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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn
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Here the scalar curvature

s : M → R
is a standard Riemannian invariant that compares
the volume of small balls to the Euclidean answer:
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Here the scalar curvature

s : M → R
is a standard Riemannian invariant that compares
the volume of small balls to the Euclidean answer:

volg(Bε(p))

Euclidean answer
= 1− s(p) ε2
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+ O(ε4)
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A metric g is called scalar-flat if it satisfies s ≡ 0.
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Similarly, the Ricci curvature

r : UTM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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Similarly, the Ricci curvature

r : UTM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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Similarly, the Ricci curvature

r : UTM → R
is a standard Riemannian invariant comparing the
volume of narrow cones to the Euclidean answer:
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A metric g is called Ricci-flat if it satisfies r ≡ 0.
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each “end” component of is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(R

n −Dn)/Γi, where Γi ⊂ O(n), such that
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(R

n −Dn)/Γi, where Γi ⊂ O(n), such that

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
....

...............................................................................................................................................................................................................................................................................................................................

...........................
..............................................................................................................................

.........................................................................................................................................
................

.............................................................................
.... .....................................................

..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................

.......................
...........

..................................

.......................
...........

.............................

.............................

..................................

........

.......
.......
........
....

..................................................

.........
............

...............................

31



Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(R

n −Dn)/Γi, where Γi ⊂ O(n), such that
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(Rn −Dn)/Γi, where Γi ⊂ O(n), such that
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n
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Zk+1 ⊂ SU(2) ⊂ O(4).
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Zk+1 ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.
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(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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(Mn, g): Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

s

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........
..........
..........
..........
..........
...........
...........
............
.............
..............
...............

................
..................

......................
.............................

....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................
..............................................

.................................
..........................

....................
...............

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................
....................

....................
....................

.....................
...................

........................................................................................
...
..........

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...... .................................................................................................................................................................................

U(m) := O(2m) ∩GL(m,C)
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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Makes tangent space a complex vector space!
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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Makes tangent space a complex vector space!

J : TM → TM, J2 = −identity

“almost-complex structure”
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Makes tangent space a complex vector space!

Invariant under parallel transport!

66



Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

dω = 0
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

[ω] ∈ H2(M)

“Kähler class”
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

⇐⇒ In local complex coordinates (z1, . . . , zm), ∃f (z)

g = −
m∑

j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

⇐⇒ In local complex coordinates (z1, . . . , zm), ∃f (z)

g = −
m∑

j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

⇐⇒ In local complex coordinates (z1, . . . , zm), ∃f (z)

ω = i
m∑

j,k=1

∂2f

∂zj∂z̄k
dzj ∧ dz̄k
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

⇐⇒ In local complex coordinates (z1, . . . , zm), ∃f (z)

g = −
m∑

j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:

r = −
m∑

j,k=1

∂2

∂zj∂z̄k
log det[gpq̄]

[
dzj⊗dz̄k+dz̄k⊗dzj

]

76



Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:

If we define the Ricci form by

ρ = r(J ·, ·)
then iρ is curvature of canonical line bundle Λm,0.
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Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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SU(m) ⊂ U(m) : {A | detA = 1}
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Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐= holonomy⊂ SU(m)

s
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Kähler metrics:

(M2m, g): Ricci-flat Kähler⇐⇒ holonomy⊂ SU(m)

s
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if M is simply connected.
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)

s
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)

s
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)

s
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Sp(`) := O(4`) ∩GL(`,H)
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)
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Sp(`) ⊂ SU(2`)

in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)
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in many ways! (For example, permute i, j, k. . . )
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)
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Sp(`) ⊂ SU(2`)

Ricci-flat and Kähler,

for many different complex structures!
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Hyper-Kähler metrics:

(M4`, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(`)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)
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Sp(1) = SU(2)

When (M4, g) simply connected:

hyper-Kähler ⇐⇒ Ricci-flat Kähler.
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Zk+1 ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Zk+1 ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.

Hitchin conjectured that similar metrics would exist
for each finite Γ ⊂ SU(2).
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Zk+1 ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.

Hitchin conjectured that similar metrics would exist
for each finite Γ ⊂ SU(2).

This conjecture was proved by Kronheimer, 1986.
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Felix Klein, 1884: C2/Γ ↪→ C3
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Felix Klein, 1884: C2/Γ ↪→ C3

Zm ←→ w2 + x2 + ym = 0
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Felix Klein, 1884: C2/Γ ↪→ C3

Zm ←→ w2 + x2 + ym = 0

Dih∗m ←→ w2 + y(x2 + ym) = 0
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Felix Klein, 1884: C2/Γ ↪→ C3

Zm ←→ w2 + x2 + ym = 0

Dih∗m ←→ w2 + y(x2 + ym) = 0

T ∗ ←→ w2 + x3 + y4 = 0
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Felix Klein, 1884: C2/Γ ↪→ C3

Zm ←→ w2 + x2 + ym = 0

Dih∗m ←→ w2 + y(x2 + ym) = 0

T ∗ ←→ w2 + x3 + y4 = 0

O∗ ←→ w2 + x3 + xy3 = 0
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Felix Klein, 1884: C2/Γ ↪→ C3

Zm ←→ w2 + x2 + ym = 0

Dih∗m ←→ w2 + y(x2 + ym) = 0

T ∗ ←→ w2 + x3 + y4 = 0

O∗ ←→ w2 + x3 + xy3 = 0

I∗ ←→ w2 + x3 + y5 = 0
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Γ ⊂ SU(2) ←→ Gravitational Instantons

Zm ←→ w2 + x2 + ym = ε

Dih∗m ←→ w2 + y(x2 + ym) = ε

T ∗ ←→ w2 + x3 + y4 = ε

O∗ ←→ w2 + x3 + xy3 = ε

I∗ ←→ w2 + x3 + y5 = ε

102



Zk+1←→Ak • • • •.......................................................................................................................................................

Dih∗k−2←→Dk • • • ••
.................................................................................................................
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............
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............

...........................................................

T ∗←→E6 • • • •
•
•................................................................................................................................................................................................................
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O∗←→E7 • • • •
•
• •..................................................................................................................................................................................................................................................................
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.......

....

I∗←→E8 • • • •
•
• • •....................................................................................................................................................................................................................................................................................................................

.......

.......

.......

.......

.......

....
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)
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Hyper-Kähler metrics:

(M4, g) hyper-Kähler ⇐⇒ holonomy ⊂ Sp(1)

s
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Sp(1) = SU(2)

Ricci-flat and Kähler,

for many different complex structures!
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All these complex structures can be repackaged as

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold
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All these complex structures can be repackaged as

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold
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All these complex structures can be repackaged as

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold.
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All these complex structures can be repackaged as

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold.
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But similar for scalar-flat Kähler surfaces (M4, g, J)!
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Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z6, J),

which is once again a complex 3-manifold.
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Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z6, J),

which is once again a complex 3-manifold.
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The construction of scalar-flat Kähler surfaces and
the study of their twistor spaces was a main focus
of my own work during the decade 1985-1994.
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Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z6, J),

which is once again a complex 3-manifold.
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The construction of scalar-flat Kähler surfaces and
the study of their twistor spaces was a main focus
of my own work during the decade 1985-1994.

Many of the resulting examples are AE or ALE,
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Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z6, J),

which is once again a complex 3-manifold.
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The construction of scalar-flat Kähler surfaces and
the study of their twistor spaces was a main focus
of my own work during the decade 1985-1994.

Many of the resulting examples are AE or ALE,
but corresponding classification problem is still open.
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(Rn −Dn)/Γi, where Γi ⊂ O(n), such that
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gjk = δjk + O(|x|1−
n
2−ε)

gjk,` = O(|x|−
n
2−ε), s ∈ L1
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE

where
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE

where

• Σ(%) ≈ Sn−1/Γi is given by |~x| = %;
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE

where

• Σ(%) ≈ Sn−1/Γi is given by |~x| = %;

• ν is the outpointing Euclidean unit normal;
and
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE

where

• Σ(%) ≈ Sn−1/Γi is given by |~x| = %;

• ν is the outpointing Euclidean unit normal;
and

• αE is the volume (n− 1)-form induced by the
Euclidean metric.
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE

where

• Σ(%) ≈ Sn−1/Γi is given by |~x| = %;

• ν is the outpointing Euclidean unit normal;
and

• αE is the volume (n− 1)-form induced by the
Euclidean metric.

Seems to depend on choice of coordinates!
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Definition. The mass (at a given end) of an
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Euclidean metric.

Bartnik/Chruściel (1986): With weak fall-off
conditions, the mass is well-defined & coordinate
independent.
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Definition. The mass (at a given end) of an
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m(M, g) := lim
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]
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where

• Σ(%) ≈ Sn−1/Γi is given by |~x| = %;

• ν is the outpointing Euclidean unit normal;
and

• αE is the volume (n− 1)-form induced by the
Euclidean metric.

gjk = δjk + O(|x|1−
n
2−ε)

gjk,` = O(|x|−
n
2−ε), s ∈ L1
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When n = 3, ADM mass in general relativity.

Reads off “apparent mass” from strength of the
gravitational field far from an isolated source.

In any dimension, reproduces “mass” of t = 0
hypersurface in (n + 1)-dimensional Schwarzschild

g =

(
1− 2m

%n−2

)−1

d%2+%2hSn−1

But any Ricci-flat ALE manifold has mass zero.

Bartnik: Ricci-flat =⇒ faster fall-off of metric!

=⇒ “gravitational instantons” have mass zero.
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When n = 3, ADM mass in general relativity.

Reads off “apparent mass” from strength of the
gravitational field far from an isolated source.

In any dimension, reproduces “mass” of t = 0 hy-
persurface in (n + 1)-dimensional Schwarzschild

g =

(
1− 2m

%n−2

)−1

d%2+%2hSn−1

Scalar-flat-Kähler Burns metric on C̃2 ⊂ C2×CP1:

ω =
i

2
∂∂̄ [u + 3m log u] , u = |z1|2 + |z2|2

also has mass m .
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Positive Mass Conjecture:

Any AE manifold with s ≥ 0 has m ≥ 0.

Schoen-Yau 1979:

Proved in dimension n ≤ 7.

Witten 1981:

Proved for spin manifolds (implicitly, for any n).

Hawking-Pope 1978:

Conjectured true in ALE case, too.

L 1987:

ALE counter-examples.

Scalar-flat Kähler metrics

on line bundles L→ CP1 of Chern-class ≤ −3.
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Mass of ALE Kähler manifolds?

Scalar-flat Kähler case?

Lemma. Any ALE Kähler manifold has only
one end.

Main Point:

Mass of an ALE Kähler manifold is unambiguous.

Does not depend on the choice of an end!
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We begin with the scalar-flat Kähler case.

Theorem A. The mass of an ALE scalar-flat
Kähler manifold is a topological invariant.

That is, m(M, g, J) is completely determined by

• the smooth manifold M ,

• the first Chern class c1 = c1(M,J) ∈ H2(M)
of the complex structure, and

• the Kähler class [ω] ∈ H2(M) of the metric.

In fact, we will see that there is an explicit formula
for the mass in terms of these data!
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The explicit formula reproduces the mass in cases
where it previously had been laboriously computed
from the definition. But it also allows one to quickly
read it off quite generally.

For example, the mass is zero for an ALE Ricci-flat
Kähler manifold. Arezzo asked whether, conversely,
an ALE scalar-flat Kähler manifold with zero mass
must be Ricci-flat. The answer is, No!

Theorem B. There are infinitely many topolog-
ical types of ALE scalar-flat Kähler surfaces that
have zero mass, but are not Ricci-flat.

Suffices to examine solutions I had constructed in
1989, for which mass had never been calculated!
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dR(M)

is an isomorphism.

Here

H
p
c (M) :=

ker d : Epc (M)→ Ep+1
c (M)

dEp−1
c (M)

where

Epc (M) := {Smooth, compactly supported p-forms on M}.

226



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

227



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Definition. If (M, g, J) is any ALE Kähler man-
ifold, we will use

228



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Definition. If (M, g, J) is any ALE Kähler man-
ifold, we will use

229



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Definition. If (M, g, J) is any ALE Kähler man-
ifold, we will use

230



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Definition. If (M, g, J) is any ALE Kähler man-
ifold, we will use

♣ : H2
dR(M)→ H2

c (M)

231



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Definition. If (M, g, J) is any ALE Kähler man-
ifold, we will use

♣ : H2
dR(M)→ H2

c (M)

to denote the inverse of the natural map

232



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Definition. If (M, g, J) is any ALE Kähler man-
ifold, we will use

♣ : H2
dR(M)→ H2

c (M)

to denote the inverse of the natural map

H2
c (M)→ H2

dR(M)

induced by the inclusion of compactly supported
smooth forms into all forms.

233



Explicit formula depends on a topological fact:

Lemma. Let (M, g) be any ALE manifold of real
dimension n ≥ 4. Then the natural map

H2
c (M)→ H2

dR(M)

is an isomorphism.

Definition. If (M, g, J) is any ALE Kähler man-
ifold, we will use

♣ : H2
dR(M)→ H2

c (M)

to denote the inverse of the natural map

H2
c (M)→ H2

dR(M)

induced by the inclusion of compactly supported
smooth forms into all forms.

234



We can now state our mass formula:

Theorem C. Any ALE Kähler manifold (M, g, J)
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Theorem C. Any ALE Kähler manifold (M, g, J)
of complex dimension m has mass given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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where

• s = scalar curvature;

• dµ = metric volume form;

• c1 = c1(M,J) ∈ H2(M) is first Chern class;

• [ω] ∈ H2(M) is Kähler class of (g, J); and

• 〈 , 〉 is pairing between H2
c (M) and H2m−2(M).
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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4πm(2m−1)
(m−1)!

m(M, g) = − 4π
(m−1)!

〈♣(c1), [ω]m−1〉+
∫
M
sgdµg
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For a compact Kähler manifold (M2m, g, J),

∫
M
sgdµg =

4π

(m− 1)!
〈c1, [ω]m−1〉
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For a compact Kähler manifold (M2m, g, J),

0 = − 4π

(m− 1)!
〈c1, [ω]m−1〉 +

∫
M
sgdµg
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For an ALE Kähler manifold (M2m, g, J),

4πm(2m−1)
(m−1)!

m(M, g) = − 4π
(m−1)!

〈♣(c1), [ω]m−1〉+
∫
M
sgdµg
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For an ALE Kähler manifold (M2m, g, J),

4πm(2m−1)
(m−1)!

m(M, g) = − 4π
(m−1)!

〈♣(c1), [ω]m−1〉+
∫
M
sgdµg

So the mass is a “boundary correction” to the topo-
logical formula for the total scalar curvature.
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We can now state our mass formula:

Corollary. Any ALE scalar-flat Kähler mani-
fold (M, g, J) of complex dimension m has mass
given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

.
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We can now state our mass formula:

Corollary. Any ALE scalar-flat Kähler mani-
fold (M, g, J) of complex dimension m has mass
given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

.

So Theorem A is an immediate consequence!
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Rough Idea of Proof:

Special Case: Suppose

•m = 2, n = 4;

• Scalar flat: s ≡ 0; and

• Complex structure J standard at infinity:

(M −K, J) ≈bih (C2 −B4)/Γ.

Since g is Kähler, the complex coordinates

(z1, z2) = (x1 + ix2, x3 + ix4)

are harmonic. So xj are harmonic, too, and

gjk
(
gj`,k − gjk,`

)
ν`αE = −?d log

(√
det g

)
+O(%−3−ε).
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = i
2(∂ − ∂̄)

(
log
√

det g
)
, so that
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = i
2(∂ − ∂̄)

(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and
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? d
(

log
√

det g
)

Now set θ = i
2(∂ − ∂̄)

(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
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1

12π2

∫
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? d
(

log
√

det g
)

Now set θ = i
2(∂ − ∂̄)

(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
Thus

m(M, g) = − lim
%→∞

1

6π2

∫
S%/Γ

θ ∧ ω
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = i
2(∂ − ∂̄)

(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
Thus

m(M, g) = − lim
%→∞

1

6π2

∫
S%/Γ

θ ∧ ω

However, since s = 0,

d(θ ∧ ω) = ρ ∧ ω =
s

4
ω2 = 0.
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m(M, g) = − lim
%→∞

1

12π2

∫
S%/Γ

? d
(

log
√

det g
)

Now set θ = i
2(∂ − ∂̄)

(
log
√

det g
)
, so that

ρ = dθ

is Ricci form, and

−?d log
(√

det g
)

= 2 θ ∧ ω.
Thus

m(M, g) = − 1

6π2

∫
S%/Γ

θ ∧ ω
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Let f : M → R be smooth cut-off function:
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Let f : M → R be smooth cut-off function:
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≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

Compactly supported, because dθ = ρ near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 =

∫
M
ψ ∧ ω
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 =

∫
M%

ψ ∧ ω

where M% defined by radius ≤ %.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 =

∫
M%

ψ ∧ ω
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 =

∫
M%

[ρ− d(fθ)] ∧ ω
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 =

∫
M%

[ρ− d(fθ)] ∧ ω

because scalar-flat =⇒ ρ ∧ ω = 0.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
M%

d(fθ) ∧ ω

because scalar-flat =⇒ ρ ∧ ω = 0.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
M%

d(fθ ∧ ω)

because scalar-flat =⇒ ρ ∧ ω = 0.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
M%

d(fθ ∧ ω)
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
∂M%

fθ ∧ ω

by Stokes’ theorem.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
∂M%

θ ∧ ω

by Stokes’ theorem.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω

by Stokes’ theorem.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω

by Stokes’ theorem.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω

by Stokes’ theorem.

So

m(M, g) = − 1

6π2

∫
S%/Γ

θ ∧ ω
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω

by Stokes’ theorem.

So

m(M, g) = − 1

3π
〈♣(c1), [ω]〉
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), ω〉 = −
∫
S%/Γ

θ ∧ ω

by Stokes’ theorem.

So

m(M, g) = − 1

3π
〈♣(c1), [ω]〉

as claimed.
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We assumed:
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We assumed:

•m = 2;

• s ≡ 0; and

• Complex structure J standard at infinity.
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General case:
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General case:

•General m ≥ 2: straightforward. . .
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General case:

•General m ≥ 2: straightforward. . .
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General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .
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General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .

• If m > 2, J is always standard at infinity.

310



General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .

• If m > 2, J is always standard at infinity.

• If m = 2 and AE, J is still standard at infinity.
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General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .

• If m > 2, J is always standard at infinity.

• If m = 2 and AE, J is still standard at infinity.

• If m = 2 and ALE, J can be non-standard at∞.
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General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .

• If m > 2, J is always standard at infinity.

• If m = 2 and AE, J is still standard at infinity.

• If m = 2 and ALE, J can be non-standard at∞.

The last point is serious.
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General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .

• If m > 2, J is always standard at infinity.

• If m = 2 and AE, J is still standard at infinity.

• If m = 2 and ALE, J can be non-standard at∞.

Seen in “gravitational instantons”

and other explicit examples.
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General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .

• If m > 2, J is always standard at infinity.

• If m = 2 and AE, J is still standard at infinity.

• If m = 2 and ALE, J can be non-standard at∞.

One argument proceeds by osculation:
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General case:

•General m ≥ 2: straightforward. . .

• s 6≡ 0, compensate by adding
∫
s dµ. . .

• If m > 2, J is always standard at infinity.

• If m = 2 and AE, J is still standard at infinity.

• If m = 2 and ALE, J can be non-standard at∞.

One argument proceeds by osculation:

J = J0 + O(%−3), OJ = O(%−4)

in suitable asymptotic coordinates adapted to g.

316



To understand J at infinity:
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To understand J at infinity:

Let M̃∞ be universal over of end M∞.
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To understand J at infinity:

Let M̃∞ be universal over of end M∞.

Cap off M̃∞ by adding CPm−1 at infinity.
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To understand J at infinity:

Let M̃∞ be universal over of end M∞.

Cap off M̃∞ by adding CPm−1 at infinity.

Added hypersurface CPm−1 has normal bundleO(1).
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To understand J at infinity:

Let M̃∞ be universal over of end M∞.

Cap off M̃∞ by adding CPm−1 at infinity.

Added hypersurface CPm−1 has normal bundleO(1).

Complete analytic family encodes info about J .
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To understand J at infinity:
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To understand J at infinity:

AE case:

Compactify M itself by adding CPm−1 at infinity.
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To understand J at infinity:

AE case:

Compactify M itself by adding CPm−1 at infinity.

Linear system of CPm−1 gives holomorphic map

(M ∪ CPm−1)→ CPm
which is biholomorphism near CPm−1.
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To understand J at infinity:

AE case:

Compactify M itself by adding CPm−1 at infinity.

Linear system of CPm−1 gives holomorphic map

(M ∪ CPm−1)→ CPm
which is biholomorphism near CPm−1.

Thus obtain holomorphic map

Φ : M → Cm

which is biholomorphism near infinity.
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To understand J at infinity:

AE case:

Compactify M itself by adding CPm−1 at infinity.

Linear system of CPm−1 gives holomorphic map

(M ∪ CPm−1)→ CPm
which is biholomorphism near CPm−1.

Thus obtain holomorphic map

Φ : M → Cm

which is biholomorphism near infinity.

This has some interesting consequences. . .
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:

AE & Kähler & s ≥ 0 =⇒ m(M, g) ≥ 0.
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:

AE & Kähler & s ≥ 0 =⇒ m(M, g) ≥ 0.

Moreover, m = 0 ⇐⇒
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:

AE & Kähler & s ≥ 0 =⇒ m(M, g) ≥ 0.

Moreover, m = 0⇐⇒ (M, g) is Euclidean space.
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:

AE & Kähler & s ≥ 0 =⇒ m(M, g) ≥ 0.

Moreover, m = 0⇐⇒ (M, g) is Euclidean space.

Proof actually shows something stronger!
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Theorem E (Penrose Inequality). Let (M, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have

m(M, g) ≥ (m− 1)!

(2m− 1)πm−1

∑
njVol (Dj)
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have

m(M, g) ≥ (m− 1)!

(2m− 1)πm−1

∑
njVol (Dj)
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have

m(M, g) ≥ (m− 1)!

(2m− 1)πm−1

∑
njVol (Dj)
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have

m(M, g) ≥ (m− 1)!

(2m− 1)πm−1

∑
njVol (Dj)

with = ⇐⇒
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever (M,J) 6= Cm. In terms of this divi-
sor, we then have

m(M, g) ≥ (m− 1)!

(2m− 1)πm−1

∑
njVol (Dj)

with = ⇐⇒ (M, g, J) is scalar-flat Kähler.

348



This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.
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This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.

Indeed, we then have a holomorphic section

ϕ = Φ∗dz1 ∧ · · · ∧ dzm
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This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.

Indeed, we then have a holomorphic section

ϕ = Φ∗dz1 ∧ · · · ∧ dzm

of the canonical line bundle which vanishes exactly
at the critical points of Φ.
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This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.

Indeed, we then have a holomorphic section

ϕ = Φ∗dz1 ∧ · · · ∧ dzm

of the canonical line bundle which vanishes exactly
at the critical points of Φ.
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This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.

Indeed, we then have a holomorphic section

ϕ = Φ∗dz1 ∧ · · · ∧ dzm

of the canonical line bundle which vanishes exactly
at the critical points of Φ.

The zero set of ϕ, counted with multiplicities, gives
us a canonical divisor
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This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.

Indeed, we then have a holomorphic section

ϕ = Φ∗dz1 ∧ · · · ∧ dzm

of the canonical line bundle which vanishes exactly
at the critical points of Φ.

The zero set of ϕ, counted with multiplicities, gives
us a canonical divisor

D =
∑

njDj
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This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.

Indeed, we then have a holomorphic section

ϕ = Φ∗dz1 ∧ · · · ∧ dzm

of the canonical line bundle which vanishes exactly
at the critical points of Φ.

The zero set of ϕ, counted with multiplicities, gives
us a canonical divisor

D =
∑

njDj

and

−〈♣(c1),
ωm−1

(m− 1)!
〉 =

∑
njVol (Dj)
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This follows from existence of a holomorphic map

Φ : M → Cm

which is a biholomorphism near infinity.

Indeed, we then have a holomorphic section

ϕ = Φ∗dz1 ∧ · · · ∧ dzm

of the canonical line bundle which vanishes exactly
at the critical points of Φ.

The zero set of ϕ, counted with multiplicities, gives
us a canonical divisor

D =
∑

njDj

and

−〈♣(c1),
ωm−1

(m− 1)!
〉 =

∑
njVol (Dj)

so the mass formula implies the claim.
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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4(2m− 1)πm

∫
M
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