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Objectives

In this lecture we continue to develop tools for efficient computation of derivatives.

Namely, we
e calculate the derivative of exponential functions and

e establish the chain rule for differentiation of a composition of functions.

Also, we discuss the application of differentiation to differential equations.
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The chain rule
The chain rule tells us how to differentiate a composition of functions.
Theorem (the chain rule).
If g is differentiable at = and f is differentiable at g(x),
then f o g is differentiable at = and (f o g)'(z) = f'(g9(x))d (z).
d dy d
In Leibniz notation: let w = g(z) and y = f(u). Then % = % . ﬁ
More precisely, to indicate the point each derivative is evaluated at,
dy _dy du
@(fﬂ) = @(u(fﬂ)) ' @(fﬂ)
If y depends on u Y
and u depends on z, ‘ y= f(u)
then y depends on z and y=f(g(z)) | u
d dy d
dy _ dydu | u=g(a)
dr  dudx T
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Sketch of a proof

By the definition of the derivative,
dy Ay ) % Au

— = lim — = lim - —
dr  Az—0 Ax  Az—0 Au  Ax

if Au#0
_ Ay i Au 5 Ay . Au _ dydu
T Arh0 AU Ars0 Az AuboAu ArsoAz | dudz

It may happen that Au = g(x + Ax) — g(x) vanishes.
Then the reasoning above is not valid, since we can't divide by 0.
But the proof may be adjusted to avoid this obstacle. See the textbook for the details.
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Chain rule: Example 1
Example 1. Differentiate the function f(z) = (z* + 3)1°.
Solution. The function f is a composition of two functions: g(z) = 2% +3 and f(u) = u'%:
-t 3L (x4 +3)10
Let u=g(x) =2 +3 and y = f(g(z)) = f(u) = u'’.
Y
ly = ul®
y=(z*+3)10 [ w
‘u =2 +3
x
By the chain rule, ;Z—ch = %% = d(;io) d(r;j 3) = 10u”(423)
= 10(x* + 3)%(423) = 4023(z* + 3)°.
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Chain rule: Example 1

d
We have got that d—(a:4 +3)10 = 4023(2* + 3)°.
XL
Remark. Usually, we don’t use extra letter u while differentiating.
Let us write the chain rule in terms of inner and outer functions:
(f (g @) =flg) )
N —_——— "~
outer inner derivative derivative

functi i .
unction  function of outer  of inner
function  function

The differentiation is written as follows:

i(x‘l +3)10 =10(2? 4+ 3)? - (423) =4023(2* +3)°. Or

dx ~——— ~——
derivative derivative
of outer of inner
function function

d d
— (24 +3)10 = 10(2* +3)? - —(2* +3) = 10(z* + 3)?(423) = 4023 (2* 4 3)*.

dzx dx
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Chain rule: Example 2
Example 2. Find the derivative of f(z) = Va2 + 1.
Solution. f(z) = Va2 +1= (22 + 1)% . Therefore,
—(z*+1)2 ==(z*+1) 2 -(22) = ———.
M derivative
derivative
of inner
of outer function
function
Remark. One can write the differentiation as follows:
d 1 d 1
D)2 = S@@ )@ 4 1) = (a4 1) (2)
B T
22+ 1
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The chain rule for more than two functions

For a composition of three functions:

%f(g(h(x))) = ['(g(h(x)))g (h(z))h' (z).

In Leibniz notation: if y = h(z), z = g(y), w = f(z), then

@) = @) 0l G a), onin short, T2 = TLEL.
Similar formulas are valid for any number of composed functions.
Example. Find the derivative of f(z) = ((z? +1)3 +2)°.

Solution.

(@2 4142 = 5((a 4 1) + 2 (o 4 1) +2)
d

=5((z2 +1)2 +2)*-3(22+1)2- -
=5((x®2+ 13 +2)*-3(2%+1)2- (22

(2 +1)
) = 30x(2? + 1)2((2? 4+ 1)3 4+ 2)*.
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The derivative of e*

The number e was defined as the base of the exponential function f(z) = a”
whose graph has the tangent line at (0,1) with slope 1.

45°
/ T
The slope of this tangent line is the value of the derivative of y =¢* at x =0:

d
y'(0) = i

= 1. How can we calculate the derivative of y = e® at any other point x?
=0
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The derivative of e*

. etth _ o el — et e (el — 1) e e —1
—e=lm———=llm————=1lim ——= = lime* - lim
dx h—0 h h—0 h h—0 h h—0 h—0 h
0+h 0
. . e d
= lim e? - lim =e¥ . —¢" =e”
h—0 h—0 h dr  1z=0

by the definition of numbere

—e' =¢ The function is its own derivative!

Example 1. Find the derivative of f(z) = * *37 .

Solution. The function f(z) is a composition of two functions, so we use the chain rule:

d 2 2 d 2
/ — r +3x _ x*+3z 2 _ L% +3x
r) = —e€ =e —(@*+3z) =e 2z + 3).
Fe) = (@ + 32) (20 +3)
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The derivative of e”
Example 2. Differentiate the function f(z) = 23¢%*.
Solution. The function is a product of two functions, so we use the product rule.
d d d
f/(l‘) — ﬁ(mi’)eQaz) — %(ZS)QQI + 1133%621 — 31,2621 + 1.3(621 . 2) — (31,2 + 21,3)621 .
Example 3. Find the equation of the line that is tangent to graph of y = e”
and passes through the origin.
Solution. We are looking for a line through the origin that is tangent to y = e” .
y The equation of the tangent line to the graph of y = f(z)
at the point (a, f(a)) is y — f(a) = f'(a)(x — a).
d
Since f(a) =e® and f'(a) = d—e"” =’ =e?,
a | — X = r=a
‘ | the equation of the tangent is y — e* = e*(z —a) .
y=er A | Since t.he tangent must passe thr.ough the origin, .
—_ the pair (z,y) = (0,0) must satisfy the equation of the line:
0—e*=e*0—a).
From which we get —e®* = —ae® or, equivalently, (1 —a)e® = 0. Since e* # 0, this means a = 1.
Therefore, the equation of the tangent lineis y —e = e(xz — 1), or, equivalently, y = ex.
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The derivative of a*

Let us calculate the derivative of an arbitrary exponential function a”*, where a > 0.
By the properties of the logarithmic function, a* = "(¢") = ¢#In@ Qbserve that Ina is a constant.

Differentiate a® by the chain rule:

d T __ d zlna __ mlnad _ ,xlna _ T
0= e =e —x(xlna,)fe ‘(Ina) =a"lna.
d
d—amzaxlna
X

/A Warning: Don't mix up
the power function y = z* and the exponential function y = a” .

They are very different functions and have different derivatives:

i a __ a—1 —a® =a%1
et =azt, —a® =d"lna.
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Examples
Example 1. Find the derivative of f(z) = 23 + 3%.

d d

lution. f'(z) = —a3 + —3% =322 + 3% In3.
Solution. f/(z) e +dx3 32 +3"1In3
I" Don't confuse power and exponential functions!
1

Example 2. Find the derivative of f(z) = o

1
Solution. f([L') = m = 271?24»1’ .
f(z) = di2—$2+x = 2_$2+m(1n2)di(7562 + ) =277 (In2)(—2z + 1)

v v = (22 +1)27"°+*n 2.

Example 3. Find the derivative of f(z) = 2!/*

d d 1 1
Solution. f'(z) = %21/96 =21/%(In 2)%5 = 21/%(In 2)(fp)

21/x
=-3 In 2.
13 /17



Differential equations

A differential equation (DE) is an equation involving derivatives of an unknown function.
A solution of a differential equation is a function satisfying the equation.

Example 1. ¢/ = 322 — 1 is a differential equation. It says that the derivative ' of an unknown
function y = y(z) is equal to 322 — 1.

d

The function y = 2% — z is a solution of this DE, since ¢’ = d—(x3 —z) =322 -1.
T

Actually, this DE has infinitely many solutions:

any function y(z) = 23

—x+ C, where C is a constant, is a solution.

d
Indeed, v/(z) = %(x?’ —z+C)=322—-1.

In fact, these are all the solution of this DE.
The solution y(z) = 23 — 2 + C, where C' is an arbitrary constant,
is called the general solution of the DE.
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Solutions of differential equations

1
Example 2. Show that the function 3 = —2® 4+ — is a solution of the differential equation
x

22y —xy —3y=0.

Solution. We have to show that the given function y and its derivatives v/, 4" satisfy the differential
equation. For this, find ¢/ and y”:
d . 1 1 d 1 2
r_ 2 .3 - - _ 2 _ = "no_ ne— 2 2 _— — _ -
y—dl_( :c—i-l_) 3z =Y (y') d:L'( 3x :L_2) 6:13+:L_3.
Substitute 3,7/, y” into the left hand side of the equation:

2 1 1
22y —xy — 3y = 2 (—Gx + —3) —x (—3:132 - —2) -3 (—x3 + —)
x x x

y”’ y’ y

2 1 3
=62 +=+3°+-+32 - ==0V
T T x

We see that the function y = —2% + — satisfies the differential equation.
x

Therefore, it is a solution of this DE.
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Summary

In this lecture, we learned

e how to differentiate a composition of several functions using the chain rule

e what the derivatives of the exponential functions are:
d
—a
dx

e an application of differentiation: differential equations and their solutions.

x x T

= a%lIna, in particular, —e® =¢
dx
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Comprehension checkpoint
e Present the function y = 263%) as a composition of two functions.
d _iae
Find the derivative —2(3°).
dx
e Present the function y = ((52% +4)? 4+ 1)* as a composition of several functions. Find the
d
derivative — ((523 +4)2 + 1)%.
dx
: — d == d 3
e Find the derivatives —+/2° and —xV?2.
dx dx
e Show that the function y = ze” is a solution of the differential equation 3" — 2y’ +y = 0.
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