MAT125: Calculus A HW 13-15 Stony Brook University

1

Compute derivatives for the following functions:

1. f(z) =In(2? +2z +1)

2. g(x) = 22In(1 + %)

2

Describe the tangent line to the curve y = ¢2*°c°(*)=7_defined on the interval [-1, 1], at the point (v/2/2, e =37/4).
Is the function decreasing or increasing near this point?

3
If the position p(¢) of a particle is given implicitly as a function of time by the following equation:
In(p(t)) = In(t* + 1) — In(t)

compute the instantaneous velocity of this particular at time ¢ = 1. What does this tell you about the particle
at this time?

4

Suppose the position of a particle at time ¢ is given by the equation:
p(t) = arctan(t?®)

Find the acceleration of the particle at time ¢ = 2.

S

Find the equation of the tangent line to the curve y = y(z) given by the equation cos(y) = /2 at the point
(1/2,7/4). In addition, determine a point at which the tangent line to this curve is vertical.



Answer Key

1. @) f(z) = %H (i) ¢'(x) = 2%e*(1 + €*) " + 22 In(1 + €%).

2. The slope is —v/2e~37/4, so the function is decreasing.

3. The instantaneous velocity is p’(1) = 0. In this case, the particle is finishing a period of deceleration prior
to accelerating again.
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4. The acceleration at time ¢ = 2 is given by p”(2) =

5. The equation of the tangent line at the given point is y = —2z + (1 + 7/4). The tangent line is vertical at
the point (1/+/2,0).

Solutions

1. Using the chain rule, we compute:

() = (2% + 22 + 1) :2(x+1) _ 2
x?+2x+1 (x+1)2 41

Using both the product rule and the chain rule, we compute:

332(1 —l—e’ﬁ)’ .1}2696

g (z) = 2%(In(1 + %)) + 2xIn(1 + %) = 1+ +2zln(l +€%) = T+ +2zIn(1 + ")

2. The slope of the tangent line to the curve y = y(z) at the point (v/2/2,e~37/4) is the derivative g—;’ evaluated

at the point (1/2/2,e~37/4). Using the chain rule, we compute:

d , _ parccos(z)—m
d—i = eeeos(@) =T (arccos(z) — ) = ¢ —

Evaluating at (1/2/2, e=37/%), we know that arccos(1/2/2) = 7/4 in this case, and a direct computation shows
that:

_ arccos(v2/2)—7 __,—3m/4
iy == = —— = —V2e i/
* Vi-(v2/22 V12
This slope is negative, so the function is decreasing at this point.
3. Using logarithm laws, we rewrite the defining equation for p(¢) as:
t?+1
In(p(t)) = In(——)
Using implicit differentiation, we obtain:
p) ot (t2+1),_ o2+ —(2+ ¢t 22— (241 ot t2-1 21
p(t) t2+1° t 7 241 t2 241 t2 41 2 (12 41)
The instantaneous velocity is the derivative of position, so we obtain:
2 -1 12 -1
'(t) = p(t) ——~ '(1) =p(1)———<=p(1)-0=0
P'(t) p()t(t2+1) p'(1) p()1(12+1) p(1)

This means that at the instant ¢ = 1, the particle is not moving. As can be seen from a graph, or by testing
values, the particle is finishing a period of deceleration prior to time ¢t = 1 and accelerates again after time
t=1.



4. First, we compute the velocity, using the chain rule

3t2
1+16

P =3 +tt3)2 &Y=

Now, using the quotient rule, we compute the acceleration:

e — (1419)(3t2) — (3t2)(1 +t°)"  6t(1+1%) — (3t%)(6t°) 6t 4 6t7 — 187 6t — 12t7
i) = (1+15)2 - (1+15)2 T A2 T (14192

Hence, the acceleration at time ¢ = 2 is:

6(2) — 12(2)7 1524

/!
2 = = —
PO =00 4225
5. Differentiating implicitly gives:
o dy dy
- Y2 S AW
sin(y) Ir V2 = . cse(y)

Hence, at the point (1/2,7/4), we have:

dy__ csc(m = - l:—
- = —V2ese(r/4) \/5\/5 2

Hence, the equation of the tangent line at the given point is:
y—m/d=-2(x—-1/2) = y=-2x+4+(1+7/4)

In order for the tangent line to be vertical at a given point, the limit of the derivative as x approaches that
point needs to be +oo. In particular, we see that this occurs when sin(y) = 0, so for instance when y = 0.
Hence, 1 = cos(0) = v/2z, and thus = = 1/4/2. Thus, the tangent line is vertical at the point (1/1/2,0).



	
	
	
	
	

