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The word problem for a group with one derining relator
was'proved solvable by Magnus in 19811n However, he did not
give an algorithm ror the solution. Thls paper provides an

algorithm ror the solution of the word problem r'or the groups
Ny o = <,y 5Pyx% ir (p,q) =1, p » 1 and |q] 4 1.

The paper uses the rfact that the subgroup or hY q gener-—
- 3

' - . agP .
ated by x 1s isomorphic to H, ., = <b,:l € Jlbgb3 1t € I
A normalization process ls glven to rfind a unigue repre-

sentative for each word in Hp Using the ract that

e

11ii.




Sp q = <[~é&E]m € J,8 € J,t € J},+> 18 a homomorphic lmage
3 p q .

or Hp,q’ and by expressing Hp’q as a free product under amal-
gamation it 1s shown that every word in Hﬁ’q that 1s equal to
1 in Hp,q becomes 1 under normalilzatlon.

The definition of when a word W € Hﬁ’q 18 in normal form
1s presented here, however the algorithm itself is too lengthy

to desgcrlibe here,.

Derminition, rfWe H
tion. 1 p,q’

in normal rorm ir -and only ir

(p,q) =21, p > 1, lal + 1 then W is

1) W= 1; or

i11) W= b? with ¢ £ 0 mod |q|3 or

111) W = b? iﬁl b?i with the following properties
345, |
Iy + 3y410

1r J < J; then o 0 mod |qf and 0 < &y < p,
ir j > J; then a 0 mod p and 0 < oy < {af,
ir Jg > Jy.p then 0 <8y <D,

and 1f Jy < Jy_q then 0 <4, < |qf.

lMagnuS, W. 1931, Untersuchungen liber elnige unendliche

diskontinuierliche Gruppen. Math, Ann. 52-T4.

lve.
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~ INTRODUCTION .

3 3

~ The group G = <x,y,z|§x2y§3,§22x£ ,Ey22§ > 1s elther the
trivial group or a group or inrfinite order.l [6]
I conjectured in. the Spring of 1971 that 1r W was any

non-~empty word on the generators or

3 3

G = <x,y,z|§x2yi ,izgxi ,Ey22§3>

and W = L in G then ir W £ 1 1%, or a short conjugate (cyclic
permutation) of W, hasg an initial segment of length 4 that

is also an initial segment or a short conjugate of one or the
defining relators or its inverse.

My conjecture was based upon Greendlinger's rindings. [2]
He derined a 1/k group (more precilsely, the presentation of
the group), as rollows: 1ir R, ond R are any two derining |
relators or thelr inverses, then whenever l/kth the symbols
~or R, or in R, can be deleted by rree reduction, then R.By
1s freely equal to the empty word,

He proved ir W was any non-empty word on the generators
of G, G being a less than 1/6 group, then W or some short
conJugate of W has an initial segment that is also & major
linitial segment (more than halr) or a short conjugate of one
orf the defining relators or i1ts inverse.

T generalized my conjecture by derfining a (1/k, 1/h)

1See appendix pageb0O rfor proof.

1.
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presentation when palirs or distinct derining relators (not
short conjugates or each other nar inverses) have the'l/k _

property, and pairs of non~diatinct relatofs‘(short conjugates

and their inverses) a'l/h property. My conjecture was ror a

{1/%,1/n) presentation the word problem was solvable whenever

k » 6, h > 3 and the length or each derining felator was odd.
In the Fall of 1972 I proved my conjectufe to he ralse

by the rollowling counter example.

3 3

G = <x,y,z|§x2y§ ,EZEXE ,Eygz§3>

1s a (1/7,2/7) presentation and each derining relator has -

length 7. The word §2X4y2§2§§4yi is 1 in G and does not

contaln a subword, (nor does any shoxt conjugate of

§2x4y2i2§§4yi), of length rour that 1s also a major initial

segment of a defining relator or its inverse,

oL pup .l

We can see that y X y° X ¥X

3

yx ig 1 in G by using
- D |
¥vX yx~ = 1.

Hence ﬁxgy = x3; §22y - %9

_ T .
YXAV - 0y gy = 50

PryP = 3y = o
whence ‘ 70 = 1
PR30 L g
§2X4y2i2§6£ _1
§2X4y2§2§§4y£ -1

I then decided to rind the solution to the word problem




3.

Tor <y,X §x2y53> g0 as to contlnue my research into-the word

problem tor
<y, 2 |0y RS RePxE ), Byt aF o>

I have generalized my rinding to the solutlion ﬁo_the
word problem ror |
<, 2|7y, (poa) =1, p > 1, |a| # 1.

The word problem'was rormulated by Max Dehn in 1611.

Tet a group G be derined by méans.of a presentation. '
The word problem 1s: For an arbitfary word W in the gener»'
ators, declde in a rinlte number of ateps wheﬁher W derines
the identity element or G, or notb.

Novikov [5] proved in 1955 that thefe is some rinlte
presentation ror which the word problem 1s not solvable.

Magnus [3] proved in 1931 ﬁhat the word problem.is
solvable for any group wlth one deflning relator.

"However, the general method ror solving the word
problem ih groups wlth a single defining relator 1s already
a rather complicated process,..." [4] page 400.

The group G = <y,x|§x2yi3> 158 the simplest known example
of a non-Hopflan rinitely presented group. [1] This group
1s the special case when p = 2 and q = 3.

Mnding an algorlthm ror the solution to the word problem

orf'




<y, %] 7xPyx%s, (p,q) =1, p> 1, Jal F 1

1s or Interest rfor the following reasons,

i) It is userul in studylng the properties or
<y,x|§x2yi >, the simplest known non-Hoprian finiltely
presented group. . ' | |

i1)  Magnus dild not provide an algorithm ror the solu-
tion or the word problem.

144) Groups wlth one derining relator are an important
subjectlin combinaﬁorial group theory. For example the rfunda-
mental groups or closed two dlmensional orientable surfacés
orf a genus 2 2 are groups with a single derining relator. (4]
page 398.

1iv) It 1s userul in the understanding of groups or
inrinite order. For these are not rree groups, rree abellan
groups, nor the product or two free groups under amslgamation.
Hence they provide examples o1 groups of infinite order with
just one derining relator with an algoxithm for the solution
to the word problem, where the groups are nelther abellan nor
the product or two Iree groups under amalgamation.

Glven a group G = <8y,85; esos8y tR(a l,o..,an)> then the
word problem i1s solvable is what Magnus proved. [3] To have
gome understanding or Magnus' proor, a sketch of a particular

case when Rlas,8q;400,8 has zero exponent sum on one or the
1’72 n _

generators is provided. The varticular case wlll be




GP 0= <y, x| FxPyx s where‘qy(ixpyﬁq) = 0.
3 - .
The normal subgroup or Gp q generated by x 18 lsomorphlc
: E
: " A € AP
to Hy o= <byl & J]bibi+1:i € I>.

On this pattern, one then derfines subgroups

N, = <by,b >, 1€ J.

1 OED
LI L

1+

' - GrD
For example Ny = <by,by[bbi>
= Y
Ny = <bybp|pibn>
B GEP 1AEPy wpi -
One then sets No,l = <b0’bl’b2[bobl’b1b2> which is the

flree product orf N. and N. with the free subgroup in each -

0 1
generated by bl’ amalgamated under the identity mapping.

Similarly one would define-

_ 9§50 LU0 pIEDs
N_y,1 = <P_3PoPy 1P 3P0 PPy PiP>s

" ete,., obtalning a chain of groups.

0,0 Mo, 1 SoerS Nogyn g S Nag g SNy 0

where N_i 1 is the rree product of N and N_, with an

NOCN cl.l

=14+2,1 1

amalgamated rree subgroup (b under the identity mapping),

-1+1
and N~i,i+1 is the free product of Nwi,i and Ni+l wlth an
amalgamated rree subgroup.

Hp q is the union or this chaln of groups.

Setting Ql = NO, Q2 = NO,l’ QB = an,l etc. One would

show by induction on J that in each Q. ir the generators or

J.’
4 are among the genersatore or Qj, then 1t can be decided 1ir

N
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an élément or QJ i in N,, and ir so, éxpreés it in:Ni. Then
one shows ir an_élement of Hp,q is an element of Ni’ and 1ir so
to expreés 1%t 4n N, . | | -

This paper presents an algorithm ror the . solution to the

word problem for

~ . il TN )
Hﬁ,q = <by:l € J|biﬁi:i € J> irf (p,q) =1, p > 1

and |q| F 1.

For example, no chain of groups 18 used., The proot 1s
dirferent from Magnus',

Followlng Magnus, the group Hb a wlll be présented by
s .

. Prd
Hp}q = <bytl € J|bibi:i € I>.

Tn Section IX a normallzation process 1s given to ind

a unique representative ror every word in Hp q*
>

In Section I 1t i1s shown that the group

Sp Q" <L—§LE|m € J,8 € J,t € J},+> is a homomorphic image or
H Using this homomorphism. and expressing Hp q ag a rree
s

p,q°
product with amalgamated subgroups, 1t is proven in Sectlon IIT
that every word in Hp that 1s equal to 1 in H becomes 1

24 b,q

under the normalization,

This sclves the word problem rfor Hp q and hence Tfor
2

G as shown 1n Section IV.
P,q




SECTION 1

SOME PRETIMINARY THEOREMS

Definition 1. F = <&,b]>.

Derinition 2. K, = P(apPab?), (p,a) =1, p > 1L, |a| +1

the normal closure or apPafd in F.

Derinition 3, B = F(b) the normal closgure or b in F,

Derinition 4. Ir W € F then o, (W) 1s the exponent sum or

the a's,

Theorem 1. Tf W€ Fand W = 1 mod K . then W =1 mod B.

E

Proor. W = 1mod B ir and only irf o (w) = O, Ir W € F such

that W = 1 mod K5, q then ca(w) = 0, whence W = 1 mod B.

i

befinition 5, N <y,xlﬁxpyiq>, (p,q) = 1, p-> 1 and

b,q .
lq] + 1.
Derinition 6. Mp,q <1l € J|xixi%% € > (p,q) =1, p > 1,

|a| # 1, J belng the set or integers.

i

¥ 2. = IS z'—i *
Theorem Np,q <y Mp,q[xi Yy Ry 1L € I>

Proof. N o= <y, x|FxPyx®>
s p,q

. S Ppind = s Ppzd
= Np,q 2 <y,x,x0|yx YR X = X, §RGTEG>

o ool ¢ M0 |
=Ny o= <y,xo|yxoyxo>
D a

s Pozd = - 5 -
YENTEG = 1 = YRR = X5

Te



~i+l DAoL C~loa il

= Xy =y |
= (Y'XOY ) ( i+l Oyi-l'l)»p - l | |

X <‘Y"Xf>](i'ixoyi)q(f’j”'l S Pie o>
ay = <Y,X 1l € J|(y - yi i+1 OYi+l)"p,,

Psdq

X = Tk yti e o>

_ | ) 1 N
= N =<y, L € J[(yixoyi)q(yi+lxoyi+ Yy P

i 1 .azp
X =Y RY LR 1+l'i € J>

= Nﬁ;q = {y,%y 1l € Jlxi 110X = v xoy:i € J>

= <Ky i1 e Jx3ZP e >

MPJq i i—ﬂirl N
= Nb’q = <y,Mﬁ’q]xi = yxgy il € I>.

Derinition 7. Fy = <by:l € J|>.

Derinition 8. p(w) 1s the rreely reduced word équal to W in

the r'ree group on the generators.

Derinition 94 U =2 V means that the word U is identical to

the word V. For example 5b°aF° = Ebbabbh in ahy group, but

5bab’ 4 EbbbBabBE and &b2aB° # 1 in <a,b|ab2abo>.

Definition 10. #:B ~ By, » 0 is a mapping such that ir W € B,

o.{w) = O and
a 8,
1) Ar e(w) = 41, =aIp Py 3
or %élaj)

By
a Tb * then Bw)

=5
=

n

11)  1f p{w) = 1 then fH(w) = 1.

[Notet ﬂ(aibai) = bi and cdmpletely derines f, as o (w)

ror all w € B,]




Theorem 3. @B - Fy 18 a homomorphism.
Proor. Tet U,V € B such that

and p(V) = I, a

Theorem 4, I¥ W € F and W = 1 mod Kp,q then W & B and W = 1
. L)
in B/Kp,qo :

Proof. F = <a,bl>, Ko q = F(apPaf%), B = F(b). By Theorem 1
1 W€ F and W= 1 mod X then W = 1 mod B.

. P, q

Hence ir' W € H then W € B,

Therefore, 1f W € F and W = 1 mod K? q then W = 1 in
’
B/ %, g0 | |

Derinition 11, 8:F, - B under 8(1) =1 and'e(bi) = & ba .

:Theoregmg. §:F, - B under §(1) = 1 and e(bi) = a

lsomorphlsm between the group Fb and B, and 8 = ﬁnl.
1

Proof. ¥y = <pyil € J|>, T = <a,b|>B = #(b), p(ETbaY) = b

#(1) = 1, 8(by) =-&ba”, 8(1) = 1. |

6 18 clearly an isgomorphlsm onto B and § = ﬂ”l,




10,

Derinition 12. H, . = <b,1i € J[bJE} ;1 € I>,

Iheorem 6, Ir W € B and g(w) = W, € F, then

W = 1 mod Kp,q & Wb = 1 in Hp,q'

Proor. F = <e,b|> B =F(b), K, .= F(EpPaB), By = <byitoe T[>,
- - QP - -

Hy o = <byid € J[bibi+1:i € JI> |

#:B = F under ﬂ(éibai) = Dy, B(1) = 1,

By Theorem 5, f 18 en isomorphism between F, and B.

P60 ,

el e =1 Lot Lop 341

# (bggil) = atpdatattlsPalt
o= Eibqéﬁpaai

e N o JPTo NI i
= & (ab¥ab = 1 d L -
( ) a o Ep:q ‘

g(anPab) = pPEd = 1 1n Hy g

H W=21 d ¥ e W, = 11 .
ence mo b n Hp,q

p,d
.
Derinition 13. 8/ . = <{£Eaf[m € J,8 € J,6 € J},+>.
Derinition 14, ‘ d
erinltion ¢p,q’M§,q ~ Sp,q is a mappling under
b(x3) = e(%)J, e =21 and §(1) = 0,

Theorem 7. wp,q’Mﬁ,q = Sp,q is8 a homomorphism.

- ; dzDP
Proor, M <yl € JlxfET 01 € I>

bsq
85,q = <[—-glm € T,8 € J,t € I}, 4>,
’ P q |
o . 7P %5 '
[Note: Sp’q = <xytl € J]xixi+l,xkxjxkszi,j,k € J>, That is
8,,q 38 isomorphic to the commutator quotlent group., This
, , .

- fact 18 not used in thls paper.]
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8y = () _—
1y, a(x9) = (D7, y(2) = 0.
Sp q ig elearly a subgroup ol the ratlonals under addi-
2 . ‘ )

Llon., T% is obvious that 1r U € M and V € M then

by, olUV) =ty (0) +u (). e e
Turthermore 4 (xq Py = qﬂg)i - p(g)i+ = g-~ -g-~
Definitlion 15. Py oFy = M under Pp,q(bj) = x, and

P 1 = -’ -

P:q( ) *

8. - 0.
Theorem If W, € Fp and W, = 1 in Hp q then ﬂ:p,q( p,q(w )) =0

Proof. W, = <b':i e J|>
= 5P
Hy q = <byii € J[b by qtt € >

o € qp
Moy, q = <%yl Jlx X 12 € >
sp,q = <{p Clt|m € J,8 € J,t € JJ,+>
-~ M =
o, q*F b,q FlPg) = x5 B(1)

- &y = () -
Vi, q ™ Bp, g0 Hlxg) = el w(2) = o.
= 1 1in Hp o’ then obviously P

P,q(Pp,qgwb)) = §(1) = 0

Ir W € E% and Wb

inN% + And by Theorem 7, ¥

p,q(wb) =l




SECTION IT

THE NORMAL FORM, N(W)

Derinition 16. Tr W € H) o (p,a) = 1, p>1, |qg| + 1, then
] , .

W 1s in normal rorm, (N(W) = W), ir and only if

1.

i) W= 13 or
14) W= b? with & % 0 mod |q|3 or
11d1) W= b? iﬁl b?% wlth the rollowing propertles:!
3 F 3y )
Oy F 3y

ir j < Jy then a § 0 mod [q| and 0 < ay < p,
ir J » J; then o % mod p and O < a, < [ql,
ir Ji > ji—l then 0 < 4, <D,

and 1f j, < J;_q then 0 < oy < la] .

FINDING N{W)

Tet W &€ H._.
IT W

1 then N(W) = 1.
€ €
t? t°

ILet W = b;U, e = %1, U in normal form,

Ir W e bs, =+l then N(W) = b

That 1s:1 1) U= 1y or
o

1) U= by with F 0 mod|q|} or
n o
111) U = b® [ b, with the rollowlng properties:
J 1=l "3y
JF 3y,
Iy * 34410

ir j < J; then & F 0 mod {q|, and O < 0y < P

12,
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1r J > J; then & # 0 mod p, end 0 < ay < |a|

ir ji > ji—l then O'<_ui <P

~and ir Jy < J; 4 then 0 <oy < lal.
Then there are rour cases to conslder, They are
Ar U =1 |
Br Lt > 7
C: <]
D %

Case A, TIf U

n
£
ct
=
®
=

W =hb
N -
W= by
€

t
For exampley If p =2, q= 3, W= Eéﬂl,lU = 1, then

and N(W) = b, is the normal rorm or W,

£, 0 e q O cI':L
Cagse B, W = btbj or W = btbj 151 bji

two cages bto conslder. They are:

and t > j. There are

B-1: 0< & < |qf

B-2: & < 0ora=z= [qf.

Case B-1, 0 < a < [g] and £t > j. Then W 1s in normal rorm

and (W) = W.
For example:r p =2, q= 3, W = b%bib%; U= b?b

.21
N(w) = babybs.

1
o and

Cage B-2, t > Jand o < O or a = |q].
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i

Yy mod ldl, that s o = amy kY4 with 0 < Yl'< lal.

Since U 1s in normal rorm, my + 0. Using the relator

am pm : ' pm., ¥
1 1 a - L'
bj == bj+l’ cne gets bJw = bj+lbj and
Py Y1 oo %y g, P Yy
W = btb“+lbj igl bJ.i or W = bth+le .

There are two cases to conslider. They aret

B-2-A; Yy = 0

o ' € Yl no 9y : -
Cage B-2-A, t > J, W btbj+lbg igl bj- and Yy = 0 or
pml Yl : 1 _
W= btbj+lbj and Yy = O . |
l Y1 _
| Hence q divided &. Hence W % btbj+l and j > J,. Now
we have t > 3 > j,. : '
: pm+¢ Gy B
It = J41 then W =Db. ﬂ b.” this is in normal rorm.
J+L 1=1 73
Pm +€ n 1
N(W) = b, 7 O b "1
P31 Iy
Ir ¢ > J+1 then the process 1s iterated ag follows: For
Pml

. s
t o= J+2: & = qml‘{‘yl: bj - j-!-l
s Yg

ror ¥y, = 03 and pmy = qus+y,,
0= ¥, < |als b- = by, ob 41 Whence

Simllarly, for all t = j+k > j

P, ¥ Y
& k ,
pm +€ Y Yo
£, 0 k
‘Hence btbj J+k b3+k,l."° hs] and

J+1
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- Py e Y | Yo n %4 o S , .
N(W) = p bj+1 bj+k—l oo bJ+1)i£1 bji is the normsal rorm of W.

: : o bmy Y, npn o O
0 P D . E :L 1 i
Case B-2-B. Y3 + 0, t > J, W= Dbyby b~ 40, Py,

. Ir t = J+1 then

Hence 0 < vy < la
woep VLR
J+1 J i=1 73
py+E Yo on Oy 3
gets p(bj+l byt gl bji) and this is W in normal fornm.

e

when this word is freely reduced one

If % > jJ+1 then the process ls lterated as rollows: - For
| a L PMp Yy | .
t o= J+2, o = amq+Yq, bJ = bj+1bj as berorej and pmy = Qs
b = b 2y 2 pVL SRR E N N
0% vy < |al, 7 = PyoPyiaRy whence W = bj+2' +1°5 1k Py
0 < yq < la], 0 < v, < |q|. Similarly, ror all t = J+k > ]

Py Yy Yo Y
o k. 'k 2 1
bJ- - bj‘f‘kbj'f'k"l »on bj+lbj L] Yl + O)‘ O = Yi < |q|¢
pm, +€ ¥ ' Yo Y
g0 k k 2 1
Hence btbj = bj+k bj+k~l PR bj+1bj , and
o PeE Y Yo Y1, n 0 %y
N{W) = prbj+k, bj+k~l vow bj+lbj )igl bji i8 the normal form
of W.
For example: p =2, q =3, W = 5£lbigb%
o _,17 3,52 _ .2.52 3,371 2
by = b7, = b3, = b i7bo, = bIhIyDT,
.2.,31.2 .3201.2 2,201, 2
= bo b_—bng = bo bOleb—E = bl bOb—lb~2
o .3,1101.2 _ .2,1,10.1, 2
= by TPybghbpb p = BRI b,
o .2.02L01.2 002101 .2
= b5 " Obgh bbb, = bybbsb b bt bo,

1t

~1.0, 0,21, 01 2 .1
p(by "Dy bgbpbIb b b o )by

= L.=~L12 11 .2 .1
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Cage C, W = bth or W = h b I

]
J i= 1 i

and t < j. There are

two cases to conslder, They are:
C-1l: O0<oa<p

C-21 o < 0 oraa=p,

Cage C-1. .t < Jand 0 <& < p.

Then W is in normal form and N(W) = W,

Cage C-2, t < jand & < 0 or o = D,

Let o = yq mod p, that 18 & = pmy+Yq with 0= vy < p. Since U

. pmy am,
1s in normel rorm, m, ¥ O, Using the relator b = bjnl’ one
: am, Y gy ¥y ono & 1Y
_ o 1, "1 o 1 i - €
gets bj = bj~1bj , and W bLbJ le inl h i or W bth le .
There are two cages to consgider. They are:
C-2-B: vy F O.
qmy Y n G ' : aqm, Y
_.E 1,71 1 W oo heR o L L
Case C-2-A, t < J, W “'btbj—lbj igl bji or W btb3~lbj
e, M1
and Y1 = 0, Hence p divided o hence W = btbj—l or J < jl.

am+

If &t = j-1 then W = bj—l and this 1s the normel rorm or’

amy+e o

- B i
W, or W = bj—l igl bj

and thils is the normal form of Wor

1
~ qml+e qml+s n ai
N(W) = bj ; or N(W) = by ] 4lly b IR
It t < jg=-1 then the process 18 1lterated as Follows s
am
— e g o _ 1. -
For t = J-2, a = Pml+Yl’ bj = bj—l ror Yl = (O3 and
Uy Yo

qml = pmg‘f‘YE: 0= YQ < P bj = bJ Ebj -1 whence




CamytE Yy om0y amgte Yo
W = bJ.__2 PJHI igl bji or W="o bj_l, 0 S.YQ < D,

J-2

© Simllarly. for éll t=Jk <]

57 k. 'k 2
= = ses D, < .
bj bjukb3~k+l ‘bJ 0 = Yy P
Ayt E Yy LYo

' £, 0
Hence btbj = bj~k bj-k+l PR bj and | |

amete Yy Yo, n Oy o ameke Yy Yo
' = - POy - II : = b b Y b_—
N(W) p(bjmk. b3~k bJ )i=l bji ox N(W) P( 3~k Pg-1 ] )
and thlg 1s the normal rorm of W, '

£ qml Y1 no ai

Cage C-2-B, Y1 +.O, t < j, W= btbj~lbj igl bji.
_ - o . 3 qml’l'e Yl n o
Hence 0 <'yy < p. If &t = j-l then W = bj~l bj e bji

| - ami+e Yq ono Oy
when this word is rreely reduced one gets p(b b.” I, b.7)
! Fg-l T A=l Tgy

- et
and this is W in normal rform, N{W) = p(bj_l LIy ) bji).

Ir & < J~1 then the proceés'is l1terated as follows:

a iy Y3

i = bj-lbj as befores and
- 0 <p, b% = b2, "1

qmy = Pis+Y o, = Yo P, 3 = PyoPyoabys whence

Fq‘tz;k& G = pmq+yq, b

Wt Yo Y1 om o % -
W o= b3~2 bj_lbJ 1By bji’ 0<y;<0p and 0 £ v, < p. |
o qurYk ' Y2 bYl.

Simllarly for all t = J-k < J,bj = bj,kbjmk*l we bj—l J’

Yy + 0, 0=y, <. .
a k+ Yk Y2 Yl

€0 _
. gm, +-& Y Y Y n o '
‘ - k k 2 1 1 g
N(W) = P(bjmk bj—k+l . e j—lbj )igl bJi 18 the normal rorm

- For example: p =2, g =3, W = b%bgb%bi,




: 1,12 0.1 1 18

Then W = 1, 1 1g the

mod |q|. Hence W = b

m
= 1P 8
N = w8

For example:

and is the normal rorm of W,

50gby

consider, They,areﬁ

(W) = b3 b,
Case D. W = bip or W= b by N b,
three cases to conslder, They are:
D~l: W =
D-2: J <
D-31 >
Case Dulf t = j and W = b;b?.-
There are two cases to
D-1-A: & + 0
D-1-Bt & 4+ a O,
Cage D-1-A, t =], W = béb?,

normal form of W.

Cage D~-1-B, t = j, W= b;b?, and e + & 4 O,

Then there exist m and s such that Gy + €
- = qu's = bpm‘s

t

~1
b3, N(W)

and W = b%b552, p=2, =23, W="0

_wmBlh L 37(-2) -8 . -16
W= b3 = by = by
n(w) = g6,

;Case D-2, t=Jand J < jl'

There are three cases to consider. They aret”

and t = J. There are

and & 4+ o

q'.8 where s % 0O
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D#2~AI € 4+ & =0
D-2-B: € + @ % 0 mod |q]

D~2«Ci e 4+ O

m

0 mod |q|, & F ~e.

Case D-2-A, t =73, J < Jl and € + o = O,

. L Le.~e D%
Then W = btbt igl bji.
iopt
Hence W “li=1 bji.
There are two cases to conslder., They are;
_ n o )
D-2~-A~1: I b-i'is in norymal form,
=1 734 _
: n o Gy :
D2 mh 2 g iE b!j 1ls not in normal form,
‘ - 1
: ) n ai i :
Cage D—?—A—l. t =7, J < Jys €k O = 0 and igl in is in
normal form,
‘ n G‘j_ n ai
Then ,{, b.~ 18 the normal rorm or W. N(W) = ,0. b_—,
1=1 ji ‘ 1=1 dy
. _ _ . nooa,
Cage D-2-A-2, t = j, J < Jys 8+ 0 =0 and 131 b.” 1s not
= Ji

in normal form,

Ehenmo < Jq < p hence J; < J, and @y = 0 qu'|q|.

1
Tk Py 1.5 m By - |
. i, )
Let W' = bt'bk igl bki where 4! = Jqs k = Jlf B = ml—l,
mo= -1, k; = 3y 4, By =0 ., and N(w) = NFW’).
g 1By
by .1, b~ 18 in normal rorm and N(W) is round in a
ko151 Pk "
rinite number of steps.
For example: p =4, q = W= by %bgbﬁ,

6 3.2 b2 8
Zle*:bL!- = b _7= b5,

3,
3,2 1,2, 2 3,2 _ 42
) 5

W = Db = bbby = hib) = byb
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Case D-2-B. t = J, J < J;, and e+ ¢ % 0mod |g
_ B

. n : o
“then W = " LI bY end N(W) b." 18 the
i

i
e

1=1

normal rorm or W,

Case D-2-C, % =3, J < Jy, €+ a = 0 mod lq| end o 4 -e.

Then there exiset m and 8 such that € + & = qm-s where

s ¥ 0 mod |g|.. There are two cases to conslder, They are:
D-2-C-1: m < (jl-j)

D-2-C-2: m = (J-~J).

m

Case D-2-C-1. t =3, j < Jjy, &+ 0a = 0 mod lal, e + a = g +8
where 8 $ 0 mod [qf, and m < (J;~J). |
) m n o4
Then W = by % 40, b
m . m n o4
_.p es B i = WD *8 i
Hence W = be o igl.bji end N(W) = b " 40 bji and 1is
the nprmal form or W.
m

Case D-2-C-2, t = 7J, J < jl’ g + ¢ = 0 mod lql’ € 4 0 = q 8

where s $ 0mod |qf, and m = (Jy~Jdp)o

- J=J
Then there exists an % such that o + e = ¢ kl'x°
quﬂJ-x no %y )
Hence W = bj igl in, J < Iy implies 0 < 07 < P
jlhj
8] ’X‘f‘al n a‘i
Hence W = b . b.7.
I3 =173,

There are three cases to consider. They &are:




21,

| J1~d
p » X400 :
D-2~C-2-A1 W = D, 7, (n=1)
| 3y
D-2-C-2-B:  Jq > Jp

P-2-C-2-C: Jq < Jp

'jl“j
P -X-I—al
Case D~2~p»2~A, W ="nh.

2 =1o
Jq n

Then there exist k and h such that p . °Xtl = q *h

‘where h F 0 mod |gf.

k k ' ko

o «h ‘h

b2 RN and N(W) = bP |
I Jptk )= Py

normal rorm of W.

Hence W = and 1s the

For example: p = =3, W E.bglb%9bé
18,1 361 |
b b3

I
N
-
e
It
w

For exemple: W = b2 b2 bq, D

™
=
=~
]
[»3
o
o
=
1
[e)
=
o
=
i
o
o=
I
o'
=
i
(3
(G2
il
o

Case D-2-0-2-B, W =D

Jq > dp- o Jq~J

Then N(W) = b I, b

. and 18 the normal form
jl 1=2 Ji

or W.

P XAy o Gy |

Then there are two cases to consider, They are:

jl_J
D-2-C-2-C-1: D X+t F 0 mod [q].
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Jl"J 7_
D-2-C-2-C-21 p ~ extu; = 0 mod lal.
jl“J . .
S . P .x+al n ai
Case D-2-C-2-C-1. W = b, iEQ b.7, 0< ¢, < D,
7773 J1 - S R

Jl < 32 and p . 'X+@l + 0 mod Iq

Jy=d
b l eK+ﬁ1 n ai o :
Then N{W) = b I, b,” and is the normal form
- 3y 4Ip By 3
of" W. ,
_ jl—J '
: p X0y M Gy
Cape D-2-C-2-C-2, W =h I, b7, 0<a;, <np,
7 = 3 122 P, 1P
Jp < Jp and p 1 %t = 0 mod [q]. |
o Jy-d
et p XAl = Z4+1,
n o o n o
Then W = b! b% T, b." and b T, b, 1s in normal
Jy dy A= Ji Jdq 1= ji . o
rform, .
ot B %y
Let W = byyby, 4l b 5
whefe Lt o= Jq
J' = Jl
at =z
nt' = n=1
o )
1T i

N(W) = N(W').

Olearly in every case the normal rorm N(W) ig round in a

rinite number or steps.
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For exaﬁple; W= b1b26b6b7,_ =2, q= 3;
3 3 :
. 3311 2 1 9,1
W= b3 bgby = b b%bT = ngoy
N(W) = N(b6bgb%) |
2 ' 1 L1
1 1.8 1 3.1 _.37.31 27,31 L7
W* = b6b6b7 = bg “Thy = bg “Tby = by _bT_ by
o
N(W?') = bT
N(W) = N(W!) = b;.

It

Case D-3, t J and J > jl‘
There are three caées to consider. They afe:
" D-3-A: eta = O o | |
D-3~B: et F O mod p

D~3-Cs  et+o

m

0 mod p, o *

Case D-3-A. ¢t = J, J > jl’ and e+a = 0,

e DGy
Then W = btbt iHl bJ.ip
%y _ .
Hence W = iﬂl bj and there are two cases to conslder.
= 1 _
They are:
e n o oy |
D-3~A-1: I, b.” 1s in normal rform.
1=1 Ji
n O:'i
D-3-A-2: I -7 18 not in normal form.
i1=1 Ji
n u‘i
Cagse D-3-A-1, .H j l1s in normal form.
i
n .
Then N(W) = 1, bji and 1s the normal rorm or W.
_ = 1 : :



24,

n a.

Cage D-3-A-2, I, bjl is not in normal Yorm, J > j, implies
| | 1 - _
0 < a; < |af. |
Hence jl > 32'&nd Oy = ¢ mod p.
E ! 1
(o n' o}
ret W' = bEb T M, b~
. I Jr L=xl J.l
1 i :
where €' = 1
Jt=3y =3
1 1
0 = 0y 1
nt = n~1
! "
Ji = Jiqa
‘-
a, = Q
LT g g _
W=W'"and b 7 151 b 7 18 Iin normal rform.
J - d
1 i _ _
N(W) = N(W') and again N(W) is round in a rinifte number
of pteps.
Case D-3-B, t =7, J > Jy and et £ 0 mod p,
o A -
, _.ote D _ e D 1
Then W = b." 414 bji and N(w) = by 40y bji and is

the normal rorm or W

=

Casé D-3-C,

t=J, J>Jy, eta = Omod p and o $ -go

Then there exist m and s such that e40

m ,
D +8 where

s # O mod p.

‘There are two cases to conslder. They are:
D~3-C-1:

D-3~C-21
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Cage D~3-C-1l. % =7, ] > hE e+a = 0 mod p, o # ~&,

E«;—CL. - pm.g,:s * O _mod p and m < (.j"'Jl)'

. m -n

i e WP 2B a 1 " aq i

lhen W="0 | El‘bji’ hence W = bt T 1 in &nd
n U«i . -

N(W) = b%m;S 1I; Py and is the normal rorm or W.
J1

Case D-3-Cr2, t = Js J = 31"E+a = 0 mod p, a{a = pm-s where

s $.O}mod p, and m = (j-jl).

J-J
Then there exis® an x such that a+e = p . l°x.
pJHJlOX n d’i : : ..
Hence W = by 41 bji which implies Q < ay < |q
for J > Jq. i J=d
' : qj e Oy q l‘x+“1 no Gy
Hence W = bj igl bji = bJ 152 bj.'
i
There are three cages to consider, They are:
J”Jl
d X0y
D-3-C-2-A: W = b, , (n=1)
J1
D—3fc-2-3= Iy < 3o
D-3-C-2~C: j% ; oo
q lox+al
Case D~3-C-2-A, W =D o
, 1
-J
q l-x+ocl ‘
Then N(W) = b, and 1s the normal form or W,
: 1 J-J
d 1°X+a1 n %y : .
Case D-3-0-2-B. W=Dy "l By, 0 < < |a| and
jl < 32- J~d
q °X+“1 no %y
Then N(W) = b, . 405 b7 and 1s the normal form

or W,
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' j”Jl : _
q .X+&l n ai
Case D-3~C-2-C. W = b, 1, b

5 "l 0 < ay < |qf and

I’ t

i = Jo-
Then there are two cases to consider, They are:

o J”jl .
D~3-C-2~C-1: ¢ *x+a; § O mod p

J=dy
“D-3~-C-2-C-2: g + X0 =2 0 mod p,
J-3y
o l'x+al
Case Dm3-C~2~C~-1, W = b.
_ —= 1 | Jy
i i . d=da
jy # Jp and g » X0y £ 0 mod p,

J“Jl
Then N(W) = b_ I, b, and 1s the normal rorm
1 ey
of W,
j”jl
o} JX+&1 n ai
Cage D-3-C-2-C-2, W = b_ 1o by 0 <y < lal,
J-77 J1 L

jl > J, and g oXt0lq = 0 mod Pe

J“jl ‘

Tet z+1 = g PXAG .
n & 'n O -

ence W = by b2 T, b.* and % ,{, 5.1 1s 1n nomma1

d7 jl = Ji Jyp 1= Jq _

rorm,
' 1 di
a gt I
et W= bybyy 40 b
i

where t' = Jq3
Jt = 315
al = z3

nt'= n-1j
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Ji = Jy4a3
. 1
and oy = ai+l'
w = W ' -

N(W) = N(W').

Again the normal rorm N(W) is found in a finite number

or steps.

This covers every word or the rorm W = biU, ¢ = #1, with

U already in normal férm.

To rind the normal rorm N(W) or any word W € M, one

guccesslvely normallzes 1ts terminal segment.




SECTTON TIT
'HE UNTQUENESS OF THE NORMAL FORM

Theorem 9., If W € Hp @’ (p,a) =2, p>1, |q +rl,_then W

~and N(W) represent the same word in Hy g (W H§= N(W) 1.
sq '

Proor. This 1s immediate rrom the derinition or N(W).

Derinition 17. K, =<{xy 11 € J,1 < t}l{ggmligzi € J,1 < t)>,

. _ . g-=n ' .
Definition 18, T <{Xi.i € J,1 = t]][xixi+l:1 € J,1 = t)>.

cr
i

Definition 19. At the subgroup of Kt generated by x%_l.-

Definition 20, Bt the subgroup of Tt generated by x%.

x4

t(*g.q) = x;

Derinition 21. Lt t At ~ Bt under I, = X

[Note. In Derinitions 17-21, it is understood that p and g

are fixed, otherwise one would write K(t p,a) instead or Kt’]
- 5 k)

Theorem 10, TFor e rixed p,q where (p,a) =1, p>1, |g} +1

and ror any t € J, Mp’q = (Kt,Tt,At,Bt,W'=,I%(W)) is the rree

product orf K, and Ty wilth At and B, amalgamated.,

&

- 4 5P,
Proof. M, q = <xy1i € Ilxy 4¥7:1 € >

_ ; . a=p g
Ky = <411 € J,4 < t]xixi+lxi € J,i < t35 18 the sub-

group of M 1< .

bsq 17
_ . qzp
Ty = <xg1l € J,1 = t]x/%;

generated by x
+l:i € J,1 2 t> is the sub-
group of Mﬁ q generated by Xy s 1= %.

28,




A, 18 the subgroup or K, generated by X%~1; 

t
Bt is the subgroup or Tt generated by x%.
'K, and T, are disjoint and I, is an isomorphism

G t t
hetween At and Bt'

- qleodn

Let M, o= <x;il € JxfRD 1€ 3>
Ty = <b; il € I|>
o = <byrl € Jlb%ﬁ§+lzi € I>
Pp,q 2Ry - Mﬁ,q unde? P(bj) = Xy and P(1) = 1.

Theorem 11, Tf W,W' € F% then the rollowling three statements

are equivalent.

(1) (W) = B(W")
b,q
(2) N(W) ,~—~ N(W')
HP:q
(3) w g= W
b4

Proot. (1) & (3) 1s obvious. (1) and (3) are'equiyalent under

a changerof notation,
(2) » (3) By Theorem 9 N(W) ='W in H, ,. Hence
W ﬂ;= W oe N(W) = N(W!) so (2) and (3) are equivalent. This
p,q - : : . :
proves Theorem 11,

Theorem 12, For any rixed p,q with (p,q) = 1, p-> 1, la] % 1.

Tr 4) W is in normal rorm, and

11) bi is in normal rorm or ¥y = O,




30,

== b% 1r and only 1r

then W
HP,

111)

q
W= 21andy =0, or
= nY
iv)‘ W= btf
Proor, The proof rollows in the rorm or rive lemmas.

Temma 12-1, Suppose
1) W=1, and
i1) ‘bi is In normal rorm or ¥ = O,
Then W o = bi'if and only 1f v = O,
' BPsq ' _
Proof or Lemms 12-1. Iet W = 1, and b is in normal romm or
Mp,q F
Then 1 q == bz
D,q
p(1) .= 2(p))
Mg E
y
l = X
M
D,q &
by Theorem 7 (1) = w(xz)
0 e u( Dyt By _ 4\t
0= v(DE §xd) = (D)
SOY:OA

0 then bg o
: P.a

=g

Conversely, 11 vy

Lemma 12,2, Suppose
% 15 in normal form, and

W=oDb
1) e
11) bz 18 in normal form or Y = O.

Then W H = b 1f and only 1 W =D

Y
.t.

p,a



Proof of Lemma 12.2.

« ¥ 0 mod |q| and bz in normal rorm implies vy # O mod |

—_ b

It w 5

H
0,4

p% by
J

t

then 0

p,q

W=0>

o
J

o $ 0 as W 1s in normal rorm,

o
J

P(bY)

v,
y
t

X == X
M.p:q

EIC ROk

Now « qJ

o F O implies y £ 0.

oy ot

P(bY)

pJ

ig in normal form impliés{ff

Moreover o § O mod [q|, v # 0 mod |q].

Thererore as (p,q) = 1

t

It

o

1

m

and W

Lemma 12,3, Iet N(bz)

nt

b,

Then W £

J
Y

y
bt'

The converse l1s triviall

Tr W = b}f; then

= bi or ¥ = 0 and N(W)
. - Y _
= bt or y =

Proor orf lemma 12.3., Tet N(bl)

normal rorm 1ff y # O mod ]é]. W o= b?b

%y

i

-ti‘x;'i; _{




normal rorm, ‘ o f
Then ror J < Ji, o ¥ 0 mod |q|, and O < al < p while'for”ﬁ
J >y @ £ 0 mod p, and 0 < o, < la]. (Definition 16).
o
Suppose tO'the contrary that W _. == bz, W = be.l with
- H5,q Jd7
j+ J, and W 1gs in normal rorm, and 7 ' -bl 1s In normal
Torm or y = 0.
o
Then b?bjl'H——— by
1 "p,q
o
1 Y
P(p%b. ") = P(bY)
J7dy" My g 8
&
x?x.l M == XE
J1 %, q
o .
o "Ly Y
\[”(ijjl) — q’(xt)
J
34 CIRS IV
alz)” + % () v(g) -
“a jl”l't 'jl Tt .j"f".j
(#) & alp ™ +ajq P =y gfp Tt

It will be shown that (%) i1s impossible.

Case A, Ir J<J,;, J <t then in (%) ¢ is & divisor or
SR .

¢ p » {p,a) = 1, hence qfa.

But W is in normal rform and as J < Jqps0 + mod |q

contradiction,

‘Lase B. Ir J > J; and t > J, then in (*) q 18 a divisor
Lor alpj+t, (p,q) = 1 hence q|al. But W 18 in normal rorm

80 a, § 0mod || as J > J; - & contradiction,

Case C, Ir ¢t < jand t < Jy» then in (%) g is a divisor or



and

. (p,a)

Hence v = 0O
of

b . == 1
J1 By

o ml

P(bob, ") ==

917 My

a‘ .

qu

g1 Mﬁﬁé

P(1)

[

Ir J < Jy then qla p % (p,q)

1 hence qly.

But bY

I

and W 1s in normal rorm hence a # 0

If J > J, then pla oI, (p,q)

]

and W is in normal rorm hence o % 0

Cagse D, t =

J1
o
% T e pY
le%q Ja
Y ~0
o 1
b === D .
3 :

¢ 18 in normal Form or

1 hence qlee But J < 3y
mod |q] ~ a contradiction,
1 hence pla. But J > j,

mod p o~ & contradictlon.




a contradiction,
Y”al
I¥ y-t, # O then b% o 0, y~0, F 0
. I Hy J1 ’ .

=]
Il

o
1

Y -0

== P(h
Y, 4q g

Y"‘al
J Mp q Jl

= (¥-09) (D)

P(p%)

1
] )

I3

%

J
@ g'p o= (Y"al)q lpjn .

1 henece qla. But J <y

I

1
If J < 3 then glop =, (p,q)

and W 1s in normal form implies & % O mod |q| - & contradiction.

i

If § > Jy then pla a¥, (p,q) = 1 hence pla, But g > 3y

and W 1ls in normal rform implles o ¥ O mod p - & contradiction.

Cage H, =




o, et
Ir y~0 = 0 then &1 = 0, but W a.bgbjl is 1in normal rorm

and &, % O - 'a contradiction,

7 J J
If y-a $+ O then alpJq Lo (y-u)p 1q3. , L
Ir J < J, then p[alq L pug (p,q) = 1 implies p]cr.l but
o . :
bofb.l is in normal rorm and j < J., hence 0 < d, <D ~ &
S 7 1 17
contradiction,

Ir J > J, then qlogpd but (p,q) = 1 implies qlo, but

o
ot
171,
contradiction.

1s in normal rorm and J o> jl, hence 0 < ay < la] ~ a

This proves ILemma 12,3.

: &
n .
Temma 12,4, Ir W = b?'igl b'}.:L 1s in normel form, then
m o - i |
I bt ois in normal form where 1 £ k < m € n |
i=k Jyq |
whenevert (1) k =1, j < jy and p < lal, or

2) k=1, J>jqyandp > [q], or
3) k + 1, jk—l < Jk‘and D < IQI) or
) k41, gy > Jy and p > |qf.

o8
igl b L 18 in normal form, then:

(
(
(
(

i}
o)

Prooft', Ir W =
i)  ir § < J1, then a ¥ 0 mod |q] and 0 < a; < p, and
14, ir J > Jq, then o § 0 mod p and 0 < Ay < [a], and

)
111) ir §; > J4_; then 0 < 6, < p, and
)

iv) Af J; < Jy_q then 0 < a, < laf.
m &i
Tet W' = [, b.” where 1 < k < m < n,
1=k Jq

Hence by the derinition or being in normal form, the |

only conditiors to check to see ir W' is in normal form are:




a) AT 3 < Jyguq 18 % F 0 mod [q
b) if'ék > Iy T8 Oy # 0 mod p

and ¢) dir k =m is % ¥ O mod
Now ir {(1): kX =1, j < 345 and p < [q[ then
0<a =0, <p<[q] and a, % 0 mod p, a, # 0 mod |q

Or 47 (2)1 k=1, J > j; and p > |a] then
0<ay =oa; < gl <panda % 0mdp, a F O mod lal.
Or 1r (3): k4 1, I < jk and p < IQI then
0 <a. <p<|q| and a, % 0 mod p, ty F 0 mod [qf.
Or 1 (4)1 k4 1, 3, 4 > J, and p > [qg| then
0<a < lqf <p gnd o F 0 mod p, 4 ¥ 0 mod [q.
Hence 1r condiltion (1), (2), (3) or (4) are met, then
W' is in normal form. 7 |
This proves Lemme 12,4,

OL
n J 3 + Jy, 3y F Jg_q be in

be in normal form or ¥y = O, 'Then

m

b

Lemma 12.5., Tet W

normal form, and let b

chF<Ctn O

P.q

Proof of Lemma 12.5. Inductlion hypothesiss W . 4 b% ror |

q
1 £ v <n. Assume the contrary the Iinductlon hypéthesis

holds and W ., == bl, v = n
M. q
n o ;
vG 4l bt = o). |
l Psq §

There are two cases to consider, They are:
Case 1. Y =0

Cage 2, y £ 0.




n-1 o X n~1l m

e i PeB 1
Then b b, e and % .1 is in normal
on Py e Py miT Vg g 11 Py ©
X
rorm and b? La is in normal rform,

Hence by the inductlon hypothesls

n-1 o X
& i _ .p s
bo .0, b == D +8

I a contradiction.,
J A= 0y Hy g 9y

Case 2. If y + O then

o, 1 G‘i Y ) : . ‘ i
I, b, = b, ¥ # 0 mod |q|. E
J =L I3 HPJ Q K

There exist s and x such that Js Jy € [a,x].

By Theorem 10, for any =

My o = (KZ,¢Z,AZ,BZ,W = L, (W) ).

There are two cases to consider, They are

|

2A: p < |q|

2B: p > |ql|. - | ) |

Cage 2A, If p < |g| then set

Mp,q % (Ks+1’TS+1’ g+’ s+1’w S+1(W))
Now by € K ir and only ir j = s and in € X,

] gt L if and

+1



onlsr ir j; = 8. As J,Jy € [s,x]. s o
There ex1st Up,Upseeo,U g Vy,Vpsses, T, such fhaﬁjfif;ﬁff
W= UV UyVp, o0 e, ULT, o Sl
where Uy € X, 1, Vy € T ., 1=h < r; and
V, ¥ 14if h < r; and
U, ¥ 1 ir 1 < h; and
for some h, Uy % 13 and
for some k, Vk % 1.
Also bl € Ks+l or bz € Teapre |
Hence ror some h either Uy € A . and Uy # 13 or

Vh-e B,y nd Vy £ 1.

But ir U; ¥ 1 then Uy = bg, J =28, ¢ F 0mod |g| hence
Uy ¢ LT .
And 4f h > 1 then Uy = b ™ where 0 < 8, < |q| hence
Uy, ¢ Agp1e _ Ny o
= = o8 = o i :
And ir Ul = 1 then Vl = bj or'Vl = b'j igl bji and Vl is }
in normal rorm hence Vy +  bP*™ py the induetion hypothesis j
: Hp:q 841 ]
a8 the normal rorm of b> % 1g or the rorm bé. ' 5
SR n a v |
_ . 1 _ |
And ir Uy $ 1 then vy = 15, bJi and Vl 18 in normal j
rorm and V., ,+ DbPl, ‘ E
1 Hp,q. 841 |

1L
. h o
. = |1 1
And -ror h > 1 4f Vy § 1 then V), igkhin and 1g in
. pem |
normal form and V, :%q LA
3

Thererore rfor all h where Uy, F 1, U, g Aj .43 and ror all




h where V, ¥ 1, Vy ¢ Byl = aHeontradiction.}F

Cage 2B, Ir p > |q| then set
Mp’q = (KX’ TX’AX’BX’W = Lx(w_))‘ 7 _ o
Now b® € P ir and only ir j = x and b,* € T_ ir and =

only ir jy = x as J,J; € [s,x]. ’

There exisgt Ul’ D evas T;Vl,Vé,..,,V such that

_ r
WE lV U2v2,ou&)Uv

where U € T, V, € K, 1< h< r; and

h h
U, # 1 4r h > 13 and
Vy, ¥ 1irh< r;'and‘
‘Tor some h, Uy £ 13 and
tor some k, V, F 1.
Y Y
Algo by € K, or by, € T, |
| Hence ror some h either U, € B, and Uy ¥ 1, or Vj € A
and V, f 1. |
But 1f U, = 1 then U, = bg, J = t. Hence a % 0 mod p,

Hence U; ¢ B_.

And 1r h.> 1 then Uh = bih where 0 < ﬁh.< P hence
Uh § Bx Dy g

Apd 1r Uy 5 1 then vl by or vl = b I bji and is in
normal rorm. Hence Vq % bg?l by the inductlon hypotheslis
a8 the normal rorm of > q b%?jnis of the rorm bg.

And ir U, % 1 then v, = igi b?i 1s in normal rform and

1 d4

N
1 Hp,q K l




1

Anq for h > 1 ir V, ¥ 1 then v, ® 40

normal rorm and Vi, o+ bng'
' b,q

- Therefore, ror all h where Uy 1 Uy, 4 By andeSr:aii._
h where V, ¥ 1, ¥V, ¢ A - a contradictlion, | o

Thig proves lemma 12,5 and completes the proof of
Theorem 12, |

Theorem 13,  Ir W € Hb q then W .= 1 ir and only ir N(W) = 1.
. ’ - ,4 .

Proor, This rollows immedlately rfrom Theorem 12,




SECTTION IV

CONCIUDING THEOREM

H

Let N = <y,x|5xPyx%, (p,a) =1, p > 12, [+ 1.

F = <a,b{>
Kb,q = F(abpaBQ), (P:Q) = 1: p > lQIQI+ 1‘.

N~ d
p,q = T Hmed Ky

and - & the obvlous isomorphism rrom N to E/Kp .
. 1 3

b,a q

Also let Fb_m <bi:i € JI>
G = F(b)

and 8 ¢ G = F,, the isomorphism given as follows: -

n G, 8
Lf W€ G, and p(W) = I a b *
' n B
then (W) = 407 P ii
‘ (jél aj)

and L1 p(W) = 1 then BlW) = 1.

For W € Fly s N(W) designates-the normal rorm of W as

derined in Section IT.

Theorem 14, Ir U 1s a word on the generators ofb%ﬁﬁhen 13) ﬁ 1
Af and only ir 0.4
1) o,(8(U)) = 0, and

1) 1.

=
Y
Cn
=
i

Proor. Clearly U == 1 ir and only ir 8(U) = 1 mod Kp q*
D,q - ?
Ir W = 1 mod Kp’ then o (W) = O since then W 1s the
» 4 a'
product or conjugates or abPab. [4] pp. 71-72.

41,




Hence i1 U = 1 then o, (8(U)) = 0,

D9 o e
By Theorem 6, W = 1 mod Kp q ir and only ir @
: , s -

hence U = 1 irf and only ir

>4
ALo(W)) == 1,
%, q |
By Theorem 13, W == 1 if and only ir
) b,q
N(W) = 1.

Therefdre, U=141r and only 1r
Mo,q
1) o,(8(U)) =70, ana
1) w(g(s(u))) = 1.

Thls solves the word problem ror

<y, x|§xPyxYS, (p,q) =1, p > L oa+1,
3.3 4 6 0 |

For example ygx VX yi6yx ¥ o= 1,

Proof or example,

5( 2x3§3x4yi6yi2§) = a2b3§3b4a56a525”

o, (a”%a%p a50a5?)

= 0

23234 o6 2. .3 460
B(a"p 6 0 "ab’ab a) = bbb b
Normalizing ﬁ(&(y2x3§3£4yx6y52§)) one gets
) : 3=3- ) 2. —
N((8 (57277 % ylyi) ) = N(bfgﬁﬁbgbﬁl)-

3 £ 6:

One normalizes N(b_z 1 Ob~l) by successively normalizing

1t ferminal segment,




-1 -1
M(5%,) = W(B1 n(Bl,)) = n(BLFY) =
N(bé‘?l) = N(b%-N(Egl)) = N(béﬁ%l)
= N(béﬁflbii) = N(béﬁgbil)‘" Bébil
N(bSFZ,) = N(b3-N(b1p2,)) = N(biBinl,) = bl
H(bghZ,) = N(pgN(bEE%,)) = W(bgply) = vgply
N(bg“fl) = N(b%'N(bg—%l)) a N(bébébfl)
= N(b%b}l) = N(b?lb}l) = bﬁl
W(p25%)) = N(bLen(blE?,)) = m(pint))
N(beb5bl,) = bobl,
)) = Ngb%bgbll)
N(bélbfl) =,
")) = N(Bbp! )
M(B1bgbL,)
= Ngﬁibib%bil) = plolnd,
2 0) = M Inlpl ) = vipt,




4 652 \ _ /el r3652 _ orelsl
N{bBbb ;) = N(b; N(BiphT4)) = N(Bybybhb
0 N A N N | 3
= MBPPTy) = N(Bgbypy) = N
=31 P
= N(b_lb l) = b7,
b6 L =l 6.2 ol
( El ob 1) N(b o N(B b b74)) = Wb,
2.0 = 13,0
= N(b _25 [by) = N(b B o0 ) =
L6g2 1 il gt 622
(b 5 ob. ) = N(b_, N(b_gblbo 1))
12 . 1
| E_N(bngﬁ o) & B,
3 N 6.0 v _ 1,2 ok 6.2
N(bwgblboﬁﬂl) = N(b_l'N(bﬁgblboﬁdl))
121 0
= N(b_,b_,) = N(bp) = 1.
Hence y2x3§3xuyﬁ6y§2y = 1,
‘ ' p,q
Note: Set R = ixzyis, gt = xsﬁﬁgy..
in N &ence 1t can be written as a-
~and R lo As & check on the computation,
be shown.

2
¥ XBYBXAYXGVXEY

2 3 3.2 -6 -
y X X YYX ¥x YX y
y2x3y3x2y yxEyXB-XByigh
y2X3y3X2y R‘xsyxgy
2.3-3.2 =33 =3 —2~
YV X ¥ X ¥FX X <R Xyxy

2352 55278 3

]

I

e
TyX ¥

Il

by,

1

S1)

21
Bghly)

2

5,)

- R

(6 gbol) B,
g.e.d,

-3 4 -6

VxR yKyRy = 1

product orf conJugates of R

such a product will




2 _3-=D D D 3.=3 ~Pa
=y X YX ¥y ¥yX Y R-x"RX VXY

2 3--2 P - 3 w3 P
=y N VX Yoy VX y-R-x Ry yxy

2 ~1-2 D 3 -3 -2~
=y R y 'yx YRXRX "y y

2 O 3 .3 0.
=y R y *YX yRyX ye yx yeyx yx RXTyRTy
- ar"ta~t.grB e cRe~t

' 2 o 2. 3

A=y, B=yxy, C=yxyx

Theorem 15, No initlal segment (subword) in ﬁxEyQS or any

short conjJugate, K, or §x2y§3 is equal to 1 in N.

Proot. cy(U) = 0,(6(U)) and Theorem 1M gives & necessary

condition ror U = 1 in N. It is that o,(8(U)) = O hence
one needs only to consilder those initial segments U or
Fx°y73, or K, with 0,(U) = O,

Herice, the only words fo consider ares

1) FxoyE°
11)  §RCyR
111) ?xey
1v)  xyRoF
3.
v)  yXTyx
vi)  yEF
vil) 'i2§x v
vill) Xyxy
1) 8(§x°y%) = aboabo
o D 22
.ﬁ(ab ab”) = bib]




I

(an e

N '5,3:15_1) )

)) = N(b
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APPENDIX

The rollowing theorem was proved by E, Rapa§é§t §tra$séf;f

Theorem. Let G = (a,b,c;ébzaES,BCEbEa,EachS), Ir G/N 18

rinite then G/N = 1,

Tt t-1
Then &b‘a = b3, ab° 8 = b3'2 '
' 2

t At t b
52b2 a2 - b3 o2 ,.,.,Etbg at - b3 .
' k- k k -k
If % = Xk then B> - b2 or b° MEA = 1,

- Then 3k—2k = NnJ énd ig prime to 2 and to 3, so0

(5,2) = (3,3) = 1. Similarly (k,2) =(5,3) = (p,2) = (p,3) = 1.

un

Then b° has order j, and so ¥ u.al(bg) b, (u,j) =1

)u - bSu

il

bt and

1

and go (3u,j) = 1. Thus &ba = (&b°a

(t,3) = 1, t > 1,

Let t' = 1 mod J, v least such_pdsitive number, Then

2 v
aba = bt implies éigba2 =~ B ves 8'pa¥ = bt = h, whence
d

[a',b] = 1 (a¥ commutes with b)., If (g,k) = d then a

d
commutes wilith b, so 2pad = pt

= b and d = v, 8o g divides

K., X = vk, Similarly [b%,¢] = 1 with j = rJ
sk,

Let J,,k .t  be the least prime ractors or j,k,t respecte~

I

and [cs,a] = 1 with 4

ively, If one df thegse 18 1 we are through,'since_e.g. [a,b] = 1

implies G/N = 1. So let Jg ® 1. Bince £V = 1 mod J,

49,



v

7 = 1mod j_. Iet t © = 1'm¢d"30 ror. the 1e§st‘positivé=

1nteger Vi ?hen Vg < J, and v = vom. But kﬂé vk, 8O v,
,dlvidgs k, whence,ko < v, < 30, |
Bimilarly, one get Jo < t, and 4 < k_, whence

J, < k, - a contradiction, Thus j, # 1 and J = 1, whence

G/N = 1,

Qe€ad,




