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Objectives
In this episode, we will learn how to solve
second-order homogeneous linear differential equation with constant coefficients.

What this long name means? A general equation of this type is written as
d? d
a—y+b—y+cy:O, or ay’' +by +cy=0,
dx? dx
where a, b, ¢ are given constants (they are called constant coefficients)
and y = y(x) is unknown function in variable z.

Second-order means that the highest derivative is of the second order.
For this reason, a # 0.

Homogeneous means that the right hand side of the equation is zero.
Linear means that y, 4 and y” are involved with exponents of one.

For example, 3y” + 3y —2y =0 and 3y’ =0 are
second-order homogeneous linear equation with constant coefficients,

while 4/ =42 =0, o' +2/ =2+1, v +y=0, y"—axy =0 arenot.
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Solutions and their linear behavior

A solution of the equation ay” + by’ + cy = 0 is any function satisfying the equation.
For example, y = e” is a solution of the equation y” —y = 0, because (e*)” —e* =0.
This solution is not unique: y = e~ " is also a solution since (e~*)" —e ¥ = 0.
Actually, the equation 3" —y = 0, as any other second-order linear equation,

has infinitely many solutions. How to find them all?

Theorem (linear behavior of solutions). If y; and o are solutions of ay” + by’ + cy =0,
then so Cyy1 + Cays is for any constants C7 and Cj.

Proof. Let y;, y» be solutions of ay” + by’ + cy = 0. Then ay} + by) + cy1 =0 and ayh + byh + cy2 = 0.
Let us check that Ciy; + Cyys satisfies the equation for any choice of constants Cy, C5:

a(Cry1 + Caya)" 4+ b(Cry1 + Coya)' + c(Cry1 + Cayo) 2o
aCry! + aCays + bCry; + bCays + cCiyr + cCayo 2o
Cy(ayy + byy + cy1) + Ca(ayhy + byb + cy2) 20
Ci1-0+C5-0 z 0

0=0 Vv
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Proportional solutions

Example 1. As we saw, y; = €% and 39 = e~ % are solutions of 3/ —y =0.

Therefore, y = C1e® + Coe™™ s also a solution for any C1,Cs € R.
Are there any other solutions besides y = C1e® + Coe™* 7?7 (Spoiler: no!)

Example 2. The equation y” +y = 0 has solutions y; = sinz and 1, = 5sinx . Indeed,

y! = (sinz)” = (cosz) = —sinz, so y{ +y1 = —sinz +sinz =0,
and y4 = (5sinz)” = (Seosx) = —5sinz, so y§ +ys = —Hsinx + 5sinx =0.

Therefore, y = Cysinx + Cy - 5sinx = (Cy + 5Cs) sinx = C'sinx is a solution for any constant C'.
Are here any other solutions besides y = C'sinx ?
(Spoiler: yes! Take, for example, y = cosz.)

What is the difference between these two pairs of solutions,

xT

y1 = €% and ys = e * in Example 1 and y; = sinzand ys = 5sinz in Example 27

It's easy to observe that
sinx and 5sinx are proportional, while ¢* and e™* are not.

Indeed, y; =sinx and y; = Hsinz are proportional since ys = 5y .
If we assume that e” and e™® are proportional, then y, = C'y; for some constant C'.

But e ® = Ce® <= 1= (Ce?® for all x, which is impossible.
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General solution

Two proportional solutions are called /inearly dependent.
Non-proportional solutions are called /inearly independent.

xT

y1 = e* and yo = e~ % are linearly independent solutions of v’ —y =0.

y1 =sinz and ¥y, = 5sinx are linearly dependent solutions of 3" + 1y = 0.

Definition. A general solution of the equation ay” + by’ +cy =0 is
y(@) = Cry1(z) + Coya(2),
where y;(x), y2(z) are linearly independent solutions of the equation
and C4, Cy are arbitrary constants.
The expression Cyy1(x) + Coya(x), is called a linear combination of y; and ys.

As it will be proven in the course of differential equations,
any solution of the equation ay” + by’ + cy = 0 can be obtained from the general solution
by an appropriate choice of the constants C7, Cs.

Therefore, to find a general solution, we need to find two linearly independent solutions 1, ¥
and set up their linear combination Cyy; + Coyo with arbitrary constants Cy, Cs.
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How to find linearly independent solutions
We know that the first-order equation ay’ + by = 0 has an exponential solution
(it can be found by separation of variables).

Let us try to find a solution of ay” + by’ + cy = 0 in the exponential form 3 = e*?,
where A is unknown constant (to be determined).
Substitute y = e, 3y = Xe™, and 3’ = A2’ into the equation:

a X2 £b A e +c M = 0.

—— —~—~ ~—~
y// y/ y

Factor out e’ :
ar?eM 4 DA 4 ceM =0 = M (aN? +bA+¢) =0
We may cancel e’ out since it's never zero:
(a2 +bA+¢) =0 <= a\?+b\+c=0.
If y = e’ is a solution of the equation ay” + by’ + cy = 0,
then X\ is a root of the quadratic equation a\?> +b\+c=0.

The quadratic equation aA? 4+ bX + ¢ = 0 is called
the characteristic equation of the differential equation ay” + by’ + cy = 0.
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The characteristic equation: real roots

—b+ Vb? — dac

2a '
e If A1, A2 are real and distinct, then two linearly independent solutions are y;(x) = e** and
ya(x) = e**.
o If \; = X2 (= A= —b/2a) is a double root, then two linearly independent solutions are
y1(x) = M and yo(x) = ze’?.
Az

The solutions of the characteristic equation are Ao =

Let us check that yo(z) = ze is a solution of ay” + by’ + cy = 0.

Substitute y5(z) = (1 4+ Az)e? and yi(x) = (2) + A2z)eM™

into the left hand side of the equation:

a(2X + A22)e™ + b(1 + Ax)er® + cxer = (aA\? + b\ + ¢)ze® + (2a)\ + b)e’* =0, since A is a root of
aX? + b\ +c, and 2a\ +b = 2a(—b/2a) + b= 0.

A s indeed a solution of the differential equation.

Ax

Therefore, yo(x) = ze

are linearly independent
since they are not proportional.

The solutions yi(z) = e’ and ys(z) = ze
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The characteristic equation: complex roots

o If A\j o =a =+ are complex conjugate roots («, 3 € R),
then two linearly independent solutions are

yi(z) = el B and yi(x) = e(@=)*  But they are not real-valued.

Since
yi(x) = eletible = gaweifr — 0% (cog(Bx) + isin(Bx)) and

ys(z) = elem)r = gawe=ifr — oo (cog(Bx) — isin(Bz)),
we may reconfigure y7,y5 into real-valued functions:

1
n=s (i +y3) = e cos(Bz),
1 * * aT o
Y2=75; (y1 —y3) = e**sin(Bz).
Finally, two real-valued linearly independent solutions are

y1(z) = e* cos(fx) and ya(x) = e** sin(fz).
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Summary
In order to find the general solution for the differential equation ay” + by’ + cy = 0,
1. Compose the characteristic equation al*> + b\ + ¢ = 0.
2. Find its roots A1 9 = —bE Vb - 4ac.
' 2a
3. Depending on roots, find linearly independent solutions 1,1
e If Ay, Ay are real and distinct, then y; = eM? and Yo = er2®,
e If \ is a double root, then y; = e and Yo = xe®,
o If X\ 2 =a =i are complex conjugate roots, then y; = e** cos(fx) and yp = e** sin(fx).
4. Compose the general solution : y(z) = C1y; + Cayz, where C1,Cy € R.
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Examples: real roots

Example 1. Find the general solution of the equation v’ + ¢’ — 2y = 0.

Solution. The characteristic equationis A> + A —2=0 <= (A+2)(A —1) =0.
The roots are \j = —2, Xy =1.

T

2x )\21‘:6 .

The linearly independent solutions are 3; = eM® =727, gy =¢

The general solution is y(z) = C1y; + Coys = Cre 2 + Cae®, (C1,Co € R.

Example 2. Find the general solution of the equation y” — 6y’ + 9y = 0.

Solution. The characteristic equation is A2 — 6\ +9=0 <= (A —3)2=0.
The double root is A = 3.

The linearly independent solutions are y; = e = 3% | yy = ze™ = ze3?.

The general solution is y(z) = C1y; + Coya = C13® + Coze®®, Oy, 0y € R.
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Examples: complex roots

Example 3. Find the general solution of the equation 3" + 2y’ + 3y = 0.

Solution. The characteristic equation is

M 4+2X24+3=0.

—2+/4-12 —24+/=8 —2+2iV2
5 = = =

2 2 ~~

«

The roots are A\j2 = +i V2 .
-~
B
The linearly independent solutions are
y1 = e cos(Bx) = e® cos(v/2x) and
Yo = €% sin(Bx) = €” sin(v/27)
The general solution is
y(x) = Cry1 + Coya = C1e” cos(v/2x) + Cae? sin(v2z) = €*(Cy cos(v2x) + Cy sin(v/2x)),
Cl, CQ e R.
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