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Abstract of the Dissertation
Classification of gravitational instantons with faster than quadratic curvature decay
by
Gao Chen
Doctor of Philosophy
in
Mathematics
Stony Brook University
2017
In this dissertation, a gravitational instanton is defined to be a complete
non-compact hyperkahler 4-manifold with curvature decaying fast enough at

infinity. Many examples of gravitational instantons have been constructed.
The main result of this thesis is the proof that there are no more examples.
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1 Introduction

A gravitaional instanton is a non-compact, complete hyperkahler 4-manifold
with curvature decaying fast enough at infinity. In 1977, gravitational in-
stanton was first introduced by Hawking as building block of the Euclidean
quantum gravity theory[36]. Even though physicists expect the faster than
quadratic curvature decay at infinity, this seems hasn’t been made precise in
literatures.

For clarity, we always assume that the curvature satisfies a decay condi-
tion

R (z) < r(z)~>7,

where r(x) denotes the metric distance to a base point o in the complex
surface and € > 0 is any small positive number, say < ﬁ.

One of our main tools comes from the equivalence between the the Calabi-
Yau condition and the hyperkahler condition. Actually, there are three com-
plex structures I, J, K on hyperkahler manifolds. They induce three sym-

plectic forms by
wi(X,Y)=9g(IX,Y),w(X,Y) =g(JX,Y),w3(X,Y) = g(KX,Y).

The form wt = wy + iws is a I-holomorphic symplectic form. This induces
the equivalence of Sp(1) and SU(2). Notice that for any (ai,as,a3) € S?,
a1l + asJ + a3K is a Kéhler structure. There is a special property of Sp(1):
Given any vectors v, w € T, which are orthogonal to each other and have same
length, there exists an (a1, as,az) in S* such that (a;I + ayJ + a3 K)v = w.
We will use this property to find the best complex structure.

It’s quite easy to prove the following theorem:

Theorem 1.1. For gravitational instanton M, the following conditions are
equivalent:

(1) M is flat;

(2) M has trivial holonomy;

(3) M splits as R** x Tk, k =0,1,2,3.

It will be proved in Section 2. For simplicity, in this paper, we will exclude
the flat gravitational instantons.
Under those conditions, we want to study two fundamental questions:



1. The differential and metric structure of the infinity of these gravita-
tional instantons. Note that this is different from the tangent cone at
infinity, especially if the volume growth is sub-Euclidean.

2. Given these end structures, to what extent, do we know these instan-
tons globally and holomorphically? In other words, is gravitational
instanton uniquely determined by its end structure?

Both problems seem to be well known to the research community. Since
1977, many examples of gravitational instantons have been constructed[30]
[4] [48] [22]. The end structures of these examples are completely known
now. According to the volume growth rate, they can be divided into four
categories: ALE, ALF, ALG and ALH, where the volume growth are of order
4,3,2 and 1 respectively. For the convenience of readers, we will give a precise
definition of these ends in Section 2.1. There is a folklore conjecture that
when the curvature decay fast enough, any gravitational instantons must be
asymptotic to one of the standard models of ends.

Except the ALE case, the asymptotical volume growth rate is usually
hard to control, and may oscillate and may even not be an integer. In an
important paper, with additional assumption that the volume growth rate
is sub-Euclidean but at least cubic and a slightly weaker curvature decay
condition depending on volume growth rate, Minerbe[57][58] proved that it
must be ALF. In our paper, we first prove the folklore conjecture.

Theorem 1.2. Let (M*, g) be a non-compact, complete, non-flat hyperkdhler
manifold with curvature decay condition |Rm|(z) < r(z)™27¢, then it must be

asymptotic to the standard metric of order €. Consequently, it must be one
of the four families: ALE,ALF, ALG and ALH.

For more detail about this theorem, see Theorem [2.14] and Theorem
2.221 We would like to remark that the curvature condition can’t be weaken
to |[Rm| = O(r=2). In 2012, besides the study of ALG and ALH instan-
tons on rational elliptic surfaces, Hein[37] also constructed two new classes
of hyperkéahler metrics on rational elliptic surfaces with volume growth, in-
jective radius decay, and curvature decay rates r*3, r=1/3_ r=2 and 72,
(logr)~/2, r=2(logr)~", respectively. Note that curvature doesn’t satisfy
IRm| = O(r~27¢) and they don’t belong to any of the four families!

Our new contribution lies in ALG and ALH cases; in ALF case, our contri-
bution is to remove the volume growth constraint from Minerbe’s work [57].



In fact, Minerbe’s volume growth constraint becomes an corollary instead
condition of our first main theorem.

We obviously benefit from studying a series of papers by Minerbe [57],
[58], and [59]. Although his work seems only valid in ALF-A; case, we
manage to make some modest progress in all cases in the present work.

The next essential step is the improvement of the asymptotic rate.

Theorem 1.3. Given any non-flat gravitational instanton (M, g), there exist
a bounded domain K C M and a diffeomorphism ® : E — M \ K such that
the error term Err = ®*g — h satisfies

(ALE) [NV™Err| = O(r=*™),¥Ym > 0.

(ALF-A;, and ALF-Dy) [V™Err| = O(r=3=™),Ym > 0;

(ALG) |[V™Err| = O(r=°=™),¥m > 0, where § = min,ezn<2s 256_”. In
other words,

Type | Regular | Iy | 11| II* | IIT | III* | IV | IV*
B 1 11 5 1 3 1 2
216 | 6 | 1 1 3 3
o 1 212 12| 3 2| 3

(ALH) |V™Err| = O(e™"),Vm > 0, where § = 27 minyepn g0} |A|;

Actually, we will show that the deformation space of hyperkahler 4-
manifolds is a subspace of the space of closed anti-self-dual forms. Therefore,
the asymptotic rate is at least the decay rate of the first closed anti-self-dual
form.

Remark that the ALE part of Theorem was done by Bando, Kasue
and Nakajima [5]. The ALF-A part was done by Minerbe [59]. So we will
focus on the other three parts in this paper.

For the ALE part of the second question, after Bando-Kasue-Nakajima’s
work [5] about the improvement of asymptotic rate, Kronheimer [48] [49]
proved that any AL/E\gravitational instanton must be diffeomorphic to the

minimal resolution C2/T" of the quotient singularity C?/T', where I is a finite
subgroup of SU(2). Moreover, the Torelli theorem holds for ALE gravita-
tional instantons.

Theorem 1.4. (Torelli theorem for ALE gravitational instantons)([48, [49])

Let M be the smooth 4-manifold which underlies the minimal resolution
of C*/T. Let [a'],[a?],[®] € H?*(M,R) be three cohomology classes which
satisfy the nondegeneracy condition:



For each [X] € Hy(M,Z) with [¥]? = —2, there exists i € {1,2,3} with
of][Z] # 0.

Then there exists on M an ALE hyperkdhler structure such that the co-
homology classes of the Kdihler forms [w'] are the given [of]. It’s unique up
to tri-holomorphic isometries which induce identity on Hy(M,Z).

Moreover, any ALE gravitational instanton must be constructed by this
way.

Hy(C2/T',Z) is generated by holomorphic curves with self intersection
number -2. Let k£ be the number of generators. Then, their intersection
patterns can be classified into Ag(k > 1), Dy(k > 4), Ex(k = 6,7,8) Dynkin
diagrams. They correspond to different types of I'.

A crucial point in Kronheimer’s work is to understand “the end” holo-
morphically. In ICM 1978, Yau conjectured that every complete Calabi-Yau
manifold can be compactified in the complex analytic sense[79]. There are
counterexamples if we only assume the completeness without fast curvature
decaying condition[3]. However, when we assume the faster than quadratic
curvature decay condition, we can prove Yau’s conjecture. In higher dimen-
sion n > 3, assuming the curvature exponentially decay and the metric is
asymptotically cylindrical, Haskins, Hein and Nordstrém [35] constructed a
compactification and therefore verified Yau’s conjecture in their settings.

Theorem 1.5. For any ALG or ALH gravitational instanton M, there exist
a rational elliptic surface M with a meromorphic function w : M — CP!
whose generic fiber is torus. The fiber D = {u = oo} is reqular if M is
ALH, while it’s of type I, 11, I, III, I1I*, IV, IV* if M is ALG. There exist
an (a, asz,ag) in S? such that when we use al + asJ + asK as the complex
structure, M is biholomorphic to M — D.

Remark. The type of D is related to the tangent cone at infinity of M. See
the table in Theorem 2.22

In ALF case, more discussions are needed:

1. In ALF-Ay case, Minerbe[59] proved that any ALF-Ay instanton must
be the trivial product or the multi-Taub-NUT metric. In particular,
there is no ALF-A, instantons for k£ < —1.

2. In ALF-Dy, case, Biquard and Minerbe [8] proved that there is no ALF-
Dy, instantons for £ < 0. For k > 0, the first example was constructed
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by Atiyah and Hitchin[4], where & = 0. Ivanov and Rocek [42] con-
jectured a formula for larger k using generalized Legendre transform
developed by Lindstrém and Rocek [52]. This conjecture was proved
by Cherkis and Kapustin[22] and computed more explicitly by Cherkis
and Hitchin [2I]. When k = 2, it’s the Hitchin-Page metric [38] [66].
It’s conjectured that any ALF-D; instanton must be exactly the met-
ric constructed by them. The first step toward this conjecture is the
existence of the O(4) multiplet which plays an important role in the
Cherkis-Hitchin-Kapustin-Ivanov-Lindstrom-Rocek construction.

Theorem 1.6. In the ALF-D,, case, there exists a holomorphic map from
the twistor space of M to the total space of the O(4) bundle over CP' which
commutes with both the projection to CP' and the real structure.

For the definitions of twistor space and the real structure, see Theorem
[3.36] and Theorem [3.37]

With the improved asymptotic rate and existence of O(4) multiplet, we
can prove that any ALF gravitational instanton can be compactified in the
complex analytic sense. This confirms Yau’s conjecture in ALF case. As
Kodaira did in [45], we can then analyze the topology of the compactifica-
tion. This allows us to give a complete classification of ALF-Dy, gravitational
instantons.

Theorem 1.7. Any ALF-D), gravitational instanton must be the Cherkis-
Hitchin-ITvanov- Kapustin-Lindstrom-Rocek metric.

We will give a precise definition of the Cherkis-Hitchin-Ivanov-Kapustin-
Lindstrom-Rocek metric as Example [5.5]in Section 5.

To illustrate our method of proving Theorem we will first use the
same technique to give a new proof of a theorem of Minerbe [59]:

Theorem 1.8. (Minerbe [59]) Any ALF-Ay gravitational instanton must be
the multi- Taub-NUT metric.

We will give a precise definition of the multi-Taub-NUT metric as Exam-
ple [5.1]in Section 5.

Even though Theorem has been proved by Minerbe using other meth-
ods, our new proof is meaningful because it’s a simplification of Theorem
L7

As a corollary, we will prove a Torelli-type theorem for ALF gravitational
instantons as an analogy of Kronheimer’s results [48] [49]:

5



Corollary 1.9. (Torelli-type theorem for ALF gravitational instantons)

Let M be the 4-manifold which underlies an ALF-Ay, or ALF-Dy, gravita-
tional instanton. Let [o!], [a?],[o?®] € H?(M,R) be three cohomology classes.
Let L > 0 be any positive number. Then there exists on M an ALF hy-
perkahler structure for which the cohomology classes of the Kdhler forms [w']
are the given ('] and the length of the asymptotic S*-fiber goes to L at in-
finity. It’s unique up to isometries which respect I1,J, and K. Moreover, it’s
non-singular if and only if ('] satisfy the nondegeneracy condition:

For each [X] € Ho(M,Z) with [X]* = —2, there exists i € {1,2,3} with
[][X] # 0.

In the ALG cases, Hein constructed lots of examples [37]. In this paper,
we will slightly modify his construction and then prove that any ALG grav-
itational instanton must be obtained by the modified Hein’s construction:

Theorem 1.10. (1) Let (M,z) be a rational elliptic surface. Suppose the
fiber D = {z = oo} has type I, II, IT*, III, IIT*, IV, or IV*. Letw" = w?+iw?
be a rational 2-form on M with [D] = {w" = co}. For any Kdihler form w on
M, there exists a real smooth polynomial growth function ¢ on M = M \ D
such that (M, w' = w +i00¢,w?, w3) is an ALG gravitational instanton.

(2) The form w + i00¢ in the first part is uniquely determined by its
asymptotic geometry.

(3) Given any ALG gravitational instanton written as (M, w*, w?,w?) af-
ter a hyperkdhler rotation which replace a1l +asJ +azK in Theorem[1.5 by I.
Then wt = w?+iw? is a rational 2-form on M with [D] = {wt = cc}. There
exist a Kahler form w on M and a real smooth polynomial growth function
¢ on M = M\ D such that w' = w +i90¢. When D is of type I, III*, or
IV*, we may need a new choice of M to achieve this.

It’s interesting to notice that in [8], Biquard and Minerbe constructed
ALF-Dy(k > 4), ALG (I}, 11, III, IV) and ALH gravitational instantons on
the minimal resolutions of the quotient of Taub-NUT metric by the binary
dihedral group, (R? x T?)/Z.(k = 2,6,4,3) or (R x T?)/Z,, respectively. The
three cases ALG-IT*, ALG-IIT*, ALG-IV* are all missing.

When D is of type L,(b = 1,2,...9) or I;(b = 1,2,3,4), Hein [37] also
constructed some hyperkihler metrics on M \ D. Since they don’t have
fast enough curvature decay rates, we exclude them from the discussion.
However, they are still very important because Cherkis and Kapustin [23]
predicted complete hyperkahler metrics on the moduli space of periodic
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monopoles, which is a rational elliptic surface minus a fiber of type I, 17,
I5, I5, I;. They are also related to the moduli space of solutions of Hitchin
equations on a cylinder. Notice that they are called ALG-Dy, D3, Dy, Dy, Dy
by Cherkis-Kapustin but certainly their definition is different from our def-
inition. Thus, we suggest the notation ALG* to denote Hein’s exceptional
examples. In [28] [29], Cherkis-Kapustin’s prediction was partially verified
by Foscolo. He proved that the moduli space of periodic monopoles is a non-
empty hyperkéahler manifold. However, it’s still unknown whether the metric
is complete or whether it’s an elliptic surface.

It’s worthwhile to notice that Biquard and Boalch [7] proved that the
moduli space of meromorphic connections on a curve is a complete hy-
perkdhler manifold. In Boalch’s previous work [9], he related such moduli
space to the Painlevé equation. Following Okamoto’s work [62] [63] [64] [65],
Sakai [71] related the Painlevé equation to a rational elliptic surface M minus
a fiber D. The type of the fiber D is related to a Dynkin diagram:

[ [ [ L[ I [ I [0 O [ IV ] IV
D4 D3 D2 Dl DO ES AO E7 Al EG A2

It’s not known whether the Biquard-Boalch’s metric is ALG or ALG*.
However, it’s known that an open part of Biquard-Boalch’s metric is diffeo-
morphic to the corresponding ALE/ALF gravitational instanton denoted by
the same Dynkin diagram. See [10] and [I1] for details.

In the ALH case, as a corollary of Theorem [1.5, any ALH gravitational
instantons are diffeomorphic to each other. In particular, they are diffeomor-
phic to the minimal resolution of (R x T?)/Zy by [8]. The torus T? = R3/A
is determined by the lattice A = Zv & Zvy, & Zvs. It’s easy to see that
Hy((R x T?)/Zy, R) = R is generated by three faces Fjj, spanned by v; and
v and eight rational curves ¥; coming from the resolution of eight orbifold
points in (R x T?)/Z,. Using those notations, we will prove the following
classification result of ALH gravitational instantons:

Theorem 1.11. (Torelli theorem for ALH gravitational instantons)

Let M be the smooth 4-manifold which underlies the minimal resolution
of (R x T?)/Zy. Let [, [a?],[a®] € H*(M,R) be three cohomology classes
which satisfy the nondegeneracy conditions:



(1) The integrals fii of o' on the three faces Fjy satisfy

fizz fim fiie
fa23 faz1 farz | > 0;
f323 faz1 [f312

(2) For each [X] € Hy(M,Z) with [X]? = —2, there emists i € {1,2,3}
with [o'][X] # 0.

Then there exists on M an ALH hyperkdhler structure such that ® in
Theorem[1.3 can be chosen to be the identity map and the cohomology classes
of the Kdahler forms (W] are the given [a!]. It’s unique up to tri-holomorphic
isometries which induce identity on Hy(M, 7).

Moreover, any ALH gravitational instanton must be constructed by this
way.

Remark. Recently, Haskins, Hein and Nordstrém [35] classified asymptoti-
cally cylindrical Calabi-Yau manifolds of complex dimension at least 3. In
dimension 2, their analytic existence theorem (Theorem 4.1 of [35]) still holds.
However, when T? doesn’t split isometrically as S' x T?, their geometric exis-
tence theorem (Theorem D of [35]) fails due to the lack of background Kéahler
form in the cohomology class.

Remark. In [37], Hein proved that the space of ALH gravitational instan-
tons module isometries is 30 dimensional. After adding 3 parameters of
hyperkéahler rotations, the space of ALH gravitational instantons module tri-
holomorphic isometries which induce identity on Hy(M,Z) is 33 dimensional.
Our Theorem [1.11]is consistence with Hein’s computation.

It’s interesting to compare Theorem with the Torelli theorem for
ALE gravitational instantons (Theorem [1.4]), ALF gravitational instantons
(Theore as well as K3 surfaces, which was proved by Burns-Rapoport
[12], Todorov [77], Looijenga-Peters [54] and Siu [75]. It was reformulated
by Besse in Section 12.K of [6]. Anderson [2] also proved a version of Torelli
theorem for K3 surfaces which allows orbifold singularities.

Theorem 1.12. ([6])(Torelli theorem for K3 surfaces)

Let M be the smooth 4-manifold which underlies the minimal resolu-
tion of T'/Zy. Let Q be the space of cohomology classes ([a'],[a?], [a?]) in
H?*(M,R) ® H?*(M,R) ® H*(M,R) which satisfy the following conditions:

(1) (Integrability)

o' Aol =28,V
M



(2) (Nondegeneracy) For any [Z] € Ho(M,Z) with [X)* = —2, there exists
i €{1,2,3} with [o'][X] # 0.

Q has two components QT and Q™. For any ([a], [a?], [a3]) € QF, there
exists on M a hyperkdhler structure for which the cohomology classes of the
Kihler forms [w'] are the given [a]. It’s unique up to tri-holomorphic isome-
tries which induce identity on Ho(M,7Z).

Moreover, any hyperkdhler structure on K3 surface must be constructed
by this way.

One may ask whether Torelli Theorem holds for ALG gravitational in-
stantons. The answer is false at least when D is of type IT*, III*, or IV*.

Theorem 1.13. When D is of type II*, III*, or IV*, there exist two different
ALG gravitational instantons with same [w'].

2 Asymptotic Fibration

In this section, we will prove the Theorem and Theorem [1.2] It’s es-
sentially a theorem in Riemannian geometry. The basic tool is to view a
ball in the manifold M as a quotient of the ball inside the tangent space
equipped with the metric pulled back from exponential map by the group of
local covering transforms which correspond to the short geodesic loops in M.
In the second subsection, we discuss this picture. In the third subsection,
we provide a rough estimate of the parallel transport along short geodesic
loops. In the fourth subsection, we use that rough estimate to classify the
tangent cone at infinity. In the fifth subsection, we use this information to

get a better control of geodesic loops. Finally, we use this better control to
prove Theorem [1.2]

2.1 Notations and definitions

First, let’s understand the standard models near infinity. The explicit ex-
pression of those models are defined in Theorem [2.22] To avoid singularity,
a ball Bp is always removed.

Example 2.1. Let (X, k1) be any manifold of dimension 3 — & with constant
sectional curvature 1 and C(X) its metric cone with standard flat metric
dr? 4+ r2h;. Let T* be a k-dimensional flat torus. Then the T* fibration F



over C'(X) — Bg with a T* invariant metric h provides the standard model
near infinity.

1. C(X)=R*/T, T is a discrete subgroup in SU(2) acting freely on S?.
In this case, (E, h) = C(X) — Bg with the flat metric. It’s called ALE.

2. C(X) =R3, (E,h) is either the trivial product (R* — Bg) x S! or the
quotient of the Taub-NUT metric with mass m outside a ball by Z,
where me < 0. It’s called ALF-A; with £k = —1 in the first case and
k = —e — 1 in the second case.

3. C(X) =R3/Zy, (E,h) is either the Zy quotient of the trivial product
of R?* — Bg and S! or the quotient of the Taub-NUT metric with mass
m outside a ball by the binary dihedral group Dy of order 4|e|, where
me < 0. It’s called ALF-D;, with k = 2 for the first case, and k = —e+2
for the second case.

4. C(X) is the flat cone Cz with cone angle 273, (E, h) is a torus bundle
over Cg — B with a flat metric, where (8, E, h) are in the list of some
special values; It’s called ALG.

5. C(X) =Ry, (E,h) is the product of [R,+00) and a flat 3-torus. It’s
called ALH.

We may call such fiberation a standard model near infinity. It serves as
an asymptotic model in the following sense:

Definition 2.2. A complete Riemannian manifold (M, g) is called asymp-
totic to the standard model (E, h) of order § if there exist a bounded domain
K C M, and a diffeomorphism ® : £ — M \ K such that

d*g=h+0'(r°)
for some § > 0.

Any manifold asymptotic to the standard ALE model is called ALE. It
stands for asymptotically locally Euclidean. Similarly, any manifold asymp-
totic to the standard ALF model is called ALF. It means asymptotically
locally flat. The ALG and ALH manifold are defined similarly. The letters
“G” and “H” don’t have any meanings. They are just the letters after “E”
and “F”.
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Notice that our definition of ALH manifold is different from the definition
of Hein in [37]. However, Theorem implies that there is no essential
difference for gravitational instantons.

Notation. o is a fixed point in M. In this section, r(p) = dist(o,p) is the
geodesic distance between o and p. In other sections, E is a fiberation over
C(X)—Br={(r,0):r > R,0 € X}. So the pull back of r by the projection
is a function on E. On M, we pull back that function, cut it off by some
smooth function, and add 1 to get a smooth function » > 1. The reader
should be careful about the switch of the meanings of r in different sections
of our paper.

O'(r*) means that for any m > 0, the m-th derivative of the tensor
belongs to O(r*~™). x will be a smooth cut-off function from (—oo, +00) to
[0, 1] such that x = 1 on (—o0,1] and x = 0 on [2,00). We will always use
A = —TrV*V as the Laplacian operator.

2.2 Short geodesic loops and the local covering space

In 1978 Gromov [33] started the research of almost flat manifolds, i.e. man-
ifold with very small curvature. In 1981, Buser and Karcher wrote a book
[13] to explain the ideas of Gromov in detail. In 1982 Ruh [70] gave a new
way to understand it. Assume p is a point in M. The exponential map
exp : T, — M is a local covering map inside the conjugate radius. We can
pull back the metric from M using the exponential map inside conjugate
radius. There is a lemma about the local geometry on the tangent space:

Lemma 2.3. Suppose g;; is a metric on B1(0) C R" satisfying the following
condition:

(1) The curvature is bounded by A?;

(2) 9i;(0) = 0y5;

(8) The line v(t) = tu is always a geodesic for any unit vector u.

Then there exist constants A(n) < w/2 and C(m,n) such that as long as
A < A(n),

(1) Any two points x andy in B1(0) can be connected by a unique minimal
geodesic inside By(0);

(2) If the Ricci curvature is identically 0, then the m-th ordinary deriva-
ties |D™(g;;(x) — 6;5)] < C(m,n)A? for allm >0 and x € Bys.

Proof. (1) It was proved by Buser and Karcher as the Proposition 6.4.6 in
[13].
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(2) Therefore, all the works in [43] apply. We can find functions /; satis-
fying
Vii(z) — ei(w)| < C(n)A?

and

(V21;(z)| < C(n)A?

for all © € By/2(0) as long as A(n) is small enough, where e;(x) is a vector
field which is parallel along radical geodesics and equals to % at origin. For
even smaller A(n), we can use [; as coordinate functions in

Loo(0) = {> 17 < (0.9} € B1(0) ={D_a? < 1}.
In this coordinate,
|gijw'w? — |wl*| < C(n)A*w|* < 0.01|w]?,
|ak;gij| < C( JA? < 1,

A ”
What’s more |Al;| < C(n)A2. By Theorem 9.15 of [31], for all 1 < p < oo,
there is a unique solution u; € W??(Lgg) N WP (Log) such that Au; = Al;.
By Lemma 9.17 of [31], we actually have

[l lw2(zoo0)) < C(0, DAL Lo(zo0)) < Cln, p)A%.
By Sobelev embedding theorem (c.f. Theorem 7.26 of [31]),
1illor oy < C)luallwanzogo) < Cn)A%

In particular, when A(n) is small enough, h; = [; — u; gives a harmonic coor-
dinate in Hyg(0) := {>_ h? < (0.8)*} C Log(0). In this harmonic coordinate,
1/1.02|w]?* < gyw'w? < 1.02|w|*. By elliptic regularity, actually all the above
functions are smooth. So we can differentiate them to get equations. Since
Ff]g” = 0, we know that 2Ric,,, = gimRijklgﬂ + gikRijmlgﬂ satisfies

rs 82 (glj - 61])

ohOh, —2Rici; + Qi5(g, 0g) + Qji(g, 99),

where
Qmi(9,09) = ¢ 019imli; — 9" 9imTi;Tin — GimOng”' T

12



We already know that [|gij — 0yl w1 (r.5(0)) < C(n)A? from the WP bound
of ;. So 1|Qi(9, 09| Ler2(my 50y < C(n)A*. When the Ricci curvature is
identically 0, by Theorem 9.11 of [31], we have

gis = Oisllwerrzpg ) < C)(Igi5 = 0l Lorzrg ) + 1Qisl sz (g 5)) < C(0)AZ.

After taking more derivatives, we can get the required bound in the harmonic
coordinate. This in turn bounds the Christoffel symbol and gives a bound of
the geodesic equation. So when we solve this geodesic equation, we can get
the required bound in the geodesic ball. O]

The above estimate is an interior estimate. The number 1/2 can be
replaced by any number smaller than 1.

To find out the local covering transform, we look at the preimage p; of p
under the exponential map inside B;(0). There is a local covering transform
F which maps 0 to p;. The image of the radical geodesic from 0 to p; is
a geodesic loop based at p. This gives a 1-1 correspondence between short
geodesic loops and covering transforms.

Now suppose we have two short enough geodesic loops v, and 7, with
same base point p. Then they correspond to two local covering transforms
F) and F,. The composition F} o F is also a local covering transform. It
corresponds to another geodesic loop based at p. It’s exactly the product of
~v1 and 7o defined by Gromov.

For any ¢ close enough to p, choose an preimage ¢q of ¢ close enough to
0, then ¢; = F(qo) is another preimage of ¢ which is very close to p;. The
image of the shortest geodesic connecting ¢; and ¢ under the exponential
map is a geodesic loop based at ¢. It’s called the sliding of v. When ¢ moves
along a curve «, the sliding of v becomes a 1-parameter family of curves. It’s
called the sliding of v along the curve a.

When we parallel transport any vector v along the geodesic loop v, we
will get another vector P,(v). P, is a map from T}, to itself. For hyperkéhler
manifold, P, € Sp(1) = SU(2). Under suitable orthonormal basis, any ele-
ment in SU(2) can be written as



So [(A —Id)v| = |A — Id||v]| if we define the norm by
A —1Id| = [ — 1] = [e7" —1].

This property is also a special property of SU(2). For instance SO(4) doesn’t
have this property.

In the flat case, local covering transforms are all linear maps. Suppose
Ti(x) = ax + b, T3(x) = Ax + B are two local covering transforms, where
a,A € SO(n) and b,B € R". They correspond to two geodesic loops 71, Vo
with same base point p. A, a are exactly the parallel transports along v, and
72 while |B|, |b| are the same as the length of loops v; and 75 respectively.

TioTy(x) =a(Ax+B)+b=aAx+aB+b
will correspond to the Gromov product of v; and 5. So
T T Th(x) =a 'A'aAx +a "A((a—Id)B + (Id — A)b).

The Lie algebra are also linear maps. Taking the derivative in the above
expression of the commutator at the origin

Ti(x) = Tr(x) = Id(x) = Id(x) + 0,
the Lie bracket is
[ax + b, Ax + B| = [a, A]x + (aB — Ab).

In general case, we can understand the covering transform in the following
way: We start from o in By(0) C T,,(M). Then exponential map at p maps
the point p; € B1(0) to p € M. The derivative maps the tangent vector
at p1 to the tangent vector at p. Let A be the inverse of the map. Then
F(q) = exppl(flqg). In the Ricci flat case, by Lemma gi; as well as
its m-th derivatives are bounded by C(m,n)A?. So the Christoffel symbols
are also bounded as well as their higher derivatives. By the property of
ODE, all the parallel transports and the geodesic equations have the same
kind of bound as well as their higher derivatives. In particular, the difference
between A and the parallel transport A along the geodesic loop is bounded by
C(n)A?. The difference between F(qq) and p; +Agq is bounded by C(n)A2. In
conclusion, the difference between F'(gp) and p; + Aqp is bounded by C(n)A?
while the difference between their higher derivatives is bound by C(m,n)AZ%.
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From now on, we are back to the gravitational instanton M with the point
0. We will rescale the ball Baist(op)/2(p) to a ball with radius 1 and apply the
theory in this section. In particular, the metric on the local covering space is
9;; + O'(r~¢). The difference between the local covering transform with the
linear map given by the length, direction, and the parallel transport along
the geodesic loop is O'(r' ™).

For short loops, there is a better control given by Buser and Karcher as
Proposition 2.3.1 in [I3]. They proved that the rotation (i.e. parallel trans-
port) part of the Gromov’s product of v; and 73 is given by the calculation in
the flat case with error bounded by Cr=27¢L(~;)L(7s), while the error of the
translation (i.e. length) part is bounded by Cr—2"¢L(y1) L(y2)(L(71)+L(72))-

2.3 Control of parallel transport along geodesic loops

In this section, we will use ODE comparison to study the sliding of geodesic
loops and the variation of the parallel transports along them. First let us
recall a well known Jacobi equation

J(0) = (5) ().

satisfying the following property:

Proposition 2.4. ( c.f. Theorem C of [32])Let J be the solution of the
Jacobi equation with

J(2)=0, J(2)=1.
Then

1< J () /2 J(00)(:= tlg(r)lo J'(t)) <exp /200(25 - 2)(%)_2_Edt < oo

and
t—2<J(t) < J(co)(t —2).

Suppose 7 is a geodesic loop based at p € M, « is an arc-length param-
eterized curve passing through p. Suppose r = dist(0,p) = r(p) > 3. As
discussed before, we slide v along o and get a 1-parameter family of geodesic
loops 7; based at a(t). Then their length and parallel transport along them
satisfy the following:
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Proposition 2.5. Suppose the length of the geodesic loop 7y, is L(t) and the
parallel transport along v, is P(t) : Taw — Tuw)- Then,

[L'(®)] < [P(t) - 1d|

and

Proof. Let v(s,t) = v(s), then v(0,t) = ~(1,t) = «(t) and for any fixed ¢,
v(s,t) is a geodesic. So d 1= 7,(Z) and 9, := 7, () satisfy

1
Vaﬁs = 0, [85, 8t] = Vasat - Vatas = O, L(t) = / ’as’ds
0

Then

ds

dL(t) 1 < V0,05 >
dt li=to :/0 < 05,0, >1/2
1

L(to)

1 1
= — Vo. < 0,0, > ds
L(to)/o Os t

< 0,0,> |} (P — 1d)[05(0, 2o)]
- L(to) L(to) g

1
/ < Vaﬁt, 35 > ds
0

=< a/(t()),

So
|IL'| < |P—1d|.

Moreover, given any unit length vector V' at ~(0,y), we can parallel
transport it along «(t) = (0,t) and then parallel transport it along ~;.
Then P(t)(V(0,t)) = V(1,t). So

1
1P(#) — 14| < Vo V(1,1)] < / VoV V)
0

1
:/ |R(0s,0p)V (s,1)] < meax\Rm|L.
0 TETE
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Theorem 2.6. For any geodesic loop based at p with r = r(p) = d(p,0) > 3
and length L < Cir, the parallel transport along the loop satisfies

J'(r)
P —1d| < T )L<C’2—

Here the constant

t !
TG sup O

Proof. If we choose a(t) so that 9, = A= ﬁh L69 we can get L'(t) = |P(t)—1d|.
It’s some kind of gradient flow. TLe other fundamental equation is that
|P(t) — Id|" is bounded by the product of L and the maximal Riemannian
curvature along the geodesic loop.

Given p whose distance to origin r = r(p) = d(p, 0) > 3 and any geodesic
loop based at p with length smaller than Cyr < 3, if |[P—1d| > T)L we can
slide the curve back along the gradient flow. In other words, We start from
a(r) = p and get a curve « : [t1,r] = M as well as the corresponding ;. Let
t1 be the biggest t; such that one of the following happens: (1) L(t;) = t1/2;
(2) L'(ty) = |P —1d| = 0 or L(t;) = 0; (3) t; = 2. Then when t € (t,7),
we have 0 < L(t) < t/2 and t > t; > 2. So the distance to the origin
is at least ¢t — L(t) > t/2. The curvature is bounded by (¢/2)727¢ and the
conjugate radius is at least w(£)!*/2 > L > L(t). So the geodesic loop can
exist without going out of the conjugate radlus Combining two fundamental
equations together,we have

L"(t) < L(t)max|Rm| < L(t)(t — L(t)) ¢ < L(t)(%)‘z‘f,w € (t1,7).

Therefore (L'J—J'L)' = L".J—J"L < 0. By our hypothesis L'(r) > Z= L(r).

So L'(t)J(t) = J(OL(t) > 0 = (57) > 0= 28 < 28Vt € [t1,7). So

L(t)) < X2 7(t)) < Oy 552004 < 8 and L'(4)J(t) > J'(t)L(t) > 0. In

(r) J(r) t — 2

other words, ¢; = 2. But then L(2) < ?E:gJ(Q) = 0. It’s a contradiction. [J

Similarly, we can prove theorem [I.1}

Theorem 2.7. For gravitational instanton M, the following conditions are
equivalent:
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(1) M is flat;
(2) M has trivial holonomy;
(3) M splits as R** x TF k =0,1,2,3.

Proof. Using the method in the proof of Theorem [2.6] it’s easy to see that any
flat gravitational instanton M must have trivial holonomy. It’s well known
that M is isometric to the Euclidean space quotient by covering transforms.
However, since the holonomy is trivial, any covering transform must be a
pure translation. Therefore, M is isometric to the product of the Euclidean
space with a flat torus. Conversely, it’s trivial that (2) or (3) implies (1). O

For any fixed geodesic ray « starting from o, any number r» > 3 and any
geodesic loop 7 based at p = «a(r) with length L < Cyr, when we slide it along
the ray towards infinity, it will always exist i.e. stay within the conjugate
radius. This follows from the following rough estimate:

Corollary 2.8. The length L(t) of the geodesic loop based at a(t) is smaller
than t/2 for allt > r.

Proof. By Proposition 2.5/ and Theorem , we know that L'(t) < ZWL(¢).

So
(InL) < (InJ) = L(t) < %J(t) < %,w >3,

We will derive a better estimate and use it to prove Theorem

2.4 Classification of tangent cone at infinity

To under how the length of geodesic loops varies, we first need to understand
the structure at infinity. Our assumption of the decay of the curvature means
that we are at a manifold with asymptotically nonnegative curvature. The
end of such a manifold is well studied and goes back to Kasue [44]. Here, a
complete connected noncompact Riemannian manifold M with a base point
o is called asymptotically nonnegative curved if there exists a monotone non-
increasing function k : [0,00) — [0,00) such that the integral [ ¢k(¢)dt
is finite and the sectional curvature of M at any point p is bounded from
below by —k(dist(o,p)). Of course, the gravitational instanton M satisfies
this condition.
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However, Drees [27] pointed out a gap in the argument of [44]. It was
smoothed by Mashiko, Nagano and Otsuka [55]. They proved the following
theorem:

Theorem 2.9. (Corollary 0.4 of [55]) For any manifold M with asymptot-
ically nonnegative curvature, there exists a metric cone C(S(00)) such that
(M,t2g) converges to C(S(00)) in Gromov-Hausdorff sense when t goes to
infinity. In other words, the tangent cone at infinity is unique and must be a
metric cone C(S(00)).

Assuming the faster than quadratic curvature decay condition, the same
theorem was stated without proof by Petrunin and Tuschmann in [67].
The following additional thing is true for gravitational instantons:

Theorem 2.10. For any non-flat gravitational instanton M, S(co) has only
one connected component.

Proof. If S(c0) has more than one connected components, we can find a large
enough ball Bg and two sequences p;, ¢; such that d(o, p;) — oo, d(o, ¢;) — o0,
and any minimal geodesics connecting p; and ¢; must pass through By for
any ¢ large enough. By compactness of Bg, the minimal geodesics converge to
a line. Notice that M is Ricci-flat, so the splitting theorem [I7] implies that
M must be isometric to the product of R and a 3-manifold. The 3-manifold
is also Ricci-flat and therefore flat. So M must be flat. [

As a corollary, the following is true:

Corollary 2.11. Fiz a ray v starting from o. There is a constant C3 such
that for any point p in the large enough sphere S,q, there is a curve within
Biarp) \ Bo.or(p) connecting p and v(r(p)) with length bounded by Csr(p).

There is more information about the tangent cone at infinity of the grav-
itational instanton M.

Theorem 2.12. The tangent cone at infinity C'(S(c0)) of the gravitational
instanton M must be a flat manifold with only possible singularity at origin.

Proof. Pick p € C(S(o0)) — {0}, we may find p; € M such that p, — p in
Gromov-Hausdorff sense. Pick some small enough number . For ¢ large
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enough the ball (B, (p:),r;%g) is B./G;, where B, is the ball in the Eu-
clidean space with metric pulled back by exponential map, and G; is the
group of local covering transforms. By Fukaya’s result in [30], G; converge
to some Lie group G and B, /G; converge to B,/G. So G is a subgroup of
R* x SU(2) < Iso(R*). The action of G on B, corresponds to the action of
G; on By, (p;). So if an element g € G — {Id} has a fixed point in B,, the
geodesic loops in By, (p;) corresponding to the sequence g; € G; converging
to g would have large | P — Id| compared to their lengths by the relationship
between geodesic loops and covering transforms. This contradicts Theorem
2.6 So the action of G is free. Therefore it’s enough to look at the Lie
algebra g i.e. the infinitesimal part of G to determine the local geometry.
We have the following cases:

(0) dimG = 0. We get R* locally.

(1) dimG = 1. Then g is generated by x — ax + b, where a € su(2).
Notice that SU(2) can be naturally identified with the unit sphere of quater-
nions. Then su(2) would be the space of pure imaginary quaternions. So the
Lie bracket is exactly twice of the cross product in R3.

a must be O or invertible by the property of quaternions. When a = O,
G consists of pure translations, we get R3.

Otherwise, ax+b = a(x+a~'b). The fixed point —a~'b must be outside
e’ 0
0 e—i@
1-1 correspondence x — x +a~'b = (z + 1y, 2 + iw) — (z + iy, 2 — tw),then

if
G becomes < 60 699 > So it’s cone over S3/S!, where S?/S! is the Hopf
fiberation. So it’s cone over S?, i.e.R3, too.

(2) dimG = 2. Any 2-dimensional Lie algebra has a basis e, 5 satisfying
le1, €2] = cey. For g, e1(x) = ax + b, e2(x) = Ax + B must satisfy

B,. G is generated by x — (x+a 'b) —a'b. If we take the

[a,A]x + (aB — Ab) = [ax + b, Ax + B] = ce; = c(ax + b).

Here A a € su(2). If a = O, Ab = —cb. So A = O. G consists of pure

translations, we get R%. If a # O, then since [a, A] = ca, we must have
a=A and ¢c=0. So aB = Ab = ab = B = b, contradiction.
(3) dimG = 3. We get R O

Theorem 2.13. The tangent cone at infinity C'(S(00)) must be the following:
(ALE) R*/T, where T is a discrete subgroup of O(4) acting freely on S
(ALF-A;) R3
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(ALF-D,,) R3/Zy=cone over RP?
(ALG) flat cone with angle € (0, 27|
(ALH) R,

Proof. By Theorem [2.9] the tangent cone at infinity is unique and must be
a metric cone C(S(c0)). By Theorem and Theorem [2.12] S(00) is a
connected manifold since we’ve assumed that M is not flat.

(ALH) If S(o0) is 0-dimensional, C'(S(c0)) must be R;.

(ALG) If S(o0) is 1-dimensional, C(S(c0)) is a flat cone. If the cone
angle is bigger than 27, it contains a line, so there is a contradiction from
the almost splitting theorem. (c.f. Theorem 6.64 of [15])

(ALF) If S(oc0) is 2-dimensional, S(co) must be a 2-manifold with con-
stant positive curvature 1. So its universal cover is the space form S?. So
S(o0) = S?/T, where the group of covering transforms T' is a subgroup of
Iso(S?) = O(3) acting freely. Now pick any element A in T', A% € SO(3).
However, any element in SO(3) has a fixed point, so A*> =1d. So A = +Id.
Therefore S(c0)=S?(the Ay case) or RP*(the Dy case).

(ALE) If S(00) is 3-dimensional, S(oco) must has constant sectional cur-
vature, too. Its universal cover is the space form, too. So C'(S(00)) = R*/T,
where T is a discrete subgroup of O(4) acting freely on S3 n

From now on, we will temporarily use the terminology ALE, ALF, ALG
and ALH to distinguish different type of the (unique) tangent cone at infinity.
Those terminologies only make sense as in Definition after we prove more
properties.

Theorem 2.14. In the ALE case, M has maximal volume growth rate and
it’s in Kronheimer’s list.

Proof. By Colding’s volume convergence theorem [24], M* has maximal vol-
ume growth rate. Moreover, the faster than quadratic curvature decay con-
dition ensures that [, [Rm[* < co. So by Bando-Kasue-Nakajima’s work [3],
M is ALE of order 4. So, Kronheimer’s works in [48] and [49] apply. O

2.5 Decomposing geodesic loops into basis

Before proceeding, we need a theorem about Lie groups. For any Lie group
H, the exponential map exp from a small ball B,, = B,(0) in its Lie algebra
h to H is a bijection. We call the inverse of exp to be log. If there is no
ambiguity, the length of ¢ € H will mean |log g|.

21



Theorem 2.15. Suppose H is a Lie group, G; are discrete subgroups of H
converging to a k-dimensional closed Lie subgroup G of H. Then for i large
enough and k small enough, there exist k elements g; ;(j=1,2,...,k) such that
|log g j| converge to 0 as i goes to infinity and all element in B, (Id) N G;
is generated by g, ;. What’s more, for any fized large enough i, the angle
between log g; ; are bounded from below by a small positive number indepen-
dent of i. In addition, the commutator gi_’;gi_’blgi,aghb is generated by g;.,
c=1,2,...,min{a,b} — 1. In particular, g;1 commutes with others.

Proof. Let d be the dimension of H. First of all, choose x small enough such
that for all v,w € h N B, zats,,

3d+6

|log(exp(v) exp(w)) — v — w| < 107"k~ Ho|w|.

Now for all ¢ large enough, we pick the shortest element g;; in G;.
Let G;o = {Id}. Suppose inductively, we've picked g;1, g2, ..., gi; satis-

fying
lim |logg;| =0,1=1,2,.... 7,
1—00

gz‘_,alg;blgi,agi,b S Gi,min{a,b}fly a, b= 17 27 7]
! . .
|log gis| < 107 [Projys (loggin)l, 1 =1,2,...j,
and .
110g gi, | < 10%7 7 log gig,|, 1 < 1 < 1o <,

where V;; = Span{logg;1,...logg;;} and h = V;; & Vfl is the orthogonal
decomposition for all [ = 1,2, ..., j. Define G, ; be the set

J
Gy = {gﬁgﬁ : Z [ng log gia| < 103‘”5—3#4%}‘
=1

It is a local group in the sense that for all gi,g0 € B gsats_sitsin, N Gij,

glgg,gfl € G;;. Moreover, for all g1, g9, 93 € Byysars_sitsi, N Gy, there
product and inverse g,gs, g; ' € B gsats_sitsia, N Gy j. They satisfy the rela-

tions (g192)gs = 91(gags) and gy 'g1 = grg; ' = 1d.
If
Gijj N Blogd+5_3j+5n =G; N BloSd+5_3j+5ﬂ,
we stop. Otherwise, let g; j+1 be the element with shortest Projy . (log ¢; j+1)
]
among all the element g; ;11 € G; N B gza+5 3545, \ G;; whose length is not
longer than any other elements in g; j+1G; ;.
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Let Projy, | (log gij+1) = Z{Zl cijilog gy, then there exist integers n; j;

such that ¢; j; —n;j; € (=0.5,0.5]. If [Projy, (log gij+1) = 0.7 Z{Zl | log il
then

j j
1D cigalog gul = LAY (eiju— niga)
=1 =1

SO

J

‘Zcz,leOggzl‘ - |Z Cijl — Nijl IOggzl’ > _| an,]lIOggzl‘

=1

by triangle inequality. By induction assumption,

J
> nigilog il = [nigProjys (10g gi)| = 107 [,/ 1og gisl-

-1

I=1
So .
m _ j
| Z M 51108 gig| < 10Et=mi G4 Z nij10g gl
=1 =1
and ‘
_ j
|7 jm 108 Gim| < 103m+zg:m+1(3l+1)’ Z N j11og giil.
So A _
j " J
Z [ni g log gigl < 1077 Z n; ;1108 gil-
I=1 1=1

Let hi,j-‘,—l = |PI‘OjV_L_ (log gi,j+1)|7 then
i3

j j
2,0+ 1> cigilog gl — | 2540 + 1D (i —niji) log gil®
=1 =1
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is bounded by the error term in the calculation of g; j11(g; ;) " ...(gi1) ™.
So

_3i+1 j
10 3 ]1|ni-

‘ log gz,]+1|

|Zcz,jlloggzl| _|Z Cz,], N4 10ggzl| )

i, log gi,l’

o 2| lOg gz,]+1|

j i
Sy [P2 50 + 1D cigaloggial® = | 2540 + 1) (ciga — nija) log gial?
= =1

J
<1073 " {ny i log gil.
=1

It follows that the induction assumption is also true for j + 1 except the
statement for the commutator and the length of log g; ;1.
If [Projy, (log gij+1)| < 0.7377_; [1og giyl, then we claim that
|ProjVi’lj (log g j+1)| > 0.2|Prot]'vi’ij71 (log gi.4)|-

Otherwise, there exists an integer n; ; such that

\Projvi’ijil(log gi7j+1gi_’]m’j)| < O.8|Projvi’lj71(log Gij)|-
It’s a contradiction with the definition of g; ;.
By induction assumption,
|log gi,j| < 10%[Projy.  (loggi)|
and L
| loggi,l| S 103]_3 | 10gg%,j|7l - 17 27 )j
So

03l—2(3f)

——loggil > 103"

| log gi j1| > O.2’Pr0j%b_1(loggi7j>| >

and

J
[log gije1] < (3.5 10%3)7% 4 1) [Projy.. (log i, +1)|
=1

< 107" |Pr0jvi}j (log gij+1)!-

24



Thus, no matter |Projy, (loggi;+1)| is smaller than 0.7 S [log giy| or
not, we can achieve the induction assumption for j 4 1 except the proof that
lim; o |log g j+1] = 0 and g[’;g;blgi,agijb € Gimin{ab}—1- The first statement
is true because G; converges to G. The second statement is true because
the length of the commutator is bounded by C|log g; .|| log ¢;| and therefore
much smaller than both |log ¢;,| and |log g; | if ¢ is large enough.

After iterations, the induction procedure must stop because the dimen-
sion of b is finite. The number of elements will be exactly the same as the
dimension of G' because G; converge to G. m

Remark. If we look at the above proof carefully, we know that we only used
elements close enough to identity. Therefore, it’s enough to assume that
G; have a local group structure near identity rather than being a group.
Actually the theorem is even true if the product of a,b € G; contains an
error controlled by Cj|a||b|, where C; converge to 0 as i goes to infinity. In
particular, the local group G; in Theorem [2.12| satisfy the Theorem. For
those local groups, since the rotation part is bounded by the translation part
by Theorem [2.6] the length of the geodesic loop is equivalent to the length
in the above theorem.

Now we are ready to go back to study the length of short geodesic loops.
In the rest of this section, we fix a geodesic ray a from o to infinity and
start doing analysis about geodesic loops based on the ray. (M, a(t),t %g)
converges to (C'(S(00)), Poos oo) in pointed Gromov-Hausdorff topology.

Theorem 2.16. In the ALF-A;, or ALF-Dy, cases, there is a geodesic loop
Y1 such that when we slide it along the fizved ray to get v,1 based at o(r), its
length

L(r) :== L(v1) = Lo + O(r™)

and the parellel transport along it satisfies
|P—1Id| = O(r '79).

What’s more, any loop based at o(r) with length smaller than kr is generated
by V-1 in the sense of Gromov.

Proof. In this case, (By,(c(r)),r72g) converge to (Bx(p), goo) C C(S(00)) by
Theorem 2.12] We may make s even smaller to apply Theorem [2.15 We get
Yr1 corresponding to g, ; in Theorem . Then any loop based at a(r) with
length smaller than xr is generated by v, in the sense of Gromov. There
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is an ambiguity to choose 7, ;. The same loop with reverse direction would
play the same role. However, we can choose them consistently so that they
are the sliding of each other along the ray. By Theorem [2.15]

lim M

7—00 T

=0.

So the parallel transport along the loop converges to identity by Theorem
2.6l It follows that

|P —1d|(r) = | P — Id|(c0) —/ |P —1d|'d¢

<0+ / T oL
< O(r’:).
by the equation that ||P —Id|'| < CLr—27¢. Plug this back to the equation
L] < |P—1d],

we obtain

L(r) = L(ry) + / L'(t)dt < L(ro) + / 1P —1d|dt

0
r

< L(rg) + | Ct“dt = L(ro) + C(r' ¢ —ry™).

To

In turn |P —Id| < O(r=%), L < O(r'7%). ... Through finite steps of itera-
tions, we have

L=Ly+0(r™

and
|P—1d] <O(r~'79).

Claim: The limit length L., = lim;_,o, L; > 0. Otherwise, since L = O(r~),
after the integration from infinity to r, we can easily obtain

|P—1d| < O(r %)
After a finite number of iterations, we have

L=0(r"17 and |P —1d| < O(r~272).
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Now let
2(2+6)k7,.7k6

I =2 G e+ DA T

Then
1) = (G ), S () = 14+ 067, £/() = 0.
So for all R large enough, we have
L(R) < R f(R)

and

IL'(R)] < RT[f/(R)|.

By ODE comparison, we have L(r) < R™! f(r). Let R go to infinity, L(r) = 0,
this is a contradiction. So L., > 0. O

Theorem 2.17. In the ALG case, there are commutative geodesic loops 71, Yo
such that when we slide them along the fized ray o to get v,1,7r2 based at
a(r), their length

Lj(r) == L(7r5) = Loo,; + O(r™)
and parallel transports along them satisfy

| P.

Vr.,j

—1Id| = O(r).

What’s more,any loop based at o(r) with length smaller than kr is generated
by vr1 and 7,2 in the sense of Gromov.

Proof. We proceed as in the proof of Theorem . We get two loops 7,1
and 7,2 based at a(r). In this case, the ambiguity is as large as GL(2,Z). In
other words, 7,1 and .5 may jump to 9729 and 7,.4' respectively after
the sliding. Actually GL(2,Z) is a noncompact group, so we can’t estimate
the length of the geodesic loops obtained by sliding directly. However, we
can still get the same conclusion from the fact that ~,; and 7,2 commute
and that they form a detectable angle.

Suppose the manifold is flat, then the covering transforms corresponding
to 7,1 and 7,9 are linear maps 71(x) = ax + b, Tx(x) = Ax + B, where
a, A € SU(2),b,B € C% So (Note that by the construction |b| < C|B|)

x =TT, T Th(x) =a A faAx +a 'A™ ' ((a— Id)B + (Id — A)b).
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On the manifold, we need to count the error caused by curvature. So actually
(a—1d)B — (A —Id)b| < Cr~?¢|b||B]},|]a A~ 'aA —Id| < Cr—2"¢|b||B|.
Now if |a — Id| > r~1=%/3|b]|, then
|A — Id||b| > |]a — Id||B| — Cr~*“|b||B|*.

It follows that |A — Id| > c-r~'=/3|B| for some constant c. Thus, if 7 is
large enough, the two vectors (A — Id)b and (a — Id)B have almost the
same angle since their difference has much smaller length. Note that both
A and a are very close to identity, so A — Id and a — Id are almost log(A)
and log(a) respectively. So Theorem is reduced to that (a —Id, b) form
a detectable angle with (A — Id,B). Therefore, A — Id and a — Id also
form a detectable angle because (A — Id)b has almost the same angle with
(a—1d)B.

Since the Lie algebra in su(2) is simply the cross product and all the
matrices are very close to identity

la—1Id||A —1Id| < Cla'A~'aA — Id| < Cr—*~¢|b||B].
This is a contradiction. So
la—1d| < r ' 3|b|.

Similarl
’ |A —1d| < r~1=<3B].

We've proved that for 7,1 and 7,9, |P — Id| < r~1=¢3L. For any loop
with length smaller than sr, we have |P — Id| < Cr~</®. When we slide 7, ;
along the fixed ray towards infinity, the parallel transport along the limiting
loops must be trivial. The proof in Theorem [2.16] then implies our conclusion.
Note that the ambiguity of choosing 7, ; now can be removed by requiring
that they are the sliding of loops along «. O]

Theorem 2.18. In the ALH case, there are commutative geodesic loops
M1, V2, Y3 such that when we slide them along the fized ray o to get V1, Vr2, Vr.3
based at o(r), their length L;(r) := L(7yj) = Loo;+0(r~) and parallel trans-
ports along them satisfy | Py, , —1d| = O(r='=). What’s more, any loop based
at a(r) with length smaller than kr is generated by v,1,vr2 and .3 in the
sense of Gromouv.
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Proof. We can proceed exactly in the same way as Theorem [2.17] The only
thing we need to prove is that 7, commutes with 7, 3. It follows from the
fact that the length of the commutator converge to 0 since the curvature and
therefore the errors converge to 0 as r goes to 0. [

2.6 From geodesic loops to Riemannian fiberation

In [16], Cheeger, Fukaya and Gromov first introduced the N-structure i.e.
nilpotent group fiberations of different dimensions patched together consis-
tently. (Torus is the simplest nilpotent group.) In [58], Minerbe followed
their method and improved the result for circle fiberations under a strong
volume growth condition in ALF case. In their papers they all view R4 x T*
as the Gromov-Hausdorff approximation of R**. In this subsection, we also
include the T* factor in the analysis. Therefore, we are able to obtain a
better estimate without any volume assumptions.

In the last subsection, we get geodesic loops 7,; along a ray. They can
be represented by s € [0,1] — exp,(svi(p)) for some vectors v;(p) in the
tangent space of the base point p. When p goes to infinity, the vectors v;(p)
converge to some limits v; € R?. Actually, the difference between v;(p) and
v; is bounded by O(r=¢). Define the lattice A by A = @®F Zv; and the
torus T* = (®%_Rv;)/A with the induced metric. From the estimates in the
last subsection and the estimates in the last paragraph of Section 2.1 (c.f.
Proposition 2.3.1 of [I3]), it’s easy to see that for 325 a;v; € AN Bier(p)»
the translation part of the Gromov product Hle Vi 18 Zle a;v; with error
bounded by O(r'~¢) while the rotation part is bounded by O(r~¢). So the
lattice A almost represent the geodesic loops whose length is smaller than
kr(p).

By Proposition [2.5] Corollary the estimates in Theorem [2.16] The-
orem or Theorem we can slide the geodesic loops 7, ; along a path
within B 1,.(0) \ Bo.gr(0) to get geodesic loops 7, ; over the whole manifold M
except a compact set K. It satisfies all the above properties. The choice of
path is not unique, so after sliding along different paths, v,; may be different.
However, all the differences come from a change of basis in A. Locally, we
can assume that 7, ; are well defined.

Theorem 2.19. There exists a diffeomorphism from By.(p) to

B..(0) x T" C R*™* x T*,
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such that g = the pull back of the flat metric + O'(r=°).

Proof. First of all we look at the map exp : T, = M. Any ¢ € B,,(p) has
lots of preimages. Choose one preimage ¢y, then all the other preimages are
Hle F(qo), where F; are the covering transforms corresponding to ~;, and
a; are integers. We know that [[r_, F{(qo) is actually ¢o + .1, a;v; with
error in O'(r'=¢). Define

10|17, F k a; k
E ARG B () = Sy a)
Z X( 10| Hf:l Fz—ai (qo)‘ )

wr(p)

R4—k ™ Tk,

f(q) = 7

then it’s independent of the choice of gq. It’s easy to prove that using f, the
metric g= the pull back of the flat metric + O'(r~°). O

Lemma 2.20. We can find good covers {B1m () (Pi) Yier such that I can be
divided into I = I U...U Iy, and if i,j € [l, l=1,2,...,N, the intersection

Bﬁr(pi)(pz) N Bnr(pj)<p]) - @

Proof. This kind of theorem was first proved in [16]. In our situation we
can choose maximal k2!~ nets in B(2"*!) — B(2!). Then volume comparison
implies the property. [

Theorem 2.21. Outside a compact set K, there is a global fiberation and a
T* invariant metric § = g + O'(r=¢) whose curvature belongs to O'(r=2-°)

Proof. By Lemma [2.20] we can first modify ¢ € I} and j € I so that they
are compatible. Then modify 4,5 € Iy, 5 and [ € I3 to make sure that they
are compatible. After N times, we’re done. So we start from a map

fij : Bnn(pz) X Tk — B/w“j (py) X Tk

fl](Q79) = (lej(Q70>7 z?j(q76)) = fj o fifl(q7 9)
Average it and get f}] : By, (pi) = Byr;(p5) by

_ 1 X
fij(@) = Vol(TH) /Tk fi;(q,0)do

From the higher derivative control, we know that the distance from origin
2(q,0) — f2(q,0) — 6 € T" is bounded by O(r~¢). (Here we view T* as
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an abelian group.) For r large enough, we can lift it to R* while keeping it
bounded by O(r—¢). Fix ¢ and average it with respect to ¢, then project it
back to TF. We get a map f7 : By, (p;) — T*. Define

f’ij : B/«cm (pz) X Tk — Bm‘j (p]) X Tk

by

fis(a,0) = (J5(0). 0 + f3(a,0) + f(a)-
It’s easy to see that V™ fi;| = O(r'=™¢). We may glue the common part
using f;;. Now there are two metrics g''** and gFlat Choose a partition of
ity x; +x; = 1, [V7"x;| = O(™™). Let § = xig;"™" + xj9; . It's a T"

invariant metric with |[V™g| = O(r~™ ). Note that there are still two maps
from M to the gluing By, (p;) x T* Uz, Bir, (pj) X T*: fi;ofi and f;. However,
their distance is bounded by O(r~¢). For r large enough, we can find out the
unique g-minimal geodesic 7 satisfying v(0) = f,;j o f; and (1) = f;. Then
v(x;) gives a new map from M to B, (p;) x TF Ug, Ber, (ps) X T*. Call that
fiU f.

In conclusion, we have a T*-invariant metric 4 on
By (pi) x T U By, (ps) x T
and o
fiU fi 2 M = By (pi) x T Uz By, (ps) x T

with both |[V™h| = O(r~™¢) and |V™(f; U f;)| = O(r'=™"°).

After repeating everything for (B, (pi) x T" Uz B, (p;) x T, g, fiUf)
and (B, (p) x T*, glat ), we can get a new big chart. After N times, we
are done. O

Theorem 2.22. Outside K, there is a T*-fiberation E over C(S(c0)) — Br
and a standard T* invariant metric h such that after the pull back by some
diffeomorphism h = g + O'(r—°).

Proof. The metric g can be written as

4-k

> aij(x)da; ® da; + Z 6, + Z”h )da;)?

7,7=1
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The curvature of a;; belongs to O'(r~27¢). By the result of Bando, Kasue
and Nakajima [5], there is a coordinate at infinity such that the difference
between a;; and the flat metric on C(S(00)) — Bg belongs to O'(r~¢). So we
can assume that a;; = d;; without changing the condition g = g+ O'(r™°).
Similarly, we can also replace n,;(z) by any standard connection form. As
long as n; is still in O'(r~°), we still have h = g + O'(r~¢). Therefore, we
only need to classify the torus fiberations over C'(S(00)) — Bg topologically
and give it a good enough standard metric h.

(ALF-A;)When S(00) = S?, the circle fiberation must be orientable. It’s
determined by the Euler class e.

When e = 0, we have the trivial product (R* — Bg) x S! as our standard
model.

When e = £1, we have the Taub-NUT metric with mass m # 0: Let

M, = ({(z1, 72, 23)|27 + 25 + acg > R?} —{(0,0,z3)|z3 < 0}) x S,

M_ = ({(231,.172,.173)‘%% + 22 +:v§ > RQ} —{(0,0,x3)|x3 > 0}) x St

Identify (z1,z9, x3,0,) in M, with (zq, 29, x3,0_ + sign(m)arg(z; + ixs)) in
M_. We get a manifold M.

Let r = \/ai 4+ 23 + 23,V =1+ 22,

(x3 — r)(x1dzy — xoday)
2(z? + 23)r

(23 + r)(x1dzy — xoday)
2(z? + 23)r '

n = 4/m|dfs + 4m

= 4|m|db_ + 4m

Then the Taub-NUT metric with mass m outside the ball Br(R >> |m]) is
ds® = Vdx? 4+ V1p?

with
do, = I*(V'n) = J*dwy, = K*das.

There are lots of different conventions in the literatures. We use the
convention from [51], but we compute the explicit form of 7 using the formulas
in [40]. When m > 0, LeBrun [5I] proved that M can be smoothly extended
inside Br and becomes biholomorphic to C2. For m < 0, the metric is only
defined outside Bpg, but it’s enough for our purpose.

There is a natural Z action on Taub-NUT metric by 6, — 04 + 27/|e]
for e = +1, 42, ... The quotient of the Taub-NUT metric with positive mass
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m by Z has Euler class ¢ < 0, The quotient of the Taub-NUT metric
with negative mass m by Z has Euler class e > 0. Notice that the mass
parameter m is essentially a scaling parameter. Only the sign of m determines
the topology.
Usually, people let k = —e — 1 and call that a standard ALF-A; metric.
(ALF-Dy) When

S(o0) = RP? = {(z1, 29, 23) € SZ|x3 > 0}/ (x1,22,0) ~ (=21, —9,0)

topologically, the fiberation is the trivial fiberation over the disc after iden-
tifying (cost,sint,0,0) with (cos(t + 7),sin(t + «),0, f(t) — 6). So

f(x) = F(0) = 2en.

The integer e determines the topological type.

When e = 0, we have the trivial product (R* — Bgr) x St after identifying
(x,0) with (—x, —6) as our standard model.

When e is nonzero, it’s the quotient of the Taub-NUT metric outside Bg
by the binary dihedral group Dy = {0, 7|0 = 1,0l = 72 70771 = 071}
which acts by o(x,0+) = o(x,0+ + 7/|e|]) and 7(x,0,) = (—x,0_ = —0,)
from M, to M_ with 7(x,0_) = (—x,0, =7 —0_) from M_ to M. When
the mass is positive, e is negative. When the mass is negative, e is positive.

Usually, people let k = —e 4+ 2 and call that a standard ALF-D;, metric.

(ALG)When S(oc0) = S, the topological type is determined by the mon-
odramy. In other words, when we travel along S(c0), there is some rotation
but the lattice A = Z|vy| @ Z7|vy| is still invariant. So we have the equation

(ea)(2)-(0 &) ()
(Z Z)EGL(2,Z).

O=det | e b= ad — be — (a + d)e” + ()
c d— e '

Except the case where e = 41,we have A = (a + d)? — 4(ad — bc) < 0. So

ad — be > 0, it must be 1 to make sure the matrix invertible. So a +d = 0 or

a+d = +1. The quadratic equation e? satisfies must be one of the following

for some

So

2?4+x+1=0, 2 —x+1=0, and 22 4+1=0.
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We can solve ¢ accordingly:

—1+4V3 j2m gam 1ii\/§_ iT i 4 e

2 263763; 2

Therefore, the rotation angle § = 273 and the lattice A = Z|v,| ® Z|vy|
are in the following list: (We may replace 7 by something like 7 — 1, but that
won’t change the lattice at all)

Regular) Im7 > 0, 5 = 1.
I5) Imm > 0, 8 = 1/2

) 7= eQm/i”, =1/6.
*) 27ri/3 5/6
I) =1, ﬁ =1 / 4.

I*) 7 =1, f=3/4.

V) 1= 627”/3, B=1/3.

(IV*) 7= e2™/3 3 =2/3.

Note that they all correspond to Kodaira’s classification of special fibers
of elliptic surface in [E5]! If we identify (u,v) with (e2™Pu,e=2"%y) in the
space {(u,v)|argu € [0,270], |u| > R} C (C — Bg) x C/(Z|v| & Z7|v]), we
have the standard flat hyperkahler metric & = £(duAdu+dvAdv). Note that
SU(2) is transitive, so we can choose the complex structure a;l + asJ 4+ az K
properly so that 9, = 0), + O(r=¢)V,.

(ALH)When C(S(c0)) = R, h can be simply chosen to be the product

metric of [R, 00) and a flat 3-torus.

(
(
(I
(
(
(
(I

]

3 Weighted Analysis

In this section, we prove Theorem Theorem [I.5 and Theorem [I.6] There
are two goals in this section: the improvement of asymptotic rate and the
construct of global holomorphic functions on gravitational instantons M with
prescribed growth order.

To improve the asymptotic rate, we view (M \ K, g) as a deformation of
(E,h). We will show that the infinitesimal deformation space is a subspace
of three copies of anti-self-dual closed forms. The decay rate of such forms
can be improved automatically.
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To construct holomorphic functions, we start from the construction of
holomorphic functions on the standard models (E, k). Then it can be pulled
back to (M, g) and cut off to obtain an almost holomorphic function f on
M. To get rid of the error, we can solve the 0 equation

dg = of
for g much smaller than f. If successful, then f — g will be the required
function. Unfortunately, it is hard for us to solve g directly. So instead, we
solve the equation
—(00* 4+ 0*0)¢ = Of.

The order of 9*¢ and ¢ will be smaller than the order of f if we solve ¢
properly. Notice that there is a covariant constant (0,2)-form w™, so the har-
monic (0,2)-form O¢ is essentially a harmonic function. Generally speaking,
the order of growth of harmonic functions on M is the same as the harmonic
functions on E. So if we get f from the smallest nonconstant harmonic func-
tion on E, we expect 0¢ to be 0. Therefore f + 0*¢ will be the required
global holomorphic function on M.

To relate infinitesimal deformation space with deformation space and to
solve the Laplacian equation for (0,1)-forms, we need some elliptic estimates.
The ALH case requires more care. To obtain a good estimate in ALH case,
we need to prove the exponential decay of curvature first. This is feasible
after we develop some elliptic estimates for the Riemannian curvature tensor.

Therefore, in the first two subsections, we develop the elliptic estimates
for tensors on a manifold M asymptotic to the standard model. We would
like to work on both forms and the curvature tensors on general M which
may not be hyperkéahler. Therefore, we always use the Bochner Laplacian
—TrV*V in order to apply the Bochner techniques. For gravitational instan-
tons, the Weitzenbock formula tells us that the Bochner Laplacian equals to
the operator —(90* + 9*0) for functions and (0,1)-forms. Then in the third
subsection, we use this estimate to prove the exponential decay of curva-
ture of ALH-instantons. This allows us to develop an elliptic estimate with
exponential growth weights in the fourth subsection. After the analysis of
infinitesimal deformation space in fifth subsection, we will prove theorem
in sixth subsection. In the seventh subsection, we use the mentioned tech-
nique to construct global holomorphic functions on ALF and ALG instantons.
Then in the eighth subsection, we use the same method to construct global
holomorphic functions on ALH instantons. In the last three subsections,
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we make use of the global holomorphic functions to prove Theorem and
Theorem [1.6]

Analysis in weighted Hilbert space is well studied and perhaps some es-
timates in this section are already known to experts [41] [34] [57]. However,
to avoid problems caused by subtle differences between different settings, we
instead give a self-contained proof.

3.1 Weighted Hilbert space

In this subsection, we do some technical preparations. We will use the fol-
lowing weighted Hilbert spaces: (Please notice the change of the meaning of
r as in the end of Section 2.1.)

Definition 3.1. Define the L?(M)-norm of a tensor by

Illszn =/ | lofriavol
M

Let L2(M) be the space of tensors with finite L3(M )-norm. Define V¢ = 1)
in the distribution sense if for any £ € C§°, we have (¢, V*¢) = (¢,€). Let
HZ(M) be the space of all tensors ¢ such that

¢ € L3(M), Vo € L3, ,(M),V?¢p € L3, ,(M).

We can define the norm in this weighted space by

191200 = \/ / [¢[>redVol + / |Vg[2r7+2dVol + / V2 2r8+4dVol.
M M M

The inner product is defined accordingly.

Proposition 3.2. For any §, H(M) is a Hilbert space and the space of
compactly supported smooth tensors C3°(M) is dense.

Proof. The map ¢ — ¢r®/? defines an isometry between L2(M) and L%*(M).
Since L?(M) is complete, L3(M) is also complete. Now if |¢; — ;]2 (ar) — O,
then both [¢; — ¢;lr2ar) and [V — Vm¢j|L§+2m(M) goto 0, m =1,2. By
completeness, ¢; converge to ¢ in L3(M), and V¢; converge to ¢ in L3, ,(M).
Now pick any test tensor £ € CF (M),

(6, V°€) = lim (¢, V&) = Iim (V,€) = (1, €).
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So V¢ = 1 in the distribution sense. The second derivative is similar. So ¢;
converge to ¢ in Hi(M), too.
For the density, let xg = x(r/R). Then

6= o/ Pl <C([ 10— xnofr' + [ |01 =) Vo
M M
+ [ 1ValloPr [ [9Paopett
M M

+/ |(1—XR)VZ¢|%5+4+/ IVxrVo|rot)
M M

So x(r/R)¢ converge to ¢ in H(M) as R goes to infinity since [Vxg| < C/R
and |[VZyg| < C/R?* Now the standard convolution method implies the
density of C3°(M).

[l

Lemma 3.3. For any harmonic tensor ¢ in HZ(M) and any large enough r,

[o(y)] < C’\|¢]]H§(M)T(y)75/2+k/272.
When —0/2+k/2—-2<0, ¢ =0.

Proof. Given y € M, suppose 7(y) = 20R. Then the ball Byg(y) C M is
asymptotic to Byr(0) x TF C R** x T*. Consider the covering space R* of
R** x T*. If we apply Gilbarg and Trudinger’s Theorem 9.20 in [31] there,
we would get

C

< [l
[ B2r(0)] JByr(0)

61 (y)

So
6(w)| < Cllmzanyr(y) =422,
Now the maximal principle implies the last result in the lemma because
Alo|* = 2|Vg|* > 0. O
Now we need an weighted L2-estimate.

Lemma 3.4. For the standard ALF, ALG or ALH metric in Theorem
suppose ¢ s a smooth form supported in By — Br. Then as long as R is
large enough,

/’v2¢’2ré+4+/ ‘V¢|2T5+2§C(/ |A¢|2T6+4—|—/ ‘(25|2T'5>
E E E E
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Proof. We only need to prove the same thing on B, (p;) C E uniformly.
It’s enough to consider the covering B, (0) C R*. Notice that the difference
between h and flat metric is in O’(r~!). So we can simply use the Theorem
9.11 of [31]. O

3.2 Elliptic estimates with polynomial growth weights

In this subsection, we will prove the main estimate for tensors in the weighted
Hilbert space with polynomial growth weights.

We started the estimate for functions on R?. Then we extend this to
T* invariant tensors. We can improve it to general tensors on the standard
fiberation E. Then we can transfer that estimate back to any manifold M
asymptotic to the standard model. This main estimate allows us to prove
the solvablity of Bochner Laplacian equation for tensors.

Theorem 3.5. Suppose f is a real smooth function on RY(d = 1,2,3,...)
supported in an annulus, § isn’t an integer. Then

/ | f|*r°dVol < C / |Af2r 1 dVol.
R4 R4

Proof. For the Laplacian on the standard sphere S¢!, it is well know it
has eigenfunctions ¢;; with eigenvalue —j(d — 2+ j), | = 1,2,...,n;. (For
d = l,all n; are 0 except ng =1 and ¢;; = 1). We write f in terms of those

eigenfunctions
Fe )Y Fulr)esl0),
j=0 1=1
where
fia(r) = ; f(r,0)¢;:(0)dVol.
Sd—1
Then

INED D) D Rt AL TP

2
r
j=0 i=1

_ Z Z —i—d+1 [T2j+d_1(T_jfjJ)/]/ijJ(@)'

j=0 I=1
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From integral by parts and the Cauchy-Schwartz inequality

0o _9 00 2
2,ud 2 _ /u+1d
(/O g rdr) (—er/o 99'r 7”)

4 o0 o0
< - 2r“dr/ N2prt2qp.
—<u+1>2/0 srear [ (g)

So we get the Hardy’s inequality
/00 g*ridr < 4 /Oo(g’)Qr”+2dr.
0 ~ (w12 g
/ fj l,r,érdfld,r, — / (,rfjfj’l)27,5+2j+d71dr
0 0

4 O o o
< Grnrap ), (B

_ 4 OO 2j+d—17,.—j n2,.6—2j—d+3
- (6+2j+d)2/ T L T dr
16f ri= d+1 2]+d71(7“7jfjl)/]’)2T6+4rd71dT

- (5+23+d)2(5—2j—d+4)2

Therefore

By Fubini Theorem and the Hilbert-Schmidt Theorem (When d = 2, we get
exactly the Fourier series, so the Hilbert-Schmidt theorem is reduced to the
Parseval’s identity) as long as § is not an interger, we are done. O

Theorem 3.6. Given any harmonic function f € L3(R?\ Bg) for some §, R,
there exist an integer j and some constants (cy, ..., cn;) # 0, such that

—szcl%z ) +0'(r’ )

when d > 3. There may be additional Inr term when d = 2.
Proof. When d > 3, write f in terms of eigenfunctions
FYS fur)e(0)
j=0 I1=1
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Then the equation is reduced to

d—1 J(d—2+
f”z+'—7j—f}z—'—g——;g———lfﬁl—'o

)

So '

co Ty

F oo YD (@i + by ) dy(0).

j=0 1=1
By Parserval’s identity, the growth condition of u implies that for large
enough j, a;; = 0. If one of a;; is not zero, let j be the largest number
such that a;; # 0. Let U = f — 1737, a;,0;.(0). Parseval’s identity again
implies that [ ., [U|* has increase rate bounded by C [ 5 [r/7!|*. By
Theorem 9.20 of [31], U = O'(r7~1). If all of a;; are zero, we can do the
similar thing for b;;. When d = 2, there may be additional In7 term. O]

To generalize them to estimates on E, we still use the decomposition of
any tensor ¢ into T*-invariant part ¢; and the other part ¢, satisfying

/ by = 0
m1(x)

as in [57]. Notice that the Laplacian operator —TrV*V and more gener-
ally any T*-invariant operator L preserves this decomposition. Actually, let
®,(x,0) = (z,0+1) be the diffeomorphism in local coordinates, then L com-
mutes with ®;. So

<1>I(L¢1) = L@:Cbl) = Lo,

/ Bi(Ldy) = L / Bl = 0.
teTk teTk

Theorem 3.7. Suppose (E, h) is the product of [R,00) and T2, ¢ is a smooth
T3-invariant tensor supported in Bi—Bgr. Then as long as 0 is not an integer,
for large enough R,

and

/ﬂ¢PﬁdWﬂ<(ﬁ/\A¢PM*ﬂVd
E E

Proof. Since the tangent bundle is trivial, the estimate of tensors is reduced
to the estimate of their coefficients, which has been proved in Theorem [3.5
O
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Theorem 3.8. Suppose (E, h) is the standard ALG metric as in Theorem
¢ is a smooth T?-invariant tensor supported in By — Bg. Then as long
as 300 is not an integer, for large enough R,

/ |p|*r°dVol < C / |AG|?r* T4 dVol.
E E

Proof. Let 8 = . Then it’s enough to do the same estimate on the n-fold
covering E— Bgr of E — Bp. E— Bp, is the isometric product of the m-fold
covering of C — By and T2. So it’s enough to prove Theorem on the m-
fold cover of C — Bg. If we write f ~ Y22 f;(r)e’®/™, where 6 € [0, 2mm]
then all the works in the proof of Theorem go through except that we
have to replace j by j/m there. So as long as md isn’t an integer, we are
done. (m=1,2,3,5) m

Theorem 3.9. Suppose (E,h) is the standard ALF metric as in Theorem
¢ is a smooth S'-invariant tensor supported in B — Br. Then as long
as 0 is not an integer, for large enough R,

/ |p|*r°dVol < C / |Ap|*roT1d Vol
E E

Proof. By Theorem m, it’s enough to consider the trivial product of R3
and S! or the Taub-NUT metric with nonzero mass m. We use 1-forms as
example, the proof for general tensors is similar. In the trivial product case,
we can write any form as Adz; + Bdxs + Cdxs + Ddf. In the remaining
cases, any form can be written as Adz; + Bdxy + Cdxs + Dn. In each case
we get 4 functions on R® — B which can be filled in by 0 on B to get smooth
functions on R3. So we can apply Theorem|3.5{to them. Since the Taub-NUT
metric is the flat metric with error O'(r=1), while n = df + O'(r~1) locally,
by Lemma |3.4] we can get our estimate as long as R is large enough. O]

Theorem 3.10. Suppose (E, h) is the standard ALF, ALG, or ALH meltric
in Theorem [2.22, ¢ is a smooth tensor supported in By — Br. Then as long
as 308 is not an integer, for large enough R,

/ |9|*r°dVol < C / |Ag > dVol
E E
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Proof. First average ¢ on each T* (k=1,2,3) to get an invariant tensor ¢.
Then we only need to get some estimates of the ¢ — ¢y part. It’s enough to
prove that in each B, (p;) C E,

/ ¢ — ¢o|*dVol < C/ |A(¢ — ¢o)[*dVol
Bier; (pi) Bier, (pi)

for a uniform constant C' and any tensor ¢ supported in B, (p;) C E because
then we can use the partition of unity and move every error term to the left
hand side by Lemma [3.4] Again, we may cancel error terms and assume that
the metric is flat. So the estimate of forms is reduced to functions which are
the coefficients of the forms. Standard Poincaré inequality on torus implies
that

([ u-mPreel]  WaG-pPro(f 90— pP?

B xTk

— _ A(f — 2 . 2 A(f — 2
of g-mag-mrse [ ar-nk [ 1wk

where V1« means the partial derivative with respect to the fiber direction.
So we are done when R is large enough. O

Lemma 3.11. Suppose X,Y ,Z are Banach spaces, D : X =Y, i: X — Z
are bounded linear operators, i is compact. Suppose

I¢llx < CUIDSlly + [lidl|)-
Then as long as KerD = {0}, we have ||¢||x < C||Dg||y.

Proof. 1f the estimate doesn’t hold, then there are ¢ satisfying ||¢x|| = 1,
but ||[D¢g|| — 0. By the compactness of i, we know that ||i¢x — i¢y||z —0.
So

|or — dul|x < C(||Dér — Déylly + ||igr —ignl||z) — 0.

SO ¢ — ¢so. But then Do — Doy, Do = 0, oo € KerD, contradiction.
]

Theorem 3.12. Suppose M is asymptotic to the standard ALF, ALG or
ALH model, then for any tensor ¢ € H} (M), as long as 308 is not an integer
and —6/2 —2+k/2 < 0, we have

ol m2(ary < C/ |Ag > FAdVol.
M
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Proof. 1It’s enough to prove everything for C3°. Note that
Dgd = Dy + O ™) V2| + O(r™ )|V + O(r™7%)|g).

After applying Theorem [3.10| and Lemma [3.4] we know that the estimate
holds as long as ¢ is 0 inside a big enough ball Br. For general ¢, we can
apply the estimate to the form (1 — x(r/R))?¢. So

18ll < C /M AGPrHAVOL 1 (1] 12(5,m)

<O(/MyA¢|2r5+4dvol+/B ER)

4R

by Theorem 9.11 of [31]. By Lemma and Rellich’s lemma, it’s enough
to prove that KerA={0}. This follows from Lemma [3.3| O

Theorem 3.13. Suppose 30§ is not an integer and —0/2 —2+k/2 < 0. For
any ¢ € L 3(M), there exists a tensor o € H*; (M) such that A = ¢.

Proof. Consider the Laplacian operator A : L?5 (M) — L?5(M). The
formal adjoint is then A*¢ = r*T™A(r~°¢). Apply Theorem [3.12]to r—°¢,

oM |A6) |2

—5—4

oy < olmz,an) = HT*%HH(?(M) < Cl|A |2, any-

So A* has closed range. Now
(¢, 0) 2 ,oony | < N[0z ,an) 101122 0y < CllOM L2, an 1Az, (),

so A*0 — (¢, 9)L35(M) defines a bound linear function in the range of A*. By
Riesz representation theorem, there exists ¢ € Im(A*) such that

(¢7 A*Q)LLPI(M) - (¢79)L35(M)-
Now we get the theorem from the standard elliptic regularity theory. O]

We can also solve the Laplacian equation outside a large ball instead of on
the whole manifold. Since the maximal principle will not be used globally,
we can relax the Laplacian operator to other operators asymptotic to the
Laplacian operator.
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Theorem 3.14. For any § # 1, there exists a bounded linear operator
S Li([R, 00)) — H;_5([R, 00))
|5 i+ 1 such that (Sf) = f in the distribution sense.

Proof. Since (Sf)" = f, it’s enough to control the L} ,-norm of Sf. We can
further reduce to prove the same estimate for f € C§°. So we can assume
that supp(f) C [Ry, Ra] with R < Ry < Ry < co. If 6 > 1, define

- / @t

So
ISF1B: ey = / /f -2
=2 U swansont e - S [ s
< %1\/ /R N / N f(t)dt]2r52dr\/ /R F2(t)rdr — 0

by integral by parts and the Cauchy-Schwarz inequality.

If 9 < 1, define
_ / ().
R

Then Sf is constant for 7 > R,, and therefore belongs to L3 ,. Moreover,

it’s 0 for » < R;. Therefore, we can apply the proof of Theorem to get
the required estimate. O

with ||S]] <

Lemma 3.15. Suppose ¢ € C™(Bj\ Bg) is a tensor vanishing on the
boundary satisfying frl(x) ¢ =0 for any x € By \ Br. Suppose

L=AYV,V;+BV,+C
is a T*-invariant tensor-valued second order elliptic operator with
|AY —§YId| < Cr~ < |BY| < Or ¢ |C| < Cr 27,

Then as long as R is large enough,

[kt [ et [ et <c [ jLops
BR\BR BR\BR BR\BR BE\BR

for any 6 € R, with constant C' independent of R and R.
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Proof. 1t’s easy to see that

/ ]V2¢|27’5+/ yv¢|2r5gc</ ]¢\27’5—|—/ |Lo[2r)
Bg\Br Bz\Br Bz\Br Bp\Bg

by Theorem 9.11 of [31]. By Theorem if ¢ is compactly supported in
Bnn—(pi)a

/ of < | vop <c | A6
(Be\BR)NByr, (p,) (BR\BR)NByr; (p;) (Bg\Br)NB

ki (Pg)

Therefore
J1otn+ [1vopr <o 30 [ o + [ 19 0ae))
<Y [ 1atue)
<CS°([ xiaaprt+ [ 19x Ve
+ [ 18Plopr)

Here, the first inequality holds because R is large enough and by Section 2,
we can choose the charts properly so that the number of charts overlapping
at any given point is uniformly bounded.

Notice that Vy; = O(r~!) and V2x; = O(r~2). By canceling terms, we
can prove the theorem for L = A = —TrV*V. By the same reasons, it can
be generalized to more general operator L whose coefficients equal to the
Laplacian operator plus small error terms. O

From the approximation by ¢,, = ¢x(r —n), the condition in Lemma m
that ¢ € C*(Bj \ Br) vanishes on the boundary can be replaced by the
condition that ¢ € C*(B%) vanishes on dBg and ¢, Vo, V3¢ € L3.

Notice that the estimate in Lemma[3.15 doesn’t scale correctly. Therefore,
we must have the following fact:

Theorem 3.16. If ¢ € HZ(BS) satisfies Lo = 0. Then ¢ is T*-invariant
plus exponentially decay term.
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Proof. We can assume frl(x) ¢ = 0 and prove that ¢ decay exponentially.

For any R large enough, we can apply Lemma to (1 — x(r — R))o.
Therefore,

/>R+2 |¢|2T6 = O/>R L1 = x(r = R))¢)|27’6

<C (V20" + Vo [* +[o*)r’
R+1<r<R+2

<C RS

R<r<R+3

for some constant C' independent of R. The last inequality holds by Theorem
9.11 of [31]. So [ _, |¢|>7° decay exponentially. ¢ also decay exponentially

r

in L*> norm by Theorem 9.20 of [31]. O

Now we are able to prove the following generalization of Lemma 4 of
Minerbe’s paper [57].

Theorem 3.17. As long as 300 is not an integer, there exists a bounded
linear operator Gp, : L3(B%) — HZ ,(B%) such that L(Gr¢) = ¢.

Proof. 1t’s enough to prove the same thing for L = A = —TrV*V and for
smooth tensor ¢ on E. For T*-invariant part, we can use Theorem [3.14
instead of Theorem and go through the proof of Theorem Theorem
3.8/ and Theorem [3.9] For the other part, we can solve the equation Ay = ¢
in Bi \ Bg and ¢ = 0 on 9(Bj \ Br). It’s solvable because we can solve it
in H} first, i.e (Vi),VE) = (6,€). Then Theorem 8.13 of [31] implies that
Y € C°(Bj \ Bgr) and vanishes on the boundary. After throwing away the
T*-invariant part, we can apply Lemma Now let R goes to infinity.
We can get a sequence of ¥5. A subsequence converges to a function ¢, in
H'(Bj\ Bg) for any R by Rellich lemma and the diagonal argument. 1, is a
generalized solution since we define derivatives in distribution sense. Notice
that actually e, Vihao, Vs € LE(BS). s also lies in C*°(B$,) and equals
to 0 on dBg by Theorem 8.13 of [31]. Therefore, we can apply Lemma [3.15]
t0 ¢oo. In particular, the difference of two 1o, must be 0. In other words,
1o 18 independent of the choice of subsequence. We call that G ¢. O

46



3.3 Exponential decay of curvature of ALH gravita-
tional instantons

For ALH instantons, there is a self-improvement forcing the curvature to
decay exponentially. Therefore, the metric must converge to the flat one
exponentially.

Proposition 3.18. If the Ricci curvature is 0, then

Proof.
m m m
ARijri = Rijim ™ = —Rijimx ™ — Rijmk.i

= —Rijin"" 1k — Rijmx ™ 1 + Q(Rm)
By Bianchi identity and the vanishing of the Ricci curvature,

mo__ mo__ m m _
Rijlm - leij — _lej K le i — 0.

Similarly
Rijmi ™ = 0.

So we get the conclusion. m

Theorem 3.19. In the ALH case, there exists a constant pu such that the
Riemannian curvature at p is bounded by Ce™ ).

Proof. Pull back the Riemannian curvature tensor of g to ([R,c0) x T2 h),
where h is the standard flat metric , we get a tensor T satisfying the equation
DT = 0, where D = AYV,V, + BV, + C is a tensor-valued second order
elliptic operator such that

A7 —§YId| < Cr~ €, |B'| < Or7 17 |C| < Cr 27,
By Theorem 2.3,
IT| = O(™),[VT| = O(r~7), [V*T| = O(r~*7),

so T € H{ for all § < 3+ 2¢. By Theorem and the interior L? estimate
(c.f. Theorem 9.11 of [31]), for any large enough R,

/ TP < / (r — R)(1— x(r — R))’|T]
[R+2,00) XT3 [R,00)xT3
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<C / (r — RI*D((1 — x(r — R))T)[?
[R,00) XT3

< CITBprmpery <C [ (TP,
[R,R+3]xT3

So
[mrzasye) [ e
[R,00) x T3 [R+3,00)xT3

In other words, the Riemannian curvature decays exponentially in L? sense.
The improvement to L* bound is simply Gilbarg and Trudinger’s Theorem
9.20 in [31]. O

From this better control of curvature, the parallel transport along the
loops 7,; in Theorem can be improved to |P — Id| < Ce™#". Therefore,

we are able to prove the following theorem:

Theorem 3.20. For any ALH gravitational instanton (M, g), there ezist a
positive number i, a compact subset K C M, and a diffeomorphism

®:[Ro0)xT? - M—-K
such that
V™ (®@*g — h)[n < C(m)e ™"

for any m =0,1,2, ..., where h = dr?> @ hy for some flat metric hy on T3.

3.4 Elliptic estimates with exponential growth weights

In this subsection, we are trying to prove the elliptic estimates for weighted
Hilbert spaces with exponential growth weights.
We first look at the Laplacian operator on T? = R3/A. Define the dual
lattice A* by
A ={NeR} < \v>€ZVve A}

Then A has eigenvalues —47%|\|? with eigenvectors e>™*<*%> for all A € A*.
We call § critical if § = 47|A| for some A € A*. So Theorem is replaced
by the following theorem on [R, 0c0) x T3.
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Theorem 3.21. Suppose f is a real smooth function on [0, 00) x T? supported
in [R, R'| x T3, § isn’t critical. Then

/ | f|?e’"dVol < C |Af[?e"dVol.
[0,00) x T3

[0,00) x T3

Proof. We write f in terms its Fourier series

f ~ Z f)\(r)€27ri<)\,9>.

AEA*
Then
Af Z 47‘(’2’)\| f ( )) 2mi<\,0>
AEA*
— Z — —27T|)\| —|—27T|)\|) ( ) 27ri<)\,9>'
AEA*

This time the Hardy’s inequality is

/ e'dr < — / )2 dr.
0
Therefore

/ 12 6rdr_/ (2T f,)2 (6= 4m A7 g

4 0o
< 2w | Alr n2 (6—47r|>\\)rd
< G, (AP

4 >~ d 9 sr

= m/ (5 + 27 MDA e’ dr

< 16 fo T 27T|)\|)(dr + 27| M) fr(r)]?edrdr
- (0 4 4m|\|)2(0 — 4m|A])? .

So as long as ¢ isn’t critical, we are done. O

Now we define L3 (M) by
Iz = | foPeavol,
M
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and H3(M) by

||¢||Hg<M>=\/ [ tokeravel+ [ voperavol+ [ [v2gperavol
M M M

Then Theorem |3.13|is replaced by

Theorem 3.22. Suppose & isn't critical and 6 < 0. For any ¢ € Li(M),
there exists a tensor ¢ € Hy(M) such that Ay = ¢.

3.5 Deformation of hyperkahler 4-manifolds

It’s well known that in real dimension 4, the hyperkahler condition is equiva-
lent to the Calabi—Yau condition. So we can study the deformation theory by
viewing them as Calabi—Yau manifolds. However, to keep track of the sym-
metry between three complex structures, we prefer a more direct approach
inspired by the lecture of Sir Simon Donaldson in the spring of 2015 at Stony
Brook University.

Lemma 3.23. A /-manifold is hyperkdhler if and only if there exist three
closed 2-forms w' satisfying

(.Ui A wj = 257;jv,
where V' is a nowhere vanishing 4-form.

Proof. Given three 2-forms, we can call the linear span of them the “self-
dual” space. The orthogonal complement of the “self-dual” space under
wedge product is called “anti-self-dual” space. These two spaces determine a
star operator. It’s well known that the star operator determine a conformal
class of metric. We can then determine the conformal factor by requiring V'
to be the volume form. Using this metric and the three forms w’, we can
determine three almost complex structures I, J and K. It’s easy to see that
IJ =K or IJ = —K. Since the two cases are disconnected, we can without
loss of generality assume that the first case happens. By Lemma 6.8 of [39],
1,J,K are parallel. O

Therefore, given a family of hyperkihler metrics w'(t) on a fixed manifold
M, the deformations 0" = Sw(t)|,—o satisfy
WNAG + W NG =0,i # 5
WA =W A0 =W A6
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Notice that the anti-self-dual components of §° don’t affect the equation, so
we only need to look at the self-dual components. Let

V={0 € ATOATOAT : WINPT +WIND = 0,1 # j; W' AOF = WIAO? = WINGPY.

Then V' is generated by the following basis:

ep: 0 = —wl 67 = —w?, 03 = —w?;
er 01 =0,0% =3, 0% = —w?
ez 0' = —w? 0% =0,0° = w';
eq 0t =w?0?=—wl 02 =0.

Now we look at the action of diffeomorphism group. The infinitesimal diffeo-
morphism group X acts simply by 6 = Lyw’ = d(X |w"). The projection of
Lxw' to V defines an operator D : Vect(M) — V. Notice that D is canoni-
cally determined by w’. In particular, if there is a symmetry group G, then
D is also invariant under G.

On R4,

w' = da! Ada? + da® A da?,
w? = da! A da® 4 da? A da?,
w? = da! Ada?t + dz? A da?.

It’s easy to compute that

D(f' o5+ P55 +f3 +f8x4)

B afl f2 af?) af4 8f1 afZ afB af4
__<8x1+8x2+8x3 9ot G~ gt T o 9
+(af1_af2 8f3 f4) (afl+af2_af3_8f4)
98 0t 0a1 | 0a2 0zt " 0z 922 oxt

It looks like the Dirac operator on R* [50].
In fact, define

o VXTM—TM

by
(are1 + ases + ages + agey) - v = (a1 + aol + azJ + a4 K)v.
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Define the dual operator
2 TM xTM —V

by
(w-v,c)y = —(w,c-v),

where (e;, e;)y = d;; on V. Then

4
. 0
DX = K X
Z g V% Ox;
1,7=1
on R*. Tt is also true on M. Its formal adjoint
DY = EAV, Y
S vy L

i,7=1

So DD* = —A on M.

On the general hyperkahler 4-manifold, if D has full image, then we
can without loss of generally assume that #° are all anti-self-dual. Notice
that they must be closed as the variation of closed forms. They must
also be co-closed since d(x6") = —df* = 0. In other words, the deforma-
tion space of hyperkahler 4-manifolds is a subspace of three copies of the
space of anti-self-dual harmonic 2-forms. There may be further reductions if
(Lxw', Lxw? Lxw?) is anti-self-dual harmonic for some vector field X .

3.6 Asymptotic behavior of gravitational instantons

In this section, we use the principles in the previous section to prove Theorem
L3l

To prove that D has full image, we instead prove that —DD* has full
image. It’s enough to apply Lemma 4 of Minerbe’s paper [57] in ALF case
and its generalization in ALG case.

We are ready to prove Theorem [1.3]

Theorem 3.24. Any ALF-Dy, gravitational instanton (M, g) is ALF of order
3 in the sense of Definition[2.9
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Proof. We already proved that M is asymptotic to (E, h) with error O'(r=¢).
We will improve the decay rate slightly and iterate the improvement. The
decay rates are in L* sense. However, they are also in weighted L? sense
after choosing correct weights. To be convenient, we transfer the weighted L?
estimates back into L*> estimates using standard elliptic theory. During this
process, the weights are usually slightly changed. Therefore, we will choose
irrational d; < e arbitrarily close to € and irrational do < d; arbitrary close
to 0;.
Let wy be (wy,w?,w?) and wy, accordingly. Then

wy —wp = O0'(r7°).
The difference is small. So we can write it as infinitesimal difference plus

some quadratic term. In other words, if we use h to distinguish self-dual and
anti-self-dual forms, then the self dual part

wi —wp =0+ O'(r=2),

where § = O'(r~¢) e V.
The operator —DD* satisfies all the conditions of Theorem [3.17] So there
exists G_pp+ such that
0 = —DD*G_pp-b.

Let X = D*G_pp-0, then X = O'(r'=*). Let ®; = exp(—tX) be the 1-
parameter subgroup of diffeomorphisms generated by X. Then

(I):(wah) — Lxwy, = OI(T_%l),vt < [O, 1]

Therefore,
1
dlwp, —wp, — Lywy, = / (P (Lxwp) — Lxwy)dt = O'(r_%l).
t=0

So
(Prwy) ™ — w;r — DX = (Pjwy —wy — Lxwy)" = O’ (r=20m)
because w, —wy, = O'(r~¢). After replacing w, by ®w,, we can assume that
wi —wy, =0'(r*").

We also have w, = O'(r~¢). Write it as w, = ¢+ 1) with ¢ T*-invariant and
f,,_l(x) 1 = 0. Since —d * w, = dwg— — —dw; _ O/(T—251—1)7

(dd* + d*d)w, = O'(r>"72).
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In particular, }
Y =Y+ G_ga+4a=a)(dd” + d*d)y

is harmonic and ¢ — 1) = O’ (r~=2%2). By Theorem 3.16] 1) decay exponentially.
Therefore, ¢ = O'(r=22).
Now, we write ¢ as ¢ = a An — V *gs a for « € A'(R3). Then

dp=daAn—aAdy—dV Aspsa — Vd(xpsa) = O'(r~2071)

Let 03 = min{28,, 55 + 1}. Then da = O'(r~%71) and d(*gsa) = O'(r=%71).
Therefore & = o + G_(ga=+a+a)(dd* + d*d)a is a harmonic 1-form on R®.
What’s more o — & = O'(r=%) for all irrational &, < J3.

Using the method in the proof of Theorem 3.6} we know that & = O'(r~1).

Combining everything together, the decay rate of wy—wy, can be improved
to min{d4, 1} when we start from e, where the irrational number d, can be
arbitrarily close to min{2¢, e+ 1}. After finite times of iterations, the decay
rate of w, —wy, can be improved to 1. Moreover, the decay rate of da can be
arbitrarily close to 3. Notice that the coefficients of dx; in & is even, so

5= adz' + bdz? + cdz? O

r

for some constants a, b and c. It’s easy to deduce that a = b = ¢ = 0 from
the decay rate of da. So & = O'(r~3) instead. More iterations yield that the
asymptotic rate, i.e the decay rate of w, — wj, can be improved to 3. O

Remark. 1t’s known [74] that up to some exponentially decay term, the
Cherkis—Hitchin—Ivanov—Kapustin—-Lindstrom—Rocek metric outside a com-
pact set can be written as the Zs-quotient of a Gibbons-Hawking ansatz
whose V' can be written as

_ 16m i( dm dm ):1+8m(k—2)

+
Ix — Xo| X+ X4 r

V=1 +O'(r73).

|X| a=1

Therefore, our estimate is optimal. In ALF-A;, case, the coeflicients of dz; in
& are not necessarily even. So the asymptotic rate is only 2 here. Later, we
will use this estimate to give a new proof of Theorem Notice that the
asymptotic rate of the multi-Taub-NUT metric is actually 3.

Theorem 3.25. Any ALG gravitational instanton (M, g) is ALG of order
ming,ez <28 257_" in the sense of Definition .
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Proof. The proof of Theorem go through until the analysis of the T?2-
invariant closed anti-self-dual form ¢. Following the notations of our first
paper, the basis of anti-self-dual forms can be written as

El=dundo, @ =duNdv, & =dunda—dvAdo

When (u,v) become (e2™#u, e=2"y), the corresponding forms (£, €2 €3) be-
come (B¢l e=4miBe2 €3) Notice that ¢ can be decomposed into combina-
tions of u ¢!, w0, w9 and their conjugates. Only the first one and its
conjugate are closed. To make u=°¢! well defined, —27/38 + 473 must be in

27Z. Therefore, 6 must be min, ez <23 2’%_”. O

Remark. In Theorem 1.5 of [37], Hein constructed lots of ALG gravitational
instantons of order min,cz <2 QBT_" whose tangent cone at infinity has cone

angle 2715 < 2m. Therefore, our estimate of asymptotic rate is optimal in
ALG case if § < 1.

It’s not hard to extend our method to ALH gravitational instanton using
exponential growth weights and therefore complete the proof of Theorem|[1.3]
We will omit the details.

3.7 Holomorphic functions on ALF and ALG gravita-
tional instantons

In this subsection, we will prove the existence of global holomorphic functions
on both ALF and ALG instatons.

Our first theorem deal with the growth order of harmonic functions on
M.

Theorem 3.26. Suppose M is ALF or ALG, g is a Ricci-flat metric on
M. Given any harmonic function f € L3(M) for some &, there exist an v
such that f is O(r?Y) but not o(r?). What’s more, in the ALG case, when
C(S(00)) = Cp, By must be an integer. In the ALF-Ay case, v must be an
integer. In the ALF-Dy, case, v must be an even number.

Proof. f also belongs to L% (M) for other §'. Without of loss of generality,
assume ¢ is bigger than the superior of those ¢’ minus e. The superior exists
because if f € L2 (M) for some ¢ satisfying _75/ +%—2 <1, then f must be
a constant by Lemma [3.4] Theorem and Cheng-Yau’s gradient estimate
[20]. By Lemma f € HZ(M). Cut off f so that it vanish inside a
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large ball Bg. Move this function to E. Then A(f(1 — x(r/R)) € L} ...
Decompose f(1 — x(r/R)) into T*-invariant part f, and the perpendicular
part f.

Then f; is much smaller than the growth rate of f(1 — x). Without loss
of generality, we can assume that f(1 — x(r/R)) is invariant.

Now again, we can transfer this invariant function to the tangent cone
at infinity C'(S(o0)). When C(S(00)) = R3/Zy (ALF-Dy,), we get a function
f on its double cover R? naturally. When C/(S(oc)) = Cs (ALG), we get a
function f(z) on C = R? defined by f = (f(1 — x(r/R)))(z"). Again the
growth rate of A( f ) is at most the growth rate of f minus two then minus
e, so we can find out a function ¢ with growth rate the rate of f minus €
such that A = A(f). So f — 1 becomes a harmonic function on R? or R2.
The gradient estimate implies that after taking derivatives for some times,
we get 0. In other word f — 1 must be a polynomial. So the growth rate
must be integer. For the C(S(00)) = R3/Zy(ALF-D},) case, we may replace
w(x) by (¥(z) +¢¥(—x))/2 so that it’s invariant under the Z, action. So the
polynomial must have even degree. ]

Now we can prove the existence of global holomorphic function on ALG
gravitational instantons.

Theorem 3.27. There exists a global holomorphic function on any ALG
gravitational instanton M such that any far enough fiber is btholomorphic to
a complex torus.

Proof. In this case k = 2. By theorem the metric near infinity is
asymptotic to the elliptic surface (£, h). For (E,h), u*/? is a well defined
holomorphic function outside Br. Now if we pull back «'/? from the elliptic
surface, cut it off and fill in with 0 inside K, we obtain a function f satisfying

of =& =0(r""17).

Pick any small positive number § € (max{—2,2/5 —2¢},2/8 — ¢), such that
304 is not an integer. Thus, ¢ € L?4(M). By Theorem m, there exists
Y € H*s ,(M) such that

¢ =Ap = —(0%0 + 00*)

in the distribution sense. Elliptic regularity implies that 1 is a smooth (0, 1)-
form. Take O on both side of this equation. Notice that ¢ = 0. Thus

0 = —00* () = A(O).
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By Lemma Oy = O(r'/8=</2). We can write this (0,2) form as fw™,
where w™ is the parallel (0,2)-form. Then ¢ is a harmonic function. By
Theorem m it’s constant. Therefore d(f + 0*)) = 0. So f + ¢ is a
global holomorphic function. After analyzing the growth rate, we can also
show that |d0*1)| << |df| for large . So the fiber far from origin is an
compact Riemann surface with genus 1. It must be a complex torus by the
uniformization theorem. O

Similarly, we can prove

Theorem 3.28. There exists a global holomorphic function on any ALF-Dy,
gravitational instanton M.

Proof. M is asymptotic to a fiberation over R®/Zy = R3/x ~ —x. The
function (x5 +iz3)? is well defined over E. The proof of the last theorem will
produce a global holomorphic function in ALF-Dy, case. O

The existence of global holomorphic function on any ALF-A; gravita-
tional instanton M can also be proved by the same way. Actually, Minerbe
had a simpler proof in [59]. It’s an essential step in his classification of
ALF-A;, instantons.

3.8 Holomorphic functions on ALH gravitational in-
stantons

To go through all the steps in ALF and ALG cases, we first need to control
the growth rate of harmonic functions:

Lemma 3.29. Suppose (N, h) is a smooth manifold such that outside a com-
pact set, it’s exactly [R,00) x T3 with flat metric. Then any smooth function
u on N harmonic outside a large enough ball with at most exponential growth
rate can be written as linear combinations of 1, r, e2™\"e2™<M0> and an ex-
ponential decay function , where v and 6 are the coordinate functions on
[R,00) x T3 pulled back by the diffeomorphism.

: : : : 2mi<\,0> :
Proof. Write u as its Fourier series ), . ua(r)e . Then the equation
is reduced to v} = 47?|\|?uy. So

U~ ag+ bo’f’ + E a}\627r|/\\r627m<)\,9> + § b}\672ﬂ'|)\|?"€2ﬂ'1<A,9>'
AeA*—{0} AEA*—{0}
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By Parserval’s identity, the growth condition of v implies that the first sum
has finite terms. For the second sum U, Parseval’s identity again implies that
Jig.r i1 [U]? decay exponentially. By Theorem 9.20 of [31], U also decay
exponentially in L*> sense. O]

Now we can still find the global holomorphic function on ALH instanton
(M, g)

Theorem 3.30. In the ALH case, there exists a global holomorphic function
on M such that any far enough fiber is biholomorphic to a complex torus.

Proof. As before, let [R,00) X T = {(r,0)|r > R,0 = (01,0,,03) € R3/A}.
Let A* be the dual lattice. Choose A € A*—{0} with minimal length. Choose
(a1,as,a3) € S? such that

~ Adby + Aadfs + A3dls

(a1 " + agJ™ + asK*)dr = B

Use a1l + asJ + a3K as the complex structure. Then the function
e?mAIre2mi<A0> ig holomorphic. The growth rate of this function is exactly
0(627T|)\‘7”)'

Now we pull back this function from [R, c0) x T? to M, cut it off and fill
in with 0 inside K, we obtain a function f satisfying

0, = 6 = O(elmP),

where p is the constant in Theorem [3.19, So ¢ € L?,s for any non-critical

positive number § € (2w|\| — u,27|A]). By Theorem there exists a
solution ¢ € H?,; to

¢ =Ap=—(0"0 + 00"

in the distribution sense. Elliptic regularity implies that v is a smooth (0, 1)-
form. As before, 9y = £wt is a harmonic (0,2)-form. So ¢ is a harmonic
function of order O(e").

Now we use a cut-off function and the diffeomorphism to average g and
the pull back of h. We get a smooth metric ¢’ on M which is identically the
pull back of h outside a very big ball. Now let v be the inferior of positive
v/ such that ¢ is bounded by O(e”"). If v > 0, then Ay €& € L2, for any
positive v > § > v — . It follows that there exists a function in L?,; whose
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Laplacian Ay is Ay€. The difference of those two functions is a ¢’-harmonic
function. By Lemma [3.29] it must have at most linear growth rate since the
growth rate is below the first nonlinear harmonic function. It follows that &
must lie in O(e?"), a contradiction. So v = 0. Therefore, ¢ is bounded by
any exponential growth function.

So A& decay exponentially. In particular, it’s in L?_.. By Theorem m,
we can find out a function in H2; _ whose A, is Ay, Therefore, we know
that ¢ is actually in O(r'*¢). Of course, Ji) = w™ has the same estimate.

By Lemma the harmonic (0,1)-form 0*0v = (f + 0*¥) is in O(r¢)
and its covariant derivative is in O(r~'*¢). The Weitzenbock formula implies
that V*V(9*0¢)) = 0. Therefore

/ V(850 Px < / 15°5|V(8°8)| |V ]
M M

for any smooth compactly supported y. Let x = x(r — R), the right hand
side converges to 0. Therefore 0*01 is a covariant constant (0,1)-form. If this
form is non-zero, it would be invariant under the holonomy group. However,
elements in SU(2) have no fixed point except the identity matrix. So (M, g)
must have trivial holonomy. Therefore, it’s R*~* x T* with flat metric. It’s a
contradiction with our non-flat assumption. So actually 0*0v is identically
0. f + 0" is a global holomorphic function on M. ]

3.9 Compactification of ALG and ALH gravitational
instantons

In Theorem [3.27 and [3.30, we proved the existence of global holomorphic
function u in ALG and ALH cases such that any far enough fiber is biholo-
morphic to a complex torus. Notice that du is never zero on far enough
fiber. Define a holomorphic vector field X by w™ (Y, X) = du(Y). Then
since X (u) = du(X) = w™ (X, X) =0, X is well defined when it’s restricted
to each far enough fiber. On each fixed far enough fiber, there exists a unique
holomorphic form ¢ such that ¢(X) = 1. Locally

wh = flu,v)du Adv, X = f_l(u,v)%,gb = f(u,v)dv.

Notice that each far enough fiber is topologically a torus. So we can in-
tegrate the form ¢ to get a holomorphic function v € C/Z7(u) ® Zre(u)
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up to a constant. We can fix this constant locally by choosing a holo-
morphic section of u as the base point. Therefore M is biholomorphic to
U x C/(u,v) ~ (u,v + mm(u) + nme(u)), where 71 (u) and m(u) are locally
defined holomorphic functions. Actually, they are the integral of ¢ in the
basis of H; of each fiber. This gives a holomorphic torus fiberation locally.

Recall that there is a diffeomorphism from M minus a large compact
set to the standard fiberation. Denote the inverse image of the zero section
by s. s is again a section outside large compact set because du differ with
the standard one by a decaying error. Write ds as e(u)da ® X, then e is a
function defined on the inverse of the punctured disc with polynomial growth
rate. So there is an at most polynomial growth function E on the inverse of
punctured disc such that 0E(u) = e(u)da. Now we apply the flow —E(u)X
to the section s to get a holomorphic section sy on the neighborhood of
infinity. View sq as the zero section, we know that M minus a large compact
set is biholomorphic to (C—Bg) xC/(u,v) ~ (u,v+mr(u)+n7e(u)) globally,
where 71 (u) and 7»(u) are multi-valued holomorphic functions.

As proved in Kodaira’s paper [45], there exists an (unique) elliptic fiber-
ation B over Br-1 with a section such that B minus the central fiber D is
biholomorphic to (Bg-1 — {0}) x C/(w,v) ~ (@,v +mm(a~') + nm(a™t)).
We can naturally identity points and get a compactification M of M. So M
is a compact complex surface with a meromorphic function © = @~ !. Now
since the subvariety of critical points {du = 0} is a finite union of irreducible
curves (On those irreducible curves, u is of course constant) and points, we
know that except finite critical values in CP', any fiber of u has no intersec-
tion with {du = 0}. Therefore, a generic fiber has genus 1 and must be an
elliptic curve. In other words, M is a compact elliptic surface. In conclusion,
we’'ve proved the second main theorem.

3.10 The topology of ALG and ALH gravitational in-
stantons

In this section, we will study the topology of ALG and ALH gravitational
instantons.

Therefore, as mentioned in the introduction, we will assume that any
gravitational instanton is non-flat.

Theorem 3.31. The first betti number of any ALG or ALH gravitational
instanton must be 0. Moreover, in the ALG case, D can’t be reqular.
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Proof. In the ALH case, Melrose’s theory [56] works. In particular, the first
cohomology group H'(M,R) is a subspace of the space of bounded harmonic
1-forms [56]. By Weitzenbock formula, any bounded (d*d +dd*)-harmonic 1-
form ¢ is also V*V-harmonic. By Melrose’s theory, V¢ decays exponentially.
After integration by parts,

/ VoPx(r - R) < / VolIVx(r — R)| - 0,
M M

as R — oo. Therefore, ¢ is a parallel 1-form. If it’'s nonzero, the holon-
omy group must be trivial since the action of Sp(1) is free on R*\ {0}. It
contradicts the non-flat assumption.

In the ALG case, (after hyperkahler rotation) if D is regular, i.e. if § = 1,
the I-holomorphic function z on M is asymptotic to the function v on F.
Vdu = 0 on F, so when we go through the construction of z in Theorem
[3.27 it’s easy to see that |Vdz| = O(r~'7¢) for any small enough . So

2. " "
— -1 < — —1
| v - < [ vavaGg - o

as R — oo. As before, it contradicts the non-flat assumption.
Therefore 5 < 1. Inspired by Lemma 6.11 of [56] ,we define

1 1 2R 3.,
fr)y=(+ EX(T 5)) :
Then f is increasing. f(r) = r when r < R and lim, o, f(r) = 4R. Let
u = re?. The map F(re? v) = (f(r)e?,v) on M is homotopic to the
identity. Therefore, any smooth closed 1-form ¢ is cohomologous to F*¢.
It’s easy to see that F*¢ = O(r).
By Theorem for any small positive €, there exists a smooth 1-form
1 such that

/ ‘¢|27"_8_6+‘V@ZJ‘27"_6_6+ |V2¢’27ﬂ—4—e < 00
M

and
F*¢ =dd*y + d*dy.

Since F*¢ is closed, it’s easy to see that d*di is a closed harmonic 1-form.
Similar to Theorem (3.25] the leading term of d*diy can be written as
au’du + bu’du for some § < 1. To make it well-defined, (6 4+ 1)3 must be
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an integer. The first available choice is 6 = 1/ —1if § > 1/2 0or § = —1
if 5 < 1/2. In the first case, d*dy) — affdz — bfdz is a much smaller closed
harmonic 1-form on M. Its order is also at most r~!. However, by maximal
principle and the Ricci flatness, any decaying harmonic 1-form on M must
be 0. In conclusion, ¢ must be exact. In other words, H'(M) = 0 for any
ALG gravitational instanton. O

Definition 3.32. Let F', G be two linearly independent cubic homogenous
polynomials on CP?. {F = 0} and {G = 0} intersect at 9 points with
multiplicity. Let M be the blow up of CP? on these 9 points, if needed
repeatedly. Then z = F/G is a well-defined meromorphic function on M
whose generic fiber has genus 1. (M, 2) is called the rational elliptic surface.
It’s well known that it has a global section o corresponding to any exceptional
curve in the blowing up construction.

Theorem 3.33. M is a rational elliptic surface.

Proof. Choose a tubular neighborhood 7 of D. Then M = M UT. The
Mayer-Vietoris sequence is

H(M) @ H(T) — HY(M NT) — H' (M) — H'(M) @ H'(T).

The first map is surjective, so the second map is 0. So the third map is
injective. Notice that H'(T) = H'(D) = 0 because D is of type If, II, II*,
111, 111%, IV, or IV*. H'(M) also vanishes by Theorem [3.31} So H'(M) = 0.

A careful examination of our construction of M in Section 3.9 and Ko-
daira’s paper [45] yields that w™ can be extended to a meromorphic 2-form
on M with a pole D. In other words, D is the anti-canonical divisor of M.
Since D is homologous to another fiber of z, the self intersection number of
D is 0. In other words ¢2(M) = ¢?(—K) = [D]? = 0. It’s also very easy to
see that HO(M,mK) = 0 for any m > 0. In particular the geometric genus
py = dimH°(M, K) = 0.

By Kodaira’s classification of complex surfaces [46], since the first betti
number of M is even and p, = 0, M must be algebraic. By Castelnuovo
theorem, M must be rational because H*'(M) = H°(M,2K) = 0. By
Kodaira’s Equation 13 in [46], ¢} + dimH%! + b~ = 10p, + 9. So b~ = 9. By
Theorem 3 of [46], b* = 1+ 2p, = 1. Therefore the second betti number by of
M equals to 10. It’s standard [60] to prove that (M, 2) is a rational elliptic
surface defined in Definition 3.321 O
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Theorem 3.34. Given any ALH gravitational instantons M, there exists
a diffeomorphism from the minimal resolution of (R x T%)/Zy to M whose
restriction on [R,00) x T? is ® in Theorem[1.5,

Proof. The divisor D is smooth by our construction of the compactification.
So for any small enough deformation in the coefficients of ' and GG, the diffeo-
morphism type of M = M \ D is invariant. For generic choice of coefficients
of F'and G, {G = 0} is smooth and {F = 0} intersects {G = 0} in distinct
points. Since the non-generic parameters have real codimension 2, generic
points can be connected by paths inside the set of generic points. Therefore,
it’s easy to see that any ALH gravitational instantons are diffeomorphic to
each other. In particular, they are diffeomorphic to the specific example of
Biquard and Minerbe [8] on the minimal resolution of (R x T?)/Z,. O

3.11 Twistor space of ALF-D, instantons

On ALF-D,, gravitational instantons, we’ve found quadratic growth holomor-
phic functions for each compatible complex structure. A natural question is,
is there any relationship between those functions? Before going ahead, let’s
recall the definition of twistor space of hyperkahler manifolds.

Definition 3.35. (c.f. [40]) Let (M, g,1,J, K) be a hyperkiahler manifold.
Then the twistor space Z of M is the product manifold M x S? equipped
with an integrable complex structure

1-¢C, (¢+¢ ., .¢-¢C
e Tixed’ Tt

where ( € C C CU {oo} = CP' = §? is the coordinate function, and I is
the standard complex structure on CP'.

l:( K7IO)7

Notice that our definition is different from [40] to correct a sign error. We
will briefly rewrite Page 554-557 of their paper with a correct sign.

Let ¢ be a (1,0)-form of I. Then I*¢ = i¢, where (I*¢)(X) = ¢(IX).
Set 0 = ¢ + (K*¢, then

(1+COL0 = (1= ¢OI" = (C+ Q)" +i(¢ — QKO = i(1 + (),

because we have relationships like J*I* = K*. (In [40], their was a sign error
caused by the wrong statement [*J* = K*.)
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Now if the form w™ = wy + w3 can be written as
1, <
W' = ; Gi N Py
for some (1,0)-forms of I. Then we can define a form on the twistor space by
w=23 (¢i+CK"$) A(Gnri + (K ) = (wa+iws) + 20w — C(wp — iws).
i=1

It’s a holomorphic section of the vector bundle A?T} ® O(2), where F' means
the fiber of Z which is diffeomorphic to M. We also have a real structure
7(p, ¢) = (p, —1/¢). It takes the complex structure I to its conjugate —I. In
[40], they proved the following theorem:

Theorem 3.36. Let Z*"! be a complex manifold such that

(i) Z is a holomorphic fiber bundle m : Z — CP' over the projective line;

(ii) The bundle admits a family of holomorphic sections each with normal
bundle isomorphic to C*" @ O(1);

(iii) There exists a holomorphic section w of A*Th @ O(2) defining a
symplectic form on each fiber;

(iv) Z has a real structure compatible with (i),(i1),(iii) and inducing the
antipodal map on CP.

Then the parameter space of real sections is a 4n-dimensional manifold
with a natural hyperkdhler metric for which Z is the twistor space.

Return to the gravitational instantons for which n in the above theorems
equals to 1. Recall that we’ve found the holomorphic function on M by
modifying the pull back of the standard function on the standard model. So
let’s look at the standard model (E, h, I, J, K) first. It’s the quotient of the
Taub-NUT metric outside a compact set by Dyj¢|. Recall that the Taub-NUT
metric is (c.f. Theorem

ds® = Vdx? 4+ V1p?

with
dr, = I*(V'n) = J*dwy, = K*das.
So
(1 n CEI kT CEJ —i—zl n CEK —1)(2¢dz; —i(1+¢%)dza+(1—¢%)dxs) = 0.
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Therefore, (—x3 + ixy — 211 — (—x3 — i72)(*)? is a holomorphic function
on the twistor space of E. So the holomorphic function on M x {(} € Z is
asymptotic to (—x3 + 1wy — 221( — (—x3 — iw2)¢?)? with error O'(r*=°)

Notice that any harmonic function has even integer growth rate, so the
holomorphic function is unique up to the adding of constant. We may fix
this ambiguity by requiring the value at the fixed base point o to be 0. We
will prove that after the modification the holomorphic functions have some
simple relationship.

Actually, we have a I-holomorphic (¢ = 0) function uy + iv; asymptotic

to (—x3 + ix9)? = (23 — 23) — 2izew3, J-holomorphic (¢ = —1) function
uy+ivy asymptotic to (2z1+2ixs)? = 4(2? —13)+8ix179, and K-holomorphic
(¢ = —1) function uz+ivs asymptotic to (—2x3+2iz;)? = 4(z3 —2?) —8ixzz;.

Notice that us + usz — 4u; is a harmonic function asymptotic to 0, i.e. in
O'(r*=¢), so it must be 0. Similarly the harmonic function

2(0,€) = (s -+ig) = 5 (e ion)C 5 (0 — )G+ 3 (05— i) GO+ = )

is asymptotic to (—x3 + iry — 221¢ — (—x3 — iz2)(?)? and therefore must be
the holomorphic one. In conclusion, we’ve proved the following theorem:

Theorem 3.37. In the ALF-D,, case, there exist 6 harmonic functions u;,v;
with 4u; = ug + uz such that

2(0,C) = (tn-+ig) = 5 (e i) 5 (0 = )P+ 5 (0= i) P+ (= )¢

15 a I-holomorphic map from the twistor space of M to the total space of the
O(4) bundle over CP'.

There is a real structure on the @(4) bundle (¢,n) — (—=1/¢,7/¢*). It’s
easy to see that the map z commutes with the real structure.

4 ALE gravitational instantons

It’s well known that there is a deep relationship between discrete sub-
groups of SU(2), ADE Dynkin diagrams, platonic solids, ADE singularities
and the ALE gravitational instantons. The main contributors of this well-
known relationship are Arnold, Cartan, Coxeter, du Val, Dynkin, Killing,
Klein, Kodaira, Kronheimer, Lie, McKay, Milnor, Plato, Weyl and other
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Figure 1: Extended Ay, D¢, Es, E7 and Eyg diagrams.
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mathematicians. Since many original references were not written in English,
we will not list them here. Moreover, many statements in this section will
be copied from related textbooks or websites. The Figure (1] is provided by
Alexey Spiridonov’s homepage. Since none of the materials in this section is
new, we will omit the proof and only state the well-known statements.

(1) Extended ADE Dynkin diagram.

By definition, it is a connected diagram with integers associated to each
vertex such that 1 is associated to a marked vertex and two times the number
associated to each vertex equals to the sum of numbers associated to adjacent
vertices. Notice that except the extended-A; diagram with two vertices and
two edges between them and 1 associated to them, all other diagrams have
at most one edge between two vertices.

They can be classified into extended Ax(k = 1,2,...), Dp(k = 4,5...),
Er(k =6,7,8) diagrams. k + 1 is the number of vertices.

(2) ADE Dynkin diagram

If we erase the marked point and the numbers in an extended ADE Dynkin
diagram, then we get an ADE Dynkin diagram.

(3) ADE root system

Let V be a finite-dimensional Euclidean vector space, with the standard
Euclidean inner product denoted by (-,-). A root system in V' is a finite set
® of non-zero vectors (called roots) that satisfies the following conditions:

e The roots span V.

e The only scalar multiples of a root x € ® that belong to ® are x itself
and —z.

e For any two roots x and y, the element o,(y) =y — Q%x cd

=

e For any two roots x and y, the number (y,x) := Qg’i)

is an integer.

It’s called reducible if ® = ®; U &, with &; L ®y for some d, Py # 0.
An irreducible root system is called an ADE roots system if the number
(y,x) :== 2% is either 0 or +1.
Given a root system ® we can always choose (in many ways) a set of
positive roots. This is a subset ®* of ® such that:
For each root o € @, exactly one of the roots o, —« is contained in ®7.
For any two distinct «, 8 € 1 such that o + 8 is aroot, a + 3 € ®*. If a

set of positive roots ®*is chosen, elements of —®* are called negative roots.
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An element of ®* is called a simple root if it cannot be written as the
sum of two elements of .

If ® is an ADE root system, then let 64, ..., 0, be the simple roots. We
write 6y = — Zle n;0; for the negative of the highest root. Let ng = 1, then
Z?:o n;0; = 0. Now let’s draw a diagram with n; associated to each vertex
0;. Draw an edge between 6; and 0; if (6;,0;) = —3(60;,6;) = —1(6;,0;). Draw
two edges between 0y with 0, if £ = 1 and 8y = —6;. Then it must be an
extended ADE Dynkin diagram. Moreover, 6 is the marked vertex.

Thus we’ve obtained the classification of ADE root systems:

(Ay, k = 1,2, )P ={aeczZ a2 =2 S =0}

(Diy k= 4,5,..) @ = {a € Z*: Zk“ 229,

(Es) <I> {aEZG (Z+3)°: Zf loz +2a1—2 Z L+ 20y € 27}

(E;) ®={aecZ" U(Z+ %)7 S 24 =2, a;+ oy €27}

(Bg) @={a€ZU(Z+3)*: |a]*= SP a2 =230 a; €27}

(4) Lie group

Given a compact Lie group, the adjoint action of the maximal torus on the
Lie algebra produces a root system. In particular, the A; Dynkin diagram is
related to the projective special unitary group PSU(k + 1), the D) Dynkin
diagram is related to the projective special orthogonal group PSO(2k), the
E}, Dykin diagrams are related to exceptional Lie groups.

(5) Platonic solids

In three-dimensional space, a Platonic solid is a regular, convex polyhe-
dron. It is constructed by congruent regular polygonal faces with the same
number of faces meeting at each vertex. Five solids meet those criteria:

e Tetrahedron
e Cube

Octahedron

Dodecahedron

Icosahedron

(6) Finite subgroup of SU(2).

Given a finite subgroup I' of SU(2), we can look at all of its irreducible
representations Ry, Ri,...Ry, where Ry is the trivial representation on C!.
Let Q be the canonical representation on C2. Let n; be the rank of each
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representations. Draw a graph with n; associated to each vertex R;. Draw [
edge between R; and R; if (HomrQ ® R;, R;) = C'. Then we get an extended
ADE Dynkin diagram.

I' can be classified into the cyclic group, binary dihedral group, binary
tetrahedral group, binary octahedral group, and binary icosahedral group.
A more precise definition will be given in the ADE singularity part. We can
also look at the image of I' in SO(3). The image of binary dihedral group
is dihedral group. The image of binary tetrahedral group is the orientation-
preserving symmetry group of the tetrahedron which is isomorphic to the al-
ternating group A4. The image of binary octahedral group is the orientation-
preserving symmetry group of the octahedron or cube which is isomorphic
to the symmetric group S;. The image of binary icosahedral group is the
orientation-preserving symmetry group of the icosahedron or dodecahedron
which is isomorphic to the alternating group As.

(7) ADE singularity

Let T be a finite subgroup of SU(2), then C?/T" is an ADE singularity. It
can be resolved by blowing—ugs\./ After case-by-case check, the singular fiber

771(0) in the resolution 7 : C2/T' — C?/T" consists of non-singular rational
curves whose intersection pattern is the same as the ADE Dynkin diagram.
C?/T can be expressed as the following:
(Ag) Let u, v be the coordinates of C?. Define the action of the cyclic

group

k+1

Zk+1 =< O"U =1>

by
O'(u, U) — <€2i7r/(k+1)u, 672iw/(k+1)v>.

Then

r=uv,y =ul 2z =t

are invariant under the action with the relationship 2**! — yz = 0.
(Dy) Let u, v be the coordinates of C2. Define the action of the binary
dihedral group

2k—4 _ 1 k—2 2 1 -1

Dy—9) =< 0,7|0 Lo Tt =T T0T =0

by

T(u7 U) = (U, _U), O'(U, U) = (em—/(k_%u’ e_i”/(k_Q)v)‘

Then
T = UU(U%_4 o U%_4)/2, y = (u2k—4 + U2k—4)/2’ y = u2U2
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are invariant under the action with the relationship z? — zy? = —zF1.

(Es) Let u, v be the coordinates of C2. Define the action of the binary

tetrahedral group

2Ty =< o, 7|(07)* = 0® = 7% >

by .
o(u,v) = 5((1 +i)u+ (=1 —i)v, (1 —d)u+ (1 —i)v),

() = %((1 it (=14 i), (14 )u+ (1 — i),

Then
r = uv(ut —v?),

y = (u* + 2V3iu*v? + v*) (ut — 2v/3iu*0? + o),
z = (u* 4 2v3iu*0? + 01 + (ut — 2V3i*0? + vh)?,
are invariant under the action with the relationship

4322 — 4 + 22 = 0.

(E7) Let u, v be the coordinates of C?. Define the action of the binary
octahedral group

2048 =< 0,7|(07)* = 0* = 7% >
by .
o(u,v) = 5((1 +u+ (=1 —d)v, (1 —d)u+ (1 —1i)v),
1 , .
T(u,v) = E«l +i)u, (1 —1i)v).
Then

2,2

r = v (ut —v?)?

y = u® + uv* + 08,
z = wo(u'? — 33uPv* — 33u*® + v'?) (ut — v?),
are invariant under the action with the relationship

1082 — a® + 22 = 0.
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(Eg) Let u, v be the coordinates of C?. Define the action of the binary
icosahedral group

2190 =< 0,7|(07)} =0 =7° >
by
o, 0) = 5((1+ it (~1 =)o, (1 = dJu+ (1~ i)o),
() = (6 + 67w — vt (6 97,
where ¢ = @ Let

(Uv)_<_(2+ 2(5 +/5) (24 1/2(5 +V5)

w4+ v, —u+ 1w
1++5 )

1++5

Then
r = iUV(U™ +11iU°V° 4+ V1),

y=—U = V¥ 4 228((UPV® + UVP) 4 494UV,
2 =U» = V* 4 5220(UPV° — UV®) + 10005(U* V1 — UV2),

are invariant under the action with the relationship
—1728x° + y3 + 2% = 0.

(8) Singular fibers in elliptic surface.

Kodaira [45] classified singular fibers in elliptic surfaces. Some of them
only consist of non-singular rational curves Z?:o n;0; with self-intersection
number —2 such that one of n; is 1. They will satisfy

272,@‘ = —ni(@i)2 = ZTL](@Z@J)
JFi

So they must be an extended ADE Dynkin diagram.

I,, b=2,... [ I; b=0,... [ II* [ IIT [ III* | IV | IV~
Ab—l Db+4 E8 Al E7 AQ E6
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There is an elliptic surface with a pair of singular fibers (IL,IT*), (IILIII*)
or (IV,IV*). Roughly speaking, this explains the relationship between ALG
gravitational instantons and ALE gravitational instantons.

(9) In [48], Kronheimer constructed ALE hyperkéihler metrics on C?/T
by the following way:

Given a finite subgroup I' of SU(2), we can look at all of its irreducible
representations Ry, Ri,...Ry, where Ry is the trivial representation on C!.
Let @ be the canonical representation on C2. Let n; be the rank of each
representations. Then the regular representation

R=a" ,C"® R,

Let V = Homr(R,Q ® R). Let G = S(x¥_,U(n;)). Then the hyperkihler
quotient of V' by G provides an ALE hyperkéhler metric on M = C2/T".

(10) After the construction of ALE gravitational instantons, Kroheimer
[49] proved the following theorem:

Theorem 4.1. (Torelli theorem for ALE gravitational instantons)

Let M be the smooth 4-manifold which underlies the minimal resolution
of C*/T. Let [a'],[a?],[®] € H?*(M,R) be three cohomology classes which
satisfy the nondegeneracy condition:

For each [X] € Hy(M,Z) with [¥]? = —2, there exists i € {1,2,3} with
[o][2] # 0.

Then there exists on M an ALE hyperkdhler structure such that the co-
homology classes of the Kdihler forms [w'] are the given [af]. It’s unique up
to tri-holomorphic isometries which induce identity on Ho(M,Z).

Moreover, any ALE gravitational instanton must be constructed by this
way.

We will prove the analogy in ALF and ALH cases.

5 ALF gravitational instantons

5.1 Definitions and Notations

In this section, we follow the notations of previous sections. Now let’s define
the multi-Taub-NUT metric and more general Gibbons-Hawking ansatz:
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Example 5.1. Let

Let m: My — R3\ {x,} be the S'-bundle of Euler class -1 around each x,.
Let 1 be the connection form with curvature dn = *dV. Then

g=Vadx*+V 1y’

gives a metric on My. Let M = My U {p,} be the completion. Then M is
called the multi-Taub-NUT metric with total mass (k+ 1)m. When k = —1,
M is the trivial product of S' and R3.

More generally, as long as V' is harmonic, we can do the similar construc-
tion and call M the Gibbons-Hawking ansatz. It has complex structures
satisfying

do' = I*(V™ln) = J*da? = K*da®.

Now let’s recall the holomorphic structure of the multi-Taub-NUT metric
proved by Claude LeBrun [51]

Theorem 5.2. (LeBrun)(M,I) is biholomorphic to the manifold

k+1

uw = H(z — (=23 +ix?))

a=1
if —x3 + 22 are distinct or the minimal resolution of it otherwise.

Proof. The function z = —23 + i2? is an I-holomorphic function on M. We
can define a holomorphic vector field X by

wh(X,Y) = —idz(Y).
The action of X gives C*-orbits of M. For z # —x3 + iz?, there is only one
C*-orbit. If —a2 + iz? are distinct, each {z = —23 + 22} is divided into

three C*-orbits: {z! < zl} {z' =2zl}, and {z' > zl}. Let

M~ ={z# -2 +ir2} UU,{z = -3 +i2? o' < 2l},
Mt ={z%# -2 +iz2} UU{z = —2> +iz2, 2" >z}

73



Then both M+ and M~ are biholomorphic to C x C*. On the overlap, we

have
v

z— (—x3 +ix2))

e

(z,0) p+ ~ (2, I

If —23 + 422 are not distinct. For example, suppose we have two points
(0,0,0) and (1,0,0). Then we can define

M, ={2#0}U{z=0,2" <0},
My ={2z#0}U{z=0,0 <z <1},
Ms;={z#0}U{z=0,2" > 1}.

On the overlap, we have (z,v)r, ~ (2, %), ~ (2, 2)m;- In other words,
it’s the minimal resolution of uv = 22 in the sense that we replace the point
{fu=v=2=0}by CP' = {2z =0,0< 2" <1}. It’s similar in general
case. [l

Using Theorem we can get the twistor description of the multi-Taub-
NUT metric as in [22].

Example 5.3. Let U be the affine variety in C* with coordinates (¢, z, p, £)

defined by
k+1

p& =] — Pa(0))
a=1
or the minimal resolution of it, where
P(C) = aaC® + 2boC — Gg

with parameters a, € C and b, € R. Take two copies of U and glue them
together over ( # 0, 00 by

¢=¢

3= ("2,

p=e (R,
g: ez/QC—k—lg'

Then ¢ lies in CP' = C U {oo} and z is a section in O(2). Define

w = 4idlogp A dz =idz A dy.
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Define the real structure 7 by
7(C, 2, p,6) = (=1/C, =2/ (1) OME e/ (=1/0) ).
The gluing of U and U is the twistor space of the multi-Taub-NUT metric
up to rescaling.
Notice that our convention is slightly different from [22]. We use the real
form 100K as the Kéhler form but they use 0K following the convention

of [42]. The other difference is that they use the scaling parameter p but we
rescale our metric to make p = 1.

Similarly, we can define the twistor space of a hyperkahler 8-manifold:
Example 5.4. Let U be the subvariety with coordinates (¢, w, 2, po, p1, &0, 1)
defined by

k
(po+ pim)(&o+&n) = [[(n = Pa(¢))  mod n* —wny—2z=0,

a=1
where
Po(C) = agC? + 2boC — aq

with parameters a, € C and b, € R.
Take two copies of U and glue them together over ¢ # 0, 00 by

¢=¢,
W = C_2w,
Z= C’4z
(ﬁo + P177 = e "¢ (po+ pim) mod n* —wn —z =0,

= e"S¢CR &+ &n) mod P —wn — 2 =0,
Then ¢ lies in CP* = C U {oo} and z is a section in O(4). Define

w = 4i Z dp0+ﬂ]dpl /\dﬁ]
pO“'ﬁjPl

Y

where (31, 8, are the two roots of n?> — wn — z = 0. Define the real structure
by ,

7(C.2,p.6) = (=1/C, /¢ M1/, e (=1/¢)" ),
where p = po + p1n and & = & + & 1. We can realize the gluing of U and U
as the twistor space of a complete hyperkahler 8-manifold.
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The hyperkahler quotient of the previous example is the Cherkis—Hitchin—
Ivanov—Kapustin—Lindstrom—Rocek metric. When k£ = 0, it’s the famous
Atiyah—Hitchin metric. Actually, the Atiyah-Hitchin metric [4] provided
the first example of ALF-D, gravitational instantons. Later, Ivanov and
Rocek [42] conjectured a formula for positive k using generalized Legendre
transform developed by Lindstrom and Rocek [52]. Cherkis and Kapustin
[22] confirmed this formula. This metric was computed more explicitly by
Cherkis and Hitchin [21].

Example 5.5. In the previous example, we look at the C* action by p; — Ap;
and & — A7'¢;. The moment map is w. To get the hyperkahler quotient,
we set w = 0 and take the C* quotient.

The submanifold w = 0 in U can be written as

poéo + zp1& = p(2),
p1&o + poé1 = q(2),

where

H(U — P,) =p(2) +ng(z) mod n* —z=0.

«

The C*-quotient can be obtained by using the C*-invariant coordinates

T = ik[mfo — po&i
y =i"[=2p& +1(2)),

where p(z) = 2r(z) + [ [ (= Pa)-
Thus )

pi&o = w,

po&1 = M,

SIS M

pofs = 2r(2) +2(—z')kzy N H(—Pa)-
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The equation
(Po&o)(p161) = (po1)(p160)

is reduced to

2= oyt = ([ = P - [[(=P2) + 2 ][ (=il

e} «

Moreover,

1 —iP,
w = id(—= g i) + VEr )
Vz o Tyz+ 11 (—iPy) — zx
This is the twistor space of Cherkis—Hitchin—Ivanov—Kapustin—-Lindstrom—
Rocek metric.

When P,(¢) and —P,(() are distinct, the manifold is non-singular. Oth-
erwise, the CHIKLR metric is the minimal resolution of the singular manifold
which will be discussed later. It’s interesting to notice that [14] when two P,
equal to 0, the singular manifold is the Zs-quotient of the multi-Taub-NUT
metric. Moreover, when k£ > 3, if all of P, equal to 0, the singular manifold
is exactly the quotient of the Taub-NUT metric by the binary dihedral group
Dy (1—2) because of the following calculation:

Example 5.6. It’s well known that the Taub-NUT metric is biholomorphic
to C2. Let u, v be the coordinates of C?. Define the action of the binary
dihedral group

2k—4 _ 1 k—2 2 -1 -1

Dy(j—9) =< 0,7|0 o =14 T0T =0 " >

by
T(“? U) = (U, _U), O‘(U7 U) = (eiﬂ—/(k_Q)u’ e—iﬂ/(k’—Q)U)‘

Then
T = uv<u2k74 . ?}2’{74)/2, y = (u2k74 + ,02k74)/2’ 5= u2,02

are invariant under the action with the relationship #? — zy? = —zF~!. This
is exactly the previous example with all P, = 0.
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5.2 Rigidity of multi-Taub-NUT metric

In this subsection, we analyze the ALF-A, gravitational instantons as a warm
up of Theorem [1.71 We will use the twistor space method as in [22]. An
important step in our approach is a compactification in the complex analytic
sense and the analysis of topology of this compactification following Kodaira’s
work [45].

We start from the compactification.

Theorem 5.7. Any ALF-A; gravitational instanton (M, 1) can be compact-
ified in the complex analytic sense.

Proof. By the remark after Theorem [3.24] M is asymptotic to the standard
model E with error O'(r~2). E is either the trivial product (R?®\ Bg) x S!
or the quotient of the Taub-NUT metric outside a ball by Z;,;. In any case,
there exist two I-holomorphic functions zr and pg satisfying

wt = 4idlog pp A dzg.

We are mostly interested in the behaviors when x! goes to —oo. It corre-
sponds to

C x (C*N Be-r) = C x (Bfr) = { (28, p8) : [p| > .

We are also interested in the corresponding part of M.
On M, there exists an I-holomorphic function 2 = zp + O'(r~%) for any
0 < 1. As in Section 3.9, we can define a holomorphic vector field X by
wt(X,Y) = —idz(Y). On each fixed fiber, there exists a unique holomorphic
form ¢ such that ¢(X) = 1. Locally
1 0

—, ¢ =c(z,v)dv.

wt =ic(z,v)dz Adv, X = (z.0) 9

Each fiber in the interesting part of M is topologically C* N B,-r. So
on each fiber, we can integrate the form ¢ to get a holomorphic function
X € C/Z7(u) up to a function of z. We can fix this ambiguity by requiring
that x — ®*(—4log pg) goes to 0 when y becomes negative infinity, where ®
is the map from M to E. 7(u) = 8mi since M is asymptotic to E and it’s true
on E. We can fix this ambiguity by writing x as x = —4log p. Therefore we
get a part of M biholomorphic to

C x (€N Ben) = {(2,p) : o] > )
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with w™ = 4idlog p A dz. Similarly, the part of M where 2! goes to +o0 is
biholomorphic to

Cx (€N Bn) = {(56) 6] > ¢}
with
wt = 4idz Adlogé.

Now we can add the divisors D_ = {p = oo} and Dy = {{ = o}
to compactify the two parts. We can get a manifold with a holomorphic
function z whose generic fiber is CP'. Adding D, = CP' = {z = oo}, we
can get a compact manifold M with a meromorphic function z : M — CP*
whose generic fiber is CP*. m

It’s easy to see that —K = {w" = 0o} = D_ 4+ D, + 2D, is the anti-
canonical divisor. Any generic fiber is a non-singular rational curve C' = CP*
with (—KC) =2 and (C?) = 0. Following the work of Kodaira [45], we can
classify singular fibers.

Theorem 5.8. Any singular fiber C can be written as the sum of non-
singular rational curves

C=0+..+0,,m=1,23,..,
with

(©:9;) =4(lj —i| = 1),
(©7) = =24 6(0) + 6(m),
(—K©;) = 6(0) + d(m),

where 6(n) =1 if n =0, and 6(n) = 0 otherwise.
Proof. Let C' = > n;0;. The main tools are Kodaira’s identities [45]
27(6;) — 2 — (67) = (K©y),

(CO:) =0=ni(0]) + > n;(©;0;),
J#i

where the virtual genus 7'(0;) is non-negative and 7/(©;) vanishes if and
only if ©; is a non-singular rational curve.
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If there is only one curve C' = ©g, then (K©;) = —2. Notice that
(©3) = 0 by the second identity. So 7'(6¢) = 0 by the first identity. So 6,
is a non-singular rational curve. In other words, the fiber is regular.

Otherwise, from the information near D, there exist two curves Oy and
©,, satisfying (—K©y) = (-K0,,) = 1 and ng = n,, = 1. All other curves
don’t intersect —K. From the second identity and the fact that C' is con-
nected [45], we know that (©%) < 0. Therefore, 7/(0;) must be 0, i.e. each
0, is a non-singular rational curve. It follows that

(©F) = —2+6(0) +6(m).

Now the second identity becomes

1= n;(606;).

J#0

If (0¢0,,) = 1, we are done with m = 1. Otherwise, suppose (0¢0;) = 1.
Then ny =1, so
2=1+ )  n;(6:0)).
J#0,j#1
If (©10,,) =1, we are done with m = 2. Otherwise, we can continue. After
several steps, we must stop because the number of curves is finite. Therefore,
the singular fibers must have the required properties. O

Remark. That’s exactly the picture in Theorem

Remark. Suppose each fiber is regular except the fiber {z = 0}, M is biholo-
morphic to the minimal resolution of zy = 2**1. In this case, the central fiber
has £k = m — 1 non-singular rational curves ©,...,0,,_1 whose intersection
diagram is called the Ay Dynkin diagram. That’s the reason why we call M
ALF-A,.

Now we are able to give a new proof of the following theorem. It was first
proved by Minerbe in [59] using the existence of Killing vector fields. How-
ever, since there is no Killing vector field on ALF- D), gravitational instantons,
we prefer a new proof of this theorem using the twistor space.

Theorem 5.9. (Minerbe) Any ALF-Ay, gravitational instanton must be the
multi- Taub-NUT metric.
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Proof. First of all, let’s look at the slice ( = 0. In other words, we use I as
the complex structure. w™ as the holomorphic symplectic form. By Theorem
[5.7] there exist p and & such that

wt =4idlog p A dz = 4idz A dlogé.

So p€ is a holomorphic function of z satisfying

lim p&/2Ftt = 1.
Z—00
It’s completely determined by its zeros. By Theorem and Theorem [5.2]
it’s easy to see that (M, I) is biholomorphic to p& = [[*1}(z — P,) or the
minimal resolution of it.

Now we may vary ¢ # co. We can still get

k+1

p§ = H(Z — Pu(C))

with
w = 4idlogp A dz.

Similarly, for ¢ # 0, we may use { = ¢! instead. Then @ = ¢ 2w and
Z = (%2 are non-singular. So we can get @ = 4idlog p A dZ instead. The
difference j/p is a holomorphic function of ¢ and z. It equals to e=*/¢<¢~#~1
on E, so p/p must be e=*/<¢"*1 on M. Similarly, £ = e*/¢¢F1¢,

Since p€ = [[F11(2 — P.(()). Tt’s easy to see that P,(¢) = ¢*Pa(C). So
P,(¢) must be a degree two polynomial of .

Now let’s look at the action of the real structure. When ( becomes
—1/¢, M becomes exactly its own conjugation. Since z is invariant under
the action (¢, z) — (—1/¢,—z/¢?), P, must have the same property under
the real structure. In other words, P, () = aoC? + 2b,( — g for some a, € C
and b, € R. It’s easy to see that the real structure 7 must act by

T(Co2,p,€) = (=1/C, —2/C%, /(1 OME, e /¢ (—1/C) 1 ).

It’s well known [40] that the form w and the real structure on the twistor
space determine the metric on M. So M must be the multi-Taub-NUT
metric. [
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5.3 Classification of ALF-D; gravitational instantons

In this section we prove Theorem as we did for the ALF-A, gravitational
instantons in the previous subsection.
We still start from the compactification.

Theorem 5.10. Any ALF-Dy, gravitational instanton (M,I) can be com-
pactified in the complex analytic sense.

Proof. We already know that outside a compact set, M is up to O'(r=3), the
Zo-quotient of a standard S!'-fiberation E over R® — Bg. Moreover, there is
an Ip/-holomorphic function z = (—z® +iz*)? + O'(r~') on M.

Recall that there is a part of (F, Ig) biholomorphic to

Cx (C*N B,-r) = {(ag,bp) : ag = —2* +i2*> € C,by € C* N B, r}.

Now we claim that the corresponding part of (M, I)/) is also biholomorphic
to

C x (C*NB,-r) = {(a,b) :a € C,b € C* N B,-n}

What’s more, under this diffeomorphism, wy, = —4idlogb A da.

It’s hard to solve a, b as functions of ag, bg directly. However, following
the idea of Newlander and Nirenberg [61], we can instead solve ag, bp as
functions of a, b and apply the inverse function theorem.

Let
a:u+iv,logb:t+i0,aE:a+zl,bE:beZQ.
Let
o 1,0 .0, = 0 o 1,0 Jd, = -0
h =502 e T g =y =5 iae % vy

Then the equation is reduced to

0;2° + ¢F (u+iv + 24t +i0 + 2%)(0;2 + 5;) =0,
where

(V™ p(u + iv, t 4 i0)| < C(m)(u? 4 v* + 2)(73-m)/2

for all m > 0 and all ¢ < —R if R is large enough.
Instead of the space C"** in [61], we prefer weighted Hilbert spaces.
Define

1l = [ WP 02 e
’ t<—R
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and

W, = Y lloioiorayrI

o a+2i+27,8+2k+21 ’
i+j+k+HI<m

then we can find an operator
Ty: L%z — L2 g

satisfying

51T1f =f
in the distribution sense if @ < 2 and « isn’t an integer. Actually, by Theorem
m, we can find Gy such that 40,0:G1f = f in the distribution sense. So
T\ f =40,G.f.

Similarly, by Theorem [3.17, we can find an operator
Ty:L25— L2,

satisfying

OTrf = f
in the distribution sense if § isn’t an integer. Since both 77 and T3 are
canonically defined, T} commutes with d» and 0, while 7, commutes with
0, and 0;. By the work of Newlander and Nirenberg [61], the integrability
condition implies that it’s enough to solve the equation

. . . 1 _ . 1 _ .
2 =T i T?fh — 5T181T2f; — §T282T1ff,

where

f; = —¢i(u+iv+ 2t +i0 + 2%)(0;2 + 6;)
It has a unique solution in H'%_ _,, for any 0 < e < 1/2 if R is large enough.
By Sobolev embedding theorem, |2¢| < C(1 4 u? + v?)(Z1+9/2)¢|~1+e,

In conclusion, we've solved ar and bg in terms of a and b. We can
invert them to get a and b in terms of ag and bg. By the arguments similar
to Theorem , we can slightly modify b such that lim, ,o(b/bg) = 1 and
wy; = —4idlogb A da.

Therefore, we can add the divisor D = {b = 0} to compactify this part.
On M U D, the condition z = a% + O'(r~!) is reduced to z(a,0) = a*. Near
a = 00, let ¢ = 1/a, then M U D is locally biholomorphic to

((C*NByyg) X CPY)/Zy = {(c,b) : 0 < |e| < 1/R,b € CP'}/(c,b) ~ (—c, 1/b).
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As Kodaira did in [45], we can add {(0,6)}/(0,b) ~ (0,1/b) and then replace
the neighborhoods of two singular points (0, 1) and (0, —1) by two copies of
Nyo.(See page 583 of [45]). As in page 586 of [45], Dy = 20 + O + O,
with (©0;) = (DO) =1, (0:0,) = (D6;) =0, (6?) = —1 and (0?) = —
Therefore, we get a compact manifold M = M UDU D, with a meromorphic
function z : M — CP' whose generic fiber is a non-singular rational curve.
O

On M, the anti-canonical divisor —K = {w" = oo} = D + D.. Any
generic fiber is a non-singular rational curve C' = CP' with (—~KC) = 2 and
(C?) = 0. Any singular fiber {z = 2y} must belong to the list in Theorem
if 29 # 0,00. So we only need to classify the fiber {z = 0}. The main
property is that —K = D + D, intersects C' at only one point.

Theorem 5.11. The fiber C = {z = 0} can be written as the sum of non-
singular rational curves. There are three cases:

(i) C =0, (0%) =0, (-KO) = (DO) = 2, but D intersects © at one
point with multiplicity 2.

(ii) C' = Oy + Oy, (03) = (03) = —1, three curves Oy, Oy, D intersect
at same point.

(iii) C =20+ ... + 20, + Opi1 + Oppyo,m = 0,1, ...,

(000 ) = (0m-10n) = (0mOmn+1) = (0,Om12) =
(©7) = (@2) = .. = (Oh42) = —2.(-K6y) = (D90)
and all other intersection numbers are 0.
Proof. Let C' = > n;0;. We still use Kodaira’s two identities
21'(0;) — 2 — (©F) = (K©;),

(CO;) =0=ny(0F) + > n;(©,0;)
J#
and the fact the C' is connected. By the second identity,
—— Z n;(©;0;)
g
Since (DC') = (—KC) = 2, but D intersects C' at only one point, there

are only three possibilities.

84



(i) ©¢ intersects D at one point with multiplicity 2. By Kodaira’s first
identity, (©2) = 0 and 7/(6g) = 0. Therefore, there are no other curves at
all. It’s the first case.

(ii) ©g and O, intersect D at same point. So (0%) = —1 and 7'(6;) = 0.
There are still no other curves at all. It’s the second case.

(iii) Oy intersects D at one point but ng = 2. In this case, (©3) = —1 and
7©'(09) = 0 by Kodaira’s first identity. As in Theorem since any other
curve has no intersection with D, it must be a non-singular rational curve
with self intersection number —2.

Therefore, either two different curves ©; and ©, intersect ©, or one curve
O, intersects ©y but ny = 2. In the first case, we are done. In the second
case, we can continue the same kind of analysis. After finite steps, we are
done since there are only finitely many curves. O]

Remark. If each fiber is regular except the fiber {z = 0}, M is biholomorphic
to the minimal resolution of 2 — zy? = —z*~!. In this case, the central fiber
has kK = m + 2 non-singular rational curves 0y,...,0,,,» whose intersection
diagram is called the D Dynkin diagram. That’s the reason why we call M
ALF-Dy.

Now, we are able to prove Theorem

Theorem 5.12. Any ALF-D,, gravitational instanton must be the Cherkis-
Hitchin-Tvanov- Kapustin-Lindstrom-Rocek metric.

Proof. We still start from the slice ( = 0. We already know that the double
cover M of M\ {z = 0} is asymptotic to E. /z ~ a is well defined on M. As
before, we can define a holomorphic function f on M by wt = 4idlog f Ady/z
and lim,_,o fb = 1. The composition of f and the covering transform is called
I

Now we are interested in the behavior near a = 0 and b = 0. We can
write z as

z = e (02 L bfy(b)a + bfs(D)).

The function f4(b) = —(bfa(b))?/4+bf3(b) can be written as cb™(1+bfs(b)),
where m = 1,2, oo depending on the type of {z = 0}. Change the coordinates
by

o = PPN (g 4 bfy(b)/2),
by — bebfl(a7b)/m(1 + bf5(b))1/m
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Then
z=ad?+ ™,

with
wh = —didlogV' A (1 +V fs(a,b))da’ = 4idlog f A dy/z.

(i) In the first case of Theorem [5.11} m = 1. So

/ N2 / .
V/zdb (Vz+d) :loga +\/5+10g_c
a't! 4z a —\/z 4z

if we ignore the term b fg(a,b). However, the contribution from the term

. e z -
V' fe(a,b) is bounded by C [ |\/%|dt < Cv/|z|]. Solim,,¢ fz = —c/4.

Similarly lim, o f’z = —c¢/4. Therefore, we can write f, f’ as

fe=P+2Q,f'z=P—2Q.

log f = — = —logb' + log

Away from {z = 0}, the picture is similar to the Ay,_5 case, so

k

P? —2Q* = (P+2Q)(P - VzQ) = [ [ (= - P2).

a=1

Notice that
l%P =—c/4= H(—zPa),

«

SO we can write

P=yz+ H(—iPa)

and write () = z. A simple calculation yields

izt = ([ = P~ [[(~F2) + 2 ] [(~iPu)y

and
+ e L P+ /2Q
w _Zd(ﬁ log<P——\/EQ>) Adz
:id(i yz + [, (—iPy) +\/E$))/\dz.

V2 B L Sk — Vo
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(i) In the second case of Theorem m = 2. So
Vzdb' \/§+a’_11 a—i-\/_

a't! 2

N RN 2 4z
if we ignore the term V' fg(a, ). In this case, the contribution from the term
b fs(a,b) is bounded by

R

‘ Akl

C'/ | —————|dt < C'/|z|log(1//|2]).
o /Ilz| = left?]

So lim, ¢ f/z = v/—¢/2. It’s also true that lim, .o —f'\/z = /—¢/2. So we

can write f, f’ as

log f = — —logd’ + log

It’s easy to see that

k-1

2 — 2y’ = (v +Vay) (e — Vay) = - [[ (- P).

a=1
Notice that lim, .oz = v/—¢/2 on Oy, but lim, .oz = —y/—¢/2 on O, so we
can no longer reduce x and y. However, let P, = 0, then
1k k k
2 2 2 ~
_ - — P?) —iP,
v —z<£[1Z El L[l( iPa)y

and

t =didlog f Ady/z = zd(—lo (yz 1l 1( iPa) + \/_a:)) Adz.
vz z+ Ha (=iPy) =z

It’s convenient to write P = yz and Q = x. So fz = P + /2Q still holds.

(iii) In the third case of Theorem[5.11] m = oo. Just as we did in Theorem
5.10[ near z = oo, the manifold becomes the minimal resolution of the Z,-
quotient of multi-Taub-NUT metric. Zs acts by interchanging p and £. So
f=pand f' =& They satisty ff = []'Z 21(2 —P?). Let x = +/z(f — f1)/2
and y = (f + f')/2. Then 2% — 2> = —2[[*3(z — P?). Let P,y = P, = 0.
Then (M, I) is biholomorphic to the minimal resolution of




and

1 k _.Pa
t =4idlog f Ady/z = id(— 1Og(yz i sz=1( Z ) + Ve
\/E yz + Ha:l(_ZPOé) - \/El’

Let P =yz and Q = z. Then fz = P + /2Q still holds.

In conclusion, we always have the correct biholomorphic type and correct
wT. The only difference is how many P,’s equal to 0. Now we may vary
¢ # oo. We can still get similar pictures For ¢ # 0, we may use ¢ = Qil
instead. Then @ = (2w and 7 = (%2 are non-singular. So we can get f, f’
Z, 7, P, and Q instead. The difference f / f transfer as p/p in the Agy_5 case.
Therefore f/f = e V2/<(=2+4 So (P +VZQ)) /(P + /2Q) = e~ VZ/¢(~2k,

It’s conventional to rescale the metric. Therefore, we actually have

(P+VZQ)) /(P +v/2Q) = e >V (2

)) A dz.

as our transition function instead. In other words,

(5) = (o Ll (6):

As before, P,({) must be a degree two polynomial in (. When we look
at the action of the real structure, it’s easy to see that actually

Po(Q) = agC? + 2bo( — aq

for some a, € C and b, € R. Moreover, the real structure 7 must act by

7(¢.2 P.Q)=((=~C

We can transfer those expressions into expressions in terms of z and y by
the fact that P = yz + [[(—=iPa(¢)), @ = x and P = 33 + [[,(—iP.(()),
Q=1

It’s well known [40] that the form w and the real structure on the twistor
space determine the metric on M. So M must be the Cherkis—Hitchin—
Ivanov—Kapustin—Lindstrom—Rocek metric. O

“Nz
I
R
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5.4 A Torelli-type theorem for ALF gravitational in-
stantons

In this subsection we prove the Torelli-type theorem for ALF gravitational
instantons as an analogy of Kronheimer’s results [48] [49].

First of all, we can rescale the metric to make the scaling parameter
=1

In the ALF-A; case, for each a # 3, 7! of the segment connecting x,
and xg is a sphere Sg _,. They generate Hy(M,Z). It’s easy to see that they
are the only roots, i.e. homology classes with self-intersection number -2.
The simple roots can be chosen as S_1,55 9, ..., Sg+1,—. They form an Ay
root system.

By a simple calculation,

/ w:/ 4idlogp/\dz:87r/ dz = 8n(Ps — P,).
SB,—a S,B,—a ﬂ—(sﬁ,—a)

So (fsﬁ _wh fsﬁ W fsg w’) equals to (bs —ba, Re(ag — aq), Im(ag — aa))
up to a constant inultiple. Since the ALF hyperkahler structure is completely
determined by the parameters (ag— aq, bg —bs), it’s also determined by three
cohomology classes [w'].

The ALF-Aj gravitational instanton is singular if and only if there exist
a # 3 such that (au,b) = (ag,bs). It’s equivalent to the vanishing of [w’]
on some root.

The ALF-Dy, case is similar. When k& > 2, the roots Sig 14, # 3 gen-
erate Hy(M,Z). The simple roots can be chosen as Sio 41,542 1,543 2,
Sya-3.., S4k—(k—1)- They form a Dy root system. The integrals on them
(fS:I:B,:l:a wl, fsj:ﬂ,:l:a w?, fS:ﬁ:B,:ﬁ:a w?) are (£bg+b,, Re(tagta,), Im(Fas+a,))
up to a constant multiple, too. The ALF-D, gravitational instanton is sin-
gular if and only if there exist a # (3 such that (a.,b.) = £(ag, bs). So the
Torelli-type theorem also holds in this case.

When k = 1, Hy(M, Z) is generated by S;; 1, a sphere with one ordinary
double point. Its self-intersection number is 0. It’s easy to see that the
Torelli-type theorem holds, too.

When k =0, Hy(M,Z) = 0 and there is only one ALF-D, gravitational
instanton. The Torelli-type theorem holds trivially.
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6 ALG gravitational instantons

In this section, we will slightly modify Hein’s result in [37] to get Theorem
10

Let w be any Kahler form on M. Let a be the area of each regular fiber
with respect to w. Recall that for any section o’ of z on A* = {|z|° > R},
Hein [37] wrote down some explicit formula of the semi-flat Calabi-Yau metric
wst a[0’] on M|a« whose area of each regular fiber is also a:

Definition 6.1. ([37]) Using o’ as the zero section, M
morphic to

A+ is locally biholo-

M|y = (U x C)/(z,v) ~ (z,v+m7(2) + n7a(2))

for some holomorphic functions 73 and 7. So locally, w™ = g(2)dz A dv for
some holomorphic function g : U — C. Then locally

.
= ifgp )

dz AdZ + = ———(dv — Ddz)(do — T'dZ),

/
wsf,a[g] 2 Im(7_'17'2)
where . q q
_ T2 _ 1
r = ——(I — -1 —).
(2,0) Im(7_'17'2>( m(7v) dz m(7v) dz )

It’s easy to check that wg 4[0'] is actually a globally well-defined form.
After that, the following theorem is essential:

Theorem 6.2. There exist a real smooth polynomial growth function ¢1 on
M|a+ and a polynomial growth holomorphic section o’ of z over A* such that
Wt al0'] = w 4+ 100¢;.

Remark. Compared to Hein’s Claim 1 in page 382 of [37], the key improve-
ment in our paper is that both ¢’ and ¢; grow at most polynomially.

Proof. As Hein did in [37], there exists a real smooth 1-form ¢ on M|a-
such that d¢ = wye[0] —w. Choose the map F as in Theorem [3.31] By
Cartan’s formula, the homotopy between F' and the identity map implies that
Frw—w = d¢; and F*wg 4[0] —wst o[0] = d¢, for some real polynomial growth
1-forms (; and (3. However, dF*( = F*wg 4]0] — F*w for some polynomial
growth 1-form F*(. In conclusion, we can without loss of generality assume
that ¢ grows polynomially.
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Using o as the zero section, any section ¢’ of z can be written as v = o'(2)
in local coordinates. Hein calculated that there exists a real 1-form ¢ such
that werq[0'] — wsrelo] = d¢ and the (0,1)-part € of ¢ can be written as
{ a

gL

2 Im(i’ng)

p%zxdv—JXZJud@-—%f@aaxz»dd.

Choose ¢’ so that ;ﬁa’ equals to the average of the coefficient of dv

term of the (0,1)-part & of ¢ on each fiber. Then ¢’ and & grow polynomially.
Moreover, the average of the coefficient of dv term of &€ + £ on each fiber
vanishes. So on each fiber, £ + £ can be written as id¢, by solving the O-
equation on each fiber. It’s easy to see that ¢o also grows polynomially. So
the (0,1)-form & +& —i0¢, can be written as f(z,v)dz. However, it’s d-closed,
so f(z,v) = f(z). By solving the d-equation on A*, £ + & — iy = 1D for
some polynomial growth function ¢3(z). In conclusmn

wet,a0'] — w = d[i0(¢2 + ¢3) — i0(P2 + ¢3)] = 100(Pa + P2 + P53 + P3).
O

Theorem 6.3. There exists a real smooth polynomial growth function ¢4
such that w + 100¢, is ALG and

(w+i00¢4)* = %w* Aot

Remark. Compared to Hein’s Theorem 1.3 of [37], the key improvements
in our paper are that ¢, grows polynomially and that we obtain %w* ANt
instead of §w* A w™ for large enough a.

Proof. To achieve this, we still introduce a real positive bump function b on
C supported in {R < |2 < 4R} such that b = 1 on {2R < |z|° < 3R}.
The involution with the Green function provides a real at most polynomial
growth function ¢5 on C such that i00¢s = ib(z)dz A dz.

Now let’s look at the form w+i99((1—x (% —2))¢1). It equals to w when
r < 2R and wy 4[0’] when 7 > 3R. On the part 2R < r < 3R, this form may
not be positive. However, as Hein did in Claim 3 of [37],

= w0 Hi00((1 = X(F; — 2))éhn + 165)
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is positive for large enough t.

To achieve the integrability condition [, (wf — 3wt Awt) =0, we start
from choosing large enough R and ¢ such that wg 4[0'] is close enough to the
standard ALG model 42 (dz” Adz® +dvAdo) and [, (wf — 3wt Aw™) > 0.
Then we consider

Wor = wy— ~ 2 (1= (L = 6))x(% — )82 2dz A dz.

T R
It’s easy to see that for any s > 5, wy, must be positive. What’s more, since
i) M (wit — %w* A @) decreases to negative infinity when s goes to infinity,
by intermediate value theorem, there exists s such that the integrability
condition is achieved. By the work of Tian-Yau [70], there exists a real
smooth bounded function ¢g such that (ws; + i09¢s)? = sw™ A @*. By

Proposition 2.9 of [37], the solution ws; 4+ 100¢s is actually ALG. ]

Thus, the first part of Theorem has been proved. The second part
is quite simple:

Theorem 6.4. Suppose there exist two ALG metrics w; = w+id0p;, j = 17,8,
satisfying w? = wi = twT A@™, [V™(wr —ws)| = O(r~™7°) and |¢;| = O(r")
forall j =7,8, m >0 and some 0, N > 0. Then w; = wyg.

Proof. It’s easy to see that @ = w + i00(¢p7 + ¢g)/2 also defines a Kihler
metric which is asymptotic to the standard ALG model. Since

O Ni0d(pr — ¢g) = 0,

¢7 — ¢g is harmonic with respect to w. We can’t directly apply Theorem
because w may not be Ricci-flat. However, using Theorem [3.17, we
can transfer the w-harmonic function to a h-harmonic function on E. By
Theorem [3.16] it’s asymptotic to a T*-invariant h-harmonic function on E.
It can be reduced to a harmonic function on R? \ Bg. So it’s asymptotic
to a,2™ + b, z" for some constants (a,,b,) # 0 or clog|z| for some nonzero-
constant ¢ by Theorem In the second case, the boundary term in the
integration [ B Ag(p7 — ¢g) will be non-zero. It’s a contradiction. In the
first case, the difference ¢7; — ¢g — a,,2" + b, z" has smaller order. Repeat the
procedure until the order is smaller than 0. The maximal principle implies
that the difference is 0. In other words,

¢7 - ¢8 - Z CLka + bkfk.
k=0
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Theorem 6.5. The third part of Theorem [1.10 holds.

Proof. Let (M,warg,w?,w?) be the ALG gravitational instanton in the third
part of Theorem [[.1I0] Let a be the area of each regular fiber with respect
to warg. Now pick a Kéhler metric wy on M whose area of each regular
fiber is a. Then wy ,[0'] = wo + 100y for some holomorphic section ¢’ on
{|z]® > R} and some real function ¢g. It’s easy to see that Theorem [6.2] also
holds for warg, i-e. wsa[0”] = warg + i00¢1, for some holomorphic section
o” on {|z|° > R}.

When D is of type If, II, III, or IV, i.e. 5 < 1/2, our goal is to show
that the action T'(z,v) = (z,v + 0”(2) — 0'(2)) as well as its inverse can be
extended across D. If it’s true, then

WALG = Wst,q|0"] — 100¢19 = (T_l)*wsf,a[o-,] —i00¢10 = (T ") wo — i00¢1;.

So w = warg +i00((1 — x(% — 5))¢11 + tes) will be the required Kahler form
on M for large enough t.

To understand the structure near D, we start from the elliptic surface over
A = {|a] < R™'} constructed by (A x C)/(u,v) ~ (i, v + m7 (@) + n7e(a)).
Take the quotient by (@, v) ~ (>4, e2™v), then there are several orbifold
points in the central fiber. As Kodaira did in [45], those orbifold points
can be resolved by replacing the neighborhoods by the non-singular models
N, constructed in page 583 of [45]. Then blow down exceptional curves
if they exist. M|a« U D is biholomorphic to such model by the relationship
z=ul/P=3"1=q"V8

In those coordinates, if T" is given by T'(u,v) = (@, v+ f(@)@), then by the
proof of Theorem %Iilf((glz)
of the (0,1)-part £ of ¢ on each fiber, where ( is a real smooth polynomial
growth 1-form satisfying d¢ = wst 4[0'] —warc. By Theorem , the difference
between the two ALG metrics ware and wgq[0’] is bounded by |u|72. By
Theorem[3.17, ¢ = (d*d+dd*)¢y and wyrq[0’] —warg = (d*d+dd* )i, for some
11 and 1y on M|a+. So (d*d+dd*)(d*dy; —d*1py) = 0. Therefore, the leading
term of d*dy; — d*1), must be the linear combinations of u’du, wdu, u’dv,
#dv and their conjugates. However, d(d*dyy; — d*ib) = d*di, has small
order. So if ¢ is large, the leading term of d*d; — d*iy must be the linear
combinations of u’du and its conjugate. However, such kind of term can be
written as the linear combinations of dz™ and its conjugate for some integer

will be the average of the coefficient of dv term
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m. We can then subtract the leading term from d*dvy; — d*yy and repeat
the process. Finally, it’s easy to see that f(Z) = f(a) is bounded by |Z|~¢
for any small positive €. By removal of singularity theorem of holomorphic
functions on the punctured disc A*, f(Z) can be extended to a holomorphic
function on A.

Therefore, the induced map of T on the resolution is holomorphic outside
the central curves in N,,, and continuous across those curves. By removal of
singularity theorem, it can be extended holomorphically. Then, in the blow
down procedure, the induced map is holomorphic outside the blow down of
the exceptional curves. By Hartog’s theorem, it can be extended on M]|a.
Similarly, 77! can also be extended.

When D is of type IT*, IIT*, IV*, ie. 1/2 < [ < 1, the arguments
above fail because the meromorphic function f may have a pole at {Z = 0}
corresponding to the term u/#~2du A dv in the difference wqt q[0’] — warc-
However, recall that in Section 3.9, we used the section ¢ as zero section to
compactify M into M. If we use the section o +¢” — ¢’ instead, then we may
get a different M. For this new choice of M, the form wy ,[0”] + i00¢12 =
warg + i00¢13 is a smooth Kihler form on M N {|Z| < R~} for some
real smooth polynomial growth functions ¢, ¢13 on M N {|Z| < R~Y#}. So
w = ware + 100((1 — X(% — 2))¢13 + t¢5) will be the required Kahler form

R
on the new choice of M for large enough ¢. O]

7 ALH gravitational instantons

7.1 Gluing of ALH gravitational instantons

In this subsection, we will prove that the gluing of any ALH gravitational
instanton with itself is a K3 surface. We learned this idea as well as some
initial set-ups of the gluing construction [26] from the lecture of Sir Simon
Donaldson in the spring of 2015 at Stony Brook University. We will also
construct a counterexample of ALG Torelli Theorem when D is of type IT*,
IIT*, or IV*.

We will use the notations of Kovalev and Singer [47] in order to apply
their results. Pick two copies of M. Define t; = r on the first copy M;.
Define t5 = —r on the second copy M,. For any gluing parameters (p, ©)
in [R+ 8,00) x T3, the gluing manifold M, e is defined by truncating the
two manifolds at ¢; = £p and identifying the boundary points (p,6) € M;
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with the points (—p,© — ) € M,. On M, e, the function ¢ is defined by
t =t; — p =ty + p. The picture can be found in page 10 of [47].

Our metric on M, e is slightly different from [47]. In fact, there are three
Kahler forms w', w? and w? on M. The closed forms

W' — Wiy, = a(r,0)dr A dG? + b, (r,0)d67 A do*

are very small on {p — 1 <r < p+ 1} by Theorem[1.3] Now define

P = [/7‘ aé(s,@)ds]dﬁj.
p

Then
d¢’ = a’(r,0)dr A d#7 + / maj (s,0)ds]do* A 6’
= al(r,0)dr A d¢/ + [/ Eb}k(s, 0)ds]de’ A do*
P
= al(r,0)dr Ad¢? + bl (r,0)d¢7 A d6* — bl (p,0)d67 A 6",
Therefore

W' — Wiy = do’ + bl (p, 0)de? A d6*

are cohomologous to the forms b, (p, 6)d6? A d6* on T?.

Notice that any closed form on T? can be cohomologous to a form with
constant coefficients and any 2-form with constant coefficients is invariant
under the map § — © — 0. Therefore, when we glue {p —1<t; <p+1} on
M, with {p — 1 < —ty < p+ 1} on My, the difference wj,, — wj, = dy* for
some small ¢*. Now define the forms w;, g on M, e by

Wy = Wiy, +d((1—x()V") = wyy, — d(x(t)1").

Then w! o are three closed forms and [V™(w! o — wM )| = O(e=*1#) for all
m > 0.

Now we can call the linear span of w;e the “self-dual” space. The or-
thogonal complement of the “self-dual” space under wedge product is called
the “anti-self-dual” space. These two spaces determine a star operator. It’s
well known that the star operator determines a conformal class of metrics.
The the conformal factor is determined by requiring the volume form to
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be (det(w! g A wzje))l/ ®. The resulting metric is called g,o. It’s slightly
different from [47], but it satisfies all the properties needed in [47].
Now we define three operators on the space of self-dual 2-forms by

Pip = e (d*d + dd*) (" ),
Pyp = e (d*d + dd*) (e’ ),
P,o¢ = e"”(d*d + dd*)(e‘”@,

where 6 < A;/100 is a small positive number. It’s easy to prove the following
theorem:

Theorem 7.1. (1) P, P», P, o are Fredholm operators from W22 to W2
for any k > 0. In other words, the kernels are finite dimensional and the
cokernels, i.e. the kernels of Pf, Py, P;q are also finite dimensional. The
range is the L2-orthogonal complement of the cokernel. The operator from
the L2-orthogonal complement of the kernel to the range is an isomorphism.

(2) ker P, = span{e %1w'}, cokerP; = {0},

ker P, = {0}, coker P, = span{e®2w'},

span{e*'w! o} C ker P, o, span{e”w! o} C cokerP, .
Proof. The first part was proved by Lockhart and McOwen in [53]. As for the
second part, on any Kéhler manifold with Kéhler form w, define the operator
L by L$ = ¢ Aw. Then by Kihler identities, [L,d] = 0 and [L,3*] = —i0.
Therefore

[L,d*d 4 dd*] = 2[L, 90 + 00*] = 2[L,9*]0 + 20[L, 0*] = —2i(00 + 00) = 0.
In particular for any function f,
(d*d + dd")(fw) = (-Af)w,

where Af = —(d*d 4+ dd*)f is the ordinary Laplacian operator on functions.
On hyperkahler manifolds M; and M, there are three Kahler structures I,
J and K. Therefore,

3 3
D (@ d+dd)(fw') = =Y (Afi)'.
i=1 i=1
In other words, the Laplacian on the self-dual forms is exactly the Laplacian
on the coefficients. On M, e, even though the metric is not hyperkahler,
w;@ are still harmonic since they are closed self-dual forms. The second part
follows directly from the two facts above. 0
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The most important result of [47] is the following theorem: (Proposition
4.2 in their paper)

Theorem 7.2. There exists p, > 0 such that for all p > p., the induced
map P g from the L?-orthogonal complement of span{x(t; — p/2)e_5t1w/’;7@}
in W22 to the L*-orthogonal complement of span{x(—ts — p/2)e’?w! o}
in W2 is an isomorphism and the operator norm of [Pl’,i@}_l s bounded
independent of p and ©.

It’s easy to prove the following lemmas in functional analysis:

Lemma 7.3. (1) Suppose V' = span{vy,...v,,} is a finite dimensional sub-
space in W52 for some k > 0. Let V* be the L?-orthogonal complement of
Voin W*2, then WE2 =V @ V4L and

1+ gllwee < |[fllwne + [gllwra < (14 2C)[f + gllwe

for all f €V and g € V*, where Cy = sup ey (o HIJ;L”'ﬁVLZJ'

(2) Suppose W = span{wy, ...w,,} is another subspace. If the matriz
A ={ai} = {(w;,v;)r2} is invertible with A~ = {a"}, then the composition
of the inclusion and the projection maps P = Projy,. oi: V+ — W is an
1somorphism. What’s more

(L+Co) T IPfllwez < [ fllwea < Csl|Pfllwee,

where

Cor o Wl

,C3 =1+ C(m)||A7Y| max ||vs]| 12 max ||w;]|yyr.2.
remioy [1f]lz2

Proof. The proof is quite obvious. The only thing to notice is that
Pf=f— Z a’(f, vs)2w;.
ij=1
O

The following corollary of Theorem [7.2]and Lemma [7.3] provides the main
estimate of this subsection:
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Corollary 7.4. There exists p, > 0 such that for all p > p., the space
of harmonic self-dual 2-forms on M,q equals to HT = span{wz’@}. The
Laplacian operator A,y = d*d + dd* from the L*-orthogonal complement of
HT in Wr22(AT) to the L%-orthogonal complement of Ht in WH2(AT) is
an isomorphism and the operator norm of G,g = Ap_}, is bounded by Cer
for some constant C' independent of p and ©.

Proof. The isomorphism map in Theorem can be decomposed into the
composition of following maps:

(x(t1 — /)/2)67&1@),2,@)L — (fétcuz,(a)L — (ker P,o) ™"

— (cokerP, o ‘Stcu;@)L = (x(—t2 — 0/2)€6t2wz,e)L-

The first and the fifth maps are isomorphisms by Lemma [7.3] Therefore, the
second map must be injective and the fourth map must be surjective. In
other words, ker P,o = span{e *w! o} and cokerP, ¢ = span{e’’w’ o}. So
all the maps are actually isomorphisms. By Theorem [7.2]and Lemmal7.3] the
operator norm of the inverse of the map P, g : (ker P,o)* — (cokerP, o)* is
bounded. It’s straight forward to switch this estimate into the estimate of
the Laplacian operator. ]

)= = (e

We are ready for the main theorem of this subsection:

Theorem 7.5. Fix k > 3. For large enough p. and any p > p., there exists a
hyperkdhler structure &' ¢ on M, such that ||} g —w!, o|[pre < Cel=1T200r
for some constant C' independent of p and ©.

Proof. Fix the volume form V = 1 det(w! o A w’ o)/* on M,e. When two

i J
symmetric matrices A = “0"“00 and B are close enough to the identity

matrix, the equation CACT = B has a solution C' = BY2A7'/2. Define
Fi(B) by Fi(B) = Cijw’ . Then Fi(B) A Fi(B) = 2b; V.
Recall that the map G, e on (HT)* C A* satisfies

Y= (d"d+dd")G,et = —(xd xd + d * d*)G, e¢
= —(x+Id)d xdG,e¢ = dT (-2 dG,ev).

So if ¢ € A! satisfy the equation

d=¢® A d= P

Qﬁi = —2% de7@PrOj(H+)LFi((5a5 — i

),
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then the closed forms @& o = d¢’ + Projy+ F'(dag — W) will satisfy

the required equation @279 A (Df)@ = 20;;V.
We will solve the equation by iterations

¢ =0,

d”¢n A dfcbﬁ)
2V .

Since W*? embeds into C?, if ||¢% ||yrr12 < e P2 and p > p,, then

d=¢! Nd™ ¢
2V

Wi o Al g
||p’2—vp’ — Gijllco + ||

can be arbitrarily small if p, is large. So

HCO < C’e*)‘lp

d"¢p Ad" ¢,
2V

As long as p, is large enough, the above estimate holds by induction. It
follows that

||¢Z+2 - ¢:L+1||Wk+1,2 S Ce(—)\1+45)p||¢2+1 - (b:LHW’“*l»?‘

As long as p, is large enough, ¢’ = lim,,_,., ¢, will be the solution. O

1hsallwrsre < Ce*7|[Projpysy. ' (dap - Mz < Cel=21+20r,

Corollary 7.6. For any ALH gravitational instanton M, [, |Rm|* = 967>

Proof. 1t’s easy to deduce this conclusion from the well known fact that for
K3 surface M, o, [}, R |Rm(@ o)|* = 87X (M,0) = 1927°. O

Theorem 7.7. Suppose o are three 2-forms satisfying the following condi-

tions:
(1)
/ a2/\a3:/ 043/\041:/ al ANa? =0,
M, o M, o M, o

/ al/\alz/ 042/\a2:/ a3/\a3;
Mﬂ@ MP,G) Mo

P

(2) -
[la® — @;7@||Lz < g73Mie/4,

Then there exists a hyperkdhler structure w' on M, e such that w' € [o'] and
lw' = @} ollwrz < Ce*lla’ — @ o 2.
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Proof. Using @27@ as the background hyperkahler structure, we can choose
harmonic representatives 3° from the cohomology classes [a']. Therefore,

CH|B8' = & ellwre < 18" = G ellez < llo' — & llre < e/,

After replacing w! o by A% in the proof of Theorem 7.5, we can find a hy-
perkéhler structure wf such that span{|wj]} = span{[a’]|}. By the condition
(1) of o, the hyperkihler structure w’ can be chosen to be some rescaling
and hyperkahler rotation of wy. O

Now we will use the method in this subsection to construct a counterex-
ample of Torelli Theorem in ALG case:

Theorem 7.8. When D 1is of type II*, III*, or IV*, there exist two different
ALG gravitational instantons with same [w'].

Proof. In Example 3.1 of [37], Hein explains how the pairs (IV,IV*) occur
in rational elliptic surfaces M birational to (P! x T?)/T" with ' = Zs. Let
D be the fiber of type IV*. Then, the construction in [37] provides an ALG
gravitational instanton w® on M = M \ D. Moreover, the asymptotic rate is

2 + L. In particular, |[Rm| = 0(77%74). There is a similar example when D
is of type II* or IIT*.
By Theorem [3.13] there exists a harmonic (0,1) form h on M asymp-

totic to r=u'/?~'dv. So d(Reh) is an exact harmonic form asymptotic to

Re(u'/#=2du Adv). Moreover, it’s anti-self-dual because the coefficients of its
self-dual part are decaying harmonic and thus 0.
Let’s use the notations in Section 3. For example,

]|z = \//M\¢|2r5dV01+/M|V¢\2r5+2dVol+/M\V2¢|2r5+4dvol.

Then by Theorem |3.13| for £ > 5 and small positive €, there exists a map
G: HF , (AY) — HIZ  (A) such that ¢ = (d*d + dd*)Gy. We still
B B¢

define F' : T(R3*3) — A" asin Theoremso that F'(B) A FY(B) = 2b;;V.
Then we do the iteration

¢y = ¢ = 0, ¢5 = tReh,

d~¢n Ad™ ¢,

iL-i—l = —2*dG(Fi(5aﬁ— QV

) — wi) + (52225R6h
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When ¢ is small enough, (¢;,, 92 — tReh, ¢2) — (o', ¢* — tReh, ¢?) € Hffi_g
E

Then w'+d¢’ will be an ALG gravitational instanton. By direct computation,
the curvature of the metric corresponding to (J, w?+td(Reh)) is proportional

to 5% Tt’s also true for the metric corresponding to w’ + d¢’ because their

difference is in H; , . In particular, the metric corresponding to w’ 4 d¢'
5

is not isometric to the metric corresponding to w’. O

7.2 Uniqueness of ALH gravitational instantons

In this subsection, we will prove the uniqueness part of Theorem [1.11} We
start from the understanding of the cross section:

Theorem 7.9. The integrals of w® on the three faces determine the torus T3.

Proof. On the flat model, recall that
dr = I*d0* = J*d#* = K*do°.
So
wh =dr Adot +do* A de?,
w? =dr Adé* +de> A de*,
w® =dr Ad6® + do" A d6?.

The torus T3 = R3/A is determined by the lattice A = Zv, ® Zvy ® Zvs. Let
v;; be the 0 components of v;. Then

007
f123 f131 f112 V22V33 — V23VU32 U32V13 — U33V12 UV12U23 — V13V22
f223 f231 f212 = V23V31 — U21U33 U33V11 — U31V13 UV13U21 — V11V23
f323 f331 f312 V21U32 — V22VU31 VU31V12 — U32V11 U11V22 — V12021

is exactly the adjunct matrix adj(A) of
V11 V12 U13
A= V21 V22 V23
U31 V32 Uss
Since adj(A)A = det(A)I, it’s easy to see that det(adj(A)) = (det(A))2.
Thus, A = (det(adj(A)))~"/?adj(adj(A)) is determined by adj(A). On M,
the hyperkahler structure is asymptotic to the flat model. So we can get the
same conclusion. O
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Theorem 7.10. ALH gravitational instantons are uniquely determined by
their three Kdhler classes [w'] up to tri-holomorphic isometry which induces
identity on Hyo(M,Z).

Proof. Suppose two ALH hyperkahler structures w®?, k = 1,2 on M satisfy

[w"'] = [w*"]. By the results in the previous subsection, we have two families
of K3 surfaces (M,, o, &)];:’@k). To understand the relationship between M

and M, o,, let’s start from the flat orbifold (R x T?)/Z,. Take two copies of
it. On the first copy, define t; = r. On the second copy, define t; = —r. Now
we glue them by truncating the two manifolds at ¢; = 4p and identifying the
boundary points (p,#) with the points (—p,© — ). An alternating way to
describe the gluing is to start from [0,2p] x T?, and then identify (0,6) with
(0, —6) and identify (2p,0) with (2p,20 —0). Let T* = (R x T3)/Z(4p, 20).
Then it’s easy to see that the gluing is actually the orbifold T*/Z,.

The resolution of this picture provides the topological picture of the con-
struction of M, e,. The second homology group Ha(M,, e,,R) = R*? is
generated by 16 curves Y, corresponding to 16 orbifold points, 3 faces Fi3
spanned by v, and vg and 3 faces F,, spanned by (4p,20) and (0,v,). Any
hyperkéhler structure w’ on the K3 surface determines 48 integrals ¢;o on X,
9 integrals finp on F,z and 9 integrals f;, on F,,. The integrability condition
[y W' Aw? =26,V is equivalent to

16

1 1

—5 D Cialio + 5 > Fiafson + Frafisy = 265V,
a=1 (a,8,7)=(1,2,3),(2,3,1),(3,1,2)

If cia, fiap are given, it’s a rank 5 linear system in 9 variables fj,.

: ~ ki : 101,01 2,p2,02
By the construction of W, o on M, e,, the differences c;} -

and filc;’él’gl - fzo’ff’% are all bounded by Ce(=*1+20p1 L Ce(=21420)r2 for large

enough p,. However filo’f 191 _ ff’p 292 may be very large. Fortunately, we
are free to change the 8 parameters py, ©r. When p; and ©, are changed by
adding dp; and 0Oy, the integrals filf);p =9k are changed by adding the almost

linear terms L(8py, 60;) + O(e(721+30)r1 4 e(=2430)r2) " wwhere
0 0
—) +2(00 s =

ggi) T 20Ok X va 5

are determined by the cross section R3/(Zv, @ Zvy ® Zvs), dpy, and §Oy,. The
image of L is exactly the linear space

{(fia)|3Cs.t. > fiafisy + Fiafipy = 205CY,

(a,8,7)=(1,2,3),(2,3,1),(3,1,2)

L((Spk, (5@k) = 45,0k(va,
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where fing = (V4 X V3, %). Therefore, after increasing the gluing parameters
p1 or po and changing the parameters Oy,

_min_ ]2 < Cel-MT1001 4 Cpl=2at40)p2
@, 0, =%y

ClWs1.017%n0,0,

By Theorem , there exists a hyperkahler structure w’ on M,, g, such
that [wz] _ [be@l] and le - (DiiQQHW’W < Cel=Mt60)p 4 Cle(=A+69)p2
By Theorem w" and ‘:’;’11,@1 are tri-holomorphically isometric to each
other. Moreover the isometry induces identity on Hs(M,, e,,Z). Notice
that the long neck regions are almost flat but by Corollary the compact
parts are not flat. So all the isometrics must map compact parts to compact
parts. In particular, we can apply the Arzela-Ascoli theorem and the diagonal
argument to get a limiting tri-holomorphic isometry on the original manifold
M which induces identity on Hs(M,Z) when p;. go to infinity. H

Theorem 7.11. The Kdhler classes [w'] satisfy the two conditions in Theo-
rem [L11

Proof. The first condition is a trivial consequence of det(adj(A)) = (det(A))?
and det(A) # 0 in the proof of Theorem [7.9] As for the second condition,
any ALH gravitational instanton M can be glued with itself to obtain a K3
surface. By Theorem [7.7, we can modify the hyperkihler metric on the K3
surface so that the integrals of w’ on the 11 cycles are unchanged in the
gluing process. For any [X] € Hy(M,Z) such that [X]*> = —2, we can find a
corresponding element in the second homology group of the K3 surface. By
Theorem [1.12] there exists i such that [w'][%] # 0. Since the integrals of w'
on the K3 surface are the same as the integrals on M, the second condition
must be satisfied. O

7.3 Existence of ALH gravitational instantons

In this subsection, we will use the continuity method to prove the existence
part of Theorem [L.11} Given any three classes [o?] satisfying two conditions
in Theorem [L.11], the cross section T? is determined by Theorem By the
work of Biquard and Minerbe [§], there exists an ALH hyperkéhler structure
wy on (R x T3)/Zy. Now we are going to connect [af] with [af] = [wi]. We
require that along the path, the cross section T2, i.e. the integrals on the
faces Fjj; are invariant.

103



We already know that for any & = 0,1, and any [X] € Hy(M,Z) with
[X]? = —2, there exists ¢ € {1,2,3} with [a}][3] # 0. After a hyperkéhler
rotation, we can assume that [a}][X] # 0 for any k = 0,1, any i = 1,2, 3 and
any [X] € Hy(M,Z) with [2]? = —2.

Now we can connect [af] with [a!] by several pieces of segments. Along
each segment, two of [a'] are fixed while the remaining one is varying. We
require that the actions of the two fixed [af] on any [X] € Hy(M,Z) with
[X]? = —2 are nonzero. Therefore along the path, the two conditions of
Theorem [1.11] are always satisfied.

So we only need to consider each segment. Without loss of generality, we
can assume that there is only one segment and [a?], [a?] are fixed along the
segment. Actually, we can assume that I, w? and w? are invariant along the
continuity path. Only [a!], i.e. the I- Kéhler class is varying. We denote the
original w} € [af] by wo. We will use it as the background metric.

By Proposition 6.16 of [56], the second cohomology group H?(M,R) is
naturally isomorphic to the space of bounded harmonic forms which are
asymptotic to the linear combinations of df? A d63, d§? A d§' and do' A d6?
with respect to wy. We only care about the forms whose integrals on Fj
are 0. Such kind of forms must decay exponentially. By the calculation in
Theorem [7.1] and the maximal principle, the self-dual part of any decaying
harmonic form vanishes. It’s well known that any anti-self-dual form must
be (1,1).

Thus, we can add linear combinations of those exponential decay anti-self-
dual harmonic forms to change the Kahler class. However, the integrability
condition [, ((a')* = (w?)?) = 0 may not be satisfied. Fortunately, there is
an exponential decay exact form d((1 — x(r — R—2))I*dr) on M. Moreover,
it’s (1,1) since in local coordinates

d(1—=x(r—=R-=2))["dr) =d((1 — x(r — R — 2))(irjdzj — irjdij))
= —2i(1 — x(r — R —2))rzdz? Adz" + 2ix/(r — R — 2)rjrpd2? A d2".

If we add this term with o', then

/ (@' +ad((1 —x(r — R—2))I*dr))* — (a')? = 2a lim I*dr A o'

R—o00 r=R

The integral [ _. I*dr Aa' on M converges to the term [, —df' Ad6? A dg?
on the flat model, which is non-zero. So we can choose a suitable a to achieve
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the integrability condition. We call the resulting (1,1) form . It satisfies
the following conditions:

(1) For any m > 0, ||eM"V (o — ar)||co converges to 0 when ¢ goes to
T. In particular, |[eM"V (ay — wp)||co is uniformly bounded.

(2) fM(a? —wg) = 0.
Remark. a4 is positive in far enough region. However, it may not be positive
in the compact part. That’s the reason why the geometric existence part of

[35] fails.
Now define I as the set
{t € [0,1][3pss.t.¥m > 0, |V d| = Ole™"),wy = a + 100§, > 0,w; = wy }.
It’s trivial that 0 € [I.
Theorem 7.12. [ is open

Proof. Suppose T € I, then as long as t is close enough to T', oy + i00¢7 is
positive. It satisfies the integrability condition

/M((at+z‘88¢T)2—w§)=A4((at+iaa¢T)2—af)+/ (a? —w?) = 0.

M

By Theorem 4.1 of [35], (c; +i00¢r +i00¢)* = w? has a solution ¢. Sot € I
with ¢ = bp + 0. 0

Now we are going to show that I is closed. Assume that {t;} € I converge
to T'. To make the notation simpler, we will use o, w; and ¢; to denote ay,,
Wi, and ¢ti'

We start from an estimate:

Theorem 7.13.
Moreover

as t,j — oQ.
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Proof.

2
/(trwo(ﬂz_z)ﬂ:/ wo/\wl—wg:/ wO/\(az_w0>§C
M 2 M M

Moreover
w?
/ (try,w; — 2)= :/ wj/\wi—w]?:/ a; A (o —aj) =0
M 2 M M
as 1,j — Q. O

Remark. By mean inequality, both tr,,w; —2 and tr,,,w; — 2 are non-negative
: 2_ 92_ 2
since wy = w; = wj.

Theorem 7.14. Let Uy be the sets {N < r < N+1} in the sense of wy. Then
for all large enough N, there exist subsets Vi; C Uy such that the volume
Vol(Vy;) > Vol(Un)/2 > C and for any yi,y2 € Vi, dw,(y1,y2) < Ci.

Proof. 1t was proved by Demailly, Peternell and Schneider as Lemma 1.3 of
[25] from the bound in Theorem [7.13] O

By the volume comparison theorem on Ricci flat manifolds, if we pick
any point py; € Vi, then the volume of radius R ball centered at py; in the
sense of w; has a uniform lower bound depending on R.

Theorem 7.15. For any fized number R, the w;-curvature in B, (pni, R) is

uniformly bounded. Moreover, the w;-holomorphic radius in B,, (pyi, R) is
uniformly bounded below.

Proof. Suppose on the contrary, the w;-curvature goes to infinity. Then we
can rescale the metric so that the largest curvature equals to 1. By Theorem
4.7 of [18], the volume lower bound and the curvature bound imply the
lower bound on the injectivity radius. Then, by Lemma 4.3 of [68], the
holomorphic radius has a lower bound. By Page 483 of [I], the bound on
the L?-norm of curvature, the lower bound on the volume and the harmonic
radius imply that the rescaled metric converges to an Einstein ALE space
M. Replacing the harmonic radius by the holomorphic radius, we can show
that M, is actually Kahler. Moreover, before taking limit, the manifold has
a parallel holomorphic symplectic form w? 4 iw3. Thus, on M., there exists
a parallel holomorphic symplectic form, too. In other words, M, is actually
hyperkahler.
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By Bando-Kasue-Nakajima [5] and Kronheimer [4§] [49], the (non-flat)
ALE-gravitational instanton M, contains a curve X, with self intersection
number -2. Before rescaling, the integrals of w;, w? and w?® on Y; converge to
0.

Recall that Ho(M,R) is generated by 8 curves X, and 3 faces Fys, F31, Fo.
In fact, similar to Section B of [73], any element in Hy(M,Z) can be repre-
sented by half integral linear combinations of X, and Fig. Let

2 = 5 S mialSe] + mias [ Fas).

Then [%;]? = =2 = =23 " mZ,. So there are only finitely many possibilities
of m;,. By condition (1) of Theorem the actions of lim; o [w;], [w?]
and [w3] on F,4 are linearly independent. Since the integrals of w;, w? and
w? on ¥; converge to 0, we know that Miqp also has a uniform bound. In
other words, the homology class [¥;] only has finitely many possibilities.
Taking a subsequence where the homology class of 3; are same, we obtain a
contradiction to the condition (2) of Theorem [L.11]

We've obtained a bound on the curvature. Theorem 4.7 of [I§] and

Lemma 4.3 of [68] now provide a lower bound on the holomorphic radius. [J

Let Dg be the upper bound on the diameter of Uy with respect to wy.
We are interested in the function e(t;) = try,wo = try,w; on By, (pni, 10Dy).
We start from a theorem:

Theorem 7.16. There exists a constant Cy such that if

"}/2/ e(tz) S C2
Bu; (py)

for some ball By, (p,~v) C By, (pni, 10Dy), then

1
sup o> sup e(t;) < —72/ e(t;) < 1.
o€l0,37]  Bu;(.3v-0) & Bu,; (p7)

Proof. It’s well known that in the C**holomorphic radius, there are higher
derivative bounds automatically. Thus, the constant in Proposition 2.1 of
[68] is uniform. (There are several errors in [68]. After correcting them, we

can only get “%7” instead of “” in the statement) O
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Theorem 7.17. For each i, there exists a set A; C {0,1,2...} such that for
all N & A, supp_ (pniapy) €(ti) < 2.5 and the number of elements in A; is
bounded.

Proof. For any point p € M, the number of N such that p € B, (pni, 10Dy) is
bounded. Actually, by Theorem [7.14] for all such N, the set Vy; is contained
in B, (p,10Dg 4+ C1). The volume of B,,(p, 10Dy + C;) has an upper bound
by volume comparison, while the volumes of the disjoint sets Viy; have a lower
bound.

Therefore, by Theorem [7.13]

Z/ (e(t;) —2) < C.
~N ¥ Buw,; (pni;,10Do)

Let ~ be a constant smaller than D, such that 42 < £2. Then by the

2m2”
volume comparison theorem, the volume of B(R) on a Ricci flat 4-manifold

is bounded by %2R4. So

c
/ 2 — WVol(By,(p,7)) < 2242,
Bu; (p7) 2

Therefore, as long as

C
/ (c(t) ~2) < 24
By, (pni,10Do)

/ e(ti) < Cor?
Bu; (p7)

for all p € B, (pni,8Dy). So e(t;) = trywy < %7*2 in B,,(pni,8Dg) by
Theorem [7.16| In particular, By, (pni, 8Dg) C Buy, (pni, 1872Dy).

For any € < %72, let A;. denote the set of N such that the integral

wai(pNthDo)(e(ti) —2) > € 0r SUPp, (py,18y-20y) [2M(wo)| > €. Then the
number of elements in A; . is bounded. For all N ¢ A, , it’s well known [6§]
that

we can get

—Aye(t;) < C|Rm(wo)le(t:)? < C|Rm(wo)|

in B, (pni,8Dy). So both SUDR,, (pxisDo) —Dw,e(ti) and fBui (pN“sDO)(e(ti) —2)
are bounded by Ce. By Theorem 9.20 of [31], supp,_ (,..ap,) (€(ti) —2) < Ce
for all N ¢ A, .. After a suitable choice of €, we can make it smaller than
1/2. 0
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Lemma 7.18. There exists a constant R such that M C Unga, B, (pni, R).

Proof. For all N & A;, %wi < wp < 2w; in B, (pni,4Dy) by Theorem m
In particular,
Un C Buy(pnis Do) C B, (pni 4Dy).

Let Us, = Unea,Un. Suppose R = SUDyer,. inf yga, dw, (PNi, q) is achieved
by ¢; and N;. Then we will use the argument similar to Theorem 3.1 of [69]
and Theorem 3.1 of [78] proved by applying Theorem 1.4.1 of [72]. Actually,
if R > 10Dy, by Theorem , it’s easy to see that By, (q;, R —10Dg) C Uy,
and Uy, C By, (g, R+ 10Dg) \ B,,(q;, R — 10Dy). Since the volume of Uy, is
bounded from above and the volume of Uy, is bounded from below, it’s easy
to get a bound on R by the Bishop-Gromov volume comparison theorem. [

Theorem 7.19. e(t;) = try w; = try,wo is uniformly bounded on M.

Proof. By Theorem and Lemma [7.18 the w;-holomorphic radius is
bounded from below. So the constant in Theorem [7.16] is uniform if we
replace wy by w; in the statement of Theorem [7.16 By Theorem [7.13]

2
J

w
/ (try.w; —2)— — 0
Mo 2

as 1,J — 00. So for large enough ¢ and j, tr,,w; is uniformly bounded on M.
Fix j and let ¢ go to infinity. Since C Ly < w; < Cjwo, the bound on tr,,w;
automatically implies a bound on tr,,,w;. O

Now we are ready to use the arguments in [35] to prove Theorem m
Let N be a large constant such that when » > N, %wo < oy < 2wy. We start
from a theorem which can be easily deduced from Proposition 4.21 of [35]:

Theorem 7.20. Let w = feTﬁ;T be a weight function. Define the weighted
M

norm Ilullug, by lfullg = ([ TulPw)/, then for allu € G,
ullza(r=ny) < ClIVUllLerony) + Cllul|avar<n1y)-

It’s easy to see that for all 1 < p < q < oo, ||ullze < ||ul|pe by Hoélder’s
inequality.

Theorem 7.21. [ is closed.
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Proof. Let ¢ = f]‘fd)z—e be the weighted average of ¢;. By the standard
M

Lockhart-McOwen theory [53], since constant is the only harmonic function
less than €, we can obtain a bound on ||e™%"(¢; — ¢qi)||w22 from the L?
bound of e A, ¢ = e (trwi — try, ).

Let u; = ¢; — ¢ai- We already obtain a bound on ||u;||w22(fr<ntay) and
[ Auotill oo (any- S0 ||wil|wzregr<ntsy) is bounded for any p € (1,00) by The-
orem 9.11 of [31].

The C%%-estimate for real Monge-Ampere equation was done by Evans-
Krylov-Trudinger. See Section 17.4 of [3I] for details. Now we are in the
complex case. However, the arguments in Section 17.4 of [31] still work. An
alternative way to achieve the bound on [85ui]0a({7«§ N2y forall 0 <a <1
was done by Theorem 1.5 of [19] using the rescaling argument. Now it’s
standard to get a C* bound of u; on {r < N+1} through Schauder estimates.

As in [35],

[ Vel
r>N

2 1
< b [/ ui|ui|p_2(wi2 — af) — —/ ui|ui|p_2dcui A (wi + ;).
p— 1 r>N 2 r=N

Therefore, for p > 2,

[ IOl < ep([ qup e cry <epCs [ qul e )
r>N r>N

r>N

where (3 is a bound on supy,<yqy [ui]. By Young’s inequality,
[ I < CR s oy + € < Ol sy + €
r>N

Apply Theorem to |ug|P/2. Then

2
12y < Cap ]2 oy + O
We already know that ||u;||r2,>ny) < Cs. That’s our starting point. We
are going to obtain a bound on [[ug||re(fr>ny) = limyoeo |[il| 21 (5 ny) DY
Moser iteration.

(1) If ||ui||L%Uj({T2N}) < Cs for all j > 1, then ||u;||per>ny) < Cs.
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(2) I fJuill 2 o nyy < Cs for all 1< j <k but [[ug]] 2

all 7 > k, then

HuiHLOO({TZN}) < (204)210‘11@ 2*9'7122;;;C 2—j+1j03 <C

(3) It [|uill p23 (s vy > Cs for all j > 1, then

Hui||L°°({r2N}) < (204)2?112—1'—1222‘;1 2—j+1jC5 <c

The L* bound on u; = ¢; — ¢4; implies a bound on ¢,; since ¢; decay

exponentially. Therefore, we actually have a L bound on ¢;. Then we can
obtain a global C'*° bound as before. Finally, we can go through the Step 3
and Step 4 in [35] to get the C* bound on e*"¢;. We are done by taking

the limit of some subsequence of {¢;}. O
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