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Abstract of the Dissertation

Categorical and Combinatorial Constructions
of A.D.E Root Systems

by
Jaimal Thind
Doctor of Philosophy
in
Mathematics

Stony Brook University
2009

The main results of this dissertation, based on joint work with A. Kir-
illov Jr., give categorical and combinatorial constructions of the root system
R and the Lie algebra g from the corresponding Dynkin diagram I'. In par-
ticular, given a Dynkin diagram I' we produce a canonical quiver I' and show
that a choice of a Coxeter element in the Weyl group gives an identification
R — T'. Moreover, the bilinear form and root lattice admit explicit descrip-
tions in terms of I'. Using this identification, we construct a root basis in g
so that the structure constants of the Lie bracket are given by paths in I'.
Hence g can be defined purely in terms of I'. We also approach this cate-
gorically: Given the graph I', we construct a triangulated category C so that
the Grothendieck group KC(C) is the corresponding root lattice, so that the
indecomposable classes are the roots, and so that the bilinear form admits an
explicit description in terms of C. This can be seen as giving a construction
analogous to Gabriel [G] and Ringel [R1] which does not require orienting
the diagram I'.
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Introduction

At the end of the 19th Century simple Lie algebras were completely classified
by their root systems, which in turn are classified by Dynkin diagrams. The
construction of a root system and a Lie algebra from a Dynkin diagram has
several approaches. The standard construction of a root system is to choose
a system of simple roots corresponding to vertices of the Dynkin diagram
and then use the Weyl group to obtain all roots. The standard construction
of the corresponding Lie algebra involves choosing generators corresponding
to vertices of the Dynkin diagram and then using the edges to determine the
relations (the “Serre relations”).

Another approach to constructing the root system from the Dynkin di-
agram is based on _t)he theory of quiver representations. Briefly, a quiver is
an oriented graph T' = (T',2), where I is a graph and € is an orientation of
[. A representation of a quiver is the assignment of a vector space V(i) to
each vertex i and a linear map &, : V(i) — V(j) for every arrow e : i — j.

Denote the Abelian category of representations of a quiver T by Rep(?).

In the 1970’s Gabriel showed that when the underlying graph of a quiver
T is a Dynkin diagram of type A, D, E the set of isomorphism classes of
indecomposable representations are in bijection with the set of positive roots
of the corresponding root system (see [G]). Moreover, one can obtain an
explicit description of the inner product and the root lattice. Ringel then
showed that using this category one could construct the positive part of
the corresponding Lie algebra (see [R1]). To obtain all roots and the whole
Lie algebra one must consider isomorphism classes of objects in a related
category; the “2-periodic derived category” Db(Rep(f))) /T?, where T is the
translation functor (see [PX1]). In this approach two different choices of
orientation of the same graph give rise to different Abelian categories, which



are not equivalent, but instead derived equivalent. The relation between
different categories is given by the “BGP reflection functors”.

The drawback of the quiver approach is that it requires a choice of ori-
entation of the Dynkin diagram, making the constructions non-canonical.
Similarly, the standard construction of a root system and its Lie algebra re-
quires a choice of simple roots and generators respectively. One would like
to find a construction which does not require these choices.

Another approach, which is independent of any choice of orientation,
was suggested by Ocneanu [Oc|, in the setting of quantum subgroups of
SU(2). His idea was to give a purely combinatorial construction by studying
“essential paths” in the quiver [ =T x Zy,, which requires no choice of
orientation.

In the case of affine Dynkin diagrams the McKay correspondence pro-
vides a tool for avoiding choosing orientations. The classical McKay corre-
spondence identifies affine Dynkin diagrams of type A, D, E and finite sub-
groups G C SU(2). In 2006, Kirillov Jr. studied a geometric approach to
McKay correspondence using G-equivariant coherent sheaves on P!, where
G = G/ I (see [K]). In particular, it was shown that indecomposable
objects in the category D% (P')/T? are in bijection with the roots of the cor-
responding affine root system, that the inner product and root lattice admit
an explicit description in terms of this category, and that although there is
no natural choice of simple roots, there is a canonical Coxeter element in the
Weyl group. This gives a “categorical construction” of the corresponding
root system. Here “categorical construction” means that roots are realized
as classes of indecomposable objects in a certain category, and the inner
product and root lattice admit explicit description in terms of this category.

Motivated by the above constructions, the main results of this thesis give
both combinatorial and categorical constructions of R from I" which do not
require a choice of orientation of I'. This is based on joint work with A.
Kirillov Jr.

The first chapter deals with the combinatorial construction of the root
system R. In particular, it is shown that a choice of Coxeter element in
the Weyl group gives an identification of the root system R with a certain
canonical quiver ', associated to I' (to be defined in the next section)
where vertices correspond to roots, and the root lattice and bilinear form
admit explicit descriptions in terms of this quiver.



The second chapter gives a categorical construction of R from I'. Instead
of choosing an orientation of I' and studying representations of the associated
quiver, we study representations of a canonical quiver I' associated to I'.
This construction is very closely related to the preprojective algebra of I'.
In particular, the construction gives a certain periodicity result about the
preprojective algebra. It is likely that this periodicity result is known to
experts, however in the form given here the result is not easily available in
the literature. It is worth noting that this construction immediately implies
the combinatorial results given in the first chapter, and in fact motivated the
combinatorial construction.

In the third and final chapter the combinatorial framework of Chapter 1
is used to construct a root basis in the Lie algebra g so that all structure
constants can be obtained from I'cy.. This gives a combinatorial construction
of g analogous to the categorical constructions of Ringel and Peng and Xiao.
After giving the construction this is related to the Ringel and Peng and Xiao
constructions.



Chapter 1

Preliminaries

1.1 Lie algebras and root systems

Throughout this dissertation let g be a simple Lie algebra of type A, D, E
and let I' denote the corresponding Dynkin diagram. Let h C g be a fixed
Cartan subalgebra and let R denote the corresponding root system. Let r
denote the rank. Let n;; denote the number of edges joining 4,j in I'. Let
(+,+) be the invariant bilinear form normalized so that (o, ) = 2 for @ € R
(note that since I has no multiple edges all roots have the same length).

Let IT = {ail,... !} be a system of simple roots and let R denote
the corresponding splitting into positive and negative roots. Let W denote
the corresponding Weyl group. Then the simple reflections s,n generate the
Weyl group. To simplify notation, the subscripts and superécripts will be
amended, writing s,n = s},

For any w € W denote by ["(w) the length of a reduced expression for
w in terms of the simple refelctions sf. Then this does not depend on the
choice of reduced expression. It is well known that since I' has no double
edges, any two reduced expressions are related by

T _ I T _

s;s; =s;8; forn; ;=0 (1.1.1)
IT I T (T1 IT T _
;858 =8;8;8; form;;=1 (1.1.2)

(see [Bour] for details).



Since the Weyl group acts simply-transitively on the set of simple systems,
there is a unique element which takes the system II to the opposite system
—II. Denote this element by wy and define an automorphism of I' by i +— 7,
where 7 is defined by:

wo(adh) = o ™. (1.1.3)

The element wy is called the longest element, and satisfies I (w) < I*(wy)
for any w € W.

Definition 1.1.1. An element C' € W is called a Coxeter element if there
exists a simple system II = {ay,..., .} and a reduced expression for C
of the form C' = s ---s! such that each simple reflection appears exactly
once.

In such a case the simple system II is said to be compatible with C' and
M) =r.

The order of a Coxeter element is called the Cozeter number and is denoted
by h.

Remark 1.1.2. The set of Coxeter elements in W form a conjugacy class, and
hence the Coxeter number is independent of the choice of Coxeter element
(see [Bour]). However, not all simple systems are compatible with a given
Coxeter element.

1.2 Quivers and Reflection Functors

A quiver T is an oriented graph. The vertex set is denoted by 'y and the
arrow set is denoted by I'y. In what follows a quiver is_> obtained by orienting
a graph I'. In such a case the quiver is denoted by I' = (I',Q2) where 2 is
an orientation of the graph I'. There are two functions s,t : I'y — I’y called
“source” and “target” respectively, defined on an oriented edge e : © — j by
s(e) =1 and t(e) = j.

For any quiver T let P(?) be the following algebra. As an algebra it is
generated by elements {e}.cr, U {€;}icr,. Here the elements e; are thought
of as “paths of length 0 from 7 to ¢”. Viewing a path as a sequence of edges,
the multiplication of basis elements is given by concatenation of paths. More
formally, the relations are:



1. For edges e, f there is the relation

e‘f:{efift(f):s(e)

0 otherwise.

2. For an edge e and vertex ¢ there are the relations

£ i(e) —
€i-6—{€1 (e) =1

0 otherwise

and

£ .
e-ei—{el s(e) =1

0 otherwise.

3. The e; are “orthogonal idempotents”:

e ifi =7
€;€; — X
/ 0 otherwise.

Definition 1.2.1. The algebra P(?) defined above is called the path algebra
ﬁ
of I'. It is an assiociative algebra with unit given by 1 =73, 1. e;.

The algebra P(?) is graded by path length and by the source and target
of the path. This gives a decomposition

PT)= @ Pus (1.2.1)

i,j€lkeEN

where P, ;. is the space spanned by paths of length & from i to j. (Here an
edge has length 1, and the idempotent corresponding to a vertex has length
0.)

The preprojective algebra of a quiver T is deﬁned_) as follows: Consider
the double quiver I which has the same vertex set as T’ but for every arrow
e:i— j add an arrow € : j — i. Choose a function € : I'jy — {£1} so that

e(e) + €(€) = 0. For each vertex i € T define 0; € P2 by

0: = > ele)ee € Piin (1.2.2)

s(e)=1



Definition 1.2.2. The preprojective algebra II(I") of T is defined as P(I")/J
where J is the ideal generated by the 6;’s. The ideal J is called the “mesh”
ideal.

Note that this algebra is independent of the choice of € and depends only
on the underlying graph and not on the orientation €. (See [L2] for details.)

Fix a field K. A representation of a quiver T is a choice of vector space
X (i) for every vertex in I'g and linear map z. : X (i) — X(j) for every edge
e:1— jJ. A morphism ® : X — Y of representations is a collection of linear
maps ®(i) : X (i) — Y (i) such that the following diagram is commutative for
every edge e : 1 — j.
X(i) == X(j)

[0 <)

Y (i) ==Y (j)
— —
Denote the Abelian category of representations of I' by Rep(T").

_
Remark 1.2.3. Note that a representation of I' is the same as a module over

the path algebra P(?) and that the notion of morphism for each coincide
as well. (See [C-B] for details.)

For each vertex i define a representation P; by setting P;(j) = P, ; the

space spanned by paths from ¢ to j in f) This representation is projective
and indecomposable, and any indecomposable projective is isomorphic to F;
for some vertex i (see [G]). For any vertex i define a simple object S; by
setting S;(j) = 6; ;K.

Definition 1.2.4. The Auslander-Reiten quiver of the category Rep(?) is
defined as follows:

1. The vertices are the set Ind(f)) of non-zero isomorphism classes of
indecomposable objects.

2. For vertices [X], [Y] there is one edge e : [X] — [Y] for each indecom-
posable morphism ¢ : X — Y.

The Auslander-Reiten quiver will be denoted by AR(?). (For more details,
such as the definition of indecomposable morphism, see [ARS] Chapter VIL.)

7



Definition 1.2.5. For any representation V' the dimension vector is given
ﬁ
by dimV = (dim V (i))er, € Z'. This gives a map dim : K(T') — Zo,
— —
where KC(I') is the Grothendieck group of Rep(I').

Definition 1.2.6. Define the Euler form (-,-)¢ by setting
(X,Y)z = dimHom(X,Y) — dim Ext' (X, Y). (1.2.3)
Define the symmetrized Fuler form by

(X,Y)? = (X,Y>F> + (Y,X>f>

1.3 Definition of T

Let ' be a finite graph without cycles. So in particular I" is bipartite. Let
[' =Ty UTI; be a bipartite splitting. Define the quiver I' x Z as follows:

vertices: I' X Z
edges: for each n € Z and edge ¢« — j in I', there are oriented edges
(i,n) = (j,n +1),(j,n) = (i,n+1) in ZI

For I' as above with bipartite with splitting I' = I'g U I'y, then ZI' is
disconnected: I' x Z = (I' x Z)o U (I' x Z);, where

I'x Z,={(i,n) | n+p(i) =k mod 2}
where p(i) =0 for i € 'y and p(i) = 1 for i € I'y.
Definition 1.3.1. Define the quiver r by setting

I={(i,n)CTXZ|n+pi)=0 mod?2}= (T xZ), (1.3.1)

Let I' be an A, D, E Dynkin diagram with Coxeter number £, so in par-
ticular I' is bipartite. Define also a cyclic version of I' by setting

i—1\cyc = {(Z,TL) CcI'x ZQh | n +p(2) =0 mod 2} (132)

Example 1.3.2. For the graph I' = D5 the quiver T is shown in Figure 1.1.
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Figure 1.1: The quiver T for graph I' = Dj. For Dj; the Coxeter number is
8, so by identifying the outgoing arrows at the top level and the incoming
arrows at the bottom level in this figure, one obtains I'.,..

The following basic properties of T also hold for fcyc. For brevity only r
is considered.

Define a “twist” map 7: [ —T by
7(i,n) = (i,n + 2). (1.3.3)

Definition 1.3.3. A function h: I' — Z satistying h(j) = h(i) £ 1 if ¢, j are
connected by an edge in I' and satisfying h(i) = p(i) mod 2, will be called
a height function. (Here p is the parity function defined in the beginning of
this section.)

Definition 1.3.4. Following [G], a connected full subquiver of I’ which con-
tains a unique representative of {(i,n)},cz for each i € " will be called a
slice.

Any height function & defines a slice T', = {(3,h(i)) | i € I’} C T; it also
defines an orientation €2, on I' where ¢+ — j if i, j are connected by an edge
and h(j) = h(i) + 1. It is easy to see that two height functions give the same

9



orientation if and only if they differ by an additive constant, or equivalently,
if the corresponding slices are obtained one from another by applying a power
of 7. Conversely the second coordinate of any slice defines a height function.

Let h be a height function and let ¢+ € I' be a source for the corresponding
orientation €2j,. Define a new height function s; h by

o RGy 2 i =
Sih(j)‘{h(j) it j A

Similarly, if 7 € T" is a sink for the corresponding orientation €2}, define a new
height function s; h by

o mG)y-2 i =i
Sih(”_{ho) i j A0

Note that the orientation {1+, of I' is obtained by reversing all arrows
at 7, and that any orientation of T can be obtained by a sequence of such
operations. It is well-known that for any two height functions h, h’ one can
be obtained from the other by a sequence of operations sjt.

For I' Dynkin of type 4, D, E, with Coxeter number %, define the following
permutations on I' (and T'¢,.).
The “Nakayama” permutation given by:

va(i,n) = (i ,n+h—2) (1.3.4)
The “Twisted Nakayama” permuation given by:
Ye(i,n) = (i ,n+h) =Touvp(i,n) (1.3.5)

It remains to verify that vp is well-defined. To see this only requires checking
that the image does in fact lie in I'. Note that if & is even p(7) = p(i) and
k+h=Fk mod?2 so(i,k+h)€l. If his odd, then R = Ay, h = 2n + 1
and 7 = 2n — i + 1, so that p(i) = p(i) +1 and k+h = k+ 1 mod 2, so
(i,k + h) € I'. Hence the map vg is well-defined.

Example 1.3.5. The maps vs and g for the case I' = A4 are shown in
Figure 1.2.

10
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Figure 1.2: The maps vs and g in the case I' = Ay, A slice I', and its
images under v and 4 are shown in bold.

1.4 The Dynkin Case

In the theory of quiver representations, quivers whose underlying graph is
Dynkin of type A, D, E play a special role. In this dissertation they also
play an important role, so this section gives a brief summary of the relevant
results needed for what follows.

Recall the maps vs and < defined on T by Equation 1.3.4 and Equa-
tion 1.3.5 respectively. These maps give a nice combinatorial description of

the Auslander-Reiten quiver of Rep(?), using [ and the Nakayama permu-
tation v defined by Equation 1.3.4. This is done as follows.

Fix a vertex 7g € I'. Then given an orientation 2 of I' there is a
unique slice, deEoted 52 in T identifying the vertex iqg € I' with the ver-
tex (ig,p(ip)) € I' and T' with I'g. This determines a unique height function
ha N ' — Z. The following Tl/l\eorem describes the Auslander-Reiten quiver
of I' with a full subquiver of T'.

Theorem 1.4.1. [G] The Auslander-Reiten quiver AR(T',Q2) of Rep(T', )
can be identified with the full subquiver of I lying between the slice I'gorr and
the slice vy(Taorw ). Explicitly

AR(T) = {(i, k) € T|hoen (i) < k < haes (i) + h — 2}

11



Moreover, the projective representations P;, correspond to the slice I'qopy.

For a proof see [G, Proposition, p.50].

Example 1.4.2. For the case ' = A4 and the orientation €2 given by 1 «—
2 « 3 « 4 the Auslander-Reiten quiver is shown in Figure 1.3 as the shaded
region.

Figure 1.3: The Aulander-Reiten quiver is shown as the shaded region. The
slices T'gopr and vg(Igore) are shown in bold.

On Rep(?) there are functors v and 7 defined by:

Hom(X,Y) = (Ext' (Y, 7X))* (1.4.1)
v(X) = (Homp(X, P))* (1.4.2)

where in the second line a representation X is identified with a module over
the path algebra P = P(?)

In terms of the Auslander-Reiten quiver, these correspond exactly to the
maps vp and Tp.

Remark 1.4.3. In the setting of equivariant sheaves on P! considered in [K],
the functor 7 is given by tensoring with the dualizing sheaf O(—2).

12



Now consider the corresponding derived category, denoted by Db(?).

Recall that an object in D(?) can be thought of as a choice of complex
X*(i) for each vertex i € I' together with maps of complexes x, : X*(i) —

X*(j) for each edge e : i — j. In Db(?) the indecomposable objects, up to
isomophism, are of the form X[k|, where X is an indecomposable object in
Rep(f}) considered as a complex concentrated in degree 0. The Auslander-
Reiten quiver of the derived category is the quiver T defined in Section 1.3.
For more details about the structure of the derived category see [Hap].

The fundamental result for this theory is Gabriel’s Theorem, which relates
representations of I' with the corresponding root system.

Theorem 1.4.4. Leti be a Dynkin graph of type A, D, E, let ) be any ori-
entation of T', and let T' = (T', Q) be the corresponding quiver. Then the map
dim : IC(F)) — 7' gives an isomorphism of lattices. Hence the Grothendieck
group of Rep(?) 1s identified with the root lattice of the corresponding root

system. Moreover, under this bijection the set Ind C IC(F)) is 1dentified with
the set of positive roots R, of the corresponding root system, the symmetrized
Euler form (X,Y )z = (X, YY)y + (Y, X)3 gives an inner product on IC(F)),
and the Auslander-Reiten translation T gives a Coxeter element in the cor-
responding Weyl group.

Gabriel’s Theorem provides a bijection between indecomposable represen-
tations and positive roots. A natural question is how this bijection depends
on the choice of orientation of the Dynkin diagram. To fully understand this

é
it is necessary to pass to the derived category D°(T'). In fact, one must

consider the “root” category Db(?) /T? where T is the translation functor
of the derived category. For more details on this see [PX1].

Let T = (T,92) and let i be a source for . Define a functor RS;" :
DT, Q) — DT, 5,2) by setting

Cone(X (i) = P, X(k)) if i=

RS X (j) =
X0) {X(j) otherwise.

For an edge e : 7 — k in Q let € denote the corresponding edge in 5;€2, the

13



map RS, (zz) is given by

Te if s(e) # 1

o= {m, L)X () = X0 @ @iy X () if s(e) =i

where ¢; is the embedding of X (j) into &X (7).
Similarly for i a sink define LS; : D*(T, Q) — DT, 5;,Q) by

L5 x(j) = { Cone(@iny X(B) = XG)) i 7=

X(5) otherwise.
For an edge e : j — k in () let € denote the corresponding edge in 52, the
map LS; (xz) is given by

oy [ if t(e) £
LS; (we) {(L;_l,()) P X(J) = (@i X)) D X*(0) ift(e) =1

where ¢; is the embedding of X (j) into &X (7).

These are the derived functors of the well-known “BGP reflection func-
tors” (see [GM]). These functors provide a derived equivalence between the
categories D*(T', ) and D°(T,5,Q2). Note that the functors RS;" and LS;
are inverse to each other. The name reflection functor comes from the action
of these functors on the Grothendieck group. In the setting of Gabriel’s The-
orem, the Grothendieck group of Db(?) /T? is isomorphic to the root lattice,
indecomposable objects correspond to all roots and the reflection functors
act on the Grothendieck group as the corresponding simple reflections in the
Weyl group of the associated root system.

14



Chapter 2

Combinatorial Construction

As discussed in the introduction, there are several approaches to constructing
a root system from the corresponding Dynkin diagram. This chapter gives a
combinatorial construction of the root system R corresponding to a Dynkin
graph I' of type A, D, E. Rather than choosing a set of simple roots, as in
the standard construction, a choice of Coxeter element is made. This choice
then gives a canonical identification of R with the quiver I';,., in which roots
correspond to vertices and the bilinear form and root lattice admit explicit
descriptions purely in terms of I'sy.. This is then related to the construction
of R from I'" using quiver theory.

This construction is motivated by the categorical construction given in
the next chapter. However, all the proofs are independent and purely com-
binatorial. The main results of this chapter are summarized in the following
Theorem.

Theorem 2.0.5. Let I' be an A, D, E Dynkin diagram, let R denote the
corresponding root system and W its Weyl group. Fiz C € W a Cozeter
element. Then there is a canonical bijection ® : R — I'cy. with the following
properties:

~

1. It identifies the Cozeter element C' with the “twist” 7 : I'¢ye — fcyc.
Hence the natural projection map m : fcyc — I given by ©(i,n) = i
gives a bijection between orbits of the Coxeter element and vertices of
the Dynkin diagram.

2. It gives a bijection between simple systems II compatible with C and

15



height functions h : T — fcyc.

3. For each height function h there is an explicit description of the cor-
responding positive roots and negative roots as disjoint connected sub-
quivers of I'cyc, as well as a reduced expression for the longest element
wo n the Weyl group.

4. There is a de-symmetrization (-,-) of the inner product on R, which
is analogous to the Euler form (-,-) in the category Rep(?) defined
in Section 1.2. Moreover, under the bijection ® this form admits an
explicit description in terms of paths in I'¢ye.

2.1 Canonical Indexing Set

Let R C E be a root system of type A, D, E. Instead of fixing a choice
of simple roots, recall that for different simple root systems II, II’, there is
a unique element w € W such that w(II) = I, which therefore gives a
canonical bijection between simple roots « € II and o’ € IT'. Therefore, it is
possible to use a single index set I' for indexing simple roots in each of the
simple roots systems. More formally, this can be stated as follows.

Proposition 2.1.1. There is a canonical indexing set ', which depends only
on the root system R, such that for any simple root system Il there is a
bijection

I'—1I

1+ aZ-H

which is compatible with the action of W: if II' = w(II), then w(all) = alV.

For any 7,5 € I, i # j, define
ni; = —(oy', o)) € {0,1}

(this obviously does not depend on the choice of simple root system II);
taking vertices indexed by I' with 4,j connected by n;; unoriented edges
gives the Dynkin diagram of R; abusing the notation, this diagram will also
be denoted by I'.

16



2.2 Coxeter element and compatible simple
root systems

From now on, fix a Coxeter element C' € W and denote by h the Coxeter
number, i.e. the order of C.

Recall that a simple root system Il = {ay,...,a,} is compatible with C
if there is a reduced expression C' = s;, - - - 5;.. By definition, for any Coxeter
element there exists at least one compatible simple root system. However,
not every simple root system is compatible with given C'. More precisely,
there is the following result.

Lemma 2.2.1. For a given simple root system I1 and Coxeter element C' let
() be the length of a reduced expression for C' given in terms of the simple
reflections si'. Then I"(C) > r and C is compatible with 11 if and only if

ey =r.

Proof. Let w; € E be the fundamental weights. Then it is immediate from
the definition that s;(w;) = w; for j # i and s;(w;) = —w;i + >, nyw;. I
I"(C) < rthen C = s;, -+ s, and there exists i € I such that i # i), for any
k. Hence C(w;) = w;. However the Coxeter element has no fixed vectors in
E (see [Kos2, Lemma 8.1]). Thus, I'(C) > r.

Now suppose that "(C) = r, s0 C' = s;, - - 5;,. Then the argument above
shows that every ¢ € " must appear in {iy,...,4,.}. Since |['| = r, it must
appear exactly once, so C' is compatible with II. O

The next proposition describes the set of Coxeter elements compatible
with a fixed set of simple roots.

Proposition 2.2.2. [Shi/

1. Let C be a Cozeter element, 11 a simple root system compatible with C'.
Choose a reduced expression for C' and define an orientation on I' as
follows: © — j if n;j = 1 and i precedes j in a reduced expression for
C:C=...s". .. sjr-[ .... Then this orientation does not depend on the
choice of a reduced expression for C.

17



2. For fixed 11, the correspondence
{Cozxeter elements compatible with 11} — { orientations of I'}

defined in Part 1, is a bijection.

Proof. For a fixed set of simple roots II, if there are two expressions C' =
Siy * " Sip = Sit e St for a Coxeter element, we can obtain one from another
by the operations s;s; — s;s; for ¢,7 € I' satisfying n;; = 0. As mentioned
in Section 1.1 any two reduced expressions for an element w € W can be
obtained from each other by using operations s;s; — s;s; if n;; = 0 and
558;8; — 8;8;55; if n;; = 1; since for a Coxeter element every simple reflection
appears only once, the second operation does not apply. Thus, the orientation
on I' does not depend on the choice of reduced expression.

Conversely, given an orientation on I', define a complete order on I' as
follows: I' = {4y,...,i.} so that all arrows are of the form i, — 4, with

k < I; thus, this orientation is obtained from the Coxeter element sj! ... sl

ir
One easily sees that the order is defined uniquely up to interchanging i, j
with n;; = 0 and thus the Coxeter element is independent of this choice of

order. O

Example 2.2.3. For the root system R = A, and Il = {ag = e —
€3y, 0y = €, — eny1} the Coxeter element C' = s;---s, corresponds to
the orientation 1 — 2 — --- — n.

What is of interest in the present situation, however, is the opposite
direction: given a fixed Coxeter element C, how to describe all simple root
systems II which are compatible with C'.

For fixed compatible pair (C, II) the following result shows how to con-
struct another set of simple roots compatible with C', and describes how the
corresponding orientations of I" relate.

Proposition 2.2.4. Let C, 11 be compatible and i € " be a sink (or source)
for the corresponding orientation of I' as defined in Proposition 2.2.2.

1. C=s; 8,8 (ifi €T is asink) or C =s;8 -5, (ifi €l isa
source).

18



2.

" = $H(T0) is also a set of simple roots compatible with C. In this
case, 11 is said to be obtained from II' by elementary reflection. Note
that elementary reflection s; can only be applied to 11 when i is a sink
or source for the orientation defined by I1.

The orientation of I' corresponding to II' is obtained from the orien-
tation corresponding to I1 by reversing the arrows at v. Thus a sink
becomes a source, and vice versa.

Proof. The proof is given for ¢ € I' a sink. The proof for a source is almost
identical.

1.

If 7 is a sink, all s; which do not commute with s; must precede s; in
the reduced expression for C'. Thus, s; can be moved to the end of the
reduced expression.

/

. . / .
. Denoting temporarily s; = s?, st = s? , then s = s;s;s;. Then, using

J
Part 1, write
C = Si1 e swlsi
= (8i5:)8i, (8i81)8i (8i8i) - - - (8i8i)8i,_, Si
= 3i<3i3i15i)(5i5i25i) T (5i5r715i>

! =4g's ... 5

/
= SiSy S, 1941 Tr—1

Hence C' is compatible with IT'.

From C = s;s; ---s;  and Proposition 2.2.2 we see that i is a source
for the orientation obtained from IT' and that the orientation is obtained

by reversing all the arrows to .

Theorem 2.2.5. Fix a Coxeter element C € W. Then:

1.

The map
{Simple root systems I1 compatible with C'} — {orientations of I'}

defined in Proposition 2.2.2 is surjective. Two different simple root
systems I, II', both compatible with C, give the same orientation of T’

if and only if I' = C*1I for some k € Z.
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2. If IIII" are two simple root systems, both compatible with C, then II'
can be obtained from 11 by a sequence of elementary reflections s; as in
Proposition 2.2.4.

Proof. The fact that the map is surjective easily follows from Proposition 2.2.4
and the fact that any two orientations of a graph without cycles can be ob-
tained one from the other by a sequence of operations s;: sink < source.

Now, assume that two simple root systems II, II" give the same orienta-
tion. Denoting as before s; = s, s/ = s’ then for some complete order of
r

C=5;...85 =5 ...5;,
(note that the order is the same for s; and si!). Let w € W be such that
w(Il) = IT'; then s, = ws;w™! and therefore C' = (ws,w™) ... (ws;,w™) =
wCw™!, so w commutes with C. However, it is known (see [Sp]) that the
centralizer of the Coxeter element is the cyclic group generated by C. Thus,
w = C*,

Finally, to prove the last part, note that it is well known that any two
orientations can be obtained one from another by a sequence of elementary
reflections (reversing all arrows at a sink or a source). Thus, if I, I are
compatible with C, then applying a sequence of elementary reflections s;
as in Proposition 2.2.4, one can obtain from II" a simple root system II”
which gives the same orientation as II. By Part 1, it means that I = C*II.
But notice that the simple root system C(II) can be obtained from II by
a sequence of reflections s;: namely, if C' = s]l...s}!, then consider the
sequence of simple root systems

I =1, I = s ()

H2 = Sgl (H1> = SilsiQSil(H1> = Siy Sip <H)

0, = s, (IL,_1) = si, ... s, (1) = C(T0).

One easily sees that 7, is a source for II,_1, so the above sequence of elemen-
tary reflections is well-defined. n

Corollary 2.2.6. For a given Cozeter element C, there is a canonical bijec-
tion

{Simple root systems II compatible with C'} /C' — {orientations of I'}
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In particular, this shows that the number of simple root systems compati-
ble with C'is equal to h2"~!, where h is the Coxeter number and 7 is the rank.
For example, for the root system of type A, _1, where the Coxeter number is
n and the rank is n — 1, this gives n2"2? (compared with the number of all
simple root systems, equal to n!).

A graphical description of the set of all compatible simple root systems
in terms of “height functions” will be given later, in Theorem 2.4.5.

2.3 Representatives of ('-Orbits

As before, fix a Coxeter element C' and choose a simple system II compatible
with C'. Define an order < on I' by ¢ < j if there exists an oriented path
1 — --- — 7, with the orientation defined by II as in Proposition 2.2.2. In
this case, one easily sees that s; must precede s; in the reduced expression

for C.
Using this relation define 3! € R by

Bl =Y "ol (2.3.1)
J<i

Proposition 2.3.1.

1. The 8 are a basis of the root lattice, and o; = B — Z].Hi B]n.

2. Let C' = s --- sl be a reduced expression for C. Then

Pl el
. ABY, ... 81 = {a € RY | C7'a € R"} where R are the sets of
positive and negative roots defined by the simple root system II.

4. BN are representatives of the C-orbits in R.

Remark 2.3.2. In the theory of quiver representations, the simple represen-
tations X; correspond to the simple roots o' in R, while the projective
representations P; correspond to the C-orbit representatives 4. This corre-
spondence will be discussed in detail in Section 2.8.
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Proof. The first two parts are easily obtained by explicit computation (see,
e.g. [Kos2, Theorem 8.1] ). The other two parts are known; a proof can be
found in [Bour, Chapter VI, §1, Proposition 33]. O

Example 2.3.3. For the root system R = A,, with simple roots Il = {a; =
€1 —€g,...,0, = e, —eny1} and Coxeter element C' = 5155 - - - s, the corre-
sponding C-orbit representatives are 3}’ = 3", ofl = e; — e;.

Example 2.3.4. Let I' =1'g U I'; be a bipartite splitting and
C = (Tiery si) (Wier, 8:)-

Note that in the corresponding orientation of I' all the arrows go from I'y
to I';. So Ty are sources and Ty are sinks. Then 3! = ol for i € Ty and
Bt = oj' + 37 nijajl = —=C(a) for i € Ty In this case the §' obtained are
the same C-orbit representatives as in [Kos] except that our case the 8 for
1 € I'y are shifted by C.

Example 2.3.5. As a special case of the previous example, consider the
Dynkin diagram of type Dy, 1, with simple root system

IT = {041 =€1—€2,...,02p1 = €2pn—1—E€2n, Aoy = €2n— €241, C2n+1 = €2n+€2n+1}

and
To={2,4,....2n,2n+1}, T;={1,3,...,2n—1}

The corresponding Coxeter element is given by C' = (I;er,$;) (ser, $:),
and the C-orbit representatives are

Bl =aq; foriely={2,4,...,2n,2n + 1}
I I
51 =€ — 63,53 = €9 — €5,...€241 = €2 — €243, .., o3 = €22 — €2p_1

I
Bop_1 = €an—2 + €2,

Figure 2.1 shows the corresponding orientation, as well as the roots «;

and (3; for Ds.
A natural question is how the set of 3; change when the simple root system

IT is changed (keeping C fixed). By Theorem 2.2.5, it suffices to describe how
0; change under elementary reflections.
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€4—E5
e1—es €es—es 62;‘;9/64.— €5
e1—ez ex—e3 eg—ij‘ €s
eqtées

Figure 2.1: The Dynkin Diagram Djs. The C-orbit representative 3! is above
the node i € ', and the simple root o!' is below the node i € T\

Proposition 2.3.6. Let I be a simple root system compatible with C', and
let i € T' be a sink for the corresponding orientation. Then

gt _ JOTIBE Jorj=i
S Vs for j # i

Similarly, if i is a source, then

g _ [OBT orj =i

T feri#

Proof. For brevity deonte s; = SJH, s = S;in. For i a sink, it is possible to
write C' = s;, -+ s;,_,s; and 3; = s, -+ s;,_, ;. Hence

CT'6; = (8iSir_y -+ 50,) (S0, -+ Sip_y )
= 5iQ;

s; 11
7

= gl
3

since 7 is a source for s;11.
Now take i; # i. Then

I _
ﬁij - Sil e Sij_laij

= (3i3i>3i1 (SiSi) cee (SZ'SZ‘)SZ‘]._l(SZ'SZ‘)Oéij
= 58}, 8i,, (sicu;)
s; 11

v
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Similarly, for ¢ a source, write C' = s;s;, - -+ s;,_, and [3; = a;. Hence

CO./i = Si3i1 R Sir_1ai

=5 S8 Sy
651-1_[
= P
since 7 is a sink for s;11.
For i; # i a similar calculation to the case i a sink gives () = [3; il m
J J

Theorem 2.3.7. Let R/C be the set of C-orbits in R. Then there is a
bijection

I'— R/C

i+ C-orbit of 3"

which does not depend on the choice of a simple root system II compatible

with C.

Proof. The fact that it is a bijection follows from Proposition 2.3.1. To show
independence of the choice of II, notice that by Proposition 2.3.6, if I, IT’
are obtained one from another by an elementary reflection, then the C-orbit
of A" and B coincide. On the other hand, by Theorem 2.2.5, any two
simple root systems compatible with C' can be obtained one from another by
elementary reflections. O]

For future use, the following proposition is given here, which describes
the action of C' on ;. Its geometric meaning will become clear in Section 2.5.

Proposition 2.3.8. O = - + Zj_m» C@}H + ij_i 5JH~

Proof. Let i € T' be a sink. Then there are no j «— ¢ and from the proof
of Proposition 2.3.6, —C~18! = a; = B — Zj% BJH Applying C to this
equation and rearranging gives the statement of the proposition.

Now if ¢ € I' is not a sink apply a sequence of reflections s; with j > ¢
to make it one. This process replaces II by another compatible simple root
system II'. By Proposition 2.3.6,

1. gl =pr
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2. if j — i for II then B = g
3. if j «— 1 for II then @H, = C_lﬁ]n.
Then the argument of the first paragraph of the proof gives
glrept = opf

Jj—t in I’
- o X oy
j—¢ in II J«t in II
= > o+ Y e
j—i in 11 j—i in II
>, cat+ > A
j— in 11 j—i in II

2.4 Identification of R and fcyc

The goal of this section is to show that the set of vertices of fcyc can be
(almost) canonically identified with the root system R. To do so, fix one of
the vertices ip € I' and choose an identification

®y: (C- orbit of Bi,) — {(io,n) | n € Zop,n+plig) =0 mod 2} C Loy

which identifies the Coxeter element with the twist: ®o(C3) = 7P (5).

Remark 2.4.1. The seeming arbitrariness in the choice of ®, could have been

ivoided if Zsoj, were replaced with a suitable Zg,-torsor in the definition of
Leye.

Theorem 2.4.2. Let C be a fized Cozeter element and I a simple root system
compatible with C. Then there exists a unique bijection ®: R — Ty with
the following properties

1. It identifies the Coxeter element with the twist: ®1(C3) = r®1(5).

2. It agrees with the identification R/C — T' given in Theorem 2.3.7:
OU(BM) = (i, h(i)) for some h: T — Zyy,.
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3. If, in the orientation defined by I1, we have i — j, and ®L(BY) = (i,n),
then ®(G}") = (j,n + 1) (see Figure 2.2).

4. On the C—orbit of 3;,, ® coincides with ®y.

Proof. Since B! are representatives of C-orbits in R (Proposition 2.3.1), and
each C-orbit has period h, it suffices to define ®(3M). On the other hand,
condition (4) uniquely defines ®''(]!), and it is easy to see that given ®"(5;}),
conditions (2) and (3) uniquely determine ®Y(3) for all i € T’ (since T is
connected and simply-connected). O

Theorem 2.4.3. The bijection ®: R — fcyc, defined in Theorem 2.4.2, does
not depend on the choice of 11.

Proof. By Theorem 2.2.5 it suffices to check that if IT" is obtained from II by
elementary reflection, then ® = ®™'. To do so it suffices to check that ®
satisfies all the defining properties of ®'. The only property which is not
obvious is (3): if in the orientation defined by I, i — 5, and ®(3!) = (i,n),
then ®"(3}) = (j, n+ 1), where for brevity we denoted §; = 8" and 3} = 8",

Let IT" = siI1. If 4, j are both distinct from k, then by Proposition 2.3.6,
Bi = B, B; = B3}, so property (3) for ®" coincides with the one for ®". So
the only case to consider is when ¢ = k or j = k; in these cases, s, reverses
the orientation of the edge between 7 and j.

If i = k, then for Il we have j — ¢, so ¢ is a sink for II. Then by
Proposition 2.3.6 3; = 3;, ] = C~13,. By definition, if ®"(3;) = (i,n), then
P(3;) = (jy,n — 1), and ®"(3)) = 7' (i,n) = (i,n — 2) (see Figure 2.2).
Thus, condition (3) for pair 3, 3} is satisfied.

Case j = k is done similarly. O
Example 2.4.4. For a Dynkin digram of type Ay, with IT = {e; —eo,...,e4—

es} and C' = $1595354, the map ®: R — I'. is shown in Figure 2.3. For A,
the figure is similar.

As an immediate application of this construction, it is possible to give an

explicit description of the set of all simple root systems compatible with C
purely in terms of I'¢y..
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Figure 2.2: Roots under the identification ®.

Theorem 2.4.5. Let I1 be a simple root system compatible with C. Then
the function h'': T — Zyy, defined by ®(B8Y) = (i, h'(i)) is a height function.
Conversely, every height function can be obtained in this way from a unique
simple root system compatible with C.

Proof. The fact that Al is a height function is obvious from the definition of
®. To check that any height function can be obtained from some II compat-
ible with C'; note that by Theorem 2.2.5, for given height function h there
is a simple root system II which would give the same orientation of I" as h.
Therefore, we would have h'' = h+ a for some constant a € Zsyy,, which must
necessarily be even. Take II' = C%2(II); then h = A" O

Corollary 2.4.6. For a given Cozeter element C, there is a canonical bijec-
tion

{Simple root systems I1 compatible with C'} — {Height functions on I'}.

The elementary reflections s; can also be easily described in terms of
height functions.

Proposition 2.4.7. If 11 is a simple root system compatible with C, i is a
sink for the orientation defined by I1, and h'', h¥! is the corresponding height
functions as defined in Theorem 2.4.5, then

" (]>_{h(j) jAi
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Figure 2.3: The map @ for the root system of type A4. The figure shows, for
each vertex in I'.y., the corresponding root a € R; the notation (ij) stands
for e; —e;. The set of positive roots (with respect to usual polarization of R)

is shaded. Recall that the quiver I'.,. is periodic.
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Simiarly, if © is a source, then

" (j)_{hm j#i

(see Figure 2.4).

VAN

Figure 2.4: The action of simple reflections on height functions.

The proof is immediate from Proposition 2.3.6.

Remark 2.4.8. Note that in this case the height function h%!! is the same as
sfhn as defined in Section 1.3, and abusing notation, from now on both will
be denoted by s;h'L.

2.5 Root lattice

In the previous section a canonical bijection ®: R — fcyc was constructed,
which is independent of the choice of a simple root system II. Among other
things, it identified the set of all compatible IT with the set of “height func-
tions”, by using ®(5). In this section this isomorphism is studied further.
In particular, a description of the root lattice in terms of fcyc is given.

Theorem 2.5.1. Let the lattice (Q be defined by
Q=17 /J, (2.5.1)
where J is the ideal generated by the following relations, for each (i,n) € fcyc,

(i,n) =Y (Gn+1)+(i,n+2)=0 (2.5.2)

J
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(where the sum is over all vertices j € I' connected to i). Then

1. The identification ®: R — fcyc defined in Theorem 2.4.3 descends to
an isomorphism of lattices Q(R) — Q, where Q(R) is the root lattice
of R.

2. For any height function h, the elements (i, h(i)) € fcyc form a basis of
Q.

Proof. Let h be a height function. Then the classes (i, h(i)) for i € T,
generate the lattice Q). Indeed, let @), be the subgroup generated by (i, h(7)).
It follows from relations (2.5.2) that if ¢ is a source for h, then (i, h(i) +2) is
in Qp; thus, Q) = Q5. Since any height function can be obtained from h by
succesive applications of elementary reflections, it follows that @ contains
all (i,n) € I'sye, so @, = Q. In particular, this implies that rank(Q) <.

Next, we show that @~ descends to a well-defined map @ — Q(R). To
do so requires verifying that

O '(in) =Y ® ' (Gn+1)+ (i,n+2)=0
J

in Q(R). Choosing a simple root system II such that ®~1(i,n) = 8, this
relation is equivalent to the relation

B = (ZC@H*Z@H) +CO8M =0

i—i jei
proved in Proposition 2.3.8.

Since ®: fcyc — R is a bijection, the map ®7': Q — Q(R) is sur-
jective. Since it has already been shown that rank(Q)) < r, this implies
that rank(Q) = 7, so that ®! is an isomorphism, and that for fixed height
function h, the classes (i, h(7)) form a basis of Q. O

Remark 2.5.2. Relations (2.5.2) are motivated by almost split exact sequences
in the theory of quiver representations, or by the short exact sequence of
coherent sheaves on P! =P(V): 0 = F — F(1) @ V — F(2) — 0.
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2.6 Euler form

Recall the Euler form
(X,Y) = dim RHom(X,Y) = dim Hom(X,Y) — dim Ext*(X,Y)

on Rep(?) defined in Section 1.2. In this section the analog of such a form is
defined on both R and I'.. and used to give a definition of the inner product
on R in terms of I'sy..

Define a bilinear form (-, -)!! on the root lattice Q(R) by

(B, T = 6,5 (2.6.1)

AR ]

By Proposition 2.3.1, this completely determines (-, ). Note that this form
is non-degenerate but not symmetric.

Theorem 2.6.1.

L i<y

. = the number of paths (i — -+ — j).
0 otherwise

1. (g, B! = {

2. (-, is integer valued on R and satisfies

(z, )" + (y, 2)" = (2,y)
<l‘, y>H = _<y7 C_1x>n'

where (-,-) is the W-invariant inner product in E normalized so that
(a,a) =2 for a € R.

Note that the equation (z,y) = —(y, C~'z) in R corresponds to the state-
ment of Serre Duality Hom(X,Y) = Ext'(Y, X(—2))* in the theory of equiv-
ariant sheaves described in [K], or equivalently, the identity Ext'(X,Y) =
D Hom(X,7Y) in Auslander—Reiten theory (see [ARS]).

Proof. Since throughout the proof the simple root system II will be fixed,
the superscripts will be dropped, writing 3; for 5, etc.
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1. Obvious from the definition of §;.

2. To see that (-,-)! symmetrizes to (-,-), use the identity a; = 3 —
> v; Ok (see Proposition 2.3.1), which gives

1 if i =j
(o, o) = (B =) B =S —1 if j i
ki 0  otherwise.
Then
2 ifi=y
(o, a)" +{aj,a) = ¢ =1 if i — jor j — i

0 otherwise

= (O{Z‘, O{j).
To prove relation (2.6.3), it suffices to prove that for all k, 7 one has

(Be, C71 )" = — (i, Bu)". (2.6.4)

This will be proved by fixing k£ and using induction in ¢, using the
partial order defined by the orientation. So assume that (2.6.4) is true
for all 7 > i.

Using Proposition 2.3.8, rewrite the left-hand side of (2.6.4) as
(B, OB = —(Be, B + Z<Bk> At + Z(ﬁk, CiB).
The first two terms can be rewritten as
—(Bi B+ (B B = = (B ) = i
Jj—1

The last term, using the induction assumption, can be rewritten as

> (B CT BN == (B, B)"

ji ji

= — Z(number of paths j — -+ — k).

jei
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Thus, the left-hand side of (2.6.4) is

(B, 1) = =04 — Z(number of paths j — --- — k)

jei

= —(number of paths i — -+ — k) = —<5i,5k>n

which proves (2.6.4).

[]

Theorem 2.6.2. For fized C, the form {-,-)!! does not depend on the choice
of simple root system I1 compatible with C. Thus this form will be denoted
by (-,-) and called the Euler form defined by C.

Proof. Consider the difference < -,- >= (-, ) — (-, )2 Since these two
forms have the same symmetrization, < -, - > is skew-symmetric and satis-

fies (2.6.4). Thus,
Lzy>=—<y,Cle>=< Clr,y>

so < (1 —=C Hz,y >= 0. Since 1 is not an eigenvalue for C~! (see [Kos2,
Lemma 8.1]), the operator 1 — C~! is invertible, so the form < -, - > must
be identically zero. O

Proposition 2.6.3. Let (-, ) be the Euler form defined by C in Theorem 2.6.2.
1. The form (-,-) is C—invariant: (Cz,Cy) = (x,y).

2. (x,y) = (z,(1=C)ly) = (1 -C)"a,y)

3. Let wi' be fundamental weights: (w}', ') = 6;5. Then Bi' = (1 — C)w;'

4. The operator (1 — C') is an isomorphism P(R) — Q(R), where Q(R),
P(R) are root and weight lattices of R respectively.

Proof.

1. Choose a compatible simple root system II. Then by definition (5;", a;
d;;. On the other hand, C(II) is also a compatible simple root system,

and oziC(H) = C’ain, @C(H) = C’ﬁin, SO
(CB, Cajl) =6y = (B, ).

? J

znv ?>_
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2. First write (z,y) = (z, Ay) for some A. Then using (2.6.3) one obtains:
_|_
) =

(z,y) = (z,y) + (y, 2) = <$ y) — (z,C7'y)
= (z, Ay (:1: AC™1y)
= (2, A(1=C)y).

Hence A= (1-C! ) . (Note that 1 — C~! is invertible since 1 is not
an eigenvalue for C~1.) The second identity is proved in a similar way.

3. From Part (2) use that §; = ((1 — C)7'G}', }') and hence ;' = (1 —
C)wi.

)

4. Since w; form a basis of P(R), and ; form a basis of Q(R) (Proposi-
tion 2.3.1), this follows from part (3).

]

As an immediate corollary, one obtains the following result, describing
the Euler form in I'y..

~ ~

Proposition 2.6.4. There ezists a unique function (-,-)g  : Leye X Toye — Z

satisfying

((i,n), (j,m + 1)) =the number of paths (i,n) — --- — (j,n+ 1)
=number of edges between i, j in ' (note that this number is either zero
or one).

Fcyc :

2. For any q = (k,m) € fcyc this function satisfies

(@, (n)g,, — D g Gon+ D).+ (g (6,0 + 2))p

j—i

=0.

1—‘cy(‘

Proof. Uniqueness easily follows by induction: for fixed ¢ = (i,n), condition
(1) defines (g, (*,n))_ . (¢; (*,n+1))g . Then condition (2) can be used
to define (q, (x,n + 2)>fcyc' Continuing in this way, one observes that these

two conditions completely determine (-, '>fcyc‘

To prove existence, note that the form (g1, g2)5 = (27! (q1), 2 (g2)),
where (-,-) is the Euler form on R defined in Theorem 2.6.2, satisfies all

required properties. L]
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Note that the proof of uniqueness actually gives a very simple and effective
algorithm for computing (-, ->f

cyc '

Theorem 2.6.5. For a simply-laced Dynkin diagram ', define the set fcyc
and lattice Q@ by Equation 1.3.2, Equation 2.5.1 respectively. Let (-, '>fcyc be
the Euler form defined in Proposition 2.6.4, and let (x, y)fcyc = (x,y)

(Y, 2)%,,.-

Fcyc

Then (-, )fy is a positive definite symmetric form on Q, and fcyc cQ
15 a root system with Dynkin diagram T.

Proof. Let R be a root system with Dynkin diagram I', and C' a Coxeter
element in the corresponding Weyl group. Then the map ¢ constructed in
Theorem 2.4.3 identifies R — I'cy., Q(R) — @ and the inner product (-,-) in

@ with (-, ')fcyc‘ ]

2.7 Positive roots and the longest element in
the Weyl group

Let II be a simple root system compatible with C' and RE the corresponding
set of positive roots. Then bijection ®: R — I';,. constructed in Theo-

rem 2.4.3 identifies RE with a certain subset in fcyc. This subset can be
identified with the usual Auslander—Reiten quiver of the category of repre-

H
sentations of the quiver I' where the orientation of I' is opposite to that
defined by II; this will be discussed in detail in Section 2.8.

In this section an explicit description of the set ®(RY) is given in terms
of I'eye.

Theorem 2.7.1. Let II be a simple root system compatible with C', and —11 =
{—a | a € I} be the opposite simple oot system. Let h™', h™: T' — Zyy, be
the corresponding height functions as defined in Theorem 2.4.5.

Let Al be the set of all vertices of fcyc “between” correponding slices:
AT = {(i,n) € Loy | A1) < n < B7T()}. (2.7.1)

(see Figure 2.5). The subset A™ will be considerd as a quiver, with the same
edges as I'¢ye.
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1. The map ® gives an identification RE — Al

2. Define a partial order on A™ by qi = ¢ if there exists a path from q
to ¢o in A, and extend it to a complete order, writing

AT = {a(1) = (i1,m), a(2) = (iz,n2), ..., a(l) = (i;,n)}

so that a(a) 2 a(b) = a <b. Then

is a reduced expression for the longest element wi' of the Weyl group.

Figure 2.5: Positive roots in fcyc, for diagram of type Ds. Bold lines show
®(BM) and ®(3;M); the shaded area is the set A = ®(R).

Proof. First we prove that A" C ®(RY). Indeed, choose i € T and let k
to be the smallest positive integer such that 3 = ®7(i, h''(i) 4+ 2k) ¢ RY.
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Then (3 satisfies 3 € R.", C71p € RY. By Proposition 2.3.1 applied to —II,
then it must be the case that 3 = 3", so h'(i) + 2k = h~(i). Therefore,
(4,n) € ®(RY) for all n satisfying h''(i) <n < h~1(4).

Reversing the roles of I, —II, gives that the set A~ = {(i,n) € Tpye | h7(i) <
n < hM(i)} staisfies A™ C ®(R{") = ®(—RY). Since T'ppe = AT U AT
this forces A" = ®(RY). In particular, [ = |[A"] = |RY|.

To prove the second part, consider a sequence of sets Ay = A, A} =

Ao\ {a(D)} = {a(2),...,aD)}, Ay = Ay \ {alk)} = {ak +1),...,a()},
A= o},

It is immediate from the definitions that one can write
Ap = {(i,n) € Tope | hi(i) <n < h7(5)} (2.7.2)

for the sequence of height functions hg = h™, hy = s; ho, ..., by = s; hi,_ |,
..., by = b7 and i, is a source for hj,_;. In the same way, define a sequence
of corresponding simple root systems IIy = I, IT; = s;,II,... II; = —II. One
easily sees that

I, = sgl(Hl) = sgsgsg(ﬂl) = sgsg(ﬂ).

II

Repeating this argument, gives IIj, = si! ... s;, (II); in particular,

I =11, =sj ...s5(II).

II

Since | = |R,| = I(wy), the word sj; ... s} is a reduced expression for the

longest element w;. []

Remark 2.7.2. The reduced expression for wy given in the previous theorem
is given by source to sink operations taking the slice I'; to I'_; and thus
is adapted to Q. (A reduced expression s;, - - s;, is adapted to Q if iy is a
source for s;, - --s;,_,Q.)

l

Example 2.7.3. Consider the case R = A4 from Example 2.4.4. The con-
struction above gives the expression wy = 51525354515253515251 for the longest
element.

Note that the second part of the theorem is equivalent to the algorithm
for constructing a reduced expression for wy in terms of the Auslander—Reiten
quiver given in [Béd] (in the form given here it is reformulated in [Z, Theo-
rem 1.1]).
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Example 2.7.4. Let II be such that it defines a bipartite orientation on I,
as in Example 2.3.4, so that C' = (Il;er,s;)(ILier, s;). Assume additionally
that the Coxeter number h = 2¢ is even. Then it is known that wy = CY (see
[Kos]), and thus —II = CY9(II), and the corresponding height functions are
related by A~ = A +2¢. In this case, the set ®(RY) is a “horizontal strip”.
However, as the example of type A shows (see Example 2.4.4), in general the
set ®(RY) can have a more complicated shape.

Recall the automorphism ¢ +— 7 of defined by Equation 1.1.3. Equiva-
lently, 7 can be defined by setting —3" = 3, ™, where 3" are the C-orbit rep-
resentatives defined above. Thus for the root systems of type A, Doy11, Fg
this map corresponds to the diagram automorphism, while for Dy, , 7, Eg
this map is just the identity (corresponding to the fact that —Id = C"/? €

Recall the map oy - fcyc — fcyc by the formula
vfcyc(i, k)= (i,k+ h).

Lemma 2.7.5. Under the identification ® : R — fcyc the map —Id corre-
sponds to Voo,

Proof. &(—B1) = S(3™) = (i, A1) = 77, (i, b1).
For the last equality, since the maps ® and VF,,. are compatible with

the simple reflection s; when j € I' is a sink or source, it is enough to
consider the case where Il gives a bipartite splitting I' = ' U T'; and C' =

(HieFo SP)(HiEFl SP)
If h = 2g is even, then w{l = CY (see [Kos|) and hence A (i) +h = h=1(3).

If h = 2g+1is odd, then R = Ag,. Then wy = ([];er, si')C? and
i=29+1—id,sothatiel1ifitelgandielyifiel’y. If 1 € Iy, then

(i) = wih™ (i) = R (i) + 29 + 2 = WM (i) — 1 + 29 +2 = A'(3) + h.
For 7 € Ty a similar calculation shows that A= (7) = R (3) + h.
[l

Recall that a choice of compatible simple roots II gives a height function

R, and hence a slice given by 'y = {(4, h''(i))}. The following Proposition
gives another characterisation of Al C Leye-
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Proposition 2.7.6. Let I be compatible with C. Then g (I'n) =T'-n, and

so the subset A C fcyc can be identified as the full subquiver lying “between”
I'qn and ”yfcyc(f‘n) =TI _q-

A" = {(i,n) eT|h" <n<n™}

where K and h™' are the height functions corresponding to the slices I'ry and
I'_11 respectively.

Proof. This follows immediately from Lemma 2.7.5 and the identification of
A with the set of roots lying between A" and A~ given in Theorem 2.7.1.

]

2.8 Relationship between AR(T',()) and /fcyc

The goal of this section is to show that for any choice of II corgpatible with
C there is an identification of the Auslander-Reiten quiver of T' = (I, 77)
with the subset Al C T,

Let II be a simple root system compatible with C'. This gives a height
function A, and hence gives an orientation 2 on I', as well as a slice I'o.
Consider the natural projection Py : I — Fcyc given by Pu(i, k) = (i, k).

Proposition 2.8.1. Let II be compatible with C, let Qi denote the corre-
sponding orientation of I', and let T be the Auslander-Reiten translation of
the category Rep(T, Q7).

1. Ppor ! = s o Pp.
cyc

2. Phov=vs ol
cyc

3. The map Py identifies the Auslander-Reiten quiver AR(T, Q°PP) in r
with A" in Teye.

4. Under the identification Pp, the projective representation P; corre-
sponds to .
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Proof.

1. This follows easily just by definitions:

Prorp(i k) = Pu(i, k + 2)

2. Again by definitions:

PH(V(’i, k)) = PH(’Z, k+h— 2)

— (Lk+h—2)
= (i,k+h—2)
= Vfcyc(i’E)

=vg, © Pu(i, k).

3. As in Section 1.4 fix a vertex ig € I to identify AR(I", Q%) with a full
subquiver of . A choice of compatible simple system II gives a unique
height function h' which also gives an orientation (2, and a unique slice
I'gin Ieye. As in Section 1.2 fix a vertex i € I' to identify AR(I", Q)
with a full subquiver of . Then this gives a unique slice I'g through
(i,h™(7)) in T. By the construction of the map Py these two slices
are identified. Parts 1 and 2 show that P identifies 7 with . and v
with VE,,.- Then the description of AR(T", Q2°PP) given in Theorem 1.4.1,
and the description of A given in Proposition 2.7.6, shows that the
map P identifies AR(T", Q2°PP) with A, (Compare Example 1.4.2 with
Example 2.4.4.)

4. The S map to the slice I'g C fcyc. Similarly, the projective represen-
tations P; map to the slice I'g C I'. By Part 3, these are identified by
Pr.
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Given a simple root system II, compatible with C', we have obtained a bi-
jection of the Auslander-Reiten quiver AR(T", Q°P) of the category Rep(I", Q2°PP)
with the subquiver A" € Ty Both AR(T, Q%) and A" correspond to
the set of positive roots RY. For AR(I',Q°PF) the correspondence is the
usual identification between Ind(T', 2°?) and positive roots RE C Bjecrlay;,
given by the dimension vector dim X. For A it is given by the map
® : R — I'cye from Section 2.4. The following Theorem shows that the
bijection AR(T, Q°P?) — A" agrees with these identifications to RY.

Theorem 2.8.2. Let Il be a compatible simple root system, h'' the corre-
sponding height function and Q2 the corresponding orientation. The following
diagram is commutative:

AR(L, QorP)

Proof. Under the map dim : AR(I", Q°P’) — R the projective representation

P; given by
C j<i
Pi(j) =
() {O otherwise

is identified with the C-orbit representative 3. By Theorem 1.4.1 these
representations form the slice I'g C . The C-orbit representatives map to
the slice I'g in I'. under the map ®. By Proposition 2.8.1 these two slices are
identified by the map Pg. Hence the diagram commutes on the projectives
P,. The map dim identifies 77! (where 7 is the Auslander-Reiten translation)
with C, the map ® identifies C' with 7 , and Py identifies 71 with Th,,.
Since any X € AR(T, Q%) is of the form 77%(F;), and any a € R is of the
form C*BM this shows that the diagram commutes. O
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2.9 Identification of Euler Forms

In this section, it is shown for a choice of compatible simple system II, the
bilinear form (-,-)g on R, constructed in Section 2.6, corresponds to the
Euler form (X,Y) = dim RHom(X,Y) = dim Hom(X,Y) — dim Ext'(X,Y")
on Rep(I", Q°P), where (2 is the orientation determined by II.

Note that the Euler form satisfies
(X,)Y)=—(Y,7X) = (1X,7Y) (2.9.1)
(see [C-B], for a proof).

Theorem 2.9.1. The map Py : ZI' — fcyc identifies the Euler form (-,-) on
AR(T, Q°PP) with the form (-,-)r on R

Proof. Recall that the C-orbit representative 3! corresponds to the projec-
tive representation P;, while the simple root a}' corresponds to the simple
representation X;. It is well known (see [C-B] p.24) that (P, X;) = d;;.

Define a form < -,- > on AR(I', Q) by < XY >= (Py(X), Pu(Y))r where
(-,)r is the Euler Form on R defined in Section 2.6. Then < P;, X; >=
( ,LH,OZ?>R = 0;;, and < -, - > satisfies Equation 2.9.1. However, since the
value of < F;, X; > and Equation 2.9.1 completely determine the form, the
two forms (-, -) and < -, - > are equal. ]
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Chapter 3

Categorical Construction

In the previous chapter, a combinatorial construction of the root system R
associated to a Dynkin graph I' was given. This construction used a Coxeter
element in the Weyl group and to identify the root system with the quiver
I'cye. In this chapter, a categorical construction of R from I' is given, which
served as motivation for the construction of Chapter 1. As described in the
previous chapter, by choosing an orientation of I' and studying representa-
tions of the corresponding quiver one obtains a categorical construction of
R. However, in this setup the abelian categories obtained depend on the
choice of orientation, although by passing to the 2-periodic derived category
the categories become derived equivalent. The equivalences are given by the
well-known BGP reflection functors.

In this chapter, given a Dynkin diagram I" the translation quiver [ CcI'xZ
is constructed and a triangulated subcategory D C D(I") of the corresponding
derived category is studied. Given any choice of orientation €2 equivalences
D — D’(Rep(T,Q)) are constructed and shown to be compatible with the

reflection functors.

Moreover, this construction is closely related to the preprojective algebra
of I'. We begin by giving a “graphical” description of the Koszul complex of
the preprojective algebra. In this setup elements of degree k in the Koszul
complex are visualized as paths in I' with k “jumps”. This description is then
used to construct the indecomposable objects in the category D. We show
that our category D has I'? as its Auslander-Reiten quiver, and use this to
relate D with the mesh category as described in [BBK] and [Hap]. This proves
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a periodicity result about the preprojective algebra (see Theorem 3.8.1).

The main result of this Chapter are summarized in the following Theorem.

Theorem 3.0.2. Given a simply-laced Dynkin diagram I with Coxeter num-
ber h there exists a triangulated category C with an ezxact functorC — C: F +—
F(2) (“twist”) with the following properties:

1. The category C is 2-periodic: T? = id

2. For any F € C, there is a canonical functorial isomorphism F(2h) = F,
where h is the Coxeter number of T'.

3. Let IC be the Grothendieck group of C. The corresponding root system
R is identified with the set Ind C IC of all indecomposable classes.

4. The map C: [F] > [F(—2)] is a Cozxeter element for this root system.

5. Set {X,Y)¢ = dimRHom(X,Y) = dim Hom(X,Y) — dim Ext'(X,Y)
(the “Euler form”) then the inner product is given by (X,Y) = (X, Y)e+
<Ya X)C

6. There is a natural bijection ® : Ind — f, between indecomposable ob-
jects and vertices in I'. Under this bijection, the Coxeter element C
defined above is identified with the map T : (i,n) — (i,n + 2). Denote
the indecomposable object corresponding to ¢ = (i,n) by X,.

7. The category C has “Serre Duality”:
Hom(X,Y) = (Ext!(Y, X(—2)))*
There is also an identification
Hom(X,, X,) = Path(¢’,q)/J

where Path s the vector space generated by paths in T and J is some
explicitly described subspace. Thus the form (-,-) is determined by paths
m L.

8. For every height function h, there is a derived functor Rp, : C —
DT, Q) /T? which is an equivalence of triangulated categories.
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3.1 The Category D

In this section a precursor to the conjectured category is introduced and
several basic results are established. To begin a few preliminary results are
required.

Definition 3.1.1. Let () be any quiver and e : ¢ — 7 in ) an edge in (). For
any object X € D(Q) define the complex of vector spaces Cone, as the cone
of the map z. : X (i) — X(7). This will be called the “Cone of the edge €”.

Remark 3.1.2. Note that z. : X (i) — X (j) is an honest morphism between
complexes of vector spaces, not a morphism in a derived category.

Lemma 3.1.3. For any quiver T and edge e : 1 — 7, Cone, 1s functorial.
Proof. Suppose that X,Y € D(F)) and that F': X — Y is a map of com-
plexes of representations. Let z. : X (i) — X(j) and y. : Y (i) — Y (j) be the
maps of complexes corresponding to the edge e. Then F(j) o z. = y. o F(i)
and dy o ' = I o dx. By definition of Cone,, this gives a map

COTLT(%) = (XH(i) ® X (§), dx (i) + e, dx (5))
Conec(ye) = (YF(@) @ Y (j), dy (i) + ye, dy ()

Also note that this shows that if F'is a quasi-isomorphism, then the induced
map F' is also a quasi-isomorphism.

Let @ € HomD(?)(X, Y) and let X «— Z — Y be a roof diagram for ®.
Then the above shows that there is an induced roof diagram Cone.(x.) <
Conee(ze) — Conee(y.). Hence Cone, is functorial. O

Definition 3.1.4. Let I' be a finite graph without cycles. Take the subcat-

~ ~

egory D C D(I') defined as follows: Objp = {(X, {¢},)} where X € D(I')

is such that for any ¢ € T the complex X(q) is bounded and @ is a collection
of isomorphims ¢(q) : X(rq) — Cone(x,). Here z, : X(q) — D, ., X(¢)
is the map given by edges ¢ — ¢/, hence Cone(z,) is the direct sum of the
Cone over the edges e : ¢ — ¢’ as defined above.
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A morphism @ : X — Y in D is given by a morphism in D(I") such that
the following diagram is commutative:

X (rq) o Y (rq)

Cone(X(q) — BX(¢) 7L Cone(Y (q) — ®X(¢))

~

The translation functor in D is the same as that in D(I"). The distinguished

~

triangles in D will be the distinguished triangles (X,Y, Z) in D(I') where
each of the XY, 7 € D.

~

Definition 3.1.5. An object X € D(I') is said to satisfy the fundamental
relation if for any ¢ € T" there is a choice of map z : X(7¢) — X (¢)[1] so that

X(g) 2 @ X(g) = X(rg) > X(g)[1 (3.1.1)

is an exact triangle. Here x,, z, are the maps corresponding to edges ¢ — ¢’
and ¢ — 7q.

Proposition 3.1.6. Any object X € D satisfies the fundamental relation.

Proof. By definition of an object X € D. O]
Lemma 3.1.7. The category D 1is full.

Proof. Let F € HomD(f) (X,Y) and let g be any vertex. Since for any edge

e:q— ¢, Cone(e) is functorial, there is an induced map F making the
diagram below commute.

F(rq)

X(7q) Y(7q)

Cone(X(q) — X (¢)) 27 Cone(Y (q) — @X(¢))

Hence F' € Homp(X,Y). O

It remains to show that the category D inherits the structure of a trian-
gulated category.
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Theorem 3.1.8. D is a triangulated subcategory of D(f)

Following [GM], the notation T1, T2, T3, T4 for the axioms of a triangu-
lated category will be used for simplicity. The reader can refer to [GM] for
details.

Proof. Since triangles and morphisms have been defined above, only the ax-
ioms T1 — T4 remain to be verified.

For T1 the only thing that needs to be checked is that a morphism X — Y
can be completed to a triangle. First note that by construction the objects
and morphisms in D are objects and morphisms in the derived category D(I")
with extra structure. So to show that a morphism can be completed in D
it is enough to show that the completion in D(I") carries the required extra
structure. By construction of the derived category any morphism can be
completed to a distinguished triangle which is isomorphic to a triangle of the
form

X LY = Cone(F) — X[1]

where ' : X — Y is a morphism of complexes (see [GM] Chapter 4 §2).
Hence it is enough to verify that if F : X — Y is a morphism of com-
plexes between objects in D then Z = Cone(F') comes with an identification
Z(tq) — Cone(Z(q) — ®Zy). To see this note that:

Cone(ConeF(q) — ®&ConeF(q")) =

= COne(XkH( ) D Yk( ) _ @(Xkﬂ( )@Yk(q )))
Xk+1 @ Yk +1 @ @ Xk+1 @ Yk( ))

= X*(q) EBY’““ (q) Pex*(¢) Pev*(d)

= (X2 (q) & X DY) @ V()

= (X"(g) & X" ()N P (g) @ YH))

= X" (rq) © Y*(rq)

= Cone(X(rq) — Y(7q)
= Cone(F(7q)).

~
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To check that this is an isomorphism of complexes, not just of graded vector
spaces, it remains to check that the differentials match. Let 6 be the differ-
ential of Cone(F') and let dx,dy be the differentials of X,Y. Denote by D

the differential of Cone(X*(q) @ Y*(q) = Tata DX () aYr())).

0(rq) = (dy'(1q) + F'(rq). dy(Tq))
= (dP (@) + 2+ F (), > di' + F(q). df () + g Y dy(q

q—q q—q’
= (dP(q) +a] + F™(q).df (@) + g, D dE' + FT(d), Y dv(q
q—q’ q—q’

= (0 + ot +yl,6(d)
=D

T2 follows by definition of triangles in D.

For T3, Lemma 3.1.7 shows that if the diagram is completed with a
morphism in D(I"), then this also a morphism in D.

For T4, again Lemma 3.1.7 shows that by completing the diagram in
D(T'), the morphisms are in D so the diagram can be completed in D as
well. ]

3.2 DG Preprojective Algebra

In this section a graphical description of the “derived preprojective algebra” is
given. This is then related to the Koszul complex of the preprojective algebra.
Later this will be used to construct projectives in the category Rep(I") and
to define indecomposable objects in the category D. This algebra is known
to experts, however the presentation given here is not readily available in the
literature.

To begin consider the following algebra A.

Definition 3.2.1. Let P be the path algebra of I'. Let A be the algebra
obtained by adjoining to P elements ¢;,7 € ', with relations

tiej = ejti = 5”1;1
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where e; € P, ;, is the idempotent in P corresponding to the path of length
0 from i to 1.

Thus, A is generated by the expressions of the form

P1liyp2 - - - Pitiy Pr+1 (3.2.1)

where each p, is a path from 7, to 7,_1.

The elements of A are pictured as paths in T with jumps (i,n) to (i,n+2)
for each t¢; that appears.

Extend the grading of P (See Equation 1.2.1.) to A by letting the ¢; be
elements of degree 2, so that t; € A, ;.,. This gives a decomposition of A:

A= P A (3.2.2)

g€l , €2y

The interesting fact is that A has another grading, which is given by the
number of jumps (ie the number of ¢; which appear in an expression). This
gives a further decomposition of A:

A=Par= ar) " (3.2.3)

n<0 i,j€r , 1€Z4 n<0

where A7 is the subspace in A generated by expressions of the form (3.2.1)
with exactly k t;’s. In particular, A; ﬁz can be thought of as paths from i to
7 of length [ with k£ jumps.

The graded vector space A = € A™ is made into a complex by setting

d—k: A_k—>A_k+1

k (3.2.4)
piti,p2 .- DitiPr1 — Z(—l)a+1p1ti1]?2 o PabioPat1 - - Prti Pt

a=1
where 6; € A; ;.0 is given by
Qi = Z 6(6)65 € ]31'71';2. (325)
s(e)=t
A routine calculation shows that this definition of d and multiplication in A

make it a DG algebra.
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3.2.1 The Koszul Complex

Let R be the algebra of functions I' — C with pointwise multiplication. Let T’
be the double quiver, and for each edge joining i and j in I' let €V : i — j and
e’' : j — i denote the corresponding pair of arrows in I'. Let V' be the vector
space spanned by the edges of the double I' and let L be the R-submodule of
V @V generated by the element § = > _.[e”, e’’]. Consider the embedding
j:L—=V ®V. Denote by J the quadratic ideal generated by L. Then the
preprojective algebra of " is Il = Tr(V)/J.

To see this coincides with the definition of IT given in Section 1.2 suppose
that if instead of considering the ideal J generated by the element 6 above,
we consider the ideal J’ generated by the elements #;. Then § € J' so J C J'
and 0; = £60 - ¢;, where €’ is the idempotent corresponding to vertex i, so
that 6, € J. Hence J = J’. So the two definitions coincide.

As in [EG], consider the associated Koszul complex
Ke=Tp(Vo L) =PV"oLeV?eLe- - La V"
where V" = V®" The differential d is given by

d(U1®l1®UQ®' : '®lj_1®7)j) = Z(—l)iv1®l1®v2®' . 'U¢®j(li)®vi+1®' : '®lj_1®11j
(3.2.6)
where v ® 1 Q2 ® -+ QL1 Qu; e VM XLV RL®---LOV™,

We now relate the Koszul complex (K,,dk) to the complex (A® d,) of
“paths with jumps”. Let ai,...,a, be the edges of I. Then these form a
basis of the space V', and by viewing a path as a sequence of edges, there is
an obvious identification between a path p = arai_1 - - - asa; to the element
ap ® ap_1 @ - R ay ®a; € VE. We will now identify a path p of length k
and its image in V*, and denote both by p. Denote by I; € L the element so
that j(l;) = 0; € V@ V. Define a map U : (A®*,d4) — (K,,dk) by

V(pptiti,Pnti,_y - P2tiP1) = Prtili,Pnli,_, - - P2lipr (3.2.7)

Proposition 3.2.2. The map V is an isomorphism of complexes.

Proof. The identification of paths of length k& with V* described above, and
the identification ¢; with /;, shows that the map ¥ gives isomorphisms A=*

50



K. Checking that W is a chain map is straightforward:

k
Uda(prarts prti,_, - potipr) = VO (=1 prsati pr - Pusabi,pn - Pati p

n=1

(_1>n+1pk+llikpk o 'pn+1‘9inpn - ~pzl¢1p1

hE

1

S
=

= (_1>n+1pk+llikpk e 'pn—i-lj(lin)pn o 'p2lz'1p1
n=1

= dr (Pr1liyprli,_, -+ D2liyp1)

= dgV(prsatiPitiy o -+ Datiy 1)

3.2.2 The non-Dynkin case

Consider the case where I' is non-Dynkin. It is known (see [M-V] ) that the
preprojective algebra of a non-Dynkin graph is Koszul, and that the Koszul
complex K, gives a DG-algebra resolution of II. These results, together with
the isomorphism W : A®* — K, gives the following result.

Proposition 3.2.3. Suppose I' is non-Dynkin. Then

Hk(A.):{H if k=0

0 if k>0

so the complex A® gives a DG-algebra resolution of the preprojective algebra
I1.

3.3 Projective Representations of r

Let q € T be any vertex. Let Path®(¢,v) denote the space of “paths with k
jumps” from q to v. For ¢ = (i,n) and v = (j, m), this space can be identified
with the component A; ﬁmfn, defined by Equation 3.2.3.

Define a representation Xé“ € Rep(f) by setting X(f(v) = Path*(¢,v). Com-
position of paths makes it a module over the path algebra P.
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Proposition 3.3.1.

1. For any k, and any vertex q € f, the representation Xé“ 1S projective.

~

2. For any object X € Rep(I') we have
Homp (X7, X) = X(q).

~

3. For any object X € Rep(I") we have
Homf(Xf;,X) = EBHomC(Xk_l(q, v), X (1v)).

vel
Proof.

1. The space X 5 is freely generated over the path algebra P by elements
of the form p = tgpr_1 - - - pot1p1 where the t;’s are jumps and the p;’s
are paths.

2. For any © € X define ¢, : X — X by ¢,(p) = p.x. This gives the
required isomorphism.

3. First the isomorphism Homa(XF, X) ~ @, 5 X(2) ® (X !(q,v))* is
established. This isomorphism is given by

o P e

peEXk—1(qw)
with inverse

d)z,’t[}p
T @y, = (pitpa V=" pray(ps2))-

To see this, note that any element ¢ € Homf(Xéf,X ) is determined
by where it sends the generators t;pg_1---potip1. So for each path
p:q— v with k — 1 jumps we need to assign an element z € 7v which
is the value of ¢(tp).

To establish the desired isomorphism, use the standard identification

W @ V* ~ Hom(V, W) to obtain
Homf(Xé“, X) = @ Home (X" (g, v), X (v)).

vel
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3.4 Indecomposable Objects in D

Using the components of the DG-algebra A defined in Section 3.2 define, for
each vertex ¢ € I', an object X7 € D as follows: For ¢ = (i,n) and v = (j,m)
set

k() — Ak
Xq (U> - Ai,j;m—n
where A;- ﬁm_n is defined by 3.2.3. It remains to check this does, in fact,

define an object in D.

Proposition 3.4.1. Forq € T there is a canonical isomorphism (up to choice
of function €) X,(1v) >~ Cone(X,(v) — By Xy(v')) and hence X, € D.

Proof. Let v = (i,n) € T. For any edge ¢ : v — ¢’ in f, denote by € the
corresponding edge v — 7v. Define the map ¢, : Cone(x,) — X (7v) by

Go(,y) = tix + Z e(e)ey (3.4.1)
e:s(e)=

q

where v € Xp*'(v) and y € @, X,(v). Note that the choice of sign €(e)
is forced by requiring that this map agree with the differentials:

¢o(de(2,y)) = ¢u(dx,z, (—1)F 22 + dx,y)
= tidx, (x) + (—1)* Z e(e)ex,(z) + e(e)edx, (y)

e:s(e)=v

= tidx,(z) + (—1)F Z e(e)eex + e(e)edx, (v)
e:s(e)=v

= tidx,(z) + (=1)* 0,z + e(e)ey

= dx,(tix + €(e)ey)

= dx,(du(2,9))

where (z,y) € Cone*(z,) and do denotes the differential on Cone(x,).

Since paths with jumps form a basis and any path ¢ — 7v with k£ jumps
is either a path p : ¢ — v with k jumps followed by the edge € : v/ — 7o, or
is a path p: ¢ — v with £ — 1 jumps followed by the jump ¢;, the above map
gives an isomorphism of complexes. O]
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Alternatively, for i # j let ¢ = (4,n), then for p = (j,n) set X,(p) = 0.
Now let p = (j,n+ 1) and n;; = 1 so that ¢ — p in [. We define X3(p) =
Paths (g, p) where by this we mean a complex with Path in degree 0, and 0
in all other degrees. Note that by Lemma 3.6.3 this is sufficient to extend to
all other vertices using the fundamental relation. Note that it is clear from
this definition that X, is indecomposable.

3.5 Some results about Hom in D

In this section we give some results which will be useful in future sections.
Theorem 3.5.1.
1. LetY € D, and letq € T. Then there is an isomorphism RHom(X,,Y) =
Y(q)
2. Let g = (j,n), ¢ = (i,m), then RHom (X, Xy) = A; jin—m.

3. Hom(X,, Xy) = Paths (¢, q)/J where J is the mesh ideal, generated by
the mesh relations (see Equation 3.2.5).

4. Let h be a height function, and 'y, the corresponding slice. If q,q' € Ty,
then Ext'(X,, Xy) =0 fori > 0.

Proof.

1. Let I';, be a slice through ¢. By Lemma 3.6.3 Part 2 RHomp(X,,Y)
is determined on the slice I',. On the slice I'j, the object X, is con-
centrated in degree 0 so we can identify RHom(X,,Y) with Y (q) by
definition of RHom and Proposition 3.3.1 Part 2.

2. By Part 1 we have RHom(X,, X)) = X;(q) = Ai jin—m-
3. By Part 1 we have
Hom(X,, X,) = H°(X,(q)) = Path(¢, q)/J.
4. By Part 1 we have that Ext*(X,, X,) = Path®(¢,q)/J. However if

q,q" € 'y, then there are no paths with jumps ¢ — ¢, in other words
the complex X/(q) is concentrated in degree 0.
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3.6 Equivalence of Categories

In this section, for every height function h : I' — Z an equivalence of tri-
angulated categories Rpy, : D — D°(T', Q) is constructed and shown to be
compatible with the reflection functors.

Remark 3.6.1. Note that here the equivalence of categories given by a height
function, is between the category D and D*(T, ), where as in the case of
equivariant sheaves on P! considered in [K] the equivalence is between D and
DT, Q;F) and is given by constructing a tilting object. That can also be
done here, however that is not the approach taken.

Recall that any height function h determines an orientation €25, and that
the corresponding slice T', is an embedding of the quiver (T',2,) in L. So
any representation of r gives a representation of (I, ;) by restriction to the
slice. So there is a restriction functor py, : Rep(f) — Rep(T', Q) defined by

(X)) = P X(9)- (3.6.1)

Notice that this functor is exact. Denote by Rp, : D — D’(T,€y,) the
corresponding derived functor.

Theorem 3.6.2. Let h be a height function, and let I'y, be the corresponding
slice. Then the functor Rpy : D — D(T', Q) is an equivalence of triangulated
categories.

Before proceeding with the Proof of the Theorem, the following prelimi-
nary result is required.

Lemma 3.6.3. Let h be a height function, and let 'y, be the corresponding
slice.

1. An object X € D 1is determined up to isomorphism by the collection
{X*(q)}4er, and morphisms corresponding to edges in the slice I'y,.
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2. For any X,Y € D a morphism f € Homp(X,Y') is determined by the
collection { f(q) }qer, -

Proof.

1. Let ¢ € I', be a source. Since X satisfies the fundamental relations and
comes with a fixed isomorphism X (7q) = Cone(X(q) — D, ., X)),
the complex X*(7q) is determined by X(q) and X(p) for ¢ — p in
T and morphisms corresponding to the edges joining them. (Noting
that the X(p) are in {X*(q)}qer, since ¢ is a source.) Write ¢ =
(i,n) so that ¢ is a source in the quiver (I',€),) determined by the
height function h. Apply the reflection s; and consider a source in
¢ € I's,p. Then repeating the argument above and noting that X (¢’)
is in the collection {X*(¢)}4er,, and that X*(p) for ¢ — p is in the
collection {X*(q) }eer, U X*(7q), one sees that X°*(7¢’) is determined.
Continuing in this way it follows that for any p = 7%¢ for ¢ € I';, the
complex X*(p) is determined by the collection {X*(¢)}4er, -

A similar argument for ¢ € I'j, a sink can be repeated. This shows that
for any p = 77%(q) with ¢ € T, the complex X*(p) is determined by
the collection {X*(q)}ser, -

2. Suppose that F(q) : X(q) — Y (q) is given for all ¢ € T',. Take ¢q €
I';, to be a source, so that for any edge ¢ — ¢ in T , ¢’ belongs to
the slice I';. Then using the isomorphisms X (7q) — Cone(X(q) —
PB,_, X(¢)) and Y(rq) = Cone(Y(q) — P,_, Y (¢)) together with
the functoriality of “cone over an edge”, the following diagram has a
unique completion F(7¢) making it commutative, which extends F' to

Tq.

F(rq)

X(7q) Y(7q)

i | |

Cone(X(q) — D,  X(d)) £, Cone(Y(q) — D, ., Y(d))

Continuing in this way (and using a similiar argument for ¢ a sink) it
is possible to extend F' to all vertices in I'.

[]
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The proof of Theorem 3.6.2 is now given.

Proof. Note that a height function h gives a lifting of the quiver (I",€,)

to ' and that the image of (I',€2,) is the slice I',. Hence for any object
Y € D*(T, Q) define an object in D as follows.

Fori € T and ¢ = (i,h(i)) € T define X(¢q) = Y (i) and for each edge
e:q— ¢ €Ty define maps z. : X(¢) — X(¢') by z. = y. where y, : Y (i) —
Y (j) and ¢ = (4, h(j)). Then Part 1 of Lemma 3.6.3 shows this determines an
object X € D. Hence for every Y € Db(T', ;) there exists X € D such that
Rpn(X) =Y. Note that Part 2 of Lemma 3.6.3 implies that for any X, Y € D
there is an isomorphism Homp(X,Y) ~ Hompsrg,)(RenX, RpnY). To-
gether, this shows that Rpy is an equivalence, and since Rpy, is the derived
functor of an exact functor it is a triangle functor. m

Corollary 3.6.4. Let I' be Dynkin. The Auslander-Reiten quiver of D is
[P, so the objects X, form a complete list of indecomposable objects in D.

Proof. By Theorem 3.6.2 the Auslander-Reiten quiver of D is the isomorphic
to that of DU(I',€y). It is well known (see [Hap] for example) that the
Auslander-Reiten quiver of D*(T,€2;,) is isomorphic to ['. ]

Remark 3.6.5. Usually the Auslander-Reiten quiver of D*(T",€2;,) is identi-
fied with T' by identifying the projectives with a slice in T that gives the
opposite orientation to {2, and proceeding from there. For reasons that will
become clear in Section 3.7, we instead identify it with I'” by identifying the
projectives with the slice I'y, C I'P.

Corollary 3.6.6. The category D has Serre Duality:
Homp(X,Y) = (Extp(Y, 7pX))*
where * denotes the dual space and Tp is given by Equation 3.7.3.

Proof. 1t is well known (see [Hap] Proposition 4.10 p.42) that in the category
DP(I", Q) this relation holds. O

The following theorem shows that the restriction functor is compatible
with the reflection functors.
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Theorem 3.6.7. Let i be a source (or sink) for the orientation €, and let
S* denote the corresponding reflection functor. Then the following diagram
15 commutative.

DT, Q)

Rpp,

D RS*

1
1

Db(r7 Qs.ih)

Proof. Let ¢ € T'), be a source. Let X € D, so that X (7¢q) ~ Cone(X(q) —
®X(q')). Restriction along the slice I' +, gives X(p) if p # ¢ and X (7¢) if
p = q. The reflection functor is defined as X(p) if p # q and Cone(X(q)
®X(q)) if p = q, so the diagram commutes.

Ol

3.7 The Mesh Category B

In the remainder of this Chapter, fix I' to be Dynkin. In this section the
definition of the mesh category of a translation quiver (@, 7) is recalled and
then related to the category D.

Let (@, 7) be a translation quiver (see [ARS] Chapter VII §for details).
Define the set of indecomposable objects of the mesh category B(Q) to be
the vertices of Q). Set Homg(q,¢") = Path(q,¢')/J where J is the mesh ideal
generated by the mesh relations » . _; e(e)ée (see Equation 3.2.5).

Consider the mesh category of the translation quiver (fOp,Tf) where
7:(4,n) = (¢,n + 2). For simplicity denote this by B and denote the transla-
tion by 75.

Remark 3.7.1. Note that we consider the mesh category of [P instead of T’
since the A-R quiver of D is I'P.

It is shown in [BBK] (Section 6) that there are the following automor-
phisms in B:

1. A Nakayama automorphism v which commutes with 75 and satisfies
vE = Tg(h_z). (Here v = 7! in the notation of [BBK].)
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2. An automorphism 5 defined by 7 := v575 ', which satisfies 73 = 75 h
These automorphisms satisfy:

2 _ _—(h-2)
Vg =Tp

—h

s (3.7.1)
8= T8

As before, for any i € T define i by —al! = wil(all), where wil € W is the
longest element and II is any set of simple roots. Thus for the root systems of
type A, Do, 11, Eg this map corresponds to the diagram automorphism, while
for Dy,, F7, Es this map is just the identity.

In terms of [7 the maps vg and yg are given by:
vg(i,n) = (1 ,n—h+2)
vg(i,n) = (i ,n — h)
Example 3.7.2. For the graph ' = A4, 7 =5 —id and h =5 so vg(i,n) =

(5—1i,n—3) and y5(i,n) = (5 —4,n —5). The maps vz and 75 are shown in
Figure 3.1.

(3.7.2)

Recall that the Auslander-Reiten quiver of D is [, This identification
is given by [X,] — ¢. In terms of arrows, by Theorem 3.5.1 Part 2, for each

arrow ¢ — ¢ in I' there is an arrow ¢’ — ¢ in the Auslander-Reiten quiver.
In the category D define an automorphism 7p by
(X)) (¢) = X(771¢). (3.7.3)
Notice that
Xrq(q') = Pathi(7q,¢') ~ Path(q, 7' ¢') = 7p(X,)(¢)
so that 7p X, ~ X, for the indecomposables X,. In terms of thi Auslander-
Reiten quiver of D, this identifies 7p with the translation 7 on I'°P.

Theorem 3.7.3. Let h be a height function.

1. There are equivalences of additive categories, given by the following
commutative diagram:

B<—"DVT, )

» T Rpp,
D
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Figure 3.1: The maps vz and 75 in the case I' = Ay. A slice '}, and its
images under vs and 7p are shown in bold. Recall that we are considering
the mesh category of I'? as mentioned above.

2. Under these equivalences the automorphisms vg gives an Nakayama
automorphism vp on D and is identified with the Nakayama automor-
phism v in D°(T, Q)

3. The map 15 can be identified with the Auslander-Reiten translation in
DT, ), and with 7o in D.

4. The map g can be identified with T in D°(T',Qy), and with Tp in
D. Hence we can impose a triangulated structure on B making the
equivalences in (1) triangulated equivalences.

5. In D the relation T? = 7'5h holds and hence the objects X, satisfy the
relation X;“ ~ X;_hq.

Proof.

1. The equivalence pj, is from Theorem 3.6.2.
The equivalence ¥y, is the map which is given P; — (i, h;) on projec-
tives, so that the projectives in Rep(T, 2,) map to the slice 'y, C er.
(Note that in [ the arrows are reversed, so this agrees with the usual
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identification of projectives with a slice giving the orientation oppo-
site to Q.) This is just the identification of Ind(D*(T,2,)) with its
Auslander-Reiten quiver. That this is an equivalence is well-known, see
[Hap] for example.

The equivalence 1 is given by X, — ¢. By Corollary 3.6.4 the objects
X, form a complete list of indecomposables, and since

Homp (X,, Xy) = H*(Xy(q)) = Pathz (¢, q)/J = Pathg,,(q,4')/J
= Homyz(q,q')

it follows that this is an equivalence.

2. Follows from (1), since ¥}, is the identification of Ind(D(T',€,)) with
its Auslander-Reiten quiver.

3. Again follows from (1).

4. In Db(T, Q) the Auslander-Reiten translation is defined by 7py :=
T~'v, or equivalently 7' = v7~!

5. By (4) g is identified with Tp, by (2) and (3) so there is an identifica-
tion of Nakayama automorphisms and translations in B and D. Then
using Equation 3.7.1 gives the result.

3.8 Periodicity in the Dynkin Case

This section discusses periodicity of the “dg-preprojective algebra” A in the
case where I' is Dynkin. Recall the decomposition given in Section 2:

A=Pa= & 4y (3.8.1)

n<0 i,j€T, 1€Z4 <0

Note that the differential in A preserves the grading by path length, so this
decomposition passes to homology:

H"(A) = @ H" (A1)

1,551
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Now fix ¢ = (j,n + 1) and ¢ = (¢,n). Then by definition of X, and
by Part 2 of Theorem 3.5.1, RHom(X,, X,) = X,(¢) = A, so the com-
ponent A; ;; can be interpreted as the RHom complex of the corresponding
indecomposables.

Recall that in the case where I was not Dynkin the complex A was a DG
resolution of the preprojective algebra II. In particular, all homology was
in degree 0. The decomposition of homology above and the identification
A, j1 ~ RHomp(X,, X,) makes it clear that this is not the case when I' is
Dynkin.

In the case where I' is Dynkin there is have the following periodicity result
for the Koszul complex of the preprojective algebra and its homology. This
is likely known to experts, but does not seem to be easily available in the
literature.

Theorem 3.8.1. There is a quasi-isomorphism of complexes
A:ﬁ ~ A7 javons (3.8.2)
In terms of the homology of the complex A this gives:
H*2(Aij0) = H*(Aijeon)

Proof. By Theorem 3.7.3 Part 5 there is an identification X;,+2 ~ XT'_hq, in

D, so in particular X(;,*z(q) ~ X? ,,(q). For g = (i,n) and ¢ = (j,n +1)
there are identifications

RHOHI(X(], Xq’) = Xq/<q) = Ai,j;l
R,HOI’H(XQ, X‘r—hq’) = XT—h /(Q) = Ai7j;l+2h-

q

(3.8.3)

Combining these gives A;ﬁ ~ A; jiton. O

In terms of the category D this result can be interpreted as follows.

Corollary 3.8.2. Let XY € D.

1. RHom*(X,77"Y) ~ RHom*"*(X,Y)

2. Bxt'(X,77"Y) ~ Ext"(X,Y)
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Proof. First note that the collection X, form a complete list of indecompos-
ables in D (in this section I' is Dynkin). So it’s enough to prove this result
for these objects. For these objects, recalling that 7.X, ~ X,, shows that the
first statement follows from Equation 3.8.3 in the proof of Theorem 3.8.1.
The second statement follows by taking homology. O]

3.9 The quotient category D/T">

It was shown in [PX1] that the category D°(T',Q)/T? is a triangulated cat-
egory, and that the set Ind([',Q2), of classes of indecomposables gives the
corresponding root system. More general quotient categories were studied
in [Kel], where conditions for a quotient category to inherit a triangulated
structure are given.

In this section we consider the quotient category C = D/T? and relate it
to Theorem 3.0.2.

Proposition 3.9.1. The quotient category D/T? has the following proper-
ties:

1. It is triangulated.
2. 77" =1Id=r1"

3. It has Auslander-Reiten quiver f/Th = fcyc.

Proof. Part 1 follows from the main result of [Kel]. The other parts follow
from Theorem 3.7.3. [l

Let R be the root system corresponding to I'. Proposition 3.9.1 and
Theorem 2.0.5 show that there is a bijection between R and the Auslander-
Reiten quiver of the category C = D/T?. The following Theorem summarizes
this bijection and completes the proof of Theorem 3.0.2.

Theorem 3.9.2. Let I' be Dynkin with root system R and let K be the
Grothendieck group of C. Set (X,Y) = dim RHom(X,Y") = dim Hom(X,Y)—
dim Ext'(X,Y). The set Ind C K of isomorphism classes of indecomposable
objects in C, with bilinear form given by (X,Y) = (X, Y)+ (Y, X), is isomor-
phic to R, and IC is isomorphic to the root lattice. Moreover, the translation
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7 gives a Coxeter element for this root system, and Tz gives the longest ele-
ment.
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Chapter 4

Root Bases

Let I' be a Dynkin graph of type A, D, E. Let g and U,(g) be the correspond-
ing Lie algebra and quantum group respectively. By choosing an orientation

Q of I', one obtains a quiver I' = (I', 2). Ringel used the category Rep(?) of
H
representations of I' to realise n; and U,n, (see [R1], [R2]). Peng and Xiao
é
then used a related category, D® Rep(I")/T?, to realise the whole Lie algebra

g. As mentioned in the Introduction, the drawback of these constructions is
the necessity of choosing an orientation of the Dynkin diagram.

Motivated by these results and the ideas of Ocneanu [Oc], the main goal
of this Chapter is to use a Coxeter element, and the results in Chapter 1, to
construct a root basis in the Lie algebra g and to determine the structure
constants of the Lie bracket in purely combinatorial terms.

In Chapter 1 it was shown a choice of Coxeter element gives a bijection
between R and a certain quiver I';,., which identifies roots in R and vertices

in T. This bijection then identifies vertices in fcyc with basis vectors E,.
Using this identification and choice of basis, it is possible to determine the
structure constants of the Lie bracket from paths in I',,.. Thus it is possible

to realise the Lie algebra g completely in terms of the quiver fcyc. This
construction is then independent of any choice of orientation of I' or choice
of simple roots.

The main result is summarized in the following Theorem.

Theorem 4.0.3. Let g be a Lie algebra of type A, D, E with fized Cartan
subalgebra by. This gives a root system R with Weyl group W. Fix a Cozeter
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element C € W.

1. The choice of a Cozeter element C' gives a root basis {Ey}acr for g.

2. With this choice of basis the Lie bracket is given by [E,, Eg] = (—1){*# E,, 5
for a4+ € R, where (-,-) is the de-symmetrization of the bilinear form
given in Theorem 2.0.5.

3. The identification R — fcyc giwen in Theorem 2.0.5, together with Parts
1 and 2 of Theorem 4.0.3 imply that g can be defined combinatorially in
terms of I'cye: g has root basis given by vertices in I'cy. and the structure
constants can be obtained from paths in fcyc.

4.1 Braid Group Action

Let U,(g) be the corresponding quantum group. It is generated by elements
E;, F;, K', where i € T. In particular, for ¢ = 1 this gives the universal
enveloping algebra U(g) of g.

In this section the definition and relevant results of the braid group op-
erators as defined in [J] are reviewed. For more details see [J], or [L].

Fix a system of simple roots Il. Let E;, F;, K iil denote the corresponding
generators of U,(g).
For simple roots «; define operators 7}, 7! on any finite dimensional module
V' by setting for v € Vj:

a,b,c>0;—a+c—b=m [CL]' [b]' [C]‘

with m = (A, a; ). (Here a; denotes the coroot, not to be confused with the
root a;.)

Then there are unique automorphisms of U,(g), also denoted by T}, T} so
that for any v € U,(g) and v € V we have T;(uv) = T;(u)T;(v). The operator
T; acts on weights by the reflection s;.
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The automorphisms 7; satisfy the braid relations:
T1; =1,T; for (a;,a;)=0

TTT; = T;TT; for (g, a5) = —1

For the automorphism 7; there are the following formulae:

TE; = —IK;

T,F; = —K;'E;

T,E; = E; for (a;,a5) =0

T,E; = E;E; — ¢ 'E;E; for (o, q) = —1
T,F; = F; for (a;,05) =0

T,F; = F;F; — ¢ 'FjF; for (oy,a;) = —1

In fact, there are automorphisms 7T, for any root a.. As above, define T,
on a module V' by setting for v € V,:

oo B8 FY B
To(v) = > (1)’ ol Bl

a,b,c>0;—a+c—b=m

(@) 7(b) ra(c)
By’ Fo' E
T E : -1 b _ac—b & @ o
oz(v) ( ) q [CL]' [b]' [C]' v
a,b,c>0;—a+c—b=m

where E,, F,, € U,(g) satisty the U,(sly) relations and m = (A, o).

Lemma 4.1.1. Let ® be an automorphism of U,(g) such that E, = ®(E;)
and F,, = ®(F;). Then T, = ®T;® .

The automorphisms T, satisfy relations similar to those of the T;:
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ToEy = —F,K,
T.F,=—-K,'E,

TowEsz = Eg for (o,0) =0

T.Es = E,Es — ¢ 'EgE, for (a,3)=—1
ToF3=Fz for (a,3)=0

ToFs = F,F3 —q 'F3F, for (a,8) = -1

Since the operators T; satisfy the braid relations it is possible to define
an operator T,, for any w € W. For any reduced expression w = s;,5;, - - - 5;,
for w e W define 1o, = T;,T;, - - - T3, .

The following Lemma will be useful. It can be found in [J], Proposition
8.20.

Lemma 4.1.2. If w € W is such that w(a;) € Ry, then T,,(E;) € Uf. If,
in addition, w(o;) = o, then T, (E;) = Ej.

For the case to be considered in the following sections, this result gives
the following important Corollary.
Corollary 4.1.3. Let wy € W be the longest element. Then T, (E;) =
T.E; = —FiK..

Proof. Let wy = s;w be a reduced expression for wy, so that T,,, = T;T,,.
Then since
w(ay) = siwo(ag) = si(—) = o

the Lemma gives T,,(E;) = E;, and the result follows by applying 7;. O

4.2 Longest Element and Construction of Root
Vectors

Let IT be a simple system, and let R = R, U R_ be the corresponding
polarization. Let wy be the longest element. A reduced expression w, =
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Si,8iy + -+ 84, 1s said to be adapted to an orientation 2 of I' if ¢ is a source for
iy -+ 8, $2. In particular ¢; is a source of €.

Lemma 4.2.1. Given any orientation €2, there is a reduced expression adapted
to 2, and moreover, any two expressions adapted to 0 are related by s;5; =
555 with n;; = 0.

Proof. Recall that any height function h determines an orientation €2, and
that for any orientation {2 there is a choice of h so that 2 = ;. So take
some h corresponding to {2, then Theorem 2.7.1 gives the existence of such an
expression. Note that any reduced expression adapted to €2 gives a sequence
of source to sink moves taking the slice I';, to the slice I'_;, where I'_}, is the
slice corresponding to the simple roots —II.

Let wg = s;, - -+ 5;, and wy = Sif St be two different reduced expressions
adapted to €2. Let k be the first index where they differ. Write ¢, = ¢ and
ij, = j to simplify notation. Then there are reduced expressions

Wy = WS;W1S;W2

Wy = WS;W)Sjwhy

where s; does not appear in w; and s; does not appear in wj. Thus ¢,j are
both sources for w2 and hence n;; = 0. Note that since w; is obtained as a
sequence of source to sink reflections, and since s; does not appear in wy, j
remains a source during this process. Hence if s; appears in w; then [ is not
adjacent to j, so that nj; = 0. Thus w;s; = sjw;. which gives:

Wy = WS;W1S;W2
= WS;S;W1wW2

= WS;S;W1Ws2

So it is possible to make the two reduced expressions agree at the index k
using only the relation s;s; = s;s; for nj = 0. Continuing in this fashion
it is possible to make the expressions agree at every index using only this
relation.

]
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It is well known that a reduced expression wy = s;, - -s;, adapted to
(2, gives an ordering of the positive roots R = {v1,...,v} by setting v, =
Siy -+ Si,_, (). Such an expression also gives root vectors E,, F,, for a € Ry
as follows:

By =T, .ﬂk71<Ei ) (4.2.1)
F’Yk =T - 'Tik4 (Fl ) (422>

Note that since the T; satisfy the braid relation, Lemma 4.2.1 implies that
the root vectors defined this way do not depend on the choice of reduced
expression adapted to €.

Note that if v, = s, -+ - 55, , v, then v, = 5, | -- -5, 0, , and the longest
element can be expressed as wy = 54, - - 5,,.

Since T, = (T, - T;,_ )T, (Ty, - - T

71 .
ih1 ir_,) " then, as for reflections,

T, Ty =T, T,
so the root vectors I, given in Equation 4.2.1 can be expressed as

E, =T

V-1

T, B, (4.2.3)

Definition 4.2.2. Let II be a set of simple roots, €2 be an orientation of I"
and let wy = s;, -+ - s;, be a reduced expression adapted to 2. A root basis
{Ea}aer is said to be adapted to the pair (I1, Q) if for o € R, the vector E,
is given by Equation 4.2.1, or equivalently by Equation 4.2.3.

4.2.1 Change of Orientation

For a reduced expression wy = s;,8;, - - - s;,, adapted to 2, define a new re-
duced expression wy = S;, - - - 5;,5,;; which is adapted to s;€2. Then this gives
a new enumeration of positive roots {71, ...7/}, and a new collection of root
vectors:

71 = 521(722)775 - Sil(%}s)v s N = Ay
E, =T ' (Es,) for ~#aq; (4.2.4)

7
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4.2.2 Coxeter Element

Now consider the case where there is a fixed Coxeter element ' € W and
hence an identification R — Iy, as in Chapter 2. In this case a choice of
height function A is identified with a set of simple roots II compatible with
C, and hence determines a polarization R = Rﬁ UR". A height function also
determines a reduced expression for wy adapted to the orientation (2. This
expression is obtained from I'.,. as a sequence of source to sink reflections
which take the slice I'yn to the slice I'j,-m.

Using this reduced expression, there is an associated ordering of the pos-
itive roots which gives a completion of the partial order given by paths in
I'cyc. Note that the completion depends on the reduced expression.

Now choose a height function h. Then using the reduced expression for
wo obtained above, it is possible to define a collection of root vectors E,, for
o€ R:ﬁ using Equation 4.2.1.

Under the identification R — fcyc suppose that a = (i,n), then Ca =
(i,m + 2). For j connected to i, denote by 7; the root corresponding to
vertex (j,n + 1). The collection of roots {a, {v;};—i, Ca} is said to satisfy
the fundamental relation in fcyc. Such a collection is depicted in Figure 4.1.

Figure 4.1: A collection of roots a,;, Ca € fcyc satisfying the fundamental
relation.

Lemma 4.2.3. Let o, y;, C(a) € R satisfy the fundamental relation in fcyc.
Then the corresponding root vectors satisfy:

Ec(a) = (H T,,)To(Ea) (4.2.5)
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Proof. Let h be a fixed height function and let IT = {ay,...,a,} denote the
corresponding set of simple roots and s; denote the corresponding simple
reflections.

Let a = (Ln)?’)/j = (J7n+ 1),0& = (z,n+2) and

wy = wsi(H s;)sw’
i

a reduced expression adapted to €2;,. Then

E,=T,E, and T, = T,,T,,T,"
E, =T,T, E,, and T, = T, T, T,,T,'T,"
Eco = ToTo,(] [ Tu,) Eo,
j—i
where the product ] i is taken over all j connected to 7 in I'.

On the other hand, using the first two formulae, and comparing with the
third one obtains:

(7)) TuEa = [ [(ToTa, To, T, T, T T, T, T E,
i L1

(07 Aie 7] i w

Q= w

Jj—1t
=TT, (| [ 7o) )T T T T, Ty T E,
j—i

=TT, (H Taj ) Eas
j—i

- ECoz

O

Now fix a height function h, and hence a choice of compatible simple
roots I, an orientation 25, a reduced expression wy adapted to €2, and a
slice I';, C I". Define a root basis as follows:

1. For g € I'}, choose Ej3 € gg.

2. Since any root is of the form a = C*f3 for some k and some (3, define
E, inductively using Equation 4.2.5, beginning with E¢s for 3 a source
in Fh.

72



Note that for C*3 = 3 this procedure produces another root vector Ej e
9s-

Proposition 4.2.4. Let E,, E!, be the root vectors defined above.

1. For q =1 E! = E,, so this procedure produces a consistent root basis
mg.

2. Forq# 1 E!, = K;'E,K,.

Corollary 4.2.5. Let U,g denote the corresponding quantum group. For
q # 1 there is a Z-torsor of vectors {EX} for each root o that are related by
Eftr = KNERK ™.

Proof. To simplify notation, set E,, = E;, F,, = F;, K,, = K,. Then using
Corollary 4.1.3 one obtains:

Ez, = Two (Toni)

= Ty (= Fi K3)

= _(Twoﬂ>(TwoKi)
= — (- K E;)(K))
= K 'EK;

This proves the second part, and to get the first part set ¢ = 1 so that

Theorem 4.2.6. Let h be any height function and denote the associated
simple roots and orientation by Il and €2, respectively.

1. The root basis defined above is adapted to the pair (I1,,€2,).

2. For this choice of root basis the Lie bracket is given by:

(-1) B, 3 fora+BER

[EOMEB]:{O f
ora+ B ¢R and a# —f3

Proof. Let h be the height function used to construct the root basis {E, }.
By construction this basis is adapted to the pair (IIj, ;). So it is enough to

73



check that if {F,} is adapted to (II,2), and i is a source for €2, then {FE,}
is also adapted to (s;1I1, 5,02).

Suppose that {E,} is adapted to (II,2) and that ¢ is a source. Let IT =
{aq,...,a,}. Then since i is a source and wy is adapted to €2, the correspond-
ing reduced expression for the longest element has the form wy = s;s;, - - - 55,
By writing v, = s;, -+ s;,_,;,, the longest element can be reexpressed as
Wo = S+, -+ S4,54,;- (Note that since 7 is a source, 71 = a;.)

Then since {E,} is adapted it is possible to write

E'Yk:T

Ye—1 " 'T’YQTOtiEOtk'

Now consider the pair (s;I1, s;Q2). Denote the simple roots by o = s;a;
and the corresponding simple reflections s, = s;s;s;. Then the corresponding
reduced expression for the longest element is wo = sj, - - - 57 s; and as before
if v, = s}, -+ s;,_ (a), then 7, =41 for k+1# 1 and 3 = —a.

Now, if k 4+ 1 # [ then

E;k - E7k+1
=15, - ‘T’YzTaiEaikH
= T“/k T TWQEsiaik_‘_l by Equation 4.2.4

=Ty, Ty By

so L/ is given by Equation 4.2.3.
If K+ 1 =1 then,

E;l =L_,,
= T, (Eaz)
=T, T,T(Edy)
= T;H .. .Tél FE.o,

=TT By

V-1

so again E! is given by Equation 4.2.3. Hence {E,} is adapted to the pair
(SiH, SlQ)

The proof of the second part will follow from Corollary 4.3.4. O]
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Note that Proposition 4.2.4 and Proposition 4.2.6 prove the main result,
Theorem 4.0.3.

Define T = Ty, Ta,, - - Ta,, , for some choice of compatible simple roots
II ={ay,...,a,}, with C = s;,8;,---5;.. Since the T, satisfy the braid
relations, the operator does not depend on the choice of compatible simple
roots II.

Proposition 4.2.7. The root vectors E,, satisfy TcE, = Ecq.

4.3 Ringel-Hall Algebras

In this section Ringel and Peng and Xiao’s approaches to constructing the Lie
algebra g from quiver theory is reviewed. This is then related to the construc-
tion given in the previous section. For more details on Ringel’s construction
see [R1], [R2], [DX]. For more details on Peng and Xiao’s construction see
[PX1] and [PX2].

Let Q be a fixed orientation of I' and denote by T = (I, Q) the cor-

responding quiver. Fix K, a finite field of order p. Let Rep(?) be the
category of representations of this quiver over the field K, and denote by K
its Grothendieck group. Denote by Ind C K the set of classes of indecom-
posable objects. Then Gabriel’s Theorem gives an identification Ind — R,
between indecomposable objects and positive roots of the corresponding root
system. Moreover, if (-,-) is defined on K by (X,Y) = dim Hom(X,Y) —
dim Ext' (X, Y), then the form given by (X,Y) = (X,Y) + (Y, X) is identi-
fied with the bilinear form on the root lattice. The form (-,-) is called the
Euler form.

Ringel then constructed an associative algebra (H,, *) as follows:

1. As a vector space H, is spanned by [M] € K.

2. For objects M, N, L define Fy; y(p) = [{X C LIX ~ M and L/X ~
N}|. (Since K is finite, this number is well-defined.)

3. Define an operation * on M, by the formula [M] * [N] = >, Fi; v[L].
The following Theorem summarizes the main results of Ringel.
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Theorem 4.3.1. Let (H,, *) be the algebra defined above.

1. Forn = (n,) € (Z,)% set M,, = @ no M, where M,, is the indecom-
posable corresponding to root a. Then {[M,]} is a PBW-type basis of
the algebra 'H,, so that all structure constants F[[]\L/[}HN] (p) are in Z[p).
Hence the Hall algebra can be considered with p as a formal parameter.
After making the substitution q = p*/2, H, can be identified with Uy, .

2. For q = 1, this gives an isomorphism V : Un, — H; which is given
by E, — [M,], where M, denotes the indecomposable representation of
é
[ corresponding to root a.. In particular the set {[M,]} is a root basis
formn,.

3. In the case ¢ = 1, the Lie bracket [-,-| is given by
[Ma, Mg) = (=1) ™M) M,

for a+ (5 € R. Here (-,-) is the Euler form.

The polynomial F' ]\L/[ ~(p) appearing in Part 1 of the Theorem is called the
“Hall polynomial”.

As mentioned before, Peng and Xiao extended the results of Ringel to

obtain a description for all of g. This construction is briefly recalled here.
For a more details see [PX1] , [PX2].

Peng and Xiao considered the “root category”, D = D° (?) /T?, so that
indecomposable objects are in bijection with all roots. If M € Rep(?) is
indecomposable, then considering this as a complex concentrated in degree 0,
M is also indecomposable in D. These objects correspond to positive roots,
while their translates, TM, correspond to negative roots. (Up to isomor-
phism, this is a full description of indecomposable objects in D.) Denote by
M, the class of indecomposable corresponding to root o € R,. Peng and
Xiao then constructed a Lie algebra Hp as follows:

1. Set Hp = NMdH where H = (D) and N is the free abelian group with
basis {up} indexed by isomorphism classes of objects [M].

2. Let hy = [M] € K(D).

3. Define a bilinear operation |-, -] on Hp by:
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(a) [9,9] =0
(b) [unr,un] = Z[L](F]\%N(l)—FALﬂM(l))uL, for N # TM, where Fy;
is the Hall polynomial.
(¢) [up,urnm] = ;(Z—% where d(M) = dim End(M)
(d) [har,un] = —(M,N)puy = —[un, ha] where (-, -)p is the sym-
metrized Euler form on K(D).
4. For a € R, let h, = hy; where dim M, = a.
5. For « € R, let M, = [M,] where dim M, = «.
6. For a € Ry let M_, = —[TM,] where dim M,, = «.

Theorem 4.3.2. Let (Hp, [,+]) be defined as above.

1. (Hp,["]) is a Lie algebra.
2. The collection {Ma, M_o}acr, defined above is a root basis for Hp.

3. The map giwen by E, — M, F, — M_, and H, — h, for a € R,
induces an isomorphism of Lie algebras ¢ — Hp. Hence Hp can be
identified with the Z-form of g.

For details see [PX1] Section 4.

Recall that given a height function h, there is a corresponding set of
simple roots IIj, and a polarization R = R" UR". Let E, be the root vectors
defined in Section 4.2. Define a triangular decomposition g = n" @ h & n’
by setting nf = (Eo)aepy, -

A height function h also gives an orientation €2, of I' and hence a quiver

T = (', Q). As above, denote by K the corresponding Grothendieck group,
and by Ind C K the set of indecomposable classes in K. Then there is a
bijection R — Ind, given by a — [M,].

Proposition 4.3.3;)Let h be a height function. Then the identification
R" — Ind in Rep(I') induces an isomorphim Un — H;y given by E, —
[Ma].

Moreover, the identification R — Ind(D) in the root category D gives an
isomorphism g — b — Hp — $, given by E, — [M,], E_, — —[TM,] for
o€ Ri.
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Corollary 4.3.4. The Lie algebra g can be realised combinatorially in terms
of Fcyc It has root basis E, for a € Fcyc and Lie bracket given by

(-1) P E, 5 fora+BER

(4.3.1)
0 fora+ B¢ R and o # —3

[Ea, Eﬂ] = {

Proof. The only thing to be checked is that in terms of the E, constructed
in Section 4.2, the structure constants of the Lie bracket are given by Equa-
tion 4.3.1. For «, 0 € R with o # —[3 there is a choice of compatible simple
roots I so that o, B € RE. Let h be the corresponding height function. Then
by Proposition 4.3.3 the identification Un”. ~ H; gives that

[Eo, Eg] = [Ma, Mg] = (1) My, 5 = (—1)“P E,.
L]

Remark 4.3.5. Note that the “Euler cocylce” (—1)¢, defines a cohomologous
cocycle, and hence the same extension, as in the construction of g given in

[FLM].

Example 4.3.6. Consider the case I' = Aj, so that g = sl;. Let § be
the diagonal matrices. Then the roots are a« = e; — e; for i # j, where
ex(h) = hy, for h € h. The root space corresponding to root e; — e; is
CL;;, where Ej; is the corresponding matrix unit. For two different choices
of Coxeter element C', two different root bases are shown in Figure 4.2. In
each case the Lie bracket is then given by the Equation 4.3.1 and the form

(-,-) can be computed explicitly in terms of I'.y..
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34

Figure 4.2: Two different root bases for sl coming from different choices of C'.
The case C' = (1234) is shown in the figure to the left. The case C' = (1243)
is shown in the figure to the right. For each vertex in fcyc the corresponding
root vector F, is shown in terms of the matrix units F;;. Recall that fcyc is
periodic, so that arrows leaving the top level are identified with the incoming
arrows on the bottom level.

79



Bibliography

[ARS]

[Béd]

B]

[BBD]

[BBK]

[Bour]

[C-B]

[DX]

[EG]

M. Auslander, I. Reiten, S.O. Smalo, Representation Theory of Artin
Algebras, Cambridge Studies in Advanced Mathematics, 36, Cam-
bridge University Press, Cambridge, 1995.

R. Bédard, On commutation classes of reduced words in Weyl groups,
European J. Combin. 20 (1999), 483-505.

A.A. Beilinson, Coherent Sheaves on P™ and Problems of Linear Al-
gebra, Funct. Anal. Appl., 12 (1979), 214-216.

A.A. Beilinson, J. Bernstein, P. Deligne Faisceaux Perversin Analysis
and Topology on Singular Spaces, I (Luminy, 1981), Astérisque, 100
(1982), pp. 5-171.

S.Brenner, M.C.R. Butler, A.D. King Periodic Algebras which are
Almost Koszul, Algebras and Representation Theory, 5, (2002), 331—
367.

N. Bourbaki, Lie Groups and Lie Algebras, Chapters 4-6, Elements
of Mathematics, Springer-Verlag, Berlin-Heidelberg-New York, 2002.

W. Crawley-Boevey Lectures on Representations of Quivers, available
at http://www.amsta.leeds.ac.uk/~pmtwe/quivlecs.pdf.

B. Deng, J. Xiao, On Ringel-Hall Algebras, Fields Institute Commu-
nications, 40 (2004), 319-347.

P. Etingof, V. Ginzburg Noncommutative Complete Intersections and
Matriz Integrals, Pure and Applied Mathematics Quarterly, 3 (2007)
no.1l, pp. 107-151.

80



[E-EU] P. Etingof, C.-H. Eu, Koszulity and the Hilbert Series of Preprojectve

[FLM]

Algebras, Mathematical Research Letters, 14 (2007) no.4, pp.589-596.

I. Frenkel, J. Lepowsky, A. Meurman, Vertex Operator Algebras and
The Monster, Academic Press, Boston, 1988.

P. Gabriel, Auslander-Reiten sequences and representation-finite al-
gebras, in Representation Theory I (Ottawa 1979), Lecture Notes in
Math. 831, Springer, Berlin, 1980, 1-71.

S.I. Gelfand, Yu. I. Manin, Methods of Homological Algebra, Springer-
Verlag, Berlin-Heidelbeg-New York, 1996.

D. Happel, Triangulated Categories in the Representation Theory of
Finite Dimensional Algebras, London Math. Soc. Lecture Note Ser.,
119, Cambridge University Press, Cambridge, 1988.

J.C. Jantzen, Letures on Quantum Groups, Amererican Mathematical
Society, Graduate Studies in Mathematics, Vol. 6, Providence, 1996.

B. Keller, On Triangulated Orbit Categories, Doc. Math. 10 (2005),
551-5H81

A. Kirillov Jr, McKay correspondence and equivariant sheaves on P*,
Moscow Math. J. 6 (2006), pp. 505-529.

A Kirillov Jr., V. Ostrik, On a g-analogue of the McKay correspon-

dence and the ADFE classification Of;[g conformal field theories, Adv.
in Math. 171 (2002), 183-227.

M. Kleiner, The graded preprojective algebra of a quiver, Bull. London
Math. Soc. 36 (2004), no.1, 13-22.

B. Kostant, The Cozeter element and the branching law for the finite
subgroups of SU(2), The Coxeter legacy, 63-70, Amer. Math. Soc.,
Providence, RI, 2006.

B. Kostant, The principal three-dimensional subgroups and the Betti
numbers of a complex simple Lie group, Amer. J. Math 81 (1959),
pp. 973-1032

81



[L2]

[M-V]

[Os]

[Oc]

[PX1]

[PX2]

[R1]

G. Lusztig, Canonical Bases Arising from Quantized Enveloping Al-
gebras, J. Amer. Math. Soc., 3 (1990), no. 2, 447-498.

G. Lusztig, On Quiver Varities, Advances in Mathematics, 136
(1998), no. 1, 141-182.

R. Martinez-Villa Applications of Koszul Algebras: The Preprojec-
tive Algebra, in Representation Theory of Algebras, CMS Conference
Proceedings 18, 1996, 487-504.

V. Ostrik, Module categories, weak Hopf algebras and modular invari-
ants, Transform. Groups 8 (2003), no. 2, 177-206.

A. Ocneanu, Quantum subgroups, canonical bases and higher tensor
structures, talk at the workshop Tensor Categories in Mathematics
and Physics, Erwin Schrodinger Institute, Vienna, June 2004

Liangang Peng, Jie Xiao, Root Categories and Simple Lie Algebras,
J. Algebra 198 (1997), no. 1, 19-56.

L. Peng, J. Xiao, Triangulated Categories and Kac-Moody algebras,
Invent. Math. 140 (2000), no.3, 563-603.

C. Ringel, Hall Algebras and Quantum Groups, Invent. Math 101
(1990), 583-592.

C. Ringel. Hall Polynomials and Representation Finite Hereditary Al-
gebras, Advances in Mathematics 84 (1990), no. 2, 137-178.

J.-Y. Shi, The enumeration of Cozeter elements, J. Algebraic Combin.
6 (1997), no. 2, 161-171.

T.A. Springer, Regular elements of finite reflection groups, Inv. Math.,
25 (1974), 159-198.

S. Zelikson, Auslander-Reiten quivers and the Cozeter complex, Al-
gebr. Represent. Theory 8 (2005), 35-55.

82



