K3 SURFACES AND THEIR PUNCTUAL HILBERT
SCHEMES

(joint with Brendan Hassett)




INTRODUCTION TO K3 SURFACES

Examples:
@ 5y w? = fﬁ(aj’y? Z) - P(17 L, 1’3)
e Sy C P3, quartic
e Sg C P?, intersection of 3 quadrics

e S = A/+, a Kummer surface
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MAIN QUESTIONS (FOR US)

We work mostly over nonclosed fields:

k= Fpa Qpa Q or C((t))a C(t)
We are interested in:

o Existence of k-rational points, e.g., computation of

X(AR)®" € X(Ar)

o Zariski density of k-rational points

o Existence of rational curves and their interaction with rational
points

INTRODUCTION
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(GEOMETRIC INVARIANTS

Let (S, f) be a polarized K3 surface over C. We have
Pic(S) ¢ H?*(S,Z) ~ (—Eg)* @ U3,

Assume that S is defined over a field k, then Pic(S) ~ Z*, with:
e pell,...,20], for k of characteristic zero
o p€(2,4,...,22] for k =F,.

The cone of pseudo-effective divisors is generated by
{D € Pic(S)|(D,D) > -2, (D,f)>0}.

This cone encodes the geometry of S: fibrations, automorphisms.

INTRODUCTION



e If Pic(S) has a class of square zero then S has an elliptic
fibration.
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APPLICATIONS

e If Pic(S) has a class of square zero then S has an elliptic
fibration.

o If p =1 then Aut(9) is finite.

o If p = 2 and there exists a class of square zero or square —2
then Aut(S) is finite.

INTRODUCTION



TORELLI

Let (S, f) be a polarized K3 surface.
o Pick an 0 € H(S,0%), it is unique up to scalars.
@ Choose a basis 71,...,722 € Hy(S,Z).

(/%U,...,[mg).

A K3 surface is uniquely determined by its period, i.e., given
polarized K3 surfaces (5, f), (S’, ') and an isomorphism of lattices

The period is given by

¢ Hay(S,Z) = Hy(5',Z), with  ¢(f) = f',

and inducing equality of periods (up to scalars), there exists a
unique isomorphism S — S’ of surfaces inducing ¢.
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APPLICATIONS

@ Description of automorphisms
o Lattice-polarized K3 surfaces

e Relation to abelian varieties (Kuga-Satake construction)

INTRODUCTION
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COMPUTING Pic(X) IN PRACTICE

Over I_:p, this is done via the computation of the Hasse-Weil zeta
function. Brute force involves computing

| X (Fpn)|, for n <11,

which is not practical for p > 10.
Over Q, there are ad hoc methods, e.g.

VAN LUIJK
Let X be a K3 surface over Q. If

p(Xp) = p(Xp,) =2,  disc(Pic(Xy,)) # disc(Pic(Xp,)),
for primes p; # p2, then

Pic(X) ~ Z.
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COMPUTING Pic(X)

HASSETT-KRESCH-T. 2012
Let X be a degree 2 K3 surface over a number field k. There exists
an algorithm, with a prior: bounded running time, to compute

e Pic(Xj) and its generators,

e Br(X)/Br(k),

o X(Ap)Pr.

Technique: Effective Kuga-Satake correspondence, effective GIT,
Masser-Wiistholz work on the effective Tate conjecture.

Main Issue: The moduli space of degree 2d-polarized K3s is
D24/T24, where Dyy is a bounded symmetric domain and I'yg a
discrete group. It is quasi-projective, by Bailey-Borel. We need an
effective construction of this space. In degree 2, this follows from
effective geometric invariant theory.
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JUMPING PICARD RANKS

Let E = Ex be the endomorphism algebra of T'(X) := Pic(X)*, it
is either a totally real field or a CM-field.

F. CHARLES 2011
We have

0 if £'is CM or dimg(7'(X)) even

p(Xp) = p(X)+n(X) = { [E:Q] otherwise
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JUMPING PICARD RANKS

Let E = Ex be the endomorphism algebra of T'(X) := Pic(X)*, it
is either a totally real field or a CM-field.

F. CHARLES 2011
We have

0 if £'is CM or dimg(7'(X)) even

p(Xp) = p(X)+n(X) = { [E:Q] otherwise

Moreover, equality holds for infinitely many p.

Mump (X) = {p[ p(Xp) > p(X) +1(X)}

Is this set infinite? Our main concern is the case p(X) = 2.
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JUMPING PICARD RANKS: KUMMER SURFACES

Let X ~ A/+ be a Kummer surface over Q. Then
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JUMPING PICARD RANKS: KUMMER SURFACES

Let X ~ A/+ be a Kummer surface over Q. Then

p(X) = p(A) +16.

If A= C; x Cs, a product of two elliptic curves, then
e p(X)>18
) > 19, if Cy ~ Cs,

o p(X
e p(X) > 20, if in addition, C; has complex multiplication
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JUMPING PICARD RANKS: KUMMER SURFACES

o If Cy ~ Cy, then p € ITjump(X) if p is a prime of supersingular
reduction. There are infinitely many such primes (N. Elkies
1987).

e Even when Cy # Co, Hjump(X) is infinite (F. Charles 2014).

o Not known for A absolutely simple.
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NUMERICAL EXPERIMENTS (E. CosTA 2014)

What can be said about

<B 11, X
'y(X,B)::#{p— [P € yump( )}, as B — oo?

#{p < B}

When p(X) =1 and Ex = Q we observe y(X, B) ~ ¢/\/B.
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NUMERICAL EXPERIMENTS (E. CosTA 2014)

What can be said about

_ #{p < B[p € Wjump(X)}

v(X,B) = iy < B , as B —oo?

When p(X) =1 and Ex = Q we observe y(X, B) ~ ¢/\/B.
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NUMERICAL EXPERIMENTS (E. CosTA 2014)

When p(X) = p(X) = 2 we observe slow convergence
v(X,B) — 1/2.

0.62 Example 3
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JUMPING PICARD RANKS: APPLICATIONS

Combining Bogomolov-Hassett-T. (2009) and Li-Liedtke (2010):

Assume that ILjymp(X) is infinite, for K3 surfaces X over a number

field with p(X) = 2,4. Then every K3 surface over any
algebraically closed field contains infinitely many rational curves.

PI1CARD GROUP



HOLOMORPHIC SYMPLECTIC FOURFOLDS

e (F,g) - polarized holomorphic symplectic fourfold, deformation
equivalent to S, with S a K3 surface
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HOLOMORPHIC SYMPLECTIC FOURFOLDS

e (F,g) - polarized holomorphic symplectic fourfold, deformation
equivalent to S, with S a K3 surface

e (+,) - Beauville-Bogomolov intersection form:

H*(F,Z) = H*(S,Z) @1 Z6, (6,6) = —2.

e by duality, have

HQ(F,Z) :HQ(S,Z) D1 25\/7 (5\/,(5\/) :—1/2.
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NE.(F) = (C|(C,g) >0, (C,C)>—5/2).



EFFECTIVE CURVES CONJECTURE

HasseTrT-T. (1999)
NE(F) = (C|(C,g) >0, (C,C)>—5/2).

On the boundary of the ample cone we may have classes of square
0,(—2), and (—10).

o A square-zero class on the boundary gives rise to an abelian
fibration F' — P? (Markman 2013, under some assumptions,

Bayer-Macri 2013 for Bridgeland moduli spaces).
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EFFECTIVE CURVES CONJECTURE

HasseTrT-T. (1999)
NE(F) = (C|(C,g) >0, (C,C)>—5/2).

On the boundary of the ample cone we may have classes of square
0,(—2), and (—10).

o A square-zero class on the boundary gives rise to an abelian
fibration F' — P? (Markman 2013, under some assumptions,
Bayer-Macri 2013 for Bridgeland moduli spaces).

e A (—2)-class corresponds to a family of rational curves
parametrized by a K3 surface, which gets blown down to a
rational double point

e A (—10)-class corresponds to a family of lines contained in a
plane which gets contracted to a point.

K3[2]
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HASSETT-T.

Let F' be an irreducible holomorphic symplectic variety
deformation equivalent to S for some K3 surface S.
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EFFECTIVE CURVES

HASSETT-T.
Let F' be an irreducible holomorphic symplectic variety
deformation equivalent to S for some K3 surface S.

e The ample cone is at least as large as conjectured (2008). This
uses the finite generation of canonical rings (Birkar, Cascini,
Hacon, McKernan) and results of Boucksom.

e The ample cone is at most as large as predicted (2009). This
relies on the Torelli theorem by Verbitsky, on results of
Markman concerning monodromy, and on Boucksom, Druel.

K3[2]



EXAMPLE

K3[2]

Let X C P5 be a smooth cubic fourfold.

BEAUVILLE-DONAGI 1985

The Fano variety of lines F' = F(X) is a holomorphic symplectic
variety deformation equivalent to S, for some K3 surface S.

Assume that X contains a cubic scroll, or equivalently, a cubic
hyperplane section Y C X with 6 double points, in general position.
Then F(Y) has 3 components: planes II, IT" and a cubic surface.



EXAMPLE

K3[2]

Let X C P5 be a smooth cubic fourfold.

BEAUVILLE-DONAGI 1985

The Fano variety of lines F' = F(X) is a holomorphic symplectic
variety deformation equivalent to S, for some K3 surface S.

Assume that X contains a cubic scroll, or equivalently, a cubic
hyperplane section Y C X with 6 double points, in general position.
Then F(Y) has 3 components: planes II, IT" and a cubic surface.

The Beauville-Bogomolov form on Pic(F') restricts to

S O
[\CRN>) |

Jigi= g
-

of discriminant -24.



@ The form Jio does not represent —2 and 0



@ The form Jio does not represent —2 and 0

e it represents —10: p} := 27 — g, p1 := 3¢9 — 27, ...



ExaMPLE 11

@ The form Jq9 does not represent —2 and 0

e it represents —10: p} := 27 — g, p1 := 3¢9 — 27, ...

e the nef cone is dual to Cone(p1, p}) and equal to Cone(ay, o),
with a1 = 7g —3rand o) = g+ 37
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ExaMPLE 11

The form Jq19 does not represent —2 and 0

it represents —10: p} := 27 — g, p1 :=3g — 27, ...
the nef cone is dual to Cone(p1, p}) and equal to Cone(ay, o)),
with a1 = 7g —3rand o) = g+ 37

oy (resp. o) induces a contraction F — F taking the
Lagrangian plane II (resp. IT') to a point.

K3[2]



THE EFFECTIVE CONE

isomorphic

ample cones of models

positive cone P
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The partition of the effective cone into ample cones for

isomorphism classes of minimal models.
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VARIETY OF LINES OF A CUBIC FOURFOLD

Let X C P® be a smooth cubic fourfold and F = F(X) the variety
of lines on X.

VOISIN (2004)

There exists a nontrivial rational self-map ¢ : F --» F.
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VARIETY OF LINES OF A CUBIC FOURFOLD

K3[2]

Let X C P® be a smooth cubic fourfold and F = F(X) the variety
of lines on X.

VOISIN (2004)

There exists a nontrivial rational self-map ¢ : F --» F.

Let ¢ € F be a general line on X. There exists a unique plane
I1 =TI, C P° which is tangent to X along ¢. Then IT ¢ X. The
residual to £ in IT is a line /' € F.



APPLICATIONS TO POTENTIAL DENSITY
AMERIK-CAMPANA (2005)

Let F' be a Fano variety of lines of a very general cubic fourfold.
Then the orbit {¢"(x)}nen of a very general z € F is Zariski dense.
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APPLICATIONS TO POTENTIAL DENSITY
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AMERIK-CAMPANA (2005)

Let F' be a Fano variety of lines of a very general cubic fourfold.
Then the orbit {¢"(x)}nen of a very general x € F' is Zariski dense.

AMERIK-VOISIN (2007)

There exist cubic fourfolds X over some number field k& such that
the corresponding Fano variety of lines F' has geometric Picard
group Pic(Fy) = Z and satisfies potential density over k.

HAsseTT-T. (2007)

Let F' be a Fano variety of lines of a cubic fourfold X over a
number field containing a smooth cubic scroll over k£ and not
containing a plane (over k). Then F(k) is Zariski dense.

If the Picard group of F' has rank two then Aut(F) =0 and F is
not birational to an abelian fibration.



APPLICATIONS TO HP AND WA

K3l2]

Given a K3 surface (S, f) with p(X) = 1, and a € Br(S5)[2], one can
construct a cubic fourfold X C P? containing a plane such that the
corresponding variety of lines F' = F(X) is birational to S (Voisin
86).

The lattices H*(X,Z) and H?(F,Z) take the form

‘hZT ‘g T
R0 3 1 g6 2
T 3 T2 -2




APPLICATIONS TO HP AND WA

The (—2)-class gives rise to a divisorial contraction. We have

W—-F

)

where 7 is a conic bundle (Azumaya algebra) over S and ¢ is an
inclusion (W parametrizes lines incident to the plane II).
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APPLICATIONS TO HP AND WA

K32

HASSETT—V ARILLY-ALVARADO 2011
Let S be a degree 2 K3 surface given by

24 B C
w2:—§det B 2D E
C E 2G

There exist quadratic polynomials A, B,C, D, E,G € Z[xg, x1, x2]
such that p(S) =1 and S fails the Hasse principle (or weak
approximation).



APPLICATIONS TO UNIRATIONAL PARAMETRIZATIONS

K32

HAsseTT-T. 2001
Assume F' contains a smooth rational curve of degree n and that
the corresponding scroll T is not a cone. Then there exists a

rational map
P> X

of degree
(-2 (RR)

1.
4 2+




APPLICATIONS TO UNIRATIONAL PARAMETRIZATIONS

K32

HasseTrT-T. 2001

Assume F' contains a smooth rational curve of degree n and that
the corresponding scroll T is not a cone. Then there exists a
rational map

P> X

of degree

(n=2°  (R.R)
4 * 2

In particular, cubic fourfolds with odd degree unirational
parametrizations are dense in moduli.

+ 1.



HIGHER DIMENSIONS

K3ln]

Let F be a holomorphic symplectic variety of K3[M™-type. Then
H*(F,Z) ~ H*(S,Z) ®, Z6, (6,6) = —2(n — 1),

for the Beauville-Bogomolov quadratic form (24 is the class of the
diagonal). Thus

Hy(F,Z) ~ Hy(S,2) @1 28, (8V,6%) = —1/2(n — 1),

HUYBRECHTS 1999
If there is a class of positive square then F' is projective.



HIGHER DIMENSIONS
INITIAL IDEA (HASSETT-T. 2008)

The quadratic form on Pic(F) C H?(F,Z) determines the ample
and effective cone.
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HIGHER DIMENSIONS

INITIAL IDEA (HASSETT-T. 2008)

The quadratic form on Pic(F) C H?(F,Z) determines the ample
and effective cone.

CONJECTURE (HASSETT-T. 2008)

Let (F,g) be a polarized holomorphic symplectic of K3[”}—type.
Then

NEL(F) = (C|(C,9) >0, (C,C)>—(n+3)/2).

Major breakthrough in birational geometry of S, for S a Del
Pezzo surface, came in the work of Huizenga (2012), with Arcara,
Bertram, Coscun (2013), who applied Bridgeland stability
conditions to determine the structure of the effective cone.
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HIGHER DIMENSIONS

Building on
o Bayer-Macri (2013) in the S™-case,
o Markman’s monodromy theorem, and
o Torelli theorem, due to Verbitsky,

we have:

THEOREM (BAYER-HASSETT-T. 2013)

Complete description of the cone of ample divisors of holomorphic
symplectic varieties of KS[”]—type, for all n.
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HIGHER DIMENSIONS

Building on
o Bayer-Macri (2013) in the S™-case,
o Markman’s monodromy theorem, and
o Torelli theorem, due to Verbitsky,

we have:

THEOREM (BAYER-HASSETT-T. 2013)

Complete description of the cone of ample divisors of holomorphic
symplectic varieties of KS[”]—type, for all n.

@ The original conjecture holds for n < 3, but may fail for n > 4.
o Mongardi 2013
NE{(F)C ...

K3ln]



HIGHER DIMENSIONS

NEW INSIGHT

To understand ample and effective cones in Pic(F') one needs
additional structure.

There is a natural extension
H*(F,Z)c A~ (—Eg)?aU*

with orthogonal complement generated by a primitive vector v. We
have (v,v) = 2n — 2.

K3ln]



HIGHER DIMENSIONS

EXAMPLE
For F = S we have

A=H%S,2)®U.

We saw that
H?(SM. 7)) = H?(S,2) & Z6,

here § generates v in U and satisfies (,d) = —2(n — 1).

K3[n]



HIGHER DIMENSIONS

TORELLI

F and F’ are birational iff there exists a Hodge isometry
A— A
inducing an isomorphism

H*(F,Z) — H*(F',2).
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HIGHER DIMENSIONS

There is a canonical homomorphism
0V : A — Hy(F,Z)
inducing an inclusion of finite index

H?*(F,Z) — Hy(F,2)

K3[n]



HIGHER DIMENSIONS

BAYER-HASSETT-T. 2014

Let (F,g) be a polarized @)morphic symplectic variety of
K3-type. The Mori cone N F1(F) is generated by

{D e H*(F,R) | (D,D) > 0}
and

{60¥(a) | a € 1~\a1g, a? > -2, |(a,v)] < v2/2, (g,a) > 0}.

K3[n]



UNDERSTANDING EXTREMAL RAYS

K3[n]

HAsseTT-T. 2015
Given R € Hy(F,Z) with

n+3
2

<(R,R) <0

there exists a K3 surface S with Pic(S) = Zf and extremal rational
curve P! ¢ S with Rso[P'] monodromy-equivalent to R>oR. In
particular, the Mori cone on S is generated by §¥ and [P].



CHARACTERIZING LAGRANGIAN P"

The goal is to characterize numerically the class of a line in a
Lagrangian P™ C F', for F' of K3-type.
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CHARACTERIZING LAGRANGIAN P"

The goal is to characterize numerically the class of a line in a
Lagrangian P" C F, for F' of K3-type. A long computation in
cohomology ring reduces the problem to the need to show that:

e n = 3: (Harvey-Hassett-T. 2010) The only solution of

2 52 3 3 2 5
= — €T xr — T
y 216.3.11 o1 .11 28.3.11

withx € Zand y € Qis y =0 and z = —48.
e n = 4: (Bakker-Jorza 2011) The only solution of

s B2 4 52 4 13-31 4, 3% 32.5.72.197
Tomogr gt 9 gt Tzt Tt T 8

Y

withy e Qand x € Zis y =0 and x = —126.
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CHARACTERIZING LAGRANGIAN P"

BAKKER 2013

o Let R € Hy(F,Z) be the class of a line in a Lagrangian
P" C F. Then

n+3

(R,R) = — and 2R € H*(F,Z) (»)
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CHARACTERIZING LAGRANGIAN P"

BAKKER 2013
o Let R € Hy(F,Z) be the class of a line in a Lagrangian
P™ C F. Then

n+3

(R,R) = — and 2R € H*(F,Z) (»)

o A primitive class R generating an extremal ray of the Mori
cone is the class of a line in a Lagrangian P™ iff R satisfies (k).
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CHARACTERIZING LAGRANGIAN P"

BAKKER 2013
o Let R € Hy(F,Z) be the class of a line in a Lagrangian
P™ C F. Then

n+3

(R,R) = — and 2R € H*(F,Z) (»)

o A primitive class R generating an extremal ray of the Mori
cone is the class of a line in a Lagrangian P™ iff R satisfies (k).
These lie in a single monodromy orbit.

K3ln]



GEOMETRY OF EXCEPTIONAL LOCI, dim(F') =4

(a,a) | (a,v) | (v—a,v—a) | Interpretation
—2 0 0 Pl-bundle over S
—2 1 -2 p?

0 1 0 Pl-bundle over S

K3[n]



GEOMETRY OF EXCEPTIONAL LOCI, dim(F) =6

(a,a) | (a,v) | (v—a,v—a) | Interpretation
-2 0 2 PL-bundle over S
-2 1 0 P2-bundle over S
-2 2 -2 p3
0 1 2 Pl-bundle over S x S
0 2 0 Plbundle over S x 5,
S and S’ are isogenous

K3[n]



GEOMETRY OF EXCEPTIONAL LOCI, dim(F) =8

(a,a) | (a,v) | (v—a,v—a) | Interpretation

—2 0 4 PLbundle over SF!

-2 1 2 P2-bundle over S

-2 2 0 P3-bundle over S

-2 3 -2 p4

0 1 4 PL-bundle over S x S

0 2 2 PL-bundle over S’ x S
S, 8" are isogenous

0 3 0 P2-bundle over S x S’
S, 8" are isogenous

K3[n]




GEOMETRY OF EXCEPTIONAL LOCI, dim(F') = 10

K3[n]

(a,a) | (a,v) | (v—a,v—a) | Interpretation

—2 0 6 PLbundle over SH

-2 1 4 P2-bundle over SF!

-2 2 2 P3-bundle over S&

-2 3 0 P%-bundle over S

-2 4 -2 P5

0 1 6 PLbundle over S x SPI

0 2 4 PLbundle over S’ x SFI
S, S’ are isogenous

0 3 2 P2-bundle over S’ x S
S, 8" are isogenous

0 4 0 P3_bundle over S x S’

S, S’ are isogeneous




APPLICATIONS

HAasseTrT-T. 2015

o There exist S (e.g., of degree 114) such that S admits an
automorphism not arising from an automorphism of any K3
surface T with T8 ~ SBI,
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APPLICATIONS

HAasseTrT-T. 2015

o There exist S (e.g., of degree 114) such that S admits an
automorphism not arising from an automorphism of any K3
surface T with T8 ~ SBI,

o There exist polarized holomorphic symplectic varieties
(F,g9),(F',¢') admitting an isomorphism of Hodge structures

¢:H2(F7Z)_>H2(F/7Z)7 ¢(g):g/7

not preserving ample cones. (We can take F = S[7).

K3[n]



FURTHER APPLICATIONS

K3[n]

Constructing explicit Azumaya algebras realizing
transcendental Brauer-Manin obstructions to weak
approximation and the Hasse principle (Hassett—Varilly
Alvarado)

Modular constructions of isogenies between K3 surfaces and
interpretation of moduli spaces of K3 surface with level
structure (McKinnie-Sawon—-Tanimoto—Varilly-Alvarado 2014)
Explicit descriptions of derived equivalences among K3
surfaces and varieties of K3 type

Analysis of birational and biregular automorphisms of
holomorphic symplectic varieties (Hassett—T. 2011,
Boissiére-Cattaneo—Nieper-Wisskirchen—Sarti 2014).



DERIVED EQUIVALENT K3 SURFACES
Let X be a K3 surface over C and
T(X) := Pic(X)*+ c H*(X,Z2)

its transcendental lattice.
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DERIVED EQUIVALENT K3 SURFACES
Let X be a K3 surface over C and
T(X) := Pic(X)*+ c H*(X,Z2)
its transcendental lattice.
X,Y are derived equivalent if
T(X) = T(Y),
as Hodge structures, or equivalently, there exists an
EC DX xY)

such that
de : D'(X) — DY)

is an equivalence of triangulated categories.
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DERIVED EQUIVALENT K3 SURFACES

In high Picard rank, derived equivalence implies isomorphism, e.g.,
if

e p(X)>12

e X admits an elliptic fibration with a section

@ p(X) > 3 and the discriminant group of Pic(X) is cyclic.
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DERIVED EQUIVALENT K3 SURFACES: FIRST
EXAMPLES

c f D g
Ax=C| 2 13 Ay= D[ 8 15
f113 12 g |15 10
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DERIVED EQUIVALENT K3 SURFACES: FIRST
EXAMPLES

c f D g
Ax=C| 2 13 Ay= D[ 8 15
f113 12 g |15 10

Let X and Y be K3 surfaces with split Picard groups Ax and Ay
over a field k.
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DERIVED EQUIVALENT K3 SURFACES: FIRST
EXAMPLES

c f D g
Ax=C| 2 13 Ay= D[ 8 15
f113 12 g |15 10

Let X and Y be K3 surfaces with split Picard groups Ax and Ay
over a field k.

Hope: One can relate arithmetic properties of X and Y.
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DERIVED EQUIVALENT K3 SURFACES

We have:

e X and Y admit decomposable zero-cycles of degree one

e X (k) # (): the rational points arise from the smooth rational
curves with classes 2f — C' and 25C — 2f, both of which admit
zero-cycles of odd degree and thus are ~ P! over k

e Y (k) is dense for some finite k’/k, since |Aut(Yz)| = oo
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DERIVED EQUIVALENT K3 SURFACES

We have:

e X and Y admit decomposable zero-cycles of degree one

e X (k) # (): the rational points arise from the smooth rational
curves with classes 2f — C' and 25C — 2f, both of which admit
zero-cycles of odd degree and thus are ~ P! over k

e Y (k) is dense for some finite k’/k, since |Aut(Yz)| = oo
We do not know whether

e X(k) is dense for any finite k'/k

o Y(k)#0
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DERIVED EQUIVALENT K3 SURFACES

HasserT-T. 2014

Assume that X and Y are derived equivalent over a field k& of
characteristic # 2. Then

e Pic(X) ~ Pic(Y), stably isomorphic as Gal(k/k)-modules
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DERIVED EQUIVALENT K3 SURFACES

HasserT-T. 2014

Assume that X and Y are derived equivalent over a field k& of
characteristic # 2. Then

e Pic(X) ~ Pic(Y), stably isomorphic as Gal(k/k)-modules
e Br(X)[n] =~ Br(Y)[n], if char(k) 1 n,
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DERIVED EQUIVALENT K3 SURFACES

HAsseTT-T. 2014
Assume that X and Y are derived equivalent over a field k& of
characteristic # 2. Then

o Pic(X) ~ Pic(Y), stably isomorphic as Gal(k/k)-modules

e Br(X)[n] =~ Br(Y)[n], if char(k) 1 n,

e if X has a zero-cycle of degree 1 over k then Y also has a
zero-cycle of degree 1 over k.

DERIVED EQUIVALENT K3 SURFACES



DERIVED EQUIVALENT K3 SURFACES

LiEBLICH-OLSSON 2011
Let X and Y be derived equivalent K3 surfaces over & = F;. Then

[ X (k)| = Y (k)]
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DERIVED EQUIVALENT K3 SURFACES

LiEBLICH-OLSSON 2011
Let X and Y be derived equivalent K3 surfaces over & = F;. Then

X (F)[ = Y (K)].

OVER R

Let X and Y be derived equivalent K3 surfaces over R. Then X (R)
and Y (R) are diffeomorphic and in particular

XR)£D<=Y(R) #0.
What about £ = Q,? What about Q7
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DERIVED EQUIVALENT K3 SURFACES: THE p-ADIC
CASE

HasseTT-T. 2014
Assume that X and Y are derived equivalent over a p-adic field k& of
residue characteristic > 7 and that both admit ADE-reduction.

Then
X(k)£D<=Y(k)#0.
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DERIVED EQUIVALENT K3 SURFACES: THE p-ADIC
CASE

HasseTT-T. 2014
Assume that X and Y are derived equivalent over a p-adic field k& of
residue characteristic > 7 and that both admit ADE-reduction.
Then

X(k)£D<=Y(k)#0.

Potentially good reduction is a derived invariant (Y. Matsumoto
2014).
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DERIVED EQUIVALENT K3 SURFACES: THE p-ADIC
CASE

HasseTT-T. 2014
Assume that X and Y are derived equivalent over a p-adic field k& of
residue characteristic > 7 and that both admit ADE-reduction.
Then

X(k)£D<=Y(k)#0.

Potentially good reduction is a derived invariant (Y. Matsumoto
2014). Is ADE-reduction a derived invariant? There are some
results in this direction (Liedtke-Matsumoto 2014).

DERIVED EQUIVALENT K3 SURFACES



DERIVED EQUIVALENT K3 SURFACES: THE
GEOMETRIC CASE

Let X be a K3 surface over k£ = C((¢)). Fix an integral model over

X — A := Spec(C[[t]]).
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DERIVED EQUIVALENT K3 SURFACES: THE
GEOMETRIC CASE

Let X be a K3 surface over k£ = C((¢)). Fix an integral model over
X — A := Spec(C[[t]]).
Such a family does not always admit sections:

X = {x% + tlel + tzxé + t3$§ =0}
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DERIVED EQUIVALENT K3 SURFACES: THE
GEOMETRIC CASE

Let X be a K3 surface over k£ = C((¢)). Fix an integral model over
X — A := Spec(C[[t]]).
Such a family does not always admit sections:
X = {x§ + to] + 225 + 325 = 0}

Goal: Show that having or not having a section is a derived
invariant.
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DERIVED EQUIVALENT K3 SURFACES: THE
GEOMETRIC CASE

After a finite base change Ay — A, there exists a Kulikov model,
whose central fiber is one of the following

o a K3 surface

@ a chain of surfaces glued along elliptic curves, with rational
surfaces at the ends and elliptic ruled surfaces in between

e a union of rational surfaces (combinatorially, a triangulation of
a sphere)
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DERIVED EQUIVALENT K3 SURFACES: THE
GEOMETRIC CASE

HAasserT-T. 2014

Assume that X and Y are derived equivalent over k = C((¢)) and
that X admits a Kulikov model. Then Y also admits a Kulikov
model, and both X (k) and Y (k) are nonempty.
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ISOTRIVIAL FAMILIES

Let G = Z/N act on a K3 surface Xy via G - H C Aut(Xp) and
on Ay, the unit disc, via z — (nyz. We get an isotrivial family

T X — (XO X Az)/G—) Al = AQ/G
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ISOTRIVIAL FAMILIES

Let G = Z/N act on a K3 surface Xy via G - H C Aut(Xp) and
on Ay, the unit disc, via z — (nyz. We get an isotrivial family

T X — (XO X AQ)/G-) Al = AQ/G

These structures are preserved by derived equivalence.

LEMMA

7 admits a section if and only if H-action on Xy has a fixed point.
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ISOTRIVIAL FAMILIES

Suppose that a finite cyclic group H acts on Xy and Yy effectively
and that there exists an isomorphism of Hodge structures

T(Xo) ~ T(Yo),

compatible with the H-actions.
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ISOTRIVIAL FAMILIES

Suppose that a finite cyclic group H acts on Xy and Yy effectively
and that there exists an isomorphism of Hodge structures

T(Xo) ~ T(Yo),

compatible with the H-actions. Does Xy admit an H-fixed point if
and only if Yy admits an H-fixed point?

DERIVED EQUIVALENT K3 SURFACES



Let
H = (o) ~Z/N C Aut(X)

and X7 be the fixed point locus for o.



ISOTRIVIAL FAMILIES

Let
H = (o) ~Z/N C Aut(X)

and X7 be the fixed point locus for o.

CYCLIC AUTOMORPHISMS
e ¢(N) <20 and all such N arise.
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ISOTRIVIAL FAMILIES

Let
H = (o) ~Z/N C Aut(X)

and X7 be the fixed point locus for o.

CYCLIC AUTOMORPHISMS
e ¢(N) <20 and all such N arise.
o If o is symplectic then 1 < N < 8 and X7 # (.
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DERIVED EQUIVALENT K3 SURFACES

20 18 16 12 10 8 6 4 2 1
66 54 60 42 22 30 18 12 6 2
50 38 48 36 11 24 14 10 4 1
44 27 40 28 20 9 8 3
33 19 34 26 16 7 5
25 32 21 15

17 13



20 18 16 12 10 8 6 4 2 1
66 54 60 42 22 30 18 12 6 2
50 38 48 36 11 24 14 10 4 1
44 27 40 28 20 9 8 3
33 19 34 26 16 7 5
25 32 21 15

17 13

There is a very detailed analysis of such actions in the literature
(Artebani, Keum, Kondo, Machida, Nikulin, Oguiso, Sarti, Taki).
Hopefully, this contains the information we need.
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@ Develop a mixed-characteristic version of Kulikov’s models



To DO

@ Develop a mixed-characteristic version of Kulikov’s models

o Develop a mixed-characteristic version of
Bridgeland-Maciocia’s Fourier-Mukai transforms for K3
fibrations
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o Birational geometry of punctual Hilbert schemes of K3
surfaces is very rich.



CONCLUSION

e Birational geometry of punctual Hilbert schemes of K3
surfaces is very rich.
@ Recent advances

o Torelli theorem (Verbitsky)
o Computation of Monodromy (Markman)
o Analysis of Bridgeland stability (Bayer—-Macri)

opened the door to interesting applications in arithmetic
geometry.
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