Rotationally Symmetric Kahler Metrics with Extremal Condition
A Dissertation Presented
by
Selin Tagkent
to
The Graduate School
in Partial Fulfillment of the
Requirements
for the Degree of
Doctor of Philosophy
in

Mathematics

Stony Brook University

August 2019



Stony Brook University

The Graduate School
Selin Tagkent

We, the dissertation committe for the above candidate for the
Doctor of Philosophy degree, hereby recommend

acceptance of this dissertation

XiuXiong Chen - Dissertation Advisor
Professor, Department of Mathematics

Marcus Khuri - Chairperson of Defense
Professor, Department of Mathematics

Claude LeBrun
Professor, Department of Mathematics

Martin Rocek
Professor, Department of Physics

This dissertation is accepted by the Graduate School

Eric Wertheimer
Dean of the Graduate School

i



Abstract of the Dissertation
Rotationally Symmetric Kahler Metrics with Extremal Condition
by
Selin Tagkent
Doctor of Philosophy
in
Mathematics
Stony Brook University

2019

In this thesis, we study rotationally symmetric extremal Kahler metrics
on C" (n > 2) and C*\{0}. We provide a complete list of solutions of the
extremal equation in an implicit manner. We give necessary and sufficient
conditions for adding a point smoothly to the origin in C". As an applica-
tion, we prove that there does not exist any rotationally symmetric complete
extremal Kahler metrics on C" with positive bisectional curvature. We show
that certain solutions on C" correspond to extremal Kéahler metrics with
orbifold singularities, and metrics on CP" with singular set CP" . We also
show that certain solutions on C*\{0} can be completed to give new families
of cscK and strictly extremal Kéhler metrics on complex line bundles over

CP!.
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1 Introduction

1.1 U(n) invariant K&ahler metrics on C"\{0}

Let u(s) : (0,00) — R be a smooth function where s = |22 = |21]* + |22|* +
-+ + =+ |2,|%. Then, the real (1,1)-form
w=1i00u =1 Y (Su/(s)+u"(s)Z;z)d2" A dz¥ (1)

jk=1
gives a positive definite Kéhler metric on C"\{0} if and only if
u'(s) >0, u'(s) + su”(s) > 0. (2)

We introduce the function g(s) = su/(s) and reformulate (2)) as

g9(s) >0, g'(s)>0. (3)

We note that the function g : (0,00) — R satisfying is positive and

strictly increasing. Therefore, Sl_i)r[% g(s) = A and sllrlgo g(s) = B always make
sense. We also see that 0 < A < B < +o0.
Let us write the metric in the form

0= (0615 + S 60') —gte))2,2 ) o &

1 1 (1 -
We will view CP" ! as the quotient (C"\{0})/C* as well as the quotient
S2n=1(1)/St. Let 7, and 7y denote the corresponding projection maps onto
CP" ™, respectively.
The real part of the standard Hermitian product on C" induces the Rie-
mannian metric on S**7*(1). The standard Fubini-Study metric grs on
CP"! is induced by the Riemannian submersion m, : $2"~1(1) — CP" .

The metric (4) can be expressed as in [FIK03] by
1

482d3®ds+77®77> (5)

g=9(s)(gszn1 —n®n) + s9'(s) (

= g(s)m grs + 59 (S)Gey-



Here n gives the 1-form df when restricted to each complex line through the
origin.

Let us introduce the new parameter r = /s and write
59'(8)ey = ¢'(s)(dr @ dr + r*df @ db)

on a complex line through the origin. Note that straight lines through the
origin coincide with minimal geodesics of the U(n)-invariant metric g. It
follows that geodesic distance from z = 0 to z is given by

 — dist(0.2) /F (©

where s = |z|2. We note that ¢'(s)dr @ dr = dr @ dr.
We also note that a metric g on C" given by is complete if and only

it [
0

1.2 Positive Bisectional Curvature Case

ds = 00.

In [Kle77], Klembeck computed the components of the curvature tensor with
respect to the orthonormal frame {e; = \/%7 0z1,69 = 1( ) 0z9,...,6, =
S

Vu ’(
The nonzero terms are denoted by A, B, C' and are given as follows. (2 <
i#j<n)

0z,} at a fixed point (z1,0,...,0).

AN
o’ g//
B=Ry;=——o—
1ils (u/)z u’g’
2u//
C=R;:-=2R-:-—=

1141 0157 W

Theorem 1.1 (Wu-Zheng [WZ11]) Let g be a complete U(n) invariant
Kahler metric on C* (n > 2). Then g has positive bisectional curvature if
and only if A, B, C are positive functions of s on [0,00).
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Definition 1.2 We denote by M, the set of all complete U(n) invariant
Kahler metrics on C™ with positive bisectional curvature.

In [Kle77], Klembeck constructed an explicit example of a metric in M,,.
In [Cao96, [Cac97], Cao came up with two examples of K&hler Ricci soliton
metrics in M,,. In their paper [WZ11] Wu and Zheng characterized M,, via
a function £ = £(s) and illustrated that the set M,, is actually quite large.

Definition 1.3 (Wu-Zheng [WZ11]) The smooth function & : [0,00) —
R is defined by

§(s) = —s(logg'(s))" (7)
Thus, we have ¢'(s) = ¢'(0) exp (— /Os i=:>ds).

Theorem 1.4 (Characterization of M,, by the function {, Wu-Zheng [WZ11])
The metric given by 1s a complete Kdhler metric with positive bisectional
curvature on C™ if and only if & defined by satisfies

£0)=0, &>0 ¢<1. (8)

If we let = be the space of all £ € C*°[0,00) satisfying (8), then = is the
space of all diffeomorphisms [0, 00) — [0,b), (0 < b < 1). The space = is in
one-to-one corresponence with M,,/R*.

We will see later that no metric in M,, satisfies the extremal condition.

1.3 Extremal Condition

Definition 1.5 We say that a Kdhler metric satisfies the extremal condition
if its scalar curvature R satisfies the Euler equation R 5z = 0.

For the rotation invariant Kéhler metrics on C™\{0}, Calabi [Cal82] re-
duced the equation R ;3 = 0 to a nonlinear ODE sg’(s) = F(g(s)) as follows.



Let us denote by G = (g,7) the matrix of the Kéhler metric. Then, as
given in [HL18|, we have
det G = (u/(s))" 1 (u/(s) + su”(s)) (9)
g = (W () () + su' () — v ()7z] (10)
where v = — logdet G.

Moreover, by direct computation we have

n

00v = — > (S0'(s) + V" (5)%;2)dz; A dZp. (11)

J,k=1

We combine and to obtain

= Z az]ark

=51 "e"[s"(u/(s))" ' (s)]

We substitute the expression for det G given in @ into this equation to get

st=nsm(u/ )1’

(w1 (u + su’)

nv' + s(n — 1) (/) u"v' + sv”
u + su”

U/((nfl)(u/’+su”) + 2+ s

u

R(s) = (12)

u' + su”

v su + s%”

—(n—1)—+—1""
(n >u/ su' + s?u’’

We note that if we substitute s = e’ in (12), we obtain Equation (3.9) in

[Cal82].

The condition that the components of the tangent vector fields go‘ﬁ OR 8za

be holomorphic is equivalent to the Euler equation R 5 = 0 (see [Cal82]).
This equation can be expressed in the rotationally symmetric case as follows
[Cal82]:



where, in the last equality, we have used @D and . The Euler equation is

. ) R - . ] . R .
now equivalent to %<zam =0, 8=1,...,n; and since =" is real
valued, we obtain the equation
R/
———, = constant.
u + su

For convenience, we will set this constant to be —(n + 2)(n + 1)cq, as in
[Cal82]. We can make use of the variable change s = e’ to integrate the
differential equation and obtain

R=—n+2)(n+ 1)cyg(s) — (n+ 1)ncs (13)

Replacing R in by its expression in term of u, v, and their derivatives,
and integrating once more, we obtain Equation (3.12) in Calabi’s article
[Cal82]:

gnflgl 1
ag't?H gt gt tagta s

(14)

The Euler equation Rz = 0 has been reduced to an ODE sg'(s) =
F(g(s)) where

cag" 2 4 3"+ g7 + g + ¢
gn—l '

F(g) = (15)

After simplification of rational expression in (if necessary) we will denote
the polynomial in the numerator by H(g). If we write lim g(s) = A and
s—=0

lim g(s) = B < oo, then we see from Lemma , that H(A) = 0 and

S$—+00

H >0 on (A, B). Moreover, H(B) = 0 whenever B < 0.

1.4 k-twisted (Projective) Line Bundles and Orbifolds

Calabi, in his paper [Cal82], described k-twisted projective line bundles
CP' — Fr 5 CP! for any k=1,2,..., n > 2, as follows.

We cover CP"! by n coordinate domains Uy = {[z; : -+ : 2,] : 2 # 0}
(1 <X < n). On each Uy, we have a holomorphic coordinate system (,2%) =
<Z—“>, (1 < a < n,a# ). We introduce a projective holomorphic fiber

2\
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coordinate y, € CU{oo} and trivialization 7= *(U,) ~ Uy x CP' (1 <A < n
on F}'. Here, the transition relation on the fiber coordinate in 7=1(U, N U,

is given by
Gevies b = (ool (2) )

We have two distinguished sections sg, 5o : CP"™!' — FP with images
denoted by Sy and S, respectively. Here sy is the zero section given by
yx = 0, and s, is the infinity section given by yy = oo (1 < A < n).

We note that the complement F}'\ S, gives us the line bundle Ogpn-1(—k),
whereas FJ'\ Sy gives Ocpn-1(k). Throughout the thesis, we will denote the
zero sections of the line bundles O¢pn-1(—k) and Ogpn-1(k) by Sp and S,
respectively. We will write F7 for the complement F'\{Sy U Ss}. We have
a k:1 map

)
)

p: C™\{0} — Fp (16)
which assigns to any point (z1, ..., z,) with z) # 0, the point in ]i",?ﬁﬂ’l(U,\)
with coordinates ((z—i‘) ; (z,\)k), (I1<a<n, a#l).

The map p induces a biholomorphism
p:C™\{0}/Z; — FI. (17)

Thus, Ogpn—1(—k) is obtained by gluing a CP"~* smoothly into (C™\{0})/Zs
at z = 0. Similarly, we obtain Ogpn-1(k) if we glue a CP"! smoothly into
(C"\{0})/Zy, at z = oc.

The map p : C"\{0}/Zy, — Ogpn-1(—k)\Sp can be written as

Pzt ) = (et 2nls (20,05 20)PF),
where (29, ...,2,)®" denotes the generator of the fiber of Ogpn-1(—k) —
CP"! over the point [z; : --- : 2,]. (See Apostolov-Rollin, [ARI7] for more

details).

We will denote by G, the compact space obtained from F' by contracting
its zero section Sy to a point. When k > 2, we have Gy = CP"/Z;, and it
has an orbifold singularity at z = 0 modeled on C"/Z;. When k = 1, Gy, is
simply CP".



1.5 Closing Conditions

Suppose that we have a U(n)-invariant Kéhler metric g on C™\{0} that
satisfies the extremal condition s¢’(s) = F(g(s)) where F(g) is given by
(L5, n = 2.

If we have a U(n)-invariant Kéhler metric g on C"\{0} given by @), it
induces a metric on ' via the map p. We will denote the induced metric
on FJ by g as well.

In [Cal82|, Calabi imposed certain asymptotic conditions on Kéhler po-
tential u(s) as s — 07 and s — oo. These conditions are necessary and
sufficient for the metric g on .7-",? to be extandable by continuity to a smooth
metric on all of F.

Cao [Ca096] used the map p to produce U (n)-invariant, complete gradient
Kihler-Ricci soliton (GKRS) metrics on line bundles over CP" . Feldman-
[lmanen-Knopf [FTIK03] generalized this approach by producing U (n)-invariant
GKRS metrics on (C"\{0})/Z, where they allowed new boundary behavior
at z =0 and |z| = co. These behaviors are listed as follows.

1. Metric is completed at z = 0 by adding a smooth point.
2. Metric is completed at z = 0 by adding an orbifold point.
3. Metric is completed at z = 0 by adding a smooth or singular CP" .

4. Metric is complete as |z| — 0.

a. Metric is completed at z = oo by adding a smooth or singular CP" .

b. Metric is complete as |z| — oc.

We note that gives CP" (with k£ = 1), and [L}b.| gives C".
_ The boundary conditions correspond to G. Conditions give
FPrUSy = Ocpn-1(—k), and conditions give Fj' U Sy = Ogcpn-1(k).
Calabi’s compact k-twisted CP'-bundle F}! is obtained via .

A U(n) invariant Kéhler metric on F7 induced by the map cannot
be completed by adding a CP" ! at z = 0 and a smooth or orbifold point at
z = 0o. This follows since g(s) is a strictly increasing function of s.

7



In |[LeB88|, LeBrun explicitly constructed a scalar-flat Kahler ALE met-
ric on O¢p1(—k) for k =1,2,... For k =1 and k = 2, these are the Burns
and the Eguchi-Hanson [EHT9] metrics, respectively. He-Li [HLI§| gave a
complete list of U(n)-invariant cscK metrics on C*, C?\{0} and C3\{0}.
In this work, we give a list of U(n)-invariant Kahler metrics with extremal
condition on C" and C*\{0}. We will use the generalized approach intro-
duced by Feldman—Ilmanen—Knopf in [FIKO03| to find examples of complete
U(n)-invariant Kéhler metrics with constant scalar curvature or extremal
condition on Gy, Ocpi(k) and Ogpi(—k). We will also obtain a complete
metric on C*\{0} with both ends left open.

We refer the reader to LeBrun’s article [LeB16] for a Bianchi IX approach
to the same problem where the general solution is displayed e:cplicz’tly.ﬂ

Adding a CP"! smoothly to (C"\{0})/Zj, corresponds to a simple zero of
F [Cal82]. In what follows, we explain this correspondence as it is presented
in [FIK03].

If the sign of F” at the simple root is positive (resp. negative), it means
we are adding CP" ! at z = 0 (resp. |z| = co). This can be seen as follows.
Let lim g(s) = A, lim g(s) = B (0 < A < B < o0). By Lemma H, we

s—0F s—00
have H(A) =0 and H > 0 on (4, B). If A > 0 is a simple root of F, then it
is a simple root of H. In this case, we have H'(A) > 0, implying F'(A) > 0.
Similarly, if B < oo is a simple root, we have F'(B) < 0. Therefore, the sign
of F' at a simple root determines whether CP"™! is added at z = 0 or at
|z| = 0.

Let us assume
F(A)=0, A>0, F’(A) =60>0. (18)

For convenience, we will switch to a new parameter ¢t = logs, —oo < t < o0,
as in [FIKO03]. We will obtain a specific form for ¢(s) in a neighborhood of
s =0.

We write the ODE s¢'(s) = F(g(s)) in the form ¢'(t) = F(¢(t)), where
o(t) == g(s). We have ¢'(t) = sg’(s) > 0, hence t = t(¢) is a smooth
strictly increasing function of ¢. We have a diffeomorphism ¢ = ®(¢), given

T am deeply indebted to Claude LeBrun who shared his invaluable insight on the
subject.



by ®(¢) := %@, The ODE ¢/(t) = F(¢(t)) is conjugate to the equation
W'(t) = 01(t), so ¢(t) has the form

o(t) = A+ " Go(e)
as t — —oo. Here Gy is a smooth function on (—e¢,€) with Go(0) > 0
[Cal82, [Ca096l, [FTKO03].

Let us switch back to the parameter s = e!. We have seen that

implies

g(s) = A+ s°Gy(s") (19)
where Gy is given as above. Since F'(A) = 6 > 0, we are adding CP""* at

z = 0. It follows from (|5)) and that each complex line through the origin
has a cone angle 270/k.

Remark 1.6 When we have lim g(s) = A >0, FI(A) =0, F'(A) > 0, equa-

s—0t

tion (19)) implies that geodesic distance to z = 0 is finite, i.e. —/ \/ ds

A similar discussion follows when we have
F(B)=0, B>0, F(B)=-<0. (20)
Let us assume g(s) solves sg’(s) = F(g(s)), with hm g(s) = B and (20) is

satisfied. Then we have
9(s) = B+ 579G (s79) (21)
where G is smooth on (—e¢,€) and G (0) < 0.
For the proof of the following Lemma, see [FIK03].
Lemma 1.7 (Calabi [Cal82]) Letn > 2.

1. When 0 =k in , the induced Kdahler metric is smooth on a neigh-
borhood of the zero section in Ocpn-1(—k).

2. When 6 = —k in , the induced Kahler metric is smooth on a neigh-
borhood of the zero section in Ocpn-1(k).

Remark 1.8 In Section[d Lemmal[2.5, we will see that a solution of sg'(s) =
F(g(s)) on C"\{0} gives a smooth metric on C" if and only if F(0) =0. In
this case, we say that we are adding a smooth point at z = 0.

9



2 U(n) invariant Kahler Metrics with Extremal
Condition on C"

2.1 List of Solutions on C" and Related Results

Lemma 2.1 Let u € C*(0,00) be the potential of a rotation invariant
Kihler metric on C*\{0} that satisfies the extremal condition. Then, the

metric extends smoothly to C" if and only if u € C?[0,00) and hm+ u'(s) is
s—0

positive.

Proof: If we assume u € C?[0, 00), then we have lim+g(s) = lim+ su'(s) =
5—0

s—=0
0, and lim s¢'(s) = 0. It follows from Equation that cg = ¢; = 0.
s—=0
Equation (14)) can be written as
u” = cus(u')? + cs(u)? (22)

Differentiating , we obtain u € C*°[0, 00). This implies that the hypoth-
esis of Monn’s smoothness resultﬂ (see Proposition below) for the corre-
sponding radial function u(z, ..., z,) is satisfied for all £ > 0. Together with
the condition lim «/(s) > 0, we conclude that the metric extends smoothly

s—0T
to C™.
The converse is clear. O

He-Li [HL18] gave a complete list of rotation invariant constant-scalar-
curvature Kéahler (¢scK) metrics on C".

Theorem 2.2 ([HL18], Theorem 1.1) Suppose n > 2 is an integer.

1. The rotation invariant Kdahler metric w with zero constant scalar cur-
vature on C™ must be a multiple of the standard Euclidean metric.

2. The rotation invariant Kahler metric w with constant scalar curvature
n(n+ 1) on C™ must be of the form

LT Adz (0 Fdz) A S %)
2115 +a (0 |22 + a)?

20ne has to make a parameter change 7 = /s, and use Proposition

10



3.

where a > 0 is a constant.

There does not exist rotation invariant Kahler metric with negative
constant scalar curvature on C™.

We solve the equation sg’(s) = F(g(s)) to give a complete list of rotation
invariant metrics on C" with extremal condition.

Theorem 2.3 Letn > 2 and u : [0,00) — R be a smooth function such that
u(|z1)? + 22 4+ -+ + |2a]?) = u(s) is the potential of a Kdhler metric with

Rz
1.
2.

=0 on C" (n>2). Then, one of the following is true:

w 18 a cscK metric.

There exist constants B,c with f > 0 such that g(s) = su/(s) is the
smooth strictly increasing function ranging from 0 to 5 on (0,400)
uniquely determined by

log(g(s)) —log(B —g(s)) — 8 =logs +c.

1
g(s) = B

There exist constants vy, 3, c with v < 0 < B such that g(s) = su/(s) is
the smooth strictly increasing function ranging from 0 to B on (0, 4+00)
uniquely determined by

5—75) log(g(s) — ) = log(s) +c.

log(g(s))+ _br log(B8—g(s))+ V=

B(B—7)

There exist constants v, 3, c with 0 < 8 < v such that g(s) is the smooth
strictly increasing function ranging from 0 to 8 on (0,00) determined

by

5—75) log(y — g(s)) = log(s) +¢.

log(g(s))+ _br log(B8—g(s))+ Yy =

B(B—7)

11



Proof: From the proof of Lemma [2.1] if u is the potential of a smooth
metric on C", then we have lim, o+ g(s) = 0 and the constants ¢y and ¢; in

equation vanish. Equation becomes

/
1
J . (23)
g3 +c3g° +g s

In this case, the polynomial H(z) in Lemma is given by ;2% + c32? + x,
and unless ¢3 = ¢4 = 0, we have B < oo for degree reasons. By the same
lemma, H(A) = 0 and H > 0 on (4, B), and all roots are real. We have
A= 1_1>1r(r)£L g(s) = 0.

Case (1) ¢4 =0

We see from equation that w is a cscK metric.

Case (2) ¢4 # 0 and the polynomial H(x) = cy2® + c3x® + x has roots «, 3, B with
a<f
It follows from Lemma that « = A = 0. Since H(z) > 0 in (o, 3), we
have ¢4 > 0, and the equation can be written as

R S U D S S N W
gh {529@ 529(8)—6+6(g(8)—5)2} s

There exists a constant ¢ such that

log(g(s)) —log(5 — g(s)) — =logs +c. (24)

_B
9(s) =8
Since H(z) = c42® + c32% + 2 = cyz(x — B)?, we have ¢, 8% = 1.

On the other hand, Lemma [4.4] implies that there exists a unique smooth
strictly increasing function g(s) = su/, g : (0,00) — (0, 8) satisfying (24)).

Case (3) c4 # 0 and the polynomial H(x) = cyx® + c32* + x has roots o, a, 8 with
a<f
It follows from Lemma [£.3]that & = A = 0, but this polynomial cannot have
a double root at 0.

12



Case (4) cy # 0 and the polynomial H(x) = cyx® + c32® + x has distinct roots
y<pB<a=0
It follows from Lemma that B < oo, and H(z) must have at least two
distinct nonnegative roots. So we do not get a solution from here.

Case (5) ¢y # 0 and the polynomial H(x) = c42® + c32® + x has distinct roots
y<a=0<p

By Lemma [4.3] we have A = a = 0, B = 3, and H(z) > 0 on (0, 3). Then
¢y <0, cyfy =1, and the equation can be written as

)1 By 1 By 1 1
! {g<s> T BB 906) - B +7(7—6)g(8)—7} =y @

There exists a constant ¢ such that

By By oo st e
mlog(ﬁ—g(s))"‘mbg(g(s)—’Y) = logs +c.

It follows from Lemma [£.4] that there exists a unique smooth strictly increas-
ing function ¢(s) : (0,00) — (0, 3).

log(g(s)) +

Case (6) cy # 0 and the polynomial H(x) = cyx® + c32® + x has distinct roots
a=0< <y
It follows from Lemma that A=a =0, B= and ¢4, > 0. As in the
previous case, Equation can be rewritten as Equation . Integrating
both sides of we get

2l el logs 4 e
log(g(s)) + 35— log(8 — g(s)) + o Pz log(y — g(s)) =logs +c.
If we let h(t) : (0,5) — R be the function
B By
log(t) + 35— log(B —t)+ P log(y —t)

we see that lim h(t) = —oo, lim A(t) = oo, and h'(t) > 0 on (0, 3). Lemma
t—0t t—B~

[1.4] guarantees the unique existence of a smooth g(s) : (0,00) — (0, 3) with
the desired properties.

13



O

Remark 2.4 We note that, in the above proof, in order to obtain the implicit
solutions given by (1)-(4) of Theorem we have not used the full strength
of u(s) being in C*°[0,00). In the proof, we have only used u(s) € C*(0,00),
lim+ g(s) =0, and co = ¢; = 0. A careful inspection of the implicit solutions
s—0

(1)-(4) shows that lim+ u'(s) is finite and positive, hence, equation im-

s—0

plies that u(s) is in C*°[0,00). It follows from Lemma[2.1] that such metrics
can be smoothly extended to the origin.

The following lemma tells us when a rotation invariant Kahler metric
with extremal condition on C"\{0} can be smoothly extended to C", n > 2.

Lemma 2.5 (Adding a smooth point at z =0) Letg: (0,00) — (A, B)
(0 < A< B < o0) be a positive, strictly increasing solution of sg’ = F(g).
Then the following are equivalent.

1. g induces a smooth metric on C".

2. 1 = 0.
i oo
3. F(0) = 0.
Proof: See Section 2.3 O

Corollary 2.6 There does not exist a rotation invariant extremal Kahler
metric with negative scalar curvature on C".

Proof: See Section 2.3 O

Theorem and Theorem together give a complete list of U(n) in-
variant extremal Kéhler metrics on C". We note that for these metrics,
i = i =B < oo . i
Slir& g(s) =0 and SEIEOO g(s) = B < oo. It follows from Remark (1.6 that, if

B < o0 is a simple root of F(g), then the induced metric is incomplete as

14



We can easily check that in Theorem and Theorem there are only
two cases where B is not a simple root of F'. The first case is of Theorem
2.2] In this case, we have B = oo, and the metric is a multiple of the standard
Euclidean metric which is complete. The second case is of Theorem [2.3|
We will compute the geodesic distance as |z| — 0o, and see that this metric
is complete as well.

Example 2.7 (A complete U(n) invariant extremal Kéhler metric on C")
We will see that of Theorem induces complete metrics on C™. In this
case, the ODE is given by s¢'(s) = F(g(s)) where

F(g) = c1g® + c39” + g = caglg — B)*.
Here we have A = lim ¢(s) =0, B= lim g(s) = < 00, and ¢4, = % > 0.
s—0F s—>+00

We will show that geodesic distance from a point zg to |z| = oo is infinite,

ie. /m\/@dsz/‘”@ ds — oo,

There exists a d; > 0 such that on (sg,00) we have

VE() = %m BV > (B —g)

and
00 F 0
/ —V(g(s))d5>d1/ P94,
S0 S S0 S
The solution g(s) is given by Equation as follows.
B
log(g(s)) —log(8 — g(s)) + ————
(9(s)) (8 —g(s)) 5= 00s)
The term log(g(s)) is bounded on (sg, 00). We can choose sq large enough so

that log(8 — g(s)) < 0 and log s —log(g(s)) + ¢ > 0 on (sg,00). In this case,

Equation implies %g(s) < log s 4+ ¢;. Therefore

/\/g(s)ds>d1/ 5_—g(8)ds>ﬁd1/ L:oo
s s s s s Sllogs+ci)

The metric is complete on C™.

=logs+c

Proposition 2.8 There is no metric in M,, that satisfies the extremal con-
dition.

15



Proof: We have seen that we have only two types of complete U(n) in-
variant extremal Kahler metrics on C". The first type is given by of
Theorem namely a scalar multiple of the standard Euclidean metric on
C™. Metrics of this type clearly do not have positive bisectional curvature.

The second type is given by of Theorem . We will see that bi-
sectional curvature is not positive in this case either. We will compute the
¢ function for this metric, and show that it does not satisfy the properties
given in Theorem [T.4]

By definition we have £ = —s(log(¢'(s)))’. We recall that the ODE
sg'(s) = F(g(s)) is given by

sq/(s) = %g@xy(s) 8P

We compute

(9(s) = B)*  29(s)(B —g(s))
Bs Bs '

&(s) is a polynomial in g restricted to the interval (0,5) > g. We see that

d. dé d
—5 = _f_g is not positive on (0,00) 3 s. Therefore ¢ fails to satisfy the
ds dg ds

necessary and sufficient conditions in Theorem The metric in Case
of Theorem [2.3] does not have positive bisectional curvature.

O

2.2 Examples of Extremal Kahler Metrics with Singu-
larities

Dabkowski-Lock [DLI16] gave a Kéhler conformal compactification of Le-
Brun’s negative mass metric on Ogpi(—k) to obtain a Kéhler orbifold metric

16



on Ogp1(—k). The positive line bundle Ogpn-1(k), k = 1,2,... is obtained
by gluing a CP"™! to (C"\{0})/Zy at |z| = co. If we compactify Ogpn1(k)
by adding a singular point at z = 0, we obtain the orbifold G\. We note
that the singular point z = 0 is modeled on C"/Z. Here, we show that Case
of Theorem gives a strictly extremal metric on the orbifold space Gy
(n > 2).

Example 2.9 (Strictly extremal metrics on Gg, n > 2) Let us consider
Case of Theorem Since ¢4 # 0, it follows from Equation that this
is a strictly extremal metric on C". From the proof of Theorem we have
the ODE s¢'(s) = F(g(s)) where F(g) = c49® + 39> +9 = c4 9(g — ?)(g —7).
Here, we have v < 0 < [3, Slir(% g(s) =0, Sginoog(s) =, and ¢4 = ot

A U(n) invariant Kéhler metric on C" induces a smooth orbifold metric
on G;\Ss via the k : 1 map p given by . Here, S, stands for the zero
section of O¢pn-1(k). It follows from Lemma |1.7|that the induced metric can
be extended smoothly to Sy if and only if F'(5) = 0 and F'(5) = —k.

We clearly have F'(8) = 0. We compute F'(f5) = @ For every positive
integer k, there exist v, 5 (7 < 0 < ) that satisfy F'(8) = —k. Namely, let
B =lk-1).

Dabkowski-Lock [DL16] explicitly constructed a family of extremal Kéhler
edge cone metrics on (CP?, CP') with cone angles 276, 6 > 0. Here, we give
examples of strictly extremal metrics on (CP", CP" ') with cone angles 276,
0<f<1l,n>2

Example 2.10 (Strictly extremal metrics on (CP",CP" ') with cone

angles 270, 0 < 6 < 1) Let us consider Case of Theorem Since

¢y # 0, it follows from Equation that this is a strictly extremal metric

on C". From the proof of Theorem we have the ODE s¢/(s) = F(g(s))

where F(g) = ¢4+ c39° + g = ca g(g — 8)(g — 7). Here, we have 0 < 3 < 7,
: ; 1

Slir(r)l+ g(s) =0, SETOOQ(S) =, and ¢y = 5.

As in the previous example we compute F'(5) = 0 and F'(5) = @ = —0.
The inequality 0 < 8 < ~ implies that 0 < 8 < 1. Therefore, these are
strictly extremal metrics on (CP", CP"™') with cone angle 276, 0 < 6 < 1,
along CP"! attached at |z| = oo.

17



2.3 Proofs

In this section we give the proofs of Lemma [2.5 and Corollary [2.6]

Proof: [Proof of Lemma
(1) = (2) Let us assume we have a smooth U(n) invariant metric on C".
Then we have u(s) € C*[0,00). This implies lim g(s) = lim su/(s) = 0.
s—=0t s—0F
(2) = (1) hIIh_ g(s) = 0 implies that the constants ¢ and ¢; in equation
" 550
(14)) vanish. This can be seen as follows. Assume hrqr g(s) = A =0 and
s—0
¢o # 0. The condition ¢y # 0 implies
g+ oy " fagte _ H(g)

F g prmng prmng
( ) gn—l gn—l

and H(0) = ¢y # 0. This contradicts (1) of Lemma which requires
H(A) =0. So we must have ¢y = 0.

Now let us assume lim g(s) =0, co =0, and ¢; # 0. Then
5—0

cg" g + g + o H(g)
F(g) - gn72 - gnf2

and H(0) = ¢; # 0, which contradicts (1) of Lemma [4.3] again. Therefore

lim g(s) = 0 implies ¢y = ¢; = 0.
s—0t

It follows from Remark [2.4] that, since we have Sliré@r g(s) = 0 and ¢y =
c1 = 0, the metric smoothly extends to the origin.

(2) = (3) Let us assume sli%i g(s) = 0. We have already seen that this
implies ¢y = ¢; = 0. It follows from the definition of F' that F'(0) = 0.

(3) = (2) F(0) = 0 implies ¢ = ¢; = 0. This can be seen from the
definition of F' (n > 2) and the limit

lim = lim(F(z) — c42® — c32® — x) = 0.

Now, we will show that ¢y = ¢; = 0 implies lim+ g(s) = 0.
5—0

18



Let us assume lim+ g(s) = A > 0. We will arrive at a contradiction. If
5—0

co = ¢ = 0, equation becomes sg’ = c4g® + c39° + g = H(g).
We have the following cases:

[ ) 64263:0

In this case H(g) = g and H(A) # 0 for A > 0. This contradicts (1) of
Lemma [4.3]

° ’0420, 037&0‘
We have H(g) = g(csg +1). Since A > 0 and H(A) vanishes by (1) of
Lemma [£.3] we have B = co. But this contradicts (2) of Lemma

for degree reasons.

. [0 77

It follows from (2) of Lemma |4.3| that B < co. We have

H(g) = c1g® + c3° + g = cag(g — A)(g — B)

and H > 0on (A,B), (0 < A< B < o0). This implies ¢4 < 0, which
L

contradicts cy = 45 > 0.

Therefore, if ¢g = ¢; = 0, we have lim g(s) = A =0. O

s—0+

Proof: [Proof of Corollary The ODE is given by s¢'(s) = F(g(s))
where F(g) = c49® + 39> + g.

When ¢; = 0, the metric is cscK, and it follows from Theorem that
we cannot have R < 0.

Lemma implies that, if we have ¢4 # 0, then lim g(s) = B < oo for

S§——+00
degree reasons.

The scalar curvature R(s) is given by
R=—(n+2)(n+ 1)csg(s) — (n + 1)ncs.

The condition R < 0 gives —ncs < (n + 2)cyg(s). Let us check ([2)-(]) of
Theorem [2.3] to see this is impossible.
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Case (2) We have F(g) = c4g(g— 3)? where 8 = liin g(s), ¢y = %, and c3 = —%.
S—r+00
Then, R < 0 implies n% < (n+ 2)%g(s), which contradicts lim g(s) = 0.

s—07t

Case (3) We have F(g) = c4g9(g— )(g — ) where v < 0 < f3, liin g(s) =0, ¢4 =
S—r+00

B_lv’ and c3 = —%. Inequality R < 0 implies n% < (n+ 2)%9(5). Since
By <0, we have g(s) < 2¢(s) < § +~. This contradicts SEI—Eloog(S) =0.

Case (4) We have F(g) = cag9(9—)(g—y) where 0 < 8 < 7, liin g(s)=p,c4 =
S—+00

%, and c3 = —’BB—J:/”. Inequalities R < 0 and gy > 0 imply #2(5%—7) < g(s).

This contradicts lim g(s) = 0.

s—0+

3 U(2) Invariant Kahler Metrics with Extremal
Condition on C?\{0}

3.1 List of Solutions on C%\{0}

In this section, we solve the ordinary differential equation for dimension
n = 2. The solutions with constant scalar curvature were given in [HLIS].

Theorem 3.1 (He-Li [HL18], Theorem 1.2 ) Let u: (0,4+00) — R be a
smooth function such that u(|z1|* + |22|*) is the potential of a Kdihler metric
with constant scalar curvature R = 0 on C*\{0}. Then one of the following
18 true:

(1) There exist constants a,b with a > 0 such that

u(s) =as+b

(2) There exist constants a,b,c with a > 0,b > 0 such that

u(s) = as+blogs + ¢
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(8) There exist constants o, B, c with a # 0,5 > 0, < B such that g(s) =
su/(s) 1is the smooth strictly increasing function on (0,400) ranging
from B to 400 determined by

(67

b — « b —«

(4) There exist constants «,c with o > 0 such that g(s) = su'(s) is the
smooth strictly increasing function ranging from « to +o0o on (0, 400)
determined by

log(g(s) — B) — log(g(s) —a) =logs +c

log(g(s) — a) — =logs+c

g(s) —a

Theorem 3.2 (He-Li [HL18], Theorem 1.3 ) Let u: (0,400) — R be a
smooth function such that u(|z1|* + |22|?) is the potential of a Kdihler metric
with constant scalar curvature R = 6 on C*\{0} and g(s) = su/(s). Then
one of the following is true:

(1) There exist constants a,c with a > 0 such that
u(s) =log(s +a) + ¢

(2) There exist constants a,k with a > 0,0 < k < 1 such that

ka
sk+a

o(s) = 5k +1) -

(8) There exist constants o, 5,v,c witha # 0,5 > 0,a < f < v, a+p+y =
1 such that g(s) = su'(s) is the smooth strictly increasing function
ranging from [ to v on (0,+00) determined by

—a(y = B)log(g(s) — a) + B(y — a)log(g(s) — B)
— (B —a)log(y —g(s)) = (B —a)(y — B)(y —a)logs +c.

(4) There exist constants o, B, with 0 < f < a,a + 26 = 1 such that
g(s) = su'(s) is the smooth strictly increasing function ranging from [
to o on (0,+00) determined by

BB —a)

log(g(s) — B) — alog(a — g(s)) + =T = (8 )P logs + ¢
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Proposition 3.3 Let u : (0,00) <— R be a smooth function such that
u(|z1|* + |22]?) is the potential of a Kdihler metric satisfying the extremal
condition on C*\{0} and g(s) = su/(s). Then one of the following is true.

1. Metric can be extended smoothly to C2.
2. Metric is cscK with a singularity at the origin.

3. There ezist constants «, f,c with 0 < a < [ such that g(s) is the
smooth strictly increasing function from a to B on (0,00) determined

by

BB+ 2a)
(o — B)?

{1og<g<s> — a) — log(8 — g(s)) - gf%ﬁ} ~logs tc.

(26)

4. There exist constants o, 3,7, c with v < —Oj“—fﬁ < 0 < a < B such that

g(s) is the smooth strictly increasing function ranging from « to  on
(0,400) determined by

log(g(s) —)  log(B—g(s) , loglg(s) =~ \ _ .
”“‘W*W{(aﬁ)(av)*(ﬂa><ﬁv>+<va><v(§;>}lg o

5. There ezist constants a, B,7,c with 0 < a < 5 < v such that g(s) is

the smooth strictly increasing function ranging from a to B on (0, 4+00)
determined by equation .

6. There exist constants c, 5, c with 0 < a < B such that g(s) is the smooth
strictly increasing function ranging from a to B on (0, +o00) determined

by
((a+ B)* + 2ap) {%log(g(é’) —a) - (a _Oéﬁ)2 g(s)l_ o
(28)
a+f b ! —logsTc
Wlog(ﬁ—g(s)) - (o — B)2 g(s) —5} losste
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7. There exist constants «, 3,7v,c with 0 < a < B < 7 such that g(s) is
the smooth strictly increasing function ranging from « to B on (0, 4+00)
determined by

(@4 208+ 207+ ) { = oy~ g(s) - (29)

a 1 N —a? + By
(@=)(@=P)g(s) —a  (a—7)(a—p)

g 8~ 9(5) | =logs +-¢.

log(g(s) — )+

B
(8 =7)(B—a)

8. There exist constants «, 3,7, c with a < —;’(;Jf&) <0< B <~ such

that g(s) is the smooth strictly increasing function ranging from 3 to ~y
on (0,+00) determined by equation (29).

9. There exist constants «, 3,7, c with a < —522;—357 <0< B <~ such
that g(s) is the smooth strictly increasing function ranging from 3 to =y
on (0,400) determined by

(ﬁ2+25a+257+a7>{(a—5?(a—7

B B L (2 + ay
B—-a)B=7)g(s) =B (B—-a)B—7

10. There exist constants «, 3,7, ¢ with —% <a<pf<yandafy#0

such that g(s) is the smooth strictly increasing function ranging from
B to~y on (0,400) determined by

02+ 287+ 207 +a0) { = toula(9 - @) 1)
_ gl 1 4B
R PO R R
/6 = 10g S C
+(6_05>(B_7)2 lOg(g(S) _ﬁ)} =1 gs—+c.



11.

12.

15.

There exist constants «, 3,7, T,c with —% <a<pf<y<T
and afyt # 0 such that g(s) is the smooth strictly increasing function

ranging from [ to v on (0,+00) determined by

(aﬁ+av+m+ﬁv+ﬁr+w){(a_ﬂ)wfw(a_ﬂ log(g(s) — a)

(32)

B
(B—a)(B=7)(8—T)

5
(v—a)y=B)(y—T1

log |g(s —T}:logs—i—c.
> l9(s) — 7]

log|g(s) — Bl +

T

(r—a)(r =BT -

There exist constants a, 3,7, T, c with af+ay+at+ v+ 67+v7 < 0,
afyr # 0 such that g(s) is the smooth strictly increasing function
ranging from  to T on (0,+00) determined by (32).

T ] log [g(s) — 7l

+

There exist constants o, 3,a,b with 0 < a < 8 and a® + 2a(« + B) +
b> + af < 0 such that g(s) is the smooth strictly increasing function
ranging from « to 5 on (0,4+00) determined by

(a® + 2a(a + B) + b* + aﬁ){cl log(g(s) — a) 4+ colog(8 — g(s))+
(33)

B —(c1 + ¢2)g(s) + 2(c1 + c2)a — cra — 23
"(s)dspy =1
/ 0 el Tt (s} =g

_ o _ B
where ¢1 = g @ saatar i) W 2 = By F 2Bt R

Proof: See Section 3.3 O

3.2

Examples of Extremal Kahler Metrics on Line Bun-
dles over CP*

The family of U(n) invariant extremal Kéhler metrics fomulated in [Cal82]
can be used to write down non-compact, constant scalar curvature Kahler
metrics as in LeBrun [LeB8§|, Pedersen-Poon [PP91], and Simanca [Sim9]1]
(see also Abreu [Abr10]).
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Example 3.4 (Positive cscK metrics on Ogpi(k), k> 1) Let us consider
the positive cscK metric on C?\{0} given by the ODE
/
1
99 — - (34)
c39® +g*+cagtec s

where c3 # 0, co # 0. The polynomial H(z) = cs2® + 2% + ;2 + ¢ has three
real roots, o, «, 8, with 0 < a < 8 < oo. It follows from Lemma that
lim, o+ g(s) = a and limg_, 1, g(s) = 3, and ¢3 = —ﬁ. The ODE can be
written as

S .

+
a—pg—a)P B-a)Pg-—a (B-a)g—p
Therefore, there exists a constant ¢ such that

a2a+8) 1 B(2a + ) B(2a + ) _
3 a g—a+ G—a) log(g—a)—w_—Zlog(ﬁ—g)—log5+c

a)
(35)

g'(S)(—2a—6){ a 1 5 1 3 1 }:1

ODE is of the form
sg'(s) = F(g(s)) (36)

where

Flg) = c39° + 9> +ag+co _ cs(g — ) (g — 5)'

g g

We can obtain the positive line bundle Ogp:(k), £ > 0, by gluing a
CP' to (C?\{0})/Zy at |z| = co. U(n) invariant Kéhler metric on C?\{0}
determined by ODE induces a metric on Ogp1(k)\Se. Here S, stands
for the zero section of Ogpi(k). The induced metric can be extended by
continuity to a smooth metric on Ogp1 (k) if and only if F/(5) = 0 and F'(f) =
—k.

The condition F'(5) = 0 is clearly satisfied. We compute () = —Bg?/g—f;z).
We need to show that for every positive integer k there exist constants «, 3,
0 < a < 8 which satisfy

(8 —a)?

B(B+2a)

For simplicity, let us introduce new variables t = a > 0 and y = § — a > 0.
Then the above equation becomes

y* — k(z +y)*(y + 3z) = 0.
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For each positive integer k, this equation has solutions (x,y) with = > 0,
y > 0.

The function F(g) is strictly positive on («, 3). It follows from Calabi
[Cal82] that the Kéhler metric extends smoothly to Ogpr (k).

We need to show that the induced metric is complete on the total space
of Ocp1 (k).

The metric is complete if the improper integral that gives the geodesic

distance to z =0
S0 / S0 F
[ [96),. / V),
0 § 0 S

is bounded on (0, sg).

is infinite.
Since lim g(s) = a > 0 and lim g(s) =
5§—00

s—0t

There exists d; > 0 such that

F<g>:\/(_2al+ﬁ)< WRg— H) > (g~ )

Then, we have
/ \/ d > dl/

If we choose sy small enough, we have log(g—a) < 0 on (0, s¢), and log(8—g)
is bounded. Therefore, Equation (35 implies

B, (2a+8)g +/3)

B oz(;a_-i-aﬁ) g<5)1_ > logs + ¢
g(s)—a  B-a 1

s ” a2a+ 8) s(logs+c¢)

Integrating both sides of this inequality on (0, sg) we see that the integral

S0 o
/ 9(s) — s
0 S

is infinite.
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Example 3.5 (Strictly extremal metrics on Ogpi(—k), k > 1) Let us con-
sider Case |10| of Proposition . Since ¢4 # 0, it follows from Equation ([13)
that this is a strictly extremal metric on C?\{0}. We can see from the proof

of Proposition [3.3| that the ODE is given by s¢’(s) = F(g(s)) where

calg = )9 = P)lg —)*

F(g) =
g
Here, we have @ < 8 < v, afy # 0, lirél+ g(s) = B, lim g(s) = v and
S— S§—00
1
> 0. We note that ¢; > 0 implies —20228)

“T B+ 207 + 287 + 12 27+8

As in the proof of Proposition [3.3] we will rewrite the ODE as

g%ﬁ+%”+%”+“%{m—ﬁ%wdwm$—a
v 1 N - +af 1
G [y N 5 A v vy s g

8 1
'Wﬂ—@w—vﬁm@—ﬂ}‘

Now recall that we can obtain the line bundle O¢pi(—k), k = 1,2,..., by
gluing a CP' to (C?\{0})/Zs, at z = 0. The U(2) invariant Kihler metric on
C?\{0} determined by s¢’(s) = F(g(s)) induces a metric on Ogp1 (—k)\Sp.
The induced metric can be extended by continuity to a smooth metric on
Ocpt (—k) if and only if F(8) = 0 and F'(S) = k. The condition F(f) =0 is
clearly satisfied. We compute

Cn.ln—\g

(B—a)y = B)?
Blaf + 20y + 2687y ++2)

F'(8) =

We need to show that for every positive integer k, there exist constants «, 3,y

with 9
_%<a<6<% afy # 0, (37)
that satisfy )
(B—a)(y—B) _
Blaf + 20y + 267 +72) g )

27



For simplicity, let v = 23. Then, Equations and give

85 b —«
——<a< 0, ——= 39
Cca<h aff0 o (39)
For each positive integer k, the pair (a, §) = (};—226, B) satisfies (39)).

We need to show that the induced metric on Ogpi(—k) is complete as
|z| = o0, i.e. as g(s) — 7. The metric is complete if the improper integral

/m\/@dSZ/m—mds

is infinite. Since lim g(s) = B and lim g(s) = v > 0, calg=a)(g=h) ;
s—0+ s—+00

1S
g

bounded on (sp,00). There exists d; > 0 such that \/F(g) > di(y — g).

Then we have
00 / 0o .
/ 1/Mds>d1/ 7—g(s>d5'
S0 S s S

0
If we choose sg large enough, we have log(v—g) < 0 on (sg, 00), and log(g—a),
log(g — ) are bounded. Noting that —? + a3 < 0, Equation implies

¥ 1 1
(v=a)(y=B) v —g(s) = 21287+ 207 + af

v —g(s) - colog s+ c3
s s

log s+ ¢

, €9 >0.

Integrating both sides of this inequality on (sg, 00), we see that the integral

/mwds

0
is infinite.
3.3 Proofs

Proof: [Proof of Proposition It follows from equation that there
exists constants cg, ¢1, c3, ¢4 such that

(40)

99’ 1
cagt +c3g3 + g2 +cigtcy s
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Case (1) c4 = 0.

We see from equation that w is a cscK metric. Classification of cscK
metrics on C*\0 is given by Theorem 1.2 in [HLIS].

Case(2) ¢4 #0. cg = c¢; =0 and lim, o+ g(s) = 0.
It follows from Remark that, in this case, the metric can be smoothly ex-

tended to the origin, hence Theorem applies.

Case(3) ¢4 #0, ¢g = ¢; = 0 and lim,_,g+ g(s) = A > 0.
We have H(z) = cyz®+czr?+a and it follows from Lemmald.3|that H(A) = 0,
B < oo, and H(z) > 0 in (A, B). In this case, the roots are given by
vy=0<a=A<f=DB. But H(z) > 0 on (a, ), and this implies that

Cy = % < 0, which is a contradiction.

Case (4) ¢4 #0, cg = 0, ¢; # 0, and the polynomial cy2® + c32? + 2 + ¢; has roots

a, a, .
It follows from Lemma that B < oo for degree reasons, and this case is
impossible.

Case (5) ¢4 #0, cg = 0, ¢1 # 0, and the polynomial cy2® + c32? + = + ¢; has roots
a,a, f with a < .
It follows from Lemma that B < oo, a=A>0,8=B,and H(z) >0
on (a, ), which implies that ¢, < 0.

Since H(z) = c4(x — a)*(x — ), we have 1 = ¢4(a? +2a/3), which contradicts
to 0 < a<p.

Case (6) ¢4 #0, cg = 0, ¢; # 0, and the polynomial cy2® + c32? + 2 + ¢; has roots
a, B, B with a < .
We have a # 0, 8 # 0. The equation can be written as

g'(s) 11 f—« 1
c4<a—ﬁ>2{g<s>—a 9(5)—B+(g(8)—ﬁ)2} |
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It follows from Lemma that « = A 8 = B, and H(z) > 0 on (a, f).
Hence ¢4, = m > 0, and there exists a constant ¢ such that
b —«

B(B +2qa) lops e
) flota(s) - ) 1o o) - = g e @

On the other hand, Lemma [£.4] implies that there exists a unique smooth,
strictly increasing function g(s) = su/(s) ranging from « to 8 on (0, 00).

Case (7) ¢4 # 0, cg = 0, ¢; # 0, and the polynomial c,23 + c32? + x + ¢; has real
distict roots a, 3, 7.
By Lemma 4.3 we have B < oo and H(z) > 0 on (A, B). It follows that all
roots are real, and if we let a = A, § = B, v < a < 3, then we have ¢, < 0.

This gives us the inequality v < —Oj'“—fﬁ <0< a<p.
On the other hand, if we let « = A, = B, a < 8 <+, then we have ¢4 > 0.

We can write equation as

1 L 1 1
(@=pB)la=7)g(s) —a  (B-a)B-7)g(s) =/

J(5)(f + v + B) {

There exists a constant ¢ such that

log(g(s) — @) log(8 — g(s)) log [g(s) —
(“5”7*5”{@—5)@—7) DS MCE )

} =logs+c.
(27)

If we denote the left hand side of by h(g(s)), then we see that lim, .o+ h(g(s)) =
—o00, limy 1o h(g(s)) > 0, and Lh(g(s)) > 0 on (0,00). It follows from
Lemma [4.4] that there exists a unique smooth strictly increasing function

g(s) that solves the equation.

Case (8) ¢4 # 0, ¢y # 0, and the polynomial c,at + c32® + 2% 4 12+ ¢y has at most
one real root.
By Lemma B < o0, and the equation does not admit the required
solution.
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Case (9) ¢4 # 0, cg # 0, and the polynomial cya? + c323 + 22 + 2 + ¢y has real
roots o, o, «v, B with a0 < .
It follows from Lemma {4.3|that B < oo, and H(x) > 0 on (A, B). This im-

ples0<a=A<f=DB,and ¢y = m < 0, which gives a contradiction.

Case (10) ¢4 # 0, ¢y # 0, and the polynomial c,a? + c32® + 2% + ¢12 + ¢ has real
roots a, 3, B, f with a < 5.
It follows from Lemma[£.3that 0 < « = A < § = B, and ¢; < 0, which gives
a contradiction.

Case (11) ¢4 # 0, co # 0, and the polynomial cyaz* + c32® + 22 + ¢12 + ¢y has no
real roots, and has complex roots a — ib,a — b, a + ib, a + 1b.
It follows from Lemma {4.3| that H(A) = 0, which is a contradiction.

Case (12) ¢4 # 0, ¢y # 0, and the polynomial c;z* + c32® + 22 + 12 + ¢ has real
roots a, a, (3, 5.
We have c;2* + c32° + 2% + 10 + ¢g = c4(x — a)*(z — B)? with a8 # 0. The
equation can be written as

/ 2 a—{_ﬁ 1 a !
g(s)((a+5)* + 2ap) {(5 ~aPg(s) —a  (a—BE(g(s) )
(B=aPyls) =B " (a=P2g(s) = p2S s

We see from Lemma that « = A > 0, 8 = B, and ¢4 > 0, where
cy = 1 We can integrate the above equation to obtain

(a+B)*+2a8"

2 OHB o als) — o) — — O 1 _
(ot 97+ 200) { (55 onto(e) o) - e @D
atp f ! =logs+c
(5= 8l =500 ~ L = tome b

On the other hand, Lemma [£.4] implies that there exists a unique smooth
strictly increasing function g(s) ranging from « to 8 on (0, 00).

Case (13) ¢4 # 0, ¢y # 0, and the polynomial c;z* + c32° + 2% + ¢12 + ¢o has three
distinct real roots a, o, 8,y with a < 8 < .
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It follows from Lemma [4.3| that we can either have o = A, § = B; or 8 = A,
v=B.

Let us start with the case o« = A, 8 = B. In this case we have c,a* + c32® +

1'2 +cix+cg = C4($ — Oé)2<x - ﬁ)(m - ’Y) Then, Cy = m and we
can see from Lemma [4.3] that o > 0, ¢4 > 0.
The equation can be rewritten as
g (s)(a® 4 2aB + 2ay + B7) { J ! + (42)
(v —a)(vy=B)agls) =~
a 1 —a? + By 1

+

(@@ —0)(gs)—al  (a—)a—p) g0 —a

& 1 }_1
B=7)B-a)gls)—p) s

There exists a constant ¢ such that

(a? + 2a + 2ay + B7) {(7—61)7(7—

o 1 . —a? + By
(a=7(a=P)g(s)—a (a=7)(a=p

Qb@ﬁ—QQN}—k%S+c

mbﬁv—M$%> (29)

)bﬂﬁﬁ—aH

B
(B=7)(B—a)

Note that —a?+ B+ > 0. By Lemma , there exists a unique smooth func-
tion g(s) : (0,00) = (a, B) with ¢'(s) > 0 which solves the above equation.

On the other hand, if we assume § = A and v = B, then it follows from
Lemmathat Cy = WM <0,and 0 < B < .

Equivalently, we can write a < —S(QBT; 7) < 0 < B < v. Note that for any

given 0 < 8 < 7, such « values exist.

Equation can be rewritten as equation (42)) as before, however, this time
we are looking for a smooth soution ¢(s) with values in (3, ). Keeping this in
mind, we investigate to obtain , and use Lemmato conclude that
there exists a unique smooth strictly increasing function ¢ : (0,00) — (5,7)

satisfying .
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Case (14) ¢4 # 0, ¢y # 0, and the polynomial c;z* + c32% + 22 + ¢12 + ¢y has three
distinct real roots «a, 5, 8,7 with a < 8 < 7.
The equation can be rewritten as

/ a 1
g(s)(8* +2ﬁa+2ﬂv+w>{<@ —B)a—7)g(s) —a
X 3 1 Pt 1

(B=a)(B=7)(g(s) =B (B—a)(B—7)g(s) =8
1

There exists a constant ¢ such that

(8 +2ﬂa+2ﬁv+a7){(a_ﬂ)(a_7

p 1 —B* + ay
BB -8 B-a@-y B

It follows from Lemma that we have B < oo for degree reasons, so we
can choose either « = A, = B; or § = A, v = B. By Lemma [4.3| we have
H(z) > 0 on (A, B), which implies ¢4, < 0 in both cases. However, since
cy = Wmm and A > 0, we see that the former case is impossible,
leaving us with the choice § = A, v = B. It follows from Lemma [4.4] that
there exists a unique smooth strictly increasing function g : (0,00) — (3,7)

satisfying .

Case (15) ¢4 # 0, co # 0, and the polynomial cya* + c323 + 22 + ¢ + ¢ has three
distinct real roots a, 5,7,y with a < 5 < 7.
It follows from Lemma [4.3| that we can have either a« = A, 8 = B; or 8 = A,

~ = B. In the former case, Lemma implies Cy = m < 0, which
contradicts with our choice 0 <a=A < =B <.

Let us assume § = A, v = B. Since H(z) > 0 on (8,7), we have ¢4 > 0,

which implies that —% < a. We have o # 0 as ¢y # 0. The equation
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can be written as

There exists a constant ¢ such that

02+ 297+ 207 +af) { g st - @) @

g 1 - +ap ol
R R L A T Rt
5 log(g(s) — 6)} = log s + c.

s
f—a)(B—7)

It follows from Lemma [£.4] that there exists a unique smooth strictly increas-
ing function g(s) : (0,00) — (8,7) that solves equation (31).

1

Case (16) c4 # 0, co # 0, and the polynomial ¢,z + c32® + 22 + ¢ + ¢o has four
distinct real roots «, 8,7, 7 with a < f < v < 7, and afy7 # 0.

Equation can be rewritten as
o +on o+ i+ bt o e
+ b ! + v
(B=a)(B=7)B—=T)g(s) =B  (v=a)y=B)v—7)g(s) —

—_
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There exists a constant ¢ such that
«

(@ =pB) =) (a—7

(af + ay+ at + By + BT+ ~7) { )log(g(s) — )

(32)

p ) log[g(s) =l

(B—a)(B=7)(8—7)

y
(Y—a)(y=B)(y—7

log |g(s —T}:logs+c.
” l9(s) — 7|

+ log [g(s) — B| +

-
_|_
(r—a)(r = P)(7 -
It follows from Lemma [4.3| that we have A > 0, B < oo, and H(z) > 0 on
(A, B). This implies that we have three possibilities:

(i) a=A, =B and ¢4 <0.
In this case, all roots of the polynomial H(x) are positive which contra-
dicts with ¢4 < 0.

(i) B=A,v=DB,and ¢4, >0
By Lemma [4.4] there exists a unique smooth, strictly increasing func-

tion g(s) : (0,00) — (B,7) satisfying equation (32)), whenever a >
_ By+BTinT
BHy+7

(iii) y= A, =7, and ¢4 < 0.
By Lemma [4.4] there exists a unique smooth, strictly increasing func-
tion g(s) : (0,00) — (v, 7) satisfying equation ([32)), whenever af+ay+
at + By + pr+ 7 < 0.

Case (17) ¢4 # 0, ¢y # 0, and the polynomial cya? + c323 + 2% + ¢12 + ¢ has four
distinct roots «, 8, a + b, a — ib.
It follows from Lemma {4.3| that o = A, § = B, and ¢4 < 0. If we write
H(z) = cs(z — a)(x — B)(2* + 2ax + a® + b?), then ¢; < 0 can be written
as a® + 2a(a + B) + b* + aff < 0. This condition holds for those «, 3,a,b
which satisfy v < o® + af + % and —(a+ ) — Va2 +aB + B2 — b <a <
—(a+B) ++/a2+aB + 2 — b2
The equation can be rewritten as

' €1 C2
(a2 + 2a(a + B) + b2 4 aﬁ)g {Clg(s> "o + g(s) — ﬁ—l-
—(c1 4 ¢2)g(s) +2(¢1 + c2)a — cra — 626} 1
g%(s) — 2ag(s) + a? + b? s

Y
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where ¢; = ) and ¢y = (

a 8
(a—B) (a2 —2aa+a?+b2 B—a)(B2—2aB+a%+b2) "
On the other hand, Lemma [4.4] implies that there exists a unique smooth,
strictly increasing function g(s) : (0,00) — (a, ) determined by

(a® + 2a(a + B) + b* + apf) {c1log(g(s) — @) + ez log(B — g(s))+ (133)

’ _(cl+02)g(s)+2(Cl+02)a—cla—025 , B
/04 92(8) — 2ag(3> 1+ a2+ b2 g (S)dS} = log s.

Here we note that the integral in equation is a proper integral, since the
denominator is never zero.

O

4 Technical Lemmas

Proposition 4.1 (Monn [Mon86], Proposition 2.1) Let B be an open
ball containing the origin in C*. Let u be a radial function on B, and let
a(r) = u(r,0,...,0). Then u € C*(B) if and only if & € C*[0,1], and
@9(0) =0 for all £ < k, { odd.

Proposition 4.2 (Monn [Mon86], Proposition 4.1) The k' derivative
of two real-valued functions, f o g, can be written as a sum of terms of the
form

) - Pldg" g
where P is a monomial of degree A < k and of weighted degree k.

The following lemma is useful for eliminating impossible cases as solutions
of the extremal equation sg’ = F(g).

Lemma 4.3 ([HL18], Lemma 6.2) Suppose H(x) is a polynomial of de-
gree m and the ordinary differential equation

9" (s)g'(s) _ 1

H(g(s)) s
admits a smooth solution g(s) on (0,00) with g(s) > 0, ¢’(s) > 0. Denote by
A= lim ¢g(s), B= 1i£rn g(s). Then
S—+00

s—0t
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1. H(A) =0 and H(z) > 0 for x € (A, B).

2. If B = +o00, then degH < k + 1. Moreover, A is the largest and
nonnegative real root of H(x), and H(x) is positive on (A, +00).

3. If B < 400, then H(B) = 0. Moreover, A and B are two successive
nonnegative real roots of the polynomial H(x), and H(x) is positive on
the interval (A, B)

Once the impossible cases are eliminated by the above lemma, we use the
following lemma to show the existence of solutions.

Lemma 4.4 ([HL18], Lemma 6.1) Let h : (A,B) — R be a smooth,
strictly increasing function with thH/lx h(t) = —oo, tlir% h(t) = co. Then, for
— —

any constant a > 0 and c, there exists a unique smooth, strictly increasing
function g : (0,00) — R such that

h(g(s)) =alogs+c

and lim g(s) = A, lim g(s) = B.

s—0+ s—+00
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