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Abstract of the Dissertation
Extensions of the Mass Angular Momentum Inequality in Mathematical Relativity
by
Benjamin David Sokolowsky

Doctor of Philosophy

in
Mathematics
Stony Brook University
2019

Inequalities between mass, angular momentum, and charge are motivated by the cosmic censor-
ship conjecture in mathematical relativity. In this dissertation we provide several generalizations
which expand the class of data sets in which such inequalities are known to hold.

First, we expand the mass angular momentum inequality to manifolds with minimal surface
boundary. In particular we establish a precise mass lower bound for an asymptotically flat Rie-
mannian 3-manifold with nonnegative scalar curvature and minimal surface boundary, in terms of
angular momentum and charge. This result does not require the restrictive assumptions of sim-
ple connectivity and completeness, which are undesirable from both a mathematical and physical
perspective.

Second, we lay out an approach to strengthening the mass angular momentum inequality to the
so-called Penrose inequality with angular momentum and charge. Specifically a lower bound for the
ADM mass is established in terms of angular momentum, charge, and horizon area in the context of
maximal, axisymmetric initial data for the Einstein-Maxwell equations which satisfy the weak energy
condition. If, on the horizon, the given data agree to a certain extent with the associated model
Kerr-Newman data, then the inequality reduces to the Penrose inequality with angular momentum
and charge. In addition, a rigidity statement is also proven whereby equality is achieved if and only
if the data set arises from the canonical slice of a Kerr-Newman spacetime.

Finally, we extend a result of Chrusciel concerning the existence of Brill coordinates. These
coordinates are generally assumed to exist in proofs of the mass angular momentum inequality;
thus we can remove this assumption in many cases. We consider simply connected, axisymmetric
initial data sets with finitely many asymptotically flat or asymptotically cylindrical ends. Finally
we show the extent to which Brill and similar coordinates are unique. A better understanding of
these coordinate systems should aid future efforts at proving the Penrose inequality with angular
momentum and charge.

11



Contents

1 Introduction and Results 1

2 The Mass Angular Momentum Charge Inequality for Manifolds with Boundary 8

2.1 The Doubling Procedure in Pseudospherical Coordinates . . . . . . ... ... ... .. 8
2.2 The Outermost Minimal Surface in Axisymmetry . . . . . . . . .. ... . ... .... 13
2.3 Multiple Black Holes . . . . . . . . . . . . . 14
3 An Approach to the Penrose Inequality with Charge and Angular Momentum 17
3.1 The Mass Formula and Reduced Harmonic Energy . . . . . . .. ... ... ... ... 17
3.2 Asymptotics in Weyl Coordinates . . . . . . . . . . . . .. .. ... .. 20
3.3 Minimizing the Functional . . . . . . . ... .. . o 22
3.4 Proof of the Main Results . . . . . . .. .. . . 26
3.5 Weyl Coordinates . . . . . . . . . . . e 28
4 Brill Coordinates for Initial Data with Cylindrical Ends 30
4.1 Definition and Properties of Cylindrical Ends . . . . . . . ... ... ... ... .. 30
4.2 Analysis of Quotient Metric . . . . . . . . ... 32
4.3 Isothermal Coordinates . . . . . . . . . . . .. . 39
4.4 Final Construction . . . . . . . . . . . . e 41
4.5 Application to ADM Mass . . . . . . . . . .. 43
4.6 Uniqueness of Brill Type Coordinates . . . . . .. .. .. .. ... ... ... .... 45
4.7 Killing Vector Estimates . . . . . . . . . .. L 50

v



Chapter 1

Introduction and Results

Consider a simply connected, asymptotically flat initial data set (M, g, k, E, B) for the Einstein-
Maxwell equations. Here M is a Riemannian 3-manifold with metric g, k is a symmetric 2-tensor
representing the second fundamental form of the embedding into spacetime, and (E, B) represents
the electromagnetic field. The non-electromagnetic matter energy and momentum densities are given
by

167 pem = R+ (Trg k)? — [k[2 = 2(|E[2 + |BI2),  8TJem = divy(k — (Trgk)g) +2E x B, (1.0.1)

where R is the scalar curvature and E x B represents the cross product. It will be assumed that the
weak energy condition e, > 0 holds, the data are maximal Try k = 0, and that there is no charged

matter,
divy E = divy B = 0. (1.0.2)

In addition, the data are taken to be axisymmetric in that the isometry group of (M, g) admits a
subgroup isomorphic to U(1), such that all other quantities defining the data are invariant under
this U(1) action. The Killing field generator will be denoted by 1. In particular, the following Lie
derivatives vanish

£,9 = Lok = £,E = £,B =0, (1.0.3)

Heuristic arguments of Penrose [54] may also be used to obtain a conjectured lower bound for
the ADM mass m of a spacetime in terms of total angular momentum J and charge (), namely

2 4 2
mQZQ + VO +4T

1.0.4
A (1.0.4)
Furthermore, similar heuristic arguments of Penrose [54] suggest the stronger inequality
2 44472
m > \/1“(;t + % + W(Q;j) whenever A > 4w/ Q* + 4772, (1.0.5)
T

where A is the event horizon cross-sectional area. The total angular momentum and charges take
the form

1

. 1 4 1 .
= — kii — (Trg k) gii ) v'n?, . = — Et, = — B, 1.0.
J 87r/500(] (rg )QJ)VU Q 47T/Soo v Qb 471_/500 v (1.0.6)



with Q2 = Q% + Qz. Finally the ADM mass is defined by

1 .
= Tom Jy (9igi = gii )V’ - (1.0.7)
In these formulas S, represents the limit as r — oo for coordinate spheres .S, in the asymptotic
end, and v is the unit outer normal. The above definitions are valid for any asympotitaly flat ends
in a manifold. An end is asymptotically flat if it is diffeomorphic to R3\ B(R) and has Cartesian

coordinates in which the above data satisfy

1 .
gij = 0ij +op(r72),  3gij € L*(Mena);  kij = Ora(r™),  ttem, Sy Jem (1) € LY (Mena),
(1.0.8)

E'=0i1(r™), B'=0,,07"), X> g (1.0.9)

for some ¢ > 5.1

Inequality (1.0.5) was proposed as a check on the final state conjecture and weak cosmic cen-
sorship, in that a counterexample would essentially disprove at least one of these grand conjectures.
Details concerning the physical motivation for the most general form of the Penrose inequality are
provided in [29]. Furthermore an independent motivation for inequality (1.0.5), based on Bekenstein’s
entropy bound [3], has been given in [42].

The purpose of this dissertation is to expand the scope in which Equations (1.0.4) and (1.0.5)
are known to hold. In Chapter 2 we investigate Equation (1.0.4) in the case where M has a minimal
surface boundary. Through the combined work of several authors [13, 15, 17, 22, 23, 48, 57], inequality
(1.0.4) has been established when the manifold (M, g) is simply connected, complete, and contains
another end which is either asymptotically flat or asymptotically cylindrical. The proof follows a
two step procedure, the first of which is to obtain an initial lower bound for the mass in terms a
renormalized harmonic map energy. The second consists of minimizing this energy, and showing that
the unique global minimizer is the singular harmonic map associated with extreme Kerr-Newman
data.

Simple connectivity is used to introduce a specialized coordinate system called Brill coordinates.
Brill coordinates are global coordinates (p, z, ) on R3 less a finite set of points in which the metric
takes the form

g=e U2 (dp? + d2?) + p2e U (do + A,dp + A.dz)?. (1.0.10)

All functions are independent of ¢ and these coordinates are generally thought of as cylindrical
coordinates, with standard coordinate ranges p € [0,00), ¢ € [0,27) and z € (—o0, 0). The existence
of Brill coordinates allows for a simple bulk integral expression of the mass. The scalar curvature in
such a coordinate system is given by [7]

2e U2 R — 8AU — 4A, ,a — 4|VU|* — pe™2* (0,4, — 8,4,)%, (1.0.11)

where A is the Laplacian with respect to the flat metric on R? and A, , = 83 + 2. This form of the
scalar curvature will be used repeatedly.

Here f = op(r—*) means that if s < k and 9;,,0;,, ..., 0;, are coordinate vector fields, then 9;,0;,0;. f =
o(r=*=#%). We will use slightly different versions of this notations throughout the text, and will include the
relevant footnote when the meaning is not obvious



Completeness and the asymptotics of the other end also play an important role in that they pre-
vent the appearance of boundary terms in the formula for the mass. Furthermore, simple connectivity
is used in the second step to ensure the existence of a twist potential to efficiently encode angular
momentum and construct the harmonic map energy. Thus, these hypotheses play fundamental roles
in the proof and whether they can be removed has been unclear.

The arguments motivating inequality (1.0.4) require no such hypotheses, and for this reason
it has been conjectured that these assumptions are unnecessary. They are also unnatural as the
positive mass theorem itself does not require such restrictions. In particular, it is important to
allow the initial data to have minimal surface boundary, as these may be interpreted as cross-
sections of the event horizon. Furthermore, significant generalizations of the positive mass theorem,
including the positive mass theorem with charge [34] and the Penrose inequality (with charge) [49],
require a minimal surface boundary to be meaningful. Additionally, from a physical perspective it
is undesirable to necessitate the presence of a secondary asymptotic end, as this typically represents
the interior of a black hole. Indeed, from the point of view of an outside observer, it is not possible
to know the structure of spacetime contained within the event horizon. As for simple connectivity,
although topological censorship [31] implies that this is an appropriate assumption for initial data
within the domain of outer communication, it says nothing about the fundamental group of the
interior black hole region. In fact, it suggests that all nontrivial topology is contained within the
black hole, and therefore the combined assumptions of simple connectivity, completeness, and the
existence of a secondary asymptotically flat end are not physically justified.

We establish (1.0.4) in generality without the unwanted hypotheses discussed above, for a single
black hole. We also obtain a mass lower bound in the multi-black hole case consistent with the lower
bound proved under the more restrictive hypotheses in [17, 48]. The main theorem of Chapter 2 is
the following:

Theorem 1.0.1. Let (M, g,k, E, B) be an axisymmetric, maximal initial data set for the Einstein-
Mazwell equations with one asymptotically flat end, minimal surface boundary, and satisfying piem >
0 in addition to Jem(n) = divy E = divy B = 0. If either

(i) the outermost minimal surface has a single component, or

(ii) the boundary OM has one component and M is simply connected,

then

2 /()4 2
m?s & 622 AT (1.0.12)

The first point to note is that there is a strict inequality in (1.0.12). This is to be expected since
from the heuristic physical arguments leading to (1.0.4), equality should only be achieved if the initial
data agree with the canonical slice of an extreme Kerr-Newman spacetime. However the extreme
Kerr-Newman data do not possess a compact minimal surface, but rather have a cylindrical end,
and therefore do not satisfy the hypotheses of Theorem 1.0.1. The minimal surface boundary, which
could consist of many components, together with the asymptotically flat end guarantee the existence
of an outermost minimal surface [30], and the assumption that it has one component is analogous to
the case of the Penrose inequality treated by Huisken and Ilmanen [40]. In order to treat (1.0.12) in
the presence of a multicomponent outermost minimal surface it is most likely that new ideas will be



needed, as was the case for the multiple black hole version of the Penrose inequality established by
Bray [4]. It is interesting to note that unlike the Penrose inequality, (1.0.12) continues to hold if the
boundary M is merely a single component minimal surface but not necessarily outer minimizing.
In fact under the assumption treated in (ii), one can drop the hypothesis on the outermost minimal
surface and replace it with simple connectivity of M to obtain the same conclusion.

The proof of Theorem 1.0.1 is based on a doubling procedure in so-called pseudospherical coordi-
nates, where the data are reflected across the outermost minimal surface. The doubled pseudospher-
ical coordinates yield precisely a Brill coordinate system discussed above. This doubling requires
axisymmetry of the outermost minimal surface, a fact that was proven by Bryden. Since it does
not appear in the literature, Bryden’s proof is included here, see Proposition 2.2.1. This result is
of independent interest as it may be applied elsewhere, for example to extensions of the Penrose
inequality that include contributions from angular momentum.

We are able to extend Theorem 1.0.1 to allow for certain types of multiple black holes by including
a mixture of boundary components and extra asymptotically flat as well as asymptotically cylindrical
ends (see [48]). However, as in the case of a complete, simply connected initial data set, the presence
of multiple black holes does not immediately yield an explicit expression for the mass lower bound
[17, 48]. Rather, the lower bound is given in terms of the reduced harmonic energy of a Weinstein
stationary solution [61] to the Einstein-Maxwell equations having the same angular momentum and
charge for each black hole. This harmonic energy is denoted by F, and is a function of the angular
momenta and charge. It is conjectured that the resulting inequality coincides with the expression
(1.0.12) in which J and @ are the sums of the angular momenta and charge from the different
horizon components.

Theorem 1.0.2. Let (M,g,k,E, B) be an axisymmetric, mazimal, asymptotically flat initial data
set for the Einstein-Mazwell equations having a minimal surface boundary and a finite number of
additional ends each of which is asymptotically flat or asymptotically cylindrical. Assume further
that prey > 0 in addition to Jem(n) = divy E = divy B = 0. If either

(i) at most one component of the outermost minimal surface encloses components of the boundary
OM or nonsimply connected domains, or

(ii) the boundary OM has one component and M is simply connected,

then
m>F(T, . In, Qe QY. Q.. QYY) (1.0.13)

where N is the combined number of additional ends and components of OM and J;, Q%, Qé represent
the angular momentum and charge associated with each of these ends and boundary components.

In Chapter 3 we lay out an approach to prove Equation (1.0.5) which is successful in a special
case. In order to prove Penrose type inequalities it is customary to replace A in the maximal case
with the area of the outermost minimal surface. Therefore, the manifold (M, g) will be taken to
have a boundary consisting of a single component minimal surface. Note that simple connectivity
then implies that the boundary must be topologically a 2-sphere, regardless of whether this surface
is stable. Moreover, the auxiliary inequality of (1.0.5) is not needed in the single black hole case,
since when the minimal surface is stable the area-angular momentum-charge inequality is known to
be automatically satisfied [24, 25, 21].



The Penrose inequality without angular momentum and charge was established in the time-
symmetric case through the groundbreaking work of Bray [4] and Huisken-Ilmanen [40]. As shown
n [62], the addition of charge to this inequality requires the additional assumption of the area-
charge inequality in the multiple black hole case. This version of the Penrose inequality was then
established in [49, 51] by generalizing Bray’s conformal flow. However including horizon area together
with angular momentum is quite difficult, and there appear to be only two results in the literature
to date in this direction [1, 2], and the approach taken in those articles is based on inverse mean
curvature flow. In contrast, the present paper focuses on the techniques used to establish the mass-
angular momentum inequalities, namely minimizing renormalized harmonic energies. We refer the
reader to the excellent survey [52] for a more detailed account concerning the status of the Penrose
inequality.

The results presented here rely on the existence of Weyl coordinates, cylindrical type coordinates
associated with the study of stationary axisymmetric black holes. The coordinates play an important
role by helping to reduce the Einstein equations to the study of a harmonic map. Details describing
this coordinate system for the present situation are discussed. It has been shown in [19] that such a
coordinate system can be derived from pseudospherical coordinates, and exist for a general class of
asymptotically flat initial data sets. In these coordinates the metric is again in the form of Equation
(1.0.10). The minimal surface horizon is identified with the interval (—mg,mg) on the z-axis. The
constant mg > 0 is uniquely determined by the geometry of the initial data, and 2mg will be referred
to as the horizon rod length. The functions U and « exhibit singular behavior at the horizon and may
be modeled by the corresponding functions Uy, g arising from the Schwarzschild solution having
mass mg. We may then write U = Uy + U and o = ag + @, where the remainders U and @ are now
uniformly bounded and possess bounded first derivatives even at the horizon. These ‘renormalized’
functions measure the deviation from the Schwarzschild solution. An important combination of these
two which appears in the horizon area formula is 8 := @ — 2U. Our main result may then be stated
as follows.

Theorem 1.0.3. Let (M, g,k, E, B) be a simply connected, axisymmetric, mazimal, asymptotically
flat initial data set for the Einstein-Maxwell equations with minimal surface boundary, having non-
negative energy density pem > 0, no charged matter, and satisfying the compatibility condition for
the existence of a twist potential Jem(n) = 0. Let Ay and B), denote the horizon area and Weyl
coordinate function for the unique Kerr-Newman black hole sharing the same angular momentum,
charge, and horizon rod length as the initial data set. Then

\/ L@ W n 4/m0 (B(0, ) — By(0, 2))dz, (1.0.14)

—mg

and equality occurs if and only if the initial data agree with that of the corresponding Kerr-Newman
spacetime.

The hypotheses of this theorem are in agreement with those expected for the conjectured Penrose
inequality with angular momentum and charge, except for one missing statement. Namely, in the
above result the minimal surface boundary is not required to be outerminimizing, meaning it is not
required to have the property that every surface which encloses it has area greater than or equal to

= |0M|. Theorem 1.0.3 holds under more general circumstances than those for which the Penrose



inequality can be valid, and so the resulting inequality (1.0.14) must differ from (1.0.5). Indeed, the
most apparent difference arises from the presence of the horizon rod integral involving the functions
B and f,, which does not appear in the Penrose inequality. This integral measures the discrepancy
between the initial data and the model Kerr-Newman solution at the horizon. It is unknown at
this time whether this horizon integral is nonnegative under the current hypotheses. One may
speculate that nonnegativity is not necessarily guaranteed unless the boundary is outerminimizing.
Another difference between (1.0.14) and the conjectured inequality is the presence of the Kerr-
Newman horizon area Ay, instead of A, although the algebraic structure of this part of the inequality is
the same. Despite these differences, one may achieve the desired Penrose inequality under additional
assumptions. In particular, if we assume that the initial data is appropriately similar to the model
Kerr-Newman solution at the horizon then the conjectured inequality follows.

Corollary 1.0.4. Under the hypotheses of Theorem 1.0.3, assume further that A > Ay, and (3 is
constant on the horizon rod, then

. W’“ L@ (@ 44T 10.15)
167

2 Ay ’

and equality occurs if and only if the initial data agree with that of the corresponding Kerr-Newman
spacetime. In particular, if A = Ay then the Penrose inequality with angular momentum and charge

holds.

This type of result may be considered a generalization of that of Gibbons and Holzegel in [35],
who established the Penrose inequality without contributions from angular momentum and charge by
utilizing the advantages of Weyl coordinates. In that paper they also had a more stringent condition
than that of Corollary 1.0.4, concerning the agreement between the initial data and associated
Schwarzschild solution on the horizon. Another related result is that of Chrusciel and Nguyen [19]
who utilize pseudospherical coordinates, and obtain a mass lower bound in terms of the horizon rod
length.

Finally in Chapter 4 we expand the scope of manifolds for which the previously mentioned Brill
coordinates are known to exist. In particular we show that they exist for a large class of manifolds
with both asymptotically flat and asymptotically cylindrical ends.

In [13] Chrusciel establishes the existence of a Brill coordinate system for axisymmetric, simply
connected initial data sets (M3, g) with one or many asymptotically flat ends. We amend Chrusciel’s
arguments to show the existence of a Brill coordinate system when asymptotically cylindrical ends
are allowed. We show the following.

Theorem 1.0.5. Let (M,g) be of asymptotic order k, for k > 7, with n ends characterized by
(hi, fis bi). Then there exists a global coordinate system (p,z, ) for M in which g takes the form of
FEquation (1.0.10). The coordinates are deﬁned for (p,z) € (Rt x R) \{(0,a:)}X,, and ¢ € [0, 27). If

we define r = \/p?> + 22, r; = \/p?> — (2 — a;)?, and 0; = arctan( ) then the metric components

satisfy

A, = ok,g(r_él_l); A, = pok,g(r_zl_Q); U= ok,g(r_gl); o= 0/674(7’_61) as r —oo. (1.0.16)



For each a; representing an asymptotically flat end, the metric components satisfy,
U=2logr; +C; + ok,4(rf"); a= ok,4(rfi), as r; — 0, (1.0.17)

and for each a; representing an asymptotically cylindrical end, the components satisfy,

fi(6;)
sin Hi

fi(0s)
sin 91'

L

+ 0p—a(r;"); o =log b

+ 0g—4(ry’), as r; — 0.2 (1.0.18)

U =logr; —logh;(0;) — log

A precise definition of an asymptotically cylindrical end is giving in Chapter 4. We conclude
with some immediate applications of the above existence theorem.

?In [13] the case £ = § is explicitly treated, as this is the most important case for the ADM mass. However
as stated in [13], only minor modifications show that the arguments are valid for any ¢ € (0,1)

7



Chapter 2

The Mass Angular Momentum Charge
Inequality for Manifolds with
Boundary

2.1 The Doubling Procedure in Pseudospherical Coor-
dinates

Consider the setting of case (i7) in Theorem 1.0.1 where (M, g) is axisymmetric, asymptotically
flat, and simply connected with a single component minimal surface boundary. It follows from
[19, Theorem 2.2] that M is diffeomorphic to R? \ B,,, /2(0), and there exists a global system of
cylindrical-type coordinates (p, z, ¢) on this domain such that the metric takes the form of Equation
(1.0.10). The isothermal part of Equation (1.0.10) is the metric on the orbit space M /U (1), and the
remaining part arises from the dual 1-form p2e=2Y (d¢ + Aydp+ A.dz) to the Killing field. With the
standard transformation p = rsinf, z = rcos @ producing spherical-type coordinates (r, 6, ¢) with
ranges m1/2 < r < oo, 0 < 0 <7, and 0 < ¢ < 27, the fall-off of the metric coefficients in the
asymptotically flat end is given by

U= 0573(7“*%), a= 0574(7“*%), A, = pOg,g(r*%), A, = 0@,3(7"7%). (2.1.1)

Furthermore a@ = 0 on the axis p = 0, and all coeflicients are independent of ¢. Note also that
the value m; > 0 is uniquely determined, and the existence of pseudospherical coordinates does not
require the boundary @M to be minimal. The mean curvature of a coordinate sphere S, is

oo 2/r 4+ 0p(a —20)

N Ve 2UF20 3 p2:=30 42 (2.1.2)

where A, = sinA, + cosfA,, so the assumption of a minimal boundary M = S,,, /5 is equivalent

B, (U - ;a> _ 2 (2.1.3)

to



A particularly advantageous feature of the metric structure (1.0.10) is the simple expression
obtained for the scalar curvature [23]

2e V2R — SAU — 47, ,a — AVU|* — p?e ™2 (A, — A, ,)?, (2.1.4)

where A is the Laplacian on R? with respect to the flat metric 6 = dp?+dz>+p?d¢? and A, = 82—#5)2.
Moreover the constraint equation (1.0.1), and the assumptions of a maximal slice Trk = 0 and
nonnegative energy density pen, > 0 imply that

R =16 fien, + |k|* + 2 (|E|> + | B|?)

o6U—2a ) cAU—20 ) ) (2.1.5)
>2———|Vo+ xV — Vx> + 2——— (|[Vx|* + Vo),
p p

where v, x, and ¢ are potential functions for angular momentum, electric charge, and magnetic
charge respectively. More precisely, the divergence free property of the electric and magnetic fields
combined with Cartan’s magic formula shows that the 1-forms ¢, ¥ E and ¢, x B are closed, where ¢
and * denote interior product and the Hodge star operation. Hence simple connectivity yields global
potentials satisfying

dx =ty * E, dy = 1, * B. (2.1.6)

Furthermore, as shown in [48] the 1-form 2x (k(n) An) —xdy +1pdx is closed exactly when Je,, (1) = 0.
Therefore under the hypotheses of Theorem 1.0.1 there exists a global twist potential satisfying

dv = 2% (k(n) An) — xdy + pdx. (2.1.7)

The inequality in (2.1.5) then follows in a straightforward way from (2.1.6) and (2.1.7). Moreover, if
w = dv + xdy — 1pdx then asymptotics [48] for the potentials are expressed by

lw| = p20(r™), Vx| + |V =pO(r™) as r — oo, (2.1.8)
Wl =0(p?), VX +IVE=0(p) as p—0 in R\ By, a(0). (2.1.9)
In addition, since |§| = 0 on the z-axis all the potential functions are constant there, and the

difference of these constants associated with the two connected components Iy = {p =0,z > m;/2}
and I_ = {p =0,z < —m1/2} of the axis yield the angular momentum and charges

T=70l —vl), Q=g (i -xn),  @=g 0l —wl). @1

Typically a mass lower bound in terms of a harmonic map energy is obtained by integrating
(2.1.4) over M and applying a version of (2.1.5). This works well when (M, g) is complete, however
here the presence of a boundary leads to boundary terms which are not desirable when minimizing
the harmonic map energy. Therefore we seek to double the manifold across its boundary, and show
that the same strategy may be carried out on the doubled manifold with two ends. The primary
difficulty arises from the lack of regularity across the doubling surface. Nevertheless we show that
the minimal surface hypothesis is sufficient for the argument to go through.

Consider the conformal map f : By, 2 \ {0} = R3\ B,,, /5 given by spherical inversion

166.6)= (%) 1.0.6). 2.L11)

9



which is expressed in cylindrical coordinates as

my\ 2 ﬁ mi\2 z ~

=(F) e =G e e=d (2.1.12)

Pulling back the metric to B, /2 \ {0} yields
§i=frg=e 2042052 1 452) 4 % 2V (d + A, dp + A,dz)?, (2.1.13)

where )
U = 2log 7 + 2log(2/m1) + U o f, a=aof, (2.1.14)
A =it 2 2 (22— p*)A, — 2pA.] A=t (2 2 (7 — 2%)A. —224,] .  (2.1.15)
P mi P Z] z my z pl - oL

This leads to a metric and potentials globally defined on the complement of the origin

g {g on R\ By, 2, (2.1.16)

9=1"
g on Bpy 2\ {0}

Similarly, the potentials may also be extended to the ball by setting v =vo f, x = x o f, zﬁ =of
in By, 5 \ {0}, and the corresponding functions defined on R*\ {0} will be denoted o, X, and .
These functions and the metric g are C%! and smooth away from the reflection sphere Smy/2-

The form of the metric (2.1.13) guarantees that the scalar curvature of g satisfies the equation
(2.1.4) on all of R?\ {0}. Moreover it also satisfies the lower bound in (2.1.5). To see this observe
that

4 4
Vx> o f = (0x)% 0 f+ (0:x)% 0 f = <2> M (0;%)* + (0:%)%] = <Tsl> AV, (2.1.17)
and similarly \
Vo + xVip — ¢V x|2o f = <£1> Vo + ¥V — PV x[% (2.1.18)

Combining this with (2.1.5), (2.1.12), and (2.1.14) shows that in By, /5 \ {0}

R=Rof
266U0f—2aof v v v ) 264Uof—2aof v ) v N
>2———— Vo + — of4+2—— of+ )
eU—2a e AU—2a ) .
=25 [V + XV — GV + 2, (yv;zy +yw\).

It follows that the scalar curvature of the doubled metric g satisfies the desired lower bound on
R3 \ {0} away from the sphere S,,, /2. Although the metric is not sufficiently regular across this
sphere to have a pointwise defined scalar curvature on this surface, the fact that it is a minimal
surface with respect to both inner and outer domains guarantees that R satisfies the inequality
distributionally. Furthermore the minimal surface property allows for the fundamental mass lower
bound in terms of scalar curvature, despite the lack of metric regularity.
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In order to establish the mass lower bound it is necessary to note that the doubled manifold
(M,g), where M = R3\ {0}, possesses two asymptotically flat ends. Indeed, at the additional end
near the origin the metric coefficients and potentials satisfy the asymptotics

), A, =poi(r73), A, =oi(r 2), (2.1.20)

N

U:2logr+C’+01(r%), a=o(r

@] = p20(r%), Vx| +|VY| = pO(r*1) as r—0, (2.1.21)

for some constant C. Here and in what follows, unless stated otherwise, the tilde notation will be
removed from coordinates within the domain B, /> \ {0}.

Lemma 2.1.1. The doubled manifold (M, g) possesses two asymptotically flat ends, and the mass
s given by

1 o _ o _
me=—— (26—2U+2a R+4|VU? + p2e28(4,. — A, p)2) dz, (2.1.22)
327T R3 ’ ’

where dx s the Fuclidean volume element.

Proof. Although the metric g is only Lipschitz across S,,, /2, the fact that this sphere is a minimal
surface guarantees that a particular combination of coefficients has improved regularity, namely
U — La € C11. Moreover, this is all that is needed to establish (2.1.22).

First observe that in light of (2.1.3)

1m_&<0—;0:2. (2.1.23)

7‘4)% mi

It suffices then to show that the limit from inside B,,, /o yields the same value. For emphasis we will
use the tilde notation to perform this computation. By (2.1.14)

~ 2 or 2 mi\2 1
T =24+00 =2 _ (MY 2o 2.1.24
%U f+aU8r 7 (2>r2aU ( )
Therefore (2.1.3) implies
- 4 2 1
8;U|7::m =— -0 U|,_m = — — *871047“:@. (2.1.25)
2 mq 2 mq 2 2
On the other hand 21
- miy
i = <3ﬂ —ha (2.1.26)
and therefore the desired conclusion follows
_ 1 2
lim 9, (U - a) = —. (2.1.27)
r—217 2 my

2

We will now show that (2.1.22) holds. According to [13]
. 1 - 1_ 1 Qa
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where W, = {p = r, —r < z < r} is the wall of the cylinder or radius r. Next observe that (2.1.23)

and (2.1.27) yield
_ 1 _ 1
/8(U >:/ A<U >d:c+ hm < )
T 2 BT\Bml/Q 2
_ 1 — 1_
:/ A <U = >dx+ lim (U a> (2.1.29)
BT\Bm /2 2 rﬁi 2
1
1
2

:/ A(U d)dm+/ A(U 1>daz,
Br\Bml/z By /2 2

since the asymptotics (2.1.20) show that

a> = 0. (2.1.30)

l\DM—*

lim o, (U —
r—0 S,
Moreover, since @ is continuous across S, /2, vanishes away from the origin on the z-axis, and
satisfies (2.1.20)

im [ 2= [ Llo,ade (2.1.31)
r—o0 Jy P R3 P

Finally, since (2.1.4) holds globally on M we have

1 pPe 2 (A,. — A.,)°. (2.1.32)

‘_17 i ~ o ‘_1 7_172U+2a 2
A(U 2a>+2p8pa_AU 2Ap,za_4 R+- |VU! 8

The desired mass formula (2.1.22) now follows by combining (2.1.28), (2.1.29), (2.1.31), and (2.1.32).
O

Lemma 2.1.1 relates the mass to an energy functional with the help of (2.1.5) and (2.1.19).
Namely together they imply

m > Z(V), (2.1.33)
where ¥ = (U, 0, X, ) and
1 =9 o 2 2V —12 712
(W) = . IVU|” + F\vwwi —YVx|° + v (IVX]* +1VY[?) | da. (2.1.34)

The functional Z may be interpreted as the reduced harmonic energy [48] for maps ¥ : R3\ {0} — HZ
into the complex hyperbolic plane. Note that the asymptotics (2.1.1), (2.1.8), (2.1.20), and (2.1.21)
guarantee that Z() is finite precisely when A > 3.

Proof of Theorem 1.0.1 (it). Since the map W is smooth away from the sphere Smy /2> Lipschitz across
this surface, and satisfies the asymptotics (2.1.1), (2.1.8), (2.1.9), (2.1.20), (2.1.21), the gap bound
of Schoen and Zhou [57] applies to yield

ol

I(\I/)—I(\I/@ZC(/R dist%%(\ll,\Ilg)dx> , (2.1.35)

3
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where Wy is the renormalized harmonic map associated with the extreme Kerr-Newman black hole
possessing the same angular momentum and charge as ¥, and disty,. denotes distance in the complex
hyperbolic plane. In particular, together with (2.1.33) we obtain

m > I(¥p). (2.1.36)

The desired inequality (1.0.12) now follows since

:Q2+ Q4+4j2

Z(¥)? 5

(2.1.37)

Consider now the case in which equality holds in (1.0.12). This implies, with the help of (2.1.33),
(2.1.35), and (2.1.37), that ¥ = Wy and in particular U = Uy. However this is a contradiction
since the asymptotics (2.1.20) show that U = 2logr + O(1) as » — 0, whereas the corresponding
asymptotics for the extreme Kerr-Newman map are given by Uy = logr+O(1). This difference arises
from the fact that ¥ arises from an asymptotically flat geometry near the origin, while the extreme
Kerr-Newman initial data possess instead an asymptotically cylindrical end in this location. O

2.2 The Outermost Minimal Surface in Axisymmetry

Let (M, g) be as in case (i) in Theorem 1.0.1. Since this manifold is asymptotically flat and possesses
a minimal surface boundary, there exists a unique outermost minimal surface [30, 40] which is a
compact embedded smooth hypersurface . The term outermost refers to the fact that there are
no other minimal surfaces homologous to ¥ which lie outside it with respect to the asymptotic end.
The set M \ ¥ consists of one unbounded component, and perhaps several bounded components the
union of which will be denoted by €2, so that 92 = ¥. Each component of the outermost minimal
surface must be a topological 2-sphere [33], since ¥ is outer area minimizing in that it has the
least area among all surfaces which enclose it. Furthermore, according to [40, Lemma 4.1] M \ X is
diffeomorphic to the complement of a finite number of open 3-balls in R? with disjoint closure. Here
we show that the property of axisymmetry for the ambient manifold descends to 3.

Proposition 2.2.1. If (M, g) is axisymmetric then the outermost minimal surface is also axisym-
metric.

Proof. Suppose that the outermost minimal surface ¥ is not axisymmetric. Let ¢; denote the flow
of the axisymmetric Killing field 7, so that d.py = n o ;. Lack of axisymmetry implies that n is
not tangential to X at all points. Therefore there exists a nonzero tg ~ 0 such that a domain within
©1,(X) lies outside of X. Note that ¢ is a flow by isometries so ¢y, (2) is a minimal surface, and it
is still an embedded 2-sphere.

Let S denote the compact set which is the union of all compact immersed minimal surfaces
within M, and define the trapped region 7 to be the union of § with all the bounded components
of M\ S. The trapped region is compact and its topological boundary is comprised of embedded
smooth minimal 2-spheres [40, Lemma 4.1]. In fact the outermost minimal surface arises as the
boundary 07 . In light of this, and the fact that a portion of ¢y, (X) lies outside X, it follows that
> # OT contradicting the uniqueness of the outermost minimal surface. O
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Proof of Theorem 1.0.1 (7). Assume that the outermost minimal surface ¥ has a single component.
From the discussion above we then have that My = M \ Q is diffeomorphic to the complement of a
3-ball in R3. Proposition 2.2.1 guarantees that OM is axisymmetric, and hence My is axisymmetric.
It follows that (My,g,k, E, B) satisfies the hypotheses of Theorem 1.0.1 (i7), and has the same
mass, angular momentum, and charge as the original data. Part (i) may now be applied to obtain
(1.0.12). O

2.3 Multiple Black Holes

Consider the setting of case (i) in Theorem 1.0.2 where (M, g) is axisymmetric, asymptotically
flat, simply connected, with a single component minimal surface boundary, and a finite number n
of additional ends each of which is asymptotically flat or asymptotically cylindrical; see [48] for a
definition of asymptotically cylindrical ends. The additional ends may be interpreted physically as
individual black holes. A version of pseudospherical coordinates exists for this situation, where each
additional end is represented by a puncture on the z-axis and again the boundary component is
identified with a coordinate sphere.

Proposition 2.3.1. Under the hypotheses of Theorem 1.0.2 (ii), M is diffeomorphic to (R3 \ B, /2 (0))\
U1 {pi} and there exists a global system of cylindrical-type coordinates (p, z, @) such that g takes the
form (1.0.10) with o = 0 whenever p = 0. Each puncture p; represents an additional end in which
the metric coefficients have the asymptotics (2.1.20) in the asymptotically flat case, or

_5
2

)7 Ap = pOl(Ti )7 AZ = 01 (T;

S o
Njw

U=logri+0:1(1), a=o(r ) (2.3.1)

in the asymptotically cylindrical case. Here r; denotes the Euclidean distance to the puncture p;.

Proof. The proof is nearly identical to that of [19, Theorem 2.2], and thus we only give an outline.
Since M is simply connected the single boundary component M must topological be a 2-sphere
by [38, Lemma 4.9]. The boundary may then be filled in with a 3-ball, and the metric extended to
this domain to obtain a complete, axisymmetric, simply connected Riemannian manifold (M , §) with
n+ 1 asymptotic ends. According to [13, 46] M is diffeomorphic to R\ U™, {p;} with the punctures
p; lying on the Z-axis of a global system of Brill coordinates (p, 2, ) in which § has the structure
(1.0.10). The orbit space M/U(1) is identified with the pz-half plane, and may be doubled across
the axis so that (p, 2) parameterize R? minus the axis punctures. Within this plane the projection of
OM is given by a smooth closed curve v which intersects the 2-axis at two points, and bounds a disc.
Using the Riemann mapping theorem, a conformal transformation of the plane may now be applied
which maps v to a circle centered at the origin of radius m; /2. The new coordinates obtained from
this map are the desired pseudospherical coordinates (p, z,¢). Although the punctures may move
under this transformation, they will remain on the axis since the mapping is axisymmetric. Lastly,
the conformal property of the map preserves the metric structure (1.0.10). ]

Simple connectivity of M yields potentials v, x, and v satisfying (2.1.6), (2.1.7) as well as the
asymptotics (2.1.8), (2.1.21) in the asymptotically flat ends. In asymptotically cylindrical ends [48]
W] = p20(r}7°),  |Vx| + VY| = pO(r}3) as 7 — 0. (2.3.2)

7
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Figure 2.1: Doubling with additional ends

The punctures {p;}! ; and ball B,,, /2 break up the z-axis into a sequence of connected component
intervals {I; }7;2 on which each of the potentials is constant; this is sometimes referred to as a ‘rod
structure’. Asin (2.1.10), the difference of two such constants associated to the intervals surrounding
a puncture yields the angular momentum or charge associated to the black hole represented by the
puncture. Following Section 2.1 we may double the manifold and potentials across the sphere S, /2
to obtain a manifold (M,g) and functions v, x, ¥. The only difference that occurs concerns the
number of asymptotic ends. Previously the new manifold had two asymptotically flat ends, however
now M has 2n + 2 asymptotic ends. In Figure 2.1 a diagram of the doubling rod structure in the
orbit space is shown, where a single additional end occurs below the circle of radius m;/2 at point
p1. After doubling, this end is reflected inside the circle to point p; which represents another end of
the same asymptotic type. As before the origin also becomes an asymptotically flat end, associated
with the designated asymptotically flat end at infinity. Notice, as is shown in the diagram, that
the potential constants on the axis also reflect inside in such a way that they are smooth across the
sphere S, /2 and so that the angular momentum and charge of each end inside the B, /, has the
same value with opposite sign as that associated with the corresponding puncture outside the ball.
Therefore the total angular momentum and total charge of M, computed by adding all the individual
contributions of each end, agrees with the total angular momentum and total charge of M.

The presence of additional asymptotically flat and cylindrical ends does not affect the proof of
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Lemma 2.1.1, as well as scalar curvature lower bounds (2.1.5) and (2.1.19). It follows that as before
m > Z(). (2.3.3)

Proof of Theorem 1.0.2. Consider case (ii). It remains to show that the renormalized energy may
be minimized by a harmonic map

() > I(Ty). (2.3.4)

Here ¥y is the unique renormalized harmonic map from R3 \ {z-axis} — HZ, having the same
potential constants as W. Such solutions have been constructed in [48], and the corresponding gap
bound (2.1.35) was established there as well. Thus, by setting Z(¥;) = F we obtain the desired
result.

Consider now case (7). As in the proof of Theorem 1.0.1 (i) let My denote the region exterior to
the outermost minimal surface ¥, with respect to the designated asymptotically flat end. Then M
is diffeomorphic to the complement of a finite number of open 3-balls and a finite number of points in
R3, where the point punctures represent asymptotically cylindrical ends and the boundary of the 3-
balls are the components of ¥. By assumption, at most one component ¥ of the outermost minimal
surface encloses components of the boundary M or nonsimply connected domains. If ¥; = ) then
M is simply connected and has no boundary, and therefore this theorem follows from [48]. If 3 # ()
let M7 denote the region of M outside of ¥;. The hypotheses then imply that M; has a single
component minimal surface boundary, is simply connected, and has a finite number of additional
asymptotically flat and cylindrical ends. By Proposition 2.2.1 0M; = ¥4 is axisymmetric, so that
M, itself is axisymmetric. The initial data (M, g, k, E, B) now satisfy the hypotheses of Theorem
1.0.2 (4i), and (1.0.13) follows. O
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Chapter 3

An Approach to the Penrose
Inequality with Charge and Angular
Momentum

3.1 The Mass Formula and Reduced Harmonic Energy

An initial data set (M, g,k, E, B) as in Theorem 1.0.3 admits a global set of Weyl coordinates [19]
(p, z, ¢) in which the metric takes the form (1.0.10) and the scalar curvature is of the form (1.0.11).
Since there is a single black hole, or rather one minimal surface boundary component, the z-axis
is broken up into three intervals or ‘rods’ (—oo, —my), (—mg, mg), (Mo, 00) in which the two semi-
infinite rods are the axis and the finite rod represents the horizon boundary OM. The value mg > 0 is
uniquely determined by the geometry of the initial data. Let Uy and «g denote the metric coefficients
in Weyl coordinates for the Schwarzschild solution having this same rod structure; note that mg is
then the mass of this Schwarzschild spacetime. If 1 = \/p? 4+ (2 — mg)? and r— = /p? + (2 + my)?
denote the Euclidean distances to the poles p; = (0,mg) and p_ = (0, —my) in the pz-plane, then

1. r—+4ry—2mg 1 (r— +ry)?—4m3
Uy=-log—— =—1 . 3.1.1
075 r++r_+2mg’ a0 =5708 dr_ry ( )
These functions blow-up on the horizon but are finite along the axis. In particular
mo 1 1
Uy=——+0(=5], ap=0 | as = /p?+ 22 — oo, (3.1.2)
r r r
1 —
Uy = §log <z+:2> +0(p?), ap = 0(p?) asp—0and |z| >mg +e, (3.1.3)
Up =logp+ O(1), ap=logp+O(1) asp—0and |z| <mg—e, (3.1.4)

where € > 0. These Schwarzschild coefficients play the role of singular part for the metric coefficients
of (1.0.10). That is, we may write U = Uy + U and o = ag + @ where U and @ remain bounded. In
fact, this decomposition has the following regularity properties which are proved in Section 3.5 and
rely on the minimal surface condition at the boundary.
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Lemma 3.1.1. Under the assumptions of Theorem 1.0.3 the renormalized functions U and @@ are
smooth away from the horizon rod, and have continuous first derivatives everywhere except possibly
at the poles p+ where they are bounded. At infinity U = 01(7"*1/2*6) and @ = 01(771/275) for some
e>0.

Let us now use this decomposition of the metric coefficients to compute the ADM mass. Recall
from [19] that if S, represents the limit as » — oo for coordinate spheres S, then the mass is given

by
1

T 8

The boundary terms at infinity in this formula arise from integrating the scalar curvature formula
(1.0.11). Observe that

m

/ [BT(QU —a)+ %] do. (3.1.5)

oo

Apvzadx:/ 2pA, codpdz
R3 R2

+
= lim 2m(o — pOya)dz + lim 27 (pOra — avsin 0)ds (3.1.6)
=0 J e r—=00 Jopit
. a
_;1_1}(1) - 2m(o — pOya)dz + /Soo (8,«04 - ;) do.

Here D;' is the half disk of radius r, and p = rsinf and z = r cos §. Furthermore

AUdz = 0, Udo — lim/ 2mp0,Udz, (3.1.7)
p=¢

R3 Soo e—0

and since Uy = O1(r~ ') as r — oo with Uy harmonic

/\VUde:/ IV (Up + U)2dx
R3 R3

(3.1.8)

:/ (VTP + V(U + 20) - VUp) da

R3

_ / VU Pde —lim [ (Up + 20)8,Updo + / (Uo + 20)0, Updo
RS e—0 p=e o

:/ VU |*dx — lim/ 21 p(Up + 2U)9,Updz.
R3 e—0 p=¢

Therefore by integrating the scalar curvature formula, and putting all these computations together,
we find that

_ 1 1
81Tm :/ |:|VU’2 + 5672U+2QR + ZIO2€7204(8Z140 _ 8pAz)2:| dx
R3

(3.1.9)
+ liH[l) [47pd,U + 27 (o — pdpax) — 2mp(Uy + 2U)0,Up) dz.
e=0 J —¢
Consider now the boundary integrals in (3.1.9). Computations show that
li = li =2 1.1
lim /p:(E pO,Udz lim /p:E €d,Up(e, z)dz = 2my, (3.1.10)
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and

ii_l)% B [ = pdpa — p(Up + 2U)0,Up| dz :ii_I}’(l) - (a0 +@— pdyag — Uy — 2U) dz
= Iz1<mo (3.1.11)
mo o
:/ (@ —2U)(0, z)dz.
o

Furthermore, simple connectedness and the divergence free condition for the electric and magnetic
fields gives rise to electromagnetic potentials [48, Section 2]

dy = F(n,-), dx = *F(n,-), (3.1.12)

where F' is the field strength tensor and * denotes the Hodge star operation. Similarly the compati-
bility condition Je,,(n) = 0 guarantees the existence of a charged twist potential

dv = k(n) x n — xdip + dx. (3.1.13)

Since the initial data are maximal, nonnegativity of the energy density e, > 0 implies the following
lower bound [48, Section 2] for scalar curvature

6U —2a

4U -2«
e
R 2 [klg + 2Bl +|Blg) 2 2=—3—|Vo + XV — Y Vxl* + 2

€ (VX2 + [Vo[2).  (3.1.14)

2
Putting all this together yields the mass lower bound

62U

1 o AU
m 28/ <|VUy2 + S Vo VY — VX2 + (VX + !VW)) d
7 Jrs P P (3.1.15)

1 [mo —

41 / (@(0, 2) — 200, 2))d= + mo.

4 )

Related formulas were obtained in [13, 19] and [35] in different settings.
The volume integral on the right-hand side of (3.1.15) is directly related to the harmonic energy

of maps between R3 \ I' — HZ, where I' = {p = 0,|z| > mg} is the axis. More precisely, let

U = (u,v,x,¢) : R3\ T — ]I-]I(% and consider the harmonic energy of this map on a bounded domain
QCR3\T:

Eq (1) = /Q [Vul? + Vo + xVi — pVx|? + e* (|[Vx|* + |Vy|?) d. (3.1.16)

Set u = U — log p, then the reduced energy Zg of the renormalized map ¥ = (U, v, x, ) is related
to the harmonic energy of ¥ by

To(¥) = Eq () + / (2U + Uy — log p)d, (log p — Up)do, (3.1.17)
o0
where v denotes the unit outer normal to the boundary 92 and

U o2U
To(¥) = [ [VUP + o190+ x90 = 0¥ + 5 (9 +VoP) da. (3.1.18)
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Observe that the volume integral of (3.1.15) is exactly the reduced energy on R3, which will be
denoted by Z(W¥). The relation (3.1.17) is established through an integration by parts, using the fact
that log p and Uy are harmonic on R3 \ T'. Namely

I () =/Q (IV(u = U +log p)|* + e|Vv + x Vb = pVx[* + > (|Vx|* + Vo)) da
:/ |Vul?> + V(2u — Uy +log p) - V(log p — Up)dzx:
Q

+ / M0 Vi — T2+ (V2 + [Vl?)de
Q (3.1.19)
:/Q (IVul* + e*|Vv + x Vi — Vx| + (Vx> + |VY|?)) da

+ / (2u — Up + log p)d,(log p — Up)do
o0

—Ea(¥)+ [ (30 + Uy ~ log )0, logp - Ua)do.
The functional Z may be considered a regularization of E since the infinite term [ |V(log p — Up)|?
has been removed, and since the two functionals differ only by a boundary term they must have the
same critical points.

Let U), = (uk, Vg, Xk, ¥r) denote the harmonic map associated with the Kerr-Newman solution,
and let Wy, be the corresponding renormalized map where 1, = Uy, —log p = Uy +Uy—log p. It follows
that Wy is a critical point of Z. As will be shown in Section 3.3, W}, realizes the global minimum for
7.

Theorem 3.1.2. Suppose that ¥ = (U,v,x,) is smooth and satisfies the asymptotics (3.2.4)-
(3.2.14). If vlr = vklr, xXIr = Xklr, and Y|r = Yi|r then there exists a constant C' > 0 such
that

3

(V) - Z(¥y) > C </R dist%%(\ll, \I/k)da:) : (3.1.20)

3

3.2 Asymptotics in Weyl Coordinates

In order to minimize the functional Z(W) it is necessary to choose the appropriate asymptotics for the
map V. The asymptotics will be guided by the principle of having a finite reduced energy, however
the convexity minimization argument of the next section will in general require stronger asymptotics
than that which is optimal for integrability. It will be useful to first record the asymptotics of the
Schwarzschild metric coefficients near the poles, namely a computation shows that

Vo = O(r}r/z) as r — 0 and z > my, eY0 = O(prllﬂ) asry — 0 and z <mg, (3.2.1)
eVo = O(pr:l/Q) as r— — 0 and z > —my, eVo = O(rl_/Z) as r— — 0 and z < —my, (3.2.2)
eVo—ao — O(ri/z) as r4 — 0. (3.2.3)

According to Lemma 3.1.1 we have

U € CYY(R3), U=0,r""% asr— oo, (3.2.4)
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which is enough to guarantee that the first term of Z(¥) is finite. Consider now the potential terms
and set w = dv 4+ xdy — ¥dy. In order to achieve integrability at infinity and near the axes away
from the poles we will require, for A > %, the following asymptotics

lw| = p?0(r™),  |Vx|+ V| = pO(r—) as r — oo, (3.2.5)
lw| = 0(p?), |Vx|+|Vy|=O0(p) as p — 0 and |z| > my, (3.2.6)
X, || = const + p?O(r~*) as r — oo, (3.2.7)
x|, |%| = const + O(p?) as p — 0 and |z| > my, (3.2.8)
from which it follows that
|Vo| = pO(r~*™)  asr — oo, Vol =O(p) as p— 0 and |z| > myo. (3.2.9)

It remains to prescribe asymptotics near the poles and in a neighborhood of the horizon rod. By
(3.2.1), €®V = O(r2) or e*V = O(p*r;?) near p, if z > mg or z < myg respectively. It follows that
the second term in Z(W) is integrable near p if

lw| = p20(7’;3/2) for z > my, lw| = O(r_l‘_/Z) for z < my. (3.2.10)
Similarly, near p_ we will impose
lw| = 0(7“1_/2) for z > —my, lw| = pZO(r:S/Q) for z < —my. (3.2.11)

Analogous considerations lead to the condition near p4

Vx| + V| = pO(rit)  for 2z > my, Vx| + VY| =0(1) for z < my, (3.2.12)
and near p_
Vx| + VY| =0(1) for z > —my, Vx| + [V| = pO(r=t)  for z < —mo. (3.2.13)

Next observe that since eV = O(p) near the interior of the horizon rod, if
lw| = |Vx| = |Vy|=0(1) as p — 0 and |z| < my, (3.2.14)

then the last two terms of the reduced energy are integrable in this region.

Lastly we record additional asymptotics that follow from above and will be needed in the following
section. Assuming that the value of the potentials on the axes agree with those of the potentials
for the Kerr-Newman map ¥, we may integrate on lines perpendicular to the axes and near p4+ to
obtain

v —vg| + |x — xk| + | — Y] :O(p2r£1) as r+ — 0 and |z| > my. (3.2.15)

For |z| < myg, integrating on horizontal lines will not yield such an estimate since the two sets
of potentials do not necessarily agree on the horizon rod. Thus, we integrate along radial lines
emanating from the poles p+ to find

v —vk| + |x — xk| + |¥ — K| = O(ry) as 73 — 0 and |z| < myg. (3.2.16)
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3.3 Minimizing the Functional

In this section it will be shown that the renormalized Kerr-Newman harmonic map Wy is the global
minimizer of the functional Z, among competitors ¥ satisfying the asymptotics of Section 3.2. This is
based on the convexity of harmonic energy E for nonpositively curved target spaces under geodesic de-
formations. Such a strategy has been used successfully in connection with mass-angular momentum-
charge inequalities in [17, 48, 57], where the minimizer arises from extreme black holes. Here we will
extend this method to the setting of nondegenerate black holes. The difficulty arises from the fact
that the convexity property does not pass directly from E to Z since the energy is applied to singular
maps. To get around this problem a cut-and-paste procedure is employed in which the regularized
map WV is approximated by maps ¥;. which agree with ¥, on certain domains. More precisely, let
d,€ > 0 be small parameters and set 5. = {0 <rx; r <2/d; p > e} and As. = Bys \ s, where
By is the coordinate ball of radius 2/5. Then Ws. = (Usc,vse, X5, ¥s,.) Will be constructed so
that

Supp(Uﬁ,e - Uk) - 32/67 Supp(”&s — Vky X6, — Xk» ¢6,5 - ¢k> C Q&,s- (331)

If \ilg,e, t € [0,1] is a geodesic in HZ connecting \i’};}a = ;. and \11275 — U, then \igs = U,
outside By/5 and v§, = vy, X5, = Xk, and ¢}, = 1 on a neighborhood of As.. We then have that
Uf;}s = Uy +t(Us. — Uy,) on this domain. The fact that this expression is linear in ¢, together with
convexity of the harmonic energy produces

2

d
@I(\I’&a) > 2/ |VdiStH%(\I/575,\I/k)|2d$. (3.3.2)
R3

Furthermore, since Wy is a critical point it follows that

%I(\I/f;ﬁ)h:o =0. (3.3.3)
The gap bound of Theorem 3.1.2 is then obtained by integrating (3.3.2), applying a Sobolev inequal-
ity, and taking the limit as d,& — 0. Each of these steps will now be justified. Repeated use of
the asymptotics in Section 3.2 will be made, sometimes implicitly without reference to a particular
equation.

The following cut-off functions are needed to construct the approximations ¥s.. Namely

0 if ro <9,
s =19 |Ves| <2 if 6 <ry <26, (3.3.4)
1 if rg > 26,
1 if r < 3,
o5 =1 Vol <26 ifl<r<?2 (3.3.5)
0 if r > %,
0 if p<e,
Ge = 71(1?(%2) if e < p<y/e, (3.3.6)
1 if p > /e
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The first step deals with neighborhoods of the poles p+. Let F5(¥) = (U, vs, x5, %s) where

(vs, X35 ¥5) = (Vk, X, Vr) + @5(0 — Vi X — Xoor ¥ — V), (3.3.7)
so that the potentials of F5(¥) and ¥y agree on Bs(p4) U Bs(p—).
Lemma 3.3.1. Suppose that ¥ = ¥y outside Bys, then lims o Z(F5(V)) = Z(¥).
Proof. Write

I(F5(¥)) = Z [Zr <5(F5(9)) + Lscry <25(Fs (V)] + I 526 (Fs(0)), (3.3.8)
+
where 4 > 20 denotes the complement of Bos(ps) U Bas(p—). Then according to the dominated
convergence theorem (DCT)

Irizgg(]:(;(‘lf)) = Irizgg(\lf) — I(\I’) (339)

Furthermore since the potentials of Fs(¥) and ¥}, agree on r+ < §, and eV < ceV* as |U| and |[Uy|
are bounded near py, the second and third integrands of Z,, «5(Fs(¥)) converge to zero in light of
the finite reduced energy of ¥;. The first integrand involving |VU| also tends to zero since this
function remains bounded.

Now consider

- AU o2U
%Q}dxfxw»=3/ rvvF+/‘ 4wa?+/' C (IVxsl? + [Vesl?), (3.3.10)
§<ry <26 S<ry<25 P S<ry<25 P

I Iz I3

and note that I; — 0 by the DCT. Next compute
ws =psw + (1 — ws)wr + (v —v6) Vs + (xxt) — Yrx) Vs

(3.3.11)

+ps(1 = @5)[(¥ — Pe) V(X — xi) — (X = x6) V(¥ — ¥,

and use properties of the cut-off function to find
e4U €4Uk €4U 64U
I, <C <4IWI2+4\C%|2+ s—1v— vuel* + 4|Xk¢—¢kx|2>
O<r4 <20 P Y rip rLp (3 3 12)
oAU o
+C — (I = 0PIV = xi) P+ Ix = a2V (@ = n) ) -
d<re <28 P

The first and second terms converge to zero by the DCT and finite reduced energies of ¥ and Wy.
The third term may be estimated with the help of (3.2.15) and (3.2.16), namely

€4U
/ ——lv =l < / Cr=2 =0, (3.3.13)
d<re <28 THP S<re <268

and similar considerations apply for the fourth term. For the fifth term employ (3.2.12), (3.2.13),
(3.2.15), and (3.2.16) to find

4U
[ - nPVa-xbs [ oo (33.14)
é O<ry<20

<ryp<28 P

and similarly for the sixth term. This shows that I, — 0. Lastly, analogous reasoning yields
Ig — 0. O

23



Consider now the asymptotically flat end and set
F5 () = U, + @5( — Wy), (3.3.15)
so that Fj(¥) = ¥), on R? \ By/5. Then as is shown in [48, Lemma 4.2]

lim T(FL(D)) = Z(D). (3.3.16)

Next we treat the cylindrical regions around the axis and horizon rod, and will make use of the
domains

Cse={p<e; d <ry;r<2/0}, (3.3.17)
Wi.={e<p<Ve 0§ <ry;r<2/8; |2| >m}, (3.3.18)
Wie={e <p <& 6 <rs; 2| <m}. (3.3.19)

Let ge(\I/) = (Uy vf:‘?XE?wE) where

(U€7 Xes 1/15) = (Uka Xk ¢k) + ¢5(U — Uk, X — Xk> ¢ - 1/%); (3320)
so that the potentials of G.(V¥) and ¥y agree on p < e.

Lemma 3.3.2. Fiz § > 0. Assume that the potentials of ¥ and Uy agree on Bs(p+) U Bs(p-), and
U = Uy, outside By, then lim. o Z(G:(¥)) = Z(¥).

Proof. Write
Z(G:(V)) = Zes. (G=(¥)) + IW(;E (G=(¥)) + ng,s (G=(¥)) + IR?’\(C,;@UWL{&UW?’E)(gf:‘(q/))- (3.3.21)
Since the potentials of ¥ and ¥y, agree on Bs(p+), the DCT and finite reduced energy imply that
T (c5 cowt owz ) (G=(V)) = Z(W). (3.3.22)

Furthermore since the potentials of G.(¥) and ¥y, agree on Cs, and eV < ceVs on this region, the
second and third integrands of Zc,  (G:(¥)) converge to zero in light of the finite reduced energy of
Wy. The first integrand involving |VU| also tends to zero since this function remains bounded.

The domain Wg’ - concerns a neighborhood of the axis of rotation, and therefore Zyy1 (Ge(¥)) — 0

according to Lemma 4.4 of [48]. Now consider

0 €4U ) €2U 5 )
Tyg (@)= | VTP [ el | (el VP, (3:3.23)

S, W6,5 W(S,a

I I I3

and notice that I; — 0 since |VU| remains bounded. Next observe that

We =¢ew + (1 — ¢e)wi + (v — vx) Ve + (xat — YrXx) Ve

(3.3.24)
+ ¢ (1 — ¢)[(Y — ) V(X — xx) — (X — xu) V(¥ — ¥r)].
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The asymptotics of the cut-off function then yield

et 2 eltr 2 —2 -2 2 —2 -2 2

I, <C — |l + —|wk]” + (loge)™"p " |v — vg|” + (loge) “p™"[xw® — Yrx|

Wie NP g (3.3.25)

0 [ (0= hP I ) + = P90 = )
d,e

The first two terms converge to zero by the finite reduced energies. Furthermore according to (3.2.14),
|v — k| = O(1) and thus

/.

S,e

(loge) 2w — v|* < C’/W2 (loge)2p 2 =0 ((loge)™") — 0. (3.3.26)
S,e

Analogous considerations may be used to treat the fourth term. Lastly, since [¢) — x| and |V (x — xx)]
remain bounded the fifth term tends to zero, and similarly for the sixth. O

We are now in a position to construct the appropriate approximation to ¥ via the cut and paste
operations by composition
Use = Ge (Fs (F5 (1)) (3.3.27)

Then according to (3.3.16) and Lemmas 3.3.1 and 3.3.2,

lim lim Z(W;.) = Z(). (3.3.28)

6—0e—0

Proof of Theorem 8.1.2. As in the introduction to this section let \11375 be the geodesic deformation
connecting ‘I~!k to \Tl(;’s. Due to the properties of the approximation the first component of the
geodesic is U;E =Ui+t(Us. —Uyg) on As., and in particular distH% (Use, V) = [Use — Ug| on this
domain. These two observations, together with the asymptotics near the poles p+ show that one
may differentiate under the integral sign to directly compute the second variation and find

d2

@I«%,E (U5.) > /

A zyV(Ug,g—Uk)P:/ 2]VdistH(2C(\I/57€,\IJk)\2. (3.3.29)
d,e

-Aé,s

On the domain §; ., the relation (3.1.17) between reduced and harmonic energies may be used. Due
to the linearity of U;E in ¢, the boundary term of (3.1.17) vanishes when computing the second
variation so that

2 2

d d - ,
WIQ&S(\IIS’E):@EQ&E(\IJ&&) 2/9 2|Vd1stH%(\Iz5,5,\pk)\2, (3.3.30)
d,e

where the inequality is obtained from the convexity of harmonic energy [57]. Since Q5. and As. are
complementary in By /5, and the geodesic deformation is constant outside of this large ball, it follows

that (3.3.2) holds.
Next, let 6 < § and £ < &, and observe that since U}, is a critical point

d

—To; (V5 )|=o = — Z/ 2(Us. — U)o, Uy — / 2(Us. — U)0, Uy, (3.3.31)
dt T+ JOB;s(p+) 9Cs =
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where v is the unit normal pointing towards infinity. In addition, using the constancy of the potentials
and linearity of U;E on Aj - we find that

d . e o . o €4Uk
aIAg,g(‘Iffs,gﬂt:o :/A 2VUy -V(Use — Uk) +4(Use — Uy, pe jw|?
e o0, (3.3.32)
— — e
+ /.A 2(U5,£ - Uk) pg (|vXk|2 + |V¢k\2) .

5,8

Since |U| + |VU] is uniformly bounded, (3.3.31) tends to zero as & — 0 followed by § — 0, and the
same holds for (3.3.32) since it may be estimated by the reduced energy of W, on Aj ..

We may now integrate (3.3.2) two times and use a Sobolev inequality to obtain the inequality
(3.1.20) of Theorem 3.1.2 with W replaced by ¥;.. In light of (3.3.28), the desired result follows by
taking the limits as € — 0 and then 6 — 0. O

3.4 Proof of the Main Results

We first show that under the assumptions of Theorem 1.0.3 the potentials and quantities arising
from Weyl coordinates satisfy the asymptotics stated in Section 3.2. Lemma 3.1.1 guarantees that
U behaves in a manner consistent with (3.2.4). Next, as is shown in [48]

eﬁU—Qa

P Vo + XV — pVx|* < [k[2. (3.4.1)

Consider a domain near the poles p1 with |z| > my, then using (3.2.1)-(3.2.3) we find that
Vo + XV — 9Vx| = O(pPe Ve Uty = 0(p*r1*/?), (3.4.2)
since |k|, remains bounded. Similarly if |z| < mg
Vo4 xVi — Vx| = O(p?e e UTe) = O(rim), (3.4.3)

which confirms (3.2.10) and (3.2.11). Near the horizon rod away from the poles, that is |z| < mo,
the asymptotics (3.1.4) imply

Vo +xVip — Vx| = O(p’e*Ye U ) = O(1), (3.4.4)
confirming part of (3.2.14).
For the electromagnetic potentials recall that from [48],

e4U—2a ) , ) )
e (IVxI* + [Vy?) < |E[; + |BJ;. (3.4.5)

Again the right-hand side is bounded near the poles, so for |z| > mg we have

Vx| + VY| = O(pe~ Ve *%) = O(pri!), (3.4.6)
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and for |z| < my
Vx| + VY| = O(pe™" e~V ) = O(1). (3.4.7)

This shows that (3.2.12) and (3.2.13) hold. Analogously, near the horizon rod with |z| < mg
Vx| + VY[ = 0(1), (3.4.8)

which fulfills (3.2.14). Furthermore the asymptotics in a neighborhood of the axis, (3.2.6) and (3.2.8),
may be obtained in similar fashion. Lastly, (3.2.5) and (3.2.7) follow from asymptotic flatness.

We are now in a position to establish Theorem 1.0.3. As shown above, the map W arising from the
initial data satisfies the hypotheses of Theorem 3.1.2. Therefore, together with (3.1.15) the following
lower bound for the mass is achieved

m > iI(\Ifk) + i /mo (@(0,2) — 2U(0, 2))dz + my. (3.4.9)

8 —mo

Let my, and Ay denote the mass and horizon area of the Kerr-Newman solution associated with the
map Wy. Then since the Kerr-Newman solution is known to saturate the Penrose inequality

m _\/ Q* (Q:% 47?%)
1 [™o ’ (3.4.10)
:gz(\pk) + Z /—mo (ak(07 Z) - 2Uk(07 Z))dz + myg.
It follows that
4472 mo B
\/167r + &1 ;1:; 7, 4/_mo(5(0,2) = B1(0,2))dz, (3.4.11)

which is the desired inequality. In the case that this inequality is saturated we must have ¥ = ¥y by
Theorem 3.1.2. Several other quantities arising from the derivation of (3.1.15) vanish, from which
it may be shown that the initial data (M, g, k, E, B) agrees with that of the canonical slice of the
Kerr-Newman spacetime; details are given in [48, Section 2.

We will now establish Corollary 1.0.4. If 3 is constant on the horizon rod then

1m0 7 1 [™ 3 A
s S0, B0.2)d _ / P02 g, . (3.4.12)
2mg 0 16mmg

The same equality holds for 3, A replaced by B, Ar since [ is also constant on the horizon.
Therefore if we assume that A > Ay, then
mo mo
B(0,2)dz > B1(0,2)dz, (3.4.13)

—mo —mo

which together with (3.4.11) yields the desired inequality. The case of equality here is treated as
above. O
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3.5 Weyl Coordinates

Here we prove Lemma 3.1.1. In [19] the existence of Weyl coordinates was established by first
constructing so called pseudospherical coordinates (ps, zs, @), in which the initial data boundary OM
is represented by a semi-circle of radius “5* about the origin in the pszs-plane. This contrasts with
Weyl coordinates in which the boundary takes the form of an interval on the z-axis in the orbit
space. Pseudospherical coordinates are valid on the planar region C \ D,,, j2 = {ps +izs | ps >

0,75 > mo/2}, where 72 = p2 + 22. In these coordinates the metric takes the standard ‘Brill’ form
g = e U2 (qp2 1 d22) + pPe Vs (do + A, dps + Az dzs)?. (3.5.1)

This structure for the metric is preserved under any coordinate change of the plane which yields
a conformal transformation, and Weyl coordinates are a particular example of this. The metric
coefficients are axisymmetric, smooth up to the boundary in C4 \ D,,, /2 With a; = 0 on the z,-axis,
and satisfy the fall-off

Ug=01(r; V279, ay=01(r;1279), A, = O01(r;%%7°), A, =01(r;%* ).  (35.2)

S

Weyl coordinates (p, z, ¢) are constructed from pseudospherical coordinates as follows. Define
complex coordinates (s = ps + izs and ( = p + iz and consider the holomorphic diffeomorphism
f:Cy\ Dy 2 — C4 given by

2 2 _ mg 2, mg
_ _ mg _ps(rs — 32) sy + )
C=f(C)=¢— e = p=T T A 2 (3.5.3)
Observe that " ,
_ my
o =1t o (3.5.4)

which is smooth up to the boundary of C, \ D,,, /2 and is nonzero except at the points (s = £
Thus by the inverse function theorem, the inverse transformation is holomorphic and has bounded
derivatives away from the poles ( = mygt of the horizon. Near these points we have

aC -1 mo . aCS C
>C ¢ F — = 3.5.5
|z e < e (3.55)
In particular, all first derivatives of the real and imaginary parts admit the bound
dps 0ps 0z 828 Cm (3.5.6)
op 0z dp \Cs ]

near the poles.
The relationship between U, o of Weyl coordinates and Uy, a of pseudospherical coordinates is
given by [19]

[

L (3.5.7)
2+ 5

U(P, Z) = Us(p87 Zs) - log %7 a(p, Z) = as(P& Zs) + log
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Note that the second term on the right-hand side of both expressions depends only on the coordinate
transformation. For the Schwarzschild solution

2rs +mg

US,O(pS7ZS) = _210g 2
s

; O‘s,()(p& 25) - O, (358)
and the expressions for the Schwarzschild data Uy and ag in Weyl coordinates may then be obtained
from the above formulas. We may then write U = Uy + U and a = ag + & where

U(p, Z) = U(p, z) - Uo(p, Z) = Us(psv 28) - US,U(pS7 ZS)? (3'5'9)

and
a(p,z) = alp,z) — aolp, z) = as(ps, zs)- (3.5.10)

It immediately follows that U and @ are uniformly bounded and satisfy the desired decay at infinity.
Furthermore since Uy, Us o, and a, are smooth, the regularity properties of U and @ depend on the
coordinate transformation f~!, and the only possible issues arise at the poles.

Consider the partial derivative

oU OUs  0OUgo\ Ops oUs  0OUgq\ Oz,
—_—= — : — ’ . D11
o (aps 3, ) o+ (azs 5z ) 9 (3:5.11)
Since the horizon is a minimal surface
0 1 2 8US 0 mo
_ = =2 _ZZsY h = .5.12
ors (Us 2048) mo ars when g 5 (3.5 )

In particular this holds at (ps, zs) = (0, £mg/2). Moreover, since ag = 0 on the axis and 9, coincides
with +0,, there, we have

6Us 6US 0 mo
=520 (0,£20) 0. 3.5.13
(823 0z ) ( 2 ( )
Next, use the fact that all functions are axisymmetric to find
8US mo 6Us 0 mo
o,i—) = s, ((),i—) —0. 3.5.14
Ops ( 2 0ps 2 ( )

Therefore the first derivatives of Ug — U o vanish at the poles. This, combined with the smoothness
of this function up to the boundary, shows that even though 0,ps and 9,z may blow-up at these
points in a manner controlled by (3.5.6), the full expression (3.5.11) remains bounded. Similar
considerations may be used to treat the 9.U and the derivatives of @.
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Chapter 4

Brill Coordinates for Initial Data with
Cylindrical Ends

4.1 Definition and Properties of Cylindrical Ends

The results of the previous chapters are proven for axisymmetric initial data sets on R?® with a global
Brill like coordinate system (p, z, ¢). Thus it important to know when an axisymmetric initial data
set has such a representation. In [13] Chrusciel establishes the existence of a Brill coordinate system
for axisymmetric, simply connected initial data sets (M?,g) with one or many asymptotically flat
ends. We use nearly the same definition of asymptotically flat as above, however we allow slightly
more general falloff.

gij — 51’]’ = Ok(’l“_e) (411)

as r — oo for some £ > 0.

In this chapter we do not need the additional structure provided by k, B, E or the constraint
equations. We will refer to a coordinate system (2?) satisfying Equation (4.1.1) as an AF coordi-
nate system, and Me,; as a submanifold of M in which equation (4.1.1) holds. An asymptotically
cylindrical end is defied analogously, and will be abbreviated AC.

Definition 4.1.1. An open submanifold Mey: of a Riemannian 3 manifold (M, g) is said to be an
asymptotically cylindrical end of order k if there exists an £ € (0,1) and a diffeomorphism between
M and {r € R;r > R} x S? for some R > 0, such the metric g satisfies

llg —3llg = Ok(r™"),* (4.1.2)
where

- 2 1 2

g=h"(5dr"+gs), (4.1.3)

h is a function on S%, and g is a metric on S%. Further we assume that § admits a killing vector
7 which is tangent to S? and has periodic orbits.
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The hypothesis L7g = 0, with 7 tangent to 52 implies Em%drg:O, and hence

h? _ 1 _
0= Eﬁ(r—szQ) + Lr(s*h?gs) = 7;(h2)r—2d7“2 + s°7(h?)gs + s*h*Lrgs (4.1.4)

If we apply the 2-form 7j(h?) 5 dr? + s*7(h?)gs + s*h*Lygs to (Or, dy), the second and third term
give no contribution and thus 7j(h) = 0. Thus we also have L5zgs = 0, so 7 is a killing vector for
gs. Since 1 has periodic orbits, we can find global coordinates (6, ¢) on S? such that n = 9, and
gs = a%(df? + f(0)?d¢?) for some positive constant a and some nonnegative function f. Thus

= h(e))?(rizdr? T+ a2(d6? + £(0)%de?)). (4.1.5)

Making the reparametrization 7* = r we have r%dr2 = ;—;dﬁ. We can factor out the a and write,

G = th(O)Q(f%de + 6% + (60)%de?), (4.1.6)

at which point we can absorb the constant a into h. Note that under this transformation the
falloff becomes ||g — |||z = ox(7~*). Using this information we formulate the following definition.

Definition 4.1.2. An AC end of order k is said to be characterized by (h, f,0) if there exists a
coordinate system (7,0, ) for Mey such that

= h(&)Q(%er + 6% + f(6)%dg?). (4.1.7)

and

llg = gllg = ox(r™) (4.1.8)

By the above discussion, every AC end is characterized by (h, f,¢) for some functions h and f
and some ¢ € (0,1). We will use this form for g throughout the paper. In the above definition h
is any smooth positive function on S? which is independent of ¢, and f is a nonnegative function
for which df? + f2d¢? is a smooth metric on S2. In particular we must have h'(0) = h/(7) = 0,
F(0) = f(m) = 0, (0) = 1 and f'(m) = —1.

Our model space appears to differ from that which appears in much of the literature, however if
we make the coordinate change 7 = logr we may write

g = h(0)*(dr? + do* + f(0)*d¢?), (4.1.9)

so that ¢ fits into the class of conformally cylindrical metrics considered in [18]. Further, in our
definition the asymptotics hold at r and 7 go to infinity. This is done so that our definitions and
theorems will more closely resemble the corresponding results for AF ends. In the literature one
often defines asymptotics as 7 approaches —oo. The two approaches are clearly equivalent. The
cylindrical metrics in this paper are modeled after the neck of the ¢ = 0 slice of an extreme Kerr

black hole. For extreme Kerr we have h(#)? = m?(1 + cos?(0)) and f(9)? = %, see [18].

Tn this case we do not have explicit coordinate system. However if we let (6, ¢) be the standard coordinates
on S? and (z,y, z) the Cartesian coordinates corresponding to the spherical coordinates (r,6,¢), then f =
Oy (r~*) takes on the same meaning as in the AF case, with coordinate vector fields d,, 9, and 9,.
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As we will be using the above definitions as hypotheses repeatedly throughout the paper, we
introduce the following definition for the sake of brevity

Definition 4.1.3. A Riemannian 3 manifold (M, g) is said to be of asymptotic order k characterized
by (hs, fi, li), if it is the union of a compact set K and a finite number of ends M;, i € {1,...,n},
where My is an asymptotically flat end of order k and M; is either an asymptotically flat end of
order k or an asymptotically cylindrical end of order k characterized by (h;, fi, ¢;). Further (M, g) is
assumed to be simply connected and azrisymmetric.

In practice one generally works with initial data sets that have at least one asymptotically flat
end. The arguments of this paper can be used to create Brill coordinates for initial data sets which
only have asymptotically cylindrical ends, however the statement of our main theorem is simpler if
we place an asymptotically flat end at infinity. This is the setting of Theorem 1.0.5.

The Theorem is proven as follows. As in [13], simple connectedness and axisymmetry imply that
the quotient M /U(1) is diffeomorphic to a half plane with a finite number of points along the axis
removed. We may double M /U (1) across its boundary to obtain a manifold N which is diffeomorphic
to R? minus a finite number of points, where each removed point represents either an asymptotically
flat or asymptotically cylindrical end. In Section 2 we describe the natural induced metric, g, on N
and show that in each cylindrical end ¢ is conformal to an asymptotically flat metric in a natural way.
In Section 3 we use the AF and AC character of the metric ¢ to construct isothermal coordinates
(p,z) on N such that q takes the form ¢ = e?%(dp? + dz?), and reflection across the z axis is an
isometry of g. We then pull back the coordinates to M and the relationship between ¢ and g gives
us the representation in equation (1.0.10).

In the remaining sections of the paper, we complete the proof of Theorem 1.0.5 by analyzing the
falloff of the metric components, and then use this falloff to establish the positivity of ADM mass
for any AF end of M. In the final section we prove an estimate on 7 in AC ends which will be used
extensively in Section 2.

4.2 Analysis of Quotient Metric

For any axisymmetric manifold (M, g), there is a natural induced metric g on the quotient manifold
M/U(1). Given any local cross section N for M/U(1) and X,Y € T,N, q is given by

g(n, X)g(n,Y)
gln,m)

For p € N we can also express g at p in terms of ¢ and the one form nb. That is, for all
X, Y eT,M

a(X,Y) =g(X)Y) - (4.2.1)

9(n, X)g(n.Y)
9(n,m)
where P, : T,M — T,N is the projection along n. Further if x4, A = 1,2 are local coordinates

for N and hence M /U (1), we can propagate them off N by requiring Ena:A = 0 and define the third

coordinate ¢ by, ¢ = 0 on N and L,¢ = 1. In these coordinates n = J4 and Pn(XAaA + X%9,) =

X490, so Equation (4.2.2) takes the form

9(X)Y)=q(P,X,P)Y)+ ) (4.2.2)
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9 = qapdadz® + g(n,n)(dp + Oadz™)?, (4.2.3)

Recall that our definition of axisymmetric presupposes that 4 is nonempty, and it is well known
that each component of A is a geodesic for M, thus A is often referred to as the axis of M. Further-
more, the quotient map 7 : M — M/U(1) maps A diffeomorphically to the boundary of M/U(1).
As stated in the introduction, we let N denote the doubling of M/U(1) across its boundary. In [1],
Chrusciel shows the following;:

Theorem 4.2.1. If (M,g) is of asymptotic order k, then the metric q¢ and the one form 0 are k
times differentiable on N. In particular q is smooth up to the boundary of M/U(1).

This fact is nontrivial because of the factor of m appearing in Equation (4.2.1). The proof
relies on and expression for the metric g in geodesic coordinates about A and not on the asymptotic
behavior of g, so Chrusciel’s proof goes through unmodified in our case.

Before preceding we will introduce some notation. Throughout this section we will use capital
letters A, B, C'... to denote x or z and lower case letters a, b, c... to denote x or y, while standard
indices 1, j, k... will still mean any of x, y, and z.

In addition to knowing that the metric ¢ is smooth on N, we must also know the asymptotic
behavior of ¢. In the AF case the following is shown in [13]:

Theorem 4.2.2. Let My be any AF end on a manifold (M, g) of asymptotic order k > 3. Then
there exists an R > 0 and AF coordinates (z,y,z) on Mey such that the plane {y = 0} N {r > R}
is transverse to n except at x = z = 0 where n vanishes. Furthermore the coordinates (x,z) form
asymptotically flat coordinates for My /U(1), i.e.

qaB — 4B = op—3(r™"). (4.2.4)
We will prove that analogous statement for AC ends.

Theorem 4.2.3. Let My be any AC end on a manifold (M,g) of order k > 7 characterized
by (h, f,€). Then there exists an R > 0 and coordinates (x,y,z) on Mey such that the plane
{y = 0} N {r > R} is transverse to n except at © = 0 where n vanishes. Furthermore in the
coordinates (x, z), the metric q satisfies

h(9)2 —£—2)

qAB — —504B = 0p3(T where 0 = arctan(g). (4.2.5)
r z

To prove this theorem, we start by constructing nice Cartesian coordinates (z,y,z) for Me..
Our construction is highly dependent on the following estimate for the killing vector 7.

Proposition 4.2.4. Let n° be a killing vector for an axisymmetric three manifold (M, g). Let My
be an AC end of M of orderk > 7 characterized by (h, f, ). Then there exists Cartesian coordinates
(z,y,2) for Mey such that

1 1

g= h(0)2(r—25 + E(f(Q)Q — sin? 0) (zdy — ydz)?) + Op(r~*"2)dz'da’, (4.2.6)
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n'0; = 19y — yO, + op(r' =)0 (4.2.7)

and

. h(9)2f(0)? ,
nidx' = Lf()(xdy — ydzx + o (1) dz?). (4.2.8)

The proof of this estimate is straightforward, but lengthy, and is given in Section 4.7. It is worth
noting that since f(0) = f(7) = 0 and f'(0) = — f'(7) = 1 we have csin(9) < f(0) < C'sin(f) for some
positive constants ¢, C. Since 222 —= %, this implies % = O(r~!). Thus in the above Cartesian

coordinates, all metric components of g are O(r~2). We will use wé to denote the antisymmetric 3 by 3
matrix whose only nonzero entries are w} = —w? = —1. Using this we may write ° = w;'-:nj +0(r'Y).

Using Proposition 4.2.4, we can prove the following:

Proposition 4.2.5. Let M., be any AC end on a manifold (M,g) of asymptotic order k > 7
characterized by (h, f,0), then there exists a Cartesian coordinate system (x,y,z) on My such that,
g satisfies Equation (4.2.6),

€z —_—

N =—-y+ Ok(rl_e)v

nY =z 4 o, (r'=*), and n* = 0. (4.2.9)

Further n; satisfies Equation (4.2.8), and if 15 represents the flow of n, we have
ToYr=—x, yothy = —y, and zos = Z. (4.2.10)

Proof. Let (£,7, 2) be an arbitrary set of coordinates for M,,; given by Proposition 4.2.4. Let /' be
the associated killing vector and v, the flow of 7. As in [13], our estimate for 7’ implies that 1 is
given by

V(i) = (cos(s)i — sin(s)g + f2(s,2?),sin(s)@ + cos(s)j + f9(s, &%), 2 + f*(s,2Y)), (4.2.11)

where the f** are error terms, each of order o1 (#!~¢). Using this we can construct the desired
coordinates on M,.;;. Define

T—ToY, J— U0y 1 [
T = 5 ¢,y:y y2 ¢,z:% ; % ogds. (4.2.12)
Simple calculations using the form of ¢ lead to
o’ =& + oppr (P70 (4.2.13)
and hence
oz’ ; A
557 = 05t ol 9, (4.2.14)

where (2%) is used to represent the coordinates (z,y, z). Define r = \/22 + y2 + 22, and note that
Equation (4.2.13) implies
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r=r7+4 0k+1(f17e) =7+ Ok+1(7‘17£)- (4215)

By the implicit function theorem, for R large enough, the ¢ form a coordinate system on M.
Further Equation (4.2.12) implies z 0 )y = —z, y o = —y, and z o) = z for all s € [0,27). It
remains to show that g satisfies Equation (4.2.6) and that 7’ is of the desired form. Equation (4.2.14)
and the fact that the metric components are O(r~2) imply that

-5
Gij = 9ij +or(r2), (4.2.16)

and hence g satisfies Equation (4.2.6).
Finally Equations (4.2.13) and (4.2.14) imply

N a@’ . . _ - _ . _ . _
= 55w = (0 +onlr Nwid' + o, (r' ) = wii' + o (r' ™) = wja' + o (r' ) (4.2.17)
and hence 7' = 1° + o5, (r1 ). Thus since 7% = §+ o (F17), and H¥ = —F + o (*17%), we conclude
n® =y +op(r'F), and n¥ = —z + ox(r'%). Since z 0 1h, = z we must have n* = 0, so n’ satisfies the
desired condition. The estimate for n; follows from the estimate for 1’ as in the proof of Proposition
4.2.4 given in Section 4.7. 0

Next we prove several additional properties of the coordinate system (z,y, z) which will allow us
to prove Theorem 4.2.3.

Lemma 4.2.6. Under the coordinate system (x,y, z) the metric g satisfies

892,2
ox?

69{16
ox¢

where a,b,c € {x,y}.

(0,0,2) =0,

—(0,0,2) = 0 and g,-(0,0,2) = 0, (4.2.18)

Proof. The fact that ¥ (z,y, z) = (—x, —y, ) implies di)(0;) = =04, dpx(0y) = —0y, and dip(0,) =
0. Thus since 1, is an isometry

g<8¢17 ab)(O,y,z) = g(dwﬂ(atl)v dwﬂ(ab))lbw(O,y,z) = g(_aav —8b)(0,7y,z) = gab(07 —-Y, z) (4'2'19>

Thus g4s(0,y, 2) is an even function of y so all odd order y derivatives vanish at z = y = 0, i.e.
6;;;1{1*’(0 0,z) =0 for all I € N. Similarly gus(x,0,2) = gap(—2,0, 2) so we have d;“rTH(O 0,2) =0

for all I € N. When [ = 1 we have the first desired equation %i?f (0,0,z) =0.
Similarly we can calculate

9(627 aZ)((Ly,z) = g(dwﬂ'( ) dl/}ﬂ'( ))ww 0,y,2) — g(a’«” az)(ﬂ,—y,z) = 922(07 Y, Z) (4220)

Thus %(0,0, z) = 0 and in the same way %(0, 0,z) =0 for all l € N. When [ =1 we have

the second desired equation %ij (0,0,z) =0.

Finally we have
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g(am 82)(0,3/72) = g(dwﬂ(aﬂa)? d¢ﬂ(az))wﬂ(0,y,z) = g(_aa, 62)(0,—3/,2) = _gaz(O; Y, Z)a (4221)

SO gaz(0,—y, z) is an odd function in y and hence g,.(0, -y, z) = 0 and 8;;‘72‘7 (0,0,2) = 0 for all

leN. O
We now prove a few properties of n* which will allow us to estimate 1’ near A.

Lemma 4.2.7. Under the coordinate system (z,vy, z), the killing vector ' satisfies

n'(0,0,2) = 0, Vin*(0,0, z) = V.5'(0,0,z) = 0, (4.2.22)

and

Vzvjnk(oa 07 Z) = V'Lv]nk(oa 07 Z) == aaabnc(ov 07 Z) == aaabnc(ov 07 Z) =0 (4223>
where a,b,c € {x,y}. In addition we have {(0,0,2)} = AN Mey.

Proof. Since Y (z,y,2) = (—x,—y,2), the fixed point set of ¢, is precisely {(0,0,z)}. Since all
nontrivial orbits of ¢ have period 2w, we conclude (0,0, z2) is a fixed point of ¥ for all s. Thus
Mzt N A= {(0,0,2)}, and 1%(0,0, 2) = 0.

Now since n*(z,y,z) = 0 for all (z,y,z) we have 9;n* = 0. Thus V;7*(0,0, z) = 9;7%(0,0, z) +
Ffjnj (0,0,2) = 0. Since 7' is a killing vector V;n* = 0 implies V7" = 0. Finally, the killing equations
imply that V,;V,;n* = Rfijnl, so since 1%(0,0, z) = 0 we have V;V;7%(0,0, z) = 0. Lowering an index
we have V;V,;n;(0,0, z) = 0. Finally we expand the second covariant derivative as

0= VaVen©(0,0,2) = (8aVy® + T, V! —T7,Vm°)(0,0, 2). (4.2.24)

Expanding the Christoffel symbols in terms of the metric and applying Equations (4.2.18) and
(4.2.22) we obtain

0 = 9,9ym°(0,0, 2). (4.2.25)

and similarly for the lowered index version. O

Deﬁne )\;(z) = gz; (0,0, 2) and Ai;(2) = gix(0,0, z))\;g Since 7* = 0 and 7(0,0, z) = 0 we have
A? = AL = 0. Further note that Equation (4.2.7) implies A?(z) = wi+o0x_1(r~%). Finally the vanishing
of n on the axis implies Az = Ayy = 0. We can now establish the necessary estimates for 1 near the

axis.

Lemma 4.2.8. In the region Moy N {(x,y,2) : 22 > p*} the killing vector satisfies

= M\ga’ + op_s(r )% (4.2.26)
and
Mo = Aapz” + op—s(r~*)p’ (4.2.27)
In addition we may write
0)2h(6)? .. _
n = f()pz()( bz" + o —3(r~")p) (4.2.28)
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Proof. To estimate the value of n* at the point (z,y,z) we consider the segment 7 connecting

(0,0,2) to (x,y,2). Let 0, = (xxfi;;y)?@ig = Iaz:yay denote the tangent vector along this segment.

From Equation (4.2.7) we have 8637".; = op_3(r

—=2), Integrating once along v we have a;:; (x,y,2) =

op_3(r " p+ 8;—:;(0, 0,2) = op_3(r~*~2)p where %2—;5(0, 0, z) vanishes by Lemma 4.2.7. Integrating
two more times along v we have
on®
dp

on®
dp

(z,y,2) = op_3(r~""2)p? + (0,0, z), (4.2.29)

and

on®
dp

o on® o
na(xvyvz) = Ok_g(T ¢ 2)/)3 +p a’rli) (07072) + na(ovoaz) = Ok—3(r ¢ 2)p3 +p

(0,0,2), (4.2.30)

where 7%(0,0,z) = 0 by Lemma 4.2.7. Finally we note that by definition p%—’;“(o,o, z) = Mab
and hence 7% = Ma® + op_3(r~=2)p% as desired.
We can follow the same procedure for estimating 7,, however we start from the fact that
3,a
Na = Or(r~!) and hence 88;73 = Oy_3(r™). Upon integrating three times we obtain 7, = Agpa® +
ok—3(r~*)p° O

We know n? = 0 in all of M.,:, however we do require a precise estimate of 7, near the axis.

Lemma 4.2.9. In the region Mgy N {(x,y,2) : 22 > p*} the killing vector satisfies

N, = Op_1(r=)p? + Op_3(r~— 1) p (4.2.31)

Proof. Following the procedure of Lemma 4.2.8 we begin from the starting point 7, = Ox(r~!). In
this case Equation (4.2.22) implies the first order terms vanish, so

)ps (4.2.32)

Expanding the second covariant derivative yields 0 = V,Vyn, = 0,0pm, — 2I'S, \pe. Here the
Christoffel symbols are in general Oy,_1(r~!), and hence (9;2)772 = Op_1(r~3). Equation (4.2.31) follows.
O

We can now show that {(x,0, z) : > 0} can be used as a global cross section for Me.:/U(1) and
hence that we can use (z, z) as global coordinates for Mg /U(1).

Lemma 4.2.10. Given the coordinates (x,vy, z), there exists an R > 0 such that ' is transverse to
the submanifold N ey := {(,0,2) : 2% + 22 > R?} except at x = 0.

Proof. We will require different estimates for 1 in the region 22 > 2% and z? < 22. First, for 22 > 22
we recall that n' = w}xj + op(r'=*) where w¥ = 1, so if y = 0 we have 7Y = 2 + o (r'~%). Since
% > 22, we have 22 > %7‘2, so x > op(r'¢) for large 7. So there exists a R such that ¥ > 0 in the
region {(,0,2) : 22 + 22 > R, 2% > 2%}, and thus 7’ is transverse in this region.
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Now suppose z? > 22, and thus z is comparable with 7. By Lemma 4.2.8 we have n¥(x,0, z) =
M + o_3(r~*=2)23. Since A} = 1 + o_1(r~*) we have the estimate

1Y (2,0,2) = (14 op—1(r~ "))z + op—s(r™%)a = (1 4+ 01 (r™")). (4.2.33)
Thus by taking R large enough we can ensure 1 (z,0, 2) # 0 whenever 22+ 22 > R. We conclude
there exists an R such that 7 is transverse in the region {(z,0, 2) : 2% + 22 > R, 2 # 0}. O

The above Lemma implies that Negy := Nege N {z > 0} is a global cross section for M, /U(1)
and that we can use (x, z) as global coordinates for My /U(1). We can now prove the main result
of the section.

Proof of Theorem 4.2.3. All that remains is to show ¢ satisfies Equation (4.2.5) in the coordinates
(z,2). To show this we use our previously obtained estimates on the killing vector 7, and Equation

(4.2.1), or equivalently gap = gap + ;7(};’5).
From Equation (4.2.6) and the fact that y = 0 on N¢, we obtain gap = h(r@QMB +op_3(r—t72).

When restricted to Ny, v for the coordinates (x, y, z) agrees with r for the coordinates (z, z), thus we

need only show that ;7(;7"7% = 0p_3(r~!72) throughout N. This is done by considering two regions,
x>z and z < z, where will will show the stronger statement % = Ok_3(7“_2£_2)
2 2

First suppose & > z and recall that the estimates for n imply g(n,n) = %(ﬁ + o (r*7Y)),

7]1(0);{(9)2 (22405 (r*>7*)). Now since s = 7}‘(9)25(0)2 (i’ +or (r'=1)),

thus in the plane y = 0, g(n,n) =

and W = Ok(T*Q), in the plane y = 0 we have n, = ok(r*ffl) and n, = ok(T*Ll). Since
Wﬁw = Oy (r?), we conclude
2 ) Yy
nAnB p op(r=7°) op(r™) o

g(n,n) — hO?2F(O)? (22 + o (r¥/2)) a2 + oy (r3/2)

The fact that « > r implies 22 + 05 (r>~%) = Ok(2?) = Ok(r?) so %7777}73) = O(r~272). Our control

over the derivatives of the numerator and denominator imply géﬁ% = o (r~272) as desired.

Now suppose z < z. On Ngy the estimates in Lemma 4.2.8 are of the form n® = Az +
op_3(r~%)2% and n; = W()\ix + op_3(r~%)x). For the numerator of ;7&77‘75‘) we recall that
M = op_1(r~%) and A2 = 0 50 1, = o_3(r~*"2)x and 1, = o_3(r~*"2)x. Thus in any case nanp =
op_3(r~2=%)z2. For the denominator we have

2 2
W‘q(n’ n = Wﬁ“na = Nz 4 op_3(r 7)) (A2 + op_3(rO)a). (4.2.35)

When a = y we have leading term (A\%)%2% = (1 4 op_1(r))22. All other terms for a = y and
2 2
a = x are op_3(r~%)z? and thus we have g(n,71) = M(l + op_1(r~%))22. Combining this with

P
our estimate for the numerator we have

2 —20—4N,.2 —20-4
NANB 14 op—3(r )x o Ok—3(T ) —20-2
ey = —_— = — 42
g~ ROPFOR 0+ oo~ O T gy o) (4:230)
as desired.
O
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4.3 Isothermal Coordinates
In [13] the following theorem is proved concerning the existence of isothermal coordinates

Theorem 4.3.1. Let (N,q) be a 2 manifold with n AF ends N;, each of order k — 3 which is
diffeomorphic to RQ/{CLZ«}?/:Q such that each puncture represents an AF end. Further for 1 <i <n
let x‘ZA be asymptotically flat coordinates in the i*" end, and let 7; denote the corresponding radial
function. Then there exists a unique function u such that e 2%q is flat throughout N, u = ok_4(rf€)
as r1 — 0o, and

u = log C; + 2log 7 + o_4(7;°) (4.3.1)

as T; — oo fori > 2 and some constants C;. Furthermore this conformal factor compactifies each
of the asymptotically flat ends except Ny so that the metric e~2%q extends to a complete flat metric
on R2.

We will use this result to show the existence and uniqueness of the desired conformal factor when
cylindrical ends are allowed. For conciseness we first introduce the following definition:

Definition 4.3.2. An open submanifold Ney of a Riemannian 2 manifold (N,q) is said to be an
asymptotically cylindrical end of order k if there exists a diffeomorphism between N and R\ B(R)
for some R > 0, such that in local coordinates (x,z) on Ney obtained from R\ B(R) the metric q
satisfies

h(6)?
qAB — 52) S4B = op—3(r 72

, (4.3.2)
where h is a positive smooth function of § = arctan(%).

The coordinates (x, z) will be called AC coordinates and N, will be referred to as an AC end
of N.

Theorem 4.3.3. Let (N, q) be a 2 manifold with n AF or AC ends Nj, each of order k — 3. Further
suppose N is diffeomorphic to ]Rz/{ai}i]\i2 such that each puncture represents an AF or AC end, and
N1 is an AF end at infinity. Further for 1 <i <n let acf1 be AF or AC coordinates in the it" end, and
let 7; denote the corresponding radial function. For each N; which is AC, let h; denote the conformal
factor appearing in Equation (4.3.2). Then there exists a unique function u such that e=2%q is flat
throughout N, u = ok,4(r1_€) as ry — 00, and for i > 2 and some constants C;,

u = log C; + 2log 7 + o_4(7; %) (4.3.3)
if N; is AF, while

u = log C; + log h; + log 7; + ok_4(7’;€) (4.3.4)

if N; is AC. Furthermore this conformal factor compactifies each of the AF and AC ends except
N1 so that the metric e~2“q extends to a complete flat metric on R2.
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2
Proof. We first show existence. Let o be a smooth positive function which is equal to ;—3 in each NV;

which is AC and equal to 1 in each N; which is AF. Now consider the metric oq. Since o = 1 on each

AF end, the coordinates xf which are AF for ¢, are also AF for 0q. Now if N; is an AC end for ¢, and
2

xf‘ the corresponding AC coordinates, then gap — %5,43 = ok_g(Fi_ﬁ_z) in N;, so by construction

0qAB—0AB = Ok_g('r*é). Thus xf‘ are AF coordinates for IV; in the metric 0q. Hence the Riemannian

manifold (N, oq) satisfies the hypotheses of Theorem 4.3.1. Let % denote the conformal factor such
that oe~2%q satisfies the conclusions of Theorem 4.3.1. Thus the conformal factor u := 4 — £log o is
such that e 2%q = ge~2?%q is flat and every end except N; is compactified. Thus it remains to check
that u has the desired falloff. Since ¢ = 1 in each flat end, u = @ in each such end, and by Theorem
4.3.1. Thus u = ok._4(rf€) as r1 — oo, and for 7 > 2,

u = log C; + 2log 7 + o_4(7; ") (4.3.5)
if N; is AF. If N; is an AC end for ¢, then in N; we have

u=1u—Lllogo =1+ logh; —logr; = log C; + log h; + log 7; + ok_4(fi_e) (4.3.6)

as desired.

For uniqueness we will apply the uniqueness of Theorem 4.3.1. Explicitly, suppose e2?q is flat
and v satisfies the falloff of Theorem 4.3.3. Let o be as above and define v = v + %log(a). Then
we note that ¢ satisfies the conclusions of Theorem 4.3.1 when applied to the metric oq. By the
uniqueness of Theorem 4.3.1 we have © = 4 and thus u = v as desired. O

We can now apply this theorem to the doubled manifold N.

Theorem 4.3.4. Let (M,g) be of asymptotic order k with n ends. Let (N,q) be the doubling of
M/U(1) with the induced quotient metric and isometry 1. Then there exists a global coordinate
system (p, z) for N under which q has the form q = e2“(dp? + dz?), and the isometry 1) is given by
reflection across the z axis. Further u satisfies the falloff given in Theorem 4.3.3.

Proof. Simple connectedness an axisymmetry of M imply that N is diffeomorphic to R?/{a;}" ,.
Further Theorem 4.2.1 implies that ¢ is smooth, while Theorems 4.2.2 and 4.2.3 imply that N is
AF at infinity and each puncture of N corresponds to either an AF or and AC end of (N, q). Thus
(N, q) satisfies the hypotheses of Theorem 4.3.3 and we can let u be the corresponding conformal
factor. Finally, we may consider e 2%q a metric on R? because the conformal factor compactifies
each puncture.

We claim wu is invariant under t. Since 1 is a diffeomorphism the pullback *(e™*%q) is a flat
metric on R2. This pullback is given by ¢*(e~2%q) = e~ 2uety* g = e~ 2% g since 1 is an isometry of g.
We wish to apply the uniqueness of Theorem 4.3.3, so we must show wu o) satisfies the desired falloff
in each end. Given an AC end N;, Theorem 4.2.3 implies that there exists AC coordinates (z;, z;) for
N; such that 9(z;, z;) = (—x;, 2;) for large 7;. Thus in these coordinates, 7; and 0; are invariant under
1. Hence u = log C; + log h; + log 7; + ok,4(F;€) implies u o ¢ = log C; + log h; + log 7; + 0%4(?[4).
Similarly Theorem 4.2.2 implies u o ¥ has the desired falloff in any AF end. By uniqueness we
conclude u o = u.

—2u

U

q.
Since e~2q is a flat metric on R?, there exists global coordinates (v, w) such that e~2%q = dv? + dw?.

Now since 1) is an isometry for ¢, and u is invariant under 1, 1) is also an isometry of e 2
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Further, by a rigid translation we may assume the origin of this coordinate system lies on A, and
by a rotation assume that 0, coincides with the tangent vector to A at the origin. Now clearly the
curve v(t) = (0,¢) is a geodesic for e 2%q. Since 1 is an isometry of e~2%q whose fixed point set is A,
we also have A is a geodesic for e~2"q. Thus by the uniqueness of geodesics A = {(0,v); z € R}. Now
each geodesic v,(t) = (t,w) of e~2%q gets mapped by v to a geodesic on the other side of A whose
initial tangent vector is perpendicular to A. Thus we must have (v, (t)) = (—t,w), and hence for
all (v, w) we have 9 (v, w) = (—v,w). For convenience we rename the coordinates (p, z) and have the
desired result. O

We must prove a few more facts about our new coordinate system (p,z). In particular if we
define r; = \/p? + (2 — a;)? for i > 2 as in Theorem 1.0.5, we would like to know the behavior of u
25, %) can be used
as coordinates in a neighborhood of the i** puncture. Further e 2%q at the origin of this coordinate
system is 53—23. Note that (p,z — a;) are orthogonal coordinates for e~2%q with the same origin as

as r; — 0. The fact that e 2% compactifies the punctures implies that (T;, z;) := (

(Ti, Zi). Further the line (0,%;) corresponds to the line (0, z —a;). Thus we must have p = & + O(7?)
and z = é—i + a; + O(7?). In particular r; = ﬁ + O—4(r?). This relationship along with the falloff
given in Theorem 4.3.4 imply

u=—logC; —2logr; + ok_4(rf) (4.3.7)
if N; is AF, and

u = log h; —logr; + op_4(rf) (4.3.8)

if N; is AC.

In addition the relationship between (Z;, z;) and (p, 2 —a;) implies a relationship between angular
coordinate f; = arctan(%*) = arctan(Zt) and the angular coordinate 6; := arctan(;2-). In particular
we have

0; = éz + Ok—4(ri)- (4.3.9)

If i = 1, then the fact that u = op_4(r %) implies that (p,z) are AF coordinates for M; in the
metric g. Thus if we define r = \/p2 4 22 as in Theorem 1.0.5 we have u = o}_4(r~*) as r — co. In
the next section we use these fact about the falloff of u complete the construction of Brill coordinates.

4.4 Final Construction

We now have all of the tools to prove Theorem 1.0.5. The construction of Brill coordinates precedes
as in [13], and the falloff of the metric components is computed similarly.

Proof of Theorem 1.0.5. For 1 < i < n let (x;,y;,2) be the AF or AC coordinates constructed in
Section 2. Then let N be a global cross section of M/U(1) such that in each end M;, N N M;
agrees with the set (z;,0, 2;) : ; > 0. We can do this because it was shown in Section 2 that the set
{(24,0,2) : x; > 0} is traverse to 7.
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By Theorem 4.3.4 we have global coordinates (p, z) for M/U(1), and hence (p, z) are also co-
ordinates for N. We set ¢ = 0 on N and propagate the coordinates (p,z, ) off N by requiring
Lyp = Lyz = 0 and L,¢ = 1. Since N is a global cross section, every point p in M is given by
(p, z, ¢) for some p € [0,00), z € (—o0,00) and ¢ € [0,27) where (p, 0, z) is the unique point on N in
the same orbit as p. Thus (p, 2, ¢) forms a global coordinate system for M. Furthermore n = 04 and
and P, (X494 + X?9,) = XA494. Hence by Equation (4.2.3) the metric in these coordinates is given
by

g = qapdzdz® + g(n,n)(do + A,dp + A,dz)? (4.4.1)

where A, = p% and A, = %. Further all of these functions are independent of ¢. To get

this into the form of Equation (1.0.10) we simply define U and « by e 2V = % and a = u+ U.
Then since qapdz?dz® = e*“(dp? + dz?) we have

g=e U2 (dp? + d2?) + pPe 2V (dp + Aydp + A,dz)? (4.4.2)

As in the statement of the Theorem, we now define r = \/p? + 22 and #; = \/p? + (2 — a;)? for
1 > 2. It remains to calculate the falloff of the metric components. This is done for M; and any

other AF end in [13]. Thus we will only treat the AC case.
Let M; be an AC end of M, and let N; := M; N N. In Section 2 we obtained estimates for 7 in
the coordinates (z;,y;, z;). In particular we know that on N; we have

pPe Y = g(n,n) = hi(0:) fi(0:)*(1 + ox—3(7;")). (44.3)

Using the relationship between (z;, z;) and (p, z) derived at the end of Section 3 this becomes

e = T(l + op—3(r7)), (4.4.4)
and thus
U = log p — log hi(6;) — log f;(6:) + ox—3(rf)- (4.4.5)
Using the relationship between p, r;, and 6; we may write this as
5 1 (0;
U =logr; —log hi(6;) — log f_( é) + op_3(rf). (4.4.6)
smo;

Now using Equation (4.3.8) we can directly estimate « = v+ U as

a = —log fl(ef) + 0p_a(rh). (4.4.7)

sin 6;

Functions in both U and « remain in terms of 6;, the angular coordinate for (x;,z;). To solve
this we use Equation (4.3.9) and the fact that all derivatives of f; and h; are bounded to obtain

£i(0:) = fi(0;) + op—a(r'™0),  hi(0:) = hi(0) + op—a(r"). (4.4.8)

Thus we in fact have
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U =logr; —loghi(6;) — log fi(8:) + op_3(rf), a=—log M + 04 (1). (4.4.9)

sin 6; ‘ sin 6;
Finally in [13] it is shown that A, and A, are given in the slice y = 0 by A, = 9(7777277) and
— N
Ap = Pg(nm) .
and the proof of Theorem 1.0.5 is complete. O

We will use in the following section that o = 0 in the z which follows from the fact that g is

assumed to have no conical singularities. The proof of this fact is given in [13]. As a consistency
fi(0:)

sin 6;

check we simply note that limg, ¢ log = 0, which is a necessary condition for a to vanish on

the axis.

4.5 Application to ADM Mass

The ADM mass of an asymptotically flat end with asymptotically flat coordinates, (z,y, z), is given
by

) 1
m = lsz_>ool67ﬂ_ /SR(gij’j — gjj7i)d5i, (4.5.1)

where dS; = 0;|(dz A dy A dz), and Sk can be taken to be any piecewise differentiable surface
homologous to the coordinate sphere of radius R such that limpg_,~ inf{r(p) : p € Sg} = .

In [13] it is shown that the positive mass theorem holds for asymptotically flat metrics of the
form (1.0.10) given certain falloff the for metric components. Here we modify the arguments for the
case when asymptotically cylindrical ends are present. In particular we prove the following:

Theorem 4.5.1. Let (M, g) be of asymptotic order k, with k > 6, and n > 2 ends. Further suppose
that the scalar curvature R®) > 0. Then the ADM mass m; of any asymptoticly flat end M; satisfies
0<m; <oo

with m; < oo if and only if

R® e LYR?), DU, p(A,. - A.,) € L*(R?) (4.5.2)

Proof. Assume without loss of generality that we are trying to determine the mass of M. Let (p, z, ¢)
be the Brill coordinates for M given by Theorem 1.0.5. As in [13] we can convert to standard
Cartesian coordinates by setting

x = pcoso, y= psinae. (4.5.3)

The falloff of the metric components given by Theorem 1.0.5 then imply that (z,y,z) is an
asymptotically flat coordinate system for M;. Our Brill coordinate system has the same behavior of
that obtained in [13] except near the punctures, so the integral in Equation (4.5.1) can be computed
in an identical way with the exception of our application of Stokes’ Theorem.

We define C'r to be the boundary of the solid cylinder

Cr:={-R<z<R,0<p<R} (4.5.4)

It is then shown in [13] that the mass integral of Equation (4.5.1) reduces to
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1 1 1
m = lim — 0i(U — za)dS; + / adpdz, (4.5.5)
2 87 S

R—o0 47 Cr Y

where

Wr={-R<z<R,p=R} (4.5.6)

represents the wall of the boundary cylinder Cr. We will use By, r(a;) to denote the coordinate
ball of radius 1/R about the i*" puncture and S; /r(a;) to denote the corresponding boundary sphere.
Define

Cr = Cr\ U, By/r(0,0,a;) (4.5.7)

and note that, for large R, the boundary of Cr is the union of Cg and Ui oS1y r(a;). The unit
outer normal of Sy, g(a;) is —0;,. Thus Stokes Theorem implies that

0, (U — %a)dAi + [ aw- %a)dx?’ (4.5.8)

(U — 2a)ds; = X1, /
2 Cn

Cr S1/r(as)

where A denotes the Euclidean Laplacian, and dA4; is the Euclidean area form on S /z(a;). The
falloff of U — fa is given by Equation (1.0.17) or (1.0.18) depending on whether S; /g (a;) encloses an
AF end or an AC end. In either case, since dy, f;(6;) = 9y, hi(0;) = 0, we have 8,0 = op_5(r; ") and
Or,U = Og_5(r; ') Thus for large R, sup{|0;, (U — sa)(p)| :p € S1/r(ai)} < R. Since the coordinate
area of Sy /g(a;) is F we can conclude limp_ | fSl/R(ai) Or, (U — $a)dA;| < limpoe CHER = 0.

To estimate the second term in Equation (4.5.5), we recall that « is independent of ¢ and o = 0
along the z axis. Thus we can write

R R
a(R,z)—/O apa(p,z)dp—i—a(o,z)—/o 0pau(p, 2). (4.5.9)

Note that this equality is not necessarily true for the finite set of z values corresponding to
punctures. However that finite set not affect the second integral in Equation (4.5.5), and we have

1 1 1
- / adpdz = - / dpadpdpdz = = / % 13, (4.5.10)
2 Jwg 2 Jeg 2)c, P

Combining this with Equation (4.5.8) we obtain

1 1 1 1
= lim — [ As(U - sa)da®+ — [ =0,adx’ 4.5.11
" leéozm/@R e P (4.5.11)
Falloff for o implies
. 1 3
lim —0,adx” =0, (4.5.12)
B=0JB, r(a;) P
so we may write the whole limit as an integral over Cr, i.c.
li ! As(U 1a) + adz® (4.5.13)
m= lim — - = — 5.
R—oo 4T Jé o 2 20
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We now apply the formula for scalar curvature, R3 in Brill Coordinates. We have

p2e—2a

8

4
B e—2U+2a(

1 1 1
R®) = —As(U = 5a) + §\VU]2 - Zapa + (pd.B — 9,A)?) (4.5.14)
Applying this formula, all terms in the integrand become nonnegative, and we can apply the

dominated convergent theorem to obtain

1

1
= F [R(3) + *p26_40‘+2U(pazB o 8PA)2]€—2U+20c + 2‘VU|2d.’I}3 (4515)
™ JR3

2

Observe that this is precisely Equation 3.9 in [13]. Since R®) > 0 by hypothesis we conclude
m > 0. We now demonstrate when m is finite. Note that R3 is bounded in each AC end. Further
e 2Ut2a — O(T%) near each AC end. Thus R3e~2Y*2% is integrable near each puncture represent-
ing an AC end. Similarly for AF ends R? = O(r?*%) and e=2U+20 = O(r), so RB)em2U+2 g
integrable near each puncture representing an AF end. Since e 2V+2e i as r — oo we have
Jrs R®e™2U+20453 < o0 if and only if R®) € L1(R?).

Now since « is bounded [ p?e™2*(p0, B — 8,A4)*dz® < o if and only if p(pd, B —08,4) € L*(R?).
We conclude m < oo if and only if R®) € LY(R3), DU, p(A,. — A, ,) € L*(R?).

Finally suppose m = 0, then arguments identical to those in [13] show that ¢ is flat, and thus by
simple connectedness isometric to R3. Since we assumed g has at least 2 ends, this is impossible, so

we must have m > 0.
O

4.6 Uniqueness of Brill Type Coordinates

We will discuss the uniqueness of Brill coordinates systems, as well as the pseudospherical and Weyl
coordinates used above. In any case we show that the coordinates are essentially unique once one
chooses a cross section N for M/U(1).

We begin with the case where (M, g) is an axisymmetric, simply connected Riemannian 3-
manifold with one asymptotically flat end. By Theorem 2.7 in [13], we know there exists a global
Brill coordinates system for (M, g). We prove the following uniqueness theorem:

Theorem 4.6.1. Let (M,g) be a simply connected axisymmetric Riemannian manifold which is
the union of a compact set and an asymptotically flat end. Let (p,z,¢) and (p,Z,¢) be two Brill
coordinate systems for M satisfying the conclusions of Theorem 2.7 in [15]. Then

p=p, z=i+c, db=0¢+ f(p,2), U=U, a=a, and 0.A, +0,A, = 82121,) + 0PAZ, (4.6.1)
where ¢ is a constant and f is a smooth azisymmetric function satisfying f = b+ o1(r—°).

Let (p, 2z, ¢) and (p, 2, ¢) be two Brill coordinate systems for (M, g). The two coordinate systems
can be seen as the result of applying Chrusciel’s construction of Brill coordinates using two different
cross sections, N and N, of the orbit space M /U(1); however we do not assume the coordinates were
obtained in this way. The Theorem follows from a series of lemmas.
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Lemma 4.6.2. Given the two coordinate systems (p, z, ¢) and (p, 2, ¢) for the manifold (M, g) defined
above, we have p = p and z = Z + ¢ for some constant c.

Proof. Consider the orbit space M/U(1). For the coordinate system (p,z,¢) we have 05 = 7, so
the hypersurface ¢ = 0 intersects each orbit of n precisely once. Thus (p, z) are global coordinates
for M/U(1). By the definition of the quotient metric we have ¢ = e=2Y+2%(dp? 4 dz?). Since U
and « are axisymmetric functions and g is smooth we have 8gk+1(—2U + 2a)(0,p) = 0 for all k.
Thus (M/U(1),q) can be doubled across its boundary and by allowing p € (—o0,00) we obtain
a smooth metric on R? equal to ¢ = e 2U+2%(dp? 4 dz?). By definition U(—p, z) = U(p,z) and
a(=p,2) = alp,2).

Since the quotient metric ¢ is independent of the choice of cross section, we may use the same
procedure to obtain ¢ = e 2U+2%(dp? + dz?), where we now allow (p, ) € R2.

Thus (p, z) and (p, Z) are both isothermal coordinate systems for ¢. A standard argument shows
that the map (p, z) — (p, Z), satisfies the Cauchy Riemann equations and thus is a conformal bijection
from R? to R%. A standard argument using Picard’s Theorem implies such a map must be complex
linear, so if we write ( = p 4 iz and = p+ iz then ¢ = f(¢) = al + b for some complex numbers a
and b. Since n vanishes precisely where p and p vanish, f fixes the imaginary axis, p =0,s0 a € R
and ib € R. By definition a = %—% and 0 = %. Thus 0, = ads.. By our falloff hypotheses ¢(9,, 0,)
and ¢(0;5, 05) both approach 1 as r and 7 approach infinity respectively. By the form of f, f = az+Db,
7 goes to infinity as r goes to infinity. Thus |a| = 1. Since f preserves orientation we conclude that
¢ = f(¢) = ¢+ b where ib € R and thus p = j and z = Z + b as desired.

O

With this relationship between the coordinates we can now compare the metric parameters.

Lemma 4.6.3. Let (p, z,¢) and (p, %, $) be two coordinate systems for a manifold (M, g), in which
the metric takes the form of Equation 1.0.10. Further suppose p=p and z = Z+c. Then U(p, z) =
Ulp,z+¢) and ofp, z) = &(p, 2 + )

Proof. From the proof of Lemma 4.6.2 we have ¢ = e~ 2Y*2%(dp? +dz?) = e 72U *2%(dp? +dz?) and the
relationship between (p, z) and (p, 2) implies dp? = dp? and dz? = dz2. Thus —2U +2a = —2U + 2&
as functions on M /U(1). Since both sides of the equation are constant on the orbits of n we have
—2U + 20 = —2U + 2a globally. We see from the form of g that g(n,n) = 9(04,04) = p*e= 2.
However we also have g(n,n) = g(%,(‘)é;) = ﬁ26_20. Since g(n,n) is a geometric quantity and p = p
we conclude U(p, z) = U(p, 2+ ¢). Now using —2U + 2a = —2U + 2& we obtain a(p, z) = &(p, 2+ ¢)
as desired.

O

For future use we note that in general we do not have d, = d; because %}? # 0. However most
of the functions, f, we encounter are axisymmetic, i.e. they satisfy dy4f = 0. In this case we do in
fact have 0,f = 0;5f, and 0.f = 0;. When dealing with axisymmetric functions we will use 9, and
0p interchangeably.

Lemma 4.6.3 implies that the only components of the metric that can change significantly are
¢, A, and A.. We now put the desired constraints on their behavior.

Lemma 4.6.4. Let (p,z,¢) and (p, Z, czNS) be two coordinate systems for a manifold (M, g), in which
the metric takes the form of Equation 1.0.10. Further suppose p=p, z=Z+c, U(p,z) =U(p,z+c)
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and a(p, z) = &(p, 2 +c). Then we have ¢ = ¢+ f(p,2) and D, A, —,A, = d:A, — d,A,. Here f is

a smooth azisymmetric function satisfying f = c + o1 (r~°).

Proof. Consider the function ¢ — ¢ on M. Since n = O0p = 8(5 we have 0y (¢ — gg) = 8(5(¢> — ¢~)) =0so
the difference is independent of ¢ and we can write ¢ — ¢ = f (p, z). From the form of the metric we
see A, =A,+0.f and Ay, = A, + 0,f. Thus we compute

0.4, —0,A, = 0,A,+0,0,f — 0,A, — 0,0,f =0, A, +9,A,. (4.6.2)

Thus we have the desired relationship between A, A, A,, and Ap. To obtain the desired falloff
for f we simply note that the falloffs for A, and A, imply that 0. f = o(r—*~1) and Opf = po(rt=2).
Integrating these falloffs gives f = ¢ + o1 (r~¢). We know f is independent of ¢ and smooth away
from the z axis because the coordinate charts are smooth. Since 0, f = 0 on the z—axis we conclude
f is globally smooth and axisymmetric. O

Theorem 4.6.1 is a direct consequence of applying Lemmas 4.6.2, 4.6.3, and 4.6.4 to the given
coordinates. In addition we can prove what essentially amounts to a converse of Theorem 4.6.1.

Theorem 4.6.5. Let (M, g) be a simply connected axisymmetric Riemannian manifold which is the
union of a compact set and an asymptotically flat end. Let (p, z, ¢) be Brill coordinates with metric
functions U, a, A, A,. Suppose A, A are axisymmetric functions, smooth away from the axis, and
satzsfymg the compatzbzhty condition 8 A, —0,A, = 85[1,, — 8pf~lz as well as the falloff conditions
A, =o(r™ 1) and A, = po( 2. Then there exist coordinates (p, z, ) where g is in Brill form
with metric functions U o, A, A

Proof. Define f,(p,2) = A,— A,, and f.(p,2) = A, — A,. The equation 0,4, —d,A, = 9:A,—0,A,
implies 0.f, = 0,f., and the falloff conditions for 4., A,, A., and Ap imply that f, and f, are
integrable on Rﬁ. Now define f(p, z) by first by f(0,0) =0, then f(p,0 fo f0(0,5)ds and finally

2) = / T (pw)dw + £(p.0). (4.6.3)
0

By the compatibility condition

Opf(p, = /0pr p,w)dw + 9, f(p, 0 /6wa pyw)dw + f,(p,0) = f,(p, 2), (4.6.4)

and clearly 8,f(p,z) = f.(p,z). Thus if we define ¢ = ¢ + f(p,2) and take ¢ modulo 27 it
is easily seen that the coordinates (p, z,¢) form a Brill coordinate system for (M, g) with metric
functions U, a, A, A,. O

Similarly we may consider (M, g) and (M, §), two manifolds with Brill coordinates (p, z, ) and
(p, 2 (b) such that U = U and a = & as functions on RJ and such that A, A, A, and A satisfy the
compatibility condition as functions on R+. The above argument implies that the map defined by
p=p,z=7%and ¢ = ¢+ f is an isomorphism between (M, g) and (M, §).

Now we by make the necessary modifications to the above arguments in the case where there are
multiple asymptotically flat or asymptotically cylindrical ends. We prove the following:
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Theorem 4.6.6. Let (M,g) be a simply connected axisymmetric Riemannian manifold which is
the union of a compact set and a finite number of asymptotically flat or asymptotically cylindrical
ends. Let (p,z, ¢) and (p, %, $) be two Brill coordinate systems for M with coordinate ranges (p,z) €
R2 \ {a;}ly and (p,2) € Ri \ {bi}l"5. Finally we assume that both coordinates systems have the
same end at infinity. In particular we assume that there exists a neighborhood V; of each a;, such
that the image of V; under the map (p,z,$) — (p/,2',¢') is a bounded set. Then

p=p, z=i+¢c, db=0¢+f(p,2), U=U, a=a, and 0.A,+ 0,A. = 8Z/~1p + @fiz, (4.6.5)
where c is a constant and f is a smooth azisymmetric function satisfying f = b+ o1(r=°).

Proof. The main step of the proof is again to show that p = p and z = Z+c¢. Once this is established
the remaining conclusions follow precisely as in the one end case. We again have the quotient metric
defined by q = e 2U+22(dp? + dz?) = e 2V*+29(dp? 4 dz?). By doubling we obtain a smooth metric
on R?\ {a;} and R?\ {b;}. Since (p,2) and (p, Z) are isothermal coordinates the map (p, z) — (5, Z)
is conformal and can be thought of as a complex holomorphic bijection f : C\ {a;} — C\ {b;}.
We claim f can be extended to a bijection from C — C. First we extend he range and consider
f:C\{a;} — C. Let a; be one of the removed points. Then by hypothesis we know f is bounded in
a neighborhood of a;. Thus a; is a removable singularity of f and we may define f(a;) = lim,_,4, f(2).
Applying this procedure to all of the removed points we obtain a holomorphic map f : C — C.

To show f is a bijection let zp ¢ {a;} and suppose f(z9) = f(a1). Choose € so small that Bc(zo)
and Be(ap) are disjoint. Since f is conformal it maps the open balls Bc(zp) and Be(a1) to two balls
around open balls around f(zp). Thus

f(Be(20)) N f(Be(ar) \ {a1}) # 0. (4.6.6)

This contradicts the fact that f is bijective on C\ {a;}. Thus f(a;) = b; for some j and filling
in one hole we obtain a bijection f : C\ {ai}g21y — C\ {bi}{ixj}- Repeating this procedure we
conclude f maps {a;} bijectively onto {b;}. Thus we obtain a bijection f : C — C. Since f fixes the
imaginary axis the same argument used in the proof for one end implies f(¢) = ¢ + ic where ¢ € R.
Thus p = p, and z = Z + ¢ for some constant ¢ as desired. O

We can use similar techniques to analyze the uniqueness of the pseudoshperical and Weyl coor-
dinates. We prove the following:

Theorem 4.6.7. Let (M, g) be a simply connected axisymmetric Riemannian manifold with boundary
which is the union of a compact set and an asymptotically flat end. Let (p, z,p) and (p, Z, ) be two
pseudospherical coordinate systems for M with coordinate ranges (p,z) € R2\ {p? +2? < m?/4} and
(p/,2') e R\ {p*+ 22 <m3/4}. Then my =my and

p=p, z=2+c¢c, ¢= gz~5+ flp,2), U= 0, a=a, and 0;A, +0,A; = 82/1,) + ap/iz, (4.6.7)

where ¢ is a constant and f is a smooth azisymmetric function satisfying f = b+ o1 (r—%).
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Proof. The proof that mj = mg is given in [19]. This proof is essentially complete if we can show
p=pand z = Z. We again consider the doubled quotient metric ¢ on R? \ {p? + 22 < m?/4}. The
map

fRIA{p? + 22 <mi/a) - R\ {7* + 2% <mi/4}, (4.6.8)

is again conformal bijection. By performing an inversion about the circle or radius m; /2 in both the
domain and range we obtain a conformal bijection

Fo{p®+22 <mi/4\ {(0,0)} = {5° + 2 <mi/4}\ {(0,0)}. (4.6.9)

Since f is bounded near 0, 0 is a removable singularity and we may define f (0) = lim,_ f (z). As
in he multiple end case, the bijectivity of f on {p? 4 22 < m2/4} \ {0} implies that the extension
satisfies f(0) = 0. Thus we obtain a conformal bijection f : {p? + 22 < m?/4} — {p? + 22 < m?/4}.
Thus f is a Mobious transformation. Since f fixes the origin it must be a rotation, and since f fixes
the imaginary axis and preserves the orientation it must the identity. Using the equation for the
circle inversion we conclude

We can square these equations and sum them to obtain pzr%zz = ’32;;22 and thus T% = L. Hence we
must in fact have p = p and z = Z as desired.
The remaining equalities in the proof follow from Lemmas 4.6.3 and 4.6.4 just as in the proof of

Theorem 4.6.1. OJ

We can use the uniqueness for pseudospherical coordinates to immediately obtain uniqueness of
Weyl coordinates.

Theorem 4.6.8. Let (M, g) be a simply connected axisymmetric Riemannian manifold with boundary
which is the union of a compact set and an asymptotically flat end. Let (p,z,$) and (ﬁ,é,q@) be
two Weyl coordinate systems for M with coordinate ranges (p,z) € R2 \ {p = 0,]z] < m1} and
(p',2") € RZ{p=0,|z| <ma}. Then mi =my and

p=p, z=i+c, d=d+ f(p,2), U=U, a=a, and 0.A, +0,A, = azjl,, + 8,,1212, (4.6.11)
where ¢ is a constant and f is a smooth azisymmetric function satisfying f = b+ o1(r=°).

Proof. In [19], Chrusciel defines a rotated Joukovsky transformation given by ¢ = f({s) = (s — %
where ( = p + iz represent the Weyl coordinates and (s = pg + iz5 represents pseudospherical
coordinates. The map f is a holomorphic bijection from R?\ {p% + 2% < m?/4} — RJ. We can
perform the inverse map , f !, to both the (p, z) coordinates and the (5, Z) coordinates to obtain two
sets of pseudospherical coordinates (pg, zs) and (pg, Zs). By Theorem 4.6.7 the (ps, z5) and (ps, Zs)
coordinates must coincide. We conclude p = p and z = Z and the remainder of the theorem follows
from Lemmas 4.6.3 and 4.6.4.

O
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4.7 Killing Vector Estimates

Throughout the body of this paper we take g to be of the form g = h(@)z(r%dr2 +dO? + f(0)%dg?).
For this section we will reparametrize € and set 7 = log r so that g can be written as g := ﬁ(9)2d7'2 +
a(df? + f (6)2d¢?) for some functions h and f. As h and f satisfy the same hypotheses as h and
f respectively, we will abuse notation and also refer to these functions as h and f. In (7,6, ¢)

767')

coordinates the falloff of g becomes ||g — g|lg = ox(e as T — oo, and in particular in (7,6, ¢)

coordinates we have

g = h(0)%dr* + a(d6* + £(0)?dd*) + Gij (T, $,0)dx'dx?, (4.7.1)

where G;j = ox(e™7), Gip = for(e ™) f and Gyp = or(e*7) f? where i, j € {0, 7}.2

The purpose of this section is to prove Proposition 4.2.4. The main step is to show that if 7°0;
is a killing vector for g with periodic orbits of period 27, then after perhaps a change of coordinates
on S? we have ||n'0; — 0yl = ||nidz’ — af?d¢||5 = or(e~"). Before estimating the killing vectors we
must prove a few properties of g and g.

Lemma 4.7.1. Let h(0) be a smooth positive function on S? which is independent of ¢. If h satisfies
the equation

hh'" — WK =0, (4.7.2)
for a constant b, then h is a constant function.

Proof. Suppose Equation (4.7.2) holds. We claim b must equal 0. Since h is a smooth function on S?
we must have h/(0) = h/(w) = 0. To show b = 0 we split into three cases based on the sign of h”(0).

If 4”(0) = 0 then since h'(0) = 0 Equation (4.7.2) directly implies b = 0.

Now suppose h”(0) > 0. Then since h > 0, Equation (4.7.2) at § = 0 implies b > 0. Further since
R"(0) > 0 we know A’ > 0 on some interval (0,0). If ¢ is the next zero of A’ we must have h”(t) < 0.
We know such a zero exists because h/(7) = 0. Then Equation (4.7.2) at # = ¢ implies b < 0. This is a
contradiction so we cannot have h”(0) > 0. The h”(0) < 0 case is identical, so we conclude h”(0) = 0
and furthermore b = 0.

Now since h > 0, Equation (4.7.2) with b = 0 implies h” = % > 0. Thus A’ is a nondecreasing
function. Since h'(0) = h/(7w) = 0 we must have h’ = 0, so h is a constant function. O

Lemma 4.7.2. Let gs be a metric on S? of the form gs := a?(d6* + f(0)?d¢?) where (0, ¢) are the
standard global coordinates. Let m; be a killing one form for gs. Then either nidx’ = a®f?d¢, or
f =sin? 6, in which case gs is the standard round metric on the sphere of radius a.

Proof. Let n; be a killing one form for gs. Then n; satisfies the following equations,

Ay + ffme =0 (4.7.3)
/

Ogng + Opne — QJ;’IM) =0 (4.7.4)

2Throughout this section we will use u = oy, (e ~*7) to mean all derivatives of u up to k*" order by vector fields

of bounded length are O(e~*7). In particular if k¥ > 1 then d,u = O(e™*7), dgu = O(e~*7), %8¢u = O(e™ ).
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Ogng =0 (4.7.5)

We can solve this system by taking the 6 derivative of Equation (4.7.3) and using Equation (4.7.4)
to obtain

/!

0 = 0p0gme + (ff) 16 = O (=m0 + 2?%) + (ff)ng = —5mg — 2(f')’no + (ff)'me.  (4.7.6)

Thus we have the equation 83)179 +((f")2 = ff"ng = 0 where we know 7 is independent of § and
((f")2 — ff") is independent of ¢. Taking the 6 derivative gives the equation ((f")2 — ff”)ny = 0.
Since 7y is independent of # we must have either 79 = 0 everywhere or ((f")? — ff") = 0.

Suppose ((f")? — ff") = 0. This gives us the ODE (f’)2 — ff"” = b for some constant b. Since g,
must be a smooth metric for S? we have the initial conditions f(0) = f”(0) = 0 and f/(0) = 1. Thus
b = 1, and the general solution to this equation is f(6) = +C sin(Cy(x 4+ C2)). Our initial conditions
imply Cy = 0, and since f’(0) = 1 we conclude that f = sin(f). Thus in this case g, is the standard
round metric. O

Now note the metrics ¢ and § have a coordinate singularity at # = 0 and § = 7, and that
not all Christoffel symbols are bounded as we approach these singularities. For ¢ > 0 and define

A ={(1,0,0) : 0 € [e,m — €]}.

Lemma 4.7.3. In the coordinates (7,0, $), the metric g = h(0)2dr*+a?(d6*+ f(0)2d$?)+Gij (1, 0, ¢)dxidz’
has Christoffel symbols and curvature components which satisfy

Iy = Or—1(1) (4.7.7)

Rl = Op—2(1) (4.7.8)

on the set A..

Proof. First note that Equation (4.7.8) follows from Equation (4.7.7), and the expression of curvature

Lo+ I‘;kfﬁs - I‘fkf‘é-s. Now to prove Equation (4.7.7) we just use the

. . 1 _aml _ 9.
in coordinates Rijk = 82ij o;T;

standard expression for the Christoffel symbols Ffj = % gkm(&-gjm + 0jgim — Omgij). All derivatives

of metric components are O,_1(1), and all metric components of the diagonal metric g = h(6)?dr? +
a(df? + f2d¢?) are bounded away from zero on A.. Thus g = Oy (1) on A.. Further the falloff of ¢
gives us g = g% + ox(e7¥") on A.. Thus we conclude I’fj = Ok_1(1) on A, as desired. d

We can now obtain a weak bound for the components of a killing one forms for g. Now will use
an analog of a proof by Chrusciel to show the following:

Proposition 4.7.4. Suppose n; is a killing one form for the metric g = h(0)2dr?+a(d0?+ f(0)*d¢?)+
Gij(1,0,¢)dx'dx? where G;j = or(e7T) for some k > 2. Then for some constant B we have 1n; =
01(e’7) on the set A..
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Proof. We will make use of the following equations,

Ormi = Vomi + TE . (4.7.9)
0;Vinj = V.Vin; + TLVin; + TL, Vin, (4.7.10)
ViVine = Rinm (4.7.11)

The first two equations hold for any vector field and follow from the expression for the covariant
derivative in coordinates. The third equation follows from the killing equation V;n; + V;n; = 0 and
the Bianchi identity. Define ¢ := X;n,2 +%; ;(Vin;)?. We claim that |0,;¢| < C4 pointwise. To show
this we begin by computing

Ortp = 2(3m; (0-mi) + Xi,j(Vin;) (0 Viny)).- (4.7.12)

To estimate the first term on the right hand side we apply Equation (4.7.9) and Young’s inequality
to obtain

Eini (0rmi) = Smi(Vemi + Thiy) = C(Sim? + Si(Vomi)?) < Cy (4.7.13)

for some constant C, where we have used the fact that the Christoffel symbols are bounded.
Bounding the term ¥; ;(V;n;) (07 Vin;) similarly follows from Equations (4.7.10), (4.7.11) and several
applications of Young’s inequality. Together these bounds imply |0,¢| < C as desired.

Now since |9-1h| < C1b, we apply Gronwall’s inequality to obtain [ (7, 8, 1)| < C1 (14 e/l ©247) <
C1(1+ €7) for some B > 0. Since 7; < /b, and 9;n; < /4 we have n; = O1(e™#/2). Thus for f' > g
we have 7; = 01(e”'7) as desired. O

We will need estimates for the higher order derivatives of n;. To do this we will use the killing
equations of g. We will work on the set A, so we can assume g = g% + o, (e~*") and the Christoffel
symbols of g satisfy Ffj = ffj + op_1 (7).

We now prove a general regularity result for killing one forms.

Proposition 4.7.5. Suppose 1; is a killing one form for a 3-manifold g, and let (z*) be a coordinate
system for g under which the Christoffel symbols of g are O_1(1). Further suppose that 1; = o1(e"")
where > 0. Then for all s < k we have 1; = 04(e57).

Proof. Suppose 1; = 01(e°7). Then by the hypothesis on the Christoffel symbols we have I‘]-"’jnk =

1

01(e”7). Thus the killing equations, oOin; + 0jm; = ZF%nk, can be written as

0imj + Omi = o1(e”7) (4.7.14)
drny = 01(e”7) (4.7.15)
Ognr + Ormg = 01(e”7) (4.7.16)
Ognr + Ormp = 01(e”7) (4.7.17)
sy = 01(e”7) (4.7.18)
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Ogng + Opne = 01 (6’87—) (4.7.19)

dgme = 01(e°7) (4.7.20)

We first establish that 7; = 02(e’7). First setting i = j in Equation (4.7.14) implies 0,,,0;1; =
O(eP™). Since we may commute partials it remains to estimate 0;0;m, when ¢, j, and k are all distinct.

Taking the # derivative of Equation (4.7.14) when ¢ = ¢,j = 7, the ¢ derivative when i = 6,j = 7,
and the 7 derivative when ¢ = 60, j = ¢ gives

gDyt + Bpdrny = O(T) (4.7.21)
9s0gmr + 0p0rmg = O(e’T) (4.7.22)
07 0gny + 0-0gmg = O(e”7) (4.7.23)

Solving this system and using the fact that partial derivatives commute gives 9;0;m; = O(e°7)
as desired.

We prove higher order estimates by induction on s. Suppose 7; = 05 (eﬁT) for some 2 < s < k—1.
Now the right hand side of Equation (4.7.14) can be replaced by o4(e’7).

We will use this to estimate the derivatives of the components of order s+ 1. Again setting i = j
we have 0°0;n; = O(e”7) for any multi-index ¢ with |¢] < s.

Thus for 7, it remains to estimate 97, when (¢ is a multi-index of the form (0,p,q) where
p+q=s+1. Since s+ 1> 3 either p > 2 or ¢ > 2.

If p > 2 then let v = ¢ — (0,1,0), and take 07 of Equation (4.7.14) with i = ¢,j = 7 to obtain
%nr = O(e”") — 3%0,n,. Since p — 1 # 0, our estimate for 9$9yn, implies 970,14 = O(e°7) so we
have 9<n, = O(ef7). If ¢ > 2, an analogous argument using Equation (4.7.14) with i = 6,j = 7
implies 9°n; = O(e”7). We conclude 7, = 0541(e”7). An analogous argument implies 7, = 05+1(e”")
and 19 = 0s11(e”7). By induction we conclude that for any s < k we have 7; = 0(e®7) as desired. [

We can apply the above Proposition to conclude that n; = ok(eﬁT) on A.. Our next task is to
reduce the exponent 3. Recall that on the set A, we have g = g 4 o,(e™*") and the Christoffel
symbols of g satisfy Ffj = ffj +op_1(e77).

Note that the only nonzero Christoffel symbols for g are given by f:(, = ng = %/, fiT = —hl/,
fie = F§’¢ = fT and szb = —ff" where primes represent derivatives with respect to #. Since
Ffj = ffj + 0p_1(e™") we have the following killing equations

drnr + hh'ng = 04(eP=07) (4.7.24)
Aynr + Orty = 05(eP=OT) (4.7.25)

h/
Ognr + Orng — 2FUT = os(e(ﬁ_Z)T) (4.7.26)
Oy + £ F'mo = 0s(elP77) (4.7.27)

/
Ogng + Opny — 2{;77(75 = OS(G(B_K)T) (4.7.28)
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Agmg = 05(eP=O7) (4.7.29)

In order to get the improved estimate we will show 7; = O(e/®=97) and 9;n; = O(e#~97) for all
1 and j. Then we may apply Proposition 4.7.5 to obtain higher order estimates. To begin we prove
the following Lemma:

Lemma 4.7.6. Suppose s > 2 and § € R. Then Equations (4.7.24) (4.7.26) and (4.7.29) imply that
either h is constant, or ng = os_1(e#=07),

Proof. Taking the 0 derivative of Equation (4.7.24) and applying Equation (4.7.26) we have

/
0s-1(eP797) = 090rn; + Dp(hh'nig) = O (—0rmp + 2%777 +05(e07)) + (hh')'mg + Bl Ogn (4.7.30)

Simplifying the right hand side an absorbing terms of order o,_;(e?~97) we have

/

h
0s_1(ePO7) = —92ny + 270 + (hh')' e (4.7.31)

Now using Equation (4.7.24) to replace 0,7, this becomes

0s-1(eP707) = —02ng — 2(h')*ng + (hI')mg = —02ng + (hB" — WK g (4.7.32)

Taking one more 6 derivative and again using that Jgng = 05(6(54)7) we can conclude

(h" — BB Y'np = 0572(6(5_6)7) (4.7.33)

Now since (hh” — W'h')" is independent of 7 we must have either (hh” — W'A') = 0, or ny =
0s_2(eB=OT) If (hh" — W'W) = 0, then by Lemma 4.7.1 we must have h constant. Thus either h is
constant or ng = 0,_2(e®07) as desired. O

We can now prove the following reduction of j.

Proposition 4.7.7. Let n; be a killing one form for the metric g = h(0)?dr? + a(f(0)%d¢? + db?) +
Gij(T, ¢,0)dxids?, with Gij = ox(e™") for some k > 4. Further assume that on A, n; = 0s(e) for
some constant § > 1—4£, and 4 < s < k. Then we can improve the estimate to n; = os(e(ﬁ_Z)T) on
Ae.

Proof. As discussed above we must show only 7; = O(e/®=7) and 9in; = O(e?=97) for all i
and j. By Lemma 4.7.6 we know h is constant or g = 0s_o(e®=97). In either case Equation
(4.7.24) implies 9,1, = 0,_2(eB=O7). We can integrate this quantity with respect to 7 to obtain
nr = c(¢,0)+0s—2(eP~O7) for some differentiable function ¢ on S? which can be taken to be ¢(¢, ) =
n-(1,¢,0). Since ¢ is a smooth function on the sphere, ¢ and all of its derivatives are bounded. Since
B>1—4 c=0(1) < 0PI and dic = O(1) < O(eP~97). Hence 1, = 0, 2(e?~97), s0 we
have the desired estimates for 7, and all of its derivatives.

Now, using Equation (4.7.25), we can write 0,74 as a difference of functions which are 0s_3(eB=0O7),
so we have 0,ny = 03_3(6(’8_@7—). If we integrate this estimate with respect to 7 we obtain 7y =
c(,0) + 05_3(e®=97), and again since 8 — £ > 0 we have 1y = 0s_3(e>~07). Since s > 3 by
hypothesis, we have the desired estimate on 74 and all of its derivatives.
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Similarly Equation (4.7.26) and our estimate 7, = 0s_o(e/®=97) imply that 0,19 = 0s_3(eP~O7),
and integration with respect to 7 gives 1y = 08_3(6(6_6)7). We conclude n; = 01(6(6_4)7) for all 4.
Applying Proposition 4.7.5 we conclude 7; = 0,(e/®=97) as desired. O

Note that if we apply the above process starting with n; = 04(e’7) for 8 < 1 — £ be obtain 7; and
all of its derivatives are uniformly bounded. Furthermore Lemma 4.7.6 applies for any value of 8
and hence either h is constant, or 7y = ok_g(e_“). Thus iterating Proposition 4.7.7, we obtain the
following Corollary

Corollary 4.7.8. Let n; be a killing one form for the metric g = h(0)%2dr? + a(f(0)?d¢? + d6?) +
G(7,0,0), with Gij = ox(e) for some k > 5. Then on the set Ac, n; = O (1) where the subscript
k denotes that the derivatives up to order k are also O(1). Further either h is constant or ng =
op_o2(e77) on A..

In order to show that our killing one form converges to a killing one form on the sphere as 7 — oo,
we must obtain a better estimate on the 7 derivative of the components.

Proposition 4.7.9. Letn; be a killing one form for g = h(0)?dr*+a(f(0)?d¢*+d0%)+Gij (T, ¢,0)dz'dz?
with Gi; = ox(e™) for some k > 6. Then on the set A, we have 0;n; = oj_g(e™ ).

Proof. We know 7; = Og(1) by Corollary 4.7.8, so we have the following killing equations

Ornr + hh'ng = op_1(e77) (4.7.34)
Dgnr + Oy = op—1(e™"7) (4.7.35)
Ognr + O — 2];;777 = ok,l(e*h) (4.7.36)
Oy + o = op—1(e™"") (4.7.37)
Ogne + Opno — 2?1% = op_1(e™") (4.7.38)
Ogne = ok,l(e_h) (4.7.39)

Our goal now is to show that this system of equations implies 9,7; = op_¢(e¢"). Lemma 4.7.6
applies as above and implies that either g = ox_3(e ™) or h = 0, so will will treat these two cases.

Suppose 19 = ox_3(e 7). Then immediately the above equations become
ey = 0_3(e7"7) (4.7.40)
Doy 4 Oy = op_1(e™7) (4.7.41)
h/
Opnr — 2EUT = op_4(e™") (4.7.42)
dpns = op_1(e~7) (4.7.43)
fl
Ognep — 2?17(;5 = ok_4(e_h) (4.7.44)
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Note that Equation (4.7.42) is equivalent to
1 —r
Wy (55) = ok-ale o). (4.7.45)

Dividing by h?, integrating with respect to #, and multiplying by h? we have 1, = op_4(e ™) +
h?B(1,¢). Further we can take B independent of 7 because 9,1, = og_3(e~7).

Similarly Equation (4.7.44) implies 1y = ok_4(e_TT) + f2C(1). We now plug these equations for
nr and 74 into Equation (4.7.41) to obtain

h204B(¢) + f20.C(1) = op_5(e™") (4.7.46)

Now the first term on the left hand side is independent of 7, and the second term is independent of
¢. Thus taking the 7 derivative yields

0:0:C(1) = op_g(e™T) (4.7.47)
Hence we can write 9,C(7) = ¢ + ox_g(e ") for some constant c. In the same way 0,B(¢) =
b+ o_g(e™") for some constant b. Returning to Equation (4.7.46) we obtain

h2b + f2c = op_gle ). (4.7.48)

Since h and f are independent of 7 this implies

h2b+ f2c = 0. (4.7.49)

Now since limy_.o f = 0 and limg_,g h # 0, by taking e small enough, we must have b = 0. Since
f is not identically zero we must also have ¢ = 0. Hence 8,1 = op_5(e ") + f20.D(7) = o_¢(e 2 ).
Thus we have the desired estimate on the 7 derivative of all components.
Now suppose instead we have h = 0. Then we have the following killing equations
87'777' = Ok*l(e_g‘r)

a¢777' + 6777(;5 = Ok—l(e_h)

(
(

dony + Ormg = op—_1(e” ) (4.7.52
(

Osne + f'mo = ok—1(e™"7) 4.7.53

/
Ogne + Opng — QJ}% = op_1(e7") (4.7.54)
Ogny = op—1(e”"7) (4.7.55)

First, taking the 6 derivative of 4.7.52 we obtain
Ofnr + 0p0rmg = op—2(e”T) (4.7.56)
Commuting 9y and 9, and using (4.7.39) this implies

Ozny = op_a(e™7). (4.7.57)
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Similarly by taking the 7 derivative of (4.7.52), commuting partials, and applying (4.7.55) we have
0215 = op_a(e™17). (4.7.58)
Taking the 7 derivative of (4.7.51), commuting partials and applying (4.7.50), we have
g = op_a(e™). (4.7.59)

Taking the 7 derivative of (4.7.53) we obtain 0,014+ f f'0-np = 0. Commuting partial derivatives
and using (4.7.41) we can write the first term as —0,047-, so we have

0y + [ Orne = op_a(e™). (4.7.60)

Taking two 6 derivatives of the equation we note that —0g0p03041; = 0p0309091, = op—4(e™)
by Equation (4.7.57). Further 9p0,n9 = 0,019 = o_2(e~*") by Equation (4.7.55). Thus we have

(f£")'0rng = op—ale™) (4.7.61)

—KT) —KT)

Now since 0p0-m9 = ox—2(e we must either have 0,19 = ox_4(e or (ff")" = 0 everywhere.

Suppose to the contrary (ff")” = 0. Then ff’ = af + b for some a,b € R. However, since g is a
smooth metric on S? we have f(0) = 0 which implies b = 0 and f(7) = 0 which implies @ = 0. Thus
ff' =0. Now f must be positive on (0,27), so f/ =0 on (0,27). Thus f is constant on (0, 27) and
by continuity f(0) = 0 implies f = 0. This is a contradiction and we conclude

Drmg = op_s(e” 7). (4.7.62)
By (4.7.52) this immediately gives

Ognr = op—a(e”7) (4.7.63)

If we take the 0 derivative of (4.7.51) we have

8987-77(75 = Ok_5(6_€7—) (4.7.64)
Finally if we take the 7 derivative of (4.7.38) we have

!/

27&% = op_5(e”T) (4.7.65)

Since fT/ is independent of 7, we must have fT/ = 0 everywhere or 0,1y = or—5(e7*7). We know

f(0) = 1 so, again assuming e is small enough, we must have 0,7, = ox_5(e™*"). We thus have the
desired estimates on 7 in all cases. O

We can now obtain the desired convergence result.

Proposition 4.7.10. Letn; be a killing one form for g = h(0)?dr?+a*(f(0)*d¢*+d0*)+Gi;(1, ¢, 0)dx'da?
with Gi; = or(e™7) for some k > 7. Further suppose 1 has periodic orbits with period 2w. Then by
changing coordinates on S? if necessary n;dz’ = a® f2d¢ + op(e7*7) on A..
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Proof. Since 0;1; = op_¢(e ") on A, the functions (7, ¢,6) converge uniformly in 7 to functions

Yi(¢,0) on S? N A.. Further, since k > 7 we have 0-0jm; = O(e™"), so 0;n; converges uniformly in 7
to a function on S?N A.. Since convergence is uniform we can interchange the limit and differentiation
and obtain

lim 8]'771' = 8]}/1 (4766)

for j € {0, $}. Further letting e go to zero we can define Y; on S? except at § = 0 and 0 = 7,
and Equation (4.7.66) still holds. Equation (4.7.66), along with Equations (4.7.37), (4.7.38), and
(4.7.39) imply that Y; is a killing one form for gs. Since Y; defined except at isolated points, it can
be completed to a global killing field for g;. By Lemma 4.7.2; either Yy = 0 or g5 is a standard
round metric. Furthermore Corollary 4.7.8 implies that either Yy = 0 or h is constant. Thus the only
case when Yy # 0 occurs when § = dr? + a(d#? + sin® d¢?). In this case we can make a coordinate
change on 52 so that Yy = 0. Thus we may assume without loss of generality that Y3=0. The killing
equations for S2, and the fact that the orbits of n have period 27 imply Y;da' = a®f%d¢. Our task
is now to show m;da’ = af?d¢? + os(e™“")dx’ on A, for all s < k. This is done by induction on s
and is clearly equivalent to showing 7; — Y; = o0s(e~*7). The case s = 1 follows from the fact that
9;n; = O(e™*7) and 0-0jm; = O(e~*"). Now suppose that for 2 < s < k we have n; —Y; = 0,_1(e™*7).
To show the next order estimate we will show 0,0;(n; — Y;) = 0s_2(e~7). We take the difference of
the killing equations for 7; and the killing equations for Y; to obtain

Or (- = Yz) + Wl (g — Yp) = 05-1(e™"") (4.7.67)

Dp(nr — Yr) + 0r (1 — Yy) = 051 (e™"7) (4.7.68)

9g(nr — Yr) + 0r(np — Yy)) — 2’2(% —Yy) = 0s—1(e™"7) (4.7.69)
Dy(ng — Yy) + Ff'(ng — Yo) = 05-1(e™"7) (4.7.70)

9p(ng — Ys) + 0p(ng — Yo) — 2‘?(% —Yy) =0s1(e™"7) (4.7.71)
dp(ng — Ya) = 0s_1(e~7). (4.7.72)

The induction hypothesis implies that the zeroth order terms on the left hand side can be absorbed
into the right hand side. Thus every equation is of the form 9;(n; — Vi) +9i(n; — Y;) = 0s—1(e 7). As
in the proof of Proposition 4.7.5 we can differentiate and solve this system to obtain 0;0;(n; — Y;) =
0s_1(e~*7). By induction we conclude n;dz’ = af?d¢? + op(e=*") on A, as desired. O

The above Proposition implies |n'0; — Y0;|g = |midx® — Yida'|; = Og(e™*") on A, for any e. By
changing coordinates on S? so there is no singularity at # = 0 and # = 7 and using the fact that
lg — 3| = Or(e~*") if follows that |n‘0; — Y'0;|g = |mida’ — Yida'ly = Oy (e~*") globally. This can be
seen using a technique similar to that of Proposition 4.7.4.

Proposition 4.7.11. Let n; be a killing one form for a metric g satisfying ||g — g|lg = Ox(e™*), for
some k > 7. Further suppose n has periodic orbits with period 2mw. Then by changing coordinates on
S2 if necessary ||n' — Ogllz = O(e™).
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Proof. Given a point (6, ¢) on S?, Proposition 4.7.10 implies that ||n°(0, ¢) — 94(0, ¢)|lz = O(e™)
as 7 — 00, except possibly at the points § = 0 and § = 7. By compactness, the global estimate
[[n" — 0p|lg = O(e™*) follows if we can show the pointwise estimate, ||[n%(0, ¢) — 94(0, #)||z = O(e™?),
also holds for § = 0 and 8 = 7. We will show the case 8 = 0.

Let (z,y) be geodesic coordinates for gs; about the point # = 0. We will use (7,z,y) as our
coordinate system about the line # = 0 in R x S$?. We will again use I‘é»k and f;-k as the Christoffel
symbols for g and g respectively. In this coordinate system the Christoffel symbols are clearly
bounded near 6 = 0 and the falloff ||g — g||7 = Ox(e*) implies F;k - f;k = op_1(e70). Let Y;da'
represent the one form dual to Jy4 in these coordinates. By the pointwise estimate obtained above,
we know 7;(z,y) — Yi(z,y) = Or(e™*7) except possibly at the origin.

Consider a point (7, z,0) for some x > 0. We have 7;(z,0) — Y;(x,0) = ox(e~*"). As in the proof
of Proposition 4.7.4 define

=i —Y;)?+ %i;(Vi(n; — Y})Z) We claim that |0,1| < C¢ + D where C'is a constant and
D = op(e™*). To show this we begin by computing

O = 2(3in;(0-m;) + Eiyj(vmj)(&vmj)). (4.7.73)

Now a modified version of Gronwalls inequality implies that 7;(0,0)—Y;(0,0) < n;(x,0)* f(z) and
similarly 9;(1;(0,0) — Y;(0,0)) < n;(z,0) * f(x). Since z is fixed we have 1;(0,0) — Y;(0,0) = o1 (e‘").
The techniques of Proposition 4.7.5 allow us to bootstrap to obtain 7;(0,0) — Y;(0,0) = ox (‘7). Since
the coordinate vector fields in (7, x,y) coordinates have length bounded away from zero we conclude
[n: — Yily = o(e™") globally,

0

We are now ready to return to the (r,0,¢) coordinates used in the body of the paper. Note
that in (7,0, $) coordinates we still have Y'0; = 04, and thus the above estimate translates to
n'0; — Y045 = or(r~*). We can now prove Proposition 4.2.4. We will use (z,y,z) to denote the
standard Cartesian coordinates corresponding to the spherical coordinates (7,6, ¢).

Proof of Proposition 4.2.4. This is primarily an exercise in changing coordinates. The above argu-
ments imply that we may assume [ — 9|z = ox(r~).

Now using the fact that T%dr2 + d#? + sin® Odp? = %25 and d¢? = p%(a:dy — ydx)?) we see that
in Cartesian coordinates g = h(9)2(%25 + p%l(f(ﬁ)2 — sin? )(zdy — ydx)?). Further we see from
this representation that for i € {z,y,2}, 5 < [0z < % for some constants ¢, C. Thus the falloff
lg — Glg = or(r—*) translates to |g;; — 9ijl = ox(r~—t=2). Thus Equation (4.2.6) holds.

Similarly since 8, = 29, — yd, and |n'0; — Oglg = |midx® — h? f2dg|z = op(r~%) we have Equation
(4.2.7) and Equation (4.2.8). O
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