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 Here are sample solutions for the make-up midterm. The final is at 5.30pm, December 12 in room P-131.
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 particular "types", etc.

 Week 11 (11/26– 11/30). Read the following lecture notes on isometries by Olga Plamenevskaya and by
 Oleg Viro. Homework 10, due Dec 5, before class. Solve the following problems .

 Week 10 (11/12 – 10/17). Read pages 117-126 of the textbook and the following lecture notes on isometries
 by Olga Plamenevskaya and by Oleg Viro. Homework 9, due Nov 26, before class. Solve the following
 excercises from the textbook: 332, 334, 336, 342, 343, 344.

 Week 9 (10/22 – 10/26). Prepare for the midterm. Here is the list of topics to review. Here are sample
 solutions of for HW problems 261, 274, 261, and Quiz 5.

 Week 8 (10/15 – 10/19). Rewiev the material of the previous week and start preparing for the midterm.
 Homework 8, due Oct 24, before class. Solve the following excercises from the textbook: 276, 277, 295,
 300, 303, 304.



 Week 7 (10/08 – 10/12). Read pages 89-108 of the textbook. Homework 7, due Oct 17, before class. Solve
 the following excercises from the textbook: 261, 266, 267, 274, 275, 302.

 Week 6 (10/01 – 10/05). Read pages 78-89 of the textbook. Homework 6, due Oct 10, before class. Solve
 the following excercises from the textbook: 217, 220, 222, 224, 231, 236.

 Week 5 (09/24 – 09/28). Read pages 55-78 of the textbook. Homework 5, due Oct 3, before class. Solve
 the following excercises from the textbook: 146, 150, 153, 157, 163, 171, 172, 198, 205, 206.

 Week 4 (09/17 – 09/21). Read pages 45-55 of the textbook. Homework 4, due Sep 26, before class. Solve
 the following excercises from the textbook: 109, 114, 117, 119, 121, 133, 136, 138.

 Week 3 (09/10 – 09/14). Read pages 30-44 of the textbook. Homework 3, due Sep 19 Solve the following
 excercises from the textbook: 92, 95, 99, 102, 103.

 Week 2 (09/03 – 09/07). Read pages 22-30 of the textbook. Homework 2, due Sep 12 Solve the following
 excercises from the textbook: 53, 54, 58, 67, 72.

 Week 1 (08/27 – 08/31). Read the book up to page 22. Most of the material we have covered in class, some
 of it we have not. The reading assignments are important because they teach you how to follow the proof
 carefully, and how to build your own proofs and to use correct notation. Recall the following properites of
 our plane that we agreed upon:
 (i) One can superimpose a plane on itself or any other plane in a way that takes one given point to any other
 given point. 
 (ii) One can superimpose a plane on itself or any other plane in a way that takes one given ray to any other
 given ray. 
 (iii) A plane can be superimposed on itself keeping all the points of a given straight line fixed. This "flip"
 can be done in a unique way. 
Homework 1, due Sep 5 Solve the following excercises from the textbook: 28, 33, 36, 39, 50.

 Disability support services (DSS) statement: If you have a physical, psychological, medical, or learning disability that may impact
 your course work, please contact Disability Support Services (631) 6326748 or http://studentaffairs.stonybrook.edu/dss/. They will
 determine with you what accommodations are necessary and appropriate. All information and documentation is confidential. Students
 who require assistance during emergency evacuation are encouraged to discuss their needs with their professors and Disability
 Support Services. For procedures and information go to the following website: http://www.stonybrook.edu/ehs/fire/disabilities/asp.

 Academic integrity statement: Each student must pursue his or her academic goals honestly and be personally accountable for all
 submitted work. Representing another person’s work as your own is always wrong. Faculty are required to report any suspected
 instance of academic dishonesty to the Academic Judiciary. For more comprehensive information on academic integrity, including
 categories of academic dishonesty, please refer to the academic judiciary website at
 http://www.stonybrook.edu/uaa/academicjudiciary/.

Critical incident management: Stony Brook University expects students to respect the rights, privileges, and property of other
 people. Faculty are required to report to the Office of Judicial Affairs any disruptive behavior that interrupts their ability to teach,
 compromises the safety of the learning environment, and/or inhibits students’ ability to learn.
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Introduction


1. Geometric figures. The part of space occupied by a physical
object is called a geometric solid.


A geometric solid is separated from the surrounding space by a
surface.


A part of the surface is separated from an adjacent part by a
line.


A part of the line is separated from an adjacent part by a point.
The geometric solid, surface, line and point do not exist sepa-


rately. However by way of abstraction we can consider a surface
independently of the geometric solid, a line — independently of the
surface, and the point — independently of the line. In doing so we
should think of a surface as having no thickness, a line — as having
neither thickness nor width, and a point — as having no length, no
width, and no thickness.


A set of points, lines, surfaces, or solids positioned in a certain
way in space is generally called a geometric figure. Geometric fig-
ures can move through space without change. Two geometric figures
are called congruent, if by moving one of the figures it is possi-
ble to superimpose it onto the other so that the two figures become
identified with each other in all their parts.


2. Geometry. A theory studying properties of geometric figures
is called geometry, which translates from Greek as land-measuring.
This name was given to the theory because the main purpose of
geometry in antiquity was to measure distances and areas on the
Earth’s surface.


First concepts of geometry as well as their basic properties, are
introduced as idealizations of the corresponding common notions and
everyday experiences.


3. The plane. The most familiar of all surfaces is the flat sur-
face, or the plane. The idea of the plane is conveyed by a window
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pane, or the water surface in a quiet pond.
We note the following property of the plane: One can superimpose


a plane on itself or any other plane in a way that takes one given
point to any other given point, and this can also be done after flipping
the plane upside down.


4. The straight line. The most simple line is the straight
line. The image of a thin thread stretched tight or a ray of light
emitted through a small hole give an idea of what a straight line is.
The following fundamental property of the straight line agrees well
with these images:


For every two points in space, there is a straight line passing
through them, and such a line is unique.


It follows from this property that:
If two straight lines are aligned with each other in such a way that


two points of one line coincide with two points of the other, then the
lines coincide in all their other points as well (because otherwise we
would have two distinct straight lines passing through the same two
points, which is impossible).


For the same reason, two straight lines can intersect at most at
one point.


A straight line can lie in a plane. The following holds true:
If a straight line passes through two points of a plane, then all


points of this line lie in this plane.


A a B C b D E


Figure 1 Figure 2 Figure 3


5. The unbounded straight line. Ray. Segment. Thinking
of a straight line as extended indefinitely in both directions, one calls
it an infinite (or unbounded) straight line.


A straight line is usually denoted by two uppercase letters mark-
ing any two points on it. One says “the line AB” or “BA” (Figure
1).


A part of the straight line bounded on both sides is called a
straight segment. It is usually denoted by two letters marking its
endpoints (the segment CD, Figure 2). Sometimes a straight line
or a segment is denoted by one (lowercase) letter; one may say “the
straight line a, the segment b.”
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Usually instead of “unbounded straight line” and “straight seg-
ment” we will simply say line and segment respectively.


Sometimes a straight line is considered which terminates in one
direction only, for instance at the endpoint E (Figure 3). Such a
straight line is called a ray (or half-line) drawn from E.


6. Congruent and non-congruent segments. Two segments
are congruent if they can be laid one onto the other so that their
endpoints coincide. Suppose for example that we put the segment
AB onto the segment CD (Figure 4) by placing the point A at the
point C and aligning the ray AB with the ray CD. If, as a result
of this, the points B and D merge, then the segments AB and CD
are congruent. Otherwise they are not congruent, and the one which
makes a part of the other is considered smaller.


A CB D


Figure 4


To mark on a line a segment congruent to a given segment, one
uses the compass, a drafting device which we assume familiar to the
reader.


7. Sum of segments. The sum of several given segments (AB,
CD, EF , Figure 5) is a segment which is obtained as follows. On
a line, pick any point M and starting from it mark a segment MN
congruent to AB, then mark the segments NP congruent to CD,
and PQ congruent to EF , both going in the same direction as MN .
Then the segment MQ will be the sum of the segments AB, CD and
EF (which are called summands of this sum). One can similarly
obtain the sum of any number of segments.


A B C D E F


M N P Q


Figure 5


The sum of segments has the same properties as the sum of num-
bers. In particular it does not depend on the order of the summands
(the commutativity law) and remains unchanged when some of the
summands are replaced with their sum (the associativity law). For
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instance:


AB + CD + EF = AB + EF + CD = EF + CD + AB = . . .


and


AB + CD + EF = AB + (CD + EF ) = CD + (AB + EF ) = . . . .


8. Operations with segments. The concept of addition of
segments gives rise to the concept of subtraction of segments, and
multiplication and division of segments by a whole number. For
example, the difference of AB and CD (if AB > CD) is a segment
whose sum with CD is congruent to AB; the product of the segment
AB with the number 3 is the sum of three segments each congruent
to AB; the quotient of the segment AB by the number 3 is a third
part of AB.


If given segments are measured by certain linear units (for in-
stance, centimeters), and their lengths are expressed by the corre-
sponding numbers, then the length of the sum of the segments is
expressed by the sum of the numbers measuring these segments, the
length of the difference is expressed by the difference of the numbers,
etc.


9. The circle. If, setting the compass to an arbitrary step and,
placing its pin leg at some point O of the plane (Figure 6), we begin to
turn the compass around this point, then the other leg equipped with
a pencil touching the plane will describe on the plane a continuous
curved line all of whose points are the same distance away from O.
This curved line is called a circle, and the point O — its center.
A segment (OA, OB, OC in Figure 6) connecting the center with a
point of the circle is called a radius. All radii of the same circle are
congruent to each other.


Circles described by the compass set to the same radius are con-
gruent because by placing their centers at the same point one will
identify such circles with each other at all their points.


A line (MN , Figure 6) intersecting the circle at any two points
is called a secant.


A segment (EF ) both of whose endpoints lie on the circle is called
a chord.


A chord (AD) passing through the center is called a diameter.
A diameter is the sum of two radii, and therefore all diameters of the
same circle are congruent to each other.


A part of a circle contained between any two points (for example,
EmF ) is called an arc.
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The chord connecting the endpoints of an arc is said to subtend
this arc.


An arc is sometimes denoted by the sign �; for instance, one


writes:
�


EmF .
The part of the plane bounded by a circle is called a disk.2


The part of a disk contained between two radii (the shaded part
COB in Figure 6) is called a sector, and the part of the disk cut off
by a secant (the part EmF ) is called a disk segment.


Figure 6


O
AD


B
C


E


F


m
M


N


10. Congruent and non-congruent arcs. Two arcs of the
same circle (or of two congruent circles) are congruent if they can
be aligned so that their endpoints coincide. Indeed, suppose that
we align the arc AB (Figure 7) with the arc CD by identifying the
point A with the point C and directing the arc AB along the arc
CD. If, as a result of this, the endpoints B and D coincide, then all
the intermediate points of these arcs will coincide as well, since they


are the same distance away from the center, and therefore
�
AB=


�
CD.


But if B and D do not coincide, then the arcs are not congruent, and
the one which is a part of the other is considered smaller.


11. Sum of arcs. The sum of several given arcs of the same
radius is defined as an arc of that same radius which is composed
from parts congruent respectively to the given arcs. Thus, pick an
arbitrary point M (Figure 7) of the circle and mark the part MN


2Often the word “circle” is used instead of “disk.” However one should avoid
doing this since the use of the same term for different concepts may lead to
mistakes.
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congruent to AB. Next, moving in the same direction along the
circle, mark the part NP congruent to CD. Then the arc MP will
be the sum of the arcs AB and CD.


Figure 7


O


A
B


C


D


M
N


P


Adding arcs of the same radius one may encounter the situation
when the sum of the arcs does not fit in the circle and one of the arcs
partially covers another. In this case the sum will be an arc greater
than the whole circle. For example, adding the arcs AmB and CnD
(Figure 8) we obtain the arc consisting of the whole circle and the
arc AD.


A


m


D


nB B CA


D


C


Figure 8


Similarly to addition of line segments, addition of arcs obeys the
commutativity and associativity laws.


From the concept of addition of arcs one derives the concepts
of subtraction of arcs, and multiplication and division of arcs by a
whole number the same way as it was done for line segments.


12. Divisions of geometry. The subject of geometry can be
divided into two parts: plane geometry, or planimetry, and solid
geometry, or stereometry. Planimetry studies properties of those
geometric figures all of whose elements fit the same plane.
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EXERCISES


1. Give examples of geometric solids bounded by one, two, three,
four planes (or parts of planes).
2. Show that if a geometric figure is congruent to another geometric
figure, which is in its turn congruent to a third geometric figure, then
the first geometric figure is congruent to the third.
3. Explain why two straight lines in space can intersect at most at
one point.
4. Referring to §4, show that a plane not containing a given straight
line can intersect it at most at one point.
5.� 3 Give an example of a surface other than the plane which, like
the plane, can be superimposed on itself in a way that takes any one
given point to any other given point.
Remark: The required example is not unique.
6. Referring to §4, show that for any two points of a plane, there is a
straight line lying in this plane and passing through them, and that
such a line is unique.
7. Use a straightedge to draw a line passing through two points given
on a sheet of paper. Figure out how to check that the line is really
straight.
Hint: Flip the straightedge upside down.
8.� Fold a sheet of paper and, using the previous problem, check that
the edge is straight. Can you explain why the edge of a folded paper
is straight?
Remark: There may exist several correct answers to this question.
9. Show that for each point lying in a plane there is a straight line
lying in this plane and passing through this point. How many such
lines are there?
10. Find surfaces other than the plane which, like the plane, together
with each point lying on the surface contain a straight line passing
through this point.
Hint: One can obtain such surfaces by bending a sheet of paper.
11. Referring to the definition of congruent figures given in §1, show
that any two infinite straight lines are congruent; that any two rays
are congruent.
12. On a given line, mark a segment congruent to four times a given
segment, using a compass as few times as possible.


3Stars � mark those exercises which we consider more difficult.
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13. Is the sum (difference) of given segments unique? Give an ex-
ample of two distinct segments which both are sums of the given
segments. Show that these distinct segments are congruent.
14. Give an example of two non-congruent arcs whose endpoints co-
incide. Can such arcs belong to non-congruent circles? to congruent
circles? to the same circle?
15. Give examples of non-congruent arcs subtended by congruent
chords. Are there non-congruent chords subtending congruent arcs?
16. Describe explicitly the operations of subtraction of arcs, and
multiplication and division of an arc by a whole number.
17. Follow the descriptions of operations with arcs, and show that
multiplying a given arc by 3 and then dividing the result by 2, we
obtain an arc congruent to the arc resulting from the same operations
performed on the given arc in the reverse order.
18. Can sums (differences) of respectively congruent line segments,
or arcs, be non-congruent? Can sums (differences) of respectively
non-congruent segments, or arcs be congruent?
19. Following the definition of sum of segments or arcs, explain why
addition of segments (or arcs) obeys the commutativity law.
Hint: Identify a segment (or arc) AB with BA.
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THE STRAIGHT LINE


1 Angles


13. Preliminary concepts. A figure formed by two rays drawn
from the same point is called an angle. The rays which form the
angle are called its sides, and their common endpoint is called the
vertex of the angle. One should think of the sides as extending away
from the vertex indefinitely.


Figure 9


O


E


O B


O B


D


Figure 10


A


A
A


B


An angle is usually denoted by three uppercase letters of which
the middle one marks the vertex, and the other two label a point on
each of the sides. One says, e.g.: “the angle AOB” or “the angle
BOA” (Figure 9). It is possible to denote an angle by one letter
marking the vertex provided that no other angles with the same
vertex are present on the diagram. Sometimes we will also denote
an angle by a number placed inside the angle next to its vertex.


9
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The sides of an angle divide the whole plane containing the angle
into two regions. One of them is called the interior region of the
angle, and the other is called the exterior one. Usually the interior
region is considered the one that contains the segments joining any
two points on the sides of the angle, e.g. the points A and B on the
sides of the angle AOB (Figure 9). Sometimes however one needs
to consider the other part of the plane as the interior one. In such
cases a special comment will be made regarding which region of the
plane is considered interior. Both cases are represented separately in
Figure 10, where the interior region in each case is shaded.


Rays drawn from the vertex of an angle and lying in its interior
(OD, OE, Figure 9) form new angles (AOD, DOE, EOB) which
are considered to be parts of the angle (AOB).


In writing, the word “angle” is often replaced with the symbol ∠.
For instance, instead of “angle AOB” one may write: ∠AOB.


14. Congruent and non-congruent angles. In accordance
with the general definition of congruent figures (§1) two angles are
considered congruent if by moving one of them it is possible to identify
it with the other.


B’


Figure 11


O


A


B O’


A’


Suppose, for example, that we lay the angle AOB onto the angle
A′O′B′ (Figure 11) in a way such that the vertex O coincides with O′,
the side OB goes along OB′, and the interior regions of both angles
lie on the same side of the line O′B′. If OA turns out to coincide with
O′A′, then the angles are congruent. If OA turns out to lie inside or
outside the angle A′O′B′, then the angles are non-congruent, and the
one, that lies inside the other is said to be smaller.


15. Sum of angles. The sum of angles AOB and A′O′B′ (Fig-
ure 12) is an angle defined as follows. Construct an angle MNP
congruent to the given angle AOB, and attach to it the angle PNQ,
congruent to the given angle A′O′B′, as shown. Namely, the angle







1. Angles 11


MNP should have with the angle PNQ the same vertex N , a com-
mon side NP , and the interior regions of both angles should lie on
the opposite sides of the common ray NP . Then the angle MNQ is
called the sum of the angles AOB and A′O′B′. The interior region
of the sum is considered the part of the plane comprised by the inte-
rior regions of the summands. This region contains the common side
(NP ) of the summands. One can similarly form the sum of three
and more angles.


O’


Figure 12


O A


B’


N


P


M


Q


B


A’


Addition of angles obeys the commutativity and associativity
laws just the same way addition of segments does. From the con-
cept of addition of angles one derives the concept of subtraction of
angles, and multiplication and division of angles by a whole number.


O A


BC


D


EO AD


B


C


Figure 13 Figure 15Figure 14


bisector


Very often one has to deal with the ray which divides a given
angle into halves; this ray is called the bisector of the angle (Figure
13).


16. Extension of the concept of angle. When one computes
the sum of angles some cases may occur which require special atten-
tion.


(1) It is possible that after addition of several angles, say, the
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three angles: AOB, BOC and COD (Figure 14), the side OD of the
angle COD will happen to be the continuation of the side OA of the
angle AOB. We will obtain therefore the figure formed by two half-
lines (OA and OD) drawn from the same point (O) and continuing
each other. Such a figure is also considered an angle and is called a
straight angle.


(2) It is possible that after the addition of several angles, say, the
five angles: AOB, BOC, COD, DOE and EOA (Figure 15) the side
OA of the angle EOA will happen to coincide with the side OA of
the angle AOB. The figure formed by such rays (together with the
whole plane surrounding the vertex O) is also considered an angle
and is called a full angle.


(3) Finally, it is possible that added angles will not only fill in
the whole plane around the common vertex, but will even overlap
with each other, covering the plane around the common vertex for
the second time, for the third time, and so on. Such an angle sum is
congruent to one full angle added with another angle, or congruent
to two full angles added with another angle, and so on.


D


O


A B


A


O


Figure 17Figure 16


B


C


17. Central angle. The angle (AOB, Figure 16) formed by two
radii of a circle is called a central angle; such an angle and the arc
contained between the sides of this angle are said to correspond to
each other.


Central angles and their corresponding arcs have the following
properties.


In one circle, or two congruent circles:


(1) If central angles are congruent, then the correspond-
ing arcs are congruent;


(2) Vice versa, if the arcs are congruent, then the corre-
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sponding central angles are congruent.


Let ∠AOB = ∠COD (Figure 17); we need to show that the arcs
AB and CD are congruent too. Imagine that the sector AOB is
rotated about the center O in the direction shown by the arrow until
the radius OA coincides with OC. Then due to the congruence of
the angles, the radius OB will coincide with OD; therefore the arcs
AB and CD will coincide too, i.e. they are congruent.


The second property is established similarly.
18. Circular and angular degrees. Imagine that a circle is


divided into 360 congruent parts and all the division points are con-
nected with the center by radii. Then around the center, 360 central
angles are formed which are congruent to each other as central angles
corresponding to congruent arcs. Each of these arcs is called a cir-
cular degree, and each of those central angles is called an angular
degree. Thus one can say that a circular degree is 1/360th part of
the circle, and the angular degree is the central angle corresponding
to it.


The degrees (both circular and angular) are further subdivided
into 60 congruent parts called minutes, and the minutes are further
subdivided into 60 congruent parts called seconds.


O


A


B


C


D
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45
60


7590


180
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30


120


150


165


0


Figure 18 


D


C


E


55


Figure 19


A B


19. Correspondence between central angles and arcs. Let
AOB be some angle (Figure 18). Between its sides, draw an arc CD
of arbitrary radius with the center at the vertex O. Then the angle
AOB will become the central angle corresponding to the arc CD.
Suppose, for example, that this arc consists of 7 circular degrees
(shown enlarged in Figure 18). Then the radii connecting the divi-
sion points with the center obviously divide the angle AOB into 7
angular degrees. More generally, one can say that an angle is mea-
sured by the arc corresponding to it, meaning that an angle contains
as many angular degrees, minutes and seconds as the corresponding
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arc contains circular degrees, minutes and seconds. For instance, if
the arc CD contains 20 degrees 10 minutes and 15 seconds of cir-
cular units, then the angle AOB consists of 20 degrees 10 minutes
and 15 seconds of angular units, which is customary to express as:
∠AOB = 20◦10′15′′, using the symbols ◦, ′ and ′′ to denote degrees,
minutes and seconds respectively.


Units of angular degree do not depend on the radius of the circle.
Indeed, adding 360 angular degrees following the summation rule
described in §15, we obtain the full angle at the center of the circle.
Whatever the radius of the circle, this full angle will be the same.
Thus one can say that an angular degree is 1/360th part of the full
angle.


20. Protractor. This device (Figure 19) is used for measuring
angles. It consists of a semi-disk whose arc is divided into 180◦. To
measure the angle DCE, one places the protractor onto the angle
in a way such that the center of the semi-disk coincides with the
vertex of the angle, and the radius CB lies on the side CE. Then
the number of degrees in the arc contained between the sides of the
angle DCE shows the measure of the angle. Using the protractor
one can also draw an angle containing a given number of degrees (e.g.
the angle of 90◦, 45◦, 30◦, etc.).


EXERCISES


20. Draw any angle and, using a protractor and a straightedge, draw
its bisector.
21. In the exterior of a given angle, draw another angle congruent
to it. Can you do this in the interior of the given angle?
22. How many common sides can two distinct angles have?
23. Can two non-congruent angles contain 55 angular degrees each?
24. Can two non-congruent arcs contain 55 circular degrees each?
What if these arcs have the same radius?
25. Two straight lines intersect at an angle containing 25◦. Find the
measures of the remaining three angles formed by these lines.
26. Three lines passing through the same point divide the plane
into six angles. Two of them turned out to contain 25◦ and 55◦
respectively. Find the measures of the remaining four angles.
27.� Using only compass, construct a 1◦ arc on a circle, if a 19◦ arc
of this circle is given.
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2 Perpendicular lines


21. Right, acute and obtuse angles. An angle of 90◦ (con-
gruent therefore to one half of the straight angle or to one quarter
of the full angle) is called a right angle. An angle smaller than the
right one is called acute, and a greater than right but smaller than
straight is called obtuse (Figure 20).


right acute


Figure 20


obtuse


90


All right angles are, of course, congruent to each other since they
contain the same number of degrees.


The measure of a right angle is sometimes denoted by d (the
initial letter of the French word droit meaning “right”).


22. Supplementary angles. Two angles (AOB and BOC, Fig-
ure 21) are called supplementary if they have one common side,
and their remaining two sides form continuations of each other. Since
the sum of such angles is a straight angle, the sum of two supplemen-
tary angles is 180◦ (in other words it is congruent to the sum of two
right angles).


Figure 21
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Figure 22
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For each angle one can construct two supplementary angles. For
example, for the angle AOB (Figure 22), prolonging the side AO we
obtain one supplementary angle BOC, and prolonging the side BO
we obtain another supplementary angle AOD. Two angles supple-
mentary to the same one are congruent to each other, since they both
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contain the same number of degrees, namely the number that sup-
plements the number of degrees in the angle AOB to 180◦ contained
in a straight angle.


If AOB is a right angle (Figure 23), i.e. if it contains 90◦, then
each of its supplementary angles COB and AOD must also be right,
since it contains 180◦ − 90◦, i.e. 90◦. The fourth angle COD has to
be right as well, since the three angles AOB, BOC and AOD contain
270◦ altogether, and therefore what is left from 360◦ for the fourth
angle COD is 90◦ too. Thus, if one of the four angles formed by two
intersecting lines (AC and BD, Figure 23) is right, then the other
three angles must be right as well.


23. A perpendicular and a slant. In the case when two
supplementary angles are not congruent to each other, their common
side (OB, Figure 24) is called a slant 1 to the line (AC) containing
the other two sides. When, however, the supplementary angles are
congruent (Figure 25) and when, therefore, each of the angles is right,
the common side is called a perpendicular to the line containing
the other two sides. The common vertex (O) is called the foot of
the slant in the first case, and the foot of the perpendicular in
the second.


C


BB


Figure 24 Figure 25
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Two lines (AC and BD, Figure 23) intersecting at a right angle
are called perpendicular to each other. The fact that the line AC
is perpendicular to the line BD is written: AC ⊥ BD.


Remarks. (1) If a perpendicular to a line AC (Figure 25) needs to
be drawn through a point O lying on this line, then the perpendicular
is said to be “erected” to the line AC, and if the perpendicular
needs to be drawn through a point B lying outside the line, then the
perpendicular is said to be “dropped” to the line (no matter if it is
upward, downward or sideways).


1Another name used for a slant is an oblique line.
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(2) Obviously, at any given point of a given line, on either side of
it, one can erect a perpendicular, and such a perpendicular is unique.


24. Let us prove that from any point lying outside a given
line one can drop a perpendicular to this line, and such
perpendicular is unique.


Let a line AB (Figure 26) and an arbitrary point M outside the
line be given. We need to show that, first, one can drop a perpendic-
ular from this point to AB, and second, that there is only one such
perpendicular.


Imagine that the diagram is folded so that the upper part of it
is identified with the lower part. Then the point M will take some
position N . Mark this position, unfold the diagram to the initial form
and then connect the points M and N by a line. Let us show now that
the resulting line MN is perpendicular to AB, and that any other
line passing through M , for example MD, is not perpendicular to
AB. For this, fold the diagram again. Then the point M will merge
with N again, and the points C and D will remain in their places.
Therefore the line MC will be identified with NC, and MD with
ND. It follows that ∠MCB = ∠BCN and ∠MDC = ∠CDN .


But the angles MCB and BCN are supplementary. Therefore
each of them is right, and hence MN ⊥ AB. Since MDN is not a
straight line (because there can be no two straight lines connecting
the points M and N), then the sum of the two congruent angles
MDC and CDN is not equal to 2d. Therefore the angle MDC is
not right, and hence MD is not perpendicular to AB. Thus one can
drop no other perpendicular from the point M to the line AB.


A B


M


C


Figure 26
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25. The drafting triangle. For practical construction of a per-
pendicular to a given line it is convenient to use a drafting triangle
made to have one of its angles right. To draw the perpendicular to a
line AB (Figure 27) through a point C lying on this line, or through
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a point D taken outside of this line, one can align a straightedge
with the line AB, the drafting triangle with the straightedge, and
then slide the triangle along the straightedge until the other side of
the right angle hits the point C or D, and then draw the line CE.


26. Vertical angles. Two angles are called vertical if the sides
of one of them form continuations of the sides of the other. For
instance, at the intersection of two lines AB and CD (Figure 28)
two pairs of vertical angles are formed: AOD and COB, AOC and
DOB (and four pairs of supplementary angles).


Two vertical angles are congruent to each other (for ex-
ample, ∠AOD = ∠BOC) since each of them is supplementary to the
same angle (to ∠DOB or to ∠AOC), and such angles, as we have
seen (§22), are congruent to each other.


O


A D
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C B
E


D


C


27. Angles that have a common vertex. It is useful to re-
member the following simple facts about angles that have a common
vertex:


(1) If the sum of several angles (AOB, BOC, COD, DOE, Figure
29) that have a common vertex is congruent to a straight angle, then
the sum is 2d, i.e. 180◦.


(2) If the sum of several angles (AOB, BOC, COD, DOE, EOA,
Figure 30) that have a common vertex is congruent to the full angle,
then it is 4d, i.e. 360◦.


(3) If two angles (AOB and BOC, Figure 24) have a common
vertex (O) and a common side (OB) and add up to 2d (i.e. 180◦),
then their two other sides (AO and OC) form continuations of each
other (i.e. such angles are supplementary).


EXERCISES


28. Is the sum of the angles 14◦24′44′′ and 75◦35′25′′ acute or obtuse?
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29. Five rays drawn from the same point divide the full angle into
five congruent parts. How many different angles do these five rays
form? Which of these angles are congruent to each other? Which of
them are acute? Obtuse? Find the degree measure of each of them.


30. Can both angles, whose sum is the straight angle, be acute?
obtuse?


31. Find the smallest number of acute (or obtuse) angles which add
up to the full angle.


32. An angle measures 38◦20′; find the measure of its supplementary
angles.


33. One of the angles formed by two intersecting lines is 2d/5. Find
the measures of the other three.


34. Find the measure of an angle which is congruent to twice its
supplementary one.


35. Two angles ABC and CBD having the common vertex B and
the common side BC are positioned in such a way that they do
not cover one another. The angle ABC = 100◦20′, and the angle
CBD = 79◦40′. Do the sides AB and BD form a straight line or a
bent one?


36. Two distinct rays, perpendicular to a given line, are erected at
a given point. Find the measure of the angle between these rays.


37. In the interior of an obtuse angle, two perpendiculars to its sides
are erected at the vertex. Find the measure of the obtuse angle, if
the angle between the perpendiculars is 4d/5.


Prove:


38. Bisectors of two supplementary angles are perpendicular to each
other.


39. Bisectors of two vertical angles are continuations of each other.


40. If at a point O of the line AB (Figure 28) two congruent angles
AOD and BOC are built on the opposites sides of AB, then their
sides OD and OC form a straight line.


41. If from the point O (Figure 28) rays OA, OB, OC and OD
are constructed in such a way that ∠AOC = ∠DOB and ∠AOD =
∠COB, then OB is the continuation of OA, and OD is the contin-
uation of OC.
Hint: Apply §27, statements 2 and 3.
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3 Mathematical propositions


28. Theorems, axioms, definitions. From what we have said
so far one can conclude that some geometric statements we consider
quite obvious (for example, the properties of planes and lines in §3
and §4) while some others are established by way of reasoning (for
example, the properties of supplementary angles in §22 and vertical
angles in §26). In geometry, this process of reasoning is a principal
way to discover properties of geometric figures. It would be instruc-
tive therefore to acquaint yourself with the forms of reasoning usual
in geometry.


All facts established in geometry are expressed in the form of
propositions. These propositions are divided into the following types.


Definitions. Definitions are propositions which explain what
meaning one attributes to a name or expression. For instance, we
have already encountered the definitions of central angle, right angle,
perpendicular lines, etc.


Axioms. Axioms 2 are those facts which are accepted without
proof. This includes, for example, some propositions we encountered
earlier (§4): through any two points there is a unique line; if two
points of a line lie in a given plane then all points of this line lie in
the same plane.


Let us also mention the following axioms which apply to any kind
of quantities:


if each of two quantities is equal to a third quantity, then these
two quantities are equal to each other;


if the same quantity is added to or subtracted from equal quan-
tities, then the equality remains true;


if the same quantity is added to or subtracted from unequal quan-
tities, then the inequality remains unchanged, i.e. the greater quan-
tity remains greater.


Theorems. Theorems are those propositions whose truth is
found only through a certain reasoning process (proof). The fol-
lowing propositions may serve as examples:


if in one circle or two congruent circles some central angles are
congruent, then the corresponding arcs are congruent;


if one of the four angles formed by two intersecting lines turns
out to be right, then the remaining three angles are right as well.


2In geometry, some axioms are traditionally called postulates.







3. Mathematical propositions 21


Corollaries. Corollaries are those propositions which follow di-
rectly from an axiom or a theorem. For instance, it follows from the
axiom “there is only one line passing through two points” that “two
lines can intersect at one point at most.”


29. The content of a theorem. In any theorem one can distin-
guish two parts: the hypothesis and the conclusion. The hypothesis
expresses what is considered given, the conclusion what is required
to prove. For example, in the theorem “if central angles are con-
gruent, then the corresponding arcs are congruent” the hypothesis
is the first part of the theorem: “if central angles are congruent,”
and the conclusion is the second part: “then the corresponding arcs
are congruent;” in other words, it is given (known to us) that the
central angles are congruent, and it is required to prove that under
this hypothesis the corresponding arcs are congruent.


The hypothesis and the conclusion of a theorem may sometimes
consist of several separate hypotheses and conclusions; for instance,
in the theorem “if a number is divisible by 2 and by 3, then it is
divisible by 6,” the hypothesis consists of two parts: “if a number is
divisible by 2” and “if the number is divisible by 3.”


It is useful to notice that any theorem can be rephrased in such
a way that the hypothesis will begin with the word “if,” and the
conclusion with the word “then.” For example, the theorem “vertical
angles are congruent” can be rephrased this way: “if two angles are
vertical, then they are congruent.”


30. The converse theorem. The theorem converse to a given
theorem is obtained by replacing the hypothesis of the given theorem
with the conclusion (or some part of the conclusion), and the con-
clusion with the hypothesis (or some part of the hypothesis) of the
given theorem. For instance, the following two theorems are converse
to each other:


If central angles are congru-
ent, then the corresponding arcs
are congruent.


If arcs are congruent, then
the corresponding central angles
are congruent.


If we call one of these theorems direct, then the other one should
be called converse.


In this example both theorems, the direct and the converse one,
turn out to be true. This is not always the case. For example the
theorem: “if two angles are vertical, then they are congruent” is true,
but the converse statement: “if two angles are congruent, then they
are vertical” is false.
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Indeed, suppose that in some angle the bisector is drawn (Figure
13). It divides the angle into two smaller ones. These smaller angles
are congruent to each other, but they are not vertical.


EXERCISES


42. Formulate definitions of supplementary angles (§22) and vertical
angles (§26) using the notion of sides of an angle.
43. Find in the text the definitions of an angle, its vertex and sides,
in terms of the notion of a ray drawn from a point.
44.� In Introduction, find the definitions of a ray and a straight seg-
ment in terms of the notions of a straight line and a point. Are there
definitions of a point, line, plane, surface, geometric solid? Why?
Remark: These are examples of geometric notions which are consid-
ered undefinable.
45. Is the following proposition from §6 a definition, axiom or theo-
rem: “Two segments are congruent if they can be laid one onto the
other so that their endpoints coincide”?
46. In the text, find the definitions of a geometric figure, and congru-
ent geometric figures. Are there definitions of congruent segments,
congruent arcs, congruent angles? Why?
47. Define a circle.
48. Formulate the proposition converse to the theorem: “If a number
is divisible by 2 and by 3, then it is divisible by 6.” Is the converse
proposition true? Why?
49. In the proposition from §10: “Two arcs of the same circle are
congruent if they can be aligned so that their endpoints coincide,”
separate the hypothesis from the conclusion, and state the converse
proposition. Is the converse proposition true? Why?
50. In the theorem: “Bisectors of supplementary angles are perpen-
dicular,” separate the hypothesis from the conclusion, and formulate
the converse proposition. Is the converse proposition true?
51. Give an example that disproves the proposition: “If the bisectors
of two angles with a common vertex are perpendicular, then the
angles are supplementary.” Is the converse proposition true?


4 Polygons and triangles


31. Broken lines. Straight segments not lying on the same line
are said to form a broken line (Figures 31, 32) if the endpoint of the
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first segment is the beginning of the second one, the endpoint of the
second segment is the beginning of the third one, and so on. These
segments are called sides, and the vertices of the angles formed by
the adjacent segments vertices of the broken line. A broken line is
denoted by the row of letters labeling its vertices and endpoints; for
instance, one says: “the broken line ABCDE.”


A broken line is called convex if it lies on one side of each of
its segments continued indefinitely in both directions. For example,
the broken line shown in Figure 31 is convex while the one shown in
Figure 32 is not (it lies not on one side of the line BC).


B D
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Figure 31
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Figure 32
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A broken line whose endpoints coincide is called closed (e.g. the
lines ABCDE or ADCBE in Figure 33). A closed broken line may
have self-intersections. For instance, in Figure 33, the line ADCBE
is self-intersecting, while ABCDE is not.


Figure 33
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32. Polygons. The figure formed by a non-self-intersecting
closed broken line together with the part of the plane bounded by







24 Chapter 1. THE STRAIGHT LINE


this line is called a polygon (Figure 33). The sides and vertices
of this broken line are called respectively sides and vertices of
the polygon, and the angles formed by each two adjacent sides (in-
terior) angles of the polygon. More precisely, the interior of a
polygon’s angle is considered that side which contains the interior
part of the polygon in the vicinity of the vertex. For instance, the
angle at the vertex P of the polygon MNPQRS is the angle greater
than 2d (with the interior region shaded in Figure 33). The broken
line itself is called the boundary of the polygon, and the segment
congruent to the sum of all of its sides — the perimeter. A half of
the perimeter is often referred to as the semiperimeter.


A polygon is called convex if it is bounded by a convex broken
line. For example, the polygon ABCDE shown in Figure 33 is convex
while the polygon MNPQRS is not. We will mainly consider convex
polygons.


Any segment (like AD, BE, MR, . . . , Figure 33) which connects
two vertices not belonging to the same side of a polygon is called a
diagonal of the polygon.


The smallest number of sides in a polygon is three. Polygons are
named according to the number of their sides: triangles, quadri-
laterals, pentagons, hexagons, and so on.


The word “triangle” will often be replaced by the symbol �.
33. Types of triangles. Triangles are classified by relative


lengths of their sides and by the magnitude of their angles. With
respect to the lengths of sides, triangles can be scalene (Figure 34)
— when all three sides have different lengths, isosceles (Figure 35)
— when two sides are congruent, and equilateral (Figure 36) —
when all three sides are congruent.


Figure 36Figure 34 Figure 35


With respect to the magnitude of angles, triangles can be acute
(Figure 34) — when all three angles are acute, right (Figure 37) —
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when among the angles there is a right one, and obtuse (Figure 38)
— when among the angles there is an obtuse one. 3


Figure 38
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Figure 37


In a right triangle, the sides of the right angle are called legs,
and the side opposite to the right angle the hypotenuse.


34. Important lines in a triangle. One of a triangle’s sides
is often referred to as the base, in which case the opposite vertex is
called the vertex of the triangle, and the other two sides are called
lateral. Then the perpendicular dropped from the vertex to the base
or to its continuation is called an altitude. Thus, if in the triangle
ABC (Figure 39), the side AC is taken for the base, then B is the
vertex, and BD is the altitude.
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Figure 39
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The segment (BE, Figure 39) connecting the vertex of a triangle
with the midpoint of the base is called a median. The segment (BF )
dividing the angle at the vertex into halves is called a bisector of
the triangle (which generally speaking differs from both the median
and the altitude).


3We will see in §43 that a triangle may have at most one right or obtuse angle.
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Any triangle has three altitudes, three medians, and three bi-
sectors, since each side of the triangle can take on the role of the
base.


In an isosceles triangle, usually the side other than each of the
two congruent ones is called the base. Respectively, the vertex of an
isosceles triangle is the vertex of that angle which is formed by the
congruent sides.


EXERCISES


52. Four points on the plane are vertices of three different quadri-
laterals. How can this happen?
53. Can a convex broken line self-intersect?
54. Is it possible to tile the entire plane by non-overlapping polygons
all of whose angles contain 140◦ each?
55. Prove that each diagonal of a quadrilateral either lies entirely in
its interior, or entirely in its exterior. Give an example of a pentagon
for which this is false.
56. Prove that a closed convex broken line is the boundary of a
polygon.
57. Is an equilateral triangle considered isosceles? Is an isosceles
triangle considered scalene?
58.� How many intersection points can three straight lines have?
59. Prove that in a right triangle, three altitudes pass through a
common point.
60. Show that in any triangle, every two medians intersect. Is the
same true for every two bisectors? altitudes?
61. Give an example of a triangle such that only one of its altitudes
lies in its interior.


5 Isosceles triangles and symmetry


35. Theorems.
(1) In an isosceles triangle, the bisector of the angle at


the vertex is at the same time the median and the altitude.


(2) In an isosceles triangle, the angles at the base are
congruent.


Let �ABC (Figure 40) be isosceles, and let the line BD be the
bisector of the angle B at the vertex of the triangle. It is required to
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prove that this bisector BD is also the median and the altitude.
Imagine that the diagram is folded along the line BD so that


∠ABD falls onto ∠CBD. Then, due to congruence of the angles 1
and 2, the side AB will fall onto the side CB, and due to congruence
of these sides, the point A will merge with C. Therefore DA will
coincide with DC, the angle 3 will coincide with the angle 4, and the
angle 5 with 6. Therefore


DA = DC, ∠3 = ∠4, and ∠5 = ∠6.


It follows from DA = DC that BD is the median. It follows from
the congruence of the angles 3 and 4 that these angles are right, and
hence BD is the altitude of the triangle. Finally, the angles 5 and 6
at the base of the triangle are congruent.


Figure 40
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36. Corollary. We see that in the isosceles triangle ABC (Fig-
ure 40) the very same line BD possesses four properties: it is the
bisector drawn from the vertex, the median to the base, the altitude
dropped from the vertex to the base, and finally the perpendicular
erected from the base at its midpoint.


Since each of these properties determines the position of the line
BD unambiguously, then the validity of any of them implies all the
others. For example, the altitude dropped to the base of an isosceles
triangle is at the same time its bisector drawn from the vertex, the
median to the base, and the perpendicular erected at its midpoint.


37. Axial symmetry. If two points (A and A′, Figure 41) are
situated on the opposite sides of a line a, on the same perpendicular
to this line, and the same distance away from the foot of the perpen-
dicular (i.e. if AF is congruent to FA′), then such points are called
symmetric about the line a.
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Two figures (or two parts of the same figure) are called symmetric
about a line if for each point of one figure (A, B, C, D, E, . . . , Figure
41) the point symmetric to it about this line ( A′, B′, C ′, D′, E′, . . . )
belongs to the other figure, and vice versa. A figure is said to have
an axis of symmetry a if this figure is symmetric to itself about
the line a, i.e. if for any point of the figure the symmetric point also
belongs to the figure.


Figure 42
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For example, we have seen that the isosceles triangle ABC (Fig-
ure 42) is divided by the bisector BD into two triangles (left and
right) which can be identified with each other by folding the dia-
gram along the bisector. One can conclude from this that whatever
point is taken on the left half of the isosceles triangle, one can always
find the point symmetric to it in the right half. For instance, on the
side AB, take a point M . Mark on the side BC the segment BM ′
congruent to BM . We obtain the point M ′ in the triangle symmet-
ric to M about the axis BD. Indeed, �MBM ′ is isosceles since
BM = BM ′. Let F denote the intersection point of the segment
MM ′ with the bisector BD of the angle B. Then BK is the bisector
in the isosceles triangle MBM ′. By §35 it is also the altitude and the
median. Therefore MM ′ is perpendicular to BD, and MF = M ′F ,
i.e. M and M ′ are situated on the opposite sides of BD, on the same
perpendicular to BD, and the same distance away from its foot F .
Thus in an isosceles triangle, the bisector of the angle at the
vertex is an axis of symmetry of the triangle.


38. Remarks. (1) Two symmetric figures can be superimposed
by rotating one of them in space about the axis of symmetry until
the rotated figure falls into the original plane again. Conversely, if
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two figures can be identified with each other by turning the plane
in space about a line lying in the plane, then these two figures are
symmetric about this line.


(2) Although symmetric figures can be superimposed, they are
not identical in their position in the plane. This should be understood
in the following sense: in order to superimpose two symmetric figures
it is necessary to flip one of them around and therefore to pull it off
the plane temporarily; if however a figure is bound to remain in the
plane, no motion can generally speaking identify it with the figure
symmetric to it about a line. For example, Figure 43 shows two pairs
of symmetric letters:“b” and “d,” and “p” and “q.” By rotating the
letters inside the page one can transform “b” into “q,” and “d” into
“p,” but it is impossible to identify “b” or “q” with “d” or “p”
without lifting the symbols off the page.


(3) Axial symmetry is frequently found in nature (Figure 44).


Figure 44Figure 43


EXERCISES


62. How many axes of symmetry does an equilateral triangle have?
How about an isosceles triangle which is not equilateral?
63.� How many axes of symmetry can a quadrilateral have?
64. A kite is a quadrilateral symmetric about a diagonal. Give an
example of: (a) a kite; (b) a quadrilateral which is not a kite but has
an axis of symmetry.
65. Can a pentagon have an axis of symmetry passing through two
(one, none) of its vertices?
66.� Two points A and B are given on the same side of a line MN .
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Find a point C on MN such that the line MN would make congruent
angles with the sides of the broken line ACB.


Prove theorems:


67. In an isosceles triangle, two medians are congruent, two bisectors
are congruent, two altitudes are congruent.
68. If from the midpoint of each of the congruent sides of an isosceles
triangle, the segment perpendicular to this side is erected and con-
tinued to its intersection with the other of the congruent sides of the
triangle, then these two segments are congruent.
69. A line perpendicular to the bisector of an angle cuts off congruent
segments on its sides.
70. An equilateral triangle is equiangular (i.e. all of its angles are
congruent).
71. Vertical angles are symmetric to each other with respect to the
bisector of their supplementary angles.
72. A triangle that has two axes of symmetry has three axes of
symmetry.
73. A quadrilateral is a kite if it has an axis of symmetry passing
through a vertex.
74. Diagonals of a kite are perpendicular.


6 Congruence tests for triangles


39. Preliminaries. As we know, two geometric figures are called
congruent if they can be identified with each other by superimposing.
Of course, in the identified triangles, all their corresponding elements,
such as sides, angles, altitudes, medians and bisectors, are congruent.
However, in order to ascertain that two triangles are congruent, there
is no need to establish congruence of all their corresponding elements.
It suffices only to verify congruence of some of them.


40. Theorems. 4


(1) SAS-test: If two sides and the angle enclosed by them
in one triangle are congruent respectively to two sides and
the angle enclosed by them in another triangle, then such
triangles are congruent.


(2) ASA-test: If one side and two angles adjacent to it in
one triangle are congruent respectively to one side and two


4SAS stands for “side–angle–side”, ASA for “angle-side-angle, and of course
SSS for “side-side-side.”
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angles adjacent to it in another triangle, then such triangles
are congruent.


(3) SSS-test: If three sides of one triangle are congruent
respectively to three sides of another triangle, then such
triangles are congruent.


B’


Figure 45
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(1) Let ABC and A′B′C ′ be two triangles (Figure 45) such that


AC = A′C ′, AB = A′B′, ∠A = ∠A′.


It is required to prove that these triangles are congruent.
Superimpose �ABC onto �A′B′C ′ in such a way that A would


coincide with A′, the side AC would go along A′C ′, and the side AB
would lie on the same side of A′C ′ as A′B′. 5 Then: since AC is
congruent to A′C ′, the point C will merge with C ′; due to congruence
of ∠A and ∠A′, the side AB will go along A′B′, and due to congruence
of these sides, the point B will merge with B′. Therefore the side
BC will coincide with B′C ′ (since two points can be joined by only
one line), and hence the entire triangles will be identified with each
other. Thus they are congruent.


(2) Let ABC and A′B′C ′ (Figure 46) be two triangles such that


∠C = ∠C ′, ∠B = ∠B′, CB = C ′B′.


It is required to prove that these triangles are congruent. Superim-
pose �ABC onto �A′B′C ′ in such a way that the point C would
coincide with C ′, the side CB would go along C ′B′, and the vertex A
would lie on the same side of C ′B′ as A′. Then: since CB is congru-
ent to C ′B′, the point B will merge with B′, and due to congruence of


5For this and some other operations in this section it might be necessary to
flip the triangle over.
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the angles B and B′, and C and C ′, the side BA will go along B′A′,
and the side CA will go along C ′A′. Since two lines can intersect
only at one point, the vertex A will have to merge with A′. Thus the
triangles are identified and are therefore congruent.


Figure 46


A


B C’


A’


B’C


(3) Let ABC and A′B′C ′ be two triangles such that


AB = A′B′, BC = B′C ′, CA = C ′A′.


It is required to prove that these triangles are congruent. Proving
this test by superimposing, the same way as we proved the first
two tests, turns out to be awkward, because knowing nothing about
the measure of the angles, we would not be able to conclude from
coincidence of two corresponding sides that the other sides coincide
as well. Instead of superimposing, let us apply juxtaposing.


Juxtapose �ABC and �A′B′C ′ in such a way that their congru-
ent sides AC and A′C ′ would coincide (i.e. A would merge with A′
and C with C ′), and the vertices B and B′ would lie on the oppo-
site sides of A′C ′. Then �ABC will occupy the position �A′B′′C ′
(Figure 47). Joining the vertices B′ and B′′ we obtain two isosceles
triangles B′A′B′′ and B′C ′B′′ with the common base B′B′′. But in an
isosceles triangle, the angles at the base are congruent (§35). There-
fore ∠1 = ∠2 and ∠3 = ∠4, and hence ∠A′B′C ′ = ∠A′B′′C ′ = ∠B.
But then the given triangles must be congruent, since two sides and
the angle enclosed by them in one triangle are congruent respectively
to two sides and the angle enclosed by them in the other triangle.


Remark. In congruent triangles, congruent angles are opposed
to congruent sides, and conversely, congruent sides are opposed to
congruent angles.


The congruence tests just proved, and the skill of recognizing
congruent triangles by the above criteria facilitate solutions to many
geometry problems and are necessary in the proofs of many theo-
rems. These congruence tests are the principal means in discovering
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properties of complex geometric figures. The reader will have many
occasions to see this.


2


Figure 47
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EXERCISES


75. Prove that a triangle that has two congruent angles is isosceles.
76. In a given triangle, an altitude is a bisector. Prove that the
triangle is isosceles.
77. In a given triangle, an altitude is a median. Prove that the
triangle is isosceles.
78. On each side of an equilateral triangle ABC, congruent segments
AB′, BC ′, and AC ′ are marked, and the points A′, B′, and C ′ are
connected by lines. Prove that the triangle A′B′C ′ is also equilateral.
79. Suppose that an angle, its bisector, and one side of this angle in
one triangle are respectively congruent to an angle, its bisector, and
one side of this angle in another triangle. Prove that such triangles
are congruent.
80. Prove that if two sides and the median drawn to the first of
them in one triangle are respectively congruent to two sides and the
median drawn to the first of them in another triangle, then such
triangles are congruent.
81. Give an example of two non-congruent triangles such that two
sides and one angle of one triangle are respectively congruent to two
sides and one angle of the other triangle.
82.� On one side of an angle A, the segments AB and AC are marked,
and on the other side the segments AB′ = AB and AC ′ = AC. Prove
that the lines BC ′ and B′C meet on the bisector of the angle A.
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Sample Solutions
1. Find the composition of two rotations: the rotation in the counter-

clockwise direction about a point A by angle 120◦ followed by the rotation
in the counterclockwise direction about a point B by angle 120◦: prove that
this is a rotation, find the center and angle of this rotation.

Solution

A B

C
Consider an equilateral triangle4ABC such that A,B and C are oriented

clockwise (see the picture). Then, by Theorem 8 from the lecture notes,
RotA,120◦ = RAB ◦RAC and RotB,120◦ = RBC ◦RAB. Thus the composition is
RotB,120◦◦RotA,120◦ = (RBC◦RAB)◦(RAB◦RAC) = RBC◦(RAB◦RAB)◦RAC =
RBC ◦RAC = RotC,−120◦ . We see that the composition is the rotation around
C in the clockwise direction by angle 120◦.

2. Prove that a composition of two translations is a translation. What is
the vector of translation for the composition?

Solution

1



A B

A' B'

B''A''

v1v1

v2v2

v1+v2 v1+v2

Denote the two translations by Tv1 and Tv2 . Pick any two distinct points
A and B. Let A′ = Tv1(A), B′ = Tv1(B) and A′′ = Tv2(A

′), B′′ = Tv2(B
′).

By definition of translations, ABB′A′ and A′B′B′′A′′ are parallelograms.
Therefore AB = A′B′ = A′′B′′ and all these segments are parallel. Thus
ABB′′A′′ is also a parallelogram and Tv2◦Tv1 is a translation. The translation
vector is the sum v1 + v2.

4. Prove that a composition of a rotation and a translation is a rotation.
(This is true for any order of the rotation/translation; you can assume that
the rotation is performed first.)

Solution

2



L1

L2
L3

A

A'

v/2

α/2

α/2

Let Tv and RotA,α be given isometries. We can write the translation
Tv = Rl2 ◦Rl1 as a composition of reflections with respect to two lines l1 and
l2 that are perpendicular to v and at distance |v|/2 apart. We may assume
that l1 passes through the origin A of the rotation RotA,α. We can also write
RotA,α = Rl1 ◦Rl3 as a composition of reflections with respect to two lines l3
and l1 which intersect at A and form an angle α/2. Then the composition is
Tv ◦RotA,α = (Rl2 ◦Rl1) ◦ (Rl1 ◦Rl3) = Rl2 ◦Rl3 . We know that the latter is
the rotation with angle α about the intersection point A′ of l2 and l3.

3



MAT515. Final topics

Here is the list of topics recommended for review.

1. Theorem about vertical angles, section 26.
2. Existence and uniqueness of perpendicular to a line from a point, sec-

tions 24, 65 and 66.
3. Theorems about isosceles triangles and their properties, sections 35,

36.
4. Congruence tests for triangles section 40.
5. Inequality between exterior and interior angles in a triangle, sections

41 - 43.
6. Relations between sides and opposite angles sections 44 - 45.
7. Triangle inequality and its corollaries, sections 48 and 49.
8. Perpendicular and slants, sections 51 - 53.
9. Segment and angle bisectors, sections 56 and 57.

10. Basic construction problems, sections 61 - 69.
11. Tests for parallel lines, section section 73.
12. The parallel postulate, sections 75 and 76.
13. Angles formed by parallel lines and a transversal, sections 77 and 78.
14. Angles with respectively parallel sides, section 78.
15. Angles with respectively perpendicular sides, section 79.
16. The sum of interior angles in a triangle, section 81.
17. The sum of interior angles in a convex polygon, section 82.
18. Properties of a parallelogram, sections 85 - 87.
19. Special types of parallelograms and their properties, sections 90 - 92.
20. The midline theorem, sections 93, 94, 95.
21. The midline of trapezoid, sections 96, 97.
22. Existence and uniqueness of a circle passing through three points, sec-

tions 103, 104.
23. Constructions that use isometries, sections 98 - 101
24. Theorems about inscribed angles, section 123.
25. Corollaries of the theorem about inscribed angles, sections 125,126.
26. Constructions using theorems about inscribed angles, sections 127 -

130, 133.
27. Inscribed and circumscribed circles, sections 136, 137.
28. Concurrency points in a triangle, sections 140 - 142.
29. Mensurability, sections 143-153.
30. Lectures on isometries by Olga Plamenevskaya.
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Sample Solutions
332. If one side, say a, is a common measure of the other two sides, then

they can be written as na and ma for some positive integers m,n. If n < m,
then n+ 1 ≤ m and a+ na = (n+ 1)a ≤ ma which contradicts the triangle
inequality. Similarly n > m is impossible as well. We conclude that m = n
and ma = na so the triangle is isosceles.

334.

O

Connect the vertices of the hexagon to the center O of the circumscribed
circle. We get 6 triangles which are all isosceles with lateral sides congruent
to the radius of the circle. Since all bases are also congruent by assumption,
all triangles are congruent by SSS-test. In particular, the 6 angles at vertex
O are all congruent and, hence, equal to 360◦/6 = 60◦. Then the lateral
angles in each triangle are congruent to (180◦ − 60◦)/2 = 60◦. We see that
all sides of the hexagon are congruent to the radius of the circle and the
perimeter of the hexagon is 3 time larger then the diameter of the circle.

1



343.

A

B
C

DE

60

60 30

30

30

By assumptions 6 BAD = 60◦. Then 6 ABC = 180◦ − 6 BAD = 120◦

and 6 ABD = 3/46 ABC = 90◦. Construct a line BE with E on AD such
that 6 ABE = 60◦. Then 6 EBD = 6 ABD − 6 ABE = 30◦ and 6 ADB =
180◦− 6 DAB− 6 ABD = 30◦. We see that4ABE is equilateral and4BED
is isosceles and AB = AE = BE = ED. Thus AD = AE + ED = 2AB.

2
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Makeup Midterm Solutions

1



1. Prove that in a triangle, the angle opposite to a greater side is greater
than the angle opposite to a smaller side.

Solution. See Section 44 in the textbook.

2



2. Let O be a point in the interior of a square ABCD. Prove that
AO +BO ≤ 3AB.

A B

CD

O

E
Let E be a point on CD such that O is in the interior of 4AEB. For

example, we can take E such that OE||BC. Then we can prove that AO +
BO < AE+BE (see the solution of Question 2 from the previous midterm).
Applying the triangle inequality to 4BCE and 4ADE we get AE < AD+
DE and BE < BC + CE. We conclude

AO+BO < AE +BE < AD+BC +DE +CE = AD+BC +CD = 3AB,

as all sides of the square are congruent.
Remark. Please note that while we add inequalities in the way a < b

and c < d implies a + c < b + d, you can not subtract them the same way!
These two inequalities imply a− d < b− c and do not imply a− c < a− d.

3



3. Given two parallel lines l1 and l2, find a geometric locus of midpoints
of all segments AB such that A is on the line l1 and B is on the line l2.

Solution. The geometric locus is the line l3 that is parallel and equidis-
tant to l1 and l2.

l

l

l

1

2

3

A

BC

MD

I. Suppose M is a midpoint of some AB with A ∈ l1 and B ∈ l2. Drop
a perpendicular AC from a to l2. Then l3, by its definition, passes through
the middle D of AC and is parallel to BC = l2. Therefore l3 intersects AB
in the midpoint M and thus M is on l3.

II. On the other hand, every point point M on l3 is the midpoint of the
segment with endpoints on l1 and l2 which is perpendicular to both lines and
passes through M .

4



4. In a triangle, draw a line parallel to its base and such that the line
segment contained between the lateral sides is congruent to the sum of the
segments cut out on the lateral sides and adjacent to the base.

Solution.

A

B C

D
E F

I. Construction. Construct angle bisectors of 6 B and 6 C. Denote by
D their intersection point and construct the line that is parallel to BC and
passes through D.

II. Justification. Denote by E and F the intersection points of the con-
structed line with sides AB and AC respectively. By construction, EF ||BC.
Angles 6 CBD and 6 BDE are alternating, hence congruent. Since BD is
the bisector of 6 B we have 6 EBD = 6 CBD = 6 BDE. Therefore 4EBD
is isosceles: EB = ED. Similar reasoning yields DF = FC. We conclude
EF = ED +DF = BE + FC as required.

III. Research. Since two bisectors always intersect in a unique point in
the interior of the triangle, for any triangle there is a unique solution.

5



5. Construct a trapezoid given all of its sides.
Solution. Let a, b, c, d be the given sides, where a, c are the two bases

and b, d are lateral sides. Without loss of generality assume a is longer than
c.

A

B C

DE
I. Construction.
1. Construct a triangle ABE with AB = b, BE = d and AE = a − c.

2. Extend AE past E and mark a point D on AE such that ED = c. 3.
Construct a line parallel to AD through B and a line parallel to BE trough
D. Denote the intersection of the two lines by C. 4. ABCD is the required
trapezoid.

II. Justification. By construction BCED is a parallelogram. Therefore
CD = BE = d and BC = ED = c. Also AD = AE +ED = (a− c) + c = a
and AB = b. Since BC is parallel to AD, ABCD is a trapezoid.

III. Research. The exists a unique solution if and only if b, d and a− c
form a triangle, that is satisfy the triangle inequalities (b+d > a−c, d+a−c >
b and b+ a− c > d).

6



6. Construct a quadrilateral, given its diagonals, two adjacent sides, and
the angle between the two remaining sides.

Solution. We want to construct a quadrilateral ABCD such that AB =
a,AD = b, AC = c, BD = d and 6 C = α.

A

B

C

D

C'

E

O

I. Construction.
1. Construct a triangle ABD with AB = a, AD = b and BD = d. 2.

Construct an angle DBE congruent to α in the same halfplane as A with

7



respect to BD. 3. Construct a line perpendicular to BE and passing through
B and denote by O the point where it intersects the median bisector of BD.
4. Draw a circle C1 about O with radius BO and a circle C2 about A with
radius c. 4. Denote by C an intersection point of the two circles. ABCD
satisfies the conditions of the problem.

II. Justification. By construction AB = a, AD = b, AC = c and
BD = d. Since O is on the median bisector of BD, BO = BD and D lies on
C1. Then 6 BCD is inscribed in C1 and subtends the same arc as the angle
6 EBD between a chord and a tangent line. Therefore 6 BCD = 6 BED = α.

III. Research. Any intersection point of circles C1 and C2 will work.
The problem can have 0,1,2 or infinitely many different solutions depending
on whether these circles are disjoint, tangent, intersecting or coincide.

8
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Name:

This is a closed book, closed notes test. No consultations with others.
Calculators are not allowed.

Please turn off and take off the desk cell phones, pagers, etc. Only the
exam and pens/pencils should be on your desk.

Please explain all your answers, show all work, and give careful proofs.
Answers without explanation will receive little credit.

The problems are not in the order of difficulty. You may want to look
through the exam and do the easier questions first.

DO NOT TURN THIS PAGE UNTIL INSTRUCTED TO DO
SO

Please do not write in this table

1 2 3 4 5 Total
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1. Formulate and prove the midline theorem.
Solution. See section 95 of the book.

2



2. Let O be a point in the interior of a triangle ABC. Prove
that AO + BO ≤ AC + BC.

Solution.

O

A

B

C

D

Extend AO beyond O and mark the intersection point D

of AO and BC. Using the triangle inequality in 4BOD and
4ACD we get

BO ≤ DO + BD

and
AD ≤ AC + CD.

Noticing that AD = AO+DO and BC = BD+CD we take
the sum of the previous inequalities:

AO+BO+DO = BO+AD ≤ DO+BD+AC+CD = DO+BC+AC.

Subtracting DO from both sides we get the desired result.

3



3. Construct a triangle ABC, given an angle congruent to its
interior angle at vertex A, a segment congruent to the median
AM , and a segment congruent to the side BC. (You may use,
without a detailed description, the following elementary con-
structions: segment and angle bisection, raising a perpendicular
at a point on the line, dropping a perpendicular from a point
not on the line, constructing segments and angles congruent to
given ones.)

Solution.

B C

A

M

O

x

Y

I. Construction.
1. Construct a segment BC congruent to a given one.
2. Construct a ray BX such that 6 XBC is congruent to the

given angle.
3. Construct a line BY which is perpendicular to BX.
4. Construct the median bisector of BC and find its inter-

section M with BC (the middle of BC) and O with BY .
5. Construct circle C1 using M as a center and the given

4



length of the median as a radius.
6. Construct circle C2 using O as a center and OB as a radius.
7. Mark A one of the intersection points of the two circles.

Connect A to B and C to get the triangle 4ABC.
II. Proof.
By construction BC and AM are congruent to the given seg-

ments. Since BO is a radius of C2 and BO ⊥ BX by con-
struction, the line BX is tangent to C2 and 6 XBC is an angle
between a tangent and a chord, so it is congruent to the angle
6 A which is inscribed in C2 and subtends the same arc. There-
fore, 6 A = 6 XBC and the latter was constructed congruent to
the given angle.

III. Research. When C1 and C2 intersect in two points,
the two intersection points are symmetric with respect to the
median bisector of BC and will produce congruent triangles, so
in this case the solution is unique. When C1 and C2 are tangent
the solution is also unique. If C1 and C2 do not intersect there
are no solutions. When 6 A = 90◦ and AM = 1/2BC, the two
circles coincide and we get infinitely many solutions: in this case
any right triangle with hypotenuse BC is a solution.

5



4. Find a geometric locus of midpoints of all segments AB
such that A and B belong to a given line l.

Solution. The geometric locus is the line l itself.
1. If M is a midpoint of a segment AB with A and B on

l, then, in particular, M is on the line AB = l. Therefore the
geometric locus is a subset of l.

2. If M is on l, take any point A on l different from M and
construct a segment BM congruent to AM on the other side of
line l (in other words reflect A with respect to M). Then by
construction M is the middle of AB and both A and B are on
l. We conclude that every point on l is in the geometric locus.

6



5. Construct a parallelogram, given its diagonals and an al-
titude.

Solution.

A

C

X

Y

m

n

O

D

B

I. Construction.
1. Take an arbitrary line m and a point X on m.
2. Construct a perpendicular to m at X and mark a point

Y on that perpendicular so that XY is congruent to the given
altitude.

3. Construct a line n perpendicular to the line XY and going
trough Y .

4. Take a point A on m and swing an arc of radius congruent
to the first given diagonal. Mark the intersection point C of
that arc with the line n.

5. Construct the midpoint O of the segment AC.
6. Bisect the second given diagonal. Construct a circle about

O using half of this diagonal as a radius.
7. Mark one of the intersection points of the circle with m as

B. Mark as D the point that is diametrically opposite to B on
the circle. Connect ABCD to get the desired parallelogram.

II. Proof.
If CH is an altitude of ABCD then H must lie on line AB

which is the same as m. Hence, CHXY is a rectangle yielding

7



CH = XY . Thus, the altitude CH of ABCD is congruent to
the given segment. The diagonals AC and BD are congruent
to the given segments by construction. Since the diagonals of
ABCD bisect each other, ABCD is indeed a parallelogram.

III. Research.
If either of the diagonals is shorter than the altitude, there

are clearly no solutions because in a right triangle a hypotenuse
is always longer than a leg. If the constructed circle intersects
the line m in two points that are both distinct from A, we get
two different solutions (in the picture one is red and the other
one is blue). When the two diagonals are congruent, one of the
intersection points will coincide with A and the solution will be
a unique rectangle. The circle will be tangent to m if and only
if the second diagonal is congruent to the altitude; in that case
we also get a unique solution.

8
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2

1. Consider an isosceles triangle ABC (where AC is the base), and let
CD be the bisector of the angle C. Suppose that the angle ADC is
150 degrees. Find angles of the triangle ABC.



3

2. Four houses A, B, C, D form vertices of a square. The residents
would like to dig a well at a point W such that the sum of distances
AW +BW +CW +DW from all the houses to the well is the smallest
possible. Where should they dig the well?



4

3. Using a straightedge and a compass, construct a rhombus whose
diagonals are congruent to the two given segments. Justify your con-
struction.

(You can use, without a detailed description, the following elemen-
tary constructions: segment and angle bisection, raising a perpendicu-
lar at a point on the line, dropping a perpendicular from a point not on
the line, constructing segments and angles congruent to given ones.)



5

4. Let the chords AB and CD of the given circle be congruent. Extend
the chord AB past the point B, the chord CD past C, and suppose
that the resulting two rays intersect at the point P . Prove that the
triangles APD and BPC are isosceles.



Isometries.

Congruence mappings as isometries. The notion of isometry is a general notion
commonly accepted in mathematics. It means a mapping which preserves distances.
The word metric is a synonym to the word distance. We will study isometries of the
plane. In fact, we have already encountered them, when we superimposed a plane
onto itself in various ways (eg by reflections or rotations) to prove congruence of
triangles and such. We now show that each isometry is a “congruence mapping” like
that.

Theorem 1. An isometry maps
(i) straight lines to straight lines;
(ii) segments to congruent segments;
(iii) triangles to congruent triangles;
(iv) angles to congruent angles.

Proof. Let’s show that an isometry S maps a segment AB to segment S(A)S(B) which
is congruent to AB. It is clear (from the definition of isometry) that the distance
between S(A) and S(B) is the same as the distance between A and B. However,
we need to check that the image of AB will indeed be a straight line segment. To
do so, pick an arbitrary point X on AB. Then S(A)S(B) = AB = AX + XB =
S(A)S(X)+S(X)S(B), and by the triangle inequality the point S(X) must be on the
segment S(A)S(B) (otherwise we would have S(A)S(X) + S(X)S(B) > S(A)S(B).
So image of the segment AB lies in the segment S(A)S(B), and indeed, covers the
whole of S(A)S(B) without leaving any holes: if X ′ is a point on S(A)S(B), find X
on AB such that XA = X ′S(A), XB = X ′S(B), then S(X) = X ′. ¤

Examples of isometries. We have encountered quite a few examples before: re-
flections, rotations, and translations are all isometries. (It is pretty easy to see that
the distances are preserved in each case: for instance, a reflection Rl through the line
l maps any segment AB to a symmetric, and thus congruent, segment A′B′.) Let’s
look at some examples more closely.

Translations and central symmetries. A map of the plane to itself is called a
translation if, for some fixed points A and B, it maps a point X to a point T (X) such
that ABT (X)X is a parallelogram. (Note the order of points!)

Here we have to be careful with the notion of parallelogram, because a parallelogram
may degenerate to a figure in a line. Not any degenerate quadrilateral fitting in a line
deserves to be called a parallelogram, although any two sides of such a degenerate
quadrilateral are parallel. By a parallelogram we mean a sequence of four segments
KL, LM , MN and MK such that KL is congruent and parallel to MN and LM is
congruent and parallel to MK. This definition describes the usual parallelograms, for
which congruence can be deduced from parallelness and vice versa, and the degenerate
parallelograms.

1
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Theorem 2. For any points A and B there exists a translation mapping A to B. A
translation is an isometry.

Proof. Any three points A, B and X can be completed in a unique way to a par-
allelogram ABX ′X. Define T (X) = X ′. For any points X, Y the quadrilateral
XY T (Y )T (X) is a parallelogram, since XT (X)||AB||Y T (Y ). Therefore, XY =
T (X)T (Y ), so T is an isometry. ¤

Denote by TAB the translation which maps A to B.

Theorem 3. The composition of any two translations is a translation.

Proof. Exercise. ¤
Theorem 3 means that TBC ◦ TAB = TAC .
Fix a point O. A map of the plane to itself which maps a point A to a point B

such that O is a midpoint of the segment AB is called the symmetry about a point O.

Theorem 4. A symmetry about a point is an isometry.

Proof. SAS-test for congruent triangles (extended appropriately to degenerate trian-
gles.) ¤
Theorem 5. The composition of any two symmetries in a point is a translation.
More precisely, SB ◦ SA = T

2
−→
AB

, where SX denotes the symmetry about point X.

Proof. Exercise. ¤
Remark. The equality

SB ◦ SA = T
2
−→
AB

implies a couple of other useful equalities. Namely, compose both sides of this equality
with SB from the left:

SB ◦ SB ◦ SA = SB ◦ T
2
−→
AB

Since SB ◦ SB is the identity, it can be rewritten as

SA = SB ◦ T
2
−→
AB

.

Similarly, but multiplying by SA from the right, we get

SB = T
2
−→
AB

◦ SA.

Corollary. The composition of an even number of symmetries in points is a trans-
lation; the composition of an odd number of symmetries in points is a symmetry in a
point.

Remark. In general, it is clear that a composition of isometries is an isometry:
if each mapping keeps distances the same, their composition also will. It is trickier,
however, to see the resulting isometry explicitly; we will prove a few theorems related
to compositions of isometries. To practice with compositions, consider, for example,
a reflection about a line l and a rotation by 90◦ counterclockwise about a point



3

O ∈ l. When composed in different order (rotation followed by reflection vs reflection
followed by rotation), these yield reflections about different lines. The proof that
the composition is a reflection can be obtained by an explicit examination of which
points go where; by Theorem 6 , it suffice to examine 3 non-collinear points.

Recovering an isometry from the image of three points.

Theorem 6. An isometry of the plane can be recovered from its restriction to any
triple of non-collinear points.

Proof. Given images A′, B′ and C ′ of non-collinear points A, B, C under and isometry,
let us find the image of an arbitrary point X. Using a compass, draw circles cA and
cB centered at A′ and B′ of radii congruent to AX and BX, respectively. They
intersect in at least one point, because segments AB and A′B′ are congruent and the
circles centered at A and B with the same radii intersect at X. There may be two
intersection point. The image of X must be one of them. In order to choose the right
one, measure the distance between C and S and choose the intersection point X ′ of
the circles cA and cB such that C ′X ′ is congruent to CX. ¤

In fact, there are exactly two isometries with the same restriction to a pair of dis-
tinct points. They can be obtained from each other by composing with the reflection
about the line connecting these points.

Isometries as compositions of reflections.

Theorem 7. Any isometry of the plane is a composition of at most three reflections.

Proof. Choose three non-collinear points A, B, C. By theorem 6 , it would suffice
to find a composition of at most three reflections which maps A, B and C to their
images under a given isometry S.

First, find a reflection R1 which maps A to S(A). The axis of such a reflection is a
perpendicular bisector of the segment AS(A). It is uniquely defined, unless S(A) = A.
If S(A) = A, one can take either a reflection about any line passing through A, or
take, instead of reflection, an identity map for R1 .

Second, find a reflection R2 which maps segment S(A)R1(B) to S(A)S(B). The
axis of such a reflection is the bisector of angle ∠R1(B)S(A)S(B).

The reflection R2 maps R1(B) to S(B). Indeed, the segment
S(A)R1(B) = R1(AB) is congruent to AB (because R1 is an isometry), AB is con-
gruent to S(A)S(B) = S(AB) (because S is an isometry), therefore S(A)R1(B) is
congruent to S(A)S(B). Reflection R2 maps the ray S(A)R1(B) to the ray S(A)S(B),
preserving the point S(A) and distances. Therefore it maps R1(B) to S(B).

Triangles R2 ◦R1(4ABC) and S(4ABC) are congruent via an isometry S ◦ (R2 ◦
R1)

−1 = S ◦R1 ◦R2, and the isometry is identity on the side S(AB) = R2 ◦R1(AB).
Now either R2(R1(C)) = C and then S = R2 ◦ R1, or the triangles R2 ◦ R1(4ABC)
and S(4ABC) are symmetric about their common side S(AB). In the former case
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S = R2 ◦R1, in the latter case denote by R3 the reflection about S(AB) and observe
that S = R3 ◦R2 ◦R1. ¤
Compositions of two reflections.

Theorem 8. The composition of two reflections in non-parallel lines is a rotation
about the intersection point of the lines by the angle equal to doubled angle between
the lines. In formula:

RAC ◦RAB = RotA,2∠BAC ,

where RXY denotes the reflection in line XY , and RotX,α denotes the rotation about
point X by angle α.

Proof. Pick some points whose images under reflections are easy to track. From
symmetries/congruent triangles in the picture, it is clear that effect of two refections
is that of a rotation. Since we know that an isometry is determined by the image of 3
non-collinear points, the ir no need to consider all possible positions of the points. ¤
Theorem 9. The composition of two reflections in parallel lines is a translation
in a direction perpendicular to the lines by a distance twice larger than the distance
between the lines.

More precisely, if lines AB and CD are parallel, and the line AC is perpendicular
to the lines AB and CD, then

RCD ◦RAB = T
2
−→
AC

.

Proof. Similar to the above. ¤
Application: finding triangles with minimal perimeters. We have considered
the following problem:

Problem 1. Given a line l and points A,B on the same side of l, find a point C ∈ l
such that the broken line ACB would be the shortest.

Recall that a solution of this problem is based on reflection. Namely, let B′ =
Rl(B). Then the desired C is the intersection point of l and AB′.

Notice that this problem can be reformulated as finding C ∈ l such that the perime-
ter of the triangle ABC is minimal.

Problem 2. Given lines l, m and a point A, find points B ∈ l and C ∈ m such that
the perimeter of the triangle ABC is the smallest possible.

Idea that solves Problem 2. Reflect point A through lines l and m, that is, consider
points B′ = Rl(A) and C ′ = Rm(A). Use these points to find B and C (how?), and
prove that the resulting triangle indeed has the smallest perimeter.

Problem 3. Given lines l, m and n, no two of which are parallel to each other. Find
points A ∈ l, B ∈ m and C ∈ n such that triangle ABC has minimal perimeter.

If we knew a point A ∈ l, the problem would be solved like Problem 2: we would
connect points Rm(A) and Rn(A) and take B and C to be the intersection points of
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this line with m and n. So, we have to find a point A ∈ l such that the segment
Rm(A)Rn(A) would be minimal.

The endpoints Rm(A), Rn(A) of this segment belong to the lines Rm(l) and Rn(l)
and are obtained from the same point A ∈ l. Therefore

Rn(A) = Rn(Rm(Rm(A))) = Rn ◦Rm(B),

where B ∈ Rm(l). So, one endpoint is obtained from another by Rn ◦Rm.
By Theorem 9 , Rn ◦ Rm is a rotation about the point m ∩ n. We look for a point

B on Rm(l) such that the segment BRn ◦Rm(B) is minimal.
The closer a point to the center of rotation, the closer this point to its image under

the rotation. Therefore the desired B is the base of the perpendicular dropped from
m∩n to Rm(l). Hence, the desired A is the base of perpendicular dropped from m∩n
to l.

Since all three lines are involved in the conditions of the problem in the same way,
the desired points B and C are also the endpoints of altitudes of the triangle formed
by lines l, m, n.

Composition of rotations.

Theorem 10. The composition of rotations (about points which may be different) is
either a rotation or a translation.

Prove this theorem by representing each rotation as a composition of two reflections
about a line. Choose the lines in such a way that the second line in the representation
of the first rotation would coincide with the first line in the representation of the
second rotation. Then in the representation of the composition of two rotations as
a composition of four reflections the two middle reflections would cancel and the
whole composition would be represented as a composition of two reflections. The
angle between the axes of these reflections would be the sum of of the angles in
the decompositions of the original rotations. If this angle is zero, and the lines are
parallel, then the composition of rotations is a translation by Theorem 9 . If the angle
is not zero, the axes intersect, then the composition of the rotations is a rotations
around the intersection point by the angle which is the sum of angles of the original
rotations.

Similar tricks with reflections allows to simplify other compositions.

Glide reflections. A reflection about a line l followed by a translation along l is
called a glide reflection. In this definition, the order of reflection and translation does
not matter, because they commute: Rl ◦ TAB = TAB ◦Rl if l ‖ AB.

Theorem 11. The composition of a central symmetry and a reflection is a glide
reflection.

Use the same tricks as for Theorem 10
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Classification of plane isometries.

Theorem 12. Any isometry of the plane is either a reflection about a line, a rotation,
a translation, or a gliding reflection.

This theorem can be deduced from Theorem 7 by taking into account relations
between reflections in lines. By Theorem 7 , any isometry of the plane is a composition
of at most 3 reflections about lines. By Theorems 8 and 9 , a composition of two
reflections is either a rotation about a point or a translation.

Lemma. A composition of three reflections is either a reflection or a gliding
reflection.

Proof. We will consider two cases: 1) all three lines are parallel, 2) not all lines are
parallel (although two of the three may be parallel to one another).

The first one is easier; it is pretty straightforward to see (at least in some examples)
that the composition is a translation. However, since the order of reflections matters,
for a precise proof we wouold have to check different cases ( if the lines are all vertical,
the first reflection may be done about the leftmost, the rightmost, or the middle lien,
etc.) To avoid this, we proceed as follows. Notice that Rl3 ◦Rl2 ◦Rl1 = Rl3 ◦(Rl2 ◦Rl1),
and the composition Rl2 ◦Rl1 of two reflections in parallel lines is a translation. This
translation depends only on the direction of the lines and the distance between them,
ie Rl2 ◦ Rl1 = Rl′2 ◦ Rl′1 for any two lines l′1, l

′
2 that are parallel to l1, l2 and have

the same distance between them. Thus, we translate the first two lines to make the
second line coincide with the third, ie choose l′1, l

′
2 so that l′2 = l3. Then

Rl3 ◦Rl2 ◦Rl1 = Rl3 ◦Rl′2 ◦Rl′1 = Rl3 ◦Rl3 ◦Rl′1 = Rl′1

since two reflections about the same line l3 cancel. Therefore, the result is a reflection
(about the line l′1).

If the three lines are not all parallel, then the second line l2 is not parallel to l1 or
l3. Let’s suppose l1 and l2 are not parallel (the other case is very similar). Then the
composition Rl2 ◦Rl1 of reflections about intersecting lines is a rotation (that depends
only on the point where the lines intersect, and the angle at which they intersect).
So the lines l1, l2 can be rotated simultaneously about their intersection point by the
same angle without changing the composition.

By an appropriate rotation, make the second line l2 perpendicular to the third line
l3 (which is not rotated), ie replace l1, l2 by l′1, l

′
2 so that Rl2 ◦ Rl1 = Rl′2 ◦ Rl′1 , and

l′2 ⊥ l3.
Then by rotating these two perpendicular lines l′2, l3 about their intersection point,

make the middle line l2 parallel to the line l1. That is, we replace the lines l′2, l3 by
lines l′′2 , l

′′
3 so that

Rl3 ◦Rl2 ◦Rl1 = Rl3 ◦Rl′2 ◦Rl′1 = Rl′′3 ◦Rl′′2 ◦Rl′1 .
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Now, the configuration of lines consists of two parallel lines and a line perpendicular
to them: l′1, l

′′
2 are parallel, l′′3 is perpendicular to them both. The composition of

reflections Rl′′2 ◦ Rl′1 is a translation by a vector perpendicular to these two lines
(and thus parallel to the third); so Rl′′3 ◦ (Rl′′2 ◦ Rl′1) is a glide symmetry. But the
composition of these three reflections is the same as the composition of reflections
about the original three lines.

Properties of the four types of isometries. We have just seen that any isometry
of the plane belongs to one of the four types. How do we detect to which type it
belongs? In particular, it may seem a bit mysterious that while composition of 3
reflections is a reflection or glide reflection, a composition of two isometries can never
be a reflection, but only a rotation or translation. This can be explained as follows.
Suppose our plane lies in the 3-space (as a horizontal xy-plane), and its top is painted
black, its bottom white. Suppose that the reflections are done by rotating the plane
around the line (axis of reflection) in the 3-space. Then after a reflection, the white
side will be on top, the black side on the bottom. Notice that the colors will flip
this way if we perform any odd number of reflections, but after an even number of
reflections the colors do not flip. (Eg after two reflections, the top will be black again,
the bottom white.) By contrast, rotations and translations do not flip the colors. This
explains why the composition of two reflections can be a rotation or translation, but
never a reflection.

Another fundamental characteristic of an isometry is the points that it leaves fixed.
For instance, a rotation doesn’t move the center (but moves any other point); a
reflection fixes every point of its axis. We summarize these properties in the chart
below.

type of isometry points that stay fixed flips colors?
rotation the center no
reflection every point on axis yes
translation none no
glide reflection none yes

These properties help detect the type of isometry. In particular, the chart shows
that a glied reflection cannot belong to any of the other three types.

¤



Isometries of the plane. DraftOleg ViroBelow formulations of the main statements (theorems and problems) thatare to be proved are separated from the rest of the text. The proofs arepostponed to the end of the text. The reader is enouraged to invent proofson her/his own. Nonetheless, the reader has to read the proofs, no matter,if you found a proof or not. The reader is enouraged also to draw missingpitures. Eah theorem should be illustrated with a piture!1. Reloations as isometriesThe notion of isometry is a general notion ommonly used in mathematis. Itmeans a mapping whih preserves distanes. The word metri is a synonymto the word distane.In the ontext of this ourse, an isometry is a mapping of the plane that mapseah segment s to a segment s′ ongruent to s. Therefore eah reloation isan isometry. In fat, eah isometry of the plane is a reloation.2. Reovery of an isometry from its restrition tothree pointsTheorem A. An isometry of the plane an be reovered from its restrition toany triple of non-ollinear points.Reall that a restrition of a mapping f to a subset is the mapping fromthis subset whih maps eah point exatly as f . Theorem A laims that anisometry an be restored if one forgets how it moves all the points besidessome three points that are not ontained in a line.In fat, an isometry an be almost reovered from its restrition to a pair ofpoints: there are exatly two isometries with the same restrition to a pairof distint points. They an be obtained from eah other by omposing withthe re�etion in the line onneting these points.3. Isometries as ompositions of re�etionsTheorem B. Any isometry of the plane is a omposition of at most threere�etions.



24. Translations and entral symmetriesA map of the plane to itself is alled a translation if, for some �xed points
A and B, it maps a point X to a point Y = T (X) suh that XY BA is aparallelogram.Here we have to be areful with the notion of parallelogram, beause a paral-lelogram may degenerate to a �gure in a line. Not any quadrilateral squeezedto a �gure in a line deserves to be alled a parallelogram, although any twosides of suh a degenerate quadrilateral are parallel. By a parallelogram wemean a sequene of four segments KL, LM , MN and MK suh that KLis ongruent and parallel to MN and LM is ongruent and parallel to MK.This de�nition desribes both usual parallelograms, for whih ongrueneof opposite sides an be dedued from parallelness and vie versa, and thedegenerate parallelograms.Theorem C. For any points A and B there exists a translation whih maps Ato B. Any translation is an isometry.Denote by TÐ→

AB
the translation whih maps A to B.Theorem D. The omposition of any two translations is a translation.Theorem D implies that TÐ→

BC
○ TÐ→

AB
= TÐ→

AC
.Fix a point O. A map of the plane to itself whih maps a point A to a point

B suh that O is the midpoint of the segment AB is alled the symmetryabout a point O.Theorem E. A symmetry about a point is an isometry.Theorem F. The omposition of any two symmetries in a point is a translation.In details, SB ○ SA = T
2
Ð→
AB

, where SX denotes the symmetry about point X.Corollary G. A omposition of a translation and a symmetry about a point is asymmatry in a point.Corollary H. The omposition of an even number of symmetries in points isa translation; the omposition of an odd number of symmetries in points is asymmetry in a point.Problem 1. Given enters of sides of a pentagon, �nd the verties of the pentagon.Problem 2. Whih sets of 2n points are enters of sides of 2n-gon? Hown many
2n-gons have the same enters of sides?Problem 3. Given a irle c, a line l and a point A, �nd points B ∈ l and C ∈ c suhthat A is the midpoint of segment BC.Problem 4. Given irles c1 and c2 meeting at point A, �nd points X1 ∈ c1 and
X2 ∈ c2 suh that A is the midpoint of segment C1C2.Problem 5. Given irles c1 and c2 and a segment s, �nd points X1 ∈ c1 and X2 ∈ c2suh that the segment is ongruent and parallel to s.



35. Compositions of two re�etionsTheorem I. The omposition of two re�etions in non-parallel lines is a rotationabout the intersetion point of the lines by the angle equal to doubled anglebetween the lines. In formula:
RAC ○RAB = RotA,2∠BAC ,where RXY denotes the re�etion in line XY , and RotX,α denotes the rotationabout point X by angle α.Theorem J. The omposition of two re�etions in parallel lines is a translation ina diretion perpendiular to the lines by a distane twie larger than the distanebetween the lines.More preisely, if lines AB and CD are parallel, and the line AC is perpendiularto the lines AB and CD, then

RCD ○RAB = T
2
Ð→
AC

.6. Appliation: �nding triangles with minimal perime-tersProblem 6. Given a line l and points A,B on the same side of l, �nd a point C ∈ lsuh that the broken line ACB would be the shortest.Reall that a solution of this problem relies on re�etion. Namely, let B′ = Rl(B).Then the desired C is the intersetion point of l and AB′.Notie that this problem an be reformulated as �nding C ∈ l suh that the perime-ter of the triangle ABC is minimal.Problem 7. Given lines l, m and a point A, �nd points B ∈ l and C ∈ m suh thatthe perimeter of the triangle ABC is minimal.Problem 8. Given lines l, m and n, no two of whih are parallel to eah other. Findpoints A ∈ l, B ∈m and C ∈ n suh that triangle ABC has minimal perimeter.7. Composition of rotationsTheorem K. The omposition of rotations (about points whih may be di�er-ent) is either a rotation or translation.9 (Napolean Theorem). For any triangle △ABC and equilateral triangles △BCU ,
△CAV and △ABW having no ommon interior points with △ABC, points X, Yand Z that are enters of △BCU , △CAV and △ABW , respetively, are verties ofan equilateral triangle.



48. Glide re�etionsA re�etion about a line l followed by a translation along l is alled a glidere�etion. In this de�nition, the order of re�etion and translation does notmatter, beause they ommute: Rl ○ TAB = TAB ○Rl if l ∥ AB.Theorem L. The omposition of a entral symmetry and a re�etion is a glidere�etion.9. Classi�ation of plane isometriesTheorem M. Any isometry of the plane is either a re�etion about a line, orrotation, or translation, or gliding re�etion.Lemma N. A omposition of three re�etions is either a re�etion, or a glidingre�etion.Exerise. Generalize everything that follows into the setup of the 3-spae.
Proofs and CommentsA Given images A′, B′ and C ′ of non-ollinear points A, B, C underand isometry, let us �nd the image of an arbitrary point X. Using aompass, draw irles cA and cB entered at A′ and B′ of radii ongru-ent to AX and BX, respetively. They interset in at least one point,beause segments AB and A′B′ are ongruent and the irles entered at
A and B with the same radii interset at X. There may be two interse-tion point. The image of X must be one of them. In order to hoose theright one, measure the distane between C and S and hoose the interse-tion point X ′ of the irles cA and cB suh that C ′X ′ is ongruent to CX.

C

A
B

X

C
′

A
′

B
′

X
′



Proofs and Comments 5B Choose three non-ollinear points A, B, C. By theorem A, it wouldsu�e to �nd a omposition of at most three re�etions whih maps A, Band C to their images under a given isometry S.First, �nd a re�etion R1 whih maps A to S(A).
C

A
B

S
(B
)

S
(A
)

S
(C
)

R1(C)

R1(B)

The axis of suh a re�etion is a perpendiular bisetor of the segment
AS(A). It is uniquely de�ned, unless S(A) = A. If S(A) = A, one antake either a re�etion about any line passing through A, or take, instead ofre�etion, an identity map for R1.Seond, �nd a re�etion R2 whih maps segment S(A)R1(B) to S(A)S(B).

C

A
B

S
(B
)

S
(A
)

S
(C
)

R1(C)

R1(B)

R2(C)The axis of suh a re�etion is the bisetor of angle ∠R1(B)S(A)S(B).The re�etion R2 maps R1(B) to S(B). Indeed, the segment
S(A)R1(B) = R1(AB) is ongruent to AB (beause R1 is an isometry),
AB is ongruent to S(A)S(B) = S(AB) (beause S is an isometry), there-fore S(A)R1(B) is ongruent to S(A)S(B). Re�etion R2 maps the ray
S(A)R1(B) to the ray S(A)S(B), preserving the point S(A) and distanes.



6Therefore it maps R1(B) to S(B).
C

A
B

S
(B
)

S
(A
)

S
(C
)

R1(C)

R1(B)

R2(C)

Triangles R2 ○ R1(△ABC) and S(△ABC) are ongruent via an isometry
S○(R2○R1)

−1 = S○R1○R2, and the isometry is identity on the side S(AB) =
R2 ○ R1(AB). Now either R2(R1(C)) = C and then S = R2 ○ R1, or thetriangles R2○R1(△ABC) and S(△ABC) are symmetri about their ommonside S(AB). In the former ase S = R2 ○R1, in the latter ase denote by R3the re�etion about S(AB) and observe that S = R3 ○R2 ○R1.C Any points A, B and X an be ompleted in a unique way to a parallel-ogram ABYX (maybe degenerated, that is all four points are ollinear and
AB = XY , BY = AX). De�ne T (X) = Y . For any points X, Y the quadri-lateral XY T (Y )T (X) is a parallelogram (maybe, degenerated). Therefore,
T is an isometry.E SAS-test for ongruent triangles (extended appropriately to degeneratetriangles.)

OA

B

S(B)

S(A)F Let X be an arbitrary point. Its image Y = SA(X) an be obtain fromit by the translation TÐÐ→
XY
= TÐ→

AY
○TÐÐ→

XA
= T

2
Ð→
AY

. The image Z of Y under SBan be obtained from Y by the translation TÐ→
Y Z
= TÐ→

BZ
○ TÐ→

Y B
= T

2
Ð→
Y B

. Hene
Z = T

2
Ð→
Y B
(T

2
Ð→
AY
(X)) = T

2(
Ð→
AY +

Ð→
Y B)
(X) = T

2
Ð→
AB
(X).Draw the piture!G The equality

SB ○ SA = T
2
Ð→
AB



Proofs and Comments 7implies a ouple of other useful equalities. Namely, ompose both sides ofthis equality with SB from the left:
SB ○ SB ○ SA = SB ○ T

2
Ð→
ABSine SB ○ SB is the identity, it an be rewritten as

SA = SB ○ T
2
Ð→
AB

.Similarly, but multiplying by SA from right, we get
SB = T

2
Ð→
AB
○ SA.6 Constrution that solves Problem 2. Re�et point A in l and m, thatis �nd B′ = Rl(A) and C ′ = Rm(A). Then B = l ∩B′C ′ and C = m ∩B′C ′.Exerise: provide a proof and researh.8 If we knew a point A ∈ l, the problem would be solved as Problem2: we would onnet points Rm(A) and Rn(A) and take for B and C theintersetion points of this line with m and n. So, we have to �nd a point

A ∈ l suh that the segment Rm(A)Rn(A) would be minimal.The end points Rm(A), Rn(A) of this segment belong to the lines Rm(l)and Rn(l) and are obtained from the same point A ∈ l. Therefore
Rn(A) = Rn(Rm(Rm(A))) = Rn ○Rm(B),where B ∈ Rm(l). So, one end point is obtained from another by Rn ○Rm.By Theorem J, Rn ○Rm is a rotation about the point m ∩ n. We look for apoint B on Rm(l) suh that the segment BRn ○Rm(B) is minimal.The loser a point to the enter of rotation, the loser this point to its imageunder the rotation. Therefore the desired B is the base of the perpendi-ular dropped from m ∩ n to Rm(l). Hene, the desired A is the base ofperpendiular dropped from m ∩ n to l.Sine all three lines are involved in the onditions of the problem in the sameway, the desired points B and C are also the end points of altitudes of thetriangle formed by lines l, m, n.K Prove this theorem by representing eah rotation as a omposition oftwo re�etions about a line. Choose the lines in suh a way that the seondline in the representation of the �rst rotation would oinide with the �rstline in the representation of the seond rotation. Then in the representationof the omposition of two rotations as a omposition of four re�etions thetwo middle re�etions would anel and the whole omposition would berepresented as a omposition of two re�etions. The angle between the axesof these re�etions would be the sum of of the angles in the deompositions



8of the original rotations. If this angle is zero, and the lines are parallel, thenthe omposition of rotations is a translation by Theorem J. If the angle is notzero, the axes interset, then the omposition of the rotations is a rotationsaround the intersetion point by the angle whih is the sum of angles of theoriginal rotations.Similar triks with re�etions allows to simplify other ompositions.L Use the same triks as for Theorem KM This theorem an be dedued from Theorem B by taking into aountrelations between re�etions in lines. By Theorem B, any isometry of theplane is a omposition of at most 3 re�etions about lines. By Theorems Iand J, a omposition of two re�etions is either rotation about a point ortranslation.N If all three axes of the re�etions are parallel, then the �rs two anbe translated without hanging of their omposition (the omposition ofre�etions about two parallel lines depends only on the diretion of lines andthe distane between them). By translating the �rst two lines, make theseond of them oiniding with the third line. Then in the total ompositionthey anel, and the omposition is just the re�etion in the �rst line.If not all three lines are parallel, then the seond is not parallel to one of therest. The omposition of re�etions about these two non-parallel lines is arotation, and the lines an be rotated simultaneously about their intersetionpoint by the same angle without hanging of the omposition.By an appropriate rotation, make the middle line perpendiular to the linewhih was not rotated. Then by rotating of these two perpendiular linesabout their intersetion point, make the middle one parallel to the otherline. Now the on�guration of lines onsists of two parallel lines and a lineperpendiular to them. The omposition of re�etions about them (the orderdoes not matter any more, beause they ommute) is a gliding symmetry.



MAT 515, Geometry for Teachers
Fall 2012

Homework 10

1. Find the composition of two rotations: the rotation in the counter-
clockwise direction about a point A by angle 120◦ followed by the rotation
in the counterclockwise direction about a point B by angle 120◦: prove that
this is a rotation, find the center and angle of this rotation.

2. Prove that a composition of two translations is a translation. What is
the vector of translation for the composition?

3. Prove that a composition of two gliding reflections along non-parallel
lines is a rotation. How to find the angle of the rotation? How to find its
center?

4. Prove that a composition of a rotation and a translation is a rotation.
(This is true for any order of the rotation/translation; you can assume that
the rotation is performed first.)

5. Prove that any isometry maps a circle into a circle of the same radius.

1



MAT515. Midterm topics

Here is the list of topics recommended for review.

1. Theorem about vertical angles, section 26.
2. Existence and uniqueness of perpendicular to a line from a point, sec-

tions 24, 65 and 66.
3. Theorems about isosceles triangles and their properties, sections 35,

36.
4. Congruence tests for triangles section 40.
5. Inequality between exterior and interior angles in a triangle, sections

41 - 43.
6. Relations between sides and opposite angles sections 44 - 45.
7. Triangle inequality and its corollaries, sections 48 and 49.
8. Perpendicular and slants, sections 51 - 53.
9. Segment and angle bisectors, sections 56 and 57.

10. Basic construction problems, sections 61 - 69.
11. Tests for parallel lines, section section 73.
12. The parallel postulate, sections 75 and 76.
13. Angles formed by parallel lines and a transversal, sections 77 and 78.
14. Angles with respectively parallel sides, section 78.
15. Angles with respectively perpendicular sides, section 79.
16. The sum of interior angles in a triangle, section 81.
17. The sum of interior angles in a convex polygon, section 82.
18. Properties of a parallelogram, sections 85 - 87.
19. Special types of parallelograms and their properties, sections 90 - 92.
20. The midline theorem, sections 93, 94, 95.
21. The midline of trapezoid, sections 96, 97.
22. Existence and uniqueness of a circle passing through three points, sec-

tions 103, 104.
23. Constructions that use isometries, sections 98 - 101
24. Theorems about inscribed angles, section 123.
25. Corollaries of the theorem about inscribed angles, sections 125,126.
26. Constructions using theorems about inscribed angles, sections 127 -

130, 133.
27. Inscribed and circumscribed circles, sections 136, 137.
28. Concurrency points in a triangle, sections 140 - 142.









MAT515. Quiz 5. Name: Nikita Selinger

Construct a triangle with given side, angle opposite to that side, and the
difference of the other two sides.

Solution.
I. Analysis.
Assume we have a triangle 4ABC such that 6 C = γ, AB = c, and

AC − BC = s, where γ, c, s are given. Mark a point D on AC such that
CD = BC = a. Then AD = AC − CD = AC −BC = s. Since CD = BC,
triangle 4DCB is isosceles and, hence, 6 DBC = 6 BDC. As the sum of
angles in 4DCB is equal to 180◦, we see that 180◦ = 6 DBC + 6 BDC +
6 C = 26 BDC + γ. Therefore 6 BDC = 90◦ − γ/2 and 6 ADB, which
is supplementary to 6 BDC, is congruent to 6 ADB = 180◦ − 6 BDC =
90 + γ/2. Now it is enough to be able to construct 4ADB, after that we
can recover C as the intersection of the line AD and the median bisector of
BD.

γ

90-γ/2

90-γ/290+γ/2s

c

a
a

A B

C

D

In 4ADB we know two sides and an angle. The point D must lie on a
circle of radius s about A since AD = s. Also D must be on the geometric
locus of points, from which AB is seen at angle 90◦ + γ/2. We know that
the latter is a union of two arcs and we may assume, by symmetry that D
is on either of these arcs. To reconstruct this arc, we construct an isosceles
triangle 4AOB with base AB such that 6 AOB = 180◦ − γ. Then we draw
the arc using O as a center and OA as a radius.

90+γ/2s

c
A B

D

180-γ
γ/2

O

γ/2



II. Construction.
The analysis yields the following construction.

1. Bisect γ to get an angle congruent to γ/2.

2. Construct a segment AB congruent to the given segment c and con-
struct rays AX and BY in the same half-plane with respect to AB
such that 6 XAB = 6 Y BA = γ/2. Denote by O the intersection point
of AX and BY .

3. Draw a circle S1 using O as a center and AO as a radius.

4. Draw a circle S2 using A as a center and the given segment s as a
radius. Denote by D the intersection point of S1 and S2 that lies on
the smaller arc AB

_
of S1.

5. Extend AD past D and find the intersection point C of AD and the
median bisector of BD.

III. Synthesis.
Let us prove now that 4ABC satisfies the required conditions. Indeed,

AB = c by construction. Since C is on the median bisector of BD, BC =
CD and AC−BC = AC−CD = AD = s because D lies on the circle about
A of radius s. In 4AOB, 6 AOB = 180◦ − 6 OAB − 6 OBA = 180◦ − γ/2−
γ/2 = 180◦− γ. Therefore the angular measure of ADB

_
is 180◦− γ and the

angular measure of the complementary arc AB
_

is 360◦−(180◦−γ) = 180◦+γ.
The measure of the angle 6 ADB, which is inscribed in S1 and subtends AB

_
,

is then equal to 90◦+γ/2. We already know that BC = CD so that 4BCD
is isosceles and 6 DBC = 6 BDC = 180◦ − 6 ADB = 180◦ − (90◦ + γ/2) =
90◦−γ/2. Then 6 C = 180◦− 6 BDC− 6 DBC = 180◦− (90◦−γ/2)− (90◦−
γ/2) = γ as required.

IV. Research.
We naturally assume that γ < 180◦. If s > c, then the triangle inequality

would be violated for any triangle satisfying AB = c and AC − BC = s >
c = AB. If s < c, then the two constructed circles intersect at two points
and exactly one of them is on the smaller arc between A and B. In this
case, every step of the construction can be done yielding a unique solution
4ABC.




