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Abstract of the Dissertation

Conical Kähler-Einstein metrics and Its Applications

by

Chengjian Yao

Doctor of Philosophy

in

Mathematics

Stony Brook University

2015

In this dissertation we prove certain deformation behaviors of Kähler-Einstein
metrics with singularities. Based on smooth approximation and a priori estimates,
we first give a new proof to Donaldson’s Openness Theorem of deforming the cone
angle of conical Kähler-Einstein metric on smooth Fano manifold, and prove a direct
generalization to conical Kähler-Einstein metrics along simple normal crossing pluri-
anti-canonical divisors on smooth Fano manifold. Then we use continuity method
to study the deformation of weak conical Kähler-Einstein metric on Q-Fano variety.
The idea of our new proof above is generalized to prove the openness part of the
continuity method argument, while the closedness part directly follows from the
weak compactness result of Chen-Donaldson-Sun.
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1 Background in Kähler Geometry

The interplay between Riemannian geometry, symplectic geometry and complex ge-
ometry makes Kähler geometry one of the most fruitful area of research in recent
years. We first describe how Kähler geometry arises from the study of Riemannian
geometry, and then we briefly outline several important conjectures that dominate
the recent developments in past several decades.

1.1 Riemannian point of view

Start with a real vector bundle E with an inner product 〈, 〉 over a differential man-
ifold X. A connection on E is an operator

∇A : Γ(E)→ Ω1(E)

such that
d〈s, t〉 = 〈∇As, t〉+ 〈s,∇At〉

and
∇A(fs) = df ⊗ s+ f∇As

for any sections s, t and any function f .
Coupled with the exterior differentiation operator on differential forms and ex-

tended via the Leibniz rule, ∇A induces operators dA : Ωp(E) → Ωp+1(E) for
p = 0, 1, · · · ,. The curvature operator of ∇A is defined as

FA(s) = dAdAs

i.e.
FA(s)(u, v) = ∇A,u∇A,vs−∇A,v∇A,us−∇A,[u,v]s

Let (X, g) be a 2n dimensional Riemannian manifold. For any affine connection
∇A on TX, the torsion τA ∈ Λ2T ∗X ⊗ TX is defined as follows

τA(u, v) = ∇A
u v −∇A

v u− [u, v]

The tangent bundle TX equipped with the Riemannian metric admits a unique
compatible torsion free connection ∇, called the Levi-Civita connection. The curva-
ture form of ∇ is then the standard Riemannian curvature tensor R:
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R(u, v)w = ∇u∇vw −∇v∇uw −∇[u,v]w

Suppose nowX admits an almost complex structure J , i.e. a section of End(TX) ∼=
TX⊗T ∗X such that J2 = −id on X. Then J induces a splitting of the complexified

tangent bundle TCX = T 1,0X ⊕X0,1, where T 1,0X and T 0,1 = T
1,0

are the complex
sub-bundle corresponding to the

√
−1 and −

√
−1 eigenspaces of J on TCX.

The tensor that is used to measure the defect of J from being integrable, i.e.
coming from an complex structure, is called the Nijenhuis Tensor NJ and it is
defined as

NJ(u, v) = [u, Jv] + [Ju, v]− J [u, v] + J [Ju, Jv]

The Nijenhuis Tensor could be represented in terms of ∇AJ and τA via the
following formula:

NJ(u, v) = (∇AJ)(u, v)− (∇AJ)(Ju, Jv)− (∇AJ)(v, u) + (∇AJ)(Jv, Ju)

− τA(u, Jv)− τA(Ju, v) + J(τA(u, v))− J(τA(Ju, Jv))
(1.1)

If J is compatible with the Riemannian metric g, i.e. g(Ju, Jv) = g(u, v), then
the tensor ω defined by ω(u, v) = g(Ju, v) is skew-symmetric, i.e. it is a two form.
It is easily seen that it is nondegenerate, i.e. ωn is nowhere zero on X. The exterior
derivative is given by:

dω(u, v, w) = g((∇AJ)(u, v) + JτA(u, v), w) + g((∇AJ)(v, w)

+ JτA(v, w), u) + g((∇AJ)(w, u) + JτA(w, u), v)
(1.2)

Now if we take ∇A to be the Levi-Civita connection ∇, then τ∇ = 0. There is
an inverse formula to the above

2g((∇uJ)v, w) = dω(u, v, w)− dω(u, Jv, Jw)− g(u,NJ(v, w)) (1.3)

By Equations (1.1, 1.2,1.3),

dω = 0, NJ = 0⇐⇒ ∇J = 0

A Riemannian structure (X, g, J) is called a Kähler structure if one of the above
equivalent conditions is satisfied. The parallel condition ∇J = 0 implies that the
splitting T 1,0X and T 0,1X are preserved under covariant derivatives. In this situation
J is integrable, i.e. it comes from a complex structure, according to the famous
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theorem of Newlander-Nirenberg. Let z1, · · · , zn be a local complex coordinates,
then ω is a nondegenerate closed real (1, 1)-form, i.e.

ω =
√
−1
∑

gi̄dzi ∧ dz̄j

for (gi̄) being positive Hermitian, and ∂kgi̄ = ∂igk̄. By Poincaré’s Lemma, locally

ω =
√
−1∂∂̄φ

for a real valued smooth function, which is called local Kähler potential. This formu-
lation is precisely Kähler’s original description about a special kind of Riemannian
metric on a complex manifold, whose metric tensor is locally given by the complex
Hessian of a pluri-subharmonic (PSH) function. His motivation comes from the re-
markable simplicity of the formulas of the various curvature tensors in this situation.
Since T 1,0 = Span{ ∂

∂zi
} and T 0,1 = Span { ∂

∂z̄j
} are preserved under the covariant

derivative of Levi-Civita connection, all other types of the Christoffel symbols ex-
cept

Γkij,Γ
k̄
ı̄̄

vanishes, and it is easy to derive that

Γkij = gkl̄∂igjl̄ (1.4)

R l
i̄k = −∂̄Γlik (1.5)

Ri̄ = −∂i∂̄ log det gkl̄ (1.6)

The globally defined closed real (1, 1)-form

Ric ω =
√
−1
∑

Ri̄dzi ∧ dz̄j = −
√
−1∂∂̄ logωn (1.7)

is called the Ricci form of the Kähler metric ω. On the other hand, ωn could be
viewed as a section of KX ⊗ KX , i.e. a Hermitian metric on the holomorphic line
bundle K−1

X , and the Ricci form is just the curvature form of the Chern connection
corresponding to this Hermitian metric. For a different choice of Kähler metric ω′,

Ric ω′ − Ric ω = −
√
−1∂∂̄ log

ω′n

ωn

therefore the Ricci form of any Kähler metric on X defines the same de Rham
cohomology class, which is 2πc1(K−1

X ) = 2πc1(X) according to Chern-Weil theory.
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1.2 Calabi’s conjectures

Riemannian metrics of constant Gaussian curvature on Riemann surfaces could be
used to prove the Uniformization Theorem. It is E. Calabi who first consider uni-
formization problems for higher dimensional complex manifolds using “canonical
metrics”. He proposed several conjectures and laid the foundations for this very
interesting subject of study, which is still very active after its inception for half a
century.

1.2.1 Volume Form conjecture

E. Calabi asked if every form α ∈ 2πc1(X) could be realized as the Ricci form of
some Kähler metrics. We might first restrict ourselves to a fixed Kähler class [ω0],
which consists of all Kähler metric cohomologous to ω0.

[ω0] = {ωφ|ωφ = ω0 +
√
−∂∂̄φ > 0}

Let Ric ω0 = α0 , suppose α = α0 −
√
−1∂∂̄F for F ∈ C∞(X), uniquely deter-

mined up to a constant. The equation needed to be solved is

Ric ωφ = α (1.8)

By the formula 1.7, this equation is seen to be equivalent to

ωnφ = eFωn0

Yau uses a continuity method to solve this equation:

Ric ωφt = tα + (1− t)α0 (1.9)

or equivalently the family of Monge-Ampère equations

ωnφt = etF+Ctωn0 (1.10)

where Ct is some constant chosen to make the normalization condition∫
etF+Ctωn0 =

∫
ωn0

hold.
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1.2.2 Kähler-Einstein problem

Calabi also proposed the question of finding “canonical metrics” inside a fixed Kähler
class. If the Kähler class is proportional to the first Chern class, the natural candi-
dates of those “canonical metrics” would be Kähler-Einstein metrics, i.e.

Ric ωφ = λωφ (1.11)

for some constant λ.
By scaling the Kähler metric ωφ, the constant could be assumed to be −1, 0 or

1. All three cases requires c1(X) to be definite, i.e. c1(KX) > 0, c1(KX) = 01 and
c1(K−1

X ) > 0 respectively. Similar to the continuity path (1.9) to attack the Calabi’s
Volume Conjecture, there is also natural continuity path (called Aubin-Yau path) to
solve the Eq. 1.11:

Ric ωφt = tλωφt + (1− t)α0 (1.12)

where α0 = Ric ω0 = λω0 −
√
−1∂∂̄hω0 . This is equivalent to a family of Monge-

Ampère equations

ωnφt = e−λtφt+thω0ωn0 (1.13)

with parameter t ∈ [0, 1].
The linearized of operator Lφ,t = ∆φ + λt could be verified to be invertible on

suitable Banach spaces, thus the openness part of the continuity method follows from
a standard implicit function theorem in Banach spaces. The closedness part involves
a priori estimates for solutions of the equation above. Yau derived the C2 and C1

bounds in terms of C0 estimate, and Calabi did the calculation for C3 estimate (in
terms of the C2 bound even earlier). Therefore, all works are reduced to obtain the
C0 estimate of the family φtj . The case λ = −1 is the simplest one and very easy
to get by maximum principle (cf. [Au, Yau].) The case λ = 0 is solved by Yau
[Yau] (later called Calabi-Yau manifolds). The case λ = 1 (i.e. the Kähler-Einstein
problem on a Fano manifold) turns out to be quite subtle and is only fully settled
until very recently.

1.2.3 cscK/extK metrics

It is worth mentioning more general canonical metrics introduced by Calabi besides
the Kähler-Einstein metrics. In analogy with the Yang-Mills functional, i.e. the L2

1The Kähler class could be any Kähler class in the case c1(KX) = 0.
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norm of the curvature FA introduced in the first section, Calabi defined a functional,
which is the L2 norm of the Riemannian curvature of Kähler metrics, and studied the
critical points of this functional inside a fixed Kähler class. Much different from the
Riemannian case, the L2 norms of the Riemannian curvature tensor, Ricci curvature
tensor and scalar curvature function are essentially the same in a fixed Kähler class,
in the sense that they differ from each other only by some topological constants
depending on Chern classes and the Kähler class. The space of Kähler potentials is
defined as

Hω0 = {φ ∈ C∞(X,R)|ωφ = ω0 +
√
−1∂∂̄φ > 0}

Calabi’s functional Ca is defined as follows:

Ca : Hω0 → R

φ 7→
∫

(Rφ −Rφ)2ωnφ

By Calabi’s calculation, the variation is given by

δψCa(φ) = 〈ψ,DφRφ〉φ
where Dφf =

∑
α,β f

αβ
,αβ is a fourth order differential operator. The Euler-Lagrange

equation is then

DφRφ = 0

On a compact Kähler manifold, integrating the above equation by parts, this
Euler-Lagrange equation is reduced to the condition that ∇1,0Rφ =

∑
αR

,α
φ

∂
∂zα

is
a holomorphic vector field on X. A Kähler metric is called extremal Kähler metric
(abbreviated as extK metric) if the (1, 0)-gradient of the scalar curvature function
is a holomorphic vector field on X. The special case for which ∇1,0Rφ = 0, i.e.
the scalar curvature is constant, is called constant scalar curvature Kähler metrics
(abbreviated as cscK metric). It should be remarked that cscK metrics inside a class
which is a multiple of the first Chern class are Kähler-Einstein metrics.

Based on the observation of Fujiki-Schumacher [FS] and Donaldson [Don97] that
the scalar curvature of a Kähler metric could be viewed as the moment map for the
action of the exact symplectomorphism group G on some infinite dimensional Kähler
manifold. In this picture, Calabi’s functional is just the “norm function” of the
moment map, cscK metrics are zeros of the moment map, and Hω0 is the quotient of
the complexified orbit. Thus, to find a metric of constant scalar curvature inside Hω0

is equivalent to find a zero of the moment map inside the corresponding complexified
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orbit. In finite dimensional picture, this correspondence is known as the Kempf-Ness
Theorem, which relates the Mumford stability of a complex orbit and the existence of
zeros of the moment map. This finite dimensional Mumford stability could be tested
just along all the one parameter subgroups, known as the Hilbert-Mumford criterion.
And it suggests a stability condition for our current picture, exploited as K-stability
[SchYau, Tian97, Don02].

On the other hand, Hω0 could be equipped with a L2 Reimannian metric

〈ψ1, ψ2〉φ =

∫
X

ψ1ψ2ω
n
φ

under which any two points φ1, φ2 could be joined by a unique C1,1 geodesic [].
Mabuchi introduced a functional Mω0 on Hω0 whose critical points are constant

scalar curvature Kähler (cscK) metrics inside [ω0]. Its variation along any direction
ψ ∈ TφHω0 = C∞(X,R) is defined by the following formula:

δψMω0(φ) = −
∫
X

ψ(Rφ −R)ωnφ (1.14)

where

R =

∫
X
Rφω

n
φ∫

X
ωnφ

=
2πnc1(X) · [ω0]n−1

[ω0]n

is the average of the scalar curvature and it is a topological constant. It is a simple
calculation thatMω0 is convex along any smooth geodesics in Hω0 and therefore the
existence of critical points would be expected to imply the properness (in terms of
the geodesic distance) of this functional. Chen [Chen00] made the following impor-
tant conjecture:

Conjecture 1 (Chen’s Conjecture). There exists a cscK metric in [ω0] iff Mω0 is
proper in terms of the geodesic distance on Hω0.

In the case when [ω0] = 2πc1(X), a cscK metric in [ω0] would be necessarily a
Kähler-Einstein metric. If Aut(X) is assumed to be discrete, there is one analytical
criterion for the existence proved by Tian (cf. [Tian97]).

Theorem [Tian97] . On a Fano manifold X without nontrivial holomorphic vector
fields, there exists a Kähler-Einstein metric iff the Mabuchi functionalMω0 is proper.
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The Kähler-Einstein problem attracts the central attention in the area of com-
plex differential geometry perhaps for two main reasons. On the one hand, the
complex Monge-Ampère equation theory developed by Cafferalli-Spruck-Nirenberg-
Kohn, serves as a big input to KE problem from the analytic perspective, and on the
other hand, the powerful convergence theory for Riemannian manifolds with Ricci
curvature bounded from below, thanks to the work of Anderson, Cheeger, Colding,
Tian, serves as a powerful tool from the geometrical perspective.

In the recent years, the existence problem of smooth Kähler-Einstein metrics on
Fano manifolds is fully settled by the seminal works of Donaldson-Sun [DS], Chen-
Donaldson-Sun [CDS1, CDS2, CDS3]. The resolution of this problem utilizes a new
“continuity method” of deforming the cone angles of conical Kähler-Einstein metric
proposed by Donaldson [Don12]. This continuity path, especially the “openness”
along the path, is the main focus point of this current dissertation.

2 Outline and Definitions

The organization of this dissertation is as follows: In this section, the necessary con-
cepts, definitions, notations are introduced and defined, together with the statement
of the theorems proved. In Sect. 3, we firstly present a new proof to Donaldson’s
Openness Theorem ([Don12, Theorem 2]) by smoothing out the current equation of
weak conical KE metrics (cf. Theorem 2.1), and then we present a generalization
to simple normal crossing pluri-anti-canonical divisors on smooth Fano manifolds
(cf. Theorem 2.2). The subsection 3.1 is setting up and solving two two-parameter
continuity paths (the first used to approximate weak conical KE metric by smooth
Kähler metrics with Ricci curvature bounded from below by the same number, while
the second is used to deform the cone angles) for weak conical KE metrics on a pair
(X, (1 − β)D) where X is smooth Fano and D is a smooth (pluri-)anti-canonical
divisor. The subsection 3.2 is devoting to prove that the smooth approximate solu-
tions are actually quasi-isometric to local model metrics (this enhances the rough C2

bound in [CDS1, Theorem 2.2] to a uniform C2 bound), which enables us to show
that the limiting metrics are quasi-isometric to the model conical Kähler metrics (cf.
Theorem 3.11). Combining with the regularity results of [GP, CW], the deformed
weak conical KE metrics are actually conical in Donaldson’s sense. In subsection 3.3,
we uses the same idea of smoothing out conical KE metrics to prove the openness of
deforming the cone angles along SNC pluri-anti-canonical divisors on a smooth Fano
manifold.

In Sect. 4, we are going to study the deformation behavior of weak conical KE
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metrics on a Q-Fano variety, and prove Theorem 2.13 about deforming the cone
angles of weak conical KE metrics on Q-Gorenstein smoothable Q-Fano varieties.
This is an important step in the author’s joint work with Spotti and Sun [SSY],
where existence of weak KE metric on K-polystable Q-Gorenstein smoothable Q-
Fano varieties is established.

2.1 local model conical metrics

Let us first look at a model metric ω(β) on Cn (the Euclidean space equipped with
this metric is then usually written as Cβ × Cn−1), and an obvious family of smooth
Kähler metrics on Cn approximating ω(β),

ω(β) =
√
−1∂∂̄(|z|2β +

n∑
i=2

|zi|2) =
√
−1{β2|z|2β−2dz ∧ dz̄ +

n∑
i=2

dzi ∧ dz̄i} (2.1)

ω(β,ε) =
√
−1{β2(|z|2 + ε)β−1dz ∧ dz̄ +

n∑
i=2

dzi ∧ dz̄i} (2.2)

As ω(β,ε) approaches ω(β), the Ricci form

Ric ω(β,ε) =
√
−1

ε(1− β)

(|z|2 + ε)2
dz ∧ dz̄

approaches the delta function 2π(1 − β)[z = 0] in the distributional sense. It is
by this reason that ω(β) could be viewed as a Kähler metric on Cn with Ric ω(β) =
2π(1− β)[z = 0].

The recent development of Kähler-Einstein problem on Fano manifold makes
use Kähler metrics with cone singularities along a smooth divisor (called conical
Kähler metric). Roughly speaking, conical Kähler metric on a Kähler manifold
could be viewed as just usual Kähler metric with Ricci curvature concentrated as
delta function near the divisor. Donaldson proposed an analogous continuity path
of the Aubin-Yau continuity path by replacing the smooth (1, 1)-form α0 in Eq. 1.12
as the integration current along a divisor D, taking the shape (cf. [Don12, Eq. 27]):

Ric ωβ = βωβ + 2π(1− β)[D] (2.3)

The parameter β in this path corresponds to the angle of the cone which is 2πβ.
The idea of Donaldson’s new continuity method is to find ωβ0 with very small cone
angle 2πβ0 > 0 first, and then to “open up” the cone, i.e. deforming the cone angles,
to 2π.

9



tangent cone ω(β)

D = {S = 0}

smooth approximation ωφε

conical Kähler metric ωβ

Figure 2.1: conical Kähler metric ωβ; tangent cone ω(β) and smooth approximation
ωφε

The Eq. 2.3 should be understood in the distributional sense. Let Ric ω0 =
ω0+
√
−1∂∂̄hω0 , and let ωβ = ω0+

√
−1∂∂̄φβ. Then for any smooth test (n−1, n−1)-

form η on X,∫
X

(hω0 − log
ωnβ
ωn0

) ∧
√
−1∂∂̄η

=

∫
X

βφβ ∧
√
−1∂∂̄η + (1− β)(2π

∫
D

η −
∫
X

ω0 ∧ η)

The condition that the above integration equality makes sense is that log
ωnβ
ωn0

and

φβ are integrable, which could be satisfied fairly easily. However, for the KE problem,
the condition is much easier to satisfy. In order to spell those out, let us first write
down the PDE for a conical Kähler-Einstein metric. Write LD for the holomorphic
line bundle associated with the divisor D, and let S be its defining section, and
let h be the Hermitian metric on LD with curvature form ω0. Using the Poincaré-
Lelong’s formula

√
−1∂∂̄ log |S|2 = 2π[D], the Eq. 2.3 could be translated as a

Monge-Ampère equation with mildly singular right hand side:

ωnβ = e−βφβ+hω0 |S|2β−2
h ωn0 (2.4)

By the general theory developed by Bedford-Taylor [BT], ωnφ makes sense as a
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non-pluripolar measure, called Monge-Ampère measure, for any continuous ω0-PSH
function φ on X. Kolodziej even proved that if the Monge-Ampère measure ωnφ has
Lp density for some p > 1, then the potential function φ should be Hölder continuous
for some α ∈ (0, 1). Therefore, it is natural to require φβ to be Hölder continuous on
X and satisfy Eq. 2.4 in the smooth sense on X\D. A Kähler metric ωβ with this
described regularity is called weak conical Kähler-Einstein metric. The distributional
equality above makes sense.

On the other hand, based on more geometrical consideration, Donaldson requires
the singular Kähler metric ωφ to have C2,α,β regularity, which means φ, ∂φ, ∂∂̄φ are
all Hölder continuous in the real coordinates adapted to the presence of D (see more
precise Definition 2.7). This regularity requirement implies the tangent cone of a con-
ical Kähler metric ωφ at any point on D is the standard model metric cone Cβ×Cn−1

(see Figure 2.1 for the illustration). The conical Kähler metric ωβ in Donaldson’s
sense, which also satisfies the smooth Monge-Ampère equation 2.4 on X\D is called
a conical Kähler-Einstein metric with angle 2πβ along D, or sometimes as conical
Kähler-Einstein metric on the pair (X, (1−β)D). The distributional equality is eas-
ier to see to make sense for conical Kähler metrics.

Similar to the smooth case, conical KE metric corresponds to the critical point of
log-Mabuchi-functional Mω0,(1−β)D, which is the usual Mabuchi functional modified
with an extra term coming from the current term 2π(1− β)[D], i.e.

Mω0,(1−β)D =Mω0 + (1− β)J2π[D] (2.5)

where

δψJ2π[D](φ) = n

∫
X

(2π[D]− ωφ) ∧ ωn−1
φ (2.6)

Using a variational approach, the existence of weak conical KE metric with small
cone angles is established by Berman [Berm1]. Actually, Berman showed the proper-
ness of Mω0,(1−β0)D for small β0 > 0 (he actually finds an explicit estimate of the
range for β0 in terms of Alpha-invariant introduced by Tian).

In this dissertation, we first prove the deformation property of weak conical KE
metrics on smooth Fano manifold, which is a priori with weaker regularity than
C2,α,β.

Theorem 2.1. If there exists a weak conical Kähler-Einstein metric ωϕβ with angle
2πβ (0 < β < 1) along a smooth anti-canonical divisor D on a smooth Fano manifold
X, then there exists δ > 0, such that for all β′ ∈ (β − δ, β + δ), there exists a weak
conical Kähler-Einstein metric ωϕβ′ with angle 2πβ′ along the divisor D.

11



The method is a combination of two two-parameter continuity paths, the first one
(the one that is used in [CDS1]) is used to approximate ωϕβ by smooth Kähler metrics
with Ricci curvature bounded below by β, and the second one is used to deform the
angle parameter β to nearby β′, thus approximating Donaldson’s continuity path. The
potentials of the smooth approximating Kähler metrics are shown to have uniform
L∞ bound, which enables us to pass to the higher order bounds outside the divisor.
The weak conical KE metric with angle 2πβ′ is obtained by taking the limit of these
smooth Kähler metrics.

By the global regularity result of Guenancia-Păun [GP, Theorem A], and also
independently the local version of Chen-Wang [CW, Theorem 1.2], the deformed weak
conical KE metrics are actually Hölder continuous, i.e. ωϕβ′ ∈ C2,α,β′ . Therefore,
together with this regularity result, Theorem 2.1 gives a new proof of Donaldson’s
Openness Theorem ([Don12, Theorem 2]) for conical KE metrics.

Since the essential tool used in the study of continuity path, the log-Mabuchi-
functional (cf. Definition 3.1), requires relatively less regularity, we bypass the im-
plicit function theorem for singular Kähler metrics. This observation enables us to
generalize this openness property to some other settings, where the Banach spaces
theory seems difficult or subtle to set up. For instance, the case of simple normal
crossing divisor (pluri-anticanonical) on a smooth Fano manifold:

Theorem 2.2. On a smooth Fano manifold X, suppose there is a weak conical KE
metric with angle 2πβi (for βi ∈ (0, 1)) along Di, where Di ∈ | − λiKX | with λi > 0
and ∪iDi being simple normal crossing, and also assume there is no holomorphic
vector field tangential to any Di. Then there exists δ > 0 small enough such that for
all β′i ∈ (βi − δ, βi + δ), there exists a weak conical KE metric with angle 2πβ′i along
Di for i = 1, · · · , k .

Actually, the method exploited here shows that in this situation the weak conical
KE metric is the limit of a family of smooth Kähler metrics with Ricci curvature
bounded from below. And it could be shown that the metrics spaces defined by
those smooth approximate Kähler metrics converges to the metric space defined by
the weak conical KE metric in GH sense. Therefore, Theorem 2.2 generalizes the
approximation result of [CDS1, Theorem 1.1] to the case of SNC pluri-anticanonical
divisors.

It should be remarked that by [GP, Theorem A], weak conical KE metrics along
simple normal crossing divisors is also quasi-isometric to the standard model conical
Kähler metrics. The deformation result above, Theorem 2.2, is thus a generaliza-
tion of Donaldson’s Openness Theorem to the case of simple normal crossing pluri-
anticanonical divisors on a smooth Fano manifold. We hope this new result is useful
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in some future works.

“Approximation” is a very general principle in almost all branches of mathemat-
ics. We use smooth objects to approximate the singular objects and then take limit
to derive the properties of the singular objects from the corresponding properties
of the approximate smooth objects. The deformation property we proved here also
falls into this general framework, however the key new input here is the “gap” type
argument that enables us to carry out a contradiction. This bypasses lots of technical
difficulties which are inevitable via the direct method.

As was already remarked above, the usual implicit function theorem requires us
to prove the linearized operator is invertible in some Banach space, which is C2,α,β

in the setting of conical KE metrics. The Schauder-type estimate, i.e. the C2,α,β

theory, for conical Kähler metrics on a smooth Kähler manifold is achieved by a
beautiful elementary and classical construction of Donaldson [Don12]. In general,
the related Schauder-type estimates for metrics with even weaker regularities, for
instance Kähler current on a possibly singular projective variety, seems to be prob-
lematic to achieve/set up at this moment. In this direction, we are able to use the
idea developed here to prove the openness about the cone angles for weak conical KE
metrics on a Q-Gorenstein smoothable Q-Fano variety. Before we state our result
(Theorem 2.13) rigorously, we need to make some definitions and notations.

2.2 Definitions/Notations

A complex line bundle L over an complex analytic space X is called holomorphic
on X if L|U∩Xreg is isomorphic to the pull back under j of some holomorphic line
bundle on CN for any local holomorphic embedding j : U(⊂ X)→ CN . The transi-
tion functions of the holomorphic line bundle over X are understood through local
embeddings into affine spaces. Therefore, we also have the notion of holomorphic
sections. The holomorphic line bundle L is called ample if the space of holomorphic
sections H0(X,Lk) gives an embedding X → PM for some integer k ≥ 1.

By saying −KX is a Q-Cartier divisor, we mean that for some integer m ≥ 1,
the holomorphic line bundle K−mXreg could be extended to a holomorphic line bundle
on X. A singular variety X is called with (at worst) log terminal singularity if there
exists a resolution µ : X̃ → X such that the exceptional divisors {Ei} are simple
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normal crossing and

KX̃ ≡Q µ
∗KX +

∑
i

aiEi

with the discrepancy ai > −1 for any any exceptional divisor Ei, where “≡Q” means
the numerical equivalence as Q-Cartier divisors. Similarly, we could define the notion
of Kawamata Log Terminal (abbreviated as KLT in the following) for a pair (X,D)
(cf. [BBEGZ, Sect. 3.1]). We remark that two dimensional log terminal singularities
are precisely the quotient singularity, i.e. locally modeled as C2/Γ for some finite
subgroup Γ of GL(2,C).

Definition 2.3 (Q-Fano variety). A normal projective varietyX over C with at worst
log-terminal singularities is called Q-Fano if K−kXreg extends to a ample holomorphic
line bundle over X for some positive integer k. If X is smooth, then X is called a
Fano manifold.

Typical examples of Fano manifolds are Pn, low degree complete intersections in
Pn , Mukai 3-folds and so on. Cubic surfaces in P3 with quotient singularities, for
instance the Cayley’s nodal cubic surface defined as

{wxy + xyz + yzw + zwx = 0},

are typical examples of two dimensional Q-Fano varieties (often called as del Pezzo
surfaces in literature).

Definition 2.4 (KE metric). A Kähler manifold (X,ω) is said to be Kähler-Einstein
if

Ric ω = c ω,

or equivalent, an Einstein manifold (X, g) with a compatible complex structure.

Definition 2.5 (weak KE metric, [EGZ]). A weak KE metric on a Q-Fano variety X
is a Kähler current in 2πc1(X) with continuous local potentials and that is a smooth
KE metric on the smooth part Xreg.

Let X be a Q-Fano variety and D be a Cartier divisor in the linear system
|−λKX | for some integer λ ≥ 1 with defining section S. Fix a smooth Kähler metric
ω ∈ 2πc1(X) which is the curvature form of a Hermitian metric h on K−1

X (defined
up to a constant multiple). A choice of h can also be viewed as a choice of a smooth
volume form volh on X, or equivalently, a choice of the Ricci potential hω of ω (that
is to say Ric ω = ω +

√
−1∂∂̄hω by the relation volh = ehω ω

n

n!
).

Denote by PSH(X,ω) the space of ω-plurisubharmonic functions on X. For

β ∈ (0, 1] we define r(β) = 1− (1− β)λ and denote V = (2π)n<c1(X)n,[X]>
n!

(this is a
fixed topological quantity all through this paper).
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Definition 2.6 (weak conical KE metric, [BBEGZ]). Fix a smooth Kähler metric
ω on X, let φ be smooth on Xreg\D and locally continuous near Xsing ∪ D such
that ωφ = ω +

√
−1∂∂̄φ is a Kähler current on X. It is called weak conical KE if it

satisfies the current equation:

Ric ωφ = r(β)ωφ + 2π(1− β)[D] (2.7)

in a suitable sense or, equivalently, the complex Monge-Ampère equation

ωnφ = n!V
e−r(β)φ|S|2β−2

h volh∫
X
e−r(β)φ|S|2β−2

h volh
. (2.8)

where S is the defining section of D and h on LD is the natural Hermitian metric
induced from the one on K−1

X .

Let us recall Donaldson’s notion of conical Kähler metrics [Don12] for a smooth
pair (X, (1− β)D). Let U be a local chart X with coordinate system {z, z2, · · · , zn}
and D ∩ U = {z = 0}, we could define a new (non-holomorphic )coordinate system

{ζ = |z|β−1z, z2, · · · , zn}.

A function ϕ on X is said to be in C ,α,β if ϕ is in the usual Hölder space Cα under
the new coordinate system. ϕ is said to be in C2,α,β if the coefficients of ϕ, ∂ϕ, ∂∂̄ϕ
under the new coordinate systems are all in the usual Hölder space Cα.

Definition 2.7 (conical KE metric [Don12]). A weak conical KE metric ωϕβ on
a smooth pair (X, (1 − β)D) is called conical KE if ωϕβ is quasi-isometric to the

standard local model conical Kähler metric ω(β) =
√
−1(β2|z|2β−2dz∧dz̄+

∑n
i=2 dzi∧

dz̄i) around each point p ∈ D, and ϕβ ∈ C2,α,β.

Then, we refer the read to Berman [Berm2] for the definition of K-polystability
and log-K-polystability. He indeed proved the existence of weak (conical) Kähler-
Einstein metrics implies (log-)K-polystability.

Next, we need to introduce several important functionals in Kähler geometry that
are needed in this paper. Fix ω0 to be a smooth Kähler metric on the smooth Kähler
manifold X. The space of Kähler potentials is

Hω0 = {φ ∈ C∞(X)|ω0 +
√
−1∂∂̄φ > 0}

Let α be a smooth closed (1, 1)-form on X (not necessarily in 2πc1(X), not nec-
essarily positive either), and let D be a smooth divisor on X. Denote two constants,

15



α =
n[α] · [ω0]n−1

[ω0]n
, D =

2πn[D] · [ω0]n−1

[ω0]n

which is the “average” of the corresponding quantities, depending only on the coho-
mology/homology classes. For any φ ∈ Hω0 , take φt with t ∈ [0, 1] to be a smooth
path in Hω0 connecting 0 and φ. All the functionals described below are defined by
integration along the path φt ( it can be verified that the values do not depend on
the particular choice of the path φt).

Definition 2.8. [J-Functional [Chen00]]

Jα(φ) :=

∫ 1

0

dt

∫
X

φ̇t(n α− α ωφt) ∧ ωn−1
φt

(2.9)

J2π[D](φ) = 2πn

∫ 1

0

dt

∫
D

φ̇tω
n−1
φt
−D

∫ 1

0

dt

∫
X

φ̇tω
n
φt (2.10)

By choosing the standard linear path φt = tφ and integrating the above formulas
out, we could write down well-known more explicit formulas which we include a proof
for convenience:

Jα(φ) =
n−1∑
k=0

∫
X

φα ∧ ωk0 ∧ ωn−1−k
φ − α

n+ 1

n∑
k=0

∫
X

φωk0 ∧ ωn−kφ (2.11)

J2π[D](φ) =
n−1∑
k=0

2π

∫
D

φωk0 ∧ ωn−1−k
φ − D

n+ 1

n∑
k=0

∫
X

φωk0 ∧ ωn−kφ (2.12)

Proof. The proof for the first formula is given below, and the proof for the divisor
case is similar.

Jα(φ) =

∫ 1

0

dt

∫
X

φnα ∧
(
(1− t)ω0 + tωφ

)n−1 − αφ
(
(1− t)ω0 + tωφ

)n
=

n−1∑
k=0

∫ 1

0

n

(
n− 1

k

)
(1− t)ktn−1−kdt

∫
X

φα ∧ ωk0 ∧ ωn−1−k
φ

−
n∑
k=0

∫ 1

0

α

(
n

k

)
(1− t)ktn−kdt

∫
X

φωk0 ∧ ωn−kφ

=
n−1∑
k=0

∫
X

φα ∧ ωk0 ∧ ωn−1−k
φ − α

n+ 1

n∑
k=0

∫
X

φωk0 ∧ ωn−kφ
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The functional Jα was introduced by Chen [Chen00] to study the lower bound of
Mabuchi functional (cf. Definition 2.9) on Hω0 , and later was used by Székelyhidi
to study the Aubin-Yau continuity path [Sz] initiated from different (1, 1) forms in
2πc1(X).

If α ∈ 2πc1(X), then this Jα functional is familiar in earlier work of Aubin[Au],
Bando and Mabuchi [BM]. In particular, take α = ω0, then α = n and

Jω0(φ) =
1

n+ 1

n∑
i=0

∫
X

φωiφ ∧ ωn−i0 −
∫
X

φωnφ = (I − J)(φ) (2.13)

where I and J are the classical functionals defined by Aubin [Au],

I(φ) :=

∫
X

φωn0 −
∫
X

φωnφ (2.14)

J(φ) :=

∫
X

φωn0 −
1

n+ 1

n∑
i=0

∫
X

φωiφ ∧ ωn−i0 (2.15)

There is an easy comparison according to [Au]:

1

n+ 1
I(φ) ≤ Jω0(φ) ≤ I(φ) (2.16)

which could be seen from the following calculation:

(n+ 1)Jω0(φ)− I(φ) =
n∑
i=0

∫
X

φωi0 ∧ ωn−iφ −
∫
X

φωn0 − n
∫
X

φωnφ

=
n−1∑
i=1

∫
X

φωi0 ∧ ωn−iφ − φωnφ

=
n−1∑
i=1

∫
X

−φ
√
−1∂∂̄φ ∧ (ωi−1

0 + ωi−2
0 ωφ + · · ·+ ωi−1

φ ) ∧ ωn−iφ

=
n−1∑
i=1

∫
X

√
−1∂φ ∧ ∂̄φ ∧ (ωi−1

0 + ωi−2
0 ωφ + · · ·+ ωi−1

φ ) ∧ ωn−iφ

≥ 0
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Definition 2.9 (Mabuchi functionalMω0 , [Ma]). The variation ofMω0 at φ ∈ Hω0

along a tangent direction ψ is defined as

δψMω0(φ) = −
∫
X

ψ(Rφ −R)ωnφ . (2.17)

By integrating along the path φt = tφ, Chen [Chen00] derived an explicit Decom-
position Formula for the Mabuchi functional, the sum of an entropy term and JRic

term.

Mω0(φ) =

∫
X

log
ωnφ
ωn0
ωnφ − JRic ω0(φ) (2.18)

Let us look at some consequence of this decomposition formula. The entropy
term is always bounded from below, and moreover it is proper in terms of the I
functional by Tian [Tian97]. If c1(X) = 0, thanks to Yau’s solution on Calabi’s
Volume Conjecture, we could pick ω0 to be the unique Ricci flat Kähler metric in
its Kähler class. It follows that Mω0 is proper in any Kähler class on a Calabi-Yau
manifold. If c1(X) < 0, by Aubin-Yau’s theorem on Kähler-Einstein metrics, we
could pick ω0 to be the unique Kähler metric in −2πc1(X) with Ric ω0 = −ω0.
Therefore, Mω0 is proper since Mω0(φ) ≥ −C + Jω0(φ).

Mω0(φ) =− n
∫ 1

0

dt

∫
X

φRic ωφt ∧ ωn−1
φt

+R

∫ 1

0

dt

∫
X

φωnφt

=− n
∫ 1

0

dt

∫
X

φ(Ric ωφt − Ric ω0) ∧ ωn−1
φt

−
∫ 1

0

dt

∫
X

φ(n Ric ω0 −R ωφt)ω
n−1
φt

=n

∫ 1

0

dt

∫
X

φ
√
−1∂∂̄ log

ωnφt
ωn0
∧ ωn−1

φt
− JRic ω0(φ)

=n

∫ 1

0

dt

∫
X

log
ωnφt
ωn0

√
−1∂∂̄φ ∧ ωn−1

φt
− JRic ω0(φ)

=

∫ 1

0

dt

∫
X

(n
√
−1∂∂̄φ+ log

ωnφt
ωn0

n
√
−1∂∂̄φ) ∧ ωn−1

φt
− JRic ω0(φ)

=

∫ 1

0

dt

∫
X

d

dt
(log

ωnφt
ωn0

ωnφt)− JRic ω0(φ)

=

∫
X

log
ωnφ
ωn0
ωnφ − JRic ω0(φ)
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Firstly, define C1,1(X) :=
⋃
β∈(0,1)C

1,1
β (X), where C1,1

β (X) denotes the space of

all functions φ which are C2 on Xreg\D with ω+ i∂∂̄φ ≥ 0 and, locally around each
point p in D, we have C−1ω(β) ≤ ω +

√
−1∂∂̄φ ≤ Cω(β) for some C > 0, where ω(β)

is a standard model conical Kähler metric in a neighborhood of p (cf. the beginning
of this section).

Definition 2.10 (log-Mabuchi-functional Mω,(1−β)D). Suppose (X,D) is smooth
and ω be a smooth Kähler metric on X, define the log-Mabuchi-functional on Hω to
be

Mω,(1−β)D =Mω + (1− β)J2π[D]

In the particular case when X is a Fano manifold and D ∈ | − λKX | is an pluri-
anticanonical divisor, let ω ∈ 2πc1(X) have Ricci potential hω, then we could write

Ric ω = r(β)ω + 2π(1− β)[D] +
√
−1∂∂̄Hω,(1−β)D,

where Hω,(1−β)D = hω − log |S|2−2β
h . For φ ∈ PSH(X,ω) which is in C1,1(X), it

follows from the Decomposition Formula 2.18 that,

Mω,(1−β)D(φ) :=

∫
X

log
ωnφ

eHω,(1−β)Dωn
ωnφ − r(β)Jω(φ) +

∫
X

Hω,(1−β)Dω
n.

In the particular case β = 1, the log-Mabuchi-functional reduces to the usual
Mabuchi-functional. The log-Mabuchi-functional was introduced to study conical
KE metrics, see [Berm1, BBEGZ, SW, LS, CDS1].

On a KLT pair (X, (1−β)D), we could define the following functional which only
requires the potentials to be bounded.

Definition 2.11 (log-Ding-functional). For φ ∈ L∞(X) ∩ PSH(X,ω), we define

Fω,(1−β)D(φ) := F 0
ω(φ) + F 1

ω(φ),

where

F 0
ω(φ) := − 1

n+ 1

n∑
i=0

∫
X

φ(ω +
√
−1∂∂̄φ)i ∧ ωn−i,

F 1
ω(φ) := − V

r(β)
log

1

V

∫
X

e−r(β)φ|S|2β−2
h volh.

The first term, essentially the second term appears in the formula of Jα functional, is
well-defined by the pluri-potential theory [BBEGZ] and the second one makes sense
when (X, (1− β)D) is KLT. The Euler-Lagrange equation for log-Ding-functional is
precisely the above Eq. 2.8.
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In the second half of the paper, we would like to study the existence of weak KE
metric on a Q-Fano variety X via Donaldson’s continuity method of deforming the
cone angle of weak conical KE metric on X. The idea of this part comes from the
joint work with Spotti and Sun [SSY], therefore we will be very sketchy and refer
the reader to [SSY] for more detail. We only illustrate how to prove the openness of
Donaldson’s continuity path on this type of variety without using implicit function
theorem.

As already remarked above, to overcome the difficult of proving the openness part,
we need to use some kind of smooth approximations. Since the essential difference
between weak conical KE metrics on smooth Fano manifolds and Q-Fano variety is
caused by the presence of singularities of the variety, rather than the singular behavior
of the metrics, we could not simply smooth out the current of integration [D] to χε.
The “approximation” is instead achieved by utilizing the smoothing of the variety
(one dimensional Q-Gorenstein smoothing). We use (weak) conical KE metrics on
the nearby smooth fibers in X to approximate the weak conical KE metrics on X0.

Definition 2.12 (Q-Gorenstein smoothing). A Q-Fano varietyX is called Q-Gorenstein
smoothable if there is a flat family

π : X → ∆,

over a disc ∆ in C such that X ∼= X0, Xt is smooth for t 6= 0 and X admits a
relatively Q-Cartier anti-canonical divisor −KX/∆ (in this case π : X → ∆ is called
a Q-Gorenstein smoothing of X0).

By possibly shrinking ∆, we can assume Xt is a Fano manifold for t 6= 0 and there
exists an integer λ > 0 such that K−λXt are very ample line bundles with vanishing
higher cohomology for all t ∈ ∆. Moreover, the dimension of the corresponding
linear systems | − λKXt | is constant in t, denoted as N(λ). Therefore, we could
assume that the family X is relatively very ample, i.e. there is a smooth embedding
i : X ↪→ PN(λ) ×C such that it = i|Xt : Xt ↪→ PN(λ) × {t} pulls the line bundle O(1)
on PN(λ) back to K−λXt . It follows from purely algebraic geometry argument that there
exists a divisor D ∈ | − λKX/∆| such that Dt = D|Xt is smooth and (Xt, (1− β)Dt)
is KLT pair for any β ∈ (0, 1] (cf. appendix of [SSY]).

Theorem 2.13. If there exists a weak conical Kähler-Einstein metric ωϕβ∗ on the
KLT pair (X0, (1− β∗)D0) (for β∗ ∈ (1− λ−1, 1)) introduced above, then there exists
δ > 0, such that for all β ∈ (β∗−δ, β∗+δ), there exists a weak conical Kähler-Einstein
metric ωϕβ on the KLT pair (X0, (1− β)D0).
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Several well-known properties needed in this paper is listed in the following propo-
sition.

Proposition 2.14. 1. ([Sz]) If α′ = α +
√
−1∂∂̄ψ, then

Jα′(φ)− Jα(φ) =

∫
X

ψ(ωnφ − ωn0 )

2. ([Tian00, Berm1])

Mω,(1−β)D(φ) ≥ r(β)Fω,(1−β)D(φ) +

∫
X

Hω,(1−β)D
ωn

n!

3.([Tian97]) Let ω0 and ωφ = ω0 +
√
−1∂∂̄φ be two smooth Kähler metrics on X,

and let CP , CS be the corresponding Poincaré and Sobolev constants. Then for some
δn > 0, which is a dimensional constant, the following estimate holds:

Osc φ ≤ {CS(ω0)δnCP (ω0) + CS(ωφ)δnCP (ωφ)}Jω0(φ) + CS(ω0)δn + CS(ωφ)δn

4.[Chern, Lu] Suppose ω and η are two Kähler metrics on a compact Kähler manifold,
if Ric ω ≥ C1ω − C2η and the holomorphic bisectional curvature Rη

i̄kl̄
≤ C3(hi̄hkl̄ +

hil̄hk̄), then
∆ω log trωη ≥ C1 − (C2 + 2C3)trωη.

The final definition in this section is the Gromov-Hausdorff distance and Gromov-
Hausdorff convergence for compact metric spaces.

Definition 2.15 (GH distance, GH convergence). For two compact metric spaces
(X1, d1) and (X2, d2), define the Gromov-Hausdorff distance (abbreviated as GH
distance) between them to be:

dGH(X1, X2) = inf{η > 0|∃Y such that X1, X2 are isometrically embedded in Y

and η close to each other}

A sequence of compact metric spaces (Xi, di) is said to converge to (X∞, d∞) in
Gromov-Hausdorff sense(abbreviated as GH sense) if the GH distance between Xi

and X∞ converges to zero as i goes to infinity.
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3 Deformation of conical KE metric on smooth

Fano Manifold

3.1 Smoothing Continuity paths

3.1.1 Two two-parameter Continuity paths

Let X be a smooth Fano manifold, fix a smooth background Kähler metric ω0 in
2πc1(X), and write hω0 as its Ricci potential (with the normalization supX hω0 = 0).
Let S be a holomorphic defining section of a smooth divisor D ∈ |−KX | and let h be
a smooth Hermitian metric on the line bundle LD defined by D with curvature ω0.
Let [D] denote the current of integration along D. By Poincaré-Lelong’s formula,
ω0 +

√
−1∂∂̄ log |S|2h = 2π[D] as currents. We define a smooth approximation χε =

ω0 +
√
−1∂∂̄ log(|S|2h + ε) for ε ∈ (0, 1]. Let ωϕβ be a weak conical KE metric, i.e.

ωnϕβ = e−βϕβ+hω0 |S|2β−2
h ωn0 (3.1)

The authors of [CDS1] used a smooth continuity path depending on two pa-
rameters to construct a family of smooth Kähler metrics (with Ricci curvature
bounded below by β) to approximate ωϕβ in the GH sense. We adopt the same
two-parameter continuity path. Let us first recall the construction. Since the vol-
ume form ωnϕβ ∈ L

p(X,ωn0 ) for p ∈ [1, 1
1−β ), we can choose a family of smooth volume

forms ηε with ε ∈ (0, 1] approximating it in Lp, and then solve the Monge-Ampère
equation

ωnϕε = ηε (3.2)

by using the solution in [Yau]. Ko lodziej’s Lp estimate [Ko08] asserts that ||ϕε||Cγ
is uniformly bounded for some γ ∈ (0, 1), and consequently ϕε (normalized to have
0 as supremum) subsequentially converges to some ϕ0. By a general uniqueness
theorem for bounded solutions of complex Monge-Ampère equations, ϕ0 = ϕβ + C,
and therefore we can assume ϕε converges to ϕβ by passing to a subsequence.

Again from Yau’s solution [Yau], we have smooth Kähler potentials ψε,β such that

Ric ωψε,β = βωϕε + (1− β)χε (3.3)

or equivalently satisfying Monge-Ampère equation

ωnψε,β = e−βϕε+hω0
ωn0

(|S|2h + ε)1−β (3.4)

It follows from Ko lodziej’s Lp estimate [Ko08] that ||ψε,β||L∞(X) is uniformly bounded.
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Following [CDS1, Eq. 3.4], to deform the Kähler metrics ωψε,β to possess more

positive Ricci curvature, we use the two-parameter continuity path2 ?βε,t with ε ∈ (0, 1]
and t ∈ [0, β](cf. Figure 3.1 for illustration) :

?βε,t :

{
Ric ωφβε,t

= t ωφβε,t
+ (β − t)ωϕε + (1− β)χε

φβε,0 = ψε,β

In [CDS1], the authors first use Donaldson’s Openness Theorem to deform the
cone angles of conical KE metrics to show that the log-Mabuchi-functional is coercive,
which enables them to solve the above path for t ∈ [0, β]. However, in our situation,
we can not use Donaldson’s Openness Theorem to deform the cone angle and thus we
lack of the “coercivity” of the log-Mabuchi-functional. Instead, we use the modified
log-Mabuchi-functional (Definition 3.1) to establish the solvability for t ∈ [0, β′] for
any parameter β′ < β. Then we will argue by contradiction to solve ?βε,t for t ∈ [0, β]

with a uniform L∞ bound on φβε,β. The next step is to start from φβε,β and use the
standard openness property for another smooth continuity path 3 ?ε,t with ε ∈ (0, 1]
and t near β (cf. Figure 3.2 for illustration):

?ε,t :

{
Ric ωuε,t = t ωuε,t + (1− t)χε
uε,β = φβε,β

to deform the parameter t to nearby β′ with uniform L∞ bound on uε,β′ .

In [CDS1], a smooth approximation (with parameter ε ∈ (0, 1]) of the log-
Mabuchi-functional was introduced to study the corresponding smooth continuity
path:

Mω0,(1−β)χε(φ) :=Mω0(φ) + (1− β)Jχε(φ) (3.5)

where Jχε(φ) is the J functionals in Definition 2.8.

As explained in the introduction, in order to solve ?βε,t, we need to introduce the
modified log-Mabuchi-functional by adding an extra term to achieve coercivity.

Definition 3.1. [modified log-Mabuchi-functional] For any β′ < β and ε ∈ (0, 1],
define

M̃ε,β′ :=Mω0,(1−β)χε + (β − β′)Jωϕε
2This two-parameter family is designed in [CDS1] to approximate conical KE metric by smooth

Kähler metrics with Ricci curvature bounded below by the same number.
3This two-parameter family is one smoothing of Donaldson’s continuity path.
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where ϕε is the solution to Eq. 3.2.

Notice that this modified functional depends on the choice of ϕε and later we
will see that its precise form is made such that it is decreasing along the continuity
path ?βε,t for t ∈ [0, β′]. The following lemma shows that this modified log-Mabuchi-
functional is coercive.

Proposition 3.2. For any fixed β′ < β, there exists C = Cβ′ independent of ε such
that for all ε ∈ (0, 1]:

M̃ε,β′ ≥ (β − β′)Jω0 − C

Proof. Rewrite the functional as following:

M̃ε,β′ =Mω0 + (1− β)Jχε + (β − β′)Jωϕε

=Mω0,(1−β)D + (1− β)(Jχε − J2π[D]) + (β − β′)(Jωϕε − Jω0) + (β − β′)Jω0 .

• The first termMω0,(1−β)D is the log-Mabuchi-functional. It follows from [BBEGZ,
Theorem 4.8] that Mω0,(1−β)D is bounded from below under the assumption
that there exists a weak conical KE metric ωϕβ ;

• The first error term Jχε − J2π[D] is bounded from below by the following com-
putation (see [CDS1] for more detailed calculation):

(Jχε − J2π[D])(φ) =

∫
X

{log(|S|2h + ε)− log |S|2h}(ωnφ − ωn0 )

≥
∫
X

{log |S|2h − log(|S|2h + ε)}ωn0

≥ − sup
X

log(|S|2h + 1) +

∫
X

log |S|2hωn0

• The second error term Jωϕε − Jω0 , whose formula appears in the first part of
Proposition 2.14, is bounded from below:

(Jωϕε − Jω0)(φ) =

∫
X

ϕε(ω
n
φ − ωn0 )

≥ −2||ϕε||L∞(X)
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Therefore, if C is chosen to be

C = 2(β − β′)||ϕε||L∞(X) − (1− β)

∫
X

log |S|2hωn0 + (1− β) sup
X

log(|S|2h + 1),

the coercivity of M̃ε,β′ in the lemma holds.

In the next section, we will try to solve ?βε,t for t ∈ [0, β′], ε ∈ (0, 1] with a uniform

L∞ bound on φβε,t.

3.1.2 Solution for ?βε,t with t ∈ [0, β′] and ε ∈ (0, 1]

We need two lemmas which enable us to obtain uniform estimates of φβε,t along the

continuity path ?βε,t. The first lemma appeared in the work of [JMR] whose proof is
based on the Chern-Lu inequality and is given here for completeness.

Lemma 3.3. [JMR] There exists C = CA such that if ?βε,t have solution φβε,t with

Osc φβε,t ≤ A, then
ωφβε,t

≥ C−1ω0

Proof. By comparing the Kähler metric ωφβε,t
(denoted by ωφε for simplifying nota-

tion) which has Ricci curvature bounded below by 0 and the fixed smooth Kähler
metric ω0 which has a fixed upper bound Λ on the bisectional curvature, the Chern-
Lu Inequality (see part 4 of Proposition 2.14) tells that

∆ωφε
log trωφεω0 ≥ −2Λtrωφεω0.

By using the fact that ∆ωφε
φε = trωφε (ωφε − ω0) = n− trωφεω0, we get the inequality

∆ωφε
{log trωφεω0 − (2Λ + 1)φε} ≥ trωφεω0 − n(2Λ + 1).

The maximum principle on X tells us trωφεω0 ≤ {n(2Λ + 1)}e(2Λ+1)Osc φε ≤ C. Thus
the lower bound of ωφε claimed in this lemma is obtained.

The second lemma is an application of Evans-Krylov’s theorem [Ev, Kr] for C2,α

bound and higher order bounds.

Lemma 3.4. For any subset K ⊂⊂ X\D, and k ∈ N, there exists C = CA,K,k such

that if ?βε,t have solutions φβε,t with Osc φβε,t ≥ A, then

||φβε,t||Ck(K) ≤ C
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Proof. First we have the equation:

ωn
φβε,t

= e−tφ
β
ε,t−(β−t)ϕε+hω0

ωn0
(|S|2h + ε)1−β (3.6)

By Lemma 3.3 above, on any Euclidean ball U inside K, the above equation reads
as an equation of the type

ωnφ = Fωn0

where ||F ||Cα and ∆ω0φ are uniformly bounded. By the standard Evans-Krylov
theorem [Ev, Kr],

||φ||C2,α ≤ C

and the higher order bound follows from a standard bootstrapping argument.

Proposition 3.5. For any fixed β′ < β, ?βε,t is solvable for t ∈ [0, β′], ε ∈ (0, 1] and
there exists C = Cβ′ independent of ε such that

||φβε,β′||L∞(X) ≤ C

Proof. The proof follows a standard line, which is similar to the argument in [CDS1]
if the modified log-Mabuchi-functional is used instead of the usual log-Mabuchi-
functional. For the readers’ convenience, the calculation is included below.

On the one hand, along the interval t ∈ [0, β′) on the continuity path ?βε,t, the

functional M̃ε,β′ is decreasing by a direct calculation:

d

dt
M̃ε,β′(φ

β
ε,t) =− n

∫
X

φ̇βε,t{Ric ωφβε,t
− ωφβε,t} ∧ ω

n−1

φβε,t
+ n(β − β′)

∫
X

φ̇βε,t{ωϕε − ωφβε,t} ∧ ω
n−1

φβε,t

+ n(1− β)

∫
X

φ̇βε,t{χε − ωφβε,t} ∧ ω
n−1

φβε,t

=n(β′ − t)
∫
X

φ̇βε,t(ωφβε,t
− ωϕε) ∧ ωn−1

φβε,t

=(β′ − t)
∫
X

(φβε,t − ϕε)∆ω
φ
β
ε,t

φ̇βε,tω
n

φβε,t

=(β′ − t)
∫
X

(φβε,t − ϕε){−(φβε,t − ϕε)− tφ̇
β
ε,t}ωnφβε,t

=− (β′ − t)
∫
X

(φβε,t − ϕε)2ωn
φβε,t

+ t(β′ − t)
∫
X

φ̇βε,t{∆ω
φ
β
ε,t

+ t}φ̇βε,tωnφβε,t
≤0
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where in the last inequality the second term is nonpositive by Lichnerowicz’s estimate
of the first eigenvalue of Laplacian operator on a manifold with a positive lower bound
of the Ricci curvature.

On the other hand, since the initial potentials ψε,β satisfes Eq. 3.4, by using the
explicit Decomposition Formula in Definition 2.10 for the log-Mabuchi-functional, we
have

M̃ε,β′(ψε,β) =

∫
X

{−βϕε − (1− β) log(|S|2h + ε)}e−βϕε+hω0 ωn0
(|S|2h + ε)1−β − Jω0(ψε,β)

+

∫
X

hω0ω
n
0 + (β − β′)Jωϕε (ψε,β) + (1− β)Jχε(ψε,β)

Since ||ϕε||L∞(X) and ||ψε,β||L∞(X) are uniformly bounded from above by C, the first
term

|
∫
X

{−βϕε − (1− β) log(|S|2h + ε)}e−βϕε+hω0 ωn0
(|S|2h + ε)1−β |

≤ C

∫
X

|S|2β−2
h | log |S|2β−2

h |ωn0 ≤ C

and the other terms

Jω0(ψε,β ≤ I(ψε,β) =

∫
X

ψε,β(ωn0 − ωnψε,β)

Jωϕε (ψε,β) = Jω0(ψε,β) +

∫
X

ϕε(ω
n
ψε,β
− ωn0 )

Jχε(ψε,β) = Jω0(ψε,β) +

∫
X

log(|S|2h + ε)(ωnψε,β − ω
n
0 )

are all bounded from above (independent of ε). Thus the values of M̃ε,β′ at the initial
points ψε,β are uniformly bounded (independent of ε) from above.

The modified log-Mabuchi-functional is coercive (see Lemma 3.7):

M̃ε,β′(φ) ≥ (β − β′)Jω0(φ)− C

Therefore along the interval t ∈ [0, γ] where γ ≤ β′ on which ?βε,t can be solved,

Jω0(φ
β
ε,t) ≤ C
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for C independent of ε ∈ (0, 1] and t ∈ [0, γ]. Along the continuity path ?βε,t for
t ∈ [δ, γ], for some fixed δ > 0, we have Ric ωφβε,t

≥ δωφβε,t
, therefore the Poincaré and

Sobolev constants of the family of Kähler metrics ωφβε,t
are uniformly bounded. By

the third part of Propositon 2.14,

Osc φβε,t ≤ C

Since they satisfy the Monge-Ampère equation:

ωn
φβε,t

= e−tφ
β
ε,t−(β−t)ϕε+hω0

ωn0
(|S|2h + ε)1−β (3.7)

we can easily deduce that
||φβε,t||L∞(X) ≤ C

Lemma 3.3 and 3.7 give us the higher order estimates for φβε,t (which may depend on

ε), therefore the equation ?βε,t can be solved up to t = β′ with uniform L∞ bound on

φβε,t (independent of ε).

Since β′ is any parameter smaller than β, and the continuity path ?βε,t does not
depend on β′, we immediately get the following corollary:

Corollary 3.6. For all ε ∈ (0, 1], the continuity path ?βε,t can be solved for t ∈ [0, β).

3.1.3 Smooth approximation of weak conical KE

In this subsection, we will proceed to achieve the solution of ?βε,t up to t = β, which
gives smooth approximation of weak conical KE ωϕβ with Ricci curvature bounded
below by β. We first need a simple convergence property about Aubin’s I functional
(Eq. 2.14) that will be used several times later.

Lemma 3.7. If φβεj ,tj converges to φ in the Cα sense globally on X, then

lim
j→∞

I(φβεj ,tj) = I(φ).

Proof. We have the formula

I(φβεj ,tj) =

∫
X

φβεj ,tjω
n
0 −

∫
X

φβεj ,tje
−tjφβεj ,tj−(β−tj)ϕεj+hω0

ωn0
(|S|2h + εj)1−β

and the second integrand is bounded by some L1 function on X. The convergence
claimed in the lemma follows from the Dominated Convergence Theorem.
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Figure 3.1: Two-parameter Continuity Path ?βε,t

Since Corollary 3.6 already assures that ?βε,t can be solved on the open interval

[0, β) with uniform L∞ bound on φβε,β′ for any fixed β′ < β, what remains to be shown

is a bound on Jω0(φ
β
ε,t), uniform in ε and t ∈ (β′, β). Since Aubin’s I functional is

equivalent to Jω0 by the inequality 2.16, we have

I(φβε,β′) ≤ C (3.8)

for C independent of ε. By a contradiction argument based on Berndtsson’s Gener-
alized Bando-Mabuchi Theorem [Bern, Theorem 6.6], the required uniform bound is
achievable by the following proposition:

Proposition 3.8. For any fixed β′ < β, there exists ε0 = ε0(β′) > 0, such that for
all ε ∈ (0, ε0] we have

sup
t∈[β′,β)

{I(φβε,t)− I(φβε,β′)} ≤ 1.

Proof. Argue by contradiction. Suppose the claimed estimate does not hold. Then
there exists a sequence εj ↘ 0, with

sup
t∈[β′,β)

{I(φβεj ,t)− I(φβεj ,β′)} > 1

Let tj be the first number t ∈ (β′, β) such that

I(φβεj ,tj)− I(φβεj ,β′) = 1
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By the inequality 3.8,
I(φβεj ,tj) ≤ C + 1

Then we get the uniform bound on φβεj ,tj and argue similarly as in the proof of
Proposition 3.5: we have all the higher order bounds

||φβεj ,tj ||Ck(K) ≤ Ck,K

on any K ⊂⊂ X\D and k ∈ N. By taking a subsequence, we can assume that φβεj ,tj
converges to the φ in Cα sense globally on X and in the C∞ sense away from D.

If tj → t∞, φ is then a solution to the current equation:

Ric ωφ = t∞ωφ + (β − t∞)ωϕβ + 2π(1− β)[D]

On the other hand, the weak conical KE metric ωϕβ is also a solution:

Ric ωϕβ = t∞ωϕβ + (β − t∞)ωϕβ + 2π(1− β)[D]

Let Ω1 = t∞ωφ, Ω2 = t∞ωϕβ and θ = (β − t∞)ωϕβ + 2π(1 − β)[D]. Then Ω1,Ω2

give two bounded solutions to the equation:

Ric Ω = Ω + θ

in the fixed cohomology class 2πt∞c1(X). Berndtsson’s Generalized Bando-Mabuchi
Theorem implies that there exists f ∈ Aut(X) which is generated by some holomor-
phic vector field V on X such that

f ∗Ω1 = Ω2

and
f ∗θ = θ

Since θ = (β − t∞)ωϕβ + 2π(1 − β)[D] is the Siu’s decomposition of a current,
and (β − t∞)ωϕβ has zero Lelong’s number,

f ∗[D] = [D]

Therefore V is tangential to D. However, there are no holomorphic vector fields tan-
gential to D according to Berman [Berm1, Theorem 1.5] (by proving the properness
of the log-Mabuchi-functional) or Song-Wang [SW, Theorem 2.1] (by pure algebraic
geometry). Hence f = id, which implies that Ω1 = Ω2, and in particular φ = ϕβ.

And similarly φβεj ,β′ converges to ϕβ in the Cα sense globally on X.
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However, by Lemma 3.7

0 = I(ϕβ)− I(ϕβ) = lim
j→∞

(
I(φβεj ,tj)− I(φβεj ,β′)

)
= 1

which is a contradiction.

With the uniform upper bound on the I functional of Proposition 3.8, the same
strategy as in Proposition 3.5 would show the following:

Proposition 3.9. There exists ε0 > 0 such that for all ε ∈ (0, ε0], the continuity
path ?βε,t is solvable up to t = β with a uniform bound ||φβε,β||L∞(X) for ε ∈ (0, ε0].

3.1.4 Deforming The Cone Angle from β

The endpoint ωφβε,β
of the continuity path ?βε,t in previous sections will be the starting

point of the new two-parameter continuity path ?ε,t defined in Sect. 3.1.1, with
ε ∈ (0, ε0]:

?ε,t :

{
Ric ωuε,t = tωuε,t + (1− t)χε
uε,β = φβε,β

Since χε is a strictly positive (1, 1) form, the linearized operator at t = β, which
equals to ∆ωuε,β

+β, is invertible for some standard suitable Banach spaces. The stan-
dard implicit function theorem enables us to perturb t a little bit in both directions
on ?ε,t for ε ∈ (0, ε0].

Proposition 3.10. In both directions, there is uniform upper bound on the I func-
tional under small perturbation:

• There exists δ1 > 0 such that for all β′ ∈ (β − δ1, β), there exists ε1 ∈ (0, ε0]
such that for all ε ∈ (0, ε1)

sup
t∈(β′,β]

{I(uε,t)− I(uε,β)} ≤ 1

• There exists δ2 > 0 such that for all β′′ ∈ (β, β + δ2), there exists ε2 ∈ (0, ε0]
such that for all ε ∈ (0, ε2)

sup
t∈[β,β′′)

{I(uε,t)− I(uε,β)} ≤ 1
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Figure 3.2: Two-parameter Continuity Path ?ε,t

Consequently, take δ = min(δ1, δ2) and ε = min(ε1, ε2), then uε,t will have uniform
L∞ bound for ε ∈ (0, ε] and t ∈ (β − δ, β + δ).

Proof. Since the two directions are similar, we only prove the right direction. The
proof uses the same idea as in Proposition 3.8. We argue by contradiction based on
normalization of the I functional. Assume the conclusion is not true, then we can
find a sequence εj ↘ 0 and β′′j = β + δj with δj ↘ 0, such that

sup
t∈[β,β′′j ]

{I(uεj ,t)− I(uεj ,β)} > 1

Let tj be the first number bigger than β such that

I(uεj ,tj)− I(uεj ,β) = 1

Since I(uεj ,β) is uniformly bounded by Proposition 3.9,

I(uεj ,β) ≤ C,

which implies that
I(uεj ,tj) ≤ C + 1

The standard argument gives the L∞ bound since the Ricci curvature of this family
of metrics is uniformly bounded below by some positive constant and the volume is
a fixed topological constant.

The continuity path ?ε,t corresponds to the Monge-Ampère equation
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ωnuε,t = e−tuε,t+hω0
ωn0

(|S|2h + ε)1−t (3.9)

Even though this equation is different from Eq. 3.7, the uniform L∞ bound of uεj ,tj
will imply the R.H.S. is uniform in Lp for some p > 1, which yields the global Cα

bound for some α ∈ (0, 1) by [Ko08].
Now by using the analogous result of Lemma 3.3 and 3.7 for Eq. 3.9, we get all the

higher order bounds of uεj ,tj away from D. Then by taking the limit (subsequentially)
uεj ,tj converges to some u in the Cα sense globally on X and C∞ sense away from
D, and uεj ,β converges to some v in the same sense. We know that u and v are both
solutions to the equation:

Ric ω = βω + 2π(1− β)[D]

By the same argument as in Proposition 3.8,

u = v = ϕβ.

Similar to Lemma 3.7, we have the convergence of the functional I by the Dominated
Convergence Theorem:

0 = I(u)− I(v) = lim
j→∞

I(uεj ,tj)− I(uεj ,β) = 1

Contradiction.

As a consequence, we can finish the proof of Theorem 2.1.

Proof of Theorem 2.1. Proposition 3.10 gives a family of solutions with ε ∈ (0, ε]
and β′ ∈ (β − δ, β + δ):

ωnuε,β′ = e−β
′uε,β′+hω0

ωn0
(|S|2h + ε)1−β′ (3.10)

with ||uε,β′ ||L∞ ≤ C independent of ε and β′. Then by taking a limit, ϕβ′ =
limε→0 uε,β′ is bounded on X and smooth away from D. Moreover it satisfies:

ωnϕβ′ = e−β
′ϕβ′+hω0 |S|2β−2

h ωn0 .

Therefore ωϕβ′ is a weak conical KE metric of angle 2πβ′ along D.

In the next subsection, we are going to show that the smooth deformed Kähler
metrics ωφβε,β

= ωφε which approximate weak conical KE metrics actually are uni-

formly quasi-isometric to the smooth models.
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3.2 Uniform C2 bound

This section is reproduced from [Yao2]. Now we are at a situation where there is a
family of smooth Kähler metrics ωφε , satisfying the Ricci curvature equation:

Ric ωφε = βωφε + (1− β)χε

or equivalently, the Monge-Ampère equation:

ωnφε = e−βφε+hω0
ωn0

(|S|2h + ε)1−β (3.11)

such that ||φε||C0 is uniformly bounded. The next theorem gives the uniform C2

bound for this family.

Theorem 3.11. There exists C > 0 such that near any point p ∈ D, the family of
metrics ωφε are uniformly quasi-isometric to the standard local model metrics, i.e.

C−1ω(β,ε) ≤ ωφε ≤ Cω(β,ε)

where ω(β,ε) =
√
−1(β2|z|2β−2dz∧dz̄+

∑n
i=2 dzi∧dz̄i) for D locally defined by {z = 0}.

By [CDS1, Theorem 2.2], this family has a rough C2 bound

C−1ω0 ≤ ωφε ≤
C

(|S|2h + ε)1−βω0 (3.12)

Comparing to this rough C2 bound, the uniform C2 bound in the stated theorem
could be seen as an improvement along the tangential direction of the divisor. To
prove this estimate, we need a rough geometry from the rough C2 bound first. It
is shown in [CDS1, Proposition 2.4] that the family of metric spaces (X,ωφε) has
uniform diameter upper bound.

The next lemma shows that the distance function of ωφε is Hölder continuous
with respect to the smooth background Kähler metric ω0.

Lemma 3.12. Near any point p ∈ D,
1. For any R > 0, Bωφε

(p,R) ⊂ Bω0(p,
√
CR);

2. For any R > 0, let δ(R) = C̃R
1
β , then ∀ε < δ(R)2, Bω0(p, δ(R)) ⊂ Bωφε

(p,R),

here C̃ = {( 2
β

+ 2)
√
C}−

1
β is just some uniform unimportant constant.

Proof. The first part is just a straightforward consequence of inequality ω0 ≤ Cωφε ,
since any curve initiating from p measuring under the metric ωφε with length less
than R will have length less than

√
CR when measured using ω0.
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The second part of the containing relationship is also not so difficult. Since ω0 is
a fixed background smooth Kähler metric, there is no loss of generality assuming ω0

is Euclidean metric near p. Let BEuc(p, δ) = {(z, z2, · · · , zn)||z| ≤ δ, |zi| ≤ δ} be a
Euclidean ball centered at p, pick any point q in this ball, then q is joined with p by
three line segments qq′, q′p′, p′p, where q′ is the unique point on the boundary of the
Euclidean ball whosez2, · · · , zn coordinates are the same as q and whose z coordinate
is just the radial projection of the z coordinate of q to the boundary, i.e. z

|z|δ, and

p′ is the projection of q′ to the complex line {z2 = 0, · · · , zn = 0}. Measured under
the metric ωφε ,

|qq′|φε ≤
∫ r=δ

r=0

√
C(r2 + ε)

β−1
2 dr ≤

√
C

1

β
δβ

and similarly

|pp′|φε ≤
√
C

1

β
δβ

and

|q′p′|φε ≤
∫
z′∈q′p′

√
C(δ2 + ε)

β−1
2 |dz′| ≤

√
C(δ2 + ε)

β−1
2 δ ≤

√
C(δ2 + ε)

β
2

Let ε = δ2 and choose δ such that ( 2
β

+ 2)
√
Cδβ = R, then

dωφε (q, p) ≤ |qq′|φε + |pp′|φε + |q′p′|φε ≤ R

The above rough geometry gives us a way to cover D by coordinate balls where
local Moser’s Iteration will be applied. Firstly, around each point pα ∈ D, there
exists coordinate ball Uα(pα) = τα(Bα(0, rα)) where

Bα(0, rα) = {(zα = zα1 , z
α
2 , · · · , zαn)||zα|, |zα2 |, · · · , |zαn | < rα} ⊂ Cn

such that Uα ∩ D is defined by {zα = 0}. The first part of Lemma 3.12 says that
Uα contains ωφε-metric ball Uα = Bφε(pα,

rα√
C

), and the second part of Lemma 3.12

says that this metric ball contains Euclidean ball BEuc(pα, δ(
rα√
C

)) and this further

contains ωφε-metric ball Vα = Bφε(pα,
1√
C
δ( rα√

C
)), Vα contains Euclidean ball Vα(pα) =

BEuc(pα, sα), for sα = δ( 1√
C
δ( rα√

C
)). Because D is compact, it is convered by finitely

many Vα(pα)’s, and then choose the weight for the Hermitian metric e−hα such that
they satisfy

|hα| ≤ Cα, |
∂hα
∂zαi
| ≤ Cα, |

∂2hα
∂zαi ∂z̄

α
i

| ≤ Cα.
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On each chart Uα, we choose the smooth Kähler metrics:

ωα(β,ε) =
√
−1{β2(|zα|2 + ε)β−1dzα ∧ dz̄α +

n∑
j=2

dzαj ∧ dz̄αj }

as the smooth model metrics (cf. the beginning of Sect. 2) . The index α is going
to be suppressed for simplicity of notation.

3.2.1 local Differential Inequality

A simply calculation shows that for those local model metrics,

R11̄11̄ = εβ2(1− β)(|z|2 + ε)β−3;

Ri̄kl̄ = 0.

if one of i, j, k, l 6= 1. This means that ω(β,ε) has nonnegative holomorphic bisectional
curvature, i.e. R(ξ, ξ̄, η, η̄) = |ξ1|2|η1|2R11̄11̄ ≥ 0 for any pair of (1, 0)-vector fields
ξ = ξ1 ∂

∂z
+
∑

i ξ
i ∂
∂zi

, and η = η1 ∂
∂z

+
∑

i η
i ∂
∂zi

. To get the comparison between ωφε
and the local model metrics, we first derive a local differential inequality and then
use Moser’s Iteration of local type to proceed. Define σε,β = trω(β,ε)

ωφε , then the
following inequality holds.

Lemma 3.13 (local differential inequality). The following uniform bounds hold:

1. ∆ωφε
log σε,β ≥ −C(|z|2 + ε)−β − C;

2. ∆ωφε
log σε,β′ ≥ −C(|z|2 + ε)−β

′ − C for β′ < β sufficiently close.

Proof. Let us prove the item 1 of this lemma first. On Uα, write ω(β,ε) = ω0 +√
−1∂∂̄ψε with suitable normalization on the potential ψε such that ||ψε||C0 ≤ C.

Rewrite the Eq. 3.11 locally,

(ω(β,ε) +
√
−1∂∂̄φ̃ε)

n = eFε,βωn(β,ε)

for Fε,β = −βφε + hω0 + (1− β)h+ (1− β)log |z|2+ε
|z|2+εeh

+ log
ωn0
ωnEuc

.

Following Yau’s calculation on the C2 estimate [Yau, Eq. 2.9], let gi̄ denote the
background metric ω(β,ε) and g′i̄ denote ωφε , then under the local normal coordinate
for which gi̄ = δi̄, g

′
i̄ = (1 + φi̄)δi̄,
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∆ωφε
σε,β = ∆ω(β,ε)

Fε,β +
∑
i,j,k,l,n

g
′k̄g

′in̄φkn̄l̄φi̄l +
∑
k,l

Rkk̄ll̄

(φkk̄ − φll̄)2

(1 + φkk̄)(1 + φll̄)

≥ ∆ω(β,ε)
Fε,β +

∑
i,j,k

1

1 + φīı

1

1 + φj̄
|φi̄k|2

Because hω0 , h and log
ωn0
ωnEuc

are smooth functions, and because of the inequality

∆ω(β,ε)
φε = trω(β,ε)

(ωφε − ω0) ≤ σε,β

the main troublesome term is the lower bound on ∆ω(β,ε)
log (|z|2+ε)

(|z|2+εeh)
.

√
−1∂∂̄log(|z|2 + ε) =

√
−1

εdz ∧ dz̄

(|z|2 + ε)2

√
−1∂∂̄log(|z|2 + εeh)

=
√
−1{

εeh + εeh|z|2 ∂2h
∂z∂z̄

+ ε2e2h ∂2h
∂z∂z̄

+ εeh|z|2|∂h
∂z
|2 − εeh(z̄ ∂h

∂z̄
+ z ∂h

∂z
)

(|z|2 + εeh)2
dz ∧ dz̄

+
n∑
i=2

εeh|z|2 ∂2h
∂z̄i∂zi

+ ε2e2h ∂2h
∂z̄i∂zi

+ εeh|z|2 ∂h
∂z̄i

∂h
∂zi

(|z|2 + εeh)2
dzi ∧ dz̄i}

+ mixed terms

≤C
√
−1{ ε

(|z|2 + ε)2
dz ∧ dz̄ +

n∑
i=2

dzi ∧ dz̄i}+ mixed terms

≤C
√
−1{ 1

|z|2 + ε
dz ∧ dz̄ +

n∑
i=2

dzi ∧ dz̄i}+ mixed terms

Because ω(β,ε) is a diagonal metric, the mixed terms do not contribute when taking
the trace, thus we get the inequality

∆ω(β,ε)
log
|z|2 + ε

|z|2 + εeh
≥− C{(|z|2 + ε)1−β(|z|2 + ε)−1 + (|z|2 + ε)1−β}

≥ − C(|z|2 + ε)−β − C

and moreover,
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|∇σε,β|2ωφε =
∑

i,j,k,l,p,q

g
′i̄gkl̄φkl̄ig

pq̄φpq̄̄ =
∑
i

1

1 + φīı
|
∑
k

φkk̄i|2

=
∑
i

1

1 + φīı
|
∑
k

φkk̄i
(1 + φkk̄)

1/2
(1 + φkk̄)

1/2|2

≤
∑
i

1

1 + φīı

∑
k

|φkk̄i|2

1 + φkk̄

∑
l

(1 + φll̄)

= σε,β
∑
i,k

1

1 + φīı

1

1 + φkk̄
|φkk̄i|2

≤ σε,β
∑
i,j,k

1

1 + φīı

1

1 + φj̄
|φi̄k|2

The above inequalities together with the lower bound on σε,β = trω(β,ε)
ωφε ≥

(n− 1)C (we assume n ≥ 2) gives us the following inequality

∆ωφε
log σε,β =

∆ωφε
σε,β

σε,β
− |∇σε,β|

2

σ2
ε,β

≥ −Cσε,β − C
σε,β

+
1

σε,β

∑
i,j,k

1

1 + φīı

1

1 + φj̄
|φi̄k|2 −

|∇σε,β|2

σ2
ε,β

− C (|z|2 + ε)−β

σε,β

≥ −C − C

σε,β
− (|z|2 + ε)−β

σε,β

≥ −C − C(|z|2 + ε)−β

which finishes the proof of item 1 in the Lemma.

Let us continue to derive the differential inequality in item 2 of the Lemma. We
will first drive the upper bound of σε,β′ for β′ < β to give a better control on the
directions tangential to D and then in turn conclude the correct upper bound on the
direction perpendicular.

Let’s rewrite the Eq. 3.11 as

ωnφε = eFε,β′ωn(β′,ε) (3.13)

where β′ is a number a little bit smaller than β, and Fε,β′ = Fε,β+(β−β′) log(|z|2+ε).
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By the inequality

√
−1∂∂̄Fε,β′ =

√
−1∂∂̄Fε,β +

√
−1(β − β′)∂∂̄ log(|z|2 + ε)

≥
√
−1∂∂̄Fε,β

≥ −
√
−1C{ 1

|z|2 + ε
dz ∧ dz̄ +

∑
i

dzi ∧ dz̄i}+ mixed terms

we get

∆ω(β′,ε)
Fε,β′ = trω(β′,ε)

√
−1∂∂̄Fε,β′

≥ −C − C(|z|2 + ε)1−β′(|z|2 + ε)−1

= −C − C(|z|2 + ε)−β
′

Use two local auxiliary functions C(β−β′)−2(|z|2+ε)β−β
′
and Cβ−2(|z|2+ε)β, and

use the rough bound ωφε ≤ C ω0

(|z|2+ε)1−β
, we finally arrive at a differential inequality

that suits for the purpose of local Moser’s Iteration.

Proposition 3.14. Let fε = log σε,β′ + C(β − β′)−2(|z|2 + ε)β−β
′
+ Cβ−2(|z|2 + ε)β,

then
∆ωφε

fε ≥ 0

Proof. This is a simple consequence of combination of the following two inequalities

∆ωφε
{log σε,β′ + C(β − β′)−2(|z|2 + ε)β−β

′}
≥ C(|z|2 + ε)−β

′ − C(|z|2 + ε)−β
′ − C

≥ −C

and

∆ωφε
{Cβ−2(|z|2 + ε)β} ≥ C

3.2.2 local Moser’s Iteration

Since σε,β′ = trω(β′,ε)
ωφε ≥ trω(β′,ε)

C−1ω0 ≥ (n − 1)C−1, we can add a constant to fε
to make it positive. We will do Moser’s Iteration for fε on the pair of ωφε-metric
balls Vα and Uα to conclude the L∞ bound. By the compactness of D, there is no
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loss of generality to assume Vα is radius 1 and Uα is radius 2. The L∞ norm of fε on
metric 1-ball will be bounded by the L2 norm of fε on metric 2-ball. The calculation
is quite standard. However, for the completeness, we include it here and suppress ε
for simplicity of notation:

4p

(p+ 1)2

∫
X

η2|∇f
p+1
2 |2ωnφ = p

∫
X

η2fp−1|∇f |2ωnφ

=

∫
X

{∇(η2fp∇f)− 2ηfp∇η · ∇f − η2fp∆ωφf}ωnφ

≤
∫
X

−2ηfp∇η · ∇fωnφ

=

∫
X

− 4

p+ 1
f
p+1
2 ∇η · η∇f

p+1
2 ωnφ

≤
∫
X

2

p+ 1
{δη2|∇f

p+1
2 |2 + δ−1fp+1|∇η|2}ωnφ

Taking δ = p
p+1

, we end up with the control∫
X

η2|∇f
p+1
2 |2ωnφ ≤ (

p+ 1

p
)2

∫
X

fp+1|∇η|2ωnφ ≤ 4

∫
X

fp+1|∇η|2ωnφ

Since our manifold (M,ωφε) has a uniform positive lower bound on the Ricci
curvature, and constant volume, there is a uniform Sobolev constant, which implies:

{
∫
X

|ηf
p+1
2 |

2n
n−1ωnφ}

n−1
n ≤ CS

∫
X

{η2fp+1 + |f
p+1
2 ∇η + η∇f

p+1
2 |2}ωnφ

≤ CS

∫
X

{η2fp+1 + 2(η2|∇f
p+1
2 |2 + fp+1|∇η|2)}ωnφ

≤ 10CS

∫
X

(η2 + |∇η|2)fp+1ωnφ

Taking a suitable cut-off function on the real line η and composing it with the
distance function on the manifold gives us a cut-off function which satisfies η ≡ 0
outside the metric ball Bφ(R) and η ≡ 1 inside the metric ball Bφ(S), and |∇η| ≤
C

R−S . Plugging η to the above inequality, we have:

||f ||
L
(p+1) n

n−1 (Bφ(S))
≤ (10CS)

1
p+1{1 +

C

(R− S)2
}

1
p+1 ||f ||Lp+1(Bφ(R))
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The general Moser’s Iteration technique uses γm to replace p + 1 in the above
inequality, and uses the pair of radius rm = 1 + 2−m and rm+1 = 1 + 2−(m+1) to
replace R and S at the m-th step. Eventually,

||fε||L∞(Bφε (1)) ≤ C||fε||L2(Bφε (2)) (3.14)

Because σε,β′ ≤ C(1 + (|z|2 + ε)β−1) ≤ C(|z|2 + ε)β−1, we see that the L2 norm of
fε on the ωφε-metric 2-ball is controlled by the following calculations:

∫
Bφε (p,2)

| log σε,β′|2ωnφε

≤ C

∫
|z|≤2

√
C

|log(|z|2 + ε)|2(|z|2 + ε)β−1
√
−1dz ∧ dz̄

≤ C∫
Bφε (p,2)

| log σε,β′|(|z|2 + ε)β−β
′
ωnφε

≤ C

∫
|z|≤2

√
C

|log(|z|2 + ε)|(|z|2 + ε)2β−β′−1
√
−1dz ∧ dz̄ ≤ C∫

Bφε (p,2)

| log σε,β′|(|z|2 + ε)βωnφε

≤ C

∫
|z|≤2

√
C

|log(|z|2 + ε)|(|z|2 + ε)2β−1
√
−1dz ∧ dz̄

≤ C

The consequence is that on each of those balls trω(β′,ε)
ωφε ≤ C. This yields us

a finer control about the metric ωφε on the tangential directions. trω(β′,ε)
ωφε ≤ C

implies that ωφε ≤ Cω(β′,ε), thus we have uniform bound on the divisor direction, i.e.
λ2, · · · , λn ≤ C. Combined with the previous lower bound λ2, · · · , λn ≥ C−1 and the
asymptotic behavior of the volume form λ1λ2 · · ·λn ∼ 1

(|z|2+ε)1−β
, we conclude that

λ1 ∼ 1
(|z|2+ε)1−β

. Finally we get the desired uniform control about the metric ωφε ,
finishing the proof of Theorem 3.11.
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3.2.3 Finishing proof of Donaldson’s Openness Theorem

Theorem 3.11 implies that the limit weak conical KE metrics ωϕ′β is quasi-isometric
to the standard local conical Kähler metrics around D. Thanks to the beautiful local
regularity result of [CW, Theorem 1.6], or more generally the global regularity result
of [GP, Theorem A], these weak conical KE metrics actually possesses the maximal
regularity, i.e. ϕ′β ∈ C2,α,β′ in Donaldson’s sense. Our perturbation results therefore
gives a new proof to Donaldson’s Openness Theorem, which was originally proved by
a delicate implicit function theorem about varying Banach spaces.

3.3 Deformation along SNC pluri-anticanonical Divisors

In this subsection, we use the same idea to deform the cone angles of weak conical
Kähler-Eistein metrics along a simple normal crossing (SNC) pluri-anti-canonical
divisors on a smooth Fano manifold.

Let X be a smooth Fano manifold with a smooth background Kähler metric ω0,
and let D1, D2, · · · , Dk be a collection of smooth hypersurfaces in X with simple nor-
mal crossing (this means that at any intersecting point of this collection of divisors,
the divisors involved in are intersecting transversally such that they could be repre-
sented by coordinate hyperplanes in some local holomorphic coordinates) at any in-
tersection points. Let b = (β1, · · · , βk) be a k-tuple of numbers in (0, 1). Let Si be the
defining section of Di, and choose a smooth Hermitian metric hi on the holomorphic
line bundle LDi with smooth curvature form αi. Let 2π[Di] = αi +

√
−1∂∂̄ log |Si|2hi

be the current of integration along Di. Generalizing Definition (2.6), we can define
weak conical KE metrics with angles 2πβi along Di (see [GP] for a more general
definition for a KLT pair).

Definition 3.15. Let ωϕb
be a smooth Kähler metric on X\∪iDi with the potential

ϕb bounded on X. If it satisfies:

ωnϕb
= e−µϕb+hω0

ωn0

Πk
i=1|Si|

2−2βi
hi

(3.15)

or equivalently the equation:

Ric ωϕb
= µωϕb

+ 2π
k∑
i=1

(1− βi)[Di] (3.16)

it is called a weak conical KE metric on X with angle 2πβi along Di.
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Notice that in this situation the necessary cohomological condition holds:

2πc1(X) = µ[ωϕb
] + 2π

k∑
i=1

(1− βi)[Di] (3.17)

Proof of Theorem 2.2 If Di ∈ | − λiKX | with λi > 0, then αi can be chosen to
be λiω0 by suitable choice of hi. Let

χiε = λiω0 +
√
−1∂∂̄ log(|Si|2hi + ε)

(with ε ∈ (0, 1]) be the smoothing of the current of integration

2π[Di] = λiω0 +
√
−1∂∂̄ log |Si|2hi ,

and let µ = r(b) := 1 −
∑k

i=1 λi(1 − βi). The first step is also to approximate ωϕb

by smooth Kähler metrics ωϕε,b in the Cγ sense. For any µ′ < µ, we introduce the
analogous modified log-Mabuchi-functional

M̃ε,µ′ =Mω0 +
k∑
i=1

(1− βi)Jχiε + (µ− µ′)Jωϕε,b

where Jχiε is the Jα functional defined in Definition 2.8 with α = χiε.
This functional can be used to solve the continuity path ?bε,t:

Ric ωφbε,t = tωφbε,t + (µ− t)ωϕε,b +
k∑
i=1

(1− βi)χiε (3.18)

up to t = µ with uniform L∞ bound on φb
ε,µ. One remark is that along the continuity

path ?bε,t, in the case of negative or zero Ricci curvature, the L∞ bound is obtained by
the maximum principle or Ko lodziej’s estimate [Ko08]. Comparatively, in the case
of positive Ricci curvature, we use Moser’s Iteration, which depends on the uniform
bound of the Sobolev constant and Poincaré constant (both hold on the continuity
path). Another remark is that the condition simple normal crossing is required since
Ko lodziej’s estimate requires uniform Lp bound of the R.H.S. of Eq. 3.15 some some
p > 1. And in the contradiction argument here we need to use again Berndtsson’s
Generalized Bando-Mabuchi Theorem [Bern, Theorem 6.6] for weak Kähler-Einstein
metrics.

We can then deform the angle parameters β′is as in section 4. The potentials φb
ε,µ

give the starting points at t = µ for the continuity paths:
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Ric ωuε,t = tωuε,t +
k∑
i=1

(1− βi,t)χiε (3.19)

The openness property on those smooth continuity paths holds is the same reason
as before, the linearized operator ∆ωuε,µ + µ is invertible because of Ric ωuε,µ . Since
there are k parameters β1, · · · , βk to vary and only one time parameter, we need to
use successive continuity paths to achieve this, i.e. firstly deform β1 to β′1 nearby,
and then start from this new weak conical KE metric to deform the second angle
β2 to β′2 nearby, and so on · · · . After k steps, we can deform (β1, β2, · · · , βk) to
(β′1, β

′
2, · · · , β′k) nearby. This finishes the proof of Theorem 2.2.

4 Deformation of weak conical KE metric on Q-

Fano variety

The starting point in our proof of Donaldson’s Openness Theorem in last section is an
approximation of the weak conical KE metric by smooth Kähler metrics, where the
approximation is achieved by finding Kähler metrics with prescribed volume forms
(the content of Calabi conjecture solved by Yau). As already explained above, to
approximate weak conical KE metric on a Q-Fano variety X, we need to assume X
sits inside a good family of smoothing, namely Q-Gorenstein smoothing X . And our
weak conical KE metric is assumed to sit on a pair (X, (1−β)D) where D is cut from
a global Cartier divisor D ∈ | − λKX/∆| such that D = D|X0 and (Xt, (1 − κ)D|Xt)
is KLT for any κ ∈ (0, 1]. We assume λ > 1.

4.1 Starting point and GH continuity

It is shown in [SSY] that there is this kind of similar starting conical KE metrics
on all of the smooth fiber Xt in this Q-Gorenstein smoothing (cf. Definition 2.12),
i.e. the existence in family of (weak) conical KE metrics for sufficiently small (but
uniform) values of the cone angles will be established.

Theorem 4.1 ([BBEGZ, Oda] ). There exist β > 1−λ−1 such that for any β ∈ (0, β]
and t ∈ ∆, there exists a unique weak conical KE metric on (Xt, (1 − β)Dt), which
is genuinely conical when t 6= 0.

We just remark that those weak conical KE metrics with small angles are ob-
tained via the combination of a uniform alpha-invariant estimate in family (observa-
tion of Yuji Odaka) and the variational approach developed by [BBEGZ] based on
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the properness of log-Ding/Mabuchi-functional.

Next, we want to show that the conical KE metrics on the smooth fiber (Xt, (1−
β)Dt, ωt,β) actually converges to (X0, (1−β)D0, ω0,β) in the GH sense (cf. Definition
2.15). In our proof of Donaldson’s Openness Theorem, the uniform L∞ bound (ac-
tually Cα) on the potentials of approximated Kähler metrics gives all higher order
estimates outside the divisor. So, the approximated Kähler metrics satisfying the
smoothing of the Monge-Ampère equation really converges to conical KE metrics in
a nice sense. In the current situation of a varying family of manifolds, we could not
simply apply the Evan-Krylov theory since our family of Monge-Ampère equation
involves the term of Ricci potentials (of background Fubini-Study metrics) which
is in general not uniformly bounded. The GH continuity under L∞ bound of the
Kähler potentials could be viewed as an replacement for the higher order bound.

We may assume that the Q-Gorenstein smoothing π : X → ∆ of a Q-Fano variety
is λ-plurianticanonically embedded in PN(λ) × C.

Theorem 4.2 ([SSY]). Let π : (X ,D)→ ∆ be a Q-Gorenstein smoothing as above.
Let β ∈ (1 − λ−1, 1], assume that for any t ∈ ∆, there is a weak conical KE metric
ωt,β on (Xt, (1 − β)Dt), which is genuinely conical for t 6= 0 and such that ωt,β =
ωt,FS +

√
−1∂∂̄φt,β with |φt,β|L∞ uniformly bounded. Then the conical KE metrics

on the smooth fibers converge to the weak KE metric on the central fiber in the GH
topology. Moreover, we have that |∇ωt,βφt,β| is uniformly bounded and all higher
derivatives of φt,β are uniformly bounded away from the singular set and the divisor.

The key point of the proof to this theorem is a comparison between the algebraic
embedding Xt ⊂ PN(λ) and the L2 embedding of Xt, denoted as Yt. The first em-
bedding could be viewed as an orthonormal embedding under some Hermitian inner
product H on H0(Xt, K

−λ
Xt

), while the L2-embedding (usually called Bergman em-
bedding in the literature) is the orthonormal embedding under the Hermitian inner
product Ht defined by

Ht(σ1, σ2) =

∫
Xt

ht(σ1, σ2)ωnt,β

where ht is the singular Hermitian metric on K−λXt with curvature λωt,β. The L∞

bound on φt,β implies the Hermitian metrics Ht and H are uniformly equivalent,
which in turn implies the two embedding images inside PN(λ) are uniformly bounded
from each other, i.e. Yt = At.Xt for a bounded family of matrices At in GL(N(λ),C).
The theorem of Chen-Donaldson-Sun [CDS2, Theorem 1] says the GH limit of ωt,β
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algebraic embeddings
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Xt1

L2 embeddings

algebraic limit X0
Xti

Yi = Ai.Xti
GH limit Y = A∞.X0

Figure 4.1: GH convergence under L∞ bound

could be realized as the limit Y of the family Yt inside the Chow variety, and the
conical KE metric converges to the weak conical KE metric also in the sense of
current, meanwhile Di converges to ∆ as algebraic cycles . Therefore, the GH limit
is actually isomorphic to X0, the algebraic limit of Xt. Figure 3.1.3 is an illustration
for this sketch of proof.

Remark 4.3. It follows from the proof below and the theorem in [DS] that the same
conclusion is true if the cone angles of the conical KE metrics vary and stay bounded
below by 1 − λ−1 + δ for some δ > 0 since they all have a uniform diameter upper
bound.

By this theorem, to show the GH continuity, it suffices to establish the uniform
L∞ estimate of the conical KE potentials. This is related to the log-Ding/Mabuchi-
functional that was introduced in the first section.

Suppose we have a family (X ,D) over ∆, which is embedded into PN × C by
| − λKX/∆|. We denote by ωt,FS the restriction of λ−1ωFS on Xt and by ht the

restriction of h
1/λ
FS on KX/∆|Xt . We define Ft,β (respectively Mt,β) to be the infimum of

the log-Ding-functional (respectively log-Mabuchi-functional) on Xt with base metric
ωt = ωt,FS. When Xt admits a weak conical KE metric on the pair (Xt, (1 − β)Dt)
for β ∈ (0, 1), this functional is finite according to [BBEGZ, Theorem 4.8] and Ft,β =
Fωt,(1−β)Dt(φt,β) is achieved at the unique conical KE metric ωt,β = ωt +

√
−1∂∂̄φt,β.
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Theorem 4.4 ([SSY]). Suppose for a fixed β ∈ (1 − λ−1, 1), or β = 1 if Aut(X0)
is discrete, there are weak conical KE metrics ωt,β on (Xt, (1− β)Dt) for all t ∈ ∆,
which are genuinely conical for t 6= 0. Then we have that lim supt→0 Ft,β > −∞
and lim supt→0Mt,β > −∞. Moreover, (Xt, (1 − β)Dt, ωt,β) converges to (X0, (1 −
β0)D0, ω0,β) in GH sense as t→ 0.

The next lemma shows that the I functional is continuous under a kind of con-
vergence of the Kähler potentials which frequently appears in our situation.

Lemma 4.5 (Strong Convergence of I functional). Suppose we have tj → t0 ∈ ∆
and suppose we have a sequence of potentials φj on Xtj with ωtj +

√
−1∂∂̄φj ≥ 0

and |φtj |L∞ is uniformly bounded. Furthermore assume φj is C2 on Xtj \Dtj and φj
converges smoothly away from X sing ∪ D. Then we have

lim
j→∞

Iωtj (φj) = Iωt0 (φ0).

Proof. We assume t0 = 0. The other case is simpler. We write

Iωtj (φj) =

∫
Utj

φj(ω
n
tj
− (ωtj + i∂∂̄φj)

n) +

∫
Xtj \Utj

φj(ω
n
tj
− (ωtj + i∂∂̄φj)

n).

where Utj is cut from an open subset X\(X sing ∪ D). It is clear that the first term
converges to zero. For the second term, we notice that we can choose U0 in X0

so that
∫
X0\U0

ωn0 and
∫
X0\U0

(ω0 + i∂∂̄φ0)n arbitrarily small since the complement is

arbitrarily close to the volume of X0.

We are ready now to perform a continuity method argument to show that cone
angle of a weak conical KE metric on (X0, (1− β)D0) could be perturbed.

4.2 Deformation of weak conical KE metrics

Let D ∈ | − λKX/∆| be as in the setting of Theorem 2.13, we define the following
functions, which measure the “maximal” cone angle:

βt := sup{β ∈ (1− λ−1, 1] | ∃ conical KE metric on (Xt, (1− β)Dt)}, for t 6= 0;

β0 := sup{β ∈ (1− λ−1, 1] | ∃ weak conical KE metric on (X0, (1− κ)D0) for ∀κ ≤ β}.

Notice that by Theorem 4.1, we may assume βt ≥ β > 1− λ−1 for all t ∈ ∆. For
t 6= 0, it follows from [CDS1, CDS2, CDS3, Berm2] that the existence of KE metrics
on Xt with cone angle 2πβ (β ∈ (0, 1]) along Dt corresponds to the K-polystability

47



of (Xt, (1−β)Dt) and the latter condition satisfies an obvious interpolation property
for β. In particular, for t 6= 0, there indeed exists a KE metric on Xt with cone angle
2πβ along Dt for all β ∈ (0, βt). Since on the central fiber it is one of our goals to
establish the existence result, at this stage we do not have the interpolation property
yet. This is the reason that in the above definition we distinguish between the case
t 6= 0 and t = 0.

For a KLT pair (W,∆), we use Aut(W,∆) to denote the group of holomorphic
automorphisms of W which preserve the divisor ∆.

Proposition 4.6 ([SSY]). • (Lower-Semicontinuity): βt is a lower semi-continuous
function of t ∈ ∆;

• (Uniqueness of Limit): For any sequence ti → 0 and βi → β̂ < 1, the conical
KE pair (Xti , (1−βi)Dti , ωti,βi) converges to (X0, (1− β̂)D0, ω0,β̂) in GH sense,

and moreover the potential of ωti,βi relative to the L2 embeddings are uniformly
bounded.

The proof of Theorem 2.13 is more involved than the proof for Donaldson’s Open-
ness Theorem since it uses also the notion of K-polystability. The existence of weak
conical KE metrics on the pair (X0, (1− κ)D0) for β∗ and the small angle κ0 implies
the K-polystability for those pairs and thus the K-polystability of the pair for any κ
in between κ0 and β∗ by the linearity of K-polystability on the parameters.

Define A = {β ≤ β∗|∃ a weak conical KE metric on (X0, (1− κ)D0), ∀κ ≤ β}.
As in the work of [CDS1, CDS2, CDS3], we will also use the method of deforming

the cone angles. It suffices to show A is both open and closed in [β, β∗], where β is
the number in Theorem 4.1.

Proof of Theorem 2.13. For any β̂ ∈ A, there is a weak conical KE pair (X0, (1−
κ)D0, ω0,κ) for any κ ≤ β̂. We use the lower semicontinuity of βt (Proposition 4.6) to

prove that nearby smooth pairs (Xt, (1− β̂)Dt) all admit weak conical KE metrics,
i.e. βt > β̂ (this is the analogy of Proposition 3.9 in Sect. 3.1.2). Suppose it is
not the case. Then we have a subsequence ti → 0, βti ≤ β̂ and limi→∞ βti = β̂.
By the weak compactness result of [CDS2], for each fixed i, the conical KE pair
(Xti , (1 − κ)Dti , ωti,β) converges by subsequence to a limit (Wi, (1 − βti)∆i, ωi) as
κ → βti , with Aut0(Wi,∆i) containing a non-trivial one parameter subgroup. By

Prop. 4.6, this sequence of limits must converge to (X0, (1−β̂)D0, ω0,β̂), contradicting
the fact that Aut0(X0, D0) = {1}.

The second item in Prop. 4.6 implies that (Xt, (1 − β̂)Dt, ωt,β̂) converges to
(X0, (1 − β)D0, ω0,β̂) in the GH sense and the potential φt,β̂ of ωt,β̂ relative to the
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Figure 4.2: conical KE’s in a Q-Gorenstein family

induced Fubini-Study metric ωt with respect to the L2 holomorphic embedding is
uniformly bounded in L∞. This implies that Iωt(φt,β̂) is uniformly bounded. This

fact together with that βt > β̂ imply that there is a β̃ > β̂ such that Iωt(φt,β′) is uni-

formly bounded for ∀β′ ∈ [β̂, β̃] and for all t sufficiently small. Otherwise we could
find a subsequence ti → 0, β̂ < κi < βti that converges to β̂ and a sequence of weak
conical KE pairs (Xti , (1− κi)Dti , ωti,κi) with Iωti (φti,κi)− Iωti (φti,β̂) = C for a fixed
large constant C, by the strong convergence of I functional (Lem. 4.5) this would
lead to a contradiction with the Uniqueness of weak conical KE metrics [BBEGZ,
Theorem 5.1] and the arguments that we have used frequently before. From the
uniform bounds of Iωt(φt,β′) it follows from Theorem 4.2 that (Xt, (1 − β′)Dt, ωt,β′)
converges by subsequence to some weak conical KE pair (X0, (1 − β′)D0, ω0,β′) as
t→ 0. This proves the openness of A.

Then we proceed to show the closedness part. Take any sequence {βj}j=1,2,··· ⊂ A
which strictly increases to a number β∞ ≤ β∗. By Proposition 4.6, for any j, βt ≥ βj
for t small enough and the weak conical KE pairs (X0, (1 − βj)D0, ω0,βj) is the GH
limit of genuinely conical KE metrics on the smooth fibers. This enables us to take
sequential GH limit of (X0, (1− βj)D0, ω0,βj) from which we get a weak conical KE
pair (Y, (1 − β∞)∆, ω) with Aut(Y,∆) reductive. As in [CDS3], if (Y,∆) is not
isomorphic to (X0, D0) then there exists a nontrivial test configuration of (X0, D0)
with central fiber (Y,∆) and Donaldson-Futaki invariant vanishing. This shows that
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(X0, (1− β∞)D0) is not K-polystable. Contradiction.

Finally, we remark that we only need to prove the openness at parameter β∗ < 1 to
proceed the continuity method. Therefore, K-polystable Q-Gorenstein smoothable
Q-Fano variety admits a weak KE metric (without assuming the triviality of the
automorphism group of the variety). On the other hand, if indeed Aut(X0) is discrete,
then all nearby smooth Fano manifolds Xt’s admit smooth Kähler-Einstein metrics
and this family converges to the weak Kähler-Einstein metric on X0 in GH sense (cf.
[SSY, Theorem 1.1]).
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