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Abstract of the Dissertation
Higher order rectifiability via Reifenberg theorems for

sets and measures
by
Silvia Ghinassi
Doctor of Philosophy
in
Mathematics
Stony Brook University

2019

We say a measure is Cb* d-rectifiable if there is a countable union of C® d-surfaces
whose complement has measure zero. We provide sufficient conditions for a Radon measure
in R" to be CY d-rectifiable, with o € (0,1]. The conditions involve a Bishop-Jones type
square function and all statements are quantitative in that the C'“ constants depend on
such a function. Along the way we also give sufficient conditions for C1'® parametrizations
for one-sided Reifenberg flat sets in terms of the same square function. Key tools for the
proof come from Guy David and Tatiana Toro’s Reifenberg parametrizations of sets with
holes in the Holder and Lipschitz categories. Finally we provide a rich collection of examples

and observations on C1® functions and C'® rectifiable sets.
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CHAPTER 1

INTRODUCTION

1.1 BACKGROUND

Recall that a set F in R" is Lipschitz image d-rectifiable — countably d-rectifiable in
Federer’s terminology — if there exist countably many Lipschitz maps f;: R — R™ such
that HY(E\ U, fi(RY)) = H L (R™\ U, fi(R?)) = 0, where H? denotes the d-dimensional
Hausdorff measure. In this paper, we investigate sets that can be covered by images of more
regular maps (see Section 1.2 for the statements of the main results and Section 1.4 for

motivations).

We say that a set F in R™ is C'1® d-rectifiable if there exist countably many continuously

differentiable Lipschitz maps f;: R? — R" with a-Hélder derivatives such that
HL g <R” \ Ufi(Rd)> = 0. (1.1.1)

For Lipschitz image rectifiability, we could replace the class of Lipschitz images with
bi-Lipschitz images, C!' images, Lipschitz graphs, or C! graphs without changing the class of
rectifiable sets; see Theorem 3.2.29 in [Fed69] and [Dav91] for proofs of these equivalences.

From now on we will refer to Lipschitz image rectifiability simply as rectifiability.

On the other hand, rectifiability of order C** does not imply rectifiability of order C'%¢
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for any 0 < a < o/ < 1. More generally, C*~! rectifiability is equivalent to C* rectifiability
(Proposition 3.2 in [AS94]), while there are C** rectifiable sets that are not C™? rectifiable,
whenever k,m > 1 and k + s < m + ¢ (Proposition 3.3 in [AS94]). For completeness, we

include the proofs of these results in the Appendix, as Propositions 5.1.1 and 5.1.2.

Classical rectifiability of sets has been widely studied and characterized, see [Mat95]
for an exposition. However, a quantitative theory of rectifiability was only developed in the
late 1980s to study connections between rectifiable sets and boundedness of singular integral
operators. Peter Jones in [Jon90] gives a quantitative control on the length of a rectifiable
curve in terms of a sum of 5 numbers. These numbers capture, at a given scale and location,

how far a set is from being a line. Jones’ proof was generalized to 1-dimensional objects in

R™ by K. Okikiolu in [Oki92] and in Hilbert spaces by R. Schul in [Sch07].

In [DT12] G. David and T. Toro prove that one-sided Reifenberg flat sets admit a
bi-Holder parametrization, which is a refinement of Reifenberg’s original proof in [Rei60].
Moreover, if one also assumes square summability of the 8’s the parametrization is actually
bi-Lipschitz (see also [Tor95]). To better understand this, consider a variation of the usual
snowflake. Start with the unit segment [0, 1], and let this be step 0. At each step i we create
an angle of a; by adding to each segment of length 27! an isosceles triangle in the center,
with base 27"1/3 and height 27""'q; /6 (since the a;’s are small we can use a first order
approximation). Then the resulting curve is rectifiable (i.e. has finite length) if and only if

S af < oo (see Exercise 10.16 in [BP17]).

Consider now a smoothened version of the snowflake where we stop after a finite number
of iterations. This set is clearly C%® rectifiable. Our goal is to prove a quantitative bound
on the Holder constants in term of the quantity >, a?/272% < co. For a general one-sided
Reifenberg flat set E, this means that we can find a parametrization of E via a CY® map.
The proofs of the parametrization results (Sections 3 and 4) follow the steps of the proof in
the paper [DT12]. However detailed knowledge of their paper will not be assumed. Instead

specific references will be given for those interested in the proofs of the cited results.



1.2 QOUTLINE OF THE DISSERTATION AND MAIN RESULTS

Throughout the manuscript, we will prove three different versions of the main theorem
on parametrizations. For convenience we will now state only two of them, Theorems A and
B. We state the more technical Theorem 3.1.4 and Theorem 3.1.6 in Section 3 after a few
more definitions. Then we state Theorems I and II which are our rectifiability results. Let

us recall the definition of f numbers.

Definition 1.2.1. Let £ C R", z € R”, and r > 0. Let d be a fixed integer, 0 < d < n.

Define
1
650"1(:5,7‘) = —inf{ sup  dist(y, P)} , (1.2.1)

rop yeENB(x,r)
if £EN B(x,r) # @, where the infimum is taken over all d-planes P, and BZ (z,r) = 0 if

ENB(z,r) =@. If E is measurable, define

1 dist(y, P
P, r) = inf {—d / 25, F) d%%y)} , (1.2.2)
yeEENB(z,r)

T r

for x € R™ and r > 0, where the infimum is taken over all d-planes P.

Remark 1.2.2. In the future we will write 82 (,r) for 824 (x, r), and BE (x, r) for B2 (x, 1),
omitting the dependence on d, to avoid a too cumbersome notation, as there will not be any

chance for confusion.
Next, we need to define what is meant by one-sided Reifenberg flat.

Definition 1.2.3. Let £ C R” closed and let € > 0. Let d be a fixed integer, 0 < d < n.
Define FE to be (g, d)-Reifenberg flat if the following condition holds.

For z € E, 0 < r < 10 there is a d-plane P(z,r) such that

dist(y, P(x,r)) <er, Yy € EN B(z,r), (1.2.3)

dist(y, E) < er, Yy € P(z,r) N B(x,r).



Definition 1.2.4. Let x € R” and r > 0. If E, FF C R" both meet B(z,r) define normalized

Hausdorff distances to be the quantities

1
dm(E,F):—maX{ sup dist(y, F'), sup dist(y,E)}. (1.2.4)

r yeEENB(x,r) yeFNB(z,r)

Definition 1.2.5. Let £ C R"™ closed and let ¢ > 0. Define E to be one-sided (e,d)-
Reifenberg flat if the following conditions (1)-(2) hold.

(1) For x € E, 0 < r <10 there is a d-plane P(x,r) such that

dist(y, P(z,1)) < er, y € ENB(z,r).

(2) Moreover we require some compatibility between the P(x,r)’s:

dyp1o-+(P(x,107%), P(2,107%*")) <e,  Vaz € E, Vk >0, (1.2.5)

dy1o-r+2(P(z,107%), P(y,107%)) < ¢, Va,y € B, |z —y| <1072, vk > 0.

Remark 1.2.6. We will simply write (one-sided) Reifenberg flat for (one-sided) (e, d)-

Reifenberg flat, as € and d will stay fixed, throughout the paper.

Remark 1.2.7. It is important to observe that the sets in Definition 1.2.3 are not allowed
to have any holes, meaning that £ must be simply connected, while the sets in Definition
1.2.5 are allowed holes of any size. The compatibility conditions is (2) are automatically

satisfied by Reifenberg flat sets without holes.

Before we state our main results, let us recall some theorems of G. David and T. Toro

[DT12].

Theorem 1.2.8 (G. David, T. Toro, Proposition 8.1 [DT12]). Let € > 0 small enough and

let E C B(0,1), where B(0,1) denotes the unit ball in R™. Assume E is one-sided Reifenberg
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flat . Then there exists a map f: 3o — R™, where ¥ is a d-plane in R", such that E C f(X)

and f s bi-Holder.

Remark 1.2.9. We can get the map f in Theorem 1.2.8 to be bi-Holder with any exponent

strictly smaller than 1, by choosing ¢ accordingly small.
Set r, = 107*.

Theorem 1.2.10 (G. David, T. Toro, Corollary 12.6 [DT12]). Let E be as in Theorem 1.2.8

and moreover assume that
Zﬁfo(x,rk)Q <M, foralzekE. (1.2.6)
k=0

Then f: ¥o — R™ is bi-Lipschitz, and E C f(X). Moreover the Lipschitz constants depend

only onn, d, and M.
Moreover,

Theorem 1.2.11 (G. David, T. Toro, Corollary 13.1 [DT12]). Let E measurable be as in

Theorem 1.2.8 and moreover assume that
Zﬁf(m,m)2 <M, forallzekFE. (1.2.7)
k=0

Then f: Yo — X s bi-Lipschitz. Moreover the Lipschitz constants depend only on n, d, and
M.

We are now ready to state our theorems.

Theorem A. Let E C B(0,1) be a one-sided Reifenberg flat set and o € (0,1). Also assume

that there exists M > 0 such that
BoEo (':Cv Tk)Q

Z —————< M, forallxzelPL. (1.2.8)
k=0

2
Tk



Then the map f: ¥y — X constructed in Theorem 1.2.8 is invertible and differentiable,
and both f and its inverse are CY* maps. In particular, f is continuously differentiable.
Moreover the Holder constants depend only on n, d, and M.

When o = 1, if we replace 1y, in the left hand side of (1.2.8) by rin(ry), where n(ry,)?

satisfies the Dini condition, then we obtain that f and its inverse are CH' maps.

Remark 1.2.13. The case @ = 0 was studied in [DT12], see Theorem 1.2.10. Notice that
they obtain a Lipschitz parametrization, that is C%! and not a C* parametrization. For the
case @ = 1 we need a small perturbation of our hypothesis for the proof to extend to this
case and obtain a C''! parametrization. (see Theorem 3.1.6).

We say that a function w satisfies the Dini condition if ) ° w(ry) < co. A possible

111
T log(1/ri)Y T log(10)7 kY0

choice for 1 in Theorem A is n(r) for v > 1.

Even without assuming a higher regularity on our set E, such as Ahlfors regularity, we

can prove a better sufficient condition involving the possibly smaller 8; numbers.

Theorem B. Let E C B(0,1) be a measurable one-sided Reifenberg flat set and o € (0,1).

Also assume that there exists M > 0 such that

© 4B 2

Z M <M, foralxekFE. (1.2.9)
-

k=0 k

Then the map f: ¥y — X constructed in Theorem 1.2.8 s invertible and differentiable,
and both f and its inverse are CY* maps. In particular, f is continuously differentiable.

Moreover the Holder constants depend only on n, d, and M.
When o = 1, if we replace 1, in the left hand side of (1.2.9) by rin(ry), where n(ry,)?

satisfies the Dini condition, then we obtain that f and its inverse are CH' maps.
Before stating the other results, let us recall the definition of density of a measure.

Definition 1.2.15. Let 0 < s < oo and let p be a measure on R™. The upper and lower
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s-densities of p at x are defined by

B
0% (u, x) = lim sup Bz, r)) (1.2.10)
r—0 re
B
0: (1, x) = lim inf w
r—0 rs
If they agree, their common value is called the s-density of u at x and denoted by
0% (p,z) = 0" (p, z) = 05 (u, x). (1.2.11)

If E C R™, we define the upper and lower s-densities of E at x as 0*°(E,z) = 0™ (H* L E, z)

and 0(E,x) = 05(H° L E, x), respectively.
We are now ready to state the theorems regarding rectifiability.

Theorem I. Let E C R™ such that 0 < 0% (E,x) < oo, for H? a.e. x € E and let o € (0, 1).

Assume that for almost every x € F,

Y 2
JE @)= M < . (1.2.12)
7 k=0 "k
Then E is (countably) CY* d-rectifiable.
When o = 1, if we replace ry, in the left hand side of (1.2.12) by run(ry), where n(ry)?

satisfies the Dini condition, then we obtain that E is C? rectifiable.

Remark 1.2.16. For the second part of the statement recall that C'! rectifiability coincides

with C? rectifiability (see Proposition 5.1.1).

Remark 1.2.17. In Theorem I, we will use the assumptions on the upper density in order
to prove that FE is rectifiable, using a Theorem of J. Azzam and X. Tolsa from [AT15]. We
will need rectifiability in order to obtain (local) flatness. Note that, in this case, we cannot

weaken the assumptions on the density to be 8% (FE,z) > 0 and #%(E,z) < oo to obtain

7



rectifiability, as in [ENV16], because we will use that 6% (F, z) < oo to compare 32 with 5%
in order to apply the aforementioned theorem of J. Azzam and X. Tolsa. See the proof of

Theorem I for details.

We can also state a version of Theorem I for rectifiability of measures. If 1 is a Radon

measure, define

(1 dist(y, P)\” Lp

for z € R™ and r > 0, where the infimum is taken over all d-planes P. Moreover, define

- ﬁ“(l’,’l"k;)2
Tho(r) =" pT (1.2.14)
k=0

Theorem II. Let 1 be a Radon measure on R™ such that 0 < 0% (u,z) and 0%¢(u,z) < oo

for p-a.e. x and let o € (0,1). Assume that for p-a.e. x € R,
Jyo() < 00. (1.2.15)

Then i is (countably) CY d-rectifiable.

When o = 1, if we replace ry, in the left hand side of (1.2.15) by ren(ry), where n(ry)?

satisfies the Dini condition, then we obtain that p is C? rectifiable.

Remark 1.2.18. The density assumptions in Theorem II are weaker than the ones in The-
orem [, as we will use Theorem 2.2.1 by N. Edelen, A. Naber and D. Valtorta instead of

Theorem 2.1.1 by J. Azzam and X. Tolsa.

Note that the assumption Jy ,(7) < oo implies J{',(7) < oo (see Lemma 2.2.3), which
is the condition we will need to apply Theorem B, and also that fol Bua(z,r)? L < oo which
is going to be used to apply a result by N. Edelen, A. Naber and D. Valtorta, [ENV16] (see

Remark 2.2.2 for a more detailed discussion). Also in this case we will use the finiteness of

8



the upper density in Lemma 2.2.3, however, we do not need to assume that as it also follows

from Theorem 2.2.1.

1.3 STRUCTURE OF THE MANUSCRIPT

Because of the technical nature of the proofs of Theorems A and B, in Section 2 we first
prove Theorems I and II using Theorems A and B. After that, in Section 3 we introduce
the main tools for the proof and after we state the more technical Theorems 3.1.4 and 3.1.6.
Then we construct a parametrization for our set F using a so-called coherent collection of
balls and planes (CCBP) to then conclude by proving Theorems 3.1.4 and 3.1.6. In Section
4 we provide proofs of Theorems A and B stated above. Finally, in Section 5 we include
the a few examples, including the one from [AS94], together with some remarks on the main

Theorems.

1.4 MOTIVATION AND RELATED WORK

Peter Jones [Jon90] proved that, given a collection of points in the plane, we can join
them with a curve whose length is proportional to a sum of squares of § numbers (plus the
diameter). In particular, the length is independent of the number of points. This was the
starting point of a series of results seeking to characterize, in a quantitative way, which sets
are rectifiable. The motivation came from harmonic analysis, more specifically, the study
of singular integral operators. It became clear that the classical notion of rectifiability does
not capture quantititave aspects of the operators (such as boundedness) and a quantitative
notion of rectifiability was needed. A theory of uniform rectifiability was developed and
it turned out that uniformly rectifiable sets are the natural framework for the study of L?
boundedness of singular integral operators with an odd kernel (see [DS93, DS91, Tol14]).

The theory is developed for sets of any dimension, but a necessary condition for a set to be

9



uniformly rectifiable is that it is d-Ahlfors regular, where d € N. That is, the d-dimensional

Hausdorff measure of a ball is comparable to its radius to the d-th power.

Peter Jones’ Traveling Salesman Theorem works only for 1-dimensional sets, but does
not assume any regularity. Several attempts have been made to prove similar analogues for
sets (or measures) of dimension more than 1. In [Paj96] a version for 2-dimensional sets is
proved. Menger curvature was also introduced to attempt to characterize rectifiability (see,
among others, [Lég99, LW11, LW09, KS13, BK12, Kol10, Meul8, Goel8]). Other approaches
can be found in [Mer16, Del08, San17]). J. Azzam and R. Schul [AS18] prove a higher dimen-
sional version of the Traveling Salesman Theorem, that is, they estimate the d-dimensional
Hausdorff measure of a set using a sum of S numbers with no assumptions of Ahlfors regu-
larity. Using this, together with [DT12], M. Villa [Vill7] proves a characterization of tangent

points of a Jordan curve in term of 5 numbers.

We say that a Radon measure p on R™ is d-rectifiable if there exist countably many

Lipschitz maps f;: R? — R"™ such that

u (R” \ Uﬁ(Rd)) = 0.

Note that a set F is d-rectifiable if and only if H? L g is a d-rectifiable measure.

For measures which are absolutely continuous with respect to the Hausdorff measure, the
above definition coincides which Lipschitz graphs rectifiability. That is, if we require the sets
to be almost covered by Lipschitz graphs instead of images, we get an equivalent definition.
J. Garnett, R. Kilip, and R. Schul [GKS10] proved that this is not true for general measures,
even if we require the doubling condition (that is, the measure of balls is quantitatively
comparable if we double the radius). They exhibit a doubling measure supported in R?
singular with respect to Hausdorff measure, which is Lipschitz image rectifiable but is not

Lipschitz graph rectifiable.

D. Preiss, X. Tolsa, and T. Toro [PTT09] fully describe the Holder regularity of doubling

10



measures in R” for measures supported on any (integer) dimension. M. Badger and V.
Vellis [BV17] extended part of the work to lower order rectifiable measures. They prove
that the support of a Radon measure can be parametrized by a (1/s)-Hélder map, under
assumptions on the s-dimensional lower density. M. Badger, L. Naples and V. Vellis [BNV1§]
establish sufficient conditions that ensure a set of points is contained in the image of a (1/s)-
Hoélder continuous map. M. Badger and R. Schul [BS15, BS17] characterize 1-dimensional
(Lipschitz) rectifiable measures in terms of positivity of the lower density and finiteness of
a Bishop-Jones type square function. H. Martikainen and T. Orponen [MO18] later proved

that the density hypothesis above is necessary.

Recently, N. Edelen, A. Naber, and D. Valtorta [ENV16] proved that, for an n-dimensional
Radon measure with positive upper density and finite lower density, finiteness of a Bishop-
Jones type function involving > numbers implies rectifiability. The same authors [ENV18]
study effective Reifenberg theorems for measures in a Hilbert or Banach space. J. Azzam and
X. Tolsa [Tollb, AT15] characterized rectifiability of n-dimensional Radon measures using
the same Bishop-Jones type function under the assumption that the upper density is posi-
tive and finite. Note that the density condition in [ENV16] is less restrictive (see [Toll7]).
X. Tolsa [Toll7] obtains an alternative proof of the result in [ENV16] using the techniques
from [Toll5, AT15]. For a survey on generalized rectifiability of measures, including classical

results and recent advances, see [Badl8].

S. Kolasinski [Kol17] provides a sufficient condition in terms of averaged discrete cur-
vatures, similar to integral Menger curvatures, for a Radon measure with positive lower
density and finite upper density to be C%® rectifiable. Moreover, sharpness of the order of
rectifiability of the result is obtained using the aforementioned example from [AS94]. This
result is very similar in flavor to the result we prove in this paper. In fact, if the measure is
Ahlfors regular, G. Lerman and T. Whitehouse [LW11, LW09] proved that Menger curvature
and a Bishop-Jones type square function involving L? 8 numbers are comparable on balls.

However, for measures which are not Ahlfors regular, the two quantities are not known to
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be comparable.

Given such distinctions it is natural to investigate different types of rectifiability (e.g.,
Lipschitz image and Lipschitz graph rectifiability, C* and C1* rectifiability). There has been
some progress in this direction concerning rectifiability of sets (by e.g. [AS94]) but the tools
involved rely heavily on the Euclidean structure of H¢ and give qualitative conditions. J.
R. Dorronsoro [Dor85a, Dor85b] obtains a characterization for potential spaces and Besov
spaces in terms of coefficients which are analogous to higher order versions of Peter Jones’s 3
numbers. Several recent works concerning connections between rectifiability and § numbers
seem to have been inspired by these results. There has been a great deal of interest in de-
veloping tools which allow further generalizations to rectifiability of measures which provide
quantitative results. Using the techniques from [DT12] we develop such tools with the use

of 3 numbers and obtain results for C1“ rectifiability.

E. R. Reifenberg [Rei60] proves that a “flat” set (what is today known as “Reifenberg
flat” set) can be parametrized by a Hélder map. In [DKTO1], G. David, C. Kenig, and
T. Toro prove that a C1* parametrization for Reifenberg flat sets (without holes) with
vanishing constants can be achieved under a pointwise condition on the ’s (their conditions

are stronger than our conditions).

Among the results involving Menger curvature, in [KS13], S. Kolasinski and M. Szumanska
prove that C® regularity, with appropriate a’s, implies finiteness of functionals closely re-
lated to Menger curvature. In [BK12], S. Blatt and S. Kolasiniski prove that a compact
C' manifold has finite integral Menger curvatures (a higher dimensional version of Menger
curvature) if and only if it can be locally represented by the graph of some Sobolev type
map.

In [Kol15], a bound on Menger curvature together with other regularity assumptions
leads to a pointwise bound on 5 numbers: this is the same bound which appears in [DKTO01].
If in addition the set is fine, which among other things implies Reifenberg flatness allowing

for small holes (that is, at scale r holes are of the size of 32 (z, 7)), then the same conclusion
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as in [DKTO1] holds, that is, the set can be parametrized by a C1* map.

It is interesting to note that in [DKTO1] Reifenberg flatness, which does not allow for
any holes, is used. On the other hand, in [Koll5] they allow small holes, that is, of size
bounded by £. In contrast, we only require the set to be one-sided Reifenberg flat, which
does not impose any restrictions on the size of the holes.

In the last few years, C. Fefferman, A. Israel, and G.K. Luli [FIL16] have been inves-
tigating Whitney type extension problems for C* maps, finding conditions to fit smooth

functions to data.

1.5 FURTHER DEVELOPMENTS

It is interesting to ask whether there exist analogous necessary conditions for higher
order rectifiability. See Section 5 for some observations. The author believes similar results
for C*< regularity hold with an appropriate generalization of the Jones 8 numbers and of
Reifenberg flatness of higher order. By appropriate generalization we mean to use poly-
nomials instead of d-planes to approximate the set. This idea is not new, see for instance

[Dor85a, Dor85b] and, more recently, [Pral7], Section 2.2.
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CHAPTER 2

PROOF OF THEOREMS I AND II oN O RECTIFIABILITY

As mentioned in the introduction, we will start by using Theorems A and B to prove

Theorems I and II. The former will be then proved in the later sections.

2.1 A SUFFICIENT CONDITION INVOLVING (5, NUMBERS

To prove Theorem I we need to recall a result from [AT15]. Recall the L? version of (3

numbers previously introduced: given x € R™ and r > 0, and an integer 0 < d < n, let

B (Bl ) = inf (M) du(y). (2.11)

P rd B(z,r) r
where the infimum is taken over all d-planes P.

Theorem 2.1.1 (J. Azzam, J. Tolsa, Theorem 1.1, [AT15]). Let u be a finite Borel measure

in R™ such that 0 < 0%*(u,x) < oo for p-a.e. x € R™. If

1
d

/ 5u,2(x,7’)2—r < oo for p-a.e. x € R, (2.1.2)
0 T

then p is d-rectifiable.

In this section we prove the following
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Theorem 1. Let E C R™ such that 0 < 0% (E,x) < oo, for H? a.e. x € E and let o € (0, 1).

Assume that for almost every x € F,

e E 2
JE (@)=Y mTf’“) < 0. (1.2.12)
’ T
k=0 k

Then E is (countably) CY* d-rectifiable.

When a = 1, if we replace i, in the left hand side of (1.2.12) by ryn(ry), where n(ry,)?

satisfies the Dini condition, then we obtain that E is C? rectifiable.

Before proceeding with the proof we want to note when different Jones’ square functions

are bounded by each other.

Remark 2.1.2. Let us formally state a fact well known by experts in the area and often
used in the literature. In the literature, some results prefer using continuous versions of
Jones’ functions, while others prefer discretized ones. In our statementes we use a discrete

version, as in [DT12], but we sometimes relate that to continuous versions, as in [AT15].

Let a(r) be positive for any r > 0 and suppose there exist constants ¢, C' > 0 such that

ca(rp1) < a(r) < Ca(rg) if rgp1 < 17 < rg. Then there exists a constant Cy > 0 such that

! a(r) % < Za(rk) < CO/O a(r) @ (2.1.3)

Co r
0Jo k=0
Let us record some of the comparisons between different Jones’ functions.

Lemma 2.1.3. Let E C R" such that 0 < 0*(E,x) < oo, for a.e. v € E. Set p=H% L E.
If for a.e. v € E

TE(x) =Y BE(z, 1) < 0. (2.1.4)
k=0
then
! dr
/ 5M72($,T)27 < oo for p-a.e. x € R", (2.1.5)
0
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and hence E is rectifiable, that is, there exist countably many Lipschitz images I'; such that

HUE\U,T) =0,

Proof. We want to prove that, for a.e. x € F, there exists r, > 0 such that if » < r,, then

Bua(z,r) < C(x)BL (2,7). (2.1.6)

It is enough to prove that, for a.e. x € E, there exists r, > 0 such that if » < r,,

HYBNE)

< Cla). (2.1.7)

This follows immediately by the assumption % (E,r) < co. The conclusion follows from

Theorem 2.1.1. O

Remark 2.1.4. Note that a set F that satisfies the hypotheses of Theorem I satisfies the

hypotheses of Lemma 2.1.3, as J (z) < JZ ,(z) < co.

Let us restate, for convenience of the reader, a Sard-type theorem (Theorem 7.6 in

[Mat95)).

Theorem 2.1.5. If g: R? — R is a Lipschitz map, then
1 ({g(x) | dimp(¢'(z)RY) < d}) = 0. (2.1.8)

Lemma 2.1.6. If f: R — R" is a Lipschitz map and I' = Im(f), then I' = [, U U, 4q;
where each A, is one-sided Reifenberg flat and H(T';) = 0.

Proof. By Theorem 3.2.39 in [Fed69] (Lipschitz and C* rectifiability are equivalent notions for
measures absolutely continuous to Hausdorff measure), we know that there exists countably
many C' maps g;: R? — R" such that ' C |, g;(R?). To simplify notations, let g = g;, for

some 4, for the time being. For H%almost every z € Im(g), we know by Theorem 2.1.5 that
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rank(Dg(z)) = d where x is such that g(z) = 2. Because g is a continuously differentiable
map, for any ¢’ > 0, we know that there exists a small enough neighborhood U, > = such
that rank(Dg(y)) = d and

|Dg(x) — Dg(y)| < €’ (2.1.9)

for every y € U,. We want to prove that g(U,) is one-sided Reifenberg flat. For any
x € g(U,) and r > 0 let P,, be the unique tangent d-plane to g(U,) at = (without loss of
generality we can assume the C' images not to self-intersect, as they do only in a measure
zero set, that we can include in the bad set I',). We need to check that dist(y, P,,) < er,

for y € g(U.) N B(z,r) and

dm,lofk(Pl',T]N Pl'ﬂ“k—l) S g, xr & g(Uz), k Z 0, (2].].0)

dac,lO—’H'2 (Px,rka Py,rk) S g, T,y € g(Uz)a |ZL‘ - y' S 1O_k+2a k Z 07

where we set 7, = 107*.

By choosing ¢’ > 0 above small enough with respect to ¢, all conditions are satisfied, as

the derivative varies smoothly and so do the planes P, ,’s.

Because the choices of g; and z are arbitrary we can repeat the same procedure for all
the maps. Note we can choose countably many z and still obtain a cover for g;(R?). We
then have a collection of neighborhoods U jl so that each g;(U ;l) is one-sided Reifenberg flat
and T' C U, , 9:(U%,) up to H? measure zero T',. Re-indexing the collection by A,, we obtain

the desired result. O

We are now ready to prove Theorem I.

Proof of Theorem I. By Lemma 2.1.3 there exists countably many Lipschitz images I'; such
that HY(E\ U, T;) = 0. Let E;, = EN(T;),, where we applied Lemma 2.1.6 to each I'; and
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obtained A, = (I';),. Now, define

By Lemma 2.1.6 each of the E; ,, satisfies the hypotheses of Theorem A and hence it can

be parametrized by a C** surface. Because £ = E, U|J E; . p, where Ej has He-measure

4,,p

zero, Theorem I follows. O

2.2 A SUFFICIENT CONDITION INVOLVING 39 NUMBERS

We can also state a version of Theorem I for rectifiability of measures. If i is a Radon

measure, and 1 < p < 0o, define

1 dist(y, P)\” p
5;5(‘%’ "= I%f {ﬁ /y‘EB(:v,T) (M) du(y)} ’ (221)

for x € R™ and r > 0, where the infimum is taken over all d-planes P. Moreover, define,

0 op 2
T @) =3 Bff)(fT’j’“). (2.2.2)
k=0 k

To prove the theorem we will use the following theorem by N. Edelen, A. Naber and D.

Valtorta.

Theorem 2.2.1 (N. Edelen, A. Naber and D. Valtorta, [ENV16]). Let p be a finite Borel

measure in R™ such that 0 < 0% (u,x) and 0%(u,x) < oo for p-a.e. x € R™. If

1
d
/ 5u,2(x,7’)2—r < oo for p-a.e. x € R, (2.2.3)
0 T

then u is d-rectifiable and 0% (u, ) < oo, for p-a.e. x € R™.

Theorem II. Let pu be a Radon measure on R™ such that 0 < 0% (u,z) and 0%(u,x) < oo
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for p-a.e. x and let o € (0,1). Assume that for p-a.e. x € R,
Jy o (x) < 00. (1.2.15)

Then p is (countably) C d-rectifiable.
When a = 1, if we replace i, in the left hand side of (1.2.15) by rin(ry), where n(ry,)?

satisfies the Dini condition, then we obtain that p is C? rectifiable.

Remark 2.2.2. Condition 1.2.15 is slightly stronger than what we actually need. In fact,
it implies that Ji',(2) < 0o (see Lemma 2.2.3 below). We use the latter condition to apply
Theorem B. It also implies that fol ﬁu,g(x,r)Q% < 00, which is a necessary hypothesis for
applying Theorem 2.2.1. Notice that assuming only boundedness of the L' Bishop-Jones
square function would not guarantee the set to be rectifiable (see [Toll7]).

As observed in the introduction, the density assumptions of Theorem 2.2.1 are weaker
than the ones in Theorem 2.1.1. Note again that, if p is rectifiable then it has 0 < 69(yu, x)
p-almost everywhere, so the following lemmas apply to g in Theorem II. We will use the
fact that 0 < 6¢(u, z) in order to be able to compare 3 numbers computed with respect to p
and those computed using H? and the fact that 6% (u, x) < co to compare L' and L? Jones

functions.

Lemma 2.2.3. Let yi be a Radon measure on R™ and let x such that 0% (u,x) < oo and

Jyo(x) < o0o. Then, Jf (z) < co.

Proof. 1t is enough to prove there exists r, > 0 such that if r < r,,

Bua(z,r) < C(2)Bua(z, ). (2.2.4)

By Holder’s inequality we get

= (42 (2 (55 )




Because % (u, z) < oo, we get £ ( ) < C(x) and we are done. O

We would like to proceed as in the proof of Theorem I. Because of our assumptions
(see Remark 2.2.2), it follows from Theorem 2.2.1 that p is d-rectifiable, that is, there exist
countably many Lipschitz images I'; such that p (£ \ U;,I';) = 0.

Let E = supppun{z € R" | Jy, (z) < oo}. From Lemma 2.1.6 we get that each
E;,, = En(I';), is one-sided Reifenberg flat. To apply Theorem B we need to ensure that
the “Euclidean” ) numbers (i.e. the 51 numbers computed with respect to the d-dimensional

Hausdorff measure) satisfy the hypothesis of Theorem B.

Lemma 2.2.4. Let E; , be as above. There exists a countable collections of subsets E; 4 N.m
such that for every x € E; o Ny there exist numbers Cy, > 0 and r, > 0 such that for every

r, < r, we have
qu'm(

Z LI G e (2.2.6)
Tk

Tk <7“z

Proof. By our assumptions on p we know that for every o € E; ; there exist numbers C, > 0

and r, > 0 such that for every r; < r, we have

g = Py,

Z - PR (2.2.7)

Ty

Tk <T‘z

Define E; 4 nm by

w(B(z,r) N E; )

1
EigNm = {x € Eiy | N < r

< N forr < 2""} . (2.2.8)

In order to prove the statement it is enough to prove that each Bf PN (1) is bounded
above by a constant multiple of 3} - Eig (x,r). To obtain this, it is enough to prove that, for

some constant C', we have

HYE; ynm N B) < CNu(E;, N B). (2.2.9)
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This follows from Theorem 6.9(2) in [Mat95]. O

Finally, define

EigNmp =1 € Eignm| J1a(x) <p}. (2.2.10)
From the results above the following lemma follows immediately.

Lemma 2.2.5. Fach E; 4 nm, satisfies the hypotheses of Theorem B and hence it can be

parametrized by a C surface.

Now, we have that £ = E, U E; 4 Nmp, Where Ej, has H%measure zero, by

i,q,N,m,p

Lemma 2.1.6, the definition of rectifiability, and continuity from below. The lemma below

proves that Ej has also p measure zero, so Theorem II follows.

Lemma 2.2.6. Let A C R™ and v a Radon measure such that 0% (v,z) < co for v-a.e. .

If HY(A) = 0, then v(A) = 0.

The lemma follows immediately from Theorem 6.9(1) in [Mat95].
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CHAPTER 3

THE MORE TECHNICAL RESULT ON PARAMETRIZATION

We now proceed to introduce the main tools for the proofs of Theorems A and B. In
this section, we will construct the map f and obtain distortion estimates for it. Section 4

will be dedicated to the proof of the main theorem.

3.1 MORE DEFINITIONS AND STATEMENT OF THE MORE TECH-

NICAL RESULT

Given a one-sided Reifenberg flat set, we now want to construct a so-called coherent
collection of balls and planes (CCBP) for E (for more details see the discussion after Theorem

12.1 in [DT12)).

Let E be as above and set r;, = 107*. Choose a maximal collection of points {z,;} C F,
J € Ji such that |z, — x| > 7%, for i,j € Jy, © # j. Let B;; be the ball centered at z;
with radius r,. For A > 1, set

V2 = | ABjx (3.1.1)

J€Jk
Because of our assumptions on the set £ we can assume that the initial points {z,0}

are close to a d-plane Xy, that is dist(x;0, Xo) < ¢, for j € Jy. Moreover, for each £ > 0 and
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J € Ji we assume that there exists a d plane P}, through x;; such that

e, w100r, (Pig, Pji) < € for k>0 and i,j € Jy such that |2, — ;%] < 1007y, (3.1.2)
Az, ,100(Pi0, X0) < € for i € Jy, (3.1.3)

du; y20r (Pis Pigy1) < efor k>0,4 € Jpand j € Jyr s.t. [ — jpq1] <21 (3.1.4)

Definition 3.1.1. A coherent collection of balls and planes for E is a pair (Bjy, Pjx) with

the properties above. We assume that € > 0 is small enough, depending on d and n.

We will use this collection to construct the parametrization, as explained in the following

section. Recall Theorem 1.2.8:

Theorem 1.2.8 (G. David, T. Toro, Proposition 8.1 [DT12]). Let € > 0 small enough and
let E C B(0,1), where B(0,1) denotes the unit ball in R™. Assume E is one-sided Reifenberg

flat . Then we can construct a map f: Xg — R™, where ¥q is a d-plane in R"™, such that

E C f(X0) and f is bi-Holder.

We now define the coefficients ¢, which differ from classic 5 numbers in that they take
into account neighbouring points at nearby scales. In section 4 the relationship between the

two will be made explicit.

Definition 3.1.2. For & > 1 and y € V}!° define

Ek(y) = Sup{dwu’loorl(Pﬁk, -Pi,l) | ] - Jk, l - {k’ — ]_, k?},l € Jl Yy - 1OBng N ]_le7]€} (315)

and g;,(y) = 0, for y € R™\ V}1°.

As in [DT12] f will be constructed as a limit. To construct the sequence we need a
partition of unity subordinate to {B,}. Following the construction in Chapter 3 of [DT12],

we can obtain functions 64 (y) and ¢y (y) such that each 6; is nonnegative and compactly
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supported in 10B;, and ¢ (y) = 0 on V2. Moreover we have, for every y € R",

Ue(y) + Y 0ik(y) = 1. (3.1.6)

Jj€J)

Note that, because 11 (y) = 0 on V¥, this means that

Z 0;x(y) =1, for every y € V2. (3.1.7)
g€k
Finally we have that
IV 0ik(W)] < Cn/rits IV R(y)] < C /1y (3.1.8)

Following [DT12], our plan is to define a map f on a d-plane ¥,. We define f: R — R”
and later on we will only care about its values on ¥y. With a slight abuse of notation we
will still denote the restricted map to Xy as f. We define the sequence {f;: R* — R"}
inductively by

foly) =y and  fip1 =o0ko fi, (3.1.9)

where

or(y) = bWy + > 0y mik(y). (3.1.10)

JE€Jk
where ;5 denotes the orthogonal projection from R" to P;;. In the future we denote by
ﬂj:k the projection onto the (n — d)-plane perpendicular to Pjj, (passing through the origin).
Next, we observe that the fi’s converge to a continuous map f. We include below the proof

of this fact from [DT12]. Note that
lok(y) —y| < 101, for y € R (3.1.11)

because > i, 0;x(y) < 1 and [m(y) — y[ < 10ry when 0;x(y) # 0 (;% is compactly
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supported in 108, , so that means y € 105, ;. This implies that

[ fer1 = frlloo < 1074 (3.1.12)
so that the maps fi’s converge uniformly on R™ to a continuous map f.

Theorem 3.1.3 (G. David, T. Toro, Proposition 8.3 [DT12]). Let € > 0 and E as above. If

we also assume that there exists M > 0 such that

Zak(fk(z))2 < M, for all z € Xy. (3.1.13)
k=0

then the map f: Yo — X constructed in Theorem 1.2.8 is bi-Lipschitz. Moreover the Lipschitz

constants depend only onn, d, and M.

As mentioned before, we are interested in finding a condition on the £;’s to improve the

results on the map f. The theorems we want to prove are the following.

Theorem 3.1.4. Let E C B(0,1) as above, with ¢ > 0 small enough, and o € (0,1). Also

assume that there exists M > 0 such that

oo 2

Z M < M, for all z € 3. (3.1.14)
,

k=0 k

Then the map f: X9 — X constructed in Theorem 1.2.8 is invertible and differentiable, and
both f and its inverse have a-Hélder directional derivatives. In particular, f is continuously

differentiable. Moreover the Hélder constants depend only on n, d, and M.

Remark 3.1.5. We will define f: R" — R™ but we are only interested in its values on X
and ¥ = f(3g). The directional derivatives for the inverse are derivatives along directions

tangent to .
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Theorem 3.1.6. Let E C B(0,1) as above, with € > 0 small enough and let n(ry,)? satisfy

the Dini condition. Also assume that there exists M > 0 such that

i (%]EZ))))Q < M, for all z € Xy (3.1.15)

k=0

Then the map f: Xy — X constructed in Theorem 1.2.8 is invertible and differentiable, and
both f and its inverse have Lipschitz directional derivatives. In particular, f is continuously

differentiable. Moreover the Lipschitz constants depend only on n, d, and M.

3.2 ESTIMATES ON THE PARAMETRIZATION

We now want to collect estimates on the derivatives of the o;’s. Recall, by (3.1.10), we

defined o (y) = Vr(v)y + 2 e, Ok (W) k(y)-

Remark 3.2.1. We set up some notation for the derivatives. Below D and D? will denote

slightly different things depending on the map they are applied to.

e For the partition of unity 0;,¢5: R — R, D0, and D1y, denote the usual gradient,
that is an n-vector, that is, a n x 1 matrix. D?0;; and D%y, denote the Hessian, which

1S a n X n matrix.

e For vector valued maps ¢g: R" — R", such as f, fx, ak,ﬂj,k,ﬂﬁk, write g = (¢*, ..., g"),
where the g' are the coordinate functions. Then Dg = (Dg', ..., Dg") which can be
looked at as an n x n matrix. Similarly, D?g = (D?%¢!,..., D?g") is a 3-tensor, that
is a bilinear form R™ x R® — R" that acts on vector u,v € R™ via D?g-u-v =

(D?*¢" - u-v,...,D*q" - u-v).

In what follows |-| denote the standard Euclidean norm on R”, for the appropriate N (where

we have identified M,,.,, with R”Z).
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Remark 3.2.2. Note that while 7} is an affine map, ijk is a linear map. Also note that

D (y), the Jacobian of 7, at y € R", is the orthogonal projection onto the d-plane parallel

to P; ) passing through the origin. Note that the Hessian D?r; . (y) = 0, for all y € R™.

By differentiating (3.1.10), we get that for y € V,!°, we have

Dak( ) wk I+Zﬁjk Dﬂ']k—l—yDiﬂk —FZWJk Dejk( ) (321)

JEJk JE€Jk

Note that if y ¢ V;!° then ox(y) = y and also Doy(y) = I. Then we also have

DQO'k(y) = 0.

Lemma 3.2.3. Let y € V;!°. We have

Do1(y) = 2D (y)] + 2y DO;s(y)Drji +yD*i(y) + Y me(y) D*s(y).  (3.2.2)

J€Jx j€Jk

Choose i = i(y) € Ji, such that y € 10B; , and set
9(y) = 2D¢i(y) D75, + (y — mik(y)) D*Y (). (3.2.3)

Then
|D?oi(y) — 9(y)| < Ce/ry, (3.2.4)

where C > 0 s a constant.

Proof. We obtain (3.2.2) by differentiating (3.2.1). For the last statement, recalling (3.1.7),

we have

9(y) = 2D (y) D5y + (y — mik(y)) D*i(y) = (3.2.5)
= 2Dy (y)[I — Dmig] + yD*Yi(y) — mis(y) D (y) =

= 2D (y)] +2 Y DO, i(y) Drii + yD*u(y) + Y min(y) D6, 4(y).

JE€Jk JE€EJk
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Now, note that |D?0,,(y)] < C/ri. Moreover by (3.1.2), for all nonzero terms, we have
|Dmj, — Dm x| < Ce, because 6;, = 0 outside of 10B;y, so that y € 10B;; and hence

|z ) — x| < 1007y for our choice of (i, k). Hence, we get

| D20k (y) — 9(y)] < 2D 1D0k(y)| |Drji — Dol + > | D*0;5(m)] Im56(y) — min(y)] <

J€Jk Jj€Jk
(3.2.6)
<CJr-Ce+C/ri-Cery =
= Ce/ry,
where we used the fact that |7, (y) — mix(y)| < Cery, by (3.1.2). O
Corollary 3.2.4. If y € Vi, and i as above,
Dox(y) =2 DO;i(y)Drji+ Y mia(y) D05 (y) (3.2.7)
JjE€Jk J€Jk
and
|D?o(y)| < Ce/ry, (3.2.8)

where C > 0 s a constant.

Proof. Note that v(y) = 0 for y € V8. Then g(y) = 0 so the two statements follow

immediately from the previous lemma. O

We now want to collect some more estimates. Let ¥, be the image of ¥ under fy, i.e.
Y = fu(Xo) = o1 0+ 00¢(Xp). First, we need to recall some results from [DT12]. The
main result is a local Lipschitz description of the X,’s. For convenience we introduce the

following notation for boxes.

Definition 3.2.5 (Chapter 5, [DT12]). If z € R", P is a d-plane through z and R > 0, we
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define the box D(x, P, R) by

D(z,P,R)={z+w|z€ PNB(z,R) and w € P-NB(0,R)}.

(3.2.9)

Recall that for a Lipschitz map A: P — Pt the graph of A over Pis 'y = {z + A(2) |

z € P}.

Proposition 3.2.6. [Proposition 5.1 [DT12]] For all k > 0 and j € J, there

function Ajy: Py M49B; — Py of class C?, |Aj(z;r)] < Cery, with
|DA; ,(2)] < Ce, 2z € P N49B;,
such that around x; ; ¥, coincides with the graph of A, that is
Yr N D(zjk, Pjg,49ry) = Ly, N D(xj, P, 49ry).

Moreover, we have that

lok(y) — y| < Cery fory € 3y

and, if u € R, |u] =1,

|Doy(y) — Dmji — Un(y) Dy | < Ce for y € Bp NA5Bj .

1$ a Lipschitz

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

Proposition 3.2.6 provides a small Lipschitz graph (that, is a Lipschitz graph with a

small constant) description for the ¥; around z;j,. Note that, away from x;j, o, = id,

so that X stays the same so that it is not hard to get control there too.

The proof of

Proposition 3.2.6 is quite long and involved, and proceeds by induction. For k = 0, X is

a plane, and because P;j and P,y make small angles with each other, once we have a

Lipschitz description of ¥, we can obtain one with a comparable constant for >;.,. Using

Proposition 3.2.6 we can get estimates on the second derivatives of the o}’s.

29



Proposition 3.2.7. For all k >0, j € Ji, y € ¥, N45B, i, we have

|D?04(y) — 2Dy (y) D7 | < Cefry. (3.2.14)

Proof. Let j € Jy and y € X, N45B; be given. If y ¢ V1%, then ¢y (y) = 1 and D?*oy(y) = 0,
so there is nothing to prove. So we may assume that y € V;!° and choose i € J; such that

|y — x; | < 10ry. Recall that, by (3.2.4),

|D*01,(y) — g(y)| < Ce/ry. (3.2.15)

We want to control

B = g(y) — 2Dy (y) Drj, = (3.2.16)

= 2Dy (y)[Dy, — Drhy] + [y — mi(y)] D20 (y)

In the construction of the coherent families of balls and planes, since y € 45B,; N 105, ,
(3.1.2) says that

dzj,k,loor,c(Pi,k, Piy) <e (3.2.17)

and so,

|Dm;  — Dmji| + ‘Dﬂf’k — ijfk‘ < Ce. (3.2.18)
Recalling also that | Dy (y)| < C/ry, we can bound the first two terms of B by Ce/rg. Next
ly = T )] D*(y) < Crily — miw(y)| = (3.2.19)

= Or; 2 dist(y, Piy) <

< Cr.2dist(y, Pjy) + Ce/ry.
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By the results in Proposition 3.2.6, we also have

dist(y, Pix) < |Ajk(xjr)| + Cerp < Cery. (3.2.20)

Then, finally,
|D?0k(y) — 2D (y) Drs| < [D*ox(y) — g(y)| + |B| < Ce/ry. (3.2.21)
[

In the next lemmas from [DT12] we want to check how much the mappings f; distort
lengths and distances. We are only concerned with directions parallel to the tangent planes
to Y. Lemma 3.2.8 below is enough to obtain the original Holder estimates in Theorem

1.2.8, but we need more precise estimates to obtain more quantitative results.

Lemma 3.2.8. [Lemma 7.1 [DT12]] Let k > 0, oy: Xy, — Xpyy is a C? diffeomorphism, and

fory e ¥y

Doy(y): TEk(y) = TEk1(0k(y)) is a (1 + Ce)-biLipschitz map. (3.2.22)

Moreover, for v e TS (y)
| Doy (y) - v —v| < Celv|. (3.2.23)

Recall Definition 3.1.2,

5k(y) = Sup{dx,-,l,loorl(Pj,hPi,l) | j & Jk, [ € {k’ — 1, kﬁ},l € Jl Yy e 1OBj7k N llBiyk} (3.2.24)

and i (y) = 0, for y € R™\ V;!°. The numbers ¢; measure the angles between the planes P
and P; and, while we know that ,(y) < €) by definition of CCBP we want to keep track of

the places where they are much smaller and improve the estimates obtained before.

The next lemma provides improved distortion estimates for the tangent derivatives of
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ok, which will be useful when estimating |f(z) — f(v)|.

Lemma 3.2.9. [Lemma 7.3 + 7.4 [DT12]| For k> 1,y € ¥, NV, choose i € Jy such that

ly — x| < 101k, and let w € T, Xy, |u| = 1. Then for all j € Jy, such that y € 10B;,

| Dy - [mi0:(y) = yll < Cerly)*ri, (3.2.25)
Angle(TYk(y), Pix) < Cer(y), (3.2.26)
| Dm0 [Djy, — Dmyg] o Dmigl < Cer(y)?, (3.2.27)

and for every unit vector v € TYy(y),
[[Dow(y) -v| — 1] < Cer(y)?. (3.2.28)

Remark 3.2.10. Equation (3.2.27) is in fact (7.31) in the proof of Lemma 7.4 in [DT12].
We now want to obtain similar estimates on the second derivatives of the oy.

Lemma 3.2.11. For k>0, y € 3, N'V®, we have
| D01 (y)| < Cer(y)/r (3.2.29)
Proof. Choose i € Jj, such that |y — x; | < 107. Then

Doi(y)(y) =2 DO;x(y) [Dmjp — Dris] + Y [min(y) — min(®)]D*04(y)  (3:2.30)

JE€Jk J€Jk
by (3.1.7). Now, when 0, (y) # 0,

e, 100, (Biks Pik) < €x(y)7, (3.2.31)

because y € 10B,; N 10B; ;. Hence |m; x(y) — mjx(y)| < Cex(y)ry and |Dmjy — Dmp] <
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Cer(y). Moreover | D, x(y)| < C/ry and |D?0;,(y)| < C/r3, so that

|D*ow(y)| < (C/ru)erly) + (C/ri)en(y)rn < Cenly)/r. (3.2.32)
O

Recall now that by Lemma 3.2.8, Doy is bijective. Following the same steps as above

we can improve the estimates on the inverses of the ¢,’s and obtain the following lemma.

Lemma 3.2.12. Let v be a unit vector in TSy41(2), and z € Xy NVE,,. Then

|Do () - v —v| < Ceg(z)v], (3.2.33)
[[Do(2) - v| — 1] < Cex(z)?, (3.2.34)

and
|D%0; 1 (2)| < Cep(z) /i (3.2.35)

3.3 PROOF OF THEOREMS 3.1.4 AND 3.1.6

Before proving Theorem 3.1.4 we need one more lemma.
Lemma 3.3.1. Suppose g; is a sequence of continuous functions on B(0,1), that satisfy
lgi(x) —g;(y)| < Al|lx —y|  for some A > 1, (3.3.1)

and

lgk(x) — gpr1(z)] < ag(z) for {ax(x)} s.t. Zak(x) < CB™, for some B>1. (3.3.2)

log B
log(AB) *

Then the limit g(x) = lim;_, g;(x) is n-Holder continuous, where n =
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The lemma is Lemma 2.8, Chapter 7 in [SS05]. For convenience of the reader, we report

the proof below.

Proof. First note that g(x) is the limit of the uniformly convergent series

9(x) = gi(x) + Z(gk-l-l(x) — gr()). (3.3.3)

Then

9(x) = g;(@)] < g (z) — gil(@)| < ax(x) < CB7. (3.3.4)
k=j ‘
By the triangle inequality we get
lg9(x) —g(W)] < lg(x) — g; (@) +|g;(x) — 9;W)| + 9(y) — g;(y)| < C(A|z—y|+B7). (3.3.5)

Now, for fixed x # y we want to choose j so that the two terms on the right hand side are

comparable. We want to choose j such that
(ABY |z —y| <1 and 1< (AB)z —y). (3.3.6)

Let j = —|log g |z —y|]. Then the two inequalitites are clearly satisfied. The first one gives
Allz —y| < B77 and by raising the second one to the power 7, recalling that (AB)" = B by

definition, we get that B~/ < |z — y|”. This gives
l9(z) = g(y)| < C(A’|lz —y| + B7) < CB™ < Clz —y", (3.3.7)

which is what we wanted to prove. O

Theorem 3.1.4. Let E C B(0,1) as above, with ¢ > 0 small enough, and o € (0,1). Also
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assume that there exists M > 0 such that
for all z € 3. (3.1.14)

Then the map f: X9 — X constructed in Theorem 1.2.8 is invertible and differentiable, and
both f and its inverse have a-Hdélder directional derivatives. In particular, f is continuously

differentiable. Moreover the Hélder constants depend only on n, d, and M.

Proof. Recall ¥ is a d-plane, so for z,y € ¥y N B(0,1) we can connect them through the

curve y(t) = tx + (1 — t)y on I = [0, 1]. We have that

Dfp(y) — Dfm(z /DQfm 7 (t) dt. (3.3.8)

Now, set Ay, = D?f.(v(t)) - ¥/ (t) (note that Ay = 0), and let 2 = fr(y(t)). By the

definition of the f;’s we have

A1 = D? frisa(7(1)) -/ () = D?ou(z) - Dfx(v(1)) - Dfi(v(t)) - 7' (t) + Do) - Ap. (3.3.9)

We want to estimate A,,. In the proof of Proposition 8.1 in [DT12], equation (8.10)
says

IDfu(v(@®) -y B < ClY @) T 1+ Cerlz)’]l- (3.3.10)

0<k<m

If 0 <z < 1 clearly (1+ 2)* <1+ 3z, so we have, by (3.2.28), (3.3.10), and Lemma 3.2.11,

[Am| < [D?*0m(2m) - Dfu((t)) - D fu(1(t)) - Y()] + |DOm(2m) - Ams]| < (3.3.11)

< Cem(zm)/rm [] L+ Cer(z)’ I (O] + (1 + Cem(zm)®)| A | =

0<k<m

= bm + Cm’Amflla

where we set by, = Cepm(2m) /Tm [Tocpem ] + Cer(2)?][Y (t)] and ¢, = (1 4 Cep(z)?). We
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want to iterate (3.3.11). Recalling that Ag = 0,

‘Am| S bm + Cm’Amfl‘ S
< b, + o (bin, + Cm1[Am—2a]) <

bm + bmflcm + Cmcmfl<bmf2 + Cmf2|Am72D S

<-- <
< i (bk ﬁ Ck)
=Y at/m [0+ =) ] 0+ 0,

so that,

[Anl <O | T [+ Ceaz)?] | enlan) /raly/ ()]

0<i<m
i£k

(3.3.12)

(3.3.13)

Notice that if Y7 er(fe(2))?/ry is finite then surely Y oo, ex(fr(2))? also is, so Theo-

rem 3.1.3 holds and in particular Hog;gkm (14 Cei(2)%] < C(M) so

Al < CY ez /il ().

k=0
Then,

IDfnl) = D@ < [ 1D ua®) )] dt =

:/]Am|dt§
I

<Oy aual/n [l -

= CZek(zk)/rk]x — 9.
k=0
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We now want to use Lemma 3.3.1. By Cauchy-Schwarz,

gl zm: LGOS (3.3.16)

Tk

m
k=0 k=0

VAN
Q M/
NE
™
ES
e
[z
=
TN
8
S
~
N =
VAN

k=0 k=0
< (M) (Z 7’§Q2> <
k=0
< O(M)ret =

Notice that in the last inequality we used the fact that o < 1. Let u € R™ be a unit vector.

By (3.3.15) we have
D fn(y) = Dfin(x) - u| < C(M)(10"%) |z —y. (3.3.17)
Moreover we have, by (3.2.23), because v = D f,,(z) - u € TE,,(y),

1D frni1(2) - w = D fro(2) - u = [Dowm (fm(2)) D fin(2) - w = D frm(2) - uf < (3.3.18)

< Cep(xm) [Dfn(@) - ul < C(M)em(zm).

Then we can apply Lemma 3.3.1, with g; = Df;(z) - v, ag(z) = ex(xg), A = 107*, and

B = 10%, since we know, by (3.1.14), that

PEEEDY %rg < (3.3.19)

k>3 k>j k

1
2

< <Z o) Zria> <

k> k k>j
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Then n = }gi(ll%(; = « and the lemma hence gives that Df - u is a-Holder for every u € R™.

Now, we want to prove that, for 7,57 € ¥ N B(0,1), and w € T%(x),
|IDf(z)-w—Df '(y) - w| < C(M)|z — 7| (3.3.20)

Let Ty, Ym € B, where m is such that r,, 1 < [T —y| < rp, let ,,, = fro 0 f71(Z) and
Ym = fm o f7H(¥y). By the results in [DT12] we know that both f,, and f~! are bi-Lipschitz
maps, so we have that |7 — 7| < |z, — yn| < C|T — 7.

We want to show that, for every m > 0 we have

m

1D fr (Um) = Dt (@m)| < C D enlan) /rulT — 7 (3.3.21)
k=0

We may assume m > 1 as the result is obvious for m = 0, given fo(x) = x. Then we can
proceed exactly as in the first part of the proof. Now, observe that each o;: X — Y11 is a
C? diffeomorphism by Lemma 3.2.8, so we can define ak_l: Ypio1 — Zpand £ 8, — Y.

Recall that by Proposition 3.2.6, we know that Y, coincides with a small Lipschitz
graph in B(x;,,,497,,). Then there is a C? curve v: I — 3, that goes from x,, to y,, with
length bounded above by (1 + Ce¢)|zy, — ym| < ClT —T7|.

Write

Df ) — D (1) = / D21 (4 (1) - /(1) dt. (3.3.22)

By the the estimates (3.2.34) and (3.2.35), together with (8.22) in [DT12], which says

IDf (@) - A @ < CY O ] [+ Cenlz)’]. (3.3.23)

0<k<m

we can estimate D2f,-! as in (3.3.9)-(3.3.14), to get

m

1D £, (v(1) - A (D] < CD enlan) /ruly (1), (3.3.24)

k=0
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where 2z, = fr o f-1(7(t)) and so

1D fo! (Ym) = D (wm)| < /I [ D? £ (v ()] [y ()] dt < (3.3.25)
<CY en(z)/reltm = ym| <
k=0
<O erla) /el - 7l.
k=0

Let w € TY(F). We want to apply Lemma 3.3.1 to the sequence g, (%) = Df, *(z1) - w.
We have

Df,;rll(xkﬂ) Cw = Df,;l(agl(xkﬂ)) . Dalgl(xkﬂ) -Df(f @) -Df ') -w= (3.3.26)

= Df, ar) - Doy (wpe1) - vk

where we set v, = D fi(f~1(Z))-Df~1(T)-w € T (zx) and we observed that xj, = o (z541).
Then

}Dfm—‘rl $m+1) w — D.f | |D.f 1(mm+1)'vm_Df7;1(xm)'Um‘ §
(3.3.27)

<D f (@) || Doy (Emar) - U — V]| <
< C(M)|DU;11(xm+1) *Um — Um| <

< C(M)em(Tm).

where we used (3.3.23) and (3.2.33). Then we can apply Lemma 3.3.1 exactly as before,
with a(T) = ex(xy), A = 1017 and B = 10%, and obtain

|DfH(y) = DI (@) < C(M)Ja" — /|7, (3.3.28)

where C'(M) is a constant that depends on M but not on m. O
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Theorem 3.1.6. Let E C B(0,1) as above, with € > 0 small enough and let n(ry,)? satisfy

the Dini condition. Also assume that there exists M > 0 such that

i (%)2 < M, for all z € Xy (3.1.15)

k=0

Then the map f: Xy — X constructed in Theorem 1.2.8 is invertible and differentiable, and
both f and its inverse have Lipschitz directional derivatives. In particular, f is continuously

differentiable. Moreover the Lipschitz constants depend only on n, d, and M.

Proof. First observe that, if we prove
D fin(2) = Dfm(y)] < C(M)]z -yl (3.3.29)

uniformly in m then the theorem follows immediately for D f.

Recall that, by definition, we have that
> n(re)? < oo, (3.3.30)
k=1
In the same way as in the proof of Theorem 3.1.4, we get to (3.3.15), which is
" en(z
IDfnle) = D) < O3 HE (3:3.31)
k=0

By Cauchy-Schwarz we have

Z Ekik) _ ex(21) n(re) < C (Z ( ex(21) ) Zn(m)2> <C(M)-C, (3.3.32)

m
o o ()

by (3.3.30) and by (3.1.15).
This concludes the proof for Df. The same computation, combined with (3.3.25) from

the proof of Theorem 3.1.4, shows that Df~! is Lipschitz. ]
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CHAPTER 4

PROOF OF THEOREMS A AND B ON C1® PARAMETRIZATION

We now relate the coefficients ¢4 (y) and the g numbers in order to prove Theorems A

and B.

4.1 A SUFFICIENT CONDITION INVOLVING ., NUMBERS

Note that the sufficient conditions in Theorem 3.1.4 rely on the parametrization. We
proceed to remove such dependence and in order to do so, we use some results from [DT12].

Recall that
1
BE (z,1) = —inf{ sup  dist(y, P)} , (4.1.1)

Ty P yeEENB(z,ry)
if £N B(x,1,) # @, where the infimum is taken over all d-planes P, and 8% (z,r) = 0 if

E N B(z,r;) = @. Now recall Theorem 1.2.10:

Theorem 1.2.10. Let E be as in Theorem 1.2.8 and moreover assume that
Zﬁfo(q:, r)? <M, foralz€kE. (refe:dtbinfty)
k=0

Then f: Yo — X is bi-Lipschitz. Moreover the Lipschitz constants depend only on n, d, and
M.
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Let us define, as in Chapter 12 of [DT12], new coefficients v, (z) as follows

(@) = oy (Prsa (), Be(2)) + sup  dy, (Pr(), Bi(y)). (4.1.2)

ye ENB(z,351)

Then define, for x € E,

j%a@) = io: Wk(];)z- (4.1.3)

r

To prove Theorem 1.2.10 in [DT12], the following lemma is needed.

Proposition 4.1.1. [Corollary 12.5, [DT12]] If in addition to the hypotheses of Theorem
1.2.8 we have that

Joolz) <M, forallzeE, (4.1.4)

then the map f: X9 — X constructed in Theorem 1.2.8 is bi-Lipschitz. Moreover the Lipschitz

constants depend only on n, d, and M.

Following the proof of Corollary 12.5 in [DT12], it is easy to check that under the
assumption that j%a is uniformly bounded, the sufficient conditions in Theorem 3.1.4 are

satisfied. More specifically, we have (see page 71 of [DT12]),

Lemma 4.1.2. Let z € ¥g and let x € E such that
|z — f(2)] <2dist(f(z2), E). (4.1.5)

Then
ex(fr(2)) < Clm(w) + ve-1()). (4.1.6)

Using the lemma, the following result follows immediately.

Proposition 4.1.3. If in addition to the hypotheses of Theorem 1.2.8 we have that

j%a(a:) <M, foralzeFE, (4.1.7)
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then the map f: X9 — X constructed in Theorem 1.2.8 is invertible and differentiable, and
both f and its inverse have a-Hélder directional derivatives. In particular, f is continuously

differentiable. Moreover the Hélder constants depend only on n, d, and M.

We want to replace j%a with a more explicit Bishop-Jones type function involving 5..’s.
Define

> E 2
JE (@)= 3 Pl (4.1.8)
k=0 'k

Finally, we can state the following theorem, which is an improved version of Theorem 3.1.4.

Theorem A. Let E C B(0,1) be a one-sided Reifenberg flat set and o € (0,1). Also assume

that there exists M > 0 such that

e E 2
3 B @)™ pp v e B (1.2.8)
k=0

2
Tk

Then the map f: X9 — X constructed in Theorem 1.2.8 is invertible and differentiable,
and both f and its inverse are CY® maps. In particular, f is continuously differentiable.
Moreover the Hélder constants depend only on n, d, and M.

When o = 1, if we replace i, in the left hand side of (1.2.8) by rin(ry), where n(ry,)?

satisfies the Dini condition, then we obtain that f and its inverse are C*' maps.

The proof of Corollary 12.6 in [DT12], which we restated as Theorem 1.2.10, can be
used directly to prove the theorem above, which is obtained as corollary of Theorem 3.1.4

and Theorem 3.1.6.

4.2 A SUFFICIENT CONDITION INVOLVING 3; NUMBERS

We would now like to replace me with ng based on an L' version of the 8 numbers.
Usually such coefficients are used when the Hausdorff measure restricted to the set E is

Ahlfors regular. We will not need to assume such regularity, after observing that Reifenberg
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flatness implies lower regularity. The following is Lemma 13.2 in [DT12]. Let E C R™ and
define

BE(x,r) = inf {l / Md?—[‘i(y)}, (4.2.1)
p yeEENB(z,r)

rd r

for x € R™ and r > 0, where the infimum is taken over all d-planes P.

Lemma 4.2.1. [Lemma 13.2, [DT12]] Let E C B(0,1) be a Reifenberg flat set. Then, for

x € E and for small r > 0,
HYE N B(x,r)) > (1 — Cc)wgr?, (4.2.2)

where wy denotes the measure of the unit ball in R?.

Remark 4.2.2. We denote by E the closure of E, and notice that the Reifenberg flatness

assumption implies that the set has no holes (otherwise the result would be clearly false).
Moreover, recall Theorem 1.2.11:

Theorem 1.2.11. Let E measurable be as in Theorem 1.2.8 and moreover assume that
ZBIE(er)Q <M, foralzx€eEFE. (1.2.7)
k=0

Then f: Yo — X is bi-Lipschitz. Moreover the Lipschitz constants depend only on n, d, and
M.

The following lemma is implied by the proof of Corollary 13.1 in [DT12].

Lemma 4.2.3. By changing the net x;; if necessary, we have that ei(zy) < BE(Z,14-3),

where z € F is chosen appropriately.

Using the lemma, the theorem below follows immediately from Theorem 3.1.4 and The-

orem 3.1.6.
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Theorem B. Let E C B(0,1) be a measurable one-sided Reifenberg flat set and o € (0,1).

Also assume that there exists M > 0 such that

© 5B 2

Z M <M, foradlxekFE. (1.2.9)
-

k=0 k

Then the map f: ¥y — X constructed in Theorem 1.2.8 s invertible and differentiable,

and both f and its inverse are CY* maps. In particular, f is continuously differentiable.

Moreover the Holder constants depend only on n, d, and M.
When o = 1, if we replace ry, in the left hand side of (1.2.9) by rin(ry), where n(ry)?

satisfies the Dini condition, then we obtain that f and its inverse are C' maps.
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CHAPTER 5

REMARKS AND COMPLEMENTS

51 A CY* FUNCTION WHICH IS NOT Clote

As mentioned in the introduction, we now include some results with proof from Anzel-

lotti and Serapioni, [AS94].

Proposition 5.1.1. [G. Anzellotti, R. Serapioni, Proposition 3.2 [AS94]] A C*~11 d-rectifiable

set is C* d-rectifiable.

Proof. Let E be C*¥~11 d-rectifiable. Up to a set of H? measure zero, £ is contained in a
countable union of images of C*~!! functions. Let f; be such a function. By a Lusin type
theorem (see [Fed69], 3.1.15), f; coincides with g; € C* outside of a set of arbitrarily small

measure and so we are done. O

Proposition 5.1.2. [G. Anzellotti, R. Serapioni, Proposition 3.3 and Appendix [AS94|| Let

k,m > 1 and k+s < m-+t. Then there exist C** rectifiable sets that are not C™* rectifiable.

Proof. Given 0 < s < t < 1, we construct a function f € C*, f:[0,1] — R which is not
OVt rectifiable. By successive integrations one can obtain examples for the C** case, k > 1.
Let f(z) = [} g(t) dt, where g is defined as follows.

Let

E= ﬁ E,, (5.1.1)
n=0
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where E), is the disjoint union of 2" intervals I} of length /,. We define the E,’s inductively:
Ey = [0,1] and we obtain E,; from E, by removing from I the interval (&, — %anln, &+
lanln), where &, is the center of I 5 and a, is a summable strictly decreasing sequence in

2

(0,1) to be chosen. Then

|E| = lim |E,| = lim (1 —a,) >0 (5.1.2)
n—o0 n—o0
where | - | denotes the Lebesgue measure. Now set
0 rek
g(z) = (5.1.3)

(dist(x, E))® =z € E°.

Clearly g € C%® so that f € C**. However, for any t > s, and any h € C% we have

{z € [0,1] [ h(x) = g(x)}] = 0 (5.1.4)

so that f is not C'* rectifiable. To prove (5.1.4), see the Appendix of [AS94]. However they
want to show that [{z € [0,1] | h(z) = f(x)}| = 0 for any h € C'*. Their proof contains
a small inconsequential error, which can be easily removed by showing (5.1.4) instead, and

the same proof applies. O

5.2 GRAPH RECTIFIABILITY VS IMAGE RECTIFIABILITY

The above example a priori shows that there exists a CY® graph meets every C1ate
graph in a set of measure zero. When we defined C'%* rectifiability we defined using C**
images. However in [AS94] they use C** embedded submanifolds, that is objects which are
locally the graphs of CY® maps. It is worth noticing that for a set £ the two notions are

equivalent.
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First, observe that, given the graph G of a C1“ function ¢ which is not in C***¢ for any
e > 0, we can parametrize it by v(t) = (¢, g(t)), which is a parametrization without critical
points (as 2/(t) = 1 # 0). If we try to reparametrize G by a C1¢ curve (t) = (z(t), y(t)),
then we would have that y(z71(¢)) = g(t) and it is elementary to show that it is impossible
unless we allow critical points, for any € > 0.

Next we prove that in fact, for sets, in the C** category graph rectifiability an image

rectifiability are equivalent (as it is in the Lipschitz category, see [Dav91]).

Theorem 5.2.1. Let E CR" and o € (0,1). Assume that E is CY image rectifiable, that
is, there exist countably many C* maps fi: R — R™ such that HY(E\U, f:(R?)) = 0. Then
E is C™* graph rectifiable, that is there exists countably many CY functions h;: R? — R4

whose graphs T; or rotations of those are such that H(E\ |J,T;) = 0.

Proof. It is enough to show that the image of a C'® map ¢: R? — R" can be covered by
countably many C1® graphs. In fact, it is enough to show that almost every point of Im ¢
has a neighborhood which can be described a as a CY® graph.

Let 2o € R? be such that Dg(x() has full rank. Because g is continuously differentiable,
Im g has a tangent plane T' = R at 3y = g(z¢) and there exists U € R¢ where g is invertible.
For simplicity we can assume the tangent plane to be T = {y € R" | ygs1 = -+ = y, = 0}.

Let m: R® — T be the orthogonal projection onto 7', and consider the map h = 7 o
g: U CRY — T. By the chain rule, h is a C** map. Consider a neighborhood V' 3 z; such
that h™1: V N'T — U is well defined (such a neighborhood exists by the inverse function
theorem). Because Dh has full rank in U, we get that D(h™!) is well defined and is a-Holder
continuous as its entries can be smoothly expressed in terms of the entries of Dh which is
a-Holder by construction.

Finally, let ' =goh™': TNV — Img. First observe that F' is C1® by the chain rule
again. Next, observe that F' = (7 l7av) ', hence it is the identity on the first d coordinates

of R™ (recall that T'= {y € R" | yg41 = - - = yn = 0}). Then we can write F(z) = (z, f(z)),
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where f: TNV — R" 4 is defined by f = 7t o F. The map f is C"* and, inside V, we have

that Img = {(z, f(z)) | * € T = R?} and this concludes the proof. O

5.3 NECESSARY CONDITIONS

We also record some observations in the direction of the converses of our theorems and

those from [DT12].

Proposition 5.3.1. Let G be a Lipschitz graph in R™. Then

ZBOGO(:L‘, re)? <M, forallzeG. (5.3.1)
k=0
Proof. This follows from the Main Lemma in [Toll5], Lemma 2.1. O

Proposition 5.3.2. Let o, o/ € (0,1), o/ > o and let G be a CY graph in R™. Then there

exists M > 0 such that

© 3G 2
JG (@) = Z M:—;Tk) <M, foralzxegG. (5.3.2)
k=0 k

Proof. The proof follows the steps from Example 3.1 in [ENV16]. Let M be the graph of a

CY function f: RY — R" ¢ By the Taylor expansion around (g, f(xo)) we get
[£(x) = f(a0) = Vf(w0) - (x — o) < Cla — o'+ (5.3.3)

Because M is smooth we can choose the tangent plane at xg as best approximating plane in

BS (29, 7), for r sufficiently small. Then we get

B (o, 7)* < Cr?. (5.3.4)
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This clearly implies that
<M (5.3.5)

as o —a > 0. O

5.4 SHARPNESS OF THE RESULT

The theorems are sharp in the following sense. Let s € (0,1) and € € (0,1 — s). Let
f € CY**32 such that f is purely C**¢ unrectifiable (such a function exists by Proposition
5.1.2). Then by Proposition 5.3.2 we know that for the graph of f, G we have J& (z) < co.
That is that for every € € (0,1 — s) we have a function f which is purely C1**¢ unrectifiable
and such that JO%S(LE) < oo. This is the same conclusion as the second part of Theorem 1.1

in [Koll7].

5.5 How TO PRODUCE HOLDER FUNCTIONS

We outline another more flexible construction of a C*® function. For a more extensive
discussion on how to generate Holder functions, see B.6 in Appendix B by S. Semmes in
[Gro99]. We include the example as it is of different nature than the one discussed in

Proposition 5.1.2, and we can easily estimate its Jones function.

For the remainder of this section, let A,,, denote the collection of dyadic intervals of size

27 and let A =7 _ Ay,

For J € A, let h; be the Haar wavelet, normalized so that [, |h;(z)|dz = 1 and
J; hy(z)dz =0, that is

‘—(1” x € J

ha(z) = (5.5.1)

—ﬁ x € J,
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where J; and J, are the left and right half of J, respectively. Now define

Yr(x) = /x hy(t) dt (5.5.2)

—00

and

ge(x) = Y 274, (x), (5.5.3)

J=0 JEA;

where a € (0,1). By Lemma 3.3.1, g(x) = limy_ gk(x) is a C* function, and so

flz) = /Ox g(t)dt (5.5.4)

is a C'b® function.

Observe that for the function f we can compute explicitly the § numbers. Note that,

because B (x,277) < Ca; by construction, we get that the Jones function for the graph of
fis

2

&

Jooor (1) < CY 5o = C > "o emal, (5.5.5)
j=1 j=1

which is in line with the discussion in Section 5.3.

Now, we want to prove that f is not C1**¢ for any € > 0. In order to do so, we will

prove that ¢ is not C**¢. Now, let I be an interval of size t = 27, and let K = 2* be a
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Figure 5.1: The function g on [0, 1] for k¥ =10 and o = 3.

constant to be fixed later and write

gler) = g(@) = 3 3 27 wsler) — ()] = (5.5.6)
= 3 S 2 (er) — (@)t
j>m4k JEA;

+ Y Y 27 () — ()] +

m—k<j<m+k JEA;

) > 27 Walen) — wa(a)] =

j<m—k JEA;

— HF + MF + LF,

the high, medium and low frequencies, respectively.

Because of our normalization of the h;’s, we have that |¢;| < 1/2. For the innermost

sum, for any given y, at most one of the intervals J of a fixed size s is such that ¢;(y) # 0.
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Then we have

[HE| < ) 27 gy(enl+ D 27°s(2)] < (5.5.7)

ji>m-+k j>m-+k

< Z 2—jo¢ < 2—(m+k)a+l —
j>m-+k

2—ma—ka+1

Now choose  so that |z —¢;| < 27™*,

Because of our definition of 7, we have that [¢/;(x)| = 1/277, recalling that J € A}, so
that [1s(cr) —s(x)] < 27™/277 = 2™ Moreover, because of our choice of x only finitely

many terms of the innermost sum are nonzero, and so we have

LE[ < Y > 277°y(cr) — thy(2)| < (5.5.8)

j<m—k JEA;
<2 § 9-Jjag=mti —
j<m—k

:27m+1 Z 2]'(1704) S

j<m—k
< 2—m+22(m—k)(1—a) _

— 27mafk(1fa)+2

Now, without loss of generality, we can assume [ and = are both contained in [0, 1], as
g is periodically defined on the intervals [n,n + 1). Let I = [0,27") and let = be such that

2-m 2—m—k—2

r| < = . Then, noting that 1; has positive slope both at x and ¢; for our
2k+

choices of = and I, so that there is no cancellation, we get that ¢;(c;) — 1, (z) > 1. Finally,
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we get

IMF|=| > > 27%w(er) — ()] > (5.5.9)

m—k<j<m+k JEA,

RS

m—k<j<m+k

> >

1
4
> 2—2+k+12—(m+k)a —

— 2—ma+k(1—a)—1 )

This means that, for infinitely many choices of I and x, we have

l9(cr) = g(@)| = [MF| - [HF| = [LF| > (5.5.10)

> 2fma+k:(1fa)71 . QfmafkaJrl . Qfmafk(lfa)+2 _

_ (2k(l—a)—1 o 2—ko¢+1 o 2—k(1—a)+2) g—ma _

1
— <§K1—a —2(K™™ + K‘H)> e,

recalling that we set K = 2% ¢t = 27™. By choosing K large enough with respect to «, for

3

l—«

instance by choosing k = we get

lg(cr) — g(z)] = 2¢* (5.5.11)

which concludes the proof.

A similar argument can be applied to many other intervals I. All we need is sufficiently

many consecutive generations where [ is on the left side, to avoid cancellation.

Thus, on one hand ¢ is a C* function, and we just proved it is not C** for any € > 0,

at a dense set of points, so that f as above is a C%* function which is not CH+e,

Lastly, let us mention an interesting representation for Hélder functions, which is a slight

modification of the procedure presented in section B.7 in the aforementioned Appendix by
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Figure 5.2: The function E;(gx) on [0, 1] for k=10, ¢ =2"" and o = 3.

S. Semmes. The idea is similar to the one discussed in Section 3.3 (that is, Theorem 3.3.1).

Let b (z) = J©_ hsr(t) dt, where 31 denotes the interval with the same center as I and

three times its size. Moreover define a partition of unity

or(x) = Yrla)

= —ur (5.5.12)
Z|J|:|I| V()

Clearly 0 < ¢r(z) < 1, it’s supported on 3/ and it is ‘3—1I|—Lipschitz. Moreover, for every

zeR

> bi(z) =1 (5.5.13)
Given G: R — R, a a-Holder function, define

E(G)(z) =) Glen)¢i(w), (5.5.14)

I|=t

where the sum is over all dyadic intervals, t = 27, for some integer m, and c¢; denotes the

center of the interval I.
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Lemma 5.5.1 ((Lemma B.7.8 [Gro99])). There ezists a constant C' such that
sup |G — E,(G)| < CKt°, (5.5.15)
R

if G is a-Holder with constant K.

Lemma 5.5.2 ((Lemma B.7.11 [Gro99])). There exists a constant C' such that E(G) is

CKt¥ 1-Lipschitz if G is a-Holder with constant K.

Theorem 5.5.3. Let G: R — R. Then for every t > 0 there exists Gy such that |G —
Gilloo < Kt and Gy is Kt* '-Lipschitz if and only if G is a-Holder continuous with constant

proportional to K.

Proof. One direction follows directly from the lemmas above. For the other direction, let

z,y € R and set t = |z — y|.

G(z) = Gy)| < |G(2) = Gil@)| + |Gi(z) — Gi(y)| + |Gily) — Gly)| < (5.5.16)

<2Kt* + Kt o — y| = 3Kt O

5.6 BESOV AND LIPSCHITZ SPACES

The Theory of Function Spaces developed around the 1960’s as a self-contained branch
of Functional Analysis. Several function spaces have been introduced in order to measure
smoothness of functions and to fill in the gaps left by more classical function spaces. For an
extensive introduction, see [Tril0]. The choice of the C''** modulus of continuity for higher
order rectifiable sets is rather natural, considering that in the literature Holder and Lipschitz
functions play an important role when dealing with geometric measure theory. However
from a standpoint of function spaces the choice of such spaces might appear arbitrary. We

mentioned Besov spaces and potential spaces in the introduction as they are the framework
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for the work of Dorronsoro [Dor85a, Dor85b]. Another class of functions which are strictly
related to those are functions in Triebel-Lizorkin spaces Flf’ "

Let us introduce one of these “finer” function spaces, the Lipschitz-Besov spaces (or
simply Besov spaces). There exist several different definitions and various characterizations
for these spaces. We will only consider one of the many definitions, the one used in [Dor85a).
For each positive integer k we define the k-th order LP modulus of continuity of a function
[ by

wpk(ft) = sup [|AEflp, (5.6.1)
h|<t

for t > 0 and where A, f = f(x + h) — f(x), z,h € R™.

Definition 5.6.1. Forn € N, 1 <p,q < o0, s =k+a, k € Nand a € (0,1], define B; (R")

to be the space of all functions such that

AN TN AN
B;S;,q = (\/0 (t—s) 7) < Q. (562)

For p = ¢ = oo, and «a € (0, 1), the space B; , coincides with the classical Lipschitz

/]

spaces A* = C*®. However for a = 1, that is, for s = k integer, the space B{;m does not

coincide with C*! (see [Ste70]). The latter is in fact strictly smaller than B%, .
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