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Abstract of the Dissertation

Aspects of the Seiberg-Witten equations on

manifolds with cusps

by
Luca Fabrizio Di Cerbo
Doctor of Philosophy
in
Mathematics
Stony Brook University

2011

In this work we study several geometrical and analytical aspects arising from
the study of the Seiberg-Witten equations on manifolds with cusps.

We study the classification of smooth toroidal compactifications of nonuni-
form ball quotients in the sense of Kodaira and Enriques. Moreover, several
results concerning the Riemannian and complex algebraic geometry of these
spaces are given. In particular we show that there are compact complex sur-
faces which admit Riemannian metrics of nonpositive curvature, but which do

not admit Kéahler metrics of nonpositive curvature. An infinite class of such ex-
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amples arise as smooth toroidal compactifications of ball quotients. The proof
of these results use a Riemannian cusps closing technique developed by Hummel
and Schroeder.

Using a construction due to Biquard, we derive an obstruction to the ex-
istence of cuspidal Einstein metrics on finite-volume complex surfaces. This
generalizes a theorem of LeBrun for compact complex surfaces. As in the com-
pact case, such a result relies on a Seiberg-Witten scalar curvature estimate.
Then, the obstruction is made explicit on some examples.

Finally, we study the Seiberg-Witten equations on noncompact manifolds
which are diffeomorphic to the product of two hyperbolic Riemann surfaces. By
extending some constructions of Biquard and Rollin, we show how to construct
irreducible solutions of the Seiberg-Witten equations for any metric of finite
volume which has a “nice” behavior at infinity. We conclude by giving the finite

volume generalization of some celebrated results of LeBrun.
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Chapter 1

Introduction

1.1 Introduction

In this chapter, we collect some of the results needed in the rest of this work.
Moreover, we fix the notation.

An outline of the chapter follows. Section 1.2 contains the essential results
about the L? cohomology of noncompact manifolds. These results are crucially
used in Chapter 3 and Chapter 4.

In Section 1.3 we show that, up to a change of gauge, the Seiberg-Witten
equations are a nonlinear coupled elliptic system of the first order. This fact is
essential for the bootstrap argument contained in Chapter 4.

Finally, in Section 1.4 we give a detailed proof of an unpublished result by J.
Milnor regarding the Euler number of a Riemannian 4-manifold whose sectional
curvatures along perpendicular plane elements have the same sign. This result

plays a role in the proof of Theorem A in Section 2.2.



1.2 L? cohomology

Let us start with the definition of the L?-cohomology and its relation to the
space of L2-harmonic forms. For further details we refer to [2], [44] and the
bibliography therein. The results and the notation given in this section will be
widely used in this thesis.

Given a orientable noncompact manifold (M, g) we have, when the differen-

tial d is restricted to an appropriate dense subset, a Hilbert complex
20k—1 200k 20yk+1
o = L7QT (M) — L°Q (M) — L*Qg" (M) — ...

where the inner products on the exterior bundles are induced by g. Define the

maximal domain of d, at the k-th level, to be
Dom"(d) = {a € L*Q} (M), do € L*Q5T (M)}

where da € L2Q’;+1(M) has to be intended in the distributional sense. In other
words, da € LQQZ“(M ) if there exists a positive constant C' such that for any

B € CXQF1(M) we have
[{a, d"B)] < Cl1Bll2-
The (reduced) L2-cohomology groups are then defined to be
HE(M) = 2} (M)/dDom™(d),
where
Zy(M) = {a € L*QE(M), do = 0}.

Thus, the groups Z§(M) are simply the spaces of L? weakly closed forms.



Let us consider the formally self-adjoint operator

D G2 (Q(M)) — CF (25 (M))

where D = d + d* is the usual Gauss-Bonnet operator. Let us consider the

minimal self-adjoint extension

D : LE(Q(M)) — L*(25(M))

where L7(€25(M)) is the Sobolev space obtained by completing C2°(Q2*(M))

with respect to the inner product (-, )z + (D-, D-)r2. We then obtain that

LX(Q(M)) = Tm(D) & Tm(D) " = Im(D) @ Ker(D).

This orthogonal decomposition, considered in each degree k, gives precisely the

so-called Hodge-Kodaira decomposition:

20k _ k %) - * (Y00
L2QE(M) = HE(M) @ dC2 QT @ d* Co0kT,
where

HE(M) = {a € L*(Q(M))| da = d*a = 0}.

Let (M, g) be a complete Riemannian manifold. It is well-known that in this
case the Gauss-Bonnet operator D = d + d* is essentially self-adjoint, i.e., the
minimal and the maximal extensions coincide [44]. Similarly, the maximal and

minimal domain of d coincide. We then have the following basic result.
Theorem 1 Let (M,g) be a complete Riemannian manifold. Then, we have

the isomorphism HY(M) = H5(M).

It is interesting that, similarly to the compact case, in the complete case
harmonic forms can be characterized as forms that are in the kernel of the

Hodge laplacian.



Theorem 2 Let (M, g) be complete, then

HE(M) = {o € L*(Qf(M))| (dd* + d*d)or = 0}.

See [44].
Finally, we end this section by recalling that the L? cohomology groups are
quasi-isometric invariants, see [44]. Recall that two metrics g and g/ are said to

be quasi-isometric if there exist positive constants C'; and Cs such that
Cig <g < Cag.

Theorem 3 Let (M, g) and (M, g/) be a quasi-isometric Riemannian manifold

and assume g to be complete. Then, we have the isomorphism
k ~ yk
Hy (M) ~ Hg/(M)

for any k.

1.3 PDE point of view on the Seiberg Witten

equations

The main result of this section is to show that, up to a change of gauge,
the Seiberg-Witten equations are a nonlinear coupled elliptic system of the first
order. Here and in the rest of this thesis we follow the notation of [15]. The

SW equations are given by the following system
Day =0

2
Fi =q() =y @y - 5-1d
where 1) is a plus Spin€ spinor, and A is a hermitian connection on the determi-

nant line bundle of the Spin® structure under consideration. The configuration



space for these equations is the space of L3 hermitian connection on the deter-

minant line bundle £ and of L2 plus spinors
C(P%) = Apz(L) x L3(ST(PF)).
The group G := Map(X,S') acts on the configuration space

f~(A,w>=<A—2%fw)

preserving the space of solutions. The second of the SW equations is clearly
invariant under the gauge transformation described above, for what regard the

equation for the spinor one computes

Dy sy fp=—df ¥+ Dafp=—df - +df - ¢+ fDay =0.

To preserve the regularity of the configuration space we then consider the space
of L% changes of gauge denoted by L3(G). Fix a background C°° hermitian
connection Ag on £, any other connection A € Az2(L) can then be written as

A= Ap+a with a € L(T* X ®iR). By the Hodge decomposition we can write
a=ay+df +d*fB

with ag harmonic, f € L3(Q° ®iR) and 8 € L3(Q® ® iR). Consider the change
of gauge given by o = exp(f/2), then

A—2d—U:A0+a
o

where a := g + d*f is such that d*a = 0. Thus, given a solution of the SW
equations (A, ¢) € C(P°), the equations satisfied by the pair exp(f/2) - (4, ¢),
where we define ¥ = exp(f/2)¢, can be written as follows

IDAow = 7%a : ,17[}

(d* +d*)a=q(v) — Fj,



This is an elliptic system of the first order with C*° coefficients. This remarkable
property can be used to show that any solution of the SW equations is gauge
equivalent to a C°° solution. Recall that a € L%, ¢ € L% and F} € L2.
Thus, a,1 € LP for any p and then by the generalized Hélder inequality a -
¢ € LP for any p. By the elliptic regularity v» € L} for any p. Now, by the
Sobolev multiplication L3 ® LT — L? the right hand side of the first equation
in 1.1 is in L$, and then by the elliptic regularity 1 € L3. By the Sobolev
multiplication L3 @ L3 — L3, the same argument shows that ¢ € L3. The
Sobolev multiplication L3 ® L3 — L3 shows that g(¢)) € L3 and therefore by
elliptic regularity @ € L3. These arguments can now be iterated, by using the
Sobolev multiplication L @ L? — L? (k > 3), to show that the pair (a,v) € L?
for any k. Now, by the Sobolev embedding theorem L? — C*=3, we conclude

that (A,1) € C*.

1.4 A computation of Milnor

Here we present a computation by J. Milnor regarding the Euler character-
istic of nonpositively curved 4-manifolds. We follow the presentation given in a
old paper by S. S. Chern [20].

Recall that
QL = —Riju0" N7
and then
QA= iRijklleqpei NN N

Following [20], for any point on our 4-dimensional manifold we can find an



orthonormal frame such that

Ri231 = Ri241 = Ri232 = Ri242 = Rizsz2 = Rizan = 0.

It follows that

- Q) = Ri2210" A 02 + R340103 N 6%

- Q) = Ri3310' A 03 + Rog3160% A 0%

- QL = Ruan6' A 0% + Rogin62 A 60,
As a result

- Q5 A QY = (Ri221R3443 + Ri243R3421)0" N 0% A O3 N 0%

- Q3 A = —(Riss1Roaaz + RisanRoas1 )0 A 6% A O3 A 6%

- Q4 A Q3 = (Rysa1 Rossz + Ri2saRaza1)0" A 0% A 63 A 6%
We then conclude that

P =QA03 —QIAQ2+ QL AQ2

= {R1221 R3443 + R1243R3421 + R1331 Roa42 + R1342Ro431

+ Risa1Rossz + RiazaRasa1 }0' N 62 A6 A 67
Notice that by the symmetries of the curvature tensor
- Ri23aRy301 = R%234;
- RissaRoaz1 = Rizp;

_ p2
- Rioa3R3491 = Rigys.



Theorem 4 (Milnor) Let M be a closed orientable Riemannian manifold of
dimension 4. If its sectional curvatures along perpendicular plane elements al-
ways have the same sign, then its Euler characteristic satisfies x(M) > 0. In
particular if the sectional curvature is semi-definite then the Euler characteristic

is positive semi-definite.

The Euler integrand is pointwise positive semi-definite.



Chapter 2

On the toroidal
compactifications of finite
volume complex hyperbolic

surfaces

2.1 Introduction

Let M be a symmetric space of noncompact type, and let Isog (M) denote the
connected component of the isometry group of M containing the identity. Recall
that ISOO(]\;[ ) is a semi-simple Lie group. A discrete subgroup I' C ISOO(M ) is
a lattice in M if M /T is of finite volume. When T is torsion free, then M /T is

a finite volume manifold or a locally symmetric space. A lattice I' is uniform



(nonuniform) if M /T is compact (noncompact).

The theory of compactifications of locally symmetric spaces or varieties has
been extensively studied, see for example [5]. In fact, locally symmetric vari-
eties of noncompact type often occur as moduli space in algebraic geometry and
number theory, see [1]. For technical reasons this beautiful theory is mainly de-
veloped for quotients of symmetric spaces or varieties by arithmetic subgroups.
For arithmetic subgroups of semi-simple Lie groups a nice reduction theory is
available [5]. Among many other things, the aforementioned theory can be used
to deduce their finite generation, the existence of finitely many conjugacy classes
of maximal parabolic subgroups, and the existence of neat subgroups of finite
index.

The celebrated work of Margulis [42] implies that lattices in any semi-simple
Lie group of real rank greater or equal than two are arithmetic subgroups. This
important theorem does not cover many interesting cases such as lattices in
the complex hyperbolic space CH™, where non-arithmetic lattices are known to
exist by the work of Mostow and Mostow-Deligne; see [49] and the bibliography
therein.

It is thus desirable to develop a theory of compactifications of locally sym-
metric varieties modeled on CH"™ regardless of the arithmeticity of the defining
torsion free lattices. A compactification of finite-volume complex-hyperbolic
manifolds as a complex spaces with isolated normal singularities was obtained
by Siu and Yau in [37]. This compactification may be regarded as a generaliza-
tion of the Baily-Borel compactification defined for arithmetic lattices in CH™.
A toroidal compactification for finite-volume complex-hyperbolic manifolds was

described by Hummel and Schroeder in connection with cusps closing techniques
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arising from Riemannian geometry [22]; see also the preprint by Mok [45] and
the classical reference [1] for what concerns the arithmetic case.

The constructions of both Siu-Yau and Hummel-Schroeder rely on the theory
of nonpositively curved Riemannian manifolds. The key point here is that the
structure theorems for finite-volume manifolds of negatively pinched curvature,
or more generally for visibility manifolds [11], can be used as a substitute of the
reduction theory for arithmetic subgroups.

In this chapter we study torsion-free nonuniform lattices in the complex

hyperbolic plane CH? and their toroidal compactifications. Let I' be a lattice

as above and let CH2/T denote its toroidal compactification. When CH2/T is
smooth, it is a compact Kéhler surface [22]. It is then of interest to place these
smooth Kahler surfaces in the framework of the Kodaira-Enriques classification
of complex surfaces [18]. The main purpose of this chapter is to prove the

following:

Theorem A Let I' be a nonuniform torsion-free lattice in CH?. There exists
a finite subset F C T’ of parabolic isometries for which the following holds:
for any normal subgroup I' < T with the property that F nr' s empty, then
W/F’ s a surface of general type with ample canonical line bundle. Moreover,
W/F’ admits Riemannian metrics of nonpositive sectional curvature but it

cannot support Kdhler metrics of nonpositive sectional curvature.

An outline of the chapter follows. Section 2.2 starts with a summary of the
results of Hummel and Schroeder [22]. Such results are then combined with the

Kodaira-Enriques classification to prove that when the lattice I is sufficiently

small then CH? /T is a surface of general type with ample canonical bundle.

In Section 2.3 we present some examples of a surfaces of general type which

11



do not admit any nonpositively curved Kahler metric, but whose underlying
smooth manifolds admit Riemannian metrics of nonpositive curvature. Finally
the proof of Theorem A is given.

In Section 2.4 we show how Theorem A, combined with the theory of semi-
stable curves on algebraic surfaces [41], can be used to address the problem of the
projective-algebraicity of minimal compactifications (Siu-Yau) of finite-volume
complex-hyperbolic surfaces. The results of section 2.4 are then summarized in

Theorem B.

2.2 Toroidal Compactifications and the Kodaira-

Enriques Classification

Let PU(1,2) denote the connected component of Iso(CH?) containing the
identity. Let I' be a nonuniform torsion-free lattice of holomorphic isometries of
the complex hyperbolic plane CH?, i.e., I' < PU(1,2). Recall that the locally
symmetric space CH?/T has finitely many cusp ends Ay, ..., 4,, which are in
one to one correspondence with conjugacy classes of the maximal parabolic
subgroups of T [13]. The set of all parabolic elements of I' can be written as
a disjoint union of subsets I';, where I'; is the set of all parabolic elements in
I' having x as unique fixed point. Here x is a point in the natural point set
compactification of CH? obtained by adjoining points at infinity corresponding
to asymptotic geodesic rays. Thus, given a cusp A;, let us consider the associated
maximal parabolic subgroup I';, < T' and the horoball HB,, stabilized by I'y,.
We then have that HB,, /T, is naturally identified with A;.

Recall that after choosing an Iwasawa decomposition [11] for PU(1,2), we

12



get a identification of OHB with the three dimensional Heisenberg Lie group
N. Moreover, N comes equipped with a left invariant metric and then we may
view I'y, as a lattice in Iso(/N). The cusps Ay, ..., A, are then identified with
N/Ty, x[0,00), for i = 1,...,n.

The isometry group of N is isomorphic to the semi-direct product Iso(N) =
N x U(1). We say that a lattice in Iso(N) is rotation free if it is a lattice in
N, i.e., if it is a lattice of left translations. A parabolic isometry ¢ € I is called
unipotent if it acts as a translation on its invariant horospheres.

We now briefly summarize some of the results of Hummel [22] and Hummel-

Schroeder [21].

Theorem 5 (Hummel-Schroeder) LetT be a nonuniform torsion-free lattice
in CH2. Then, there exists a finite subset F C T of parabolic isometries such
that for any normal subgroup I <T with the property that Fnr' is empty, then

CH2 /T’ is smooth and Kdhler.

Furthermore, using a cusp closing technique arising from Riemannian Ge-

ometry they were able to prove:

Theorem 6 (Hummel-Schroeder) LetT' be a nonuniform torsion-free lattice
in CH?. Then, there exists a finite subset F cr of parabolic isometries such
that F' D F for which the following holds. For any normal subgroup I’ <l with
the property that FNr s empty, then W/F' admits a Riemannian metric

of nonpositive sectional curvature.

A few remarks about these results. A nonuniform torsion-free lattice in
CH? admits a smooth toroidal compactification if its parabolic isometries are

all unipotent. In the arithmetic case this is achieved by choosing a neat subgroup

13



of finite index [1]. It is also interesting to observe that we have plenty of normal
subgroups satisfying the requirements of Theorem 5 and 6, in fact PU(1,2) is
linear and then residually finite by a fundamental result of Mal’cev [39]. Finally,
it is interesting to notice that in general one expects the strict inclusion F 'S F
to hold. Explicit examples can be derived from the construction of Hirzebruch
[48].

For simplicity, a compactification as in Theorem 6 will be referred as toroidal

Hummel-Schroeder compactification.

Proposition 2.2.1 Let M be a finite-volume complex-hyperbolic surface which
admits a toroidal Hummel-Schroeder compactification. Then the Euler number

of M is strictly positive.

The idea for the proof goes back to an unpublished result of J. Milnor about
the Euler number of closed four dimensional Riemannian manifolds having sec-
tional curvatures along perpendicular planes of the same sign; see the paper by
S. S. Chern [20]. Let (M, g) be the Riemannian manifold obtained by closing
the cusps of M under the condition of nonpositive curvature [21]. Let Q be its
curvature matrix. We can always choose [20] a orthonormal frame {e;}_; such

that:
Ri231 = Ri241 = Ri232 = Rig49 = Ri332 = Ri341 = 0.
It follows that

PfQ) = A0 - Qi A02+ Q) AQ2
= {Ri221 R3443 + Risu3 + Ri3z1 Roaao + Rigyn

+ Riaa1 Rosza + Rigs bdug,

14



where Pf(Q) is the Pfaffian of the skew symmetric matrix 2. The statement is
now a consequence of Chern-Weil theory.

We can now use the Kodaira-Enriques classification of closed smooth surfaces
[18] to derive the following theorem. The proof is in the spirit of the theory of

nonpositively curved spaces.

Theorem 2.2.2 Let M be a finite-volume complez-hyperbolic surface which ad-
mits a toroidal Hummel-Schroeder compactification. Then M is a surface of

general type without rational curves.

Since M admits a Riemannian metric of nonpositive sectional curvature,
the Cartan-Hadamard theorem [12] implies that the universal cover of M is
diffeomorphic to the four dimensional euclidean space. Consequently, M is
aspherical and then it cannot contain rational curves. Moreover, the second
Betti number of M is even since by construction it admits a Kéhler metric. By
the Kodaira-Enriques classification [18] we conclude that the Kodaira dimension
of M cannot be negative.

From Proposition 2.2.1, we know that the Euler number of M is strictly
positive. The minimal complex surfaces with Kodaira dimension equal to zero
and positive Euler number are simply connected or with finite fundamental
group. Since 71 (M) is infinite, the Kodaira dimension of M is bigger or equal
than one.

The fundamental group of an elliptic surface with positive Euler number is
completely understood in terms of the orbifold fundamental group of the base
of the elliptic fibration. More precisely, denoting by 7 : § — C' the elliptic
fibration, if S has no multiple fibers then 7 induces an isomorphism 7 (S) ~

m1(C). In the case where we allow multiple fibers we have the isomorphism

15



m1(S) =~ 7P™(C). For these results we refer to [16]. We are now ready to
show that M cannot be an elliptic surface. When S has multiple fibers, the
group 71 (S) has always torsion and then it cannot be the fundamental group
of a nonpositively curved manifold. If we assume 71 (M) ~ 71 (C), the fact that
71 (M) grows exponentially [3] forces the genus of the Riemann surface C' to be
bigger or equal than two. Since all closed geodesics in a manifold of nonpositive
curvature are essential in 71, we have that the fundamental group of the flats
introduced in the compactification injects in 71 (M) and then by assumption in

7m1(C). By elementary hyperbolic geometry this would imply that Z ® Z acts as

a discrete subgroup of R, which is clearly impossible.

Corollary 2.2.3 A toroidal Hummel-Schroeder compactification has ample canon-

ical line bundle.

By Theorem 2.2.2 we know that M is a minimal surface of general type with-
out rational curves. The corollary follows from Nakai’s criterion for ampleness
of divisors on surfaces [18].

In the arithmetic case, part of the results contained in Theorem 2.2.2 can
be derived from a theorem of Tai, see [1]. Furthermore, similar results for the

so-called Picard modular surfaces are obtained by Holzapfel in [47].

2.3 Examples

In this section we present examples of surfaces of general type which do
not admit nonpositively curved Kahler metrics, but such that their underlying
smooth manifolds do admit Riemannian metrics with nonpositive Riemannian

curvature. In order to do this one needs to understand the restrictions imposed

16



by the nonpositive curvature assumption on the holomorphic curvature tensor.

Thus, define

p=2Re(£), q=2Re(n)
where
§=¢E%00, 1n="1"0.
In real coordinates we have
R(p,q,4,p) = Rnijup"q'¢’p"
while in complex terms

R(E+E&n+T,n+7,€+&) = R(E,7.1,€) + R(§,7.7,€)
+ R(E,n,n,€) + R(&, 0,7, €).
We then have
Riijip"d' @'p" = R5,56 0" 17" + Rogosnn€ + Ry 560 ne®
+ Raﬁiéfaﬂ67ﬁ€ b
= R 558 1"€" — R5. 560 n°€ — R 5 5P e’
+ Ragwgfﬁﬁangﬁw
= Ragvg{@ngn”fg — PP ET — P ed + PnaPey
= Rams(éanﬁ — &P (€8T — pPe).

If we assume the Riemannian sectional curvature to be nonpositive we have

Ruiia' ' = R €0 = i@ 7€) <0,

17



Let us write this equation in detail when the dimension is n = 2:

Ro5,5(€%0% = &) (€7 —1P€7) = Ryryz(€'n’ — n'eh)(€'n" — n'el)

Now

thus

Now

thus

+ Rypor(€' — 0" €D)(E% — n'€2) + Rygy(€'n” — '€ (€202 — 1282)
+ Rozyr(€20% — €% (€T — n'€Y) + Ryzps(€'? — 0'€%) (€207 — n2ET)
+ Ropor(€20T — %€ (€% — n'€2) + Rygy5(€'n” — n'eh) (€207 — n2€7)
+ Rgor (€17 — 1207 — 1'2) + Rygn (€7 — 'E)(€207 — ?E?)
+ Ryt (€0 — n2€)(€20% — 1P2) + Ryryr(€2n” — 2N (€T —n'eh)
+ Rory5(€207 — €0 (€207 — n?€Y) + Rygyr(€7 — ' €%) (€102 — n'€2)

+ Ryzi1(6'% — ' €2) (€T — nr€Y) + Ryzy3(20% — 7€%) (20T — n2¢Y)

+ Rogos (€207 — 12€%) (€217 — 12€2).

Rog17 = Ry103:  Ryzor = Ry103, Rotiz = Ryga3;

Rigos{(€'0 — neh) (€202 — n2€2) + (2% — n2E2) (€T — nlel)
+ (€nF — by (€2t — n2eD) + (6'9% — n'eR) (€1 — n'€2)}

= 2R 755 {Re(€nt — n'e) (€22 — 12€2) + |4® — nte??).

Ryz5(6'77 — n'€2)(€2n1 — n2€Y) + Rypyr(€2n' — ?€N) (€M% — n'€2)

= 2Re{R,5,5(E'n? — &) (€2t — n2eD)}.

18



Now

thus
Ripi(€'n' — n'eN) (€T — n2€) + Rygp(€'% — n'€2) (€Mt — nleY)
+ Rypor(€'nt — €N (€192 — nl€2) + Ryg (€20t — nP€h) (€T — nlel)
= 2R 7y5(EnT — '€ (€20 — 12€T) + 2R 157 (EnT — D) (€20 — n?eh)
= 4Re{R1y5('n" — n'e) (2T — n2eT)).

Now

thus
Rozy(620% — n*€) (€207 — n?€T) + Ryzps (€% — n'€%) (€207 — n2€?)

+ Rozor (6217 — 2€%) (€107 — n'€2) + Rypy (€70 — 12€7) (€202 — 2€2)

= 2Ry5,5(E20% — €2)(€20T — n2€Y) + 2Ryo1 (€07 — nP€2) (€172 — 1€7)

= 4Re{Ryg 30" — ?€") (€7 — €N},

In summary we have the equality:

R 5(6%0° = 1°€°) (€7 — nP€)
= Ryprle'n’ = n"€'[? + 4Re{Rygy3(§'n" — n"e")(€2n” — n2€")}
+ 2Ry {I€ 0 = 0" + Re(€'n" — n'eN)(n7 — n?€?)}
+ 2Re{Rygiz(¢'n® — ') (€07 — n2€N))
+ 4Re{ Ryg 3 (647 — €%)(€n" — n?€))}

+ Rosy3|€n* — ?&2)2.
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Following Siu-Mostow [36], we choose the ansatz

e =ia, &€=—i, nt=a, n*=1
where a is a real number. We get the inequality

Ry7i74a* — 2R 15540% + Rygy54 < 0.

Since nonpositive Riemannian sectional curvature implies nonpositive holomor-

phic sectional curvature, we conclude that
2
(Ri123)” < Riqi1Ro303- (2.1)

Theorem 2.3.1 A toroidal Hummel-Schroeder compactification does not admit

any Kdhler metric with nonpositive Riemannian sectional curvature.

Let us proceed by contradiction. Consider one of the elliptic divisors added
in the compactification. By the properties of submanifolds of a Kahler manifold
[19], we have that the holomorphic sectional curvature tangent to the elliptic
divisor has to be zero. Let us denote such a holomorphic sectional curvature by
R,1y7- By the inequality (2.1), we conclude that R 1,5 = 0. As a result, the

Ricci curvature tangent to the elliptic divisor has to be zero. We conclude that

Kﬁ- Y= / Cl(Kﬁ) ZO7
>

which contradicts the ampleness of K7, see corollary 2.2.3.
Combining Theorems 2.2.2 and 2.3.1 with Corollary 2.2.3, we have thus

proved Theorem A.
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2.4 Projective-algebraicity of minimal compact-

ifications

Let M be a smooth toroidal compactification of a finite-volume complex-
hyperbolic surface M and let 3 denote the compactifying divisor. The set ¥ is
exceptional and it can be blown down. The resulting complex surface, with iso-
lated normal singularities, it is usually referred as the minimal compactification
of M [37]. In this section we address the problem of the projective-algebraicity
of minimal compactifications of finite-volume complex-hyperbolic surfaces. This
is motivated by a beautiful example of Hironaka, see [14] page 417, which shows
that by contracting a smooth elliptic divisor on an algebraic surface one can
obtain a nonprojective complex space. For the sake of readability, we present
this example at the end of the current section. In the arithmetic case, the
projective-algebraicity of minimal compactifications of finite-volume complex-
hyperbolic surfaces it is known by the work of Baily and Borel, see [5].

For completeness, we recall the theory of semi-stable curves on algebraic
surfaces and logarithmic pluricanonical maps as developed by Sakai in [41].

Let M be a smooth projective surface. Let ¥ be a reduced divisor having

simple normal crossings on M.

Definition 2.4.1 The pair (M,X) is called minimal if M does not contain an

exceptional curve E of the first kind such that E -3 < 1.

We consider the logarithmic canonical line bundle £ = K57 + X associated

to ¥. Given any integer k, define P,, = dimH°(M,O(mL)). If P,, > 0, we
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define the m-th logarithmic canonical map ®,,, of the pair (M,Y) by

(bmﬁ('r) = [51(26), ) SN(x)]v

for any z € M and where s1, ..., sy is a basis for the vector space H(M, O(mL)).
At this point one introduces the notion of logarithmic Kodaira dimension ex-
actly as in the closed smooth case. We denote this numerical invariant by k(M)

where M = M\X. We refer to [46] for further details.

Definition 2.4.2 A curve X is semi-stable if has only normal crossings and
each smooth rational component of X3 intersects the other components of ¥ in

more than one point.

The following proposition gives a numerical criterion for a minimal semi-

stable pair (M,Y) to be of log-general type. For the proof we refer to [41].

Proposition 2.4.3 Given a minimal semi-stable pair (M, %) we have that k(M) =

2 if and only if L is numerically effective and L2 > 0.

We can now state one of the main results contained in [41]. In what follows,

we denote by € the set of irreducible curves E in M such that £ - E = 0.

Theorem 7 (Sakai) Let (M,X) be a minimal semi-stable pair of log-general

type. The map P, is then an embedding modulo € for any m > 5.

It is then necessary to characterize the irreducible divisors in £. In particular,

we need the following proposition.

Proposition 2.4.4 Let (M,X) be a minimal semi-stable pair with k(M) = 2.
Let E be an irreducible curve such that L - E = 0. If E is not contained in ¥

then E ~CP! and E-E = —2.
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Under these assumptions we know that £2 > 0. By the Hodge index theorem
£2>0, L-E=0 = E*<0.
But now £ - E = 0 which implies
Ky E=-X-ELO.

We then have K47 - E = 0 if and only if £/ does not intersect 3. In this case
pa(E) = 0 and then E ~ CP! and E? = —2. Assume now that K37 - E < 0,
then K37+ E = E? = —1 and therefore F is an exceptional curve of the first
kind such that E - % = 1. This contradicts the minimality of the pair (M, ).
We are now ready to prove the main results of this section. Let CH?/T
be a finite-volume complex-hyperbolic surface that admits a smooth toroidal
compactification as in Theorem 2.2.2. We then have that CH2/T is a surface of
general type with compactification divisor consisting of smooth disjoint elliptic

curves.

Proposition 2.4.5 Let M be a minimal surface of general type. Let ¥ be a
reduced divisor whose irreducible components consist of disjoint smooth elliptic

curves. Then, (M,Y) is a minimal semi-stable pair with k(M) = 2.

Recall that the canonical divisor of any minimal complex surface of non-
negative Kodaira dimension is numerically effective [18]. It follows that the
adjoint divisor £ is numerically effective. An elliptic curve on a minimal surface
of general type has negative self intersection. Moreover, for a minimal surface
of general type it is known that the self-intersection of the canonical divisor is

strictly positive [18]. By the adjunction formula

L2 =K2 - %% >0.
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By Proposition 2.4.3, we conclude that k(M) = 2.

Let CH2\I'; be a finite-volume complex-hyperbolic surface which admits a
smooth toroidal compactification M. Let (M1, Y1) be the associated minimal
semi-stable pair. By Theorem A, we can find a normal subgroup of finite index
I's <1 T'; such that the toroidal compactification My of CH? /Ty is a minimal

surface of general type with compactification divisor ¥5. Since

e (CHQ/FQ — (CHZ/Fl

is an unramified covering we conclude that k(M;) = k(Ms) [46]. But by propo-
sition 2.4.5 we know that k(M) = 2, it follows that (My,¥;) is a minimal
semi-stable pair of log-general type. Let us summarize this argument into a

proposition.

Proposition 2.4.6 Let (M,Y) be a smooth pair arising as the toroidal com-
pactification of a finite-volume complex-hyperbolic surface. The pair (M,X) is

minimal and log-general.
The following theorem is the main result of the present section.

Theorem B Let (M,X) be a smooth pair arising as the toroidal compactifica-
tion of a finite-volume complez-hyperbolic surface. Then, the associated minimal

compactification is projective algebraic.

By Proposition 2.4.6, the minimal pair (M, ) is log-general. By Theorem
7 we know that ®,,, is an embedding modulo £ for any m > 5. We clearly
have that Y is contained in £. We claim that there are no other divisors in
E. Assume the contrary. By Proposition 2.4.4, any other curve in £ must be

a smooth rational divisor E with self-intersection minus two. The adjunction

24



formula gives K77 - E = 0 which implies ¥ - £ = 0. This is clearly impossible.

By Theorem 7 for m > 5, the map
D,r M — (CPN_l

gives a realization of the minimal compactification as a projective-algebraic
variety.

For an approach to the projective-algebraicity problem through L?-estimates
for the d-operator we refer to [45].

As promised, we end this section with the details of the example by Hironaka.

Example 1 (Hironaka) Let Yy be a nonsingular cubic in CP?. Let py be an
inflection point. Thus, there exists an hyperplane H such that H NYy = py with
multiplicities three. Choose pg as the origin for the multiplication law of Yy. In
other words we consider Yy ~ C\I' for a lattice T'. Choose points p1, ..., p1o on

Yy such that 21121 nip; ¢ ' for any n; € Z. Let'Y be the proper transform of

Yy in CP?§10CP2 after we blow up the points {p;}. Y is then a smooth elliptic
curve with self intersection —1. By the Grauert’s contractibility criterion we
can then blow down this exceptional curve and obtain a normal complex space.
Let Xg be the complex space so obtained. We know want to show that Xg is not
projective algebraic. Let p € Xo be the contraction of Y. If we assume X to
be projective algebraic we can consider an open affine neighborhood U around p.
Let Cy be a curve not containing p, and let Cy be its closure in Xy. Let C be
the inverse image of Cy in CP2410CP2. Thus, C is a curve not intersecting Y .

Let C be the image of C in CP2. By the Bézout theorem, we can write

10
C- Yo = Znipi
i=1
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with n; > 0 and 2221 n; = 3d where d = degé, Since C ~ dH, we have
that H - Yy ~ 3pg. As a result we obtain that Ziﬂl n;p; = 0 € T which is a

contradiction.
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Chapter 3

Finite volume complex
hyperbolic surfaces without

cuspidal Einstein metrics

3.1 Introduction

The aim of modern Riemannian geometry is the study of the interplay be-
tween curvature and topology. The study of Einstein metrics is currently one
of the main themes of research in the field; see [4] and the more recent survey
[30]. Recall that a Riemannian manifold (M, g) is said to be Einstein if its Ricci

tensor is proportional to the metric:
Ricy = Ag.

In real dimension 2 and 3 this condition is equivalent to the constancy of

the sectional curvature. The two dimensional case is classically understood in
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terms of the so called “uniformization” theorem for Riemann surfaces, while in
dimension three one has to refer to the recent works of Thurston, Hamilton and
Perelman [43].

Despite the considerable efforts, this condition remains rather obscure in
dimension n > 5. In fact, no uniqueness or non-existence results are known!

In real dimension 4, the geometric and topological meaning of the Einstein
condition is considerably better understood. This is essentially due to the facts
that Chern-Weil theory enjoys, in this dimension, several special features and
to deep gauge theoretic results genuinely concerning this special dimension. For
example, Chern-Weil theory can be easily applied to derive the elegant Hitchin-
Thorpe inequality [38], which gives a necessary condition for the existence of
an Einstein metric on a closed 4-manifold. This important inequality was later
extended in several directions. First, it was refined by Gromov [8] using its
sitmplicial volume and then by Sambusetti [33] building up on results of Besson,
Courtois and Gallot [7]. Another direction in the study of Einstein metrics on
4-manifolds is through a system of nonlinear elliptic PDEs of the first order: the
Seiberg- Witten equations. Seiberg-Witten theory can in fact be used to derive
non-existence results for Einstein metrics on closed 4-manifolds, when the SW
invariant of the underlying smooth manifold is nontrivial [15]. This approach
was pioneered and pursued by LeBrun in a long series of papers; see [31] and
the bibliography therein.

In this chapter we present an obstruction for cuspidal Einstein metrics on
blow ups of finite volume complex hyperbolic surfaces; see the next section for
the technical definition of cuspidal metric. This result extends to the finite

volume setting the obstructions found by LeBrun in [27]. The proof is based
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on a construction due to Biquard [24] which ensures the existence of irreducible

solutions of the Seiberg-Witten equations on certain finite volume 4-manifolds.

3.2 Cuspidal metrics and Biquard’s argument

In what follows, let M be a noncompact 4-manifolds with finitely many ends.
Assume that each end of the manifold is diffeomorphic to a product Rt x N,
where N is a compact 3-dimensional manifold. A smooth metric g on M is
called cuspidal if it has bounded curvature and on each end can be written as

dt? + g, with the following additional properties:
- the diameter of N; goes to zero as t goes to infinity;
- the mean curvature h; of IV; is bounded below: h; > hg > 0.

Here the mean curvature is defined as the negative logarithmic derivative
of the volume of NV, thus the second hypothesis in the definition above implies
that (M, g) has finite volume. The definition of cuspidal metric clearly abstracts
some of the nice properties at “infinity” of complete finite volume metrics with
pinched negative sectional curvature, see [11].

We are now ready to briefly review the results of Biquard [24]. The main
problem with Seiberg-Witten theory on noncompact manifold is that the anal-
ysis becomes much harder. The idea of Biquard to solve the SW system of
nonlinear equations is very elegant and geometric in nature. Let us consider a
finite volume 4-manifold M which admits a “natural” compactification M as
smooth manifold or orbifold. Assume moreover that M fits in the known classes
of 4-manifolds (orbifolds) with nontrivial SW invariant [15]. We can then al-

ways solve the SW equations on M and try to produce an irreducible solution
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on M as limit of solutions on M. From the metric point of view, starting with
(M, g) where g is assumed to be of finite volume and with a “nice” behavior
at infinity, e.g. cuspidal, one has to construct a sequence (M, g;) of metric
compactifications that approximate (M, g) as j goes to infinity.

Let us describe in a more detailed way this approach when M is a finite
volume complex hyperbolic surface. It is known [24] that this manifold can
always be toroidally compactified as a Kéhler orbifold. When the compactifica-
tion M is smooth we have a pair (M,Y), where the compactification divisor ¥
is composed of smooth disjoint elliptic curves. It can be shown that, by even-
tually passing to a finite regular cover, the toroidal compactification of a finite
volume complex-hyperbolic surface is a smooth minimal surface of general type,
see Theorem A. Seiberg-Witten theory on minimal surfaces of general type and
their blow-ups is well understood. In fact, the underlying smooth manifold of a
surface of general type always admits Spin® structures with nontrivial SW in-
variant [15]. Furthermore, we have an explicit classification of all finitely many
Spin® structures with nontrivial invariant, see [17].

We can now state the following existence theorem which can be extracted

from the work of Biquard [24].

Theorem 8 (Biquard) Let M be a finite volume complex hyperbolic surface
such that its toroidal compactification (M,X) is a smooth minimal surface of
general type. Let M’ be obtained from M by blowing up k points. Fix a
Spin¢ structure on MtkCP? with nontrivial SW invariant and determinant
line bundle L. Let g be a smooth cuspidal Finstein metric on M/, and let
{g;} be the sequence of metrics on MfkCP? that approzimate g. Let {(A;,g;)}

be the sequence of solutions of the SW equations with perturbations {ng} on
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{(MtkCP2,g;)}. Then, up to gauge transformations, the solutions {(A;,;)}
converge, in the C* topology on compact sets, to a solution (A,) of the un-

perturbed SW equations on (M/,g) such that

- A=C+a where C is a fized smooth connection on L@ O(—%), d*a =0 and

a € L3QL(M);
- e L3(M',g) and there exists K > 0 such that supy e V(@) < K.

For the explicit construction of the metrics {g;}, the perturbations {F' gj}
and the proof, we refer to the original paper of Biquard [24].

A few final remarks. We decided to state the main analytical theorem of
[24] as above to avoid several technical difficulties. In fact, when the toroidal
compactification is not smooth, one has to deal with the SW equations on
orbifolds where for example one has to use index theory extended to this wider
context [24]. Furthermore, even in the case when the compactification is smooth,
some extra care is required if we are not working on surfaces of general type.
Note that smooth toroidal compactifications of Kodaira dimension zero do exist
[48].

Finally, the restriction in Theorem 8 on the toroidal compactification to be
minimal of general type is not restrictive. In fact, as mentioned above one can
show that, up to a finite regular cover, any complex-hyperbolic surface satisfies
this requirement. This geometric fact can then be applied to somewhat simplify
the proof of the rigidity result for cuspidal Einstein metrics on finite volume

complex-hyperbolic surfaces, proved by Biquard in [24].
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3.3 The obstruction

Recall from Chapter 1.1 that given a orientable noncompact manifold (M, g)
we have, when the differential d is restricted to an appropriate dense subset, a

Hilbert complex
e LPQETN (M) — LPQU (M) — LPQI T (M) — ...

where the inner products on the exterior bundles are induced by g. Define the

maximal domain of d, at the k-th level, to be
Dom"(d) = {a € L*QF(M),do € L*Qi+ (M)}

where da € L2Q’;+1(M) has to be intended in the distributional sense. The

(reduced) L2-cohomology groups are then defined to be
HE(M) = Z5(M)/ Do),
where
Z(M) = {a € L*Q%(M), da = 0}.

On (M, g) there is a Hodge-Kodaira decomposition

LPQE (M) = HE(M) © dCxQF -1 @ d*CoQF 1,
where
HE(M) = {a € L*Q5(M),do = 0,d* o = 0}.

Moreover, if we assume (M, g) to be complete the maximal and minimal domain

of d coincide. In other words

dDomF=1(d) = dCQF-1,
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which implies
HY (M) =15 (M).

Here the completeness assumption is crucially used to show that given a €
L2Q% (M) with da € L2QFT! (M), we can always generate a sequence {ay} €
COF(M) such that ||a — a2 + ||[da — day, || g2 — 0.

Summarizing, if the manifold is complete, the harmonic L2-forms compute
the reduced L2-cohomology. Moreover, in this case the L? harmonic forms can

be characterized as follows

HE(M) = {a € L?QE (M), (dd* + d*d)a = 0}.

g

Finally, the orientability of M gives a duality isomorphism via the Hodge

operator
HE(M) = 1R (M),

If the manifold M has dimension 4n it then makes sense to talk about L2
selfdual and anti-selfdual forms on L*Q2"(M). If #2"(M) is finite dimensional,

the concept of L?-signature is well defined.

Let (M, g) be a complete finite-volume 4-manifold. Let £ be a complex line
bundle on M. By extending the Chern-Weil theory for compact manifolds, we
can define the L2-Chern class of £. More precisely, given a connection A on £

such that Fy € L?Q2(M), we may define

o
Cor

C1 (ﬁ) [FA}LQ

where with F4 we indicate the curvature of the given connection. It is an

interesting corollary of the L? cohomology theory that, on complete manifolds,
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such an L? cohomology element is connection independent as long as we allow
connections that differ by a 1-form in the maximal domain of the d operator.
More precisely, let A" be a connection on £ such that A" = A + a with « €
L3Q,(M). We then have F;s = Fa + da and therefore by the Hodge-Kodaira
decomposition we conclude that 7=[Fa]r2 = 5=[F/]re.

The associated L? Chern number ¢3(L) is also well defined. In fact, a €
Dom!(d) and then we can find a sequence {a,} € CQF(M) such that |o —
a2 + ||[da — da, ||z — 0. This implies that

/ Fy ANFydpg, = lim / (Fa +day) A (Fa + do)dpyg
M neo M

:/ FA/\FAdMg-
M

The following lemma is an easy consequence of the Hodge-Kodaira decom-
position.
Lemma 3.3.1 Given L and A as above, we have
[ 1F P, = ax* (e (£)
M
+

where ¢ (L) is the selfdual part of the g-harmonic L? representative of [c1(L)].

We have
1
[ FiPdn, =2 [ e ne(Cu, -5 [ 1FaPdu,
M M 2 M
1
—2n22(L) + 1 / TR
2 Ju :

By Hodge-Kodaira decomposition, given any L? cohomology class, we have
a unique harmonic representative that minimizes the L? norm. Thus, given

Fy € Lzﬁg(M ), let us denote by ¢ its harmonic representative. We then have

1 1
! / FaPduy > / ofdu
2 M 2 M
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which implies
1
B Pl = 20 4 5 [ folPn,
M M
- /M o+ Py = 4(c} (£))°.

We can now formulate the L? analogue of the scalar curvature estimate

discovered in [26] for compact manifolds.

Theorem 3.3.2 Let (M*,g) be a finite volume cuspidal manifold. Let (A 1)) €
L3(M,g) be an irreducible solution of the SW equations associated to a Spin®

structure ¢ with determinant line bundle L. Then

/M $2dp, > 327°(cf (£)?

with equality if and only if g has constant negative scalar curvature, and is

Kahler with respect to a complex structure compatible with c.

By the twisted Lichnerowicz formula [6], we know that

1
0= [ Re(VATat0) + (F0) + 10l (3.1)

Recall that the spinor v is in L?. Since (M, g) is complete we can generate a
sequence ¥, € C'° such that ||¢p — ¥ ||r2 + [|Va® — Vathy ||z — 0. As a result

we can integrate by parts in (3.1) to obtain

0= [ 19aVF? + sl + vl
M

so that [, (—=s)[¢|2dug > [, [¥]*dug, with equality if and only if ¢ is parallel.

By the Schwartz inequality we have

([ Laupt([ wttin)t > [ (olwldu,
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and then

/szdﬂgZ/ Y] dpg,
M M

with equality if and only if 1 is parallel and s is constant. But now |F}|?> =

L|y[*, which implies

[ duy=s [ 18; P,
M M

Therefore we have

[ sty = et o)
M

with equality if and only if v is parallel and s, is a negative constant. Under the
equality assumption, the non zero constant length self dual 2-form FZ can now
be used to produce a g-compatible almost complex structure J. Since V41 = 0
we have that VF;{ = 0. Thus, the almost complex structure J is integrable and
g is Kéhler. Finally, ¢ is the Spin® determined by J.

The following theorem gives an obstruction to the existence of cuspidal Ein-
stein metrics on blow-ups of finite volume complex hyperbolic surfaces. The
strategy of the proof follows [27]. Nevertheless, in the finite volume setting one

has to employ the results of [24], see theorem 8.

Theorem C Let M be a finite volume complex hyperbolic surface such that its

toroidal compactification (M,X) is a smooth minimal surface of general type.

Let M' = M+#kCP? be obtained from M by blowing up k > 0 points. If

k> S (et (M) - 32,

Wl Do

then M’ does not admit cuspidal Finstein metrics.
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Let {Ei}i?:l denote the exceptional divisors in M . By a result of Morgan

and Friedman [17], we know that the manifold M#kCP? admits 2% different

Spin® structures with determinant line bundles
L:K%iEli...iEk,
for which the SW equations have irreducible solutions for each metric. Since

()M =(a(M)T £ BEf £...£E})?

= (D)) +2) et - (B + (Y +E[)

we can chose a Spin® structure whose determinant line bundle satisfies

(e1(L)F)? = (ef (M))* = 1 (M).

We can now apply Biquard’s construction [24] for any of the above Spin® struc-
tures and with respect to the cuspidal Einstein metric ¢ on M . We then
construct 2% irreducible solutions (A, 1) € L2(M',g), where A = C + a with C
a fixed smooth connection on L ® O(—%) and a € L%Q}}(Ml). By choosing the

Spin® structure as above and using theorem 3.3.2 we compute

3272 /M, s%dpy > (c1 (L@ O(=X))*T)?

> (M) - ¥?

where the last inequality holds by the adjunction formula. We then obtain

3972 /M/ SQdﬂg 2 C%(M) -x?

= 2x(M) + 30 (M) — ¥2.

Following [24], when the toroidal compactification is smooth, we have the finite

volume analogue of the 4-dimensional Gauss-Bonnet and Hirzebruch formulas.
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More precisely, given M ' equipped with a cuspidal metric g one has

x(M',g) = x(M) + k

o(M ,g)=o(M)—-%%—k.

where (M, g) and o(M', g) are defined by the usual curvature integrals. Thus,

if we assume ¢ to be Einstein

EM) =2 —k=2x(M)+3c(M)

_ 21W. |2+82d
T anz f, S Ty

1
> 2d
= 9672 /M, 5 Aty

ST - 57

Y
|

so that
2 9= 2
(B =52 > k.
In other words if
2 _
k> (G0T) - 57,

we cannot have a cuspidal Einstein metric on M#kCP2. The equality case can
also be included and the proof goes as in the compact case. For further details,
see [29]. This completes the proof.

It is natural to ask what is the sign of the contribution coming from the
self-intersection of the compactification divisor X.

Thus, let M be a surface of general type as above and let ¥; be a smooth
elliptic divisor contained in ¥. The canonical line bundle K5; of a minimal

surface of general type is numerically effective and has positive self intersection
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[10]. By the Hodge index theorem [10], if a divisor E is such that K47 - E =0

then E is a smooth rational curve with £ - ¥ = —2. Since K37 -%; > 0 and

Ky Si+%i- %
> -

pa(zi) =1+ 1

we conclude that 3; - 3; < 0 for any irreducible components of the compactifi-

cation divisor X.

3.4 Final remarks
In [27], LeBrun showed the following theorem:

Theorem 9 (LeBrun) Let X be a minimal surface of general type, and let
M = X#kCP? be its blow-up at k > 0 points. If k > %cf(X), then M does not

admit Einstein metrics.

In light of this result and several subsequent developments, it is conjectured
[29] that non-minimal surfaces of general type do not admit Einstein metrics.
Unfortunately, all of the obstructions known at present, depend on the Chern
number ¢? of the associated minimal model. Therefore, these results are not
strong enough to provide an obstruction that is uniform in the number of blow-
ups. In fact, one can simply consider a sequence of Fermat hypersurfaces V;,
in CP3. Recall that such hypersurfaces are defined as the zero locus of the
homogeneous polynomials 2§ + 2 + 25 + 2% in CP3. Moreover, for n > 5
they are of general type since they have ample canonical line bundle. For these
surfaces one has c?(V,,) = n(4 — n)?, which diverges as n goes to infinity.

In the noncompact case it is somewhat more complicated to construct ex-

plicit examples. Nevertheless, one can use the constructions of Holzapfel [47]
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and Hirzebruch [48]. For example, Hirzebruch [48] constructed a sequence of ball
quotients X,, (n > 2) which have smooth toroidal compactifications (X, %,,)
of general type, where ¥, is the disjoint union of 4n* smooth elliptic divisors

with self intersection —n, and where the Chern numbers of X,, are given by

(X)) = n’,

(X)) =3n" —4n®.

By Theorem C, it follows that X, #kCP? does not admit cuspidal Einstein met-
rics if k > 2n7. Similar examples can also be constructed from the ball-quotients
considered by Holzapfel [47]. Details are left to the interested reader.

In conclusion, as in the compact case, Theorem C is far from providing an

obstruction that is uniform in the number of blow-ups.
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Chapter 4

Seiberg-Witen Equations on
finite volume manifolds

with cusps

4.1 Introduction

In this chapter we study the Seiberg-Witten equations on product manifolds
M =¥ x ¥4, where X is a finite volume hyperbolic Riemann surface and X, a
compact Riemann surface of genus g.

The main problem with Seiberg-Witten theory on noncompact manifold is
the lack of a satisfactory existence theory. Following Biquard [24], we solve
the SW equations on M by working on the compactification M. Here the
compactification M is the obvious one coming from the compactification of

Y. More precisely, we produce an irreducible solution of the unperturbed SW

41



equations on M as limit of solutions of the perturbed SW equations on M.
From the metric point of view, starting with (M, g) where g is assumed to be

of finite volume and with a *

‘nice” behavior at infinity, one has to construct
a sequence (M, gj) of metric compactifications that approximate (M, g) as j
goes to infinity. The irreducible solution of the SW equations on (M, g) is then
constructed by a bootstrap argument with the solutions of the SW equations
on (M, g;) with suitably constructed perturbations.

When M = ¥ x CP! this construction was carried out by Yann Rollin in
[40].

An outline of the chapter follows. Section 4.2 describes explicitly the metric
compactifications (M, gj). These metrics are completely analogous to the one
used by Rollin and Biquard in [40] and [24]. Furthermore, few results concerning
the scalar curvatures and volumes of the spaces (M, g;) are given.

In Section 4.3 we compute the L? cohomology of (X x Y,,9) when g is a
metric C° asymptotic to a product metric g_, + g2, where g_; is a hyperbolic
metric on ¥ and go any metric on 3.

Sections 4.4 and 4.5 contain the proofs of the uniform Poincaré inequalities
on functions and 1-forms needed for the bootstrap argument. Moreover the
convergence, as j goes to infinity, of the harmonic forms on (M, g;) is studied
in detail. These results are then combined with the results given in Section 4.3
to provide an explicit isomorphism between the DeRham cohomology of M and
the L? cohomology of (M, g).

In Section 4.6 the bootstrap argument is carefully worked out. The existence
result so obtained is summarized in Theorem D.

In Section 4.7, Theorem D is applied to derive several geometrical conse-
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quences. First, we give the sharp minimization of the Riemannian functional
J sgdug on M. Second, an obstruction to the existence of Einstein metrics
on blow-ups of M is given. These results are summarized in Theorem E and
Theorem F. These theorems are the finite volume generalization of some cele-
brated and well-known results of Claude LeBrun for closed four manifolds, see

for example [29] and the bibliography therein.

4.2 The Metric Compactifications

Let ¥ be a finite volume hyperbolic Riemann surface and denote with X,
a compact Riemann surface of genus g. In this chapter, we study the Seiberg-
Witten equations on manifolds that topologically are products of the form ¥ x
Y. Recall that X is conformally equivalent to a compact Riemann surface )
with a finite number of points removed, say {p1, ..., pi}, satisfying the condition
that 2g(X) — 2 +1 > 0. Conversely, given a compact Riemann surface ¥ and
points {p1, ..., p;} such that 2¢g(3) — 2+ 1 > 0, the open Riemann surface ¥ =
S\{p1,..., i} admits a finite volume real hyperbolic metric. In summary, a finite
volume hyperbolic Riemann surface (X, g_1) is a manifolds with finitely many
cusps corresponding to the marked points of the associated compactification
3. Our hyperbolic cusps are modeled on Rt x S' with the metric g_; =
dt® + e2'dh?. We can now fix a metric g on the compact Riemann surface
¥, and consider the Riemannian product (X x 3,4, g_1 + g2). For simplicity we
define M = ¥ x ¥,. It is then clear that M is a complete finite volume manifold

with cusp ends modeled on RT x §* x ¥, with the metric g; = dt?+e~*'d6* + go.

Definition 4.2.1 A metric g on M of the form g_1+gs will be called a standard
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model.

We now want to study the natural compactification of M. It is clear that
each of the cusp end of M can be closed topologically as a manifold by adding
a compact genus g Riemann surface. Let us denote by N the disjoint union of
these embedded curves. Denoted with M the compactification of M, we then
have M\N ~ M. If we know consider ¥ and ¥, as complex manifolds, it is clear
that M can be compactified as a complex manifold by adding a finite number
of genus ¢ divisors with trivial self intersection. According to the genus of %,

we have the following classification for M as a complex manifold:
- if g(¥) = 0 = M is rational ruled with ¢(M) = 4x(3,);
- if g(¥) =1 = M is elliptic with ¢}(M) = 0;
- if g(¥) > 2 = M is of general type with ¢Z(M) = 2x(Z) - x(Z,).

Let us now consider a standard model g on M. We want to construct
a sequence of metrics {g;} on M that approximate (M,g). More precisely,
choose coordinates on the cusp ends of M such that the metric g is given by

g = dt? + e~ 2dh? + g, for t > 0. Define then
gj = dt* + 3 (t)d6” + g
where ¢;(t) is a smooth warping function such that:
1. p;(t)=e"tforte0,j+1];
2. pi(t)y=T; —tfort € [j+1+¢Tjl;

where € is a fixed number that can be chosen to be small, and T} is an appropriate

number bigger than j 4 1 + €. Because of the second condition above, g; is a
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smooth metric on M for any j. Moreover the metrics {g;} are by construction
isometric to g on bigger and bigger compact sets of M. For later convenience
we want to prescribe in more details the behavior of ¢;(t) in the interval t €
[j+ 1,5+ 1+ €. We require that 92¢;(t) decreases from e~U*Y o0 0 in the
interval [j + 1,7 + 1 + d;] where §; is a positive number less than e. Then for
t € [j+1+d;,¢€, we make 07¢; very negative in order to decrease dyp; to
—1 and smoothly glue ¢;(t) to the function T; —t. Moreover, by eventually
letting the parameters d; go to zero as j goes to infinity, we require % to
be increasing in the interval [j + 1,j + 1 + §;]. Finally, we require % to be
bounded from above uniformly in j.

In summary, given a standard model g for M we can always generate a
sequence of metrics {g;} on M approximating (M, §). A similar argument shows
that this is indeed the case for any metric g on M, that is asymptotic to a
standard model. For later convenience, we restrict ourself to metrics that are

asymptotic to a standard model at least in the C? topology. More precisely, if

g is such a metric we set
9i = (1=x;)9+X,9;

where x;(t) is a sequence of smooth increasing functions defined on the cusps

of M such that x;(t) =0if ¢t <jand x,;(¢t) =1ift > j+ 1.

Proposition 4.2.2 The scalar curvature of the metrics {g;} can be expressed

as
D2
b t i
Sg; = Sg, — 2x; :
¥j
where 5% is a smooth function on M that can be bounded uniformly in j.

9i
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For ¢t < j, the metrics g; and g are isometric and therefore s, = s,. If
t € [4,j + 1], the metric g; is close in the C? topology to g and then sy, ~ s,.

Finally if ¢ > j + 1, the scalar curvature function is explicitly given by

02¢;
= 8g; = Sgo — 2 Z;p]
j

Sg;

We conclude this section with a proposition regarding the volumes of the

Riemannian manifolds (M, g;).
Proposition 4.2.3 There exists a constant K > 0 such that
Voly, (M) <K

for any j.

4.3 L? cohomology of products

Let (X,9-1) be a finite volume hyperbolic Riemann surface. Furthermore,
let (34, g2) be a genus g compact Riemann surface equipped with a fixed metric.
Let us consider (£ x X4,9-1 + g2), where by g_1 + go we denote the product
metric. We then want compute the L? cohomology of (¥ x Yg4,9) when g is a
metric “asymptotic” to the product metric g_; 4+ go. Following the definition
of section 4.2 a metric of the from g_1 + g is referred as standard metric or
model. For simplicity let us define M := ¥ x X,. Let us start by computing the
L? cohomology of M when equipped with a standard metric.

Regarding the L? cohomology of (M, g 1 + g2), an L?-Kiinneth formula
argument [50] reduces the problem to the computation of the L? cohomology of
a hyperbolic Riemann surface of finite topological type. This computation can

be achieved by using the following classical theorem.
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Theorem 10 (Huber) Let (X, g) be a complete finite volume Riemann surface
with bounded curvature. Then X is conformally equivalent to a compact Riemann

surface ¥ with a finite number of points removed.
See [35].

Corollary 4.3.1 Let (X,9-1) be a complete finite volume hyperbolic Riemann

surface. Then we have the isomorphism
H3 (S, g9-1) ~ H*(S).

We clearly just have to prove that Hi(¥X) ~ HY(X). Since ¥ is com-
plete, the space of L? harmonic forms computes the L? cohomology. Let
(X\{p1,--,p1},9) as in theorem 10, where § = e?“g. Since g and g_; de-
fine the same global L? inner product on 1-forms and d*7 = e~2%d*7-1, we
have that HL(X\{p1,...,pi}) =~ H,  (¥). But now one can show that any har-
monic field in H%(i\{pl, ..»pi}) can be smoothly extended across the cusps
points. For the proof of this simple analytical fact see [44]. We therefore have
HE(E\{p1, .-, mi}) = HE(E). The corollary is now a consequence of the classical
Hodge theorem for closed manifolds.

We can now formulate the main result of this section.

Proposition 4.3.2 In the notation above, consider (M, g) where g is a Rieman-

nian metric C° asymptotic a standard model. Then we have the isomorphism
Hy (M) ~ H*(M;R).

The L? cohomology is a quasi-isometric invariant.
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4.4 Poincaré inequalities and convergence of 1-

forms

We need to show that, given the sequence of metrics {g;}, we can find a

uniform Poincaré inequality on functions. We have the following lemma.

Lemma 4.4.1 Consider the metric g = dt*> + g; on the product [0,00) x N,
such that the mean curvature of the cross section N is uniformly bounded from

below by a positive constant hg. Then, for any function f we have

/ 0 2dpiy > 12 / F2dpy + ho / 1Py, = ho / Py
t= t=

See Lemma 4.1 in [24].

Using this lemma, we can now derive the desired uniform Poincaré inequality.

Proposition 4.4.2 There exists a positive constant ¢, independent of j, such

that

/7‘df‘2dﬂgj > C/7|f‘2d,ugj
M M

for any function f on M such that fﬁ fdpg; = 0.

Assume the existence of a sequence of functions {f;} such that [57 f;duy, =
0, [ fillz2¢g,) = 1, and for which ||dfj|[2¢4,) — 0. Fixed a compact set K,
the sequence {f;} is bounded in L?(K,g;). We can then extract a weak limit
f; — f where f € L}(K,g). By the compactness of the embedding L?(K, g) —
L*(K,g), we have f; — f in L?(K,g). Since ||df| 2 =0, f is constant. Given

€ > 0, we can always chose K big enough such that Voly, (M\K) < €. Since

[ gy =t [ fydu,
K I JK
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and [; fidpg, = — f37 i fidhg;, we conclude that
| /\ Fing,| < Volo, (M\K)? s = Vol,, (F\K)?.
M\K J

In other words [ i Jdig can be made arbitrarily small and then f has to be
equal to zero. Fix a big compact set K and a smooth cut off function x such
that x =1 on K and equal to zero outside an open set containing K. We then

compute
1
3 i+ Q= 0n P, < [P, + [ 10005,
M M M
but by lemma 4.4.1 we know that
S0 =08, <152 [ 100 =08 P, <05 [ a0 =08 P,
and therefore
1 2 2 —2 2
5 [ IXfi+ A =20fiPdng, < | IxFildpg; +2he™ | ldx sl duy,
M M M
.
M

Since the elements in the right hand side of the inequality above can be made
arbitrarily small by taking K and j big enough, we conclude that || f;]| L2(g;) — 0
which is a contradiction.

The uniform Poincaré inequality proved in proposition 4.4.2, can now be
used to derive a Poincaré inequality for the limiting open manifold (M, g). This

result will not be used anywhere in this thesis, we thus omit the proof.
Corollary 4.4.3 There exists a positive constant ¢ such that

/ df Py > ¢ / FPdug
M M

for any function f such that fM fdug =0.
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We now have to derive a uniform Poincaré inequality on 1-forms for the

sequence of metrics {g;}. On the products [0, T}) x S* x X, consider the metrics
gj = dt* + ¢;(t)*d6? + g,

where g, is a fixed metric on X, and ¢;(t) is a smooth warping function as in
section 4.2 . For simplicity we denote by N the product S! x ¥,. Thus, given

a 1-form a we want to compute Va. First, let us write
Va=dt® Vsa+ V|«

where V| a is an element in T*N @ Q'([0,T') x N). Write a = fdt + oy where

oy is such that ¢p,a; = 0. Thus
Viya=dnyf@dt+ fV| dt + V| ai.

Given a metric of the form dt? 4+ g; and denoted by II its second fundamental

form, we have II = —%8,59. As a result

1, = — 223 (6.

J

Next we compute that

8tQ0j

J

Vx0 =

X, Vyd, =0,

if X and Y are respectively tangent to S' and X,. In other words V| ydt has
components in the direction of the S' factor only. Thus, given X; and Xj

tangent to S L we compute

(Vx,dt) Xo = X1dt(Xs) — dt(Vx, X2) = —dt(Vx, Xo)

= —g;(Vx,X2,0:) = g;(X2,Vx,0)

= 24 (g a0) (X1, ) = 11, (X, Xa),

Pj
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and then
IV | dt = —fII(-, ).

It remains to study the term V| ;. The component in the direction of N is
clearly V¥ oy, where with V¥ we indicate the Levi-Civita connection induced
by g; on N. Let us compute the component of V| a1 in the direction of dt. Let
X be tangent to N, since g;(Vxai,dt) = —g;(a1, Vxdt), we can assume X to

be tangent to the S! factor. We then have

9;(Vxaq,dt) = —%g(al,X) =II(ay, X)

J
which implies
Vivar=VVa; +11(ay, ) @ dt
where here a; has to be considered as a vector. In summary
Va=dt®Vya+d fe@dt — fII(-,-) + (o, ) @ dt + VVay.
Next we can decompose «q as follows
a1 = fip;d0 + as

where i,,a2 = 0. Since N is a product manifold we compute

VVay =dV f1 @ p;d + {1V (p;d0) + VN ay

= dzg f1 X <p]d0 + QOj_la(;fl (gojd0)2 + vleZQ =+ VZHCVQ.
Recall that given a 1-form «, we have the identity

(Lxa)(Y)=XaY) —ao[X,Y] = (Vxa)Y + a(VxY)
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thus
V51a2 = ;di ® L¢;189a2
which implies the identity
VN =d™ [1 ® ¢df + ¢ 10 f10jd0 @ p;df + V00 + 0;d) @ L -1 5, 0.
In summary we obtain

Bup; _ Brp;
;% fiYedd @ dt+ {pj ' 0g f1 + ;% freido @ p;df

J J

Va=dt® Vo,a+{p;'0sf —
+ dzgf ® dt + dzgfl ® wdﬁ + (p]de ® L@;189a2 + vzga%

The Ricci curvature of a doubly warped product can be computed explicitly

[12], in our case we obtain
. g > 9t 2 2
Ric% (o, @) = Ric™? (ag, arg) — - {f1F + 117}
J

which implies

g hp; O,
[ 190l + Riet (0 )y, > [ (Va0 + {Z5  LEVSE 4 |1,
N N ¥

j J
+ / (07100 112 + 500 1 g,
N

_ O
- 2/ (p;'06f, s f1)dpg,
N Pj

_ Oy
2 / (o700 1. 222 fyap,,.
N Pj

J

If now t < j+1, by construction we know that ¢;(t) = e~*. Under this assump-

tion want to show that the mixed terms (cpj_lagf, J1)r2(w,) and ((pj_lagfl, D2 v

are controlled, for big ¢ big enough, by the terms ||<p;189f||%2(Nt) and ||<p;159f1 ”%Z‘(Nf,)'
More precisely, integrating by parts with respect to 6, we can always assume

that f and f; are such that

fdo = / f1d6 = 0.
St St
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The Wirtinger (Poincaré) inequality can be used to obtain
[ 1outPaug, = [ 15Pdus [ 100 Py, = [ 15iPdu
N N N N

By the Cauchy inequality
/ (05100 f, 1)l dpg, < *||f1||L2||30f||L2 / (05 00 f1, [)ldpg, < *||f\|L2H59f1||L2
and then

1 1 9 9

—{Ilf1llz2l00 flIL2 + 112100 fill} < —{1I0a 22 + 100 f1lI22}-

Pj ¥j
Since ¢;(t) — 0 we have that for t — oo
/N (o700 f 2 dptg, + /N (07100 Py, > 2 /N (67200 f. 1) — (200 fr. F)dg.
In conclusion there exists 7' > 0 such that

/ |Val? + Ric% (o, a)dpg, 2/ Vo, al?dug, . (4.1)
N N

for any t € [T, 5 + 1].

Let us study the range t € [j + 1,5 + 1+ J,]. By construction the term

2 2,
6;# - afpﬂ is nonnegative. We then have to study the mixed terms
3 J
71 —1 8t80]
( Oy fv fl)Lz(Nf)v (<Pj Oy f1, o f)L2(Nt)~
®j j

We have the estimates

_ 00 005 005
[ 1 10,1, 293 1) apg, = 190211 [ 1@us. il < il 3 £ 2 o
N Pj Y JN ¥j

_ 015 O
[ 165 00 2 i, < 5L 3p £ 1 £l .
N ©Lj P

Moreover

12 + 190712 ) < “"J‘ {180 F1 122 + 136 7122}

Orpj O
2il 3y 1 o e < 12222
® 2 F

J
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and similarly

dep; 0
2l 0 ol 11 < 0011 + 00 )
P ¥i

In conclusion

_ _ _ 6 . B a .
17 00t + 17 003 sy, =2 [ (67008, 22 1) = (o7 0011 22 Py, >

b Pj

0

8 .
tSD.J f)|d:u’gf Z
Pj

I )] + (@5 0o fr,
Lj

1 _
2 111 + 10013} 2 /N (0700

1 Or
00713 + 00132 - 2 ;‘57' {190 £13: + 180 1113}

J J

Since ¢;(t) — 0 and \8;7@\ is bounded between two fixed positive real numbers
J

for any j, there exists a a number T > 0 such that

[ 1val + Rict(a,)dy, > [ Vool (12)
N N

forany t € [j+1,5+1+§;]N[T,00).
By construction, in the interval ¢ € [j+1+d;, j+1+¢] we have —97p;\¢; > 0,

since

. 02
/N Vol + Rie% (. 0)dpg, > =2 + 112} + /N Va,0dpg,
J

we conclude that

/ |Val? + Ric% (o, a)dpg, 2/ Vo, al?dug, . (4.3)
N N

It remains to study the interval ¢ € [j +1+¢,7}]. In this range —97¢; = 0,

and then by the same argument above we conclude that

/N|Va|2—|—Ricgj(a,a)d,ugt 2/N|Vata\2d,ugt. (4.4)

In summary combining 4.1 up to 4.4 we have the following lemma.
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Lemma 4.4.4 There exists T > 0 such that
[ e+ Rict @)y, = [ Voo,
N N
for any t € [T,T}).

We can now prove the desired uniform Poincaré inequality on 1-forms for

the metrics {g;}. First, observe that for [t1,ts] C [T, T}]

/ aPdu, = [ oullaPdug )it = [ diaPduyd
8{[t1,t2]><N} [tl,tz] X N [tl,tQ]XN
+ / |a|? 0y dpg, dt
[tl,tz]XN
:/ Ayl dpg, —2/ hlof*dpg, .
[t17t2]><N [tl,tg]XN
We then obtain
[ adapdu, = [ afduy, +2b0 [ o,
[tl,tg]XN 6{[t1,t2]><N} [tl,tQ]XN
where hg is a uniform lower bound for the mean curvature. But now
1
dal?* = 2(a, Vg, ) < 2]a||Va,a| < holal® + }T|Vato¢|2
0
which then implies
| Vaaldu, =k [ afduy, +1 [l (49
[tl,tQ}XN 3{[t1,t2]><N} [tl,tg] XN
We summarize the discussion above into the following lemma.
Lemma 4.4.5 There exist positive numbers ¢ > 0, T > 0 such that
/ |daf® + |d"s ol *dpg, > C/ ol dpy,
[tl,tQ]XN [tl,tQ]XN
for any [t1,t2]) C [T, T;) and o with support contained in [t1,t2] x N.

Combining lemma 4.4.4 and 4.5, the lemma follows from the well know
Bochner formula for 1-forms.

Let us study the convergence of harmonic 1-forms.
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Proposition 4.4.6 Let [a] € H},(M) and {a;} be the sequence of harmonic
representatives with respect the metrics {g;}. Then {a;} converges, with respect

to the C'*° topology on compact sets, to a harmonic 1-form o € LQQ;(M).

Let /3 be a closed smooth representative for [a] € H},(M). Given g;, by the
Hodge decomposition theorem, we can write a; = 84 df; with a;; harmonic and
f; a C* function. Without loss of generality we can assume that fﬁ fidp; = 0.

Furthermore, we have

By construction of the metrics {g;}, it is clear that |8l 237 g;) 18 bounded

independently of j. By Proposition 4.4.2 we have

¢ /M\m?dugj < /dejlzdug,. = (dfy. df) 120

M

= (fj,d*df;) = —(d"B, f;)

—(B,df;) < |ldfjll2g) 1Bl 22 (g;)

and then

c /ﬁlfledugj < i 12y < NlFilloon 18 2oy) < IBIGacey  (46)

Since ||B| 12z, g;) is uniformly bounded in j, the inequality 4.6 allows us to
conclude that the sequence of functions {f;} is uniformly bounded in L?(M, g;).
By using a standard diagonal argument we can extract a subsequence, that
for simplicity we still denote with {f;}, converging on compact sets of M to
a weak limit f € L?(M,g). To show that f € L?(M,g) one uses the lower
semicontinuity of the Hilbert space norm with respect to the weak convergence.

Indeed using 4.6 one obtain that

clfllze < N8l Ndfllzz < (1522
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Finally, we want to show

[ fin, =0, At—-a.
M

By the Cauchy inequality, given a compact set K, we have

0< / | Fldpy < Voly(M\ K)*{ / PPy} < Voly(M\ K)E | f] 12
M\K M\K

therefore given € > 0 we can always find a compact set K, such that

[ Uiy < (4.7)
M

€

At the same time we can arrange K. to satisfy, for j big enough, the following

sequence of inequalities

/ | fildug, <e. (4.8)
M

€

By the compactness of the embedding L?(K, g) — L*(K, g), we have that f; —

f strongly in L?(K,g). We therefore obtain that

/ fdupg = lim / fidp; = — lim Jidig;
K IO JK

J—00 M\K

and

[ tau <1 [ sl +] [ faw <\t [ |+ [ g
M K M\K 170 JM\K M\K

which combined with the estimates in 4.7 and 4.8 allows us to conclude that
fM fdug = 0. A standard bootstrapping argument now shows that f; — f in
the C*° topology on compact sets and therefore AY, f = —d*/. In conclusion

{a;} converges to a L? harmonic 1-form for (M, g).

It is now possible to refine Proposition 4.4.6 and analyze the convergence in

more details. Notice that 8 can be chosen as follows

ﬂ:ﬁc""y
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where [, is a smooth closed 1-form with support not intersecting the cusp points
{p1,....,p} and v € H'(X,;R). The metric g is C? asymptotic to a standard

model, as a result
lim d*sy =0
t—o0

since 7y can be chosen to be harmonic with respect to the metric go. Furthermore,
given € > 0 we can find 7' big enough such that lim; o [|[d*7[|rz @>7) <€ In
;12

other words we proved
Lemma 4.4.7 Given € > 0, there exists T big enough such that
[ owrspan e [ 10 sPdu, <
t>T t>T '
We can now prove
Lemma 4.4.8 Given € > 0, there exists T big enough such that

[ laPug <e [ JasPdu, <
t>T t>T

Recall that by construction «; = 8 + df;, thus

/t>T|de| d,ugj—/tZTde/\ af, /tZTd(fJ/\ daf,) /tszj/\d af,

= / [i A xdf; — / (xd * df;, f)dpg,
t=T t>T
— [ gnsds = [ @ g,
t=T t>T
But now
d*faj = d*Jﬁ + d*deJ =0= d*jdfj = —d*jﬁ,

thus

|2 - ; . * .
Ll = [ gty [ @ g,

t
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By the Cauchy inequality

| @8 g, <5l 148l o (49)
t>T J J

and then this term can be made arbitrarily small. It remains to study the term
ft:T fj A xdfj. Recall that f; — f in the C*° topology on compact sets. Thus,

for a fixed T

/t:TfjA*dfj%/t:Tf/\*df.

It remains to show that ft:T f A *df can be made arbitrarily small by taking
T big enough. Define the function F(s) = [,__f * df, since f € LT we have

F(s) € L*(R*) and then we can find a sequence {sy} — oo such that F(sy) — 0.

Proposition 4.4.9 There exists ¢ > 0 independent of j such that

[ 1ol s o, = [ JaPdu,
M M

1
for any o L H,y, -

Let us proceed by contradiction. Assume the existence of a sequence {a;} €

(”H;j)J‘ such that [l z2¢4,) = 1 and for which

/ﬁ |doy|* + |d*o e dpg; — 0

as j — 0o. By eventually passing to a subsequence, a diagonal argument shows
that {a;} converges, with respect to the C* topology on compact sets, to a
1-form o € L*Q}(M). By construction v € H}(M). On the other hand, Lemma
4.4.8 combined with the isomorphism Hy (M) ~ H* (M) gives that o € (H, )™
We conclude that @ = 0. Lemma 4.4.5 can now be easily applied to derive a

contradiction.
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4.5 Convergence of two-forms

In this section we have to study the convergence of 2-forms. The first result

is completely analogous to the case of 1-forms.

Proposition 4.5.1 Let [a] € H35(M) and {a;} be the sequence of harmonic
representatives with respect the sequence of metrics {g;}. Then {a;} converges,

with respect to the C'*° topology on compact sets, to a harmonic 2-forms « €

L2Q2(M).

Given an element a € H35(M), take a smooth representative of the form
8 = B. + v where (. is a closed 2-form with support not intersecting the cusp
points and v € H?(X,;R). Given g;, let a; be the harmonic representative of
the cohomology class determined by a. By the Hodge decomposition theorem

we can write a; = 8 + do; with o; € (H}

gj)L such that d*io; = 0. Thus

0=d“B+ddo; = d*do; = —d" .

Taking the global L? inner product of d*do; with o; we obtain the estimate

(@ o012y = 1o, e = = [ (0B, (110)

< llojllez gy lld* Bl Lz(g,)-
By Proposition 4.4.9, we conclude that
o112, < clldojliag,)- (4.11)
Combining 4.10 and 4.11 we then obtain
o3l Z2(5,) < €lldojliFzg,) < cllojllacglld™ BllLa(g,)-

Since ||d*7 8[| 2(4;) is bounded independently of j, we conclude that the same is

true for [|o||L2(g,) and [|do;||12(g,)- By the elliptic regularity, we conclude that
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llojllz2(q,) is uniformly bounded. Now a standard diagonal argument allows us
to conclude that, up to a subsequence, {o;} weakly converges to an element

o € L2. Using the elliptic equation
Alio; = —d*i
HOj =

and a bootstrapping argument it is possible to show that o; — o in the C*°
topology on compact sets. This proves the proposition.
We know want to obtain a refinement of Proposition 4.5.1. We begin with

the following simple lemma.

Lemma 4.5.2 Given € > 0, there exists T big enough such that

t

/ |d*s B2 dpy < e, / |d*j5|2d,ugj <e
t>T >T

Since g = B, + v with 7 a fixed element in HQ(Eg;R), the lemma follows
from the definition of the metrics {g,}.

An analogous result holds for the 2-forms {do;}.
Lemma 4.5.3 Given € > 0, there exists T big enough such that

/ |do|2dp, < e, / |doj|*dpg, < e.
t>T t>T

The first inequality follows easily from the fact that o € L*Q2(M). By

Lemma 4.5.2, given € > 0 we can find 7" such that

. 3 €
||0j||L2(gj){/t>T \d 5|2dug,~} <3 (4.12)
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independently of the index j. Now

/ \doj|*dpg, = / doj \*jdoj = / d(o; A xjdoy) +/ oj Ndx;do;
t>T t>T t>T t>T

= / oj N x;doj — dx*;doj \oj
t=T t>T

:/ O'j/\*dej—/ (*jd*j dO’j,O’j)d/.Lj
t=T t>T

= / oj \xjdoj — / (d*doj,o)dp,,
=T t>T

but d*ido; = —d*i 3, thus

/ |doj|?dpg, < ‘/ oj A *jdoj’ + ‘/ (d*9B,05)dpg,
t>T =T >T
1
. 3
‘/ O’j/\*jdo‘j‘—l— HO’jHLZ(gj){/ |d Jﬂ|2dﬂgj}
t=T t>T

€
*+’/ O'j/\*de'j‘.
2 t=T

Since o; — o in the C°° topology on compact sets, we have that ft:T o; N

IN

IN

xjdo; — [,_ 0 A*gdo. But now o € Li(g) and therefore we can conclude the

proof of the proposition.

Lemma 4.5.4 o is orthogonal to the harmonic 1-forms on (M, g).

1 )J_.

By construction we have o; € (”ng

Recall that fixed a cohomology
element [a] € H},(M), denoted by {v,} the sequence of the harmonic rep-
resentatives with respect to the {g;}, given ¢ > 0 we can chose T such that
ftzT |’yj\2dygj < e. Now, given v € 7-[51, we want to show that (o,7v)r2(g) = 0.
Since Hyp(M) = M, (M), we can find a sequence of harmonic 1-forms {v;} such

that v; — 7 in the C* topology on compact sets. Let K be a compact set in

M, then
[ o] < Doyl Il e (1.13
M\K e/ 95
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can be made arbitrarily small by choosing the compact K big enough. Since

(Oj77j)L2(ﬁng) =0, we have

/(Uja%')dﬂgj = —/7 (07,75)dpg, (4.14)
K M\K

and then the integral [,.(oj,7;)dug, can be made arbitrarily small. On the

other hand

‘/M(U’ ’y)dug‘ < ’/K(Uv V)dugl * ‘ /M\K(U, v)dpg

< ) /K (0,7)dpg

Since y € L*Q} (M) we conclude that o € (H})*.

+llollz2 g 1V 22 (i) -

We now want to study the intersection form of (M, g;) and eventually show
the convergence to the L? intersection form of (M, g). Recall the isomorphism
H2,(M) ~ H?*(M), moreover given [a] € H3,(M) we can generate {a;} €
H (M) that converges in the C* topology on compact sets to a v € H2(M).

We also have that, fixed a compact set K, then *; = x, for j big enough. As a

result
HT @H % - H s @H ™. (4.15)

Indeed

aj + ko g — kjQy
_|_
2 2

a; = a;” +a;7 = —atr+a77 =aq,. (4.16)

4.6 Biquard’s construction

In this section we show how to construct an irreducible solution of the
Seiberg-Witten equations on (M, g), for any metric g asymptotic to a standard

model g.
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Fix a Spin® structure on M, with determinant line bundle L, and let g be
a cuspidal metric on M\Y that is assumed to be C? asymptotic to a stan-
dard model. Let {g;} be the sequence of metrics on M approximating (M, g)
constructed in Section 4.2. Let (A;,1;) be a solution of the perturbed Seiberg-

Witten equations on (M, g,)
Da,th; =0
F:{j + i27r(,u;-r = q(v;)

where w; = %FBJ. and Bj is the connection 1-form on the line bundle O37(X)

given by
Bj =d —ix;(9ep;)do.

The idea is to show that, up to gauge transformations, the (A;,1;) converge
in the C* topology on compact sets to a solution of the unperturbed Seiberg-

Witten equations

on (M, g), where A = C'+a with C is a fixed smooth connection on L& O(—X),

and a € L3(Q(M)) with d*a = 0.

Lemma 4.6.1 We have the decomposition

0%p;
Sg; = szj — 2xj7;‘J
j
02,
Fi, = —ix; 22 dt A p;df + F?

J

with sgj and Fjb bounded independently of j

See Proposition 4.2.2.
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Since i27w; = —Fp,, we can rewrite the perturbed Seiberg-Witten equations
as follows
Da;ibj =0
Fi —Fg =q(v).
Recall that in the case under consideration, the twisted Licherowicz formula [6]

reads as follows
2 * 597‘ 1 +
DAj’(/Jj = VAJ,VA].’(/JJ‘ + ij + §FAJ- . Qﬁj.

By using the SW equations we have

|ob;|?
4

* Sg]. ]- +
0=V, Va,ij+ 5 + v+ 58, ¥

Keeping into account the decomposition given in Lemma 4.6.1 we obtain

|12

0= Vi, Va, b + Py + Pjp; + 1

Y;

where

1 0%p;
J

;i

(dt A @jd@)-‘r . w]‘

1
(L — 35X !

with le? uniformly bounded in j. Now, it can be explicitly checked that for

a metric of the form di? 4+ ¢?df? 4 g, the self-dual form (dt A @;df)" acts by

Clifford multiplication with eigenvalues 4. The eigenvalues of the operator P;

. BQLP'
are then given by 0 and —ij’f_].
J
Lemma 4.6.2 There exists a constant K > 0 such that
[ (2)]* < K

for every j and x € M.
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Given a point z € M choose an orthonormal frame {e;} centered at = such

that Ve,e; = 0. We then compute
- Z ei(ei(vy, ¥j))e = — Z ei{(Ve,thj, ¥5) + (5, Ve, v05)
= - Z{Wei,vei%'v Vj) + 2(Ve, ¥, Ve, 1) + (€5, Ve, Ve, ¥5) }
Since VZ, . ¥ = Ve, Ve, by and Vi Va, = =37, V2 . we have
Als]? + 2V a, 051 = (Vi Vb, 15) + (5, Vi, Va5

=2Re(Vy, Va,05,v;5).

Thus, if z; is a maximum point for [;|> we have A\wj\gj > 0 and therefore

Re(Vy Va,45,%;) = 0. In conclusion

|95z,

0= Re(Va, Va5, i), + Re({P; + P} Yy, ¢j)a, + 1

b W}J ij
> Re({Pj + P Y5, bj)e, + =

By construction the operator P; + PJb is uniformly bounded from below, the
proof is then complete.
Since FX]» — ng = ¢(¢;) and by Lemma 4.6.2 the norms of the v, are

uniformly bounded, a similar estimate holds for FZJ_ - F J—B:'

Lemma 4.6.3 There exists a constant K > 0 such that
IVa,¥5ll 27,4,y < K

for any j.
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We have

0:/7R€<VZJVAj¢j,¢j>dugj +/7Re<{P]b+Pj}wj’wj>dy’gj
M M
1
g [ el 05)d,
= IVl )+ | Re(P + Py )it + 5 [ 151

but now

| RePY + Py )i, > k95 o

which then implies

||vAj12[}jH (]Mg ) S k”wJ”Ig Mg Hw]”Lz(Mg )

< k”wJ”Lz(M g;)"

Since by Proposition 4.2.3 the volumes of the Riemannian manifolds (M, g;) are
uniformly bounded, the lemma follows from Lemma 4.6.2.
Define C; = A; — B; and let C be a fixed smooth connection on the line

bundle L ® O(—%). By the Hodge decomposition theorem we can write
C;=CH+nj+p;
where 7 is g;-harmonic and 8; € (H, ). Thus
Fl = q(y) = F& +d*B;.

Since C' is a fixed connection 1-form, |[Fc| 1257 ) is uniformly bounded in the

index j. As a result, there exists K > 0 such that

14 Bill 2 ar,g,) < K
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for any j. By the Stokes’ theorem

1% 85 iy = [ 85 A By, + W8
= [, 7 a8, + 1475 e
. — 2
- ||d 6jHL2(H,gj)

and we then obtain an uniform upper bound on ||d3; HLQ(M’QJ_). By Gauge fixing
we can always assume d*(; = 0. The Poincaré inequality given in Proposition

4.4.9 can then be used to conclude that

CHﬁj”%}(ﬂ’gj) < Hdﬁjlliz(ﬁygj) <2K.

By a diagonal argument we can now extract a weak limit

B — B

with B € L?(M, g). Similarly we extract a weak limit

nj—n

with n € L?(M, g) and harmonic with respect to g, see Proposition 4.4.6.
Define a; = n; + B; that by construction satisfies d*a; = 0. If we fix a
compact set K C M, there exists jy such that for any j > jo the connection
1-form Bj; restricted to K is zero. Thus, for any j > jo we have A; = C; and
then C' = A;—a;. We know that a; is uniformly bounded in L?(M, g;), by using
Lemma 4.6.3 we conclude that [|[Vcv);|3, (K.g;) is bounded independently of ;.
On this compact set K we can therefore extract a weak limit of the sequence
{%;} — . By using a diagonal argument and recalling that in a Hilbert space
the norm is lower semicontinuous with respect the weak convergence, we obtain

a weak limit ¢ € L3(M, g).
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Recall that on any compact set K, for j big enough we have Fj{j = q(¥;).

Since
VEL =V @7 +1; @ Va ) — Re(V a1y, 4;)Id
we conclude that HVFXj lz2(k,g,;) 18 uniformly bounded. In summary we have
an L? bound on FXJ,. Consider now the first order elliptic operator d™ @ d*. By
the Garding’s inequality we obtain
cllajllizx.g,) < lajllezir.g,) + 1(d" @ d%)ajll 2k )
< llajllzzx.g,) + 1147 Bill L2k 0,

which gives us an uniform L3(K, g;) bound on a;. Since C' = A; —a; on K, we

can write
1
0="Da,;¢j = Dcya,;¥j = Dctj + 5% “Yj,
in other words

1
Doy = =50 95 (4.17)

Combining the L3 bound on a; and the L> bound on t; with the Sobolev
multiplication L3(K, g;) ® LP(K, g;) — L*(K, g;), for p big enough, we obtain a
L*(K, g;) bound on —%aj -1;, that is exactly the forcing term in the first order

elliptic equation given in 4.17. By the elliptic LP estimates we then obtain

cllgilles < lllles + 114

where we define f = f%aj - ;. This shows 1; € L} that combined with the
Sobolev multiplication L3 ® L} — L3 can be used to obtain a L} estimate on f.

By applying again the elliptic L? estimate we obtain
cllvilles < 1wl + 1 flls-
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Now the Sobolev multiplication L% ® L3 — L3 combined with the fact that
¢; € L3, we obtain a L% bound on f. Once more the LP elliptic estimates gives

us

cllvillz < sl + [ £ zz-

By using the Sobolev multiplication L2 ® L% — L3 we then obtain a L3 bound
on ¢(t;) and therefore by the Seiberg-Witten equations on FX,-- But now a
L3 estimate on FXj gives us a analogous estimate on d*a;. Consider the first
order elliptic operator d* @ d*, remembering that d*a; = 0 and applying the LP

elliptic estimate we obtain
cllajliez < llajllze + [ld* a2

The uniform L% bound on dta; gives us a L3 bound. By using the Sobolev
multiplication L% ® L3 — L% we obtain a L bound on f. By applying the

elliptic LP estimates to the equation 4.17 we obtain

il < il + £ s

By induction we can assume to have a L7 bound on t; and a;, then combining
the Sobolev multiplication L% ® L% — Li and the first order elliptic equation

given in 4.17 we obtain

C||¢j||L2

2 < sl + 10

and we therefore obtain a uniform estimate on ||| r2,,- Now by the Sobolev
embedding Li < C*~3 we can then conclude that the 1; are indeed smooth. A
completely analogous argument can now be used to show the C'°° on compact

sets of the {¢,}.

Let us summarize the discussion above into a theorem.
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Theorem D Fiz a Spin® structure on M with determinant line bundle L. Let
g be a metric on M asymptotic to a standard model in the C? topology, and let
{g;} the sequence of metrics on M that approzimate g. Let {(A;,g;)} be the se-
quence of solutions of the SW equations with perturbations {ng} on {(M,g;)}.
Then, up to gauge transformations, the solutions {(A;,v;)} converge, in the C*>
topology on compact sets, to a solution (A, ) of the unperturbed SW equations

on (M, g) such that

- A=C+a where C is a fized smooth connection on L& O(=X), d*a =0 and

a € L(Qg(M));

- € L3(M, g) and there exists K > 0 such that supgenr|(z)] < K.

4.7 Geometric applications

For a compact oriented 4-manifold N, the Gauss-Bonnet and Hirzebruch

theorems state that

MM=AHW%,dM=AMW%

where FE(g) and L(g) are respectively the Euler and signature forms associated
to the metric g.

For noncompact manifolds the above curvature integrals might be not de-
fined or dependent on the choice of the metric. Nevertheless, if the manifold
has finite volume and bounded curvature these curvature integrals are defined.
In this case it remains to study their metric dependence. Here, we want to

compute
g) = [ B@uy. o(9)= [ Lo,
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when ¢ is a metric C? asymptotic to a standard model for M. The idea is to

approximate the metric g with the sequence of metrics {g;} on M. We then

have
X(M,g) = lim E(gj)dug;, G(M,g)=/ L(gj)dpg, -

oo Ji<i1 t<j+1

Thus
X(M,g) = x(M) — lim E(g;)dug,

I Jt>j+1

and

o(M,g) = o(M) — lim L(;)dpsg,

J=oe Ji>j41
In other words, the characteristic numbers of (M, g) are computed in terms of
X(M) and o (M) plus a contribution coming from the cusps. More precisely we

have the following proposition.

Proposition 4.7.1 Let M be equipped with a metric g asymptotic in the C?

topology to a standard model. Then, we have the equalities
X(M,g) = x(M) = Ix(Z,), o(M,g)=0(M) =0,
where | is the number of cusp ends of M.

See Proposition 3.4. in [24].

A simple Mayer-Vietoris argument can now be used to show that x(M) =

X(M) —Ix(Z4). We then conclude that x(M,g) = x(M). This discussion can

then be summarized into the following proposition.

Proposition 4.7.2 The Gauss-Bonnet theorem is valid on (M, g) for any met-

ric g asymptotic in the C? topology to a standard model.
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We can now study the Riemannian functional || M szd,ug restricted to the

space of metrics asymptotic to a standard model.

Theorem E Let M be equipped with a metric g asymptotic to a standard model

in the C? topology. Then

1
3272

/ S2dpy > 20(5) - x(Sy)
M

with equality if and only if g is, up to scaling, the product of two -1 hyperbolic

metrics on X and Xg.

Let us consider the standard Spin® structure associated to the complex struc-
ture of M. Theorem D can be used to construct an irreducible solution of the
SW equations on (M, g). Furthermore, by applying Theorem 3.3.2 we conclude

that

1
3272

/M sadpg > (cl([(ﬁ1 - )2,

By the adjunction formula we have

(c1(K57 = 2))* 2 (a(K5 —8))° =2(x(M) +2(g - 1)1)
where [ is the number of cusp ends. By Propositions 4.7.1 and 4.7.2
X(M) = x(M) + 2i(g — 1),

and we conclude that

1
3272

/ s2dpiy > 2x(%) - X(Z)
M

with equality if and only if ¢ is Ké&hler with constant negative scalar curvature
and the harmonic representative of ¢;(£) is self dual. The latter condition

implies that ¢ is Kahler Einstein. We can now apply Theorem D for a Spin®
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structure of complex type compatible the reversed oriented M. This implies that
g must be Kéhler Einstein with respect to the commuting complex structures J
and J on M. This implies that g is, up to scaling, the product of two hyperbolic
-1 metrics on 3 and X,.

Finally, we present an obstruction for Einstein metrics on blow-ups.

Theorem F Let (M, g) as above. Let M be obtained from M by blowing up k

points. If k > %X(E)x(Eg), then M’ does not admit a cuspidal Einstein metric.

By a result of Morgan-Friedman [17], we know that the manifold M#kC P2

admits at least 2% different Spin® structures with determinant line bundles
L=K!+E +..+tFE
for which the SW equations have irreducible solutions for each metric. Since
(L)) =(a(M)T+Ef £..£E)?
= (D) +2) (M)t - +Ef + (Y +Ef)?

we can chose a Spin® structure whose determinant line bundle satisfies

(e (L))? = (a(M)")? = a1 (M)* = ¢ (M).

We can now apply Theorem D for any of the Spin¢ structure above and with
respect to the metric g on M ", We then construct 2* irreducible solutions
(A, ) € L3 (M, g), where A = C + a with C a fixed smooth connection on

LeO(-X)and a € L} (Q;(M/)) By appropriately choosing the Spin® structure
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and using Theorem 3.3.2 we compute

2 +2
oz [, i > (@1 0D
> (ei(D)N)? + 2% 4+ 2K57 - &
> ci(M)+ 2K+ %
where in the last inequality we used the fact that X has trivial self intersection.

By the adjunction formula we have

[ sduy = 0D + a9 - 1)
]\//

where k is the number of distinct components of the divisor ¥. By an obvious
modification of Proposition 4.7.1 one has

’

X(M',g) = x(M) +k +2I(g — 1)
U(Mlv g) =—k
Thus, if we assume g to be Einstein

AM)+4l(g—1) =k =2x(M') + 30(M")

I
T an? J,, D T g

1 2
d
96772 /M’ s Ug

L@ (T) +41(g 1)

Y

Y

so that
2, 5 —
g(cl(M) +4l(g—1)) > k.

In other words if



we cannot have a cuspidal Einstein metric on M#kCP2. The equality case can
also be included and the proof goes as in the compact case. For more details,

see [29]. The proof is then complete.
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