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K-equivalence

Let XL be a smooth complex algebraic variety

(= X4 is a complex manifold, locally isomorphic to C™)
or a smooth (complex) Deligne-Mumford (DM) stack

(= X4 is a complex orbifold, locally isomorphic to C"/G,
where G is a finite group acting holomorphically on C™) .

The canonical line bundle Ky, = A" T3, is an algebraic
(holomorphic) (orbifold) line bundle over X_.

Following C.-L. Wang, we say X, and X_ are K-equivalent if
there exists a smooth variety/DM stack ) and birational maps
fr Y — X4 such that f7iKy, = fTKx_.
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Crepant Transformation Conjecture (CTC)

The Crepant Transformation Conjecture (CTC) was first
proposed by Y. Ruan around 2001, and later refined/extended by
Bryan-Graber, Coates-lritani-Tseng, Iritani, Coates-Ruan, etc.

CTC relates Gromov-Witten (GW) invariants of X and X_.
GW invariants of X are virtual counts of parametrized holomorphic
curves in X,

In this talk, we will describe CTC for symplectic toric Calabi-Yau
3-orbifold. Here we say a complex manifold /orbifold X is
Calabi-Yau if Ky is the trivial holomorphic line bundle Oy on X.
(Borisov-Chen-Smith: smooth toric DM stacks)
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Symplectic toric Calabi-Yau 3-orbifolds

Let G = (C*)? act on CP*3 linearly and faithfully:

A(z15- 0, z043) = (p1(A)z1, - - -, ppt3(A) Zp43)

where A = (A\1,...,\y) € G, (21,-..,243) € CPT3, and
pi » G — C* are G-characters which satisfy the Calabi-Yau
condition

p+3

[[ri)) =1
i—1

The action of G = (C*)P restricts to a Hamiltonian action by the
maximal compact subgroup Gg = U(1)? of G on
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Symplectic toric Calabi-Yau 3-orbifolds

p
If pi(A) = H )\S" (where Q7 € Z), then (up to the addition to a
a=1

constant vector in RP) the moment map of the Gg-action is given

by
piC =Rz (u(2),.. ., 1P (2))
L P8
where p(z) = 5 Z Q?|z;|%. Given a regular value 6 € R,
i=1

Xp = [11(0)/ Gr]

is a toric Calabi-Yau 3-orbifold with a Kahler form wy; if the
Ggr-action on p~1() is free then (X, wy) is a 3-dimensional Kaher
manifold. The coarse moduli space

Xo=pn"H(0)/Gr = (C**3)7=/G

is a simplicial toric Calabi-Yau 3-fold.
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G=C* Gp=U(1), p=1

A (217 22, 23, 24) — ()\Zla >\227 )\237 >\_3Z4)-
1
p:C*—R, (z1,20,23,24) — 5 (|z1]* + |22 + |z3]* — 3|za]?) .

((C3 = {0}) x C) /C* = Opa(=3) = Kpo, 6> 0;

Xo = p(0)/U(1) = {(@3 x (C—{0})) /C* = C°/Zs, 6 < 0.

X1 = Kp2 = X4 is a symplectic toric Calabi-Yau 3-manifold
X_ = [C3/Z3] is a symplectic toric Calabi-Yau 3-orbifold
X_ = C3/Z3 is a simpicial toric Calab-Yau 3-fold

Kpp<—-—--—--- = [<C3/ Z3]
toric cre_pak\ /
resolution C3/Z3
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Inertia Stack and Chen-Ruan Orbifold Cohomology

X=pY0)/Gr=U/G, U=(C'3)I=s  x=[U/G].
The inertia stack of X is

IX ={(z,b) e UxG:b-z=2}/G = UXb:XOU U X
beB beB\{1}

7

TV
twisted sectors

where B = {b € G : U” is non-empty}, &, = [U?/G], and
Xo=[U/G] = X. If X = X is smooth then |X = &y = X.
If x € Xp, b acts on T, X with weights e2™V =16 where e; € [0,1).

age(b) := €1 + €+ €3 € {0,1,2}. As a graded vector space over
C, the Chen-Ruan orbifold cohomology of X is

HER(X) = €D H* (Xb)[2age(b)] = Clo @ HEg(X) & HEr(X),
beG
where deg 1o = 0, dim¢ Hgr (X) = p > dime Hig (&) =: 0.
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X =[C3/Z3), IX=XUX UXp, (=e™V1/3
Xo=2X, X =Xo=][0/Z3]=BZs.

1 1 1 2 2 2

=-+-+=-=1 N= -+ =2

age(Q) =5 +5+t3=1 age((’)=5+3+3
Her(X) = Clg & Cly &Cl; .

o~~~ =~

H? H4
Hig (Kpe) = H*(Kp2) = C1 ® CH @ CH?.
HO H? H*
In general:
o HEp(X) =H*(X)& €P Cl,,
beB;

where By = {b € B : age(b) =1} .

o If X1 and A_ are related by a single toric wall-crossing
(e.g. X1 = Kpe, X_ = [C3/pu3]) then
HER (X)) = HER(X-) as graded vector spaces over C.
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Gromov-Witten invariants

p—p’
HEr(X) = H*(X)® @ Clp, where By = {by,... by_p}.
’ i=1

p/
Given i,...,ip € {1,....p —p'},
<1bi1 T lbi£>2(,d’ cQ
is the virtual number of holomorphic maps f : (C,xq,...,x) = X,

where C is a (nodal) orbicurve of genus g,
f.[C] = d' € Ho(X; Z)/torsion = ZF', f(x;, () € X, .
J

p d,

p T T, d,: d.
FgX(T) = Z e2-a-1% H ﬁ(lb’f R lbz_p,>2(,d/
d a=p’+1 ar
where 7 = (71,...,7), d = (d1, ..., dy) extended degree.

In particular, if X' is smooth then p’ = p and

p
FE(r) =) J] QNS where Q. =e™ and NY, = ()& ;.
d a=1
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