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Objectives

There are two types of limits involving infinity:

e infinite limits lim f(x) = oo, lim f(z) = —oo0 and
T—a T—a

e limits at infinity lim f(x)=L, lim f(z)=L.

T—00 T—r—00

In this lecture we discuss infinite limits

and applications to finding vertical asymptotes of the graphs of functions.
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Infinite limits

Definition. Let f(x) be a function and a be a number.
One says that f approaches infinity as x approaches a
if f(z) is arbitrary large whenever z is sufficiently close to a (but not equal to a).

Notations: lim f(z) = oo or f(x) — co.
Tr—a T—ra
Similarly, we say that f approaches negative infinity as x approaches a

if f(z) takes arbitrary large negative values
whenever x is sufficiently close to a (but not equal to a):

Notations: lim f(z) = —oco or f(z) — —o0.
T—ra T—ra
One-sided limits
lim f(xz) =00, lim f(z) =00, lim f(z)=—o0, lim f(z)=—o0
z—at T—a~ z—at T—a~

are defined in a similar way.

/A Warning: oo and —oo are not real numbers, and can not be treated as real numbers.
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Finding limits from graphs

Here is the graph of a function.

Y

-1

The following limits can be read off the graph:

lim f(z) =00 lim f(z) =00 lim f(z) =00
T——1— z——11 z——1

. _ . o . does not exist
xgnqu f(z) = -0 xh;{1+ flx) =00 :llinl f(zx) (DNE)
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Vertical asymptotes

The vertical line = = a is called a vertical asymptote for the graph of y = f(x) if at least one of the
following holds true:

lim f(x) =00 lim f(z) =00
x—a™t T—a~
lim f(zx) = —o0 lim f(x) = —o0
x—a™t T—a~
Yy
Example. 1
The graph of the function y = f(x) 3
shown to the right ;
has two vertical asymptotes: }
_1‘
r=—1and z = 1. ‘
x :‘ —1
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Reciprocal functions

We now discuss the standard examples of infinite limits.
Example 1.

. 1
lim — = o
x—0 X

. . 1
z =0 is a vertical asymptote for y = — .
X

1
lim — =00, lim — = -oc0, lim — DNE.
z—0t @ z—0— z—=0 T
- ) . 1
r x = 0 is a vertical asymptote for y = —.
x
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The tangent function
Example 3.
Yy y =tanx

l l l I l l

| | | 1 | |

| | | 1 | |

l l l I l l

: -2m : -7 : : 7T : 2, : 3,
5 3 i m 37 57 u

2 2 2 2, 2, 2|

| | | 1 | |

| | | 1 | |

| | | 1 | |

| | | 1 | |

| | | 1 | |

lim tanx = o0, lim tanz = —oo, lim tanz DNE.
T35 m%gjL TG
™ . .
T = 3 is a vertical asymptote for y = tanx.
y = tanx has infinitely many vertical asymptotes. They are ©x = 5 +7n, n € Z.
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The logarithmic function

Example 4. Calculate lim Inz, lim In(z+ 2).
xz—0t z——2%

Solution. Draw and see:

Y. y=Inz

Iim Inz = —o0
-z z—0t

x =0 is a vertical asymptote of the graph.

| y b

! / y = lIn(z +2)

! / lim In(z+2)=—-oc0

: . r——27F
-2 | -1 0 . .

| xr = —2 is a vertical asymptote.

T

8 /16
Rational functions
Example 5. Evaluate lim and lim )
z—2+t T — 2 z—2— T — 2

Solution. When x approaches 2 from the right,
x — 2 approaches 0 from the right. Observe that x —2 > 0 since = > 2.

= O0.

So z —2 — 0%. Therefore, — o0 and lim
r—2+ T — 2 g2+ 2+ T —

When z approaches 2 from the left, x — 2 approaches 0 from the left.
Observe that © —2 < 0 since z < 2.

So £ —2 — 0. Therefore, — —o00 and lim = —00.
T—27 T — 4 x—2— r—2- T —
3
y -
Y r—2
Here is a convenient informal way to write down our calculations:
xX

2 . 3 3 . 3 3
! lim = {—} =00 and lim = {—} = —00.
:x — 9 z—2T T — 2 0+ T2 T — 2 0~
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Finding vertical asymptotes

Example 1. Find all vertical asymptotes of the graph of the rational function

1.2

r)=——-"—.
/(@) (2 = 1)(z+2)
Solution. We inspect the points where the denominator vanishes.
Only at these points can a rational functions have vertical asymptotes.

(22 —1)(x+2)=0 <= (r—1)(z+1)(z+2)=0 <= z=1lorxz=-1or z=-2.

We now calculate one-sided limits to verify the existence of vertical asymptotes at z =1, —1, —2.
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Calculating limits
_ z? 12 1
S T T x) (= DATD) {o+ -3} -
_ z? 12 1
Jm @Z—D+2) (1 )2Z-1)1+2) [0-3] -
i z? B (—1)2 1]
et @ D +2) (172 —1)(—1+2) |o--3] =
i z? - (—1)2 1
e @2 — 1)z +2) (1 )2-1)(-1+2) |ot-3] ">
i z? (—2)? 4 7
oot (22 D2 +2) (22 -1)(—=2F+2) [3.07] =
i z? (—2)? 4]
o @2 D(@+2) (2 -1(—=2-+2) |3.0-] =
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Graphing vertical asymptotes

5132

We have calculated the following limits for f(z) = m :
xTre — X

li = li = —

G f(@) =00, lm f(z) = o0,
I — o0, i = o0,

g = fm ) =
li = li = —00.

Jm f@ oo, lm f@=-ee
Therefore the lines ©z = 1,

r=-—1and z=-2

are the vertical asymptotes.

This information can help us
to sketch the graph of f(x)
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Finding vertical asymptotes (cont.)

z+1

x2 -1

Solution. We inspect the points where the denominator vanishes. Only at these points can a rational
function have vertical asymptotes.

Example 2. Find all vertical asymptotes to the graph of f(z) =

2—-1=0 <+ (r—1)(z+1)=0 <= z=1o0r z=—1.

We now calculate limits to verify the existence of vertical asymptotes at z =1, —1.

I z+1 141 2
im = =|—| =00
r—1t 2 -1 (1+)2—1 0+
. z+1 141 2
lim = e I
rz—1— 1’2—1 (17)2—1 0—
1 1 1 1
fim 2L g — L - D g
r—o—-1x2 —1 z——1 (JL' — 1)(.T + 1) z——1x —1 2

Therefore, x = 1 is a vertical asymptote, while z = —1 is not.

13 / 16



Graphing asymptotes

. 1 .
We have established that the graph of f(z) = x2+ 1 has only the vertical asymptote =z = 1.
22 _
z+1
Y AR —
-1
T —o— 1 T
=1
Notice that the function is not defined at z =1 and = = —1.

At x =1 the graph has a vertical asymptote, and at x = —1 the graph has a hole.
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Summary
In this lecture we studied
e infinite limits: lim f(z) = c0 or lim f(z) = —oc0
T—ra Tr—a
and one-sided infinite limits:
lim f(x) =00 or —oo and lim f(z) =00 or —o0
T—a~ z—at
e the notion of a vertical asymptote
e appearances of the graphs of some standard functions with vertical asymptotes
e how to find vertical asymptotes of rational functions
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Comprehension checkpoint
elet lim f(x) =00 and lim f(z)=—o0.
x—0~ x—07+
Is it true that the line = = 0 is a vertical asymptote for the graph of y = f(z)?
e Sketch the graph of a function y = f(z) such that

li =0, i =—00, i = 00.
Jim f(z)=co, lim f(z)=-oco0, lim f(z)=oo

e How would one verify that the line = a is a vertical asymptote for the graph of y = f(z)?

o let y= . Is it true that x = 0 is a vertical asymptote

x
24+

for the graph of this function? Justify your answer.

16 / 16



	Objectives
	Infinite limits
	Finding limits from graphs
	Vertical asymptotes
	Reciprocal functions
	The tangent function
	The logarithmic function
	Rational functions
	Finding vertical asymptotes
	Calculating limits
	Graphing vertical asymptotes
	Finding vertical asymptotes (cont.)
	Graphing asymptotes
	Summary
	Comprehension checkpoint

