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Abstract of the Dissertation
Conical Kahler-Einstein metrics and Its Applications
by
Chengjian Yao
Doctor of Philosophy
in

Mathematics

Stony Brook University

2015

In this dissertation we prove certain deformation behaviors of Kahler-Einstein
metrics with singularities. Based on smooth approximation and a prior: estimates,
we first give a new proof to Donaldson’s Openness Theorem of deforming the cone
angle of conical Kéahler-Einstein metric on smooth Fano manifold, and prove a direct
generalization to conical Kahler-Einstein metrics along simple normal crossing pluri-
anti-canonical divisors on smooth Fano manifold. Then we use continuity method
to study the deformation of weak conical Kahler-Einstein metric on Q-Fano variety.
The idea of our new proof above is generalized to prove the openness part of the
continuity method argument, while the closedness part directly follows from the
weak compactness result of Chen-Donaldson-Sun.
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1 Background in Kahler Geometry

The interplay between Riemannian geometry, symplectic geometry and complex ge-
ometry makes Kéhler geometry one of the most fruitful area of research in recent
years. We first describe how Kéahler geometry arises from the study of Riemannian
geometry, and then we briefly outline several important conjectures that dominate
the recent developments in past several decades.

1.1 Riemannian point of view

Start with a real vector bundle E with an inner product (,) over a differential man-
ifold X. A connection on FE is an operator

Va:T(E) = Ql(E)
such that
d(s,t)y = (Vas,t) + (s, Vat)

and

Va(fs)=df @ s+ fVas

for any sections s,t and any function f.

Coupled with the exterior differentiation operator on differential forms and ex-
tended via the Leibniz rule, V, induces operators da : QF(E) — QPFY(E) for
p=20,1,---,. The curvature operator of V4 is defined as

FA(S) = dAdAS

1.e.

Fa(s)(u,v) = VauVaus = Va,Vaus = Vauus

Let (X, g) be a 2n dimensional Riemannian manifold. For any affine connection
V4 on TX, the torsion 74 € A*’T*X ® TX is defined as follows

7 (u,v) = VA — Viu — [u, 0]

The tangent bundle T'X equipped with the Riemannian metric admits a unique
compatible torsion free connection V, called the Levi-Civita connection. The curva-
ture form of V is then the standard Riemannian curvature tensor R:



R(u,v)w = V,Vyw — V,V,w — Vi qw

Suppose now X admits an almost complez structure J,i.e. asection of End(TX) =
TX ®@T*X such that J? = —id on X. Then J induces a splitting of the complexified
tangent bundle Tc X = T'°X @ X% where T'°X and T%! = T are the complex
sub-bundle corresponding to the v/—1 and —+/—1 eigenspaces of J on TeX.

The tensor that is used to measure the defect of J from being integrable, i.e.
coming from an complex structure, is called the Nijenhuis Tensor N; and it is
defined as

Ny(u,v) = [u, Jv| + [Ju,v] — J[u,v] + J[Ju, Jv]

The Nijenhuis Tensor could be represented in terms of V4.J and 74 via the
following formula:

Ny(u,v) = (VaJ)(u,v) = (Vad)(Ju, Jv) — (VaJ)(v,u) + (VaJ)(Jv, Ju)

— 7w, Jv) — 7 (Ju,v) + J(74(u,v)) = J(7(Ju, Jv)) (1)

If J is compatible with the Riemannian metric g, i.e. g(Ju, Jv) = g(u,v), then
the tensor w defined by w(u,v) = g(Ju,v) is skew-symmetric, i.e. it is a two form.
It is easily seen that it is nondegenerate, i.e. w" is nowhere zero on X. The exterior
derivative is given by:

dw(u,v,w) = g((VaJ)(u,v) + J7(u,v), w) + g((V4J) (v, w) (12)
+ I (v, w), u) + g(Va) (w, u) + Jr(w, u),v) '

Now if we take V4 to be the Levi-Civita connection V, then 7V = 0. There is
an inverse formula to the above

29((VuJ)v,w) = dw(u, v,w) — dw(u, Ju, Jw) — g(u, Nj(v,w)) (1.3)
By Equations (1.1, 1.2,1.3),

dw=0,N;=0«<=VJ=0

A Riemannian structure (X, g, J) is called a Kdhler structure if one of the above
equivalent conditions is satisfied. The parallel condition V.J = 0 implies that the
splitting 719X and T%!' X are preserved under covariant derivatives. In this situation
J is integrable, i.e. it comes from a complex structure, according to the famous



theorem of Newlander-Nirenberg. Let z1,---,z, be a local complex coordinates,
then w is a nondegenerate closed real (1, 1)-form, i.e.

W=V —1 Zgijdzi N de

for (gi;) being positive Hermitian, and 0kg;; = 0;gx;. By Poincaré’s Lemma, locally

w = \/—_185¢

for a real valued smooth function, which is called local Kahler potential. This formu-
lation is precisely Kahler’s original description about a special kind of Riemannian
metric on a complex manifold, whose metric tensor is locally given by the complex
Hessian of a pluri-subharmonic (PSH) function. His motivation comes from the re-
markable simplicity of the formulas of the various curvature tensors in this situation.
Since T = Span{a%i} and T%! = Span {a%j} are preserved under the covariant
derivative of Levi-Civita connection, all other types of the Christoffel symbols ex-
cept

k 1k
T
vanishes, and it is easy to derive that
Iy = g"0ig; (1.4)
Rijkl = —ajrik

The globally defined closed real (1,1)-form

Ric w =+v—1 ZRij—dz,- ANdz; = —/ =100 logw" (1.7)

is called the Ricci form of the Kahler metric w. On the other hand, w" could be
viewed as a section of Kx ® K x, i.e. a Hermitian metric on the holomorphic line
bundle K)_(l, and the Ricci form is just the curvature form of the Chern connection
corresponding to this Hermitian metric. For a different choice of Kéhler metric «’,

w/n

Ric w’ — Ric w = —v/—1001og —
wn

therefore the Ricci form of any Kahler metric on X defines the same de Rham
cohomology class, which is 27c; (K5') = 2me;(X) according to Chern-Weil theory.

3



1.2 Calabi’s conjectures

Riemannian metrics of constant Gaussian curvature on Riemann surfaces could be
used to prove the Uniformization Theorem. It is E. Calabi who first consider uni-
formization problems for higher dimensional complex manifolds using “canonical
metrics”. He proposed several conjectures and laid the foundations for this very
interesting subject of study, which is still very active after its inception for half a
century.

1.2.1 Volume Form conjecture

E. Calabi asked if every form a € 2mci(X) could be realized as the Ricci form of
some Kéhler metrics. We might first restrict ourselves to a fixed Kdhler class |wp,
which consists of all Kahler metric cohomologous to wy.

[Cdo] = {(JJ¢|UJ¢ = wo + \/j85¢ > O}

Let Ric wy = ag , suppose a = ag — v/—190F for F € C*(X), uniquely deter-
mined up to a constant. The equation needed to be solved is

Ric wy = (1.8)
By the formula 1.7, this equation is seen to be equivalent to
Wy = efw?
Yau uses a continuity method to solve this equation:
Ric wy, =ta+ (1 —t)g (1.9)
or equivalently the family of Monge-Ampere equations
wy, = ey (1.10)

where C} is some constant chosen to make the normalization condition

/et”%g = /wg

hold.



1.2.2 Kahler-Einstein problem

Calabi also proposed the question of finding “canonical metrics” inside a fixed Kahler
class. If the Kahler class is proportional to the first Chern class, the natural candi-
dates of those “canonical metrics” would be Kéahler-Einstein metrics, i.e.

Ric wy = Awy (1.11)

for some constant .

By scaling the Kahler metric wy, the constant could be assumed to be —1,0 or
1. All three cases requires ¢;(X) to be definite, i.e. ¢;(Kx) > 0, ¢;(Kx) = 0' and
c1(K') > 0 respectively. Similar to the continuity path (1.9) to attack the Calabi’s
Volume Conjecture, there is also natural continuity path (called Aubin-Yau path) to
solve the Eq. 1.11:

Ric wy, = tAwy, + (1 — t)ap (1.12)

where oy = Ric wyg = Awg — \/—185hwo. This is equivalent to a family of Monge-
Ampere equations

Wy, = e~ Mt Hthug 1 (1.13)

with parameter ¢ € [0, 1].

The linearized of operator L4; = Ay + At could be verified to be invertible on
suitable Banach spaces, thus the openness part of the continuity method follows from
a standard implicit function theorem in Banach spaces. The closedness part involves
a priori estimates for solutions of the equation above. Yau derived the C? and C!
bounds in terms of C? estimate, and Calabi did the calculation for C? estimate (in
terms of the C? bound even earlier). Therefore, all works are reduced to obtain the
C? estimate of the family ¢t;- The case A = —1 is the simplest one and very easy
to get by maximum principle (cf. [Au, Yau].) The case A = 0 is solved by Yau
[Yau| (later called Calabi-Yau manifolds). The case A =1 (i.e. the Kéhler-Einstein
problem on a Fano manifold) turns out to be quite subtle and is only fully settled
until very recently.

1.2.3 cscK/extK metrics

It is worth mentioning more general canonical metrics introduced by Calabi besides
the Kahler-Einstein metrics. In analogy with the Yang-Mills functional, i.e. the L?

!The Kihler class could be any Kéhler class in the case ¢;(Kx) = 0.



norm of the curvature F4 introduced in the first section, Calabi defined a functional,
which is the L? norm of the Riemannian curvature of Kiahler metrics, and studied the
critical points of this functional inside a fixed Kéhler class. Much different from the
Riemannian case, the L? norms of the Riemannian curvature tensor, Ricci curvature
tensor and scalar curvature function are essentially the same in a fixed Kéahler class,
in the sense that they differ from each other only by some topological constants
depending on Chern classes and the Kéahler class. The space of Kdhler potentials is
defined as

Heo = {0 € C(X,R)|wg = wo + vV—190¢ > 0}

Calabi’s functional Ca is defined as follows:
Ca:H, —R
ors (R B
By Calabi’s calculation, the variation is given by

dpCa(@) = (¥, DyRg)y

where Dyf =" 51 /fﬂ is a fourth order differential operator. The Euler-Lagrange
equation is then

D¢R¢ = O
On a compact Kahler manifold, integrating the above equation by parts, this
Euler-Lagrange equation is reduced to the condition that V''Rs = >~ R(b’a% is

a holomorphic vector field on X. A Kéahler metric is called extremal Kahler metric
(abbreviated as extK metric) if the (1,0)-gradient of the scalar curvature function
is a holomorphic vector field on X. The special case for which V'R, = 0, i.e.
the scalar curvature is constant, is called constant scalar curvature Kahler metrics
(abbreviated as cscK metric). It should be remarked that cscK metrics inside a class
which is a multiple of the first Chern class are Kahler-Einstein metrics.

Based on the observation of Fujiki-Schumacher [F'S] and Donaldson [Don97] that
the scalar curvature of a Kahler metric could be viewed as the moment map for the
action of the exact symplectomorphism group G on some infinite dimensional Kahler
manifold. In this picture, Calabi’s functional is just the “norm function” of the
moment map, cscK metrics are zeros of the moment map, and H,,, is the quotient of
the complexified orbit. Thus, to find a metric of constant scalar curvature inside H,,,
is equivalent to find a zero of the moment map inside the corresponding complexified



orbit. In finite dimensional picture, this correspondence is known as the Kempf-Ness
Theorem, which relates the Mumford stability of a complex orbit and the existence of
zeros of the moment map. This finite dimensional Mumford stability could be tested
just along all the one parameter subgroups, known as the Hilbert-Mumford criterion.
And it suggests a stability condition for our current picture, exploited as K-stability
[SchYau, Tian97, Don02].

On the other hand, H,,, could be equipped with a L? Reimannian metric

(r, a)s = /X o]

under which any two points ¢1, ¢, could be joined by a unique C'! geodesic |[].

Mabuchi introduced a functional M,,, on H,, whose critical points are constant
scalar curvature Kéhler (cscK) metrics inside |wp]. Its variation along any direction
Y € TyH,, = C°(X,R) is defined by the following formula:

M) = = [ (Rs = R)} (1.14)

where
 feRewd  2mner(X) - wo) !

B I xWg [wo]™

is the average of the scalar curvature and it is a topological constant. It is a simple
calculation that M, is convex along any smooth geodesics in H,,, and therefore the
existence of critical points would be expected to imply the properness (in terms of

the geodesic distance) of this functional. Chen [Chen00] made the following impor-
tant conjecture:

R

Conjecture 1 (Chen’s Conjecture). There exists a cscK metric in [wo] iff My, is
proper in terms of the geodesic distance on H,,.

In the case when [wy] = 27 (X), a cscK metric in [wy] would be necessarily a
Kéhler-Einstein metric. If Aut(X) is assumed to be discrete, there is one analytical
criterion for the existence proved by Tian (cf. [Tian97]).

Theorem [Tian97] . On a Fano manifold X without nontrivial holomorphic vector
fields, there exists a Kdahler-Einstein metric iff the Mabuchi functional M, is proper.



The Kahler-Einstein problem attracts the central attention in the area of com-
plex differential geometry perhaps for two main reasons. On the one hand, the
complex Monge-Ampere equation theory developed by Cafferalli-Spruck-Nirenberg-
Kohn, serves as a big input to KE problem from the analytic perspective, and on the
other hand, the powerful convergence theory for Riemannian manifolds with Ricci
curvature bounded from below, thanks to the work of Anderson, Cheeger, Colding,
Tian, serves as a powerful tool from the geometrical perspective.

In the recent years, the existence problem of smooth Kahler-Einstein metrics on
Fano manifolds is fully settled by the seminal works of Donaldson-Sun [DS], Chen-
Donaldson-Sun [CDS1, CDS2, CDS3]. The resolution of this problem utilizes a new
“continuity method” of deforming the cone angles of conical Kdahler-FEinstein metric
proposed by Donaldson [Donl2]. This continuity path, especially the “openness”
along the path, is the main focus point of this current dissertation.

2 Outline and Definitions

The organization of this dissertation is as follows: In this section, the necessary con-
cepts, definitions, notations are introduced and defined, together with the statement
of the theorems proved. In Sect. 3, we firstly present a new proof to Donaldson’s
Openness Theorem ([Donl2, Theorem 2]) by smoothing out the current equation of
weak conical KE metrics (cf. Theorem 2.1), and then we present a generalization
to simple normal crossing pluri-anti-canonical divisors on smooth Fano manifolds
(cf. Theorem 2.2). The subsection 3.1 is setting up and solving two two-parameter
continuity paths (the first used to approximate weak conical KE metric by smooth
Kéhler metrics with Ricci curvature bounded from below by the same number, while
the second is used to deform the cone angles) for weak conical KE metrics on a pair
(X, (1 — B)D) where X is smooth Fano and D is a smooth (pluri-)anti-canonical
divisor. The subsection 3.2 is devoting to prove that the smooth approximate solu-
tions are actually quasi-isometric to local model metrics (this enhances the rough C?
bound in [CDS1, Theorem 2.2] to a uniform C? bound), which enables us to show
that the limiting metrics are quasi-isometric to the model conical Kéhler metrics (cf.
Theorem 3.11). Combining with the regularity results of [GP, CW], the deformed
weak conical KE metrics are actually conical in Donaldson’s sense. In subsection 3.3,
we uses the same idea of smoothing out conical KE metrics to prove the openness of
deforming the cone angles along SNC pluri-anti-canonical divisors on a smooth Fano
manifold.

In Sect. 4, we are going to study the deformation behavior of weak conical KE



metrics on a Q-Fano variety, and prove Theorem 2.13 about deforming the cone
angles of weak conical KE metrics on Q-Gorenstein smoothable Q-Fano varieties.
This is an important step in the author’s joint work with Spotti and Sun [SSY],
where existence of weak KE metric on K-polystable Q-Gorenstein smoothable Q-
Fano varieties is established.

2.1 local model conical metrics

Let us first look at a model metric wg on C" (the Euclidean space equipped with
this metric is then usually written as Cs x C"!), and an obvious family of smooth
Kaéhler metrics on C" approximating wyg),

wigy = V=100(121 + 3 |z = V1B P 2dz Adz + Y dzi Adz} (21)
=2 i=2

wig = V—1{B(|z|* + ¢’ 'dz N dz + Z dz; Ndz;} (2.2)
1=2

As w(g,) approaches wg), the Ricci form

. e(1—B) 7
Ric w(ge) = \/_1(’2‘2 n €>2dz Adz
approaches the delta function 27(1 — §)[z = 0] in the distributional sense. It is
by this reason that wg) could be viewed as a Kahler metric on C" with Ric wg) =
2m(1 = B)[z = 0].

The recent development of Kahler-Einstein problem on Fano manifold makes
use Kéhler metrics with cone singularities along a smooth divisor (called conical
Kihler metric). Roughly speaking, conical K&hler metric on a K&ahler manifold
could be viewed as just usual Kéahler metric with Ricci curvature concentrated as
delta function near the divisor. Donaldson proposed an analogous continuity path
of the Aubin-Yau continuity path by replacing the smooth (1, 1)-form g in Eq. 1.12
as the integration current along a divisor D, taking the shape (cf. [Donl2, Eq. 27]):

Ric wg = fuwg + 27(1 — B)[D] (2.3)

The parameter § in this path corresponds to the angle of the cone which is 27 f.
The idea of Donaldson’s new continuity method is to find wg, with very small cone
angle 275y, > 0 first, and then to “open up” the cone, i.e. deforming the cone angles,
to 2.



D={s=0}

smooth approximation wg,

tangent cone wg)

conical Kahler metric wg

Figure 2.1: conical Kahler metric wg; tangent cone w(g) and smooth approximation
We

€

The Eq. 2.3 should be understood in the distributional sense. Let Ric wy =
wo++v —100h,, and let wg = wo++/—100¢s. Then for any smooth test (n—1,n—1)-
form n on X,

/(hwo ~log ) A V103
X Wo
:/ﬁgbﬁ/\\/—lﬁan—k(l—@)@w/n—/wo/\n)
X D X

The condition that the above integration equality makes sense is that log — : and
@3 are integrable, which could be satisfied fairly easily. However, for the KE problem
the condition is much easier to satisfy. In order to spell those out, let us first write
down the PDE for a conical Kahler-Einstein metric. Write Lp for the holomorphic
line bundle associated with the divisor D, and let S be its defining section, and
let h be the Hermitian metric on Lp with curvature form wy. Using the Poincare-
Lelong’s formula +/—1001og|S|?> = 2r[D], the Eq. 2.3 could be translated as a
Monge-Ampere equation with mildly singular right hand side:

W = e P Sy (2.4)

By the general theory developed by Bedford-Taylor [BT], wy makes sense as a

10



non-pluripolar measure, called Monge-Ampere measure, for any continuous wy-PSH
function ¢ on X. Kolodziej even proved that if the Monge-Ampere measure wy has
L? density for some p > 1, then the potential function ¢ should be Holder continuous
for some v € (0,1). Therefore, it is natural to require ¢4 to be Holder continuous on
X and satisfy Eq. 2.4 in the smooth sense on X\D. A Kéhler metric wg with this
described regularity is called weak conical Kahler-Einstein metric. The distributional
equality above makes sense.

On the other hand, based on more geometrical consideration, Donaldson requires
the singular Kéhler metric wg to have C*%# regularity, which means ¢, 9¢, 30 are
all Holder continuous in the real coordinates adapted to the presence of D (see more
precise Definition 2.7). This regularity requirement implies the tangent cone of a con-
ical Kdhler metric wy at any point on D is the standard model metric cone Cg x C" !
(see Figure 2.1 for the illustration). The conical Kéhler metric wg in Donaldson’s
sense, which also satisfies the smooth Monge-Ampere equation 2.4 on X\ D is called
a conical Kahler-Finstein metric with angle 275 along D, or sometimes as conical
Kéhler-Einstein metric on the pair (X, (1 — 3)D). The distributional equality is eas-
ier to see to make sense for conical Kéhler metrics.

Similar to the smooth case, conical KE metric corresponds to the critical point of
log-Mabuchi-functional M., 1—g)p, which is the usual Mabuchi functional modified
with an extra term coming from the current term 27(1 — §)[D], i.e.

Mwo,(lfﬁ)D = M, + (1 - 6>J27r[D} (25)
where

5y o) (6) = 1 /X (27[D] — wy) Awp ! (2.6)

Using a variational approach, the existence of weak conical KE metric with small
cone angles is established by Berman [Berm1]. Actually, Berman showed the proper-
ness of My, 1-g,)p for small fy > 0 (he actually finds an explicit estimate of the
range for 3y in terms of Alpha-invariant introduced by Tian).

In this dissertation, we first prove the deformation property of weak conical KE
metrics on smooth Fano manifold, which is a priori with weaker regularity than

Cz7a7ﬁ.

Theorem 2.1. If there exists a weak conical Kahler-Einstein metric w,, with angle
215 (0 < B < 1) along a smooth anti-canonical divisor D on a smooth Fano manifold
X, then there exists 6 > 0, such that for all 5" € (f — 6,8+ ), there exists a weak
conical Kahler-Einstein metric Wi 50 with angle 273" along the divisor D.

11



The method is a combination of two two-parameter continuity paths, the first one
(the one that is used in [CDS1]) is used to approximate w,,, by smooth Kahler metrics
with Ricci curvature bounded below by 3, and the second one is used to deform the
angle parameter [ to nearby ', thus approximating Donaldson’s continuity path. The
potentials of the smooth approximating Kéahler metrics are shown to have uniform
L bound, which enables us to pass to the higher order bounds outside the divisor.
The weak conical KE metric with angle 27" is obtained by taking the limit of these
smooth Kahler metrics.

By the global regularity result of Guenancia-Paun [GP, Theorem A], and also
independently the local version of Chen-Wang [CW, Theorem 1.2], the deformed weak
conical KE metrics are actually Holder continuous, i.e. wy, o € C?**8" Therefore,
together with this regularity result, Theorem 2.1 gives a new proof of Donaldson’s
Openness Theorem ([Donl2, Theorem 2]) for conical KE metrics.

Since the essential tool used in the study of continuity path, the log-Mabuchi-
functional (cf. Definition 3.1), requires relatively less regularity, we bypass the im-
plicit function theorem for singular Kahler metrics. This observation enables us to
generalize this openness property to some other settings, where the Banach spaces
theory seems difficult or subtle to set up. For instance, the case of simple normal
crossing divisor (pluri-anticanonical) on a smooth Fano manifold:

Theorem 2.2. On a smooth Fano manifold X, suppose there is a weak conical KE
metric with angle 27 3; (for 5; € (0,1)) along D;, where D; € | — \;Kx| with \; > 0
and U;D; being simple normal crossing, and also assume there is no holomorphic
vector field tangential to any D;. Then there exists 6 > 0 small enough such that for
all B, € (B; — 6, B; + ), there exists a weak conical KE metric with angle 2nf3 along
D; fori=1,--- k.

Actually, the method exploited here shows that in this situation the weak conical
KE metric is the limit of a family of smooth Kahler metrics with Ricci curvature
bounded from below. And it could be shown that the metrics spaces defined by
those smooth approximate Kéhler metrics converges to the metric space defined by
the weak conical KE metric in GH sense. Therefore, Theorem 2.2 generalizes the
approximation result of [CDS1, Theorem 1.1] to the case of SNC pluri-anticanonical
divisors.

It should be remarked that by [GP, Theorem A], weak conical KE metrics along
simple normal crossing divisors is also quasi-isometric to the standard model conical
Kahler metrics. The deformation result above, Theorem 2.2, is thus a generaliza-
tion of Donaldson’s Openness Theorem to the case of simple normal crossing pluri-
anticanonical divisors on a smooth Fano manifold. We hope this new result is useful
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in some future works.

“Approximation” is a very general principle in almost all branches of mathemat-
ics. We use smooth objects to approximate the singular objects and then take limit
to derive the properties of the singular objects from the corresponding properties
of the approximate smooth objects. The deformation property we proved here also
falls into this general framework, however the key new input here is the “gap” type
argument that enables us to carry out a contradiction. This bypasses lots of technical
difficulties which are inevitable via the direct method.

As was already remarked above, the usual implicit function theorem requires us
to prove the linearized operator is invertible in some Banach space, which is C%®8
in the setting of conical KE metrics. The Schauder-type estimate, i.e. the C**7
theory, for conical Kahler metrics on a smooth Kéahler manifold is achieved by a
beautiful elementary and classical construction of Donaldson [Donl2]. In general,
the related Schauder-type estimates for metrics with even weaker regularities, for
instance Kahler current on a possibly singular projective variety, seems to be prob-
lematic to achieve/set up at this moment. In this direction, we are able to use the
idea developed here to prove the openness about the cone angles for weak conical KE
metrics on a Q-Gorenstein smoothable Q-Fano variety. Before we state our result
(Theorem 2.13) rigorously, we need to make some definitions and notations.

2.2 Definitions/Notations

A complex line bundle L over an complex analytic space X is called holomorphic
on X if L|ynxres is isomorphic to the pull back under j of some holomorphic line
bundle on C¥ for any local holomorphic embedding j : U(C X) — C¥. The transi-
tion functions of the holomorphic line bundle over X are understood through local
embeddings into affine spaces. Therefore, we also have the notion of holomorphic
sections. The holomorphic line bundle L is called ample if the space of holomorphic
sections H°(X, L*) gives an embedding X — PM for some integer k > 1.

By saying —Kx is a Q-Cartier divisor, we mean that for some integer m > 1,
the holomorphic line bundle K7, could be extended to a holomorphic line bundle
on X. A singular variety X is called with (at worst) log terminal singularity if there

exists a resolution p : X — X such that the exceptional divisors {E;} are simple
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normal crossing and
KX =Q M*KX + ZCLZEZ

with the discrepancy a; > —1 for any any exceptional divisor E;, where “=@” means
the numerical equivalence as Q-Cartier divisors. Similarly, we could define the notion
of Kawamata Log Terminal (abbreviated as KLT in the following) for a pair (X, D)
(cf. [BBEGZ, Sect. 3.1]). We remark that two dimensional log terminal singularities
are precisely the quotient singularity, i.e. locally modeled as C?/T" for some finite
subgroup I' of GL(2,C).

Definition 2.3 (Q-Fano variety). A normal projective variety X over C with at worst
log-terminal singularities is called Q-Fano if K)}feg extends to a ample holomorphic
line bundle over X for some positive integer k. If X is smooth, then X is called a
Fano manifold.

Typical examples of Fano manifolds are P", low degree complete intersections in
P* | Mukai 3-folds and so on. Cubic surfaces in P? with quotient singularities, for
instance the Cayley’s nodal cubic surface defined as

{wzy + zyz + yzw + zwz = 0},

are typical examples of two dimensional Q-Fano varieties (often called as del Pezzo
surfaces in literature).

Definition 2.4 (KE metric). A K&hler manifold (X, w) is said to be Kéhler-Einstein
if

Ric w = cw,
or equivalent, an Einstein manifold (X, ¢) with a compatible complex structure.

Definition 2.5 (weak KE metric, [EGZ]). A weak KE metric on a Q-Fano variety X
is a Kéhler current in 27¢; (X)) with continuous local potentials and that is a smooth
KE metric on the smooth part X",

Let X be a Q-Fano variety and D be a Cartier divisor in the linear system
| = MK x| for some integer A > 1 with defining section S. Fix a smooth Kéhler metric
w € 2mc;(X) which is the curvature form of a Hermitian metric A on Ky' (defined
up to a constant multiple). A choice of h can also be viewed as a choice of a smooth
volume form vol, on X, or equivalently, a choice of the Ricci potential h,, of w (that
is to say Ric w = w 4+ v/—109h,, by the relation vol;, = ehw%).

Denote by PSH(X,w) the space of w-plurisubharmonic functions on X. For
g € (0,1] we define r(8) =1 — (1 — f)\ and denote V = (2#)"% (this is a
fixed topological quantity all through this paper).

14



Definition 2.6 (weak conical KE metric, [BBEGZ]). Fix a smooth Kéhler metric
w on X, let ¢ be smooth on X"\ D and locally continuous near X*™ U D such

that wy = w + /—1009¢ is a Kihler current on X. It is called weak conical KE if it
satisfies the current equation:

Ric wy = r(f)wy + 27(1 — B)[D] (2.7)

in a suitable sense or, equivalently, the complex Monge-Ampere equation

e (09|82 %vol,,

Wl =nlV )
T eS| ol

(2.8)

where S is the defining section of D and h on Lp is the natural Hermitian metric
induced from the one on K3 .

Let us recall Donaldson’s notion of conical Kéhler metrics [Don12| for a smooth
pair (X, (1 —8)D). Let U be a local chart X with coordinate system {z, 2o, - , 2, }
and D NU = {z = 0}, we could define a new (non-holomorphic )coordinate system

{C = |Z|/B_1zy 29, 7Zn}-

A function ¢ on X is said to be in C**# if ¢ is in the usual Hélder space C® under
the new coordinate system. ¢ is said to be in C%%# if the coefficients of o, ¢, 0
under the new coordinate systems are all in the usual Holder space C'.

Definition 2.7 (conical KE metric [Donl2]). A weak conical KE metric w,, on
a smooth pair (X, (1 — 8)D) is called conical KE if w,, is quasi-isometric to the
standard local model conical Kéhler metric wig) = v/—1(8%z|*72dzAdz+ >, dz A
dz;) around each point p € D, and @5 € C>%F.

Then, we refer the read to Berman [Berm2| for the definition of K-polystability
and log-K-polystability. He indeed proved the existence of weak (conical) Kéahler-
Einstein metrics implies (log-)K-polystability.

Next, we need to introduce several important functionals in Kahler geometry that
are needed in this paper. Fix wg to be a smooth Kahler metric on the smooth Kahler
manifold X. The space of Kdhler potentials is

Hoy = {6 € C®(X)|wy + V=100 > 0}

Let « be a smooth closed (1, 1)-form on X (not necessarily in 2wc; (X ), not nec-
essarily positive either), and let D be a smooth divisor on X. Denote two constants,
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n[a] - fwo]"™! 2mn[D] - wo]" ™!

[wo]” [wo]"

which is the “average” of the corresponding quantities, depending only on the coho-
mology /homology classes. For any ¢ € H,,, take ¢, with ¢ € [0,1] to be a smooth
path in H,, connecting 0 and ¢. All the functionals described below are defined by
integration along the path ¢; ( it can be verified that the values do not depend on
the particular choice of the path ¢).

Definition 2.8. [J-Functional [Chen00]]

a= , D=

nio)= [ at [ dima-ave)neg 29)

1 1
Jorp) (@) = 27m/ dt/ gﬁtwgfl —Q/ dt/ qz'ﬁtwgt (2.10)
0 D 0 X

By choosing the standard linear path ¢; = t¢ and integrating the above formulas
out, we could write down well-known more explicit formulas which we include a proof
for convenience:

n—1 n
Jo(9) = Z/ pa A w /\wg_l_k - nijtl Z/ Pwh /\wg_k (2.11)
k=07 X o /X

n—1 n
n—1- D -
Jonip)(6) = > :27r/ pwh A wp™! k_n—i—l > j/ puwy Awy (2.12)
k=0 D k=0 Y X

Proof. The proof for the first formula is given below, and the proof for the divisor
case is similar.

Jo(0) :/0 dt/X ona A ((1 —t)wo + tw¢)n_1 — gqﬁ((l — two + t‘%)n

! -1
= / n(n ) (1-— t)ktnlkdt/ pa Awf A wZﬁl*k
0 k X
1 n
-y / al )1 =tk kat / dwi Awy "
—Jo " \k x

n
Q
= a/\wk/\w”’l’k—;g / Wi A wn =k
/)(Qb 0 o) n+1k70 X(b 0 ¢
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The functional J, was introduced by Chen [Chen00] to study the lower bound of
Mabuchi functional (cf. Definition 2.9) on H,,, and later was used by Székelyhidi
to study the Aubin-Yau continuity path [Sz| initiated from different (1,1) forms in
2mey (X).

If a € 2mcy(X), then this J, functional is familiar in earlier work of Aubin[Au],
Bando and Mabuchi [BM]. In particular, take o = wp, then o = n and

n—+1

In@) = =73 [wwinag = [ o =u-n0) @)

where I and J are the classical functionals defined by Aubin [Au],

1(g) = /X pu — /X pul (2.14)

1 «— , .
J(¢) := 0 — —— s N wy™ 2.15
(®) /Xﬁbwo ntl ; /X ¢W¢ Wo ( )
There is an easy comparison according to [Au]:

1

11 (9) < (@) < 1(9) (2.16)

which could be seen from the following calculation:

n—1
D) KX INERETS
i=1 VX
n—1 B
= Z /X — vV —=100¢ N (Wit + Wi 2wy + - + w:b_l) ANwy™
i=1

n—1
=> /X V=106 N0 A (wi '+ wp 2w + -+ W) Awl T
i=1

>0
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Definition 2.9 (Mabuchi functional M,, , [Ma]). The variation of M., at ¢ € H,,
along a tangent direction 1 is defined as

Oy Moy (¢) = —/Xw<R¢ — R)wj. (2.17)

By integrating along the path ¢, = t¢, Chen [Chen00] derived an explicit Decom-
position Formula for the Mabuchi functional, the sum of an entropy term and Jg;.
term.

My (0) = /X log Z—le;? — JRic wo (@) (2.18)

Let us look at some consequence of this decomposition formula. The entropy
term is always bounded from below, and moreover it is proper in terms of the [
functional by Tian [Tian97]. If ¢;(X) = 0, thanks to Yau’s solution on Calabi’s
Volume Conjecture, we could pick wy to be the unique Ricci flat Kahler metric in
its Kahler class. It follows that M, is proper in any Kahler class on a Calabi-Yau
manifold. If ¢;(X) < 0, by Aubin-Yau’s theorem on Ké&hler-Einstein metrics, we
could pick wy to be the unique Kéhler metric in —2m¢;(X) with Ric wy = —wp.
Therefore, M, is proper since M, (¢) > —C + J,,(¢).

1 1
M, (@) = — n/ dt/ ¢Ric wg, N wg;l + E/ dt/ pwg,
0 X 0 b

1
:—n/ dt/ ¢(Ric wy, — Ric wp) A wy,” !
/ dt/ o(n Ric wy — Rw¢,)w¢t
:n/ dt/ ¢\/ 8610g ¢t /\w@ —JRijO(¢)
0
n/ dt/ log ¢t\/ 88¢/\w b — Jric wo (9)
0 X
1
/ dt [ (nv— 88¢+10g n\/ 100¢) A Wit = Jric wy (9)
0 X
/1dt/dl ) = i)
- 0 ic wo
o Jxdt !

/ log _d) Rlc wo (¢>
X
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Firstly, define C*'(X) := Usewo1 C’é’l(X), where C’é’l(X) denotes the space of
all functions ¢ which are C? on X"\ D with w +i00¢ > 0 and, locally around each
point p in D, we have C~lw(g < w + V—=100¢ < Cwgy for some C' > 0, where wg
is a standard model conical Ké&hler metric in a neighborhood of p (cf. the beginning
of this section).

Definition 2.10 (log-Mabuchi-functional M, 1_g)p). Suppose (X, D) is smooth
and w be a smooth Kahler metric on X, define the log-Mabuchi-functional on H,, to
be

My a-pp = My + (1 = B)Jarp]

In the particular case when X is a Fano manifold and D € | — AK x| is an pluri-
anticanonical divisor, let w € 27eq(X) have Ricci potential hy,, then we could write

Ric w = r(B)w + 27(1 = B)[D] + vV —190H,, 1-p)p,
where H, 1 gp = h, —log|S[;*’. For ¢ € PSH(X,w) which is in CH!(X), it
follows from the Decomposition Formula 2.18 that,
We

Mo, 1-5)p(9) !Z/Xlog mwg—T(ﬁ)Jw(¢)+/XHw,(1—B)DW”-

In the particular case 8 = 1, the log-Mabuchi-functional reduces to the usual
Mabuchi-functional. The log-Mabuchi-functional was introduced to study conical
KE metrics, see [Berm1, BBEGZ, SW, LS, CDS1].

On a KLT pair (X, (1—/)D), we could define the following functional which only
requires the potentials to be bounded.

Definition 2.11 (log-Ding-functional). For ¢ € L>*(X) N PSH(X,w), we define

Fu1-gp(@) == F(¢) + F,(9),

where
0 — _ 1 - / 1994\ n—i
F)(¢) := | ;0 ng(w + vV —=1009)" A w" ",
L) e~V e L / —r(B)| g|28—2
F(¢) = ) log v Xe |S]:7 " voly,.

The first term, essentially the second term appears in the formula of J, functional, is
well-defined by the pluri-potential theory [BBEGZ] and the second one makes sense
when (X, (1 — 5)D) is KLT. The Euler-Lagrange equation for log-Ding-functional is
precisely the above Eq. 2.8.
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In the second half of the paper, we would like to study the existence of weak KE
metric on a Q-Fano variety X via Donaldson’s continuity method of deforming the
cone angle of weak conical KE metric on X. The idea of this part comes from the
joint work with Spotti and Sun [SSY], therefore we will be very sketchy and refer
the reader to [SSY] for more detail. We only illustrate how to prove the openness of
Donaldson’s continuity path on this type of variety without using implicit function
theorem.

As already remarked above, to overcome the difficult of proving the openness part,
we need to use some kind of smooth approximations. Since the essential difference
between weak conical KE metrics on smooth Fano manifolds and Q-Fano variety is
caused by the presence of singularities of the variety, rather than the singular behavior
of the metrics, we could not simply smooth out the current of integration [D] to xe..
The “approximation” is instead achieved by utilizing the smoothing of the variety
(one dimensional Q-Gorenstein smoothing). We use (weak) conical KE metrics on
the nearby smooth fibers in X’ to approximate the weak conical KE metrics on Xj.

Definition 2.12 (Q-Gorenstein smoothing). A Q-Fano variety X is called Q-Gorenstein
smoothable if there is a flat family

X — A,

over a disc A in C such that X = X,, X; is smooth for ¢ # 0 and X admits a
relatively Q-Cartier anti-canonical divisor —Kx/a (in this case 7 : X — A is called
a Q-Gorenstein smoothing of Xj).

By possibly shrinking A, we can assume X, is a Fano manifold for ¢ # 0 and there
exists an integer A > 0 such that K)_Q/\ are very ample line bundles with vanishing
higher cohomology for all ¢ € A. Moreover, the dimension of the corresponding
linear systems | — AKx,| is constant in ¢, denoted as N(A). Therefore, we could
assume that the family X is relatively very ample, i.e. there is a smooth embedding
i: X s PNO x C such that i, = i|x, : X; = PY®) x {t} pulls the line bundle O(1)
on PYW back to K)_(:\. It follows from purely algebraic geometry argument that there
exists a divisor D € | — AKy/a| such that D, = D, is smooth and (X, (1 — 5)D;)
is KLT pair for any 8 € (0, 1] (cf. appendix of [SSY]).

Theorem 2.13. If there exists a weak conical Kdhler-Einstein metric wy, on the
KLT pair (Xo, (1 — B.)Dy) (for B € (1 — A1, 1)) introduced above, then there exists
0 > 0, such that for all B € (B8,—6, B.+0), there exists a weak conical Kdhler-FEinstein
metric w,, on the KLT pair (Xo, (1 — 3)Dy).
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Several well-known properties needed in this paper is listed in the following propo-
sition.

Proposition 2.14. 1. ([Sz]) If o/ = a + /=190, then

T () — Ju(6) = /X B — uB)

2. ([Tian00, Berml])
wTL
va(l—ﬁ)D(Qﬁ) > T(ﬁ)]:w,(l—ﬂ)D(@ + /X Hw,(1—5)DH

3.([Tian97]) Let wy and wy = wy + /—109¢ be two smooth Kihler metrics on X,
and let Cp, Cg be the corresponding Poincaré and Sobolev constants. Then for some
0n > 0, which is a dimensional constant, the following estimate holds:

Osc ¢ < {Cs(wo)™ Cp(wo) + Cs(wy)’" Cp(we) } o (@) + Cs(wo)™ + Cs(wy)’

4.[Chern, Lu] Suppose w and n are two Kdhler metrics on a compact Kahler manifold,
if Ric w > Ciw — Cyn and the holomorphic bisectional curvature R?jkl— < Cs(hizhyr +
hithi;), then

Ay log tr,n > Cy — (Cy 4 2C3)tr,n.

The final definition in this section is the Gromov-Hausdorff distance and Gromov-
Hausdorff convergence for compact metric spaces.

Definition 2.15 (GH distance, GH convergence). For two compact metric spaces
(X1,d1) and (X, ds), define the Gromov-Hausdorff distance (abbreviated as GH
distance) between them to be:

dar (X1, X3) = inf{n > 0|3Y such that X, X5 are isometrically embedded in Y’

and 7 close to each other}

A sequence of compact metric spaces (X;, d;) is said to converge to (Xo, ds) in
Gromov-Hausdorff sense(abbreviated as GH sense) if the GH distance between X;
and X, converges to zero as ¢ goes to infinity.
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3 Deformation of conical KE metric on smooth
Fano Manifold

3.1 Smoothing Continuity paths
3.1.1 Two two-parameter Continuity paths

Let X be a smooth Fano manifold, fix a smooth background Kéhler metric wqy in
271 (X), and write h,, as its Ricci potential (with the normalization supy h,,, = 0).
Let S be a holomorphic defining section of a smooth divisor D € |— Kx| and let h be
a smooth Hermitian metric on the line bundle L defined by D with curvature wy.
Let [D] denote the current of integration along D. By Poincaré-Lelong’s formula,
wo + v/ —10010g |S|? = 2r[D] as currents. We define a smooth approximation y, =
wo + /=199 10g(|S|3 + €) for € € (0,1]. Let w,, be a weak conical KE metric, i.e.

Wi, = e Peatheo| SR 20 (3.1)

The authors of [CDS1| used a smooth continuity path depending on two pa-
rameters to construct a family of smooth Ké&hler metrics (with Ricci curvature
bounded below by 3) to approximate w,, in the GH sense. We adopt the same
two-parameter continuity path. Let us first recall the construction. Since the vol-
ume form wiy, € LP(X, wy) for p € [1, ﬁ), we can choose a family of smooth volume
forms 7. with e € (0, 1] approximating it in L?, and then solve the Monge-Ampere
equation

Wo, = Ne (3.2)

by using the solution in [Yau]. Kolodziej’s LP estimate [KoO8| asserts that ||¢oc||co
is uniformly bounded for some v € (0,1), and consequently ¢, (normalized to have
0 as supremum) subsequentially converges to some ¢y. By a general uniqueness
theorem for bounded solutions of complex Monge-Ampere equations, ¢y = ¢ + C,
and therefore we can assume @, converges to ¢z by passing to a subsequence.
Again from Yau’s solution [Yau], we have smooth Kéhler potentials ¢, 5 such that

Ric wy, , = Bw,, + (1 — )X (3.3)

or equivalently satisfying Monge-Ampere equation
n — _B@e‘f'hwo wg 34
Wes =T ST R 34)

It follows from Kolodziej’s L? estimate [Ko08] that ||1)c g|| £ (x) is uniformly bounded.

22



Following [CDSI1, Eq. 3.4], to deform the Kahler metrics wy,_, to possess more

positive Ricci curvature, we use the two-parameter continuity path? *g , with e € (0, 1]
and t € [0, B](cf. Figure 3.1 for illustration) :

5 { Ric Wy tw¢a + (8 = t)wy, + (1 — B)xe

*e g ot
o ¢§O - 7vZ)e,,3

n [CDS1], the authors first use Donaldson’s Openness Theorem to deform the
cone angles of conical KE metrics to show that the log-Mabuchi-functional is coercive,
which enables them to solve the above path for ¢ € [0, 5]. However, in our situation,
we can not use Donaldson’s Openness Theorem to deform the cone angle and thus we
lack of the “coercivity” of the log-Mabuchi-functional. Instead, we use the modified
log-Mabuchi-functional (Definition 3.1) to establish the solvability for t €[0,8] for
any parameter 5 < . Then we will argue by contradiction to solve * , for t € 10, f]
with a uniform L* bound on ¢B . The next step is to start from (bﬂ 5 and use the
standard openness property for another smooth continuity path 3 *.; with € € (0, 1]
and ¢ near § (cf. Figure 3.2 for illustration):

{ Ric wy,, =twy,, + (1 —1)xc
*E,t . ' '

Ue,p =0l

to deform the parameter ¢ to nearby 4 with uniform L> bound on u, g .

n [CDS1], a smooth approximation (with parameter ¢ € (0,1]) of the log-
Mabuchi-functional was introduced to study the corresponding smooth continuity
path:

M, (1-8)x.(0) 7= My (0) + (1 = ) Iy (9) (3.5)

where J,_(¢) is the J functionals in Definition 2.8.

As explained in the introduction, in order to solve *’2 ¢» we need to introduce the

modified log-Mabuchi-functional by adding an extra term to achieve coercivity.

Definition 3.1. [modified log-Mabuchi-functional|] For any ' < g and ¢ € (0, 1],
define

—~

Mﬁvﬁl = MWO’(I_B)XG </8 6) Wee

2This two-parameter family is designed in [CDS1] to approximate conical KE metric by smooth
Kahler metrics with Ricci curvature bounded below by the same number.
3This two-parameter family is one smoothing of Donaldson’s continuity path.
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where @, is the solution to Eq. 3.2.

Notice that this modified functional depends on the choice of . and later we
will see that its precise form is made such that it is decreasing along the continuity
path *Z , for t € 10, 8']. The following lemma shows that this modified log-Mabuchi-
functional is coercive.

Proposition 3.2. For any fized 5 < 3, there exists C = Cpg independent of € such
that for all € € (0,1]:

My = (8= B)Juy = C
Proof. Rewrite the functional as following:
Mey = Moy + (1= B)y + (8 = B) L,
= Muga-pp + (1 = B)(Jy. = Jaxp) + (B = ) (S, = o) + (B = 5') ey
o The first term M., 1—g)p is the log-Mabuchi-functional. It follows from [BBEGZ,

Theorem 4.8] that M, 1-gp is bounded from below under the assumption
that there exists a weak conical KE metric wy,;

e The first error term .J,, — Jor(p) is bounded from below by the following com-
putation (see [CDS1] for more detailed calculation):

(o, = Joni))(6) = /X {l0g(ISE + €) — log |2} (] — &)
> / {log S — log(|S[2 + ) g
X

> —suplog(!S!i—i—l)jL/ log\S|iw8
X X

e The second error term J,, — J,,, whose formula appears in the first part of
Proposition 2.14, is bounded from below:

(. — ) (6) = /X el — )

> =2[[e]| o= (x)
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Therefore, if C' is chosen to be
€ =25~ Bl — (1= 5) [ log|SEwt + (1 - H)suplog(|SI: + 1),
X

the coercivity of ]\Z,g/ in the lemma holds. ]

In the next section, we will try to solve *f,t for t € [0, 5], € € (0,1] with a uniform
L*° bound on ¢'f,t-

3.1.2 Solution for *ﬁt with t € [0, 4] and € € (0, 1]

We need two lemmas which enable us to obtain uniform estimates of qﬁé , along the

continuity path *ﬁ .- The first lemma appeared in the work of [JMR] whose proof is
based on the Chern-Lu inequality and is given here for completeness.

Lemma 3.3. [JMR] There exists C = Cy4 such that if *f,t have solution (bft with
Osc ¢5t < A, then
Wy > Cwy

Proof. By comparing the Kéhler metric wys (denoted by wy, for simplifying nota-
tion) which has Ricci curvature bounded below by 0 and the fixed smooth Kahler
metric wy which has a fixed upper bound A on the bisectional curvature, the Chern-
Lu Inequality (see part 4 of Proposition 2.14) tells that

A%E log try,, wo > —2Atrw¢€w0.

By using the fact that A, ¢ = try, (W, —wo) = n — try, wo, we get the inequality

Ay, {logtry, wo — (2A + 1)} > try, wo — n(2A +1).

The maximum principle on X tells us tr,, wy < {n(2A + 1)}e@ATHO ¢ < O Thus
the lower bound of wy,_ claimed in this lemma is obtained. ]

The second lemma is an application of Evans-Krylov’s theorem [Ev, Kr] for C%¢
bound and higher order bounds.

Lemma 3.4. For any subset K CC X\D, and k € N, there exists C = Ca g such
that if *f,t have solutions gbgt with Osc gbi > A, then

H¢§,tHC’“(K) <C
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Proof. First we have the equation:

wn/} — e*t¢§,t*(5*t)@e+hwow—g (36)
9 (ISl +e)'=°

By Lemma 3.3 above, on any Euclidean ball U inside K, the above equation reads
as an equation of the type

wg = Fuwy
where ||F||ce and A,,¢ are uniformly bounded. By the standard Evans-Krylov

theorem [Ev, Kr],
9llc2e < C

and the higher order bound follows from a standard bootstrapping argument. ]

Proposition 3.5. For any fized §' < [, et is solvable fort € [0,'],e € (0,1] and
there exists C' = Cg independent of € such that

162 5|y < C

Proof. The proof follows a standard line, which is similar to the argument in [CDS1]
if the modified log-Mabuchi-functional is used instead of the usual log-Mabuchi-
functional. For the readers’ convenience, the calculation is included below.

On the one hand, along the interval ¢t € [0, /') on the continuity path *;87 ;, the

functional ./T/l;g/ is decreasing by a direct calculation:

Meﬁ’ et —n/qﬁ {RiCWB _WM}/\Wnﬁl"‘n(ﬂ_ﬂ/)/xf/‘ﬁgt{wwe ¢B}/\W

+n(l-p /¢€t{X6_w¢ﬁ}Aw¢§t
=n(8' —t) /X ¢e,t(w¢gt — W) A ngtl
=7 =) [ @h—on., Hey
(- 0) [ (@8 - (-0l — 0 - w‘sét}wgﬁ
X
—— (1) [ (O Py 005 1) [ B, + 01
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where in the last inequality the second term is nonpositive by Lichnerowicz’s estimate
of the first eigenvalue of Laplacian operator on a manifold with a positive lower bound
of the Ricci curvature.

On the other hand, since the initial potentials v, g satisfes Eq. 3.4, by using the
explicit Decomposition Formula in Definition 2.10 for the log-Mabuchi-functional, we
have

W
(15[ + '

n / Bl + (B — B, (eg) + (1 = B)Jy (o)
X

Mve,ﬁ'(¢e,ﬁ) - /X{_ﬂ(pe - (1 - /B) 10g(|S|%L + 6)}€_B<pe+hw0 - on (¢e,ﬁ)

Since ||@e||Le(x) and |[1)e ||z (x) are uniformly bounded from above by C', the first
term

n
wo

[ (=B (1= Btog(S + e 0 o

<c / 1522 1og | S| % < C
X

and the other terms

S (Ve < I(theg) = /X Vep(wy — wy, )
S (Vep) = Juy (Vep) + /X SOe(WZe,a - wp)

T (tep) = Jun () + /X log(IS[2 + €) (], — wb)

are all bounded from above (independent of €). Thus the values of ]\Z,B’ at the initial
points 9. 3 are uniformly bounded (independent of €) from above.
The modified log-Mabuchi-functional is coercive (see Lemma 3.7):

ME,,B'(¢> > (5 - 6,)on(¢) -C
Therefore along the interval ¢ € [0,~] where v < /' on which *ﬁ . can be solved,

Juo(02,) < C
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for C independent of € € (0,1] and ¢ € [0,7]. Along the continuity path *f’ , for

t € [0,7], for some fixed 6 > 0, we have Ric w of, > ow of therefore the Poincaré and
Sobolev constants of the family of Kahler metrics w o are uniformly bounded. By

the third part of Propositon 2.14,
Osc qﬁg < C

Since they satisfy the Monge-Ampere equation:

Wy = et (B Dpethug W (3.7)
v (SE+a

we can easily deduce that
1624l px) < C
Lemma 3.3 and 3.7 give us the higher order estimates for qb'g , (which may depend on

€), therefore the equation *g . can be solved up to ¢ = 8’ with uniform L* bound on
(]5'2 ; (independent of ). -

Since 3’ is any parameter smaller than 3, and the continuity path *3 , does not
depend on A, we immediately get the following corollary:

Corollary 3.6. For all € € (0, 1], the continuity path *f,t can be solved fort € [0, ).

3.1.3 Smooth approximation of weak conical KE

In this subsection, we will proceed to achieve the solution of *’3 . up to t = 3, which
gives smooth approximation of weak conical KE w,, with Ricci curvature bounded
below by 5. We first need a simple convergence property about Aubin’s I functional
(Eq. 2.14) that will be used several times later.

Lemma 3.7. If qbfj’tj converges to ¢ in the C'“ sense globally on X, then

Proof. We have the formula

n

—t;60 , —(B—t;)pe; The W

and the second integrand is bounded by some L' function on X. The convergence

claimed in the lemma follows from the Dominated Convergence Theorem.
O
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Figure 3.1: Two-parameter Continuity Path *f} .

Since Corollary 3.6 already assures that *ﬁ . can be solved on the open interval
[0, 3) with uniform L* bound on gbf g for any fixed B < (B, what remains to be shown

is a bound on on(cﬁg ¢), uniform in € and ¢ € (4, 8). Since Aubin’s I functional is
equivalent to J,, by the inequality 2.16, we have

I(¢905) < C (3.8)

for C' independent of €. By a contradiction argument based on Berndtsson’s Gener-
alized Bando-Mabuchi Theorem [Bern, Theorem 6.6], the required uniform bound is
achievable by the following proposition:

Proposition 3.8. For any fived ' < (5, there exists eg = €o(8') > 0, such that for
all € € (0, €o) we have

sup {I(¢2,) — I(¢0,)} < 1.
te[p’,B)

Proof. Argue by contradiction. Suppose the claimed estimate does not hold. Then
there exists a sequence €; N\, 0, with

sup {I(¢ét) - I(Qbfj,g')} >1
te(’,B)

Let t; be the first number t € (4, 3) such that

L@ ) = 1(8] ) =1
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By the inequality 3.8,
I(¢0 )< C+1

Then we get the uniform bound on gbfj’tj and argue similarly as in the proof of
Proposition 3.5: we have all the higher order bounds

||¢Ej,tj||ck(1() < Ck.k

on any K CC X\D and k € N. By taking a subsequence, we can assume that gbfj 4
converges to the ¢ in C'* sense globally on X and in the C'*° sense away from D.
If t; = ts, ¢ is then a solution to the current equation:

Ric wy = toowy + (B — too)wy, + 27(1 — B)[D]

On the other hand, the weak conical KE metric w,, is also a solution:

Ric Wy, = tooyp, + (B — too )Wy, + 27(1 — B)[ D]

Let Q) = toowy, Q2 = toowy, and 0 = (8 — to)wy, + 27(1 — B)[D]. Then 4,
give two bounded solutions to the equation:

RicQ=Q+460

in the fixed cohomology class 27t ¢ (X). Berndtsson’s Generalized Bando-Mabuchi
Theorem implies that there exists f € Aut(X) which is generated by some holomor-
phic vector field V on X such that

[ =
and
ff0=20

Since 0 = (8 — too)wy, + 27(1 — B)[D] is the Siu’s decomposition of a current,
and (B8 — te)w,, has zero Lelong’s number,

Therefore V is tangential to D. However, there are no holomorphic vector fields tan-
gential to D according to Berman [Berm1, Theorem 1.5] (by proving the properness
of the log-Mabuchi-functional) or Song-Wang [SW, Theorem 2.1] (by pure algebraic
geometry). Hence f = id, which implies that ; = s, and in particular ¢ = @g.
And similarly gbfj  converges to g in the C'* sense globally on X.
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However, by Lemma 3.7
0= Ilps) — I(ps) = lin (I(6},,) — 1(6], 4)) =1
which is a contradiction. [

With the uniform upper bound on the I functional of Proposition 3.8, the same
strategy as in Proposition 3.5 would show the following:

Proposition 3.9. There exists ¢ > 0 such that for all € € (0,¢€q], the continuity
path *gt is solvable up to t = [ with a uniform bound ||¢§5||Lm(x) for e € (0,¢€).

3.1.4 Deforming The Cone Angle from [

The endpoint w o, of the continuity path *ﬁ , in previous sections will be the starting

point of the new two-parameter continuity path ., defined in Sect. 3.1.1, with
€€ (0,¢):

K*et o

)

{ Ric wy,, =twy,, + (1 —1)x.
Ue,3 = (bg@

Since x. is a strictly positive (1,1) form, the linearized operator at t = 3, which
equals to Awue .t [, is invertible for some standard suitable Banach spaces. The stan-
dard implicit function theorem enables us to perturb ¢ a little bit in both directions
on *¢; for € € (0, €.

Proposition 3.10. In both directions, there is uniform upper bound on the I func-
tional under small perturbation:

e There exists 6; > 0 such that for all 5 € (8 — 01, 0), there exists 1 € (0, €]
such that for all € € (0, ¢€;)

sup {I(ue,t) - I(ue,ﬂ)} <1
te(p8',8]

e There exists 0o > 0 such that for all 5" € (B, + 02), there exists €3 € (0, €]
such that for all € € (0, €2)

sup {I(ue) — I(uep)} < 1
te[B,p")
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smooth appro. w,, ,

Donaldson’s continuity path

Figure 3.2: Two-parameter Continuity Path «.,

Consequently, take 0 = min(dy,d02) and € = min(ey, €3), then u., will have uniform

L> bound for e € (0,¢] andt € (5 —6,8+9).

Proof. Since the two directions are similar, we only prove the right direction. The
proof uses the same idea as in Proposition 3.8. We argue by contradiction based on
normalization of the I functional. Assume the conclusion is not true, then we can
find a sequence ¢; \, 0 and 3] = 3 + d; with §; \, 0, such that

sup {](uej’t) — I(uejﬁ)} > 1
tel8.87]

Let ¢; be the first number bigger than 3 such that
I(ue; ;) — I(ue, p) = 1
Since I(u,, ) is uniformly bounded by Proposition 3.9,
I(ue; 3) < C,

which implies that
I(u%tj) S C + 1

The standard argument gives the L* bound since the Ricci curvature of this family
of metrics is uniformly bounded below by some positive constant and the volume is
a fixed topological constant.

The continuity path %, corresponds to the Monge-Ampere equation
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n
no_ 6—tu€,t+hwo Wo

et (ISTZ + )=
Even though this equation is different from Eq. 3.7, the uniform L* bound of u,
will imply the R.H.S. is uniform in L? for some p > 1, which yields the global C*
bound for some « € (0,1) by [Ko08].

Now by using the analogous result of Lemma 3.3 and 3.7 for Eq. 3.9, we get all the
higher order bounds of u., ;, away from D. Then by taking the limit (subsequentially)
Ue,; t; converges to some u in the C'* sense globally on X and C™ sense away from
D, and u,; 3 converges to some v in the same sense. We know that u and v are both
solutions to the equation:

(3.9)

Ric w = fw + 27 (1 — 5)[D]

By the same argument as in Proposition 3.8,

u=v=pg.

Similar to Lemma 3.7, we have the convergence of the functional I by the Dominated
Convergence Theorem:

0=1I(u)—I(v) = lim I(uc;;) — I(ugs) =1

Jj—00
Contradiction. W
As a consequence, we can finish the proof of Theorem 2.1.

Proof of Theorem 2.1. Proposition 3.10 gives a family of solutions with € € (0, ¢]
and f' € (6—9,5+9):

n
ZL = eiﬁlueyﬁ’+h% Wo

(SR
with [|uc gz~ < C independent of ¢ and . Then by taking a limit, ¢z =
lim_, e g is bounded on X and smooth away from D. Moreover it satisfies:

w (3.10)

o, = oo SR,
Therefore wy,, is a weak conical KE metric of angle 23" along D. ]

In the next subsection, we are going to show that the smooth deformed Kahler

metrics w o = Wo which approximate weak conical KE metrics actually are uni-
e

formly quasi-isometric to the smooth models.
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3.2 Uniform C? bound

This section is reproduced from [Yao2]. Now we are at a situation where there is a
family of smooth Kéhler metrics wy,, satisfying the Ricci curvature equation:

Ric wy, = Bwg, + (1 — B)xe

or equivalently, the Monge-Ampere equation:

—Boe+he il
0(|S|z+e)1*ﬂ (3.11)

such that ||@¢||co is uniformly bounded. The next theorem gives the uniform C?
bound for this family.

no__
W¢€—€

Theorem 3.11. There exists C' > 0 such that near any point p € D, the family of
metrics wy, are uniformly quasi-isometric to the standard local model metrics, i.e.

C™w(p < wy, < Cwipg
where w(g o = V/—1(8%z]*2d2Adz+Y 1, dz;AdZ;) for D locally defined by {z = 0}.
By [CDS1, Theorem 2.2], this family has a rough C* bound

C
—1

C wo < W, < Wu}o
Comparing to this rough C? bound, the uniform C? bound in the stated theorem
could be seen as an improvement along the tangential direction of the divisor. To
prove this estimate, we need a rough geometry from the rough C* bound first. It
is shown in [CDS1, Proposition 2.4] that the family of metric spaces (X, wg ) has
uniform diameter upper bound.

The next lemma shows that the distance function of wy, is Holder continuous
with respect to the smooth background Kahler metric wy.

(3.12)

Lemma 3.12. Near any point p € D,
1. For any R >0, B, (p, R) C B, (p, VCR);

2. For any R > 0, let 6(R) = CR?, then Ve < 6(R)?, Bu,(p,0(R)) C B.,, (p.R),
here C' = {(% + 2)\/6}7% is just some uniform unimportant constant.

Proof. The first part is just a straightforward consequence of inequality wy < Cwy,,
since any curve initiating from p measuring under the metric wy, with length less
than R will have length less than v/C'R when measured using wy.
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The second part of the containing relationship is also not so difficult. Since wy is
a fixed background smooth Kéhler metric, there is no loss of generality assuming wy
is Euclidean metric near p. Let Bryu.(p,d) = {(2,22, -, zn)||2] < 6, ]z:] < 0} be a
Euclidean ball centered at p, pick any point ¢ in this ball, then ¢ is joined with p by
three line segments qq’, ¢'p/, p'p, where ¢’ is the unique point on the boundary of the
Euclidean ball whosez,, - - - , 2, coordinates are the same as ¢ and whose z coordinate
is just the radial projection of the z coordinate of ¢ to the boundary, i.e. ﬁ& and
P’ is the projection of ¢’ to the complex line {z5 = 0,--- , z, = 0}. Measured under
the metric wy,,

o r=4 . 1
laq'|. < / VO + )= dr < \/5555
r=0

and similarly

s, < @%w
and
b < VO(82+ ) |d| < VT(82+ )T 6 < VT(52 +e)

2'eq'p’

Let € = 6% and choose § such that (5 + 2)v/C6” = R, then

8
2

e

dw¢€(q7p) S ’W ¢)e + |Z)_]9, d)é _'_ |W d)e S R

]

The above rough geometry gives us a way to cover D by coordinate balls where
local Moser’s Iteration will be applied. Firstly, around each point p, € D, there
exists coordinate ball U, (pa) = Ta(Ba(0,7,)) where

Ba(()?ra) = {(Za = Z??ng" 727?)"*2&" ‘Z§|’ 7’276:‘ < ra} cce

such that U, N D is defined by {z* = 0}. The first part of Lemma 3.12 says that
U, contains wy -metric ball U, = By, (pa, \’}—%), and the second part of Lemma 3.12

says that this metric ball contains Euclidean ball Bpuc(pa,d(7%)) and this further
contains wy, -metric ball V,, = By_(pa, \%5 (\T/—%)), V,, contains Euclidean ball V, (p,) =
BEuc(Pay Sa), for sq =6 (%(5 (7%5))- Because D is compact, it is convered by finitely
many V,(p,)’s, and then choose the weight for the Hermitian metric e~ such that

they satisfy o .
Y < Cl., Y < C.,.
Sl < Conl s <

ho| < Cq, -
[hal < | 0280z

35



On each chart U,, we choose the smooth Kahler metrics:

W = V=I{B(|2° + 'zt Az + Y et Adz}

Jj=2

as the smooth model metrics (cf. the beginning of Sect. 2) . The index « is going
to be suppressed for simplicity of notation.

3.2.1 local Differential Inequality

A simply calculation shows that for those local model metrics,

Rii1 = 652(1 - ﬁ)(‘ZP + 6)6733
Rz’jki = 0.

if one of 7, j, k,1 # 1. This means that wg,) has nonnegative holomorphic bisectional
curvature ie. R(§ £,n,7) = |§1| In! |2R1111 > 0 for any pair of (1,0)-vector fields
£ = + > 5@ ~,and n = n' 8z +>n 821. To get the comparison between wy,
and the local model metrics, we first derive a local differential inequality and then
use Moser’s Iteration of local type to proceed. Define o5 = try,  we,., then the

following inequality holds.

Lemma 3.13 (local differential inequality). The following uniform bounds hold:
1. Ay, log ocg > —C(|2]> + ) ? —C;
2. Ay, log oeg > —C(|2]* + €)™ = C for B < B sufficiently close.

Proof. Let us prove the item 1 of this lemma first. On U,, write wpeo = wo +
v/ —100v¢. with suitable normalization on the potential . such that ||i)||co < C.
Rewrite the Eq. 3.11 locally,

(Wig.o + V=1006)" = e"rwiy

for Fus = =3¢ + huy + (1= B)h + (1= BlogEEE5: + log 2

Following Yau’s calculation on the C? estimate [Yau, Eq. 2. 9], let g;; denote the
background metric w(ﬁ o and g;; denote wy, , then under the local normal coordinate
for which gi; = di, gi; = (1 + ¢i5)043,
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(¢kl€ — ¢ll‘>2
(1 + ) (1 + &)

Doy, Ocp = AW(B ollep T Z 9" m¢k”l¢”l + Z R

i,5,k,l,n

> Ay o bep+ ——— i/’
= (B,€) B ”Zk 1+¢ﬁl+¢]j|¢]k|

Because hy,, h and log — “0 are smooth functions, and because of the inequality
Euc

Awa,e) be = tTus. (Wg, —wo) < oep

(1212+¢)
w5, 108 s Tecy

the main troublesome term is the lower bound on A

edz ANdz

V=100og(|2f* + ) = V=T

V—100log(|z|* + ee™)
B \/—1{6€h + ee

2
el + e + e LI — 4 2B
(|z]> + eeh)?
h h 8 h h Oh Oh
+i |Z|28z 0z; +62 2 02,0z +¢€e |Z|28z1 ade /\dZ}
(J2]? + ee)? '

1=2

dz Adz

+ mixed terms

<CvV—-{+—F—=dzAdz+ Z dz; A dZ;} + mixed terms

(I!2 €)? pars

P ’ dz ANdzZ + Z dz; A dz;} 4+ mixed terms
=2

<OV-UYi—5—
Because wyg, () is a diagonal metric, the mixed terms do not contribute when taking

the trace, thus we get the inequality

|22 + €
W(g,e) og‘z|2 coh

A >—C{(Iz2P+ )" (|2 + ) + (|27 + ' P}
>-C(z*+77 - C

and moreover,
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o W o 1
|VUe,,8|z;¢ = Z 9 jgkl¢kfigpq¢p6j = Z | Z Pkl
N . ~ 1+ @i
1,9,k,0,p,q k
_ ¢kkz \1/2)2

|<i> i R
<Zl+¢uzlfk¢kkz 1+ ¢y)

1 2
ﬂzl"i_(bnl‘i_(b ’¢kkl|

>~ eﬁzl+¢lll+¢]]|¢1]k|

The above inequalities together with the lower bound on o = try, ws =
(n —1)C (we assume n > 2) gives us the following inequality

Oc,B Ue,ﬁ
—Co.53—C 1 1 Vo. 2|2 +e)7F
s amC Ly Lot Vousl? s+
O¢,B Oe,8 _'_(bzz _'_(b]j Ueﬁ Oe,p
2
A (£ +e)
O¢8 O¢B8

> —C—CO(z) +¢)7°
which finishes the proof of item 7 in the Lemma.

Let us continue to derive the differential inequality in item 2 of the Lemma. We
will first drive the upper bound of o, for 5/ <  to give a better control on the
directions tangential to D and then in turn conclude the correct upper bound on the
direction perpendicular.

Let’s rewrite the Eq. 3.11 as

wy, = eFEvB’w?ﬁ,’E) (3.13)
where ' is a number a little bit smaller than 3, and F, 5 = F. 5+ (8— ") log(|z[*+€).
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By the inequality
V—1900F, 3 = /—190F. 5 +/—1(8 — 300 log(|z|* + €)
> \/—100F, 5
1

> —v—lC{Wdz ANdz + Z dz; Adz;} + mixed terms

we get
Aw(ﬂ’,e)F57/B/ = trw(ﬁ,ﬁs) vV _188F€7B/
> —C=C(zP+ ) (|2 + o)
= —C = C(:P +
]
Use two local auxiliary functions C'(8— ) "2(|z|>+¢)?~#" and CB~2(|z|>+¢)?, and
use the rough bound wy, < C M—Ol_ﬁ, we finally arrive at a differential inequality

€)
that suits for the purpose of local Moser’s Iteration.

Proposition 3.14. Let f. = logo. s + C(B — B)2(|2]> + €)*~% + CB72(|2|*> + €)?,
then
Aw¢3€f€ Z O

Proof. This is a simple consequence of combination of the following two inequalities
Ay, flogoes +C(B = 8) (|2 + 77}

> O(|z]* + 6)_6/ —C(|z)* + e)_ﬁl - C
>

and

B, ACH(2P + 9%} 2 C

3.2.2 local Moser’s Iteration

Since o5 = try, W, >ty E)C_lwo > (n —1)C™!, we can add a constant to f.
to make it positive. We will do Moser’s Iteration for f. on the pair of wy -metric
balls V,, and U, to conclude the L>* bound. By the compactness of D, there is no
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loss of generality to assume V,, is radius 1 and U, is radius 2. The L* norm of f, on
metric 1-ball will be bounded by the L? norm of f. on metric 2-ball. The calculation
is quite standard. However, for the completeness, we include it here and suppress €
for simplicity of notation:

4p 2 ptlg / 2 pp—1 2 n
i [V e = [ v
= V(P PV ) — 2nfPVn -V Ff —n?fPA n
X{ (" fPNVf) = 20fPVn -V f =0 fPAL, fIwy
< [ ~20prvn-viuy
X
pt1 ptl n
=/ PR
X p
< / 2PV PR 4 5 O

Taking 6 = we end up with the control

P
p+l 7’

/X PV g < (P /X VPG < 4 /X VP

Since our manifold (M,ws ) has a uniform positive lower bound on the Ricci
curvature, and constant volume, there is a uniform Sobolev constant, which implies:

{/ i ) <Cs/{n PRV P
< Cs/ (27 4 2P|V P 7 ) fut
X
<10y / (1 + Vi) 7l
X

Taking a suitable cut-off function on the real line n and composing it with the
distance function on the manifold gives us a cut-off function which satisfies n = 0
outside the metric ball B,(R) and n = 1 inside the metric ball By(S), and |Vn| <
%. Plugging 1 to the above inequality, we have:

C
10052 ) < (10007 (14 =g b ot
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The general Moser’s Iteration technique uses 7,, to replace p + 1 in the above
inequality, and uses the pair of radius r,, = 1427 and rp. = 1 +2-™+) to
replace R and S at the m-th step. Eventually,

|| fellzoo By, 1)) < ClIfel |22, (2) (3.14)

Because 0. 5 < O(1+ (|z]2 +¢€)P71) < C(|2]* +€)° 1, we see that the L? norm of
fe on the wy -metric 2-ball is controlled by the following calculations:

/ |log o pr \nge
By, (p,2)

<C log(|z*> + €)[*(|2)* + €)" '/ —1dz A dz
|2/<2v/C

<C

[ Nogaual(ef + o7
By, (p,2
< C’/ log(|z)? + €)|(|z]> + ) F~1y/—1dz Adz < C
lz|<2vC

| Togousl(al + e,
By (p,2)

< C’/ log(|z]* + €)|(|2]> + €)* 7'/ —=1dz A dz
lz|<2vC
<C

The consequence is that on each of those balls trw< o0 Webe < C. This yields us
a finer control about the metric wy, on the tangential directions. tr, , jws < C
implies that wg, < Cwg ), thus we have uniform bound on the divisor direction, i.e.
A2, -+, A, < C. Combined with the previous lower bound Ay, - - - , A, > C~! and the
asymptotic behavior of the volume form AjAg--- A\, ~ W, we conclude that

AL~ W Finally we get the desired uniform control about the metric wy_,
finishing the proof of Theorem 3.11.

€
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3.2.3 Finishing proof of Donaldson’s Openness Theorem

Theorem 3.11 implies that the limit weak conical KE metrics W, is quasi-isometric
to the standard local conical Kahler metrics around D. Thanks to the beautiful local
regularity result of [CW, Theorem 1.6], or more generally the global regularity result
of [GP, Theorem A], these weak conical KE metrics actually possesses the maximal
regularity, i.e. ¢j; € C%f" in Donaldson’s sense. Our perturbation results therefore
gives a new proof to Donaldson’s Openness Theorem, which was originally proved by
a delicate implicit function theorem about varying Banach spaces.

3.3 Deformation along SNC pluri-anticanonical Divisors

In this subsection, we use the same idea to deform the cone angles of weak conical
Kihler-Eistein metrics along a simple normal crossing (SNC) pluri-anti-canonical
divisors on a smooth Fano manifold.

Let X be a smooth Fano manifold with a smooth background Kahler metric wy,
and let Dy, Do, - - -, Dy, be a collection of smooth hypersurfaces in X with simple nor-
mal crossing (this means that at any intersecting point of this collection of divisors,
the divisors involved in are intersecting transversally such that they could be repre-
sented by coordinate hyperplanes in some local holomorphic coordinates) at any in-
tersection points. Let b = (51, -+, Bx) be a k-tuple of numbers in (0, 1). Let S; be the
defining section of D;, and choose a smooth Hermitian metric h; on the holomorphic
line bundle Lp, with smooth curvature form a;. Let 27[D;] = oy + /=190 log |SZ|%L
be the current of integration along D;. Generalizing Definition (2.6), we can define
weak conical KE metrics with angles 2n3; along D; (see [GP] for a more general
definition for a KLT pair).

Definition 3.15. Let w,, be a smooth Kéhler metric on X\ U; D; with the potential
©p bounded on X. If it satisfies:

n

w,
n  _ ,—pppthe 0
wh o =e 0 (3.15)
®b k 2—20;

or equivalently the equation:

k
Ric wy,, = pw,, + 27 Z(l — Bi)[Di] (3.16)
i=1

it is called a weak conical KE metric on X with angle 27(; along D;.
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Notice that in this situation the necessary cohomological condition holds:

k
2mer(X) = plwy,] + 27 Z(l — Bi)[Di] (3.17)

Proof of Theorem 2.2 If D; € | — \;Kx| with A; > 0, then «; can be chosen to
be \;woy by suitable choice of h;. Let

Xb = Awo + V=100 log(|Sif;, +€)
(with € € (0,1]) be the smoothing of the current of integration
27T[DZ~] = \iwo + Vv —10510g |Sz|il7

and let = r(b) := 1 —3F X\(1 — 8;). The first step is also to approximate w,,,
by smooth Kéhler metrics w,,_, in the C7 sense. For any u’ < p, we introduce the
analogous modified log-Mabuchi-functional

k
Moy = Muo + Y (1= i) s + (= 1) s,
=1

where J,; is the J, functional defined in Definition 2.8 with o = xL.
This functional can be used to solve the continuity path *gt:

k
Ric wgp, = twgp, + (1 — D)w,,, + Z(l - B)X. (3.18)
i=1

up to t = p with uniform L*> bound on gbz .- One remark is that along the continuity
path *zt, in the case of negative or zero Ricci curvature, the L*° bound is obtained by
the maximum principle or Kolodziej’s estimate [Ko08]. Comparatively, in the case
of positive Ricci curvature, we use Moser’s Iteration, which depends on the uniform
bound of the Sobolev constant and Poincaré constant (both hold on the continuity
path). Another remark is that the condition simple normal crossing is required since
Kolodziej’s estimate requires uniform P bound of the R.H.S. of Eq. 3.15 some some
p > 1. And in the contradiction argument here we need to use again Berndtsson’s
Generalized Bando-Mabuchi Theorem [Bern, Theorem 6.6] for weak Kéhler-Einstein
metrics.

We can then deform the angle parameters f.s as in section 4. The potentials gb'; i
give the starting points at ¢t = p for the continuity paths:
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k
Ric wy, , = twy,, + > (1= Bi)x. (3.19)
i=1

The openness property on those smooth continuity paths holds is the same reason
as before, the linearized operator A, + y is invertible because of Ric w,, ,. Since
there are k parameters 1, --- , fr to vary and only one time parameter, we need to
use successive continuity paths to achieve this, i.e. firstly deform (; to ] nearby,
and then start from this new weak conical KE metric to deform the second angle
Po to [, nearby, and so on ---. After k steps, we can deform (S, 52, , (k) to

(81, Bh, - -+, B;.) nearby. This finishes the proof of Theorem 2.2.

4 Deformation of weak conical KE metric on Q-
Fano variety

The starting point in our proof of Donaldson’s Openness Theorem in last section is an
approximation of the weak conical KE metric by smooth Kéhler metrics, where the
approximation is achieved by finding Kahler metrics with prescribed volume forms
(the content of Calabi conjecture solved by Yau). As already explained above, to
approximate weak conical KE metric on a Q-Fano variety X, we need to assume X
sits inside a good family of smoothing, namely Q-Gorenstein smoothing X'. And our
weak conical KE metric is assumed to sit on a pair (X, (1—/)D) where D is cut from
a global Cartier divisor D € | — AKy/a| such that D = D|x, and (X;, (1 — x)D|x,)
is KLT for any x € (0,1]. We assume A > 1.

4.1 Starting point and GH continuity

It is shown in [SSY] that there is this kind of similar starting conical KE metrics
on all of the smooth fiber X; in this Q-Gorenstein smoothing (cf. Definition 2.12),
i.e. the existence in family of (weak) conical KE metrics for sufficiently small (but
uniform) values of the cone angles will be established.

Theorem 4.1 ([BBEGZ, Oda] ). There exist § > 1—X"" such that for any 8 € (0, f]
and t € A, there exists a unique weak conical KE metric on (X, (1 — B)Dy), which
is genuinely conical when t # 0.

We just remark that those weak conical KE metrics with small angles are ob-
tained via the combination of a uniform alpha-invariant estimate in family (observa-
tion of Yuji Odaka) and the variational approach developed by [BBEGZ] based on
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the properness of log-Ding/Mabuchi-functional.

Next, we want to show that the conical KE metrics on the smooth fiber (X, (1 —
B) Dy, wy g) actually converges to (Xo, (1 —)Do, wo ) in the GH sense (cf. Definition
2.15). In our proof of Donaldson’s Openness Theorem, the uniform L bound (ac-
tually C'*) on the potentials of approximated Kéahler metrics gives all higher order
estimates outside the divisor. So, the approximated Kahler metrics satisfying the
smoothing of the Monge-Ampere equation really converges to conical KE metrics in
a nice sense. In the current situation of a varying family of manifolds, we could not
simply apply the Evan-Krylov theory since our family of Monge-Ampere equation
involves the term of Ricci potentials (of background Fubini-Study metrics) which
is in general not uniformly bounded. The GH continuity under L* bound of the
Kahler potentials could be viewed as an replacement for the higher order bound.

We may assume that the Q-Gorenstein smoothing 7 : X — A of a Q-Fano variety
is A-plurianticanonically embedded in PN®W x C.

Theorem 4.2 ([SSY]). Let m: (X,D) — A be a Q-Gorenstein smoothing as above.
Let B € (1 — A74, 1], assume that for any t € A, there is a weak conical KE metric
wrg on (Xt, (1 — B)Dy), which is genuinely conical for t # 0 and such that w,p =
wirs + V—1900¢; 5 with |, |r~ uniformly bounded. Then the conical KE metrics
on the smooth fibers converge to the weak KE metric on the central fiber in the GH
topology. Moreover, we have that |V, ¢ 5| is uniformly bounded and all higher
derivatives of ¢y g are uniformly bounded away from the singular set and the divisor.

The key point of the proof to this theorem is a comparison between the algebraic
embedding X; € PN’ and the L? embedding of X;, denoted as Y;. The first em-
bedding could be viewed as an orthonormal embedding under some Hermitian inner
product H on H°(X;, K)};\), while the L*-embedding (usually called Bergman em-
bedding in the literature) is the orthonormal embedding under the Hermitian inner
product H, defined by

Ht(O'l,O'Q) = / ht<01702>w2,3
Xt

where h; is the singular Hermitian metric on K)_(:\ with curvature Aw; 3. The L
bound on ¢, 3 implies the Hermitian metrics H, and H are uniformly equivalent,
which in turn implies the two embedding images inside PN are uniformly bounded
from each other, i.e. Y; = A;. X} for a bounded family of matrices A; in GL(N(A), C).
The theorem of Chen-Donaldson-Sun [CDS2, Theorem 1] says the GH limit of wy g
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algebraic embeddings

algebraic limit X

L? embeddings

G L-orbit

GH limit Y = A.Xj

Figure 4.1: GH convergence under L* bound

could be realized as the limit Y of the family Y; inside the Chow variety, and the
conical KE metric converges to the weak conical KE metric also in the sense of
current, meanwhile D; converges to A as algebraic cycles . Therefore, the GH limit
is actually isomorphic to X, the algebraic limit of X;. Figure 3.1.3 is an illustration
for this sketch of proof.

Remark 4.3. Tt follows from the proof below and the theorem in [DS] that the same
conclusion is true if the cone angles of the conical KE metrics vary and stay bounded

below by 1 — A=t 4+ § for some § > 0 since they all have a uniform diameter upper
bound.

By this theorem, to show the GH continuity, it suffices to establish the uniform
L> estimate of the conical KE potentials. This is related to the log-Ding/Mabuchi-
functional that was introduced in the first section.

Suppose we have a family (X, D) over A, which is embedded into PY x C by
| = AKx/a|. We denote by w; pg the restriction of A lwpg on X, and by h; the
restriction of hllm/é‘ on Ky alx,. We define F, g (respectively M, 3) to be the infimum of
the log-Ding-functional (respectively log-Mabuchi-functional) on X; with base metric
wr = wyps. When X; admits a weak conical KE metric on the pair (X, (1 — 8)Dy)
for 5 € (0,1), this functional is finite according to [BBEGZ, Theorem 4.8] and F; 3 =
Fun(1—p)D: (¢15) is achieved at the unique conical KE metric wy g = w; + /—100¢, 5.
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Theorem 4.4 ([SSY]). Suppose for a fized 8 € (1 — X1, 1), or B =1 if Aut(Xo)
is discrete, there are weak conical KE metrics wyg on (Xy, (1 — B)Dy) for allt € A,
which are genuinely conical for t # 0. Then we have that limsup,_ ,, Fy g > —o0
and limsup,_,o My 3 > —oo. Moreover, (Xi, (1 — 8)Ds,wr3) converges to (Xo, (1 —
Bo)Do,wo ) in GH sense as t — 0.

The next lemma shows that the I functional is continuous under a kind of con-
vergence of the Kahler potentials which frequently appears in our situation.

Lemma 4.5 (Strong Convergence of I functional). Suppose we have t; — to € A
and suppose we have a sequence of potentials ¢; on X with w, + \/—_105¢j >0
and |y, | is uniformly bounded. Furthermore assume ¢; is C* on Xy, \ Dy, and ¢;
converges smoothly away from X*"9 UD. Then we have

Jli)rgo thj (¢]) = I"Jto (¢0)

Proof. We assume t, = 0. The other case is simpler. We write
L (6) = [ outet ~ oy oo )+ [ o — o+ 000
U, Xi,\Us,

where Uy, is cut from an open subset X'\(X*"9 U D). It is clear that the first term
converges to zero. For the second term, we notice that we can choose Uy in Xq
so that [ Xo\Us wy and [ Xo\Us (wo + 100¢y)™ arbitrarily small since the complement is
arbitrarily close to the volume of Xj. ]

We are ready now to perform a continuity method argument to show that cone
angle of a weak conical KE metric on (X, (1 — 8)Dy) could be perturbed.

4.2 Deformation of weak conical KE metrics

Let D € | = AKx/a| be as in the setting of Theorem 2.13, we define the following
functions, which measure the “maximal” cone angle:

By :=sup{B € (1 — A7, 1] |3 conical KE metric on (X;, (1 — 3)D,)},for t # 0;
By :=sup{B € (1 — A" 1] | 3 weak conical KE metric on (X, (1 — x)Dy) for Vx < 3}.

Notice that by Theorem 4.1, we may assume 3; > 8 > 1 — A~ !forallt € A. For
t # 0, it follows from [CDS1, CDS2, CDS3, Berm?2] that the existence of KE metrics
on X; with cone angle 273 (8 € (0,1]) along D, corresponds to the K-polystability
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of (Xi, (1 —)D;) and the latter condition satisfies an obvious interpolation property
for 8. In particular, for ¢ # 0, there indeed exists a KE metric on X; with cone angle
273 along D, for all 5 € (0,5;). Since on the central fiber it is one of our goals to
establish the existence result, at this stage we do not have the interpolation property
yet. This is the reason that in the above definition we distinguish between the case
t#0and t=0.

For a KLT pair (W, A), we use Aut(W,A) to denote the group of holomorphic
automorphisms of W which preserve the divisor A.

Proposition 4.6 ([SSY]). e (Lower-Semicontinuity): B is a lower semi-continuous
function of t € A;

e (Uniqueness of Limit): For any sequence t; — 0 and Bi — B < 1, the conical
KE pair (X, (1= Bi) Dy, wy, p,) converges to (Xo, (1 —B) Do, w, 5) in GH sense,
and moreover the potential of wy, g, relative to the L* embeddings are uniformly

bounded.

The proof of Theorem 2.13 is more involved than the proof for Donaldson’s Open-
ness Theorem since it uses also the notion of K-polystability. The existence of weak
conical KE metrics on the pair (X, (1 — k)Dy) for §, and the small angle xq implies
the K-polystability for those pairs and thus the K-polystability of the pair for any «
in between ko and S, by the linearity of K-polystability on the parameters.

Define A = {8 < f.|3 a weak conical KE metric on (Xo, (1 — k)Dy), V& < }.

As in the work of [CDS1, CDS2, CDS3]|, we will also use the method of deforming
the cone angles. It suffices to show A is both open and closed in [, 5.], where f is
the number in Theorem 4.1. B B

Proof of Theorem 2.13. For any 3 € A, there is a weak conical KE pair (Xo, (1—
k) Do, wo ) for any k& < . We use the lower semicontinuity of 8; (Proposition 4.6) to
prove that nearby smooth pairs (X;, (1 — 3)D,) all admit weak conical KE metrics,
ie. B > B (this is the analogy of Proposition 3.9 in Sect. 3.1.2). Suppose it is
not the case. Then we have a subsequence t; — 0, 3;, < ﬁ and lim; o B, = ﬁ
By the weak compactness result of [CDS2], for each fixed i, the conical KE pair
(X4, (1 — k)Dy,,wy, g) converges by subsequence to a limit (W;, (1 — 5;,)A;,w;) as
Kk — By, with Auto(W;, A;) containing a non-trivial one parameter subgroup. By
Prop. 4.6, this sequence of limits must converge to (X, (1— B)DO, Wy 3), contradicting
the fact that Auto(Xo, Do) = {1}.

The second item in Prop. 4.6 implies that (X, (1 — B)Dt,wtﬁ) converges to

(1 - 7 : . ) ; .
(Xo, (1 = 8)Do,w, 5) in the GH sense and the potential ¢, 5 of w, ; relative to the
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Figure 4.2: conical KE’s in a Q-Gorenstein family

induced Fubini-Study metric w; with respect to the L? holomorphic embedding is
uniformly bounded in L*°. This implies that th(gbtﬁ) is uniformly bounded. This

fact together with that 8; > 3 imply that there is a 8 > /3 such that L, (¢r ) is uni-
formly bounded for V' € [B , B] and for all ¢ sufficiently small. Otherwise we could
find a subsequence t; — O,B < K; < B, that converges to B and a sequence of weak
conical KE pairs (Xy,, (1 — ;) Dy,, wy, ;) With Ly, (¢r,s,) — Loy, (¢, 3) = C for a fixed
large constant C, by the strong convergence of I functional (Lem. 4.5) this would
lead to a contradiction with the Uniqueness of weak conical KE metrics [BBEGZ,
Theorem 5.1] and the arguments that we have used frequently before. From the
uniform bounds of I, (¢ ) it follows from Theorem 4.2 that (X, (1 — 8") Dy, wi p)
converges by subsequence to some weak conical KE pair (Xo, (1 — 8")Dg,wo ) as
t — 0. This proves the openness of A.

Then we proceed to show the closedness part. Take any sequence {f;}j-12.. C A
which strictly increases to a number 5, < 3.. By Proposition 4.6, for any j, 8; > 3;
for ¢ small enough and the weak conical KE pairs (Xo, (1 — 3;) Do, wo;) is the GH
limit of genuinely conical KE metrics on the smooth fibers. This enables us to take
sequential GH limit of (Xo, (1 — ;) Do, wo,s,) from which we get a weak conical KE
pair (Y, (1 — S)A,w) with Aut(Y,A) reductive. As in [CDS3], if (Y,A) is not
isomorphic to (Xg, Dg) then there exists a nontrivial test configuration of (Xo, Dy)
with central fiber (Y, A) and Donaldson-Futaki invariant vanishing. This shows that
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(X0, (1 = Bs)Dy) is not K-polystable. Contradiction.

]

Finally, we remark that we only need to prove the openness at parameter 5, < 1 to
proceed the continuity method. Therefore, K-polystable Q-Gorenstein smoothable
Q-Fano variety admits a weak KE metric (without assuming the triviality of the
automorphism group of the variety). On the other hand, if indeed Aut(Xj) is discrete,
then all nearby smooth Fano manifolds X,;’s admit smooth Kahler-Einstein metrics

and this family converges to the weak Kéhler-Einstein metric on X, in GH sense (cf.
[SSY, Theorem 1.1]).
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