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Abstract of the Dissertation
Topics in Algebraic Cycles
by
Luis Edoardo Lopez
Doctor of Philosophy
n
Mathematics

Stony Brook University

2007

The goal of this work is to explore the space ZP(P™) of algebraic
cycles of codimension p in P". In the first chapter generalizations
of the classical Gauss map for projective hypersurfaces are con-
structed. They are algebraic maps which associate to every point
x a hypersurface of degree d in P™ which is a good approximation
at . Some geometric properties of these maps are described and

applications are given.

The second chapter shows an explicit homotopy between two dif-
ferent H-space structures on the infinite projective space. One
presentation has the advantage of being commutative and an infi-
nite loop space structure while the other has a nice description in

terms of line bundles and it has an explicit homotopy inverse.

The third chapter is concerned with the existence of an extension
of the map classifying the tensor product of bundles to the space

of all algebraic cycles of arbitrary degree in P™. Such an extension
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is constructed in codimension 1 and a topological obstruction is
exhibited for higher codimension assuming compatibility with the

additive structure on the space of algebraic cycles.

iv



Contents

Acknowledgements
1 Introduction

2 Higher Degree Gauss Maps
2.1 Introduction . . . . .. ... ...
2.2 Definition and FEuler Formula . .
2.3 Degree and Dimension . . . . . .

2.4 Examples and Applications . . .

3 H-space structures on P>
3.1 Addition of points. . . . . . . ..
3.2 Classification of Line Bundles . .

4 (co-)Tensor Product of codimension 1 cycles

4.1 Introduction . . . . .. . .. ...

4.2 Tensor Pairing for divisors . . . .

4.3 Topological Obstruction for a General Pairing . . . . .. . ..

4.4 A Pairing for Higher Codimension

Bibliography

vi

10
15
19

22
22
23

30
30
34
45
o4

58



Acknowledgements

First and foremost I would like to thank Blaine Lawson for all his advice and
support during my graduate studies leading to this thesis. His continuous en-
couragement and generosity with his time and his ideas were crucial for the
completion of this dissertation. His kind spirit provided a solid foundation
both mathematical and emotional for me to pursue my research over the past

five years.

I also thank Mark deCataldo and Sorin Popescu for useful conversations

regarding various topics related to this dissertation.

I thank Zhaohu Nie and Jyh-Haur Teh who helped me during my first
years as a graduate student. Thanks to them I understood many of the basic
concepts of Lawson Homology. I thank Li Li, Hao Ning and Daniel An for
sharing their time, enthusiasm and knowledge. I thank Yusuf Mustopa and
Pedro Solorzano who heard my arguments many times. Their inquiries helped
me correct many mistakes. Finally I would like to thank all the graduate stu-

dents at Stony Brook. The great environment of cooperation reflected in the



many times resucitated ”graduate student algebraic geometry seminar” kept

us all in lively discussions from which I benefited a lot.

I thank my family for always being supportive during my graduate studies.

Their continuous encouragement and support were essential.

The studies leading to this dissertation were partially supported by the

mexiacan government through CONACYT.



Chapter

Introduction

In the 1950’s algebraic topologists realized that the homology and cohomology
groups can be represented as homotopy classes of maps from one space into
another. Dold and Thom constructed in [DT58] particularly beautiful models
for the Eilenberg-MacLane spectrum. Their representations of homology and

cohomology were

H(X,2)=[S7Z-X|=m(Z-X) H(X,Z)=[X,Z-S]

where X is any compact, connected, CW-complex and Z- X is the free abelian

group generated by the points of X.

From the point of view of algebraic geometry, the free abelian group can be
interpreted as the group of O-dimensional cycles, thus it is natural to consider
the group of p-dimensional algebraic cycles Z,(X). This is something which
Blaine Lawson did in his foundational paper [LJ89]. The consequences of

these investigations have been far reaching for both the study of invariants of



algebraic varieties and the study of the geometry of spectra.

The inclusion of the cycles of degree 1 (i.e. linear subspaces) in P into the
space of all cycles stabilizes to give a map ¢ : BU — Z(P*°) which represents
the total Chern class map from topological K-theory into the cohomology ring
1 x szo H?¥ thought of as a group with respect to the cup product pairing.
The existence of such a map was first observed by Grothendieck, and it was
conjectured by Segal in [Seg75] that this map extends to a map of cohomology
theories. In [BLLF*93] this conjecture was settled by showing that the map ¢
is actually a map of E_-spectra.

This dissertation is concerned with the development of the ideas arising
from the representation of the Eilenberg-MacLane spectrum as the space of

algebraic cycles in projective space.

Given the homotopy equivalence ZP(P") ~ [[?_  K(Z,2n) we can think of
a total cohomology class [¥] € HY(X;Z) x --- x HP(X;Z) as the homotopy
class of a map W : X — ZP(P"). This is very appealing geometrically since
we now have a new picture of cohomology classes. Namely, we can think of

cohomology classes as a generalization of vector bundles:

e A vector bundle is a continuous choice of a projective subspace at every

point z € X. Analogously,

e A cohomology class is a continuous choice of a projective algebraic

cycle at every point © € X

The precise meaning of continuous is provided by the topology that we impose

on the space of algebraic cycles. Some remarks about this idea are important



1. Since a vector space can be thought of as a linear space in projective
space, it should define a cohomology class. This class is precisely the

total chern class of the bundle

2. The total chern class homomorphism is an isomorphism if we take ratio-

nal classes, i.e. the chern class induces an isomorphism

c: K(X)®Q— H*(X)®Q

Therefore every rational cohomology class can be represented by a vector

bundle.

3. The new "bundles” that we get when we choose continuously an algebraic
cycle for every point z € X are far more complicated than vector bundles.
Consider the following example: Let Y C P™ be a polarized variety and

let 7:Y — X be a flat map. Then the assignment

z— 1 Y(z) CP"

defines a total cohomology class in X . It then follows that we loose es-
sential properties of vector bundles such as local triviality. The fibers are
no longer homeomorphic but only cycles which lie in the same connected

component of the Chow variety.

From this point of view we can think of the space ZP(P") as completing

the space Z7(P™) = GF(P") of cycles of degree 1.

L Actually this defines an algebraic cocycle which is a more refined object taking values
in a bi-valued theory defined by Lawson and Friedlander cf.[FLJ92]



The first chapter of this dissertation presents an instance of such a family
of cycles which are importantly tied to the geometry of hypersurfaces: the

higher degree Gauss maps.

One of the first examples of vector bundles we encounter is the Gauss map
which associates to every point x of a smooth variety X the tangent space
T,X. A natural question to ask is: Is there some natural cohomology class
associated to X using cycles of higher degree? The higher degree Gauss maps

are good candidates for answering the question in the case of hypersurfaces.

These higher degree Gauss maps turn out to be well-defined maps even for
singular hypersurfaces (possibly reducible) for sufficiently high degrees. They
reflect both the local and the global structure of the variety, locally because
each cycle is tangent to the variety at smooth points and globally because the
assignment defines a cohomology class and the assignment is ”aware” of the
existence of singularities or flexes cf. Example 2.2.7 and Theorem 2.4.1. In
other words, the higher gauss maps select distinguished points of the Chow
variety corresponding to geometrically meaningful points. This continuous
selection of points cannot be obtained using only the local structure of the

variety.

The next two chapters address topological questions concerning the spaces
ZP(P™). Notice that taking the linear join n#p of an algebraic cycle n C P"

with a point p € P"*! such that p ¢ P" we get an inclusion ZP(P") < ZP(P"1)



which is compatible with the usual inclusion of the corresponding grassman-
nian. In this way we get the stable spaces BU(p) and ZP. Analogously we get
inclusions ZP C ZP*! and we obtain the space Z of all cycles of all possible
codimensions. The map ¢ between the double colimits BU and Z is the total

chern class map. These double colimits are very rich in structure:

1. The space BU has two different H-space structures which can be en-
riched to infinite loop space structures (or they are induced by two dif-
ferent infinite loop space structures, if preferred). The first H-space
structure on BU is obtained via the direct sum @ of vector bundles.
The second H-space structure is obtained via the tensor product ® of
vector bundles. These two structures are compatible and actually define
an F,-ring space structure on BU, that is, we obtain a ring spectrum,

namely the spectrum defining topological K-theory.

2. The space Z also has two different H-space structures which can be
enriched to infinite loop space structures. The first structure is induced
by the sum of cycles + in each ZP. The second structure is induced by
the linear join of cycles #. These two structures are compatible and they

define an F-ring structure on Z which defines a cohomology theory M.

3. The inclusion ¢ : BU — Z is a map of E.-loop spaces

(BU,®) — (2, #)

The operations on these spaces are therefore very important from a topolog-

ical point of view. Different operations will yield different infinite loop space



structures and thus we will obtain different cohomology theories. Notice that
the third item says that the chern class map is only a map of infinite loops
spaces, it is not a map of F.-ring spectra. Actually, Totaro proved in [Tot93]

that the spectrum (Z,#) cannot be enhanced into a ring spectrum.

The authors of [BLLF*93] noted that it would be nice to have an extension
of the tensor product operation to the space of all algebraic cycles. The result
of Totaro in [Tot93] implies that if such construction exists, then it is not
compatible with the structure #. The third chapter of this dissertation proves
up to what extent there is such an extension with respect to the structure +.
The result is affirmative and it is constructed explicitly for the case of cycles
of codimension 1, i.e. there is a continuous biadditive product & which makes

the following diagram commute

§'(B) x §'(P) — ' (P~)

C1Xcll \LCI

21(P®) x Z1(P*) —2- 21(P)

This construction gives us a working definition of what is the tensor product
of two hypersurfaces. The geometry of this product is not completely under-
stood, though some results in the case when one of the factors is a linear space
are proved in chapter 3. Homotopically there is a better understanding of this
product, and we recover the chern class formula for the tensor product of line

bundles.

The extension of the tensor product to higher codimension is not possible.



The key result in proving this negative result is the factorization of the inclu-
sion of the grassmannian G7(IP") into the space of cycles Z¥(P") through the
free subgroup generated by the points of the grassmannian ZGP(P"). The two
inclusions are characterized homotopically in the case p = 1 and then, using
the Chern class formula for the tensor product of bundles it is proved that
there is a topological obstruction for having such an extension of the tensor

product pairing in higher codimensions.

The idea of the proof stems from the geometric picture mentioned at the
beginning of this introduction: The space of all algebraic cycles "completes™
the space of linear cycles. But now we regard this completion not only in the
topological sense, but also in the algebraic sense as H-spaces. Explicitly, there
is an H-space lying in between the two H-spaces BU and Z: the free group
ZBU generated by the points of BU. We can factor the total chern class map
through the subgroup ZBU. It is possible to compute in rational cohomology
what happens with this factorization, and we get a contradiction from the

chern class formula for the tensor product of bundles.

The second chapter is a transition between chapters 1 and 3. In this chap-
ter we show how two different presentations of the H-space structure of P> are
homotopic. One presentation is very appealing from the point of view of geom-
etry: it is the operation induced by a stabilized version of the Segre product.
The other presentation is appealing from the topological point of view: it is
the H-space structure obtained from the free group ZoP! of divisors of degree

zero in P'. Moore showed how this is advantageous from a topological point of



view: for a topological group all the higher Postnikov invariants vanish, hence
we have up to homotopy a product of Eilenberg MacLane spaces, in this case

ZoP' ~ K(Z,2).



Chapter

Higher Degree Gauss Maps

2.1 Introduction

FOR any smooth variety X C P" of codimension ¢ the classical gauss map
is the map

gt X — GUPm)

which associates to each point & the projective linear subspace of codimension
q tangent to X at £ in P™:

§D—>T§X

If X is a hypersurface defined by the set of zeros of a homogeneous poly-
nomial F, X = V(F) :={z € P" | F(x) = 0} C P", then the gauss map has

the following coordinate expression

£V (Z - (é)%)

If X has singularities we no longer have a map which is regular, but only



a rational map.

In this chapter higher degree Gauss maps will be defined
g" X — (P

which associate to each point ¢ the effective algebraic cycle of degree £ and
codimension 1 which approximates X at . In analogy with the above, the
degree k Gauss map associates to the point £ a projective hypersurface defined

by the k-th partial derivatives of F' at €.

2.2 Definition and Euler Formula

IN this section X will be a projective hypersurface (not necessarily irre-
ducible) of dimension n — 1 defined by the zero set of a homogeneous poly-
nomial F' € Clzy,...,x,] of degree d.

Let us recall the Euler relation:

(d—1) ——= T, (2.2)

If we substitute equation (2.2) into equation (2.1) we get the following

10



relation for F":

d-(d=1)-F= Oaxkaxi

1=0 k=

TR (2.3)

In general, if s < d = deg(F') we have the following equation:

olp
dd—1)---(d—s+1)F = S~

|lal=s

(2.4)

where «a runs over all multi-indices of length s, i.e.

a=(ag,...,a,) witha; € N

and

lal =ag+ -+ ay,

olalp olal

0% 070y0T ¢, - 074,

2.2.1 REMARK. One of the consequences of the Euler formula is that the
systems {g—i, . gm—i, F} and {3—5), o 871“;} have the same set of solutions,

more precisely, they define the same scheme since the ideals they generate are

equal. Recursively we obtain the following lemma.

2.2.2 Lemma. Let & be a point in P™ such that g;i (&) = 0 for all o with

o] = s. Then F(€) =0 and 22E(€) = 0 for all § with |3] < s

Now we will define the higher degree Gauss maps and we will derive some

consequences from the generalized Euler formulas given above.

11



2.2.3 DEFINITION. For every k < d, the degree k Gauss map

¥ X ——=CL(P") (2.5)

is the rational map defined by

The space C}(P") of cycles of codimension 1 and degree k in P" can be identi-
fied with P(nzk)*l, this identification is via the Chow coordinates. Every codi-
mension 1 cycle is determined by a multivariable homogeneous polynomial of

degree k. If a cycle is defined by a polynomial ) a,z® then its Chow coordi-

nates are [ag : -+ : aq : -+ - |. Using the Chow coordinates in C}(P") = p("i") -
the degree £ Gauss map is just
OF O'F OF
£ (&) :...: &) :...: (2.6)

N _vs
Oxg - - - 0xg ox,, -+ 0xy,

oz
Notice that the first gauss map ¢! coincides with the classical projective

gauss map.

As in the case of the first Gauss map, the higher degree Gauss maps are
only rational in general. Interestingly however, they can still be regular in the

presence of certain singularities. More precisely, the following is true:

2.2.4 Theorem. If a hypersurface of degree d has a regular Gauss map of

degree p, it also has reqular Gauss maps of degree q forp < q <d

12



Proof. This follows immediately from the Euler relation: If the degree p gauss
map is regular, then for every £ € X some p-th partial derivative ngf(g ) is not
zero. On the other hand, if all the ¢g-th partial derivatives are zero at £ then

lemma ( 2.2.2) implies that $£ (&) = 0 for all o ! O

2.2.5 REMARK. These higher degree Gauss maps are not the higher order
Gauss maps which define the Higher Fundamental Forms studied by Griffiths
and Harris, Landsberg et. al. Furthermore, the higher degree Gauss maps are

not osculating hypersurfaces at the point as defined by Landsberg.

2.2.6 REMARK. Landsberg defined in [Lan96] what it means for a hypersur-
face V' to be an osculating hypersurface of order k to a variety X at a point
p. The definition is that if V' = V(F) and T is a local parametrization of X
around p such that F'(Ty) = p then F should vanish to order k at Ty. The
higher degree gauss maps are osculating hypersurfaces of order 1 at smooth
points, but they do not define osculating hypersurfaces of higher order in gen-
eral. They define approximations which are tangent to the hypersurface at
smooth points, but they are "aware” of the global structure of the hypersur-

face. Note that the osculating hypersurfaces are not unique in general.

2.2.7 EXAMPLE. Let V C P? be the nodal plane cubic defined by F'(xg, 21, x2) =

1913 — Ty — TiT9, then V does not have a regular Gauss map of degree 1, but

it has a well defined Gauss map of degree 2 (see figure 2.1):

€ = Ve = V(=(36 + &)af — 26omoms + & + 261212)

13



Figure 2.1: Second degree approximations to the nodal cubic: The red curve
is the nodal cubic, the black curves are the conics approximating the curve at
the point signaled by the arrow.

That is, to every point v we associate a quadric which approximates the

curve at v. Notice that at the node [0: 0 : 1] we do have a well defined second

order approximation: the union of the two possible tangents.

14



2.3 Degree and Dimension

HE closure of the image of the first Gauss map defines the dual variety of
Tthe hypersurface X. We could ask what are the general properties of the
images of these higher degree Gauss maps. The following results extend some
classic results of projective geometry. We shall assume throughout that X is

a hypersurface of degree d.

2.3.1 Theorem. If X is not a cone, then the (d — 1) Gauss map g4 Vis an
isomorphism from X into its image. (This extends the well known result for

the duals of smooth quadrics. Note that any singular quadric is a cone.)

In order to prove this theorem we will first prove a characterization of
cones. Recall that a cone is the linear join Y#p of a variety Y € P" with a

point p € P" such that p ¢ Y.

2.3.2 Lemma. X C P" is a cone if and only if there is some £ € X such that

mult X = d.

Proof. If X is a cone X = Y#p, then p is a point such that mult,X = d.
Conversely, if € is a point of multiplicity d, let [ be any line passing through &.
If [ intersects X at any other point ¢ then &g = I C X (otherwise the degree

of X would be greater than d). O
Now we can prove Theorem 2.3.1.

Proof. Notice that using the Chow representation (2.6) , g*~Y is a linear map.
n+k
k

That is, it is the map induced by a linear map L : P" — p(")-1 by restriction

to X. This means that L itself is induced by a linear map L : C"* — c("h).

15



If {4~V is not an injection then L is certainly not an injection. We will show

that this leads to a contradiction.

If L is not an injection then it has a non-zero kernel. Let & be a non-zero
vector in that kernel. This means that all the (d — 1)-partial derivatives of
F vanish at €. But the generalized Euler relation implies then that & € X.
This is a contradiction because we get a point § € X such that multe X = d
(because all the (d — 1)—partial derivatives vanish at &), i.e. X is a cone (by

the previous lemma).

2.3.3 Lemma. If the degree p Gauss Map is reqular, then

(¢")"(O(1)) = Ox(d = p)

Proof. First of all, notice that if g” is regular, then it extends to a regular map

defined on all of P":

gP:IP’”—>IP>N

We see this as follows. Note that the extension is given by the same coor-
dinate functions cf. (2.6). This extension is regular for the following reason:
If there is some point £ € P" where all the coordinate functions vanish simul-
taneously, Lemma 2.2.2 then implies that F'(§) = 0, i.e. £ € X, but this would

imply that ¢? is not regular!

16



Now, since the coordinate functions of g’ can be interpreted as sections of
the bundle (g7)*(O(1)) and they are polynomials of degree d — p, we get that
the pullback of O(1) under this map is O(d—p). Since ¢” is just the restriction

of gP we get the lemma.

]

2.3.4 Theorem. If the degree p Gauss map is reqular, the dimension of the p-
th Gauss image variety is n— 1 and the degree of the p-th Gauss image variety
is d(d — p)"~t. (This extends the fact that the dual of a smooth non-linear
hypersurface is a hypersurface and the classical formulas for the degree of the

dual of a smooth hypersurface).

Proof. Both statements follow from calculating the Kronecker pairing of the
image variety with a linear subspace of the appropriate codimension. Using the
previous lemma, this becomes just a chern class calculation. We will denote
with Hps the class of a hyperplane in H*(P*,Z) and with HE, its k-fold cup

product. Recall that dim X = n — 1. Using the previous lemma we obtain:

(9")" (Hpr) = (d — p) Hpn

therefore

(") (Hps") = (d = p)" D HET

If (,) denotes the Kronecker pairing, then the following calculation proves

the result:

17



deg g"(X) = (g"(X), HN )
= {(g").(X), HOY)
= (X, g°(HIY))

= (X, (d=p)"VHE)

= d(d—p)"

]

Lemma 2.3.3 also allows us to prove the following calculation. Recall that

f: X — PN CP>® = K(Z,2) defines a cohomology class [f] € H*(X,Z).

2.3.5 Theorem. If X is a smooth hypersurface, the cohomology class defined

by the p-th Gauss map [g°] € H*(X) satisfies

More generally,

9"] = c1(Ox(d = p))

Proof. We note that the cohomology class [¢P] coincides with ¢;((g?)*(O(1))).

Lemma 2.3.3 provides this last calculation:

a1((¢")"(0(1))) = a1(Ox(d = p))

18



To prove the first claim we recall the adjunction formula:
Ox(d) = [X]|x = Nx
But we can also write
Ox(d) = Ox(d - 1) ® Ox(1) = [¢'] ® Ox(1)

therefore

l9'] = Nx(-1)
[l

In the next chapter an alternative proof of Theorem 2.3.3 will be provided

using the H —space structure of P°°.

2.4 Examples and Applications

HE higher degree gauss maps encode information about the underlying
Tvariety. For example if the p-th Gauss map is regular then the variety
cannot have singularities of order greater than or equal to p. The next theorem
recovers the classical calculation of the number of flexes of a smooth plane
curve. Recall that a flex of a plain curve C'is a point p € C where the tangent
line has contact of order higher than 2, that is, the local intersection number

at p of the tangent line at p and the curve is greater than 2.

2.4.1 Theorem. Let C' be a smooth plane curve C C P? of degree d > 2.

Then C has 3d(d — 2) flexzes (counted with multiplicity).

19



Proof. Let C' be defined by a homogeneous polynomial F'. A point p is a flex

if and only if the determinant of the Hessian matrix H, is zero, where

2 2 2
G2 (P) g () 3 ()

Hy= | Z50) 550) 250)

Oxox ax% ox1xo

2 2 2
oo (0) 3oy (P) Gz (D)

(cf. [?, EGACl]emma 13.2) but H, is the quadratic form which defines the

second gauss map at p, i.e.

9*(p) = E"H,¢ (2.7)

Notice that since C' is smooth, the second gauss map is regular. So the con-
dition of p being a flex is exactly the same as ¢g?(p) being a singular quadric.
Now, singular quadrics form a hypersurface A of degree 3 in the space P of
all degree 2 homogeneous polynomials in three variables. This hypersurface A
is given by the vanishing of the determinant of the matrix defining a quadratic

form.

Thus we are interested in computing the number of intersection points of
g*(C) with A. But deg(¢*(C)) = d(d —2) and deg(A) = 3, therefore Bezout’s

theorem implies that the number of flexes is 3d(d — 2). O

The next example shows how it is possible to have a hypersurface X with
degenerate gauss map (the image of the gauss map will be a curve) and nev-
ertheless the second gauss map has the same dimension as the hypersurface.
It would be interesting to find examples of hypersurfaces X with degenerate

higher gauss images such that X is not a cone.

20



2.4.2 EXAMPLE. Let ¥ € P3 be the rational normal curve. That is, 3 is the

image of the rational parametrization

te 1ottt

It is known that the dual variety X" is a hypersurface defined by the discrimi-
nant of the general single variable polynomial of degree 3 (cf [GKZ94] ch. 1.),

namely, the equation defining the dual hypersurface is:

A = 22x) — 4a3a3 — 27523 + 1810717073

Now, ¥ must necessarily be singular, since otherwise the dual variety would
be a hypersurface. But the singularities of ¥ actually have order 1, therefore

the second gauss map is regular and using our calculations we can conclude

that ¢*(X") is a surface of degree 4(4 — 2)? = 16 in P?.

21



Chapter

H-space structures on P>

HE infinite complex projective space P> is an Eilenberg-MacLane space
Tof type K(Z,2). Therefore it is an infinite loop space. In this section
we will present two equivalent H-space structures on P> which coincide with
its H-space structure determined by the infinite loop space structure. One
presentation has the advantage of being strictly commutative while the other
has a nice geometric interpretation in terms of the classification of line bundles

as well as an explicit description of the H-inverse of the operation.

3.1 Addition of points

THERE is an H-space structure on P obtained via the homeomorphism
¢ : P — SP>P!

Given by

[p01p1:...:pt:O:...:O:...]HZ(Zpixiyt’i)

22



With inverse
n

Z[xi:yi]H[aozal:...:an:O:...]

i=0
where Y~ a;27y" 7 is any polynomial having the divisor Y [z; : y;] as its roots
(we use the term divisor to emphasize that we are counting multiplicities).

The operation is just the formal addition of cycles in P!:

n m n-+m
E T; + E Yy = E 2k
i=1 j=1 k=1

where z;, = xp if k <nand 2z, =yp_, if k >n .
The induced H-space structure on P> via the homeomorphism above is

([wo 1o i Yoo i Ym o)) (3.1)

|

[ToYo : Toy1 +T1Yo © -2 D TilYk—i : - -

Notice that from the description 3.1 it follows immediately that this op-
eration is strictly commutative (it also follows from the fact that the infinite

symmetric product is just the free abelian monoid on points in P!).

3.2 Classification of Line Bundles

IT follows from the exponential sequence or from the general theory of clas-
sification of vector bundles that P> is the classifying space for line bundles.
Isomorphism classes of line bundles form a group under the tensor product

operation. Therefore it is natural to look for the map classifying the tensor

23



product of line bundles. Restricting our attention to projective spaces of finite

dimension, this map is the Segré product map:

Pn % ]P)m — Pmn+m+n

(oo @], Yot Ym] o [0V Yy T

In order to get a well defined map in the colimit, we have to order consis-
tently the entries of the Segré product. This can be achieved in the following

way:

P> x P> ;@)Poo (32)
(lwo: oo yo:eoiy;n]) (3.3)
I@
[ToYo : Toy1 : T1Yo © - XYkt ..t TpYo : -
— ~ /

subindices add up to k
This product has an H-inverse 7, i.e. a map which makes the following

compositions homotopic to the identity:

poo 9L oo o pro _E, pos (3.4)
poo L1 poo 5 pro _E, poo (3.5)

The inverse map 7 is defined by

Jleo: iy =[To: T
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where Z is the complex conjugate of z. The composition (3.4) then becomes
[.’L’O N ] — [”.’L'()HQZ.fofliileo . SCZZT] : ]

Next we apply a homotopy to this composition. This homotopy multiplies by

(1 —t) all coordinates where the subindices are not equal:

H(l.oia: ], = [lzoll?: (1=t)zoZs : (1—)a1To : (1 — Dy : ...] (3.6)

ifij

Notice that the image of H(—,1) lies within a convex subspace of P>,

namely the subspace
Ct={[..:a;:...] €P*|2; >0Vi, and z; > 0 for some j}

Therefore the composition (3.4) is nullhomotopic. Analogously, the com-

position (3.5) is nullhomotopic.

As it was mentioned in the introduction of this chapter the two products

are homotopic.
3.2.1 Theorem. The operations ® and + are homotopically equivalent

Proof. Consider first the homotopy Hi(x,y,t) : P> x P> x [0, 1] — P> given
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([wo:ovvimn s y[Yo s oe i Ym o], t) (3.7)
[Q?oyo DXl + t.ﬁl?lyo I +t Z TrYitj—k - - - ]
k#i
Oﬁkéi-ﬁ-]'

(Lemma 3.2.2 proves that H; is continuous) Notice that Hi(z,y,0) = 2 ® y

and Hy(—,—,1) is the function given by
o ot Yo Y] (3.8)
[Zoyo : Toy1 + T1Yo : T1Yo + oYyt ZogkgM TrYm—k : -
2 terms with indices N~
adding up to 1 M + 1 terms with indices

adding up to M

There are M +1 coordinates containing the term Eo <k<M TRYM—k; if we multi-
ply the last M coordinates by (1 —t) we obtain a homotopy between H (z,y, 1)

and the function given by

oot Yo Y] (3.9)

[xoyozacoyl—i-aclyo:O:...:O:ZOSkSM:L‘kyM_k:0:...:0:...]

M terms

This last function differs from the operation + just by a permutation of the

coordinates. Since GL is connected, the result follows.

3.2.2 Lemma. The function Hy : P x P> x [0, 1] — P> is continuous
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Proof. Since the coordinate functions are continuous functions, and P> has
the compactly generated topology, it suffices to show that they cannot be all
simultaneously equal to zero for any value of ¢t € [0,1]. If ¢ = 0 then we get
the operation ® and if £ = 1 we get the coordinate functions of the operation

+. Therefore it suffices to consider ¢ € (0,1).

Consider the M +1 entries involving the variables x; and y; with it+j5 = M.
If all these entries are zero for some ¢, then we have the following system of

M + 1 equations:

TarYo + txlyM—l + ...+ txOyM =0 (310)

txpmyo + v1yp—1 + ... +txoysr =0

ta:Myo + ta:lyM_l 4+ ...+ ToYm = 0

This system is equivalent to the vanishing of the determinant of the following

(M +1) x (M + 1) matrix

1 ¢ t
t 1ot

A= (3.11)
t ot 1

But det A = (Mt +1)(1 —t)™. Since the roots are t = —4; and ¢ = 1 we are
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done (because t € (0,1)).

O

3.2.3 REMARK. These products are not only H—space structures on P> but
also infinite loop space structures. It is known that the product + coincides
with the product of K(Z,2) which gives K(Z,2) its infinite loop space struc-

ture.

Using the operation ® we can give an explicit description of the maps
which classify all bundles obtained from a fixed line bundle by taking tensor

products (either positive or negative powers).

3.2.4 Lemma. Let L be a line bundle over a space X and let f : X — P> be

its classifying map. If

f@) =[fo(x) : fi(z): -]

then for m > 0 the map f™ classifies L™ where

f@) = o) - fol@) oot foy (@) - fap () 2]

Also, =1 classifies L' where

As an application of the flexibility provided by the homotopy between these

two operations, an alternative proof of theorem ( 2.3.4) will be presented.
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3.2.5 Lemma. If the degree p Gauss Map is reqular, then

(¢7)"(0(1)) = Ox(d = p)

Proof. If g7 is regular, then ¢g” extends to a map of P" which we will denote

with the same letter. The statement is equivalent to the following:

(9] = [L*\P] € H(P", Z)

where L is the class of a linear embedding of P" in P> (the inclusion, for

example).

The case p = d — 1 follows from the fact that if g?~! is regular, then it
is a linear embedding. To see this note first that it is a linear map and if it
had a non-zero kernel, then any non-zero vector ¢ in this kernel would satisty

g7 (&) = 0 and therefore £ € X. But then g¢~! would not be regular!

Also, if ¢gP is regular then ¢? is regular for any ¢ > p. Therefore we can
proceed by induction. Assume that [¢P7!'] = [L®@=@P=D)] Now just observe
that g? ®i ~ ¢?~! where i : X — PV is the canonical linear embedding of X in
PV, This is because the product ® of any function f with 4 is homotopically
equivalent to the integration of each of the coordinate functions with respect to
the variables g, . . ., z, (as long as the integration with respect to the variables

is a well-defined function). Since i ~ L we get the statement of the theorem.

]
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Chapter

(co-)Tensor Product of codimension 1 cycles

4.1 Introduction

OYER, Lawson, Lima-Filho, Mann and Michelsohn settled the Segal con-
B jecture in [BLLFT93]. One of the fundamental results which motivated
the proof is that there is a geometric construction which extends the map
classifying the direct sum of vector bundles in BU to the space Z of all al-
gebraic cycles, namely, the linear join # of cycles, i.e. the following diagram
commutes:

BU x BU > BU
%x 2 —"—7,

In this paper the authors mention that one would like to have a geometric
construction on the space of algebraic cycles which extends the tensor product
in the level of BU (i.e. degree-one cycles). Segal proved in [Seg74] that BU
has an infinite loop space structure where the H-space structure is induced

by the map classifying the tensor product of vector bundles. Therefore the
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construction requested by the authors of [BLLF193] would give yet another
infinite loop space structure on Z. My results provide an idea of the extent to

which such construction is possible:

4.1.1 Theorem. There is an algebraic biadditive pairing & which extends the

tensor product to all effective divisors:
CH(B) x CL(B™) —= €, (B )

This product is constructed via an algebraic pairing in the corresponding rings
of polynomials which may be of interest in its own right. The formula ob-
tained from stabilizing and group-completing the pairing to the stabilized space
Z4(P>) of algebraic cycles of codimension 1 and degree 0 yields a commutative
diagram

5 () x §'(P~) —= G'(P)

C1><01\L \LCI

2§(P) x 24 (P) — Z4(P>)
which recovers the group structure in the second cohomology group given by

the tensor product of line bundles
Cl(Ll X LQ) = Cl(L1> + Cl<L2) < H2(BU1)

The Hurewicz map is the main tool in proving that a general pairing does
not exist. The following theorem calculates the classes pulled back by the

Hurewicz map.
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4.1.2 Theorem. The inclusion of the grassmannian G'(P") of hyperplanes in
P" into the space Z'(P") of all cycles in P™ factors through the free group
7g' (Pm):

91(P")(—i> ZSI(IP’")(;) 2P (4.1)

_ lz

[T} K(Z,2j) K(Z,0) x K(Z,2)

With respect to the canonical product decomposition given in (4.1), the map
1 classifies the cohomology class 1 X w X - -+ X W™ where w is the multiplicative
generator of H*(G'(P")) and the map j is homotopic to the projection my X my

onto the first two factors.

The pairing constructed for divisors in Theorem 4.1.1 cannot be extended to
a continuous biadditive pairing on the space of cycles of higher codimension,
but it does admit an extension if we restrict the second factor of the pairing
to the subgroup ZS!(P™) of cycles which are unions of hyperplanes (possibly

with multiplicities).
4.1.3 Theorem. There is a continuous biadditive pairing @ which makes the

following diagram commute

Sp(IPm) % 91(]P>m) ® 9p<]Pmm+n+m)

Z;g(]Pm) % ZOSI(]P)m) ® Zg(an+n+m)

The relevance of this diagram is twofold, on the one hand it provides a new

way of calculating the formula for the total chern class of the tensor product
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of a vector bundle and a line bundle, namely

(E®L) = Z (rk:EE_)j—j

J=0

JaErawy (12)

and on the other hand it suggests a path for generalizing the Bott periodicity
map which is related to the top arrow of this diagram (the problem for gener-
alizing the Bott map is that there is no ”orthogonal complement” in the space
of cycles.)

The formula 4.2 does not describe completely the map induced in cohomology
by the pairing ®, since h*(i5) = h*(i5,) = w*™ if km = ts. This calculation

can actually be obtained rationally:

4.1.4 Theorem. The pairing
Z(B") x ZoG' (B") — 2P (B

induces the following map in rational cohomology

k .
~ %, . P — . ~
® (iar) = Z (k _j) 125 @ la(k—j)

J=0

where igy, is the fundamental class of the k-th factor of Zo(P") ~ [[%_, K(Z,2j)

and iy is the fundamental class in the I-th factor of ZyG(P™) ~ [T%, K(Z,2j)

Using theorems 4.1.2 and 4.1.4 the following theorem can be proved

4.1.5 Theorem. There is no continuous biaddditive pairing in the stabilized

33



space of cycles which makes the following diagram commute

BU x BU —2~BU

ZxZ Z

4.2 Tensor Pairing for divisors

IN this section we will define a product
® . Gl(Pn_1> % el(]P;m—l) N el(]P;mn—l)

which is continuous and biadditive (each of the factors has the structure of a
topological monoid). This pairing generalizes the pairing on cycles of degree

1 which classifies the tensor product of the universal quotient bundle.

Let C[z]|q := Clzo,...,2p_1]q denote the set of complex polynomials of
degree d in the variables zg,...,x,_1. This set is a complex vector space of
dimension N. If we order the variables lexicographically, we get the following

ordered basis for this vector space:
B .= {1'093'()' ERRC A PRI S B! 0 P O SO I o I 'l’n_l}

where 77 < jo < ... < j,_1, i.e. the set of all monomials of degree d ordered
lexicographically. Also, throughout this section C[z] will be the polynomial

ring in the double-indexed variables zst.
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4.2.1 DEFINITION. Let

Wae: Clela x -+ x Claly x Clgle x -+ x Clgl — Clelue

[

o '
e—times d—times

be the multilinear homomorphism defined on the elements of the bases B by

\Ilde(xj% ceeTa

jd7ax]ij§7yk%ykévaykfyk‘ei):

Zikkl T RjhkE T Zgkl T Rgkd

and extended multilinearly.

The idea is to define the map in the monomials which form a basis. The
variables of the monomial that we obtain from two monomials will have two
indices, these indices are computed from the original monomials.

Notice that this definition depends on the ordered bases B, in particular,
a different order on the elements would yield a different homomorphism.

The function ¥y, has a particularly nice expression when the degree 1 forms

are monomials.

4.2.2 Lemma.

\Ille<xi17 e inemg) - g(Zi1j17 crt Zieje>

35



Proof. Let g =) bj,..;.9j, - - - yj.. Then, following the definition we get

\Ij(m'ﬁ""?xie?g) mll"' y Lies E b]l ]eyjl"'yje) =
E b (@, T Yy ) = E bjyjeZivjy * " Zigje =

g(zhju s 7Zieje)

]

With the previous definition, we can now define the tensor product of

divisors:

4.2.3 DEFINITION. Given f € Clzg,...,x,-1]q and g € Clyo, ..., Ym—1]e We

define f&g € C[..., 2k, ...] by

f®g::\I,de<f7"'7fvgv"'7g)

e—times d—times

4.2.4 EXAMPLE. Let f =22 — 37129 and g = ysy7. Then

f®g="V(f, [, g,9) = V(x5 — 3122, 25 — 3122, YsY7, Ysyr) =
U (5, 25 — 3122, Ysyr, ysyr) — 3V (x122, 2 — 3122, Ysyr, Ysyr) =
U (x5, 25, Y5y, Ysyr) — 30 (a3, 2129, Y57, Ysyr)
— 30 (2129, T3, Ysyr, Ysyr) + IV (1, 2122, Ysy7, Ysyr) =

205205207207 — 3205205217227 — 3215225207207 + 9215225217227

The next result is the first step toward proving that the pairing is indeed

biadditive.
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4.2.5 Proposition.

W7‘77'1/(]817"".f"n’l).g)"'7.g)wv577'l(¢17"'7q577717.g7"'7‘g) =

\Ij(r—i-s)m(flgbla s 7fm¢m7g7 B ag)

Proof. Suppose that

‘;[]rm(fla'-'7fm>g>'"79)\Ijsm(¢la'-'7¢m7g?"'79) =

qj(r+s)m(f1¢la s 7fm¢maga cee 79)

and

\I]rm(Fanw--,fm;g;---7g)‘ysm(¢17--'7¢mag7---7g) =

\II(T—I—s)m(F(ZSlu f2¢27 R fm¢muga s 7g>7

then it follows from the multilinearity of W;; that

\Ilrm(fl +CFaf2>--'7fmaga'~-vg)qjsm(¢17--~a¢maga~'-7g) =
[\Ijrm(fla'-wfmaga---ag) +qum(CFaf27--'afm7g7'"79)] \I]sm(qbla-'-aquaga"'ag) =
le(rJrs)m(leSla f2¢27 ) fm¢maga s >g)+qj(r+s)m(fl¢1+CF¢la f2¢27 s >fm¢mag s ,9) =

\IJ(TJrS)m((fl + CF)¢17 R fm¢maga s 79)

Therefore, it suffices to prove the statement in the case that f; is a monic
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monomial. Analogously, it suffices to prove the statement in the case that

every f; is a monomial and ¢; is a monomial. That is, we must show

Vo (T @iy oo T iy Gy oo O) W (Tpt -+ Tty oo T T o, G) =

\II(T—i—s)m(xi% TRl Tl e it Ly Tttt kg 5 Gy - 79) (43)

without loss of generality we may assume that ¢’ << if a < b and kY <k}’

if a < b. We will prove equation 4.3 by induction on r and s.

Base: r =1 and s = 1. Notice that by lemma 4.2.2

W(n, . xip, g) = (251, -, Zigs,)

therefore,

\I]<xl%7 SR 7‘131{”7.9)\1/(3:]6%7 B 73:/6{”79) =

On the other hand, if

900, Y1) = D Voo Ui Yy,
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then

\Ij(mz}xk%7 e ;%gﬂﬁfk{mgag) =
W@y, o Tip T, E :%}-'j}.yj} Yk § :aj%~~~j?.yj% oY) =
Z ajll...j;aﬁ...jg\lf(%%xk%, e T T, Yt YL, Y2 “Yj2) =

Z Ajl..j1Ag2. 220150 " " Zojl Zrlg2 ct 22, (4.4)

where
T t t et ¢
. i, ity < kg . kL, if el <K
o, = and 7, =
t o seat ¢ 4 et t
kL, it d > K i, ifdl > kg

Now, notice that if we exchange the definition of ¢ and 7 the sum on the right
hand side of 4.4 remains unchanged. This happens because we are taking two
it

copies of g. Therefore we may assume without loss of generality that of = ¢’

and 7! = k'. In this case, equation 4.4 becomes

\D(xi{xk}? T T, g, ) =
D g OBt it Bl Ak, =
( E Cljllu.jgzi%j% cee Zi?]}n) < E Clj%..jgzk%j% s zk{”j%) =

9(zitjts - 2ipn )9z, - Zapegs,)  (4.5)

and the base of the induction is proved.
Inductive step: Essentially the same argument proves that both sides of 4.3

are equal to
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9Cagg o zimgn) 9z, o zipgy, )

9Catgts o zipit) o 9(2kgss o 2hmgs, ) (4.6)

4.2.6 Corollary.
(f1f2)®g = (f1®9)(f2®9)

Proof. This follows immediately from the definitions and the proposition. [
Analogously the following is true

4.2.7 Corollary.

f@(g192) = (f&q1)(fRg2)

This theorem gives some insight into the geometry of the hypersurfaces
obtained as @ products. The next lemma provides the description in the case

that one of the factors is a linear space.

4.2.8 Lemma. If f =) a;z; then

f®g =g (f (ZOO7 s 7Z(n—1)0) ) 7f (ZO(m—1)7 s 7Z(n—1)(m—1)))

That is, the codimension 1 cycle defined by f®g is isomorphic to the linear
join of a linear space and the cycle defined by g (Using Lawson’s terminology,

it 1s the iterated suspension of the cycle defined by g)
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Proof. Let g =) aj,..;.yj, - - - y;.. Then,

FOI=V(f .. fo0) =V(f o Y Gyl Ys) =
> i Y F ) = Y e SO ys) =
> (fBy;) - (fRy;.)

This last expression is exactly what we are looking for, it says that we should
substitute the variable y;, in the polynomial g with the polynomial f®y;, which
in turn is equal to the polynomial f evaluated in the variables zj,, ..., 2(n—1);,

O

Now let us recall that there is a one to one correspondence between homoge-
neous polynomials in the variables xy, ..., zs and the codimension 1 algebraic
cycles in P°. The correspondence is given in the following way: If f is a poly-
nomial and it decomposes as a product fi* --- f** where each fj is irreducible,
then the corresponding cycle C(f) is given by > a;V(f;) where V(f;) is the
(necessarily irreducible) variety defined by the polynomial f;. The disjoint
union of all codimension cycles €'(P*) forms a monoid with respect to the
formal addition of cycles. The following theorem expresses the results of this

section in terms of cycles.

4.2.9 Theorem. There is an algebraic pairing @ in the space of codimension

1 cycles in projective space:

® . el(IP)n—l) % el(Pm—l) N el(Pmn—l)
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which satisfies the following properties
1. @ coincides with the tensor product @ on linear cycles.

2. ® is biadditive:

MR = mKE + Np®E

and

NRELEy = NREL + NRE,

3. @ stabilizes to a pairing

® : CH(P>®) x CH(P>) — C'(P™)

Since the pairing is biadditive, it induces a pairing in the group completion

® : Zl(]P)N) % Zl(PM) N Zl(]IDNM'i‘N'i‘M)

Following the idea used for the join pairing in [LJMS88] we construct the

associated pairing ®:

®(n, &) == n®E + n®& + Me®E

where & and 7y are two fixed hyperplanes.

42



4.2.10 Theorem. The following diagram commutes

5! (B>) x §'(P*) —~ §' (B~)

] I

ZHP®) x ZL(P®) —2= 2L (P)
Lawson and Michelsohn also prove in [LJMS8S] that the space Z!'(P>) splits as

Z x Z(P>), where Z}(P>) is the subgroup of all cycles of degree zero.

Since we know that deg(n®¢) = deg(n) deg(€) we only have to calculate
what happens with the pairing © when we restrict it to cycles of degree 0.
Lawson proved that Z}(P*) is an Eilenberg-Maclane space of type K(Z,2).
Using this fact we will show that the pairing ® restricted to the subgroup of

cycles of degree zero is nullhomotopic.

4.2.11 Theorem. Any continuous biadditive pairing
® : Z(P™) x Zg(P®) — Z§(P™)

18 nullhomotopic.

Proof. Since the pairing is biadditive it factors through the smash product
Zo(P) A Zg(P®) — Zp(P)
homotopically this last function is equivalent to

K(Z,2) NK(Z,2) — K(Z,2)
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Now, notice that K(Z,2) A K(Z,2) is a CW-complex with cells only in dimen-
sion 4 and higher, therefore, the pullback in the second cohomology groups of

the fundamental class in K(Z,2) is zero. O

This theorem allows us to calculate the class pulled back via the pairing

~

.

4.2.12 Corollary. Let @ be the pairing

®(n, &) == n®E + n®& + &

and let iy be the fundamental class in H*(Z'(PNMTNEMY- 7). Then

~ %

® (i2) = i3 ® g + 1o ® Ia

Proof. The formula follows at once from pulling back the last two summands
of the pairing ®, since by the previous theorem the first summand is nullho-

motopic. O

4.2.13 Corollary. Let Ly and Ly be two line bundles. Then

¢1(Ly ® Ly) = ¢1(L1) 4 ¢1(Lo)

where ¢y denotes the first chern class.

Proof. Lawson and Michelsohn proved in [LJMS88] that the inclusion 7 in theo-
rem 4.2.10 classifies the chern class of the universal quotient bundle. Therefore

the formula follows from the previous corollary. O]
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4.3 Topological Obstruction for a General Pair-
ing

HE pairing constructed in the last section might be considered as a hint
Tfor a pairing in higher codimensions. We will prove that there is a topo-
logical obstruction for the existence of such a pairing. The general strategy
is to factor the inclusion of the grassmannian G7(P") into the space ZP(P™) of
all codimension p cycles. This inclusion factors through the free abelian group
7.G*(P™) generated by the points of the grassmannian. The existence of this
factorization and the chern class formula for the tensor product of bundles will

yield a contradiction if we assume the existence of a pairing.

Let us start by observing that the Dold-Thom theorem implies that the free
abelian group ZG*(P") is homotopically equivalent to the product [\, K(Z, 2i).
Also, if we consider the subgroup Z,G'(P") which is the kernel of the degree
homomorphism i.e. the subgroup of 0-dimensional cycles of degree 0, we get

the following homotopy equivalence

n

ZoG'(P") ~ [ [ K(Z, 2i)
i=1
Dold and Thom also proved that the inclusion

i GY(P") — ZG' (P")

induces the Hurewicz map when the m; functors are applied. The next theorem
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calculates the class pulled back in cohomology by the inclusion 1.

4.3.1 Theorem. The Hurewicz map

h: GYHP") — ZG'(P") ~ ﬁK(Z, 2i)

=0

induces the following map in cohomology
h* (ng) = wk

where iy, is the generator of H**(K (Z,2k),Z) and w is the generator of H*(G'(P"), Z).

Proof. By induction on n.

Base: The case n = 1 is a result of Lawson and Michelsohn in [LJMSS].
Namely, they prove that the inclusion i : §*(P!) — Z'(G'(P')) classifies the
total chern class of the universal quotient bundle, i.e. that ¢ ~ 1 x w. But in
this case Z'(G'(P')) = ZG'(P') and i is the Hurewicz map h. Thus h ~ 1 X w.
Inductive Step: Notice that G'(P") = P = P" so we will substitute
throughout G!'(P") with P* Suppose that h*(ig,) = w* for h : P* — ZP".
The inclusion of P* — P"*! is a cofibration and the quotient P"™!/P" is
homeomorphic to the sphere S* ™1, Dold and Thom proved in [DT58] that

a cofibration sequence induces a quasifibration sequence when taking the free

abelian group functor. Hence we have the following commutative diagram:

J

Pn( ]Pm—H S2(n+1)

L

ZPrC—s gpr+l — s paa(n+1)
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where j is a cofibration, p is a quasifibration and each h is the corresponding

Hurewicz map. This diagram is equivalent to the following

PnC prt1 S2(n+1)

hi s

[T K(Z. 20)— 1) K(Z,2i) == K(Z.2(n + 1))

The induction hypothesis implies that the arrow on the left satisfies the con-
dition h*(ig) = w”®. Therefore we are only concerned with what happens to
the pullback of iy(,41). But this is determined by the Hurewicz map on the

far right of the diagram. O]

4.3.2 Theorem. For p > 1 there is no continuous biadditive pairing

® . Zl(Pn) % Zp(IP;m) N Zp(an-i-n—i-m)

such that n®E = n®E where n and & are linear spaces and @ is the map which

classifies the tensor product of bundles via the universal quotient bundle.

Proof. Suppose that such a pairing exists. Then it must necessarily satisfy the

following relation in the degrees

deg(n®¢) = deg(n) deg(€)

This is because it is biadditive and continuous and it maps the degree one ef-

fective cycles into the degree one effective cycles. Thus it induces a continuous
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pairing in the subgroup Z, of cycles of degree zero:
Zo(P") x Z§(P™) — Zo (Pt )
Let p: Z5(P") x ZP(P™) — Z} (P77 +™) bhe the function defined by
p(n, &) = n®E + m&E + n&o
Then the following diagram commutes:
G () x GP(B™) == GP (BT

() x ZH(P™) > Zg (P

(4.7)

where the vertical maps are the inclusions mapping a linear space n into n—1ng

where 7 is a fixed subspace. Lawson and Michelsohn proved in [LJMS8S] that

this inclusion classifies the total chern class map of the universal quotient bun-

dle. Now, notice that we can restrict the pairing p on the first factor to the

subspaces ZyG' of cycles generated by the points of the grassmannian, that

is, to the cycles which are formal sums of linear hypersurfaces with coeffi-

cients adding up to zero. Let p be the restriction, then we have the following
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commutative diagram

91(]P>n> % Sp(Pm) ® Sp(]Pmm+n+m)

Zogl(IP’”) % Zg(Pm) P Zg<]P>nm+n+m)

jxidi iz‘d

Z5(P") x ZG(P™) — = Zf ()

where i is the same map as before, i(L) = L — Ly and j is just the natural
inclusion. The previous theorem gives a description of what ¢ and j are in
terms of the homotopy equivalences with the products of Eilenberg-Maclane
spaces, namely 4 is the Hurewicz map and j is the projection onto the first

factor. Hence we have the following diagram:

(P") x GP(P™) = Gp(prmnm) (4.8)

[T, K(Z,2i) x TP, K(Z,2i) —"= [ K (7, 20)

1 Xidl i’bd

K(Z,2) x [T, K(Z,2i) —"— [ K (7, 20)

Now, to fix ideas, let us examine the case p = 2. The chern class formula for

the tensor product of a line bundle and a 2-dimensional bundle yields:

(L ® E) = ¢i(L) + c1(E)er (L) + e2(E)

The vertical arrows in the diagram 4.7 induce isomorphisms in rational coho-

mology. So the chern class formula implies that in the 4-th cohomology groups
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p should induce the following map:
p*(ig) = 1®i4—|—i2®i2+ai4®1—|—bi§®1

where each iy, is the generator of H*(K(Z,2k); Q) and a + b = 1.

We claim that @ = 1 and b = 0. This claim is the content of proposition

4.3.3. The argument to prove the theorem is then the following:

The existence of the product @ implies the existence of the function s
which in turn implies the existence of the restriction p. But then, the claim

implies that the diagram 4.8 cannot commute!

This is because diagram 4.8 implies that
p*(ig) = (m X id)" " (is)

but there is no element in H*(K(Z,2) x [[_, K(Z,2i); Q) which gets pulled
back to iy ® 1 in HY ([, K(Z,2i) x [[:_, K(Z,2i); Q) because , is the pro-

jection into the first factor:

o f[ K(Z,2i) — K(Z,2)

i=1

therefore we can only pullback elements of the form ai ® j where iy is the
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generator of

n

H*(K(Z,2);Q) = Qlia] € H*(] [ K(Z,2i); Q) = Qliz, ..., 2]

i=1

(These last equalities being a classical result of Serre).

Now we prove the claim mentioned in theorem 4.3.2

4.3.3 Proposition. Using the notation of theorem 4.3.2 we have the formula
p*(i4) = 1®i4+i2®i2+i4®1

Proof. The chern class formula for the tensor product of bundles and the

commutativity of 4.8 implies that
p(is) =1®is+ 1 @is +a(is @ 1) + b(i3 ® 1)
with a + b = 1. Consider the diagram
[GH(B") x GH(P™)] x G2(P™) 2 GA () o G2 (Prmtntmy - (4.9)

¢><cl ic—&—c

Zogl(Pn) « Z%(Pm) P Z(Q)(ﬂmnm—&-n—&-m)

where

e 6: GU(P") x GL(P")] — ZoG(P") is given by

¢(L1, La) = (L1 — Lo) + (L2 — L)
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where L is a fixed linear space.

e ®; X ®9 is given by

(®1 X @2)(Ly1, Lo, E) = (L1 @ E, Ly ® E)

e ¢+ cis given by

(c+c)(Ey, Ey) = (B — Lo ® Ey) + (Ey — Ly ® Ey)

e 0 = p+ 7 where

7-(777 g) - L0®§

We will verify that diagram 4.9 commutes:

(c+¢)(® X ®2)(L1, Lo, E)=(c+¢)(l1 @ E, Ly® E) =

(L1®F — Ly® Ey) + (La @ E — Ly ® Eyp)

On the other hand:

p(¢ x ¢)(Ly, Lo, E) = p'((L1 — Lo) + (L2 = Lo), E — Eo) =
p((Ly — Lo) + (L2 — L), E — Ey)) + 7((L1 — Lo) + (Lo — Ly), E — Ey) =
p((Ly — Lo) + (Ly — Ly), E — Ey)) + L& (E — Ey) =
((L1—Lo)+(La—Lo))®(E—Eo)+2(Lo®(E—Eg))+((L1—Lo)+(La—Lo) ) QO Ey =

Li®F + Ly®F — 2(Ly®Ey)
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Now recall that the space ZZ(P"™+"*™) on the lower right corner of diagram
4.9 is homotopically equivalent to K(Z,2) x K(Z,4). We will compute the
pullback through the whole diagram of the generator i, of the cohomology

group H*(K(Z,4);Q), considered as a subgroup

HYK(Z,4);Q) C HY(K(Z,2) x K(Z,4); Q) = Qi, ® Qi3

To simplify the notation we will denote by L;, Ly and E the universal
quotient bundles on G', G! and G2 correspondingly. Then the chern class
formula for the tensor product and the fundamental result of [LJM88]| compute

the composition (®; X ®q)*(c + ¢)*:

(®1 x ®2)"(c+¢)"(is) = (@1 X @a)"(c2(E) ® c2(E)) =

Cl(L1)2 + 01<L1)01(E> + CQ(E) + Cl(L2)2 + 01(L2)01<E) + Cg(E) (410)

Now, notice that theorem 4.1.2 implies that in rational cohomology

¢ (is) =w®1+ 10w and ¢*(iy) =w? @1+ 1® w? (4.11)

Hence, using the previous equation and the description that we have for p

we get

(¢ xid)* () (is) = (¢ x id)* (12 @is +1Ris+a(iz3®@1) +b(is@1) +1®1y) =
Cl(Ll)Cl(E) + Cl(Lg)Cl(E) + Cg(E)—F

a(ci(Ly) + e1(L2))* + b(er(L1)* + e1(L2)*) + eo(E) - (4.12)
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Setting equal the compositions 4.10 and 4.12 we get that a = 0 and there-

fore b = 1, since there is no term 2¢;(Ly)eq(Ls) in 4.10.

4.4 A Pairing for Higher Codimension

IN the previous section we proved that there is no pairing in the space of

cycles which extends the map which classifies the tensor product of bundles.
The proof is based on the fact that a pairing on the space of cycles would
induce by restriction a pairing in the free group generated by the points of
the grassmannian.This induced pairing would in turn make it impossible to
have a pairing in the space of cycles. In this section we will prove that there
is indeed a pairing restricting the first factor to the subgroup of the space of

cycles generated by the points of the grassmannian.
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4.4.1 DEFINITION. Let H be a linear hypersurface defined by a linear form

L:Zaixi EC[LC(),...,SL'TL]

Let X be an algebraic cycle defined by an ideal

I={(f1,....f) with fi € Clyo, ..., ym]

The tensor product of H and X, denoted by H®X is the algebraic cycle
defined by the ideal
LRI = (fiQL, ..., f;&L)

Lemma 4.2.8 implies that this definition does not depend on the choice
of generators for the ideal defining X. Geometrically the cycle H®X is iso-
morphic to a suspension of X, the position of this suspension depends on the

linear form defining H. This proves the following lemma

4.4.2 Lemma. The function
®: G'(P") x ZP(P") — ZP (PPt

defined by

(H,n) — H®n

18 continuous and additive in the second variable.

95



This continuous function in turn, induces a continuous function

G'(P") — Hom (ZP(P"), ZP (P Hm))

defined by
H—{X+— LX}

by the universal property of the free abelian topological group, this function

factors through a function
@' : ZG'(P") — Hom (2P(P"), 27 ("™ ™))
4.4.3 DEFINITION. The pairing

® : ZG' (P™) x ZP(P™) — ZP(Prmtmtm)

is the continuous pairing defined by

®(n,&) =& (n)(€)
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