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Abstract of the Dissertation
A Twisted Complex Brunn-Minkowski Theorem with Applications
by
El Mehdi Ainasse

Doctor of Philosophy

in
Mathematics
Stony Brook University

2021

In his Annals of Mathematics paper [Ber09b|, Berndtsson proves an important result on
the Nakano positivity of holomorphic infinite-rank vector bundles whose fibers are Hilbert
spaces consisting of holomorphic L2-functions with respect to a family of weight functions
{e‘“"(tf)} ey varying in t € U c C™, over a pseudoconvex domain. Using a variant of
Hormander’s theorem due to Donnelly and Fefferman, we show that Berndtsson’s Nakano
positivity result holds under different (in fact, more general) curvature assumptions. This is
of particular interest when the manifold admits a negative non-constant plurisubharmonic
function, as these curvature assumptions then allow for some curvature negativity. We
describe this setting as a “twisted” setting. Furthermore, we extend our main result, and
thus Berndtsson’s Nakano positivity result, to trivial families of possibly unbounded Stein
manifolds. As immediate applications of this result, we prove log-plurisubharmonic variation
theorems for Bergman kernels, as well as families of compactly supported measures over
trivial families of Stein manifolds. We then generalize these log-plurisubharmonic variation
results to a certain class of non-trivial families of Stein manifolds. Finally, we present two

complex Prékopa-Leindler type theorems.
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Chapter 1

Introduction

1.1 Description of the main results

In this thesis, we mainly study the curvature properties of the natural L2-metrics of holomor-
phic Hilbert bundles associated to trivial families of Stein manifolds. A concrete formulation
is as follows. Let X be an n-dimensional relatively compact complete Kahler submanifold
of a Stein Kahler manifold (Y, g). Let U be a domain in C™ containing the origin, and let
V — X be a holomorphic vector bundle over the closure X of X. Let {h[t] } rer be a family
of smooth Hermitian metrics for V' — X. By the latter, we mean taking a metric h for
the pullback bundle 7LV — U X X, where m : U x X — X is the canonical projection,
and letting hlYl := i*h where 4, denotes the inclusion map X < {t} x X. We can consider
the space L? (X , h[ﬂ) of sections f of V' — X whose norm |f/|, s, with respect to the metric
hlY | is square-integrable on X with respect to the volume form dV, induced by the Kéhler
metric g. For each ¢ € U, we can then consider the space H? (X , h[t]) of holomorphic sections
of V.~ X in L? (X , h[t]), which is a closed subspace of L? (X , h[t]) by our smoothness and
boundedness assumptions, and therefore a Hilbert space. The smoothness and boundedness
assumptions imply further that the Hilbert spaces in the collection {7—[2 (X , h[t]) } v have

equivalent norms. Indeed, for any section f of V' — X, for any point x € X, and for any

1



s, t e U,
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where hl* and hl*/* are the dual metrics for the dual bundle V* — X induced by Al and

[s] »

hls! respectively. Therefore, for any section f of V. — X,

Cod [ @i V(@) < [ 1@ dVite) < Cur [ 1100

nl AVy(),

where

Csy:= sup %
e o) |0 [
and C ; is defined similarly. In particular, it follows that for any s,t € U, f € H? (X , h[t])
if and only if f € H? (X , h[s]). Thus, the underlying vector spaces of the Bergman spaces
H? (X, h[ﬂ) are equal as subspaces of the space I'o(X, V). By fixing H32 := H? (X, h[o}), we
can define the bundle Ej, of infinite rank over U with total space U x H32, whose fiber over

t e Uis {t} x H3 = H} = H*(X,hl). It is a trivial Hilbert bundle equipped with the

non-trivial Hermitian metric (-, -), s, varying in ¢, induced by the L?-norm on H;.

Before stating our main theorem, we need to define what we call a twisted curvature

operator. Given a smooth Hermitian metric h for V. — X, let ©5(h) be locally defined as

o (, _,0h L Oh
> o (h at)dtk/\dt—l— > 77, (h at])dzﬂ/\dt

1<j,k<m 1<j<m
1§u<n
L Oh 1 Oh
+ E k < ) dtk ANdz, + 5 E 8ZH ( > dzu N dz,,
1<k<m 1<v,u<n
1<v<n
where 6 > 0. We can also express O;(h) as
1
Os(h) = O(h) — " 75O (h) .

As a block matrix split with respect to the product structure U x X for our holomorphic

trivial family, ©s(h) has the form

5U (h_laUh) 5)( (h_lﬁUh)
©s(h) = b

5(] (hilaxh) 1—_‘_56)( (hilaxh)



Let 1 be a smooth function on Y and define the twisted curvature operator Zs, by

Egm(h) = @5(h) +

= 5”} ((Ric(g) +200xn — (14 6)0xn A dxn) @ 1dy) .

The operator =5, can also be represented as the block matrix

5(] (hilaUh) 5)( (hila(]h)

_ 5 _ _
8U (h_laxh) 1——|—(5 (8X (h_laxh) + Ric(g) + 28}(8}(7] - (1 + 5)8)(7] A\ 8X77)
Noting that

146
de 2 "

28}(5}(’/] — (1 + (5)(9)(’/] N 5)(77 = 1 i 5

= 148
OxOx (—6 ? n) )
we may also rewrite =5, (h) as

5U (h_la(]h) 5_)( (h_laUh)

_ 5 _ fen .
8U (h_laxh) 1—+5 (8){ (h_laxh) + RlC(g) + 16_'_ 5 aXaX <—312L677)>

Note that Z5,,(h) >gua 0 if and only if =5, (h) > 0 as a block matrix.

Our initial result is stated as follows.

Theorem A. Let X be an n-dimensional relatively compact complete Kahler submanifold of
an ambient Stein Kdihler manifold (Y, g). Let V — X be a holomorphic vector bundle. Let
U cC C™ be a domain, and let {h[ﬂ}teU be a family of smooth Hermitian metrics for V. — X.

Let 6 > 0 and let n be a smooth function onY . If =Z5,(h) >cng 0 and
5)( ((h[t])_l 8xh[t]> + (Ric(g) + 28}(6)(77 - (1 + 5)8)(77 VAN 5)(77) & Idv >Nak 0,

for each t € U, then the holomorphic Hermitian bundle (Ey, (-,-),s) is Nakano positive.

Moreover, if either Z5,(h) >cuig 0 or
dx ((h[ﬂ)_l ath) + (Ric(g) + 20x0xn — (14 0)dxn A dxn) @ Idy >Nax 0,

then (Ep, (-, -),m) is Nakano semipositive.



When V' — X is a line bundle L — X equipped with a smooth Hermitian metric h = e~%,

©s (e7%?) can be represented as

o dudue duOxp
Os. (6 ) = _ ) ~
Ox Oy 1—M8X8X@

and the twisted curvature operator =5, (e~¥) can be represented as

gU (h‘lﬁyh) 5}( (h_la(]h)

5{] (h_laxh) 3){ (h_laxh) + RlC(g) + 28)(5)(77 — (1 + 5)(9)(77 VAN 5_)(?7)

X
1446
In this case, Griffiths (semi)positivity and Nakano (semi)positivity are equivalent. In

particular, the positivity of =5, (e”%) implies the positivity of

gx ((h[t])_l axh[t]) + RlC(g) + 28}(5)(7] - (1 + 5)8}(7] A 5)(77

= aXanO[t] + Ric(g) + 28_)(5)(77 — (1 + 5)8}(7’] VAN 6_){77,

for each t € U, by Schur complement theory, in which case the second curvature condition

becomes redundant.

Theorem [A] can be seen as a “twisted” variant of Berndtsson’s celebrated Nakano positivity
theorem [Ber09b|, Theorem 1.1]. If X = € is a bounded pseudoconvex domain in ¥ = C",
V — X is a trivial bundle L — X of rank 1, and h = ¥ is a metric for the pullback bundle
el — U X X, then we are in the context of Berndtsson’s Nakano positivity theorem. In
this situation, the family of metrics is a family weight functions {e*@(t")} 1y Which allows us
to define the family of L*-spaces {L? (Q, ¢(t, )}, of measurable functions that are square-
integrable with respect to the measure e=#(»)dV with dV denoting the Lebesgue measure on €.
Let H? (2, ¢(t,)) denote the space of functions in L? (2, ¢(t,)) that are holomorphic. Once
again, by fixing HZ := H? (2, (0, -)), we can define the trivial vector bundle E of infinite
rank over U, with total space U x H32 whose fiber at t € U is {t} x H3 = H? := H?* (Q, o(t,)).



Theorem 1.1.1. ([Ber09b, Theorem 1.1]) If Q is pseudoconvex and ¢ is plurisubharmonic
(resp. strictly plurisubharmonic) on U x Q, then the bundle <E, (-, ')@(tf)) is Nakano semi-

positive (resp. positive).

By choosing 7 to be identically constant and letting 6 — +o0 in our Theorem [A] we

recover Theorem [LL1.1]

Berndtsson’s Nakano positivity theorem is at the center of a long-standing project of
Berndtsson aiming at formulating complex analogues of Brunn-Minkowski theory, which first
started with his result on the log-plurisubharmonicity of Bergman kernels over pseudoconvex
domains ([Ber06]). In addition to extending the Prékopa-Leindler theorem (and thus the
Brunn-Minkowski theorem) to the complex setting, Berndtsson’s result has deep applications
in complex analysis and geometry. For example, his result leads to alternative proofs of
existence and uniqueness theorems for Kéhler-Einstein metrics ([Ber09a] and [Berl3]), as

well as optimal L*-extension (or Ohsawa-Takegoshi type) theorems (|BL16]).

Now, unlike Berndtsson’s case in which the curvature hypothesis would be that of Nakano
positivity of the metric h for the pullback bundle in this geometric setting (JRaul3, Theorem
1.5]), our curvature hypothesis is more general, and allows for some amount of curvature

negativity along the manifold X in certain cases.

For simplicity, let us focus temporarily on the case where we have a line bundle L — Y
equipped with a family of smooth Hermitian metrics. The twisted curvature condition
Esy (€7%) > 0 can seem rather abstract, and it may be unclear how our results constitute an
improvement of Berndtsson’s theorem. But as we can see from the matrix representation
Es. (€7%), if the function —e~ M s plurisubharmonic on X, then our metric e~% does not
need to be positively curved along the fiber X for the condition Zs,, (e7%) > 0 to be satisfied.

In principle, we may choose a metric e™¥ so that the curvature along the fiber X is possibly



as negative as
146
de2 "

1+0

8)(5)( <—€71T+677) .
Therefore, provided that the manifold X possesses a negative non-constant plurisubharmonic
function, our result improves Berndtsson’s result. The existence of negative non-constant

plurisubharmonic functions is equivalent to the existence of functions of self-bounded gradient,

on which we expand in Section [4.3] These are functions that satisfy the condition
90N > c- ((977 A 57])
for some ¢ > 0, and the latter is equivalent to
00 (—e’cn) > 0.

We offer a few examples in Section of this introductory chapter to motivate our results.

With our main result at our disposal, we can prove more general curvature positivity
results in the case where X is a possibly unbounded Stein manifold. In this situation, Ej,
may no longer have the structure of a vector bundle as the fibers may fail to be isometric,
resulting in the absence of local triviality. In other words, Fj, is simply a family of Hilbert

spaces indexed by ¢ or in other words, a field of Hilbert spaces (see [LS14, Definition 2.2.1]).

Using alternative characterizations of Griffiths (semi)positivity and Nakano (semi)positivity,

we prove the following result.

Theorem B. Let (X, g) be any Stein Kdhler manifold, let U be a domain in C™, and let
V. — X be a holomorphic vector bundle. Let {h[t]}teU be a family of smooth Hermitian
metrics for V. — X, and let (Ep, (-, -),m) be the holomorphic Hermitian field of Hilbert spaces
whose fiber at t is H? = H? (X, h[ﬂ)_ Let 6 > 0 and n be a smooth function on X. If

Egm(h) >arig 0 and
5){ ((h[t])_l axh[t]) + (Rlc(g) -+ 2(9)(5)(77 — (1 + 5)8)(77 A 5){7]) & Idv >Nak 0,

6



for each t € U, then the holomorphic Hermitian bundle (Ey, (-,),n) is Nakano positive in
the sense of definition . Moreover, if either Zs,,(h) >cuig 0 or

dx ((h[t})—l am[ﬂ) + (Ric(g) + 20x0xn — (14 0)dxn A xn) @ Idy >yax 0,
then (Ep, (-, -),m) is Nakano semipositive in the sense of definition .

Prior to proving Theorem [B] we also show that the holomorphic Hermitian field of Hilbert
spaces (Ey, (+,),w) is Griffiths positive in a general sense by using a different approach than

the one used in our proof of Theorem [B]

Theorem C. Let (X, g) be any Stein Kdhler manifold, let U be a domain in C™, and let
V. — X be a holomorphic vector bundle. Let {h[ﬂ}teU be a family of smooth Hermitian
metrics for V.— X and let (Ep, (-, -),m) be the holomorphic Hermitian field of Hilbert spaces
whose fiber at t is H? = H? (X, h[ﬂ)_ Let 6 > 0 and n be a smooth function on X. If

Egm(h) >arig 0 and
5){ ((h[t])—l 8xh[t]) + (Ric(g) + 28}(5)(7] — (1 + 5)8}(77 A 5)(77) (24 IdV >Nak O,

for each t € U, then the holomorphic Hermitian bundle (Ey, (-,-),) ts Griffiths positive in

the sense of definition . Moreover, if either Zs,,(h) >ig 0 or
dx ((h[t})—l axh[ﬂ> + (Ric(g) + 20x0xn — (14 0)0xn A xn) @ Idy >Nax 0,
for each t € U, then (Ey, (-,),m) ts Griffiths semipositive in the sense of definition .

As Berndtsson’s work has been the main inspiration for our work, in the spirit of
generalizing some of the results of Berndtsson’s complex Brunn-Minkowski theory ([Berl18§]),
we use our general curvature positivity theorems to establish log-plurisubharmonic variation
results similar to those of Berndtsson. Namely, we prove log-plurisubharmonic variation
results for Bergman kernels and families of compactly supported measures for trivial families
of possibly unbounded Stein manifolds. As in the case of Berndtsson’s complex Brunn-
Minkowski theory, these results really only require the Griffiths positivity of the holomorphic

Hermitian field of Hilbert spaces (Ej, (-, -),«) and follow almost immediately.

7



Theorem D. Let (X, g) be any Stein Kihler manifold, let U C C™ be a domain, and let
V. — X be a holomorphic vector bundle. Let {h[t]}teU be a family of smooth Hermitian
metrics for V.— X. Let 6 > 0 and n be smooth function on X. Denote by K; the Bergman
kernel for the projection L? (X, h!) — H* (X, hlT).

If Z5,(h) >Guig 0 and

5){ ((h[t])_l axh[t]) + (Rlc(g) + 28}(5}(77 — (1 + 6)@)(77 A 5)(7]) ® Idy >nax O,

for each t € U, then the family of possibly singular Hermitian metrics for the pullback
bundle 7,V — U x X defined by {Kt_l}teU on the fiber (73 V)

(t,2) =V 1s positively curved.

Otherwise, if either Zs,(h) >guig 0 or
6X ((h[t})_l aXh[ﬂ> + (RlC(g) + 28X5X77 - (1 + 5)6)(77 A\ 5)(77) ® Idv ZNak O,

for each t € U, then the family of possibly singular Hermitian metrics for 5V — U x X

defined by {Kt_l} on the fiber (W}V)QZ) =V, is semipositively curved.

teU

Theorem E. Let (X, g) be any Stein Kihler manifold, let U C C™ be a domain, and let
V. — X be a holomorphic vector bundle. Let {h[t]}teU be a family of smooth Hermitian
metrics for V.— X. Let 6 > 0 and n be smooth function on X. Let {ji},., be a family of
compactly supported V*-valued complex measures over X. For each section f € I'(Ey), define

the measure ,ugf) = <f[t], ﬂt> Suppose that the section £ of E; defined by

£ (60 £1) o= 00 = [ (1)
X

is holomorphic. That is, U 3 t — p\7) (X) is holomorphic whenever f € To(E}).

[f E(;’n(h) >arig 0 and
éx ((h[t])_l axh[t]) + (Rlc(g) -+ 2(9)(5)(77 — (1 + 5)8)(77 A 5)(7]) & Idv >Nak 0,
for each t € U, then the function

U5t 1og (||

8



is strictly plurisubharmonic or identically —oo. Otherwise, if either Zs5,(h) >cug 0 or
By ((h[ﬂ)‘1 ath) + (Ric(g) + 20x0xn — (1+ 8)dxn A dxn) @ Idy >y 0,
for each t € U, then the function
75 e tog (€
18 plurisubharmonic or identically —oo.

In [Berl7], Berndtsson shows how his log-plurisubharmonic variation results for product
domains can be generalized to domains that are subsets of product domains, but not necessarily
product domains themselves. His approach consists of a reduction from the latter situation
to the former situation. Although Berndtsson’s technique is not quite compatible with our
twisted curvature condition, we succeed nonetheless at establishing log-plurisubharmonic

variation results for a certain class of non-trivial families of Stein manifolds.

Theorem F. Let Y be an n-dimensional Stein manifold. Let p be a smooth plurisubharmonic

function on C™ XY and let
X ={p(t,z) <0} CcC" xY.
Suppose that for each t, the restriction pl of p to
Xi={z€Y:(t,2) e X} CY

takes values in [—1,0). Let g be a Kdhler metric for Y and let us equip C™ x Y with the
product metric induced by the Fuclidean metric on C™ and the metric g on' Y. Let V — X

be a holomorphic vector bundle and let h be a smooth Hermitian metric for V- — X such that

0; (h™'ovh) = 0. Let VI .= V| . If 9y (h™' k) >auie O and
S (h[t]) + (Ric(g) + ayéyp[t]) ® Idym >Nak 0,
over Xy, for each t € C™, then for any z € Xy, and o € (V,z[t]>*, the function
(t,2) — log (0 ® 7, Ki(z, 2))

9



is strictly plurisubharmonic or identically —oo. Otherwise, if either 0, (h™'0h) >ug 0 and
O (h) + (Ric(g) + 0y Oy pl) @ Idy >nax O,
over X, for each t € C™, then for any z € X;, and o € <Vz[t]>*, then the function
(t,z) = log (0 @ 7, Ky(z, 2))
18 plurisubharmonic or identically —oo.

Theorem G. LetY be an n-dimensional Stein manifold. Let p be a smooth plurisubharmonic

function on C™ XY and let
X ={p(t,z) <0} CcC" xY.
Suppose that for each t, the restriction pl of p to
Xi={z€Y:(t,z) e X} CY

takes values in [—1,0). Let g be a Kdhler metric for Y and let us equip C™ x Y with the
product metric induced by the Fuclidean metric on C™ and the metric g on Y. Let V — X
be a holomorphic vector bundle and let h be a smooth Hermitian metric for V. — X such
that 0, (h"*0yh) = 0. Let VI .= V‘Xt. Moreover, let {ji;},o,; be a family of (V[t])*-valued
complex measures over X, that are all locally supported in a compact subset of X. For a
section f € I'(E}y), define the measure ugf) = <f[t],ﬂt>. Suppose that the section £™ of E;
defined by

7 (59 10 2000 = [ (0,0

Xt

18 holomorphic. That s, U >t — ,ugf) (Xy) is holomorphic whenever f € I'o(Ey).
If, for each t € C™, 0, (h™'0,h) >qug 0 and

© (n) + (Ric(g) + 9y p!") @ Idyu
over X, for each t € C™, over Xy, then the function

U5t 1og (||
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15 strictly plurisubharmonic or identically —oo. Otherwise, if either O, (hflﬁth) >arig 0 and
O (h) + (Ric(g) + Oy Oy p) @ Idyi >nax O,
over X, for each t € C™, then for any z € X;, and o € <‘/z[t]> , then the function

U st log ([[€9)

18 plurisubharmonic or identically —oo.

Finally, we present a couple of generalizations of the complex Prékopa-Leindler theorems
of Berndtsson. Recall that a domain €2 in C™ is balanced if z € €2 implies that Az € Q for any

A € C with |\ < 1.

Theorem H. Let Q be a balanced pseudoconvex domain in C", let 6 > 0 and let n be a
smooth function on Q. Let U be a domain in C™ and let p € C*°(U x Q) be S'-invariant in

z foranyt € U. If 25, (e7%) > 0 (resp. > 0) in U x Q, then the function

t— —log (/ eW(t’z)dV(z))
0

is plurisubharmonic (resp. strictly plurisubharmonic) or identically equal to —oo.

Theorem I. Let Q := {(: Re(¢) € D} for a convex domain D in R"™. Let 6 > 0 and let n be
a smooth function on Q. Let U be a domain in C™ and assume that ¢ € C* (U x Q) does not

depend on the imaginary part of . If Z5, (e7¢) > 0 (resp. > 0) in U x Q, then the function

t— —log (/ e_‘p(t’m)dx>
D

is plurisubharmonic (resp. strictly plurisubharmonic) or identically —oo.

11



1.2 Motivating examples

1.2.1 The unit ball

Let 6 = 1. On the unit ball B,(1) in C", the function z — —log (1 — |z|2) is a function of

self-bounded gradient (with constant 1) on B,(1). Therefore,

_ _ de 2" - 141 N
20.00 — (1-+ ) (90 A Oon) = - 0:0. (—e : ") - dzAdz,

L— |z

where

dzAdz :==dzy Ndzy + -+ + dz, N dZ,.

If we equip B,,(1) with the Euclidean metric, the twisted curvature condition Z;,, (e=%) > 0

reduces to the following.

atétw atézSO
B 1 B 92 ) > 0. (1.2.1)
0.01p = (ﬁzazgo + de/\dz)
2 1—|z]
_ . 2 .
Therefore, 0,0, can be chosen to be as negative as —1—|’2dz/\dz.
— |z

Example 1.2.1. (A diagonal weight on B,,(1)) If we pick a weight ¢ of the form

p(t, 2) = 0(t) +¢(2),
then the twisted curvature condition reduces to
0,0,0 0

- 2 .
0 (@(‘Lgp + 5 dz/\dz)
1— |z

DO | —

which is equivalent to
_ - 2 A
0;0;9 > 0 and 0,0, + 1—H2dz/\dz > 0.
— |z
For instance, let (t,z) = |t|* — 2|z|>. Then

2
dzAdzZ = 2]

0,0y = dtAdt > 0 and 0,0.,1) + n dzAdz > 0.

— |2 L=

So the consequence of Theorem [1.1.1] still holds, even though ¢ is not plurisubharmonic.

12



Example 1.2.2. (A non-diagonal weight on D) Consider now the case when n = 1; the unit
disk. Suppose that U is a disk with radius v/2 centered at the origin. Once again, let § = 1.

Another weight one might consider is
p(t,z) = (1= [=2*) [t = [¢* = [¢* |21

Clearly, ¢ is not plurisubharmonic. However, it satisfies condition (1.2.1)). Indeed, the

trace of the form

V—18,0up V=10, 7z()0
V—=10.0,p = (\/ 8824p+ | : ——dz A/— dz)
(1 — |2|))v/=1dt A dt —t2\/— dt A dz
= —Zty/—1dz N dt %<—|t| +1 p l)\/ ldz N dz

is clearly a positive form. Moreover, its determinant

2 _
[1 i 5 (— [+ —= | |2) (1= [2*) + [¢” |z|2] V=1dt A dEAV=1dz A dz
— |2

= [1:5% ([t 2%+ (2= 1) + |t |zy2] V—=1dt Adt ANV/—=1dz Adz > 0

is also a positive form. Thus v/—1Z;, (e™%) > 0.

1.2.2 Pseudoconvex domains with smooth boundary in C"

Let 2 be a bounded pseudoconvex domain in C" with smooth boundary. Let Kq denote
the Bergman kernel of €. By Fefferman’s theorem on the asymptotic expansion of Kgq, (see

[Fef74a, Theorem 2] and [Fef74b| for details) the function

zn(z) = log (Ka(z,2))

n+1

satisfies

0,0,m — 0.n A 0,n > —C+/—10,0, ||2

13



for some constant C' > 0. The result fails if the constant 7 in 7 is replaced by a larger

constant. (See [MV15, THEOREM 3.7.6] and [Varl9, pp. 102-103] for details.)

1
If we let o(t, 2) = [t|* — (1 —0) ( | log (Kq(z, 2))) +C(1+0) |z for (t,2) e C™ x Q
n
and 0 € (0, 1], then ¢ fails to be plurisubharmonic near the boundary of € but clearly satisfies
the condition Zs,, (e7¥) > 0. Indeed, near any boundary point,

1
n+1

V10,0, (s (e, 9) ) = of

is arbitrarily close to wﬁn (ro)? the Bergman metric of a ball of radius ry centered at the origin

in C", in suitably chosen coordinates, and the latter is arbitrarily large near any such point

in those coordinates.

1.3 Organization of the thesis

Our mathematical contributions are contained in Chapter [0 Chapters 2] through [ are mainly
expository.

The contents of Chapter [2] are very classical in nature, recalling elementary notions from
complex analytic and differential geometry, with Section being the most relevant to the
proof of our main result.

Chapter [3|offers an introduction to Bergman spaces and their kernels, including a collection
of important properties that are essential to the proofs of our log-plurisubharmonic variation
results for Bergman kernels.

Chapter [4] provides a concise exposition of the Donnelly-Fefferman-Ohsawa L?-estimates
for the O-operator in addition to a detailed discussion of functions of self-bounded gradient
with numerous examples.

In the penultimate chapter of our thesis, Chapter [f, we give a survey of Berndtsson’s

complex Brunn-Minkowski theory as a transition to the ultimate chapter of our thesis.
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Finally, in Chapter [0, we present our main results and some applications. We start by
defining holomorphic Hilbert bundles associated to trivial families of relatively compact
complete Kéhler submanifolds of Stein manifolds and their geometry, in Section [6.1.1.1] We
then lay out the setup for the proof of Theorem [A] in Section [6.1.1.2] which we prove in
Section [6.1.1.3 assuming that the twisted curvature conditions hold strictly. In Section
we show how the strict requirement on these twisted curvature conditions can be
relaxed via a limiting process. Subsequently, in Section [6.1.2.1 we define general notions
of Griffiths (semi)positivity and Nakano (semi)positivity for holomorphic Hermitian fields

of Hilbert spaces, and we prove the more general variants of our initial result for general

Stein manifolds in Sections [6.1.2.2] and [6.1.2.3] Namely, assuming that the Stein manifold is

a possibly unbounded, we show that the conclusions of our theorem in the relatively compact
case (Theorem hold with Nakano (resp. Griffiths) (semi)positivity as defined in Section
6.1.2.1l Finally, we apply these fundamental results to the log-plurisubharmonic variation of
Bergman kernels and families of compactly supported measures for general trivial families of
Stein manifolds, as well as a class of non-trivial families of Stein manifolds in Section [6.2]
We end this thesis with brief proofs of a couple of generalizations of Berndtsson’s complex

Prékopa-Leindler theorems in Section [6.3]
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Chapter 2

Elements of complex analytic and

differential geometry

In this expository chapter, we introduce various basic notions from complex analytic geometry
which will be of relevance to our study of holomorphic Hilbert bundles. For a comprehensive
treatment of complex analysis and geometry in several complex variables, we refer the reader
to [Dem12| which contains far more background material and a much more detailed exposition.
This chapter of our thesis has been largely adapted from the notes [Varl9|, in addition to
[Ber17| and [Shol4]. We assume familiarity with the basic theories of Riemannian, Hermitian,

and Kahler geometry, and of Stein manifolds.

Although the notions relative to vector bundles exposed here pertain to vector bundles
of finite rank, this theory can be extended to vector bundles of infinite rank, also known as
Banach bundles. (See [Lan85|.) In particular, if the fibers are Hilbert spaces, we refer to

such bundles as Hilbert bundles.

We discuss finite rank vector bundles in order to create intuition for the results, but the

infinite rank case is much more subtle, and will not be discussed in a direct fashion.
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2.1 Holomorphic vector bundles

2.1.1 Definitions

Definition 2.1.1. A holomorphic vector bundle of rank r is a triple (V, X, 7 : V — X) such

that
1. V and X are complex manifolds,
2. m is a holomorphic map,
3. each fiber V, := 71 ({x}) is a vector space of dimension r, and

4. each p € X is contained in an open set U on which there are holomorphic maps

e, ,e.: U —V such that
me; = idy and spang {ei(x), -+ ,e.(z)} =V, for all x € U.
We call such a collection of holomorphic maps {ey,--- ,e.} a frame for V over U.

Note that if {e;}1<i<, and {é; }1<i<, are two frames defined over the same open set U, then
there are holomorphic functions ¢/ € O(U) such that ¢/(p) € GL(r,C) for all p € U and

5 — o
€ = 4g; ¢;.

Definition 2.1.2. A map of holomorphic vector bundles is a holomorphic map V' — W such

that
. F
1. The follow diagram commutes. V—W

2. For each x € X, the map F, := F

v V., — W, is linear.

Two vector bundles are said to be isomorphic if there are holomorphic vector bundle maps

F:V—->WandG: W — V such that F oG =1dy and G o ' = Idy.

18



Definition 2.1.3. A holomorphic vector bundle of rank 1 is called a holomorphic line bundle.

Definition 2.1.4. A section s of a holomophic vector bundle (V, X, 7 : V — X) —i.e. aright
inverse for 7 — is said to be holomorphic (resp. smooth, measurable, etc.) if it is holomorphic

(resp. smooth, measurable, etc.) as a map X — V.

Example 2.1.1. (Trivial bundles) The simplest example of a holomorphic vector bundle is
the trivial bundle 7 : X x C" — X, where 7 denotes the projection to the first factor. If a
vector bundle is isomorphic to the trivial bundle, then for any basis e, --- ,e, of C", the

isomorphism F': X x C" — V defines a frame
ei(r) = F(x,e;),1 <i<r

over all of X. Conversely, a global frame for a vector bundle V' — X defines an isomorphism
F~! to the trivial bundle, where F is given the same formula and then extended fiberwise-
linearly. In other words, if we fix a basis ey, -+ ,e, of C", we define the isomorphism
F:XxCr —Vhby

Ft (Z fl(q:)el(x)> = (1:, Z fi(x)ei> 1 <i<r

1<i<r 1<i<r

Therefore, a vector bundle is isomorphic to the trivial bundle if and only if the vector bundle
has a global frame. In particular, every (holomorphic) vector bundle is, by definition, locally

trivial.
Example 2.1.2. (Operations on bundles)

1. If V— X and W — X are holomorphic vector bundles, then so are V* = X, VoW —
X and VW — X. Therefore, Sym*(V) — X and A*(V) — X are holomorphic vector
bundles. More generally, all vector bundles obtained from multi-C-linear operations
on holomorphic vector bundles are also holomorphic. However, the complex conjugate
bundle VT — X of a holomorphic vector bundle is generally not a holomorphic vector
bundle over X, but it is a holomorphic vector bundle over X', where XT is the complex

manifold with the complex conjugate structure of X.
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2. Consider two morphisms f : X — Z and g : Y — Z. Then one can define the fiber

product
X xzY ={(z,y) e X xY: f(z) =9g(y)}.

There are projection maps X xzY — X and X xzY — Y given by the restriction of
X Xz Y to the Cartesian projections X XY —- X and X xY =Y. If 7:V - Y is
a holomorphic vector bundle and f : X — Y is a holomorphic map, then the bundle

7V =V xy X — X is a holomorphic vector bundle, called the pullback of V' by f.

3. Given holomorphic vector bundles V' — X and W — Y, one defines the holomorphic
vector bundle

VRW =75V omW — X x Y,

where 7x : X XY — X and 7y : X XY — Y are the Cartesian projections.

Remark 2.1.3. A vector bundle map F': V — W can be identified with a holomorphic section
of the bundle W @ V*.

2.1.2 Holomorphic structure of the tangent bundle

On an n-dimensional complex manifold X, one has the real tangent bundle Tx — X, which is
a smooth real vector bundle. One can then define the complex vector bundle Tx ®r C — X.
The points of the total space of Ty ®gr C are called complex tangent vectors. Now, for a
holomorphic coordinate system z = (21, ..., z,) on an open set U C X (i.e., an element of the

maximal holomorphic atlas of X') one can define the complex tangent vectors

0 1(8 18

== VA 1< <
8zi 2 0951 (93/@) =t

where z; = x; + v/ —1y;. These vectors depend on the local coordinate system, but their span

does not. For each x € U, we define

0 0
T)l(’g: = Span(c {8—21, 787}
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The elements of T' )1((; are called (1,0)-vector at z. For each & € T}gg},, the vector £ € Ty ®g C

(the complex conjugate of &) does not lie in T)l(’gc. Defining

0,1 . ~1,0
TX,:J: T T X

we obtain the decomposition

Tx ®r C =Ty & Ty,

Define the vector bundle 7 : Ty* — X by
730 = [T 750 and w2 ({a)) = 72,
zeX
with the vector bundles structure given by the frames {9/02;},,.,. The chain rule shows
that T)l(’O — X is a holomorphic vector bundle.
From basic complex analysis, we see that if U is an open set in X, z € U, f € O(U) and
e T)l(’f;, then

§(f) = 2Re(§)(f).

Moreover, if ¢ : T'x ;, — T'x , ®r XC denotes the natural inclusion and a0 Tx,®rC =T ;?C
denotes the projection to the first factor in the decomposition Tx ®r C =T )1((; ® T)O(’;, then
the composite map s := 71001 : Tx < Ty is a real isomorphism of vector bundles whose
inverse is the map £ — 2Re(§).

From these observations, one can give Tx — X the structure of a holomorphic vector
bundle in two ways. The first and most direct way is to map Tx isomorphically to T)l(’o.

Indeed, since the latter is a holomorphic vector bundle, so is the former.

Definition 2.1.5. The vector bundle T3 — X is called the holomorphic tangent bundle.

The dual vector bundle T;}l’o — X is called the holomorphic cotangent bundle of X.

Note that in a local coordinate system, a frame of the holomorphic cotangent bundle is

given by the complex 1-forms dzy,- - ,dz,.
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The canonical bundle Kx — X is the determinant of the holomorphic cotangent bundle:
Ky :=det (Tx"°) =T O A AT,

where we have n copies of T)*(I’O. In a holomorphic local coordinate chart, a frame of Ky is
given by the n-form dz; A --- A dz,. The name “canonical” refers to the fact that Kx — X
is essentially the only natural (typically) nontrivial line bundle defined on every complex

manifold.

2.2 Differential forms on complex manifolds

On a complex manifold, it is natural to consider complex-valued differential forms, i.e.,

sections of the bundle

Ex =P (Tx) @ C) =P A\ (Tx @x C).

The sections of this bundle form an algebra with respect to the complex linear extension of
the wedge product. The differential d (extended C-linearly) acts on the sections of £x — X,

mapping sections of A"(Tx) — X to sections of A" (Tyx) — X:
d (F (Xv AT(TX))) cr (X7 AT+1(TX)) :

Forms in the kernel of d are called closed and forms in the image of d are called exact.

2.2.1 Forms of bidegree (p,q)

The splitting Tx ®r C = Ty’ @ Ty" induces a splitting

A"(Tx) @ C= (;\Tj(’[)) A (/q\ngl) = P AP(Tx),

pt+q=r p+q=r

and we have the projections 777 : A"(Tx) ®g C — AP(Tx).
The wedge product sends an element of AP(Tx,) and an element of A (Tx ) to an
element APT9t (T ). The smooth vector bundle AP?(Tx) — X is a holomorphic vector

bundle if and only if ¢ = 0.
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Definition 2.2.1. The sections of AP9(Tx) — X are called forms of bidegree (p,q) or

(p, q)-forms.

Locally every (p, q)-form is of the form a = Z\I\=p,|J\=q fr7dz; N dzy, for some functions
fry where dzy ANdZzy := dz;, N--- Ndz;, NdZj, N--- Adz;,. This local expression is not unique
since different choices of coefficient functions f;7 can result in the same «. However, the
coefficient functions are uniquely determined by the form if we impose the assumption of
skew-symmetry on the coefficient functions f; of the (p,q)-form a: if 0 € S, and 7 € S, are

permutations, then we can impose the condition

J1,5. = (sgn(0))(sgn(7)) f15

on the coefficients of «, where a permutation v € S, acts on an r-tuple K = (ky,--- , k) by

the formula K, = (kyu), T 7kl/(7“))‘

2.2.2 Exterior differential operators and twisted differential

forms

The exterior algebra of a complex manifold is equipped with two additional differential

operators: the d-operator and the d-operator, both defined on sections of AP4(Ty) — X by
Oa = 7P da and O := 9 da, o € T (X, APY(Tx)) .
An important property of these operators is that d = 0 + 9, and consequently 9 = 0.

Definition 2.2.2. Let X be a complex manifold and let V' — X be a holomorphic vector
bundle. A V-valued (p, g)-form is a section of the vector bundle AP4(Tx) ® V' — X. We also

call such sections twisted differential forms.

After tensoring with a holomorphic vector bundle, the exterior differential operator is no

longer necessarily well defined. More precisely, if we choose frame &1, --- &, for V — X and
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write

U= Z uidzr Ndz; @&,

l1|=p,|J|=g,1
<v<r

then the form

ou” -
o= Z a”d%/\dz;/\di;@&,

i=pldj=q *
1<v<r
1<k<n
only depends on the frame &, -+ &, and therefore does not define a global section of the

bundle AP™14(Tx) ® V — X. However, the form

ou” ;
o= Z a;Jde/\dZ]/\dZJ(gfu
I|=pJj=g = F
1<v<r
1<k<n

is globally defined, surprisingly. This implies that the local operator
O:T(X,A(Tx)®@V) =T (X, AP (Tx) V)

which maps

» _
U= E uyjzdzr Ndzy ® &,
[I|=p,|J|=¢
1<v<r
to

_ auy_
Ou= Y LTz Nz NdzZy ® €,
2k
[I|=p,|J|=q
1<v<r
1<k<n

is well-defined.
Remark 2.2.1. Note that when considering twisted (p, ¢)-forms, one can reduce to the case
p = n without loss of generality. Indeed, since

APU(Tx) =2 APO(Tx) @ A%(Tx) =2 AP0(Tx) @ Ky @ A™Y(Ty),

one can write APY(Tx) @ V 2 A™(Tx) @ W where W = AP9(Tx) ® K% ® V. Therefore, as
W is a holomorphic vector bundle, the d-operator we just defined is computed locally in
exactly the same way for V-valued (p, q)-forms as for W-valued (n, q)-forms. As a result,
when working with twisted differential forms, especially while focusing on the d-equation, it

is often enough to consider only twisted (n, ¢)-forms.
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2.3 Hermitian metrics for complex vector bundles

Let X be a complex manifold and let V' — X be a complex vector bundle.

Definition 2.3.1. A Hermitian metric for V — X is a section h of the bundle V@ (V*)" — X

such that for all x € X and v,w € V,,
1. h is Hermitian-symmetric, i.e. (h,v ® @) = (h,w ® ), and
2. h is positive-definite, i.e. (h,v ® ) > 0 for all v # 0.

Here, (-,-) denotes the duality pairing.

In other words, h defines a sesquilinear, positive definite Hermitian form on each fiber V,
of the vector bundle V' — X.

If aq, -+, «, is a frame for V* over the closure of a relatively compact set U, then one
can write

h = Z hﬁO&iGC_l(jI: Z hzj((%@dj‘i‘&]@az)

1<ig<r 1<ij<r
for some functions {h;;}1<; j<r satisfying

_z‘j = h;; and Z hiaia; > € ||a||2,

1<i,j<r
for some positive function € > 0 on U and all a = (aq,-- ,a,) € C". In other terms, at each
r € U, the matrix (hi3($)):j:1 is Hermitian and positive-definite. The regularity of A is that
of the functions {h;;}1<; j<,. Although the Hermitian metric for V' is a section of V* ® (v,

we will often treat it as a Hermitian inner product on the fibers of V', and thus we will often

write h(v,w) := (h,v ® w).
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2.4 Connections and curvature

2.4.1 Connections

Definition 2.4.1. Let X be a complex manifold and let V' — X be a complex vector bundle.

A connection for V' — X is a linear map
V:I'(X,)V)->T(X, Ty @ V),

satisfying the Leibniz rule

V(fs)=df @ s+ fVs.

Note that if V! and V? are two connections for a vector bundle V' — X then their
difference is a section of I' (X,C* (T% ® End(V))). In addition, the definition of a connection
implies that it is a local operator and may be restricted to small subsets. If one restricts to a

sufficiently small subset U C X, then the vector bundle V}U — U is isomorphic to the trivial

bundle, and thus admits a frame. With the choice of a frame ey, -+ , e, for V||, one has the

trivial connection d defined by
d ( Z siei> = Z ds; ® e;.
1<i<r 1<i<r
Any other connection V for V|U — U can then obtained from the trivial connection by
adding a section A of T% ® Hom (E‘U) — U, ie. V|U = d+ A. The section A is called the
connection form. Since the trivial connection depends on the frame, so does the connection
form A. In terms of the frame eq,--- e, for E|U — U, one can write

Ae; = Z A{@ej,lgigr

1<j<r
and then by the Leibniz rule
D (Z Si€i> = Z (dsi®ei—|—si Z Az®€]> .
1<i<r 1<i<r 1<j<r
The matrix of 1-forms (Af )1 cij<r 1 called the connection matriz. Note that the connection

matrix is locally given by A§ =3, h*"Ohgp.
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2.4.2 Induced connections

A connection for a vector bundle V' — X induces connections on all vector bundles obtained

from V' — X via multi-C-linear operations.

2.4.2.1 Dual connection

Given a connection V for a vector bundle V' — X, one defines the connection V* for the dual
vector bundle V* — X as follows. Given local sections s for V' — X and « for V* — X, one

has a pairing (s, ), which is a function on X. We require the dual connection V* to satisfy
d(s,a) = (Ds,a) + (s, V). (2.4.1)

If we fix a frame eq,--- ,e, for V — X and denoted by aq,--- , a, its dual frame, then

the connection forms A(V) and A(V*) satisfy

0=do) = d(e;, a;) = < > AV)ker, aj> + <e > A(v*);;ag> = A(V)] + A(V*)].

1<k<r 1<e<r

Therefore, the dual connection V* is completely determined by the connection V and the

compatibility requirement (2.4.1)).

2.4.2.2 Product connections

Let V; = X and Vo, — X be two vector bundles equipped with connections V! and V?
respectively. Given any product operation X (e.g. X = A or X = ®), one defines the product

connection V for V; x V5, — X by the formula
V(Sl X 82) = (Vlsl) X 89 + 81 X (VQSQ).
One can inductively pass to any finite product of vector bundles.

Example 2.4.1. (Induced connections for determinant bundles) Let V' — X be a vector
bundle of rank r and let V¥ be a connection for V' — X. Consider the complex line bundle

det(V) — X whose transition functions are just the determinants of the corresponding
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transition functions for V' — X. Fix a frame ey, --- ,e, for V. — X. Thene; A--- Ae, is a

frame for det(V'), and so
1A AVVe A Nep=er A NANV e Ao nep = AV ) ESTer Ao Nej o Aey,

whence

vdet(v)(el A--- A er) — ( Z A(Vv)g) e A--- A Cr,

1<j<r

i.e. the connection matrix for Vt(V) is the trace of the connection matrix of VV.

2.4.3 Connections with additional symmetry
2.4.3.1 Metric compatibility

Definition 2.4.2. Let V — X be endowed with a metric g. We say that a connection V for

V' — X is compatible with g if
d(g(s,t)) = g(Vs,t) + g(s, V1)
for all local sections s,t of V — X.

Viewing the metric g as a section of V* ® (V*)Jr — X, for any connection V — not

necessarily g-compatible — for V' — X, one has
d(g(s,t)) = g(Vs,t)+ g(s, Vt) + Vyg(s,t).

Thus, the g-condition compatibility can be expressed as Vg = 0.
Generally, a given metric ¢ has many compatible connections. If V! and V? are two

connections for V — X that are g-compatible, then their difference ® := V! — V? satisfies
9(Ds,1) + gls,D1) = 0,

and so ® is anti-symmetric (or anti-Hermitian, if ¢ is Hermitian) with respect to g. Equiva-

lently, if we define ®T by g (@Ts,t) = g (s,Dt), then D' = —D.
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Remark 2.4.2. If X is a complex manifold then the splitting 7% ®gr C = T)*(l’O &) T)*(O’1 induces
the decomposition ® = D10 + D% € (End(V) ® Ty") ® (End(V) ® Ty'), and the condition

Dt = —® means that

(QI,O)T — D% and (90,1)T — Lo

In particular, if ® is of type (1,0), then it must vanish identically.

2.4.3.2 Symmetric connections

Given a smooth manifold X, we have the splitting
Ty @ Ty = Sym*(T%) & A*(T%).
Therefore, every connection V for the cotangent bundle splits as
VvV =V°+vVA

On any smooth manifold, there is a natural operator sending 1-forms to 2-forms and satisfying
the Leibniz rule with respect to the wedge product: the exterior derivative d. This motivates

the following definition.
Definition 2.4.3. A connection V for T% is said to be symmetric if VA = d.

Since the tangent bundle and the cotangent bundle are dual, we call a connection for T'x
symmetric if it is the dual of a symmetric connection for T%. If V is a connection for T’x
dual to a given connection V for T%, a short computation shows that it is symmetric if and

only if its connection matrix (I'%,) is symmetric, i.e. I}, = T};. One can also observe

1<i,j,k<n
that V is symmetric if and only if Ven — V,& = [£, 7] for any vector fields £ and 7.
The fundamental theorem of Riemannian geometry, due to Levi-Civita, states that on a

Riemannian manifold, there is exactly one symmetric metric-compatible connection, called

the Levi-Civita connection.
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2.4.3.3 Complex connections

On a complex manifold X, we have a splitting
Ty @ C =T @ T
It follows that for a complex vector bundle V' — X, a connection V splits as
V=V 4 vol (2.4.2)

If the vector bundle V' — X is, in addition, holomorphic, then there is a canonical choice for

the component V%' : T'(X, V) — T' (X, A% (Tx) ® V); namely the d-operator.

Definition 2.4.4. A connection V for a holomorphic vector bundle V' — X is said to be

complex if V! = 9 in terms of the splitting (2.4.2).

We then have an analogue of the Levi-Civita theorem for connections for holomorphic

Hermitian vector bundles.

Theorem 2.4.3. On a holomorphic Hermitian vector bundle (V — X, h), there ezists a

unique complex connection compatible with the Hermitian metric.

We call such a connection the Chern connection for (V' — X, h).

2.4.4 Induced connections on twisted forms
2.4.4.1 Symmetric connections and exterior derivatives

Consider a differential 1-form o = ), _,.,, azdz; on a manifold X. For a connection V for

Ou; ) . .
Ty = X, Va = Z1gm,k§n 8_xl-dxj ® dx; + ozkefjdxj ® dx;, where 6 is the connection matrix
J

of V. The skew-symmetric part is then

A (Va) = Z %dxj A dx; + akajdxj A dx;.

£ z;
1<i,jk<n
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Recall that V is a symmetric connection if and only if
da = A*(Va)

for any 1-form a. Therefore, V is symmetric if and only if its connection matrix is symmetric,
Now suppose that [ is a differential r-form; that is a section of the product bun-

dle A"(T%). For a connection V for T% — X, the product connection V" acts on § =

Zlgil,-n,iTSn ﬁil...irdl‘il A A de‘Z‘7, by

V""ﬂ = Z <a/811 Ay —+ Z Z ﬂ” €) iy zoz > dl’m (039 dmzl - A dl‘im

1<ip<n 7j=1 1<t<n

where (¢); denotes ¢ replacing ;. Taking the (r + 1)** skew-symmetric part of V'3 (thought
of as an (r + 1)-tensor), we obtain

_pnt

6¢ 0
Vrﬁ = Z (aﬁh i + Z Z ﬁu “(€)j++ip %) dxlo & dxll A dwir?

1<ip<n Lig =1 1<¢<n
in view of the skew-symmetry of the f;,..;.. Therefore, V is symmetric if and only if

d = A" o V" for any integer r with 1 < r < n.

2.4.4.2 Twisted exterior derivative

Let V' — X be a vector bundle of rank r, with connection D. We can define a twisted
version of the exterior derivative for sections of 7% ® V' — or V-valued 1-forms. This twisted
exterior derivative should produce a V-valued 2-form. As in the previous paragraph, we fix a
connection V for T%. For a V-valued 1-form o, we compute that
aaiy n,ov vk
(VoDa= Y T ol +afly; ) dr; @ dei e,
1<i,j,k<n J
1<p,v<r

and

N(VeD)a)= Y (8 + ajfw j+aZij>dxj/\dxi®ew
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where {e,}1<,<, is a frame for V' — X and w and € are the connection matrices for D. Once
again, if the connection V for T% is symmetric, then the anti-symmetric part A? ((V ® D)) is
independent of the connection V. Similarly, if 3 is a V-valued s-form, then A*™! (V" ® D) «)

is a V-valued (s + 1)-form, which is again independent of V' as soon as V is symmetric.

Definition 2.4.5. Let V' — X be a vector bundle with connection V and let V be a symmetric
connection for T — X. The operator V! : ' (M,C® (T3 @ V)) — T'(M,C>® (A*(T%)®@V))
defined by
Via:=A* (Ve D)a)
(which is independent of V) is called the twisted exterior derivative associated to V. More
generally, let V" be the induced product connection for A" (T%) — X. The operator
D" :=N"o(V'@D): T (MC*(A (Tx)®V)) =T (MC® (AN (Ty)@V))

is called the twisted r*" exterior derivative (for V-valued r-forms) associated to V.

Remark 2.4.4. Let (e1,---,e,) be a frame for V. — X and let (z1,---,2,) be a local

coordinate system on X. Then for a section o € I'(M,V @ A" (T%)) given locally by

o= E of i dry N--- Ndx; ® ey, one has (with V = V")
1<iq, ir<n
1<p<r
Vo = 0%his gy d PG d d
7= Q. O ATy N N AT @ € Wy A0y AT A AT @ ey
1<y, ir,j<n J
1<p,v<r

m

oot .

= E %dxj Ndzg, N Ndx;, @ ey + (=1)"0) L degg N+ ANdx, ANl @ ey,

1<in o pj<n
1<py<r

Informally, one writes Do = do + (—1)"0 A w.

2.4.5 Curvature

Definition 2.4.6. Let V' — X be a vector bundle with connection V and, with respect to

some frame, connection matrix A. The curvatures of (V — X, V) are the operators
OF = V"o VF: T (M,C* (A" (T5)®V)) = T (M,C™ (A" (Tx)®@V))
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where V7 denotes the twisted exterior derivative associated to the connection V.
Observe that if s is a V-valued k-form and f is a function, then (informally)
OF(fs) =V (fV(s)+df As) = f(VoV)(s)+df NVs—df ANVs= fOF(s),
so that ©%(s) is indeed a V-valued (k + 2)-form. Morever, we have the following proposition.
Proposition 2.4.5. There exists an End(V')-valued 2-form Q(V) such that
OF(s) = s A Q(V)
for any k € {0,--- ;rank(V)} and any V -valued k-form s.

Proof. Let us work in a local trivialization in which the connection matrix is denoted by A.

We then have:

OF(s) = VF (VF(s)) = VF (ds + (—1)*s A A)
=d(ds+ (-1 s AA) + (-1 (ds+ (-1)*s A A) A A
=(—1)F(dsANA+ (-1)'sANA) + (-1)fdsANA—(—1)*sNANA

—sA(dA—ANA).

Therefore, the k-independent local endomorphism s — s A (dA — A A A) agrees with VoV

and since V o V is globally defined, the proof is complete, with Q(V) :=V o V. n

2.4.5.1 Curvature of the Chern connection

Fix a holomorphic Hermitian vector bundle (V' — X, h) of rank r. Observe that since

V =V 4+ 9 and 9% =0, it follows that
VioV=V"oV"Y+Vi?0d+0 0V
By metric compatibility,

Oh(s,t) =h (vLOs,t) +h (s, 5t) and Oh(s,t) = h (5s,t) +h (s, Vl’ot) 7
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and since 9% = 0,
0=00%h(s,t) = h (V"' o V{'s,t)+h (V'0s,0t)—h (V'0s,0t)+h(s,0,0t) = h (V1’0 Vs 1),

and thus V" o V0 = 0. In conclusion, the curvature form © of the Chern connection
satisfies © = V}’O 0+ 0; 0 V0. In particular, © maps sections to twisted (1, 1)-forms, and

it is thus a twisted (1, 1)-form.

Proposition 2.4.6. The curvature of the Chern connection of (V. — X, h) is given by the

formula

Q% =0 ( > haﬁahﬁﬂ) .

1<p<r
Proof. Let h,5 = h(ea,ep) for a holomorphic frame {e,}1<a<, for V'— X. Recall that the
connection matrix A is given by
AG =" hTOhg.
1<p<r

In matrix notation, we have A = (OH)H ! with H representing the Hermitian metric.
Therefore, using the formulas 0 (H™') = ~H Y(OH)H ' and 0 (H™') = —H Y(OH)H ™!, we

calculate that

dA—ANA=(0+0) ((OH)H™') — (0H)H " A (OH)H ™!

=0 ((0H)H ")+ (0H)H " (0H)H " — (0H)H " (OH)H " =0 ((0H)H ") .

2.4.5.2 Curvature of a line bundle

Let L — X be a complex line bundle. If V is any connection for L — X then its curvature
is a section of End(L) ® A*(T%) — X. Since the line bundle End(L) — X is canonically
trivial, the curvature of a line bundle is a well-defined 2-form on X. Since the fibers are

1-dimensional, A(V) A A(V) = 0 for any local connection form A(V) and so the curvature
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of V is d(A(V)). In particular, the forms yields a globally defined 2-form on X via the
isomorphism between End(L) and the trivial bundle.

Suppose now that X is a complex manifold and the line bundle L — X is holomorphic.
Let h be a Hermitian metric for L — X. If £ is a holomorphic frame for . — X over an

open set U C M, then one can define the function

<P(£) = —log (h(&,§)).

The curvature of the Chern connection of h is
O(h) := (00p%) ® ¢ ® &,

where £* is the frame for L* — X dual to . Since £ ® £* is nowhere-zero, one can define
the curvature of the holomorphic line bundle to be 99p¢). The right hand side of the latter
equality is independent of the choice of holomorphic frame. Indeed, given another holomorphic

frame &, it follows that £ = f¢ for some nowhere zero holomorphic function f and so

@ = —log (IfI> h(£,€)) = ¢© —log (If])

whence 99p© = 89o® since log(|f|*) is pluriharmonic due to the holomorphicity and
non-vanishing of f. Clearly, £ ® £* = £ ® &*.

Consequently, we can use the following global notation for Hermitian metrics of holomor-
phic line bundles: a metric for a holomorphic line bundle will typically be denoted ™%, and

its curvature will be denoted by 9d¢.

2.4.6 Curvature of determinant bundles

Proposition 2.4.7. Let V — X be a vector bundle of rank r with connection VY and let

det(V) — X be its determinant line bundle with connection VV). Then

Q(VEY) =t (Q(VY)).
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Proof. Let eq,--- e, be a frame for V' — X. Then:

(vdet(v))2 (61 Ao A €7~ — ydet(V (Z er A A VV(ej) A A €r>

r j—1

:2261/\---/\Vv(ek)/\---/\vv(ej)/\.../\er

§=2 k=1

r j
—Z Z e AN AV (eR) A AV () A Aey

j=1 k=j+1

and so () (Vdet(v)) = tr (Q (VV)) as claimed. O

2.4.6.1 The canonical bundle

Recall that the canonical bundle Kx of a complex n-dimensional manifold X is the line

bundle det (T*1 0) whose local sections are (n, 0)-forms.

If g is a (Riemannian) Hermitian metric on X, Proposition tells us that the
curvature of the Chern connection for (Ky — X, det(g)) is just the trace of the curvature of
(T — X, q).

For a general (Riemannian) Hermitian metric g, the latter Chern curvature is unrelated
to the curvature of the Levi-Civita connection for g. However, if the metric g is Kéhler,
the curvature of the Chern connection for (Kx,det(g)) is the negative of the so-called Ricci

curvature of g:

Ric(g) = —tr (Q(g)) . (2.4.3)

In components,
Ric(9)ap = —0.05 (log (det(g,s)) - (2.4.4)
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2.4.6.2 Curvature of direct sums of vector bundles

As previously seen, given connections VY and V" on vector bundles V — X and W — X
over a complex manifold X, there is a natural direct sum connection V¥V V" on VoW — X.

The curvature OVEW of V & W — X satisfies
eOVeW — oV ¢ Idy + Idy @ 6.

Additionally, if QY and Q" are the curvature forms of V' — X and W — X, then the

curvature OVOW form QVOW of VV @ VW is the direct sum matrix of QY and QW:

|4
QV@W — Q 0

0o Q%

For further details, we refer the reader to [Dem12, Chapter V, §4].

2.4.7 Curvature positivity of vector bundles

In complex geometry, there are various notions of “positivity” for the curvature of the Chern
connection for a Hermitian metric on a holomorphic vector bundle. Indeed, because the
curvature ©(h) of the Chern connection of a metric h for a holomorphic vector bundle V' — X
is a (1, 1)-form with values in Hom(V, V) — X there are many ways to measure its positivity.
The strongest notion of positivity is called Nakano positivity, and the weakest notion is called

Griffiths positivity.

Using the metric h, one defines Hermitian forms {-, '}h,e(h) on the fibers of V ® T)l(’0 by

letting

{v®&wentnem = h(O(h)gs(v), w) (2:4.5)

for indecomposable tensors — i.e. tensors of the form v ® & — on a given fiber V, ® T)l(’g and

extending bilinearly to the entire fiber.
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Note that given Hermitian metrics for hy and hy, for the holomorphic vector bundles
V — X and W — X respectively, hyaw = hy @ hy is a Hermitian metric for V& W — X.
Let ©V and ©% denote the Chern connections for (V — X, hy) and (W — X, hyy). If we

denote by 0y the Hermitian form {-,-},, ev(,) and similarly for W and V' & W, then

Ovaw = Oy @ hw + hy @ Ow.

2.4.7.1 Notions of positivity

Definition 2.4.7. Let V — X be a holomorphic vector bundle with smooth Hermitian

metric h and fix a smooth (Riemannian) Hermitian metric g on X.

1. We say that h has positive curvature in the sense of Griffiths at a point z € X if there

exists ¢ > 0 such that

{U @ g,fU X g}h,@(h) Z c: h(U,’U)g(g,g)
forallv® eV, ® T)l(’gc.

2. We say that h has positive curvature in the sense of Nakano at a point z € X if there

exists ¢ > 0 such that

{ZUj@ﬁj,ZUk@ﬁk} Zczh(vjavj)g<€j7€j)
h,©(h) J=1

j=1 k=1

forall v ® &, , 0, ®E €V, ® T)l(’gc where n = min (dim¢(X), rank(V)).

We define non-negative curvature by taking ¢ = 0, and we define negative and non-positive

curvature by simply changing the sign of ¢ and reversing the inequalities.
More generally, given a Hermitian form 6 on V ® T )1{70, we will say that 6 is Griffiths

semipositive (resp. positive) at a point x € X if (v ® &) > 0 forall v ® ¢ € V, ® T)l(’v(;.

If 6 is Griffiths semipositive (resp. positive) at every z € X, we write 6 >gyig 0 (resp. >guig 0).
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Similarly, we will say that 6 is Nakano semipositive (resp. positive) at a point z € X
if 0> vi®&) >0 (resp. > 0) forally, ®E € V, ® T)l(”(;, where i = 1,--- ,n where
n = min (dimc, rank(V)). If 6 is Nakano positive (resp. positive) at every = € X, we write

0 >Nak 0 (resp. > Nak 0)

For two Hermitian forms 6; and 65 on V & T)l(’o, we will write 61 >Nak 02 (resp. 07 >Nak 62)

if 01 — 0 >Nak O (resp. 01 — 05 >Nax 0), and similarly for 6; >qug 02 (resp. 01 >arig 02).

2.4.7.2 Duality

The Hermitian holomorphic vector bundle (V' — X, h) is Griffiths positive if and only if its
dual (V* — X, h*) is Griffiths negative, but this relationship between positivity and duality
is no longer true in the case of Nakano positivity. We refer the reader to [Deml12, (6.8)
Example| for a counter-example showing that the Nakano positivity or negativity of a given

bundle and its dual are unrelated.

2.4.7.3 Positivity of line bundles

When V' — X is of rank 1 —i.e. when it is a line bundle — Griffiths positivity and Nakano
positivity coincide since any map V, ® T)lggc -V, T )1(26 has rank at most 1 due to the fibers
V. being 1-dimensional. In this case, the term “positivity” has a unique meaning and one
speaks of positivity of the curvature. As previously seen, the curvature of a Hermitian metric

e~ % then is

00 Xn: 00 g ndz
= Zi Zj,
7 = 82182] J

i,j=1
where n = dim¢(X). Hence the curvature of e ¥ is (semi)positive if and only if, in any

holomorphic coordinate system, the Hermitian matrix

D2
He(p) = (aziaij)1<i,j<n
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is positive (semi)definite. In other words, the potential ¢ of the local representative of the

metric is plurisubharmonic (or strictly so, in the case of strict curvature positivity).

2.4.7.4 Analytic characterizations of curvature positivity and negativity

The following proposition will be very useful in the study of the positivity of holomorphic
Hilbert bundles.

Proposition 2.4.8. The metric h for V. — X is non-positive (resp. mnegative) in the
sense of Griffiths if and only if for any holomorphic section s of V. — X, the function
X 3z |s(@)]} := h(s(x),s(x)) is a plurisubharmonic (resp. strictly plurisubharmonic)

function on X.

Proof. For any holomorphic section s of V' — X, we have 0h(s,s) = h(V'(s),s) since

VO1(s) = s = 0. Therefore,

O0h(s, s) = —00h(s,s) = —h (V"' o Vs, s) + h (V''s, VV10s)
— —h (@V(s), s) +h (Vl’os, Vl’os)

= —(O(5),5), + |V} .

The second summand is clearly nonnegative, so we see that if h is nonpositive (resp.
positive) in the sense of Griffiths, then 90 |s|; is non-negative (resp. positive).

To see the converse, it is enough to work locally since plurisubharmonicity is a local
property. We thus assume that the vector bundle V' — X is trivial, but with non-trivial
metric. Under the condition of triviality, given any vector v € V,, there exists a holomorphic
section s, of V' — X such that s,(z) = v and V'¥s,(x) = 0. Indeed, if v € V,, the

holomorphic section we seek must have the form s(w) = v + Zgﬁ{(v) ax(wy — ) if we

think of w as local coordinates near . Then Vs = Av + Zrk‘zlf(v) apdwy, at x, where A is
the connection matrix of V — the Chern connection of (V' — X, h). Choosing ay = —Axv,

where A = Zza:nf V) Ardwy, we obtain the desired holomorphic section. Plugging s, into the
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previous formula for O0h(s, s) yields
OOh(s,s) = —(O(s), ), ,

which shows that if 2 — |s(z)|} is plurisubharmonic, then h is non-positive in the sense of

Griffiths. m
We also have the following proposition.

Proposition 2.4.9. The metric h for V.— X is non-positive (resp. negative) in the sense
of Griffiths if and only if for any holomorphic section s of V. — X, the function X > x —
log (h(s(x), s(x))) = log (|s(m)|,2l) is a plurisubharmonic (resp. strictly plurisubharmonic)

function on X or identically —oc.

This can be proved by explicitly computing 99 log (]s]i) for a non-zero holomorphic

section s such that V%!'s = 0 at a given point p, which then shows that

ddlog (|s(p)[2)) = — |s(p)];

Remark 2.4.10. This result can also be obtained by simply observing that a positive function

f is plurisubharmonic if and only if log(f) is plurisubharmonic. See [DAn01, Proposition 2.2].

More generally, if X is an n-dimensional complex manifold and V' — X is a holomorphic
vector bundle of rank r with smooth Hermitian metric i, we can formulate a similar test for

pointwise Nakano positivity. Set & = min(r,n) and write
dZZ‘ A de = cndzl VANERIVAY dZi,1 N dZiJrl VANRERIVAY dZn A le VANCEIVAY dzj,1 VAN d2j+1 A dZn

for a local coordinate z. Here ¢, is a unimodular constant chosen so that dmzj is a
positive form. We then have the following proposition. This criterion is primarily due to

Berndtsson [Ber09b).

Proposition 2.4.11. The metric h for V- — X is positively curved in the sense of Nakano at

p € X if and only if, for every local coordinate system z at p, and every tuple of holomorphic
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sections (f1,-+ -, fx) such that V¥ f; =0 at p for each i =1,--- ,k, the (n,n)-form
k
ij=1

is a negative multiple of the Lebesgue measure dV (z) near p.
Another similar criterion for Nakano negativity, primarily due to [Raul5|, is the following.

Proposition 2.4.12. The metric h for V- — X is negatively curved in the sense of Nakano at
p € X if and only if, for every local coordinate system z at p, and every tuple of holomorphic
sections (f1,-++ , fx), the (n,n)-form
k —_—
ij=1

is a negative multiple of the Lebesgque measure dV (z) near p.

2.4.8 Subbundles and Griffiths’ curvature formula

Let (V — X, h) be a holomorphic Hermitian vector bundle over a complex manifold X, and
let W — X be a holomorphic subbundle of V' — X. Then W — X is also Hermitian with
the metric induced from A, and thus admits a Chern connection. Note that the Hermitian
metric h gives us a fiberwise orthogonal projection map P, : V., — W, for each point z in the
base. Although P, is not holomorphic as z varies, these maps together generate a smooth
bundle map from V to W. Similarly, we let P} be the orthogonal projection on W, the

orthogonal complement of W, in V,. The sum of P, and P} is the identity map.

Proposition 2.4.13. Let VY and VW be the Chern connections of V.— X and W — X

respectively. Then,
1. VW =P oV, and

2. The map s — p(s) := (73L o VV) (s) satisfies p(fs) = fp(s) if f is a smooth function
and s is a smooth section of W — X. Hence, p(s) =0 at z if s =0 at z. So p defines

a linear map from W to W+ @ T%.
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Proof. 1. Since VV(fs) = df ® s + fVV(s), it follows that P o VV satisfies the same
property if s is a section of W — X. Therefore, P o VV is a connection. Moreover,
if 5 is holomorphic, the fact VV(s) is of bidegree (1,0) implies that V' (s) is also of
bidegree (1,0). Therefore, the connection P o VV is complex. Finally, if s; and s, are

two holomorphic sections of W — X, then
dh(s1,52) = h (VY (51),82)+ (51, V" (52)) = h (P o V") (s1),82)+h (s1,(PoV")(s)).

Therefore, P o VV is a complex connection that is compatible with A, and must thus

be VW by the uniqueness of the Chern connection.

2. p(fs) =P (df ® s+ fVY(s)) = fp(s) if s is a section of W — X.

Theorem 2.4.14. If W — X is a holomorphic subbundle of a Hermitian holomorphic vector
bundle (V — X, h), then

@W = @V - p*pa

where ©OW and OV are the curvatures of W — X and V — X respectively, and p* is the dual

of p with respect to h.

Proof. For any holomorphic section s of V — X, we have 0h(s, s) = h (V10 (s), s) since

VYO (s) = 0s = 0. Therefore,

O0h(s,s) = —O0h(s,s) = —h (VV’(O’I) o VOl 8) +h (VV’(LO)S, VV’(I’O)S)

= —h (0Y(s),s) + h (V105 v10s)
Therefore,

h (0% (s),s) — h(0V(s),s) = h (VWV10s, vV L0g) —p (VY105 vV 1L0)g)
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for any holomorphic section s of W — X. Therefore, by Proposition [2.4.13] the fact that
P + P+ =1d, and by orthogonality,

B (VW05 YW0g) _ b (vV0) s VL))

=h(PoVY(s),PoVY(s)) —h(PoVY(s),PoV(s)) —h (P oV'(s),ProV"(s))

= —h(p(s), p(s))

]

The map p is called the second fundamental form of W — X in V — X. In the complex
case, the quadratic form —h (p(s), p(s)) is always a non-positive (1, 1)-form. If the curvature

of V' — X vanishes identically, then the curvature of W — X is completely determined by

the second fundamental form.
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Chapter 3

Bergman spaces and their kernels

Let X be a complex manifold with Borel measure p and let V' — X be a holomorphic
vector bundle with Hermitian metric h. Consider the Bergman space which is defined as the

subspace

H(%,O(M7 h) = L?),O(N’ h) M FO(Xa v)

of square-integrable holomorphic sections, as a subspace of the space Lg’o(u, h) of (measurable)
square-integrable sections. The subspace Hg o(u, h) C L§ (1, h) is closed for many natural
choices of the measure y and the metric A, and therefore, there is an orthogonal projection —
i.e. a bounded linear self-adjoint projection operator P : L (p, h) — HG o(1t, h); the so-called
Bergman projection. Its Schwarz kernel, called the Bergman kernel, possesses many properties
and under certain positivity conditions, carries a great amount of information about the data
defining it. One can also build the corresponding theory for the Hilbert spaces L;q(u, h). In
this case, the space 7-[(2),0(,11, h) is replaced by the subspace Hg’q(,u, h) of O-closed V-valued
(p, q)-forms in Li’q(u, h).

The contents of this chapter are largely adapted from the course notes for the topics
course MAT 670 — Topics in Complex Analysis: Variation of Bergman Spaces, as taught
by Prof. Dror Varolin at Stony Brook University, Fall 2020. These notes are not publicly

available, unfortunately, and will be published as a separate manuscript in the future. That
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said, similar contents on the complex analysis and geometry of Bergman kernels can be found
in [Varl9, Part III, Lecture 11], [MMO7|, [Her18, Chapter 3, §3.3], [Ass16] §2.2], [BDS20| §2],
[Ber03], |[Ohs18, Chapter 4], [Pas94], [BHIS8|, [Kob13| §3.2], [BG15], and |[BG16].

3.1 Orthogonal projections in Hilbert spaces

As the notion of an orthogonal projection is at the foundation of the theory of Bergman
spaces, we provide here a systematic treatment of orthogonal projections on Hilbert spaces.

For a more general treatment of kernels on topological vector spaces, we refer the reader to

[Tre06].

Definition 3.1.1. An orthogonal projection on a Hilbert space H is a bounded linear

self-adjoint projection — i.e. a bounded linear map P : H — H satisfying PT = P = Po P.

To each orthogonal projection P, one can assign a closed subspace P(H). So there is a
map

Io(H) > P P(H) € ¢(H)

from the set IIp(H) of orthogonal projections on H to €(H) of closed subspaces of H. The

Fundamental Theorem of Orthogonal Projections states that this map is a bijection.

Theorem 3.1.1. (Fundamental Theorem of Orthogonal Projections) The map
lIo(H)> P~ P(H) € €(H)

s a one-to-one correspondence.

Lemma 3.1.2. Let V € €(H) be a closed subspace. For each x € H, there exists at most

one element y € V such that v —y L V.

Proof. Suppose that y; and y,, in V', both have the property that their difference from x is

orthogonal to V. Then by the Pythagorean identity and rewriting y; —x = y1 — y2 + 92 — .,
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it follows that
2
lyr = well” = llyn — 2l” = llge — 2l” = = (ly2 — 2l* = llz = 9I*)" = — lly2 — v,
hence ||y2 — y1]| = 0 so that y; = ys. O

Proposition 3.1.3. Let V € €(H) be a closed subspace. For each x € H, there exists a

unique element Py(x) € H such that
Yoe X |Py(z) —z| <|v—z (3.1.1)

and

Py e Ho(H)

Proof. Fix z € H. Consider the squared norm function N, : V — Rsq,v — ||z — v||*. The
infimum of N, exists since N, is bounded below. Moreover, since V is closed, N, has a

minimum. Let o € V' be the minimizer of N,. Then for any v € V, the function
0,00) 3 e f(e) := ||lzo 4+ ev — z||> = ||zo — z|” + 2eRe(v, 2o — ) + 2 ||v|?

has a critical point at ¢ = 0. So Re(v,zo — ) = 0. Replacing v by v/—1v show that
Im(v, 29 — x) = Re(v/—1v,29 — ) = 0, and so zg —xz L V. Hence, by Lemma , the
minimizer N, is unique — i.e. there exists a unique element Py (x) such that

Yoe X ||Py(z) —z|| <|v—2z|.

It remains to show that Py, € Ilo(H). If v € V, the clearly Py (v) = v, and so Py Py = Py so

that Py is a projection. Furthermore, by the Pythagorean identity,
1Py (2)|* < | Py (@)|* + |z = P (2)]* = ||
and so Py is a bounded operator. Finally, for v € V|
(g; - P@(x),v) — (z,v) — <P‘Jﬂ(x), v) = (2,0) — (z, Py(v)) = 0,

so that = — Pj(z) L V; showing that P} (z) = Py () in view of Lemma . Therefore, Py is

self-adjoint, which completes the proof. O
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Proposition 3.1.4. If P € Ilp(H), then P = Ppp.
Proof. If v € P(H), then
(v,2 = P(x)) = (v,2) = (v, P(2)) = (v,2) = (P'(v),2) = (v,2) = (P(v),2) =0

so that P(x) —« L P(H), and hence P = Pp(y). O

Propositions [3.1.3| and [3.1.4| show that the map IIo(H) 2 P — P(H) € €(H) is surjective

and injective, respectively, thereby proving Theorem [3.1.1]

The kernels we will consider take values in a certain Hilbert space completion of a tensor
product of Hilbert spaces. Let us define this tensor product. Let H; and H, be separable
Hilbert spaces. The space H@Q denotes the Hilbert space completion of the tensor product
H, ® Hy with respect to the norm defined by the orthonormal Riesz basis {v; ® w;}; jen

where {v;}ieny and {w;}jen are orthonormal Riesz bases for Hy and H respectively.

Theorem 3.1.5. Let H be a separable Hilbert space and let P € Ilo(H) be an orthogonal
projection. For any orthonormal Riesz basis {vy}taen of the closed subspace P(H), the

sequence of partial sums
N
KI(DN) = Zva R Vg
a=1

is weakly convergent on H ® H, and its weak limit Kp along indecomposable tensors is given
by

(Kp, 2 ®@Y)yon = (Pr,y)u.

Proof. Let {wg}peny be an orthonormal Riesz basis for P(H)*. Then {v,, ws}agen is an

() (8)

orthonormal Riesz basis for H. Given x,y € H, one may write x = x; 'v, + | 'wg and

y =y, + yPws. Since z — > N 2, € P(H)* for all z € H, P(z) = > e g,

and so

2 2
< [1P@),

N
(K}N),x ® i>H®H => ]ng>
a=1
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which shows that <K1(JN), T ® i‘) _ is a bounded increasing — hence convergent — sequence
HoH

whose limit is clearly || P(z)|7,. Since
(2—yYR@T—7)=0@T+yYRT—2Ry—y®I,
we see that

Re (K}DN),x ® 7

converges, as does

Im (K](jN),x®gj>H = Re (K;N),\/—lx@)?j)H ,

®HT ®H

and hence (KEDN), r® gj) converges as well. Clearly,
HeHt

(Kp,x ®Y) oy = [HP(CE — )l + 1P (2 + V=)l = 1P@)5 = P3| = (Pr,y)n,

NO| —

which completes the proof. O]

Remark 3.1.6. Note that Kp converges in H® H if and only if P(H) is finite-dimensional.

3.2 The Bergman projection

We now adapt the general theory of the previous setting to the complex geometric setting by
considering Hilbert spaces of sections of holomorphic line bundles briefly mentioned at the
beginning of this chapter; Bergman spaces. If such a section is holomorphic and the Hilbert
spaces are defined by sufficiently regular geometric data, then the point evaluation of the
section is controlled by the L2-norm of the section. This boundedness of the point evaluation
operator allows for some level of interplay between the properties of the sections when viewed
as functions, and when viewed as vectors in a Hilbert space. This interplay possesses many

important consequences.
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3.2.1 Complex reproducing kernel Hilbert space structures

In many natural situations, the point evaluation operator is a bounded linear functional on
the spaces of holomorphic sections. This boundedness is at the foundation of the theory
of Bergman projections and Bergman kernels. If a given Hilbert space of functions has a
bounded point evaluation operator, then one calls such a space a complex reproducing kernel

Hilbert space (C-RKHS).

Definition 3.2.1. (Complex reproducing kernel Hilbert space) Let X be a complex manifold
with Borel measure p and let V' — X be a holomorphic vector bundle with Lebesgue
measurable metric h. The pair (i, h) is a (local) complex reproducing kernel Hilbert space
structure (C-RKHS structure for short) if for any compact K C X, there exists a constant

Ck > 0 (depending on K) such that

2 2
| fo(x)]}, < Ck HfOHL?w(;L,h)

for all z € K and all

fo € Mol ) = { £ € To(X.V): 11 = [ 1fThdn <400}

In this case, we say that ’Hao(,u, h) is a Bergman space. An C-RKHS structure is said
to be global if the constant C'x := C' may be taken independently of the compact set K, i.e.

there exists a uniform constant C' such that
2 2
Ve e X,Vf e H(Q),O(:uv h) |f(x)], <C ||f||Lg7O(M,h) :

In this case, we also say that the pair (u, h) is a global C-RKHS structure. The local uniform
boundedness of the point evaluation map which defines the C-RKHS structure is clasically

known as the Bergman inequality.

Proposition 3.2.1. Let X be a complex manifold with Borel measure i and let V — X be

a holomorphic vector bundle with singular Hermitian metric h. Assume that
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1. the Borel measure p is absolutely continuous with respect to Lebesque measure, and its

local Radon-Nikodym derivatives are locally bounded below,

2. the metric h s locally bounded below, i.e., for every local frame ey,--- ,e, of V. — X,

there exists a constant co > 0 such that |30 vie;|s > co S0, vf7

Then for every set K with compact closure in X, there exists a constant Cx such that if

s € Ho(p, h), then

sup |s[2 < CK/ s[> dp.
K X

Proof. For every point p € K, choose an opset B, with compact closure in X that is
biholomorphic to the unit ball in C", and choose a holomorphic frame eq,--- ,e, for V — X
that is orthonormal at p. Choose R > 0 and C; > 0 so that Cy >, Ui€i|i >3 |wf? for
all v € C", every z € Br(p) and every p € K, where z denotes the coordinates in B,. Such
R > 0 and (] > 0 exists by the assumption on h and the relative compactness of K. Write

s =Y ._, fie; for holomorphic functions fi,---, f, on B,. By the sub-mean value property,

1 / 9
fi dV Z),
— BR(p)I " dV(2)

where dV denotes Lebesgue measure in B,. By our assumption on g and the relative

|fz’(P)|2 <

compactness of K, there exists Cy > 0 such that dV/du < Cy on K. Hence

T Cl T
sOE < S IhE)? < — / fer
<2 T |2

which is the desired inequality. O]

2
iz < 2 [
h Br(p)

— WnR2n

Remark 3.2.2. This proposition shows us that we can have an C-RKHS structure under

rather weak regularity hypotheses.

Remark 3.2.3. If X is compact, the C-RKHS structure is clearly global by definition. The
most immediate examples of global C-RKHS structures are obtained when X is a compact

complex manifold and h is bounded from below in sup-norm, in the sense of Proposition

B211
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In the sequel, we will use the measure dy = dV, of some (Riemannian) Hermitian metric
g. However, it is worth noting that one can define Hilbert spaces without the use of a metric
g on the manifold. Indeed, let (V — X, h) be a holomorphic Hermitian vector bundle. Then,
instead of considering sections of V' — X, one may consider V-valued canonical sections
— that is, sections of Ky ® V. For each section f of V' — X, one has the measure |f]i
defined as follows. If z is a local coordinate and &, --- , &, a local frame, then one may write

f=>_ fidzy A+ Ndz, ® & and thus define

(\/—_1

=Y fifih(&. &) T) dzy NdZ A -+ N dzy A dZ,.

1<ij<r

As noted in a Remark [2.2.1] one may always consider sections of V' — X in lieu of V-valued
(n,0)-forms and vice versa. See [Ohs1§| for instance, for more contents on this approach to

Bergman kernels.

3.2.2 Definition of the Bergman projection

We now proceed to define the Bergman projection. Such a definition is possible in virtue of

the following proposition.

Proposition 3.2.4. If (i, h) is an C-RKHS structure, then the Bergman space Hg (1, h) is

a closed subspace of L§q(p, h).

This proposition follows from the Bergman inequality in the following manner. Since the

L?-norm dominates the L

be-norm on Mg (t, k) by the Bergman inequality, every sequence

in Hg)o(u, h) that is Cauchy with respect to the L?-norm, converges locally uniformly, and

hence its L2-limit is holomorphic by Montel’s theorem. We thus have the following definition.

Definition 3.2.2. The orthogonal projection P : L§o(u, h) — Hgo(p, ) is called the

Bergman projection of ’H(Q)’O(,u, h).
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3.3 L? estimates for the Bergman projection

If (11, h) is an C-RKHS structure and f € L§ o (11, h), then the section Uy = f—P(f) € L§ (1, h)

is a solution of the J-equation

ou = 0f.

Since M3, (p, h) = Ker (9) N L o(u, h), Proposition shows that Uj is the solution of
minimal L?-norm. This minimality is particularly useful in estimating || P(f )||ig L(un) from

below. Indeed, given any weak solution u € Lao(u, h) of du = Of,

2 2 2 2 2
P2z sy = W0 gy = 1= POOIZz sy = 1 T2z jumy = 11l gy -

When i = dV, for some (Hermitian) Riemannian metric g, one can obtain desirable candidate

solutions u by making use of the Hormander-Skoda-Demailly Theorem.

Theorem 3.3.1. (Hérmander-Skoda-Demailly Theorem) Let X be a complete Kdhler man-
ifold equipped with a (not necessarily complete) Kdhler metric g, and let V. — X be a
holomorphic vector bundle with Hermitian metric h. Assume there exists a non-negative

Hermitian (1,1)-form ® such that

O(h) + Ric(g) > ®.
Then for every f € L§ (g, h) such that

/X Bf[2, 4V, < +oo

one has the estimate

|11 =paiav, < [ |orly, av,
X X

See [Dem12, Chapter VIII, §6, (6.1) Theorem] for a proof.
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3.4 The Bergman Kernel

According to Theorem [3.1.5) if {f;};>1 C H§ (i, h) is an orthonormal Riesz basis, then the

formal series

K=Y fof

j>1
associated to the Bergman projection converges weakly on any indecomposable tensor in the
Hilbert space H ® Hf, where H := L§ ((u, h). It was also pointed out that if Hgo(x, h) is

not finite-dimensional, then K does not converge in H ® Hf. If, however, (u, h) is a local

C-RKHS structure then one can represent the formal series K very concretely.

3.4.1 Existence

On a Bergman space, the point evaluation is bounded by definition, and hence for each
z € X, there is a bounded linear function ¢, : Hg (i, h) — V; whose norm is locally
uniformly bounded as a function of x. By the Riesz Representation Theorem, there is a vector

& € M3 o(p,h) ® VI such that f(z) = (f, &) and @ — [|&,]] is locally uniformly bounded.

Lemma 3.4.1. Let Hg (11, h) be a Bergman space and let {f;};>1 C Hg (i, h) be a sequence

of vectors such that for every x € X

1. for each K € X, there exists Cx > 0 such that sup |(f;,&:)], < Ck, and
i>1

J=Z
zeK

2. f(z) :=1lm; . (f;,&) exists in V.

Then f; — f locally uniformly on X. In particular, f € To(X,V).

Proof. Since (f;,&,) = f;(x), the first condition and Montel’s theorem imply that a subse-
quence of {f;};>1 converges to a holomorphic section f . On the other hand, by the second
property, {f;};>0 converges pointwise to f, and hence f=rf O

Remark 3.4.2. The limit itself, f, does not have to be in ’Hg,o(,u, h).
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Theorem 3.4.3. Let X be a complex manifold with Borel measure p and let V- — X be a
holomorphic vector bundle with Hermitian metric h such that (u, h) is an C-RKHS structure.

Then, there exists a holomorphic section K € T'p (X XL VK V‘L) such that

1. K(z,y) = K(y,2),
2. K(-,9) € Hio(p, h) for everyy € X, and

8. the Bergman projection P : L (1, h) — Hg o (11, h) is given by
PUN() = | W) K ) dulo) (34.)

Moreover, K is uniquely determined by these three properties.

Proof. Suppose we have two sections K and K that satisfy these three properties. Since

K(-,2),K(-,2) € Hi o(p, h),
K(z,7) = (f((-,z), K(x;))Lao(uyh) - <K(-,:f),f((z,7)> — K(z, %),

which establishes the uniqueness of K.
We now turn to the existence of K. Fix an orthonormal basis {s;},>0 of H (s, h) and

let
N

Inle,g) =) (@) @ 55(y).

j=1

Clearly, fxy € I'o (X ®X,VK VT). Suppose that fy converges locally uniformly, for the
moment, and let K denote its limit. K clearly satisfies the first property, while the third one
is a consequence of Theorem [3.1.5] Combining the identity

[ it de = fxto.o)
X
with Fatou’s Lemma, we can see that
[ Gl du < K(w.),
X

which proves the second property.
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It remains to prove the convergence. To do so, we will apply Lemma to X x XT
with its product measure ; x g and holomorphic vetor bundle V X VT — X x XT with the
Hermitian metric h & h := w5h + w%h where h(§,5) = h(o,&). Fubini’s Theorem shows
that (u X ft, h X 71) is a an C-RKHS structure structure. The Riesz-dual vector to point-
evaluation vectors in X x X' are @y =& ® fy, where §, € 7—[370(/1, h) ® VI is the Riesz-dual

of point-evaluation at p € X —i.e. (s,§,) = s(p). To apply [3.4.1} we need to show that
1. ‘(fN, f(g;,g)) ‘h@HT is locally uniformly bounded, and
(fN, §(2.9) ) converges in V, ® VyT_

Fix K € X and z € X, and let a; := s;(x). By the Bergman inequality applied to the
holomorphic section Zjvzl s; ® a; of the vector bundle V ® VI — X, there exists a constant

C = (¥ such that for all ( € K

h( & Bx (Z Sj(C) ® a;, Z‘%(C) ® aj)

SC’K/h@)h (ZSJ ELi,ZSj(Z)(X)C_Lj) du(z)
“Cx 3 hilaa) 20 [ H(e)s (2 daz) = Coe Do)

and setting ( = x yields

(Z h (si(x), Si(x))) < Cx Y hisi(@), si(@)).

j=1
Hence,

and therefore,

<C% Vr,y € K.

D h(si(@),si(y))

J=1

‘(fN’g(I@)) !2@ -
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Since every compact subset of X x X' is contained in a set of the form K ® K for some
K € X, the first requirement of Lemma is established. To prove the second one, note

that for N > M,
M+1 M+1

Hence the sequence {fn(x,y)}n>1 is Cauchy and so it converges.

Definition 3.4.1. The section K € I'p (X x X VK VT) is called the Bergman kernel of

the Bergman space Hg o(u, h).

3.4.2 Properties of the Bergman kernel
3.4.2.1 Extremal property

As previously seen, the Bergman kernel of Hg,o (u, h) is given by the series

K:ZSj®§j

>0

which is locally uniformly convergent, but not necessarily convergent in Hg o (1, h)® (7—[(2)70 (1, h))T.
Here, {s;},>0 denotes any orthonormal Riesz basis of 1§ (1, h). This series expansion is

useful in proving the following extremal characterization of the Bergman kernel.

Theorem 3.4.4. Let ’Hg’o(,u, h) be a Bergman space. The Bergman kernel K € T (X x XT VKK VT)
of 7—[%70(/% h) is uniquely determined by the extremal property
2
Vee X,0e V) (oc®ad,K(z,T)) = sup m (3.4.2)
uerd o) —10} lllzz | um

Moreover, the supremum is a maximum — i.e., for each o € V*, there exists a section
u € MG o(p, h) that is unique up to a unimodular constant factor, such that HUHL%O(M p =1
and (0 ® 7, K (n0,75)) = |(o, u(no))[*, for all o € V*, where w : V* — X denotes the bundle

projection.
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Remark 3.4.5. If x € X is a point at which the metric h is bounded, then

2
L]

= ol
ocvi—{0} o

2
R

Therefore |K(z,Z)], is the optimal constant for the Bergman inequality at the point z.

Lemma 3.4.6. Let V — X be a holomorphic vector bundle. Then any holomorphic section
of VRVT = X x XT is uniquely determined by its value along the sesqui-diagonal set
Ax :={(z,z);z € X} C X x XT.

Proof. By the identity principle, it suffices to show that Ax is a totally real submanifold of

X x XT. The vector £ = 74&; + W}}ng € T;(’(X)XT (2.3) is tangent to Ay if and only if & = &.

Since
Jiaxté = V=1 (Tl + 1) = i (VE18) + 1 (—V18)

it follows that Jy, xtTa, N Ta, = {0}. ]

Lemma 3.4.7. Let Hj (i, h) be a Bergman space. For each o € V', there exists an

orthonormal Riesz basis {s;};>0 for Hgo(p, h) such that (o,s;(x)) = 0 for all j > 2.

Proof. If the point evaluation function &, : Hg (i, h) > f — (o, f(z)) € C is identically
zero, i.e. if H§o(p, h) = Ker (€,), there is nothing to prove. Assume then that & # 0. By
the Bergman inequality, &, is a bounded operator and thus its kernel is a closed subspace.
Letting &, € H (i, h) denote the Riesz dual of o, we find that f € Ker (&,) if and only if

(f,&) = 0, and hence we have the orthogonal decomposition
Heo(p, h) = C&, @ Ker (&,) .

Letting s1 = &,/ HferLg J(u,n) and taking {s;}j>2 to be any orthonormal basis for Ker (&,), we

obtain the desired result. O

We are now in a position to prove Theorem [3.4.4]
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Proof. Lemma and the polarization identity

ror=;lerneTE-(-neG-7)
Vel —
+T|:(O'—\/_T) (U—\/—_lT)—(U+\/—_17)®(U—|—\/—_17):|

imply that K is completely determined by the quantities (¢ ® 7, K(z,z)) for ¢ € V,f and

x € X. Now let u € H%mo) (p, ) — {0}. If {o;},50 is an orthonormal basis for {u}*, then

2
o, u(x _ _
{ 2( )| < —|—Z| o,0;(2))|" =(c®a, K(z,7)),
||u||Lg,0(uh H ||L2 omh) >0
which shows that
2
L@@
u€HF o (n,h)—{0} HUHL2 o(1:h)

On the other hand, by Lemma , there exists an orthonormal basis {s1, 52, - - - } for g o (11, h)

(0@ K(x,1)) >

such that s;(x) = 0 for all 7 > 2. Thus

¢y ol

(0 ®5,K(x, 7)) = (0, s1(2))]?
u€Hg o(u,h)—{0} HU”L2 o)

which completes the proof. ]

3.4.2.2 Invariance

Given a holomorphic diffeomorphism & : X — Y to a complex manifold Y, it follows that the
push-forward measure ®,p and the metric (®~1)" A for the pullback bundle (®~1)"V — Y
define an C-RKHS structure on Y that is naturally isomorphic to the C-RKHS structure

(1, h) on X. We then immediately obtain the following proposition.

Proposition 3.4.8. Let X be a complex manifold with measure p and let V. — X be a
holomorphic vector bundle with Hermitian metric h such that (u, h) is an C-RKHS structure.

If & : X — Y is a holomorphic diffeomorphism, then

Ko (9(2),3()) = Ki(e,)
where K4 1s the Bergman kernel of’H(Q),O(pJ, h) and Ky is the Bergman kernel 0f7-[%70 (‘I)*% (@) h)'
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3.4.2.3 Monotonicity

Proposition 3.4.9. Let X be an n-dimensional complex manifold, let u be a Borel measure
on X and let V — X be a holomorphic vector bundle with Hermitian metric h such that
(1, h) is an C-RKHS structure. Let K denote the Bergman kernel of Hg(u,h). Let Y be
a complex manifold of complex dimension n and let v - Y — X be an injective holomorphic

map. Then the Bergman kernel 1*K of the C-RKHS structure (t*pu, t*h) satisfies:
Vo€ X,Vo € ('V*), : (0®56,(K) (2,2)) > {((:") (0 ®5) LK (1z,1Z)) .

Proof. Fix o € *V* and denote by = € Y the basepoint of . By Theorem [3.4.4] there exists

a section s € M (u, h) such that

2

/X|s|id,u =land (/7)) (0 ®5),K (w2,73)) = ‘<(L_1)*0',8(:L‘)>‘ :

Then *s € Hgo(v*pt, t*h) and

/ |t*s
Y

The desired equality follows from Theorem [3.4.4 O

f*hde*u:/ s[> dp < 1.
Y

The following three propositions generalize [Ber06, Lemmas 3.1, 3.2, and 3.3]. We
prove the first one. The next two essentially follow from special cases of the generalization
of Ramadanov’s theorem in [PW16|. They can be shown using the methods of proof of

Propositions and Proposition [3.4.10} or following the methods of proof found in [PW16].

Proposition 3.4.10. Let 2y and Q; be bounded domains in a compler manifold X such that
Qo € Q. Let V. — Qq be a holomorphic vector bundle and let i be a Borel measure for €)y.
Let {h;};>0 be a sequence of Hermitian metrics for V.— Qy such that (u, h;) is an C-RKHS
structure for each j. Assume further that hj}ﬁo = h for some metric h for V|ﬁo — Qo, and
that h; \, 0 almost everywhere in Q1 — Qq. Assume that Hg(Qq, h) is dense in Hg,(Qo, h).
Fiz a point z € Qy. Let K; be the Bergman kernel for 7—[(2)70(91, h;), and let K be the Bergman

kernel for 7-[(2)70(90, h). Then, denoting by v : Qo — Q the inclusion map,
Vo e Ve () (080), K, (12,) o @6, K(22).
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Proof. Let ¢ : €y < € be the inclusion map, and let ¢ € V*. By Theorem

{™) (c®0d),K;(z, L_Z)>}j20 is an increasing sequence and
<(L_1)* (c®a),K;(1z, L_Z)> <({o®a,K(z2z)

for each j. Since

Kj(bza [’_Z) = 0 |Kj(bzay)|ij d:u(y)

by Theorem m it follows that {K};>o has uniformly bounded norm norm in Hg, (Q1, h;).
Therefore, the sequence {K};>0 has a weakly convergent subsequence in 7-[(2),0 (Qo, h). Let
£ be the limit of the weakly convergent subsequence. If f is in H?(Qy,h), then by the

Cauchy-Schwarz inequality

/Q . (f(y), K;(z,y))), du(y)‘ < ||Kj|!ig,0(gl,hj)/ [FW)]h, duly),

Q1—Qo

and the latter converges to 0 as j — +oo. Therefore, any weak limit K satisfies

f(z) = / (f (), R 9)),, dis(y)

for any f € Hg, (Q1,h), and since Hg ((Q1, h) is dense in Hg 1(Qp, k), the same reproducing
property holds for any f € H(Q),O(QO, h). Since R is holomorphic, 8 = K by uniqueness and
the limit is uniform on compact subsets of €)y. In particular, for each z € Qy, K;(iz,(2)

converges to K(z,z) as j — +oo, which implies the desired result. O

Proposition 3.4.11. Let Q2 be a bounded domain, with Borel measure p, in a complex
manifold X, and let V- — € be a holomorphic vector bundle with Hermitian metric h such
that h is locally bounded below and (u,h) is an C-RKHS structure. Let {§2;};>1 be an
increasing family of subdomains with union equal to ). Let z be a fized point in 2y and let
K; and K be the Bergman kernels for 1, (Qj,u}ﬂj, h) and HG o(Q, i, h) respectively. Then,

denoting by vj : Qo — Q; and ¢ : Qy — € the inclusion maps,

VoeVy =V, : (1) (0®6), K (12,52)) N {(15") (0 ®0), K (102, 707) ) -

Loz j
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Proposition 3.4.12. Let Q) be a bounded domain, with Borel measure p, in a complex
manifold X, and let V. — Q be a holomorphic vector bundle. Suppose that {h;};>1 is a
sequence of Hermaitian metrics that are increasing to a metric h. Suppose that for each 7,
(i, hy) is an C-RKHS structure, and that (p, h) is also an C-RKHS structure. Let z be a fived
point in Q and let K; and K be the Bergman kernel for Hg’o(u, h;) and H*(u, h) respectively.
Then,

VoeV) : (c®ad,Kj(z,2) \( (0 ®07,K(z %)) .
The following proposition is a geometric adaptation of [Ber06, Lemma 3.4].

Proposition 3.4.13. Let X = {(t,2) € C™ x Y : p(t,z) < 0} where Y is a Stein manifold
and p is plurisubharmonic near the closure of X. Let V- — X be a holomorphic vector bundle
equipped with a Hermitian metric h that is smooth and locally bounded below near the closure
of X. Let VIl .=V v, Then, for fized z and o € (VZM>*, the function t — (o ® 7, Ki(z, z))

1S upper semicontinuous.

Proof. Consider a point ¢ and let s be a nearby point tending to ¢. We may choose ¢ > 0
so that all the fibers X are contained in the open set V. :={(¢,2) € C™ x Y : p(t,2) < e}.
Note that any compact subset of X; is contained in all X for s sufficiently close to ¢t. Let
K(+,z) denote the Bergman kernel of X, for a fixed point z. Let o € (Vﬁ)yﬁ. Since the
domains X, all contain a fixed open neighborhood of z, the L?-norms of (¢ ® 7, K,(z, 2))
are bounded. Therefore, any sequence of (o ® 7, K,(z,Z)) has a subsequence that is weakly
convergent on any compact subset of X;. The L%norm of any weak limit £ cannot exceed
the liminf of the L?-norms of (0 ® &, K,(z, z)) over X,. By Theorem it follows that
for any o € (VZ[S])* and 7 € (Vz[t]>*

lim sSup <J ®ao, Ks(za 2)> S <T ®T, Kt(zv 2)> ’

s—t
which completes the proof. O
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3.4.3 Examples

Example 3.4.14. (The standard unit ball) Let B,, denote the unit ball in C". Consider the

Hilbert space L7 ;(B,) of L*-sections of the canonical bundle Kg,. Then

1
Kg,(z,0) = — (1- (= W) " dzy A Adz, @ dwy A A diby,

ﬂ.n
where o, 1= — = Vol(B,,). First, note that the monomial top forms
n!

me(z) = 2%dzy A+ Ndz,
are mutually orthogonal and

1 1
2 )2 2|lal+2(n—1) et a)2
Myl = z241°dV(z —/r rdr/ 0% do / 0%“ do(0).
/Bn el /n = ) 0 §2n-1 o7 do(6) = 2(laf +n) Jszn 9% dotf)

On the other hand:
|za|2 e—|z\2d‘/<z) )
0% do(6) = 2= = .
/S2n1 / 7’2(‘a|+n_1)6_r27’d7’ 2 <|Oé‘ +n— 1)'
0

Therefore,
"ol
2417 dV —_—
Ve =
(lao] + n)!

Thus, an orthonormal basis is given by the monomials { —
mal

Mme(2) } , and using
aeNn

the metric dV (z)~!, for the canonical bundle of C", given by the reciprocal of Lebesgue

measure,
[K(z2)| _ g Uaf+n)! e 0l (0 4)! |O<\' n+J 2
v (2) _Z - 2] _an il Z Z 2]
la|>0 J=0 lo]=7 =0
whence
|K(z,2) 1 ~(n+1)
K(z2)] L (1— 12 :
dV(z) o

As we already noted, the polarization then determines K:

1
K, (z,0) = — (1~ (z,w)) ™" dzy A Adz, @ dwy A - A di,.
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Example 3.4.15. (Ellipsoids) For a positive Hermitian (n x n)-matrix A, we denote by
Qu={2€C":(A2) -2 < 1}

the ellipsoid of inertia A. Clearly, € is the unit ball. Letting v/A denote the unique
positive Hermitian matrix such that VA A= A, the map ®4(z) == VAz is a holomorphic
diffeomorphism of B,, onto 24. Denoting by dV the standard volume form in C", one has
®* (dV') = (det(A)) dV. Therefore, by the invariance of Bergman kernels (Proposition (3.4.8]),
the Bergman kernel K4 for 7—[370 <dV|QA> is given by

det(A)
on (1 — (Az,w))"™

K (2,) = (det A) K7 (®4(2), D4(w)) =

Example 3.4.16. (The Bargmann-Fock Space) Assume X = C" with its Lebesgue mea-
sure dV, let L be trivial, and set ¢(z) = |z|*>. The Hilbert space Hi o (dV,e %) is called
the Bargmann-Fock Space. Since the monomials {z®},enn are mutually orthogonal in
H o (dV,e™) and

Eslk e_‘zl2dV(z) =7n"al,
Cn

we see from the multinomial theorem that
- |04|' | —n_|2|?
K= 53 S W e = LS o,
J=0 Ial—J j=0

and therefore K (z,w) = 7 "e{*).

Remark 3.4.17. By rescaling, one can see that the Bergman kernel K, for 7-[(2)70 <dV, e*m"|2>
is Kp(z,2) = M gmlaf?,

ﬂ-TL
Example 3.4.18. (Finite-rank examples)

1. Consider the Hilbert space L?(C) of L*-functions in the entire plane. Then there are

no holomorphic function in L?(C) other than the zero function.

2. The space of functions that are L? with respect to the weight ¢(z) = (N+2)log (1 + |z|2)

in the entire complex plane consists exactly of polynomials of degree at most N.
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3. If X is a compact complex manifold, and (L — X, e %) a holomorphic Hermitian line
bundle over X, then I'n(X, V) is finite-dimensional by the Hodge Theorem, and thus

so is its subspace Hg, (1, €7%).
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Chapter 4

Twisted L?-theory for the d-operator

The use of L?-estimates for the O-operator to obtain estimates for the Bergman kernel goes all
the way back to Hormander’s original paper [Hor65]. In this section, we present two theorems

on L?-estimates for the d-operator that are based on the twisted Bochner-Kodaira-Identity.

4.1 The twisted Bochner-Kodaira Identity

Let X be an n-dimensional complete Kéhler manifold with complete Kéhler metric g and let
V' — X be a holomorphic vector bundle of rank r with smooth Hermitian metric h. We start
from the (integrated) Bochner-Kodaira Identity. For a detailed exposition in the case of line
bundles, we refer the reader to [MV15] and [Varl9]. See also [McNO6a].

As X possesses a metric, there is a natural way to map sections of the non-holomorphic
vector bundle Ky ® A9 (T )*(0’1) ® V — X to sections of the holomorphic vector bundle

Kx ® A1 (T)l(’o) ®V — X. Writing ¢ = ) J1<a<r p5dz1 A -+ A dz’ ® e, locally, we see that
\

JI=q
J(p) = Z gljgoofdzl/\---/\alzn®i@@CY
/ 01
1<a<lr
[1|=]J|=q
7 0
. 1J, o . v L
= > g"5dz A Adzn®azi1 Ao A g @
1<a<lr q
[|=IJ|=q
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is a section of Kx ® A (T ( ) ®V — X, and clearly, the map ¢ — J(p) is a one-to-one
correspondence that depends only on the pointwise values of ¢. The map J extends naturally
to a one-to-one correspondence J;, of (K x @A (T ( ) ® V) valued (0, k)-forms, i.e., sections
of A (T3"!) @ Kx ® A7 (Ty") ® V. — X, by acting on the factor Kx ® A7 (Ty°) ® V as

follows. For J = (1, -, jk), set
J(dz! @day A+ Ndzy NdZ' @ ey) =dZ27 @ Ty (dzr A+ Ndzy ANdZT @ ey)

The vector bundle Kx ® Aq( ) ® V — X being a holomorphic vector bundle, is
equipped with a d-operator, and thus we have a well-defined (K x @A (T ( ) ® V) -valued
(0, 1)-form 3 (J(¢p)).

Definition 4.1.1. The operator V : I' (X, A" (T5) @ V) = T (X, Ty @ A (T) @ V) is
defined by V() := 37" [0 (T(p))].
Proposition 4.1.1. For every compactly supported 5 € I'(X, V'), one has the formal identity
_* — J— 2 .
/ B +/ \8ﬁ|i9dvg = / V3l , 44 +/ ((@(h) + Ric(g) ® Idv)gﬁ,ﬁ> dv,.
X X ' X ’ b'e h,g

Here, 0; denotes the formal adjoint of 9 with respect to the metric h.
Now let us replace the metric h by the metric he™ for some smooth function n: X — R,

and let D' denote the (0, 1)-vector field defined by

9(&DY) =o(), € € TV,
Then 85,8 = 033 — D243 and © (he™) = ©(h) + 99n ® Idy. Therefore,

L dV, =

2 _ 3 —
€ ndvg+/X ((anA8n®Idv)gﬁ,ﬁ>we dV,
+ 2Re { / (5;&,@0755)}16—%\@]
X
and

/X( (he™) + Ric(g )®Idv)gﬁ,ﬂ> dv,

he=".g

:/ + (80n + Ric(g)) ® Idy) ﬂ>5> e "dV,
X ! hug
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We thus have the twisted Bochner-Kodaira Identity:

J

— /X ]Vﬁ\ig e "dV, + /X ((@(h) + (Ric(g) + 09n — on A On) ® Idv)g B, @) e dV,

h,g

OB

2 _ anl2 _
eav,+ [ |ofy, e mav,

— 2Re U (338, 2%14B), e "dVy| . (4.1.1)
X

Estimating the last term of (4.1.1]), one obtains & priori estimates that lead to estimates

for 0, as we will see in the next section.

4.2 Donnelly-Fefferman-Ohsawa Estimates for 0

Letting 0 > 0, Young’s inequality for products yields
2Re {/ (3;5,@0755)}16—776“/4
X

i)
< —

The twisted Bochner-Kodaira identity yields the Donnelly-Fefferman-Ohsawa a priori

0,8

2 _ = _
L€ 77dVg—|—/X (5 (877/\(97]®Idv)gﬁ,6>h’g@ "dV,

estimate

146 - -
(T)/X‘@,tﬁ‘ie"dvg—i—/x‘aﬁﬁge"dVg (4.2.1)

> / ((G(h) + (Ric(g) + 09n — (1 +6)on A dn) @ 1dv) B, 6) e "dVy,

h.g

for all compactly supported smooth V-valued (0, 1)-forms /5. The estimate (4.2.1)) leads to

the following L2-estimate for 0.

Theorem 4.2.1. Let X be a complete Kahler manifold equipped with a Kdhler metric g that
18 not necessarily complete, and let V- — X be a holomorphic vector bundle with Hermitian
metric hg. Assume there exist a smooth function n, a positive number 6 and a non-negative

(1,1)-form ® such that

O(ho) + (Ric(g) 4+ 2000 — (1 + 6)dn A 0n) @ Idy >na © ® Idy.
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Then for every V-valued (0, 1)-form « such that
da =0 and /X \a\ioy(b dV, < +oo

there exists a measurable section v of V- — X such that

_ 140
ou = a and / |u|Z0 dv, < (T)/ |a|207¢ dvj,.
b b

Proof. 1f the metric ¢ is not complete, we may replace g by g. = g + €99 where € > 0 and gg
is a complete metric for X. So we assume that g is complete for the remainder of the proof.
By Remark [2.2.1] we can think of sections of V' — X and V-valued (0, 1)-forms as V-valued
(n,0)-forms and V-valued (n, 1)-forms respectively. We can then apply the L?-estimates to g.
and let ¢ tend to 0 at the end. (For further details, we refer the reader to [Dem12, Chapter
VIII, §6, (6.1) Theorem and (6.3) Lemma].) We are going to apply the estimate to the
metric h = hge™". Since g is complete, holds for all 8 in the domains of the operators
T* and S, where

T(f):=0 < (17—’_5) e - f) and S(B) := Ve 198.

Together with the curvature assumption, (4.2.1) becomes
[irsiav,+ [ 1sak,av = [ (oo, s.0) v,
X X X
Since S o T = 0, the same functional analysis argument used in the proof of Hormander’s
Theorem, together with the Young’s inequality for products used to establish the Demailly-

Hérmander-Skoda Theorem (see [Dem12, Chapter VIII]), shows that there exists a measurable

section U satisfying

10 —aand [ VRV, < [ ol V= [ laf} pav,

Setting u := U (#) e~ shows that

) 146
Bu = TU and / ful?. v, = (L>/ U av,,
X 5 X

which completes the proof. O
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4.3 Functions of self-bounded gradient

Note that if n = 0, then the curvature hypothesis of Theorem is exactly that of the
Hormander-Skoda-Demailly Theorem, which we recover by letting 6 — +00. On the other

hand, if —e™" is plurisubharmonic, then so is 7. Indeed,
00 (—e’") =e " (8577 —on AN 577) ,

so that

20n > On A on > 0.

So if —e™" is plurisubharmonic, then the condition
O(ho) + (Ric(g) + (1 — §)00n) @ Idy >na @ Idy

implies the curvature hypothesis of Theorem [£.2.1] Therefore, if such a nonconstant function
7 exists, then one obtains an imporvement of the Hormander-Skoda-Demailly theorem in the
sense that the curvature condition of the Hormander-Skoda-Demailly has been weakened by
allowing negativity up to (1 — 6)99n, provided that 6 € (0,1). For a more detailed discussion

in the case where V' — X is a line bundle, we refer the reader to [MV15].

4.3.1 Definition and examples

Definition 4.3.1. Let X be a complex manifold. A function n € W' (X) has self-bounded

loc

gradient with constant ¢ > 0 if

857720-(877/\57]).

We denote the set of such functions by SBG.(X). McNeal introduced this notion in
[McNO2]. The nomenclature is motivated by the fact that if 7 also happens to be strictly

plurisubharmonic, then 7 is of self-bounded gradient with constant ¢ if and only if

2
|377|m65n <c
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Remark 4.3.1. For any ¢ > 0, n € SBG.(X) if and only if ¢n € SBG;(X), and so we only
need to consider functions belonging to SBG;(X). From now on, we refer to any function in

SBG1(X) as a function of self-bounded gradient.

The typical examples of functions of self-bounded gradient are the potentials for the

Poincaré metric on the unit ball and the punctured disk, respectively.

Example 4.3.2. The function n : z — —log (1 — |z|2) is of self-bounded gradient on the

unit ball B,, in C* since —e™" : z +— |z|”> — 1 is plurisubharmonic.

Example 4.3.3. Let X be a complex manifold and let f: X — B,, be a holomorphic map
with values in B,,. Then the function 7 := — log (1 — | f|2) is of self-bounded gradient because

it is the pullback of the function z — — log (1 — \z|2) from the previous example.

Example 4.3.4. (Relatively compact strongly pseudoconvex domains with smooth boundary)
Let X be a Stein manifold and let 2 € X be a relatively compact strongly pseudoconvex

subdomain.

1. Assuming that the boundary of Q2 is smooth, |DEF75, THEOREM 1] states the existence
of a smooth strictly plurisubharmonic function p on 2 with negative values and that
converges to zero at the boundary. In this situation, we may choose 1 := —log(—p) to
be our function in SBG;(2). In particular, Example is the special case when (2 is
the unit ball, X = C" and p(z) = |2|* — 1.

2. If the boundary of € is C"-smooth; 2 < r < oo, another theorem of Diederich-Fornaess
([DE77, Theorem 1]) states the existence of a defining function p that is C"-smooth in a
neighborhood of Q, and such that p := —(—p)? is a strictly plurisubharmonic bounded
exhaustion function on € for any small enough number v € (0,1). In this situation, we

may then choose n = —log(—p) = —7vlog(—p) as our function in SBG;(f?).

Remark 4.3.5. The results of Diederich and Fornaess have first been extended to relatively

compact strongly pseudoconvex domains with C! boundary by Kerzman-Rosay [KR81|, and
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then further extended to pseudoconvex domains with Lipschitz boundary by Demailly [Dem&7].
More recently, Avelin, Hed and Persson extended these results to pseudoconvex domains

with Log-Lipschitz boundary (see [AHP12, Theorem 3, Corollary 4]).

Example 4.3.6. Consider the punctured unit disk D* = {z € C: 0 < |z| < 1}. Then the
function n : z — —log (log (|z|72)) is of self-bounded gradient. Indeed, —e~"*) = log (|z|2)

and so

90 (—e™") = 00 (log(|z]2)) =0

since z — log (|z|2) is pluriharmonic for z # 0.

Note also that

~ dz dz Ndz
oon—o-——= )= |
( zlog (]z|2)> |2)? (log (|z|2))2

And so we see that

= dz dz _
oon=|—F5 | \N|——F5 | =0nAO0n,
( Zlog (|z|2)> ( zlog(|z|2)>

which implies that 99 (—e™") = 0.

Example 4.3.7. Let X be a complex manifold. If 7€ O(X) N L*(X), then the function
n := —log (log (HTHiO : |T]_2)) is of self-bounded gradient on the manifold X — {T" = 0}.
Indeed, by rescaling, we may assume that ||7']| ., = 1, and then —e™" = log(|T|2) is
plurisubharmonic, and in fact pluriharmonic in X — {T" = 0} (by the Poincaré-Lelong
formula). Alternatively, we can also see that 7 is simply the pullback of the function

2z +— —log (log (|z|72)) on D* from the previous example.

Example 4.3.8. (Hyperconvex manifolds) A hyperconver manifold X is a manifold that
admits a bounded strictly plurisubharmonic exhaustion function ¢ : X — [—00,b) (see

[Ste74]). Define n := —log(b — ). Since —e™" = 1) — b, it follows that n € SBG;(X).

Clearly, we may assume that the exhaustion is negative.
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Remark 4.3.9. Note that not every pseudoconvex domain is hyperconvex. A counterexample is
the Hartogs triangle T' = {(z,w) € C*: |z| < |w| < 1} as observed by Diederich and Forneess
in [DF75] and |DE77].

Remark 4.3.10. Let X be a complete hyperconvex manifold and let ¢ : X — [—00,0) be its

plurisubharmonic exhaustion function. By regularizing 1, one sees that X is hyperconvex if

and only if it admits a smooth plurisubharmonic exhaustion function ¢ : X — [—1,0).

Remark 4.3.11. By Example 4.3.4] and Remark any relatively compact strongly pseudo-

convex with Log-Lipschitz boundary in a Stein manifold is hyperconvex.

Hyperconvex domains and functions of self-bounded gradient are related as follows.

Proposition 4.3.12. [Ohs18| Proposition 4.6] A manifold X is hyperconvez if and only if
there exists a strictly plurisubharmonic ezhaustion function ¢ on X that is in SBG.(X) for

some positive constant c.

Although hyperconvex domains are of interest in other areas of several complex variables
(such as pluripotential theory), we will not be directly concerned with them in this thesis.

It is worth noting that the existence of a non-trivial function of self-bounded gradient
is a complex geometric hypothesis on a complex manifold. Indeed, on a given complex
manifold X, such a non-trivial function exists if and only if X admits a bounded non-constant

plurisubharmonic function. For instance, on C”, there is no such nontrivial function.

4.4 Runge approximation theorem

We state here a Runge approximation theorem for holomorphic sections of a vector bundle

over a complex manifold which can be proved using L?-estimates for the J-operator.

Proposition 4.4.1. Let Y be a Stein manifold, and let 2y and €2y be smoothly bounded
pseudoconvexr domains in Y with o relatively compact . Assume there is a smooth

plurisubharmonic function p in Qi such that Qo = {z € Q, : p(z) < 0}. Let V. — Q be a
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holomorphic vector bundle, and let h be a Hermitian metric for V- — y. Then holomorphic

sections in L*(Q4, h) are dense in the space of holomorphic sections in L? <QO, h‘ﬂo)'

See [Dem96|, for example, for a proof.

4.5 Optimizing the curvature hypothesis of the
Donnelly-Fefferman-Ohsawa theorem
Recall that if 7 is of self-bounded gradient and § € (0, 1), then the curvature hypothesis
O(ho) + (Ric(g) + (1 — 6)00n) @ Idy >nax ® @ Idy

implies the curvature hypothesis of the Donnelly-Fefferman-Ohsawa theorem. In particular,
this allows to assume a certain amount of curvature negativity. Specifically, we can afford as

much as —(1 — §)09n curvature negativity.

This begs the question: can we maximize the quantity 90n over the space of functions of

self-bounded gradient?

A naive approach would be to rescale . If 9dn > 0, then one can consider addn for
some large positive constant ov. However, it is entirely possible that an might no longer be of

self-bounded gradient if o > 1 since
90 (am) — 8 (an) A0 (am) = a (80n — dn A On) — a(a—1) (n A On) .

The potential curvature gain from an in Theorem is given by

200(an) — (1 +6) (0(an) A d(an)) = (1 = d)a (85?7 — <Cf : ;) (On A 577))

+ (1 +8)a (00n — On A o) .
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The difference in potential gains for @ # 1 and @ = 1 can be written as
[((a = 1) (2000 — (14 0) (On A dn))] — [a(a—1)(1+6) (dnAdn)].

Assuming that the estimate 90n > On A On is sharp, it follows that
[(a = 1) (2007 — (14 0) (On A On))] — [a(a—1) (1 +6) (dn A dn)]

> (a—1)(1 -3 —a(l+6))don

=—(a—1)(a—1+ (a+1)8)dda,

which is negative as soon as a > 1. On the other hand, if a < 1, one gets a curvature gain if

Now if § > 1, then the gain

(1-da (aan - (%) (9 A an)) (14 8)a (9 — oy A )

for an is non-positive (even when a > 1). Thus, we may as well assume § € (0,1) when

thinking about curvature gain, and so the smaller the ¢, the larger the gain. However, taking
1—-6

d to be small increases the lower bound —— (for a < 1) to 1. This shows that rescaling

149
does not help when it comes to optimizing the curvature assumption in Theorem {4.2.1]

For the time being, maximizing d9n over the space of functions of self-bounded gradient

remains an open question, unfortunately.
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Chapter 5

Berndtsson’s complex

Brunn-Minkowski theory

The contents of this chapter have largely been adapted from [Ber17]. The reader may also

refer to |[Berl8] for a more general (albeit more concise) exposition.

5.1 Introducing complex Brunn-Minkowski theory

5.1.1 Classical Brunn-Minkowski theory

Let Ag and A; be two convex bodies in R™, i.e. compact convex sets with non-empty interior.

Their Minkowsk: sum is then defined as
Ag+ Ay = {a0+a1;a0 € Ay, aq EAl}. (511)
A fundamental theorem of convex geometry is the Brunn-Minkowski theorem.

Theorem 5.1.1. (Brunn-Minkowski) Suppose that Ay and A; are nonempty. Then the

following inequality holds.

|Ag + Aq V" > | A" + ALY
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Here, |A| denotes the Lebesgue measure of the measurable set A C R". Theorem [5.1.1]
was first proved by Brunn in 1887 in his thesis for n = 2 and later generalized to arbitrary
dimensions by Minkowski in 1896. It was further shown to hold for arbitrary non-empty
compact sets by Lyusternik in 1935.

A classical application of the Brunn-Minkowski theorem is a proof of the isoperimetric

inequality. Let f(e) = |A + eB| for € > 0 small, where B is the unit ball. Then
f(e) = [A[ + e [0A] + ofe),

where |0A] is the (n—1)-dimensional volume of the boundary 0A of A. The Brunn-Minkowski

theorem implies

d n n
= ey,
whence
04|
|A‘1—1/n
If A= B, we have equality here, since B + B = (1 + ¢)B when B is convex. Thus
B =

>n|B|'".

and we get
|0A| |0B|
>
|A|1—1/n — |B|1—1/n’

which is the classical isoperimetric inequality. This discussion can be generalized by defining

the surface area (as Minkowski did) as

S(4) = Jim AFEBIZ 1A

e—0t €
for a fixed convex body B, which is not necessarily the unit ball, and for a suitable set A in
R™. Then, using a similar argument will produce a more general isoperimetric-type inequality
since we only used the convexity of B.
We now discuss an alternative formulation of the Brunn-Minkowski theorem which is

more analytic in nature.
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First, notice that the Brunn-Minkowski theorem is equivalent to the following inequality

for any two nonempty convex bodies Ay and A; in R™.
Ve e [0,1] (1= t)Ag + tA Y™ > (1= ) [Ao|™ + ¢ | Ay Y™ (5.1.2)

This follows by replacing Ag and A; in the Brunn-Minkowski theorem by (1 — ¢)A, and
tA; respectively, and using the positive homogeneity of degree n of the Lebesgue measure in
R” ie. [ANA| = \"|A]| for A > 0. In fact, this homogeneity yields another equivalent form of
the Brunn-Minkowski theorem, whereby ¢ and 1 — ¢ can be replaced by any arbitrary positive

scalars r and s respectively.

Now, let A; :=tA; 4+ (1 —t)Ag for 0 <t < 1, where Ay and A; are convex bodies. Then
t— |At|1/ " is concave by (5.1.2]), and since each non-negative concave function is log-concave,

we obtain

|Ar| = [Ao|" [A]' " (5.1.3)

Conversely, implies the concavity of the function ¢ — |At|1/ ". This is interesting
since not every non-negative log-concave function is concave. (Simply consider the Gaussian
function z — ¢~**.) To see that the concavity of the function ¢ — |A,|"" follows from (5.1.3),
let By and By be non-empty convex bodies, let

_ |Bl’1/n

and apply the inequality (5.1.3)) to Ag := |BO|_1/" By and A; := ]Bl|_1/" B;. This results in
the classical Brunn-Minkowski inequality, which is equivalent to the inequality (5.1.2]).
Therefore, the Brunn-Minkowski theorem is equivalent to the concavity of the function

t — log (| As|) where A, is a convex sum of convex bodies.

More generally, let A C R™™! be a convex body, and let A; := {x € R": (t,z) € A},t € R

be the corresponding t-slice of A.
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Theorem 5.1.2. The function t — |At|l/n s concave on the interval where it s nonzero.

Interestingly, this theorem is equivalent to the Brunn-Minkowski theorem. Given Ay and
A;, we may construct a convex body A C R"™! whose slices are given by A; := tA; + (1 —1) A
for 0 <t < 1. Therefore, Theorem implies the Brunn-Minkowski theorem by the previous
argument. Conversely, given two slices Ay and A; of A C R™™, then tA; + (1 —t)Ay C Ay
if A is convex, whence

A = Ao (1= ) [ A"

by the Brunn-Minkowski theorem. In particular, the following corollary is again equivalent

to the Brunn-Minkowski theorem as it implies ((5.1.3]).
Corollary 5.1.3. The function t — log (|.A;|) is concave wherever it is defined.

This corollary, and more specifically, its generalization known as the Prékopa-Leindler
inequality is central to building the complex analogue of Brunn-Minkowski theory. In what
follows, let ¢ denote Op/dt, and let ¢ denote 9% /dt>. Likewise, let ¢’ denote dp/0x, let "
denote 0% /0.

Theorem 5.1.4. (Prékopa-Leindler) Let ¢ : (t,x) — ¢(t, ) be a convex function in R™ 1.
Let

B(t) = — log ( / n e“’(t’z)dx> | (5.1.4)

Then t — ®(t) is convex or identically —oo.

To see how the Brunn-Minkowski theorem follows from the Prékopa-Leindler theorem, we
need to define the notion of characteristic function for a convex set. The latter is motivated
by log-concave measures — i.e. measures of the form e~?du for some convex function ¢ — and
is more suitable than the usual characteristic function for convex analysis. Given a convex

set A, the characteristic function x4 : A = RU {+o0} of A is defined as
0, T € A;
xalx) = (5.1.5)
+oo, x ¢ A
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This function is convex, and applying the Prékopa-Leindler theorem to ¢ = x 4, we recover
Corollary [5.1.3]

One proof of the Prékopa-Leindler theorem is that of Brascamp and Lieb (|[BL76]) which
establishes a real-variable analogue of Hérmander’s L% estimates for the d-operator, as we
will see. We first assume that ¢ is finite-valued and smooth. The general case follows from
the fact that we can write any convex functions as an increasing limit of smooth finite-valued
convex functions. Moreover, adding e (]t\2 + ]33\2) to ¢, for some € > 0, we may assume that
@ is strictly convex. Next, we see that we can reduce ourselves to the case n = 1. Indeed, let
(t,x) = (t,x1,--- ,x,). If we first integrate e~***) (in (5.1.4)) with respect to x,, we obtain
a function e=#(t:#1#n-1) "and if the theorem holds for n = 1, then this function ¢ is convex.
We then simply iterate by integrating with respect to x,_1, and so on. We thus assume that
n = 1 without loss of generality. The rest of the proof is a matter of computing the second

derivative of ®. Adding a linear function to ¢, we may assume that ®(0) = 0 = ®(0). Since

®(0) = 0 = B(0),

/e_‘p(o’x)dx =1 and /gb(O, z)e 00 dy = 0.
R R

Hence
d(0) = /R (gb(O,x) — (gb(O,x))z) e ?02) .

The key element of the proof is the following lemma, known as the Brascamp-Lieb inequality.

Lemma 5.1.5. (Brascamp-Lieb inequality) Let ¢ be a smooth strictly convex function on R

with e=% € LY(R) and let u be a function such that
/ lul* e™¥da < +oo and /uewd:c = 0.
R R

Then

See |BL76] for a proof.
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By adding € f(z) to ¢(t, z), where f is a rapidly growing convex function, we may assume
that ¢ € L?(R,e %) and then let ¢ — 0 at the end. We now apply the Brascamp-Lieb

inequality to u = ¢(0, x):

d(0) > /R (@(O,I) — (;i(%()’?))) o—9(0.) 1y

-/ 2'(0,2)(0,2) = (0.0 0y,
. "0, 7) |

The numerator ¢”(0,2)3(0,z) — (¢/(0,2))” is exactly the determinant of the Hessian of

@, at t = 0, with respect to both ¢t and z. Since ¢ is convex, this is nonnegative, which

completes the proof of the Prékopa-Leindler theorem.

Remark 5.1.6. A similar proof can be carried out for general n without resorting to induction.

The bound obtained for @, assuming that ¢ is strictly convex, is then

B> [ (H()/Di) e i
where H(p)/D?(¢) denotes the Schur complement of the block D2(y) — the Hessian of ¢
with respect to x — of the full Hessian
Di(¢)  DiDy(y)

D.Dy(p) D2i(p)

Here D?(¢) and D;D,(¢) = D,D;(p) denote the Hessian with respect to ¢ and the mixed

H(p) =

Hessians with respect to both ¢ and z, respectively. This Schur complement interpretation

will be central to our work generalizing Berndtsson’s Nakano positivity theorem.

5.1.2 Complex analogues of Brunn-Minkowski theory

As mentioned earlier, the Brascamp-Lieb inequality is the real variable version of Hormander’s
L?-estimate for the J-operator. The simplest case of Hormander’s estimate is when ¢ is
a smooth strictly subharmonic function in C. We then let u© be a smooth function on C,
satisfying

/uhe_“"dV(z) =0,
C

82



for all holomorphic functions h satisfying the appropriate L-condition, where dV (z) denotes

the Lebesgue measure on C. This is a direct counterpart to the condition

/ we Ydr =0
R

in the real case since the Brascamp-Lieb condition corresponds to the orthogonality of u to all
constant functions with respect to the L?-inner product. In other words, u is orthogonal to all
functions in the kernel of the usual real differentiation operator d. The Hormander condition
corresponds to orthogonality to all holomorphic functions; that is all functions in the kernel
of . Under these conditions, we have the following form of Hérmander’s L?-estimate for the

O-operator that is due to Skoda.

2 .- Py @ Py
/C|u| e dV()g/C Aapdv( ).

Once again, this is clearly similar to the Brascamp-Lieb estimate. The orthogonality condition
means that « is the solution of minimal L?-norm to a 0-equation, and this is how Hérmander’s
theorem is typically thought of — a theorem on the existence of solutions to the d-equation with
L?-estimates. Similarly, the Brascamp-Lieb theorem is a theorem providing an L?-estimate
for the d-equation, and is in fact a special case of Hormander’s theorem; when the functions
involved do not depend on the imaginary part of z.

Recall that a function u of several complex variables in C" is plurisubharmonic if it is
upper-semicontinuous, not identically —oo, and is subharmonic along any complex line. By
the sub-mean value property for subharmonic fuctions, such a function is always locally

integrable. If u is smooth, then w is plurisubharmonic if and only if its complex Hessian

0%u
H pumy
(C(u) <aZ]aZk) \<k<n

is semipositive definite. In general, a function u is plurisubharmonic in the sense of distribu-

tions if and only if



is a positive measure for any constant vector a = (ay,---,a,) € C". The most naive
generalization of the Prékopa-Leindler theorem would then be to postulate that if ¢ be

plurisubharmonic in C"™ x C", then

£ B(f) = —log ( / n e—ﬂf@)dV(z))

is plurisubharmonic in C™. However, this claim is simply false. As a counter-example,
consider ¢(t, z) := |z —|* — |t|* = |z — Re(tz). Clearly, ¢ is plurisubharmonic in C2 but
t+— ®(t) = |t|* + C is not subharmonic.

As observed by Berndtsson, one should think of the integral of e=% as the squared L2-norm
of the function 1 with respect to the weight e~#. It is then natural to consider L?-norms of

holomorphic functions in the complex case — that is

1712, = / FEP e qv (2),

or similar expressions where the integration is done over slices of pseudoconvex domains in
C"™ instead of the total space. One can then consider the Bergman space H? of holomorphic
functions with finite L2-norm. This gives us a family of Hilbert spaces indexed by ¢ or in other
words, a field of Hilbert spaces, as mentioned in Section [I.I Assuming the Bergman spaces
have equivalent norms, we have the structure of a vector bundle of infinite rank or a Hilbert
bundle. (See Section [1.1]for details.) The complex Brunn-Minkowski type theorem amounts
to saying that the curvature of such bundles is non-negative, under certain assumptions on
. In the case of Berndtsson, these assumptions are the plurisubharmonicity of ¢ on the
total space. In this thesis, we consider situations in which the positivity assumptions can be
weakened.

In general, we take two complex manifolds X and I/ of dimensions n+m and n respectively,
and a holomorphic submersion p : X — U. Rather than holomorphic functions, we consider
holomorphic sections of a holomorphic Hermitian vector bundle V over X. The weight function
e~ ¥ is replaced by a Hermitian metric h for the bundle V — X. The plurisubharmonicity of

© then corresponds to the curvature non-negativity of h. However, to produce a holomorphic
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Hilbert bundle, one needs to place further restrictions.

The simplest thing to do is to let X = U x X where X is a relatively compact complete
Kahler submanifold of a Stein manifold. Since curvature is local, we may assume that
U is a domain in C™. In this case, we have a trivial family of complete Stein manifolds.
The underlying vector spaces of the Bergman spaces H? (X , h[t]) are equal as subspaces of
Io(X,V), and they have equivalent norms as remarked in Section [1.1} Therefore, these
Bergman spaces naturally fit together to form a trivial holomorphic Hilbert bundle. Here Al
denotes the fiberwise restriction of the Hermitian metric A defined on the pullback bundle
eV = U X X where m denotes the canonical projection U x X — X. We thus obtain
a trivial holomorphic Hilbert bundle Ej whose fiber at ¢t € U is H?, equipped with the

non-trivial Hermitian metric given by the fiberwise L*-norms ||-||; -

Berndtsson’s Annals of Mathematics paper [Ber09b| treats the case of a trivial family for
bounded pseudoconvex domains in C™ and the more general case of a holomorphic fibration
with a Kéhler total space and compact Kéhler fibers (see also [Ber09a] and [Ber13]). He also
studies this problem more generally in |[Berll|. Further general expositions can be found
in [Wan17] and [Var19] (for Stein manifolds as the total spaces). For generalities regarding
holomorphic Hilbert (and more broadly Banach) bundles, we refer the reader to [LS14],
[Tral4] and [Lem15].

For the purposes of this thesis, we will present a weaker version of Berndtsson’s Nakano
positivity theorem (Theorem — asserting only Griffiths positivity as a consequence — in
the case of trivial families of bounded pseudoconvex domains in C", following [Ber17]. We do
so because we will present the stronger version of the theorem, under our weaker curvature
positivity assumptions, later in the last chapter of this thesis. Another reason for presenting
the weaker version is that many important applications of Berndtsson’s theorem (e.g. [BL16]

and |Ber15]) only require Griffiths positivity.
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5.2 Berndtsson’s theorem on the curvature positivity
of holomorphic Hilbert bundles

Let U be a domain in C and 2 be a bounded domain in C". Let ¢ be a function on U x €2

that is smooth up to the boundary on U x Q. For each t € Q, define
M= w2 (2.e) = {7 e 0@ [ IFF V() < oo
Q

Since ¢ is smooth up to the boundary and €2 is bounded, the Bergman inequality holds
and so H? is a (reproducing kernel) Hilbert space. In particular, the underlying vector spaces
of the H? are identical as subspaces of O(2), so we can form the globally trivial holomorphic
Hilbert bundle F with total space U x H3. Since the L?-norms vary with ¢, the Hilbert

bundle E has a non-trivial metric given by the varying L?-norms.

Theorem 5.2.1. (Berndtsson) If 2 is pseudoconvex and ¢ is strictly plurisubharmonic, then

<E, (-, ')so(tw)) is Griffiths positive.

The proof of this theorem uses Theorems [2.4.14] and [3.3.1, To do so, we view E as

a subbundle of the globally trivial Hilbert bundle F' whose fiber over t € U is given by
F, = L? (Q, e‘¢(t7‘)). Given our hypotheses on ¢ and €2, the underlying vector spaces of
the fibers F; are also identical as vector spaces, while their Hilbert norms vary with ¢. This
bundle is holomorphic because an L? basis of any fiber spans all the other fibers.

A smooth (resp. measurable, resp. holomorphic) section of E is a map ¢t — f; that is

smooth (resp. measurable, resp. holomorphic) as a map from ¢ to E;.
Proposition 5.2.2. The Chern connection of F' is the (densely defined) operator defined by
Vif=df - (Do) f,

where dy = 0, + 0, and O, are exterior derivatives with respect to t for z fized.
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Proof. Clearly, V¥ defines a connection and V51 = 9. Now given two sections f; and fs,
di (f1: f2) o0,y = dt/ﬂflfze_“’(t")dv
— /Qat (flfge—so(t,~)) dV + /Q O, (flfge—s"(ta')) dV
N /Q <atf1f2ew(t7.) + fid fae ) — (3t90)f1f267‘p(t")> dv
" /Q (Oufrfae™ ") + 10, fae™ ) — (Brp) fr foe D) AV

— /Q (0 + 00) fr — (Opp) 1) foe #)dV + /Q Fi(0+0) i — (Bip) fo) e #E)av

= / (difi — (8i) f1) foe #W)aV + / Fldify — (0,0) f)e #dV
@ Q
= (V" fi, f2)@(t’,) + (fo VFfQ)LP(t’.),

which shows that V¥ is compatible with the metric (-, )y, O

It is clear that the connection form A of V¥ is given by multiplication by —d,¢ and so
the curvature ©F is given by multiplication by 9;(—d:¢) = 9;0,0. To compute the curvature
of E, we can use Theorem which tells us that:

(O%(Nsf) sy = (O () ) ey = IR0

We now need to compute the map p. Recall that the action p on a smooth section f of E is

defined as follows. (See Proposition [2.4.13])

p(f) =P (df — (Bp)f) = =Pi (Gi0) )

where P;* denotes the orthogonal complement of the Bergman projection L? — H2.
Define u; := —P;* ((0yp) f). Now, for each fixed ¢, u; is the solution of minimal norm of
the 0,-equation

d.uy =0, (O f) = fézatSO =
since it is orthogonal to the space of holomorphic functions by construction. Therefore, by

Theorem B.3.1]

/]u 2 e~ #b2) dV(z /‘O“aa@ $(t2) dV / Z O, ape” w(t:2) dV(z),

p,v=1
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where o = ZZ:1 a,dz, and p** is the (p, v)-component of the inverse of the z-Hessian of
@ —i.e. the Hessian of ¢ with respect to z only. Therefore, putting everything together, we

obtain:

(@E(f)a f)w(t7,) = /

Q

(9%— > SDZ”Z”SOtz#SOt_%) ()P e #Eav (z).

H,r=1

The quantity ¢;; — 227,}:1 O pyz Prz, is exactly the Schur complement of the z-Hessian
block of the full Hessian of ¢ (with respect to both z and ¢), and so it is positive-definite
since ¢ is strictly plurisubharmonic. (For a geometric proof of this fact, we refer the reader

to [Ber09b|.) This completes the proof of Berndtsson’s theorem.

5.3 Berndtsson’s complex interpretations of the
Prékopa-Leindler theorem

As discussed, the conclusion of the Prékopa-Leindler theorem is that the function

t — —log (/ ew(t"’”)da:>

is convex whenever ¢ is convex in both variables. The complex geometric setting is different is
that the Nakano positivity of our vector bundle does not imply the log-plurisuperharmonicity
of the norms of its holomorphic sections.

A holomorphic section s of a line bundle is locally given by s = fe for some holomorphic
function f, given a frame e. Given a metric h for the line bundle, the norm of s is given by

|s|? = | f|° e where e7¢ = |e[;. Thus,
90 (~log (Is];,)) = 90¢,

where f # 0. If the curvature is (semi)positive — i.e., 9dp > 0 — then — log (\s\i) is
plurisubharmonic where h # 0. If E were of rank 1, and f had no zeros, (which is not the

case, of course), then it would follow that

t— —log </Q Fis e‘“’(t’z)dV(z))
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is plurisubharmonic — a clear parallel to the real case.

For the case of higher rank, consider the case in which F splits as a direct sum of trivial
line bundles. Then we would have a global frame of holomorphic sections ey, ..., e, and
a section would be expressed as s = Z;zl fje; for a collection of holomorphic functions

Y <icr. In particular, the norm of s would be
{fj} <g<r p )
,
sl =D 1filP e,
j=1

where e %5 := |e;[2. Unfortunately, there is no simple formula for 00 (—log (|s\i)), and it is

not always positive, even if all the ¢; are identically zero.

In view of these observations, one way to obtain explicit convexity statements from
Berndtsson’s theorem is to construct other bundles of rank 1 from the bundle E. Alterna-
tively, one can consider the dual bundle E*. Indeed, the Griffiths positivity of E is equivalent
to the Griffiths negativity of E*, which is in turn equivalent to the plurisubharmonicity of
the function ¢ — log (H£ Hi gD(t’.)) for any non-zero holomorphic section ¢ of E*, by Theorem

249

The first approach leads to statements that are analogous to (and do, in fact recover)
the Prékopa-Leindler theorem. The second approach leads to more interesting complex
analytic and geometric applications, such as optimal L?-extension theorems (see [BL16]), the
log-plurisubharmonic variation of Bergman kernels (see [Ber05] and [Ber(06]), and uniqueness

theorems for (generalized) Kéhler-Einstein metrics (see |[Berl5).

5.3.1 First type of interpretations of the complex

Prékopa-Leindler theorem

First, let us consider balanced domains.
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Definition 5.3.1. A domain  in C" is balanced if z € € implies that Az € 2 for any A € C

with [A| < 1.

Definition 5.3.2. A domain Q in C" is S'-invariant if z € Q implies that Az € Q for any

A € C with |A] = 1.

Definition 5.3.3. A function ¢ is S'-invariant if ¥(Az) = ¥(z) for any A = ¥~ where

a e R.

Theorem 5.3.1. (Berndtsson) Let 2 be a pseudoconvex balanced domain in C" and let
@ (t,2) = @(t,2) be a plurisubharmonic in U x Q and S*-invariant in z for any t € U.

Here U is a domain in C™. Then

t— —log (/ e_‘P(t’Z)dV(z)>
Q

plurisubharmonic or identically equal to —oo.

Proof. We may assume that €2 is bounded since any balanced domain can be exhausted by an
increasing sequence of bounded balanced domains, and decreasing limits of plurisubharmonic
functions are plurisubharmonic. Similarly, we may assume that ¢ is smooth by approximation.
The fibers of E consist of holomorphic functions on 2. Let Ej, k € N, denote the subbundle

of E of homogeneous polynomials of degree k. If f € E, and g € E,,, then

[ saeavie) = [ (7o) g () e tDavee)
= [ (e ey (2),

for any o € R. Therefore, we see that Ej and E,, are orthogonal if k£ # m. This means that £
is the direct sum of the holomorphic subbundles Ej. Therefore, by Schur complement theory,
each Ej must be Griffiths positive since E' is Griffiths positive by Berndtsson’s theorem. In
particular, Ey is Griffiths positive. But since Ej is a trivial line bundle and the constant
function 1 is a global frame, ¢t — —log (HlHi(t’,)) is plurisubharmonic, which proves the

claim. 0
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Next, consider T"-invariant domains.

Definition 5.3.4. A domain 2 in C" is T"-invariant if z = (z1,--- , z,) € Q implies that

(6\/_710[1217 U 76\/j1anzn> 6 Q for all a = (O{l, e ,O{n> 6 Rn

Definition 5.3.5. A function ¢ is T"-invariant if ¢(21, -+ , 2,) = ¥ <eﬁa1217 cee eﬁa"zn>

for all a € R™.

Now suppose that 2 is a bounded T"-invariant domain, and let ¢ be a plurisubharmonic
function in U x €) that is also T"-invariant with respect to z € €). Any holomorphic function
f € Q can be written as a Laurent series

f(z) = Z Co®.

aeZn™

Therefore, the bundle £ decomposes as E = @ ;. Fo where each E, is spanned by z®. As
in the proof of Theorem [5.3.1] we can see that E, is orthogonal to Eg for o # /3, and so
each F, is Griffiths positive by Berndtsson’s theorem, since E' is Griffiths positive. Moreover,

every E, is of rank 1 with a constant trivializing section U > t + 2® and so

t— @,(t) := —log <||za||i(t7.)> = —log (/Q |za|26_“’(t’z)dV(z)>
is a plurisubharmonic function of ¢ for all a.

Theorem 5.3.2. (Berndtsson) Let ¢ be a plurisubharmonic function in U x Q where U is a
domain in C™ and Q = {( : Re(¢) € D} for a convex domain D in R"™. Assume that ¢ does

not does not depend on the imaginary part of . Then

t — —log (/ e_“”(t’x)da:>
D

15 plurisubharmonic or identically —oo.

Proof. Consider the map exp : ( + (egl, e ,GC") from C" to (C — {0})", and let Q be
the image of Q under this map. Since D is convex,  is pseudoconvex. In addition, € is

T"-invariant. Furthermore, since ¢ does not depend on Im((), there is a plurisubharmonic
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function ® in U x € such that ¢ (¢, exp(C)) = ¢(t,¢). Clearly, ¢ is T"-invariant with respect
to z for each t. Upon exhausting D by an increasing sequence of strictly convex domains
with smooth boundary, we may assume that D is bounded. We may also assume that ¢ is
smooth by approximating it smoothly near the boundary of each exhausting domain. Then

it follows that € is also bounded and that ¢ is also smooth. Hence,

t— —log (/ Eslk e_“"(t’z)dV(z))
9

is plurisubharmonic. Changing variables z = exp((), it follows that the integral over Q equals

/ €2a'xe*90(t7x)622?:1 xﬂdl‘dy
[0,27]"x D

_ IOg (/ 62a-x7<p(t,m)+22?=1 a:]dm)
D

is plurisubharmonic. Since A(x) = 2 (a U xj> is an affine function of z, we may

Hence

replace ¢ by ¢ + A and the theorem follows. [

Clearly, the Prékopa-Leindler theorem follows from Theorem An important corollary

of this result is Kiselman’s minimum principle:

Theorem 5.3.3. (Kiselman’s minimum principle) Let ¢ satisfy the hypotheses of Theorem

. Then t — infecq p(t, ) is subharmonic.

Proof. We have

lnf So(t7 C) = —=sup _Sp(t, C) = —Ssup log (e_gp(t’c)) = — log (Sup 6_@(t7C)>
CeN cen ceh o

1/p
= —log | lim [/ !e_”(t’x)}p dx}
p——+00 D

1
= lim —-log (/ ep‘p(t’x)xzdx),
p—+oo D D

and by Theorem [5.3.2] the functions

1 log < / e"’@(t’m)_”ﬂdx)
p D
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are plurisubharmonic for all p > 0. Since the decreasing limit as p goes to +o0o equals

infecq (2, ¢), the claim follows. O

5.3.2 Second kind of interpretations of the complex

Prékopa-Leindler theorem

A more general situation that we can consider is when the domains (in addition to the weight)
vary with . More explicitly, instead of simply looking at product domains of the form U x €2,
we can let D be a pseudoconvex domain in C* x C?. The subscripts indicate that we take
the ¢ variable to be in C™ and z variable to be in C".

Let U be the image of D under the projection to the t-coordinate, that is also open. For
t e U, welet Dy :={z € C": (t z) € D} be the corresponding slice of D. Furthermore, let
¢ be a plurisubharmonic function in D. This time, the Bergman spaces of holomorphic

functions are defined as

1= (D) i= {1 € 0D I o= [ 1F P 90v() < 4o

The situation that was previously considered was D = U x €2, so that all the D, are identical,
and our weight function was additionally bounded. However, as D, varies, our family of
domains is no longer locally trivial, and we do not necessarily have the structure of a bundle.
That said, we may still define some kind of holomorphic structure by declaring that given a
function f(t,2) with f; ;== f(¢,-) in H?, f; is a holomorphic section if f is holomorphic as a
function of ¢ and z jointly (or equivalently, separately in ¢ and z by Hartogs’s theorem on
separate holomorphicity). In this setting, Xu Wang [Wanl17| gives a formula for a Chern
connection and a curvature operator, in addition to generalizing the curvature formula of
Berndtsson. That said, Xu Wang has stronger hypotheses on the domain D.

In this setting, Berndtsson proves a theorem that corresponds to Griffiths positivity by
studying families of sections of the duals of H?. A holomorphic section of the dual family

is defined to be a map t + & € (H2)" such that t — &(/f;) is holomoprhic in ¢ for any
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holomorphic section f; in the sense defined above. For such sections, the dual norm is defined

as the operator norm:

2

2 ()

||§t||*,go(t,~) = Sup ez
seerz—0y | fell e

Theorem 5.3.4. (Berndtsson) For each t € U, let puy be a compactly supported measure in

D, with the property that
t= &(fe) = | f(t,2)dpm(2)

Dy
is a holomorphic function if f is holomorphic in D. Then the function t — log <||§t||z,<p(t,-)>

15 plurisubharmonic or identically —oo.

Proof. The proof consists of a reduction of the general case to the product case. Suppose for
the moment that D = U x ). As before, we may assume that the pseudoconvex domain {2 is
bounded since we can exhaust it by an increasing sequence of bounded strictly pseudoconvex
domains with smooth boundary. Near the closure of each such domain §2;, we can approximate
¢ by a decreasing sequence of smooth plurisubharmonic functions {¢pw);}32,. Since & is
given by integraton against compactly supported measures, we can choose {2 to be large
enough to contain the support of all the &. We then let 5 tend to +oc0o first, for k fixed.
This gives us a decreasing family of plurisubharmonic functions ¢ — log (Hft”i som,j(t,-))
tending to t — log <||§t||i,@(t,~)>' Hence the theorem, when proved under the smoothness
and boundedness assumptions, holds for each €2 without the smoothness assumption on .
Afterwards, we let k tend to +o00, and thus obtain that the theorem holds for not necessarily
bounded €2. But by definition, & is a holomorphic section of E*, the dual of the bundle with
fiber £, = H? at t € U. Therefore, Berndtsson’s theorem implies the result in the product
domain situation.

Now consider the case when D is not a product domain. Arguing as above, we may
assume that D is a bounded strictly pseudoconvex with smooth boundary. We can then write
D = {(t,z) € C"*: p(t,2) < 0} where p is strictly plurisubharmonic in a neighborhood W,

of the closure of D. Since the result is local, we may after restricting ¢ to lie in a small
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neighborhood Vj of a given point, assume that Wy = V{ x €2 where () is a pseudoconvex

domain. Then we apply the theorem to W, with ¢ replaced by ¢; := ¢ + jmax(0, p). Since

/ P e#idv(2)
{t}xQ

tends to

f1? e ?dV(2)

D¢

as j tends to +00, the theorem follows in general. O]

When all the measures p; are point-masses, we obtain Berndtsson’s theorem on the
plurisubharmonic variation of Bergman kernels. This follows from the extremal characteriza-

tion of Bergman kernels.

Theorem 5.3.5. ([Ber06, Theorem 1.1)) Let D is a pseudoconver domain in C7* x C?, let ¢
be a plurisubharmonic function on D, and let K, denote the bergman kernel of H? ('Dt, 6_@(”)).

Then the function (t, z) — log (K(z, z)) is plurisubharmonic or identically —oc.

In [Ber06], Berndtsson offers a more detailed proof of this theorem. The reduction to the
m = 1 case follows from [Ber06, Lemma 3.4] on the upper semicontinuity of Bergman kernels
and the fact that a function is plurisubharmonic if and only if it is subharmonic along every
complex line intersecting its domain of definition.

Finally, note that Theorem [5.3.4] implies the Prékopa-Leindler theorem as follows. Take

D := (C - {0})", and define u by taking averages over the n-dimensional real torus:

n(f) = /n f (eﬁalzb e ,eﬁanzn) dov.

These averages do not depend on z, and computing the norm of y as a functional on

H? (Dt, e‘“’(t")), where ¢ only depends on |z;|, we recover the Prékopa-Leindler theorem.

95






Chapter 6

A twisted complex Brunn-Minkowski

theorem with applications

6.1 Twisted Nakano positivity of Hilbert bundles

6.1.1 For families of relatively compact complete Kahler

submanifolds of Stein manifolds

Let X be an n-dimensional relatively compact complete Kahler submanifold of a Stein
Kihler manifold (Y, g). Let V — X be a holomorphic vector bundle, and consider a family
{h[t]} ey Of smooth Hermitian metrics for V' — X where U is a domain in C™. Denote by
HZ = H? (X , h[t]) the Hilbert space of holomorphic sections in L2 (X , h[t]). Consider the
holomorphic Hilbert bundle Ej, whose fiber at ¢ € U is H?. Let § > 0 and 7 be a smooth

function on Y.

For the time being, suppose that
5)( ((h[t])_l axh[t]> -+ (Ric(g) + 28)(5)(77 — (1 + (5)8}(77 A 5)(7’]) & Idv >Nak 0,

for each ¢t € U, and that =5, (h) >aua 0, where Z5,, is the operator introduced in Section
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[I.1] We will first prove Theorem [A] under this assumption. Relaxing our twisted curvature
assumptions from positivity to semipositivity is a more delicate process that requires a

limiting argument. We show how to do so in Section [6.1.1.4]

Before proceeding to the proof, we recall some of the definitions and notation introduced

in Section [1.1] in more detail, and introduce a few more definitions and some useful notation.

6.1.1.1 Definitions

Let m5 denote the projection U x X — X where U is a domain in C™. Assume that 0 € U
without loss of generality. We define a family {h[t]} ey Of smooth Hermitian metrics for
V — X to be a smooth Hermitian metric h for the pullback bundle eV = U X X. It follows

that for each ¢ € U, hl) := i*h is a smooth Hermitian metric, where

ig V=%V (XX

is the natural isomorphism of vector bundles induced by the inclusion of X into the fiber
{t} x X of 7%V = U x X.
In this setting, we can define for each t € U a Hilbert space
H? (X, hY) = {f €To(X, V) : Il = / [ Flhe dVy = / W (f, £y v, < +oo}
X X

=To(X, V)N L (X,A),
where:

L7 (X, hl) = {f ET(X,V): |20 = /X 2 dV, = /X WO (f, f) v, < +oo}-

Here, I'(X, V) denotes the space of measurable sections of V' — X, I'n(X, V) denotes
the space of holomorphic sections of V' — X, and dV, denotes the volume form induced
by the metric g. The norm on L? and its corresponding inner product will be denoted by

.|y and (-, -),m respectively. We can then define the holomorphic Hilbert bundle E} as the
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infinite-rank vector bundle — or Hilbert bundle -
UxHi— U,

and we define a Hermitian metric on it by endowing the Hilbert space fiber
{t} x Hg =My

with the norm |||, .

We define the space of sections of Ej, as
T (Ep) = {f ET(Ux X, V) it f € H2 vt € U}.
In particular, the space of holomorphic sections E}, is defined as
To (Ep) = {f ET(Ey): f €To(U x X,w;}\/)}.

For f € I'(E}), we denote i} f by f ], So all sections are holomorphic on the fibers, and
for a section is holomorphic if it is holomorphic in the base variable as well.

We denote by E} the dual bundle to E}. This bundle is also trivial. The space of sections
of Ej is defined as

D(B) = {¢: B - Ci& =€l € (1)}

The bundle Ej is equipped fiberwise with the non-trivial Hermitian dual norm

||£||* Rltl — sup ’<€t7f>|7
’ feH2—{0} [FAIPSS

for each ¢ € U, where £ is a section of E} and & := §‘H2.
A section £ is smooth (resp. holomorphic) if for each fe ['(E}R) that is smooth (resp.

holomorphic), the function
Ustrs <£t,z';‘f> eC
is a smooth (resp. holomorphic) function of U.
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6.1.1.2 Preliminaries

Let F}, be the Hilbert bundle whose fiber over ¢ € U is L? and let Ej, be its subbundle whose
fiber over t € U is HZ. Let P; : L? — H? denote the fiberwise Bergman projection, and
let P+ the fiberwise orthogonal projection of L? onto the orthogonal complement of H?.
Additionally, denote by VI*» and V#» the Chern connections of each of F}, and Ej,; and let
Ofr and ©F» denote their respective curvature forms.

Choose local coordinates (z1,:--,z,) for an arbitrary point z € X, and denote by
(t1,--- ,t,) the global coordinates t € U C C™. Let ey,...,e, be a holomorphic frame for

V' — X and let H denote the local matrix representation of h in this frame, i.e.

h(ei,e1) h(er,es) --- h(er,e.—1) hler,e)
h(ez, e1)
H = (h(ej, ex))] py =
h(er—1,e.)
h(er,er) hler,ea) - hle—1,6;)  hler er)

In addition, for any operator d € {9,0, d} and for any variable w; € {t;,, 2., z,} with
1 <jk<mand 1l < v,u < n, welet 0,, H denote the following matrix in the same

holomorphic frame,

Dwih(ela 61) awih(ela 62) Y Dwih(el’ e’r—l) awih(el’ er)
Dwih(e% 61)
0, H = (awih<€j7€k)>;k:1 =

awih(er—h 67")

Dwih(em 61) Dwih(em 62) T Dwih(erfla er) Dwih(em er)

We adopt the same notation for hlY.
Finally, given a section s expressed as s = »_.._, s;e; in this holomorphic frame, for a
collection of holomorphic functions sy, ..., s, such that (s1,---,s,) # (0,---,0), we represent

s by the column vector S = [s;---s,]7.
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From the definition of the Chern connection,

t t Fy, [t] t [t Fy, [t]
iy (%, 0) (vh[ H)mt] < v [)hm’

for any two smooth sections u and v of F},. Therefore, letting T denote the complex conjugate

transpose, we have the following for any two sections u and v of F},.

dt]- (u[t]’v[ﬂ)h[t] — dtj/ Bl (UM,UM) dv,
X
:/ 8tj [h[t] [t]) dV] / 5tj [h[t] (U[t],’l}[t}) d‘/;]
X
:/ O, (V[tHH[t]U[t])dVg+/ 8, (VI HAyH) qv,
X

= / (0, VI HWT gy, + / (V' o, HITM v, + / (VI mg, Utay,
X X

X

+ / (0, VI HUM Y, + / vikig, HUtay, + / ) HYo, Utav,
X X

Rearranging the terms,
- - T
dp, (ul? o) = /X [<8tj + 0y, + (HY) 1 8th[t]> V[t}] HYUMay,

+ / (VI H | (8, + 8, + (1) 9, 1Y) U] av,
X

_ /Xh[t] ([dtj N (h[ﬂ)‘latjh[ﬂ u[t]’v[t}> av,
+ /X ht (M, [dtj + (A1) atjh[ﬂ v[ﬂ) dv,
— ([dtj +(H ', h[t] m)hm n (um’ [dtj + (), hm] “M>hm .

Clearly, ul! — dyull — [(h[t])_l 8tjhm] ul! defines a connection. Moreover, if ul! is
holomorphic in ¢, then dtju[t] — [(h[t])_l (9tjh[t]] ull is of bidegree (1,0) and so this operator
defines a holomorphic connection. Our previous computation shows that the connection
V¥ is metric-compatible, and so it must be the Chern connection of Fj,. In particular, its
(1,0)-part is given by Vf;h’(l’o) =0, — (h[ﬂ)_1 &gjh[ﬂ.

Thus, the connection form of the Chern connection is given by (wedging with) (A1) ! Oy, W1,

and so the coefficients of the curvature of Fj, are given by @f;’%k =0, [(h[ﬂ)f1 8tjh[t]] )
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Therefore, by Theorem [2.4.14

F L (i L(v) L
<@t b U ull, v m)h[t] - <Pt (thhu[t]> Py (vtkhv[t]»mt] + <@tj%kum’v[t]>h[ﬂ

for any two smooth sections u and v of Ej,. Whence if we let w4, ..., u, be any m smooth

sections of the bundle Ej, then

F t t
> (O, =

1<j,k<m

2

B, [ [
+ > (efulal) 61

h[t 1<_] k<m

(3 vl

1<5<m

The Nakano positivity of Ej will be established by estimating >, ik<m (@tEgk u;, E) u
=Jsv= ht

using the curvature formula (6.1.1). Doing so amounts to estimating the following norm.

2
- ( Z V,ihug-t]> = ( Z 0 u h[t) latjh[t]ugﬂ)
1<j<m

Bl 1<5<m

- Pﬁ( Sy 8tjh[““5ﬂ)

1<j<m

2

hlt]
2

(6.1.2)

hlt]
6.1.1.3 Proof of Theorem [A] under the assumption of strict curvature

positivity
By assumption, for each t € U
dx ( (ni) ™ aXhW) + (Ric(g) + 20x0xn — (1 + 6)dxn A Oxn) @ Idy >nax 0.
By letting
® = Iy ((h[ﬂ)*1 axh[ﬂ) + Ric(g) + 20x9x1 — (1 + 8)dxn A dx,
we obtain:

5){ ((h[t])_l axh[t]) + RlC(g) + 28)(5)(77 — (1 —+ 5)8}(77 A 6)(77 —®=0

so that the hypotheses of Theorem[4.2.1|are trivially satisfied since © (h[ﬂ) = Ox ( (h[t]) ! axh[t]> .

Now let (t,...,t,) denote the global coordinates of t € U and let (z1,...,2,) denote local

coordinates for z € X. Consider the section

_1 Ohlt
ultl = Z ((h[t]) o1, )ug-t].

1<j<m
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Then u solves the 0,-equation

_ _ _ [¢]
Ixull = §,ul = Z ai_ ((h[t}) ' %) ug-t]diu =: q,
J

1<5<m 971
1<u<n
since every single ugt] depends holomorphically on z = (z1,--- , 2z,). Note also that

/ |a|c2t>,h[t] dVy < +oo.
X

Clearly, the (0, 1)-form « satisfies xa = 0. Moreover, since each ug-t] is in H? C L?, and

since the metric A is smooth up the boundary of X, it follows that ul is in € L? as well. By

Theorem [4.2.1], and the fact that ug] =Pt (u[t]) is the minimal-norm solution of dxv = «,

2 1446
[l < (550 [ ok av, (6.1.3)
X hlt] 0 X

Set W := =5, (h). Let ¥,y and U denote the components of ¥ in the directions a and b, and

we have the estimate

those of the inverse of U in the directions ¢ and d respectively where a, b, ¢, d € {t;,tx, 24, 2, }.

By E11). (12 and (I3

(6.1.4)

S (efull ) / S (\M 0ty v, — ||uf!
X

1<j,k<m 1<j,k<m

Furthermore, combining (|6 with the estimate , we can see that:

S (o), /X > )

1<5,k<m 1<5,k<m
(6.1.5)

_ § ZuZ
\Ijtjtk - \Ij " qutjfu\]:ltkfy

1<p,v<n

Now let My be the matrix whose (7, k)-entries are

_ 2z
\Ijt]'tk - E \Ij a V\Iltjfqutkfy'

1<p,v<n

By Schur complement theory, Z5,(h) >aug 0 implies My >cqpig 0. Therefore, we conclude

that if E(;m(h) >t 0, then

(6.1.6)

' E, 1]
S0 > 0 resp. 20): Y (O5ud) > a

1<j,k<m
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6.1.1.4 Relaxing the strict curvature positivity requirement

Let h. := hes(PEv+1) where e > 0 and 7 is a smooth strictly plurisubharmonic function
for the ambient Stein manifold containing X, that is smooth up the boundary of X. Since v
is bounded on X, we may assume that ¢/ > 0 after subtracting a constant. Moreover, as the
result is local, we may assume that U is bounded. Denote by @5}; the coefficients for the
curvature of Ej_, the Hilbert bundle whose fiber at t € U is HZ, := H? <X : h@). For any
e > 0, the underlying vector spaces of ’Hit and H? are equal as subspaces of I'p(X, V), and
so we may act on the same tuple of sections uy,- -« , Up,.

By construction,

and

Ox ((n) ™ oxhl!) + (Rie(g) + 20x0xn — (1+ 6)dxn A dxy) @ Idy
= Ox ((h[t])_l 5’Xh[ﬂ) + (Ric(g) +20x0xn — (1 +6)0xn A 5){77) ®Idy + ¢ (8X5X1p ® Idv) )

Since

t 0 _
‘ | - >ang 0 and 0x0x ¥ ® Idy >nak 0,
0 OxOxv

it follows that

EJ,n (hs) > Griff EJ,n(h)

and

Ox <(hst])_l aXh?) + (Ric(g) 4+ 20x0xn — (14 0)dxn A Oxn) ® Idy

>Nak 5_)( ((h[ﬂ)*l 8th[t}> —+ (Rlc(g) + 28}(5)(77 — (1 + (S)@Xﬁ A gxn) X Idv
Therefore, if either =5, (h) >ayig 0 or

Ix ((h[ﬂ)_l ath) + (Ric(g) + 20x0xn — (14 0)0xn A Oxn) @ Idy >Nax 0,
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for each t € U, then

Ve 0,3 >0: Y (@Ehau[t] ) (6.1.7)

i, Wi U
1<j,k<m

hltl

Let Po* denote the orthogonal projection of L2, onto (H? ) As before, let ¥ := Z5,,(h),
and let ¥, and ¥ denote the components of ¥ in the directions a and b, and those of
the inverse of ¥ in the directions ¢ and d respectively where a,b, ¢, d € {t;,tx, 24, 2, }. Let
us also adopt the same notation for h. by letting W® represent the corresponding matrix
for h.. Furthermore, let T and Y¢ denote the matrices corresponding to h='0h and h-'0h.,

respectively.

By Theorem [2.4.174] and noting that ¢ is independent of ¢,

( S i )
1<j<m h[t]

Ene [t] | [t] _ (L], Ll
Z (th%k“j » Uy, >h[t1 - Z (qjijfkuj » Uy, >h

1<5,k<m 1<5,k<m

1<5,k<m
2
L( Z thug?]) _g.Ptf,L ( Z (7 X¢+|t| ), u ]>
1<j<m 1<j<m plt]
—e 2 t —5 t t
- B (), e 3 (),
1<4,k<m 1<5,k<m
2
o) pet ( > (1, — <) u5ﬂ>
1<j<m Rlt]

. . E t t
By adding and subtracting Zl§j7k§m <@t U E], Eﬁ])hm, we then have:

Ep, [t
3 <@t’ik gﬂ,ugl)h[]: 3 (@ftk j17ug€1>h[t]+m<e>, (6.1.8)

1<j,k<m : 1<j,k<m
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R(e) = Z (<6—6(¢+\t|2) — 1) U, kugt]7u£f]> . +e Z P ( —e(y+t?) g]’ E])h[t]

1<5,k<m 1<5,k<m

2
1 < Z thugt}> (w+|t\ /27;s¢ ( Z Tt]u >
1<j<m Klt] hlt]

1<j<m
+ 2¢Re (Pf’L ( thug.t]> ,e*(dﬂrw)??f’L ( Z fjug-t]>>
1<j<m 1<j<m Blt]
(w+\t| /2735L ( Z 7 ut])

1<j<m

2

—E

hlt]

In particular,

> (@f'ik uy, Ee])hm > —R(e), (6.1.9)

1<j,k<m
Since ug} € H? for each k and for each ¢ € U, the first two summands in 2R(g) converge
to 0 as € — 0 by smoothness, boundedness, countinuity, and the Cauchy-Schwarz inequality.

Since ¢ > 0 by assumption and P; + is an orthogonal projection,

e (5 )| <l ()] | S| o
1<j<m 1] 1<j<m plt] 111<j<m hlt]
and
2
e,L t t
: < thu§]> S T, ul’ (6.1.11)
1<j<m it 1<j<m Kl

Each of the upper bounds in (6.1.10) and (6.1.11]) respectively is finite by smoothness,
boundedness, and the fact that ug] c ?—[? for each 1 < k < m and for each t € U. Therefore,
the last summand in PR(e) converge to 0 as € — 0, as does the fifth summand by the Cauchy-

Schwarz inequality.

It now remains to estimate the difference term 9R(e). Note that for any section u of Ej,

and any point w € X,

'Pf’J‘uM (w) = 'Ptlu[t] (w) + <u[t]7 Ki(-,w) — e—a(w(w)-HtI?)Kf(-, w))
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where K; and K} denote the Bergman kernels for H7 and HZ, respectively. (The emphasis

on w is to indicate that the second variable in each Bergman kernel is fixed.) Thus
Plulll () — e~=(P@HItR)/2 petyll )

= (1—e(v b(w)+t*) /2 12y plyltl () 4 e=(eHH?)/2 (u[qefs(w(w>+|t\2)Kf(.’w) —Kt(',w)> ’

hlt]
and so we have the following estimate.
Hptlu[t] _ e (wH) /2 pet i ‘
L
< M(e HPJ_u[t HL;@ 4 e—cmo/2 H“MHL;;O m(e) HKtE<'>w>HLg°
+ 675m0/2 Hu[t}HLfo ||Kf(7w) _ Kt('Jw)HL?O ,
where M (g) = max (!1 — e—E(MOJFRo)/?‘ , ‘1 — e‘amO/Q‘) ,m(g) = max (‘e e(Mo+Ro) _ 1} e=emo 1|)

and mg and M, are the minimum and maximum of ¢ over X, respectively, and Ry := supg \t|2.

Let u:=3" ., Tiu;. By smoothness and boundedness,

o e P 6 ) e I ) e < o0

Moreover, since 1 > 0 by assumption, the sequence of metrics {hg[gﬂ} increases to hlt.
e>0

Therefore, by the generalization of Ramadanov’s theorem on Bergman kernels in [PW16],

1K (5 w) = K w)| oo — 0.

e—0

Finally, knowing that M (e), m(e) — 0 as ¢ — 0, we see that

e (3 o) -t (zw>| -

1<j<m 1<j<m

Lye
and so
[t] e(v+t?) 5
(Z Tt]u> <Z Ttu> QO
1<5<m 1<5<m L?
Thus,
2
i (5 mt)| - Jeeer (S )| o
1<j<m Rlt] 1<j<m hlt]

Consequently R(e) — 0 as ¢ — 0, which completes the proof by taking the limit as e — 0
in (6-19).
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6.1.2 For trivial families of possibly unbounded Stein manifolds

Suppose now that X is a possibly unbounded Stein manifold. Then E} is no longer neces-
sarily a Hilbert bundle, but rather a field of Hilbert spaces whose fibers are not necessarily
isomorphic. This means that we will need to define Griffiths positivity and Nakano positivity
for these fields of Hilbert spaces alternatively. These definitions are inspired by the analytic
characterizations that are equivalent to these notions of positivity in the vector bundle case
that we saw in Section [2.4.7.4] Our definitions of sections of Ej, and its dual are essentially

the same as the ones for the locally trivial case.

Since any pseudoconvex subdomain of a Stein manifold is itself a Stein manifold, Theorem

[A]l implies the following theorem.

Theorem 6.1.1. Let X be an n-dimensional relatively compact pseudoconvex subdomain of
an ambient Stein Kihler manifold (Y, g). Let V — X be a holomorphic vector bundle. Let
U cC C™ be a domain, and let {h[t]}teU be a family of smooth Hermitian metrics for V. — X.

Let 6 > 0 and let n be a smooth function onY. If Z5,(h) >cug 0 and
5){ ((h[t])_l axh[t]) + (Rlc(g) + 2(9)(5)(77 — (1 + 5)8)(77 AN 5)(’/]) ® Idy >nax O,

for each t € U, then the holomorphic Hermitian bundle (Ey, (-,-),s) is Nakano positive.

Moreover, if either Z5,(h) >cuig 0 or
5)( ((h[t})il axh[ﬂ> + (Ric(g) + 23){5}(7’/ — (1 + 5)0)(77 A 5)(7’]) & Idv ZNak 0,
for each t € U, then (Ey, (+,),m) s Nakano semipositive.

We will be making use of Theorem in our proofs of Theorems [C] and [B]

6.1.2.1 Definitions

Definition 6.1.1. A section f of the fields of Hilbert spaces Ej, is a section of 7%V — U x X

such that f € E, := H? for each t € U. We will write f[t] : f' .
{t}xX {t}xX
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The section f of Ej, is said to be holomorphic if it is holomorphic in the total space. In

particular, all sections are holomorphic on the fibers.

Definition 6.1.2. Let £} denote the holomorphic Hermitian field of Hilbert spaces dual to

E), — that is the fiber E; of Ej over t € U is the Hilbert space dual of H? with its usual

(el /)|

€l pen = sup
rerz—qoy  1flln

fiberwise Hilbert norm

Definition 6.1.3. A section of E; is a map & : Ej, — C such that & = f}Hg € (H?)". The
section & is said to be smooth (resp. holomorphic) if for each smooth (resp. holomorphic)

section f of Ej, the function U >t — <§t, f [t]> € C is smooth (resp. holomorphic).

Now, let F, denote the field of Hilbert spaces with fiber Fy := L? over t € U and let

P, : L? — H? denote the fiberwise Bergman projection.
Definition 6.1.4. (Connections)

e The Chern connection VI* of F}, is formally defined as the following collection of
operators Vf;_h for 1 < j < m given by Vf;hu[t] = dy,ul — <(h[t])_1 8tjh[t]> ull, for a

section u of F}. The domain of each Vf;h consists of sections u of F}, such that
d,ulfl — ((h[ﬂ)*1 6tjh[t]> ull € 1?2
for each t € U.
— We may also define Vf;”, as in the vector bundle case, by the relation
(Vf;hu[t], Ut> " = dy, (u[t], Vg)pte — (u[t], dtjvt)h[t]

for any two sections v and v of Ej,.
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e The (1,0)-part of the connection is defined by the collection of operators VFh’ L0)

mapping ull € L? to 9, ull — <(h[t]) thh[t]> . The domain of each VF’“( ™ consists

of sections u of F}, such that (9tju[t] — <(h[t]) Oy h[t) e L? for each t € U.
e The (0, 1)-part of the connection is defined as the collection of J-operators 55’% The
domain of each @Ijh consists of sections u of F}, such that étju[t] € L? for each t € U.

The corresponding connections for £, are defined as the respective Bergman projections
of each connection, with the domains similarly defined. So we have Vih =P, 0 VZ"‘,

Vit = P o v and 9P o= P o 9.
J J J
We will abusively denote the d-operators for Ej, and F}, interchangeably.
Definition 6.1.5. (Curvatures)

e The curvature O of F}, is the (1,1)-form of endomorphisms

o= Y O, dt; A diy,

1<j,k<m
where the multiplier coefficients © ’j; are endomorphisms of V' — X defined on X by
@f;’ac = 0, <(h[t])_ Otjh[t ) The domain of each @f:’;—k consists of sections u of F}, such
that

O (W) a,n") ult € 1}

for each t € U.

e The curvature of ©F» of Ej, is the (1, 1)-form of endomorphisms @5%@ of V'— X defined

as by the relation

Fuo i ) = (pL (P pL (v Fhyl] Et[t]
<®t}'§k Y )hm - (Pt (thhu >’Pt (vtkhv ))h[t] <@t ot )h[t]

for any two sections u and v of E,. The domain of each endomorphism 6% ’tl consists

of sections u of E}, such that @E u[t € L2 for each t € U.
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Definition 6.1.6. (Griffiths positivity)
The holomorphic Hermitian field of Hilbert spaces (Ep, (-, -),m) is said to be Griffiths semi-

positive (resp. positive) if the function

U t e og (I€I1 0 )

is (strictly) plurisubharmonic or identically —oo for every holomorphic section £ of Ej.

By Proposition [2.4.9] this definition is equivalent to the usual definition of Griffiths

positivity when F), is bona fide holomorphic Hilbert bundle.

Now, consider the (m — 1,m — 1)-form

_ 0 g
ro= Y (ulul) | di;nd,

1<, k<m

for an m-tuple u = (uy,- -+ ,u,,) of holomorphic sections of Fj. Here,
dt; Ndtg = cpdty N+ ANdtj_y Ndtjg A Aty Ndty A<+ AN dbg—y A dlgyy A diy,

—

where ¢, is a unimodular constant chosen so that dt; A dty is a positive form.
Definition 6.1.7. (Nakano positivity)

e The holomorphic Hermitian field of Hilbert spaces (Ep, (-, ),u) is said to be Nakano

positive (resp. semipositive) at ¢t € U if

Jco > 0 (resp. =0) : dydy (=T,) > o i": Hu[t] ’ av(t)
vo= — kg
for any m-tuple (uq,--- ,u,,) of holomorphic sections of Ej, belonging to the domains

of VtEjh’(l’O) and @5% and such that Vgh’(l’o)ug] =0att, forall 1 <jk<m.

e The holomorphic Hermitian field of Hilbert spaces (Ep, (-, ), ) is said to be Nakano

(semi)positive if it is Nakano (semi)positive at every ¢t € U.

By Proposition [2.4.11] this definition is equivalent to the usual definition of Nakano

positivity when F), is bona fide holomorphic Hilbert bundle.
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6.1.2.2 Griffiths positivity for trivial families of possibly unbounded Stein

manifolds

We now proceed to the proof of Theorem [C]

Proof. Since the result is local, we may assume that U is bounded. Let X be a possibly

unbounded Stein manifold. Let us denote

2

H€||2hm L= sup M
*, X 2 ’
raerz—goy [ m x

for a holomorphic section £ of Ej.

Let £ be an arbitrary holomorphic section of Ej. If £ =0, then ||§||z nit x = 0 and so the
function U > t — log <||£Hih[t] , X) is identically —oo. We thus assume for the remainder of

the proof that ¢ is not identically 0.

Our goal is to shows that U >t — [|€]|” ,u x is strictly plurisubharmonic or plurisubhar-

monic depending on the twisted curvature assumption.

Since X is a Stein manifold, we may express X as X = (J;5; X; where {X;};>; is an
increasing sequence of relatively compact such that for each j, X; has compact closure in
Xj+1. Let Pyyx denote the Bergman projection of L*(U x X, h) onto H*(U x X, h) and let
Pir, x denote its orthogonal complement. For each j, let x; : X — [0, 1] be a smooth function
supported on X, that is identically 1 on X j- In addition, let E; 1), be the bundle whose
fiber over t € U is H? (Xjﬂ, h[ﬂ) =: ’Hf’(jﬂ) and let x; :==xjomx : U x X — X —[0,1].

Since {t} x X = X and {t} x X; = X for each fixed ¢t € U and for each j, we will
abusively denote H? ({t} x X, A1) and H? ({t} x X;4+1, h) by H} and HE

1) respectively.
Thus, while we take the fibers of E}, and E(j11), to be H} and H?,(j 1) respectively, we are

really thinking of H? ({t} x X, A1) and H?* ({t} x X;.1, ) respectively.
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For any section f € To (E(j+1)n), Puxx (X;f) € To (U x X,7%xV) N L*(U x X, h).

Therefore, the formula

V[ € To(Eginm) : (671 = (& Prx () iyex )

*

defines a holomorphic section £¢) € Efinn

Let us denote the dual square-norm of 5,@ over <7—[t2 (j+1)> by Hg(j)thM X and let
’ ’ Eal)

f €To (Ey) so that f1 € H2 — {0}. Then, we have the following estimates.

‘<§t, Puxx (XJf) |{t}><X>‘2

2

Hg(j)

2
*JLM ,Xj+1 -

‘PUXX (Xjf) |{t}><X Rl X 41

(& Pusx (45 = D) | + f[”>\2
17191130 x
) 2
<§t7 f[t]> + <§t773UxX ((Xj B 1) f) |{t}><X>’

171

vV

Now

2
)<§t; f[t]> + <§t77DUxX (x; =1 f) |{t}><X>’
= |<§t, f[t]>‘2 + 2Re |:<€t7 f[t]> <€t, (Xj - 1)f[t] - ,P(JJ_XX (Xjf) ‘{t}xX>:|

2

{8 P (6= 1D ) |y
< |<€t,f[t]>’2 4+ 9 ‘<§t,f[ﬂ>} ‘<ft,’PU><X (=1 f) |{t}xx>’
+ ‘<5t’7’Uxx (=1 f) ‘{t}xX>)2'

Since &; is a continuous linear functional, there exists constants C; > 0 and Cy > 0 such

that

(& S < || 9 -
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and

2

(& P (6 =1 1) | )| <

< |Gy = VY[

Puxx (()ACJ - 1) f> |{t}><X hitl X

§C2||f[

! Hh[tLX—XH1 :

Now since Hf g ||i[t] _x. — 0, it follows that for any £ > 0,
J j—+oo

[t\ |2
2 < {<§t7f2 >‘ +
Hf[ﬂllhmx

provided that j is sufficiently large. Therefore, ||¢ Hz,h“h < ||¢@

2
€ S ||£H*,h[t],X + &€,

[ £+ (6 O = DFY = Phox () |y

* h[t Xjt1 '

The same exact argument with X, replacing X shows that the sequence of dual squared
norms {Hg(j)Hihm '+1} is decreasing. Moreover, this sequence is bounded below by
AR ] j>1

I€1% o x

We now need to show that ||| i x 18 indeed the limit of {Hﬁ( In

,hlt, X1 }J>1‘

particular, all we need to show is that

jgg_noollg *h[t Xit1 — ||§H* LRl X
By the definition of Hf i hlt , for each j, there exists f; € ['o(E(j41),) such that
2 2
@2 — (e sl g _
€91 ., = \<f SO e 2] =

Extend f; by 0 on U x (X — X;41) and let f; be the extension of f;. Then f; € L*(U x X, h)
and f; converges to some f in L2(U x X, h). In fact, f € H2(U x X, h). But then,

IO e x,., = [(62, TN =] (&2, 74 + (&, 710 = j0)|
< ‘< §j>7f[t]>‘2+2 ‘<§§j>7f[ﬂ>) ‘<€§j),f}ﬂ _f[t]>’
-
Clearly, <ft ; f —f [t]>’ converges to 0 as j — 400 by continuity since H f[ _ 7l i[t] .

converges to 0 as j — +o0o by L?-convergence. On the other hand,

<€(j),fm> = <§t,f[t]> + <€t77’UxX (=1 f) }{t}XX> )
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and so arguing as we previously did, we can see that

2
lim ‘<§(])>f[t]>’ §||5||ih[tl,X'

j—+o0

Altogether, we conclude that lim;_, Hf(j) i,h[ﬂ,XjH < HSHz,h[f],X'

By Theorem if Z5,(h) >auig 0 and

5){ ((h[t])*l 8xh[t]) + (Ric(g) -+ 28)(5)(77 — (1 + 5)(9)(77 A\ 5_)(77) X IdV >Nak 0,

2

for each t € U, then each of the functions U > t — Hf(j) Bl X,
A 41

is strictly plurisubharmonic

by Proposition [2.4.8, Therefore, the function U > ¢ Hg”ih[t], « 1s strictly plurisubharmonic

and the result follows by Remark [2.4.10|in this case. Otherwise, if either =5, (h) >qyig 0 or

dx ((h[t})—l am[ﬂ) + (Ric(g) + 20x0xn — (14 0)dxn A xn) @ Idy >yax 0,

2

for each t € U, then each of the functions U > t H{U) Wit X
LA 41

is plurisubharmonic by

Proposition [2.4.8] Therefore, the function U > t = ||€]|% 1 x is plurisubharmonic and the

result follows again, in this case, by Remark [2.4.10] O]

6.1.2.3 Nakano positivity for trivial families of possibly unbounded Stein

manifolds

We now prove Theorem

Proof. Let t € U be arbitrary. Let X be a possibly unbounded Stein manifold. We may
exhaust X as X = i1 Xj where {X;};>1 1s an increasing sequence of relatively compact such
that for each j, X; has compact closure in X;.;. For each j, let x; : X — [0, 1] be a smooth
function supported on X, and that is identically 1 on X ;. Moreover, let F}, denote the field
of Hilbert spaces with fiber L? at t € U and let Fij11),n and E(j41),, denote the bundles with

fibers L7 =: L? (X;41,h") and ’va(jﬂ) =: H? (X;41, h) at t € U, respectively. Let P,

(F+1)

denote the orthogonal projection L? — H? and let P;- denote its orthogonal complement.
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Similarly, let Ptj ) denote the orthogonal projection L? — H? (G+1) and let 770 ),

t,(7+1)

denote its orthogonal complement. Then

Vh = ()7 9, h1 = V0 and ©f% =8, (A1) 9, h) = @)1,

trte

Let uw = (ug, -+ ,u,) be an m-tuple of holomorphic sections of FEj belonging to the
domains of V,, En(L0) and @Eh for each 1 < k,¢ < m such that VEh’ L.0) [t] = 0 at ¢, for each

k. Note that:

[t N
Tu = Z (ugf], uL]>h[t] dtk N dtg

1<k, <m
_ [t [t] N [t [t] AT
= Z (Xjuk , Uy )h[tl dti N\ dty + Z (( X])Uk ) Uy )h[tl dty N\ dt,.
1<k (<m 1<k (<m

Since each wuy is a holomorphic section of Ej,, it follows, by definition, that u Ve HZ C L?
for each ¢ € U and that each u; depends holomorphically on ¢. Let x; := x; o mx. Then for
uld

each 7, )quk’ (xx = Xilk € L? for each ¢, and each X;uy still depends holomorphically on ¢

since X, is independent of ¢. Therefore, each ;us is a holomorphic section of F},. So,

oy (~T)= > (92}4 (x]uL]) ugl)h[]dv(t)

1<k <m
Z (VFh ,(1,0) < i]) th ,(1,0) Lﬂ) . dV(t)
1<k <m h
t t
+ Y (o (=) ) dvi
1<k <m
_ Z (VFh +(1,0) ((1 X]) Ug}) VFh7(10 [ﬂ) . AV (t).
1<k <m h
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But since x; does not depend on ¢, we have [VFh’(l’O) Xz] =0 = [VFh’(l’O), 1-— X? and

tg ' Ag 173

[@Fh—’(l 0) 2] =0= [@Z’%}’fl’o), 1— X?] for each t;. Therefore,

tity ’ ]
OOy (— Z (@tkte)(]uk,Xju£]>hde(t)
1<k 4<m
B 10 Fi, (1,0
LS (OBl VB0l v
1<k (<m
B t
+ Y (A=l ) dvi
1<k t<m

C S (=) VO TR v,

1<k l<m

We have the following for each k£ and /.

E [t] [t]
<@tk}£f <( XJ)uk) e ) [t

(G)i};fe <(1 - X]) [t]> “Lﬂ>h[ <7)L (V ((1 - Xg) [ﬂ)) Pl <vt[ Uy )>h[t]

= (a—xdelul o) = (PH(a— Vi) P (Vi)

Since P;- is an orthogonal projection, the Cauchy-Schwarz inequality yields

(P (= xpvil) P (Vi)

1 Fy [t

< |[P (< XJ)Vtk b >‘ hltl, X HP <Vt’fhu@ >’ hlt], X
2
< Fy, [t] H Fy, [t
- ( Xj)v Rt X te e 0.
< VFhu[t] Fy, 1] 2 s 0
- Fllpax-x; 1177 "8 llpn x jodos
Similarly, for each k and ¢,
2
B P, [t] Py, [t]
(=xheitdlaul’) < |lefdl]], o 4], 0

Therefore,

Z ((1 - X?)@ ug}, uLﬂ)m dv(t) —— 0.
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Estimating each of the terms ((1 — X]) VF’“U O’uﬁj], Vf;h’(l’o)ug]) Y in the same fashion,
h
we see that

Z <(1—X]) VFh,(lo [t] th,lo) [t])h[ dv (t) 0.

j—+oo
1<k <m

We now focus our attention on the first two sums in the expression of 8U<§U(—T w)- In

what follows, let

(UhU?)[j—H],h[ﬂ ZZ/ At (v1,v2) dV.

Xj+1

For any two holomorphic sections v and v of F},, we have

F Fy,(1,0) Fy,(1,0)
<@t1:%éu[t]’ UM) Bl N (vt: u[t]7 Vt"} Um)

_ (PtL (VF [t]) ,PL (VF [t]))hm (@Eh 1 [t})hm

hlt]

tkte

F,(1,0 Fr,(1,0
_ (Vtkh( )u[t],vteh( )U[t])h[t]

(o (5500) 7 102
hlt]
( v i (10) uld v Fh,(1,0>vm)
hlt]
By, F s 10) F; 7(1,0)
(@% o t> <ut1 pt< h U[ﬂ))}lm—(ﬂ (Vt,j‘ “[t]>’“m>hm

E
- <@tk};,g U )

ulf, VEh, (1,0) [t]) _ <VEh,(170)u[t]’U[t])
Bt hlt]

173

= (O o+

+

+ (vih,(l,o)u[t}, vtEZhv(LO)U[t])h[t .

Er,(1,0) [t]

Now, since each uy, satisfies V;, u,, = 0 at ¢, we have the following at t.

Vi O uyt = vt <(Xj -1) ug])

tr tr

=P (Vi (06 - D))
— P, <( )th ,(1,0) [ﬂ)

But since P; is an orthogonal projection,

2

— 0,

U, =
Rt X-X; j—+too

Hpt (<Xj —1) vih,(l,mu%]> 2

hlt]

Fp,(1,0
< [0 - nywieoud)|

< Hth, (1,0) [t]
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and so by the Cauchy-Schwarz inequality,

(ﬁkvmmm[w[W<v%ﬂmﬁkﬁvhw<vmﬂmﬁhvgﬂmﬁv . 0.
h h ]

b hlt j—+oo

On the other hand, note that each wy is a holomorphic section of E;,1), and that each

X;jux is simultaneously a holomorphic section of F{;,1), and a smooth section of E(j 1.

Fh Fli+1),h
Since @ = @tm ,

E ] [¢] _ By, [t] [¢]
(@thX]uk gt )hm N (67%51 X X )['H],h[t]

1), 1 1)L
+ <7)t(]+ ) <vtk XJUZ]> ,'Pt(J+ ) (vihXJ Lt])) .
[j+1],hlt

- (P (Vi) P (),

Note again that because V,, Er,(1.0) [t} =0 att,
Pt (Vtk x;ul ) Pl <V (1, O)XJUL]> — v (1, O)X] [t _ — v (1,0) (i — 1) ugl,

and so our previous arguments imply that (73 (Vtk Xﬂ@) , P (Vte }QUE)) . — 0.
hlt
Additionally,

G+0h, o (1] [t] — (@Futnn, 8 [ EGron o 1], [t]
<@W@ Xt > Xt )[j+1},h[t] N <@tktf Yo >[j+1},h[t] + (G)W 0 = Dw )

Ej1
+ (@ G+ )hug]7 (Xj - 1) uLﬂ)

(797)

[+1],hl1

[G+1],h1

E(jtr1),n [t] [t]
+ <®tkfje (Xj - 1) Uy, 7(Xj - 1) Uy >[j+1],h[t]

The last two summands converge to 0 as 7 — +o0o by the Cauchy-Schwarz inequality and

the fact that

_ —0.
R X 41—-X,; j—+too

2 2
_ [1] < H 1]
H ;= 1) el = u
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As for the second summand,
EG+o.n (., [t] H)
(@ tite (G — Dwg sy 1Ll
oF 1), 1),
( k(gl) TG -1 ug]’ug]>[j+1] o <Pt(J+ <VFh oG =1 W) ’ t(j+ (vih Lt )>[j+1] hlt]
@Fh ) (1] [t]) _( (3+1),L (th —1 ) (G+1),L (th [ﬂ))
( b v [j+1],Al4 Pi w 06 = Du ), P ) ) i

tktg
_ Fy, [ﬂ) _( (G+1), L ( F, [t]) (j+1),L< F, [t]))
( 1)©, t[uk: » Uy 1] Al Py (x; — 1)V, Py Vi Uy 1] Al

Therefore,

Eit1), t t
(0" 0 =Dl

j+1],hlt]
2 2
<Ny, — 1)@ 4l 1
= H(X] 1) ©,%,u, 1]l Uy 1] Al
. 2 : 2
(J+1),1 L Fp, [t] (+1),LgFr () 11
K <(XJ DV, uk) [j+1],hlt P Vi, (uf ) [jJrl},h[t]
2 2 2
< 1 @Fh [t] [t] H -1 th (1] Fy [t
- H( ) bt [j-+1], k1 “ [j+1],h[ﬂ+ 06 = 1) Vil IEICH [j+1], Rl
2 2 2
M T Y gt
kte Xj11-X; [j+1],hl1] Al X —X ¢ [j+1],hlt] j—+o0
Altogether, we have
E t] .
Ay ( CRAT T dv(t .
U U 1<kzz<m tkte k f [j—i-l],h[t] ( ) + O(j)

By Theorem 1} if =5, (k) > 0 and
5)( ((h[t])_l axh[t]) + (Ric(g) + 28}(3)(77 — (1 + 5)8){7] A 5)(7’]) & Idv >Nak 0,

for each t € U, then

Jeo >0 Z (@i(t]:” ull, ugﬂ>[ - [z Z H

1<k, <m

[j+1],A14

For each uy, H = H ] — H and since qu] € H? C L? for each
[j+1],hlt hlt] W XX 4
} ] —— 0. Therefore,
R X-X ;41 J—+oo
decg > 0 6U8U >C()ZH (])7
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whence (E, (-, -),u) is Nakano positive at ¢ by taking the limit as j — +o00. The result follows
as t € U was arbitrary.

Otherwise, if either =,(h) >gug 0 or
O (A1) 0xhlT) + (Ric(g) + 20x8xn — (1 + 8)dx A dxn) @ Tdy 2 O,
for each t € U, then again by Theorem and our previous observations,
Ouou(=T.) > o(j),

whence (E, (+,-),n) is Nakano semipositive at ¢ by taking the limit as j — 4o00. The result

follows in this case as well since ¢t € U was arbitrary. O]

6.2 Variations of Bergman kernels and compactly

supported measures

6.2.1 Twisted log-plurisubharmonic variation results for trivial
families of possibly Stein unbounded manifolds
6.2.1.1 Variations of Bergman kernels

One immediate consequence of Theorem [C|is Theorem [D] which we now prove.

Proof. For z € X and t € U, define £ by £7(f) = i* f(2), for f € T (E},). By Proposition
ft(z) : H? — V. is a bounded linear map. Now let o € V* be a non-zero vector. Then

) = o w e (1Y)

Moreover, if f € I'p (E}), then the function t — <§tz’a),f[t]> is holomorphic. Thus
t— §§Z’U) defines a holomorphic section of E; which we denote by &),

By Theorem the fiberwise dual squared norm of this section is given by
(z0) £\ 2
2 o u }<€ 7f>| - sup |<f(Z),O'>|

Rl — p 2 2
h rerz—(or I fllhm rerz—(or |1 fllhw

Hg(z,v)

= (Ki(z,2),0 7).

121



By Theorem [6.1.1} if =5, (h) >cug 0 and
5){ ((h[t])_l axh[t]) + (Rlc(g) -+ 2(9)(5)(7] — (1 + (5)8)(77 A 5){7]) & Idv >Nak 0,
for each t € U, then
OpOy log (Ky(2,2),0 ® &) > 0.

Otherwise, if either =s,(h) >gug 0 or
Ox (1) ™ k) + (Ric(g) + 20x0xn — (1+ 6)dxn A dx1) @ Iy Zxa 0,

for each t € U, then

Ou0y log (Ki(2,2),0 @ G) > 0,

which completes the proof. O]

In the Euclidean setting, this result corresponds to Berndtsson’s result on the log-
plurisubharmonic variation of Bergman kernels for product domains ([Ber06|). In our setting,

we have the following theorem.

Theorem 6.2.1. Let U be a domain in C™ and 2 a pseudoconver domain in C". Let
p € C®(U %), let § >0 and let n € C*(Y). Let K; denote the Bergman kernel of the
projection of L* (Q,e“ﬂ[t]) onto H? (Q,e‘“"[t]>. If 25, (e7%) > 0 (resp. > 0) in U x Q,
then the function t — log (K(z, z)) is plurisubharmonic (resp. strictly plurisubharmonic) or

tdentically —oo.

6.2.1.2 Variations of families of compactly supported measures

Let {fit}+cv be a family of compactly supported V*-valued complex measures over X. Then

(f
t

for each section f of Ej,, the pairing u )= < 11, ﬂt> defines a compactly supported complex

measure on X for each ¢t € U. Now consider the mapping ft(“ ) defined by

1 (gl 19 = ) = [ {50
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Let us represent ji; locally as fi; = Z;Zl 0; ® /ng ) where o1, -+ ,0, be a local frame for

)

V* over some open subset W C X, and let u§1 R uy) be complex measures for X over W,

all of which are supported on a compact subset K of X. Let hl* denote the dual metric to

Rl for the dual bundle V* — X. Then, locally, we have the following
‘ / (£, fu) / S (11,0 dp?)
X x4
< [ Yol o) duf”
x4

S/X!f’hm <Z|Uj\hm,*) dpy’

Jj=1

:/ | [l <Z|aj|hm,*> dpf’

K =

< sup <Z |Uj|hm,*) sup | f 1 / dpy”
K\ K K

= sup (Z |Uj|hm,*) ng)(K) sup | f,0 -
K \3 K

Now by Proposition [3.2.1} there exists a constant C'x > 0 such that

sup | fl3 < CK/ |fl2 V.
K X

Therefore,
() r[t] 2
(.
sup ————

2
fHen? [ralrt
is bounded. Using a partition of unity, we can see that this boundedness does not depend on

the choice of frame or local representative measures. So the mapping ft(“ ) defines a smooth
section £ of Er. We thus have Theorem [Ef as a consequence of Theorem .

In the Euclidean setting, Theorem [E] corresponds to Berndtsson’s theorem on the log-
plurisubharmonic variation of compactly supported measures for product domains (|Berl8&;

Ber17]). In our setting, we have the following theorem.

Theorem 6.2.2. Let U be a domain in C™ and Q a pseudoconver domain in C". Let

e C®(UxQ), let 6 >0 and let n € C>(2). Let {11}y be a family of complex measures
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on Q which are compactly supported inside Q. Define a section £ of E7 by
Vt € UVF € H2, ,(Q) : §(F) = /Q F(2)dp ().

Suppose that £€#) is a holomorphic section of B3 If 25, (e7%) 2 0 (resp. > 0) in U X Q, then
the function

Ut log (ng

2
*799(757'))

is plurisubharmonic (resp. strictly plurisubharmonic) or identically —oo.

Furthermore, letting ji; 1= 0 ® 0p) for each t € U, where I is a holomorphic map from U
to X, dp(y) denotes a point-mass measure supported at F'(t) and o € V};"(t), we obtain a slightly
stronger result than Theorem [F| Namely, under the hypotheses of Theorem |F], the function
U>st—log(o®a, K, (F(t),F(t))) is plurisubharmonic (or strictly so) or identically —oo

for every o € VF*(t).

6.2.2 Twisted log-plurisubharmonic variation results for a class

of non-trivial families of Stein manifolds

Now let Y be an n-dimensional Stein manifold, let p be a smooth plurisubharmonic function
on C™ x Y, and suppose that X := {(¢,z) € C™ x Y : p(t, z) < 0} is not necessarily a product

manifold in C™ x Y. We assume further that for each ¢, the restriction pl¥ of p to
Xi={z€Y:(t,2) e X} CY

takes values in [—1,0). This assumption is satisfied when X is a bounded strongly pseudo-
convex domain, for instance.

Let g be a Kéhler metric for Y and choose g := 7¢mgo @ my¢g as a Kahler metric for
C™ x Y, where gy is the Euclidean metric on C™. Let V — X be a holomorphic vector
bundle and let h be Hermitian metric for V' — X such that 9, (h~*dyh) = 0, 0, (h~'0;h) > 0,

and Al .= ¥ satisfies
O (h") + (Ric(g) + 0y Iy p") @ Idy 1w >nak 0 (6.2.1)
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over X, for each t € C™. Here, 0, and 0, denote the 0 and 0 operator with respect to the

t-variable, on C™.

In [Berl7], Berndtsson reduces the proof of his log-plurisubharmonic variation results
from the case of pseudoconvex subdomains of product domains to product domains. Using a
similar approach, we will show two additional log-plurisubharmonic variation results for the

class of non-trivial families of Stein manifolds just described.

6.2.2.1 Variations of Bergman kernels

Let K; denote the Bergman kernel for the Bergman projection L? (Xt, Rt dV:q) — H? (Xt, R, dV;,)

throughout the following proof of Theorem [F]

Proof. Let z € X; and o € (Vz[t]>* be fixed. Let us fix t € C™ — say t = 0. Assume for the
moment that m = 1. Since the property is local, we may restrict ourselves to a neighborhood
of t = 0. Let Uy be a sufficiently small neighborhood of 0 so that all the fibers X, are
contained in a fixed pseudoconvex domain Y. = {¢ € Y : p(0,() < }. As the sublevel set of
a smooth plurisubharmonic function inside a Stein manifold, X is a Stein manifold. Upon
exhausting X by an increasing sequence of relatively compact strongly pseudoconvex domains,

we may assume that X is a bounded strongly pseudoconvex domain with smooth boundary.

1 2
For j > 4, define p; := Elog (eﬁ P+ 1) and h; := he™#7, so that h; —— h when p <0

j—+o0
and h; — 0 when p > 0. Then Z;,,(h;) equals
j—4oo
515 (h_lath) + 8t5tpj 8t5ypj
J
1446

146
de =2 "

O O 1+

By ((hm)* axhw) + dydyp + Ric(g) +

Our goal is to find a function 1 on Y, depending on pl!, so that Esy(hj) > 0 and

146
de =2 "

1+0

C) (hgt]> + (Ric(g) + Oy Oy (—6_1;6”)> ® Idy >Nak 0,
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for each t € C™.

Let a,b € {t,Y} as indices. Then:

iei’p j3ed®r

&ﬁbp +

Je 5
T e o0+ (T gy 0up 1 Ovt

aaébloj -

Therefore, Z5,,(h;) can be decomposed as

Oy (h™'0,h) 0 N atgtpj 3t5YPj
0 (= —1 . = - =
0 1+90 (aX <(h[t]) aXhM) + Ric(g) + aYaYPM) Oy Oip; Oy Oy p;
0 O
_|._
0 M;-W
where
mp 1 jei*el 5 5 j3es*e A B
M= — e A
j T+0 \ 11 ey P+ (1+ej2p[f1)2 Y P Y P
J ~ _
5 (20v0vn — (14 8)yn Adyn — y Dy )

Our hypotheses clearly imply that

and
1+6
2 n

4 _
o (h[.’f]) + (Ric(g) n 1€+ =0y Oy (_61;50) ® Idy >nae MI* ® Idy,

J

for each t € C™.
Therefore, all we need to do is find a function n on Y, depending on pl), such that M ]" P> 0.

Now note that
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So, with n := f (p[ﬂ) for some function f to be determined shortly,

M}? > %5 (—%ayayp — —58yp” A Dyl 20y By — (14 8)0yn A Byn — aygypm)
_'Té;g% (258y5yn——j8yéypﬁ}_4ﬂ1-+5)8yn/\5yn__%;aypm/\5Ypm__53Y5Ypm)
- 1—_1(5 ( 00y Dyn — jOy Oy !t — 6(1 + 8)dyn A Oyn — éayp[t] A Oy plf! — 58y5yp[t])
%5[ () = 3 = 8) vy ]

of
Kzaf” —5(1+0) (f (p1))” {;) Oy pl A ayp[ﬂ} .

The function

2 V14452
By .— o 2 VI+065°7 1y
f (") =0y 1+50g(cos( /G +01<5>>)

satisfies

1"t 1 (At 2 j3
201" (p") =31 +0) (/' (»*))" =T =0,

for any constants Cy and C;. The constant C; will be determined later and we can just let

02 =0. NOW,

£ (p") NS T\ 5 GO

and so

— —6yayp[t] — i—éﬁyp[t] VAN 8yp[t] + 28}/8}/7’] — (1 + (S)ayT} VAN 8}/7’] — ayayp[t}

65° 7146, : 5., 1t
( mtan (T T(p + 015) - (] + 5) ayayp .

For each j > 4, we can always find some ¢ := d; > 0 such that

S| = Sl

653

1+0

> 7 +40.

1

J
Furthermore, if we let C := Cj; := 5 (71' m + 1), then C16 < 1+7/8 for j > 4,
J

32 144
whence ‘77 —(iS_ (p) + C16) takes values in [7/4,7/2) since —1 < pll < 0. Hence,

Yk #1468, ,
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Therefore, Theorem [D| applies to our situation where the product domain is Uy x Y..
Hence, by Proposition (combined with Proposition log (o0 ® 7, Ki(z, 2)), over a
relatively compact strongly pseudoconvex subdomain of X, can be written as an increasing
limit of functions that are subharmonic with respect to t. We then conclude, by Proposition
that the function ¢ — log (o ® 7, K;(z, Z)) is also subharmonic by upper semicontinuity.
Again, by upper semicontinuity, we get that t — log (0 ® 7, K(z, Z)) is plurisubharmonic if
m > 1 since its restriction to any line is subharmonic. Finally, Proposition [3.4.11| implies
that the function ¢t — log (0 ® 7, K;(z, 2)), over X, is the decreasing limit of a sequence of

plurisubharmonic functions and is thus plurisubharmonic.

Of course, the plurisubharmonicity is strict if the twisted curvature conditions are strict.

However, we will not repeatedly state this in what follows.

So far, we have shown that ¢ — log (0 ® &, K(z, z)) is plurisubharmonic for z fixed. We
will now show that for every o € <VZM) *, (t,z) — log (0 ® 7, K(z,2)) is plurisubharmonic.
As before, we can choose a sufficiently small neighborhood Uy of 0 such that all the fibers X,
are contained in a fixed pseudoconvex domain Y.

In general, we can find a holomorphic tangent vector field § on X such that drem (§) = 0/0t
(see [BP08, Lemma 2.3]). Let ®z denote the flow of § and let ®% denote the flow at time
t. Let X, := ®L(Xy). Since O maps X, to X, biholomorphically, Proposition implies
that K, (z,2) = K, (@%(z),%) for any z € X;. Here K; is the Bergman kernel for
the projection L* (Xy, Al dV,) — H? (X, b, dV,) and K, is the one for the projection
2 (K (05 1, () av;) > w2 (Ko, (057)" 00 (01), a1,

We are now in the previous situation, and so for any fixed z € X;, the function
t s log (0 ® 3, K, (2,7)) = log <a ® 5, K, (cpg(z), g(z)) >

is plurisubharmonic for any o € (Vz[t]) . We may again assume that m = 1 without loss of

generality by the previous upper semicontinuity arguments.
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The flow ®% evaluated at z has the first-order Taylor expansion ®%(z) = z +t§(z) + O(t?)
in ¢ around ¢ = 0. Therefore, the function ¢ — log <a ®a, K (z, Z)> is subharmonic in the
direction of §, which is an arbitrary lift of 9/0¢. We thus have the the subharmonicity of the
function ¢ — log <a ®a, K (z, Z)> in a general non-vertical direction in X.

Now let z = ®2*(w). Then the function ¢ — log <cr ®ao, K, (@gt(w), CI%>> is sub-
harmonic. Since the vector field § is an arbitrary lift of 9/0¢t, this shows that the function
(t,z) — log (0 ® &, K;(z, Z)) is subharmonic in every non-vertical direction. In the vertical

directions z +— log (0 ® 7, K;(z, Z)) is trivially subharmonic, as it is the sum of squares of

holomorphic functions. This completes the proof. O]

6.2.2.2 Variations of families of compactly supported measures

Now let {/i;},o, be a family of (V[t])*—valued complex measures over X; that are all locally
supported in a compact subset of X. For each section f € I'(E}), define the measure

ulh = (f", fi;) and define the mapping &t by

7 s (60, 710 = D 00) = [ (1, ).
Xt

Then, similarly to the case of trivial families of Stein manifolds, £#) defines a smooth

section of Ej;. We now prove Theorem [G]

Proof. By the standard exhaustion argument, we may assume that X is a bounded strictly
pseudoconvex domain with smooth boundary. Since the result is local, we may after restricting
t to lie in a small neighborhood Vj of a given point, say 0, assume that X C Vy x Y, where
Y.:={z €Y :p(0,2) <e} is a pseudoconvex domain in Y. Then we apply Theorem [E| to
Vo x Y, with h replaced by h;, where h; is the approximating metric used in the proof of
Theorem . Recall that h; := he "7 where p; is a function of p such that e™*/ converges to 1

as j — +oo when p <0, and e™ converges to 0 as j — +o00 when p > 0. Therefore,

2 L 2 2 . 2
ety = [ Ve [ Vi % = LT
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and similarly,

R B TR I AT R Pt
so that
(R ry— 2
and so the theorem follows. O

Once again, letting fi; := 0 ® () for each t € U, where F' is a holomorphic map from
U to Xy, 6p) denotes a point-mass measure supported at F(t) and o € VF*(t), we see that
under the hypotheses of Theorem [F] the function U > t — log (o0 ® &, K; (F(t), F(t))) is

plurisubharmonic (or strictly so) or identically —oo for every o € (V[t]);(t).

6.3 Twisted Prékopa-Leindler type theorems

We end this thesis with a mention of a couple of theorems that are much more similar in
nature to Berndtsson’s Prékopa-Leindler type theorems, under weaker assumptions than

plurisubharmonicity. These two results follow immediately from Theorem [C]in the same way

that Theorems [5.3.1] and [5.3.2] follow from Berndtsson’s Nakano positivity theorem, as shown

in Section (£.3.2

Theorem 6.3.1. Let €2 be a balanced pseudoconvexr domain in C", let 6 > 0 and let n be a
smooth function on Q. Let U be a domain in C™ and let ¢ € C®(U x Q) be S*-invariant in

z foranyt € U. If 25, (e7%) > 0 (resp. > 0) in U X Q, then the function

t— —log (/ e_‘P(t’Z)dV(z)>
Q

is plurisubharmonic (resp. strictly plurisubharmonic) or identically equal to —oo.

Proof. As seen in the proof of Theorem [5.3.1} E is the direct sum of the holomorphic

subbundles Ey, k € N, where E}. denotes the subbundle of £ of homogeneous polynomials of
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degree k. Therefore, each Fj must be Griffiths positive in the sense of Definition since
E is Griffiths positive in the sense of Definition by Theorem [C| In particular, Fj is
Griffiths positive in the sense of Definition [6.1.6l But since Ej is a trivial line bundle and the
constant function 1 is a global frame, it follows that ¢t — — log (||1Hi(t7,)) is plurisubharmonic

or identically —oo. O

Theorem 6.3.2. Let Q2 := {( : Re(() € D} for a convex domain D in R"™. Let 6 > 0 and let
n be a smooth function on Q. Let U be a domain in C™ and assume that ¢ € C> (U x Q)

does not depend on the imaginary part of . If Z5, (e7%) >0 (resp. > 0) in U x Q, then the

t — —log (/ e_@(t’z)dx>
D

is plurisubharmonic (resp. strictly plurisubharmonic) or identically —oo.

function

Proof. As mentioned just before Theorem [5.3.2] if €2 is a T"-invariant domain, the bundle £
can be decomposed as the direct sum of the subbundles F,, a € Z™ where each E, is spanned
by 2%. These subbundles E, are mutually orthogonal, and so each E, must be Griffiths
positive in the sense of Definition since F is Griffiths positive in the sense of Definition
by Theorem [C] Therefore, as each E,, is of rank 1 with a constant trivializing section

U >t 2% the function

t— —log (||z°‘Hi(t7.)> = —log (/Q |22 e‘ﬂ(t’z)dV(z))

is a plurisubharmonic function of ¢ for all a.

The image Q of  under the map exp : C* > ( (e, ,es) € (C—{0})" is pseudo-
convex since D is convex. Moreover, as ¢ is independent of Im((), there is a plurisubharmonic
function ¢ in U x Q such that ¢ (¢, exp(C)) = ¢(t,¢). Clearly, the domain Q is T"-invariant

and the function ¢ is T"-invariant with respect to z for each ¢. Therefore, the function

t— —log </ |2%)? e‘W(t’z)dV(z)>
Q
1
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is plurisubharmonic. Changing variables z = exp((), it follows that the integral over Q equals

/ €2a'xe*90(t7x)622?:1 xﬂdl‘dy
[0,27]"x D

Hence the function

t = — lOg (/ eQa'Iiw(trx)‘i‘Q Z;'Lzl del‘)
D

is plurisubharmonic. Since A(x) = 2 (a T+ $j> is an affine function of z, we may

replace ¢ by ¢ + A and the theorem follows. O]
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