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Introduction and goals

Let X be a compact complex manifold, and L — X a holomorphic
line bundle. Assume L equipped with a Hermitian metric h, written
locally as h = e™% in a trivialization.
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Introduction and goals

Let X be a compact complex manifold, and L — X a holomorphic
line bundle. Assume L equipped with a Hermitian metric h, written
locally as h = e~ ¥ in a trivialization. The curvature form of (L, h) is

0=0,,= —ié@logh - i@&o.
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Introduction and goals

Let X be a compact complex manifold, and L — X a holomorphic
line bundle. Assume L equipped with a Hermitian metric h, written
locally as h = e~ ¥ in a trivialization. The curvature form of (L, h) is

0=0,,= —ié@logh - i@&o.

Important problems in algebraic or analytic geometry

@ Find upper and lower bounds for the dimensions of
cohomology groups h?(X, L™ @ F) where F is a coherent
sheaf, asymptotically as m — 400, e.g. in terms of § = © .
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Introduction and goals

Let X be a compact complex manifold, and L — X a holomorphic
line bundle. Assume L equipped with a Hermitian metric h, written
locally as h = e~ ¥ in a trivialization. The curvature form of (L, h) is

0=0,,= —ié@logh - i@&o.

Important problems in algebraic or analytic geometry
@ Find upper and lower bounds for the dimensions of
cohomology groups h?(X, L™ @ F) where F is a coherent
sheaf, asymptotically as m — 400, e.g. in terms of § = © .
@ (Harder question ?) In case g = 0 and F is invertible (say),
try to analyze the base locus of HO(X, L®™ ® F), i.e. the set
of common zeroes of all holomorphic sections.
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Introduction and goals

Let X be a compact complex manifold, and L — X a holomorphic
line bundle. Assume L equipped with a Hermitian metric h, written
locally as h = e~ ¥ in a trivialization. The curvature form of (L, h) is

0=0,,= —ié@logh - i@&o.

Important problems in algebraic or analytic geometry
@ Find upper and lower bounds for the dimensions of
cohomology groups h?(X, L™ @ F) where F is a coherent
sheaf, asymptotically as m — 400, e.g. in terms of § = © .
@ (Harder question ?) In case g = 0 and F is invertible (say),
try to analyze the base locus of HO(X, L®™ ® F), i.e. the set
of common zeroes of all holomorphic sections.

Holomorphic Morse inequalities (D-, 1985) provide workable
answers in terms of the g-index sets of the curvature form.
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Holomorphic Morse inequalities: main statement

The g-index set of a real (1,1)-form 6 is defined to be
X(0,q) = {x € X| 0(x) has signature (n —q,q)}

(exactly g negative eigenvalues and n — g positive ones)
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Holomorphic Morse inequalities: main statement
The g-index set of a real (1,1)-form 6 is defined to be

X(0,q) = {x € X| 0(x) has signature (n —q,q)}
(exactly g negative eigenvalues and n — g positive ones)

Set also X(0, < q) = UX@J

0<j<q

X(0,q) and X(0,< q) are open sets.

sign(6") = (—1)7 on X(4, q).
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Holomorphic Morse inequalities: main statement

The g-index set of a real (1,1)-form 6 is defined to be
X(0,q) = {x € X| 0(x) has signature (n —q,q)}
(exactly g negative eigenvalues and n — g positive ones)

Set also X(0, < q) = UX@J
0<<q

X(0,q) and X(0,< q) are open sets.

sign(6") = (—1)7 on X(4, q).

Theorem (D-, 1985)
Let = ©,, and r = rank F. Then, as m — +00

4q n

N ()X LT @ F) < r (—=1)90" + o(m").

|
=0 = Jx(0,<q)
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Strategy of proof and consequences

The proof proceeds by considering the 0-complex and looking at
the spectral theory of 0 = 98 + 0 0 acting on sections of L™ @ F.
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Strategy of proof and consequences

The proof proceeds by considering the 0-complex and looking at
the spectral theory of 0 = 98 + 0 0 acting on sections of L™ @ F.
The curvature form of L®™ is

ml = im Zj,k ijdzj N dfk = I.ZJ-J( ijde VAN dfk

in rescaled coordinates (; = \/m z;.
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Strategy of proof and consequences

The proof proceeds by considering the 9-complex and looking at

the spectral theory of (I = 99 +00 acting on sections of L®" ® F.
The curvature form of L™ is

ml = im Zj,k ijdzj N dfk =1 Z_Lk ijde VAN dfk

in rescaled coordinates (; = /mz;. The “wavelength” of
eigenfunctions is ~ 1/4/m and the estimates localize at this scale.
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Strategy of proof and consequences

The proof proceeds by considering the 9-complex and looking at
the spectral theory of (I = 99 +00 acting on sections of L®" ® F.
The curvature form of L®™ is

ml = im Zj,k ijdzj N dfk =1 Z_Lk ijde VAN de
in rescaled coordinates (; = \/mz;. The “wavelength” of
eigenfunctions is ~ 1/y/m and the estimates localize at this scale.

Various formulations of holomorphic Morse inequalities

o h(X, L™ ® F) < r - (—1)%6" + o(m").
= Jx.q)




Strategy of proof and consequences

The proof proceeds by considering the 9-complex and looking at
the spectral theory of (I = 99 +00 acting on sections of L®" ® F.
The curvature form of L®™ is

ml = im Zj,k ijdzj N dfk =1 Z_Lk ijde VAN de
in rescaled coordinates (; = \/mz;. The “wavelength” of
eigenfunctions is ~ 1/y/m and the estimates localize at this scale.

Various formulations of holomorphic Morse inequalities

n

o h(X,[5™® F) < r - (—1)%6" + o(m").
n! X(0,9)
o h(X,L[°™® F) > r - (—1)76" — o(m").

| .
M JUgo1<jcqrn X(0.4)




Strategy of proof and consequences

The proof proceeds by considering the 9-complex and looking at
the spectral theory of (I = 99 +00 acting on sections of L®" ® F.
The curvature form of L®™ is

ml = im Zj,k ijdzj N dfk =1 Z_Lk ijde VAN de
in rescaled coordinates (; = \/mz;. The “wavelength” of
eigenfunctions is ~ 1/y/m and the estimates localize at this scale.

Various formulations of holomorphic Morse inequalities

n

o h(X,[5™® F) < r - (—1)%6" + o(m").
n! X(0,9)
o h(X,L[°™® F) > r - (—1)76" — o(m").

! Ug—1<j<q+1 X(6,))
e For g =0, hO(X,L®’"®]-")2rm— 6" — o(m™).
n! X(0,<1)




Singular version of holomorphic Morse inequalities

We assume here that L is equipped with a possibly singular metric
h = e™% were ¢ is quasi-psh with analytic singularities, i.e. locally

—cIogZ|gJ )|? + u(z), g holomorphic, u € C*®, ¢ > 0.
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Singular version of holomorphic Morse inequalities

We assume here that L is equipped with a possibly singular metric
h = e™% were ¢ is quasi-psh with analytic singularities, i.e. locally

—cIogZ|gJ )|? + u(z), g holomorphic, u € C*®, ¢ > 0.

Then 12 est|mates involve multiplier ideal sheaves Z(my) C Ox

Z(mp)x = {f € Oxx; U 3 x st. /U\f|2e’"’*9dv < 400}
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Singular version of holomorphic Morse inequalities

We assume here that L is equipped with a possibly singular metric
h = e™% were ¢ is quasi-psh with analytic singularities, i.e. locally

_clogZ|gJ )|? + u(z), g holomorphic, u € C*®, ¢ > 0.

Then 12 est|mates involve multiplier ideal sheaves Z(my) C Ox

Z(mp)x = {f € Oxx; U 3 x st. /Uf|2e’"’*9dv < 400}

Theorem (L. Bonavero 1996 — proof based on blowing up)

The same estimates as above are still valid, when one considers
instead the twisted cohomology groups

HY(X,L®™ @ I(my) @ F)

and Morse integrals in the complement of ¥ = o !(—0) =
singular set of 0 = © p, :
& = / (—1)%6".
(0,9) %
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Algebraic versions of Morse inequalities

Assume here that X is projective algebraic / C, and that

L = Ox(A — B) where A and B are ample (or nef) Q-divisors
(such that A — B is integral).

J.-P. Demailly (Grenoble), 35th Geom. Festival, April 24, 2021  Holomorphic Morse inequalities, old and new



Algebraic versions of Morse inequalities

Assume here that X is projective algebraic / C, and that
L = Ox(A — B) where A and B are ample (or nef) Q-divisors
(such that A — B is integral).

Observation (D-, 1996)

In the above situation, the holomorphic Morse inequalities hold
after replacing the g-index Morse integral by the intersection
number (Z)A”_q - B9, and in particular (S. Trapani, 1995)

WX, L2 @ F) > r %(A” — nA"L. B) — o(m").
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Algebraic versions of Morse inequalities

Assume here that X is projective algebraic / C, and that
L = Ox(A — B) where A and B are ample (or nef) Q-divisors
(such that A — B is integral).

Observation (D-, 1996)

In the above situation, the holomorphic Morse inequalities hold
after replacing the g-index Morse integral by the intersection
number (Z)A”_q - B9, and in particular (S. Trapani, 1995)

WX, L2 @ F) > r %(A” — nA"L. B) — o(m").

Proof. For (1,1)-forms «, 5 > 0, elementary symmetric functions
arguments vyield

TR e et
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Algebraic versions of Morse inequalities

Assume here that X is projective algebraic / C, and that
L = Ox(A — B) where A and B are ample (or nef) Q-divisors
(such that A — B is integral).

Observation (D-, 1996)

In the above situation, the holomorphic Morse inequalities hold
after replacing the g-index Morse integral by the intersection
number (Z)A”_q - B9, and in particular (S. Trapani, 1995)

WX, 12 @ F) > r (A" — nA™ 1. B) — o(m").
n!

Proof. For (1,1)-forms «, 5 > 0, elementary symmetric functions
arguments vyield

TR e et

Algebraic proof by F. Angelini (1996), via exact sequence arguments.
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Algebraic Morse inequalities of Benoit Cadorel

Definition of adapted stratifications (projective case)

@ An “adapted stratification” for L over X is a collection of
non singular projective schemes S = (§;), dimS; =, S, = X,
together with proper birational morphisms 1); of S; onto the
support |D;| = 1;(S5;) of a divisor D; of Sj.4, such that, when
putting ®; =,y 0---09;: 5 — X, the pull-back 7L
satisfies ®:L ~ Os(D;_1) = Os/(D;"; — D).
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Algebraic Morse inequalities of Benoit Cadorel

Definition of adapted stratifications (projective case)

@ An “adapted stratification” for L over X is a collection of
non singular projective schemes S = (§;), dimS; =, S, = X,
together with proper birational morphisms 1); of S; onto the
support |D;| = 1;(S5;) of a divisor D; of Sj.4, such that, when
putting ®; =,y 0---09;: 5 — X, the pull-back 7L
satisfies ®:L ~ Os(D;_1) = Os/(D;"; — D).

@ The "truncated powers of the Chern class” ¢;(L, S)E‘q] are
codim k cycles supported on S,_ (=0 if g ¢ [0, k]), defined
inductively by ci(L, S)i; = [X], ai(L, S)p; = 0 for g # 0, and
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Algebraic Morse inequalities of Benoit Cadorel

Definition of adapted stratifications (projective case)

@ An “adapted stratification” for L over X is a collection of
non singular projective schemes S = (§;), dmS; =, S, = X
together with proper birational morphisms 1); of S; onto the
support |D;| = 1;(S5;) of a divisor D; of S, such that, when
putting ®; =1, 10---09; 1 5 — X the pull-back &L
satisfies CDJ’-‘L ~ Osj(Dj,l) = Osj(Djtl —- D7,).

@ The "truncated powers of the Chern class” ¢;(L, S)E‘q] are
codim k cycles supported on S,_ (=0 if g ¢ [0, k]), defined
inductively by ci(L, S)iy = [X], ai(L, S)O] =0 for g # 0, and

Cl(L S)[q] (/n k(Cl(L S)k ' D+ (L S)Fq 11] ; k)'
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Algebraic Morse inequalities of Benoit Cadorel

Definition of adapted stratifications (projective case)

@ An “adapted stratification” for L over X is a collection of
non singular projective schemes S = (§;), dmS; =, S, = X
together with proper birational morphisms 1); of S; onto the
support |D;| = 1;(S5;) of a divisor D; of S, such that, when
putting ®; =1, 10---09; 1 5 — X the pull-back &L
satisfies CDJ’-‘L ~ Osj(Dj,l) = Osj(Djtl —- D7,).

@ The "truncated powers of the Chern class” ¢;(L, S)E‘q] are
codim k cycles supported on S,_ (=0 if g ¢ [0, k]), defined
inductively by ci(L, S)iy = [X], ai(L, S)O] =0 for g # 0, and
Cl(L 5) (/n k(Cl(L S)k ! DJr (L S)f(q 11] ; k)'

Theorem (Cadorel, December 2019)

la] —

.. — q n
S aem e 7)< U deg o (18)py + O(m ).

0<j<q X
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Considerations and questions about base loci

Let (L, h) be a hermitian line bundle over X. If we assume that
6 = O, satisfies fX(9,<1) 0" > 0, then we know that L is big, i.e.

that h°(X, L®™) > cm", for m > mg and ¢ > 0,
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Considerations and questions about base loci

Let (L, h) be a hermitian line bundle over X. If we assume that

6 = O, satisfies fX(e,g) 0" > 0, then we know that L is big, i.e.
that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).
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Considerations and questions about base loci

Let (L, h) be a hermitian line bundle over X. If we assume that

6 = O, satisfies fX(e,g) 0" > 0, then we know that L is big, i.e.
that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).

Definition

The “iterated base locus” IBs(L) is obtained by picking inductively
Zo = X and Z, = zero divisor of a section oy of L®™ over the
normalization of Z,_;, and taking mk,ml,...,

Mmy,01,....0x <k
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Considerations and questions about base loci

Let (L, h) be a hermitian line bundle over X. If we assume that
6 = O, satisfies fX(9,<1) 0" > 0, then we know that L is big, i.e.

that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).

Definition

The “iterated base locus” IBs(L) is obtained by picking inductively
Zo = X and Z, = zero divisor of a section oy of L®™ over the
normalization of Z,_;, and taking mk,ml,...,

Mmy,01,....0x <k

Unsolved problem

Find a condition, e.g. in the form of Morse integrals (or analogs)
for @ = ©y 5, ensuring for instance that codim IBs(L) > p.
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Considerations and questions about base loci

Let (L, h) be a hermitian line bundle over X. If we assume that
6 = O, satisfies fX(9,<1) 0" > 0, then we know that L is big, i.e.

that h°(X, L®™) > cm", for m > mg and ¢ > 0, but this does not
tell us anything about the base locus Bs(L) = (), o(x 1om) o~ 10).

Definition

The “iterated base locus” IBs(L) is obtained by picking inductively
Zo = X and Z, = zero divisor of a section oy of L®™ over the
normalization of Z,_;, and taking mk,ml,...,

Mmy,01,....0x <k

Unsolved problem

Find a condition, e.g. in the form of Morse integrals (or analogs)
for @ = ©y 5, ensuring for instance that codim IBs(L) > p.

We would need for instance to be able to check the positivity of

Morse integrals f2(9‘2,<1) 0P for Z irreducible, codim Z = p.
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Transcendental holomorphic Morse inequalities

Morse inequalities were initially found as a strengthening of Siu’s
solution of the Grauert-Riemenschneider conjecture characterizing
Moishezon manifolds among compact complex manifolds.
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Transcendental holomorphic Morse inequalities

Morse inequalities were initially found as a strengthening of Siu’s
solution of the Grauert-Riemenschneider conjecture characterizing
Moishezon manifolds among compact complex manifolds.

In this general setting, we raised 25—30 years ago the following

Let X be a compact complex manifold and a € Hg (X, R) a
Bott-Chern class, represented by closed real (1, 1)-forms modulo
00 exact forms. Assume « pseudoeffective, and set

Vol(a) = sup / Tr, T >0 current, n =dim X.
T=a+i00p>0 J X
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Transcendental holomorphic Morse inequalities

Morse inequalities were initially found as a strengthening of Siu’s
solution of the Grauert-Riemenschneider conjecture characterizing
Moishezon manifolds among compact complex manifolds.

In this general setting, we raised 25—30 years ago the following

Let X be a compact complex manifold and a € Hg (X, R) a
Bott-Chern class, represented by closed real (1, 1)-forms modulo
00 exact forms. Assume « pseudoeffective, and set

Vol(a) = sup / Tr, T >0 current, n =dim X.
T=a+i00p>0 J X
Then
Vol(a) > sup / 6"
c{a}, 6eC>= J X(0,<1)

where
X(8, q) = g-index set of § = {x € X; 6(x) has signature (n—q,q)}.

J.-P. Demailly (Grenoble), 35th Geom. Festival, April 24, 2021  Holomorphic Morse inequalities, old and new



Conjecture on volumes of (1,1)-classes

Conjectural corollary (transcendental volume estimate)

Let X be compact Kahler, dim X = n, and «, 3 € HY(X,R) be
nef classes. Then Vol(a — ) > a”" — na"t - 3.
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Conjecture on volumes of (1,1)-classes

Conjectural corollary (transcendental volume estimate)

Let X be compact Kahler, dim X = n, and «, 3 € HY(X,R) be
nef classes. Then Vol(a — ) > a”" — na"t - 3.

By BDPP 2004, this conjecture yields a characterization of the dual
of the pseudoeffective cone on arbitrary compact Kahler manifolds.
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Conjecture on volumes of (1,1)-classes

Conjectural corollary (transcendental volume estimate)

Let X be compact Kahler, dim X = n, and «, 3 € HY(X,R) be
nef classes. Then Vol(a — ) > a”" — na"t - 3.

By BDPP 2004, this conjecture yields a characterization of the dual
of the pseudoeffective cone on arbitrary compact Kahler manifolds.

Observation (BDPP, 2004)

The volume estimate holds if X has deformation approximations by
projective manifolds X, of maximal Picard number p(X,) = h'*.
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Conjecture on volumes of (1,1)-classes

Conjectural corollary (transcendental volume estimate)

Let X be compact Kahler, dim X = n, and «, 3 € HY(X,R) be
nef classes. Then Vol(a — ) > a”" — na"t - 3.

By BDPP 2004, this conjecture yields a characterization of the dual
of the pseudoeffective cone on arbitrary compact Kahler manifolds.

Observation (BDPP, 2004)

The volume estimate holds if X has deformation approximations by
projective manifolds X, of maximal Picard number p(X,) = h'*.

Theorem 1 (Xiao 2015, Popovici 2016)

If a” — na™!-3 >0, then a — B is a big class, i.e. Vol(a — ) > 0.
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Conjecture on volumes of (1,1)-classes

Conjectural corollary (transcendental volume estimate)

Let X be compact Kahler, dim X = n, and «, 3 € HY(X,R) be
nef classes. Then Vol(a — ) > a”" — na"t - 3.

By BDPP 2004, this conjecture yields a characterization of the dual
of the pseudoeffective cone on arbitrary compact Kahler manifolds.

Observation (BDPP, 2004)

The volume estimate holds if X has deformation approximations by
projective manifolds X, of maximal Picard number p(X,) = h'*.

Theorem 1 (Xiao 2015, Popovici 2016)

If a” — na™!-3 >0, then a — B is a big class, i.e. Vol(a — ) > 0.

Theorem 2 (Witt-Nystrom & Boucksom 2019)
The transcendental volume estimate holds if X is projective.
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Entire curves in projective varieties and hyperbolicity

@ The goal is to study (nonconstant) entire curves f : C — X
drawn in a projective variety/C. The variety X is said to be
Brody (< Kobayashi) hyperbolic if there are no such curves.
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Entire curves in projective varieties and hyperbolicity

@ The goal is to study (nonconstant) entire curves f : C — X
drawn in a projective variety/C. The variety X is said to be
Brody (< Kobayashi) hyperbolic if there are no such curves.

@ More generally, if A =) A is a reduced normal crossing

divisor in X, we want to study entire curves f : C — X N\ A
drawn in the complement of A.
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Entire curves in projective varieties and hyperbolicity

@ The goal is to study (nonconstant) entire curves f : C — X
drawn in a projective variety/C. The variety X is said to be
Brody (< Kobayashi) hyperbolic if there are no such curves.

@ More generally, if A =) A is a reduced normal crossing

divisor in X, we want to study entire curves f : C — X N\ A
drawn in the complement of A.

If there are none, the log pair (X, A) is said Brody hyperbolic.
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Entire curves in projective varieties and hyperbolicity

@ The goal is to study (nonconstant) entire curves f : C — X
drawn in a projective variety/C. The variety X is said to be
Brody (< Kobayashi) hyperbolic if there are no such curves.

@ More generally, if A =) A is a reduced normal crossing

divisor in X, we want to study entire curves f : C — X N\ A
drawn in the complement of A.

If there are none, the log pair (X, A) is said Brody hyperbolic.

@ The strategy is to show that under suitable conditions, such
entire curves must satisfy algebraic differential equations.
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k-jets of curves and k-jet bundles

Let X be a nonsingular n-dimensional projective variety over C.
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k-jets of curves and k-jet bundles

Let X be a nonsingular n-dimensional projective variety over C.

Definition of k-jets

For k € N*, a k-jet of curve fi : (C,0), — X is an equivalence
class of germs of holomorphic curves f : (C,0) — X, written
f=(f,...,f,) in local coordinates (z, ..., z,) on an open subset
U C X, where two germs are declared to be equivalent if they have
the same Taylor expansion of order k at O :

f(t) =x+t& + 26+ -+t + O(t*™"), t € D(0,) CC,
and x=1(0) e U, &€ C", 1 <s < k.
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k-jets of curves and k-jet bundles

Let X be a nonsingular n-dimensional projective variety over C.

Definition of k-jets

For k € N*, a k-jet of curve fi : (C,0), — X is an equivalence
class of germs of holomorphic curves f : (C,0) — X, written
f=(f,...,f,) in local coordinates (z, ..., z,) on an open subset
U C X, where two germs are declared to be equivalent if they have
the same Taylor expansion of order k at O :

f(t) =x+t& + 26+ -+t + O(t*™"), t € D(0,) CC,
and x=1(0) e U, &€ C", 1 <s < k.

Let J“X be the bundle of k-jets of curves, and 7 : JXX — X the
natural projection, where the fiber (J¥X), = 7, *(x) consists of
k-jets of curves fyq such that £(0) = x.
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Algebraic differential operators

Let t — z = f(t) be a germ of curve, fiy = (', f",..., )
its k-jet at any point t = 0. Look at the C*-action induced by
dilations \ - f(t) = f(\t), A € C*, for fiyy € J¥X.
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Algebraic differential operators

Let t — z = f(t) be a germ of curve, fiy = (', f",..., )

its k-jet at any point t = 0. Look at the C*-action induced by
dilations \ - f(t) = f(\t), A € C*, for fiyy € J¥X.

Taking a (local) connection V on Tx and putting &, = £(9)(0) = V*£(0),
we get a trivialization J*X ~ (Tx)®* and the C* action is given by

(*) (6,8, &) = (N, X2, . AR,
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Algebraic differential operators

Let t — z = f(t) be a germ of curve, fiy = (', f",..., )

its k-jet at any point t = 0. Look at the C*-action induced by
dilations \ - f(t) = f(\t), A € C*, for fiyy € J¥X.

Taking a (local) connection V on Tx and putting &, = £(9)(0) = V*£(0),
we get a trivialization J*X ~ (Tx)®* and the C* action is given by

(*) (6,8, &) = (N, X2, . AR,

We consider the Green-Griffiths sheaf Ej ,(X) of homogeneous
polynomials of weighted degree m on J*X defined by

Qg

P(X; ST afk) = Zamaz-uak(x) ?1 <Gk s 22;1 5|a5| = m.
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Algebraic differential operators

Let t — z = f(t) be a germ of curve, fiy = (', f",..., )
its k-jet at any point t = 0. Look at the C*-action induced by
dilations \ - f(t) = f(\t), A € C*, for fiyy € J¥X.

Taking a (local) connection V on Tx and putting &, = £(9)(0) = V*£(0),
we get a trivialization J*X ~ (Tx)®* and the C* action is given by

(*) (6,8, &) = (N, X2, . AR,

We consider the Green-Griffiths sheaf Ej ,(X) of homogeneous
polynomials of weighted degree m on J*X defined by

P(x; & &) = 2 Boagon (X) E81 L €3 0K slas] = m.

Here, we assume the coefficients ay,q,..q,(X) to be holomorphic in x,
and view P as a differential operator P(f) = P(f; f',f", ... f(K),

P(F)(t) = 32 Aasan..a(F(£)) F/(E)F7(2)2 . FUI(£) .
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Graded algebra of algebraic differential operators

In this way, we get a graded algebra @@, Ex .(X) of differential
operators. As sheaf of rings, in each coordinate chart U C X, it is
a pure polynomial algebra isomorphic to

OX[G(S)]lgjgn,lgsgk where deg 6(5) = S.
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Graded algebra of algebraic differential operators

In this way, we get a graded algebra @@, Ex .(X) of differential
operators. As sheaf of rings, in each coordinate chart U C X, it is
a pure polynomial algebra isomorphic to

OX[G(S)]lgjgn,lgsgk where deg 6(5) = S.

If a change of coordinates z — w = v(z) is performed on U, the
curve t — f(t) becomes t — 1 o f(t) and we have inductively

(Yo f) = of) fO 4 Quf,...,FEV)

where Qs is a polynomial of weighted degree s.
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Graded algebra of algebraic differential operators

In this way, we get a graded algebra @@, Ex .(X) of differential
operators. As sheaf of rings, in each coordinate chart U C X, it is
a pure polynomial algebra isomorphic to

OX[fj(S)]lgjgn,lgsgk where deg 6(5) = S.

If a change of coordinates z — w = v(z) is performed on U, the
curve t — f(t) becomes t — 1 o f(t) and we have inductively

(Vo ) = (¢ of)- F) 4 Quu(f,... . FE7D)
where Qs is a polynomial of weighted degree s.

By filtering by the partial degree of P(x; &, ..., k) successively in
&k, Ek—1, ..., &1, one gets a multi-filtration on Ey ,,(X) such that the
graded pieces are

CEnX)= @  "Tx®---08*T;

U142l +-+kl=m
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Logarithmic jet differentials

Take a logarithmic pair (X, A), A =) A, normal crossing divisor.
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Logarithmic jet differentials

Take a logarithmic pair (X, A), A =) A, normal crossing divisor.

Fix a point x € X which belongs exactly to p components, say
Ay, ..., A, and take coordinates (zi, ..., z,) so that A; = {z; = 0}.
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Logarithmic jet differentials

Take a logarithmic pair (X, A), A =) A, normal crossing divisor.

Fix a point x € X which belongs exactly to p components, say
Ay, ..., A, and take coordinates (zi, ..., z,) so that A; = {z; = 0}.

—> log differential operators : polynomials in the derivatives

(log£)), 1<j<p and £, p+r1<j<n
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Logarithmic jet differentials

Take a logarithmic pair (X, A), A =) A, normal crossing divisor.

Fix a point x € X which belongs exactly to p components, say
Ay, ..., A, and take coordinates (zi, ..., z,) so that A; = {z; = 0}.

—> log differential operators : polynomials in the derivatives
(log£)), 1<j<p and £, p+r1<j<n

Alternatively, one gets an algebra of logarithmic jet differentials,
denoted @, Ex (X, A), that can be expressed locally as

Ox[(A) D, ooy () O £ £

2 n ]1gs§k'
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Logarithmic jet differentials

Take a logarithmic pair (X, A), A =) A, normal crossing divisor.
Fix a point x € X which belongs exactly to p components, say
Ay, ..., A, and take coordinates (zi, ..., z,) so that A; = {z; = 0}.
—> log differential operators : polynomials in the derivatives
(log£)), 1<j<p and £, p+r1<j<n

Alternatively, one gets an algebra of logarithmic jet differentials,
denoted @, Ex (X, A), that can be expressed locally as

Ox[(R) Moy () M) 52, £

p o lptlrtin Lgsgk'
One gets a multi-filtration on Ex ,,(X, A) with graded pieces
G*Eim(X,A) = b SUTHA)® - @ S*TE(A)
01420+ +kl=m
where Tx(A) is the logarithmic tangent bundle, i.e., the locally free
sheaf generated by < dzl dz” ,dzpi1, ..., dz,.
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Projectivized jets and direct image formula

Green Griffiths bundles

Consider Xi := J*X/C* = Proj @,, Ex.m(X). This defines a
bundle 7, : Xix — X of weighted projective spaces whose fibers are
the quotients of (C")* {0} by the C* action

Ao (€1, &) = (N&L, N2, .. MKE).
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Projectivized jets and direct image formula

Green Griffiths bundles
Consider Xi := J*X/C* = Proj @,, Ex.m(X). This defines a
bundle 7, : Xix — X of weighted projective spaces whose fibers are
the quotients of (C")* {0} by the C* action

A (s &) = (M, N6, .o ARG,
Correspondingly, there is a tautological rank 1 sheaf Ox,(m)
[invertible only when lem(1, ..., k)| m], and a direct image formula

Ey m(X) = (m4)«Ox,(m).
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Projectivized jets and direct image formula

Green Griffiths bundles
Consider Xi := J*X/C* = Proj @,, Ex.m(X). This defines a
bundle 7, : Xix — X of weighted projective spaces whose fibers are
the quotients of (C")* {0} by the C* action

A (s &) = (M, N6, .o ARG,
Correspondingly, there is a tautological rank 1 sheaf Ox,(m)
[invertible only when lem(1, ..., k)| m], and a direct image formula

Ey m(X) = (m4)«Ox,(m).

In the logarithmic case, we define similarly
Xi(A) = Proj @, Exm(X,A)
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Projectivized jets and direct image formula

Green Griffiths bundles
Consider Xi := J*X/C* = Proj @,, Ex.m(X). This defines a
bundle 7, : Xix — X of weighted projective spaces whose fibers are
the quotients of (C")* {0} by the C* action

A (s &) = (M, N6, .o ARG,
Correspondingly, there is a tautological rank 1 sheaf Ox,(m)
[invertible only when lem(1, ..., k)| m], and a direct image formula

Ey m(X) = (m4)«Ox,(m).

In the logarithmic case, we define similarly
Xi(A) = Proj @, Exm(X,A)

and let Ox,(a)(1) be the corresponding tautological sheaf, so that
Ei,m(X,A) = (71)+Ox, (ay(m).
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Generalized Green-Griffiths-Lang conjecture

Generalized GGL conjecture

If (X,A) is a log pair of general type, in the sense that Kx + A is
big, then there is a proper algebraic subvariety Y C X N A
containing all entire curves f : C — X\ A.
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Generalized Green-Griffiths-Lang conjecture

Generalized GGL conjecture

If (X,A) is a log pair of general type, in the sense that Kx + A is
big, then there is a proper algebraic subvariety Y C X N A
containing all entire curves f : C — X\ A.

One possible strategy is to show that such entire curves f must
satisfy a lot of algebraic differential equations of the form
P(f;f' ..., f)) = 0 for k > 1. This is based on:
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Generalized Green-Griffiths-Lang conjecture

Generalized GGL conjecture

If (X,A) is a log pair of general type, in the sense that Kx + A is
big, then there is a proper algebraic subvariety Y C X N A
containing all entire curves f : C — X\ A.

One possible strategy is to show that such entire curves f must
satisfy a lot of algebraic differential equations of the form
P(f;f' ..., f)) = 0 for k > 1. This is based on:

Fundamental vanishing theorem

[Green-Griffiths 1979], [D- 1995], [Siu-Yeung 1996], ...

Let A be an ample divisor on X. Then, for all global jet differential
operators on (X, A) with coefficients vanishing on A, i.e.

P € H(X, Ex m(X,A) ® O(—A)), and for all entire curves
f:C— X~ A, one has P(fyg) = 0.
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Proof of the fundamental vanishing theorem

Simple case. First consider the compact case (A = 0), and
assume that f is a Brody curve, i.e. ||f’||,, bounded for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.
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Proof of the fundamental vanishing theorem

Simple case. First consider the compact case (A = 0), and
assume that f is a Brody curve, i.e. ||f’||,, bounded for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.

The Cauchy inequalities imply that all derivatives f(*) are bounded
in any relatively compact coordinate chart. Hence

ua(t) = P(fiq)(t) is bounded, and must thus be

constant by Liouville's theorem.
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Proof of the fundamental vanishing theorem

Simple case. First consider the compact case (A = 0), and
assume that f is a Brody curve, i.e. ||f’||,, bounded for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.

The Cauchy inequalities imply that all derivatives f(*) are bounded
in any relatively compact coordinate chart. Hence

ua(t) = P(fiq)(t) is bounded, and must thus be

constant by Liouville's theorem.

Since A is very ample, we can move A € |A| such that A hits
f(C) € X. But then us vanishes somewhere, and so us = 0.
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Proof of the fundamental vanishing theorem

Simple case. First consider the compact case (A = 0), and
assume that f is a Brody curve, i.e. ||f’||,, bounded for some
hermitian metric w on X. By raising P to a power, we can assume
A very ample, and view P as a C valued differential operator
whose coefficients vanish on a very ample divisor A.

The Cauchy inequalities imply that all derivatives f(*) are bounded
in any relatively compact coordinate chart. Hence

ua(t) = P(fiq)(t) is bounded, and must thus be

constant by Liouville's theorem.

Since A is very ample, we can move A € |A| such that A hits
f(C) € X. But then us vanishes somewhere, and so us = 0.

Logarithmic case. In the logarithmic case, one can use instead a
“Poincaré type metric" w. Removing the hypothesis ' bounded is
more tricky. One possible way is to use the Ahlfors lemma and
some representation theory.
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Probabilistic cohomology estimate

Theorem (D-, PAMQ 2011 + recent work for logarithmic case)

Fix A ample line bundle on X, and hermitian structures (Tx(A), h),
(A, hA) with wy = eA,hA > 0.
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Probabilistic cohomology estimate

Theorem (D-, PAMQ 2011 + recent work for logarithmic case)

Fix A ample line bundle on X, and hermitian structures (Tx(A), h),
(A, hA) with wy = eA,hA > 0. Let Ne = @KX+A7deth* — cwy and

) 1, 1 1
Lk7€ - OXMA)(]-)@W;(OX(_R(]-"‘E“‘ : +E>€A), € € @+.
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Probabilistic cohomology estimate

Theorem (D-, PAMQ 2011 + recent work for logarithmic case)
Fix A ample line bundle on X, and hermitian structures (Tx(A), h),
(A, hA) with wy = eA,hA > 0. Let Ne = @KX+A7deth* — cwy and

) 1, 1 1
Lk7€ - OXMA)(]-)@W;(OX(_R(]-"‘E“‘ : +E>€A), € € @+.

Then for m sufficiently divisible, we have a lower bound

1 1

P(XLgT) = B (X, Bem(X,8) @ Ox (= T (145 + -+ ) A))
’ kn 2 k

C

og k

e s
> n———1».
~ (n+ kr—1)! n! (kh)n X(n, <1) |
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Probabilistic cohomology estimate

Theorem (D-, PAMQ 2011 + recent work for logarithmic case)

Fix A ample line bundle on X, and hermitian structures (Tx(A), h),
(A, hA) with wy = @A,hA > 0. Let Ne = @KX+A7deth* — cwy and

) 1, 1 1
Lk,s - OXMA)(]-)@W;(OX(_R(]-"‘E“‘ : +E>€A), € € Q+.

Then for m sufficiently divisible, we have a lower bound

1 1
PO(XLgm) = (X, Eem(X,8)® Ox (= (145 +-+-+ ) A))

mitkn—1 (1+%+...+%)” / C
> " lomk )
k1 Ak \ ey logk

If Kx + A is big and € > 0 is small, then 7. can be taken > 0, so
WO (X, LYT) > Cpene m™ 1 with Gy e >0, for m>> k> 1.
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Probabilistic cohomology estimate

Theorem (D-, PAMQ 2011 + recent work for logarithmic case)

Fix A ample line bundle on X, and hermitian structures (Tx(A), h),
(A, hA) with wy = @A,hA > 0. Let Ne = @KX+A7deth* — cwy and

) 1, 1 1
Lk,s - OXMA)(]-)@W;(OX(_R(]-"‘E“‘ : +E>€A), € € Q+.

Then for m sufficiently divisible, we have a lower bound

1 1
PO(XLgm) = (X, Eem(X,8)® Ox (= (145 +-+-+ ) A))

mitkn—1 (1+%+...+%)” / C
> " lomk )
k1 Ak \ ey logk

If Kx + A is big and € > 0 is small, then 7. can be taken > 0, so
WO (X, LYT) > Cpene m™ 1 with Gy e >0, for m>> k> 1.

Therefore, all f : C — X \ A satisfy algebraic diff. equations.
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A good Finsler metric on the k-jet bundle

Proof. Consider for simplicity the absolute (non logarithmic) case.
Assume that Tx is equipped with a C*> connection V and a
hermitian metric h.
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A good Finsler metric on the k-jet bundle

Proof. Consider for simplicity the absolute (non logarithmic) case.
Assume that Tx is equipped with a C*> connection V and a
hermitian metric h. One then defines a "weighted Finsler metric”
on JXX by taking b = lcm(l 2,. ) and, Vf, f(0) = x € Xi,

/b
Vi, (fiug) ( > eV f,fj) , l=e1> > >

1<s<k
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A good Finsler metric on the k-jet bundle

Proof. Consider for simplicity the absolute (non logarithmic) case.
Assume that Tx is equipped with a C*> connection V and a
hermitian metric h. One then defines a "weighted Finsler metric”
on JXX by taking b = lcm(l 2,. ) and, Vf, f(0) = x € Xi,

/b
\Uhk [k] ( Z HSSVS i?}{s> s 1= €1 > €0 > - > Eg.
1<s<k
Letting & =e,V*f(0), this can be viewed as a metric hy on
Ly := Ox, (1), and the curvature form of Ly is obtained by
computing 5-99 log Wy, (fiiy) as a function of (x, &1, ..., &)
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A good Finsler metric on the k-jet bundle

Proof. Consider for simplicity the absolute (non logarithmic) case.
Assume that Tx is equipped with a C*> connection V and a
hermitian metric h. One then defines a "weighted Finsler metric”
on JXX by taking b = lcm(l 2,. ) and, Vf, f(0) = x € Xi,

/b
\Uhk [k] ( Z HSSVS i?}{s> s 1= €1 > €0 > - > Eg.
1<s<k
Letting & =e,V*f(0), this can be viewed as a metric hy on
Ly := Ox, (1), and the curvature form of Ly is obtained by
computing 5-99 log Wy, (fiiy) as a function of (x, &1, ..., &)

Modulo negligible error terms of the form O(es11/es), this gives
O =w (£)+L > LGP Y ¢ fmgsﬁd A dz;
Lk-,hk FSk 2’]T s Zt |€t’2b/t - U(){H ‘f |2 I J
1<s<k ij,o.B

where (cjjo5) are the coefficients of the curvature tensor —© 1, , and
wrs k Is the weighted Fubini-Study metric on the fibers of X, — X.
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Evaluation of Morse integrals

The above expression can be simplified by using polar coordinates

e = G5, us = &/&n = V£(0)/|V£(0)).
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Evaluation of Morse integrals

The above expression can be simplified by using polar coordinates

%= (6177 us=&/16ln = VPF(0)/|V*F(0)]
Since the weighted projective space can be viewed as a circle
quotient of the pseudosphere S~ [£,]?%/° = 1, we can take > x, = 1,
i.e. (x;) in the (k — 1)-dimensional simplex A%,
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Evaluation of Morse integrals

The above expression can be simplified by using polar coordinates

xs = &0 us = &/1&ln = VEF(0)/IV2F(0)].
Since the weighted projective space can be viewed as a circle

quotient of the pseudosphere S~ [£,]?%/° = 1, we can take > x, = 1,
i.e. (xs) in the (k — 1)-dimensional simplex A", and we obtain

i 1 _ _
OL.n = wrsk(§) + 5 Z ng Z Cijap(2) UsaUsg dz; \ dZ;

1<s<k INNeN

where wrs «(€) = 575001log 321, 1&]?7/* > 0 on fibers of X — X.
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Evaluation of Morse integrals

The above expression can be simplified by using polar coordinates

‘fs 2b/s’ Us = 55/‘£s‘h = st(O)/’VSf(O)‘
Since the welghted projective space can be viewed as a circle
quotient of the pseudosphere S~ [£,]?%/° = 1, we can take > x, = 1,
i.e. (xs) in the (k — 1)—dimensiona| simplex A*~!, and we obtain

O b = wFs,k —i-f E XSE c,Jag usaﬂsgdz,-/\dfj

1<s<k INNeN

where wrs «(€) = 575001log 321, 1&]?7/* > 0 on fibers of X — X.
By holomorphic Morse inequalities, we need to evaluate an integral

/ Ok, Ne=dimXy = n+ (kn—1),
Xk(eLh hk <1) i

and we have to integrate over the parameters z € X, x; € R, and
us in the unit sphere bundle S(Tx, 1) C Tx.
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Probabilistic interpretation of the curvature

The signature of ©, 5, depends only on the vertical terms, i.e.

1 I
Z ;XSQ(US), Q(us) :== o Z Cijap(2) UsaUsg dz; A\ dZ;.

1<s<k i,
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Probabilistic interpretation of the curvature

The signature of ©, 5, depends only on the vertical terms, i.e.

1;,( ist(us), Q(us) :== i Uza:ﬁ Cijap(2) UsaUsg dz; A\ dZ;.
After averaging over (x;) € A*~! and computing the rational
number [ wrs x(&)™ 1 = kll),,, what is left is to evaluate Morse
integrals with respect to (us) € (S(Tx,1))* of “horizontal”

(1,1)-forms given by sums Y~ 1Q(us), where (us) is a sequence of
“random points” on the unit sphere.

—~
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Probabilistic interpretation of the curvature

The signature of ©, 5, depends only on the vertical terms, i.e.

1;,( ist(us), Q(us) :== i Uza:ﬁ Cijap(2) UsaUsg dz; A\ dZ;.
After averaging over (x;) € A*~! and computing the rational
number [ wrs x(&)™ 1 = (kll)n, what is left is to evaluate Morse
integrals with respect to (us) € (S(Tx,1))* of “horizontal”

(1,1)-forms given by sums Y~ 1Q(us), where (us) is a sequence of
“random points” on the unit sphere.

As k — +00, this sum is asymptotically equivalent to a
“Monte-Carlo” integral (1+2+4---+ 1) fueS(TX )y Q(u) du.
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Probabilistic interpretation of the curvature

The signature of ©, 5, depends only on the vertical terms, i.e.

1;,( ist(us), Q(us) :== i Uza:ﬁ Cijap(2) UsaUsg dz; A\ dZ;.
After averaging over (x;) € A*~! and computing the rational
number [ wrs x(&)™ 1 = (kll)n, what is left is to evaluate Morse
integrals with respect to (us) € (S(Tx,1))* of “horizontal”

(1,1)-forms given by sums Y~ 1Q(us), where (us) is a sequence of
“random points” on the unit sphere.

As k — +00, this sum is asymptotically equivalent to a
“Monte-Carlo” integral (1+2+4---+ 1) fueS(TX )y Q(u) du.
Now, Q(u) quadratic form = [, ;) Q(u)du = ITr(Q).
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Probabilistic interpretation of the curvature

The signature of ©, 5, depends only on the vertical terms, i.e.

1 ]

1;,( ;XSQ(US), Q(us) :== o Uza:ﬁ Cijap(2) UsaUsg dz; A\ dZ;.
After averaging over (x;) € A*~! and computing the rational
number [ wrs x(&)™ 1 = (kll)n, what is left is to evaluate Morse
integrals with respect to (us) € (S(Tx,1))* of “horizontal”
(1,1)-forms given by sums Y~ 1Q(us), where (us) is a sequence of
“random points” on the unit sphere.

As k — +00, this sum is asymptotically equivalent to a
“Monte-Carlo” integral (1+2+4---+ 1) fueS(TX )y Q(u) du.
Now, Q(u) quadratic form = [, ;) Q(u)du = ITr(Q).
and we have TI’(Q) = TI’(—@TX’h) = @det T det h* = GKX,deth*.

The asserted Morse estimates follow.
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A result on the base loci of jet differentials

Thorem (D-, 2021)

Let (X, A) be a pair of general type, i.e. such that Kx + A is big.
Then there exists ko € N and 6 > 0 with the following properties.
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A result on the base loci of jet differentials

Thorem (D-, 2021)

Let (X, A) be a pair of general type, i.e. such that Kx + A is big.
Then there exists ko € N and 6 > 0 with the following properties.
Let Z C Xy be an irreducible algebraic subvariety that is a

component of a complete intersection of irreducible hypersurfaces

ﬂ {k—jets f[k] e Xy Pj(f) = O}, PJ € HO(X7 ESj,mj(XaA) ® LJ)
1<j<¢

with k > ko, ord(P;) =55, 1<s1 <-- <5<k, > Sl < dlogk.
1<j<e
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A result on the base loci of jet differentials

Thorem (D-, 2021)

Let (X, A) be a pair of general type, i.e. such that Kx + A is big.
Then there exists ko € N and 6 > 0 with the following properties.
Let Z C Xy be an irreducible algebraic subvariety that is a
component of a complete intersection of irreducible hypersurfaces
() {Kkiets fig € Xic; Pi(f) =0}, P; € HU(X, Egm(X, D) ® Ly)

1<j<e

with k > ko, ord(P;) =55, 1<s1 <-- <5<k, > Sl < dlogk.
_ 1<j<e
Then the Morse integrals / @‘Z'kmz of
Z(Lie<)

Lie = Oxa(1) @wzox( . kln(l n ; dot ll()aA)

are positive for £ >0 small, hence H°(Z, Lfi’;) >cmid™Z for m>1.
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A result on the base loci of jet differentials

Thorem (D-, 2021)

Let (X, A) be a pair of general type, i.e. such that Kx + A is big.
Then there exists ko € N and 6 > 0 with the following properties.
Let Z C Xy be an irreducible algebraic subvariety that is a
component of a complete intersection of irreducible hypersurfaces
() {Kkiets fig € Xic; Pi(f) =0}, P; € HU(X, Egm(X, D) ® Ly)

1<j<e

with k > ko, ord(P;) =55, 1<s1 <-- <5<k, > Sl < dlogk.
_ 1<j<e
Then the Morse integrals / @‘Z'kmz of
Z(Lie<)

Lie = Oxa(1) @wzox( . kln(l n ; dot ll()aA)

are positive for £ >0 small, hence H°(Z, Lfi’;) >cmid™Z for m>1.

Unfortunately, seems insufficient to show that dim IBs(L,.) < n.
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Thank you for your attention!

| )/
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