees (T,vo, B) so that #C§(T) = k+1 and 3, o (r) B(v) = 8. Note that
7(0,0) = @; 7(1,0) contains only one element, i.e. the tree Ty o that consists
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of exactly two vertices and one edge. For simplicity, we often omit vy, B and
write T = (T, vg, B).

Definition 4.2. A time allocation of T = (T,vy,B) € Z(k.§) is a map
7 : C(T) — R such that 7(v) < 7(v') whenever v < v/. The set of all time
allocations 7 for T such that all 7(v) are contained in [a, b] is denoted by 2% (T).
If [a,b] = [0, 1], we often just write A(T) = A3(T).

Any time allocation 7 can be viewed as a point (z, = 7(v))yecie(r) In

[a,b]#C0" () Thus, the set AL (T) can be identified with a bounded polyhedron
cut out by the inequalities x,, < z,s for v < v’ and a < x, < b. Hence, it has a
natural measure induced from the Lebesgue measure.

4.1 Canonical models

Definition 4.3. Let (C,my ) and (H,d) be two graded cochain complexes. A
triple (¢, 7, G), consisting of two maps ¢ : H — C, w : C — H of degree zero
and a map G : C — C of degree —1, is called a contraction (for H and C) if
the following equations hold

ml’ooz':z'06 7rom170:507r (60)

Z'Oﬂ'—id(]:mLOOG—FGoml,O (61)

Further, the (i, 7, G) is called a strong contraction, or say it is strong, if we
have the extra conditions:

moi—idy =0 (62)
GoG =0 (63)
Goi=0 (64)
oG =0 (65)

We will give examples in §7. Here (63, 64, 65) are called side conditions;
c.f. [Mar06]. Although a contraction is enough for the the construction of a
canonical model and its divisor axiom, a strong contraction is needed to deal
with the unitality.

For our purpose, we need to slightly generalize [FOOO10b, Theorem 5.4.2]
(see also [Mar06]). Since the generality we need is not available in the literature,
we give the full details for the completeness:

Theorem 4.4. Fix a -gapped Ay, algebra (C,m) and a graded cochain complex
(H,6). From a contraction (i,m,G), there is a canonical way to construct a &-
gapped Ao algebra m® on H together with a &-gapped A, homomorphism

i°: (H,m®) = (C,m)

1O — 1 < —
so that i o =1 and mj j = 9.
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Definition 4.5. In Theorem 4.4, we call the triple (H, m®,i®) or just (H,m®)
the canonical model of (C,m) (with respect to the contraction (i, 7, Q)).

Proof. Tree construction: By induction on #CiP(T), we will construct two
sequences of operators

1:C% 5, mr:C% 50 (66)

for all T=(T,v9,B) € T (k,8) and all k € N, 5 € & as follows.

When #Ci(T) = 0, the only possibility is that T = Ty, the unique tree
in .7(1,0); then, we define i, , = i and mr, , = 6. When #C{"™*(T) = 1, we
must have (k, 3) # (0,0), (1,0); there is only one such tree T in every 7 (k, f5).
Then, we define it = G omy, 5 0i®F and mr = momy, g 0i®*.

Suppose now that it- and mt: have been constructed for #Ci(T’) < n and
assume T = (T, v, B) is a decorated stable rooted ribbon tree (Definition 4.1)
such that #Ci"(T) = n + 1. Consider the edge e of the root vg. Let v be the
other vertex of e. Then, v € Ci**(T). We cut all edges of v except e and add
a pair of vertices to all the resulting half line segments. Then we get the tree
TeBw) € 7 (£,B(v)) with one interior vertex v together with the other £ trees

T;:= (Ti7véa Bl) € 9<kiaﬁi) i=1,.. A (67)

where B(v) + Y. 8; = B and > k; = k; the roots v{ are newly-added vertices
which are ordered counterclockwise. Define

iT = Gomg,B(v) o (iTl Q.- ®i‘|’2)

: . (68)
my = momy g o (it, ® - Qir,)

It is well-defined since #C(T;) < #Ci"*(T). Summing over all the trees in
I (k,B), we define:

izﬂ = ZTeﬂ(k,ﬁ) iT
my g = ZTey(k,ﬂ) mr

For the exceptional cases (k, ) = (0,0), (1,0), we define if ; = 0 and m§ 5 = 0
and iy j =4, mJ 5 = 4.

We claim that there are only finitely many nonzero terms in (69). Indeed,
even though the set 7 (k, ) may be infinite, a tree in 7 (k, 8) with nonzero
contribution to (69) must satisfies that the image of B : CI"(T) — & is
contained in the set Gy := {f € & | mg # 0}. Hence, the gappedness of m
infers that the trees with nonzero contributions form a finite subset of .7 (k, ).

Combining (68) and (69) yields the inductive formulas for both i® and m®:
for all (k, 8) # (0,0), (1,0), we have

=2 2,2, Gomn ol o0

£>20 k1+-+ke=k B1+-+Be=
(£,80)#(1, 0)

mig=> Y > mmwooazh&®~~~®iz@,m>

€20 ky4-+ko=k pr+-+Br=
(€.P0)#(1, 0)

(69)

(70)
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Remark that the condition (¢,8y) # (1,0) in (70) is due to the tree stable
condition. The degrees are as we expect: degiy 5 = —1+ (2 — £ — p(Bo)) +

S5 =k — u(B:) = 1 —k — u(B) and also degmf 4z = 2 — k — p(B). To
quote later, the argument of proving the gappedness of i® and m® is separately
presented in Remark 4.6 below:

Remark 4.6. Denote by Gy, the set of 5 with mg # 0. Then by (70) we see both
the set {8 | mj # 0} and {3 | i # 0} are contained in N- Gy,. Particularly, if m
only involves 8 with u(8) > 0, then so do the m® and i°. Hence, the conditions
(I-5) (I1-5) (Definition 2.33) hold for m® and i°.

A, relations: Now, we aim to prove the A, equations
(moi®—i®xm°)|cc,, =0 (71)

by an induction on the set of pairs (k, §) with the partial order ‘<’ mentioned in
Remark 2.6. The case (k,8) = (0,0) is trivial. When (k, 5) = (1,0), it becomes
my (i o (7)) = 17 o(m3 () which is just (60). Fix (k,3). Suppose (71) holds
for all (k1,51) < (k,3). By the inductive formula (70), we gain

(moi®)lcc,, = (MG +id) 0 32 5)2(1,0) Me,8, © (I ® -+ @1°)

(i m®)|ce,,, =tomy 5+ 3 (o210 g © (g ®m 5y @id?)
=iomy 54320 5210 G OMap 0 (IP® - @1%) o (id} @m 5, @1d°)
The conditions (7, 5") # (1,0) and (o, 81) # (1,0) together with the tree stability

ensure that the induction hypothesis can be applied to those i® in the right side.
Consequently, we obtain

(®xm)|cc,, =tomi s+ 8)41,0 G OMep 0 (dy @m@id)o(i*®- - @)
=jomp s —> Gomygomo (i*® - ®i°

where we also uses the A, associativity of m and the previously-computed
degrees of i®. To sum up,

(moi®—i®xm°)|cc, s = (MooG+id—imr +Gomyg)o Z(Zﬁ (1,0) Me,go © (1T @ -+

which vanishes exactly due to (61).
Next, we aim to show the A, associativity:

S °
m xm |Cck.fi =0

When (k, 8) = (0,0), it is trivial; when (k, 8) =

(1,0), it just becomes §2 = 0.
For any other (k, 3), one can similarly use (70), (60

, and (71) to show:

)
m® *m|Cck5—5omkﬁ+z(051)¢(lo)ﬂomaﬁl iI*®- )o(id%&@mo(g)jdo)
—5°mkﬂ+2(051)¢(10)77°m0,61 (1#®m®ld) ((*®- - ®i%)
=Y (dor—momyg)omo(i®®---®i%) =

The proof is now complete. U
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4.2 Properties

As the construction in Theorem 4.4 is quite canonical, it preserves the various
conditions like the strict/cyclical unitalities and the divisor axiom as expected:

Proposition 4.7. The tree construction in Theorem 4.4 has the following
properties:

(i) Assume 05 Ni(b) = 0B Nb. If m satisfies the divisor axziom, then so do
both m® and i°.

(ii) If m is cyclically unital, then so are m® and i°.

(i1i) Assume (i,7,G) is a strong contraction. If (C,m) has a unit 1 such that
i(m(1)) =1, then the m® has a unit w(1) and the i° is unital with respect
to (1) and 1.

Proof. (i) Divisor axiom. We only show the divisor axiom for i® and a similar
argument applies for m®. By Remark 2.32, it suffices to show

DA[iO]kﬁ(b;xl, s, xE)=0BNb- iz’ﬁ(xl, cey Tk) (72)

for all (k,3) # (0,0). We can easily check the initial case when (k, 8) = (1,0).
Suppose (72) holds for (k¥',8") < (k, ), and we aim to show it also holds for
(k, 8). By the inductive formula (70), we get

DA[i%],5(b; 1, -5 2k) = Do (ks 8 2(0,0) GO Me e © (17, 5, - DALy 5, (b5 ) -3, )
(£,80)#(1,0)

+ Zﬁo#@ Go DA[m]Zﬁo (i(b); iZ’lvBl e izzﬁe)

We may require 5y # 0 in the second sum by using the divisor axiom of m with
B =0¢€ &. Note that DA[i®]o,0(b) = if o(b) = i(b); the second sum just consists
of the excluded terms with (k;, 8;) = (0,0) in the first sum. We can directly
apply the induction hypothesis to the first sum, and we can apply the divisor
axiom of m to the second sum. In consequence, we obtain

DALk 5521, 21) = Dk 80 2(0,0) 0B Vb - Gomgg, 0 (i 5 -7 5.0 -1%,.5,)
(@,ﬁo);ﬁ(LO)

+ Zﬁ[ﬂéo 850 Nb-Go WMy 3, (izhﬁl s iztzﬁz)
Now, the above conditions (k;, 8;) # (0,0),(£,580) # (1,0) and By # 0 can
be removed. Finally, as By + >, i = B, we have DA[i®], g(b;x1,...,25) =
aBNb- iZﬂ(xl; . ,S(}k).

(i) Cyclical unitality. Let e € H be an degree-zero element. When
(k,B) = (0,0), we recall that i{ ;(e) = i(e) is exceptional in Definition 2.25. We
perform an induction for the pairs (k, 5) again. The initial case (k,5) = (1,0)
is easy to check. For (k,8) # (0,0), (1,0), suppose it is true for (¥, 8') < (k, 3).
By (70), we get

CU[Tkp(€5 21, -, k) = 3 (k5 2(0.0) G o Ma gy 0 (157 5 -+ CULk, 5, (€5 ) - ++18, 5,)
(£,80)7(1,0)

+ 2 (0,80)2(0,0) G © CUM]e 5, (i(€)317, 5, 15,5, (- 21))
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Since m is cyclical unital, the second sum is zero. As above, applying the
induction hypothesis and the cyclical unitality of m completes the induction
step. The same argument also works for m®.

(iii) Unitality. We first prove the unitality of i°. By condition, we have
il o(m(1)) = i(w(L) = 1. So, it remains to show if 4(...,7(1),...) = 0 for
(k,B) # (1,0). Arguing by contradiction, suppose (k, 5) # (1,0) is the smallest
pair so that 2 := 1} 5(...,7(1),...) # 0 happens for some fixed inputs. Then,
we can find some non-zero term in the expansion (70) of 2, say:

0= Gomus (i 5 (o )seeif (o m(1) )i, 5, () # 0

Since (¢, By) # (1,0), we must have (k;, 3;) # (k,8). By the smallest choice
of (k,B), we have (k;,5;) = (1,0). Besides, when (¢,5p) # (2,0), we get
7. 5,(..m(l)...) = i(n(1)) = 1 which is the unit of m, hence the term a

vanishes. When (¢, 5y) = (2, 0), the above term a becomes either Gomy o(iy_; (- -

or G omyo(1,if_; 4(---)). By Definition 2.23 (al), the term turns out to be
+Goijy | 5(--+) in either case. Now, if (k —1,3) # (1,0), then by the side
condition G oG = 0 (63), the term vanishes; if (k— 1, 8) = (1,0), then it is still
zero due to the other side condition G o¢ = 0 (64). This is a contradiction to
a #0.

As for m®, observe that m$ 5(7(1)) = 07(1) = 7my o(1) = 0 by (60). Notice
also that m3 o(7(1),2) = momgg o (in(1),i(r)) = mi(r) = = and similarly
(—1)de8*mg ((z,7(1)) = 2. Suppose (k,) # (1,0),(2,0) is the smallest pair
so that mg 5(...,7(1),...) # 0 happens. Then as before we may find a non-zero

term in the expansion: momg g, (iy, 5 (- ), .-+, i7, 5. (.o m(L) .. ), oyig, 5,(000)

By what we proved above, we may require (k;, 8;) = (1,0). Since 1 = i(n(1))
is a unit of m, we can further require (¢, 5p) = (2,0). Then we also arrive at
+moiy_y 5(...). Recall that (k —1,8) # (1,0); so, it is zero again due to the
last side-condition m o G = 0 (65). O

5 From pseudo-isotopies to A,, homomorphisms

5.1 Construction

The following result is basically due to [Fuk10]. It is also obtained by a tree
construction.

Theorem 5.1. There is a canonical way to associate to a &-gapped pseudo-
isotopy (Cpo.11, M) a &-gapped Ao, homomorphism

¢: (C,m°) = (C,;m')
so that €, o = id, where the m® and m' are the restrictions of M at s = 0, 1.

Proof. Recall that we may write 9 = 1@ m® 4+ ds ® ¢*. Like (66), we construct
a sequence of operators €1, : C®F — C for a tree T := (T,v9,B) € T (k, )
equipped with a time allocation 7 € A(T) = 2A}(T) (Definition 4.2). Recall
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that the set 2(T) of all time allocations embeds into [0, 1]#Cs’nt(T) and naturally
inherits a measure. We construct these €1, inductively on #Ci"*(T) as well.
When #CP(T) = 0, 2A(T) = @ and the only possibility is T = T19. We
define ¢, o = id. When #C*(T) = 1, we must have (k,3) # (0,0), (1,0)
and T = Ty g, the tree with one interior vertex v in the set 7 (k, ). Then, we
define €t . = (;)

Inductlvely, suppose the constructions have been established for a tree with
#CIY(T') < n. Let T be a tree so that #Ci"(T) = n + 1. Denote by v
the closest vertex to the root vg. We do a similar surgery as in (67) cutting
all the incoming edges of v; then, we get T, g(,) and T; (1 < i < /f) like there.
Restricting 7 on interior vertices of T; produces a time allocation 7; in ng(v) (Ty).
Now, we define

CT,T = _c;,(lg()v) °© (Q:Tlﬂ-l Q@ Q:Tzﬂ'z) (73)

By the stability, we have (¢, B(v)) # (1,0). Averaging all possible 7 € 2(T), we
define

Q:T =/ Q:TJdT (74)

2A(T)
Eventually, we define €y o = 0 and ¢; ¢ =id; if (k, 8) # (0,0), (1,0), we define
Crp i= ZTeg(k,m Cr (75)

For later use, one can start with a pseudo-isotopy on Cl, ) for an arbitrary
interval [a,b]. Then, replacing 2A(T) = AL(T) by 2%(T), one can also define
el and Q:[a;] in the same way; we still define QZE M= 0 and el = id.

In the special case a = b, the set 2A%(T) consists of only one element and
has zero measure, and the above integrals as in (74) will become zero. In other
words, for (k, 5) # (1,0) we have GES’;] =0, and so €[*9 = id is the trivial Ay,
homomorphisms.

Now, using the Fubini’s theorem with (73), (74) and (75) implies that

Crp = Z LL(T) ~%.B(v) o(Cryr @ @&, 7, )dr

= Z Z / du/ —CZ,@O o (Q:-rhT1 ®"'®€Tz,‘l’z) odry - dry
Ay

>1 T €T (k1,B1) (Ta) > x2Ag (Te)

Bo+8 +T..+g B e
r Akl Te€T (ke,Be)

(€,80)#(1,0)

For a general interval [a,b], it follows from (74) and (75) that we have an
inductive formula:

b
u [a,u] la,u
=3 > _/ du-cfg, o (€ @2 dly) (76)
£>1 Bo+B1++Be=PB @

ki+-+ke=k
(€,80)7#(1,0)
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where (k, 8) # (0,0), (1,0). If we replace [a,b] by [0,u] in (76), then taking the

derivative % yields:

o " [0,u] [0,u]
G = Y, o (G 0 0e)) (77)
£>1 /30+ﬂ1+ +Be=pB
K1+ tho=F
(6160)7&(1’0)

Beware that we no longer need to assume (k, 8) # (0,0), (1,0) in (77), since the
two excluded cases can be checked by hand. For instance, when (k, 8) = (1,0),
we have d Q[o = Hld =0.

Now, We clalm that the above-defined operator system € = (€ 5) gives an
As homomorphism. Its proof is essentially given in [Fuk10], but let us repeat
it in our notations. Let us check the degrees first: by Definition 2.18 we know
degcj 5 =1 —k — p(B). Inductively, the equations in (76) imply that

)4 L
deog €71 = dog e, 13 deg €75 = 1—0—pu(Bo)+)_ (1=ki—pu(5)) = 1—k—p(5)
=1

i=1

To prove the A, relation, we do induction on the pairs (k, 3) again (Remark
2.6), but we strengthen the induction statement by allowing any arbitrary
intervals [a,b] C [0, 1]. Consider

[a!b] — b [a1b]
mkﬁ T Z Z Z Me,Bo © (le—jo,ﬁl ®-® €Jz —Je—1 [32)

221 Bo+B1+-+Be=B 0=jo < <jo=k

b b] . 1d L q
Q=Y 3 et o (idy @md 4, @id))
B'+B"=pitj+r=k

and the desired A, relation is ‘Bgf’g] = Q[a’b] When (k, 8) = (0,0), it is trivial.
When (k, 8) = (1,0), it reduces to m§ ;o Qﬁ[a - Qﬁ[a’b] om¢{ y, which is obvious.
Suppose now ‘Bka, bB], = QE:, lg, holds for all [a,b] and (K, 8") < (k,B). Without
loss of generality, we only show ‘B[O U Qgg 51]. By (77), we get

d 0.u] d [0,u] [0,u] [0,u] [0,u]
% kB = Z (ﬁm?ﬁo) © (Gjl—joﬁ1 ®- €Jz —Je—1 52) + mZBo © qu (Q:Jl —Jo.B1 ® - Q:Je —Je— 1,547)
00 _ [0,u] 041, Y o (diy & m) 5, @ id
*Q = S a0~ gy © (€5 © @M Yo (idy @ m? 5, @ id))
According to Definition 2.18 (e), the first sum of %‘Bfg] becomes
u . w o 0,u
Pr=P+ P = - Z(r,,@él))#(LO) G a0 © (id3 ®m) jo ®id") o (Q:g'r]jo,ﬂl @3 ng ]Je 160
T80 Mg © (141 o @id") 0 (€ g @ el )

J1—Jjo,P1 Je—je—1,8e

The induction hypothesis implies that P] = Q[O ', If we denote the second
sum of %‘Bf’g‘] by Ps, then it follows from (77) that P, = —P/’. Thus, we get
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4 ECOBU] =P +P/'+P =P =4 E’ﬁu]. Thus, we see that ‘I.?LO’;] = Qg)”ﬁu],

since their initial values at u = 0 also agree with each other. The induction
is complete. Finally, the proof of gappedness is given in Remark 5.2 below for
later quote. O

Remark 5.2. Similar to Remark 4.6 we have the following observation. Due to
(76) or (77), if we write G = {8 | ¢} # 0} which is a subset of {8 | Mz # 0},

then the set {3 | Cgl’b] # 0} is contained in N-G. Particularly, if 9t only involved
non-negative index p, then so does ¢l®?,

Corollary 5.3. If 9 is a trivial pseudo-isotopy, then the € is the trivial A
homomorphism id.

The proof is straightforward. Heuristically, for a pseudo-isotopy M = 1 ®
m® +ds @ ¢*, the systems ¢® represent the ‘derivative’ of m®; the €l*? is like an
‘integration’ on [a,b]. Just like the calculus, one can show that €l o glabl =
¢l In special, if all the ‘derivatives’ vanish, only € g = id survives.

Finally, we state a technical formula for later use:

Lemma 5.4.

d [s.1] [s,1] A .
£Ck1B = Z Z €>\+/_L+1,,3/ o (ld ® Cf/,ﬂ” ® ldl—t)
>\+H+V:k ﬁ"f‘fy/:,g
(v,8"")#(1,0)

Proof. When (k,) = (0,0),(1,0) it is trivial. We may include ¢[*¥ for an
arbitrary upper bound b € R. Suppose this enhanced statement holds for
(K',B8") < (k,B). By virtue of (76), the induction hypothesis deduces that

d ,1 ! u s, d s, s,
KD DD DD DI (RPN (2 RN RSN v
£>1 (£,80)#(1,0) 1<a<t s

1
_ u [s,u] [s,u] Y s .
=2 2 > /d“'%ﬂao(¢k1,ﬁ1®"'®¢k;,ﬁg)°(ld ® ¢, pr ®1d")
€21 Mtptv=k Bi+pi+-+8,=p" "%
ﬁ’j—,ﬁ”zﬁ K, 4 Ak, =A+pu+1
B")AL0)  (4,80)5(1,0)

Finally, applying (76) again completes the induction. O

5.2 Properties

Since the construction in Theorem 5.1 is also canonical, we have an analog of
Proposition 4.7:

Proposition 5.5. The canonical construction in Theorem 5.1 has the following
properties:

(a) If M satisfies the divisor axiom, then so does €.
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(b) If M is cyclically unital, then so is €.
(¢) If M has a [0,1]-unit 1 € C, then € is unital with respect to 1’s.

Proof. (a) Divisor axziom. Write M = 1@ m® + ds ® ¢® as before. Using the
divisor input in the form Incl(b) in the divisor axiom equations of I, we see
that both m® and ¢® satisfy the divisor axiom. By the inductive formula (76),
we get

1 u 0,u u 0,u
DA[C]g5(b; 21, k) = Z((ki,m)#((o,of o du- e, (€05, - DAEOM] s (b o) - )
£,B0)#(1,0

1 u . 0,u 0,u
+ Zﬁg;ﬁ(} - fO du - DA[C ]&50 (b’ QEﬂ,ﬁ]l T thw,ﬂ]g)

Recall that 6[1%“] = id. In the second sum, we can use the divisor axiom of ¢“.
In the first sum, (k;, 8;) < (k, 8); so we can perform the induction.

(b) Cyclical unitality. Let e € C be a degree-zero element. Notice that
the cyclical unitality (Definition 2.25) of 9t implies the m® and ¢® are also
cyclically unital. Using the formula (76), we get

1 u 0,1 m 0,u
CUQy p(e;x1,... 21) = Z((ki,ﬁ,;));é((o,o)) — Jo du-cf g, (dﬁ,g]l# - CUElM], 5, (5 ) ng,g]z)
0,50)#(1,0

1 u . 0l0yu 0,u,
+ Zﬁo;ﬁo - fo du - CU[C Mﬁo (e, dﬂﬂ]l e ng,ﬁ]e)

By a similar induction, one can show this vanishes.

(¢) Unitality. Suppose 1 is a [0,1]-unit (Definition 2.29) of 9, and
then ¢ 5(...1...) = 0 for (k,8) # (1,0). As & = id, it suffices to show
Crp(...1...) =0 for (k,B) # (1,0). Once again, exploiting the formula (76)
we obtain that

1 . 0,u
Crpl L) = = Y s Jo Sha (o (1))

Since C[l[jbu] (1) =1, a term with (k;, 3;) = (1,0) vanishes due to the property of
¢® we just mentioned. So, we may assume all (k;, 8;) # (1,0); then, we can use
the induction to conclude that € is unital. O

In application, we want to work with the category % 2 (Definition 2.33).
By Whitehead Theorem 3.1 and Remark 2.22, we note that the A., homotopy
equivalence Eval® O(Evalo)*1 shares the same source and target with €. Moreover,
by Remark 3.3, we can further arrange so that Eval' O(Evaulo)_1|ccl,0 =id =
€1,0- In reality, they are supposed to be ud-homotopic to each other:

Theorem 5.6. If (Cjo1),M) € Obj% 2, then the induced € € Mor% 9.
Moreover, € o Eval® is ud-homotopic to Eval'.

Proof. The first half is basically known already. The conditions (II-3) (II-2)
(I1-1) for € are just consequences of Proposition 5.5 (a) (b) (c) respectively.

Besides, the condition (II-4) holds as €; ¢ = id. Finally, the (II-5) holds by
Remark 5.2. Hence, ¢ € Mor % 2, and actually any ¢1*% € Mor % 2.
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Now, we aim to show €oEval’ is ud-homotopic to Eval'. Write 9t = 1@m®+
ds ® ¢® and denote by MM =1 @m! +ds® dis the trivial pseudo-isotopy about
m! (Example 2.20). By Definition 2.37, our goal is to find a morphism § in Z 2
from (Cjp,1), M) to (Cjo,1), M) so that Eval™® oF = €oEval’ and Eval™' of =
Eval'. (For clarity, the symbols Eval"™ are used for the evaluation maps about
the trivial pseudo-isotopy 9'"). Now, we define

F=1@c €CC(Cy1,Cpy) (78)

The notation 1@¢% means the pointwise extension in Remark 2.13. Explicitly,

for z; € C*°([0,1],C), we have §j g(1®z1, ..., 1Qxk)(s) = 1®€Ej’g] (1(8),...,zk(s))

and § (1001, .., ds@ay, ..., 10wy (s) = (—1) Db @er et dso el (o, (s), .., au(s).

By the pointwiseness, we also require F(---ds @y ---ds®@y"---) = 0. As the
1 maps into 27, one can check the signs actually agrees with Definition 2.12.
Next, we want to show the A, relation:

Mo (Fe---9F) :Z&o(id;&@)m@id.)

Comparing 1 ® — and ds ® — parts separately, it is equivalent to the following
two identities:

m!o (@[SJ] QR @[571]) =¢lsto (id;# ®@m’ ®id®)
4ogltl = gl (id® ® ¢ ®id®)

The second one holds exactly because of Lemma 5.4; meanwhile, the first one
holds since €51 is an A, homomorphism from m*® to m'. Hence, the §
constructed above is indeed a gapped A, homomorphism; by construction,
it is clear that Eval™" oF = ¢ o Eval® and Eval"™™! oF = Eval'.

It suffices to check the above § is a morphism in % 2 (Definition 2.33).
It is clear that the condition (II-5) holds for §. We show (II-1) and (II-4) as
follows: Denote by 1 the [0, 1]-unit of the given 9. Then, 1 is a unit of any m®;
particularly, 1 := Incl(1) is also a [0, 1]-unit of M. When (k, 3) # (1,0), we
have §x (..., Incl(1),...)(s) = 1®€E:”ﬁ1](. RN (T )ids@@lgj’ﬁ”(. 1) =0,
since €1 is unital. Finally, since §1,0 = idC[O)”, we have §1,0(1) = 1 and the
condition (28) for §1,0.

Next, we prove the cyclical unitality (II-2) for §. A degree-zero element of
Clo,] is like e := 1 ® e(s) for some e € C*°([0,1],C?), where C° denotes the
degree-zero part of C. By the pointwiseness, we may assume the other inputs
are in the form of 1 ® z;(s) for some x; € C°([0, 1], C). Then, we compute

CURBkp(e;1®@z1,...,1Q0x,)(s) =1® CU[Q:[S’l]]kﬁ(e(s); x1(8), ..., zk(s))

It vanishes due to the cyclical unitality of ¢,

Finally, we prove the divisor axiom (II-3) for §. Take a divisor input b =
1® by + ds ®b; and assume other inputs are in the form of y; = 1 ® x; as above.
Then, by (78), we have

DA[Bi,5(b: 91, -+ yx) = 1@ DAy s(bos 21, -, 2y) + ds © CURP ] g (brsay, ..
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Using both the divisor axiom and cyclical unitality of €[*! we complete the
proof. O

6 A, algebras associated to Lagrangians

Let (X,w) be a symplectic manifold; let L be a connected compact oriented
Lagrangian submanifold equipped with a relatively spin structure. Recall that
we denote by J(X,w) the space of w-tame almost complex structures and denote
by J(X,L,w) (Definition 1.1) its subset consisting of those almost complex
structures J which does not allow negative Maslov index J-holomorphic disks
bounding L.

All the A, structures in this section are all in the chain level. Put & =
6(X,L) =m(X, L) (18).

6.1 Moduli spaces
Let 8 € &(X, L) and fix J € J(X, L,w). For (k,B) # (0,0),(1,0), we denote by

Mii1,8(J, L) (79)

the moduli space of all equivalence classes [u,z]| of (k + 1)-boundary-marked
J-holomorphic stable maps (u,z) of genus zero with one boundary component
in L in the class . We require (k, 8) # (0,0),(1,0) for the sake of stability;
the M1,0(J, L) and M3 o(J, L) are just not defined. Here z = (29, 21,...,2k)
represents the boundary marked points ordered counter-clockwisely.

The conception of stable maps is standard; see e.g. [FOOO10b], [FOOO17a],
[HTK™03], [Sei08], [MS12] and [Fra08]. The equivalence relation roughly refers
to a biholomorphism on the domains of two stable maps which identifies the
nodal points, the marked points and the boundaries. The moduli space M1 g(J, L)
admits a natural Hausdorff topology for which it is compact [FOOO10c, Theorem
7.1.43]. To get some intuition, we note that a ‘point’ in the interior My, 5(J, L)
of the moduli space is (the equivalence class of) a J-holomorphic map w :
(D,0D) — (X, L) with the marked points z = (z1,...,2;) in the boundary
oD.

Let P be a smooth compact contractible oriented manifold with corners, and
let | |, 0; P be its normalized boundary with the decomposition into connected
components. Provided a smooth family J = {J; | t € P} in J(X,L,w), we
consider the following bifurcation union of moduli spaces:

Mii15(3, L) = | | {t} x Meqap(i, L) (80)

teP

It is also called a parameterized moduli space. Denote by &vp : My41 5(J, L) —
P the natural projection onto P. Given 0 < i < k and ¢t € P, there is a natural
evaluation map My g(Ji, L) — L sending a stable disk u to u(z;). Taking
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the union yields a natural map &v; : My11 8(J,L) — L for each i =0,1,...,k.
Now, we call the map

ev;, = (WP,WZ’) : Mk+1“3(.],L) —PxL (81)

the i-th evaluation map of the parameterized moduli space My1.5(J, L), sending
(t,[u,z]) to (t,u(z;)). Occasionally, we also call &v; a evaluation map.
We consider the collection

M) = {Mys1,5(3,L) | (k. 8) €N x 6 (82)

of all the moduli spaces simultaneously, and we call M(J) a moduli space system
or a moduli system.

The moduli space system M(J) admits a system of Kuranishi space structures
satisfying a list of azioms (see [FOOO17b, Condition 21.11] or [FOOO18, Theorem
2.16] when P is a point). Following [FOOO17b, Definition 21.9 & Definition
21.13], the data is called a P-parametrized tree-like K-system (or simply a tree-
like K-system) on M(J). Note that the letter ‘K’ stands for ‘Kuranishi’. Instead
of writing down the whole list of axioms, we just indicate they include the
following aspects about the moduli space system:

Kuranishi structures
Evaluation maps

Orientation.

(A0)
(A1)
(A2)
(A3) Compatibilities of boundary decompositions .
(A4) Dimension.

(A5)

Energy and Gromov compactness.

A P-parameterized tree-like K-system on M(J) will produce an A, algebra
structure 9 on the space Q*(L)p = Q*(P x L). In this case, we say that
‘the 90 is obtained by a tree-like K-system on M(J)’ or simply say that ‘the
M is obtained by M(J)’. We add the checks in the notations (e.g. mm or 90)
to emphasize the A algebras are in the chain-levels (i.e. defined on Q*(L) or
Q*(L)p).

Now, we state the following Theorem 6.1 due to Fukaya-Oh-Ohta-Ono.

Theorem 6.1. Given a smooth family J = {J; |t € P} in J(X,w), there exists
a P-pseudo-isotopy (X*(L)p, MF) € Obj% 2, obtained by a P-parameterized
tree-like K-system on M(J), such that

- it is a q.c.dR (Definition 2.26);
- 4t is fully unital and strictly unital with the constant-one 1 as a unit

(Definition 2.23 & 2.24);
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- it satsifies the divisor aziom (Definition 2.31);

- if a 0; P-pseudo-isotopy E}:Raip is already obtained like this for all i, then
we may further assume MY restricts to MY for each 1.

If the family J is contained in J(X,L,w), we can require (Q*(L)p,DfTEP) €
Obj% 9. Moreover, if J = (J;) is a constant family, we can require ML to
be a trivial P-pseudo-isotopy’?.

A version of Theorem 6.1 is proved in [FOOO17b, Theorem 21.35] and
[FOOO18, Theorem 2.16], but we want to use the techniques in [Fukl10] to
further show the divisor axiom and the full unitality. Specifically, as explained in
Remark 2.27, one can show the full unitality by the method of showing the strict
unitality as in [Fuk10, (7.3)]. Moreover, although it is not explicitly stated in the
latest [FOOO17b] or [FOOO18], the divisor axiom is proved in [Fuk10, Lemma
13.1].

We will give an explanation of the proof of Theorem 6.1 later in §6.2. In
practice, we only focus on the cases when P is a d-simplex for d = 0,1, 2; the
three cases respectively correspond to the local charts, the transition maps, and
the cocycle conditions for the mirror in Theorem 1.3.

In view of Assumption 1.2, we only pay attention to the category % 2
rather than % 2 (§2.6); the following three theorems we need are all the direct
consequences of Theorem 6.1.

Theorem 6.2. Given J € J(X, L,w), there exists an Ao, algebra (Q* (L), m”L)
in % 9 obtained by a tree-like K-system on M(J).

Fix Jo, J1 € J(X, L,w). Suppose m70:" and /1'% are obtained as in Theorem
6.2. Let J = (J;) be a path in J(X, L,w) between Jy and J;. Then, we have:

Theorem 6.3. There exists a pseudo-isotopy (2*(L)(0,1), ML) in % 9, obtained
by a tree-like K-system on M(J), such that it restricts to m7oL and m/vt at
s =0,1. Moreover, if J is a constant family, then we can require ML to be a
trivial pseudo-isotopy.

Convention 6.4. To be more precise, we should write h”/*%=7 further specifying
a datum Z = = of Kuranishi-theory-related choices (Kuranishi structures, CF-
perturbations, and so on). We often call Z a virtual fundamental chain. Since it
is also a contractible choice, we often omit = in the notations. Indeed, applying
Theorem 6.3 to the special case Jy = J; implies that the m7%F is independent
of the data Z up to pseudo-isotopy; see e.g. [Fuk10, Theorem 14.2].

Fix Jo, J1,J2 € J(X, L,w); suppose m’oL m/1-L and m’2F are obtained
as in Theorem 6.2. Fix J; ;41 to be a path in J(X,L,w) from J; to J;4;1 for
i = 0,1,2 (mod 3); suppose 9MJii+1 are obtained as in Theorem 6.3. Let
J = (Ji)teaz be a family in J(X, L,w) parameterized by the standard 2-simplex
A? = [vg, vy, v2] such that J]p,, Jiiq1 for ¢ =0,1,2 (mod 3). Then, we
have:

Wit1] T

12We cannot say it must be a trivial pseudo-isotopy, because it also depends on a choice of
‘virtual fundamental chain’ on the moduli spaces and one can wildly make the choice.
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Theorem 6.5. There exists a A2-pseudo-isotopy (% (L) a2, Qﬁ?‘“) in%9P, obtained
by a tree-like K-system on M(J), such that it restricts to M+t on the edge
[Ui,UH_l] C A2,

6.2 A, relations

In this section, we explain how the P-parameterized tree-like K-system on the
moduli system gives rise to a P-pseudo-isotopy in Theorem 6.1 based on the
foundation works of Fukaya-Oh-Ohta-Ono in [FOOO15,FOOO17b, FOOO17a,
FOOO18]. We cannot present the full details, but we will make as precise as
possible citations, indicating which statements in the references are used in the
process.

6.2.1 Virtual fundamental chains . The aforementioned axiom item (A0)

for the tree-like K-system means the existence of a system U of Kuranishi
structures on the moduli system M(J). There is a general strategy of constructing
‘virtual fundamental chains’ from a given Kuranishi structure [FOOO15, §6.4].
Roughly speaking, g\iven the above U , we first take a good coordinate system
and find a system U+ of collared Kuranishi structures which can be viewed as
a thlckenmg of U 1nd1cat1ng the information of ‘gluing’. Next, with regard to
u+ , we can find a system S of CF- perturbations which basically plays the role
of Vlrtual fundamental chain’ for /t\he moduli system.

To be extremely careful, the U+ and G depend on a parameter ¢ > 0 and
are only applied to the system of moduli spaces with an energy cut [FOOO17b,
Definition 22.8]. In the first place, we only produce A, algebras with energy
cuts, but these A, algebras are pseudo-isotopic to each other with an energy
cut £ > 0. We may in a sense pass to a limit as £ — oo and obtain a true A
algebra over the Novikov field A. See the proof of [FOOO17b, Theorem 21.35]
and [Fuk17, 3.36-3.39].

Remark that the Kuranishi theory generalizes the manifold theory, and many
properties for manifolds still hold. The two most important properties we need
in the Kuranishi theory are the Stokes’ formula [FOOO15, Proposition 9.26]
and composition formula [FOOO15, Theorem 10.20].

6.2.2 Composition formulas . The axiom item (Al) includes the strong
smoothness of evy for £ > 0 and weakly submersiveness of evgy in the sense of
[FOOO15, Definition 3.38]. The latter one ensures a definition of the pushforward
evy = eVo!(—;é) regarding the above-mentioned ‘virtual fundamental chain’
i.e. the CF-perturbation &. The map evy is basically like the integration
along fibers [BT13] or the Gysin map [LM16] in manifold theory. By [FOOO15,
Situation 7.1], a smooth correspondence means a tuple X = (X, M, My, f, fo)
consisting of a compact metrizable space X equipped with a Kuranishi structure
Z/l two smooth manifolds My and M, a strongly smooth map f : (X Z/{ ) —

and a weakly submersive strongly smooth map fy : (XJ/A{) — My. By [FOOOl5,
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(7.1)], we may define a map on the de Rham complexes
Corrx = Corr(X; f, fo) : @ (My) — QF* (M) (83)

for £ = dim(M) — vdim(X) and we call it a correspondence map. Now, suppose
we have two smooth correspondences X152 = (X192, f1, f2) and Xo3 = (Xa3, 92, 93),
we can take the fiber product Kuranishi space X13 := X12 X (f2,92) X 23 illustrated

as follows:
Xi3
AN
X12 X23
]L[l AIQ ]\/[3

This turns out to give a new smooth correspondence X13 := (X13, f1 © hi2,93 0
has), called the composition of smooth correspondences [FOOO17b, Definition
10.16]. Now, the composition formula [FOOO15, Theorem 10.20] means that

(84)

Corry,, = Corry,, o Corry,,
More specifically, by [Fuk10, Proposition 4.3], this means that

Corrz,, (Corrx,, (h1) x he) = Corrx,, (h1 x hs) (85)

6.2.3 Stokes’ formulas . The other important formula inherited from manifold

theory is the Stokes’ formula. By [FOOQO15, Corollary 8.13], a smooth correspondence

X = (X, M, My, f, fo) induces a boundary smooth correspondence 0X = (0X, M, My, flox, folox)
which also gives a correspondence map Corrgy as before. Then, the Kuranishi-

version of Stokes’ formula says that

dpg, o Corry — Corry odyy = Corrgx (86)

where dpg, and dj; denote the exterior derivatives on the spaces of differential
forms.

6.2.4 Definition of the operator system . Consider a smooth correspondence
X = (X7M,M0,f,f0) given by MO = P x L, M = (P X L)Xk, fo = €vp,
f=evi x - xevg, and X = Myi1(J,L). Recall that J = (J;)iep is a
P-family of almost complex structures. As in [Fuk10, (7.1)], we define

imk,ﬁ(xl, ooy xp) = Corr(Mp41,8(J, L); (evy, ..., evy),evo)(zy X - - xxg) (87)

Here x; x --- X x} denotes miz1 A --- A iz, where m;’s are the projections.
Exceptionally, we define

95?0,0 =0 and 95?170 =d
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Notice that when X happens to be a smooth manifold and f; is submersive, the
correspondence map (83) just gives Corr(h) = % fo f*(h) for a form h on M.
Thus, instead of (87), it is more convenient to use the following notation:

Dj?kﬁ(xh oo xg) = (=1Devpi(evizy A Aeviag) (88)

where
k

e:Zj(dega:j+1)+1 (89)
j=1
Recall that the sign convention we adopt follows [Sol20, §4.3] rather than [Fuk17,

(3.40)]. Alternatively, the coefficient of y in S)j?kﬁ(xl, ...,xp) is given by the
following ‘virtual count’:

vir
i/ evoy Aevizy A« Aevizy (90)
Mit1,6(J,L)

Now, we have defined an operator system 9t = (M, 5) in CCy. We also know
the degree deg My 5 = 2 — k — pu(B) is as expected due to the dimension axiom
(Ad): vdimMy 41 s(J, L) = p(B) + (k+1) — 3+ dim(P x L). Besides, the
condition (A5) for the energy and Gromov compactness can infer that M is
®-gapped. Finally, it remains to show that the A, formula 99« 9 = 0.

6.2.5 Proving the A, formula . By the axioms (A2) and (A3), we have

aMk-ﬁ-lﬁ(JﬂL) = |_| (71)*Mk1+1751 (JaL)X(evi,evo)Mk2+1,52(J7L)
B1+B2=8; ki+ko=k; 1<i<ko

where the left side uses the boundary smooth correspondence and the right
side uses the composition of smooth correspondences (both are briefly described
before). Note that here we require (k1, 81) and (k2, 82) are not equal to (0, 0), (1,0).
Next, we temporarily abbreviate Myy1,5 := Myy1,(J,L). Then, the above
boundary decomposition gives us a diagram like (84) as follows:

M1, X (eviseve) Mbat1,8

./\/l/,«2+1,32 M 41,8,
(P x L)*k= (P x L)*k PxL

Using (86) and (87), we obtain

do gjtk7[7’(l'1, ceTE) Z].(fl)*‘)m,g(l'l, o dxg, . xp) = Corr(OMg1,8; (evi, ..., evy),evo) (21 X -+ X Tp)
(91)
Hence, applying the composition formula (85), the right side of (91) is equal to

ZiCorr(@M;ﬂH,m)(m X X Corr(a/\/lk2+1752)(l’i+1 X ) X X xk) = Eimkly/jl (321,.. . ,93?;62752(.. ) ..
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Recall we assume (k1,31) # (1,0) # (ke, 82) here; but the missing terms with
(ki, B;) = (1,0) can be replenished precisely by the left side of (91) as My o = d.
So, we obtain the desired A, formula. The signs are decided as in [FOOO17b,
Condition 21.11] or [FOOO18, Theorem 2.16]; see also [Sol20].

6.2.6 Pointwiseness . We also need to check the P-pointwiseness (Definition
2.12) for a P-pseudo-isotopy (Definition 2.17). This is roughly because of the
bifurcation nature of the parameterized moduli spaces (80) and the evaluation
maps ev; = (&vp,ev;) (81). See [FOOO17b, §22.3] for the details. Briefly,
fix o € Q*(P); our goal is to show 93"(;675(%, Ce s Ty O N T 1, T -5 ) =
(=1)do A My g(x1, ..., xx) for the sign T = > (degz; — 1) dego. By (90),
this amounts to count (—1)¢ev*yAev ey A---Aeviz; Aev (0 Axiqp1) -+ - Neviay.
The naive switching ev*x; A evio = (—l)eéev*o A ev¥z; gives the sign €, =
deg x; deg o; however, since the attaching marked point of ¢ is changed from
the (i 4 1)-th to the i-th marked point, there is an extra sign-change (—1)d¢&“
due to (89). So, we set €; := €, + dego = (degx; — 1) deg o, and the total sign
change is exactly given by Y ¢, = 1.

6.2.7 Trivial pseudo-isotopies . Suppose the family of almost complex structures
happens to be constant, say, Jo = {J; = J | t € P} for a fixed J. Then, the
moduli space (80) becomes

Mk_,_l’g(JO,L) =P x Mk+175(J, L)

and the evaluation maps (81) will reduce to ev; = (evp,ev;) = idp X &v; :
P x My41,(J,L) = P x L. Accordingly, if the tree-like K-system and ‘virtual
fundamental chains’ on the moduli space system M(Jy) are the trivial extensions
from the ones on M(.J), then the A, algebra M defined as in (87) will give rise
to a trivial P-pseudo-isotopy (Example 2.20) about the A, algebra m for M(J).

6.2.8 Contractible choices . We explain the last item in Theorem 6.1, namely,
we aim to obtain 9 with the specified restrictions 9%, The reference
is [FOOO17b, §17]. First of all, we note that the stable map topology on any
moduli space is well-understood. If there exists a Kuranishi structure defined on
a neighborhood of a compact space, then we can extend it to a global Kuranishi
structure without any change in that neighborhood [FOOO17b, Lemma 17.59].
By construction, the Kuranishi structure on the boundary of a moduli space
has a collared extension to its small neighborhood; see [FOOO17b, Remark
17.1]. Accordingly, given 9; P-parameterized tree-like K-systems on the moduli
system M(J|s, p) for all i, one can find an extended P-parameterized tree-like
K-system on the moduli system M(J). Moreover, the CF-perturbations are
actually contractible choices, i.e., there is also no obstruction to find an extension
S from the given Sy, p; see [FOOO17b, §17.7]. Note that Pardon somehow uses
a similar philosophy; see around [Par16, (7.0.1)].

To complete Theorem 6.1, it remains to check the following three properties
for the M: (1) q.c.dR, (2) the divisor axiom, and (3) unitalties. Each of them
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will require mild restrictions on these contractible choices but there will be still
plenty of them.

6.3 Forgetful maps

6.3.1 Quantum corrections to de Rham theory . We first explain that the
9 defined as above is indeed a q.c.dR in the sense of Definition 2.26. It is known
in the literature: [FOOO17b, Definition 21.21 & Theorem 21.35] and [FOOO10b,
Definition 3.5.6 & Remark 3.5.8]. We give a brief review as follows.

If B = 0, the moduli space has a simple form: My1,0(J, L) = P x L x RF=2
for every k > 2; see [FOOO17b, Condition 21.11 (V)]. Geometrically, this is
because the moduli space only contains the constant maps into L; the second
command R*~2 corresponds to the ordered marked points in dD; c.f. [FO97,
Lemma 1.3]. In this case, the evaluation maps (81) reduce to the projection
pr = (id,pr) : P x L x R¥=2 — P x L. Thus, 95?;@’0(371, .o, Xg) = E£pryprizy A
-~ Apr*zy. When k > 3, there is a non-trivial command R*~2 for the fibers
of pr, so prijpr* = 0 and 951;670 = 0. When k£ = 2, we have pr = id and so
My o(w1,02) = (—1)98%12; A 5. Here the sign is exactly obtained by using
(89); c.f. [Sol20, Lemma 4.2] or [ST16, Proposition 3.7].

Notice that we also obtain the divisor axiom for 8 = 0 as a byproduct.
Indeed, fix b € QY (P x L) with db = 0. When k > 2, since 951k+1,0 = 0, we have
95?k+170(b,:1:1, o) o+ Mg o(ey, ..., 2k, 0) = 0. When k = 1, we have
Moo (b, 2) + Mo o(2,b) = (—1)(desb=Ddegzy A 5 4 (—1)(degz—1)degby A p = (.

6.3.2 divisor ariom and unitality . Now, we explain the divisor axiom
based on the forgetful maps as used in [Fukl10, Lemma 13.1]. Roughly, the
system of Kuranishi structures on the moduli spaces and the CF-perturbation
can be chosen to be forgetful-map-compatible in the sense of [Fukl0, §3, §5]
[FOOO16, Lemma 2.6.16]. This basically means the ‘local triviality’ of these
forgetful maps so that they behave like a ‘fibration’, which ensures one can also
define the pushforward forget,. The divisor axiom for § = 0 is proved in §6.3.1.
So, we may assume (3 # 0, and we aim to show

DAy, 5(b; 1, ... x) = OB Nb- My g, ..., k)
where b is a divisor input (24), i.e., a closed 1-form. For £ = 1,... k + 1, the
{-th forgetful map

fotgetz : Mk+27[3(.]7 L) — Mk+1,,l3 (J, L) (92)

sends [u,z] to the stablization of [u,z] where z is obtained by forgetting the
¢-th marked point in z. Concretely, if zZ = (29, 21,...,2k+1), we define z =
(205 -+, 26-1, 2041, - - -, 2k+1). Note that the sign of forget, is equal to (—1)¢~.
Denote by ev; (0 <4 <k+1) and ev} (0 <4 < k) the evaluation maps (81) for
the left and right sides of (92) respectively. Then

ev; if 0<i<(-—1

. . (93)
eviyp if £<i<k

ev, o forget, = {
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’
ev; Or evijy ev;

forget,

Mpey2,5(J, L)

The evy is missed in (93) and will correspond to the divisor input b. By (88),
we have

M1, L)

93"(k+175(x1, ces o1, b, 20, .. ) =(—=1)%evq (evikzl N Nevi_jxg_1 NevpbAevy jxg A+ A evz+1xk)
=(—1)Fev) forget, (fotgetz (evimi A~ Aeviiag) A ev}b)

where the sign € is given by (89):
-1 k
ezl—l—Zj(degx] 1)+ ¢(degb+ 1 +Z]+1 (degz; +1)
Jj=1 Jj=t

and § = E?:e deg x; degb is an extra sign due to the graded antisymmetricity
of the wedge products. In manifold theory, the integration along fiber m for
some map 7 satisfies that m(a A 7*08) = ma A 5. One can generalize it to the
Kuranishi theory, which implies that

Myer1,8(21, -0 Te—1, b, 4, 1) = (1) evy (ev™ (z1 x -+ x ay) - forgetyevyb)

Now, we put
§¢ = forget,evyb
Since the fibers of forget, are one-dimensional, the degree of §, is zero, and it

can be thought of as a zero form on the moduli space like a ‘charge’. Fix a
‘point’ p = (¢, [u,z]) in My41,5(J,L). Then,

5up) = | eviv = [ b
forget; ! (p) eve (forget; ' (p))

We may view evy (fotgetzl(p)) as a singular chain (or current) in P x L that
is roughly described by the set of (¢,u(z)) for some marked point z € 9D lies
between the (¢ — 1)-th and (¢ 4 1)-th marked points. But, the order constrains
on the marked point z can be eliminated by considering all possible ¢. In other
words, by taking the summation over ¢, we obtain

Sopeve(forget, ' (p)) = {(t,u(z)) | 2 € OD} = (14 x Ou),OD
where we denote by ¢; the inclusion {¢t} — P. Hence
> Selp f(l,fxdu) op 0= [op(te x Ou)*b=095Nb

which actually does not depend on the choice of the moduli point p. In summary,
we have

> 95?;€+1”@(a:1, e L1, by, ) = (—1)5+5+Z—1ev{),(ev’*(x1 X oo X T) Dy &)
=9BNb- (—1) T eyfiev™ (zy X -+ x x) = B Nb- My g(x1, ..., k)
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and thus the 90 satisfies the divisor axiom; see [Fuk10, Lemma 13.1] for more
details.

Next, we aim to show the strict unitality (Definition 2.23) and the full
unitality (Definition 2.24); the later one further implies the cyclical unitality
(Definition 2.25). As explained in Remark 2.27, because of the q.c.dR property
(§6.3.1), we may assume [ # 0, and it remains to show Dﬁikﬂﬁ(. .,€6...)=0
for any e € Q°(P x L). To see this, we consider the forgetful map in (92) and
we also have (93). Performing a similar argument as above yields

Mes1.5(T1, . Tp_1,€, L0, ..., Tp) = ev(, (forgetyevie - ev™ (g X -+ x )

But this time fotget,evje has degree —1 and need to vanish. To be specific,
one can focus on its local expression in a single Kuranishi chart by a partition
of unity. See [Fuk10, (7.3)-(7.4)] for more details.

7 Harmonic contractions

In §6 above, the A, structures are defined only on the de Rham cochain
complexes. To avoid infinite dimensions, we use the homological perturbation
(Theorem 4.4) to construct minimal A, algebras on the de Rham cohomologies.
But, notice that this requires a choice of contraction (Definition 4.3), and it is
not unique in general. In practice, we decide to use the so-called harmonic
contraction with respect to a metric. The advantage is that it is concrete and
can keep track of Fukaya’s trick (studied later in §8) from the chain-level to the
cohomology-level.

7.1 g-harmonic contractions

Fix a closed manifold L and a Riemannian metric g. Put C = Q*(L) and
H = H*(L). Let H;(L) be the space of g-harmonic forms. Firstly, we define a
cochain map from H to C":

i(g) : H*(L) = H3(L) € Q*(L) (94)

by the inverse of Hodge isomorphism composed with the inclusion. Secondly,
we also define a cochain map from C' to H by the g-orthogonal projection
Hy - (L) — H; (L) composited with i(g)~":

w(g) s (L) 22 2(L) 22 HH(L) (95)

Recall that the Hodge decomposition theorem (see e.g. [Warl3]) tells that
QY (L) =H, (L) ®dQ* (L) © 6,27 (L)

where the direct sum is g-orthogonal and ¢4 is the dual of d with respect to
the metric g. Moreover there is the so-called Green operator Gry : Q*(L) —
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Hy(L)*e = dQ* (L) ® 6,0 (L). It is obtained by declaring Gry(a) to be the
unique solution 7 in #;(L)*s of the differential equation Agn = o — Hgy(c),
where Ay = déy + d4d. So, we have

AgoGrg =id —H, (96)

It is known that the Green operator Gr, commutes with both d and §, [Warl3].
Next, we define
G(g) := —Grgo g = —64 0 Gry (97)

Since i(g) o w(g) = Hg4, it follows from (96) that
doG(g)+G(g)od=Hys—id =i(g) om(g) —id (98)
Also, since the harmonic forms are all d-closed, we know that
doi(g)=0 (99)

Since the d-exact forms are g-orthogonal to the harmonic forms, we also know
that
m(g)od=0 (100)

By definition, we note that the degrees of i(g) and 7(g) are 0 and the degree of
G(g) is —1.

Now, we aim to show that (i(g),7(g),G(g)) is a strong contraction in the
sense of Definition 4.3. It remains to prove the four side conditions. Firstly, as
m(g) = i(g) "' oHy and Hy0i(g) =i(g), we get

m(g) oi(g) = id (101)
Secondly, since Gr, commutes with d, and é,4 0, = 0, we immediately see that

G(g)oG(g) =0 (102)
Thirdly, by definition, we know H, o G(g) = 0 and so

m(g) o G(g) =0 (103)
Fourthly, the image of i(g) is a harmonic form which must be d4-closed, thus

G(g)oi(g) =0 (104)

Note that (101, 102, 103, 104) correspond to (62, 63, 65, 64) separately. In
summary, we have proved:

Lemma 7.1. The triple

con(g) := (i(g),(9), G(9)) (105)

is a strong contraction, which we call the g-harmonic contraction
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Remark 7.2. Obviously, the constant-one 1 € Q*(L) is harmonic with regard to
any metric g. Thus, for its cohomology class which we still denote by 1 = [1],
we have i(g)(1) = 1, n(g)(1) = 1, and so i(g) o 7(g)(1) = 1. Particularly, the
condition #(7(1)) = 1 in Proposition 4.7 always hold for con(g)

Given an A, algebra (Q*(L),m), we can construct its canonical model
(H*(L), m9,19) from con(g) by Theorem 4.4. Note that it is also implied that

m{ 5 =0, ilio =i(g) (106)

Theorem 7.3. If (O*(L),m) € Obj% P, then (H*(L),m%) € Obj% % and
i eMor% 9.

Proof. By Remark 4.6, the (I-5) (II-5) in Definition 2.33 hold for m¢ and i9.
Because of 98 Ni(g)(b) = 9B Nb and i(g)m(g)(1) = 1, the theorem then just
follows from Lemma 7.1 and Proposition 4.7. O

We need to further exploit the Hodge theorem. Denote by Z*(L) :=kerd C
(L) the space of closed forms; then, Z*(L) = H; (L) ® dQ2*(L). Note that we
have an isomorphism:

dy :=d: 3,0°(L) = dQ* (L) (107)

Note that kerd, = H;(L) ® 6,Q"(L). The restriction of §, also gives an
isomorphism:
7.2 Families of harmonic contractions

Next, we aim to generalize Theorem 7.3 to the case of pseudo-isotopies. Take
a smooth family of metrics g := (g¢)ie0,1]. We first abbreviate the above-
mentioned operators: (i¢, m, Gt) 1= (i(gt), m(9¢), G(gt)), di := dg,, and &; := &y, .
Then, we have the following two isomorphisms:

dyody : dQ* (L) — 6, (L) — dQ*(L);  Spody : 64,0 (L) — dQ* (L) — 6,,Q*(L)

Denote by A, the restriction of the Laplacian A4, = dég, + 64,d on the space
H;t (L)J‘ = dQ*(L) D (Sth*(L) Then, At = dt(St D 6tdt and

AP =6t o d s dQN (D) @ 6,, Q7 (L) — dQU(L) @6, Q7(L)  (109)
Accordingly, the Green operator Gr,, can be explicitly expressed by

Gry, = A o (id — Hy,) (110)

where id — H,, is just the projection to A}, (L)* = d2*(L) & 6,,9*(L). Now,

by (97), we get
Gt o 65],5 =0 (111)
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Further, it follows from (109) and (110) that

Gilz-(1) = =04, © Ay 0 Prag-(ry = —d; " © Prage (1) (112)

where the ‘pr’ stands for the orthogonal projection. In special, this tells G¢|40+ (1) =
—d; .

Lemma 7.4. There exists two smooth families of operators hy : H*(L) — Q*(L)
and ki - Q*(L) — H*(L) of degree —1 with the following properties:

% = d o hy; (113)
% =kod (114)
moh =0 (115)
kyoip =0 (116)
Gyoh, =0 (117)
kyoGy =0 (118)

Proof. On the one hand, recall that doi; = 0, hence we may think i; : H*(L) —
Z*(L). For the natural projection ¢q : Z*(L) — H*(L), we have ¢ o i; = id and
so go % = 0. Thus, the image of d“ : H*(L) — Q*(L) is contained in the
kernel of g, i.e. the space dQ2*(L) of d—exact forms. We define

dZt

he :==d; o o

CH*(L) — dQ* (L) — 6,7 (L) € (L) (119)

In special, we have d“ = d o hs. On the other hand, since m; od = 0, we

have m¢|z+«(1) = q. So7 Gitlz=y = 0, and one can view % as an operator on

dg,2*(L). Then, we define

dmy 1 QO (L
b ::{dt od, " on dQ*(L) (120)

0 on My, (L) & 85, (L)

In particular, ks o Hy, = 0 and k; 0 §;, = 0. As an operator on d,,Q*(L), we
have 4t =y od. The complement of 64,Q*(L) is Z*(L); both d and %+ vanish
on Z* (L) thereby, the relation 4t =k, o d still holds in Z*(L).

Now, we show the last four properties: First, since the image of h; is
contained in d4,Q*(L), we have m; o hy = 0. Second, since the image of i; is
in H; (L), we also have k; o4; = 0. Third, since the image of h; is contained
in d, Q*( ), it follows from (111) that Gy o hy = 0. Fourth, using (97) the
image of G; is contained in d,4,Q*(L) on which k; is defined to be zero; hence,
kt o Gt =0. O
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Next, we want to study the relations to G;. Consider the following degree-
(—1) operator

Ft = % —itokt—htoﬂt : Q*(L) —>Q*(L) (121)

Using doi; = m od = 0 and Lemma 7.4, we compute

doTy+Tyod=do % 1 48 og _dohyom —iyokyod=4(doGy+Grod—izom)

Then, applying (98) yields that
doTi+Tto0d=0 (122)

Therefore, up to a sign, the I'; is a cochain map from Q*(L) to Q*(L). The
induced map H*(L) — H*(L) on the cohomologies will be zero, and actually
we can prove the following stronger result:

Pt 9] it =0 (123)

In fact, using 7,07, = id, (116), (104), and (112), we obtain I';oi; = Stoj,—h, =

dt
_ diy _ g1 dig _
Gio Gt —dy ot =0.

Lemma 7.5. In the situation of Lemma 7.4, there exists a smooth family of
operators oy : Q*(L) — Q*(L) of degree —2, satisfying the following properties:

dG,

W_itokt_htoﬂ't:dogt_atod (124)
JtOGt:GtOUtZO (125)
WtOUtZO (126)

or0i; =0 (127)

)

Proof. By (122) and (123), the operator I'; := dgt —iy0ky — hyomy maps Z*(L
into dQ*(L). Define:
d;tol Z*(L
gy J e oTe on Z7(L) (128)
0 on 64,Q%(L)

It remains to check the four properties. The first one can be checked as follows:
(do Oy — 04 © d) Z*(L) = Ft|Z*(L) and (do O¢ — 0¢ 0 d)|6gtﬂ*(L) =
—oyodls, o) = —d; ' oTyod 55, 0+(L) = d;'odoly 5z,0+(1) = L'tlsz o=(1) by
(122). Next, note that the images of both o, and G, are contained in §,4,Q*(L)
and that 0,0y, = Grod,, =m0y, = 0; so, we have g, 0 Gy = Gy ooy =0 and
7t 0 0y = 0. Finally o4 04; = 0 holds just because of (123). O

z+(L) = dooy
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The purpose to find the above operators is to obtain a strong contraction for
the pair (H*(L){o,15,d!®) and (*(L){0,1), M1,0). Recall that the two differentials
d®1 and M, ¢ are defined as in (23):

107 s ds® 9,(7)
doN . (L — H*(L)jo.11, s
(Lo, (Lo, ds@r 0
1@z —1@m(r)+ds® 0s(x)

Mo Q*(L)[O’l] - Q*(L)[O’1]7 {ds @z = —ds®my(x)

where we denote by m; o = d the exterior differential on ©*(L). The notations
my o or My hint but are not related to any A, algebra temporarily. In
addition, we define:

1@z —1®is(T)+ds® hs(T)

i(g) : H* (L) — 9 (Lo, { s e

1@z —1Qm(x)+ds® ks(x)

Tl'(g) : Q*(L)[(Ll] — H*(L)[O,l]v {dS Qe ds QRXT (.’L’)

o N 1oz —1®G4(x)+ds®os(z)
G(g) : Q" (L) = Q" (L)p,y, {ds S o> —ds® Gu(x)
(129)

The signs above respect the pointwiseness in Definition 2.12. Hence, in view
of Remark 2.13, we may more concisely write d\®!) = ds®d, and 9, o = 1@d+
ds®0, for the differentials and write i(g) = 1®is +ds®hs, 7(g) = 1@ +ds®k;
and G(g) =1® G +ds®os.

The following statement is basically a consequence of Lemma 7.4 and 7.5:

Lemma 7.6. The above triple

con(g) = (i(g), m(g), G(g))

is a strong contraction for H* (L)1) and Q*(L)o,1)-

Proof. Our goal now is to show all the properties listed in Definition 4.3. To
begin with, the degrees are clearly as expected: degi(g) = degm(g) = 0 and
deg G(g) = —1. We note that Oyis = 05 045 — is 0 s, Osms = 05 0 W5 — 75 © Os,
and 9;Gy = 0s 0G4 — G40 0,.

Firstly, we aim to prove i(g), 7(g) are cochain maps. By (99) and (113), we
have

Mipoi(g) =1®dois+ds® (05045 —dohs) =ds®is00s :i(g)Od[O’”
By (100) and (114), we have

ﬂ(g)oﬂﬁl,o:1®7r80d+d8®(k50d+7r508s):ds®6507rs:d[o*l]ow(g)
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Secondly, we compute

i(g)om(g) —id=1® (isoms —id) + ds ® (is 0 ks + hs o ms)
M00G(E)=10doGs+ds® (0s0Gs—dooy)
Gg)oMo=10Gs0d+ds® (o0s0d— Gs00y)

Applying Lemma 7.1 to g, infers that is o ms —id = d o G5 + G5 o d. Then,
by (124), we get i(g) o m(g) — id = My o o G(g) + G(g) o My 0. Thirdly, since
7s 04 = id, by (116) and (115) we obtain

m(g)oi(g) =1®ms0is+ds® (msohs +ksois) =1®id=1id
Fourthly, note that G5 o G5 = 0; by using (125) we obtain
G(g)oG(g) =1®G0Gs+ds® (050Gs —Gs00,) =0
Fifthly, note that G o i = 0; by using (127) and (117) we obtain
G(g)oi(g) =1®Gs0is+ds® (05005 —Gsohs) =0
Sixthly, note that 75 o G4 = 0; by using (118) and (126) we obtain
m(g)oG(g) =1R7ms0Gs+ds® (ksoGs+ms005) =0

In conclusion, we have checked all the conditions in Definition 4.3, and the
lemma is now proved. O

Lemma 7.7. The operators i(g), n(g) and G(g) are compatible with Eval® in
the sense that

Eval® oi(g) = is o Eval®
Eval® omr(g) = mg o Eval®
Eval® oG(g) = G o Eval®

Proof. The proof is an easy computation. Eval®oi(g)(1 ® ) = Eval® (1 ®
is(Z(s))+ds@hs(Z(s))) = is(Z(s)) = isoEval®(1®Z) and Eval® 0i(g)(ds®z) =
Eval® (ds ®i,%(s)) = 0 = i; 0 Eval®(ds ® 7). Similarly, one can show the lemma
for m(g) and G(g). O

7.3 Pseudo-isotopies of canonical models

Fix a gapped pseudo-isotopy (2*(L)o,1), M), and we write

M=100° +ds® & (130)

Take a smooth path g = (¢s)o<s<1 of metrics on L for which we have a strong
contraction con(g) = (i(g),n(g),G(g)) by Lemma 7.6. Moreover, for each
single g5, we also have a harmonic contraction con(gs) = (i(gs),7(gs), G(gs))
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by Lemma 7.1. Abusing the notations, the various constant-one functions are
all denoted by 1. By Remark 7.2, we have i(gs)(1) = 1, n(gs)(1) = 1, and
i(gs) 0 w(ge) (1) = 1.

Every m?® given in (130) is an A, algebra on Q*(L); by Theorem 7.3, we get
its canonical model with respect to con(gs) (Definition 4.5):

(H*(L),m%,i%)  with m% € Obj% 2, i% € Mor %P

Note that Theorem 7.3 is just a special situation of Theorem 4.4; our purpose
is to show an analog of Theorem 7.3 for a pseudo-isotopy of canonical models.
To be specific, we first apply Theorem 4.4 to the chain-level pseudo-isotopy O
and the con(g), thereby obtaining a canonical model

(H*(L)0,1), 9%, %) (131)
of (2* (L)[Oyl],ﬁlvﬂ) such that
3o =i(g) and MP ) =ds® 4 (132)
Lemma 7.8. Both M8 and 38 are [0, 1]-pointwise. Moreover, we have:
Eval® o9& = m% o Eval®, and Eval® 038 =i o Eval® (133)

Proof. By Lemma 7.7, the i(g), m(g), and G(g) are [0, 1]-pointwise. Besides, an
iterated composition of pointwise operators is still pointwise. So, by construction,
the 98 and J8 are also [0, 1]-pointwise. By Remark 2.13, we write J8 =
1®i*+ds®j® and M8 =1 ®@m® + ds ® ¢*. Note that i* = Eval® 0J& o Incl.

Now, it remains to show i® and m® coincide with i9¢ and m9s respectively.
To see this, we look at the inductive formula (70). By Lemma 7.7 and Remark
2.22, we have

Eval® oJ% 5 = 3" Eval® oG(g) o My 5, © (38,5, ® - ©®3%, 5,
=" G(gs) o Eval® oMy 5, 0 (38, 5, © - ©3% 4) (134)
=3 G(gs) omj 5 o (Eval® JF , ®-- @ Eval® 3% ;)

On the one hand, we can further pre-compose with the Incl map in the above,
thereby obtaining that

iz 5 = Eval® o3¢ s olncl = Y7 G(gs) omj 5 o (if, 5, @+ @1}, 5,)

In other words, the i* and i9 share the same inductive formulas (70) with
respect to the same m®. Moreover, by (129) (132) (106) the initial cases agree:
if o = Eval® 03% ; o Incl = Eval® 0i(g) o Incl = i(gs) = i{%,. Hence, by induction,
we conclude that i* = i%. Arguing in the same way but replacmg G(gs) by w(gs)
everywhere, we can also inductively prove m®* = m9. On the other hand, if we do
not pre-compose with Incl’s as above, then performing the induction arguments
with (134) directly yields that Eval® 0J8 = {9 o Eval® and Eval® o9& = m9% o
Eval®. O
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The following statement is an analog of Theorem 7.3 for pseudo-isotopies.

Theorem 7.9. If (0*(L)[,1,M) € Obj % 2, then (H*(L)o,1), M) € Obj % 2
and 38 € Mor % 9.

Proof. First, by Lemma 7.8 we know 20t8 is a pseudo-isotopy. By degree reasons,
we see (g)(1) = 1@7(gs)(1) = 1@1 =T and i(g)(1) = 1®i(gs)(1) = 1@1 = 1.
In particular, i(g)(7(g)(1)) = 1 holds. For a divisor input b € H*(L) 1], the
cap product (25) by definition satisfies that 98 Ni(g)(b) = 96 N b. Finally, one
just use Proposition 4.7 (i)(ii)(iii) and Remark 4.6 to complete the proof. O

7.4 An upshot for pseudo-isotopy-induced A,, homomorphisms

g
moo € an

l 190 \Ligl

- [ -
m0—>m1

Suppose we are in the situation of Theorem 7.9. From the two pseudo-isotopies
(Q*(L)jo,1, M) € Obj % P and (H*(L)[0,1], ME) € Obj % 2, the natural construction
in Theorem 5.1 produces two A, homomorphisms € and €& respectively. Moreover,
by Theorem 5.6, we also know that ¢ € Mor % 2 and €& € Mor % 2.

Lemma 7.10. In the above situation, we have i9! o €8 % ¢ o %0

Proof. According to Theorem 5.6, we know € o Eval’ % Eval' and @8 o Eval® %
Eval'. Also, by Lemma 7.8, we have Eval®oJ8 = i% o Eval® for s = 0, 1.
Consequently,

¢ 0i% o Eval’ = ¢ o Eval’ 078
% Bvall 038 = i o Eval®

d.
{91 5 €8 6 Eval’

Take a ud-homotopy inverse of Eval® which exists by Theorem 3.1, and we
obtain € o090 ¥ {91 o €8, O
The Lemma 7.10 above holds only for the harmonic contractions and may

fail in general. Indeed, the pointwiseness of con(g) ensures Lemma 7.8 which is
essential to prove Lemma 7.10.

8 Fukaya’s trick

8.1 Chain-level

Let L and L be two Lagrangian submanifolds in X that are sufficiently adjacent;
suppose there exists a small diffeomorphism F' € Diffo(X) so that F(L) = L.
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Since the w-tameness is an open condition, we may assume both J and F,J are
in J(X,w), where F,J := dF o J o dF~1. Note that whenever J € J(X,L,w)
(Definition 1.1), we have F,.J € J(X, L,w).
First, immediately from the definition in (18), the F' induces a natural
isomorphism R
F,:6(X,L)=26(X,L) (135)

which preserves the Maslov indices and only depends on the homotopy class of
F. We denote g = F.,[5.

However, the energy is not preserved by the above F. If we take a Weinstein
neighborhood of L and L, then one can find a tautological 1-form A such that
it vanishes exactly on L and w = d\. Then, for an isotopy from F' to id, one
can use Stokes’ formula to show that E(F.p3) — E(8) = =08 N \|L.

Remark 8.1. In our situation, the L and L are usually two adjacent Lagrangian
torus fibers of m. We may take some action-angle coordinates «; € R/27Z,
z; € R such that L = {z; = 0} and L = {x; = ¢}. Then, we have \ =
>oi(@i —¢i)dag, so M| =0 and AL = — )" ¢;doy;. Assume L = Ly and L= Ly
for some base points ¢ and ¢’ in By; then ¢ — ¢ = (¢1,...,¢,) can be viewed as
a vector in H'(L,) =2 T,By 2 R" (c.f. §9.1.1). Now, the energy change is given
by E(8) — E(8) =98N (qd" — q).

As explained in [Fukl0], the diffeomorphism F' gives an isomorphism of
moduli spaces:

Fag s My g(J,L) = M, 5(F.J, L) (136)

In fact, a J-holomorphic disk u on the left side corresponds to F' o u on the
right side, and vice versa. Furthermore, a Kuranishi-theory choice Z (see e.g.
Convention 6.4) for the left side can induce via F the other choice F,Z for
the right side moduli. From these data, using Theorem 6.2 obtains two chain-
level Ao, algebras m”=L on Q*(L) and w751 on O*(L) which are closely
related to each other. To emphasize that the data are F-related, we introduce

the following notation: ~ )
W (IEL . g P FEL (137)

Heuristically, we may think of it as a ‘pushforward’ of t/F where the data .J, L,
and = are ‘pushed’ to Fi.J, L = F(L) and F.E respectively. For simplicity, we
will omit = and F,= in the notations since now. Recall that F™* : Q* (L) — Q*(L)

and F* : H*(L) — H*(L) are naturally the cochain maps. To begin with, we
have the following chain-level Fukaya trick (see [Fuk10,Fuk11]):

Lemma 8.2 (Chain-level Fukaya’s trick).
(@1, 2p) = (P @ G (F o, ... Fray) (138)
Sketch of proof. Since the virtual foundation for the proof goes far beyond our

scope, we only provide an intuitive description as follows. The argument can
be made precise using the virtual techniques; see e.g. [Fuk10, Lemma 13.4].
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First, geometrically, we observe that the isomorphism (136) of moduli spaces is
compatible with the evaluation maps as illustrated in the following diagram

Mis(J, L) o M, (P D)

levi J/(fvi

L = L

In fact, the top horizontal map sends [u, z] to [F o u,z], and it follows ev;([F o
u,z]) = F(u(z;)) = Foev;([u,z]). Next, we denote th~ = mf>/L L
Then, by (88) or (90), we obtain:

<ﬁ1k,B(F*I1, .. .,F*l‘k),F*xo

andm=m
) = ka,,[;(J,L) evo*F*xg Nevi*F zy A - Nevy"Froy,

= ka,g(J,L) FXy(evgzo ANevizy A--- Nevyay)

= kaﬁ(F*J,i) EVoTo N EVITL A -+ N EVETy

= (tﬁ;ﬁ(xl, cey XR), o) = <F*ﬁ1;,5($17 ooy aw), Frao)
Hence, we obtain ty, 5 (F*x1, ..., Frag) = Frwg 5(z, . k). O

Corollary 8.3 (Properties of the chain-level Fukaya’s trick).
(i) If 1 is a unit of m”>E, then (F~1)*1 =1 is a unit of mFIL,

(ii) If w7l is cyclically unital (resp. fully unital), then so is wb-IL,

P L satisfies the divisor aziom.

(iii) If m’E satisfies the divisor aziom, then m
(iv) If @/F is a q.c.dR, then wFIL s g q.c.dR.
(v) If w/F satisfies (I-5), then kL satisfies (I-5) (Definition 2.33).
In particular, if @”F € Obj% 2(L, X), then b L ¢ Obj% 2(L, X).

Proof. (i) Just observe that if 1 is the constant-one function in Q°(L), then
(F~1)*1 is also the constant-one function in Q°(L). (ii) Given e € QY(L), it
follows from Lemma 8.2 that

UML), sle;x1, ..., ap) = F~* o CUMT Ly 5(F*e; Fay, ..., Fray)

This shows the cyclical unitality. Similarly, one can show the full unitality.
(iii) For the divisor axiom, we first note that F' also induces an isomorphism
between the divisor input spaces (24), namely, F* : Z'(L) = Z'(L). So, the
lemma together with the divisor axiom for m”** implies that

DA[R™ ], (b, x) = F~ o DA )y 5 (F*b; Fra, ..., Fray,)
= (0BNF*b)- F~' omy [ (F*xy, ..., Fray)

Since B N F*b = dB Nb for b € Z'(L), the divisor axiom for m*™ L is proved.
(iv) Just use Definition 2.26 and the fact that F~1*(F*z; A F*z3) = 21 A 2.
(v) Use (135) and (138). O
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8.2 From chain-level to cohomology-level

There is an induced Fukaya’s trick in the cohomology-level. The basic idea

is that for the induced metric F.g = (F~!)*g, the two distinct harmonic
contractions con(g) and con(Fyg) (105) are also F-related, which can be incorporated
into the homological perturbation.

Lemma 8.4. The harmonic contraction con(F.g) = (i(Fi.g), 7(F.g), G(F.g))
satisfies:
i(Feg) =(F~)" oi(g) o F*
7(F.g) =(F *om(g) o F* (139)
G(F.g) =(F~')" o G(g) o F*
Proof. The three relations are easy to prove from the definitions in (94, 95,
97). O
In view of Theorem 7.3, we denote by

(H*(L),m? b 90k (140)

the canonical model of m”% with regard to con(g). Meanwhile, in analogous to
(137), we denote by

(H*(i)’mF*(g,J),f/JF*(g,J),i) (141)

the canonical model of @l with respect to con(F.g). Recall that the chain-
level Fukaya’s trick relates mf=/L to m’L (Lemma 8.2). Further, the use of
harmonic contractions ensures an analog of Fukaya’s trick for (140, 141).

Lemma 8.5 (Cohomology-level Fukaya’s trick).

F.(g,J),L —1\* ,J,L * *

ng Moy, ) = (FTY ml b (Fra, L Fra) (142)

.F,(g,J),L —1\%:9,J,L

1k75<-‘7 M@y, ) = (FTYSET (Fra, . Fray) (143)
Proof. Write h = F.g. Denote m := moH L mf ::~mF*(~"’J)’]z and m = wm”/L,
wf = mf%L; also, denote i := 9L {iF .= iF+(9:7).L We perform an induction

on the pairs (k, 3) as before. We prove the lemma for if" first. The initial case
for (k,3) = (1,0) is true by (139) and (106). Suppose the formula (143) for if’
is correct whenever (k’,8") < (k,8). Then, the inductive formula (70) implies
that

B 2 - F - F
6 = 2(0.80)2(1,0) G(R) omy 5 0 (i, g, @+ @y, 3,)

Furthermore, applying Lemma 8.2, Lemma 8.4, and the induction hypothesis,
we conclude that

it = (F7)" X0 80)21,0) G(9)010e,00(1ky 6, @ @iy 5, Jo(F)EF = (F1)*iy, go(F)*

Replacing G(g), G(h) by 7(g), ©(h), the statement for m¥" can be proved by a
similar induction. O

81



Corollary 8.6 (Properties of cohomology-level Fukaya’s trick).
(i) If 1 is a unit of m97E then (F~1)*1 is a unit of mF(: )L

g,J),L

(ii) If m97F is cyclical unital, then mP( is cyclical unital.

(iii) If m97L satisfies the divisor axiom, then mf(9.).L satisfies the divisor
azriom.

(iv) If m97L satisfies (I-5), then mP@NL satisfies (I-5) as well (Definition
2.93).

In particular, if m97F € Obj% 2, then mf(9: )L ¢ Obj% 2.

Proof. Just like the proof of Corollary 8.3, it is a direct consequence of Lemma
8.5. O

Corollary 8.7. If Fyy, F} € Diff(X) with Fy(L) = Fy(L) = L are isotopic, then
mFD*(g7J)7E — mFl*(gaj)ai’_

Proof. Use Lemma 8.5 and the homotopy invariance of F* : H*(L) — H*(L).
O

The statement of Corollary 8.7 basically means that the application of Fukaya’s
trick in the cohomology-level A, algebras only depends on the homotopy class
of the diffeomorphism F'. In contrast, since F§ # F} : Q*(L) — Q*(L), it is not

F.(g,J),L

necessary that i agrees with {Fe(9:0).L

8.3 Fukaya’s trick for pseudo-isotopies

In practice, we need an upgrade of Fukaya’s trick that can be applied to certain
pseudo-isotopies. Fix a smooth path J = (Js)se[p,1) in J(X,w); fix a smooth
family F = (Fs)se[0,1) near the identity in Diffo(X) such that F,(L) = L for
each s. Define a diffeomorphism on X x [0, 1], still denoted by

F:Xx[0,1] - Xx[0,1, (z,5) — (Fy(z),s) (144)

We assume L and L are so close to each other that the family F,J := (Fseds)sef0,1)
is still contained in J(X,w). Every F, induces an isomorphism Fj, : &(X, L) —
B(X, I~/) by (135), but these isomorphisms are the same by the homotopy invariance.
So, we denote any of them by the same notation below:

F,:6(X,L)~6(X, L) (145)

As previously, we will write B = F.B. Moreover, we have the following two
natural maps

F*:Q (L) = (L)), and F*:H* (L) — H (L)1  (146)
Explicitly, a differential form a;(s) + ds A az(s) is sent to Froy(s) + ds A
(F*as(s)+0(0sFs)) where O(0s F) represents some terms in d; Fy; particularly,
we have ~

Eval® oF* = F o Eval® : QO (L), — (L) (147)
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8.3.1 Cochain level . Every F, induces an identification My, g(Js, L) = M, B(Fs*JS, f/)
as in (136), and the union of them gives an identification of the parameterized
moduli spaces (80):

Fro= || (Fom: Mg, L) = M, 5(F.J.L) (148)
s€[0,1]

Taking all the pairs (k, 5) simultaneously yields an identification of the moduli
space systems (82): M(J) = M(F,J). Note that for every s, we have an A
algebra m’=L in % % obtained by the moduli system M(Js) (Theorem 6.2).
Also, by the moduli space system M(J), we obtain a pseudo-isotopy

(@ (L) o1y, M"F)

in % 9 such that it restricts to m”’*'% at s = 0,1 (Theorem 6.3). Just like (136,
137) before, the above identification (148) yields a new pseudo-isotopy

(" (L)jo,1), MF-"F)

that comes from the moduli space system M(F,J). Similar to Lemma 8.2, we
can prove the following:

Lemma 8.8 (Chain-level Fukaya’s trick for pseudo-isotopies). For x1,...,x) €
V*(L)o,1], we have

wF.J,L —1\xqd, L ok *

M (e ak) = (F D s (Fr ey, ... Fray) (149)
Corollary 8.9.

(i) If 1 is a unit of MPL, then 1 = (F~1)*1 is a unit of MF-U-L),

(ii) If ML is cyclically unital (resp. fully unital), then so is MF-I.L
(i5i) IfMIL satisfies the divisor aziom, then MF-J.L satisfies the divisor aziom.
(iv) If 3L s a q.c.dR, then MF-IL s g q.c.dR.

(v) If MVL satisfies (I-5), then ME-I-L satisfies (I-5) as well (Definition

In particular, since ML € Obj % P(L, X), we know MEF-I.L ¢ Obj UL, X).
Proof. The proof is almost the same as Corollary 8.3. O

The restriction of MF-T-L at s gives rise to an A algebra that comes from
the moduli space system M(F.J;), and we denote it by tf*+”/sL by our previous
convention. Then, the MPL (resp. INF+I-L) restricts at s = 0,1 to the m”sF

(resp. mF=JsL) je.

Eval® o9l = m’/sL o Eval®, Eval® oOftF 3L = qFae ol o Eyal® (150)
Note that the pair tm’s*F and P Js L also satisfies Fukaya’s trick, i.e. Lemma

8.2.
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8.3.2 Cohomology level . Let g = (gs)scpo,1] be a family of metrics; then
F.g = (Fs«9s)sef0,1- Due to Lemma 7.6, we have the two strong contractions
con(g) and con(F.g) for the two pairs of cochain complexes: (H*(L),17, 2" (L)0,1))
and (H* (i)[o,l], Q*(i)[o}”) respectively. Then, we denote by

(H* (L)[O,l] ’ m«tg,J,L, ng,L) and (H* (E)[O,l]v mF*(gJLL, jF*(g,J),L)
(151)
the two canonical models of 9t~ and 9tF+J-L with regard to the two contractions
con(g) and con(F,.g) respectively. Due to Theorem 7.9, they are all in the
category % 9. Furthermore, one can use (150) and Lemma 7.8 to show that the
restriction of M&I-L (resp. MF+@I):L) at s = 0,1 agrees with m9=7s-L (resp.
e @)L e

Eval® omgJ: L — mds:7s:L o Eval®, Eval® Ong*(gJ)i — mFs*(gs,Js),i o Eval®

(152)

Lemma 8.10. Suppose O;F; = 0. Then we have con(F,g) = F~*ocon(g)oF*.
Consequently,

m?£7;§(g"])’i(x1, CeXg) = F_l*im%”;’L(F*xl, oo Fray)

F.(g,J),L
jk,B(g ) (Sﬂl,...

(153)
,Tp) = Fil*jfjg’L(F*xl, oo Fray)

Proof. By (129), we write i(g) = 1 ®is +ds ® hg, 7(g) = 1 @ 75 + ds ® ks,
and G(g) = 1 ® G, + ds ® o,; meanwhile we write i(F.g) = 1 ® i, + ds ® hs,
7(F.g) =1® 7, 4+ ds @ ks, and G(F,g) = 1® G, + ds @ 7.

As O,F, = 0, there is no harm to set ' = F; and F = F. Then, the F*
simply sends a1 (s) + ds A az(s) to F*ai(s) + ds A F*as(s). Let dg = d,, and
ds = dF,q, be the isomorphisms as in (107); then, ds = F~* o d, o F*. By
(139), we have F* o4y, = iy 0 F*, F* oty = mg 0 F*, and F* 0 Gy = G4 0 F*.
Moreover, the same properties for the pairs (hs,iLs), (ks,l::s), and (os,05) can
be proved by direct computations with their definition formulas (119), (120),
(128). In summary, con(F.g) = F~!* o con(g) o F*.

Ultimately, by the same argument in the proof of Lemma 8.5, one can also
show (153). O

In the above, the second half is analogous to Lemma 8.5. The first half
resembles Lemma 8.4, but the condition 9, F = 0 is necessary, because con(F,g) #
F~!*ocon(g) oF* in general. The main issue is about the terms involving non-
zero JsF; but fortunately, these terms only live in ds ® — parts in H*(L)jo 1
or 2*(L)jp,1) and are always killed by Eval®. From this observation, one can
imagine Theorem 5.6 will be useful. Actually, even in the case of J,F; # 0, we
can still somehow compare the two pseudo-isotopies &L and MF+(&I).L «yp
to ud-homotopy’. See Lemma 8.11 later.
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8.4 Fukaya’s trick and category % ¥

There is an elegant way to reinterpret the Fukaya’s trick equations: one can
regard the various F™* as trivial Ao, homomorphisms (in % 2) which concentrate
merely on CC, o C CC.

Denote by QF the operator system in CC(Q* (L), 2*(L)) defined by setting
Qf, = F* and all other Qf 5 = 0. Similarly, we define H” € CC(H*(L), H*(L)),
QF S CC(Q* (L)[O,l] 5 F* (L)[O,l]) and HF S C:(j(.ll.[>k (L)[O,l] 5 H* (L)[071]) by Setting
H{,, QF , and HY to be F* or F*. Remark that there are two different label
groups in the story: & = &(X, L) and & = &(X, L). But this causes no serious
troubles, since we actually have a natural identification & = & from (135) and
(145). For simplicity, we will keep this point implicit.

On the one hand, due to the Fukaya’s trick equations in (138, 142, 149), all
of them except HF can be viewed as A, homomorphisms in Mor % 2:

OF . mF*J,E N ﬁlJ,L’ HF . mF*(g,J),Z N mg,J,L, OF . SI'RF*J.,E, s oL

But in the special case 0; Fs = 0, it follows from Lemma 8.10 that the exceptional
HF also gives a morphism HF : MF-&I.L _ one.d.L iy 9 9.

On the other hand, the equation (143) describes a relation between the two
Ao homomorphisms i97% and i*=(97).L: from the above perspective, it exactly
means that the following two compositions of morphisms in Z % agree with
each other:

OF oif-@) L — 9.0k o gF (154)

Moreover, since every Eval® can be trivially viewed as a morphism in % %, one
can also translate (147) into the following relation of compositions of morphisms
in % 9:

QF o Eval® = Eval® oQF (155)

Eventually, according to Theorem 5.1 and Theorem 5.6, from the four above-
mentioned pseudo-isotopies omd-L omF-I.L and omed L gnF-(ed).L we have
naturally constructed four morphisms in % 2 which we denote by €7, ¢F+J
¢&J and ¢F+ (&) respectively.

The sources and targets of the four morphisms can be determined by (150)
and (152). For instance, the pseudo-isotopy MY restricts to m’oL and m’/vL at
s =0 and s = 1 respectively, so ¢J : m70-L — @m/1.L,

Lemma 8.11. In the above situation, H™ o €¥+(&J) js ud-homotopic to €87 o
Hfo,
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F,
< mfi

k %
mr

tfoxJo

J
{Fox(90,70) *J iF1x (91,71

cFx(g,J)

mFox(g0,J0) mfx(g1,J1)

HFo OF HF1

Jo ced

mIo / mats

91,71

el
% N
5J
[ ﬁiJl

Proof. By Lemma 7.10, the top and bottom rectangle diagrams commute up to
ud-homotopy, namely,

J1

igo,Jo

o

iF1e(91.01) o ¢F«(g.9) Ud GF.J  iFo.(g0,J0) (156)
{9101 o @8 ud ¢J o j90,Jo (157)

and Theorem 5.6 concludes that (just to distinguish, we use different notations:
Eval'" and Eval)

¢F+7 5 Eval”t % Eval'* (158)
¢ o Eval’ % Eval' (159)
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Now, we are going to chase the diagram

9051 o g o ¢F- @) = F1 o jF1-(91.71) o gF- (&) use (154

ud OF1 o ¢F-J 5 iFO*(goJo) use (156

( )

( )

% O o Eval't o(Bval®™) =1 o {Fox(90,70) (use (158))
( )

( )

% Eval' oQF o (Eval®™) ™! o {Fox(90:/0) use (155
"% ¢ o Eval’ o0F o (Eval’t) ! o {fo-(90.J0) (
= @7 0 OF 0 Eval®® o(Eval®t) ™! o iFo-(90:70)

(use (155) again)

use (159

ud ¢ o OF0 o Fox(90,J0)

¢ o900 o (use (154) again)
W jgi1 o @8 o o (use (157))

Finally, finding a homotopy inverse of i9/t by Theorem 3.1 completes the
proof. O

The main reason why we go around in such a cumbersome way is that, as
mentioned previously, the HY is generally not an A,, homomorphism (unless
0sFs = 0 like Lemma 8.10 (153)). Hence, it cannot be included in the above
diagram chasing. But, since what we need is not an identity relation but just a
ud-homotopy relation, we have some flexibility and can overcome this issue as
above.

As a corollary, the following special case for the constant families will be
used later.

Corollary 8.12. Suppose g = g and J = J are the constant paths at g and J
but F = (F) is arbitrary. If M’ is the trivial pseudo-isotopy about W’ then

we have €F=7) 2 iq.

Proof. Denote by M7 the canonical model of M7 with respect to con(g), and
then M9/ is a trivial pseudo-isotopy about m%”. Denote by ¢ the A
homomorphism constructed from 97 (using Theorem 5.1); it follows from
Corollary 5.3 that e = id. Moreover, because H = H' Lemma 8.11 infers
that H o @F+(@:) W €39 o HF = id o H = H™ and so ¢F-@) %id. O

We note that by Corollary 8.7 the source and target of €¥+(@/) are actually
the same m?+(9:/) = m#1+(9:/) Hence, Corollary 8.12 just tells that choosing
different F' in the application of Fukaya’s trick does not cause any ambiguities
up to ud-homotopy.

On the other hand, if we keep Fs constant but allow g5 and Js to vary, then
it is easy to see that the ud-homotopic relation in Lemma 8.11 can be actually
strengthened to an identity relation:
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Proposition 8.13. Suppose 0,F; = 0. Then HF o ¢F-(&J) = ¢&d o gF,
Concretely, we have

ef*[;gv” = F 1 e®) (F ay,... F*ay)

for any x1,...,xp € H*(L).

Proof. We write MF-&1) = 1@ m° +ds®¢* and M&T =1 @m® + ds @ ¢*. So,
¢sd  m® 5 m! and €F+&D) . @m0 — Ml In this case, m®* = F~ ™ om?® o F*
and ¢ = F~ o ¢® o F* by Lemma 8.10. Just like the proof of Lemma 8.5, the
desired equation can be proved by the inductive formula (76). O

9 Mirror construction

9.1 Set-up

We are going to show the main statement Theorem 1.3. Recall that (X,w) is
a symplectic manifold of dimension 2n and we denote by J(X,w) the space of
w-tame almost complex structures. Suppose 7 : Xg — By is a Lagrangian torus
fibration in an open domain Xy C X over a base manifold By. By Arnold-
Liouville theorem [Arn13], every Lagrangian fiber L, := m~!(g) over some point
q € By is diffeomorphic to the n-torus T, and there is a canonical integral
affine manifold structure on By.

9.1.1 Integral affine structure . In a Weinstein neighborhood of L,, we
consider the so-called action-angle coordinates (ai,...,an,1,...,2z,) where
a; €ER/27Z 2 S, z; € R, and w =Y | dz; Adoy (see e.g. [KS06, §3.1]). The
coordinates = (x1,...,Z,) give rise to a local chart near ¢ € By over which
the fibration 7w has the local expression (@, z) — x. Such a chart is called an
integral affine chart. The atlas of all the integral affine charts gives rise to an
integral affine structure on By (see Appendix C). Besides, taking an integral
affine transformation 2/ = Az +b and o/ = (A7) la+c for some A € GL(n,Z),
b€ R™ and ¢ € (R/27Z)", we obtain another action-angle coordinate system.

Inserting the vector field 9, to w supplies a closed one-form w(a%k, ) = doy,
(it is not exact). Also, the assignment 8%;9 — day, is invariant for another
action-angle coordinate system (a’,x’), hence, we obtain a canonical operator
0° : T,By — Z'(L,) defined by & — w(&,-). Composing it with the natural
quotient Z'(L,) — H'(L,) yields a linear map ¢ : T, By — H'(L,) whose source
and target vector spaces have the same dimension. Further, it is surjective, since
the cohomology classes [day] exactly form a basis of H!(L,), therefore, the g is
a vector space isomorphism.

In summary, there is a canonical isomorphism T,By = H 1(Lq) for every
qc BQ.

Moreover, gluing these isomorphisms for various ¢ yields an isomorphism

TBy =Y geBy H 1(L,) of vector bundles. Accordingly, we also have an isomorphism
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of the Z lattices (local systems): T?By = Ugen, H'(L,,Z). The right side
possesses the Gauss-Manin connection; it naturally gives rise to a flat connection
on TBy so that TZBy is parallel. To sum up, the fibration 7 determines
an integral affine structure V on the smooth locus By. The integral affine
connection V induces an exponential map exp, : Ty Bo = H Y(Ly) = By at each
q € By, and we call it an affine exponential map.

9.1.2 Diffeomorphisms and isotopies among the fibers . We want to
introduce a concrete construction of a small diffeomorphism that sends one fiber
to an adjacent fiber. For any ¢ € By, there is a sufficiently small neighborhood
W, which admits a smooth map

Xq : Wy — Diff(X) (160)

such that x4(¢) = id; the diffeomorphism x,(¢’) sends L, to L, and is supported
in 771 (W,) (see e.g. [Pal60, Theorem B]). For ¢, ¢, € W,, we define

Fgv® = xo(dh) o xqlq)) ™ (161)

It is a diffeomorphism that sends L, to Ly . One can choose a neighborhood
U of the identity in Diffq(X) such that & - C U and U~ C U. Now, shrinking
every Wy if necessary, we may further require x,(W,) C U. Particularly, for

any qi,qh € W, we have FJV" € U.

9.1.3 Uniform reverse isoperimetric inequalities . The reverse isoperimetric
inequality for pseudo-holomorphic curves is discovered by Groman and Solomon
[GS14]. Later, DuVal [Duv16] found a simpler proof of it. It states that the
length of the boundary of a pseudo-holomorphic disk u bounding a Lagrangian
L is controlled by its energy/area E(u); specifically, there is a constant ¢ so that
E(u) > cl(u). It is used extensively by Abouzaid [Abol7a] in the study of the
family Floer program.

However, we need a technical improvement. Not just a single fixed Lagrangian
being considered, we need to allow a uniform constant for a compact family
among Lagrangian fibers. To avoid a digression, the proof of Lemma 9.1 below
is postponed in the appendix.

Lemma 9.1 (Corollary B.3). Fiz J € J(X,w) and fiz a Lagrangian submanifold
L C X. There is a C'-neighborhood Vo of J, a small Weinstein neighborhood
vxL of L, and a constant co > 0 such that: If L C vxL is an adjacent
Lagrangian submanifold given by the graph of a small closed one-form on L,

then for any J € Vo and any J-holomorphic disk u : (D,0D) — (X, L), we have
E(u) > co - £(0u)

In our situation, we have the following immediate corollary.
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Corollary 9.2. Given J € J(X,w) and a compact domain K C By, there is a
C'-neighborhood V = Vi inJ(X,w) of J together with a constantc = cyx > 0
satisfying the following property: For any J eV and qe K, a j-holomorphic
disk v : (D,0D) — (X, L,) satisfies that E(u) > ¢ - £(0u).

Proof. For any g € K, one can associate to L, a small neighborhood V(g) of J
together with a neighborhood U(q) of ¢ € K in the base By (corresponding to the
Weinstein neighborhood 71 (U(g)) of L,) as in Lemma 9.1. Since K is compact,
one can find finitely many points ¢, (a € A) in K such that (J,c, U(qa) = K.
Now, we set V = [\,c4 V(¢qa). Finally, for an arbitrary ¢ € K, we first take a
small diffeomorphism F' so that F(L,) = L, for some a € A. Then, for any
holomorphic disk u bounding L, we have E(u) 2 E(F ou) 2 (O(F ou)) 2
£(0u). O

9.2 Local charts

Fix a compact domain K C By together with a slightly larger compact domain
K’ such that
K € K' C By (162)

By Assumption 1.2, we fix an almost complex structure J € Jx. We also fix a
metric g on X.

9.2.1 Decomposition on the base . Now, we want to find a sufficiently fine
covering of K by rational polyhedrons. There are plenty of such coverings; for
instance, we may find a polyhedral complezes (Definition C.2) such that each
cell has sufficiently small diameter.

On the one hand, by Corollary 9.2, we have ¢ = ¢ g > 0 and a neighborhood
V' = Vg C Ji of J so that: for any J € V' and ¢ € K’, a J-holomorphic
disk u bounding L, satisfies E(u) > ¢ - £(0u).

On the other hand, recall that we choose U and {W, | ¢ € By} in §9.1.2 such
that xq(Wy) C U. Shrinking U and W,’s if necessary, there exists a smaller
neighborhood V C V' such that the map Diff(X) x J(X,w) — J(X,w) defined
by (F,J)+ F.J =dF oJodF~! sends U x V into V'.

Let 6 > 0 be the Lebesgue number of the covering {W, | ¢ € K} of the
compact domain K. Take

0 < e <min{g,$ (163)

By Lemma C.3, we can find a rational polyhedral complex
P =P ={A;|i €T} (164)

where J is a finite index set, such that K C |£?| C K’ and each cell A; has
diameter less that e.

Lemma 9.3. Given i € J, we denote by &; the subcomplex consisting of all A;
in & with A;NA,; # @. Then, there exists some q € K such that | 2| C W,,.
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Proof. Tt suffices to show the diameter of | 47| is less than the Lebesgue number
9. In fact, given any two points z,y € |2, we may assume x € A and
y € A, for some j1,j2 € J. By definition, there exist some points ' € A;; NA;
and ¥’ € A;, NA,;. Then, d(z,y) < d(z,2") +d(z',y") +d(y',y) < diam(A,, )+
diam(A;) + diam(A;,) < 3e < 6. O

9.2.2 Polytopal domains . Recall that By is an integral affine manifold.
Given q € By, we define

A[[’]Tl(Lq)]] = {Z 8, Y ‘ S; € A,ai S Wl(Lq)}

i=0
where Y is a formal symbol. Note that L, = T™; given a basis, there is
an isomorphism A[[m(L,)]] = A[[YS,...,Y,F]] via the identification Y <

Yor...Yen for a = (a1,...,0n) € m(Lg) = Z".
Suppose A C By is a rational polyhedron (Proposition C.1) such that there
is an integral affine chart containing both ¢ and A. We define

AA; g) = {Z saY® € Allmi (L)) | val(sa) + (@,7) = oo for all y € H (L) with exp, () € A}

where the bracket denotes the natural pairing 1 (Lq)x H'(Lq) — R and the exp,
denotes the affine exponential map (§9.1.1). Abusing the terminologies, we also
call it a polyhedral affinoid A-algebra just like Definition A.2. In reality, given a
basis, the A’ := exp;l(A) can be naturally identified with a rational polyhedral
in H'(L,) = R", thereby inducing a ring isomorphism n : A(A,q) — A(A')
defined by Y* — Y*'-.- Y. Tt also gives an affinoid space isomorphism
n* : Sp A(A’) — Sp A(A; ).

By Proposition A.4, the affinoid space Sp A{A, ¢) can be identified with the
polytopal domain Sp A(A’) = trop~!(A’) in the non-archimedean torus fibration
trop : (A*)™ — R™. We define

trop, = ttoqu := exp, otropo(n*) "' : SpA(A;q) > AC B (165)

From now on, for simplicity, we will often not distinguish them if there is no
confusion.

(A" > SpAfexp, H(A)) ——= SpAA;q)

n
ltrop J{trop trop,

H'(L,) = R" > expy L(A) —— ACB

9.2.83 Maurer-Cartan formal power series . For any i, we fix a point
g € A;. Weset L; := Lg,. Since J € Jx and ¢; € K, we know J € J(X, L;,w)
(Definition 1.1). By Theorem 6.2, we have an A, algebra m”*i in % 2. By
Theorem 7.3, it has a canonical model (m9/L i9:/:L4) in %/ 9 for the g-harmonic
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contraction using the convention in (140). For simplicity, we simplify their
notations:

wlt = mhli (166)

R p— R (167)

We call the following formal power series

poti= N TEOYPmglt e Alm (L)|@H" (L:)
56®(X7Li)

the Maurer-Cartan formal power series associated to the m%7¢. The gappedness
tells that it only involves at most countable many 8 € my(X, L;) = &(X, L;).
Note that the coefficient ring of the natural pairing (-,-) : H.(L;) @ H*(L;) — R
can be extended to A or A[[r1(L;)]]. Givenn € H,(L;), we call the formal power
series (1, P97 =37, TE(ﬁ)Y85<n,mg:g’i> the 1-component of P97

By degree reason, we have mojé’i € H?>#B)(L;); it can be nonzero only if

Jii

w(B) =0 or 2. Hence, we decompose the P97 as follows:

woti = S ROV
n(B)=2 ’

and . ‘
QI = Z TE(B)YQBmg:gﬂ
w(B)=0

Then, we have P97/ = W97 . 1, + Q97*. Here we denote by 1 = 1; the
constant-one function on L;.

Lemma 9.4. Every component of P97 s co_ntained in A(A;;q;). Namely,
Wi € A(Ay;q;) and each component of Q97 lies in A{A; q;).

Proof. Suppose u : (D,0D) — (X, L;) is a nontrivial J-holomorphic disk. Note
that the base point ¢ lives in the compact domain K’ (162); thus, for the
constant ¢ > 0 and the neighborhood V of J (introduced in §9.2.1), we have
E(u) > c¢f(u). By construction, we have diam(A;) < e for the € in (163). Hence,
$E(u) > $0(0u) > €l(du). Denote the boundary of u by o(t) = u(e?™™), and
then

(Ou,y) = [o,7 = Jo 1@ ®)dt < [ ]7] - [0/ ()]t < e [y |0 (8)|dt < € - £(Du)

holds for any v € A; C H'(L;). It follows that $E(u) > (du, 7).

In general, suppose [ is represented by a stable map u. First, discarding
a sphere bubble only decreases the energy E(f3) but does not effect 95. So,
applying the above argument to each disk component of u and taking the
summation, we obtain $E(B8) > (9B,7) for any v € A;. It follows that
|val(TE®)) + (08,7)| > E(B) — [(08,7)| > LE(B) — oo. The proof is now
complete. O

92



9.2.4 Definition of local charts . Denote by
a; :=a(g, J, 1) (168)

the ideal in A(A;q;) generated by the n-components (n,Q9”%) for all n €
H.(L;), and we call it the ideal of weak Maurer-Cartan equations associated
to the m97?. We remark that in many examples, the Lagrangian fibers have
vanishing weak Maurer-Cartan equations, and these ideals are just zero. Note
that the a; is a finitely generated ideal. For any ¢ € J, we consider the quotient
affinoid algebra A; := A(A;,¢;)/v/a,. Now, we define

X,’ = SpAZ (169)

It is supposed to be a local chart of the mirror space XV in Theorem 1.3; besides,
a local piece of the superpotential WV will be given by W97, Next, we aim to
define the gluing maps (i.e. transition maps) among these local charts Xj;.

9.3 Transition maps

9.3.1 Fukaya’s trick . Let A; and Ay be two adjacent rational polyhedrons
in &. By Lemma 9.3, there is some neighborhood W, D A; U Ay (it is not
unique in general). Then, there exists a diffeomorphism F € Diff((X) such that
F(Ly)=Lj and F € U (§9.1.2). Recall that we have F,J € V' (§9.2.1), and so
the reverse isoperimetric inequality can be applied.

Recall the A, algebras i/, m”* m9 77 and m9/* are defined in (166) and
(167). By Fukaya’s trick, we can obtain the pushforward A, algebras m’™*/%
and m#+(97):Li agin (137) and (141). Again, for clarity, we slightly change the
notations as follows:

m (k) . — ﬁlF*J;Lj’ mP (g hk) . — i Fe(9,7),L; (170)

9.3.2 A, homotopy equivalence . Now, we choose a path J := Jp =
(Js)sefo,1) of almost complex structures in V between Jy = J and J; = F.J.
Note that the reverse isoperimetric inequality applies for every Js-holomorphic
disks by the definition of V in §9.2.1. We also choose a path g := gr = (9s)seo,1]
of metrics between gy = g and g1 = Fig.
First, applying Theorem 6.3 to the moduli space system M(J) yields a
pseudo-isotopy
M = m>Li € Obj% P(Lj, X) (171)

on Q*(L;)jo,1) such that it restricts to m7¥ and wf(/k) at s = 0 and s = 1.
Also, by Theorem 4.4, we obtain from the contraction con(g) a canonical model
of M™I which we denote by

(H*(Lj) 0,1, M5, 359) := (H*(L;) 0,17, &7, 387 (172)
Due to Theorem 7.9, we know M7 € Ob% 2 andVJF’? € Mor 02/_.@. Moreover,
applying Theorem 5.1 to the two pseudo-isotopies MM and M7 produces the
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following two As, homomorphisms

¢F =P = ¢0h w5 k) (173)

eF .— i .— ¢8d: L . 9 iy pFx(9:0F) (174)

Due to Theorem 5.6, both of them are morphisms in Z 2.

Define Aj, = Ap; = Aj N Ay, and we can similarly define A(Aj;¢;) and
A{Ajk; i) as before in §9.2.2. For the natural inclusions A(A; ¢;) C A{Ax; q;)
and A(Ag;gr) C A(Ajk;qr), the extension of ideal a; in (168) will be still
denoted by a;. Then, the quotient algebras Ajx := A{Aj;q;)/(/0; and Ay :=
A(Ajx; qi) /+/ax have the natural inclusions A; < A;i; so, there are the natural
embedding maps X := Sp A, — X; and Xy; := Sp A — Xj.

9.3.3 Ring homomorphism . We aim to use Proposition A.1 to glue the
various local charts. Since A(Ajg; ¢;) and A(Ajg; qx) are contained in A[[my(L;)]]
and A[[m(Lg)]] respectively, we start with the following ring homomorphism:

g+ Allma(Li)]] = Allma(Ly)]]

SV i ST Y0 oxp (Fa, 30 €f TEOY )
BEG(X,Lj)

(175)
where s € A, a € m(Ly) and ¢; — g, == exp;cl(qj) represents the preimage of
qj in H'(Ly) = Ty, By = R under the affine exponential map exp,, (§9.1.1).
Recall that Q:(I; o = 0 by definition.

More importantly, we observe that the class C(Ii g lives in H 1’“(5)(Lj). If
it is nonzero, then we must have p(5) > 0 (Assumption 1.2), and so the only
possibility is u(8) = 0.

The gluing maps among the various local charts are derived from these
ring homomorphisms (175) and are therefore only contributed by the counts of
Maslov index zero holomorphic disks. This exactly agrees with the observations
for the wall crossing phenomenon [Aur07]. Remark also that the formulas
in [Aur07, Proposition 3.9] or [AAK16, (2.4)] are essentially compatible with
(175).

9.3.4 Affinoid algebra homomorphism . We need a technical lemma for
the convergence.
Lemma 9.5. If @55 # 0, then %E(ﬂ) > (08, q — q;)| for any q € Ajy.

Proof. Without loss of generality, we may assume (3 can be represented by a J,-
holomorphic disk u for some s € [0,1].13 Recall that J, € V, thus, one can apply

131n fact, the ¢F is obtained from the pseudo-isotopy 97, If we denote by G the set of 3
with Djtg’] # 0, then by Remark 4.6 and Remark 5.2, the set of 8 with Cgﬁ # 0 is contained

in N-G. So, for a general 8, we have a decomposition 8 = ZTanl Bm , where every Bn, can be
represented by some pseudo-holomorphic disk.
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the reverse isoperimetric inequality to conclude that E(u) > ¢ - £(0u), where ¢
and V are chosen as in §9.2.1. By condition, |¢ — ¢;| < diam(A;) < e. Just like
the proof of Lemma 9.4 one can similarly show |(98, ¢ — g;)| < €- £(0u). Then,
from (163), it follows that [(93,g—q;)| < 3E(B) which completes the proof. [

Theorem 9.6. The ¢fk in (175) restricts to an affinoid algebra homomorphism
(using the same notation):

o AMAkj3ae) — MAjki q5) (176)
Moreover, trop,, o(qbfk)* = trop,,, -

Proof. Fix f = Y 2,8 Y* in A(Ayj,qx). By Proposition A.3, it suffices to
show that ¢%; (f) converges on tvop, ' (Ajy). As in §9.2.2, the teop, is identified
with the restriction of trop over A’ := exp(;jl(Ajk).

Let y be a point in ttop;jl(Ajk) = trop~1(A’); we can view it as a point
Y = W1,-..,Yn) in (A*)" such that ¢, — g; := trop(y) = (val(y1),. .., val(yn)) €
R™ is contained in A’ C H'(L;) = R". Recall that we may identify both Y*
and Y with V" - Y,% for (au,...,ap) € Z™ = m(L;) = m1(Ly). By the
substitution at y we mean that one replaces any such monomial by the value
Yot yin € A

It remains to show that after the substitution at y, the series (bfk( Hly=y =
>eco qﬁﬂ(sz}”"‘fﬂy:y converges in the Novikov field A. In other words, we aim
to show that (see e.g. [Bosl4, 2.1/3])

: F «
elggo val (¢5; (s ) [y—y ) = o0 (177)
Actually, for arbitrary «, the definition formula (175) first tells that
DY) ly=y = T'®% %) .y exp (Zu(ﬁ):(),B¢O<F*O‘7 0355>TE(B)3'66)

The valuation of a nonzero monomial in the exponent is given by val(T# () y98) =
E(B) + (0B,qy — q;) > 2E(B) > 0 thanks to Lemma 9.5. It follows that the
exponential power is contained in 1+ Ay. Thus,

val(¢h. (seY ™) |y—y) = val(s,T % =) ) = val(se)+ (o, qj—qr)+ o, gy—a;) = val(se)+{ov, gy — i)

Moreover, the condition that f € A(Aj, gx) exactly means that for any ¢ € Ajy
we have val(sg) + (o, q — qr) — 0o. Hence, we prove (177). Finally, it is easy
to see that the ¢f .. breserves the multiplication. This completes the first half of
lemma.

We next show the second statement. Note that a point y € ttop;jl(Ajk)
corresponds to the maximal ideal my = {f | f(y) = 0} in A(Ax;¢;). So, the
point z := ( fk)*(y) is defined by its corresponding maximal ideal ( fk)*(my)
Write y = (y1,...,¥yn) and z = (21,...,2,). Then, the above argument shows
that z, = T% y,e,, where e, is some exponential power in 1+A and (a1,...,a,) =
qj — qr- Thus, val(z,) = a, + val(y,) for 1 <r < n, and we obtain trop, (z) =

O

trop,, (y)-
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9.3.5 Wall crossing formula . Recall the local charts are given by the
quotient algebras A;’s (§9.2.4). We need to further show that the (bfk given
in Theorem 9.6 induces a quotient homomorphism modulo the ideals of weak
Maurer-Cartan equations. To achieve this, we need the following result.

Fix a basis (f;) of m1(Lg); it induces a dual basis (6;) of H'(Ly). Since

F(Ly) = L;j, we also choose the bases (f;) and (6;) of m(L;) and H'(L;)
which are F-related to the previous ones. For any 8 € &(X, L), we write
p:=F.p € (X, L;) as before. Note that 0, =6, Ab; (1 <p < g <n)forma
basis of H?(Ly). Denote Q977 = Y i<peq<n @F 17 g (§9.2.3).

sy
pq

Theorem 9.7 (Wall crossing formula). Forn € H,.(Ly), we have

O ((n, PPR)) = (Fun, ;) - Woi N~ REn . Q9.0 (178)

1<p<g<n
where

RZI;}U = Z TE(B)Y8ﬁ<F*nv¢i/@(0pq)> € A<Aj§q]‘>
Be®(X,L;)

Proof. By the same arguments as in Lemma 9.4, every Rgé" above is also
contained in A(Aj,¢;). We can think of (178) as an identity in A[[mi(L;)]] =
A[[YiE, ..., YE]] for the above bases. By Lemma 2.3 again, it suffices to show
the identity holds on UY}.

Assume y = (y1,...,yn) € UR, ie. val(y;) = 0 for all 5. By Lemma 2.2,
there exists ; € Ag such that y; = e% =", ., %xf We put b:=z10; +---+
xnb, € Hl(Lk)®Ao and B = M = Ilél + o+ SCnén S HI(LJ)®AQ Set
9;8=08N80; =9BNI;, and we note that

BNb=0BNb=0818 21+ -+ 0,8 n

Besides, substituting y; = e into the monomial Y98 = Yo = Ylalﬁ Y OB
gives the same value in the Novikov field A: e{?8:0) = (98:b) — 01 w1t +0nf-xn

We put ¢; — qx = exp;cl(qj) as before; then by Remark 8.1, we have (see
also [Fuk10] [Abol7b]):

E(B) = E(B) + (08,¢; — ax) (179)

F.(g,7,k)

0.3 (Lemma 8.5). Next, using (175),

Recall that €f:0 =id and mg”g’k = F*m
we compute:

¢§’k(<777pg,,],k>)|yzy - Z<n7mg:g,k>TE(ﬁ) T(08:0 =) y 08 oy (Z<a[3’ €57>TE(7)Y67> ly=y
B ¥

= Z(n, F*mggg,J,k)> TEB) f088) oxp (2@5, €5W>TE(W>€<3%5>>
5 ’ vy

B
= Z<F*777 mfj%(g,J,k)>TE(3) exp <8B7 b+ Z Q:(IJTWTE(W)€<3%5>>
B 5
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Note that € € Mor% % (174). We have pu(y) > 0 whenever €f # 0
(Definition 2.33 (II-5)). So, the class €}, € H'=+M(L;) is nonzero only if
() = 0; then, €f, € H'(L;). By the divisor axiom of €, the exponent is
given by bracketing 8 with the following class:

b+ ek TEM @) = NN pEOCL (b, b) = ¢F (D) (180)

y k>0 v

where we recall (32) for the notation. Notice that €F(b) € H'(L;)&Ay can
be also viewed as a divisor input (24). Using the divisor axiom of m#(9:/:)
(Corollary 8.6) to this new divisor input ¢'(b) yields:

(0, PP))ly =y = (Fun, > TP Om 07 exp (95, €7 (B)) )
B

= (P, Y Y TP 00 @l (b), .. P (5)))
kB

Further, by the A, equation of €¥ and the divisor axioms of both ¢f and
m?7J | we compute

Syl P9y = (Ep STEEOCE (5, b S TEBIms (G, b, b...... b))
- < Fug, S TR0 OB | (50 TP ) (062D 7 )>
= S TPy (Fun, el (P73(y)) )

Since ¢ is unital, we know QF,B( ;) is zero for § # 0 and ¢fo(1;) = 1, for
B = 0. It follows that

(0, PPy =y = S TEOYR (B, €8 S ()W (y) + (P, €5 5(0,0)) Q%7 (v) )
= (Fn, 1) - WoPi(y) + S REM(y) - Qg (y >

1<p<g<n

In summary, the wall crossing formula (178) holds for any point y = (y1,...,¥n)
in UY. Finally, due to Lemma 2.3, this actually holds for all y. The proof is
now complete. O

9.3.6 Definition of transition maps . For the quotient algebras A;; and
Ar; (§9.3.2), the wall crossing formula implies the existence of quotient affinoid
algebra homomorphisms:

F
jk

AA ks qr) A(Ajr; qj)
Akj Pik Akj

97



Theorem 9.8. The affinoid algebra homomorphism (bfk in (176) induces a
quotient homomorphism:

Qik 1= Php + Arj — Ajk (181)
Moreover, we have ;i (W97F) = W97,

Proof. This is basically a corollary of Theorem 9.7. In the wall crossing formula
(178), if 7 is dual to 0,5 for 1 <r < s < n, then (F.n,1;) = 0 and (n, P97F) =
Q9*. Hence,

O5(QUE) = o (0, P4)) = 37 RENQEH € o

Since the ideal aj is generated by these Q9;”F, it follows that (Z)jk(ak) C aj.
So, the quotient map ;i : Ag; — Ajx is well-defined. If 5 is dual to 1, then
(Fun,1;) =1 and (n, P97*) = W9%*_ Hence,

ik (W) = 67 ((n, PP = WO 4 ) RLIQu € WO+

It follows that ¢, (W97 k) = W9:/d, 0

Recall that we have defined X = Sp A and Xx; = Sp Ag; (§9.3.2) which
are respectively open domains in the local charts X; and X (§9.2.4). Then, a
gluing map (or called transition map)

VYik = @i Xjr — Xij (182)

is defined to be the map associated to the quotient homomorphism ¢ : Ap; —
A in (181). Abusing the terminologies, we also call the algebra homomorphism
¢jk a gluing map or a transition map. Moreover, using the second statement of
Theorem 9.6, we immediately obtain:

Corollary 9.9. The transition map ;i satisfies that teop,, ot = trop, .

Yik=pF
Xj )Xjk ik=Pjk ij( Xk
ittopq \L i \Ltroqu
Aje—— N =—— Ay A,

9.4 Choice-independence of transition maps

In this section, we aim to prove the induced homomorphism ¢ in (181) does not
depends on the various choices, so the transition map ;i = ¢j in (182) is well-
defined. The philosophy behind this statement comes exactly from the gauge
equivalence of (weak) bounding cochains as introduced in [FOOO10b, §4.3], but
it is used in a more non-archimedean way.
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Theorem 9.10. The transition maps 1, or @i, are independent of the choices
of F, J, g.

Suppose we differently choose F' € U C Diffy(X) (§9.3.1), and we also
differently choose J' = (J.), and g’ = (¢.) (§9.3.2). Similar to (170, 171, 172,
173, 174), we can use these data to obtain

(i) a chain-level A, algebra m=(/F),
(ii) the canonical model (H*(L;), mE(g.Jk) F (9.9 of RFLR) with respect
to con(Flg),

J F!(J,k)
)

(iii) a chain-level pseudo-isotopy ME"J between /7 and m

(iv) a cohomology-level pseudo-isotopy 9" between m¥74 and m(9:7) (it
comes with Jf"7),

F.(J,k)

(v) the chain-level A,, homomorphisms € : m’7 — induced by

mE ,j7
(vi) the cohomology-level Ao, homomorphism € : m97d — mF2(9:7) induced
by M7,

Notations are used in the same pattern. All of them are contained in the
category % Z; the similar Fukaya’s trick equations hold. Furthermore, just as
(175, 176), we can define the homomorphisms (;Sﬂ using the above € (in place

of €F"). Then, we have two quotient homomorphisms @fk/ and @fk which are
induced by gbfk/ and (;ka respectively (181).

Now, by Theorem 9.10 we just mean that we want to show gofk = gofk/

We need some preparations in several aspects. First, we find a path F =
(Fs)sepo,1) of diffeomorphisms in the neighborhood U C Diffo(X) between Fy =

F and Fy = F’ such that Fy(Ly) = L; for all s € [0,1]. Let J and g be the
constant [0, 1]-families at J and g, and we consider

F*j = (FS*J)SE[O,l] F.g= (Fs*g)se[o,u

9.4.1 Chain-level . On the one hand, we have an ‘air-cored triangle’ family of
almost complex structures whose vertices are given by J, F,J, F.J and whose
edges are given by J, J, F.J. Recall that both J and J’ are contained in the
neighborhood V; also, since F, € U for any s, we have Fy(V) c V' and F,J c V'
(§9.2.1). Now, we can fill it to obtain a ‘solid triangle’ family in V’. Namely,
there exists a smooth family J = (J;)zeaz in V' parameterized by the 2-simplex
A? = [vg, vy, va] such that J|jy 0,] = I, T|juy 00] = Fud, and J|(yg,0,) = I

On the other hand, by Theorem 6.3, the moduli space system M(J) for the
constant family J can produce a trivial pseudo-isotopy (0 (L )o.1)5 Mok ) about
the A, algebra (2*(Ly),m”*) (166). Due to Fukaya’s trick (Lemma 8.8), it
gives rise to a ‘pushforward’ pseudo-isotopy, denoted by:

(2(L;), M=) (183)
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satisfying the equations of Fukaya’s trick (149). Moreover, by (150), it is a
pseudo-isotopy between t* (/%) and m* «(J:K) (in the chain-level); by Corollary
8.9, it lives in Z Z. Finally, due to Theorem 5.1 and Theorem 5.6, its induced
A, homotopy equivalence

FFd . P (k) _y FL(Tk) (184)

is a morphism in % 2. It is supposed to satisfy the following property:

- ’
FlJ W (k)
/ Dan/ J
J J F.J ok oI O T
\ G
F.J m= (k)

Lemma 9.11. @F*j ok B er

Proof. The pseudo-isotopies OF7 | oMF "3 and MF-7 coincide at their ends. So,
applying Theorem 6.5 to the moduli space system M(J), we obtain a A2-pseudo-
isotopy 5

oY e Objw 2(L;, X) (185)
which restricts to 97, MMF3 and MF+7 on the edges [vo,v1], [vo,v2], and

[v1,v2] Tespectively.l4
Let I be an edge of A%, We set

Restr® : Q*(L;)a2 — Q*(L;); (186)
to be the natural restriction map. Recall that one can identify Q*(I x L;) =
Q*(Lj); and Q*(A? x L;) 2 Q*(Lj)a2 (Lemma 2.14). Similar to Remark 2.22,
one can view RestrIA2 as a morphism in % 2, i.e. an A, homotopy equivalence
from M7 to one of MEF, ME"J IMF-7 according to the choice of I. Then,

by Theorem 3.1, we get an ud-homotopy inverse (RestrlAz)_1 which is also a
morphism in Z 9.

Let v be a vertex of I, and we can similarly define Eval£ and EvalvAQ. Then,
2 2
Eval£ o RestrIA = Evalf‘ , thereby obtaining an ud-homotopic relation:

Eval’ W EvalvA2 O(Res‘cr[Az)_1

14Some clarification of the Kuranishi-theory choices may be helpful. These choices are taken
in the following order. Firstly, we fix the choices Z;,i € J for the Ao algebras m’? (166).
Secondly, the choice that defines MMF=(9:7) in (183) is just induced by Fukaya’s trick, thus,
there is no extra choice at this stage. Thirdly, we make the choices to define the pseudo-
isotopies M*J and MF'5J as in (171). Finally, we make the choices for the definition of omd
by Theorem 6.5.
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Further, let v’ be the other vertex of I, then one can easily show that
I Iy—1 ud A? A%y 1
Eval,, o(Eval,)™" ~ Evaly; o(Eval} )

From Theorem 5.6, it follows that

¢F X Evallre o o(Evallrevt) =1 ¢F K Byalltev) o (Bvallroval) =1 gF-T W Byalltt el o(Evallt ey !

and thus
¢F W Evals” o(Eval2 ) !, &F K Evald o(Bval® )7t €57 W Eval2 o(Bvall’) !
Now, it is immediate that EFT o ¢F 19 éF/; the proof is complete. O

9.4.2 Cohomology-level . Let (H*(Lj)7E))TF*(f"j),jF*(f”j)) be the canonical
model (Definition 4.5) of the pseudo-isotopy 9F+7 in (183) with respect to
con(F.g). By Theorem 7.9, we know MF-0)) ¢ Obj% P and TF+@)) ¢
Mor % 2. By (152), the MF-(3:7) is a pseudo-isotopy between m*™=(9:7%) and
m#:(@7F) (in the cohomology-level). Similar to (184), the A, homotopy equivalence
induced by MF=@:7) is also a morphism in % %, denoted by

¢F- (@) .y Feg.0k) _y 1 Fllg,Jk)

By Corollary 8.7, the source and target Ao, algebras of €F+(@) are identically
the same:
m:= mF* (g,JJC) — mF,i(g7J,k7) (187)

Moreover, it follows from Corollary 8.12 that
¢F @) 1 q (188)

Ultimately, applying Lemma 7.10 repeatedly to the pairs (€F,¢F), (€F eF ),
and (@IF* J ¢F- (5.7 )), we obtain the following ud-homotopy relations in sequence:

{Fl9,0k) o ¢F W GF 19,7, (189)
Filg. k) o @F W GF (19,75 (190)
iFl(g.0k) o ¢F«(3.) W GF.J | iFu(g,7.k) (191)
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’
mF*(ngyk)

—m
mohi T ot EF () eFx(a.0) ud iq
{Fi(9.9,k)
mF*(g,J,k) m
Lemma 9.12. ¢ X ¢’
Proof. The proof is given by chasing the diagram:
iFi(g. k) o @F W GF 19,7, (use (190))
2 GF (9N o §F o j9:7d (use Lemma 9.11)
ud 5F.(3.0) o {F(g.0k) o ¢F (use (189))
ud i Fl(g,7k) o @F=(3.]) o ¢F (use (191))

Using Theorem 3.1, we conclude ¢ 2 @F-(3.7) o ¢F By (188), we finally show
that ¢F % ¢7”. O

9.4.3 Choice-independence’s proof .

Proof of Theorem 9.10. Let qbﬂ and d)fk/ be the homomorphisms defined as in
(176) with respect to the different choices. Note that F.a = Fla for all « €
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m1(Lyg) since F is isotopic to F’. By the definition formulas (175), we only need
to study the difference of the series in the exponents

Z(@O"B _ @é”ﬁ) TE(B)y 98
B#0

called the error term. Due to Corollary 2.40, the ud-homotopy condition €% £
¢F" in Lemma 9.12 can be unpacked to the existence of operators (fs)sefo,1) and
(hs)sejo,1] with the following conditions:

(a) fs € Homgy o(m977 m), where fo = ¢F and f; = ¢F';

(b) d%ofs:Zf)so(id:#®mg"]’j®id')—l—Zmo(ff~-~ff,bs,fs---fs);

(¢) bs satisfies the divisor axiom, the cyclical unitality, and the property
(- 1--+)=0;

(d) deg(fs)r,s =1—k — u(B), deg(bs)r,s = —k — u(B), and (hs)s # 0 only if
w(B) =0

Recall that the target A, algebra m is given in (187). Also, recall that the
nonzero terms @56, Qfgﬁ must live in H'(L;). So, we fix v € m1(L;) and consider
the «-component of the error term:

SY)=8"(Y) =Y (v, ¢y —el,) TEPY
B#0

Choose a basis {y;} of m1(L;). Denote by {6} its dual basis of H'(L;). Then,
we have Al[m(L;)]] = A[[Yli, .., Y E]]; we may write S(Y) = S(Y1,...,Y,) =
S p0(7. €Ly — €8 ) TEOYP .y 008 where 8,8 € Z and 9B = 018 - m +
s anﬂ V-

We will apply Lemma 2.3 again. Given'y = (y1,...,yn) € UY, there exists
x; € Ag so that y; = e* for each i due to Lemma 2.2. Put b = 161 +--- +
z,0, € H'(L;)®A, and then 2PN = ehfzit+dnfan — y06  Thys, the
divisor axioms of ¢¥ and ¢¥" infer that (see (32))

S(y) =Y _TFD(y, & 5(b,...,b) — €f 4(b,....b)) = (v, €F (b) — €L (b)) = (v, 1. (b) — fou (b))
kB

However, from a different point of view, using the condition (b) yields the
following computation:

Fiae(0) = Fou(0) = S TE®) [Fds - Lo (f)kp(b, ..., b)
=S TFE) [ ds - (0)atpur1 (b, ., b, TPEImETI (b, b),b,...,b)
3 [ ds m((s) (B b), ey (05)0,60 (By -, B), oy (o) (B ., D))

The condition (d) implies deg(hs)s,5, (b, ---,b) = —p(Bo) < 0, so we may assume
this degree always equals to zero. Then, by the cyclical unitality of m, the second
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. . 1 .
summation above vanishes. Moreover, the operator $ := fo ds - b, also satisfies
the divisor axiom since so does every h,. Hence,

fl*(b) - fO*(b) = Z TE(’BI)S;Jkl,ﬁl (bv s by TE(Bz)mi;{:BJQ (ba R b)7 b,... »b)
=SB 08 3, 5 (TEE) 0820 md5) = SOTE@) 985y, 5(Porti (y))
: Bs :
Recall that the basis {0;} of H'(L;) induces a basis of H%(L;) given by 0, :=

0, A0, for 1 < p < q < n. Recall also that P94 = W97i1; + > p<q Q979 0pq.
Putting things together, we have

S(y) = (7, F14(b) = fox (b)) = Soly) - WO (y) + 32, ., Q%" (y) - Spa(y)

where we denote
So =S5 =25 TPAY (v, §5, 5(1;))
Spq = Spq = Zﬁ D (7, 91,8(0pq))

But as deg$Hi15 = —1 — p(8) < 0, we know 91 5(1;) = 0 and so Sy = 0.
Consequently,

S(y) = ey Spa(¥) - Q% (y) (192)
holds for any arbitrary point y in Uy. And, it actually holds everywhere thanks
to Lemma 2.3. Thus, the y-component S(Y) = S7(Y) = 2,8750@’@5,6 -

¢l 5) TEPY 98 of the error term is contained in a; for any v € 1 (L;). Finally,
due to (175), we have

¢fkl (sY*) = qbfk(sYa) - exp (Z(F*oz, Q:(I;/ﬂ — ngwTE(B)Yaﬁ)
= ¢u(sY) - exp(ST(Y))
= quk(sYo‘) (14 SFey) + w + ) = ¢ (sY*) + (something in a;)
Hence, the qbf .. and (,ZSJF k' actually induce the same quotient homomorphism ¢y :
Agj = Age in (181). O
9.5 Cocycle conditions

The last step for the mirror construction is to show the cocycle conditions among
the various transition maps 1;; (182). The idea of the proof is very similar to
that of Theorem 9.10. Let A;, A; and Ay be three adjacent polyhedrons. We
have defined the local charts X;, X;, Xj (169) and the transition maps ¥z,
ik, ¥i; (182) which correspond to the quotient algebra homomorphisms ¢;p,

©jk, pij (181).
Theorem 9.13. v, = ;5 0 ;5 or equivalently @i = @i; © Yjk.

We begin with some preparations. Due to Lemma 9.3, we can pick up W,
for some ¢ € By such that W, D A; UA; U Ag. Using the construction (161)
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produces several specific diffeomorphisms F; = F'%, Fj, = F/*%  and
Fiy, := F*% in the neighborhood U. Observe that for a,b € {i,j, k}, we have
Fu(Ly) = L, and Fjj 0 Fj, = Fy,. By Theorem 9.10, the ambiguities caused by
taking different choices have been eliminated, and so we can use these specific
choices for the computation.

Just as §9.3.2, we make choices (J;;,8i;), (Jjk, 8jx), and (Jix, Gir): for a,b €
{i,7,k}, the Jgp is a path of almost complex structures in V from J to FapsJ,
and the gq is a path of metrics from g to Fyp.g. In the same way as (174),
these data produce three A,, homomorphisms in % Z:

eFis . ey qFiie(9:7.9)
eliv . m9Jd s Firs(9,0k)

¢Fir . 9l _y qFirx(9,7,k)

Fij

Using them, we can similarly construct the algebra homomorphisms (bf;““, i

and (bf,;k as in (176).

Next, we aim to compare (bf;’“ with ¢f;7'-" o qﬁﬁ’“ Heuristically, let us think
of the indexes 7 and k as the ‘source’ and ‘target’, while the index j is thought
of as the ‘bridge’. A subtle point is that the target of €% does not match the
source of €5 but this issue is inessential thanks to Fukaya’s trick. In reality,
applying Proposition 8.13 to the constant family F = (F;) where F, = F}; for
each s, we obtain a push-forward A., homomorphism

¢liv .— ¢F(@indin) . 1 Figx(9:00) _y qFig=Fins(9,0,k) = Finx(9,5F)

such that HFi o ¢Fir = ¢Fir o HFii; see §8.4 for the notation Hi.

. F;
mQJJ ¢k > ijk*(g:Jvk)
HFi HFij
v - v
. Fyj . Fik
moi €Y Fiie(9,7.4) ¢ 0 Fige Finn(9:0.6) — 1y Fike (9,0,%)
eFik

Lemma 9.14. €% s ud-homotopic to ¢Fix o ¢Fis

Sketch of proof. The proof is almost the same as Lemma 9.12. Write Jq, =
(J5)seo.1) and gap = (95)sejo,1) for a,b € {4, 7, k}. Let oI oIk and ONF =ik
be the underlying chain-level pseudo-isotopies (Theorem 6.3). We can extend

them to a A2-pseudo-isotopy as in (185). Just like Lemma 9.11, we can similarly

prove €fir o ¢Fii % ¢Fik for the Ay homomorphisms associated to the three

chain-level pseudo-isotopies. Next, for the cohomology-level, utilizing Lemma
7.10 and chasing diagrams like the proof of Lemma 9.12, we can similarly show

EFin o @b X @Fun, O
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Just as how we use Lemma 9.12 to prove Theorem 9.10, we use Lemma 9.14
to show Theorem 9.13.

Proof of Theorem 9.13. There are natural isomorphisms induced by Fj;, Fjp
and Fj, among the label groups &(X, L;), &(X, L;), and &(X, L) (135). Their
elements are denoted by 3, 8 and 8” in sequence. We will always follow this
convention in the below. For instance, given o € m;(Lg) we will set o =
Fipe' € m(L;) and o = Fjp.a” € m(Lj). Note that Fj;.o/ = a.

To start with, we specify the bases as before. Let {f;}1<¢<n be a basis
of m1(Ly) which can induce a basis on m(L;) (resp. w(L;)) given by f; :=
Fik«f) (vesp. f; := Fji«f}). Denote the dual bases by {6,}, {6;}, and {6)
respectively. Since the bases are related by the diffeomorphisms, the above «,
o/, and o’ can be all identified with the same tuple (aq,...,a,) € Z™ such
that o = Y oy fe, ' =Y apf;, and o' = >~ oy f). Thus, each of Y, Ye or
Y can be viewed as Y™t - Y% thereby inducing the natural identifications
A[[r1(La)]) = A[[Y:E, ..., Y E]] for any a € {4, , k}. Particularly, we can regard
0B, 06" or 98" as the same tuple (010, ...,0,0) € Z™ where 0,8 = (93,60;) =
(0B',0!) = (0B",0"); we can also identify Y97 Yo' or Y?" with the same
monomial Ylalﬂ YO8,

Using the energy formula (179) and the definition formulas (175), we first
compute as follows:

Fi" yon O(”
Qsijj o ¢j]ik Y
_ ¢f;u (T<o/’,qj—qk>ya’ exp(a/, S Qé*?j[;c/TE(B’)Ya,B’>>
o ai—ar) L Fij o F. N Fys ’
= T< 193 qk)éi_jj (Y ) exp <Z<O/a ¢035/>TE(B )¢ijJ (Yaﬁ ))
= T a=a) T 0i=0) Yo exp(a, 3 Qé“jijy'TE(“/)yaw exp ( SN, Q;éiﬂg,>TE(5’)T<85’,qi—qj>y85 exp(9B, Y. Q:g‘TJ] T
= T 0= Y expla, 3 € TEOY ) exp (z<a, EmTEOY D exp (98,3 €4 TEWY@”))
where in the last step we use Proposition 8.13 to get Qfg]g, = F;égjﬁk and so
Fji ~ F;
(o, € 7) = (., &)
Once again, we will take advantage of Lemma 2.3 for the computations.
Assume y = (y1,...,Yn) is an arbitrary point in U}, and we can find z, € A
such that y, = e* for each 1 < £ < n due to Lemma 2.2. We set b = > x0y,
b ="z, and b = > x,0,. For a general monomial Y, the evaluation at y
gives the value y® = exp(aNb) = exp(a’ NY') = exp(a”’ NY") = eMr ¥t Fanta
in A.
After the substitution Y = y, applying the divisor axiom to the first exponential
power, we obtain

exp(a, Y € TEOY ) |y_y = Y(a, € TED ™ = (a, € (b) - b)

Here we recall (32) for the notation €., The similar holds for the last power
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replacing o by 98. Thus,

01y 0 0t (¥ lymy =T 0700y exp(a, € (b) = b) -exp ( Slor &) THDy 7 exp(03. € () ~ b))
=7l 0] expa, €1 (5)) - exp Lo &) TP exp(08, €1 (8)))
=Tl 0i~ar) . expla, B) - exp (Z@ @§J§>TE(B) eXP@B@)

where we put

b=l (b) € H'(L;)®Ao

Viewing b as a new divisor input (24), we similarly gain
~ F; ~ ~Fin 7
>, GO,]g)TE(B) exp(9,b) = (o, €,7*(b) — b)

Besides, it is easy to check €17" (b) = €17 (Qﬁf” (b)) = (€Fix o €Fis), (b) from the
definition. Therefore,

Biy 0 31" (VO )y =y = T 170 exp(a, b) - explar, €7 (b) — b) = T4 %) exp(a, (€7 0 €9), (b))

]

Just like how we use Lemma 9.12 to show (192) before, we can similarly use
Lemma 9.14 to show

(a, (€75 0 &), (b)) — (a, €F* (b)) = 32, S (y) - Q%™ (y)

for some formal series Sy, depending on a. Accordingly, given an arbitrary
point y in U}, we have

%” ¢; By e yoy :T<a”’qi*qk>eXp(Oc,@f”“(b»~eXP[Zp<q Sp(y) - Qe (y )}
=i ay expla, Y €GE TP DY) - exp | 3, S5,(v) - Q)]

=0l (") - exp | ey S ¥) - QU (Y]

where the second equation uses the divisor axiom of €+ in reverse, and the last
equation just follows from the definition. By Lemma 2.3 again, we actually know

the above equation holds everywhere, and so (;5z ;o ¢; Jk(Y“ ) = ¢5§’“(Y‘1 ) +
(something in a;). Therefore, ¢;; © Y;r = Vik- O

Corollary 9.15. 1j; o ¢;; = id and ;; = id

Proof. Tt is straightforward from Theorem 9.13. In fact, we just need to set
k =1, F;; = id and set J;;, g;; to be the constant families. By construction, we
can easily show that €% = ¢i4 = id. From the definition formulas (175, 176),
it follows that ¢5" = id and thus tj; 0 ¥;; = ¥ = id. O

Proof of Main Theorem 1.3. Note that the above construction starts from a
chosen compact domain K C By (162) together with the related choices, such
like J € Jx. By Theorem 9.13, Corollary 9.15, and Proposition A.1, we can
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glue X; (§9.2.4) along X;; (§9.3.2) through 1);; (182), thereby obtaining a rigid
analytic space X}’ x such that the collection (X;) gives an admissible covering.
Moreover, by Theorem 9.8, the various W9 7% on X; are compatible with the
gluing maps 1;; and give rise to a global function Wy on XY . Finally,
by Corollary 9.9, one can also glue the various trop,, (165) to obtain a map
ﬂ"\]/, K X}{ x — K.

When K is fixed, we claim that the isomorphism class of triple X\J/ K =
(XJ ks W)k, Ty i) does not depend on J. Indeed, suppose J € J is another
choice. First, using a path between J and J inside Jx and considering the
induced pseudo-isotopies, one can construct local isomorphisms between the
local pieces just like how we previously construct the transition maps. Then, by
the same method of showing the cocycle conditions, they can be glued together
to obtain a global isomorphism XY, = X\} - On the other hand, if K is

another compact domain, we may assume K> K ; the same construction yields
a natural open embedding Xy x C X; e

In general, we choose a sequence of compact domains K; C --- C K,, C
K, 41 C --- such that Un>1 K,, = By. Then, we also have a sequence Jg, D
- D JK, O JKny O - By Assumption 1.2, each Jk, is open. Fix some

Jn € Ik, and a sufficiently small neighborhood V,, of J,, in Jk,, and then we
choose some jn € Vp, N Vp41 to serve as a bridge. By the above arguments,
we can obtain an open embedding X\jmKn — X}HI’KTLH. Ultimately, applying
Proposition A.1 again to the increasing sequence (X}m Kn)’ we get the mirror
XY = (XY, WY, 1Y) consisting of an analytic space with a fibration 7 : XV —
By and a global function WV. O

Appendices

A Non-archimedean geometry and tropical varieties

In this appendix section, we survey basics of tropical varieties for non-archimedean
analytic spaces. For further details, we refer to [Bosl4] and [BGR84] for rigid
analytic geometry as well as [EKL06] and [Gub07] for non-archimedean tropical
geometry.

Let K be an algebraically closed field. A norm | -| on K is called non-
archimedean if |a + b| < max{|a|,|b]} for any a,b € K. It is equivalent to
a valuation val : K — R U {oo} satisfying (1) val(a) = 0 if and only if a =
0; (2) val(ab) = val(a) + val(b); (3) val(a + b) > min{val(a),val(b)}. They
are related to each other by val(a) = —log|a| and |a| = e~ V2@, Let T, =

K(z1,...,24) CK[[#1,...,24]] be the set of all formal power series ZVGZ% a,z”

so that |a,| — 0 as |v| = Y |w| — oo. It form a Banach K-algebra, called
the d-th Tate algebra. An affinoid algebra is defined to be a K-Banach
algebra A admitting a continuous epimorphism Ty — A for some d. Let A be
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an affinoid algebra. Contrast to considering the prime spectrum Spec A as in
algebraic geometry, we look at the maximal spectrum Sp A := MaxA, called
the affinoid K-space associated to A. In view of Tate’s Acyclicity theorem,
it is useful to introduce a (strong) Grothendieck topology which consists of the
following data: (i) a family of subsets called admissible open subsets; (ii)
open coverings for any admissible open subset U obeying certain axioms, called
admissible coverings.

It turns out that Sp A can be equipped with a strong Grothendieck topology
(G-topology) with some completeness conditions [Bosl4, 5.1/5]. Then, Tate’s
Acyclicity Theorem says that the presheaf Ogj, 4 of affinoid functions is a sheaf
with regard to this G-topology. Note that points x,y, ... in Sp A can be viewed
as maximal ideals m,, m,,... in the algebra A given by m, = {f € A | f(z) =
0}. Also, any f € A can be regarded as a function on the space Sp A by setting
f(x) to be the residue class of f in A/m, = K'5. Moreover, we define

VF)={z e SpA| f(x)=0,VfeF}; idE)={fcA|f(z)=0,VxeFE}
(193)
Then, the Hilbert’s Nullstellensatz [Bos14, 3.2/4] also holds in the sense that
for an ideal a C A, we have id(V (a)) = v/a. Thus, several functions f; on Sp A
has no common zeros if and only if the unit ideal is generated by f;.
The affinoid space associated to the n-th Tate algebra is exactly the unit
ball in K™:

B"(K) = SpT,, zw—m,={feT,|f(z)=0} (194)

where B"(K) := {(z1,...,2,) € K* | |z;] < 1}. Also, the Tate algebra can
be viewed as the space of well-defined functions on the unit ball in the sense
that for a formal power series f € K|[[z1, ..., 2,]], we have f € T, if and only if
f converges on B"(K). More generally, by [EKL06, Proposition 3.1.8], if A =
Ta/(f1,-.., fr) for some f1,..., fr € T4, then Sp A agrees with V(fi,..., f) of
B™(K).

In general, a rigid analytic K-space is a locally ringed space (X,0Ox)
which admits a Grothendieck topology with the aforementioned completeness
conditions such that it admits an admissible covering by affinoid K-spaces.
Moreover, one can also define the morphisms between them. By contrast, a
scheme is a locally ringed space admitting a covering by affine schemes. Note
that a rigid analytic space can be constructed by gluing local ones as the
following proposition tells:

Proposition A.1 ( [Bosl4, 5.3/5]). Consider the following data (i) rigid analytic
spaces X;, 1 € I; (i) open subspaces X;; C X;; (iii) morphisms i + Xij — Xji.
Suppose (a) Xi; = Xi, Pijotpj; = id and ¢;; = id; (b) ¢y, induces isomorphisms
Yij 2 Xy N Xy — X5 N Xy satisfying cocycle conditions s, = 1, 05. Then
these X; can be glued by identifying X;; with X;; to get a rigid analytic space
X admitting (X;):cr as an admissible covering.

15 A /m, is first a finite field over K due to [Bosl4, 2.2/12] and must equal to K, since K is
algebraically closed
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Every K-scheme X of locally finite type admits a rigid analytification,
which is a rigid K-space together with a morphism X®" — X satisfying some
universal properties. An instructive fact is that the map on the underlying
sets identifies the points of X" with the closed points of the scheme X. In
reality, we have the so-called GAGA-functor from the category of K schemes
of locally finite type to the category of rigid K-space (see [Bosl4, Sec. 5.4]
or [Tem15, Sec.5.1]). For example, fix d > 0 and s > 1. Consider the (scaled)
Tate algebra T = K(s™%z1,...,5 'z,) for some i € N which consists of formal
power series 3. a”z” so that |a,|s"| — 0. Just like (194), Sp T agrees with
the ball with radius s*. The rigid analytification of affine n-space A} is given
by A = 2, Sp T

Furthermore, we need to consider a tropical example as follows. Denote by
G}y, = Spec ]K[zli, ..., zF] the punctured n-affine space. Then, the points of the
rigid analytification G]»*" are in bijection with the closed points in GJ}, i.e. the
set (K*)™ where K* = K\ {0}. In fact, the rigid analytification G;*" admits
an admissible covering

Gt = U,51 Sp (K(r~tzg,r~tz7 [ 1< i <))

where Sp(K(r~1z;, 771z ")) is the subset of (K*)" defined by 1 < |z;| < r.
As an analog of (C*)® — R"™, we have the following map is well-known in out
non-archimedean setting:

teop : (K" 2 GE* —» R”,  teop(ay,...,a,) = (val(ay),...,val(ay,))

Let I' = val(K*) be the valuation group. For instance, when K is the
Novikov field, we have I' = R. A convex subset A C R" is called a I'-rational
polyhedron (often omitting ‘T”) if it is defined by finitely many inequalities
Ej bijxj >¢; for ¢; € I' and bij € 7.

Definition A.2. For a bounded I'-rational polyhedron A C R"™, we define the
so-called polyhedral affinoid algebras K(A) C K[[zT, ..., 2¥]] to be the set

of formal Laurent series f = ;4 a,2" so that val(a,) + v -u — oo for all
u € A.

The K(A) is indeed an algebra. We can define a multiplication on K(A) by
setting (Y, avz”) - (X, buz”) =3, (ZV:VH_VZ ay,by,) - 2¥ which converges
because val(}_,_, ., v, by,) +v-u>min,—,, 1., {val(a,,) +val(b,,) +v1-u+
vo - u} — oo. Just like the case of Tate algebra mentioned above (194), a useful
observation is as follows:

Proposition A.3. Let f =3, a,2” € K[[zE]]. Then f € K(A) if and only
if f(y) converges for any 'y € trop=1(A). In this case, f can be recognized as a
global function defined on trop~'(A).

Proof. Recall [Bos14, 2.1/3] that the convergence means exactly that a,y”
forms a zero sequence, or equivalently val(a,) + v - trop(y) — oo. This exactly
corresponds to the definition of K(A). O
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The following is a well-known fact; see [EKLO06, 3.1.5/3.18(c)] or [Gub07,
Prop. 4.1].

Proposition A.4. K(A) is an affinoid algebra and U = teop~1(A) is identified
with SpK(A) via x <+ my. Moreover, trop~1(A) is a Weiestrass domain in
(K*)™, called a polytopal domain.

B Reverse isoperimetric inequalities

Theorem B.1 (Theorem 1.1 [GS14]). Let (X,w) be a symplectic manifold and
L be a closed Lagrangian submanifold. For any w-tame almost complex structure
J, there exists a constant ¢ = ¢(L,J) > 0 so that area(u; gy) > c- £(0u;gs) for
any J-holomorphic curve u : (D,0D) — (X, L).

For our purpose, we need to strengthen it to Theorem B.2 below. As in
[Abol7a, Appendix A], we will closely follow DuVal’s more flexible argument
[Duv16]. First, we note that by [MS12, Lemma 2.2.1], if u is a J-holomorphic
curve for some w-tame almost complex structure J, then the energy E(u) =
3 J5 ldul?dvoly, is actually topological: E(u) = area(u) = [ u*w.

Theorem B.2. Fiz (X,w), L and J as above in Theorem B.1. There exists a
Ql -neighborhood V1 of J and a constant c¢; > 0 such that for any J € V1 and
J-holomorphic disk v : (D,0D) — (X, L), we have

E(u) > ¢y - £(0u)

Corollary B.3. There is a C*-neighborhood Vo of J, a Weinstein neighborhood
vxL of L and a constant co > 0 such that: If L C vx L is an adjacent Lagrangian
submanifold given by the graph of a closed one-form on L, then for any J € Vy
and J-holomorphic disk u : (D, dD) — (X, L), we have

E(u) > c¢o - £(0u)

Proof of Theorem B.2 implying Corollary B.3. Suppose a neighborhood V; of
J and a constant ¢; > 0 are obtained by Theorem B.2. Choose the Vy C Vi
and vxL small enough, and we may require that for any such L C vyL and
J €V, one can find a small F' € Diffo(X) such that F(L) = L and F.J € V.
Then, since F o u is a F,.J-holomorphic disk bounding L, we have E(Fou) >
c1l(O(F ou)). Finally, we can compare the energy and the boundary as follows:
E(u) 2 E(Fou) 2 L(O(Fow)) 2 £(0u). O

Definition B.4. Define djf := —dfoJ. Given an almost complex structure J,a
functjon p is called J-plurisubharmonic (resp. strict J-plurisubharmonic)

if dd” p(v, Jv) > 0 (resp. > 0) for any v # 0.

Now, we aim to show Theorem B.2. We slightly generalize a lemma in
[Duv16] by allowing a small neighborhood of the almost complex structure.
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Lemma B.5. There exists a C*-neighborhood W of J and a function p of class
C? defined on a tubular neighborhood of L such that the p vanishes ezactly on
L and the following property holds: For any J € W, we have

(i) \/p is J-plurisubharmonic outside L
(ii) p is strictly J-plurisubharmonic

Proof. Let vx L be a small tubular neighborhood of L. Fix a nonnegative C?
function p > 0 defined on vx L which vanishes exactly on L. And, we are going
to modify p to meet the requirements.

The question is local. We take a system of local coordinates z® = z® + iy®
(1 < a <n)near L in X so that the coordinates z® in the subspace R™ 2
{y® = 0} C C™ gives a local chart of L. Note that since L is compact, one
can cover L be finitely many such local charts. Moreover, we may require the
restriction of J on L = R"™ is the standard complex structure Jo on C™. Note
that J = Jo + O(|y|) and p = O(|y|?); besides, we write

p=> ag,(x)y’y" +O(|y*) = g+ O(|yl*)

where (ag,(z)) is a symmetric strictly positive matrix which only depends on
x = (z%). Put 22" = ¢ for 1 < a < n; we will use the letters 4,7,... to
indicate integers from 1 to 2n, while we will use «, 3, ... for integers from 1 to
n. We will also use the Einstein summation convention.

Now, we express an arbitrary almost complex structure J in a small neighborhood
W of J with respect to these local coordinates as follows:

2n
Z Ja 1®dxj

One may similarly write J = J;@xi ®dz? and Jy = (J0)§8xi ® dz?. Then,
(Jo)B+m = 68, (J )§+n = —6F and all other (Jy)} = 0; given a function f on
vx L, we have i
d’f = —J)8,, fdz’
By Definition B.4, a two-form 6 = Hljd:z: A dz? with 0;; = —0;; is said to be
J-positive (resp. strictly J-positive) if
O(v, Jv) = vieikjj’-“vj >0 (resp. >0)
for any v = v'0,: # 0, i.e. the (strict) positivity of the following symmetry
matrix ~ ~
(Gir T} + 018 )1<ij<2n

Step one. We first study p. Compute ddjp = ddjq + O(Jy|). Beware that
this O(|y|) actually depends on J but there is a uniform constant C' so that

112



O(ly|) < Cly|. Next, we compute

dd’q = ag,dd’ (y°y") + O(ly|) = 2a3,J da’ A dy” + O(|y])
= 2a,(Jo){ P da’ A dy” + O(J = Jo) + O(ly])
= 2ap,d2z® N dy” + O(J — Jo) + O(ly|) =204+ O(J — Jo) + O(ly|)

where the O(j — Jo) represents a term bounded by a multiple of the C''-norm
of J — Jy. Define a 2-form 0 = 6,;dz’ A dz? = ag,dz® A dy”, where 03 4y =
—0yin = %C‘Bw and all other 6;; = 0. Then,

dd” p(-,J-) = 20(-, Jo-) + O(J — Jo) + O(ly]) (195)

It can be viewed as a matrix identity, and the (-, Jo-) corresponds to the
symmetric strictly positive-definite (2n) x (2n) matrix A = (A4;;) defined by
setting Agy = Agtny+n = agy and all other 4;; = 0. Remark that the 6 and
A only depend on p. By shrinking the neighborhood vx L, one can make the
O(|y|) small; by shrinking W, we can make the O(J — Jy) small. So, by (195),
one can ensure that for any J e W, the following equation holds

dd’p(-,J-) > 6(-, Jo") (196)

Step two. We next deal with \/p and aim to prove the following:
dd’\/p(-, J-) = O(1) (197)

if J is sufficiently close to J. A subtle point is that dd” /p may be unbounded
near L = {y® = 0}. The idea is that one can show the unbounded part
corresponds to a positive semi-definite matrix. To see this, observe first that the
highest unbounded terms are asymptotically O(ﬁ) Recall that ¢ = ag (v)y?y".

In the computation of dd’ /g modulo O(1), there is no need to differentiate
ag(x), since otherwise one cannot produce any O(ﬁ) terms. Hence, modulo

O(1), we may assume that ag, are all constant; up to a linear transformation,
we may further assume ¢ = |y|°.

Now, we have p = ¢+ O(|y|*) and \/p = \/g+O(ly|*) = |y|+O(|y|*). Then,
ddj\/,B = ddj|y\ + O(1), and the unbounded part is ddj|y\. Hence, to show
(197), it suffices to show dd”|y|(-, J-) is positive semi-definite. In reality, we fix
v =10, # 0 and compute:

2_ ey 8

ddj|y|(v, Ju) = (Zaﬂ jfra%da@e A dyP) (Ui(‘?qu, ngkaﬂ)

S5 lyl>—y“y”® z Fnt
— Zoz,ﬁ 8 o . ((/UZJZL+Q) . (kag B) + ,Un—i-cvvn-‘,—ﬁ)
where the last equality holds follows from the identity J;*Jf = —&*. By
setting u® =), UZJZH’O‘ or u® = v"** it reduces to the obvious positive semi-
definiteness of the quadratic form Y-, 5(05[y|* —y*y°)-uu? = ny", (u*y™)* -
(>, u*y®)?. Now our claim (197) is now established.
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Step three. Finally, we replace p by p1 = (\/p + Bp)? =p+ 2Bp% + B%p?
for a sufficiently large constant B > 0. Since p = O(|y|?) and pt = O(|y?]), the
p1 is C? near L. i i

(i) Observe that /p, = \/p + Bp, and so de\/ﬁl(~,j~) = dd‘]\/ﬁ(-,j-) +
Bcldjp(-7 J) is positive-definite by (196) and (197) for a sufficiently large B > 0.
Thus, the \/p1 is J-plurisubharmonic.

(ii) We compute dd’ py = (%+232)dpAdjp+(1+3B\/ﬁ+232p)ddjp. For

any v # 0, we have dp/\djp(v, Ju) = (dp(v))? + (dp(Jv))? >0, s0 d,o/\djp(~7 J)
is positive semi-definite. By (196), we also show that dd’ py(-,J-) > 0. Thus,
the p; is strictly J-plurisubharmonic. O

Proof of Theorem B.2. Let p and W be as in Lemma B.5, and let vx L be the
tubular neighborhood of L therein. For any function f we denote by h§ the
symmetric tensor defined as follows:

W (v, w) = L (dd” f(v, Jw) + dd” f (w, Jv))

Then, the Lemma B.5 actually tells that h}/ﬁ is a semi-metric and h‘} is a metric
on their domains for any J e wW. Shrinking vx L if necessary, we may assume
vxL = {p e X | dist(p, L) < dp} for some small dy > 0. Notice that p = O(|y|?)
and |y| is comparable to dist(p, L), thus, there is co > 0 so that

é dist(p, L) < /p(p) < ca dist(p, L) (198)

for any p € vxL. In particular, there exists a constant ro > 0 which is
independent of J € W such that

{p|p(p) <rg} CuxL (199)

We choose local coordinates (z®,y%) as before. Given p € vx L, the distance
dist(p, L) is comparable to |y|. Take a cube @ centered at p so that Q) touches
L = {y* = 0}. Applying the gradient estimate [GT15, Eq.(3.15)] to p on
Q deduces that [Vp| < fsupaq o] + 4 supg |80] < (frl2 + ) < Iyl
Particularly, there is a constant c3 > 0 so that

V| < s dist(p, L) (200)

Suppose we have a J-holomorphic disk  : (ID, dD) — (X, L). Denote by j the
complex structure on the unit disk D C C. The equation Jodu = duo j implies
that for any function f, we have u*d” f = d’u*f. Thus, v*dd’ f = dd’u* f. In
our case, p is J-plurisubharmonic tells that u*p is j-plurisubharmonic; then,
u*h’}- is a semi-metric, and we have u*dd’ p = dvolu*hpf . Consider the following

function
1

5 1
a(r) = f/ u*dd‘]p = f/ dvolu*h/}
T J{u*p<r2} T J{urp<r2} '
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It is at least well-defined on [O ro] thanks to (199) Since d’p = 2\/p - dj\/ﬁ,
the Stokes formula implies a(r) = 2 [(,,. ,_,2y u*d”’/p and also

a(r') —a(r) = 2/ du*dj\/f) =2 dvol .,
{r2<u*p<r’?} Wy

{r2<u=p<r'?}

for 7" > r. By condition, the h}/ﬁ is a semi-metric away L = {p = 0}, and thus

the a(r) is increasing. Recall that the constant g is independent of .J. Now, we
have the energy estimate

B(u) 2 70 alro) > ro lm a(r) Z lim a(r)
Due to (198) and (200), we get [Vp| < dist(-, L) $ /p S r. So, the coarea

formula tells fo {up=th)dt = [, <2y [Vpl-dvol wne Srera(r) = r?a(r)

and so

E(u) Z lim a(r) >hm fo (p=t)dt = L(p=0)=L{(Ou)

r—0

C Integral affine structures

We state two equivalent definitions of an integral affine structure on an n-
dimensional manifold Y (see [KS06]): (i) there is an atlas of charts such that
the transition functions belong to GL(n,Z) x R™; (ii) there is a torsion-free flat
connection V on TY and a V-covariant lattice of maximal rank TY%.

Given an integral affine structure on Y, a local chart ¢ : U — R"™ on a small
open subset U C Y is called an integral affine chart if the torsion-free flat
connection is given by V = d in TY|y. For the coordinates x; = z; o ¢, the
lattice TYZ for each x € U is the free abelian group generated by 9/dx;’s. The
transition maps among them belong to GL(n,Z) x R™. If we have two systems
of local coordinates (z;) and (), then the transition map is of the form

Th =2 GikTk + fj (201)
for some matrix A = (a;x) € GL(n,Z) and f; € R.

Proposition C.1. Let U, U’ be two integral affine charts. A subset A c UNU’
is a rational polyhedron in U C R™ if and only if it is a one in U’ C R™. Such
A is also called a rational polyhedron in Y .

Proof. Assume A is defined by Z b”x > ¢; in U’ for some b;; € Z and ¢; € R,
and the transition map is given by (201) Then using the coordinated in U, A

iS given by Zk(Zj bijajk)xk 2 C; — Zj bijfj~ D
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Definition C.2. A rational polyhedral complex 2 in an integral affine
manifold YV is a CW complex so that (i) the underlying space of each cell A €
2 is a rational polyhedron in Y (ii) each face of A € 2 is in 2; (iii) The
intersection AN A’ € 2 is a face of both A, A’ € 2.

Lemma C.3. Fiz € > 0 and a metric in Y. Suppose K €@ K' C Y are two
compact domains in Y. Then, there exists a rational polyhedral complexr &
in By, and all the cells in &2 have diameters less than €, and the underlying
topological space satisfies K € | 2| € K'.

Proof. In an integral affine chart at some point p € K, there always exists a
rational hypersurface H (codimension-one rational polyhedron) passing through
p. By extension, we may require H is maximal with respect to the inclusions
among the compact domains in Y. In special, the H must ‘escape’ K in the
sense that H N K is closed in K. Now, we cover K’ by finitely many open
sets Vi,...,V,, so that for every 1 < i < m, the closure V; is compact and is
contained in some integral affine chart U;,. We may find a sufficiently dense
collection of rational hyperplanes in U; = ¢(U;) C R™ so that every chamber
enclosed by them has diameter less that e. Extending all these hyperplanes to be
maximal in the above sense, we get a collection 77 of closed rational hyperplanes
in K'. By Proposition C.1, the % divides K into rational polyhedrons each of
which has diameter less than e. O

D oo-category

Proposition D.1. % 9(L, X) is a bicategory.

Sketch of proof. The objects and 1-morphisms are just as before (Definition
2.33). Given fo, f1 € Homg o(m’, m), we define a 2-morphism to be a morphism
$ as in Definition 2.37 which offers a ud-homotopy between §;. Denote it by § :
fo = f1. Then, the argument proving above Lemma 2.41 can actually be used
to define the so-called horizontal composition functor. Namely, for each triple
(m”,m’;m) of objects, we have a bifunctor c¢(m”,m’,m) : Homgy o(m”,m’) x
Homy o(m’,m) — Homg o(m”, m) given by sending § : fp = fi and & :
go = g1 to some 2-morphism & o, F : go o fo = g1 o f1. It is tedious but
routine to check axioms for the definition of bicategory. 0

Actually, we do not need the bicategory structure in this paper, but we
keep it for independent interest. By definition, every 2-morphism is invertible.
The collection of 2-morphisms exactly correspond to the congruence relation of
ud-homotopies on the 1-morphism spaces.

Conjecture D.2. % 2(L,X) can be realized as an (0o, 1)-category.

Since higher categories usually have many different definitions, this is however
not a complete statement. There seems currently no general form of definitions
which could work for all higher categories. An (oo, 7)-category was something we

116



want to define so that all k-morphisms for k£ > r are ‘reversible’. For example,
when r = 1 there are many different ways to make the idea of an (oo, 1)-category
precise, like quasi-categories, Segal categories, and so on. The reason why
(00, 1)-category attracts lots of attentions is that it is like a homotopy theory:
a kind of category with objects, morphisms, homotopies between morphisms,
higher homotopies between homotopies and so on [AC16].

Definition D.3 (Definition 1.1.2.4. [Lur09]). An (co, 1)-category is a simplicial
set K which has the following property: for any 0 < ¢ < n, any map fo : A} — K
admits an extension f : A™ — K. Here A} C A" denotes the i-th horn of the
standard n-simplex A", obtained by deleting the interior and the face opposite
the i-th vertex.

Proposition D.4. Fiz L and X as before, there is an (0o, 1)-category so that
its objects are those Ay, algebras (Q*(L),m”L) in Theorem 6.2.

Sketch of proof. We use K to represent the simplicial set we are going to construct,
and denote by K, for n € N the set of n-simplices. Then K is already presented
in the statement, and K7 is defined to be the set of pseudo-isotopies in Theorem
6.3 coming from a path of almost complex structures. Inductively, we define
K, to be the set of A™-pseudo-isotopies obtained from a A™-family of w-tame
almost complex structures using Theorem 6.1. The extendability in Definition
D.3 is just a result of the fact that w-tame almost complex structures J (with
perturbation data) are contractible choices. O
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