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Abstract of the Dissertation

Chow Motive of
Fulton-MacPherson configuration spaces

and wonderful compactifications

by

Li Li

Doctor of Philosophy
in
Mathematics
Stony Brook University
2006

Advisor: Mark Andrea de Cataldo

We study the Chow groups and the Chow motives of the so-called
wonderful compactifications of arrangements of subvarieties. Given
a variety Y and a “building set” G associated to an arrangement
of subvarieties of Y, the wonderful compactification Yg can be con-
structed by a sequence of blow-ups of Y along the subvarieties of
the arrangement. Our main result is that the Chow motive of
Yg can be decomposed into a direct sum of the motive associated
with Y and the twisted motives associated with the subvarieties of

the arrangement. The decomposition obtained is canonical, for we
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prove it to be independent of the order of the blow-ups. Moreover,
the correspondences that give the motivic decomposition are ex-
plicitly expressed in terms of the exceptional divisors in Yg and of
the Chern classes of the normal bundles of the subvarieties of the

arrangement.

In the special case of the Fulton-MacPherson configuration space
X [n], we prove a stronger result expressing the Chow group and the
Chow motive in terms of X and n only. We provide a generating
function for the Chow groups and for the Chow motive of X|[n|. In
the last chapter, we prove that the cobordism class of X [n] depends

only on n and on the cobordism class of X.
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Chapter 1

Introduction

The purpose of this thesis is to study the so-called wonderful compactifications
of arrangements of subvarieties, in particular the Fulton-MacPherson config-
uration spaces. We focus on the decomposition of their Chow groups and of

their Chow motives.

The theory of motives is built by considering algebraic cycles modulo suit-
able equivalence relations, e.g. rational equivalence (Chow motives), numerical
equivalence (Grothendieck motives), homological equivalence.

An important idea in this theory is the motivic decomposition of the diago-
nal of a projective variety into pairwise orthogonal projectors. We consider the
following simple example of a decomposition of the diagonal of the projective
space P™ into pairwise orthogonal projectors (modulo rational equivalence) and
the associated motivic decomposition. In §2.1.4 We shall give the definition
of h(X) (the Chow motive of X) and of A(X)(i) (the twisted Chow motive of

X). Let pt be a fixed point in P". We have

[A] = [P"xpt] + [P" <P + ... + [ptxP"] (up to rational equivalence),



R(P™) = h(pt) @ h(pt)(1) @ ... ® h(pt)(n).
Motivic decompositions are interesting because of the following

Principle: A result proved for Chow motives is valid if we replace them
by homological/numerical motives, Chow groups Ag, cohomology groups Hg),
Grothendieck groups, Hodge structures, etc. (the aforementioned groups are

taken with Q-coefficients.)

By this principle, the above motivic decomposition of P immediately im-

plies the familiar cohomological decomposition
H(P") = H(pt) & H 2 (pt) & ... © HG > (pt), Vk € Z

as well as the analogous decompositions of the Chow groups, Hodge structures,
Grothendieck groups, etc.

In [dCM02], de Cataldo and Migliorini consider the Hilbert-Chow mor-
phism, 7 : X" — X from the Hilbert scheme X[ of n points on a surface
X to the n-fold symmetric product X ™ := X" /S, of X. They show that the
motive of X[ can be decomposed into motives of products of symmetric prod-
ucts of X (where they use a generalized notion of motives for possibly singular
quotient varieties). More precisely, let 3(n) denote the set of partitions of n;
For any v = 1% ---n% € PB(n), denote by [(v) its length (=a; + - - -+ a,) and
define X = X (@) x ... x X(@n): We have

WX 2 @ mXD)(n—1(v)).

veP(n)



As per our principle, this motivic decomposition implies the analogous
decompositions for the Chow groups, for singular cohomology, for mixed Hodge
structures, for Grothendieck groups, etc. Moreover, de Cataldo and Migliorini
give a Chow motive decomposition for any semismall algebraic map of complex

algebraic varieties [dCM04].

Our aim is to get similar motivic decompositions for the wonderful com-
pactifications of arrangements of subvarieties, in particular for the Fulton-
MacPherson configuration spaces.

First we point out two differences between the Hilbert scheme X and the

Fulton-MacPherson scheme X [n]:

e The Hilbert-Chow morphism X™ — X® is not a blow-up along a
smooth center (or the composition of a sequence of blow-ups along smooth
centers), thus the formula of blowup along smooth center (Theorem
2.1.5) cannot be applied; On the other hand, the formula can be applied
to the wonderful compactifications in the thesis, since the compactifica-

tions can be constructed by a sequence of blow-ups along smooth centers.

e The Hilbert-Chow morphism is semismall, consequently the correspon-
dences which give the motivic decomposition can be expressed canoni-
cally at the level of cycles. On the other hand, the morphism X[n] — X™
is not a semismall map, hence a priori the motivic decomposition of X [n]
depends on the order of the blow-ups and a canonical decomposition

might not exist at all.

In the thesis we shall find the correspondences (on the level of rational



equivalent classes of cycles) which give the motivic decomposition of a wonder-
ful compactification (in particular X[n]) and show that they are independent
of the order of the blow-ups, therefore the motivic decomposition is canonical.

The thesis is at first written exclusively for the Fulton-MacPherson con-
figuration spaces X[n]. The motivic decomposition of X[n] is established and
shown to be independent of the order of blow-ups. We state the theorem with
no attempt to go into details (see Theorems 4.1.1 and 4.1.2 for a precise dis-
cussion). The point is that the motive of X [n] can be decomposed into a direct

sum of (twisted) motives of the cartesian products of X.

Main Theorem of Fulton-MacPherson configuration spaces. Let X be

a nonsingular variety over C. There is an isomorphism of Chow groups

A*(X[n]) = GB @ Al (xe(®))y,

S ueEMs

When X is complete, there is also a natural isomorphism of Chow motives

hX[n) =P @ rx)(pl)-

S HGMS

Then the author realize that the theorem can be generalized to a more gen-
eral setting: the wonderful compactification of an arrangement of subvarieties.

Here we give a brief review on this compactification.

The notion of an arrangement of subvarieties used in this thesis (Defini-
tion 2.3.5) is taken from [Hu03]. Briefly speaking, we consider a collection of
nonsingular subvarieties whose mutual intersections satisfy certain properties.

The inspiring paper by De Concini and Procesi [DP95] gives a thorough



discussion of an arrangement of linear subspaces of a vector space. Let Y be a
vector space and § be an arrangement of subspaces. De Concini and Procesi
give a condition for a subset G C &S such that there exists a so called wonderful
model Yg of the arrangement, i.e. the elements in G are replaced by a simple
normal crossing divisor, and Yy can be obtained from Y by a sequence of
blow-ups along smooth subvarieties. A G satisfying the condition is called a
building set. The paper also gives a criterion of whether the intersection of a
collection of such divisors is nonempty. This brings in the notion of a nest.

Later, this idea has been generalized to nonsingular varieties over C with
conical stratifications by MacPherson and Procesi [MP98|. The language of
stratifications replaces the use of local coordinates in [DP95]. The notion of
building set and nest is also generalized in this setting.

On the other hand, to the author’s knowledge, the wonderful compactifi-
cations of arrangements of subvarieties, which should also be thought of as a
natural generalization of the wonderful models of arrangements of subspaces,
do not seem to be adequately discussed in the literature. Since a general
arrangement of subvarieties may be far away from a conical stratification, the
results for conical wonderful compactifications do not imply immediately the
ones of arrangements of subvarieties.

In the thesis, we give the definition of arrangements of subvarieties, building
sets and nests. The wonderful compactifications are shown to have analogues
properties as the ones in [DP95] or [MP98]. The proof is a combination of
local coordinate discussion and algebro-geometric methods (e.g. ideal sheaves,
residue schemes) to overcome the difficulty that an arrangement of subvarieties

may not induce a conical stratification. The idea of the induction used in the



proof is inspired by [MP9§].

After the setting of arrangements of subvarieties being fully established,
we prove the main theorems about the Chow group and Chow motive decom-
position of the wonderful compactification.

Let Y be a nonsingular projective variety endowed with an arrangement of
subvarieties (Definition 2.3.5). Suppose G is a building set (Definition 2.3.6)
and Yy is the wonderful compactification with respect to G (Definition 2.3.16)).
We now state the main theorem, with no attempt to go into details (see The-
orems [3.1.1 and 3.1.2! for a precise discussion).

The point is that the motive of Yy can be decomposed into a direct sum of
the motive of Y and the twisted motives of the subvarieties of the arrangement.
Moreover, this decomposition is independent of the order in which the sequence
of blow-ups Yg — Yy_1 — --- — Y} — Y is carried out. The word ’canonical’

in the following theorem means this independency.

Main Theorem. There is a canonical Chow group decomposition

AYg=AvYed P A HWT)
T EGMT
where T runs through all G-nests.
Moreover, when'Y is complete, there is a canonical Chow motive decompo-
sition

hYg) = nY)o @ @@ roT)(l|ull)

T peMr

where T runs through all G-nests.

The outline of the thesis is as follows.



Chapter 2 is devoted to background material. Section 2.1 gives a brief
review of the definition of motives. In §2.1.5 we prove a formula (Theorem
2.1.5)) for the motive of a blow-up which is used to prove the main theorem.
The formula proved here is, as far as we know, slightly more precise than
the ones we could find in the literature (see Remark 2.1.7). Section 2.2 is an
introduction to the Fulton-MacPherson configuration spaces. Section 2.3 is
devoted to the definitions and proofs of properties of the so-called wonderful
compactifications of an arrangement of subvarieties. This could be seen as
a natural generalization of wonderful model of subspace arrangement. §2.4
briefly introduces several special examples of wonderful compactifications: the
wonderful models of subspace arrangements given by De Concini and Procesi
(§2.4.1), Ulyanov’s polydiagonal compactification and Hu’s compactification
(§2.4.2) and Kuperberg-Thurston’s construction (§2.4.3).

In Chapter 3, we state and prove the main theorems (Theorems 3.1.1/ and
3.1.2) in the most general setting, i.e. for the wonderful compactification of an
arrangement of subvarieties. The proof requires keeping track of the changes
of subvarieties occurring at each blow-up (Proposition 2.3.20). The blow-up
formula (Theorem 2.1.5) plays an important role in this context.

In Chapter 4, we prove more precise results for the Chow groups (Theo-
rem [4.1.1) and the Chow motives (Theorem 4.1.2) of the Fulton-MacPherson
configuration space X[n]; they depend only on X and n. We give a generat-
ing function which can be used to calculate the Chow groups and the Chow
motives recursively (Theorem [4.2.1). Examples of Chow groups and Chow
motives of X[n| for n = 2,3, 4 are given in Section 4.3

Chapter 5 is independent of the previous chapters. We show that for certain



kinds of wonderful models of X" (e.g. the Fulton-MacPherson configuration
spaces), the cobordism classes of the wonderful models depend only on n and

the cobordism class of X.



Chapter 2

Background material

This chapter contains two quite different parts. The first part, §2.1, gives
a brief review of the definition of motives. The second part, §2.2, §2.3 and
§2.4, present various wonderful compactifications. §2.2 is an introduction to
the Fulton-MacPherson configuration spaces, which people might be more fa-
miliar with. Then §2.3 shows the definitions and properties of the general
setting: the so-called wonderful compactifications of an arrangement of sub-
varieties. As examples of other wonderful compactification, §2.4 reviews the
wonderful models of subspace arrangements given by De Concini and Pro-
cesi, Ulyanov’s polydiagonal compactification and Hu’s compactification and

Kuperberg-Thurston’s construction.

2.1 Motives

Our understanding of the theory of motives has greatly increased since it was
introduced in the middle 1960’s by Alexander Grothendieck. His original idea

was to attempt to give a universal cohomology theory encompassing existent



cohomology theories for projective manifolds. Though the main part of the
theory is still conjectural, a lot of developments and applications have been
produced. We shall give a brief review here. For beautiful introductions to
the subject see [Fu98] §16, [Man68§|, [Maz04],[Mu04]. For developments, see
[JKS94].

2.1.1 Chow groups

A wvariety is a reduced irreducible algebraic scheme over a fixed algebraically

closed field. Let X be a variety. Consider the cycle group
Z. X = { Z n;V; : V; C X irreducible subvariety of dimension k, and n; € Z}.

A codimension one cycle in a variety W is called rationally equivalent to zero
if it is equal to div(r), the divisor of the zeroes minus the poles of a non-zero
rational function r on W. Two k-cycles a, 3 are called rationally equivalent
if their difference can be expressed as the sum of divisors of some (k + 1)-
subvarieties, i.e., there are a finite number of (k 4+ 1)-dimensional subvarieties

W; of X and non-zero rational functions r; on each W;, such that
a—[= Z div(r;).

Denote by Rat;X the group of k-cycles in X which are rationally equivalent

to zero. The Chow group of dimension k is defined as

AkX = ZkX/Rath

10



A Chow group with Q-coeflicient is defined as

(AkX>Q = AkX®Z@

2.1.2 Push-forward, pull-back, and intersection product

For a proper morphism f : X — Y, there is a natural push-forward homomor-

phism f, : Z, X — Z,Y, which induces a push-forward homomorphism

For a flat morphism f : X — Y, the natural pull-back homomorphism
f*:ZY — 2, X (n=dim X — dimY) induces a pull-back homomorphism
of Chow groups:

ffrAY — A X

Using techniques in intersection theory, we can drop the flatness condition and
define f* : AY — Ay, X for any morphism f whenever Y is non-singular
(see [Fu9g|, §8).
When a variety X is non-singular, there is an intersection product on its
Chow group:
AX®@AX — Aiyj_aimx X

and we define A*X = Agimx_1X. We define the Chow ring of X to be the
graded ring A(X) := ®A*X. Define

AGX = AP X®,Q, A(X)g := AX)®2Q.

11



2.1.3 Correspondences

Let X,Y be complete and non-singular varieties. A correspondence from X
to Y is a rational equivalence class of cycles on X x Y. The group of corre-

spondences (with integer coefficient) from X to Y is defined as
Corr(X,Y) = A(X xY).
The group of correspondences of degree r from X to Y is defined as
Corr™(X,Y) := AMXHI7 (X x V).
Define
Corrg(X,Y) = A(X xY)q, Corrg(X,Y) = A?Qme’LT(X xY).

The composition of two correspondences f € Corr(Xy, X3), g € Corr(Xs, X3)

is defined as

go f:= 7T13*(7rf2f : 7T§39)’

Here 7;; is the projection from X; x Xy x X3 to X;xX,. The product 7, f 73,9
is the intersection product on the non-singular variety X;xXoxXs. If we

specify the degrees, then the composition gives
Corr"(X,Y) ® Corr(Y, Z) = Corr™*(X, Z).

A correspondence f € Corr™(X,Y) induces a push-forward f, : AY(X) —

12



Az‘-i—r(y) and a pull—back f* . AZ(Y) N Ai+r+dimX—dimY(X> as follows

fula) = my.(f - mx(a)),  [7(b) = mxu(f - 7y (D).

It is easy to see that f* = (f")., where f* € Corr(Y, X) is the transpose of f.

Remark: The notion of correspondence is an important generalization of the
notion of morphism. It includes, as a special case, “multi-valued” maps. It is
associative, i.e. given o € Corr(X,Y),8 € Corr(Y,Z),v € Corr(Z, W), we
have yo (foa) = (7o) oa. Sending a morphism f : X — Y to its graph I'y
is functorial, in the sense that I'y o I'y = I'y;. By considering correspondences
in place of morphisms, we can deal with (co)homology or Chow groups more

effectively. The following two examples explain this idea.

Example: Let P! be the projective line over the complex field C. Consider
the following three correspondences in P! xP!: the diagonal A, o = P! xpt and

3 = ptxP!, where pt is a fixed point in P!. We have A = o + 3 and

A=A, o®*=a, =8 aof=Foa=0.

Moreover, A, and A* both induce the identity on A(P!); «, and 3* send
pt — pt,P! — 0; o* and 3, send pt — 0, P! — P!

(Indeed, A is the graph of identity map id : P! — P! so A? := Ao A =
Liayoiia)y = Tia = A. Similarly, a? = « since « is the graph of a constant

morphism sending every point in P! to pt. We can calculate 5% using the

13



definition:

5% = T3, (753 - TasB) = T1ze (DEXPEXP! - P x pt xPY)

= T3 (Pt ptxP') = ptxP' = 3.

The proof of the other statements is similar.)

2.1.4 Motives

A reference is [CHOO)].

A correspondence p € Corr®(X,X) is called a projector of X if p*(:=

pop)=p.
Let V denote the category of (not necessarily connected) non-singular pro-

jective varieties over a field k. The category of Chow motives over k (denoted

by CHM) is defined as follows:

Definition 2.1.1. An object of CHM is a triple (X, p,r), where X is a non-
singular projective variety, p is a projector of X, r € Z.

Morphisms are defined as

HomCHM((X,p, r), (Y, q, 3)) :=qoCorr* " (X,Y) op.

The composition of morphisms is defined as the composition of correspon-

dences.

Remark:

14



e The original definition of morphisms in C'HM by Grothendieck is

Homeum((X,p,r), (Y, q,5)) :=

{f €Corr™(X,)Y): fop=qo f}/{f:fop=0}

This definition is equivalent to the one given here.

e In some literature (e.g. Grothendieck), a motive (X, p,r) is also written
as (X,p)(r), while in others (e.g. Manin [Man68|) as (X,p)(—r). We

use the latter notation.

The functor h : VPP — CHM. There is a contravariant functor from the
category of non-singular projective variety over a field k£ to the category of

Chow motives over k, which sends X to (X,idx,0) and sends a morphism

f:X =Y toT%:h(Y) — h(X), the transpose of the graph of f.

The Lefschetz and Tate motives. The Lefschetz motive is defined as
L := (Spec k,id,—1). Tate motive is defined as T := (Spec k,id,1). We
denote 1 = (Spec k,1id,0).

It can be show that L = (P!, P!xp, 0) in C HM, which corresponds to

Tensor product in CHM. For f € Corr(Xy, Xs), g € Corr(Xs, Xy), we

define the tensor product

f®g := sasu(miof - m549) € Corr(X1x X3, XoxXy),

where s93 1 X1 xXoxX3x Xy — X1 xX3xXox X, is the isomorphism which

switches the second and third factors. This tensor product satisfies (f1®f5) o

15



(1®g2) = (f1 0 g1)®(f2 0 g2).

The tensor product of two Chow motives is defined as

(X,p,1) @ (Y,q,5) == (XXY,p®gq,r+s).

Example:

e Define L := L®". We have L" = (Spec k,id, —r).
Moreover, (X,p,r) = (X,p,0)QL".

e Let X be a projective space P" or a product of projective spaces with
dim X = n. Let pt be a fixed point in X. Then (X, X xpt,0) = L". In

particular,

(P, P xpt, 0) 2 L.
(See [Man68], §6.)

CHM is a pseudo-abelian category. A category is pseudo-abelian if it
is additive and projectors have kernels and images. (See [Man68| §5.) To be

precise:

Definition 2.1.2. An additive category D is called pseudo-abelian if for any
projector p € Hom(M, M), M € OB(D), there exists a kernel ker p, and the

canonical homomorphism ker p @ ker(idx — p) — M is an isomorphism.

The category C'H M is pseudo-abelian. The direct sum is defined as follows:

16



forany t > rand s,let v’ =t —r, ' =t — s, a = Pl xpt;

if M = (X,p,t)QL" = (X, p,t)@((PH)",a®",0) = (X x (P, pa®" 1),

and N = (Y,q, S)®Ls/ _ (YX(]P)l)SI,q®Oé®S/’t)’
then define
Ma&N = (Xx(IPl)’"/ Y x(PY¥, pa®" & q®04®8/775)-

The direct sums defined by different choices of ¢ are canonically isomorphic,

so that the direct sums are well-defined.

Manin’s Identity Principle. The principle asserts that an identity between
correspondences holds if and only if a collection of certain identities between

morphisms of Chow groups hold. To be precise,

Fact 2.1.3. (Manin’s Identity Principle) Given o, € A(X x YY), define
or  A(TxX) — A(TXY) by pr(g) = pog as composition of correspondences
and define Y1 similarly. Then the following are equivalent:

(1) ¢ = ¢;

(ii) or = Yr for all smooth complete schemes T,

(i11) (idr @ ). = (idr ® ¢), for all smooth complete schemes T.

Proof. For (i) < (i1), see [Fu98] §16. For (i) < (iii), see the first lemma of

[Man68] §3 . O

17



2.1.5 A Formula for the motive of a blow-up

Suppose f : Y — Y is the blow-up of a smooth algebraic variety Y along a
smooth subvariety V', and P is the exceptional divisor. Denote by 1, j, f, g the

morphisms as in the following fibre square

P—>y
g O f
4 %

Denote by N := NyY the normal bundle of V in Y. Let h := ¢;(On(1)) €
AY(P). Let r := codimyY be the codimension of V in Y.

We use the notation jXg: P — Y xV for the composition of the diagonal
map P — PxP with jxg: PxP — Y xV (¢Xj is defined similarly). Given
a € A(P), denote by {a}; the image of the projection A(P) — A’(P) of the

Chow ring to its degree i direct summand. For 1 < k <r — 1, define

o 1= (7R g).( Ty ger 1w (N)H)

— (s * 1 —k(y

= —(Rg).{geN)s}  €CorrH(¥,V),
B := (g R j), k¥t € Corrk(V,Y),
pr = Broay € Corr®(Y,Y), (2.1)
ag =T € Corr® (YY),
Bo :=T% € Corr®(Y, Y),
| Po = oo ap (= IoTly = (fX[)*Ay) € Corr™(Y,Y).

Proposition 2.1.4.
(1) apfo = Ay, apfr = Ay for 1 <k <r—1, o;0; =0 fori#j.

18



PO DLy D2 -y D1 are pairwise orthogonal projectors of Y, an
2 rwi th [ project fY, and
r—1 o
Zp,- =Ay in A(YXY),
=0

i.e. equality holds up to rational equivalence.

(8) We have the following isomorphisms of motives,

ag : (SN/,pO, 0) ~ h(Y"), with inverse morphism [y,

ap : (Y, i, 0) = h(V)(k), with inverse morphism B, for 1 <k <r—1.

r—1 r—1
Define I' := & oy, IV := > f3;, then Proposition 2.1.4 can be conveniently
i=0 i=0

reformulated as follows:

Theorem 2.1.5. The correspondence I' gives a canonical isomorphism in
CHM,
r—1
L:h(Y)=hY)e @ hrV)k).
k=1

with inverse isomorphism given by I".

Remark 2.1.6. When the normal bundle N of V in Y is trivial (for ex-
ample, when V is a point), P is isomorphic to a product space V xP"!
and h = ¢;(Op(1)) can be represented (not canonically) by a product space

H =V xP~2in P. In this case, we have simple forms for the projectors:

P = =) (H "y HE), for 1<k < — 1
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In general, for a nontrivial normal bundle N, more terms involving the Chern
classes of N are needed, and the correspondences cannot be represented by

explicit and natural algebraic cycles.

Remark 2.1.7. The isomorphism of motives in Theorem 2.1.5 is also a con-
sequence of “Theorem on the additive structure of the motif” of ¥ in [Man68§]

89, which states, in our notation, that there is a split exact sequence

0—=h(V)(r) —2=h(Y) & h(P)(1) —2> h(Y)—0.

The correspondences given in our theorem are not given, at least not explicitly,
in Manin’s paper.

In order to clarify this point, define

® =c,_1(g*N/On(—1)) € A7 (P),co = 6p.(®) € Corr(P, P),
a= (i*7c¢ © g*)aa, = Gx;
b= f*+ j,, b its right inverse,

d= AYXP — aa',d’ = Ay ® (AP —p(l))) (Where p(}; = Cpr-1 0 g* o g*),

denote by e : @1V (k) — (P,Ap — p&’) the isomorphism implicitly defined in

[Man68] §7, and denote by ¢’ the inverse of e.
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We have the following isomorphisms

r—1 Ay ®e d
hY)e @h(V)(k) == UP(Ay,Ap—py) ==
k=1 v ®e d

b ~
(YUP, AYI_lP —aa,/) ? (Y7AS;> .

Hence the following is an isomorphism of Chow motives,
" r—1
(Ay @€¢)od ot/ : h(Y) = h(Y) & P h(V)(k).
k=1

with inverse bo do (Ay ® e).

Therefore, to write down the correspondence (Ay ® €') od' o/, we need to
find explicitly the right inverse 0’ of b. However, in [Man68| the construction
of ¥ is based on the surjectivity of v : A(Y x (Y UP)) — A(Y x Y) as follows:
by the surjectivity of ~y, there is a cycle class ¢ € A(}7 x (Y U P)) (which is
not given, at least explicitly, in [Man68]) such that v(c) = Ay € AY xY).
Then V' is defined to be (1 — ad’)c.

On the other hand, the correspondences I' and I we have constructed in

Theorem 2.1.5 give an explicit construction of &'. Indeed, i’ = do (Ay ®e)oT.

Idea of proof of Proposition [2.1.4/ (The proof, based on a series of pre-
liminary results, is given at the end of this section.) It is well known that the
Chow groups of the blow-up space Y can be naturally decomposed in terms of
the Chow groups of Y and of the center V. The exact version we need is listed
as Lemma 2.1.8. Then in Lemma 2.1.9/ we will study the morphisms s, (i

and p;, of Chow groups induced by the correspondences «;, 5; and p;. As a
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consequence, the identities of morphisms of Chow groups which are induced
by the identities in Proposition 2.1.4/ (1) (2) hold, see Corollary 2.1.10. On the
other hand, Manin’s Identity Principle (Fact 2.1.3)) asserts that the identities
of morphisms of Chow groups imply the identities of correspondences, provid-
ing that the correspondences are universal in some sense. Hence we conclude

(1) and (2). The proof of Proposition 2.1.4! (3) is standard.

Lemma 2.1.8. Using the notation at the beginning of this section, the follow-

g group morphism

r—1
Vi P A (V)P A(Y) — A(Y)
=1
(ala ag, ..., ar—17y) = Z]*(g*al : hi_l) + f*y

s an isomorphism.

Proof. See [Vo03] Theorem 9.27. O

Remark: For convenience, we also write the above isomorphism in terms of

degrees of Chow rings as

r—1

=1

From now on to the end of this section, we assume
1<k<r—-1, 0<i,j<r—1.

In the following lemma we compute the morphisms of Chow groups induced
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by the correspondences «;, 3;:

Lemma 2.1.9. Lety € A(EN/) be expressed as according to Lemma|2.1.8 as:
g=) Jlg'a- 1N+ fy.

Then we have

(1) The morphism ag, : A(Y) — A(V) maps § — a.

(2) The morphism By : A(V) — A(Y) maps x — j.(g*x - hE~1).

(3) The morphism ag. : A(Y) — A(Y') maps § +— y.

(4) The morphism By, : A(Y) — A(Y) maps y — f*y.
Proof. Denote by 7y the projection V' x Y — Y. In the following calculation

we will use the fact that Vo € A(X),
5X*<$)=IX1'Ap:1X(L'~Ap.
For (2),

Bre (1) = T [x X1 - (g% 5)0ph ) = mou (g% )i [g" 2 x 1 - BF7Ex1 - Ap]

= o (g% ))0pu(g*x - W*71) = ju(g™z - F7T).

For (3), denote ag = —i*y for simplicity of notation, and note that j*j.z =

—h - z for Vz € A(X), we have

r—1 r—1 r—1
o= Jilga- W) H iy = =) gra B gty == gta;- b
=1 =1 =0
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By definition (see [Fu98] §3), the i-th Segre class of N is

si(N) = g. (W70,

hence
r—1-k
ap(7) = — g« (]*?J Z g cr—1—p—1(N) hl)
1=0
r—1 r—1—k
= 70« ((_ grai-h') - < Z g Cr—1—k—1-h ))
i=0 1=0
r—1r—1-k r—1 r—1-k
= 9*( 9*(aicr—1—k—l)hz+l) = Z ai( Z Cr—l—k—l3i+l+1—r>7
i=0 (=0 i=0 1=0

Since we have the relation ¢(N)s(N) = 1, where ¢(N) := > ¢;(N) is the

total Chern class and s(N) := > s;(N) is the total Segre class, then

r—1—k +o00
Z Cr—1—k—ISit+i+1—r = Z Cr—1—k—ISi+i+1—r = {C(N)S(N)}zek = Ok,
=0 [=—00
where the first equality is because s;1;11, =0 for { <0, and ¢,_;_;_; = 0 for

[ >r—1—k. It follows that a.(7) = ay.
Since ap. = (I'y)« = fi, Box = (T'). = f* (see [Fu98] Proposition 16.1.2(c)),
we immediately have (4). For (3), to calculate
r—1

00.(§) = £@) = £ (D delg"a- B + £y))

i=1
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Notice that

f«(f*y) =y, by the projection formula;

f*j*<(g*ai ) hiil)) = i*g*(g*ai : hiil) = i* (ai : g*(hZ;l))

=i.(a; - $;_,) =0, sincei—r <0.
Then ap.(7) = . O

Corollary 2.1.10. We have the following identities:

Qe Bpx = id Ay, Q0ufox = iday), il = 0 fori # j,

r—1
(pipj)s = 0ijDis sz‘* = ZdA(Y)
=0
Proof. They are deduced immediately from the above lemma. Indeed,

Ve € A(V), Bt = apeju(gie - A1) =2, 80 B = iday;

Vy e AY), aopfoy = aof y=y, s0 oo =idaw;

The proof of a;, ;. = 0 for i # j is similar. For the proof of (p;p;)s = 8;jPix,

notice that

0, if i # j;
(pips)s = BininBjnj = § Buidawyie = (pi)w, ifi=j > 0;

Bividagyou = (pi)s, if1=j=0.
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Finally,
r—1

Vj=> jugta;- BN + fry € AXY),

i=1
since
Pox (?j) = 50*060*@) == f*y,
Pix () = Brx s (7) = Brwry = 72(gay, - A*1),
r—1 r—1
then Y pu(@) =D _julg a;- B + fy =17
i=0 i—1
Therefore Z:;ol Dis = 1d AT O

We now prove Proposition [2.1.4:

Proof of Proposition 2.1.4. For any smooth scheme T, TxY is the blow-up of
TxY along the smooth subvariety TxV. Denote j' = idrxj, ¢ = idrxg,

f'=idrxf, i =idrxi, we have the following fiber square:

TxP ——>TxY
lg’ o J{f’
TxV = TxY
We can construct the correspondences o, 5., p} for this fiber square as we

did in (2.1). We have

o) =idy ® oy, B = idy ® B, p; = idy @ p;.

Indeed, the normal bundle N of T'x V in T'x Y is the pullback of N under the
morphism 7'x V' — V' therefore ¢(N') = 1p x¢(N) and b’ := On/(1) = 11 X h.
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The proof of the above three identities are similar and we only show the first

identity,

1

o == (7' B ){g N =5} o1

=—(j'®g).{1r x (g*C<N)ﬁ)}r—l—k

= (s23)«(Ar x (j g))*(lT x {1r X g*C(N)ﬁ}rlk)

= (s (Br x (18 ) {1r x geN) ), )

= @dT®Oé,

Then Corollary 2.1.10/ and Manin’s Identity Principle imply (1) and (2) of
Proposition 2.1.4.

For (3), to show that ay, gives an isomorphism (Y, py,0) ~ h(V)(k) with
inverse (i, we need to show that py = pr o B o oy, and id = id o ay, 0 (3;,. but
they are direct consequences of the fact that oy o8, = Ay from (1). The proof
for (Y, po,0) ~ h(Y) is similar. O

2.2 Fulton-MacPherson configuration spaces

Fulton and MacPherson have constructed in [FM94] a compactification of the
configuration space of n distinct labeled points in a non-singular algebraic
variety X. It is related to several areas of mathematics. In their original
paper, Fulton and MacPherson use it to construct a differential graded algebra
which is a model for F'(X,n) in the sense of Sullivan [FM94]. Axelrod-Singer

constructed the compactification in the setting of smooth manifolds. P![n]
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is related to the Deligne-Mumford compactification My, of the moduli space
of nonsingular genus-0 projective curves. Now we give a brief review of this
compactificaton.

For each subset I € [n] := {1,...,n} with at least two elements, let
Bla(X7) denote the blow-up of the corresponding cartesian product X! along
its small diagonal. Denote by A; the diagonal in X™ where z; = z; if 7,5 € I.

The configuration space F(X,n) is the complement of all diagonals in X",
ie.,

F(X,n)={(z1,...,2,) € X" 1 x; # x;,Vi # j}.

Fulton and MacPherson give two constructions of their compactification

X|[n] as follows.

I. Construction as a closure. There is a natural locally closed embedding

it F(X,n) — X"x [] Bla(x").

11>2

The closure of this embedding is the Fulton-MacPherson compactification

X|n].

Remark 2.2.1. This definition is equivalent to define X[n] as the closure of

it F(X,n) — X"x [] Bla,(X").

[11>2

Indeed, denote by I¢ the complement of I in [n]. There is a natural isomor-
phism
Bla, (X™) =2 X" xBIA(XT),
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and there is a natural closed embedding X" — X" X HIIB? X', therefore a

natural closed embedding

§o X% [ Bia(X") = X"x [ X"x [] Bia,(X™) = X"x [] Bla,(X™).
1]>2 1]>2 1]>2 1]>2
Then one can factor i through j o i. So the closure of the image of i is

isomorphic to the closure of the image of .

II. Construction by a sequence of blow-ups. The construction is in-
ductive. X|2] is the blow-up of X? along the diagonal Aj,. X|[3] is a se-
quence of blow-ups of X[2]xX along non-singular subvarieties corresponding
to {Aq23; A1z, Agz}. More specifically, denote by 7 the blow-up X[2]xX —
X3, we blow up first along 7~!(A1s3), then along the strict transforms of A3
and Ags (the two strict transforms are disjoint, so they can be blown up in any
order). In general, X [n+1]is a sequence of blow-ups of X [n|x X along smooth
subvarieties corresponding to all diagonals A; where |I| > 2 and (n+1) € I.

A symmetric construction of X[n| has been given by several people: De
Concini and Procesi [DP95], MacPherson and Procesi [MP9§], and Thurston
[Th99]. We will discuss this in detail in the next section. For now we only
mention that to get X[n| we can blow up along diagonals by the order of
ascending dimension, which is different from the non-symmetric order of the
original construction. For example, X[4] is the blow-up of X* along diagonals

corresponding to:

1234; 123,124, 134,234: 12,13, ..., 34.
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Compare it with the order in [FM94]:

12;123; 13, 23; 1234; 124, 134, 234; 14, 24, 34.

Geometrical description. We may say very roughly that Fulton-MacPherson
compactification records the relative directions when points collide. The pre-
cise description is using screens (see [FM94]) to record the limiting configura-
tions. Each screen is a tangent space at some point x € X, with several points
in it, modulo translation and homothety. For each configuration we may need

several screens which satisfy certain compatibility condition.

Example: Figure 1 gives a point corresponding to a degenerate configuration

in X[4] which can be described by three screens.

we

FIGURE 1. A point in X[4]

Stratification. The set of degenerate configurations X [n]\ F'(X,n) is a simple
normal crossing divisor. To describe the intersection of divisors, the notion of

a nest (of [n]) is introduced.

Definition 2.2.2. A set S of subsets of [n] :=={1,2,...,n} is called a nest if
any two elements I,J € S are either disjoint or one contains the other, and

all singletons {1},...,{n} are in S.
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Remark: : The definition of a nest (of [n]) we give here is a little different
from the one in [FM94]: we require all singletons to be in S for convenience
in this thesis, while in [FM94] a nest is defined to contain no singletons. The
difference is not essential.

The following property has been proved in [FM94]:

Theorem 2.2.3. For each I C [n] that |I| > 2, there is a non-singular divisor

Dy of X|[n], such that

XP\F(X,n)= |J Dr
IC[n], |I]>2
Any set of these divisors meets transversally. The intersection of divisors

Dy, ..., Dy is non-empty if and only if I1,..., 1. and all singletons form a

This property immediately gives a stratification of X|[n].

Each divisor D; also has a geometric description: D; consists of those
degenerate configurations that have a screen containing exactly points {x; }ie;.
(For example, a point as in Figure 1 is contained in three divisors Diy, Dsy,
Di234.)

Each stratum one-one corresponds to an oriented forest with n labeled
leaves such that each ‘father’ should have more than one ‘son’. (For example, in
the following figure, the forest on the left hand side is allowed and corresponds
to the stratum consists of points of configuration as in Figure 1, the forest on

the right hand side is not allowed since one of the nodes has exactly one ’son’.)
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1234 1234
12 34 12 3 %4

1 23 4 1 2 4

2.3 Arrangements of subvarieties and the won-
derful compactifications

This section is devoted to the fundamental material on the arrangements of
subvarieties. First (§2.3.1), the definitions and criterions of transversal inter-
sections and clean intersections are given. Secondly, in §2.3.2) the definition of
an arrangement of subvarieties (Definition 2.3.5, which is adapted from [Hu03])
is given. For simplicity, we focus on simple arrangement of subvarieties. The
notion of a building set (Definition 2.3.6)) is explained. Then in §2.3.3], inspired
by the idea of [MP98], we show that a building set of an arrangement of Y in-
duces a building set of an arrangement of the blow-up EN/, therefore an inductive
construction of blow-ups can keep on going until all elements in the building
set become divisors at which point one stops. This processing of successively
blowing up is one way to construct the wonderful compactification. We then
show this construction coincides with a construction as a closure (Proposition

2.3.17). Finally, we show that a nest induces a nest after a blow-up.

2.3.1 Transversal intersections and Clean intersections

Transversal intersections and clean intersections play important roles here. We

give the definitions and compare them at the beginning of this section.
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Definition 2.3.1 (of transversal intersection). Let Y be a nonsingular variety.
Let A and B be two nonsingular subvarieties of Y. we call A and B intersect
transversally, denoted by A th B, if they intersect transversally at every point
y € AN B, i.e. their tangent spaces T4, and Tg, at y generate the tangent
space T, of the ambient variety at y; equivalently, Tiy &) Téy form a direct
sum in the dual space T of T,.

More generally, a finite collection of nonsingular subvarieties Ay, ..., Ag
intersect transversally, denoted by Ay th As th--- M Ay, if their tangent spaces
{Tay,-- Ta,y} at each point y € Y induce a direct sum Tjhy S Tjk,y

N *
m Ty.

Definition 2.3.2 (of clean intersection). Let Y be a nonsingular variety. Let
A and B be two nonsingular subvarieties of Y. We call A and B intersect

cleanly if their intersection is nonsingular and the tangent bundles satisfy

Tians) = Talans)y N TB|(anB)-

Remark: Transversal intersection must be clean. Indeed, if A and B intersect
transversally, then there exist local coordinates containing defining functions of
A and B. Therefore one can think of A and B locally as two linear subspaces,

so A and B intersect cleanly.

Examples:

1. Suppose Y = SpecClu,v] = C?, A is defined by v = 0, and B is de-
fined by v = u?. Then the intersection of A and B is neither clean nor

transversal.
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2. Suppose Y = C3, and A, B are two lines in Y intersecting at a point.

Then A and B intersect cleanly but not transversally.

3. Suppose Y = C3, and A is a smooth surface containing a smooth curve

B. Then A and B intersect cleanly but not transversally.

The following lemma states that, to verify the transversality of two subvari-
eties which already intersect cleanly along a connected subvariety, it is enough

to check the transversality at a point of the intersection.

Lemma 2.3.3. Let A and B be two nonsingular closed subvarieties of Y that
intersect cleanly along a closed nonsingular subvariety C. If A and B intersect

transversally at a point yo € C, then they intersect transversally (at every point

yeC).

Proof. By dimension counting,
dim ((Ta)y + (Tp)y) + dim ((Ta), N (Ts),) = dim(Ta), + dim(Tp),.
On the other hand, A and B intersecting cleanly implies
(T4)y N (Tg)y = (Te)y, YyeC.
Hence dim ((T4), N (Tg)y) = dim(T¢), = dim C. So
dim ((Ta)y + (TB),) = dim(A) + dim(B) — dim(C)
does not depend on the choice of y € C. Now since A and B intersect transver-
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sally at yo, so

(TA)yo + (TB>yo = Tyoa

then

dim(Ty),, + dim(7Tg),, = dim7,, = dimY,

which implies

dim(T4), + dim(7Tg), = dimY,

so (Ta)y + (I'p), = T,. Then A intersects B transversally at every point
yeC. H

We now give a criterion for clean intersection by ideal sheaves. Denote by

Iy the ideal sheaf of U.

Lemma 2.3.4. If U, V and W = U NV are all nonsingular closed (not

necessarily irreducible) subvarieties of Y, then

Tv+Zy =Iw if and only if U and V intersect cleanly.

Proof. Both Iy +Zy and Zyy are subsheaves of the structure sheaf O of Y. An
equality between these two subsheaves is equivalent to an equality between
their germs for every point y € Y. i.e., the condition Zyy + Iy = Zy is

equivalent to

(IU)y + (Iv>y = (Iw)y, Vy eY. (22)

On the other hand, U and V intersecting cleanly means

(Tv)y N (Tv)y = (Tw)y, YyeW. (2.3)
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Since

(Ty)y = {v e T,|df (v) = 0,Vf € (Zv),}-

Define ¢ : m, — m,/m? to be the natural quotient. It is well known that
m, /m? is the dual of T}, in this sense we have (Ty), = ¢((Zv),)*. Therefore

the equation (2.3) is equivalent to

O((Zv)y) " NO((Zv)y) " = o((Tw)y) ™

which is equivalent to

A((Zv)y) + ((Zv)y) = ¢((Zw)y)-

Notice that ¢((Zy),) = ((Zv), + m2)/m2, so the above equality is equivalent
to

(Zv)y + (Zv)y + mz = (Zw)y + m., Vyew. (2.4)

Yy

Obviously (2.2) = (2.4). To see (2.4) = (2.2), observe first that (Zy), +
(Zv)y € (Zw),. We also have (Zy), N m> = (Zw),m,, which can be easily

checked using local coordinates. Equality (2.4) implies the surjection

(Zv)y + (Zv)y = ((Zw)y +m§)/m§ - Zw)y/(Zw),y ﬂm;) - (Zw)y/ (Zw)ymy.

Hence (Zy), + (Zv )y + (Zw),my = (Zw),. Now apply Nakayama’s lemma (see
[AMG69] Corollary 2.7), we have (Zy), + (Zv )y = (Zw),. For a point y ¢ W,
both sides of (2.2) are O, hence the equality trivially holds. Therefore the

lemma has been proved. O
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2.3.2 Arrangements of subvarieties

Let Y be a nonsingular algebraic variety over C.

Definition 2.3.5. An arrangement of subvarieties of Y is a finite set S =
{Si} of nonsingular closed irreducible subvarieties of Y satisfying the following

conditions

(1) S; and S; intersect cleanly (i.e. their intersection is nonsingular and the

tangent bundles satisfy T(S; N S;) = T(Si)|(s.ns;) N T(S5)|(sins;));
(2) S; NS, is either empty or a disjoint union of some Sy’s.

If instead of satisfying condition (2), S satisfies a stronger condition that
S; NS; is either empty or one Sy, then we call S a simple arrangement.
For simplicity of notation only, here we discuss simple arrangements. A

general arrangement is locally simple, so that all the following discussion will

apply.

Definition 2.3.6. Let S be an arrangement of subvarieties of Y. A subset
G C S is called a building set (with respect to S) if VS € S, the minimal
elements in G which are > S intersect transversally and their intersection is

S (this condition is always satisfied if S € G). These minimal elements are

called the G-factors of S.

Remark 2.3.7. Fiz a point y € Y. Let §* be the set {(Ts,); }s.es, and
G* C 8* be the set {(Ts,); }s,eg- The definition of arrangement of subvarieties
(Definition [2.3.5) asserts that the set 8* is a finite set of nonzero subspaces
of Ty closed under sum, and that each element of 8" is equal to (Tsf)j for a

unique S" € S.
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Definition [2.5.6 just says that G is a building set if the following holds:
VS e S, Vye S, let Ti, ..., T be the mazimal elements of G* contained

in (Ts)y , then they form a direct sum
TteT e - oTt = (Ts);)

Remark 2.3.8. [DP95] §2.8 Theorem (2) asserts that the above condition

implies the following: If S” € S that 8" O S’, then
k
(Tsn)y = €D (Tsn)y NTH).
=1

Moreover, if (TS//)j =Tt @ T, where T,-, ..., T." are the mazimal
elements in G* contained in (Ts»);, then each term (Tsn), NI is a direct

sum of some TjL.

In the following two facts, assume § is a simple arrangement of subvarieties

of Y and G is a building set.

Fact 2.3.9. Suppose S € S and let G, ...,Gy be all the G-factors of S (see
Definition 2.3.6). Then

i) For any 1 <m <k, let =Gy N---NGp. Then Gq,...,Gy, are all
the G-factors of S'.

i) Suppose G € G is minimal, GNS # 0, G C Gy,...,Gp, and G ¢
Gmait, -G Then G, Giq, ..., Gy are all the G-factors of GN S.

Proof. 1t is convenient to prove using the dual tangent space T}.
i) Fix a point y € S and consider the tangent spaces at y. The statement

i) is equivalent to the following:
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Suppose Tj, ..., Ti+ are all the maximal elements in G* which are C (Ts)j.
For1<m <k let T+t = (T))* ®--- @ (T;,)t. Then (T1)*, ..., (T},)"* are all
the maximal elements in G* which are C T+.

The proof is as follows: notice that T+ C T{" @ --- & Ty = (Ts), . So any
element V' € G* which is C T is also a subspace of (Ts), . By the maximality
of T{, ..., T+, we know V lies inside T;+ for some 1 <i < k. But V C T+, so
¢ < m. The statement follows.

ii) Fix a point y € G NS and consider the tangent spaces at y. The
statement ii) is equivalent to the following:

Suppose Ti, ..., Ti- are all the maximal elements in G* that are C (TS)yL,
T+ € G* is maximal, T+ D T, ..., T and T 2 Tr.,,..., 7. Then

T+, Toyy, ..., T are all the maximal elements in G* which are C T+ (Ts), .

The proof is as follows: Let (', ...,y be the maximal elements in G* that
are C T+ 4 (Ts), . Since G is a building set, we have

T+ (Ts)y; =C1 @ - ® C.. (2.5)

Then T is contained in one of C;. With out loss of generality, assume T+ C

C,. By the maximality of T, we have T+ = C;. The equality (2.5) becomes
TJ-_F(TTJR-_H@...@T;):TL@C’Q@...@C&

Since each T; (m+1 < i < k) is contained in C; for some 2 < j < s, it follows
that each C; (2 < j <'s) is the direct sum of some T;’s (m + 1 <i < k). But

then C; C (Ts),, hence the maximality of T7-, ..., T} implies that C; C T;-
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for some 1 < ¢ < k. Therefore C; = TZ-L for some m +1 < ¢ < k. Then

{T+,Tr,,,..., T} ={C1,Cs, ..., Cs}. The statement is proved. a

Fact 2.3.10. Suppose G € G is minimal. Then

i)
ii)

iii)

)

Any G’ € G either contains G or intersects transversally with G.

Every S € S satisfying SN G # 0 can be uniquely expressed as AN B
where A, B € S satisfy A D G and B th G (hence Ath B). We call this

expression the G-factorization of S.

Suppose the G-factors of S are Gy,..., Gy, where Gy,...,Gp (0 <m <

k) contain G. (m = 0 means that no G-factors of S contain G.)

Then in the G-factorization of S, {G;}", are all the G-factors of A
(so A = N G;) and {G;}r_,. ., are all the G-factors of B (so B =
NF1Gi). (Here we assume A =Y if m = 0, and assume B =Y if

m==k.)

Suppose S" € S also intersect G and the G-factorization of S" is AN B’.

Then G th (BNB'), so the G-factorization of SNS" is (ANA")N(BNB’).

Proof. 1) is induced directly from the definition of the building set: if G is

disjoint from G’ then of course G h G’; otherwise G’ contains some G-factor

of GNG'. But a G-factor of G N G’ is either G or is transversal to G (which

implies G' M G).

ii) and iii). We prove A and B as defined in iii) satisfy A O G and B h G.

A —

N™,G; 2 G is because of the definition of m. Fact 2.3.9 ii) asserts

G M Gpypq M- Gy, so G is transversal to (G,p1 N ---NGE) = B.
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Statement iii) follows from Fact 2.3.9/1).

Now we show the uniqueness of G-factorization in ii). Assume S = A'NB’
such that A’ O G and B’ h G. Since B’ O GNB' = GN S and the G-factors of
GNSare G,Gpq1, ..., Gy by Fact 2.3.9/ii), so each G-factor G’ of B’ contains
G or G; for some m +1 < i < k. But B’ th G implies G’ th G, hence G’ 2 G.
So G’ O G; for some m + 1 < i < k. Take the intersection of all G’, we have

B' >Nk, .,G;=B. Fix a point y € GN S, we have
(Te)y @ (Tn)y = (Ta)y ® (Tp),

and (Tp); 2 (Tp), , therefore (Tg), = (Tp), hence B = B'. Similarly A = A'.

iv). Suppose the G-factorization of SN S" is A” N B”. Then G N B” is the
G-factorization of the intersection. Since B 2 (GNs) = (GNB”) but B M G,
so B D B”. Similarly B’ © B”. So BN B’ O B”. By an analogues argument

using the dual of tangent space as above, BN B' = B". So Gh (BN B'). O

2.3.3 Wonderful compactifications

We show that, if G € G is minimal, then there is a simple natural arrangement
S’ of subvarieties in Y’ = BlgY; moreover, the induced G' in Y’ = BlgY is
again a building set.

Denote by E the exceptional divisor of the blow-up 7 : Y’ = BlgY — Y.

Step 1: The arrangement S’ of subvarieties in Y’ = BlgY.

Definition 2.3.11 (Definition of ~). For any irreducible nonsingular subva-

riety V in'Y, we define vV C BIlgY to be the strict transform of V if V.€ G
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and to be 7=4(V'), the preimage of V, if V. C G. For a reducible nonsingular
subvariety V. = UV; where V; are the connected components of V, we define

V =UV,.

Proposition 2.3.12. The collection of subvarieties
S = {S}ses U{SN E}ocsnacs

is a (simple) arrangement of subvarieties in BlgY .
Moreover, G = {G;}.cq is a building set (with respect to the arrangement

s').

Lemma 2.3.13. (i) Let A be a nonsingular closed subvariety of Y that con-
tains G as a proper subvariety. Then ANE intersect transversally (hence

cleanly).

(i1) Let Ay and Ay be two nonsingular closed subvarieties of Y that intersect

cleanly. Suppose Ay € Ay, Ay € Ay, and AijNAy = G. Then ANAy = 0.

(i1i) Let Ay and Ay be two nonsingular closed subvarieties of Y that intersect
cleanly, and suppose G is a proper subvariety of a connected component
of Ay N As. Then ,Zfl N A} = A, NAy. Moreover 111 and ;1/2 intersect

cleanly.

(iv) Let By and By be two nonsingular closed subvarieties of Y that intersect
cleanly, and assume G s a nonsingular closed subvariety that intersects

transversally with By, By and By N By respectively. Then El N Eg =

BN By. Moreover El and Eg intersect cleanly.
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(v) Let A and B be two nonsingular closed subvarieties of Y that intersect

—~—

transversally, and G C A, G h B. Then ANB = ANB. Moreover,
Ah B, (ENA)B.
Proof. (i) and (v) can be easily checked using local coordinates, which we omit

here.

(ii) In the complement of the exceptional divisor E, we have
(A NA)\E= (A4\ G)N (A2 \ G) = (AN A) \ G = 0.
Inside E, we have

(A, N Ay) N E =P(NgA) NP(NgAs) = P(Ta, /Te) NP(Ta, /Te)

= P((Tay NTa,)/Te) = P(Tasna./Tc) = P(Te/Te) = 0.

Hence A, N Ay = 0.

(iii) In the complement of the exceptional divisor F, we have
(ALNA)\EZ (A \G)N(A\G) = (A NA)\G=4,NA\E.
Inside E, we have

(A, N Ay) N E =P(NgA) NP(NgAs) = P(Ta, /Te) NP(Ta, /T¢)

=P((Ta, NTa,)/Tc) = P(Tayna,/Tc) = P(Ns(A1 N Ay))

=ANANE,
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where the fourth equality is because A; and A, intersect cleanly.

Hence A/l N A/Q = A1 N AQ.

According to Lemma 2.3.4] gl and Zz intersect cleanly if and only if

Iﬁ1+Iﬁ2:IA/1—FTXQ' (26)

But A; = R(E, 7 (A;)), the residue scheme to E in 771 (A,) (see [Ke93]

Theorem 1, [Fu98] §9.2). By a property of residue scheme, we have

IrEr1(A) " LE = Lr-1(4y)s

which is same as
Igl I = Iﬂ-—l(Al).
Similarly, we have

Tz, T = To1(an),s

1_1410142 . IE - Iﬂ'*l(AlmAQ)'

Since A; and As intersect cleanly, so Za, + Z4, = Za,n4,, which implies

-1 -1 -1
™ IA1 . Oy/ + 7 IA2 . Oy/ =T IAlﬂAg . Oy/.

This is equivalent to

Tr-r(ay + Lr1(4y) = Zn-1(41n42)-
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Thus we get an equality

Iz -Ip+1yg, 'ZE:IATHZQ Ip.

Since Zg is an invertible sheaf, the above equality implies (2.6), hence

(iii) is proved.

In the complement of the exceptional divisor F/, we have

(BiNB)\E= (B,\G)N (B:\G) = (BiNB:)\G = BNB, \ E.

If a nonsingular closed (not necessarily irreducible) subvariety B inter-

sects transversally with S, then we have the following standard fact:
BN E =P(NgnsB) = P(Ng|ans)-
By this fact,

(§1 N éz) NE =P(N¢lens, ) NP(Nelens,) = P(Nelaning,)

=BiNB,NE.

e~

Hence él N EQ = B1 N Bg.

Similarly to (iii), to show By intersect cleanly with By, it is enough to

show that

II§1 +I§2 =7 (2.7)

BiNBs~

Since B; intersect transversally with the center G of the blow-up, it can
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be easily checked (using local coordinates) that

T~

B = 7 Tp,, fori=1,2.

By the assumption that B; and Bs intersect cleanly, we have
IBl + IBQ = IBlmBQJ

hence

-1 -1 -1
T Ip, - Oy +7 Ip, - Oy =m IpinBy * Oy,

and (2.7) follows.

Proof. (of Proposition 2.3.12)
Suppose S,S5" € S. By Fact 2.3.10, consider the G-factorization of S =
ANB and 8" = A'NB’. Then the G-factorization of SNS" is (ANA")N(BNB’).
Lemma 2.3.13(v) asserts that S = ANB, 5" = A'N B’. We prove first that
S and 9" intersect cleanly along some element in S’. There are three cases:
1) G € AN A’ In this case we have (SN S )™ = (ANA)~ N (BN B')~,

and
SNS =(AnNAYN(BNB)=(ANA)"N(BNB) =(5n5)~.
Moreover, the tangent bundles satisfy

Tg N Tg, = Tg N Tg N Tg, N TE’ = T(AmA/)~ N T(BQB/)N = T(SQS’)N-
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Thus S intersects S’ cleanly along (SN S")~ € &.
2) G=ANA but G+# Aand G # A. By Lemma 2.3.13 (ii), An A’ =0,

hence

SNS=(AnA)Yn(BNB)=0.
3) S = A or A'. Without loss of generality, we assume S = A.
SNS' =(AnNAYN(BNB)=EN(ANBNnB)=En(ANBNB)".
Moreover, by Lemma 2.3.13 (i) and (v), the tangent bundles satisfy

TsNTg =TenTs) N (T7NTs) = (TeNTy) N Ty~ = Tenansns)~-

Thus S intersects S’ cleanly along E N (ANBNB)~eS.

Next we show that V.S, (§’ N E) € &, they intersect cleanly along some

element in S§’. There are again three cases, similar as above:

') G € AN A’ In this case
SN(SNE)=(SNS)NE,
and the tangent bundles satisfy
TsNTgny=TiNTNTy NTs NTe = Tianay~ne N Tney~ = Tisns)~nE-

Thus S intersects S’ N E cleanly along (SNS)"NEeS.

2)G=ANA but G+# Aand G# A. We have SN (S'NE) = 0.
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3) G = A. (Notice that G # A’ by the definition of §’.) We have
SN(SNE)=En(ANBNB)~
and the equality of tangent bundles

Tg N Tg’ﬁE = (TE N Té) N (Tg, N TE’ N TE> = TEQ(A/QBQB/)N-

Then we show that V(S N E), (S’ N E) € &, they intersect cleanly along
some element in S&’. There are two cases:

1) G € AN A’. In this case
(SNE)N(SNE)=(SNS)"NE,
and the tangent bundles satisfy
TerngNT5np =TiNTNT7 NT5 NTE = Tianan~ne N1 (ney~ = Tisns)~nE-

Thus S N E intersects S’ N E cleanly along (SNS)"NEes'.
2)G=ANA but G# Aand G # A. We have (SNE)N(S'NE) = 0.

Finally we show that G’ := {éi}gieg is a building set, that is, VS (resp.
(SNE)) €&, the G'-factors of S (resp. of (SN E) )intersect transversally
along S (resp. along (SN E) ).

By Fact 2.3.10, we can assume S = (G; h -+ h Gp,) M (Gppyq h -+ 1
Gu)=AMNB, GCGy,...,Gp, and G Goi1,...,Gy. Then S = AN B by
Lemma 2.3.13 (v).
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Case I: G € A. Lemma 2.3.13 implies that

S=G,th--hG,.

Moreover, él, o ,ék are all the G'-factors ofS. (Indeed, if G' € G satisfies
G' D S, then 7(G') D 7(S), i.e. G' D S. Since Gy, ..., Gy are all the minimal
elements in G that are O S, so G’ D G, for some 1 < r < k. Then their strict
transforms still have the inclusion relation G’ D ér) Therefore the G’-factors
of S intersect transversally.

Next we show that the G/-factors of (G’ N E) intersect transversally.
SNE=EMNANB=EhG M- Gy

We show that F, él, e ,ék are all the G'-factors of (§ﬂ E). Tt is enough to
show that VG’ € G’ satisfying G’ D (gﬁ E), we have either G'=Eor G DG,
for some 1 < r < k.

G' D (SN E) implies G’ 2 (SNG) by taking the image of . By Fact 2.3.9
(ii), we know that G, Gp,11, - .., Gy are all the G-factors of (SN G). Therefore
G’ contains either G or one of G, for m +1 < r < k. In the latter case, we
immediate get the conclusion. So we assume that G’ contains G.

If ' = G, then G/ = E and we get the conclusion. Thus in the following

we assume G’ 2 G. Since

é, N E — P(TG//TG),

SNE=P(T4/Te)|cns)
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and G'NE D SNE,soVyeGnN B, we have (Ter)y 2 (Ta)y, which implies
GDODA=G N---NG,,. But Gy,...,G; are the G-factors of A by Fact 2.3.9
(i). Therefore G’ € G contains G, for some 1 < r <.

Case II: G = A. By Fact 2.3.9 (ii), Si,..., Sy are all the G-factors of A.
But A = GG is already in G, som = 1 and G; = G. Then S = G M B and
hence S = E  B.

Now we show that F, éz, ..., Gy, are all the G'-factors of (Em E) Suppose
S C G' € G'. Take the image under 7, we have S C G’, hence G’ O G or
G’ O G, for some 2 < r < k. The latter case is the expected conclusion. In
the former case, if G’ = G then G' = E which also gives the conclusion. So

we can assume G’ 2 G. Fix a point y € S,

G N y) =P(Te)y/(Ta)y).

SN T y) = P(T,/(Ta),).
Then G' O S implies

P((TG’)y/(TG)y) 2 ]P)(Ty/(TG)y)a

hence (T¢v), 2 T,, contradicts the fact that G’ is a proper nonsingular subva-
riety of Y.
Therefore, G’ is a building set with respect to the arrangement S’.

]

Lemma 2.3.14. Let Y be a nonsingular algebraic variety over C. G and

V' are two nonsingular subvarieties of Y either intersect transversally or one
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contains the other. Let f : Yy — Y (resp. g:Ys — Y) be the blow-up of Y
along G (resp. V). Let V be the the YV) if V C G, be the strict transform
of V' with respect to f otherwise. Let g’ : Y3 — Y1 be the blow-up of Y1 along
V. Then there ezists a morphism f': Yz — Y5 such that the following diagram
commutes:

Y, Ly,

o

Yi—Y

Moreover, ¢IKf" : Y3 — Y1 xY5 is a closed immersion.

Proof. Because of the universal property of blowing up (see [Ha77] Proposition
7.14), to show the existence of f’, we need only to show that (fg')"'Zy - Oy,

is an invertible sheaf of ideals on Y3. This is true because
[Ty - Oy, =Iy or Iy - Ip
where F is the exceptional divisor of the blow-up f:Y; — Y. Hence
(f9) Ty - Oy, = ¢ ([T - Oyy) - Oy, = ¢ "I - Oy, o1 ¢ (T - I) - Oy,

g 'Zy is invertible by the construction of ¢/, therefore the above ideal sheaf
is invertible.
The fact that ¢'®f” is a closed immersion can be checked using local coor-

dinates. OJ

Lemma 2.3.15. Suppose X1, Xs, X3,Y1, Y, Y3 are nonsingular varieties such
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that the following diagram commutes,

X1L>X2L>X3

igl l92 l93
h1 h

V| ——=Y, ——=Y;

If o )f; - Xy — Yix Xy and ¢ fs © Xo — Yox X3 are closed immersions,
then ¢1®¥(fof1) : X1 — Y1 x X3 is also a closed immersion.

As a consequence, if we have the following commutative diagram

fi fo fr—1

X1 Xo Xk
lgl ig2 lgk
}/.1 h1 }/2 h2 . hk—l Yk

and g;Xf; + X; — Y;x X1 is closed immersion for all 1 < i < k — 1, then

G™®(fe—1--- f1) : Xu — Yix Xy is also a closed immersion.

Proof. The composition of two closed immersion is still a closed immersion, so

gX¥(g2 f1)R(faf1) : X1 — YixYox X3

is a closed immersion. Denote by X7 the image (which is a closed subvariety
of Y1xY5x X3). Consider the projection m3 : Y1 xYox X3 — Y1 x X3, and the
morphism 'y, X1x, : Y1x X3 — Y xYyx X3, Notice that m3 0 (I'y, X1x,) is
the identity automorphism of Y; x X3, and (I'y, X1x,) o mi3|x/ is the identity
automorphism of X’. The conclusion that ¢;X(f2f1) : X7 — Y1 x X3 is also a

closed immersion follows from this. OJ

Step 2: Construction of Yj.
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Let Y be a nonsingular algebraic variety over C with an arrangement of
subvarieties S (see Definition 2.3.5). Let G be a building set with respect to
S (see Definition 2.3.6)).

Similar to the Fulton-MacPherson compactification, we give two construc-

tions of Yy and show that they coincide.

I. Construction as a closure.

Definition 2.3.16. Define Y° =Y \ UgegG. There is a natural locally closed
embedding

YO < Yx H BlgY.
Geg

The closure of this embedding is called the wonderful compactification with

respect to G, denoted by Yg.

II. Construction by a sequence of blow-ups. Suppose
G={Gy,...,Gpy}

is indexed in an order compatible with inclusion relations, i.e. ¢ < jif G; C Gj.
We give an inductive construction of Yy, by defining Y, with an arrangement
of subvarieties S*)| and a building set G*) = {ng) N with respect to S*),

For k=0,Let Y=Y, S0 =8, GO0 =g.

Assume Y},_; is already constructed.

In Y1, G,(fkfl) is minimal in the building set G*~Y (because ngil) for
t < k become divisors hence are not contained in Ggﬂ_l)).

Let Yy be the blow-up of Y;_; along the nonsingular subvariety G,(Ckfl).

—_——

Define G*) := G*~1) for VG € G (cf. Definition2.3.11). By Proposition2.3.12,
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let S® be the induced arrangement (S*~V)Y and let G be the induced
building set (G* V) = {G®}aeg.
Finally, we get a nonsingular variety Yy where all elements in the building

set GV) are divisors. We show that Yy is isomorphic to Yy defined in Definition

2.3.16.

Proposition 2.3.17. Yy is tsomorphic to Yg, the closure of the inclusion

YO < Yx H BlgY.
Geg

Proof. We prove by induction that Y} is the closure of the inclusion

k
Y° = Yx ][] BlaY-

i=1

The proposition is the special case £ = N.
Let 0 < i < k—1. Since G§21 is minimal in G®, Fact 2.3.10/ (i) asserts that
there are only two possible relations between the nonsingular subvarieties G,(j)

and GEQI of Y;: either G,(f) B) G’Z(-Ql or G,(f) M GEQI.

Therefore Lemma 2.3.14] applies. Since GE;H) = G,(j), then there exists a

morphism f’ such that following diagram commutes,

BZGS-H) Y;_,_l L> BZGEJ) }/z

.

Yi Y;

meanwhile, the morphism ¢'Xf" : Bl i) Yip1r — YipxBl,»Y: is a closed
k k
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immersion. Use Lemma 2.3.15 on the following diagram

Bngck—l)Yk_l _ Bngck—z)Yk_g e e > BngcO))/O

| | |

Y1 Yi—o e Yo

and notice that Y, = BlG(k—l)Yk_l, G,EO) =G, Yo=Y, we have
k
Y, — Yi_1xDBlg, Y is closed immersion.
Since composition of closed immersions is still a closed immersion, so
k
Yi — Yx [[Ble,Y

i=1

is a closed immersion by the inductive assumption. (Actually, the only case
we need the factor Y is when G = ().) Then since Y is an open subset of Y,
and Y}, is irreducible, the following composition
k
Y° Y, = Yx [[BleY
i=1
implies that the closure of Y° is Y. O

Step 3: G-nests.

Definition 2.3.18. A subset 7 C G is called a G-nest(or G-nested) if it

satisfies one of the following equivalent relations:
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1. There is a flag of elements in S: S; C Sy C --- C Sk, such that

k
T = U{A : Ais a G-factor of S;}.

i=1
(We call T is induced by the flag S C Sy C --- C Sg.)

2. Let Ay, ..., Ay be the minimal elements of T, then they are all the G-
factors of certain element in S, and each set {A € T : A D A;} is also

G-nested defined by induction.

Now we show that after blowing up Y along a minimal element G € G, a

G-nest T gives a G'-nest 7.

Proposition 2.3.19. Let 7 be a subset of G. Define T' := {Z}Aey c dg.
Then T is a G-nest if and only if T' is a G'-nest.

Proof. “=": Suppose 7 is induced by the flag S; C S5 C --- C S;. If Sy g G
or S, C G, then 77 is induced by the flag §1 C §2 Cc...C §k; otherwise there
is1 <m < k—1where S,,, C G but S,,11 SZ G. In this case 7’ is generated

by the flag

(51N 8mi1) S C(SmNSmi1) C (St NE)C---C(SkNE).  (28)

Indeed, for 1 < i < m, take the G-factorization S; = SN B; and S,,11 = ANB
(see Fact 2.3.10). Notice that B is the intersection of all the G-factors of S, 11
which are transversal to GG, and each G’ of these G-factors contains .S;, hence
contains some G-factor of S;. But GG’ is transversal to G hence does not contain

GG, so G’ must contain some G-factor of B;. Therefore B D B;, which implies
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B D B;. Then

—~

SiNSmyi=(ENB)N(ANB)=(ANE)NB; = EN(ANB;)".

In the proof of Proposition 2.3.12, we have shown that the G'-factors of £ N
(AN B;)~ are E and all the G'-factors of (AN B;)~. Equivalently, the set
of G'-factors of £ N (AN B;)™ consists of all G'-factors of g, all G’-factors of
Ei, and E. For m +1 <1 < k, the G'-factors of (§Z N E) are E and all the
G'-factors of S;. Hence the flag (2.8) induces a G’-nest consists of E (= G), all
the G'-factors of B; (which are the strict transforms of the G-factors of B;) for
1 <i < m, and all the G'-factors of §Z (which are the strict transforms of the
G-factors of S;) for m 4+ 1 < i < k. This G'-nest is exactly 7".

“<”: Suppose 7" is induced by the flag S} C S5 C --- C S;. If S} € E,
then 7 is induced by the flag 7(S7) C w(55) C --- C w(S}.). Now let m be the
maximal integer satisfying S, C F. Since E is both minimal and maximal in
G’, we have the E-factorization S; = ENC! for 1 <i <m. Then 7 is induced

by the following flag
(GNm(Cy) Cm(Cy) C--- Cm(Cy) Sa(Shp) S Cm(Sy).  (2.9)

We first show this is really a flag by showing that 7(C;,) C m(S),,,). Since
ENC, €S ., and each G'-factor G’ of S], ; contains either F or C, .
But G’ cannot contain F, otherwise G’ must be E (since E is maximal) and
hence S, ,; € E which contradicts our assumption. So every G'-factor of S,

contains C) . This implies C}, C S; ., hence 7(C},) C 7(S;,,1).
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Then we show that the flag (2.9) induces 7. By Proposition 2.3.12 for
1 < 7 < m, there exists C; € S where C} Q G, such that C! = 52 Then
(C!) = C, and the G'-factors of C/ are the strict transforms of the G-factors
of C;. Similarly, the G'-factors of S] are the strict transforms of the G-factors
of m(S;). Moreover, suppose the G-factorization of Cy is A; N By (see Fact
2.3.10)), then
GNn(C}))=GNA NB =GN B;.

Hence the G-factors of (G N 7(CY)) are G and all G-factors of B; (notice
that their strict transforms are G'-factors of C}, hence are G'-factors of S7).
Therefore, the flag (2.9) induces the nest consists of G, all G-factors of C;

(1 <i<m) and all G-factors of 7(S}) (m+1 < i < k). This is exactly 7. O
For any subset 7 C G, define Y, 7 = (,or GV

Proposition 2.3.20. Let 0 < k < N —2 and let T C {Gyi2,Gry3,...,Gn}
be a G-nest. Then Yy 17T s an irreducible nonsingular subvariety of Yy 1 with
the following property:

If T U{Gks1} is not a G-nest, then G;ﬁl NY,7Z =0 and YV, 1 T =2 Y, T;
otherwise, Yy 17 is isomorphic to the blow-up of YT along G,(szl NY,7T, and

the exceptional divisor is G,(jfll) NYri17Z . In the latter case, the codimension

of G,(ﬁzl NY.T in YT is equal to

dim ﬂGngGETG — dim Gk+1, iof {G : Gk+1 - G e T} ?é Q),'

dimY — dim G4, otherwise.

Proof. Use induction. The case k£ = 0 is obvious. Assume the proposition is
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true for k.

1) We show that if 7 U {Gk41} is not a G-nest, then G,(le NY;,7 = 0. The
conclusion Y, 17 =2 Y, 7T follows immediately.

Since 7 is a G-nest, then {G®}4er is a G*¥)-nest by applying Proposition

2.3.19 k times. Suppose the nest {G*) ;e is induced by a flag
S]C8C--C8

where S € S*). We assert that if G,(ﬁl NYy7T # () then by adding one more
subvariety G,(ﬁgl to the nest {G®}ger we still get a nest. More precisely, we

assert

{Ggi)ﬁ U{GP}ger CGW

is a G®-nest induced by the flag
G ns cscs,CC8) (2.10)

(Indeed, Y37 = 51, so Ggle NS; # . By Fact 2.3.9 (ii), the G*-factors of
G,(igl NS; are G*®) and some G*)-factors of S}. Therefore, the flag 2.10/induces
the nest {G,(:gl} U{G®}ger € GW)

Proposition 2.3.19/ asserts that {G,(Ji)l} U{G®}ger is a G®-nest if and
only if {Gr4+1} UT is a G-nest. Then 1) follows.

2) Suppose the G*)-factors of Y, 7 are G, ..., G", they are also minimal
elements in the G)-nest {G*™} 57 by the definition of a nest (see Definition
2.3.18)). Assume without loss of generality that the first m subvarieties contain

G, Define A = N2 G, B = i, .,G), then ¥,T = AN B is the G\,
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factorization of Y7 by Fact 2.3.10.
Y17 = NgerG¥*tY by definition. Notice that for p,q > k + 2 and
G C G , we have G (k1) G U+ hecause strict transforming keeps the

containing relation. Moreover, G/, ..., G’ are the minimal elements in G

which contain Y3, 7. Therefore Y, 7 = 05215;. Then

by Fact 2.3.13. Thus Y17 = }7;;’? We also know that Y3, 7 and Ggﬁl intersect

cleanly, so Y;,17 is the blow-up of Y,7 along the center Y, 7 N G,Ele. The

(k+1)

exceptional divisor is the preimage of the center, hence is Y17 N G\ P

The codimension of the center Y, 7 N G,erl in Y, 7 is

COdlmAmBmGgﬂlA NB= COdlmGgﬁlmB

ANB= codsz,(k) A,

k+1

where the second equality is because of the transversality of the intersection

G/,(CJrl N B. If no elements in 7 contain Gy, then A =Y and

codsz(k) A=dimY — dim Gy y;
k+1

otherwise codsz(m A is equal to
k+1

m
COdsz,(ﬁﬁl ﬂ G = codimg,,, ﬂ G = dim ﬂ G —dim Gpyq.
i=1 Gri1GGET Gry1CGET
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Thus the proof is complete.

2.4 Examples of wonderful compactifications

In this section, several examples of wonderful compactifications are given.
Namely, the wonderful models of subspace arrangements given by De Concini
and Procesi (§2.4.1), Ulyanov’s polydiagonal compactification and Hu’s com-

pactification (§2.4.2) and Kuperberg-Thurston’s construction (§2.4.3).

2.4.1 Wonderful model of subspace arrangements

Given a finite collection of subspaces of a vector space V', there are many ways
to construct a smooth variety birational to V' which is unchanged in the com-
plement of those subspaces and replace those subspaces by a normal crossing
divisor. In the paper [DP95], De Concini and Procesi gave a combinatorial
condition saying that, one can blow up a set of subspaces satisfying this con-
dition (which is then called a building set, and coincides with the Definition
2.3.6 ) using certain orders, and the resulting space will not depend on the
chosen order. More precisely, if G is a building set, we get a smooth variety
Ys by blowing up all elements in G in the order of ascending dimensions. This

variety Yg is isomorphic to the closure of the natural locally closed embedding

i V\ | Ww=vx ] Bv/w).

Weg weg

Therefore Yy does not depend on the order of blow-ups.
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Remark: The ambient space V' x [[,c; P(V/W) can be replaced by a larger
space V' X [[,cg BlwV without changing the closure Y5 (up to isomorphism).
To see this, fix a projection of my : V. — W for each W € G, hence an

isomorphism V =2 W x V/W and therefore a closed immersion

Ve Vx [Jv/w).
weg
The exceptional divisor of the blow-up BlyV — V is isomorphic to W x
P(V/W). So there is a closed immersion W x P(V/W) — BlyV (which
depends on the projection my ). Apply a similar argument as in Remark 2.2.1

to the following factorization

v [ w S vx I evyw) < <V>< I1 W>>< I1 pov/w) =

Weg weg Weg weg

~Vx [] (leP(V/W)) —Vx [[ BiwV
weg wWeg

and the statement follows.

Remark: De Concini and Procesi’s work on subspace arrangements can be
easily adapted to arrangements of subvarieties once the subvarieties ‘locally’
appear as a collection of subspaces. However, it does not cover the general
cases of arrangement of subvarieties discussed in this paper, since in general it
is impossible to find a local coordinate that all the subvarieties in the arrange-

ment are linear subspaces.
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2.4.2 Ulyanov’s polydiagonal compactification and Hu’s

compactification

Ulyanov’s compactification. After Fulton and MacPherson’s paper ([FM94]),
Ulyanov has discovered another compactification of the configuration space
F(X,n), which he denoted by X(n) ([UI02]). The construction consists of
blowing up more subvarieties in X than Fulton-MacPherson’s construction.
Namely, we blow up not only diagonals but also intersections of diagonals
(those intersections are called polydiagonals, each of which corresponds to a
partition of {1,...,n}). The order of the blow-ups is the ascending order of
the dimensions of polydiagonals. For example, X(4) is the blow-up of X* along

polydiagonals in the following order:

(1234); (123), (124), (134), (234), (12, 34), (13, 24), (14,23); (12), . .., (34).

Those sets separated with commas will be disjoint before being blown up, so
they can be blown up in any order.

This polydiagonal compactification shares many similar properties with the
Fulton-MacPherson’s compactification. Moreover, in the case of characteristic
0, under the action of S,, on X(n), the isotropy group of any point in X(n) is
abelian, while the isotropy group in X|[n] is only solvable.

The polydiagonal compactification has a geometric description similar to
the Fulton-MacPherson compactification. The screens are leveled. Screens
at the same level need extra data called scale factors to record their relative

speed.
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<. X > Level0

' o | o | Level 1
i 5 ' . ' Y ' Level 2
a12=>5 aza=1 - 8
. ’ Level 3
FIGURE 2. A point in X(4) FIGURE 3. Another point in X(4)

Example: Figure 2 gives a point in X(4). Notice that the scales a;o = 5 and
az4 = 1 gives us the ratio of speed of point x1, zo approaching together and the
speed of 3, x4 approaching together. so only the pair (as : azq) = (5: 1) € P!
matters. If we change the scale to a1 = 10 and ag4 = 2, it will give the same
point. Figure 3 gives a case when aszy = 0, so the screen containing x3, 4

descends to level 3.

Hu’s compactification. We now consider the general situation where Y is
nonsingular with an arrangement of subvarieties S. By blowing up all §' € § in
the order of ascending dimesions, we get a nonsingular variety BlsY ([Hu03]).
Define Y° := Y \ UgesS, the open strata of Y. It is isomorphic to an open set
of BlgY. Then

1. The boundary BlsY \Y° = UgesDg is a simple normal crossing divisor.

2. For any Sy, ...,S, € S, the intersection of Dy, ... Dg, is nonempty if and
only if {S;} form a chain, i.e., Sy C --- C S with a rearrangement of

indices if necessary.

Hu’s compactification generalized Ulyanov’s polydiagonal compactification.

It is a special case of the wonderful compactification of arrangement of subva-
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rieties given in this paper where the building set G = S. (In this special case,

a G-nest is simply a chain of subvarieties.)

2.4.3 Kuperberg-Thurston’s compactification

In their paper [KT99], Kuperberg and Thurston construct an interesting com-
pactification of configuration space F(X,n). They did it in real field R and
we adapt here their compactification to complex field C. We give a brief
introduction here.

Let T be a connected graph with n labeled vertices (assume without loss
of generality that I" has no self-loops and multiple edges). If I” is a subgraph
of I', denote by Aps the diagonal in X" where x; = z; if ¢,7 are connected
in IV. We call a graph I" vertex-2-connected if the graph is connected and
will still be connected if we remove any vertex (In particular, a single edge is
vertex-2-connected).

It is mentioned with a sketched proof in [KT99] that blowing up along
Ar for all vertex-2-connected subgraphs IV C I' gives a compactification X7T.
When T' is the full graph with n vertices (i.e. any two vertices is joint with an
edge), the compactification X! is exactly the Fulton-MacPherson compactica-

tion X[n].

The Kuperburg-Thurston’s compactification X7 is also a special case of the
wonderful compactification of arrangement of subvarieties given in this paper.

Indeed, let Y = X™ and let S be the set of all polydiagonals of X™. Then XT
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is canonically defined without depending on the order of the blow-ups, once

G = {Ap : T" is vertex-2-connected }

is a building set with respect to §. G is indeed a building set because of the

following observation:
1. We call a subgraph I C T" is full if the following is satisfied:

(a) It contains all vertices in I.

(b) For any edge e € T, if its endpoints p and ¢ are connected in I,

then e € T”.

There is a one-one correspondences between the set of all full subgraphs

of I and the set S, which maps I'” to Arn.

2. Any full subgraph I'” has a unique decomposition into vertex-2-connected
subgraphs I'y, ..., I'y. Notice that Arp,, ..., Ar, are the minimal elements
in G which are > Arpv, and they intersect transversally with the inter-

section Arv. Therefore G is a building set by Definition 2.3.6.

It is also easy to describe a general G-nest: it corresponds to a set of
vertex-2-connected subgraphs of I', where any two subgraphs should be either

“disjoint” or “intersect at one vertex” or “one contains the other”.
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Chapter 3

Main theorems on wonderful compactification

of arrangements of subvarieties

This chapter is devoted to the Chow groups and Chow motives decomposition

of the wonderful compactification of arrangement of subvarieties.

3.1 Statement of the theorems

Notations:

e Let Y be a nonsingular algebraic variety over C with an arrangement of
subvarieties S (see Definition 2.3.5). Let G be a building set with respect
to S (see Definition 2.3.6). Let Y5 be the wonderful compactification of
the arrangement S associated to G (see Definition 2.3.16). Let 7 denote

a G-nest (see Definition 2.3.18).

e Denote Dp to be the divisor in Yy that corresponds to T' € G. When
no confusion arise, we use the same notation Dy for its restriction to a

subvariety of Yg.
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o Yo =Y YNT = \per T, YT :=\per Dr.
Denote jr : Yg7T — Yg to be the natural imbedding.
Denote g7 : Yg7 — Y7 to be the restriction of the natural morphism

Yg—>Y.

e Suppose j : B — C and g : B — D are two morphisms of varieties.
Denote by jXg : B — C'xD the composition of the diagonal map A
with fxg:

j®g: B2 BxBY oxD.

o (We assume (\ocrer I’ =Y if no T satisfies G CT € 7 .)
Define 7¢ := dim((\gcprer T) — dim G.

Define N¢ := Ne((Ngerer T)lvor, the restriction to Yo7 of the normal

bundle of G in the ambient space ((ocrer T)-

Define

My = {p=A{pcteeg : 1 < pg <rg—1}
and define ||p[| :== > g pa for p € Mr.

Theorem 3.1.1. We have the Chow group decomposition

AYg=AYaod @ A (yT)

T EGM’T

where T runs through all G-nests.
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Moreover, when Y is complete, we have the Chow motive decomposition

WYg) =h(Y)a @ @ r(T)(lul)

T HEMT
where T runs through all G-nests.

Theorem 3.1.2. The correspondence that gives each of the above direct sum-

mand can be explicitly expressed as follows,

a:h(Yg) — h(YoT)(||ull)

a = (j7¥g7). H { (97 Ng)®0( — ZDG/ ) DG} :
rg—l—pg

GeT

where the condition (%) is: G' C G and T U{G'} is a G-nest.

The inverse correspondence is

B hYVT)([ull) — h(Ys)

B = (gT&jT)* H ( — Dg)ucil.

GeT

3.2 Proof of the theorems

Apply the formula for the motive of a blow-up(Theorem 2.1.5) to Proposition

2.3.20l immediately gives the following lemma:

Lemma 3.2.1. Given a G-nest T C {Gyya,...,Gn}. Suppose T' := T U
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{Gi11} is also a G-nest. Define ri 1 (or r if no confusion arises) to be

dim ﬂGngGETG — dim Gk—i—h Zf {G : Gk+1 - G e T} ?é Q),'

dimY — dim G4, otherwise.

Then the following Chow group decomposition holds:

r—1
A (Ve T) = A*(WT) o @ A" (%T)).

t=1
When'Y is complete, we also have the motivic decomposition

r—1

WY T) = h(YiT) & @ h(MT')(1).

t=1

Applying inductively the above lemma gives the proof of the Chow group
and Chow motivic decompositions of the wonderful compactification Yy in

Theorem [3.1.1] as follows,

Proof of Theorem 3.1.1. Define

MY = {p={pcleeg : 1 < pe < dim( N %) —dimG® -1}

TeT
G(k) g[(k)

and define ||p[| := > g pa for p € M;k).

We prove the following statement using the downward induction on & :

AYg=Avio P @ A7) (3.1)

T HEMgc)

where T runs through all G-nest such that T C {Gyy1, Grio,-..,Gn}
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The assertion for k = N is trivial because all GV) are divisors in Yg hence
of codimension 1 and M = 0.

Assume (3.1) has been proved for k£ + 1, i.e.,

AYg=AYmo P P A Y1)
T HGMq@H)
where 7 runs through all G-nest such that 7 C {Gyy2, Ggys,...,Gn}. Apply

Lemma 3.2.1, we have

s—1
v; =i (@A)

t=1

o ( A*—llull(YkT)) ® (m%é_lA*"“‘t(Yk({Gkﬂ} uT )))

t=1

where s = codimg,,, Y. This immediately gives the Chow group decomposi-
tion (3.1) for k. Indeed, any G-nest contained in {Gji1, Gy, ..., Gy} must
be one of the three: {Gpi1}, G-nest 7 contained in {Ggio, Ggis,...,Gn},
or {Ggi1} UT. They correspond to the second, third and last summands
respectively.

Therefore, the Chow group decomposition (3.1) holds for all &, in particular
the case k = 0 gives the desired Chow group decomposition. The proof of the
Chow motive decomposition is almost an repetition of the above proof and

been omitted here. O

Our next step is to explicitly express the correspondences that give the
Chow motive decomposition i.e. to prove Theorem 3.1.2. We first introduce

some notations.
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Fix a G-nest 7.

e Define 7, := 7 ({Gri1,Grya,--.,Gn} for 0 < k < N. Then we have a
chain

(T=)L 2T 2 2 In(=0).

e For 1 <i < N, define

pr,. i T, €G;

0, otherwise.

e jy and g (N > k > [ > 0) are the natural morphisms as in the following

diagram
JjT
f JN JIN JN,N-1 \/
e YnTy - YT YNIn1 ——=YNTy  (3.2)
gNo O 9N O 9N,N1J/ S
JN-1,0 JN-1,1 £ By
YvTo—Yn i Th— - — Yy 1T
gN-1,0 Ogn-1,1
9T
920 O 921
Jj1o
Y17, YT,
a1 //
gio e
\ £ By
Yo7

Lemma 3.2.2. Denote by g : Yy, — Yi_1 the natural morphism. Then for

[ < k-1, we have



Proof. First, notice that Gl(k_l) ? G,(f_l) since their image under the natural
morphism Y, — Y, are G; and Gy, respectively. By the assumption of the
order of {G;}, we have G; 2 Gj. On the other hand, Gl(kfl) is a divisor,
SO Gl(k_l) ¢ G,(f_l). We also know that Gl(k_l) and G,(Ck_l) intersect cleanly,
therefore they must intersect transversally. Then it is standard to show by
local coordinates calculation that the following isomorphism between ideal

sheaves holds:

g 'Z(GY) - Oy, = T(G).
The desired conclusion follows from this. ]

Proposition 3.2.3. In Diagram (3.2), all squares are fiber squares. Moreover,
forany N > k > 1 >0, ju is injective; g is the projection of a projective
bundle with fiber of dimension r,+ — 1 if Gy, € T (see Lemma!3.2.1 for defin-
ition of ri.1); gr s the blow-up of Y17, along G,(Ckfl) NYy 17, if G, ¢ T but

{Gr} UT; is a G-nest; gy is an isomorphism if {Gy} U T} is not a G-nest.

Proof. 1t is obvious that ji; is injective.

To show that g, is the projection of a projective bundle if G}, € 7, we apply
Proposition 2.3.20: Y;7; is the blow-up of Y,_17; along the center Yy 17, 1,
and the exceptional divisor is Y3, 7;_;. Therefore ggr—1 : YiZp—1 — Yio1Zk—1
is a projective bundle, and the dimension of a fibre is r, 7 — 1. Next we show
that for any | < k — 1, gi; is the restriction of g; 1 to a smaller base Y7,
then gy, is also a projective bundle with fiber of the same dimension r;, 7 — 1.

Fix k and use downward induction on [. By inductive assumption, g ;41 is a
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restriction of gy x—1. Since

gl;llﬂ(Gl(iIl) NYy 7)) = Gl(i)l NY.7,

by Lemma [3.2.2, the restriction of the projective bundle gy ;11 to a smaller

(k—1)

base space Y17 = Y1741 NG

is exactly gp.
Next, we show gy, is birational if G, ¢ 7. This is again implied by Propo-

sition 2.3.20. Notice that G,(ffl) is minimal in
T = {GVY U {G* VY ger.

If 77 is a G¥ Yonest, then g - YiZ, — Y. _17; is a blow-up along the cen-
ter fo_l) N Y,_17;; otherwise, g is an isomorphism. In both cases, g is
birational.

Finally, all squares in Diagram (3.2)) are fiber squares since VI < k — 2, gx

is a restriction of gi ;1. The proof is complete. O

Proposition 3.2.4. Suppose W, U,V, X,Y, Z are nonsingular varieties, the

square in the following diagram is a fiber square, and dim W —dim V' = dim U —

dimY,
W J3 U J2 X
a9 A
Qsl O gzi E
v Ji Yl/ P2
al o -
Zy 51

Also assume ji, gi(1 < k < 3) are proper and l.c.i. (local complete intersec-

tion) morphisms (cf. [Fu98]). If there exists v, € A(V),v,7 € A(U),
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such that the correspondences

ok = (Jr B gr)eve, Ok = (gx W ji)syy,  for k=1,2

then we have

s = (J273 ¥ g193)« (4372 - G5m),

Bafr = (9193 ® jags)« (9571 - J372)-

Proof. Denote by m5¥Z the projection X x Y x Z — X x Z.

aras = (175 2)i[(2 ® go)iye X 17 - 1x x (ji1 ® g1)ui]

= (115" 2)[(J2 X g2 X 12).(Suey2 X 17) - 1x X (ji X g1)x0veml.

By projection formula, the expression in the bracket equals to

(J2 X g2 X 12)s[0vsye X 172 - (J2 X g2 X 12)"(1x X (J1 X g1)+0vam1)]

Z(jQ X g X 12)*[5U*’Yz X 1z-1y X (92 X 12)*(j1 X 91)*5\/*71]-

Next, we show that (g x 12)*(j1 X g1)« = (j3 X g1)«(g3 X 1y)*. Indeed,
notice that in the following fiber square, the relative dimensions of the left

arrow (g3 X 1y) and right arrow (go x 1) are equal,

JaXg1

WxV—=UXx2Z
g3><1vi O gaxlyg

VXV%YXZ

5



Apply the push-forward formula and excess intersection formula for l.c.i. mor-
phisms gives the desired equality. ([Fu98| Proposition 6.6, asserts that Theo-

rem 6.2 and Theorem 6.3 in [Fu98| are also valid for l.c.i. morphisms.)

a1 = (175 2) (G2 X g2 X 12).[00a72 X 17 - 1y X (3 X g1)«(g3 X 1y)*vui]

= (Jox12) (T 9) (1 X Jz % g1)«[(1y X J3)*Spay2 X 1y - 1y X (g3 X 1y)*0yam]

The expression in the bracket equals to

(1y x j3)"(Av - (1y x 72)) X 1y - 1y x (g3 x 1v)"(Av - (m1 x 1v))

= (]-U X jg)*AU X 1y -1y X j;’}/g X 1y - 1y X (gg X ]-V)*AV -1y X g;’}/l X 1\/]

Since (]—U X jB)*AU = FEB = (]3 X 1W)*AW and (gg X 1V)*AV = Fg3 = (1W X

93)«Aw, the above expression equals to

(Js x 1w )« Aw x 1y - 1y X (Iw X g3)«Aw - 1y X (j372 - g371) X 1y

= (s X Iw x g3)«[Aw X L - L X A - Ly X (4372 - g371) X 1v/]

Then, because of

(2 X 12)(75%) (1 % jz X g1)(J3 X 1w X g3)s = (Jajz X 9193)« (715" V).,

and

walw'lwaX]_W:walw'rx]_leW:AleW'WikS(PXlw),
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We have

a1y = (J273Xg193)«T13[Aw X L - Ly X Ay - w51 X 1yy)]
= (Jods X g193)« M3 (Aw X Ly - Iy x Aw) - T X 1yy/]
= (J2J3%9193)«[Aw - ' x 1yy]
= (J273%9193)+ 0w’

= (JoJzs X g193).I".

Where I' = 372 - g371- O

Notice a simple fact: If A, B;, C;; are motives such that

1. @, i : A= P, B, is an isomorphism with inverse Y, [3;,
2. @j o B = @j Ci; is an isomorphism with inverse Zj Bij,

then @” aoa; t A= @” Ci; is also an isomorphism with inverse Z” B; o
Bij-
For G, € T, define hy, € A' (Y}, Tx_1) to be first chern class of the invertible

sheaf O(1) of the projective bundle gj x—1. Define

(Jek—18gk k1)1, if G ¢ T,
ap =
(jk,kq&(]k,kfl)*{gzyk_lc(Nk)ﬁ}rrlwk, itGy €T,
where Ny := Ny, _,7,_,Yr-17x, and define
(Gre =18k k1) 1, if G ¢ T;

B =
(Gr 1Bk p1 )P i Gp e T
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Thanks to the formula of the motive decomposition of a blow-up (Theorem

2.1.5)), the correspondence

ag h(Yk’Z})(Z i) — h(Yk—lﬂ—l)(Z 14i)

expresses h(Ye 175 1) (3N ;) as a direct summand of h<Yka)<fo+1 ;) with
right inverse (.

By the above simple fact, the correspondence
ar, - h(Yg) — h(YoT)(l|pl)

that gives the direct summand h(Yo7)(]|z||) in Theorem3.1.1 can be expressed
as the composition a; o g 0 - -+ 0 ay, with right inverse Gy o --- o (.
Now combine Proposition 3.2.3 and Proposition 3.2.4/ with the above dis-

cussion, we arrive at the following proposition:

Proposition 3.2.5. Denote by fi : YnTo — YiTp_1 the natural map in Dia-

gram (3.2). (i.e. grr1k-1°""© gNk—1° JNk—20° -0 jno.) Then

aro--oay = (jrX¥gr). H {fkgk,kflc(Nk)l_—m}rk—l—uk’
GreT

Byo---o0B = (QT&jT)* H f;hgk_l'
GreT

The following two standard facts about normal bundles of subvarieties are

used in the proof of Theorem 3.1.2.

Fact 3.2.6. Let Y, W be nonsingular proper subvarieties of Z and assume Y
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intersects transversally with W. Let 7 : Z — Z be the blow-up of Z along W

and let Y be the strict transform of Y. Then

Ny Z ~ "Ny Z.

Fact 3.2.7. Let W CY C Z be nonsingular varieties and 7 : Z — Z be the
blow-up of Z along W. Denote by Y the strict transform of Y, and denote by

E the exceptional divisor on Y. Then
NyZ ~ n*NyZ ® O(—E).

Proof of the above two facts. Prove by local coordinates. Or see [Fu98]. [
Proof of Theorem 3.1.2. The proof contains three steps.
Step 1: Show fihy = —Dg, vy -

Recall that for G, € T, hy, is first chern class of the invertible sheaf O(1)
of the projective bundle gy, ;1.
Consider the following diagram (not necessary a fiber square) where 7 and

J are the natural morphisms:

YnT SELES Yn
T

Vi Toy ——Y,

By Proposition 2.3.20, Y,7,_; is the exceptional divisor of the blow-up
Ik k-1 - Yk%,1 — kal’]?g,l. So hk = _j;k—l[yk?;f*l]' Since Yk%,1 is the
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transversal intersection Y}, 7 N G,(gk), hy = —j*[G,(Ck)]. SO
fkhk:_ kJ [G]({; )]:_]’Tﬂ- [G](g)]:_jTDGk:_DGk|YN%'

where the third equality is by successively applying Lemma 3.2.2.
Step 2: Let 0 < s < k < N. Denote gy : Y7, — Y, 17 to be the
natural map induced from Y; — Y, ;. We show that, if G, € 7 (hence

Tr—1 = T U{GL}), then the normal bundle Ny, ,Y;7j is isomorphic to

Ge k-1 (Ny, 175 Yo Tp) ®(— [Ggs)]

YsTk—l)a if (**) hOldS;

Js k-1 (NYS_J;H Yjsfﬂ}), otherwise.

where condition (**) is: G5 € Gy and 7, U {G,} is a G-nest.

For the proof, we discuss three cases.

Case I: when (**) holds. It is a direct conclusion of Fact 13.2.7. To apply

this Fact, we need
Vi TeNGE Y CY, TN G;(f_l) C Y, 17,

The second inequality is obvious. The first inclusion is strict because of the
following reason. GY ™V is a G~ V-factor of Y, 17w N GE ™Y, therefore G,(f_l)
is not a G¢~V-factor because it strictly contains GY7Y. On the other hand,
G,(f_l) is a G Y-factor of Y,_17; N G,(f_l). So the first inclusion is strict.
Case II: T, U {G,} is not G-nested. In this case, G VNY, T =0 by

Proposition 2.3.20. Hence no twisting is needed for the normal bundle.
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Case III: 7, U {G,} is G-nested but Gy is not strictly contained in GY.
If 7p—1 U {Gs} is not a G-nest, then GE Y n Y, 17;_1 = () by Proposition
2.3.20. Hence blowing up along GY Y will not affect the normal bundle of
Ys-17k_1, so no twisting is needed. Otherwise, assume 7;_1 U{G} is a G-nest.
Both G4 and Gy are minimal in the G-nest 7, 1 U {Gs}. Then GE™Y and
G,(:fl) are minimal in a nest and neither one contains the other, therefore they
intersect transversally by the definition of mest. Thus, Y,_17; N G,(f_l) and
Y, 1T N Ggs_l), regarded as subvarieties of ambient space Y, 17, intersect
transversally. Therefore Fact [3.2.6/ applies, hence no twisting is needed for the
normal bundle.

Step 3: Apply the result of Step 2 successively for s =1,2,...,k—1. The

normal bundle Ny, 7, ,Y,_17} is isomorphic to

<9;§—1,/<;—1 .- 'gik,k—l (NYO%—IH%)>®( - Z[ng_l)”yk—lffkfl)
()

where the sum is over all s that satisfying condition (**) holds. (Here we use

Lemma 3.2.2.) Therefore

fljgl:,kflc(Nkaﬂ'kﬂ Yk—lﬂ)

= C(g;’(NYOTk1Yb77€‘YoT)®O( - Z[DGS] YNTkl))'
(%)

Notice that

(NYO’Z}C,llf(],];J |Y0'T = NGk( m G)|YOT
GkgGET
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which is denoted by Ng, by our notation. (The proof is as follows: Sup-
pose T, ..., Ty, Thni1, ..., T, are the minimal elements of the nest 7, where the
first m elements contain G;. Then the minimal element of the nest 7,_; are
Gy, Tri1, ..., T. By the definition of nest, Y7 is the transversal intersection
Tnn---NTy, Ny N---NT,., and Y7, is the transversal intersection

GrN Ty N---NT,.. Therefore the normal bundle
Nyyz  YoTh, = Ne, (Th N -+ N ) vz

Since Ty M-+~ N1, = (g, caer G the conclusion follows immediately.)

Now put everything into Corollary [3.2.5, we have

Q] 0---0QnN

1
= (jrX¥g7). c(97(Na, )®O0(= ) [Da,llyvyt) 5. 1 .,
le_E[T{ o % " 1+DGk|YN7}” o
By oo By = (grXjr). H (—=Da )" Hyar-
GreT

Finally, we show that the condition (**) can be replaced by the following
condition:

(k) :Gs € Gy and T U {G,} is a G-nest.

Indeed, () is stronger than (**). However, for those G satisfying (**)

but not (%), the divisor [Dg.]

vyr would be trivial because Dg, N YNT = 0.
Therefore, replacing (**) by () will not change the result.

Hence the proof is complete. O]

we write a direct conclusion from Step 3 for later usage:
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Corollary 3.2.8. Denote 7 : G,(ﬁl — Gpq1. Then

C(NG(k> Vi) = C<7T*N(Gk+1)y® Z (_[DG]”G&L)

k+1
Gk+1 QGET

Proof. Apply Step 3 to the nest 7 = {Gyy1}-
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Chapter 4

Theorems on the Fulton-MacPherson

configuration spaces

In this chapter, we prove more precise results for the Chow groups (Theorem
4.1.1) and the Chow motives (Theorem 4.1.2)) of the Fulton-MacPherson con-
figuration space X[n]. We also give a generating function which can be used to
calculate the Chow groups and the Chow motives recursively (Theorem 4.2.1)).
Examples of Chow groups and Chow motives of X|[n] for n = 2,3,4 are given

in Section 4.3.

4.1 Statements and proofs

Notation:

1. We call two subsets I,J C [n] :={1,2,...,n} are overlapped if I N J is
a nonempty proper subset of I and of J. For a set S of subsets of [n],
we call [ is compatible with § (denote by I ~ S) if I does not overlap

any element in S.
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A nest S is a set of subsets of [n] such that any two elements [ # J € S
are not overlapped, and all singletons {1},...,{n} are in S. Notice that
the nest defined here, unlike the one defined in [FM94], is allowed to

contain singletons.

Given a nest S, define §° = S\ {{1},...,{n}}. In the description of

nests by forests below, S° correspond to the forest S cutting of all leaves.

A nest S naturally corresponds to a not necessarily connected tree (which
is also called a forest), each node of which is labeled by an element
in §. For example, the following forest corresponds to a nest § =
{1,2,3,23,123}.

123

Denote by ¢(S) the number of connected components of the forest, i.e.,
the number of maximal elements of S. Denote by ¢;(S) (or ¢; if no
ambiguity arise) the number of maximal elements of the set {J € S|J C
I}, i.e. the number of sons of the node I. In the above example, ¢(S) = 1,

Cla3 = C3 = 2.

. Let X be a nonsingular variety of dimension d.

It is shown in [FM94] that X [n]\ F(X,n) = UD;, where I runs through
all subsets of [n] with at least two elements. UD; is a simple normal
crossing divisor. For every nest S, X(S) := NjesD; is a nonsingular

subvariety of X|[n].
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Define js : X(S) — X|n| to be the natural inclusion.

Define Ag := NyesA;. Define gs : X(S) — Ag to be the restriction of

the morphism 7 : X[n] — X" to the subvariety X(S).

. Let p; : X[n] — X be the composition of 7 : X[n] — X" with the
projection X™ — X to the i-th factor for an arbitrary ¢ € I. (The
choice of 7 € I is not essential: indeed, the only place we need p; is in
the formulation of s, below, where need the composition jsp;. By the

following diagram

X(S) 25~ X[n]
lgs ) lpi
As X

where 7 € I, we have j$p; = g5q;, but g; is independent of the choice of

t € I since Ag C Ay, so jép; is independent of the choice of ¢ € I for

pr-)

. For anest S # {{1},...,{n}} (i.e. S°#0), define

Ms = {p={pr}rese : 1 < puy < d(ep—1) — 1},

(recall that d = dim X, ¢; = ¢;(S) is defined in Notation 1) and define
pll = 2 eso s Y € Ms.

For § = {{1},...,{n}}, assume Ms = {pu} with ||u[ = 0.

Define function ¢(z) := 320 (1 + 2)%¢;(Tx).

Define as, € Corr~I(X[n], Ag), Bsu € Corrll(Ag, X[n]), ps, €
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Corr®(X|n], X[n]) as follows,

. % * cr— 1
as,u = (.78 X gS)*]S( H { _pIC(_ ZDJ) ! 11 + Dy }d(ql)lm)’

I€S® J~S
J2I

Bsu = (9s K js)*jfsk*( 1T Dfrul),

IeSe

Psu = Bspu © Qs pu-

(In the above definition of as,y and fBs,, the products are assumed to

be 1X(S) c A° (X(S)) if §° = @)

The following are the main theorems on the Chow groups and Chow mo-

tives of Fulton-MacPherson configuration spaces.

Theorem 4.1.1. Let X be a (not necessarily complete) nonsingular variety.

There is an isomorphism of Chow groups:

A*(X[n]) = @ @ Al (xeS)y,

S HGMS
where S runs through all nests of [n].

Theorem 4.1.2. Let X be a complete nonsingular variety defined over an

algebraically closed field. Then there is a natural isomorphism of Chow motives

P P os,: hXn) =@ P nas)(ul)

S HGMS S HGMS
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with the inverse Y > Bs,. Equivalently, we have
S pes o

WX[n) =P @ rx) ().
S HGMS
Remark 4.1.3. Observe that the two sets of correspondences {as }, {Bsu}

are S,-symmetric, in the sense that for any o € S,

Q5 (S),0(p) = O-<O‘S,H>? 60(8),0(&) = U(ﬂs,ﬁ)v

where the actions of o are the obvious ones.
Thus the S,-action on X|[n] is compatible with S,-action on the motive

decomposition in the sense that the following diagram commutes, where I' =

@S,/J, Oéshu' :

h(X[n]) ——= Ds, " As)(llll) .
h(X[n]) —— s, h(As)(llpl)
Proof of Theorem |/.1.1. Apply Theorem 3.1.1 with the ambient space ¥ =
X"™ and the building set
G = {Ar}icm, =2

First notice that a nest S of [n] gives a G-nest 7 = {A;}res.. Moreover,
the inverse is also true: a G-nest will give a nest of [n]. Indeed, given a partition
II = (Iy,...,I;) of [n], a G-factor of Ay by definition is a minimal element in G

that is O Ap, so {Ap, ..., Ar} are all the G-factors of Ap. By the definition
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of G-nest (Definition 2.3.18)), a G-nest 7 is induced from a flag of strata
A, 2 Ap, 2 -+ 2 Ap,.

Then
>, > - > 11,

(Here IT > II' means II is a finer partition than II', e.g.(12,3,4) > (123,4).)
The nest 7 is induced by “taking the union of all factors of each Ap”, which
corresponds to “take all I’s that appears in any of the partition II,”. Since
the partitions is totally ordered, the set of I’s forms a nest of [n].

Next we prove the range of p is as stated. Theorem 3.1.1 says
I1<pe<re—1
Now G = Ay is a diagonal, by definition

rg = dim( ﬂ T)—dimG

GCTeT

:dlm( ﬂ A[/)—dimA[

IDI'eS

= d(C[ — 1)
Finally, observe that

YOT:ﬂG ﬂA, Ag = X9,
GeT IeS
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The proof is complete. O

Proof of Theorem |4.1.2. The statement of the motive decomposition is proved
exactly as the above proof.

The correspondences are induced from Theorem 3.1.2. The improvement of
this theorem than Theorem 3.1.2/is: we can say more about the chern classes
appeared in the correspondence as,, in Theorem [3.1.2.

First, for G = Ay, let Il = (I4,. .., I.,) be the partition containing all sons
of I in §. We calculate the normal bundle Ng := Na,Ap. Without loss of
generality, assume [ = (12...m), where m < n.

Denote p; : Ay — X, ¢; : An — X be the projections induced from the

projection of X™ to the i-th factor. For each 1 < i < ¢y, pick an a; € I;.

Ta, =0iTx ® P Ix & -+ ©p T
Tag =G0 Ix @ ® ¢, Tx 4 ITx & & ¢, Tx

Tagla, =piTx @i Tx ® ¢ Ix ® - ®qTx

Therefore, ¢(Ng) = pie(Tx)
To calculate the chern classes of Ng twisted by a line bundle L, we use
the chern root technique. For any vector bundle N on X, define the chern

polynomial as
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Define © = ¢;(L). Recall that the rank of Ng is r¢ = d(c; — 1). Then

¢(Ne¢ ® L) = ¢,,(Ng) + ¢ro—1(Ng) (L +2) + ... + co(Ng) (1 + )"
= (¢ + 1%y (No)

— (2 + D" ey (Tx)"!

1
x+1

= pille + 1) (To) ™" = pi(a) .

Finally, by restricting to As and pulling back to X (S) we get the expected

formula for correspondences as,,. []

4.2 A formula for the generating function of
Chow groups and Chow motive of X|[n]

In this section, we show that the decompositions of the Chow groups (The-
orem 4.1.1) and the Chow motive (Theorem [4.1.2) can be expressed using
exponential generating functions.

Define ["’“"n—tfl] to be a function to pick up the coefficient of xn—t,n from a power
series with two variables x and t, i.e.,

zit" It
] Ajm W = Qjp-

[

n!
j7m

The main theorem of this section is the following:

Theorem 4.2.1. Define f;(x) to be the polynomials whose exponential gener-
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ating function N(z,t) =Y. fz(x)i—, satisfies the identity
i>1

(1 —z)2% + (1 — 2%) = exp(2?N) — 24 exp(N).

where d = dim X. Then

A(Xln)) = P AT

Moreover, if X is complete, then we have the motive decomposition

MXI) = @D (r(an) (@) i)
H:(Il ,,,,, Ik:)
partition of [n]
zt™ Lk
= @ (rxhE) T
1<k<n
i>0

Remark 4.2.2. One can write down by hand the first several terms of N.
Define o; = "9 o' (when d =1, define oy = 0). Then

2 3 4

t t
N=ttog+ (09 + 30%)5 + (03 + 100105 + 150@5
5

t
+ (04 + 150103 + 1005 + 1050705 + 105031)5 + ...

Proof of Theorem 4.2.1. We prove only the statement for motives, since the
statement for Chow groups can be proved by exactly the same method.

By Theorem 14.1.2, we want to count for any given ¢ and k, how many
possible S and p € S satisfy ¢(S) = k and [|u|| = i. First, consider the case

when ¢(S) =1, i.e. S is a connected forest.
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Define

fo(2) = Z Zx”ﬁ“,

S:c(S)=1 peMs
and define fi(z) = 1.

For a nest S of [n| with ¢(S) = 1, we have

DO, |

PEMs IeSe

i.e., I goes through all non-leaves of § (if n = 1, then the sum is assumed to
be 1). Since the sons of the root of S correspond to a partition {1y, ..., I} of

[n], we have following formula for n > 2,

falz) = > VAR TN
{I1,...,I }partition of [n]
dk—1

where o = > 7" 2 for k> 0, and 9 = 0. Since the equality does not hold

for n =1 where fi(z) = 1 but the right side is 0, so one define

File) = fo(z), ifn>1;
0, if n=1.

Then the following holds for any n > 1:

ful) = > finfinl-fingox-1:

{I1,...,I; }partition of [n]

Recall the Compositional Formula of exponential generating functions (cf.
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[St99], Theorem 5.1.4), which asserts that if an equation as above holds, then

E§(t) = Es(Ey(t)),
where

Ef(t) =1+ fit+ fot® /2 + fst? /31 + ...
E,(t) =1+ oot + o1t /2! + 0ot® /31 + . ..

E(t) = fit + fat? /2 + fst? /30 + ...
By the definition of f, E;=FEf—1+1. Denote N = Ey, one has
N—-t+1=E,(N),

A standard Calculation shows

1
r—1

[%(exd]v_l —1) —ze" +z].

E,N)=1+N +

Therefore

(1—z)2% + (1 — 29) = exp(2?N) — 29 exp(N).

Now consider the case when ¢(S) is not necessarily 1, i.e., the forest S is
not necessarily connected. For a partition II = {Iy, ..., I} of [n], the number
of times that h(Ap)(i) appears in the decomposition of h(X[n]) is equal to

[2*](fir(2)... fiz, (), the coefficient of z* in the product. Denote by ay; the
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sum of these numbers for all partitions with k blocks. Then ay; is the number
of times that h(X*)(i) appears in the decomposition of H(X|[n]).

Define
Fu(y) = > fintfinal--finy"

{I1,...,I;; }partition of [n]
Then the coefficient [y*]F,(y) = > axx’. Use the Compositional Formula
again,

n

Fn =[] exp(yN).
Therefore

n

[ F(y) = [¥"] [lexp(yN)

= [%Hy’“] exp(yN)
t" Nk
15

This yields the formula for the decomposition of the Chow motive h(X|[n]). O

4.3 Description of X[n] for small n

In this section we explain the previous Theorems (4.1.1, 4.1.2, and 4.2.1)) about
Fulton-MacPherson configuration space X|[n] for small n = 2,3, 4.
For unification of notation, assume d > 1 in the following examples (1),

(2) and (3). (The case d =1 is simpler but needs a revise of notation.)

1. n = 2. The morphism 7 : X[2] — X? is a blow-up along the diagonal
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A1y. Theorem 4.2.1] asserts

X2 2 H(X%) & @) H(Aw)(i) & h(X?) & D HX)().

There are 2 possible nests: S = {1,2} and S = {1,2,12}. Theorem 4.1.2

asserts the follows:

For the first nest, Ms = {pu} with ||u[| = 0. Therefore a = I'y, 8 =
I, p =Tt oD, They give the first direct summand in the above

decomposition.

For the second nest, S° = {12}, 1 < 15 < d—1, so there are d — 1 direct
summands for this nest. Denote j : Dyy — X|[2], g : Dig — Ajs as the

natural map, we have

sy = —( B g)j*( Z pici(Tx)(=Dap) "~ 7112 77),

Bsu = (& j).g" (D7),

psﬂ = ﬁ‘gﬂ @) &S,H'

They give the direct summand h(A12)(112).

g

level 4

@

— @

&)
; A ?

23 level 3

[\
w

23 level 2

13
N AN
12 1 2

@

Sy
AR R ©
123 12 123 13 123 23 12 level 0 ({.\
DOQOBG®ODOBDWO 123 e 7 3

1 3

level 1

w

@

[\
w

FIGURE 1. X|[3] by the symmetric construction.
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2. n = 3. Apply Theorem 4.2.1)

h(X[3)) = h(X®) & 6]9 h(A12) (i) & 6]9 h(A3) (i) & EB h(Aag) (i)
2d—1
D @ (h(A123)(Z-)>@min{3i—2,6d—3i—2}

i=1 i=1
Now we write out all the correspondences that give the decomposition of
motives. There are 8 possible nests, correspond to 8 trees (see the right

side of Figure [1).

The tree on the left side of Figure [1l helps us to understand the relation
between subvarieties of different Y;’s (i.e. at different levels): each node
with label I at level k correspond to the subvariety ;.1 := (A;)*) in Y.
The node at level k without label correspond to Y. For example, the
root at level 4 corresponds to Yj, its two successors correspond to Y3 and

Y5(23), and the relation is that Y} is the blow-up of Y3 along Y3(23).
We list below those correspondences «, 3, p for the 8 trees:
Dgivesa=I,,3=Tt p=Ttol,.

@ (and @), @ are similar) gives

1
1—|—D12

}d—l—um) 5

as.p = (Js X 98)*]2({_19T<(_D123)

Bsu = (9s B js)js (D3> ).

where X(S) = Dlg, 1 S 12 S d—1.
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®) gives

as, = (js X gs)*Js({—P1C(O)2m}2d—1—ms),

Bsu = (95 B js)js (D).

where X(S) = D123, 1 < 123 < 2d — 1.

® (and (D, ® are similar) gives

as . =(Js W gs)«js

({p1C<_D123)1 + D12 }d—l—ulz{p1C(O)1 T D123 }d—l—u123)’

N —1 —1
B =(9s R js)js (Diy? D3 ™").

where X (S) = D12 N Dia3, 1 < pigg, p103 < d — 1.

Remark 4.3.1. If we use Fulton and MacPherson’s nonsymmetric con-
struction of X[3], we would get another set of correspondences which also
gives a decomposition of the motive h(X[n]). This set of correspondences
turns out to be different than the ones given above: a straightforward
calculation shows that, by the nonsymmetric construction of X|[3], the

correspondence that gives the direct summand h(Ai2)(p12) is

o h(X[3]) = h(A)(p2),

& = (2 B g1o). o ({p3¢(0) —

T5 Do)

where jig @ D1o — X[3] and g15 : D12 — Aqa are the natural morphisms.
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However, the correspondence giving the direct summand h(A13)(p13) is

o h(X[3]) = h(Az)QLM3,

o = (j1z X 913>*113({p1<(_D123)1 T Dis }dflfms)-

where ji13 : D13 — X[3],913 : D13 — A3 are the natural morphisms.
Notice that o and o' are not of similar forms (Compare ((O) with
((—=Dqg3)). Therefore the non-symmetry of the construction of X|[3] in-
duces the non-symmetry of correspondences. Actually, this is a reason

why we choose the symmetric construction of X[n] (c¢f. Remark!|].1.5).

. For n =4, we just look at one nest S:

S

PN

1 2 3 4

We have X(S) = D12 N 1)347 1 S Hi12, H34 S d—1 and

as,, =(js M gs).js

({pTC(_D1234); !

1 (=D —
1+D12}d 1 H12{p3g< 1234)1+D34}d 1 M34)7

Bspu =(9s W js)ejs (D3> Dy ).

Since A5 and As, intersect and would not be disjoint in the procedure of
blow-ups, so a priori we have to make a choice of order that whether blow
up along (the strict transform of) Ay, first, or along (the strict transform
of) Asy first. Although an order is chosen to calculate the correspon-

dences, it turns out that the correspondences (hence projectors) which
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give the motive decomposition in Theorem 4.1.2 are actually indepen-
dent of the choice. This independence is a special case of Remark 4.1.3:
for 0 = (13)(24) € Sy, the above correspondences is invariant under the

action induced by o.

. An application of Theorem 4.2.1is: we can calculate the rank of A(X[n])
(as an abelian group) once given the ranks of A(X*) for all 1 <k <mn

(assuming that the ranks of A(X*)’s are finite).

Let us take P[5] for example. Since the rank of A((P4)%) is (d + 1)*,

Theorem 4.2.1 implies that the rank of A(P?[5]) is

> @+ (B ).

1<k<5

By Remark 4.2.2, we can calculate the following

N2 ¢ 3 4 1o

o =3 + 3015 + (1507 + 402)5 + (10502 + 600,09 + 503)5 + ...
]g—f = ;—?; - 6011; + (4507 + 1002)2—5; + .

N4 t4 5

E = E + 10015 +

N5

Now plug in = 1, we have 0; = dj — 1. The above sum is a polynomial
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of d as follows

(d+1)° + (d + 1)*100, + (d + 1)*(4507 + 1007)
+ (d + 1)*(105075 + 600105 + 503)

+ (d + 1)(o4 + 150103 + 1005 + 1050705 + 10507).

In particular, the rank of A(P'[5]) is 178, the rank of A(P?[5]) is 7644.

Remark: For the example X = P? since X[n] has an affine cell de-
composition, the rank of the Chow group Ax(X|n|) coincides with the
2k-th Betti number of X[n]. Therefore we could also get the above rank
by the Poincaré polynomial of X[n| calculated in [FM94]. However, the
rank of A(X|[n]) for a general variety X is not implied by the Poincaré

polynomial of X[n].
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Chapter 5

On the cobordism class

Consider the complex cobordism ring with rational coefficients Q = QUV®Q.
The complex cobordism class of a stably complex manifold is completely de-
termined by the collection of its Chern numbers. In this chapter we show
that for certain wonderful compactifications of X™, in particular the Fulton-
MacPherson configuration spaces, their cobordism classes depend only on the
cobordism class [X] € Qgim x-

The proof of our theorem is based on a well-known blow-up theorem of
Chern classes (see Theorem 5.2.2)), which asserts that the Chern classes of the
blow-up variety are determined by the Chern classes of the original variety, the
ones of the center and the ones of the normal bundle. We apply the theorem
inductively since the wonderful compactification is constructed by a sequence
of blow-ups. The key ingredient is: during the procedure of blow-ups, each
center is again a wonderful compactification of X™ for some n’ < n, and the
normal bundle of each center can be expressed using the Chern classes of X
and certain exceptional divisors.

The discussion is inspired by the result on the cobordism class of the Hilbert
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Schemes of a surface [EGLO1].

5.1 Theorems

Denote d = dim X. Let Y = X™. Fix an arrangement of subvarieties of Y,
where every subvariety is a polydiagonal of X". (Notice here the arrangement
does not necessarily contain all polydiagonals. For example, the arrangement
{A19, A3} in X3 is allowed.)
Let G = {An}en be a building set of Y with respect to the fixed arrange-
ment. The set H of partitions of [n] is independent of X. Denote X := Yg.
Before we state the main theorem, recall that for a partition A = {iy,..., 4}

of dimY’, the Chern number ¢, (Y) is defined as

@mzﬁmmmnmmm

Theorem 5.1.1. For any partition \ of dn(= dimY’), there is a universal
polynomial Py (depends on A\, d, n, and set H, but does not depend X ) such

that the Chern number
aYg = Py(ar(X)", el(X)Pea(X), . ca(X)).

In particular, for Fulton-MacPherson configuration spaces, we have

Corollary 5.1.2. Define

HX) = 3 (X))

n=0

n!’
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then H(X) depends only on the cobordism class [X] € Qq. Therefore, ifai,as €
Q such that [X]| = a1[X1] + a2[Xs], then

H(X) = H(X,)™ H(Xy).

Remark: This is true in general for any H(X) := Y 2 [X"]Z;. In partic-
ular, it applies to Ulyanov’s polydiagonal compactification X(n), Kuperberg-

Thurson’s compactification X'

Proof of Corollary!5.1.2. Consider the case X = X; U X5. Obviously

X[n] = |_| X [1]X5[17].

1C[n]

(I¢ := [n]\ I). Since X[I] = X|[|I|], H(X) = H(X;)H(X>) follows from the
following fact:

If a power series H(x) := Yo co(2)% satisfies

i) = 3 (3t a0

then H(z)H(y) = H(x + v).

Then use induction to show H(X)™ = H(X;)™ H(X3)™2 if m[X] = m[X1]+

ma[Xs] for positive integers m, mq, my. The corollary follows. O
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5.2 Proof

Fix 0 < k < k. Denote by p; : Y, — X the composition of Y, — X™ with
X™ — X, the projection to the [-th factor.

Theorem 5.1.1/is a special case of the following proposition:

Proposition 5.2.1. Given a polynomial Q of c,n(Yr) (Vm), pien(X) (Vl,m)
and divisors [Ggf)] (Vm < k). There exists a polynomial P depending only on

Q) such that

Q = Plcy(X)%, e (X)) 2ey(X), .. ., ca(X)).

Yy

Before the proof of the above Proposition, recall a blow-up theorem of
chern class proved by Porteous [Po60], later been proved by Lascu and Scott
[LS78] using a simpler method.

Suppose Y is the blow-up of a nonsingular algebraic variety Y along a
nonsingular subvariety V', and P is the exceptional divisor. Denote by i, j, f, g

the morphisms as in the following fibre square

p—l-v
gl O f
V—

Denote by N := Ny Y the normal bundle of V' in Y, define h := ¢;(On(1)) €

AY(P), define r := codimy Y to be the codimension of V in Y. Denote

C(t,N):=t"4c, (Nt +.- 4 c.(N).
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Theorem 5.2.2 (of Porteous [Po60], Lascu and Scott [LS7§]).

C(t,Y) = fC(t,Y)

. {%g*@(t, V){(l - %)(t + h)g" Tt + h, N) — tg"C(t, N) H

In brief, the above theorem asserts that ¢;(Y) — f*¢;(Y) = j.(R) where R
is a polynomial of g*(c;(V))(Vl), g*(ci(N))(VI) and h.

Proof of Proposition 5.2.1. Use induction first on n, then on k. When k = 0,
we have Y, = Yy = X™, so @ is a polynomial of ¢,,,(X"™)(¥Ym), pjcm(X)(VI,m).
Since

Txn =piTx ®---®p,Tx,

So @ can be expressed as »_(const)(pica,)(Pscay) - - - (Phca,), where each ); is

a partition (of some integer). Then

Q=Y (const) [ (pien)wien) .- (i,

Xn
:Z(const)/ C/\1/ c,\2.../ Ca,, -
X X X

Assume the case k has been proved, consider the case k + 1. We have the

XTL

following blow-up diagram

Gl(c]f:_ll) — > Yin

gl O lf
k)
T

Now @ is a polynomial of ¢,,(Yi11)(Ym), pfca(X) (VI,m), GEFL (VYm <
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k+1). By Theorem 5.2.2, @ it is a linear combination of Py P,P;P,, where P,

(1 <r <4) are of the form

Pr=]]fen), Po=[IGY™]. Py = [ [ picm(X), P = [ [ mu(R).

To distinct from p; : Yi1 — X, we denote pj : Yy — X. Obviously

pe=mpiof.
The product P, P, P3P, can be expressed as f*P| or (f*P])(j.P5), where P
is a product of terms as ¢, (Yz), [Ggf)](m < k), p/cm(X), and P} is a product

of terms as g*(cm(G,(ﬁl)), g (em(N,

k
(Gk+1)>> and = [—G,EJ:EI)HGECT;). (Indeed,

x (12 (k) ‘
[GO+D] = A ([Gw’']), form < k+1;

m

Jx1, form =k + 1.
Notice that pic,(X) = f* ]/ cm(X),
Jxa - Jub = ju(a - j*jib) = ju(a-b- h),

the desired expression follows.)
Now discuss these two cases for the product P, P, P3P;.
Case I: P1P2P3P4 = f*Pll

/ PP,PyP, = f*P{:/ P
Yk+1 Yk+1 Yk

This can be expressed as a polynomial of Chern numbers of X by inductive

assumption on k.
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Case II: PLPyPyP; = (f*P)(j.PY).

/ PP, PPy — / (f*P) (P, = / LG F PP
Yit1 Yita Yit1

Use the fact that ‘[Yk+1 Jaw = ngc:ll) w = fGEﬁh g«w for any form w,

above = g:[(g""*P))Py] = (" P) (g Py).

k+1 k+1
Now we claim that the last integral can be expressed by a polynomial
of Chern numbers of X by inductive assumption on n. Indeed, G,(:gl is a
wonderful compactification of Gy = X™ for some n’ < n. Observe the
following facts:

- k
(Vi) = e(Vilgn,) = (G (NG Vi),

Similar to the proof of Theorem 4.1.2, ¢(Ng,,,Y’) can be expressed as product
of pjem(X). By Corollary 3.2.8 and Chern root technique, c(Nngr)lYk) can be
expressed as a polynomial of the chern classes of Ng, Y and i*[Dg,] (I < k).
Moreover, g.(h') = Sl(NG,ﬁ’fﬁlYk)’ but the Segre class s; can be expressed in
terms of chern classes. By routine check, the induction goes through.

From the proof we see that the polynomial we got depends only on the

polynomial @ (so is independent of X). O
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