
The Atiyah-Singer Index Theorem — MAT644

Blaine Lawson

Place: P127, Physics Building

Time: 1:00 - 2:20 PM, Tuesdays and Thursdays

Office: 5-109, Math Tower

Office Hours: Tuesday and Thursday, 2:30-4:00 PM or by appointment
either in my office or by zoom.

Syllabus

1. HISTORY: Riemann-Roch, and Riemann-Roch-Hirzebruch

This will be discussion where undoubtedly most students will not under-
stand everything. However, this course is about one of the very deep the-
orems in mathematics with enormous implications. It has evolved through
a series of wonderful results, and I would like to start by reviewing them.
Take this part of the course as culture. Things you do not understand will
be clear by the end of the course.

2. Vector Bundles and Classifying Spaces

3. Characteristic Classes

(i) Multiplicative Sequences

(ii) The Chern Character

4. K-Theory

(i) General Theory

(ii) The Atiyah-Bott-Shapiro Construction (Basic for proving establishing
the index in K-theory)

(iii) Bott periodicity

(iv) Clifford algebras and their representations – connections to Bott pe-
riodicity.

(iii) The Thom Isomorphism

5. Elliptic Differential Operators

(i) Differential Operators

(ii) The Principal Symbol

(iii) Ellipticity
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(iv) The Symbol Class in Kcpt(T
∗X).

6. Main Analytical Results for Elliptic Operators on Compact manifolds

7. Index theorems

(i) Versions of the general index theorem

(ii) The Families Index Theorem

(iii) The G Index Theorem

(iv) The Cln Index Theorem

8. Fundamental Operators in Geometry

(i) Connections; Curvature, Torsion, the Riemannian connection, connec-
tions on principal bundles

(ii) The Clifford bundle of a riemannian manfold

(iii) The Dirac Construction

(iv) Spin Manifolds and Spin Cobordism

(v) The Atiyah-Siinger Operator on Spin manifolds

(vi) The Atiyah-Siinger Cln Operator on Spin manifolds

(vii) The Lichnerowicz-Singer Theorem

(viii) Fundamental Operators

Euler Characteristic

Signature (with a coefficient bundle)

Dolbeault (with a coefficient bundle)

Dirac (with a coefficient bundle)

(ix) Index Theorems in all these cases

9. Applications.

10. Pseudo-Differential Operators and Analytic Results

11. Proof of the Index Theorem
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Disability Support Services: If you have a physical, psychological, med-
ical, or learning disability that may affect your course work, please contact
Disability Support Services (DSS) office: ECC (Educational Communica-
tions Center) Building, room 128, telephone (631) 632-6748/TDD. DSS
will determine with you what accommodations are necessary and appro-
priate. Arrangements should be made early in the semester (before the
first exam) so that your needs can be accommodated. All information
and documentation of disability is confidential. Students requiring emer-
gency evacuation are encouraged to discuss their needs with their profes-
sors and DSS. For procedures and information, go to the following web site
http://www.ehs.sunysb.edu and search Fire safety and Evacuation and Dis-
abilities.

Academic Integrity: Each student must pursue his or her academic goals
honestly and be personally accountable for all submitted work. Representing
another person’s work as your own is always wrong. Faculty are required to
report any suspected instance of academic dishonesty to the Academic Judi-
ciary. For more comprehensive information on academic integrity, including
categories of academic dishonesty, please refer to the academic judiciary
website at http://www.stonybrook.edu/uaa/academicjudiciary/.

Critical Incident Management: Stony Brook University expects stu-
dents to respect the rights, privileges, and property of other people. Faculty
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are required to report to the Office of Judicial Affairs any disruptive be-
havior that interrupts their ability to teach, compromises the safety of the
learning environment, and/or inhibits students’ ability to learn.

Student Accessibility Support Center Statement

If you have a physical, psychological, medical, or learning disability that
may impact your course work, please contact the Student Accessibility Sup-
port Center, Stony Brook Union Suite 107, (631) 632-6748, or at sasc@stonybrook.edu.
They will determine with you what accommodations are necessary and ap-
propriate. All information and documentation is confidential.

Students who require assistance during emergency evacuation are encour-
aged to discuss their needs with their professors and the Student Accessi-
bility Support Center. For procedures and information go to the follow-
ing website: https://ehs.stonybrook.edu//programs/fire-safety/emergency-
evacuation/evacuation-guide-disabilities and search Fire Safety and Evacu-
ation and Disabilities. Academic Integrity Statement

Each student must pursue his or her academic goals honestly and be per-
sonally accountable for all submitted work. Representing another person’s
work as your own is always wrong. Faculty is required to report any sus-
pected instances of academic dishonesty to the Academic Judiciary. Faculty
in the Health Sciences Center (School of Health Professions, Nursing, Social
Welfare, Dental Medicine) and School of Medicine are required to follow their
school-specific procedures. For more comprehensive information on aca-
demic integrity, including categories of academic dishonesty please refer to
the academic judiciary website at http://www.stonybrook.edu/commcms/academic
integrity/index.html Critical Incident Management

Stony Brook University expects students to respect the rights, privileges,
and property of other people. Faculty are required to report to the Office of
Student Conduct and Community Standards any disruptive behavior that
interrupts their ability to teach, compromises the safety of the learning en-
vironment, or inhibits students’ ability to learn. Faculty in the HSC Schools
and the School of Medicine are required to follow their school-specific pro-
cedures. Further information about most academic matters can be found
in the Undergraduate Bulletin, the Undergraduate Class Schedule, and the
Faculty-Employee Handbook.


