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Abstract of the Dissertation
Stability of the Positive Mass Theorem for Axisymmetric Manifolds
by
Edward Thompson Bryden

Doctor of Philosophy

in
Mathematics
Stony Brook University

2018

In this dissertation, we investigate the stability of the Positive Mass The-
orem for three-dimensional axisymmetric manifolds. It is widely known that
asymptotically flat manifolds with nonnegative scalar curvature have nonneg-
ative ADM mass, and that the only Riemannian manifold with nonnegative
scalar curvature and zero ADM mass is Euclidean space. We will show that
axisymmetric manifolds with nonnegative scalar curvature which satisfy an
additional technical assumption and have small ADM mass are close to Eu-
clidean space in a Sobolev sense.

It was shown by Chrusciel that for three dimensional axisymmetric man-
ifolds there exists a preferred coordinate system, and that the ADM mass

of the manifold can be calculated as integral over the manifold. We use
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the mass formula together with the additional technical assumption and the
nonnegativity of the scalar curvature to show that the Sobolev norms of the
different metric coefficients are controlled by the ADM mass of the manifold.

We use the Sobolev estimates we obtain in order to estimate geometric
quantities of the manifolds. In particular, we show that the volumes and
areas of axisymmetric regions approach their Euclidean values as the ADM
mass tends towards zero. We also estimate the distances between points by

their Euclidean distance and the ADM mass of the manifold.

v



Contents

(1__Introduction| 1
2 Background Information| 15
3__First Sobolev Estimates| 20
4__Second Sobolev Estimates| 27
5 Results Obtained| 55
6.1 Radial Monotone Casel . . . . . ... ... ... ... ... .. 55
b.1.1  Proof of TheoremI1.04L . . . . . ... ... ... ... 55

b.1.2  Proof of TheoremI1.00 . . . .. ... ... ... ... 58

b.1.3  Proof of Theorem 1.6 . . . .. ... ... ... ... 60

(.1.4  Proof of Theorems1.0.Mand1.08 . . . .. . ... ... 64

(.15 Proof of Theorem .09 . . . . . . ... ... ... ... 68

(5.2 Area Enlarging Case| . . . . . . ... ... ... ... ... 75

(A Examples| 92
ALT Kerr-Newman| . . . . . .. ... ... ... ... ... 92

[A.1.2  Axisymmetric Geometrostatic| . . . . . . . . . .. ... 100

[A.1.3 Conformal Metricd . . . . .. .. ... ... ... ... 101



Acknowledgements

[ am incredibly grateful to my advisor, Marcus Khuri, for his dedication to
his students, for his insights, and for his guidance. He was an unparalleled
source of knowledge and motivation during my studies. I consider myself
fortunate to have had him for my advisor.

I would also like to thank Christina Sormani for the many conversations
we had together with Marcus Khuri, and for agreeing to be on my dissertation
committee. Her energy and enthusiasm for mathematics is inspiring, and I
am grateful for the interest she has shown in my projects.

I am very grateful to Michael Anderson, who kindly agreed to chair my
dissertation committee, and to Dror Varolin, who kindly agreed to be on my
dissertation committee. I am grateful to the Stony Brook math department,
and to all the people who make it a wonderful place to study mathematics.

I am grateful to my parents and my sister for their unwavering support. I

am deeply grateful to Inge. Because of her, every challenge felt surmountable.

vi



Chapter 1

Introduction

Based on the formulation of General Relativity, our physical intuition leads
us to expect a close relationship between the ADM mass of an asymptotically
flat Riemannian manifold and its geometry. Recall that the ADM mass of
an asymptotically flat Riemannian manifold is defined to be

= tim [ >f (101)
m=Jim g ), s = 9 0
In their celebrated Positive Mass Theorem [16], Schoen-Yau proved that if

an asymptotically flat manifold has nonnegative scalar curvature, then the

ADM mass is nonnegative. They also proved the following Rigidity Theorem

m =0 = M is isometric to Euclidean space. (1.0.2)



It is natural to ask whether stability also holds; if M has small ADM mass, is
M close to Euclidean space? Lee-Sormani [14] have shown that M need not
be smoothly, nor even C?, close to Euclidean space even in the spherically
symmetric setting; there could be increasingly deep thin gravity wells at the
center. They conjectured that M is close to Euclidean space in the Sormani-
Wenger intrinsic flat (SWIF) sense [12] [14]. Proving it will require a method
for picking appropriate subregions geometrically and a way to show that
these regions converge in the SWIF metric to a subset of Euclidean space.
In [I4], Lee and Sormani study stability in the rotationally symmetric
setting. They show that tubular neighborhoods of fixed radius D about
coordinate spheres of fixed area A converge to the Euclidean tubular neigh-
borhood of radius D about a sphere of area A. Earlier, Lee had proven
convergence to Euclidean space outside a compact set in the conformally flat
setting [13]. Assuming strong conditions on sectional curvature, Corvino has
proven that an asymptotically flat manifold with nonnegative scalar curva-
ture and small ADM mass must be diffeomorphic to R?® [6]. Finster, Bray
and Kath have papers bounding the L? norm of the curvature [2, §]. Af-
ter the Lee-Sormani paper, LeFloch-Sormani [I5] proved that metric tensors

converge in the H} sense in the rotationally symmetric setting. Huang-Lee-

loc
Sormani proved SWIF convergence in the graph setting and Sormani-Stavrov
proved it in the geometrostatic setting. Allen proved L? convergence in re-

gions where the Inverse Mean Curvature Flow is smooth [I].

Here, we will study the question of stability in the presence of axisym-



metry. The class of axisymmetric metrics is both flexible enough to model
a range of physically interesting phenomena and restricted enough that we
have powerful tools at hand that are not available in the most general set-
ting. Recall that the coordinate expression for an axisymmetric metric in

cylindrical coordinates is
g = e 2(dp* + dz*) + p*e *"(d¢ + Bdp + Adz)?, (1.0.3)

where all the functions involved depend only on p and z. The killing field
associated with the axisymmetry of ¢ is %. Since we will be studying large
families of asymptotically flat metrics, it is natural to require that the family

satisfy some type of uniform falloff condition.

Definition 1.0.1. Let M be a family of axisymmetric metrics. Suppose we
can parameterize M by the functions «, u, A, and B in cylindrical coordi-
nates . If there exists constants C' and R such that if g is a metric in
M, then for all \/m =r > Ry we have

C

0| < (1.0.4)
C

100 < T (1.0.5)
C

07A| < T (1.0.6)
C

0'B| < T (1.0.7)



then we shall call M uniformly asymptotically flat outside of radius Ry

In [4], Chrusciel shows that if (M, ¢) is an axisymmetric manifold which
is asymptotically flat, then there are cylindrical coordinates (p, 2z, ¢) in which
g takes the form . Suppose that g has the standard asymptotically flat
falloff rate:

C
‘5’1(9 — (5R3)’ < P+

(1.0.8)

where dgs is the Fuclidean metric. In general the asymptotic falloff of the
functions «, u, A, and B will not be as strong as the those given in Definition
1.0.1] However, we may make an additional assumption on the killing field of
g which will imply that the functions «, u, A, and B do have the same falloff
as in [1.0.1l This indicates that there are many families of metrics satisfying
the requirements of Definition [1.0.1}

In Chrusciel’s construction of cylindrical coordinates, the coordinate func-
tions p and z are both solutions to a PDE determined by the metric g. Specif-
ically, if we let 1 denote the killing field generating the axisymmetry of g and
let ¢ denote the metric on the orbit space induced by g, then both p and z
solve

1
Aw = Agw — T < Vw,V [nf2 >4=0. (1.0.9)

g

In fact, p and z are uniquely determined up to conformal maps in the plane.
In section two of [10], it is noted that if we insist on mapping the axis of sym-
metry to itself and preserving asymptotic flatness, then p is completely fixed.

In addition, we can see that z is unique up to translation. This uniqueness
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justifies our choice to parameterize families of axisymmetric metrics as we
did in Definition [[.O.]

A major obstacle to proving the stability of the Positive Mass Theorem,
perhaps the principal one, is that the ADM mass cannot control regions
within outermost minimizing surfaces. Classic examples depicting why the
Penrose Inequality depends on the area of an outermost minimizing surface
demonstrate this phenomenon. One way to overcome this difficulty, which
was applied in the work of Bray, Finster, Lee, Kath, Huang-Lee-Sormani,
and Allen [2, 8 [12] (1], is to impose conditions which constrain the location,
or prevent the existence, of an outermost minimal surface. We shall follow

this approach in making the following definition.

Definition 1.0.2. Let M be a family of axisymmetric metrics and let 7
denote the killing field generating their axisymmetry. Suppose that for each

metric g € M we have the following inequality

nl,,
IVl

(po; 2) = po. (1.0.10)
g

Then we shall call M a family of area enlarging metrics at pg. If the inequality

holds for each pg, then we shall simply call the family area enlarging.

Uniqueness of solutions to (1.0.9) implies that the above is a condition
imposed on the family M and has significance beyond a coordinate condition.

However, it is useful to express the above in terms of cylindrical coordinates.



In coordinates the condition reads
(v — 2u) (po, z) > 0. (1.0.11)

In the appendix we show that the Schwarzschild solution is area enlarging.
Suppose that M satisfies condition ((1.0.10|) for all py. Let dzs denote the
background Euclidean metric given in the cylindrical coordinates (p, z, ¢).

Then in Proposition we show that
Area, (%) > Areas (X) (1.0.12)

for axisymmetric surfaces . Together with the Penrose Inequality, the above
area inequality works to constrain the location of outermost minimal surfaces.
In Corollary we show that if ¥ is an axisymmetric outermost minimal

surface which is also a sphere, then
S pt ([0, 2\/§m)> , (1.0.13)

where m is the ADM mass of the metric under consideration.
As in prior work on stability, we must judiciously decide which regions

we will study. In view of the above discussion, the regions

Wi(0) = {po+0 < p<pulel < B x[0,2m) (1.0.14)



for some fixed pg and o > 0, are natural choices. If o is identically zero, then
we shall write Qzé. Since we mainly work in the orbit space, we shall often
only consider the image of Qgé () under the projection map, which is simply
the rectangle

) ={m+o<p<p <2}, (1.0.15)

If o is taken to be zero, then we shall write Q1.
Instead of the area enlarging assumption ((1.0.10[), we will at first work

with another requirement.

Definition 1.0.3. Let M be a family of axisymmetric metrics. Suppose

that for each metric g € M we have the following inequality

o (1 Inl,
“ (= <0 1.0.16
dp <p|Vp!g - ( )

on the set {p = po}. Then we shall call the family radially monotone at p.

If M is radially monotone at each pg, then we will simply call M radially

monotone.

This too is a geometric condition on a family of axisymmetric metrics.
In Proposition we show that if ¢ is an axisymmetric metric, p is the
solution to the equation , then ¢ is radially monotone if and only if
the level sets of the function p form a sub-inverse-mean-curvature flow.

The radial monotonicity condition has a useful expression in cylindrical



coordinates:
O(a — 2u)

< 0. .U.
5 <0 (1.0.17)

In this form, a similar inequality to the above can be found in section 3.2 of
[5].

One could wonder if there is any relationship between the area enlarging
condition and the radial monotonicity condition. Pointwise, there is no such
relationship. However, if radial monotonicity holds everywhere, then the area
enlarging condition must also hold everywhere, see Proposition

In the appendix, we will show that the Kerr-Newman and axisymmet-
ric geometrostatic metrics satisfy radial monotonicity and the area enlarging
condition, respectively. In fact, the Kerr-Newman metrics satisfy radially
monotonicity strictly, so that small perturbations of the Kerr-Newman met-
rics are also radially monotone. The same is true for small perturbations
of axisymmetric geometrostatic metrics with regards to the area enlarging
condition.

We now state the stability of the Positive Mass theorem in the W1? sense.

Theorem 1.0.4. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Rqy. Suppose that M is radially monotone at pg and that for each metric in
M, we have

A=B=0. (1.0.18)

For every p1 > max{pg, Ro}, € > 0, 0 > 0, and 1 < p < 2 there exists a

8



0 > 0 such that if the ADM mass of g € M s less than 0, then

19 = Orsllwro (g o) < € (1.0.19)

and

1g = 0r2 o (s (o)) < € (1.0.20)

where dps denotes the Euclidean metric in cylindrical coordinates, dg2 denotes
the Euclidean metric in the (p, z) plane, and q denotes the orbit metric of g

in the (p, z) plane. Qgé(a) denotes the cylinder given in (1.0.14)) and Q51 (o)

denotes its orbit space.

The assumption that the functions A and B vanish is very likely unneces-
sary, however it does simplify the analysis considerably. That the exponent
p is required to be less than two is natural to the problem at hand. Suppose
we were able to prove an analogous result for p > 2. Then, we would be able
to apply the Sobolev Embedding Theorem to conclude that the convergence
was actually Cy convergence. However, as mentioned before, see [14], there
are counter examples to Cy stability.

It is not yet known if WP convergence implies SWIF convergence. How-
ever, in the course of proving WP stability, we obtain similar estimates to
those Huang-Lee-Sormani use to prove the stability of the Positive Mass The-
orem in the SWIF metric for graphical manifolds [12]. Let M be a family of
three dimensional asymptotically flat graphical manifolds in R* and let C,,

denote the infinite cylinder with base a ball of radius ry about the origin in
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R? C R*. Huang-Lee-Sormani studied the regions €2,, C M € M defined by

Q, =

0

MNGC,, (1.0.21)

for some appropriately large ry. Additionally, they assume a uniform diam-
eter bound on the ,,. They then show that as the ADM mass approaches
zero, the regions €2,, converge in the SWIF metric to a three dimensional
Euclidean ball in R?,

B(0,r9) x {0}. (1.0.22)

Their proof follows from three assertions. First, they showed that the volumes
of the Q,, converge to the volume of B(0,7y). Second, they showed that the
area of 0, approaches the area of dB(0,ry). Finally, they showed that
0, N IC,, Lipschitz converges to B(0,1q) x {0}.

We are able to establish volume convergence for the cylinders Qgé(a)

defined as in ((1.0.14)).

Theorem 1.0.5. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose also that M is radially monotone at py. For any constants
€>0,0 >0, and p; > max{pg, Ro}, there ezists a § > 0 such that if g € M
and

m(g) <9, (1.0.23)

10



then

1 + € > voly, () > Q] — € (1.0.24)

for any region €1 such that
QcC (o). (1.0.25)

We are also able to establish control over areas inside our designated

regions.

Theorem 1.0.6. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose also that M is radially monotone at py. For any fized axisym-
metric surface ¥, constant € > 0, and constant p; > max{po, Ry}, there

exists a & > 0 such that if m(g) < 9, then
‘E N QZ;(U)‘ + € > Areay (E N QZ;(@) > ‘E N QZ&(O‘)’ — €. (1.0.26)

We obtain an estimate on distances between certain points in Qz(l)(a)

which can be used to give an upper bound on the diameter of Qg;(a).

Theorem 1.0.7. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose M is also radially monotone at py. Additionally, assume that
A = B = 0 in the coordinate representations of the metrics under consider-
ation. Suppose we are given € > 0, o > 0, and p; > max{pg, Ro}. There

exists a constant 6 > 0 such that if m(g) < 0 and x and y are any points

11



such that the Euclidean line segment connecting them lies in Q51 (o) X {¢po}
for any ¢q, then

. . . ~ pl . .
For more general pairs of points z and y in Q0! we have a pointwise

estimate on their distance to each other.

Theorem 1.0.8. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Rqy. Suppose also that M is radially monotone at py. Additionally, assume
that A = B = 0 in the coordinate representations of the metrics under con-
sideration. Suppose we are given € > 0 and o > 0 and points x and y such
that the FEuclidean line segment connecting them lies in Qzé(a). There exists

a constant 6 > 0 such that if m(g) < 0, then
dy(z,y) < d(z,y) + € (1.0.28)

Finally, we are able to establish uniform convergence at large distances

from the origin.

Theorem 1.0.9. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius

Ry. Suppose that M is radially monotone and that for all g € M we have
A=B=0. (1.0.29)

12



Let Ry > Ry and let A(Ry, Ry) denote the coordinate spherical annulus cen-
tered at the origin. For any given 0 < 8 < 1 and € > 0 there exists a 6 > 0
such that if g € M and

m(g) <9, (1.0.30)

then

||g - 5R3||C'075(A(R0,R1)) < €. (1.0.31)

These theorems are proven in the final section of this paper after we prove
a series of Lemmas estimating various terms in the coordinate system. All of
the above theorems hold if we assume the area enlarging condition (|1.0.10))
instead of radial monotonicity . The only change is that in addition
to assuming , we must assume that our family of manifolds satisfies

a stronger uniform asymptotic falloff than the one given in Definition [1.0.1]

Definition 1.0.10. Let M be an uniformly asymptotically flat family of
metrics. Suppose that in addition to the uniform asymptotic falloff[1.0.1] we

have some uniform 7 > 0 such that

(1.0.32)

Then we shall call M strongly uniformly asymptotically flat.

In the future we would like to prove the Lee-Sormani stability Conjecture
that regions outside outermost minimizing surfaces converge in the SWIF

sense to regions in Euclidean space. Our volume, area, and distance controls

13



should be useful towards such a proof. Here we used an extra condition
to constrain, a priori, the location of outer most minimal surfaces.
Another approach would be to actually locate outermost minimal surfaces
without any assumption. This was done easily in Lee-Sormani thanks to
spherical symmetry and was a huge challenge in the work of Sormani-Stavrov
[17]. Locating the outermost minimal surfaces in an axisymmetric manifold

is of independent interest and would be worthy of a paper on its own.
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Chapter 2

Background Information

The ADM mass is calculated by taking a limit of integrals over the boundaries
of increasingly large coordinate balls. It is thus unclear how the ADM mass
should control the geometry inside of these balls. In fact, arbitrary local
perturbations of a metric would not change its ADM mass. However, if we
restrict our attention to metrics with nonnegative scalar curvature, then we
are no longer entirely free in our choice of local perturbation. This restores
our hope that the ADM mass can control geometry.

In an attempt to relate ADM mass and the interior geometry, it is natural

to make use of the divergence theorem,

o1 | ,
m(g) = lim - BBR(gij,j—gjj,i)V =40 6r div (g5 —9534), (2:0-1)

to get an integral over the interior. For now, we are ignoring the question of

15



which metric we should use to take the divergence. Intuitively, we think of
scalar curvature as a local energy density. As such, we would like to relate
the divergence term to the scalar curvature. Ideally, the non-negativity of the
scalar curvature should give control over the integral of the divergence term.
This approach can be successfully carried out in the case of axisymmetric
metrics. Furthermore, Witten used a more sophisticated version of this idea
to prove the positive mass theorem for manifolds with spinors [I§].

In cylindrical coordinates for axisymmetric metrics we have the following

formula for the scalar curvature [3]:

R =4 2(u—a)
g = € 0z Op

1 1 1 0o p2e 2 (OB  OA\’
Aps(t — ~a) — =Vt + —2& _
ol 50) = IVl + 350 = 2 )

(2.0.2)
Here we can see that the scalar curvature is indeed closely related to a diver-
gence, namely Ags(u — §). This observation leads to a very useful formula

for the mass [3],

1 2
- —2(u—a)
m(g) 167 /R3 [6

Since all other terms are explicitly nonnegative, if we assume that R > 0,

R, + +2|Vul3| pdpdzdg.

5 - _ =

p2€—4a+2u OB OA 2
0z Op

(2.0.3)

then the ADM mass immediately gives control over the gradient of u. In an
asymptotically flat metric, © must be arbitrarily small on large coordinate
spheres. It is therefore reasonable to suppose that we can use the fundamental

theorem of calculus to control u everywhere in the manifold. In order to make

16



this precise, we will use the following representation formula to express u in
terms of its gradient and its value on large coordinate spheres.

Suppose () is a compact region on which the divergence theorem holds
and let I' be the fundamental solution for the Laplacian. Assume further

that u is a function which is differentiable on C'L(£2). Then we have

u(z) = —/ u(y) < VI'(z,y),n > dy—l—/ < Vu(y), VI'(x,y) > dy. (2.0.4)
B Q

In order to see this, we follow the calculations appearing as 2.15 in [11],

except we use the divergence theorem on the vector field Z defined by
Z =u(y)VI'(z,y). (2.0.5)

The ease with which we can obtain estimates for u is encouraging, however
there is one more hurdle. If we want to use mass to control the metric, then
we must be able to turn our estimates for v into estimates for e*. Luckily, we
may use the well known Moser-Trudinger inequality [I1] to accomplish this.

In view of the coordinate expression for an axisymmetric metric ((1.0.3)),

a—2u

we know that if we can control e as well as e", then we have achieved

good control over the metric. Although it is less clear, it is possible to use the
mass formula and the scalar curvature equation to show that
the ADM mass controls the W'? norm of o — 2u. The process is similar to
what we do to estimate u. However, we use Green’s representation formula,

instead of (2.0.4]), to express a — 2u as a boundary term plus an integral of

17



its derivatives. We recall Green’s representation formula now.

Let 2 be a compact region on which the divergence theorem holds and let
I' be the fundamental solution of the Laplacian. Suppose that w is a twice
differentiable function on C'L(2). Then we have the following representation

of w

_ ol (x,y) ow(y)
w(z) = /aQ [w(y)T —F(x,y)w} dy+/QF(fv,y)Aw(y)dy- (2.0.6)

This result appears in [11] as equation 2.16.
With WP estimates for o — 2u in hand, we might hope to use the Moser-

2u_ Unfortunately, the Moser-

Trudinger inequality to get estimates for e®~
Trudinger inequality doesn’t apply in this case. Luckily, because of axisym-
metry, we are essentially working in two dimensions. This gives us extra
control that does not exist in higher dimensions. In this setting we are able
to prove a result similar to the Moser-Trudinger inequality, which allows us

to turn WP estimates for o — 2u into WP estimates for e* 2%,

In using (2.0.4) and (2.0.6) to control the W'? norms of v and o — 2u,

we rely on estimates of the Riesz potential. Recall that the Riesz potential

of a function f over a region (2, denoted (V,,f)(z), is defined as

(Vo f)(a) = / x — "V f(y)dy, (2.0.7)

for p € (0,1]. Let 0 < 8§ = d0(p,q) = ¢! —p~ ' < p and let w, denote the

volume of the unit n dimensional ball. The following inequality appears as

18



Lemma 7.12 in [11]:

1—0\""°
10l < (355) i, (208)

19



Chapter 3

First Sobolev Estimates

In this chapter we will see in greater detail the steps needed to estimate the
WP norm of e* using the mass formula . Our end goal is to produce
estimates over the regions Q01(o), see . In fact, we are always able
to take o to be zero. To simplify notation, such rectangles will be denoted
by QL.

To start, the ADM mass only explicitly bounds the L?*(R?) norm of Vu.
The following Lemma demonstrates that this is enough to get W'%(B,,)

control over u for a ball of fixed radius ry about the origin in R3.

Lemma 3.0.11. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius

Ry, and let B,, be the ball of radius ro about the origin. For any e > 0 there

20



exists a 0 > 0 such that if g € M and
m(g) <9, (3.0.1)

then

ullwr2s,,) <€ (3.0.2)

Proof: We note once again that control over |[Vul[;2 B,,) 15 an immedi-
ate consequence of the mass formula and the nonnegative scalar curvature
assumption. In the calculations that follow we will denote the volume of a
three dimensional unit ball by ws. First, we look at some very large coor-
dinate ball B(0,r;) with r; > max{rg, Ro}. If we let I' be the fundamental

solution for the Laplacian, then using (2.0.4)) we may express u as

ww) == [ uly) <P dyr [ < V() V) > dy
0B(0,r1) B(0,r1)

(3.0.3)

Taking the absolute value of both sides and using the triangle inequality

on the right hand side shows us that

lu(z)| S/a %dy%—/m Mdy (3.0.4)

B(0,r1 3wyl — 0,r1) Sws|r — yl? '

We now integrate |u|? over B(0,70) and use the well known inequality

(a+b)*> <2(a* +b*) fora,be R (3.0.5)

21



to obtain

2
\V4
B(0,r0) B(0ro) \JoB(0,m) 3wslT — Y| B(0,m) SwW3|T — Y|

(3.0.6)

To bound the second integral on the right hand side we make use of the

mass formula 1) and the Riesz potential estimate 1) with = % and

q=p=2to get

2
/ (/ Md(y) dx < 8mrim. (3.0.7)
B0, \JBOm) 3ws|T — Yl

We estimate the first integral on the right using uniform asymptotic flatness

[.0.1] as follows:

2 2
1 C 1
B(0ro) \JoB(0,m) 3ws|T — Y| 993 JB0.re) \JoBom) [T —yl> 1

warsC%rf

< . (3.0.8
= - 09
Substituting the above two inequalities into (3.0.6]), we obtain
O2ear3rd
/ ju(z)Pde < 2 | ——2100L 4 g2 (3.0.9)
B(0,ro0) (7’1 - TO) 1

If we let r| grow arbitrarily large, then the first term on the right will become
arbitrarily small. We may counter any growth in the second term on the right
by choosing the mass to be small enough. [

The next step is to estimate e*. In order to do that we will apply the

22
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Moser-Trudinger inequality to u. Let us now recall the exact statement of
the Moser-Trudinger inequality. Let Q@ € R” and w € W, (Q). Then there

exists constants ¢; and ¢y depending only on n, such that

o)™
ex _ < |Q]. 3.0.10
A p<<cl||w||n =l (3:0.10)

This inequality appears as theorem 7.15 in [11]. Lemma [3.0.11| gives W12
control over u, so if we want to apply the Moser-Trudinger inequality, we will
have to work over two dimensional domains. Luckily, we have the following

almost trivial corollary to Lemma [3.0.11}

Corollary 3.0.12. Let M be a family of axisymmetric metrics with nonneg-
ative scalar curvature which is uniformly asymptotically flat outside of radius

Ry. Let Q0 denote the region

{Po <p <l < %} (3.0.11)

For every e > 0, po > 0 and py > po there exists a 6 > 0 such that if the

ADM mass of g € M 1is less than 6§, then
[lullyr20z) <€ (3.0.12)

Proof: Consider the region Qzé = Q1 x [0,27). Choose rq large enough
that

Q0 C By, (3.0.13)
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In Qf! we know that pg < p. Thus, we may observe that

/ ) u’+|Vul® dpdz <
Q

1

2 2 2

+ dodzdp < —— .
. . /Q,’j}) [u |Vu] }p pdzd@ S0 HUHWL?(BTO)

(3.0.14)

Now we may apply Lemma [3.0.11 O
We're now in a position to estimate the WP norm of e*. For the LP
norm of e" the proof is an almost direct application of the Moser Trudinger
inequality. To estimate the LP norm of Ve" = e“Vu, we use Holder’s inequal-
ity to analyze each term separately For the e* term we will once again apply

the Moser Trudinger inequality. To estimate Vu we will rely on Corollary

0.0, 12

Lemma 3.0.13. Let M be a flat family of metrics with nonnegative scalar
curvature which is uniformly asymptotically outside of radius Ro. Let Q0!
denote the region {(p, z)|po < p < p1,|2| < B}, For every py > po >0, € >0
and p < 2 there exists a & > 0 such that if the ADM mass of g € M is less
than &, then

|ul

IE ) <€ (3.0.15)

o 1| ‘WLP(Q%

Proof: Since g is smooth, u is bounded and has bounded derivatives in
Qe though we have not made any assumption on what these bounds might

be. Thus, el is Lipschitz, and so

/ V(e —1)P :/ |Velulp :/ Pl | TP (3.0.16)
QP1 Q°L Qrl

PO PO PO
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Now, we let r = % and apply Holder’s inequality with r to get

/ 6p|u\ |VU|p < </ 6r’pu|> </ |Vu|2> . (3017)
Q s oA

Let D(0,79) denote the two dimensional disk centered about the origin with

P1
PO

radius 9. Choose ry so that QZ}J C D(0,79). We may extend u to a function
@ in Wy*(D(0,70)), see theorem 4.7 in [7]. We may choose the extension @

such that

Hﬂ||W01’2(D(O,To)) S K ||u||Wl2(QZ(1)) 5 (3018)

where the constant K is independent of the function u. A quick application

of the Cauchy-Schwarz inequality gives us the estimate

_ 2
r'plal < (T’p61||VﬂH2)2—|—< 4] ) , (3.0.19)

e[| Val],

| =

where ¢ is the constant appearing in (3.0.10). We may now use the Moser-

Trudinger inequality (3.0.10|) to see that

1

/ " olal\ 1 7
L) <(f o) <o (a2 @lpo)?
Qzé D(0,ro) 4

(3.0.20)

When written entirely in terms of u, the above inequality becomes

1

/ v ! 2 1
(/ me””'“'> < | (Koarllllysogy) | (@l DO G021
0]

|3

25



Combining this with Corollary (3.0.12)) gives

J

Now that we have successfully estimated V(el*l—1), we turn to estimating

r 2 2
Vell[P < exp {Z (Kpcl HUHWI,Q(QZ}))) 1 (c2[D(0, 7o) )~ <_)

It
0]

el!l — 1. We use the expansion of el to get that

. =t
/Q B _1‘17:/921 (Z;? (3.0.23)

Factoring out |u| and over estimating the rest shows that the right hand side

P1
PO

is bounded above by

/ [ul” e (3.0.24)
Q

Pl
PO

Now, we let r = % and apply Holder’s inequality to get
p

5 %
/ ulP erltl < / |ul® / erPlul (3.0.25)
oA % s

PO

Finally, we may once again apply Lemma [3.0.12 and (3.0.21]) to obtain the
result. [

26



Chapter 4

Second Sobolev Estimates

We must now concentrate on estimating a — 2u and e*~2*. We will try to
imitate as closely as possible the steps which let us successfully estimate u
and e*. First, we obtain WP estimates for o« — 2u from the mass formula
([2.0.3). Unfortunately, even at this early stage, the process is notably harder
than it was for u.

In our attempt to estimate the W2 norm of v we used a representation
formula to express u in terms of its values on a large sphere and its gradient
in a large ball. Then we used the asymptotic falloff and the mass formula
to control these quantities, respectively. This was a relatively simple process
because ||Vul| is a term in the mass formula. However, the gradient of o —2u
does not appear directly in the mass formula. Rather, it is the Laplacian of
a — 2u which appears in the mass formula by way of the scalar curvature

equation. We will see the precise nature of this relationship in the following
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lemmas. For now, the important point is that instead of using (2.0.4]) to ex-
press a—2u, we should use Green’s representation . It is widely known
that one may replace the fundamental solution I' in (2.0.6) with a function
G(z,y), the Green’s function of the domain, which vanishes on the boundary
of the domain. This choice simplifies Green’s representation formula signif-
icantly. Unfortunately, the explicit formula for G(z,y) can be complicated
depending on the domain. Thus, although our representation formula has
been simplified, it is difficult to estimate G(z,y). Luckily, we are working
over very simple domains, namely the rectangles Q¢!. Therefore, a compro-
mise is possible. We may simplify the representation formula for any one
side of the rectangle. Specifically, we may choose a ” Green’s” function which
vanishes, or whose normal derivative vanishes, on one side of the rectangle.
Since we have the least amount of a priori knowledge about the metric near
the axis of symmetry, we will choose to simplify our representation formula
on the side nearest the axis of symmetry.

For the rectangle Q0! let z denote the reflection of the point x about the

vertical line {p = po}. We can define the following two functions

1 1
Hy(z,y) = glog(lx—ynglog(lf—yl) (4.0.1)

and
p(x,y) = 5—log(|z —y[) — 5—log(| — yl). 0.

A quick check shows that we may replace I' by either Hy or Hp in ([2.0.6)).
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Furthermore, a calculation shows that

a]{N(‘x7 y)

) ity = (109
and

HD(:E’ y)|89£éﬁ{p:po} =0. (404)

Since we will be integrating against the functions Hy and Hp in what follows,
and since Hy and Hp are sums of functions of the form log (|« — y|), it will be
useful in what follows to have an L? estimate for log (|z — y|) over bounded

regions.

Lemma 4.0.14. Let Q be a bounded region in R* and let
ro = max{diam(2), 1}. (4.0.5)
Then fory € cl (2) we have
k k! k
/ llog (| — y|)|" dx < o + 27(rg — 1)r log(ro) (4.0.6)
Q

for positive integers k.
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Proof: We observe that

/ llog (2 — y)|* dz < / llog(Jz — y|)|" da
Q B(y,ro)

1 0
:/ (—1)k27rrlog(r)kdr+/ 2nr log(r)fdr (4.0.7)
0 1

The second term on the right has the simple estimate
271 (rg — 1)1 log(ro)". (4.0.8)

To estimate the first term, one must carry out the integration. By induction,

we have the following result.

k!

/01(—1)k27rr log(r)*dr = T O (4.0.9)

With all of this in mind, we begin the process of estimating the WP

norm of o — 2u.

Proposition 4.0.15. Let M be a family of azisymmetric metrics with non-
negative scalar curvature which is uniformly asymptotically flat outside of
radius Ry. Suppose in addition that M is radially monotone at py. For ev-

ery p1 > po, € > 0 and p < 2 there exists a 6 > 0 such that if the ADM mass
of g € M is less than 9, then

oo — 2u||W14’(QZ$) <e€ (4.0.10)
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Applying Green’s representation formula to o — 2u over the domain Q7!
gives us

(a —2u)(z) = /mpl [(a — Zu)aﬂj\é—(f’y) — HN(x’y)W dy

+ Hy(z,y)A(a — 2u)dy. (4.0.11)

o}
The above representation breaks our problem into two pieces. First we must
estimate A(a — 2u) over Q9! and then we must estimate o — 2u on the
boundary of Q6! The necessary estimates are the content of the following

two lemmas.

Lemma 4.0.16. Let M be a family of arisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius

Rqy. If g is a metric in M and

m(g) < m, (4.0.12)
then
dm  4/pim
HA(?U — O‘)HL%Q%) < E + T (4.0.13)

for any py > po > 0.

Proof: We must relate A(a — 2u) to the mass formula. First, we recall
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that the scalar curvature equation is

0z  Op
(4.0.14)

- 1 1 1 0a  p2e2 (OB  9A\’
Ry = 4¢*"~) | Aps(u — 504) - §’VU’§ + 20 8

where we have written Ags to emphasize the fact that it is the three dimen-
sional Laplacian which appears, and not the two dimensional Laplacian A.
However, if we remember that all of the functions involved don’t depend on

¢, then we can see that
Apgs(u — 2):A(u——)+——. (4.0.15)

By plugging the above into the scalar curvature equation, we get

R =4 2(u—a)
g = =€ 0z  Op

1
Alu— =a) — = I
(u 2@) 2]Vu|5 + > ap S

1 1ou ple2e (aB 8A>2

(4.0.16)
We now solve the scalar curvature equation for A(a — 2u) and integrate in

order to arrive at

J

e2(a—u) p2€—2a OB OA 2
Al — 20| dodz < R +|Vul2 = _ 2 dod
A w)l : /Qg(l) 2 o IVuls 4 (82 ap) N

/ 2
+ —
ol P

Now, since we are integrating over a region in which p > py, we have from

P1
PO

ou

dpdz. (4.0.17
op | P ( )
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the mass formula ([2.0.3)) that

eleu) p2e 2 (OB A\’ 4m
R 2 00 (22 90N gde < T (4018
| S re e (-5 ) deds <2 oy

P1
PO

To estimate the final term on the right hand side of (4.0.17)) requires only

a little more work. Namely, if we apply Holder’s inequality to

dpdz (4.0.19)

12

and make the simple estimate | 72| < [Vuls, then we obtain

1
2 4\*
/ - dpdz < (/ —2> (/ ]Vu]?; d,odz) ) (4.0.20)
Qpl P Qpl P Qps

Using the mass formula once more, we see that

1
4\° 4./pim
(/ —2> (/ yvuyﬁdpdz> < v (4.0.21)
Qpl P Qs Po

0]

N|—=

ou

dp

N|=

Putting each of these estimates together gives the desired result. [
We now want to estimate boundary terms on 920!, Due to the asymptotic
falloff conditions ([1.0.1)), it is relatively straight forward to estimate terms on

(0921) —{p = po}. It is more difficult to estimate terms on (89@;) N{p=po}

Lemma 4.0.17. Let M be a family of axisymmetric metrics with nonnega-

tive scalar curvature which is uniformly asymptotically flat outside of radius
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Ry. Assume that M is also radially monotone at py. For p; > max{po, Ry},

if g € M and
m(g) < m, (4.0.22)
then
O(a — 2 4 4./;m  67C
/ Oa—2u)| dm  Aypm | 6nC (4.0.23)
O {o=po} | OV Po Po P
where the constant C' is the one appearing in Definition |1.0. 1.
Proof: It is an easy observation that
0 0
%|8Qﬁéﬂ{p:p0} = —a—p- (4.0.24)

If we write the radial monotonicity condition entirely in terms of coordinate

functions, then we may see that for g € M

0o — 2u)
_— <0. 4.0.25
6,0 (p07 Z) = ( )
Thus, we observe that
_9 5 —92
/ Aa—2u)|_ —/ Aa=24) , )a (4.0.26)
oA {p=po} | OV o Op

A quick application of Stokes” Theorem over the region

{oo<plel <5 (4.0.27)
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gives

Pl

d(a —2 —2
/2 (a U):_/ A(a—2u)dpdz+/ O(a — 2u)
—g Op to<p 1<%} 2pold=gy 02

(4.0.28)
We may estimate the second integral on the right by plugging in the asymp-

totic estimates ([1.0.1)). The result is the following inequality

/ O — 2u)
{o2posl=5} 0%

We may see by a straightforward integration that

/ J(a — 2u)
{o>posl=5} 0%

The last piece of the puzzle is the term

3C
< / — 2 dp. (4.0.29)
{r>p0,l21=21 |(p, 2)]

o6mC
< .
P1

(4.0.30)

< / A(a — 2u)|dpd=. (4.0.31)
{p0§p7|2|§p1}

2

/ Ao — 2u)dpdz
{po<pl2I<}

2
We now use the proof of Lemma [4.0.16| to bound this term. Putting every-

thing together, we get

Bla—2u)| _dm  A/pm
/ da—2u)| _dm  Aypn  6nC (4.0.32)
apin{p=po} ov Po Po P1

We have the necessary estimates to obtain WP control over o — 2u.

Proof of Proposition 4.0.15; Consider Qgé for some p; > Ry. We also
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choose p; to be much larger than p;. As before, we let

1 1 _
Hy(x,y) = 5 log(|z —y|) + o log(|z — yl), (4.0.33)

where Z is the reflection of x about the line {p = po}. Recall that Green’s
representation gives us the following formula for o — 2u:

(@-20() = [ (a=20)0)% (o)~ Hylon) 22 )y

PO

+ Hy(z,y)A(a —2u)(y)dy. (4.0.34)

p1
Qg

We will imitate the estimates that we made for u in (3.0.12)). Namely, we see

that

/ (o 2u) (@) do (4.0.35)
Q 1

)
p
dy)

+ (/Q |HyA(a — 2u)| dy) dz, (4.0.36)

P1
PO

is bounded above by

“) /szzs </m

O(a — 2u)
ov

OHy

H N
N ov

+ |(a —2u)

for some constant C'(p) depending only on p. We estimate each of the three

terms above in turn. For the first two terms, we will break 89% into
oL —{p = po} (4.0.37)
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and

(01 N {p = po}- (4.0.38)

Let’s start with (4.0.37)). For this piece of the boundary we can use the
uniform asymptotically flat condition to obtain the required estimates. First,

notice that for z in Q7! and y in (4.0.37) we have

log (2diam (Q21)) _ log(2v2)

H <
| N(xay)‘— T T

(4.0.39)
since p is much larger than py. From the asymptotic falloff given in Definition
we see that for y in (4.0.37))

‘8(04 — 2u)

- (y)‘ <= (4.0.40)

Thus, we may see that

/Qﬁé </89§é —{p=no}

7T,51

< p? (310g(2‘/§ﬁl)0> . (4.0.41)

2

The other term has a similar estimate:

P P
/ (/ dy> dxgp%< oc ) . (4.0.42)
5 \/ 05 —{p=po}

(v — ZU)%

p1— p1
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P
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Using the two estimates above, we see that
O(a — 2u) OHN

p
) dy
/nza </aﬂﬁé{p=po} v v )

<) (p% (310g(2\/§ﬁ1)0> 2 ( 6C )p)  (4.0.43)

+

Hy (v — 2u)

P p1— p1
We can now move to the inner piece of the boundary, (4.0.38]). We will

further divide Q5! N {p = po} into

oL N {p=po,|z| < p1} (4.0.44)

0

and

OV N {p=po,|z| > p1}. (4.0.45)

We now estimate

D 1
-9 P
(/ </ \HN(:v,y)—a(a u>|dy> das) . (4.0.46)
Q5 oQpE N{p=po,|z|<p1} ov

0

Here we apply Minkowski’s inequality for integrals [9] to bound the above by

O —2 :
/ ) / |HN(x,y)M|pd:v dy. (4.0.47)
ot {p=po,|z|<p1} Qe v

=
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We may rewrite this expression as

O(a — 2u)
v

(/Qp1 |Hy(z, y)|pdx> : dy. (4.0.48)

0]

/anfign{p:po,|z|s;n}
In view of Lemma [4.0.17, we must estimate the L” norm of Hy(z,y) as a
function of x over (7! for each y in

89% N{p = ro,[2] < p1}. (4.0.49)

We see that the points x and y are both contained in Qig’l, Which has diam-
eter 2\/§p1. Let
F(z)=1x. (4.0.50)

Since F' is an isometry, if we apply the change of variable formula to F' and

note that y = ¢ for y in {p = po}, then we may see that for any ¢, we have

/92,,1 [log (| = y|)|* dz = /F(Q%) [log (|l — y|)| da. (4.0.51)

PO PO

Thus, we may use (4.0.6)) to see that

1
Qpl O P1

PO PO
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and

(/Q zrer(:c,y)%z:c)é < (/ﬂ

PO

1
2

1
|Hn(,y)|? da:) < —\/27r+647rp% log(2v/2p1)2.
1 2

(4.0.53)

2p
PO

We do a simple interpolation between the above two estimates to get

(/

3=

| Hy (2, )" d:v)
0
2p—2

2—p
1 v ’
< <§ + 163 1og(2\/§p1)> (% \/ 2m + 64mp log(2\/§p1)2) )

(4.0.54)

We now combine the above with Lemma [4.0.17| to bound (4.0.48) by

2—p 2p—2
1 |1 v (4m  4y/pim  67C
[— + 16p7 log(2\/§p1)] [—\/QW + 647 p3 log(2\/§p1)21 (— 4oV o7 )
2 2 Po Po P1
(4.0.55)

The term
» 1
Ola —2 P
/ / IHN(m,y)Mldy da (4.0.56)
A s n{p=po,|z[>p1} ov

is much easier to estimate. In fact, for  in Q9! and y in 0% N{p = po, |2| >

p1}, we have

\Hy(z,9)| < %max{’log(%)‘ , ‘10g(2\/§ﬁl) 1. (4.0.57)
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Once again, combining the above with Lemma [4.0.17] bounds (4.0.56)) by

(p1)? n L (4Am  4/mm 6xC
Tmax{’log(;)), log(2v/2p1) [} (E + o + 5 ) (4.0.58)

The final piece of the puzzle is the estimate of

Ll

Here we may use Minkowski’s inequality for integrals once more to see that

|Hy (z,y)A(a — 2u)(y)| dy) d. (4.0.59)

p1
)

the above is bounded by

J

Thus, we may bound (4.0.59)) by

J

Again, using the change of variable formula and (4.0.6), we bound (4.0.59)
by

|A(a — 2u)(y)| (/Qm |Hy(z,y)| d:v) ’ dy | . (4.0.60)

2
PO PO

Al = 2u)(y)] (/QﬁluF(Qﬁl) | Hy (, y)|" dﬂ?) p dy ) . (4.0.61)

A1
PO

2—p 2p—2 Y4
1 . N B | - _ v Am+44/p
([5 + 1657 log(2\/§p1))] {% \/277 + 647 p? 10g(2\/§p1)2] w> :
0
(4.0.62)
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Putting everything above together shows that

/ o 20 < Cp)(10.43) + C) (ETF? + ETEY) + C(p)(1.0.62).
" 3.0.63)

Thus, for any € > 0 and p; > py we can pick an appropriate p; and ADM
mass m so that
€
[l — 2u||L1(QZé) < 3 (4.0.64)
We can get similar estimates for V(o — 2u) by differentiating the repre-

sentation formula:

V(a—2u)(z) :/ ) (oz—2u)Vxaﬂ—VmHN(I,y)M—l—/~ (VoHNn)A(a—2u).
o001 v v a1
(4.0.65)
We see that
p
/ V(e —2u)]P < C(p)/ / ) vaHN + (a—Qu)VzM—N
oz} ap \Joogy | v o

|VIHN||A(04—2U)|> . (4.0.66)

v

As before, we will break 9Q4! into (4.0.37) and (4.0.38). We start with

(4.0.37). A quick calculation shows that

P1 p1
PO PO

1 1 1
V.Hy| < — + — ) 4.0.67
vt < g (g 000
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and
OHy
‘Vx ov

3 1 1
<2 ( -+ — 2) . (4.0.68)
2r \|lz —y|” |z -y

Estimating the integral over (4.0.37) now proceeds as before.

As a first step in estimating the integral over (4.0.38]), we note that

OHy

T Ov

= 0. (4.0.69)

(p=p0}

Next, we again break (4.0.38]) into (4.0.44) and (4.0.45)). For both pieces we

proceed much as we did before. On (4.0.44)) it is crucial that p < 2, since it

is only then that the integral

/ IV, Hy P (4.0.70)
Q

P1
PO

bounded for all y in (4.0.44)). For (4.0.45)), the necessary changes in the

argument are straightforward.

Finally, to estimate

L

we may use the Riesz potential estimates (2.0.8)) with the appropriate choice

(Vo Hy)Aa - 2u)|> < /Q (/Q (Vo Hy)A(a - 2u)|>
ne (4.0.71)

A1
)

of constants. Thus, for p; chosen large enough and m chosen small enough,
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we may conclude that
Ha — zunlvP(Q,@})) <e O (4.0.72)

In the course of proving Proposition (4.0.15) we actually proved a little

more. For future convenience, we record this result as the following corollary.

Corollary 4.0.18. Let M be a family of axisymmetric metrics with nonneg-
ative scalar curvature which s uniformly asymptotically flat outside of radius
Ry. Suppose also that M is radially monotone at py. For any py > pg, € > 0,

and 1 < p < 2 there exists a § > 0 such that if g € M and
m(g) < 9, (4.0.73)

then

/Qp o — 2uff < % (4.0.74)
! 0

and
/Qm V(e —2u)” < PR (4.0.75)

Having successfully estimated the W1* norm of o — 2u, we must now turn
to estimating the WP norm of e*~2*. As was noted earlier, control over the
WP norm of o — 2u for 1 < p < 2 falls short of what we need to apply the
Moser-Trudinger inequality to o — 2u. It is thus not immediately clear how

2u

to turn estimates for o — 2u into estimates for e*~=*. Luckily, the special
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nature of the fundamental solution to the Laplacian in two dimensions allows

us to prove a Moser-Trudinger like inequality which we can use on a — 2u.

Lemma 4.0.19. Let Q2 be a bounded domain in the plane on which the diver-
gence theorem holds and let I' be the fundamental solution for the Laplacian.
Suppose we have ¢ € C*Q) N CYQ) and Ay € LYQ). Let Q, denote
={z € Q:d(z,00) > o} and let ro = max{1,diam(Q)}. Then we have the

estimate:

A| llavll
€¢<(QU+—W|| L+ 2m(rg — 1)rolrg —1)
/Qg = | | A — ||A¢||1 ( 0 ) 0[ 0 ]
ar o

swep ([ o3 @]+ [ren | ar) @m0

Proof: From Green’s representation we have

r o

0@ = [ )G o) ~TenGowdy+ [ Tapavtdy @)

Using the representation formula to rewrite fQ el we obtain

/ @) g

Qo

ol
Qo o

00 ) = T 5o )| v | x| [ 0wty

(4.0.78)

We bound the first term on the right pointwise by its supremum over €2,.
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Then we may take it outside of the integrand.

/ @l dy < sup exp [/
Q, 2€Q, o9

o) 5 )| + [P G 0 ]

/Qa P [ /Q Tz, ) Av(y)] dy] dr (4.0.79)

We may now concentrate on estimating

/QU Xp { /Q ID(z,y) A (y)| dy] (4.0.80)

The strategy is to expand the above integral using the Taylor series for the

exponential function and then bound each term appearing in the expansion:

o0 k
z,y) A(a—2u _ (fﬂ |F(x7y)Aw(y)| dy)
/ (claremata-zw) dx_;/g - .

o

(4.0.81)
First, recall that the fundamental solution of the Laplacian in two dimensions
is given by

1
Py log |z — y| (4.0.82)

Second, after observing that 2, C €2, and pulling constants out, we get the

inequality

| Jo D@ — y) A (y)dy|* 1 .
/Q(, k! < kl(27)* /Q (/Q’Aw(?/)\ Ilog(\:c—y\)\dy) dx
(4.0.83)
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We apply Jensen’s inequality to the integral on the right to obtain

s ([ |10g(|$—y|)||A¢(y)|dy)kdx

< WS [ [ hostie — ol 180wl (1080

We now use Tonelli’s theorem to switch the order of integration to get

/Q / log(| — )| | A% ()| dydz = / A%(y)] / log (| — y|)|* dedy
(4.0.85)

Putting (4.0.6)), (4.0.85)), and (4.0.84)) together gives

1 1 g
5 L[ 5z et = shawiay

After a quick application of the Monotone Convergence theorem to the sum-

AY|[y (k!
dr < |(’27T;bk’]’€1[ <2_k + 271'(7“0 - 1)7"0 log(’r’o)k)
(4.0.86)

mation over k from k = 1 to infinity of (4.0.83) we get

|fQF(m,y)A¢(y)dy|d <0 F“A¢‘|1 -1 log(TO)HAwh -1 n
/e 7 el g, e [ T o '

(4.0.87)

We have the following corollary, which is the actual inequality we will

use.

Corollary 4.0.20. Suppose ip € C*(Q0) N C' (cl (Q2:)) and let vy =
max{1, diam (Q0})}. Then

eVl (4.0.88)
Ji,
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18 bounded above by

A¢|| lAp]|
60(0,p1>|Aw1( o) |4 AL o 5 _1>
‘( po)g 4 — ||A¢||1 0[ 0 ]
8H 0
sup  exp (/ h(y) = | + |Hy w( )\dy), (4.0.89)
CCE Qpl

where C(o, p1) = &= max{[log(c)|, [log(2v'2p1)|}.

Proof: If we replace I' by Hy in (4.0.77), then the right hand side of

(4.0.79) becomes

0H
?ﬂ(y)a—yN

)
+ ‘HNa—f(y)‘ dy + /Q IT(Z,y) Ay

/(ﬂﬁé) P UQW(WJ)A%D(?J)I@] (4.0.90)

sup exp /
ve(ogy) | Joops

We see that

o | M@)86] < Clop) 1801110z (4.0.91)
The corollary now follows from Lemma [£.0.19 O

In order to apply Corollary to a — 2u, we need an L' bound on
A(a — 2u) and an uniform bound on the boundary. In Lemma we
established the necessary L' bound. Now, we will demonstrate the needed
uniform control on the boundary. The following result is very similar to

Lemma[4.0.17], however, due to technical necessities, the statement and proof
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are slightly different.

Lemma 4.0.21. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose also that M is radially monotone at py. Let Q5L denote the
Tegion

p
{(p,2)lpo < p < p1,]2] < 31}, (4.0.92)

and (21), denote {x € Qt|d(x,0001) > o}. Let py > Ro. If g € M and

the ADM mass of g is less than m, then

sup exp /
2€(2h)e Opg

0(2u — «)
Oov

Hx () W)+ - % ) dy)

<exp[C(m,0,p1,po0)] (4.0.93)

where

dm + 4,/ 9C 3C
C(m, o, p1,po) = max{‘logQﬁpl‘ , |log0‘|} (u + _) 4+

TPo P1 o
(4.0.94)

Proof: As we observed earlier, for three sides of the rectangle Q0! the
necessary estimates to control the left hand side of (4.0.93) follow from the
uniformly asymptotically flat condition. Let’s make this more precise. First,

consider those pieces of the rectangle parallel to the p-axis. Here

9 _49 (4.0.95)



From the definitions, we know that

ou C
—(y)‘ <— (4.0.96)
0z lyl?
and
oo C
—(y)‘ <— (4.0.97)
0z lyl?
for
lyl > Ro. (4.0.98)

We may combine these two inequalities using the triangle inequality to con-

clude that
I — 2u) 3C
S —— < —. 4.0.99
Analogously, we have
la —2u| < % (4.0.100)

In fact, the same is true on the final edge, so the above estimates are true on
all of 901 —{p = po}.

Armed with these estimates, let’s take a look at the integral

/39% —{p=po}

Since the point z is at a distance of at least ¢ away from the boundary, we

0H

e =20) 7L = 20) () ()| dy (4.0.101)

ov

HN(x7y>

(y)'+

know that

OHy 1
< — 4.0.102
ov ~ orm ( )
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and

(2, y)| < % max { | 1og(2v2p1)]. [ 1og(0)| } (4.0.103)

To start, we can bound

/‘9955—{/?:/)0}

/ 3C gy <3¢ (4.0.105)
o0}

y <
~{p=po} T [Y] 4

(v — 2u) (y)%(w, y)' dy (4.0.104)

from above by

since |y| > p; for y in 9O — {p = po}. We now make a similar estimate for

/‘(995(1)—{1’:/)0}

As we did before, we may bound this quantity from above by

O(a — 2u)

HN(‘Tay) 8V

(y)‘ dy. (4.0.106)

3C
/ 302 max{‘log 2v2p1 |, [log 0| }dy < = max { ‘log 2v/2p1 | , |log 0\} .
9L —{o=po} T [Y| P1
(4.0.107)
We need to estimate
O(a—2
/ () 29— 2% (4.0.108)
(0968)"{p=po} o
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for z € (Q201),. Using (4.0.103)) and (4.0.17) we get
/ J(a — 2u)
(08N {p=po}

HN(xvy) aV

<~ max {|loa(2v/2p1). | log(o)}

(4_m N 4./pim N omC'

Po Po P1

) . (4.0.109)

Putting the estimates together gives

sup  exp /
re(@)o 000,

O(a — 2u)
v

HN(x7y>

(y)' + | (e — QU)(y)agny (z, y)‘ dy)

< C(m,o,p1,p0). O (4.0.110)

With all of the above estimates in hand, controlling the W'? norm of

a=2u ig relatively straightforward. The technical requirements of Corollary

4.0.20| force us to consider regions Qgé(a) for positive o, see (1.0.15)).

e

Lemma 4.0.22. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ryo. Let Q0 denote the region {(p, z)|po < p < p1, |2| < 5 }. Suppose that M
is also radially monotone at py. For every p; > max{pg, Ry}, € >0, 0 > 0,
and 1 < p < 2 there exists a 0 > 0 such that if the ADM mass of g € M is
less than §, then

|oe—2u|

e <e (4.0.111)

- 1‘ |W1m(923(0))

Proof: By assumption, a — 2u is bounded and has bounded derivatives,

although we make no assumption on what these bounds might be. Thus, we
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have that el*=2%l is Lipschitz As in Lemma [3.0.13] we get

/ |Velom2ul — 11" < / V(a0 — 2u) P erlo—2ul, (4.0.112)
S 20 (o)

gives
1

Let » > 1 be such that rp < 2. Applying Holder’s inequality to the above

/ V(o — 2u)|™ / ervla=2ul | (4.0.113)
24 (@) 204 (o)

where 1’ is the conjugate exponent to r. In order to control the left hand

S =

side we appeal to Proposition [4.0.15] In order to bound the right hand side
we first note that

QL (o) C (Q017) (4.0.114)

Thus

/ orrla2ul < / ¢r'plo2ul, (4.0.115)
() (2557),

We may apply Corollary 4.0.20[to the function r'p(a—2u) and modify Lemma
as necessary in order to see that

/ X er'Pla=2ul (4.0.116)
(%5"7),

is uniformly bounded for all m small enough. Thus, combining the two

estimates above shows that

a—zu €
|[Velo? 'HLP(Q%((,)) <3 (4.0.117)
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for sufficiently small m. Similarly, for m small enough, we can show that

a—2Uu €
||el*~2 'HLP(Q%(U)) <3z O (4.0.118)
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Chapter 5

Results Obtained

5.1 Radial Monotone Case

In this section we will apply the lemmas to prove the theorems stated in
the introduction. Most of the above lemmas analyzed functions over the

rectangles Qgé. Now we move our focus to the cylindrical annuli
(o) = () x [0, 2m) (5.1.1)

see (|1.0.14]). Except for the final theorem, this change of focus doesn’t involve

any new difficulties.

5.1.1 Proof of Theorem [1.0.4:

We first restate the theorem.
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Theorem 5.1.1. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Rqy. Suppose that M is radially monotone at py and that for each metric in
M, we have

A=B=0. (5.1.2)

For every p1 > max{pg, Ro}, € > 0, 0 > 0, and 1 < p < 2 there exists a

0 > 0 such that if the ADM mass of g € M s less than 0, then

||g - 5R3HW1’F’<S~2%(J)> <€, (513)

and

g = 0rzllwra (s 0)) < € (5.1.4)

where dgs denotes the Euclidean metric in cylindrical coordinates, dg2 denotes
the Euclidean metric in the (p, z) plane, and q denotes the orbit metric of g

in the (p, z) plane. Qzé(a) denotes the cylinder given in (1.0.14) and Q! (o)

denotes its orbit space.

Proof: Since we have assumed that A = B = 0, in order to show that g

is WP close to dgs for small ADM mass, we need only show that

Hp26_2“ — ,02} ’WlaP(QZé(a)) <€ (5.1.5)

o6



and

20—2u

|e <e (5.1.6)

~ Ul (a0
if the ADM mass is sufficiently small. For (5.1.5)) this follows quickly from

Lemma [3.0.13] Demonstrating ((5.1.6|) is only a little more difficult.

As before, we see that
/ |2 — 1| < / 120 — 2ulP 2@, (5.1.7)
ar1 HP1
) PO

After applying Holder’s inequality to the above with some r > 1 such that

rp < 2 we obtain

S=

(/ |2(a—u)|’”p) (/ 621”“0‘—“)) . (5.1.8)
an eyl

In order to estimate the above, we first observe that
2(a —u) = 2u+ 2(a — 2u). (5.1.9)

We can now estimate the left hand term using the triangle inequality, Corol-

lary [3.0.12] and Proposition for the exponent rp < 2. For the right

hand side we have

J

After applying Holder’s inequality, we may use Lemma [4.0.22] and Lemma

62177“/(0!*“) _ / €2pr’u62p7“/(a*2u)_ (5110)
Q

P1 It
PO PO
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3.0.13| applied to 2pr'u and 2pr’(a — 2u), respectively, to bound the LP norm

200—2u

of e . In fact, in the same way, for any fixed ¢ we can bound the L4

2a—2u

norm of e for all m small enough, depending on py, pg, and ¢. For what

follows, we pick ¢ large enough, depending on p. If we take the gradient of

e29=2u we get

(272 (2 — 2u) = **72%(V2u + 2V (a — 2u)). (5.1.11)

We again use Holder’s inequality, Lemma [3.0.13] Proposition and
Lemma [4.0.22] to control the L? norm of Ve2e2v. ]

5.1.2 Proof of Theorem [1.0.5k

Let us first restate the theorem:

Theorem 5.1.2. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose also that M is radially monotone at py. For any constants
€>0,0 >0, and p; > max{pg, Ry}, there exists a § > 0 such that if g € M
and

m(g) <9, (5.1.12)

then

Q2 4+ € > voly,(Q) > |2 — € (5.1.13)
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for any region ) such that

QC Q2 (o). (5.1.14)

Proof: A quick calculation shows that the volume form of ¢ in cylindrical

coordinates is

pe?* U dpdzdg. (5.1.15)

Thus, we have that

|voly (€2) — Q] =

/ (2273 — 1) pdpdzd(b‘ < / |e** % — 1| pdpdzde.
Q %
’ (5.1.16)

As we have done before, we can see that

J

We may now apply Hélder’s inequality to the above in order to see that

J

where p and p’ are conjugate exponents and 1 < p < 2. We may use the

€227 — 1| pdpdzde < / 20 = 3ul e?* " pdpdadg.  (5.1.17)

Pl
PO PO

1

1200 — 3u| 223U < / 12ac — 3ul’ / eP'lPa=sul ) (5.1.18)
QPI QZ(l)

PO

3=

P1
P0

triangle inequality to make the estimate

1
( [ 12~ 3u|p> < Nl + 2l = 2l 1, (5.1.19)
o
We may combine Corollary|3.0.12|and Proposition[4.0.15|to control the above.
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For the exponential term, we use the estimate
P Pa=3ul < op'lul 2" |o—2ul (5.1.20)

and Holder’s inequality once more to see that

1
1 2
/ ep’\Zoc—3u| S (62p/‘u‘> 2 / e4p’|o¢—2u| . (5121)
9 25

It
0]

We now wish to apply Lemma [3.0.13| and 4.0.22| to the above to see that

it is uniformly bounded for m small enough, depending on p;, py and p.

Combining the two estimates finishes the proof. [

5.1.3 Proof of Theorem [1.0.6

Let us first restate the theorem.

Theorem 5.1.3. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose also that M s radially monotone at py. For any fized axisym-
metric surface ¥, constant € > 0, and constant p; > max{pg, Ry}, there

exists a 6 > 0 such that if m(g) < 0, then
’E N Qg;(a)‘ + e Area, (SN Q(0)) ‘2 N Qg;(a)’ e (5.1.22)
Proof: Let s be a fixed curve in the (p, z) plane representing an axisym-
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metric surface, which we will call 3. A calculation shows that the area form
associated with X is

p o s(t)e @720 || dtde. (5.1.23)

Note that the Euclidean area form for ¥ is
pos(t)|s]sdtde. (5.1.24)
From Lemma we deduce that for any € > 0

Hpea_% — p| ‘lel(QZ(l)(a)) < €, (5.1.25)

if the ADM mass is small enough. Now, the curve segment s N Qf(o) is
part of the boundary of some region in 5(c). Thus, we may use the trace

inequality [7] to conclude that

||pe™2" — p \D(m%) <e (5.1.26)

This proves the theorem. [
If the family M is area enlarging everywhere, then we also have a stronger

lower bound on the area of axisymmetric surfaces than the one given above.

Proposition 5.1.4. Let g be an axisymmetric metric. Let (p,z,¢) be the
cylindrical coordinates for g, let drs be the flat metric in cylindrical coordi-

nates, and let ¥ be a C' azisymmetric surface. If g is area enlarging, then
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we have

Areay(X) > Areas_, (%) (5.1.27)

Proof: Let 3 be a C! axisymmetric surface. Let s(t) be the C! curve in
the (p, z) plane which, when revolved around the p-axis, gives 3. We get the

following map

(t,¢) — (s(t), 9) (5.1.28)

from I x [0, 27) to 3. Let A, denote the area form of the surface with respect

to the metric induced by g, and let As , denote the area form induced by the
background Euclidean metric. Then using (5.1.23) and (5.1.24)) we see that

Ag =2 Ay (5.1.29)

In coordinates, the area enlarging condition is equivalent to the nonnegativity
of a—2u. Thus, we know that e*~2“ is greater than 1. The result now follows.
m

We may combine the well known Penrose Inequality with the above propo-

sition to constrain the location of outer most minimal surfaces.

Corollary 5.1.5. Let M be a family of uniformly asymptotically flat metrics.
Suppose M is either radially monotone or area enlarging. Let g be a metric
in M and X be the outermost minimal surface. If 3 is axisymmetric and
topologically a sphere, and

m(g) < m, (5.1.30)
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then

S cp! ([0, 2\/§m)> . (5.1.31)

Proof: Let

po =max{p: (p,z) € L}, (5.1.32)

let xg be a point in X point at which p attains the maximum pg, and let
[zo] denote its orbit under the killing field. From the Penrose Inequality, we
know that

Areay(X)

> o[ AT\ %) 5.1.33
= 167 ( )

Since ¥ is axisymmetric and topologically a sphere, it must be represented in
the (p, z) plane by a curve v which intersects the axis of symmetry twice. In
particular, 7 must emanate from the axis, then touch the point [z(] and then
make its way back to the axis. Let D,, denote the disk represented by a line
connecting the axis to the point [zo]. Since this disk has minimal Euclidean

area among axisymmetric surfaces with boundary [z¢], we may conclude that
Areas 4 (3) > 2Areas , (D) = 27 3. (5.1.34)

Thus, combining the Penrose inequality with the above and the area enlarging

inequality ([5.1.27)) gives

Po
m>—e= [ 5.1.35
Wi (5.1.35)

If the metric ¢ in the above has positive scalar curvature, then it is a
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well known result that the outermost minimal surface must be a sphere. The
author does not know if in an axisymmetric metric an outermost minimal

surface must also be axisymmetric, though it does seem plausible.

5.1.4 Proof of Theorems and [1.0.8

Theorem 5.1.6. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose M is also radially monotone at py. Additionally, assume that
A = B = 0 in the coordinate representations of the metrics under consider-
ation. Suppose we are given € > 0, o > 0, and p; > max{pg, Ro}. There
exists a constant 6 > 0 such that if m(g) < 0 and x and y are any points
such that the Euclidean line segment connecting them lies in Q51 (o) X {¢po}
for any ¢q, then

dy(z,y) < d(z,y)+e (5.1.36)

Proof: We use the extension theorem for Sobolev functions, appearing
as theorem 4.7 in [7]. Following the notation of [7], if we let U = Q1 (%),
Vo= 2001(%), and p = 1, then we may see that there is a constant K,
depending on ! (o), and extensions of the functions e*~2* — 1, also denoted

e 2 — 1, such that

a—u

e < K |]e* (5.1.37)

B 1| }Wl,l(m) o 1‘ ’Wlal(ﬂﬁé(a)) :

In order to obtain an upper estimate for d,(z,y), it suffices to estimate
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the length of one curve connecting the points  and y. Let ~,, denote the
Euclidean line in 251 (c) X {¢o} connecting x to y parameterized by Euclidean

arc length In orbit space

Yoy (t) = (72, (1), 75, (1)) - (5.1.38)

Every such curve lies on the boundary of a square of side length the diameter
of 1 (). All such squares are rotations or translations of each other. Thus,
there exists a single constant C' such that if ) is a square with side length

the diameter of 2! (o), then the trace inequality holds with constant C:
w11 00) < Cllwllprag - (5.1.39)
Let {,(7) be the length of v as measured in the metric g. Then we have
d(z,y)
1,(7) = / elewrt gy, (5.1.40)
0
We now use the trace inequality [7] to see that

d(z,y)
|d(l’,y> _ lg(fy>| S A |6(a—u)07(t) _ 1‘ dt S /89 }ea—u . 1| S C ‘ lea—u . 1HW1’1(Q) :
(5.1.41)
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where v lies on the boundary of (2. Furthermore, we have

[Jer - 1HW1»1(Q) < e =1 ’Wlal(RQ) <K |[er™ - 1HW1’1(QZ(1)(0')) :
(5.1.42)
We may now use Theorem to conclude that
|d(z,y) —1(7)] <€ (5.1.43)

for small enough ADM mass. [
Very similarly, we can prove a pointwise upper bound on d,(z, y) for more

general x and y in Qgé.

Theorem 5.1.7. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius
Ry. Suppose also that M is radially monotone at py. Additionally, assume
that A = B = 0 in the coordinate representations of the metrics under con-
sideration. Suppose we are given p; > max{pg, Ro, € > 0 and 0 > 0 and
points x and y such that the Euclidean line segment connecting them lies in

Qbi(a). There exists a constant 6 > 0 such that if m(g) <9, then
dy(z,y) < d(z,y)+e (5.1.44)

Proof: As before, let v be the Euclidean line connecting = to y. Then
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we have that

d(z,y)
() — 1] < /

\/ ey (7)) + (12)2) + 72e 27 (75)? — 1| dt.

(5.1.45)
Let
0 0 0
Z=e""" 7 = l— Ul —. 5.1.46
Using the reverse triangle inequality, we observe that
12l =1 =1Z| -l < 1Z =71, (5.1.47)

where we are working with the Euclidean metric in cylindrical coordinates.

Thus, we may estimate the above integral by

d(z,y)
/0 \/ (e@=mer — 1)* ((74)? + (12)%) + (%Y — 1)°42(x4)%dt. (5.1.48)

Using the triangle inequality and the bounds
(3, + (32" < 1, (5.1.49)

and

] < 1, (5.1.50)
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we see that the above is bounded in turn by
d(z,y) d(z,y)
/ |el@mer — 1] dt +/ e — 1| dt. (5.1.51)
0 0

Let 4 be the projection of v to the (p, z) plane. 7 lies in the boundary of a
region (). Since v and o don’t depend on ¢, we see that wo~y = uw o+ and
aoy = ao”. We can now use the trace theorem, and then apply Theorem

as we did before to show that for ADM mass small enough, we have

d(z,y) 3 d(,y) N
/ et — 1] dt +/ e —1|dt <e. O (5.1.52)
0 0

5.1.5 Proof of Theorem [1.0.9

We restate the theorem.

Theorem 5.1.8. Let M be a family of axisymmetric metrics with nonnega-
tive scalar curvature which is uniformly asymptotically flat outside of radius

Ry. Suppose that M s radially monotone and that for all g € M we have
A=B=0. (5.1.53)

Let Ry > Ry and let A(Ry, Ry) denote the coordinate spherical annulus cen-
tered at the origin. For any given 0 < 8 < 1 and € > 0 there exists a 6 > 0
such that if g € M and

m(g) <9, (5.1.54)
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then

llg — 5R3||00,B(A(R0,R1)) <€ (5.1.55)

Proof: Since we have assumed that A = B = 0, the proof will be

established if we can show that

‘ ’62a—2u

~ Ylcos oy <€ (5.1.56)

and

—2u

e € (5.1.57)

= Ulcosagmo.my <
for small enough ADM mass. The above inequalities will follow if we can
show that

||a - u||C°vB(A(RO,R1)) <€ (5.1.58)

and

lelleos (ary.m) <€ (5.1.59)

for small enough ADM mass, where € depends on € above. Using the triangle
inequality, we see that it is sufficient to bound the C%? norms of u and
o — 2u. These bounds are the content of Lemma [5.1.9 and Lemma [5.1.13

below, respectively. [J

Lemma 5.1.9. Suppose M is a collection of axisymmetric metrics which
1s uniformly asymptotically flat outside a ball of radius Ry. Let w be the

function appearing in the axisymmetric coordinate representation of g. Let
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Ry be greater than Ry and A(Ry, Ry) be the spherical annulus centered at the
origin. For e > 0 and 0 < By < 1 there exists a & > 0 such that if g € M
and

m(g) <9, (5.1.60)

then

[l o5 acre.mr)) < € (5.1.61)

Proof: Since we are working in the asymptotically flat regime, we have
uniform upper bounds on the C'(A(Ry, R;)) norms of the metric functions.
From Lemma we may bound the W12(A(Ry, Ry)) norm of u. We now
interpolate between these two estimates to bound the W% norm of u for

arbitrarily large q. Specifically, we write

/ u? :/ wrul? < ||u||(g2/ u? (5.1.62)
A(Ro, 1) A(Ro,R1) A(Ro,R1)

We may do the same for the derivatives of u. In the end, we get the following

bounds

2

2 1—2
[lully < flull3 [l * (5.1.63)

and

2 1—-2
IVull, < IValld [Vl (5.1.64)

By assumption ||u|| + |[|[Vu||,, < C. Furthermore, by Lemma [3.0.11] we

know ||ul|y12(a(rg,ry)) < € for sufficiently small m. Thus, we obtain the
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estimate

[ul[yyra < C* 567 (5.1.65)

We may now choose ¢ large enough and appeal to the Sobolev Embedding

Theorem to get C%% bounds on u for fy < 1. [

Remark 5.1.10. It is important to note that we didn’t use the hypothesis
of radial monotonicity in the above. We only need radial monotonicity to

control o — 2u.

We will try to produce similar uniform estimates for a — 2u. However,

as before, the process is harder. Whereas for u we started off with W,.?(R?)

17
control, for av—2u we only have W, *

(R%) control. Even worse, the estimates
we were able to prove become weaker as we approach the axis {p = 0}, see
Corollary [4.0.18 In order to work our way around this conundrum, we must

use the extra factor of p present in integrating over Bg in R3 to control the

bad behavior seen in Corollary [4.0.18|

Lemma 5.1.11. Let f be a measurable function on Qf'. Suppose for each t

we have the estimate

/Qm f] < < (5.1.66)

=5
for some € > 0 and q > 0. Suppose o > q. Then, there exists a constant,

denoted C(o,q), depending only on o and q such that

/Q ol < Cog)e (5.1.67)

0
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Proof: Let t,, = 27"p; and let €, be the following rectangle.

tn—1

Qtnytn—l = {tn < p S tnfla |Z‘ S % (5168)

From the Monotone Convergence Theorem we see that

J

We now make the estimate

oA = / =3 / AP (5.1.60)
Qo,to 1 Qtntn_1

P1
PO

4 o € o 00— o—q\—n
/ PP s thag = 2707 (2770 e (5.1.70)
Qtn,t n

n—1

This gives a convergent series so long as ¢ > ¢. In total, we have the estimate

/ 2 IfP < C(o,q)e. T (5.1.71)
Qo,t,

We now make use of the above lemma to control the W1 norm of a — 2u

over the ball of radius R about the origin in R?.

Lemma 5.1.12. Let M be a family of axisymmetric metrics which is uni-
formly asymptotically flat outside of radius Ry. Suppose that M is also a
radially monotone family of metrics. For any R and ¢ > 0 there exists a

0 > 0 such that if g € M and

m(g) <9, (5.1.72)



then

o = 2ul |y g,y <€ (5.1.73)

Proof: Let Dy be the two dimensional half disk of radius R about the

origin. Then

/ | — 2ul :277/ pla — 2ul (5.1.74)
BR DR
and
/ |V (o — 2u)| :27r/ p|V(a —2u)|. (5.1.75)
BR DR

For some p > 0, to be specified later, we rewrite the first quantity as

/ p o o — 2ul . (5.1.76)
Dpg

Let 1 < ¢ < 2 and ¢ be conjugate exponents. We apply Holder’s inequality

to the above to get

()

Choose p small enough that

(/ P o — 2u]q> " (5.1.77)
Dg

m\‘,_.

png < 1. (5.1.78)

We may pick large enough that Dr C Qf'. From Corollary [4.0.18/and Lemma
5.1.11} we see that for some constant C(u, q, R),

/ pla—2ul’ < C(u,q,R)e (5.1.79)
Dpg
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if m is chosen small enough.The same argument can be made for

/D p|V(a—2u)|. O (5.1.80)

We now make an estimate on the uniform norm of o — 2u similar to

Lemma B.1.01

Lemma 5.1.13. Suppose M 1is a collection of axisymmetric metrics which
1s uniformly asymptotically flat outside a ball of radius Ry. Let Ry be greater
than Ry and A(Ry, Ry) be the spherical annulus centered at the origin. For

e>0and 0 < f <1 there exists a d > 0 such that if g € M and
m(g) < 6, (5.1.81)

then

Proof: We imitate the proof of Lemma [5.1.9] As before, we write

/ lov — 2u|? < ||a—2u||gol/ lov — 2u) . (5.1.83)
A(Ro,R1) A(Ro,R1)

We also have

/ V(o —2u)|? < ||V(a—2u)||gol/ V(o —2u)|. (5.1.84)
A(Ro,R1) A(Ro,R1)
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By the asymptotic flatness assumption, we know that
lla = 2ul| . + [[(a = 2u)l|, < C (5.1.85)

For some C' depending only on the uniform falloff in Definition [1.0.1, Thus,
for any exponent ¢ we can use Lemma [5.1.12] to control the Sobolev norm
v = 2ul[yy10(a(ro,Ry)) PY the ADM mass. Using the Sobolev embedding the-

orem, we see that

1
llov = 2ul[os < Ol = 2u|faa 4 (5.1.86)

Ro,R1))

where g = 1 — %, the constant C' depends only on the uniform falloff in

Definition |1.0.1} the region A(Ry, R;), and ¢q. Now we can use Lemma [5.1.12

to control the uniform norm a — 2u on A (Ry, Ry). O

5.2 Area Enlarging Case

We now show that all the theorems stated hold when we assume our family of
uniformly asymptotically flat metrics is area enlarging and strongly uniformly
asymptotically flat, instead of radially monotone. The only steps required
are to prove a lemma analogous to and a proposition analogous to
4.0.15, The main difference between the radially monotone case and the area

enlarging one is in the choice of function for Green’s representation formula.

Instead of working with Hy(z,y), we will use Hp(x,y) (4.0.2). We also focus
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on slightly different rectangles,

L
QF ={(p,2) :po < p<prlzl < 5}. (5.2.1)

We now prove the first key lemma for the area enlarging and strongly uni-

formly asymptotically flat case.

Lemma 5.2.1. Let M be a family of axisymmetric metrics which is strongly
uniformly asymptotically flat outside of radius Ry. Suppose also that M is
area enlarging at po. For any p1 > po, L > 0, and € > 0 there exists a o > 0

such that if

m(g) <9, (5.2.2)

then

/ la — 2u| < e. (5.2.3)
09k o, "{p=ro}

Proof: Observe that if L > L, then

/ ~ - 2u] z/ la — 2u]. (5.2.4)
0Qf, ,, {p=po} o0k, N{p=po}

In order to take advantage of asymptotically flat conditions given in Defini-
tion it we will often consider L sufficiently larger than max{L, Ry}. We
will then use the above inequality to relate any estimates we obtain back to
our original situation. Similarly, we will look at p; > max{p;, Ro}.

If we write the area enlarging condition ({1.0.10|) in terms of the coordinate
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functions, then we see that

(o = 2u)(po, 2) > 0. (5.2.5)

From this, it quickly follows that
/ _ oo — 2u| = / _ a — 2u. (5.2.6)
09 5 N{p=po} oQL 5 N{p=po}

In order to estimate the above, we once again take advantage of the

fundamental theorem of calculus to write

/ (v—2u) dz—/
80l _ n{p=po}

POP1

/ dpdz+/i(a 2u)(py, 2)dz.
! (5.2.7)

w\h

We may switch the order of integration for the integral on the right to get

— 2u)
/ / o = 2u) —————~dzdp. (5.2.8)

As before (4.0.24)), from Stokes’ theorem we get

% —2 O(a —2
/- —M(p, 2)dz :/ ) A(a—2u)(s,z)—/ ) Ola—2u) u)

. ap {pesldl<) lpssiel=ky OV
(5.2.9)

Nl

Taking the absolute value of the above and plugging it into (5.2.7)) gives us
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the estimate

L -

) P1
[a-2i< [ -l
-3 po J{p<s|zl=%} {p<s,|21=5}

L
+/2 la — 2u| (p1, 2)dz.  (5.2.10)

0(a — 2u)

P ds)dp

SISt

We now proceed to estimate the right hand side term by term.

We start with the term

[
po J{p<s|zl=L}

Using the asymptotic flatness condition, we estimate

/{pS&IZl';‘}

Once more, a simple integration bounds the above by

I — 2u)

dsdp. 5.92.11
o sdp ( )

O(a — 2u)
0z

dsg/ ) %d& (5.2.12)
{p<s21=Ly |(s,2)]

omC (5.2.13)
L
Thus, we see that
p1 ) ~
/ / ) ’M dsdp < STEPL (5.2.14)
oo Mp<s =Ly | 0z L
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We may bound

/ﬁ1 </ | A(a — 2u)|> dp (5.2.15)
p0 {p<s|zl=%}

by modifying Lemma [4.0.16| slightly to get

dm+ 4V L
/ A(a—2u) < 2TV M (5.2.16)
{p<s)|zl=L} p

and then integrating. We see that

Po

/ﬁl (/ 1A 2u)|> dp < (4m + 4V Im)log(Zh).  (5.2.17)
p0 {p<s|z|=%}

Finally, we must bound

~

/2 lav — 2ul (py, 2)dz. (5.2.18)

Nl

Oddly enough, this turns out to be the most delicate estimate, and the point
where we need our extra assumption on the asymptotic falloff of the function
a. From Lemma , we know that the C%® norm of u is controlled by m.
Recalling ([5.1.61)), we see that there is a constant €(p1,m) such that

NIl

/_- u(py, 2)| dz < Lé(m, ). (5.2.19)

L
2
Again, looking at Lemma [5.1.9] we see that for fixed p;
g@l@)o é(p1,m) = 0. (5.2.20)
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From the extra assumption on the asymptotic falloff of o, we see that

/ la(p1, 2)[dz < /L ﬁdz < O(T)(p) T, (5.2.21)

P1, %z

SISt

where C(7) is a constant depending only on 7. We may put all of this

together to see that

G enCh -
/- o — 2u| dz < (4m+4\/Lm)log(%)+ ”E’“+Lg(ﬁl,m>+o(7)(ﬁl)—f
_ 0

Nl

(5.2.22)
By choosing p; and L to be as large as necessary and choosing m to be as
small as necessary, we see that the above quantity can be made as small as

we desire.

The following corollary to Lemma |5.2.1] is analogous to Corollary [4.0.21}

Corollary 5.2.2. Let M be a family of axisymmetric metrics with nonneg-
ative scalar curvature which is strongly uniformly asymptotically flat outside

of radius Ry. Suppose also that M 1is area enlarging at pg. Let Qﬁopl de-

note the region {(p,2)|po < p < p1,lz| < %}, and (L), denote {z €

QL |d(x,000) > o}. Then form >0, 0 >0, L > Ry, and py > R) there

POP1

is a constant C(1,m, o, L, p1, po) such that if g € M and the ADM mass of
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g is less than m, then

o ( [ ™ 2 )+ o - 2u><y>‘%<x,y>\dy)

z€(QL

L
POPL POP1

<exp|C(r,m,0,L,p1,po0)] (5.2.23)

where T is the constant appearing in and C(,7,m,0, L, p1,po) is a

constant depending on 7, m, o, L, p1, and py.

Proof: Much of the proof remains the same as it was in the radially

monotone case. The only difference is that we need to estimate

/ a— 2ul, (5.2.24)
OQ,L;Opl Q{P:PO}

/(mﬁwl N{p=po}

This we did in Lemma [5.2.1 O

instead of
O — 2u)
ov '

(5.2.25)

We now estimate the W norm of o — 2u. Using the function Hp in-
stead of Hy complicates our estimate of ||V (o — 2u)||Lp(QL ) We resort to
POPL

shrinking our region a bit.

Lemma 5.2.3. Let M be a family of axisymmetric metrics with nonnegative
scalar curvature which is strongly uniformly asymptotically flat outside of

radius Ry. Suppose also that M s area enlarging at py. For any py > po, L,
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1<p<2,06>0, and e > 0 there is a 6 > 0 such that if g € M and

m(g) <9, (5.2.26)

then
llo = 2ullyrn((ar,, ) ) <€ (5.2.27)

Here
(), ={zeQ, +dz,09;, ) >0} (5.2.28)

Proof: We may estimate the LP norm of a—2u much as we did in Lemma

(4.0.15). We once again consider L > L and p; > py. As before,

Jit, 7720 SO0 f </

popl)g POP1

O(a — 2u)
ov

0Hp

ov

(v — 2u)

|

+</¥ \HbA@w—%QO de. (5.2.29)

POPL

On 0L

P0OP1

- 5 72 1 32 7 72 1 32
21C a0l 24C'p log (2\/[/ +p1) 3CLlog <\/L +,01)

+ .
T
(5.2.30)

— {p = po} we have the following bound on the boundary terms

WE‘E—L‘ o |1 — pi TL?

Using the proof of Lemma [5.2.1| for terms on 89%051

N{p = po}, we have the
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estimate

% ((4m +4vVIm) log(%) n 6”[?’31 + Le(pr,m) + 0(7)@1)7) .

(5.2.31)

If we let p; = INJ%, then we may see that we may pick L large enough and m

small enough to ensure

€
HO[ — 2UHLP((Q£’0pq)a) < 5 (5232)

If we differentiate Green’s representation formula with Hp we get

V(o — 2u)(x) = /8 ICELT) (%) Y, (Hp () Wdy
+ [ V.(Hp(z,y)) Al — 2u)dy. (5.2.33)

QL
POP1

On 0Nt

oo (V1P = po} the above expression is particularly difficult to work

with. The issue is that we cannot integrate

OH, 1
v, ~ 5.2.34
' ( v >’ |z —y|? ( )

for « near the boundary, and so we cannot complete the estimate of ||a — 2u||y1.,

in the same way we proved 4.0.15}

As we have done before, we take the absolute value of both sides and
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raise the result to the power p and then integrate to see that

V(o — 2u)|? (5.2.35)

(QEOP_I )o’

is bounded above by

“w) /<950p1)a (/aﬂ

POPL

(o — QU)VZ%

O(a — 2u)

H
ov Vallp

_|_

P
dy)

P
—i—( ) |A(a—2u)VmHD\dy> dz. (5.2.36)
Qﬁotﬁ

We once again split the first term into the following two pieces:

o0k - —{p=po} (5.2.37)
and
o0 - N {p=po}. (5.2.38)

Both pieces are relatively easy to estimate. For the first piece the estimates

are similar to the above.

O0Hp

As was noted earlier, the gradient of V%52 isn’t integrable over 0L

POP1

for y in 8950 5 N {p = po}. However, Vz% is much better behaved away

from ONL

pop1L”

fo U

POP1 POP1

We now attempt to estimate

(o — 2u)V$%

P
dy) dx. (5.2.39)
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As we did before, we split 895051 N{p = po} into

aQ§0ﬁ1 N{p=po,|2] <L} (5.2.40)
and
o - N{p=po,|z| > L}. (5.2.41)

We start with the piece (5.2.40). We may use Minkowski’s integral inequality

dy) dx) ' (5.2.42)

[9] to see that

(/(QL ) (/aszi~ N{p=po,|2|<L}

POPL ) & POP1

(o — QU)V%

is bounded above by

/agzi

POAL

[

H
| — 2u / ’Va—D
N{p=po,|z<L} (o). ov

POPL

p P
dx) dy. (5.2.43)

We now estimate
p

OHp " 0 (5.2.44)

Jo 750

POPL

for y in 9QL . N {p = po,|2| < L}. Both QL . N {p = po,|2| < L} and

pop1 Pop1

(QL )(7 are contained in 2L

. oL - Thus, if we let 7o be the diameter of Q2F

pPoOPL?
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then for all y € 895051 N{p = po, |z| < L} we have

0Hp

[ [

POP1

<

p 3p
< / —gpdx
B(yro)\B(y,0) T |7 — 9|

o
= 3p7rl_p2/ Cr=2Tdr = C(p, L, p1,0).

Thus, we may see that

1
» 1
0H »
/ / ) (a—2u)V—D dy | dx
(ngﬂl)g 09 5 N{p=po,|z|<L} ov
f; (7<]?,l;,[)1,CT)% J/P ~ ’(M — 21L|_
o0 5 N{p=po,|z|<L}

POPL

Over (j5.2.41)) we have

Hp 12
‘VE - gL?
Thus, we have

1

p =

OH P

/ / (= 2u)V—=\dy | dr
(QfEOPl)(r 3950510{p=po,|z|>L} ov

1
12p,\ ¥
g( pl) / (o — 2u)| dy.
L 90L - {p=po,|I>L}

POPL

(5.2.45)

(5.2.46)

(5.2.47)

(5.2.48)

For the last term in (5.2.36|) we may use the Riesz potential estimate as we

have done before. Putting everything together gives us the result.

[]

In fact, the steps required in the above proof give us a corollary analogous

to [.0.I8
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Corollary 5.2.4. Let M be a family of axisymmetric metrics with nonneg-
atiwe scalar curvature which is strongly uniformly asymptotically flat outside
of radius Ry. Suppose M is area enlarging as well. For any L, p1, 1 <p < 2,

and € > 0 there exist a 6 > 0 such that if g € M and

m(g) < 6, (5.2.49)

then
1 p
/ o — 2up < <oenl” (5.2.50)
Ui Po
and
1 p
/ V(- 2u)p < Ho8nl (5.2.51)
QL Po

Proof: The proofs of (5.2.50) and ([5.2.51)) are similar. We only prove
(5.2.51)). Observe that

L L+o
Uy © (0552 10)) - (5.2.52)
In particular, we see from the estimates in the above theorem that

/QL Ve —2u)l" < V(o — 2u)? (5.2.53)

(%)
2p0pP1 po(pP1+9) ) &
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is bounded above by

~ P
Clp. Loprso) | (oo + 49/ Ton)tou(2) + Do, L. . r>]
0
e~ V4
~ 4dm +4v Lm ~
+ E(p, L, jv) (p—> +FF(p. L py), (5.2.54)
0

where C(p, L, p1,0) is a combination of the constants found in ([5.2.46) and
(5.2.48), D(m, L, py, ) is the remainder of (5.2.22), E(p, L, p;) comes from

the Riesz potential estimate, and F'(p, L, p1) is the bound on the remaining
boundary terms estimated in . A simple calculation shows that for
1l<p<?2

C(L,p1,0) < C(p)o?, (5.2.55)

since 2 — 2p > —p. For p = 1, we have
C(L,p1,0) < C(L, p1)log(o). (5.2.56)

If we plug the above into (5.2.54]) with o = py, then we may see that choosing
L and p; large enough, and choosing mass to be small enough gives the result.
O

We may now prove a theorem analogous to Theorem [4.0.15]

Lemma 5.2.5. Let M be an uniformly asymptotically flat family of metrics
with nonnegative scalar curvature. Suppose that M be area enlarging. Let

QL | denote the rectangle given by {(p,2)lpo < p < p1,|z| < &} and let
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L L L
(2401 )0 denote {x € Q| |d(x,0Q, ) > o} Forany 1l <p <2, 0 >0,
po > 0, and € > 0 there exists a & > 0 such that if g is in our collection
of uniformly asymptotically flat metrics, the ADM mass of g is less than ¢,

and, in the axisymmetric coordinate representation of g then

|oe—2u|

e <e (5.2.57)

—1 |w1m((950p1)a)

Proof: The proof follows the same line as in the radially monotone case,
except we use Lemma [5.2.3] instead of Proposition [£.0.15] It can be shown
that Corollary can be adapted to the function Hp. Thus, we also use
Corollary instead of Lemma [4.0.21,  [J

Now that we have analogues of all the estimates we made in the radially
monotone case, the proofs of Theorem [1.0.4], Theorem [1.0.5] Theorem [1.0.6]
Theorem [1.0.7] and Theorem follow almost exactly as they did in the
radially monotone case. The only theorem whose modification to the area-
enlarging case requires a little care is Theorem Since Corollary
has a slightly different hypothesis than Corollary [4.0.18] we must show that
the conclusion of Lemma holds with a slightly weaker hypothesis.

Lemma 5.2.6. Let f be a measurable function on Qgpl. Suppose for each t

we have the estimate

/ 1f] < 22l “Of(t)'q (5.2.58)
o 1

for some e >0, ¢ >0, and q. Suppose o > q. Then, there exists a constant,
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denoted C(o,q,q), depending only on o, q, and § such that

/Qm 7 | f] < Clo,q,q)e. (5.2.59)

0

Proof: As before, let ¢, = 27"p; and let be the following rect-

tn—1

angle.

L
Qtnvtnfl = {tn S P S tn*17 |Z| S 5} (5260)

From the Monotone Convergence Theorem we see that
[ o= i (5.2.61)
Qo 1 Qi t_1

We now make the estimate

—1

e|log(t,)|? O v i
/ pa |f| <t M = qul Q(QU q) |10g(2 pl)}q c. (5262)
Qi t

n—1

This gives a convergent series so long as ¢ > ¢, where we have used that
c—q=XA>0and

29
lim p;27" |log(p:127")|» = 0. (5.2.63)

n—oo

In total, we have the estimate

/ 11 < Clo,q, @e. O (5.2.64)
Qo,t,

Now we can show that Lemma|5.1.12 holds in the area-enlarging case and
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so Theorem [1.0.9| also holds in the area-enlarging case.
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Appendix A

Examples

A.1.1 Kerr-Newman

In this section, we show that the Kerr-Newman family of metrics satisfy both
the radial monotone condition and the area enlarging condition. This is done
by a direct calculation. We take the familiar Brill-Lindquist coordinates and
transform them into cylindrical coordinates. Unfortunately, the simple ex-
pression of the Kerr-Newman metric in Brill-Lindquist coordinates becomes
rather complicated when it is written in cylindrical coordinates. The pro-
cedure itself is uncomplicated, since there is an explicit map between these
two coordinates. The change of coordinates depends on the charge, angular
momentum, and mass of the Kerr-Newman metric. Once the map has been
constructed, we use the expression for the metric in Brill-Lindquist to write
down the expression for the metric in cylindrical coordinates.

We now describe in detail the coordinate change from Brill-Lindquist co-
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ordinates to cylindrical coordinates and write down the exact formula for
the metric functions v and «. It is convenient to introduce a third co-
ordinate system between Brill-Lindquist and cylindrical. We shall use the
Prolate-Spheroidal coordinates. We will first consider the map from Prolate
Spheroidal coordinates to Brill-Lindquist coordinates, and then pull back
the metric. Let a denote the angular momentum parameter, let e denote
the charge parameter, and let m denote the mass parameter, then, in Brill-

Lindquist coordinates, the Kerr metric takes the form

g = Eer +O'd92 + Sanj

> - [(r* + a*)? — a®sin*(0)y(r)]d¢? (A.1.1)

for
v(r) = r* —2mr + a* + € (A.1.2)

and

o(r,0) = r? + a*cos*(). (A.1.3)

The map from prolate spheroidal coordinates (z,y, ¢) to Brill-Lindquist

coordinates (r, 0, ¢) is given by

r=axy/m?— (a2 +e2) +m (A.1.4)

0 = cos™'(y) (A.1.5)
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For convenience, we will write

k= /m?— (a%+ e?). (A.1.6)

The map from cylindrical coordinates to prolate spheroidal is, unfortunately,

less simple.

_ VP HCEHRP VP (k)
2k

_ VPR VP (k)
2k

T

(A.17)

Y (A.1.8)

We now pull back the Kerr-Newman metric twice to obtain the formulas
for the functions u and « in cylindrical coordinates. The end results of this

process are the following formulas

(1 = o) ([(kx +m)* + o®* — a®k*[1 — ] [2* — 1])

]

u(p,2) = —log|

2 P2 ([kz + m]? + a?y?)
(A.1.9)
alp,z) = %log[(kxkj(;)_z;; Y ] +u(p, 2) (A.1.10)

When written entirely in terms of (p, z), these two equations are very cumber-
some. Luckily, for the purpose of verifying the radial monotonicity condition
and the area enlarging condition, writing everything in terms of (p, z) turns
out to be unnecessary.

A straight forward calculation shows that

22 P 3:2— 2 ) Al
e v ] G B




Thus, we see that

I — 2u) 9] s, [(kz +m)? + a?)° — a®k2[1 — 2] [22 — 1]
R = 1) (v vy ) o ( P61 - ) ) ’

(A.1.12)

where f(p, z) is the nonnegative function appearing in front of the derivatives
in (A.1.11)). Since f(p, z) is nonnegative, we may restrict our analysis to the
second term on the right. Taking the derivatives and collecting terms leaves

us with

Akx(kx +m) [(kx +m)® + @] — 2a®k%2%(1 — ¢?) 2% ((2® = 1) + (2* — ¢*)) N
[(kz +m)? + a?)® — a®k2(1 — y2) (22 — 1) (@ = 1)(z* — y?)
20°k* (22 — 1)y? 21

+
[(kx +m)? + a2]2 —a?k2(1 — ) (22 — 1) 22 —y?

(A.1.13)

The third term in brackets is nonnegative, so we must analyze the interplay

of the first two terms.

We expand
20002 2 .2
(22 = 1)(2? — y?)
to
22 222
) Al1l
2 —1 * x? — y? ( )

From the range of values that x and y can take, we may deduce that the
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denominators of both fractions are smaller than z?. Thus, we have

212 212
4. A.1.16
22— 1 + 22— y? > ( )

We now observe that
[(kz +m)* + a2]2—a2k2(1—y2)(a:2—1) > (kx+m)*+a*(kz+m)?. (A.1.17)

As a consequence, we have that

dkx(kz +m) [(kx + m)* + a®] — 2a%k*2*(1 — y?)

3 < 4. (A.1.18)
[(kx +m)? + a?]” — a?k%(1 — y?)(2? — 1)
Putting everything together shows that
O(a — 2u)
—<0. O A.1.19
7 (A.1.19)

It is interesting to explore some of the geometric meaning behind the
condition of radial monotonicity. In coordinates, radial monotonicity implies

that

@(aa_—pzu) <0. (A.1.20)
Recall from the proof of Proposition that the coordinate function o —
2u controls the area of axisymmetric surfaces. Thus, it is reasonable to

suppose that the radial monotonicity condition is an assumption on the mean

curvature of the level sets of the function p, which is the solution to ((1.0.9).
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It turns out that this is the case, although in a slightly round about way.

Proposition A.1.7. Suppose that g is an asymptotically flat axisymmetric
metric and p is the solution to for g. The metric g is radially mono-
tone if and only if the level sets of p form a family of surfaces evolving by a

sub-inverse-mean-curvature flow.

Proof: Let 1 denote the killing field generating the axisymmetry of
(M, g). We start by observing that we may lift any function w on M/S!
to a function on M, which we also denote w. When considered as a function

on M we have

9(Vw,n) =0, (A.1.21)

since we lifted w by transporting it along the flow lines of 7. Let ¢ denote

the orbit metric of M/S*. Recall that

9(X,n)g(Y,n)
nl2

(X,)Y)=g(X,Y) - : (A.1.22)

where X and Y are the images of X and Y under the projection map, re-
spectively. From the above, we may conclude that for any two functions w

and h on M/S' we have

q(Vw,Vh) = g(Vw, Vh). (A.1.23)

We have abused notation slightly in using V to denote both the gradient in
(M/S',q) and in (M, g).
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It is a standard computation to see that the mean curvature of the level

sets of p is given by

. Vp
H=div, | = | . (A.1.24)
’ <|Vplg>
We expand out the right hand side to get
. Vp 1 < 9(Vp,V IVp|))
div = Agp — (A.1.25)
! (IW@) Vpl, \ 7 Vol

We now use the equation for p (1.0.9) to rewrite the above as

L (g(Vp,Vinl|) g(Vp,VIVPI)) 1 ( El )
— = g| Vp,Viog —— | .
Vol ( Gl Vol IVl Vol

(A.1.26)

From axisymmetry, |Vp| and || are functions on M/S*. In particular

pl ul
Vp,Viog —— | = Vp,V1 . A.1.27
9 ( p, vV 108 V)] q P, v 108 Vo] ( )

Recalling the radial monotonicity condition ((1.0.16|) and noting that log is a

monotone increasing function, we see that

ul
q| Vp,Vliog (— <0, A.1.28
( P p Vol ( )

since in the orbit space M/S! we have

Vp. (A.1.29)
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We may plug (A.1.26) and (A.1.24]) into (A.1.28) to see that

1]
0>gq (Vp,Vlog (W —q(Vp,Vlogp) =|Vp|H —|Vp||Vliogp|.
(A.1.30)

Dividing both sides by |Vp| and rearranging terms gives
|Vlogp| > H. (A.1.31)

The above equation is precisely the statement that the level sets of p give a
sub-inverse-mean-curvature flow.  [J

It is relatively easy to see that if a metric is radially monotone everywhere,
then it must also be area enlarging everywhere. In particular, the following

proposition implies that Kerr-Newman metrics are area enlarging.

Proposition A.1.8. Let g be an asymptotically flat metric which is every-

where radially monotone. Then g is everywhere area enlarging.

Proof: Since g is assumed to be globally radially monotone, we have

O(a — 2u)
—= <0. A.1.32
< (A132)

As ¢ is asymptotically flat, we know that
lim (o — 2u)(p,2) =0 (A.1.33)

p—00
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for all z. Thus, using the fundamental theorem, we may see that

0<— /p:o c‘?(oza——p2u)(p’ 2)dp = (o — 2u)(po, 2). (A.1.34)

This is precisely the coordinate expression of the area enlarging condition.
O
We now find several examples of metrics which are area enlarging and

strongly asymptotically flat.

A.1.2 Axisymmetric Geometrostatic

Here we show that the axisymmetric geometrostatic metrics are area-enlarging
and strongly asymptotically flat. Recall that the general form of a geomet-

rostatic metric is

(M. g) = (B*\{z:}1, (x¢)*0ps ) (A.1.35)

where for positive numbers {a;}} and {b;}} we have

x(z) =1+ Z & ’ (A.1.36)

and

W(z) = 1+Z b - (A.1.37)

If the points {z;} lie on a common line, then the resulting metric will be

axisymmetric. The axis of symmetry will be the line on which the x; lie.
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After a rotation, we may suppose that the axis of symmetry is the z-axis.
We may now see that the usual Euclidean cylindrical coordinates are also

cylindrical coordinates for (M, g). In particular

g = (x¥)*(dp* + d2° + p*de?). (A.1.38)

A quick calculation shows that the coordinate function « vanishes and

u = —log(x?). (A.1.39)

Since both x and ¢ are strictly larger than one, we see that u is negative.
Since a = 0, it is clear that

a—2u > 0. (A.1.40)

This is precisely the coordinate expression of the area-enlarging condition.
That (M, g) is also strongly asymptotically flat follows trivially from the fact

that o = 0.

A.1.3 Conformal Metrics

Here we show that asymptotically flat axisymmetric metrics with nonnega-
tive scalar curvature which are conformal to Euclidean space and have an
axisymmetric, minimal, and connected boundary, or an empty one, satisfy
the area enlarging condition and the strongly asymptotically flat condition.

Suppose (M, g) is as above. Then there is some constant m; [5] and
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function u such that

(M, g) = (R*\Bp,(0), e *"0ps) . (A.1.41)
Written in cylindrical coordinates

g = e 2 (dp? + dz?) + pre~2udg? (A.1.42)

Since 0B,,, is a minimal surface, from the formula for mean curvature we
see that [5]
du 1

$|33m1 - m_l (A143>

Since we have assumed that the scalar curvature is nonnegative, we may use
the scalar curvature formula (2.0.2) together with the Hopf lemma and the

maximum principle to conclude that

sup u = sup u. (A.1.44)
Brg\Bm, 9Brg

Since we know from the fact that ¢ is asymptotically flat that u vanishes at
infinity, we may conclude that

u <0, (A.1.45)

and consequently (M, g) satisfies the area enlarging condition ((1.0.10). In
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fact, if we apply the strong maximum principle, we may see that

u <0, (A.1.46)

unless we are dealing with flat space. Since « vanishes identically, we see

that (M, g) is also strongly asymptotically flat.
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