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Abstract of the Dissertation
The Positive Mass Theorem with Charge Outside Horizon(s)
by
Robert Abramovic

Doctor of Philosophy

in
Mathematics
Stony Brook University

2018

We start with time-symmetric initial (k = 0) data for the Einstein-Maxwell equations
consisting of a Riemannian asymptotically flat 3-manifold whose boundary consists of either
one connected component, several disjoint components, or finitely many cylindrical ends.
On this Riemannian manifold, we define a vector field F, representing the Electric field,
whose square norm is bounded from above by half the scalar curvature of the Riemannian
manifold (the dominant energy condition). Using the Inverse Mean Curvature Flow (IMCF)
as outlined in [11], we prove that if a natural upper bound on the mean curvature of a
single horizon is satisfied, then the ADM mass of the 3-manifold is bounded from below
by the absolute value of the charge. Equality holds if and only if the spacetime arising
from the initial data contains a subset isometric to a ¢ = 0 slice of an extreme Reissner-
Nordstrom spacetime. If the boundary has multiple components, the IMCF is no longer
appropriate to a get a strong result. We instead use an idea outlined in a paper of M.
Herzlich [6] involving spinors to prove that if a slightly modified upper bound on the mean
curvature of each component is satisfied, then the ADM mass of the 3-manifold has same
lower bound. This technique involves solving a charged Dirac equation on the 3-manifold,
which is in turn is applied to proving the positive mass theorem on an asymptotically flat
3-manifold with finitely many cylindrical ends. For multiple boundary components, equality
only leads to a subset of an IWP black hole spacetime, while for cylindrical ends, it leads to
the standard subset of the Majumbdar-Papapetrou spacetime. In the non-time symmetric
case (k # 0), the manifold has multiple asymptotically flat ends, in addition to a bounded
interior domain. Around the boundary of this domain, the regularity of the metric and of &
are reduced (manifold with corners). Assuming natural matching conditions for the interior
and exterior mean curvatures, the normal components of the electric and magnetic vector
fields, as well as certain components of k, we then prove a positive mass theorem relating the
ADM mass of each end to its momentum (defined in terms of k), and electric and magnetic
charges (assuming an analogous dominant energy condition is satisfied). This result extends
the work of Shi and Tam [16].
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1 Introduction

Chapter 1
Let (M3, g) be an asymptotically flat Riemannian 3-manifold containing a vector field F
representing the Electric field. Here, asymptotically flat means that there exists a compact
subset K C M?, a real number r; > 0, and a diffeomorphism, ® : R* — B, (0) - M3 — K
such that the pull-back metric *g satisfies

Q

[(@%g)ij — dij| < w (1)

and
. C
(@ g)iial < )

where 7 denotes the radial coordinate (r? = z?+y?+2?) for the point < z,y, z >€ R*— B, (0)
and ¢;; the Euclidean metric, respectively, on the manifold R* — B, (0). B,,(0) denotes a
ball of radius r; centered at the origin in R3.

(M3, g, E) will serve as initial data for the Einstein-Maxwell Equations in the time-symmetric
case. An important global invariant of such a manifold is the ADM mass, representing the
strength of the gravitational field at infinity, defined as in [7] (p. 373, equation 1.1.32) by

1 ,

Eapy = lim —— — 0gn)dS?
apy = lm - som (O1g15 — Ojgu)dS (3)
where S(0,7) = 9(P(R*— B,(0)) denotes the boundary of the complement of a coordinate
ball of radius 7 > 71 in M3. In the following sections, we will also set B(0,7) = ®(R3— B,(0)).

Let v denote a unit normal vector field on S(0,7), pointing towards the asymptotically
flat end of M?3. We then define the total charge, Q, on M? by

47 r—oo

1
Q= lim / E() (4)
S(0,r)
Further, R will denote the scalar curvature of M?3.

It is a well-known result (cf. [10]) that if the boundary of M? consists of only one con-
nected component that is a trapped surface, then, assuming the dominant energy condition,
R > 2|E[?, Eapy is bounded from below by |Q] (this is called the charged positive mass
theorem). The case of equality occurs if and only if the metric on M? is the spatial part
of an extreme Reissner-Nordstrom metric, which will be defined in the next section. Note
that in the time-symmetric case, k = 0, the trapped surface condition is equivalent to non-
positive mean curvature of the boundary, H < 0 on dM?3. Our goal here is to extend this
result to the case where the boundary is not necessarily a trapped surface, but instead, its



mean curvature satisfies an appropriate upper bound. Also, we assume the boundary, M3
is outer minimizing, meaning that it minimizes area among all surfaces in M? that enclose
OM?3. This actually implies that the mean curvature of 9M? is nonnegative, H > 0. Again,
equality leads to an extreme Reissner-Nordstrom metric. In particular, we have the following
theorem:

Theorem 1. Assume that M3 is an asymptotically flat Riemannian S3-manifold (with bound-
ary) with divergence free vector field E satisfying the dominant energy condition R > 2|E|§.
Assume further that the boundary is outer minimizing and that the mean curvature, H, of
the boundary OM?3, satisfies the inequality:

1 Ar 47|Q)|
ZH < |4 22
L <y A9 5)
Then
Eipn > |Q) (6)

and equality holds if and only if (M?, g, E) agrees with the initial data set for the Einstein-
Mazwell equations of an extreme Reissner-Nordstrom spacetime.

The proof of this theorem uses the inverse mean curvature flow (IMCF) and Geroch mono-
tonicity as outlined in [10]. The main difference is finding the appropriate upper bound for
H and showing that the same rigidity result holds.

If M? instead has interior boundary consisting of multiple components, then the IMCF
is no longer appropriate since it will give a lower bound on E4pjys in terms of the charge of
a particular boundary component instead of the total charge. In [6], Herzlich was able to

show that in the absence of the electric field, £ =0, H < ,/47” implies that Eapy > 0 and

equality holds if and only if the metric on M? arises a spatial portion of the Schwarzchild
metric. He did this by building on Witten’s proof of the positive mass theorem using spinors.
Including charge in in this case involves modifying the boundary Dirac operator and finding
a lower bound for its first eigenvalue. This leads to a modified, albeit reasonable, upper
bound for the mean curvature of each connected component. Rigidity in this case is also
weakened as it only leads to an IWP metric, not necessarily the Majumbdar Papapetrou
metric:

Assume that M? contains multiple boundary components, each of which is diffeomorphic
to a sphere; OM® = U N;, where each Nj is diffeomorphic to S*. g will also denote the
restriction of the metric on M? to N;. Let A; denote the the area of each N;. Further, let
v denote a unit normal vector field to NN;, pointing towards the asymptotically flat end. We
set E(v) = g(E,v). Define the charge of each component, (); by the following equation:

2



T 4r

Q 1Amm (7)

Note: If each each N; were an actual horizon (H = 0), then a standard result on charged
black holes shows that (); would then satisfy the following inequality in relation to A;:

4m(Q4)? < A (8)

If E(v) were in addition constant on Nj;, then E(v) = 41?]', and fNj(E(l/))2 = IGZij.

Combined with equation (8), this reads

Awww@ﬂ ©)

J

We shall show that in fact that a slightly more relaxed upper bound on [, (E(v))* is a

sufficient condition, combined with an associated upper bound for mean curvature, to prove
the following positive mass theorem:

Theorem 2. Let M3 is an asymptotically flat Riemannian 3-manifold with vector field E
satisfying the dominant energy condition R > 2|E|§, with R—2]E|3 € LY(M,,;). Assume that
the boundary, OM? of M? consists of finitely many connected components, N;, each of which
is diffeomorphic to a sphere (S?). Further, assume that on each component of the boundary,
N;, the normal component of the electric field E(v) satisfies the following inequality with
respect to the charge @), of that boundary:

16m2Q?
/ (E(v))? < 4m + < (10)
N; J
and the mean curvature, H; of each horizon N;, satisfies the inequality:
1 47 16m2Q% 1 47 |Q,|
<\ Tt - [ By - T (1)
2/ \/Aj Az Aj I, A,
Then
Eapy > Q) (12)

3



Further, if equality holds then the spacetime arising from the initial data (M3, g, E) contains
a neighborhood diffeomorphic to an open subset of an IWP black hole spacetime.

Note: We will see in section 2 that if N; is a coordinate sphere in an extreme RN space-
. 20).
time, then E(v) is constant, so that F(v) = % and therefore f]\,]_(E(V))2 = A 1?;)% =
1672Q);
a; -

dm _ 47|Q)|
Aj Aj
(12) is saturated. Since the horizons in a standard Majumbdar-Papapetrou spacetime have
the same properties as the horizon in an extreme RN spacetime, we obtain the same results
for coordinate spheres in a standard MP spacetime. Since both of these spacetimes have
Eapy = |Q)|, they show that equality can hold in (13) without the inequality (11) being
saturated. However, we will see using spinors that equality holding in (13) implies equality

Therefore, strict inequality in (10) is satisfied. However, we will see that $H; =

on any coordinate sphere of radius r in extreme RN, so that the inequality

must hold in (12), provided \/% + —=2 167 Q - L fN — 4”|QJ > 0 for that particular
J

N;. On the other hand, if \/% 1o Q - fN )2 — 47T|QJ| < 0 on a particular N;
J

then then the boundary conditions imposed on the spinor restrlcted to that N; will actually
force H =0 on N; (cf. [17]).

If each interior boundary component is replaced with a cylindrical end, then rigidity in
stronger in the sense that it leads to a standard Majumbdar-Papapetrou spacetime:

Theorem 3. Assume that (M3, g, E) is initial data for the Einstein-Mazwell equations con-
sisting of a Riemannian 3-manifold M? containing one asymptotically flat end and m cylin-
drical ends. Assume further that the scalar curvature R and the FElectric field E defined on
M? satisfy the dominant energy condition: R > 2|E|2, with R — 2|E[2 € L'(Meqy). Then

Eapy 2 |Q| (13)

and equality holds if and only if the the spacetime arising from the initial data contains a
netghborhoood diffeomorphic to an open subset Majumbdar-Papapetrou spactime.

All of the above cases assumed time symmetry, £k = 0. It turns out that the boundary
Dirac operator becomes too complicated to get a useful result like theorem 2 if & £ 0. How-
ever, we do have the following extension of Shi and Tam’s result [15], which allows allows
the positive mass theorem to include a manifold with corners in its hypothesis, along with
multiple asymptotically flat ends, instead of just one. On this manifold, it is possible to
define a charged energy density, ugpp, and a charged momentum density, Jgy = (Jear)'e;
(in some orthornormal frame e; defined on M?). If each asymptotically flat end is indexed
by j, one can define the ADM energy, (Eapy);, the electric and magnetic charge, Q¥ and

j , and the spacelike vector portion of the ADM four-momentum, p;. On each end the
inequality relating these is summarized in the following:



Theorem 4. Assume that (M3, g) is a Riemannian 3-manifold containing m asymptotically
flat ends, indexed by j. Define vector fields, E € T(TM?3), B € T(TM?), and a symmetric
two-tensor k on M3 satisfying the following:

(1). The charged energy density, pupn = R — |k| + (trgk)* — 2|E|> — 2|B[2, satisfies the
dominant energy condition, pipy > \/\JEMB + |div E|? + |div BJ2.

(2). There is a bounded domain Q C M? such that we assume that g is continuous on
M3, smooth on M?> —Q and Q, and Lipschitz near 9. Let e,,, n =2, 3 define an orthonor-
mal frame for T'(0NY), and let v denote the outer unit normal vector field on 02 (directed
towards M3 — Q).

(3). We assume that H|o—[Tro(ka)| 2 H|ys_a+|Troa(kys—a)l, ka(v, en) = ks _a(v, en),
formn =23, Bg(v) = Bys_q(v), and Eq(v) = Eys_g(v).

(4). The components, E* of E = E'e; and B of B = B'e; satisfy the following decay

conditions: E* € o(r~'), B' = o(r~'). Further, E, B, k € Wo'(M?) and E, B, k and
their weak partials are bounded near OS).

Then

(Bapan); > \/Ipsl2 + (QF)? + (QF)? (14)

The mean curvatures, H|q and H|,s_q with respect to Q and M?® — Q, the charged
momentum density, Jgas, and the momentum, p;, of the jth asymptotically flat end will be
defined precisely in section 9 where this theorem is proved.

2 A Manifold with a Single Connected Boundary Com-
ponent and the Inverse Mean Curvature Flow

equationsection thmsection
In this section, we prove theorem 1 using the Inverse Mean Curvature Flow.

Let A denote the area of OM and define the charge, given in @), of OM, by

o=1- [ B0 (15)

Note: If div E = 0, then by the divergence theorem, this is equal to the total charge,
Q, given by (4), as well as the charge, |, ¢ E(v) on any closed two-surface S C M 3 that also

5



bounds OM?3, (i.e. OIM? C M3 — S):

Assume that the scalar curvature, R, of M? satisfies the dominant energy condition, R >
2|E[2, at each point of M?. From now on, we will let H denote the mean curvature of
any two-surface S C M? with respect to the outward pointing unit normal vector field v,
pointing toward spatial infinity. Let A(S) denote the area of S.

In [10], Khuri and Disconzi introduced the charged Hawking Mass, defined on any closed
two-surface S by:

Meg(S) = fiéﬂ)(uiﬂf 167T/H2 (16)

This charged Hawking mass is useful because it satisfies Geroch monotonicity (it is non-
decreasing) under surfaces solving the inverse mean curvature flow (IMCF) (defined in [11]).
In fact, if S, denotes a one-parameter family of surfaces solving the IMCF then (cf. inequal-
ity (4.1) in [10]), we have the following inequality:

where I1 denotes the second fun-

drMor(S-)2 =\ /7l @2+ 1/ A52) [ (R2\VZHE 4112 L h2)
damental form on S; with respect to the induced metric and the unit normal vector (v)
pointing toward spatial infinity.

Since (cf. top of p.7 in [10]), [II|* — 1H? = (A — A2)?, where A\, and Ay denote the
two principal curvature of S,, the last three terms appearing in the second term of the in-
equality (2.18) will always be non-negative.

By the dominant energy condition R > 2|F \3 and by Holder’s inequality (cf. inequality

[4.2] in 10), [ |E[; > 16”;Q) , and therefore Moy (S;) is monotonically non-decreasing:

d
— >
dTMCH(ST) >0 (17)

Further, like the Hawking mass, if S, denotes the one-parameter family of surfaces solving
the inverse mean curvature flow, then, because, A(S,) grows exponentially in T,

lim MCH(ST) == EADM (18)

T—00

Therefore, if Moy (Sy) > C for some constant C, this inequality will extend to Eapys >
C. For an apparent horizon boundary, which in the time-symmetric case, corresponds to
H = 0 on OM, Khuri and Disconzi [10] used (2.20) along with Geroch monotonicity (2.19)
and the charged Jang transformation to prove the charged Riemannian Penrose inequality

Eaipy > 4/ 16% + \/§Q2 assuming that the dominant energy condition is satisfied. Our goal



here is to move slightly outside of the apparent horizon boundary, replacing the condition
H = 0 in the time-symmetric case with an appropriate upper-bound for mean curvature.
We derive this upper bound in the following:

Proposition 5. Assume that the mean curvature H on S satisfies the following inequality:

47 47|Q|
-2 (19

1
SHI <)

Then

Mcn(S) 2 |Q) (20)
Proof. We start by rewriting the inequality, Moy (S) > |Q|:

A(5)

47 (Q?
Q= 167 (1+ A(S) 1671'/H2 (21)

Multiplying both sides of equation (2.23) by jﬁg), we obtain

16w 47TQ2 1 9
Q< 0+ T — 5 [ 1) (22)

Adding 3 [g H? — \/505|Q| to both sides of the (2.24) yields:

1 167 47 Q*
— H <1y e lel+ (23)
167 A(S) A(S)
Upon completing the square, 1 — , /2% 16” 5@l + ﬁrgj (1-— %@DZ. Therefore, (2.25)
becomes
1 47
— | H*<(1- 2 24
If we multiply both sides of the above equation (2.26) by 167, we obtain
/H2 <1671 — |- _0))2 (25)
s A(S)



We have therefore shown that the inequality Moy > |Q)] is equivalent to the inequality

(2.27) above. Now, notice that if H? < 4% (1 — /%\QW, then (2.27) will hold automat-

ically.

The expression %(1 - 4—”\@])2 can be rewritten as (\/j?g) — \/(,2?5)2)2)2’ which is
equivalent to (2 A(S) ’; = [2(,/ A‘l(g 4”) . Taking the square root of both
sides, the condition H? < %( — 1/4—7r|Q|) is equivalent to |H| < 2| A(S — 47r‘Q|| or
2|H] < |/ A‘l(’; 4“|Q|‘| which is precisely the condition (2.21) O

Therefore, if we start an inverse mean curvature flow at the boundary, that is, if Sy =
OM?3, and if the mean curvature satisfies 2|H| < |/4 47;|1Q‘| on OM?3, then Moy (Sy) > |Q|

by proposition 2.5 and by Geroch monotonictiy (2.19) combined with (2.10), Eapy > |Q).
If Eapy = |Q)|, then the spacetime is identical to a t = 0 slice of an FEztreme Reissner-
Nérdstrom spacetime, which is defined along the lines of [13] below:

Definition 6. Let m > 0 denote a positive constant and p € R? denote a point in space,
and let r denote the Euclidean distance from p € R3. Set u = (1 + “:—')1/ 2. A time slice
t = 0 of the Reissner-Nordstrom spacetime is characterized by initial data consisting of a
the topological manifold M3 = R3 — p, on which we define the spatial metric

g = u*(dr* + r*do?) (26)

and electric field

E =2V|lnu (27)

This spatial metric will be a slice of the Fxtreme Reissner-Nordstrom spacetime precisely
when m = |Q)].

It is important to note the following properties of extreme Reissner-Nordstrom spacetime
given in the following proposition:

Proposition 7. The second fundamental form 11, charge, Q,., and mean curvature, H of any
coordinate sphere S, in extreme Reisssner-Nordstrom spacetime are given by the following
two formulas:

o Oput

u?

II == [ %) dw? (28)

Qr =-—m=—[Q| (29)



and

Proof. We calculate

IT =1

2Lu_26Tg:%(u—28T (ut)(dr2+r2dw?)+ut(2dr(d(u=2))+2ru=2dw?)—2u=30,udr= % (u=20; (u)(dr24+r2dw?)+ut(2dr(—2u=30,udr)+2ru
and therefore,

H(S,) = Trs I = u=tr=2(r 23“ + 2ru|

8ru —f-?"flufg
— 4g,~u +

'ru2
—-m

1 my=1/2  —m _ —
Smce Oru = 5(1+ ) 5 = 5.3, and so we have

H(S:) = T —Sm - (r —2:7;1)2 (81)

Now, notice that, because £ = 2V (In u) in extreme RN, we have the following formula for
the normal component of the electric field:

E(v) =2V,-25.(In u)

— Oy 2%u

— (rtm)?
Now, notice that, with respect to the metric g, the area of S,, A(S,), is

A(S,) = / r*utdw?® = 4n(r +m)? (32)
S,
and therefore the fluz or charge, Q,, through S, is

—m
fS T + m) (m+r)2 =—m
Notlce that thls Value does not depend on r, and in particular, lim,_,,, @, = Q = —m, or
= |Q| since m > 0.

Therefore, (2.33) becomes




Lemma 8. If Eapy = |Q)|, then the metric g arises as a time slice of an extreme Reissner-
Nordstrom Spacetime. As a consequence (2.32) holds on each S,. Further, in this spacetime,
inequality (2.19) is an equality for each coordinate sphere S;.

Proof. Eapy = |Q], then since Mcy(S,) is monotonically non-decreasing, we must have
Mcu(S;) = |Q| = Eapu, for all 7, and therefore £ Mcy(S,) = 0, so that (2.19) holds on

each S,. It then follows from the inequality (2.17)-(2.18) that [, (R+2Y24E 4 |17)>~1H?) =
0; since it was shown in [10] that |II|> — $H? is always non-negative, we must have:

V.:H=0o0nS; (34)
and
9 1
|[11]* = 2 > on S, (35)

These two equations in turn imply that H and /I are constant on S,. Further, equality
n (2.18)-(2.19) implies that we must have

R =2|E[? (36)

and further that equality must hold in Hélder’s inequality, so that [ s, |E |2 16”Q . There-
fore, we must have

E = f(r)v (37)

for some smooth function f(7), i.e. E (and therefore also R) is constant on each S;. Here,
v denotes the outer unit normal to S, pointing towards spatial infinity (cf. Equation (5.4)
of [10]). By equation (1.3) in [11], we further have

— = —Ag.(H™) — (|[II|* + Ric(v,v))H! (38)

Since H is constant (and assumed to be nonzero in order for a smooth solution of IMCF to
exist) on each S,, we have Ag, (H~') = 0 and therefore

oH

or

Since both H and /I depend only on 7, it follows that Ric(v,v) is constant on each S;.

A standard formula obtained by taking two traces of the Gauss equation allows us to write
the Gauss curvature K of each S; as follows (cf. equation preceeding 5.5 in [10]):

—(|II]* + Ric(v,v))H* (39)

1 1 1
K=3R- Ric(v,v) + 5H2 — 5|H|2 (40)

10



Since every term on the right hand side of (2.42) is constant on S, it follows that K is
also constant on S;. Therefore, the induced metric on S, is identical to r*(7)do? for some
function r(7) satisfying 47r?(7) = A(S,) = A(Sp)e” (cf. the equation following 1.1 of [11]).
Using the Gauss Lemma and the fact that dr = 2r~'dr, we can rewrite g as follows (cf.
equation (5.5) of [10]):

AH?
dr® + rdo? (41)

g:

Now, note that equation (2.16) applied to S, (with Mcy = |Q|) can be rewritten as

& [ el T (42)

Since H? is constant on S, and since 47r (T S;), this equation becomes
47r?(7) 167 47rQ2
H? A 43
167 Adrr2(T )|Q| 7r7‘2(7) (43)
Solving (2.45) for H?, and writing r for r(7) yields
4, 21Q @
H? = — (- = +1 44
STy (44)
which can be simplified further as
A(r — Q)
2 _
Plugging the formula (2.47) for H into equation (2.43) for g gives
2
dr* + r’do? (46)

g = —

(r —1QI)?

To get this into the form of a slice of standard Reissner-Nordstrom Spacetime, we make
the coordinate transformation, r» =’ + |@Q]. Since dr = dr’, this turns equation (2.48) into

Q)
()2

Rewriting (' +|Q|)? as (1+ (L%‘2)2(7“/)2 and (T,(J;,‘)QQDQ = (1+ %)2, equation (2.49) becomes

dr'’ + (r' +1Q|)*d (47)

IQI

=(1+—=) 2dr" 4 r"*do?) (48)

11



This is precisely equivalent to the induced spatial metric on the ¢t = 0 slice of an extreme
Reissner-Nordstréom Spactime with v = (1 + @)1/ 2 and m = |Q|. In this spacetime, the
electric field is given by F = 2V([Inu], where V denotes the gradient operator acting on a
function. In terms of the metric above, in this reads

el
CENe] RN

Now, notice from equation (2.39) that F(v) = f(7) on S, in light of A(S(7)) = 47r?(7), we
have

(49)

MQszMZMWUVW (50)

from which we can solve for f(7), (after making the replacement r(7) =’ + |Q|):

Q
— 1
f(7) CEA)E (51)
It then follows that £ = —T’(TQ—HQ| v on S;. Since S; is simply a sphere of radius r(7) = r'+|Q),

the spatial infinity-pointing unit normal v (with respect to the g given by (2.49)) is simply
v = H;@&n/. Hence the original electric field E defined on M? is identical to the one arising

from the extreme Reissner-Nordstrom metric, with @ = —|Q| (notice how this agrees with
the point charge of an electron). Furthermore, equation (2.47) under the replacement of
r =r(7) with " + |@| gives the following:

B 2(7“’)2
RGERlE -
On the other hand, note that since A(S,) = 47 (r' + |Q])?, we have
A(S:)  A(S:) QL (r+1Q1)?
Combining the right-hand side of equation (2.55) as one fraction gives:
Ar - AxQ  (')? (54)
A(Sy)  A(S:)  (r+1QI)?
It thus follows that
IR 47 47|Q)|
2 =\ Ars) T Acs) (55)

12



on S; as claimed. O

We also need the following:

Lemma 9. Assume that the boundary, OM?, is outer minimizing. Then there exists a
solution of the IMCF such that A(Sy) = A(OM?).

Proof. This is simply a consequence of remark 1.4 in [18] (cf. theorem 1.2) and the the
existence theorems for the inverse mean curvature flow given in [11] [

Note: If OM is outer minimizing, then H > 0, so absolute value sign appearing to the left
hand side of inequality (2.21) is unnecessary (cf. Remark 1.2 of [18]).

We therefore have the following proof of theorem 1:

Proof. If we start an inverse mean curvature flow at the boundary, that is, if Sp = OM?,
and if the mean curvature satisfies $H < [/ — %| on M3, then Moy (So) > |Q] by

proposition 2.5. As a consequence of Geroch monotonicity and the asymptotic behavior of
the S, it follows that lim, .. Moy (S;) < Eapay (cf. Lemma 7.4 of [11]). This proves the
lower bound on E4pjs in theorem 1. The rigidity result is then simply lemma 2.8. [

Note: In [17], Hawking-Horowitz and Perry have already shown that if OM is an apparent
horizon, which in the time-symmetric case corresponds to H < 0, then E,py > |Q], so

the above theorem only gives a new result if both H and | % — %QH are positive. Since

47Q* < A when OM is an apparent horizon, this is not an unreasonable assumption.

Second Note: In [6], M. Herzlich proved that in the absence of charge (E = 0, Q = 0),

that %H <4/ 47” implies the uncharged positive mass theorem: E p,s > 0. His proof uses
spinors and is the motivation for the proofs of the theorems 2 and 3 in the next sections.

3 Outline of the Proof of Theorem 2

We break the proof of theorem 2 down into three steps:

Step 1: We write the quantity Eapy — |@] in terms of spinor fields. The Schrédinger-
Lichnerowicz formula combined with the divergence theorem show that this expression is
an integral involving a charged Dirac operator, the charged covariant derivative, and the
function R — 2|E|? on the ambient manifold, along with a boundary integral involving a
charged boundary Dirac operator and the mean curvature on each connected component of
the boundary. This expression will be nonnegative if the spinor field satisfies the charged
Dirac equation on the ambient manifold and if its restriction satisfies appropriate boundary

conditions depending upon whether % + 12{;2 — % Jx E(v) — %. This is discussed in
J 5 J J J
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section 5. If \/47r + 16”2 -+ v E(v)— ﬂQJ‘ is positive. All of this is explained in section
J J
4.

Step 2: 1If \/ 16”2 fN — 4”|QJ > 0, we use an argument of Hijazi-Bar as

in [1] to show that, assummg the 1nequahty (11) holds for E(r) on each horizon, the

absolute value of the smallest eigenvalue of the boundary Dirac operator on each NN; is

167r2 _ L f 47TIQJ
N;

. This is discussed in section 5. If

greater than or equal to 4” ot

= -+ Lo Aij fN]_ E(v) 4W‘QJ , then condition (11) Wlll also imply that H < 0, so that

we can use the boundary Condltlons imposed by Hawking, Horowitz, and Perry in [17] on
Nj; to conclude that the boundary term is nonnegative.

Step 8: Assuming the given upper bound on mean curvature for each component, N; (in-
equality (11)), we prove the existence of a spinor ¥ satisfying the charged Dirac equation
whose restriction to each component satisfies the appropriate boundary conditions. This is
discussed in the section 6. Section 7 then applies the nontrivial solution to the Dirac equation
with the results of the preceding sections to actually prove the positive mass theorem.

4 Definition of a Manifold with Finitely Many Cylin-
drical Ends

In this section, we consider the case where M3 consists of one asymptotically flat end and
finitely many cylindrical ends. This is of interest in mathematical general relativity because
cylindrical ends can also be used to model a horizon; objects stretch as they enter a black
hole. Let M,,; denote a subset of M? whose induced metric satisfies the decay rates of (1)
and (2). We consider a Riemannian 3-manifold, M? containing one asymptotically flat end,
M.,; and multiple cylindrical ends, which are defined below along the lines of [9]:

Definition 10. A manifold (M?3,g) is said to have m cylindrical ends if there exists m
Riemannian 2-manifolds (S}, gn,), a compact subset K C M?, a real number r, > 0, j =
1,2,...,m, and a diffeomorpshism ® : U, S; X (rg,00) = M? — (M, U K) such that the
pull-back metric ®*g on each N; x (12, 00) satisfies, for all [ > 0,

V(@9 — [gs, + dr])| = O(2) (56)

r

where each Vé denotes the Levi-Cevita connection on each S; x (rg,00) with respect to
the product metric gg; + dr?. We will denote the subset of M? that is diffeomorphic to
Sj X (rg,00) by M;.

For any r > 1o, consider the subset M;(r) = ®(S; x (r,00)) of M? consisting of everything of
length greater than r down the jth cylindrical end. We will use OM;(r) = 0@ (S; x (r,00))
to denote the corresponding cross-section.

14



5 The charged Dirac Operator, Lichnerowicz Formula,
and ADM Energy

To prove theorems 2 and 3, we first need to define spinors and the charged Dirac Operator. As
outlined in [7], we will rewrite the ADM mass in terms of spinors. Using the Lichnerowicz
formula and divergence theorem, this expression will become a volume integral minus a
boundary integral. The volume integral will be nonnegative if a spinor satisfies the charged
Dirac equation. The boundary integral will consist of a charged boundary Dirac operator
minus a multiple of the mean curvature, and we will see using eigenvalue estimates and other
appropriate boundary conditions that this term will be nonnegative if the inequalities (10)
and (11) are satisfied.

5.1 The Charged Connection and Super-Covariantly Constant Spinors

Since any Riemannian 3-manifold is spin, we can choose a spin structure on M? (cf. chapter
1 [1] for details). This spin structure then defines a spin structure on the spacetime N*
that arises after solving the Einstein-Maxwell equations with (M, g, F') as initial data (cf.
[3]). Let S denote the spinor bundle over N* restricted to M? and let T'(S) denote sections
of S. Elements of I'(S) are called spinor fields. Now, choose some orthonormal frame, e;
near an arbitrary p € M. ey will denote the tangent vector in N* perpendicular to M?
in the direction of forward time. Let D; denote the covariant derivative (induced from the
Levi-Cevita covariant derivative on T'M?) acting on spinor fields in the direction of e; (cf
Proposition 1.2.3d of [1]). Further, let ¢ : TN* — End(T'(S)) denote the standard Clifford
representation of the tangent bundle of N* When an electric field, £ € T'(T'M?) is defined
on M3, we can define the charged or super covariant derivative V; : I'(S) — I'(S) in the
direction of e; as follows:

VizzDi—-%Ekdewc®ac@m) (57)

We are now in the position to define the notion of a super-covariantly constant spinor field
and the Dirac operator:

Definition 11. A section of ¢ € I'(S) is called a super-covariantly constant spinor field if
for almost every p € M (that is for all p on M outside of a subset of measure zero) and the
given orthonormal frame, e; near p, we have

Vi =0 (58)

This is often just written

Vi =0 (59)
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5.2 The Dirac Operator

Let e; denote a local orthonormal frame e; on T'M3.

Definition 12. The classical Dirac operator, denoted I is defined by the following equation:
D = c(e;) Dy (60)

This definition is actually independent of the choice of local orthonormal frame e; on T M3
(cf. page 10 of [1]) The charged Dirac operator is defined using the charged covariant deriva-
tive V; as follows:

Definition 13. Let ¢; be an orthonormal frame around a given point p € M?3. The charged
Dirac operator, denoted Dy, : T'(S) — T'(S) is a first order differential operator acting on
spinor fields defined by the equation:

D) = c(ey) Vi (61)

Note also, that, because of the definition of the charged connection, V, the formula for the
charged Dirac operator reduces to:

Dat = B~ Se(E)e(eo) (62)

where D : T'(S) — T'(S) is the classical Dirac operator given by definition 5.2

5.3 The Schrodinger-Lichnerowicz Formula and ADM Energy

For the purposes of proving the positive mass theorem, we need to show that F4py —|Q] can
be written in terms of integrals whose integrands consist of inner products of spinors. First,
we have the Schrédinger-Lichnerowicz formula [equation 3.3.43 of [10]], which we summarize
in the following lemma:

Lemma 14. Assume that the vector field E has vanishing divergence, div E = 0, then the
Schrodigner-Lichnerowicz formula reads:
; 1
D; < U, V'0U + c(e;) Dy ¥ >= |VVU|* — | Dy V) + Z(R —2|E2)|v|? (63)
Note: This formula shows that the square of the Dirac operator | Dy ¥|? is, aside from a
divergence term, the square of the conformal laplacian, |[V¥/|?, plus a zeroth-order term (a

function that is merely multiplied by the spinor field and does involve any covariant deriva-
tives of the spinor field), namely, (R — 2|E|?). This charged Dirac operator is thus, modulo
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addition of zeroth-order term (the function }l(R —|E |£2])7 a formal half-iterate of the confor-
mal laplacian, V*V, at least in the weak sense when integrating by parts over a manifold
without boundary. Pauli Dirac originally conceived his operator as an observable producing
the rest energy (mc?), whose square needed to satisfy Einstein’s equation E? — |p|> = m2c?,
where |p| is the absolute value of the total momentum (in quantum mechanics, the operator
for the observable E? — |p|? is the laplacian in Minkowski spacetime, sometimes called the
d’Alembert operator and denoted by [J).

In the remainder of this subsection, we will assume that W is constant in a chart around
spatial infinity, say W is identically 1., in some frame in a neighborhood of M.,,;; assume
further that [1)o|> = 1. Then a standard result, (cf. chapter 3, page 114 of [7]) shows that:

lim < W, (D" + c(e" YD)V >= 4w Espas (64)

r—00 5(0771)

If we further assume that 1., satisfies, < 1, c(€)toe >= —59n(Q)|Vs|* = —sgn(Q), then
we have the following:

lim < W, E'c(eg)¥ > dS" = —4r|Q) (65)

r—00 S(O,T‘)

Now, set U? =< W, VWU + ¢(e;) Dyt >. We can then conclude from lemma 5.4 [cf. 3.3.46 of
7] that

lim U'dS" = 4w (Eapy — |Q|) (66)

T—00 S(O,T’)

If M? contains an inner boundary consisting of multiple disjoint components as in the as-
sumptions of theorem 2, then applying the divergence theorem to equation 5.7 in Lemma
5.4, we obtain:

Corollary 15. [, |[VU|? = |Dy¥|* + (R — 2|E2)|¥?
=X [y, <UD+ c(e) P+ Elcen)) ¥ > dS*
= dm(Eapm — [Ql)

If instead M? has finitely many cylindrical ends and one asymptotically flat end as in the
assumptions of theorem 3, then the boundary term is replaced with limit of ¥ along OM;(r):

Corollary 16. [, [VU|? — |Dy¥|* + L(R — 2|E2)|¥[?
— lim, o [X72 fan(r) < U, (D + c(e)) P + Eic(ey))¥ > dS7)]
= An(Eapm — |Q))
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Both corollary 5.5 and 5.6 demonstrate that E4py—|Q)|, or more specifically, 47 (Eapa—|Q)),
can be rewritten in terms integrals whose integrands consist of inner products of spinor fields.
It is worth noting that the term inside the limit in corollary 5.6 will necessarily vanish if ¥
is a compactly supported spinor field.

5.4 The charged Boundary Dirac Operator
To deal with the boundary boundary terms fNj < U, (D + c(e') P+ Eic(ey))¥ > dS* in the

Corollary 5.5, we first introduce, on each Nj, the classical boundary Dirac Operator ]ZNj.
Defining this requires defining the boundary spin connection:

Definition 17. The boundary spin connection @V 4 on N; is defined by [c.f. 5, p. 3],

OV yp = dxtp + il“flc(el)c(ek)w (67)

where I'%. i, 1,k = 2,3 denote the Christoffel Symbols on (Nj, g).

Dy = —c(Vj)c(eA)(2)VA (68)

J

where 2V 4 denotes the covariant derivative on N; inherited from the metric on M3, v;
denotes the outer unit normal vector field on each respective N; (pointing toward the asymp-
totically flat end, M,.;), and where A ranges from 2 to 3, e? and e* being chosen as the two
orthonormal unit vectors fields in I'(T'NV;). These vector fields are chosen so that they agree
with the orthonormal frame e; mentioned in section 5.1, i.e. e; = v; on N; when we choose
the point p to live on Nj, i.e. p € N;. We then have the following:

Lemma 18. Let ¥V denote a harmonic spinor, DyW = 0, then, on each component N; of
OM3. )
(D' + c(e") D + E'c(e))V = (=D, + E(v)c(e) + §H)\If (69)

where H denotes the mean curvature of N; with respect to the outer normal vector field v;.

Proof. This is a simple calculation; in [5] and [6] it has already been shown that D'+c(e!) ) =
—Dy, if DyV = 0. O

On each Nj, define the charged boundary Dirac operator Dy, as

Dy, = Dy, — E(v)c(eo) (70)

Note: Dy; is self-adjoint.
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Then equation (5.13) in Lemma 5.8 becomes

(D' + c(e") P + E'c(ey))V = (—Dy, + %H)\If (71)

Applying Lemma 5.8 to Corollary 5.5, we obtain

Corollary 19. fM3 VU2 — | Dy P2 + %(R - 2|E|3)’qj’2
ET:l[fNj <V, DNj\Ij > = fNj %H’\I}F]
= 4m(Eapy — |Q))

Note: Assume for now that each Dy, has only positive eigenspinors; we will denote the
lowest such eigenspinor by A;; and assume further that ¥ solves the charged Dirac equation,
Dy¥ = 0. Let ¥ = a™W¥,;, n > 1, denote the decomposition of ¥ along the eigenspaces
of Dy, corresponding to the eigenvalues A,;. Since the eigenspinors of a self-adjoint elliptic
operator are orthogonal, we have:

iy, < U, Dy, ¥ > = [y, 3 HIVP]

=S D@2 [y, (Wl — [y, I

> N7 [Anj — g supy, H(a™)? [ [

It follows that the term E;":l[fN]_ < VU, Dy, ¥ > —fNj TH|¥|?] in Corollary 5.9 will be

nonnegative if %H < Ay; on each Nj. In the following section, we derive a lower bound for

2
167rQ . f 2 47r\Q]|
N

the eigenvalue \;; assuming that \/ % 4+ —2 > 0 (which actually

amounts to the inequality (9))

6 A Lower Eigenvalue Bound for the Charged Bound-
ary Dirac Operator

Consider the charged Dirac operator defined in section 5.4 (equation (5.12))

Dy, = Dy, — E(v)c(eo) (72)

m2Q?
Our goal is to find a lower bound for the eigenvalue \;; of this operator assuming _7: + 16m°Q;

4”|Q | >~ 0. Note that this inequality is actually equivalent to [ ( N; E(v))? < 47, which is ac-

tually equivalent to the inequality [, ( N, (B (v))? < 4, which is (9)
Note: For the purposes of proving the charged positive mass theorem, what we really

care about is the restriction of the spinor bundle on the spacetime N*, first to M? and then
to the boundary of M3, whose components are N;. However, because of the discussion in
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3], a spin structure M? will determine a spin structure on N* and likewise a spin structure
OM?, which amounts to a spin structure on each N;, will determine a spin structure on
M?3. Therefore, it is sufficient to consider the spin structures on each N; and in this section
S will denote the spinor bundle on each N;, and I'(S) will denote its respective sections.
¢ : TN; — End(I'(S)) will denote the standard representation of the Clifford Algebra of
TN,

J
6.1 The Relationship Between Lower Eigenvalues of the Charged

Boundary Dirac Operator and those of a Dirac-Schrodinger
Operator

A Dirac-Schrodinger operator is simply a Dirac operator plus a function. In this subsection,
we prove that analyzing the eigenvalues of Dy, reduces to analyzing the eigenvalues of either
the Dirac-Schrodinger operator Dy, — E(v) or the Dirac-Schrédinger operator Dy, + E(v).

Lemma 20. Assume that c(eg)+1 is not identically zero on N; and let i be an eigenspinor
of either Dy, = lﬂNj — E(v)c(eg) with eigenvalue X\. Then X is also an eigenvalue of lDNj —
E(v).

Proof. Note first that c(ey) commutes with @V 4 for A = 2, 3 and anti-commutes with c(e4)
for A =2, 3. For any spinor field ¢ € I'(S), it follows that

Dy, (c(eo)tb) = cleo) P, (73)
so that c(ey) commutes with ) N,

Now, let I denote the identity endomorphism on the spinor bundle, sending any section
¢ € T(S) to itself, i.e. Ith = 4. Let X be an eigenvalue of Py, — E(v)c(eg). From the
relation (I + c(ep))c(eg) = I + c(ep), it follows that

[P, = EW)(( + c(eo)v) = P, [(1 + eleo))v] — E(W)(I + e(eo))ts

= D, [(1 + c(eo))¥] — [EW)(I + cleo) eleo) i

— (I + cleo)) [P, — Bw)eleo))t

— (I + cle)) Dy, ¥

= A + c(e))dp

Hence ) is also an eigenvalue of [Py, — E(v)] with eigenspinor (I + ¢(eg))y, which is not

identically zero by the assumption.
O

Note that if c¢(eg)1) = —1, then the eigenvalue equation lDNjw — E(v)c(eg)y = M) becomes

[Py, + E@) = M (74)

Therefore, in this case, A will also be an eigenalue of the Dirac-Schrédinger operator, 1) N; T

E(v).
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6.2 Hijazi-Bar Argument

We follow an argument of Hijazi-Bér [Theorem 3.3.1 and Corollary 3.3.2 of [1]] to obtain a
lower bound for the eigenvalue of this operator in terms of the area of Nj, the charge @);,
and the average value of (E(v))?

First, we define the Penrose operator on the spinor bundle.

Definition 21. The Penrose operator P : I'(S) ® I'(T'N;) — I'(S) is the map given by

Px) =@ Vi + %C(X)ZDN].Q/J for all X € T(TN;) (75)

Let A be an eigenvalue of Ip N~ E(v) with corresponding eigenspinor 1. From the eigenvalue
equation

D=+ E)) (76)

we have

| ol = [ 0 Bl w
Nj Nj
In [1] (Chapter 3, equation 3.3), it has been shown that

/ Do = / 2Py + K|oP (78)
N; N;

where K is the Gauss curvature of (NN, ¢g), from which it follows that

[ 2P+ Kl = [ v B (79
Nj N;j

Now, let (N, g) denote the boundary component N; with a conformally changed metric,
g = e*"g for some function or some function u € C*°(N;). Notice that there is an isometry
of the two tangent bundles T'(NN;, g) and T(N;, g) defined simply by sending X € T'(N}, g)
toe "X € T(N;,g) ([1], p. 18). This isometry induces a principal-bundle isomorphism from
SO,(T'N;) to SOz(TN;) that lifts to an isomorphism from the spinor bundle S (associated
to SO,(TN;)) to the spinor bundle S (associated to SO4(TN;)). For a section, ¢ € I'(S),
its image under this isomorphism will be denoted by ¢ € I'(S). Notice that there is, up
to equivalence, one representation, ¢ : T(N;.g) — S ([1], proposition 1.2.3 part (b)) of the
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Clifford Algebra of T'N; on the spinor bundle S.

Let ]_D ~; denote the Dirac operator and connection on N; with the conformally equiva-
lent metric e2*g. In particular, we choose an eigenspinor ¢ of I N, —E (v) with eigenvalue A
(i.e. ENjgb = (A + E(v))¢) and set 1) = e~ 2¢. From the conformal covariance of the Dirac
Operator (c.f. [1] proposition 1.3.10), we have

Py, (§) = e (A + Ew))d (80)
Further, let P denotes the Penrose operator acting on I'(S) @ I'(T'N;)), i.e.

Pxtp =? V) + %C(X)@Njw for all X € T(TOM) (81)

Then equation (5.13) becomes

[ 2APap+ R = [ 0 B0 (52)

N; N;

from which we derive the inequality

J,

J

O+ BW)P0R > [ R (53)

Since a nonzero spinor field must remain nonzero on a set of positive measure on Nj;, there
must exist a p € N; such that

e (A + E(v))*(p) = K(p) (84)

or equivalently

A+ E(v))*(p) = Ke™(p) (85)

Notice that in dimension 2, Ke** = K + Au, so that we get

A+ E@))*(p) = [K + Aul(p) (86)

or

N> [K + Au—20E(v) — (E(v))?](p) (87)
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Setting

/K K- 2>\—/ V) + 20E( )+Ai/N(E(y>>2—[E<y)]2 (88)

J JN;j

(which is possible by Fredholm’s alternative since the R.H.S. has vanishing integral), we

obtain,
A i/ K—2)\—/ —i/ (E())? (89)

By Gauss-Bonnet Theorem,
1 / 47
— K=— (90)
Aj N; A]

so that inequality 6.23 becomes

P > — - 2>\—/ /N (B(v))? (91)

J

Since —+— f N, 47er , this becomes, after completing the square,
4@ ; 47T 16m2Q% 1
A ! L — / E(v))? 92

We can assume without loss of generahty that @); > 0 and A > 0. Assume further that
1672 Q

E(v) satisfies the inequality (10), which is equivalent to A% / N, (E (v)? < j—’; + . Then
taking the square root of both sides of the above inequality yields
4r 16m2Q3 1 A7|Q;]
A > l E(v))? - —==2 93
R WALTIEES (98)

The right hand side of inequality 6.27 will be non-negative precisely when E(v) satisfies

i [ Ewr < (91)

j J
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which is precisely equivalent to the inequality (9).

Note: By Lemma 6.1, (6.27) will be a lower bound on the eigenvalue of Dy, — E(v)c(eg) if
the eigenspinor, v, satisfies ¢ + c(eg)v is not identically zero on N;. If ¢(eg)) = —1), then,
1 is actually an eigenspinor of the Dirac-Schrodinger operator, 9 N, T E (v). From the same
argument (just with £(v) replaced with —E(v) and the assumption that @); < 0), the (5.27)
is also a lower bound of an eigenvalue of [); + E(v). Hence (6.27) will be a lower bound on
any eigenvalue of Dy, = Iy, — E(v)c(eg). This is summarized in this following theorem:

Theorem 22. Assume that E(v) satisfies the equality 4 [, E(v) < 3E. Then any eigen-
J J

AJ
value X of Dy, = Dy, — E(v)c(eq) satisfies:

dr 16m2Q7 1 4| Q]
>, J _ 2 1%Jl
Al = yy + 22 A /N (E(v)) A (95)

7 Solutions to the charged Dirac Equation

In this section, we solve the charged Dirac equation subject to natural boundary conditions
in order to make the terms on the right hand side of the equation in corrollaries 5.6 and 5.9
positive. In corollary 5.9 this involves assuming that the mean curvature satisfies the upper
bound (11). Let P;_ denote the L? projection onto the space of eigenspinors of Dy, on N;
with negative eigenvalues. We wish to solve the equation

Dytp =0

subject to the the following boundary conditions:

If fNj E(v) < 4, then
P;,_¢)=0o0n N; (97)

(we think of P;_ as acting on 1 restricted to N;). All this means is that the spinor field
¥, when restricted to each N; and decomposed into eigenspinors of Dy, will have terms
consisting only of eigenspinors of Dy, corresponding to positive eigenvalues. Solving the
charged Dirac equation is done along the lines of pp. 117-120 of [7] and proposition 2.5 in
[6] using the Riesz Representation Theorem/Lax-Milgrim Theorem.

If [y E(v) > 4, then inequality (11) implies that H < 0 on N;. Hence, we impose
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the boundary condition given in [17]:

c(er)c(eg)p =1 on N; (98)

In fact, assuming that the electric field of each N; satisfies inequality (10) and that the mean
curvature H of each N; satisfies (11), it suffices to show that the bilinear form B defined
by B(1,¢) = [;s < Dust, Dys > is coercive (cf. Lemma 2.4 of [6]). Provided that B is
defined on a Hilbert space containing smooth compactly supported spinors satisfying (7.2)
or (7.3) on each N; as a dense subset, we have from Corollary 5.9,
n |DMw|2 Jy IV + H(R 2|E\ o

fN<7vZ}DN¢> fN H|¢|

The second term on the right-hand side is non-negative from the dominant energy con-
dition. If the normal component of E satisfies (9) (or equivalently (5.28)) on N;, then the
boundary condition (6.2) will be introduced, so that condition (11) on the mean curvature of
N; together with theorem 6.3 will imply that the term fNj <9,Dn,Yp > — fNj TH || will be

non-negative. If [ N, E(v) > 4m, then boundary condition (7.3) will be imposed. Now, note

that H <0 on N, implies that IV, is an apparent horizon (notice that k£ = 0 means there is

no distinction between a past or future apparent horizon). From [17] (cf. equation (28) and

the following paragraph), it then follows that the boundary integral, [\, <, [Dy,—3H| >
J

will vanish. It thus follows that
[ owk= [ jver (99)
M3 M3

Since we are operating under the assumption that M? admits no super-covariantly con-
stant spinors, [ [V¢|* will define a Hilbert norm on the Hilbert space and we have thus
shown that the given form is coercive.

(c.f. lemma 2.4 of [6]).

Along the lines of proposition 2.5 of [6] and theorem 3.2.1 of [7], we then have the fol-
lowing:

Theorem 23. Let M3 denote an asymptotically flat Riemannian 3-manifold whose inte-
rior boundary consists of finitely many disjoint components, N;, j = 1,2,..m, and assume
that the electric field E defined on M? satisfies the dominant energy condition R > 2|E|§
as well as the inequalities (10) and (11) on each N;. Let 1, denote a smooth spinor field
on M? satisfying (7.2) or (7.3) on each N;, depending on whether fNjE(V) < 4w (9) or
fNj E(v) > 4m. Assume that 1 is constant in B(0,r3) for a fized, large r3. Assume further

that Dy, € L*(M3). Then there is a nontrivial solution of the Dirac equation of the form
Voo + ¥, where 1 lives in a Hilbert space containing compactly supported spinors as a dense
subset:
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Dago(tho + 1) = 0 (100)

We now turn to the case where M? has finitely many cylindrical ends. In this case, if 1 lives
in Hilbert space containing smooth compactly supported spinors as a dense subset, Corollary
4.9 and continuity show that

Jags 1Dato)? = [1s VU2 + 1(R = 2|E2)[¢]* and again (4.3) holds. We therefore, have,
assuming the conditions of theorem 3,

Theorem 24. Let M? denote a Riemannian 3-manifold containing one asymptotically flat
end and finitely many cylindrical ends (as defined in definition 13). Let 1, denote a smooth
spinor field on M? that is constant in B(0,13) C My for a fized, large r3. Assume further
that Vo, = 0 on each M;(r) and that Dytbe, € L*(M?). Then there is a nontrivial solution of
the Dirac equation of the form 1. 4+, where 1 lives in a Hilbert space containing compactly
supported spinors as a subset:

D3 (oo +10) =0 (101)

Note: In theorems 7.1 and 7.2, the Hilbert space consists of spinors v satisfying the following;:
/ Dy < 00 (102)
M3

and
/M3 G| < 0o (103)

G(r) is a function of the radial coordinate defined as follows: Let v, =< x3,ys,23 >€
R?® — B,,(0) denote a fixed point with 73 = 23 + y3 + 23 chosen so that r3 > 71, and let
v, =< 1,9,z >€ R® — B,,(0) denote a variable point of length r, r* = z? + y? + 2% on
Meys, 7 > 1. Pick a point v,, =< T3, ¥s, 20 > with r2 = 22 + y2 + 22 chosen so that the
strict inequality 1 < ro < r3 holds. Let dist,(®(v,,), ®(v,)) denote the distance in M3
between the point ®(v,,) and ®(v,) with respect to the metric g for any r > r5. We will set
G(r) = [disty(P(vyy), P(v,))] 2 for r > ry and then extend this function smoothly, so that
G(r) =0 for ry <7 < ry. If M? contains finitely many cylindrical ends, then we also require
that G(r) = 0 on each cylindrical end, M;. In this way, the decay condition,

| ctr <o
M3
is really a condition characteristic on the asymptotically flat end, not the cylindrical ends.

The Lax-Milgrim/Riesz Representation Theorem will give us a nontrivial solution to Dy (¢ +
Voo) = 0 precisely when [, [Dyo]? <0 and Dyo = 0 (weakly) for a spinor o € W2 (M?)

implies that ¢ = 0 (cf. lemma 3.4 of [15]). According to the proof of lemma 3.4 of [15],
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this can be shown to happen when we can find a cutoff function f satisfying the following:
f=1on M®—B(0,r), r>ry, f=0o0n M*>— B(0,2r), and f =1 on M;(r), and f =0 on
M; — M;(2r) for some r > r4. Here, 4 is a number representing the length down a cylindrical
end (for convenience, we can pick this number to be the same for all cylindrical ends).

Let D denote the Levi-Cevita derivative on M3 with respect to g acting on functions,
f: M3 — Rby D;f =;f (in local coordinates). Then, we further require that |Df| < %
in M, for all ¥ > ry and |Df| < % in M;(r) for all » > ry and some constant C. This is
possible since if r is large enough, the metric on M,.,; will look like the Euclidean metric,
and the metric on M; and/or M;(r) will look like the product metric, so that we can simply
choose a bump function depending only on the r coordinate, whose derivative in that direc-
tion decays as O(1).

Now, note the following equation (cf. Corollaries 5.4 and 5.5, [4], [7], and [16]) for any
compactly supported spinor n € Wy (M?).

1 1
0= / < Dpyo, Dyn >= / <Vo,Vn > +—/ —[R — 2|E|3] <o,n> (104)
M3 M3 4 M3 4

Setting n = fo, we obtain, in analogy to lemma 3.4 of [15],

/ Vo << [ o (105)
M3—[B(0,r)UM;(r)] T Jms

Letting » — oo, we then see that fM3 |Vo|? = 0, implying that o = 0 as it was assumed that
M? admits no super-covariantly constant spinors.

Note that, because the only term in V (cf. equation equation (5.1)) affecting the cutoff
function f is D, the above result will hold regardless of the assumption made on the decay
rate of E and g along M, (r). This is the reason the decay condition was relaxed from O(e”"))
((8 <0))in [9] to O(3) in definition 4.1 of section 4.

If M? did admit a nontrival supercovariantly constant spinor, i.e. a spinor o with Vo = 0
then, by definition of the charged Dirac operator, D,,, this spinor would solve Dy;0 = 0.
We shall see in section 8 that existance of such a spinor leads to an open subset of the IWP
black hole spacetime (in the case of finitely many connection boundary componetns) or an
open subset of the Majumbdar-Papapetrou spacetime (in the case of finitely many cylindri-
cal ends).

Note: Here is the reason that 1, 4+ v is a nontrivial solution in theorems 7.1 and 7.2:

If 1 is constant, say 1o, = 1 on B(0,r5) for r5 > r3 large enough, then we have

|¢00|2 1
/Bmm sty (®(0r,), (o)~ /Bmm [disty(®(oy,), B(v,) (106)
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1
distg(®(vry),P(vr))

the pull-back metric ®*g approaches the Euclidean metric on R*— B, (0), dist,(®(vy,), ®(v;))
grows like 7, so that [dist,(®(v,,), ®(v,)]72 = O(r~2), but the volume of B(0,r) — B(0,r3)
in M? with respect to g grows like 7°, i.e. Vol,(B(0,7r3) — B(0,7)) = O(r*). Therefore,

However, note that [ BOrs) | B cannot be finite for the following reason. Since

1 c2

fB(O,rg,) [diStQ?Eq)(UTz)@(UW')b = lim, fB(O,m)—B(O,r) [disty (P (vry )P (vr)]?

=lim, oo 7 = 00

It follows that | BOss) | distq@'(f""‘;@w E is not finite, so that it would be impossible for 1,
5 ¢ T2 )> T
to be equal to —1) a.e. on M3 as G(r) = [distg(q)(vl TS Ol B(0,r3).
T2 )> T

8 Proof of Theorems 2 and 3

In this section, we use the nontrivial solution of the charged Dirac equation on the ambient
manifold of theorems 7.1 and 7.2 to prove theorems 2 and 3, which were stated in the intro-
duction.

8.1 Proof of Theorem 1.51

We start proving theorem 2 for an asympotically flat Riemannian 3-manifold whose interior
boundary contains finitely many disjoint components N;:

First, notice that corollary 5.5 holds for the spinor 9., in theorem 7.1 (without loss of
generality, we can assume that [1),|> = 1 on B(0,73). As in [7], equation 3.2.34, it can be
show that the functional F': I'(S) — R defined by

F() = fygs IV(0 + ) = [Das(6 + )P+ 1B — 2B +

-3, fNj <+ Yoo, (D 4 c(e)) D + Eic(e)) (Y + Vo) > dS°.

is continuous on the Hilbert space of the last section. In particular, if ¢, is a sequence of
compactly supported spinors converging to ¢, then F(1;) must converge to F(1). Since 1y
is compactly supported, F(¢y) = F(0) = 4dn(Fapy — |Q]) by corollary 5.5. Therefore, if 9
is a spinor satisfying (7.5) in theorem 7.1, then we have the identity:

Juas 1906+ 0) 2 + 2R — 21 ER) o + v ? |

=X [y, <O+ Yoo, (D' +c(€) D + E'c(eo)) (¥ + o) > dS"

= 4dn(Eapm — |Q))

Assuming the dominant energy condition, R > 2|E|3 holds on M3, the normal component of
the electric field £ satisfies (10) on each N; and that the mean curvature of each N; satisfies
(11), then the preceedings sections show that every term in the integrands of the left-hand
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side of (8.2) are non-negative. It therefore follows that Eapy — |@] > 0, or equivalently
Eipm > [Q).

8.2 Proof of Theorem

We now move on to the case where M? contains one asymptotically flat end and finitely
many cylindrical ends, as in the assumption of theorem 3. The proof follows the preceeding
section, except that now the functional F of (8.1) no longer has any interior boundary terms:

F) = [ 1960+ 0)? = Dul + v) + 3 (R= BRI+ vl (107

Again, an analogy to equation 3.2.34 of [7], this is a linear functional can be shown to be
continuous on the Hilbert space of theorem 7.2. Since compactly supported smooth spinors
are dense in this Hilbert space, we have, if 1, denotes compactly supported smooth spinors
approaching v, that F(¢y) = F(0) = 4n(Eapy — |@]) by corollary 5.6. Therefore, a spinor
satisfying (7.6) in theorem 7.2 produces the following identity:

Jus IV +0s0) 2+ 3(R = 2| E) Y + thoc |

= 4m(Eapm — |Q))

It follows that if the metric g on M? and the electric field E satisfy the dominant energy
condition: R > 2|E|?, then every term on the left-hand side of (8.4) must be non-negative,
and therefore, the term 47 (Eapy — |Q|) is also nonnegative, from which we can conclude,
assuming [¢|? = 1 near infity, Eapy > Q).

9 Case of Equality

In this section, we prove that the equality, E4py = |@| in theorem 3 implies that the initial
data (M3, g, E) gives rise to a spacetime containing a neighborhood diffeomorphic to an open
subset of the standard Majumdar-Papapetrou space-time. In theorem 2, equality is weaker
in that it only leads to a Israel-Wilson-Perjes (IWP) black hole. It is natural to first define
the metric characterizing standard Majumbdar-Papapetrou spacetime. Along the lines of [8],
we have:

Definition 25. A standard Majumbdar-Papapetrou spacetime or standard MP spacetime
is a spacetime that is topologically the manifold N* = R x (R3 — (U™, q;)), where a; € R?,
1 = 1,2,...,n denote n finitely many points in space. Let m;, ¢« = 1,2,...,n denote finitely
many positive constants. Define a function

u: R — (UL ,a;) = R (108)
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by the equation:

u(w) =1+ i o (109)

|z — a

The standard MP metric, (¥g, is then the Lorentzian metric given by:

Wy = u=2dt? — u?(da? + dy? + dz?) (110)

The Electromagnetic field on this spacetime is given by the Maxwell potential,

A=utdt (111)

and the associated Electromagnetic field tensor (Maxwell tensor), F', given by:

F=dA (112)

First, assume that no nontrivial super-covariantly constant spinors exist on M3. Then equal-
ity in (8.4) for 1 satisfying (7.6) of theorem 7.2, gives the equation:

[ 19w vp =0 (113)

which gives a contradiction. We therefore conclude that E4py = |Q] if and only if there is
a nontrivial supercovariantly constant spinor ¢ = 1 + 1)o, on M3. Note also that from the
equation (8.4), we must have the dominant energy condition R = 2|E[2.

In [8], Chrusciel, Reall, and Tod show how this super-covariantly constant spinor can be
extended to a a super-covariantly constant spinor field on a neighborhood of (M3, g, E) in
the spacetime N* arising from it, using what is called the Killing development. This is de-
fined using given Kiling initial data, which is defined below (cf. equation 4.3 of [8]):

Definition 26. Let (M3 g, E) be initial data for the Einstein-Maxwell equations. Let
W : M?> - Rand Y € T(TM?) be a given function and a given vector field respectively
defined on M3. (W,Y) forms what is called Killing initial data. The Killing development
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of (M3, g, E) is then defined to be the topological manifold N* = R x M? with Lorentzian
metric:

Dg = W2dt? — g;;(da’ + Y'dt)(da’ + Y7dt) (114)

Let g € T'(T'N?) be the unit normal vector field to M? (which is necessarliy timelike since
M3 is spacelike), and assume that this vector field is pointing in the direction of positive
time. We then define the Killing vector field as:

X =We+Y (115)

Note: In the case of a supercovariantly constant spinor field, ¢, the function W and vector
field Y on M? are given in the spin frame e; by W =< ¢, ¢ > and Y7 =< ¢, c¢(eg)c(e;)¢ >
respecitvley.

The authors of [8] extended the spinor field ¢ to a super-covariantly constant spinor field on
the Killing development of M3 as follows. They first extended the electric field to the Killing
development of M? by requiring that the Lie derivative of the electromagnetic field tensor
F,, vanish. In this way, they were able to construct a charged connection on the Killing
development. By requring the Lie derivative of the spinor field ¢ along X to vanish on the
Killing development of M3, they were able to extend ¢ to the entire Killing development
of M3, and show that this ¢ is parallel with respect to the charged connection, i.e. super-
covariant.

The associated Killing vector field is then given, with respect to the orthonormal frame
€5 by

X =< ¢,0 >+ < ¢,c(eg)cle;)p > € (116)

The (Dirac) spinor ¢ on the spacetime N* can be broken down into two-components (one
right-handed and the other left-handed), each of which lives in a complex vector space of
dimension 2 (ismorphic to C?). Let ¢ = (aa, B4/) be the decomposition of ¢ into its two
components. For any w =< a,b >€ C2, let w =< a,b >€ C? denote its complex conjugate.
Chrusciel et. al. in [8] show that the vector field X =< ¢, ¢ > eg+ < ¢, c(eg)c(ej)¢ > €’ can
be written with respect to these components as follows:

b A a | zaga
X—\/ﬁ(aa + pA6%)

They then set V = a3 and show that if the above Killing vector field (9.9)/(9.10) is
timelike at a point p € M3, then there exists a one-form w satisfying curl w = i(V-IVV ! —
VIV(VY) (cf. equation (2.24) of [8]) and the metric (Vg defined above on the Killing
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development of M? agrees with the (local) IWP metric defined below (cf. equation (2.13) of

8]):

Wy =VV(dt +w-dz)* — (VV) ldx - dx) (118)
on a neighborhood on p € M?) (cf. p. 5 of [8])

In section 4.1 of [8], the authors show that if the ADM four-momentum, p* = (Epay, p') of
the asymptotically flat end is timelike, then the Killing vector field defined above in (9.9) and
(9.10) is strictly timelike (cf. section 3 of [14]). In our case, we have assumed time-symmetry
(k = 0), so that the p’ components of the four-momentum are zero (cf. equation equation
3.3.15 in [7]), and therefore, since E4pyy is the only component of the four-momentum, it is
automatically timelike, as it was already assumed that Eapy = |Q] > 0.

9.1 Equality in the case of a Boundary with Multiple Components

In [8], theorem 1.1 assumes the following two conditions:
1. The Killing vector X associated with ¢ is time-like on M3 — OM?3.
2. X isnull on M3, ie. Wg,, X*X" =0 on M3,

and concludes that there is a neighborhood of M? on the spactime N* arising from it that
is diffeomorphic to an open subset of a standard Majumdar-Papapetrou space-time

We have already seen above that the first condition is satisfied as a consequence of the
time-symmetry of the intial data. It follows that around each point p € M3, there exists
a neighborhood that is a neighborhood whose spacetime metric inherited from the Killing
development of M? is an IWP metric. That is, we have shown the following:

If equality holds in theorem 2, then the spacetime metric on N* arising form the initial
data (M3, g, E) is locally an IWP spacetime.

For the second condition, note from equation (9.7), we calculate

W ggg = W? — 9 Y'Y
(4)9ij =95
Wgip = —gi; Y7
(4)90]' = —gi;Y"
and therefore

gm,XMXV = W2 [WZ - glJYZY]] — gZJYZYJW — gZ]Y]W : YZ

= W4 — ginin [W2 + 2W + 1]
= W4 — gZ]YZYJ(W + 1)2
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=Wi=g(Y,Y)(W +1)?
The condition that X be null on 9M? thus reduces to the equation:

W= g(Y,Y)(W +1)? (119)

Note that here W =< ¢, ¢ > and Y7 =< ¢, c(eg)c(e;)p > €.

In the case of an apparent horizon, Bartnik and Chrusciel in [16] imposed the boundary
condition c(eg)c(e1)¢ = ¢, and were able to show that this implied < ¢, c(eg)c(er)p >= 0,
so that Y = Wey, and g(Y,Y) = W2, so the above the equation becomes

Wh=W?2*(W +1)? (120)

Obviously this equation does not have a solution as W > 0. However, in [17] (theorem 2), the
Khuri and Weinstein were able to show that, assuming the boundary of M? is an apparent
horizon, then (M3, g, E) arises as a spacelike hypersurface in the Majumbdar-Papapetrou
spacetime.

However, there is no reason to expect that equation (9.12) hold in theorem 2; there, the
boundary conditions (7.2) and (7.3) were imposed were imposed on each N;. Therefore, we
can only conclude that equality in theorem 2 gives rise to spacetime arising from the initially
data that is locally an IWP spacetime.

9.2 Equatlity in the case of finitely many cylindrical ends

In [8], theorem 1.2 asserts that any electro-vacuum spacetime containing a nontrivial super-
covariantly spinor field and a simply connected maximal hypersurface, M?3, consisting of
one asymptotically flat end and the union of finitely many weakly cylindrical ends contains
a neighborhood of M? isometrically diffeomorphic to an open subset of a standaard MP
spacetime. Since we have already shown that we can extend the super-covariantly constant
spinor field on M3 to the whole spacetime, N*, arising from it, we need only check that our
initial data in theorem 3 is a maximal hypersurface. This is actually a trivial consequence
of the definition of a maximal hypersurface:

Definition 27. Let (N*,® g) be a Lorentzian metric, and let M? C N* be a spacelike
hypersurface, meaning that the induced metric g on M? consisting of restricting (Y g to TM?3
is positive definite (Riemannian). Let &k denote the second fundamental form of M? in N*
with respect to the timelike normal vector, %. The spacelike hypersurface, M3, is then said
to be mazimal if the mean curvature H = Trysk of M? in N* vanishes.

Since we assuemd time-symmetry of the initial data, we have £ = 0 and hence H = 0 on
M3, so that M? is indeed a maximal hypersurface. We have the following conclusion:
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If equality holds in theorem 3, then the spacetime arising from the initial data (M3, g, E)
18 contains an open subset diffeomorphic to a standard Majumbdar-Papapetrou spacetime

10 A Manifold with Corners in the Non-Time Sym-
metric Case

In all of the previous sections, we have assumed time-symmetry (k = 0). In [15], Shi and
Tam have shown that the positive mass theorem holds for a 3-manifold with multiple asymp-
totically flat ends containing an interior region with boundary. The metric is allowed to be
Lipschitz near the boundary, but the mean curvature of the interior must agree with the
mean curvature of the exterior (cf. section and theorem 3.1 of [15]). We reiteirate these
conditions in some definitions and then present a theorem extending theorem 3.1 of [15] that
includes charge and a symmetric two-tensor, k.

Definition 28. Let (M3, g) be an orientable, non-compact Riemannian 3-manifold. M3

is said to contain finitely many (say m) asymptotically flat ends if there is a compact set
K C M? and such that

M? — K = UL E;. Each Ej is diffecomorphic to R® — B,,(0) for some r; > 0. The dif-
feomoprhisms ¥; : R® — B,,(0) — E; satisfy the following property:

If g denote the Riemannian metric inherited on each E; from the original Riemannian metric
on M3, then we can write:

(U"g)a = da + b (121)

and we require that b; additionally satisfies the following decay condition:

|bzl| + r\(‘?bzl\ + T2‘88b¢l| = O(’/’il) (122)

where 7 is defined by r? = 22 +y? + 22 and denotes the Euclidena distance from the origin in
R3 — B,,(0) and O denotes the gradient operator in R® — B,,(0) (i.e. 9 : C*(R® — B,,(0)) x
CHR? — B,,(0)) = CY(R?® — B,,(0))) is defined by (X, f) = Ox f. If the vector field X is
given in local coordinates by X = ala%l + agaim + a38%3, then Ox f = alg—{l + agg—:é + ag%).
As in section 1, for any r > ry, we will set B;(0,7) = ¥;(R* — B, and S;(0,r) =
O(V;(R* — Bygy) for any r > ry. We then define the ADM mass, (Eapa); of the end

E; in a formula analogous to (1.3):
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1

(EADM)j = lim — (alglv - gvgll)dsv (123)
r—00 167{' Sj(O,r)

Now assume that two vector fields, F € T'(T'M?) and B € T'(T'M?) have been defined on M?3.
Let v denote the outer unit normal vector field pointing toward spatial infinity on S;(0,r)
and set g(E,v) = E(v) and g(B,v) = B(r). We then define the electric charge QF, and the
magnetic charge Qf of each end, £ as follows:

QY = lim E®v) (124)

and
Q7 = lim B(v) (125)

r—00 S] (O,T‘)

Further, assume that there in addition has been a symmetric two-tensor, k;; defined on M?3;
this tensor represents the extrinsic curvature curvature of M? in the spacetime N* arising
from it after solving the Einstein-Maxwell equations. We then define the spacelike compo-
nents pj- of the the ADM 4-momentum, p; of each end E;

) 1 ) )
pl = lim - ((Tr,k)g" — k™)dS' (126)

J
T—00 2 S] (07,,“)

(cf. theorem 3.3.3 of [7]).

Let D; denote the covariant derivative of the Levi-Cevita connection in the direction of
e, (for a given orthonormal frame), and let R denote the scalar curvature of M? with re-
spect to g. We also define the charged energy density, ppy and charged momentum density
Jem = Jigye: by the following (cf. 11.18 of [16]):

pepm = R — |k|§ + (tryk)? — 2|E|§ — 2|B|§ (127)

and

Jinr = 2D (ki — (tryk)dy) + deqa B' B (128)

The dominant energy condition in this case then becomes
HEM > \/|JEM|§ + |div E|? 4 |div B|? (cf. equation 11.24 of (15)). In order to present our
theorem, we now need to define the mean curvature H|g of 002 with respect to the unit nor-

mal of 9 pointing toward the interior of Q and the mean curvature H |as_g with respect
to the outward unit normal of 92 pointing toward the exterior of 2 (i.e. pointing toward
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M3 — Q).

Definition 29. Let v denote the outer-unit normal of ) pointing toward the exterior of
(i.e,. pointing into M3 — Q). Further let Dx denotes the Levi-Cevita conecction on M? with
respect to the metric g in the direction of X € T'(0€2). Also, let g|,s3_g denote the metric g
restricted to M? — Q and let g|o denote the metric g restricted to Q. As in the preceeding
sections, let ey, €3 be a frame for T0Q). We then define H|,s3_g and H|g and by the following
equations:

H’M3—Q = g‘M3—Q(V7 D€262) + g’M3—Q(V> D€363) (129)

and

H|g = ga(v, Deye2) + go(v, Deges) (130)

Before proceeding, it is important to introduce the notion of an adapted orthonormal frame
near 0€2, defined in pp. 19-20 of [15].

Definition 30. Let z € 0, and define a signed distance function, p : M3 —9Q — R, by
p(p) = d(x,p) if p € M> —Q and p(p) = —d(x,p) if p € Q. Let v = a% and let ey, e3
denote an orthornomal basis for T,,(0€2). Extend es, ez to a neighborhood of 02 by parallel

transport along the integral curves of a%' v, ey, e is said to be an adapted orthornomal
frame for 0€2.

The goal of this section is to prove theorem 4, which is reiterated below:

Theorem 31. Assume that (M3, g) is a Riemannian 3-manifold containing m asymptotically
flat ends as above. Define vector fields, E € T(TM?) and B € T'(TM?), and a symmetric
two-tensor k on M3 satisfying the following:

(1). The function ppy = R — |k|; + (trgk)* — 2|E|2 — 2|B[2) satisfies te dominant en-
ergy condition, gy > \/’JEME, + |div E|? + |div B|?.

(1). There is a bounded domain Q C M? such that we assume that g is continuous on
M3, smooth on M?® —Q and smooth on Q and is Lipschitz near O). Let e,, n =2, 3 defines
an orthonormal frame for T(0N2), and let v denote the outer unit normal vector, i.e. directed
towards M3 — Q.

(2). We assume that H|q— |Traoa(ka)| > H|ys_a+|Troa(kys_q)| (where the two mean cur-
vatures are defined by (8.11) and (8.12) respectively). Further, we assume that kq(v, e,) =
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kys_a(v,en) and that Bg(v) = Bys_q(v) and Eq(v) = Eys_g(v).
(3). The components, E* of E = E'e; and B' of B = B'e; satisfy the following decay

conditions: E* € o(r™'), B' = o(r~'). Further, E, B, k € Wy>(M?) and E, B, k and
their weak partials are bounded near OS).

Then

(Bapu); > \/Ips[2 + (QF)2 + (QP)? (131)

To prove this theorem, we need to show that the analogies to lemma 3.1-3.4 and corollary
3.1 of [15] hold. The statement analogous to [15]’s lemma 3.1 holds simply as a consequence
of of the definition of an adapted orthornomal frame. This allows us to show that pgys is
well-defined in the distribution sense, which in turns allows us to write a Lichnerowicz for-
mula for the operator D,;. However, proving the lemmas analogous to 3.2, 3.3, and corollary
3.1 requires running through the calculations for the new operator, D), and connection, V.
These calculations are done in the next subsection Three Lemmas Lemma 3.4 then follows
from a reiteration of the argument in [15] and an application of the analogous lemmas. Below
is the analogy to lemma 3.1 of [15]:

Lemma 32. Let v, ey, e3 denote an adapted orthonormal frame for M? at a given x € OX).
Let T denote the Christofell symbols of the metric g. Then T'%, is Lipschitz for 2 < a,b < 3
and all i and Fl{a =0 for all 1 < a, b < 3, where it is understood that e; = v = a%.
Furthermore, the scalar curvature R of M3 is related to the scalar curvature RP of a surface
a distance p from OS2, as well as the mean curvature, H, and second fundamental form, 11,
a =2, 3 of the same surface by the following equation (cf. p. 20 of [15])

R = o Y[ I 1p)* + R”. (132)

dp

If Hys_q = H|g, then H is Lipschitz, so that R (and hence also the charged energy distri-
bution, upp = R — |k[2 + (trgk)? — 2|E|2 — 2|B|2)) is well defined in the distribution sense.
(132)

The next three lemmas are based on the following space-time Einstein-Maxwell spin con-
nection and associated Dirac Operator. This connection is a modification of (5.1) to include
the vector field B and the tensor k;

V; = D; — ky(e)e(ey) — %Elc(el)c(ei)c(eo) - ielabBlc(ea)c(eb)c(ei) (133)

(cf. equation 11.19 of [16]). This connection gives rise the associated Dirac-Operator,
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Dy =1 — %(trgk —c(E))c(eg) + ielabBlc(e“)c(eb) (134)

where ID = c(e?)D; (cf. the equations at the bottom of page (69) of [16]).

Note: The adjoint of this operator (cf. bottom of page (69) of [16]):

Dy, =1 — %(trgk; —c(E))c(eo) — ielabBlc(ea)C(eb) (135)

Note: This is operator is not formally self-adjoint, but differs only in replacing B with —B.

It has been shown ([7], [4] [16]) that the following Lichernorowicz formula holds for Dy;:

1 .
D3 /Dy = V'V + Z(UEM + Jpcleg)c(e;)) (136)

10.1 Three Lemmas

In this subsection, we state and prove the three lemmas corresponding to lemma 3.2, lemma
3.3, and corollary 3.1 (in that order) in [15]:

Lemma 33. The Schrodinger-Lichnerowicz Formula for a Manifold with Corners

Let U be any open set of M® and let 1) denote a spinor living in Wy>(U) and ® denote a
: . 1,2
spinor living W,,=(U). Then

Jo < Du®, Dy >= % [oomw < [Hla + Troa(ka)c(v)c(eo)|®,n >
- %fagmU < [H’M3—Q + TTBQ(kM3—Q>¢(V)C(€0)](I)777 >
+ [, < VO,V > 41 [y < (em + Jpyc(eo)c(e:)®,m >

Proof. This formula follows as a direct conseconsequnece of the Schrodinger-Lichnerowicz
formula ([4], [5], [16]) on any open set U that does not intersect d€2 because in this case
UNoQ = 0. If U does intersect 052, then let T = U N 9N, and applying the Licherowicz
formula (8.21) to U N 2, we obtain, after multiplying by 7 and integrating by parts:

Joow < Du¥, Dyn >+ [, <v-Dy®+V,®,n >
= Jorr < V2.V > +1 [0 < (pen + Jhpc(eo)c(e;))®,n > We can readily calculate

c(V)Dy® + V, @ = c(v) 32, V,, @
c() Yoy (€a) (Ve, ¥h)or + 3e(v) (X pime Thac(es)e(en)) + 2k(eq, v)e(v)e(en) @
— [H|q® + (Tranka)c(v)c(eo)]® + c(E)c(v)c(e) — S teamBec(v)c(e;)c(en)cer)
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= c(v) 22:2 C(ea)(veaq)l)gf"‘zllc(m Zgl o Thpclen)c(e) @ Z
(v

c %k(ea, v)c(eg)d
5[ H|a® + (Trankg)c(v)c(eo)|® + c(E)c(v)e(eo)® + 2B(v)e(v)c(es)

o)

Note: In the above formula, we thought of T'= 02 N U as being the boundary of QN U. If
instead, we think of T'= 9Q N U as being the boudnary of U — 2, then we need to replace
the ¢(v) in front of ¥X3_,V,., ® with ¢(—v) = —c(v) in the above formula. This results in
the term %H |a® being replaced with —H|;3_q®, since we are now calculating the mean
curvature with respect to —v and g¢|,3_q instead of with respect to v and ). Therefore, the
term —1 H|q® gets replaced with £ H|ys_o®.

Furthermore, we assumed that k(e,, ) on Q agrees with k(e,, ) on M? — Q, so that the

terms tc(v)2[k(eq, v)c(v)]® = 2k(eq, v)c(eo)P are replaced with

Le(—v)2[k(eq, v)e(V)]® = —Lk(eq, v)c(e)P.

Since we have assumed that E(v) and B(v) on Q agree with E(v) and B(v) on M3 — ), it
follows that ¢(E) and B(v) on Q agree with ¢(F) and B(v) on M? — () respectively (because
e and eg are tangential to 9Q on M3 — Q. so that c(E) = E(v)c(v) + Eyc(es) + Esc(es)
on Q will agree with ¢(E) on M3 —( precisely when E(v) on ) agrees with E(v) on M?—Q).

Therefore, we have

(V) Du®+V_, @ = —c(v) gy c(ea) (Ve, ®)or—je(v) Yo 1p Topclen)elen) 43,y 5k(ea, v)e(v)eleo):
+ sH|as_a® + (Trookys_a)c(v)c(eg)® + c(E) — c(v)c(eg)® — 2B(v)c(v)c(es)c(es) @
Adding equation (10.19) to equation (10.20), we obtain

1 |
c(—v)Dpy®+V_, O4c(v) Dy @+V, 0 = 5[H|M3,Q+(T'r’ag(k;Mg,Q))c(z/)c(eo)—(H\Q—F(Trag(kQ))c(l/)c(eo))]<
) (137)
The Schrodinger-Lichnerowicz formula applied to U — € is

Jo_a < Du®, DMn>+fT<c V) Dy®+V_,®,n >

= Ju o <V, V0> +1 [ o < (key + Jpycleo)c(en))®,n > - B
Adding (10.18) to (10.22) we obtain, we obtain, since U = [U N Q] U [U — €1,
fU<DM(I) DM?7>+fT<C DM(I)+V (I)+C< )DM(I)+V7VCI),7]>

= [y, <V, Vi > 41 [ < (uem + Jpyc(eo)e(e))®,n >
Replacing the second term of the above equation with the right hand side of equation (10.21),
(10.23) becomes:

Jo < Du®, D > +5 [ < [H|s_a+(Troa(kas_q))e(v)e(eo) = (Hlg+H(Trooka)c(v)e(eo)) | ®,n >

= [, < VO, Vn>+1 [, < ppa + Jgacleo)c(e;)®,m > Moving the second term of (10.24)
to the right hand side, we obtain
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Jo < Du®, D >= 5 [ < [H|a+H(Troa(ka)c(v)e(eo) = (H s —a+(Traa(kus_a) )e(v)e(eo))®,n >

+ [, < VO,V > +1 [, < (uem + Jigpre(eo)e(e;))®,n > which is precisely (10.17)
[

For the next lemma (the analogy of Lemma 3.3 in [15]), we need to define what it means for
a spinor ® to be a weak solution of D},Dp® = 0:

Definition 34. A spinor ® € W,*(U) is a weak solution of D%, D);® = 0 on an open subset
U C M?3 if for every n € Wy*(U),

/ < D]\/[(I)7 DMT] >=0 (138)
U

We then have the following regularity lemma analogous to lemma 3.3 of [15]:

Lemma 35. Let ® € W,22(U) be a weak solution to Dy, Dy® = 0. Then ® € W22(U).

Proof. This is simply a repeat of the argument used to prove lemma 3.3 of [15], but with
the terms wy(e;)c(eq)c(e)) = T c(ei)c(eq)e(e;) replaced with T c(e,)c(er) + 2kac(eq)e(eq) —
2¢(E)c(ei(c(eg)) —€amiB c(em)c(er)c(e;). We obtain the same result because k;,, B, and E are
bounded, assuming they satisfy th asymptotic fall off conditions, E = o(r=1), B = o(r™!),
and since e;(kiq), €;(B), €;(E) exist weakly on M3 — Q and €, and are in L} (M?3). O

loc

Lemma 10.6 allows us to prove an analogy of corollary 3.1 of [15] giving regularity for a weak
solution of D3}, Dy ® = 0:

Lemma 36. Let U denote any open set in M3 and let ® € VV;CZ(U) be a weak solution of
D%, Dy® = 0. Then Dy ® € W,2(U).

loc

Proof. By equation (8.19),
1 1
Dy® = Pd — §(t7“gk —c(E))c(eg)® + ZelabBlc(e“)c(eb)q) (139)

By corollary 3.1 of [15], and lemmas 8.16 and 8.46, the P® € W,-(U). Tt therefore remains
to check that (tryk — c(E))c(e)® + feapB'c(e)c(ey)® is in W2 (M?). This follows since
we have assumed that the weak partials of k, E, and B are bounded near 02 and since
® € W22 by lemma 8.46. O]

loc

Note that the assumption that the weak partials of k£, ), B are bounded near W1’2(M 3)

loc
is necessary because if we assumed only I/Vlf)cl(M %) regularity, then weak derivatives of terms
like ¢(F)c(eg)® would include terms such as e;(E)c(e;)c(ep)®P, which would not necessary be

in L2 (U).

loc
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By lemma 8.22, 8.46, and lemma 8.47, we obtain the following analogy to lemma 3.4 in
[15] in the absence of super-covariantly constant spinors:

Lemma 37. Let & € W,;2(U) be a spinor field such that Dy® = 0 and [, |®* < occ.

loc
Assume further that M3 admits no non-trivial supercovariantly constant spinors. Then ® =

0.

Proof. By lemma 8.22, for any n € W, *(M?), we have:
0 = fMg < DM(I) DMT]>
=2 oo < [Hlo + Tron(ko)c(v)c(en)] .1 >

L < [Hlws—a + Troo(kys_a)e(v)c(eo)|®,n >
+ [is < VO,V > +1 [ o < (uem + Jiycleo)c(e;))®,n > Pick a point p € Q. Let B,(p)
denote a ball of radius r > 0 centered at p. As in lemma 3.4 of [15], we n = f?®, where f
is a cutoff function satisfying the following f = 1 in B,(p), f = 0 in Bs.(p) and there is a
constant C' > 0 such that

s < (140)

where D denotes the Levi-Cevita connection acting on any function f : M? — R by

D;f = 0;f. Assume that r > 0 is large enough so that Q C B,(p). Then, plugging
n = f2® back into to (8.50)-(8.53), we obtain

fM3 < VO, V(f2®) >=—1 [, < [Hla + Troa(ka)c(v)c(eo)|®, @ >

+ 3 faQ [H|ps_q + Troa(kys_q)e(v)c(eg)|®, @ >

-7 st (e + Jopc(eo)c(e;))®, ® > Assuming the dominant energy condition, ppy >
|JEMm|g, and the inequality, H|g — |Tra0)ka| > H|ys_q — [Troa(kys_g)|, each term on the
right-hand side of (8.55)-(8.57) is negative. We deal with the left-hand-side as follows:

Jos < VO V(f2@) >= [ ) <V, V(f*®) >

- fB IVO]? + f32 (9)— B ]”2]V<I>|2

+ f32 (9)— B Dl(f2) <V; <I> ® > Note that second term of (8.59) is strictly positive. If we
perform 1ntegrat10n by parts to the term (8.60), we find that the asymptotic fall off condi-
tions for F, B, and k imply that

: C C
/ Di(f*) < V0, >< — @ng/‘@ﬁ (141)
Bar(p)—Br(p) Bay(p) (p) T Jms

r

It then follows letting r — oo that V® = 0 on M3. Since we have assume that there are no
nontrivial supercovariantly constant spinors on M?3, it follows that ® = 0. O]

We can now begin with the proof that (Eapa); > 0 assuming the conditions (1)-
(3) in theorem 35 hold. First , we pick a spinor 1., that is zero in a nrighborhood of
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), constant on the jth asymptotic end, and satisfies the following asymptotics on that
end, |Dyths] = O(r™2) and |Di;Dyte] = O(r=3). We can then solve for a spinor
Uy, € WH2(B,(r5)) (for some fixed p € M? and large coordinate 75 on the jth asymp-
totic end) solving D}, Dy, = 0 and t),, = 15 on 0B,(rs). This turns out to be equiv-
alent to solving D3,Dyo,, = —D3; Dyt and J,.5|aBp(R) = 0. We define a bilinear form,
A - Wy (By(rs)) x Wy2(B,(r5)) — R by A(¢,1) = Jo,my < Dnd, Dt >. Notice by
lemma 8.6 that A is coercive, i.e. there exists a constant C' such that A(y, ) > C|z/J\WO1,2,
where W|W01,2 denotes the norm of the spinor ¢ with respect to the norm on the Hilbert
space W,?(B,(r5)) Define a linear functional, F' : W12(B,(r5)) — R by F(¢) = — pr(r5) <
Dy, Dy >. Note that by Holder’s inequality, |F'(¢)| < ||Darél|rz||Dartbool| 2. Since we
may assume that 1 is L? integrable on the jth asymptotically flat end of M3, it then follows
, setting C = ||Yso||2 sthat |F(¢)| < Cy||Daol|r2, and by lemma 8.6, || Dps¢||12 is bounded
from above by a constant multiple of |¢|W3,2. By the Lax-Milgrim theorem, we then see that

there exists a o,, € Wy*(B,(r5)) such that A(o,,,$) = F(¢) for all ¢ € W,*(B,(rs)). since
the equation A(o,.,®) = F(¢) can be rewritten as

/ < Dyos, Dy >= —/ < Dythoo, Dyrp > (142)
Byp(rs) Byp(rs)

or

/ < DM(UT5 + ¢m), DM¢ >=( (143)
Byp(rs)

This shows that, by defintion, v,, = 0., + 1 weakly satisfies D}, D), = 0 on B,(r5) and
has ¢,, =1 on 0B,(r5). Our goal here is then to let 75 — oo and use this obtain a weak
solution

)

of D};Dy® = 0 such that ® is ¢, on the jth asymptotically flat end, [, [Dy®[* <0 and
then use lemma 8.10 to conclude that Dy ® = 0 on M?3. By the regularity lemma 8.9, v, is
bounded, so that ¢, |* € W12(B,(rs)).

To do this, note that if f is a compactly supported function on B,(rs), with f > 0, then by
lemma, 8.6,

pr(’“S) < V|¢T5|2, Vf >= 2pr(r5) < vwrsv V(f%; > —2 pr ’V¢r5|2
= I,y £ < Hlars—q + Troa(kas—a)e(v)e(eo) v, ¢r, >

e < [Hla + Tron(ka)e()c(eo)tns, s >

—2 pr(rg,) f|V¢T5‘2

- %pr(rg,) f < (umm + Jpprcleo)e(e)) e, trs >

Therefore, |1, |* is weakly sub-harmonic and since 1, is uniformly bounded, so is ¥, by
the maximum principle. Therefore, there exists a sequence r; — oo such that the sequence
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¥; = 1, converges in VVZ >(M?) and solves D* Der = 0 on B,(r;) and v, = 9 on
dB,(r;). The spinor, ¥ to which v; converges in W?(M?) solves D%, Db = 0.

It can then be shown that this ¢ is asymptotically close to 1.,. More precisely, we show
that

Inr

[ — too| < C— (144)

and that
19— 6P+ 1Dl = ) < o0 (145

To prove this, let Q C B,(rs) and 7; > r5. Then, since ¢; = 1o, on 9B,(r;), fB
Dby, Doy (¢ — oo >= 0. Therefore,
pr(r < DM(¢% 'QDOO) DM(¢1 ¢oo)
EM<W%W%¢%>E < Dythoe, Dot (0 — ) >
=0- fB < DMwoovDM(wz ¢00)
pr(” M%Doo’ fB ) < Dytboo, Dty >
= pr(n) | Dyboc|? pr rs) |DM¢Z'|2 From (8.62)-(8.65), we can easily conclude that

/ Dt (s — )2 < / Dasl? < o0 (146)
Bp(ri) M3

This proves that the first term in (8.61) is positive. To prove that the first term (in
(8.61)) is positive, note that by the dominant energy condition, pu > |Jgu|, and lemma
8.6, pr(m) V(¢ — ) ]? < pr(m) |Dar(¢p — @DZ)|2 < Jus [ Duthao]? < 00. (8.61) then follows a
simple consequence of letting r; — oo and noting that v; converges to 9.

To prove (10.48), note that since both v; and 1., are uniformly bounded, there is a con-
stant C7 such that [¢; — ¥ < C;. We can choose u > 0 to be a solution of Au <
—| D3¢ | +€(E, B, k) outside B,(rs) and such that u > C; on B,(r¢) and u(z) < Cor~'Inr
for some Cy. The function €(E, B, k) is a small function of £, B, and k chosen so that the
Lichnerowicz formula will make A]wi — Y| > —|Dp29eo| hold weakly on B,(r;) — By(r5).
Since 1; — 1 pointwise outside B,(r5), (10.48) holds.

Therefore, Dy € I/VlIQ(Mg), and we can apply lemma 10.9 with & = Dy1 to conclude
that Djys¢) = 0. This solution can then be used as in section 6 to conclude that

(Bapa); > \/Ips[2 + (QF)2 + (QP)? (147)
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