Homework

. Suppose there is a convergent power series representation for a solution y
to the following differential equation in a neighborhood of 0. Using power
series, compute the degree 5th polynomial approximation to the solution
to the differential equation y” + (14 )y’ +2x%y = 0 with initial conditions
y(0) =1, and ¢/(0) = 0.

. Suppose there is a convergent power series representation for a solution y
to the following differential equation in a neighborhood of 0. Using power
series, compute the degree 3 polynomial approximation (centered at 0) to
the solution to the differential equation (2% — 2)y” — 3zy’ + 6y = 0 with
initial conditions y(0) = 1, and ¢'(0) = 1.
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. Verify that the power series %5° is a solution to the differential

equation " +y = 0.

. Compute the degree 3 polynomial approximation of the series solution to
the differential equation xy” + 4y = 0 centered at x = 2 with initial
conditions y(2) =4, ¥'(2) = 2. (i.e. y = Zb,(z —2)™)



Solutions

1. Suppose there is a convergent power series representation for a solution y
to the following differential equation in a neighborhood of 0. Using power
series, compute the degree 5th polynomial approximation to the solution
to the differential equation y” + (1+ )y’ + 222y = 0 with initial conditions
y(0) =1, and 3/(0) = 0.

Solution: Let y(z) = 322 b,z™ be the power series solution to the IVP
which is convergent near x = 0. Since y(0) = 1, by = 1. From y, we can
take the derivative to get /. v/ = 32 nb,2" 1. Since y/(0) = 0 and all
the non-constant terms vanish at 0, by = 0. To keep solving, we also need
to know the formulas for y”, zy/, and 22%y. y" = 2 n(n — 1)b,a" 2.
2%y = 30 b, a2 zy’ = B0 nb,am.

Since y” +y' +zy’ +2x%y = 0, the series obtained by summing the 4 power
series must have 0 for each coefficient. The constant term of this sum is
2by + b1 + 0 + 0 which come from 3" and y”. Hence, by + 2b; = 0. Since
b1 = 0, this means that b, = 0. Summing the coeflicients of the linear
terms of the 4 series gives us 6b3 + 2bs + b1 + 0 = 0. Since by = by = 0,
b3 = 0. Summing the quadratic terms gives us 12b4 + 3b3 + 2b5 + 20y = 0.
Since by = b3 = 0, we have by = —2by/12 = —1/6. Summing the cubic
terms gives us 20bs + 4bs + 3b3 + 20y = 0. Since by = b3 = 0, b5 =
—4by /20 = —(—1/6)/5 = 1/30. Now that we’ve found through bs, we have
the degree 5 polynomial approximation to the solution, which amounts to
y(z) ~1—(1/6)x* + (1/30)a".

2. Suppose there is a convergent power series representation for a solution y

to the following differential equation in a neighborhood of 0. Using power
series, compute the degree 3 polynomial approximation (centered at 0) to
the solution to the differential equation (2% — 2)y” — 3zy’ + 6y = 0 with
initial conditions y(0) = 1, and y’(0) = 1.
Solution: Let y(z) = 2% ,b,z™ be the power series solution to the IVP
which is convergent near x = 0. Since y(0) = 1, by = 1. From y, we can
take the derivative to get y'. ¥’ = X% nb,z" 1. Since y(0) = 0 and all
the non-constant terms vanish at 0, by = 1. To keep solving, we also need
to know the formulas for x2y"”, —2y", —3zy’, and 6y.

2y =% ,n(n — 1)b,z"
—2y" =%, —2n(n — 1)b,z" 2
—3zy’ =¥, — 3nb,x"
6y = 252 6b,2™
Each coefficient to the resulting power series comprised by summing the
above four power series must equal 0. Summing the constant terms gives
us 0+ (—2(2)(1)bg) + 0 4 6bg = —4bs + 6 = 0. Hence, by = 6/4 = 3/2.

Summing the linear terms gives us 0+ (—2(3)(2)b3) + (—=3(1)by) + 6by =
—12b3 + 3b; = —12b3 + 3 = 0. Hence, b3 = 1/4.



Therefore, the degree 3 polynomial approximation to the power series is
Y= by + b1+ box? + bswd =1+ 2+ (3/2)2% + (1/4)23.

-1 nm.2n
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Set y(x) = ESOW~ Since this is a convergent series, we may com-
n)!

pute it’s derivative term-by-term and it will also be a convergent power
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take the derivative again, getting

series. Hence, y' = 3%° . To get 3" we

(=1)"(2n — 1)z>"—2
(2n —1)!

o (<1
Yo(2n—2)!
(—1)H1g2n

(2n)!
(1)

(2n)!

y' =Xy

=-y
Hence, y" +y = (—y) +y =0.
. Compute the degree 3 polynomial approximation of the series solution to

the differential equation xy” + 4y = 0 centered at x = 2 with initial
conditions y(2) =4, y'(2) = 2. (i.e. y = XFb,(x —2)™)

Before, we would just need zy” and 4y and we would sum those series
together. Since this series is centered at x = 2, We will want to find
(x —2)y”, 2y”, and 4y and will sum these together, knowing that their
sum must equal the 0 function.

Before we sum the individual series, we know from the initial conditions
that by =4, by = 2. We now only need to compute bo and bs.
y = Tba(a - 2)"

y = Xnb, (z —2)" !

Y =2n(n — 1)b,(z —2)" 2

dy = X5°4by, (x — 2)"

(x —2)y" = 325°n(n — )b, (z — 2)" !
2y" = ¥5°2n(n — 1)by, (z — 2)" 2

Summing the constant terms gives us 4bg + 0 + 2(2)(1)by = 0. Hence,
by = —4by/4 = —4. Summing the linear terms gives us 4b; + (2)(1)bs +



2(3)(2)bs = 0. Hence, by = (—4(4) — 2(—4))/12 = —2/3. Thus, together
the first four terms of the series form y ~ 4 + 2(z — 2) — 4(z — 2)? —

(2/3)(z — 2)°.



Answer Key

1. Suppose there is a convergent power series representation for a solution y
to the following differential equation in a neighborhood of 0. Using power
series, compute the degree 5th polynomial approximation to the solution
to the differential equation y” + (14 )y’ +2x%y = 0 with initial conditions
y(0) =1, and 3/(0) = 0.

y(z) ~1—(1/6)z* + (1/30)2.

2. Suppose there is a convergent power series representation for a solution y
to the following differential equation in a neighborhood of 0. Using power
series, compute the degree 3 polynomial approximation (centered at 0) to
the solution to the differential equation (2% — 2)y” — 3zy’ + 6y = 0 with
initial conditions y(0) = 1, and y'(0) = 1.

y(z) 2=1+z+ (3/2)x2 + (1/4)x3.
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3. Verify that the power series X3° is a solution to the differential

equation y” +y = 0.
(_1)71,:13211,
(2n)!
pute it’s derivative term-by-term and it will also be a convergent power
(_1)'7L2nx271,—1 (_1)77,1,277,—1

(2n)! - (2n —1)!
take the derivative again, getting

Set y(x) = X&° . Since this is a convergent series, we may com-

. To get 3" we

series. Hence, y' = X§°

=Y
Hence, vy’ +y = (—y) +y = 0.

4. Compute the degree 3 polynomial approximation of the series solution to
the differential equation zy” + 4y = 0 centered at r = 2 with initial
conditions y(2) =4, y'(2) = 2. (i.e. y =XPb,(x —2)")

Y~ 4+ 2(xa) —4(z —2)% — (2/3)(x — 2)3.



