Lecture 15

Derivatives of Inverse Functions

Objectives . . . . . e 2
Derivatives of inverse functions . . . . ... .. . .. . .. 3
The derivative of the natural logarithm . . . . ... .. .. ... . . . 4
Derivatives of logarithmic functions . . . . .. ... . . .. . .. . . 5
Derivatives of power functions (proof) . ... ... ... .. ... 6
The number e as a limit. . . .. ... 7
The derivative of the arcsine . . . . . . ... 8
The derivative of the arccosine . . . . . . . . 9
The derivative of the arctangent . . . . . .. . . . . . L 10
Table of derivatives . . . . . . .. 11
How to differentiate @™ . . . . . . . . . .. 12
Logarithmic differentiation . . . . . . . .. . . 13
Logarithmic differentiation . . . . . . . .. . .. . . 14
Logarithmic differentiation . . . . . . . .. . . . 15
SUMMArNY . . o 16
Comprehension checkpoint . . . . . . . . ... . 17



Objectives

In this lecture, we

e establish the rule for differentiation of an inverse function,

e compute derivatives of the logarithmic and power functions and inverse trigonometric functions.

e learn the technique of logarithmic differentiation
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Derivatives of inverse functions

Theorem. Let 3 = f(z) be an invertible function and = = f~!(y) be its inverse.

If f is differentiable at = and f'(z) #0,

then f~! is differentiable at y = f(z) and | (f 1) (y) =

Proof. By the definition of the inverse, f~!(f(z)) =x.
Differentiate this identity using the chain rule:

d . - a
il f(x) = —z < @) = (2) =1

gyt 1) =
dx

Notice that the latter identity makes sense since f’(z) # 0.

3/17



The derivative of the natural logarithm

For the exponential function f(z) =e” (or y =€), the inverseis f~1(y) =Iny
(by definition of In).
Since f'(z) = (") =" #0 for all z,

then f~!(y) = Iny is differentiable where it is defined, that is, for all > 0.

By the theorem about derivatives of inverse functions,

1
(F Y () = ) In our case, this formula gives
’ 1 .
(Iny) = = Since x = Iny, we get
1 1
Iny) = Iny) =—.
(ny)' = < (ny) ;

1
Switching to the variable x, we get |(Inz) = —
T
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Derivatives of logarithmic functions
Th ! =
eorem. | (log, x) e
. Inz
Proof. By the base change property of logarithms, log, z = ha Therefore,
na
nz\" 1 11 1
r— — = — / = — e — =
(log, =)’ = <lna> lna(lnx) Ina =z zlna’ =
Example. Find the derivatives of the functions y = In(sinz) and y = /logy .
d
Solution. — In(sinz) = —— - (sinz) = —— - cosx = cot .
dx sinz sin
d d 1 1 1
—./1 = —( 1/2 — 2] -1/2 (] - .
dr 082 d:Jc( 0gy ) 2( 08y T) (logy ) 2 log, s In2
B 1
 (2In2)z\/logy x
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Derivatives of power functions (proof)

a—1

Theorem. | (%) = ax forany a € R.

Proof. ¢ = el?" = ealnz

a\ — (palnzy _ jalnzx 1 r_ alnm.g: a_g: a—1 O
(%) = (e*™*) =e (alnz) =e — =3t —=ar
Example. Differentiate the following functions: y = 2¢, y = (z +sinz)3.
Solution. (z¢)" = ex®!
d—(x +sinz)® = 3(x + sinz)? - d—(x +sinz) = 3(x + sinx)*(1 + cos ).
x x
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The number e as a limit
Theorem. lim (1 + z)Y/* =¢.
x—0
Proof. (14 z)l/* = el((1+2)/7) — ex m(1+2)
1n(1+x):1n(1+x)flnl_>iln$) -1 =1.
T T z—0 dx r=1 T lz=1
1
So —In(1+x) — 1, therefore,
x z—0
exn(+2) s ol — ¢ thatis |lim(1+2)/* =e
x—0 x—0
1 x
Corollary. lim <1 + —) =e.
T—00 €T
1 x
Proof. lim <1 + —) =lim(1+ )/ =e.
T—00 T t—0
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The derivative of the arcsine
1
V1 — x?

Proof. For the function f(z)=sinx, where = € [—7/2,7/2],

Theorem. | (arcsinz) = for z € (—1,1)

the inverse is f~1(y) = arcsiny, where y € [—1,1].

By the theorem about derivatives of inverse functions,
1

(f Y (y) = o) for all points where f/(z) #0.
x

In our case, this formula gives (arcsiny)’ = 1/(sinx) = 1/cosz =7
cosz = /1 —sin®z since cosz >0 for = € [~7/2,7/2]
1
= /1 —y? since sinx = y. Therefore, (arcsiny) = \/ﬁ :
-y

The formula is valid for y € (—1,1), that is where f/(z) =cosxz #0.

Switching to x gives (arcsinz) = — where z € (—1,1).
-z
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The derivative of the arccosine

. T
Lemma. arcsiny + arccosy = 5 for y € [-1,1].

. . . 7T 7T s

Proof. Let y =sinx. Since sinx = cos <§ — x) , we get y = cos (5 — x) , OF arccosy = o — .
T .

Therefore, arccosy = 5~ arcsiny, that is,

. T
arcsiny + arccosy = 5 O
Theorem. | ( ) ! for z € (—1,1)
. | (arccos ) = — ———= e (-1,
V1 —22

. ™ ™ .
Proof. arcsinx + arccosx = 5 — arccosx = — — arcsinx . Therefore,
(arccosx) = (E — arcsin x), = —(arcsinz) = —#. 0

2 V1= 22
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The derivative of the arctangent

1
Theorem. | (arctan z)’ = 722 for any x € R.
x

Proof. For the function f(x) =tanx, where z € (—7/2,7/2),
the inverse is f~!(y) = arctany, where y € R.

By the theorem about derivatives of inverse functions,

1
(fYHY(y) = ) In our case, this formula gives
-
1
(arctany)’ = o) cos?x =7
2 2 2
| 2zt 1 1 1
1+tan2w:1+bm2x:COb :U+25111:U: . So cos?z — — = .
cos* x Ccos* x cos*x 1+ tan“zx 14y
1 1
and (arctany)’ = cos®z = e Switch to z: (arctanz)’ = T2 O
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Table of derivatives
f(=) f'(z)
) ) sin x cc.)s T
COS T —sinx
C 0 1
¢ ar®! tan 2 cos?x
er e’ t _ !
a® a®lna core sin2 X
1 : 1
Inz - arcsin Vi
1 1
arccosr | ——F/—=
log, zlna V1—a?
1
arctan x 1122
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How to differentiate x*

Problem. Find the derivative of y = z%.

Solution. The function is neither a power nor an exponential.
It seems that there is no rule for differentiating it.

To get around this difficulty, let us take the natural logarithm of both sides of the equation y = 2% :

Iny =Inz"” <= Iny = xInz. Differentiate both sides of this last equation.
Keep in mind that y = y(z) is a function of z,
and so Iny should be differentiated according the chain rule:

d d 1

T Iny(x) = %(lenx) = ) Yy (x) =(z) Inz+ - (Inz)
y'(z) 1 y'(z y'(z) . N

= =hzr+z — <= =lhzx+1 ( is called the logarithmic derivative of y)
y(x) z y(x) y(x)

d
— ¢/'(z) = (Inz + Dy(z) < y'(z) = (Inz + 1)x”. Therefore, d—(:zrx) =(Inz+1)a®.
x
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Logarithmic differentiation

The technique used in differentiation of y = x* is called logarithmic differentiation.

It is used to differentiate complicated functions that involve products, quotients, or powers.
Va(a® +3)

x4 (223 —x)

Solution. Using the quotient rule may cause a headache.

Let us get around that with logarithmic differentiation.

2, 3 b
ln% <1n:—d =Ilna+Inb—Inc— 1nd>

Example 1. Differentiate the function y =

Iny =

. 1 .
=Inyz+In(2?+3) —Inz* — In(22® — ) = 51nx+1n(x2 +3) —4lnz — In(223 — x)
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Logarithmic differentiation

Va(a? +3)

m we have fOUnd that

For y =
1
ny=gnz+ In(2? 4+ 3) — 4Inz — In(22® — x) . Now it's time to differentiate:

! 2
Y 1 2z 4 6z -1
L= 4 — — — "~ Therefore,
y 2x+x2+3 r 223 —u reter

(L 2 4 627 — 1 that ie
Y=Y\ 2 2+3 x 23—2zx)' '

Vr(z?+3) (1 2 4 6221 o . .
y = m o + 213 7 252/ Simplify the right hand side:

,  (—18z* — 732 +27)/x
226 (222 — 1)2 '

14 / 17
Logarithmic differentiation
Example 2. Find the incline angle of the tangent line to the graph
of the function y = /(x + 1)(22 + 1)(23 + 1) at the point (1,2).
Solution. Let 6 be the incline angle of the tangent line at (1,2).
Then tanf = /(1) (it is the slope of the tangent line at z =1).
Use logarithmic differentiation to find 7/:
Iny=1In¢/(x+1)(@2+1)(23 +1) = In((z + 1) (2% + 1) (2> +1))1/3
1 .
= g(ln(x +1) +1In(2? + 1) + In(z3 + 1)> :
! 2
Y 1 1 2x 3x )
— =z - . Substitut =1:
" 3<x+1+x2+1+x3+1 ubstitute x
(1 1/1 2 3 A
y() = — | =+ =+ =|. Therefore, since y(1) = v/2-2-2 =2, this gives
y(1) 3\2 272
1
y(1)=2- i 3 =2. Therefore, tanf = 2 and 6§ = arctan?2.
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Summary

In this lecture, we learned

e how the derivative of a function and its inverse are related

e how to calculate derivatives of
logarithmic functions, power functions, and the inverse trigonometric functions

e how to use the technique of logarithmic differentiation.
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Comprehension checkpoint
e Fill in the tables:
f1C |1 z%| a® | e | Inx | log,z
f
f sinx | cosx | tanx | cotx | arcsinx | arccosx | arctanzx
f
e Use logarithmic differentiation to find the derivatives of the following functions:
31’2 —1 : cos &
y_(x5+w—2)(w+2)’ y = (sinz)®s?,
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