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Welcome to MAT 331

 This course serves as an introduction to computing for the math student.
 After a general introduction to the use of the computers, we will turn to
 more mathematical problems. The emphasis of this course is on the
 problem solving portion of the title: we will take a series of problems and
 try to find solutions (or approximate solutions), keeping in mind that we
 have access to computers. We will discuss the problems and
 development of necessary mathematics, and then we will turn to the
 computers to explore and work out the solutions.
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Place and time: S-235 Math Tower, Tuesdays and Thursdays 11:20-
12:40.

Instructor: Robert Findley

Office: 3-122 in the Math Tower.

email: rfindley at math.sunysb.edu

Office Hours: We 11-12 in MLC, 12-1 in 3-122 of the Math Tower

Textbook The text for this course is a set of notes currently being
 written by Professors Sutherland and Simanca. These are available on
 the class web page; they may be revised somewhat as the semester
 progresses. You might find it useful to obtain a manual about Maple (a
 manual can be downloaded from Maplesoft). Most of what you need
 will be covered in class, but it is often useful to have a reference at
 hand.

Grades policy Two or three projects, in total 50% of the grade;
 problems , 20% of the grade; class participation 10% of the grade;
 Maple test, 20% of the grade.

Both the expository and computational aspects of the project write-ups
 will be graded.

Discussing homework and projects is encouraged, although, each
 student will be responsible for turning in a write-up of the problem and
 solution. This implies that files cannot be shared in any way, only
 preliminary general discussion is aloud.

All grades will be posted in Blackboard.

Projects and Problems There will be a number of problems assigned,
 as well as two or three projects.

A problem is a homework assignment, that you should be able to
 complete in at most a couple of hours. Each problem counts for the
 same amount of points, whether they are easy or difficult, and there will
 be between two and four weekly problems. Each problem should
 contain a description of the steps performed. These problems must be
 written individually. Identical and too similar submissions will be

http://www.math.sunysb.edu/~rfindley/
http://www.math.sunysb.edu/~scott/Book331/Using_Maple.html
http://www.maplesoft.com/documentation_center/
https://blackboard.stonybrook.edu/webapps/login/%20


 penalized (see Academic Integrity).

A project is more like a term paper you will be expected to devote a
 significant amount of time to doing it, as well as taking care with the
 presentation. The expository part of each project should contain an
 introduction, a detailed description of the problem or topic, what means
 were used in solve it, and the solution. These write-ups should be
 produced by each student individually, and should be detailed enough
 so that someone who has not taken the class can read and understand
 them, and will believe the solution is correct. In particular, all non-
standard mathematical terms used should be defined. These write-ups
 are often acceptable for the mathematics writing requirement. All
 references must be explicitly quoted. Cutting-and-pasting from the
 Internet is not aloud. These papers will be submitted through
 SafeAssign, therefore, violation of these rules will be detected, and
 penalized (see Academic Integrity).

All problems and projects will be posted in this website.

Computers We will use the math computer lab in S-235 of the math
 tower; this lab contains 30 Apple iMac computers running Ubuntu Linux.
 While we will be the Linux machines in class, much of the work can be
 done on other systems. We will rely mostly on Maple (a program that
 can do algebra, calculus, graphics, etc.), although if other tools are
 better suited to the task, we may make use of them. No previous
 experience with computers is needed.

Maple is available for most platforms (Windows, Macintosh, Linux, . . .);
 Stony Brook students can buy a copy of Maple at the Seawolves Market
 Place for five dollars. Maple is also available at all Stony Brook Sinc
 Sites. You might be able to download a copy for Windows or Mac from
 Softweb.

The mathlab computers can be accessed from off campus via the
 internet. For remote graphical access to MathLab follow these
 instructions.

You can also use ssh to download or upload files from and to the
 MathLab. In this way, you can download your Maple files to the
 computers you are working on. The application ssh is installed at all
 Sinc sites. For ssh instructions, read here.

Information for students with disabilities
If you have a physical, psychological, medical, or learning disability that
 may impact your course work, please contact Disability Support
 Services at (631) 632-6748 or
 http://studentaffairs.stonybrook.edu/dss/. They will determine with
 you what accommodations are necessary and appropriate. All
 information and documentation is confidential.

Students who require assistance during emergency evacuation are

http://softweb.cc.sunysb.edu/shtml/Maple.shtml%20
http://www.math.sunysb.edu/~scott/mat331.spr08/ssvnc/
http://www.math.sunysb.edu/~moira/mat331fa08/ssh.html
http://studentaffairs.stonybrook.edu/dss/


 encouraged to discuss their needs with their professors and Disability
 Support Services. For procedures and information go to the following
 website: http://www.sunysb.edu/ehs/fire/disabilities.shtml

Academic Integrity You may discuss the assignments in this course
 with classmates, however each student's submission must be his or her
 own work. Any evidence that a submission is not the student's individual
 work (this includes the following: the submission has been copied,
 shared, or transmitted in any way between students, has been taken
 from the Internet, has been written by others in previous semesters) will
 be regarded as evidence of academic dishonesty. Additionally, any
 evidence of sharing of information or using unauthorized information
 during an examination will also be regarded as evidence of academic
 dishonesty.

Be advised that any evidence of academic dishonesty will be reported to
 the Academic Judiciary. Those involved will be prosecuted to the fullest
 extent permitted by the University and College laws.

Representing another persons work as your own is always wrong.
 Faculty are required to report any suspected instance of academic
 dishonesty to the Academic Judiciary. For more comprehensive
 information on academic integrity, including categories of academic
 dishonesty, please refer to the academic judiciary website at
 http://www.stonybrook.edu/uaa/academicjudiciary/

Critical Incident Management Stony Brook University expects students
 to respect the rights, privileges, and property of other people. Faculty
 are required to report to the Office of Judicial Affairs any disruptive
 behavior that interrupts their ability to teach, compromises the safety of
 the learning environment, and/or inhibits students ability to learn.

Classroom etiquette The following is not allowed during class: cell-
phone use (this includes no text-messages), producing non-class work
 on the computer, side conversations when the instructor or other
 student is addressing the class. Also, you should try to arrive on time.
 Let me know if you need to leave early.

Communication Many class communications will be done by email. You
 should check your email once a day. I will use the email address stored
 in Blackboard. Make sure that this address is up to date.

Copyright 2008 Stony Brook University
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Schedule

Homework and projects must be submitted through Blackboard (always
 remove output of the Maple file before uploading.) Below is the list of
 required homework and projects, in reverse order.

Homework 9; Due Friday, May 8th.
IFS Notes. Right click to save IFS worksheet.

Week of Apr 27th. Fractals. Project 3; Due Sunday, May 10th.

Week of Apr 20th. Fractals. Homework 8; Due Wednesday, April 29th
 <-- NEW DEADLINE

Example Problem solutions: Right click and save.

Week of Apr 13th. Fractals. Study for Maple test. (on Tuesday, April 21)
Example Problems. Syllabus.

Project 2; Due Sunday, April 5rd. (Extended)

Week of Mar 30th. RSA Finale, Primes & Fractals.

Week of Mar 23rd. Number Theory, RSA Encryption. Homework 7; Due
 Monday, March 30th.

Project Make-up/bonus; Due Wednesday, nMar 25th

Week of Mar 16th. Cryptography. Number Theory. Homework 6: Do
 two of the three problems; Due Monday, March 23rd.

Week of Mar 9th. Cryptography. Homework 5: Problems 1-4; Due
 Monday, March 16th.

Week of Mar 2nd. Cryptography. 
Homework 5; Due Monday, March 16th.

Week of Feb 25th. Curve Fitting - Cryptography. 
 Project 1; due Friday March 6th 
Project 1 Data. 
Homework 4: Problems 1, 2, and 3; due Monday March 2nd.

Week of Feb16th: Curve Fitting. Homework 3: Problems 9, 10, 12; due

https://blackboard.stonybrook.edu/webapps/login/
http://www.math.stonybrook.edu/~rfindley/mat331-spr09/files/IFS.ps
http://www.math.stonybrook.edu/~rfindley/mat331-spr09/files/IFS.mws
http://www.math.stonybrook.edu/~rfindley/mat331-spr09/files/practestsols.mw
http://www.math.stonybrook.edu/~rfindley/mat331-spr09/data/project1data/


 Friday Feb 27th

 Week of Feb 9th: Curve Fitting. Homework 2: Problems 6, 7, 8; due
 Monday Feb 16th.

 Week of Feb 2nd: Preliminaries about Maple. Curve Fitting. Homework
 1: Problems 1, 2 and 3; due Monday  Feb 9th.

Week of Jan 26th: Preliminaries about Maple. If you have a computer,
 get the Maple CD from Seawolvers Market and install it. Also, submit
 Homework 0, due Monday Feb 2nd.

These are the topics to be covered during the term: Preliminaries about
 Maple, Curve Fitting, Cryptography and a third topic (which will be
 chosen later in the term.)

Copyright 2008 Stony Brook University
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The course text in html, in pdf 
(written by Scott Sutherland and Santiago Simanca)

Preliminaries about Maple (also PDF)

Curve Fitting (also PDF)

A Glider Model (also PDF)

Cryptography (also PDF)

A turtle in a fractal garden (also PDF)

Copyright 2008 Stony Brook University

http://www.math.sunysb.edu/%7Escott/Book331/Using_Maple.html
http://www.math.sunysb.edu/%7Escott/Book331/331book.pdf
http://www.math.sunysb.edu/%7Escott/Book331/turtle_in_fractal.html
http://www.math.sunysb.edu/%7Escott/Book331/turtle_in_fractal.html
http://www.math.stonybrook.edu/~rfindley/mat331-spr09/ChapFract.pdf
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 Classes are here

Copyright 2008 Stony Brook University
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MAT 331 HW9

Due May 8th, 2009

(1) Find the five parameters for the affine transformation that takes the
large triangle to the small triangle:

(2) Create the nth approximation of a fractal of your choice using an iterated
function system (that we haven’t already created in class, of course.)

1



MAT 331 Project 3

Due May 10, 2009

Your final project consists of two parts.

(1) Use TurtleCmd or an iterated function system to create a fractal of your
choice which has box dimension d = log(7)/ log(6).

(2) Write a procedure that takes two parameters, n and a, and then draws
the Koch approximation Kn,a with recursion depth n using TurtleAngle a.
Compute the box dimension of the Koch curve limn→∞Kn,a for at least three
different choices of a. (We’ve already done the case a = 60 in class!). What
do you think happens as a approaches 90? What about when a approaches
0?

BONUS: Write an equation d(a) expressing box dimension as a function of
TurtleAngle.

As in the previous projects, you will need to attach a text file explaining
your Maple file, and containing the relevant calculations and answers to
questions from both parts.

1



MAT 331 HW8

Due April 27, 2009

Each of the following problems is worth 10 pts.
(1) Write a recursive function to compute the nth Fibonacci number (see
section 5.3.1 in the book).
(2) Compute the box dimension of the following figure. Show your work!

(3) Compute the area of the Koch snowflake. You can assume that the
largest triangle (formed by the foundation of the three Koch curves) has
area 1. You can do this on paper, but explain your reasoning and show your
work.
(4) EXTRA CREDIT: Using TurtleCmd, draw a random walk. In other
words, write a procedure to generate a random string of commands using
the letters LRFB, and then display such a string of reasonable length using
TurtleCmd.

1



These are examples of the types of questions that will be on the Maple test.
You may use the built-in Maple documentation. However, you may not
obtain assistance from your classmates or the internet.

1. Plot the function y = sin(x) on the interval 0 < x < 2π.

2. Solve the following equations for x, y, z:

x+ y + z = 7 (1)
3x+ 2y − 4z = 8 (2)

2x− 17y + 8z = 2 (3)

3. Find all of the critical points of the function f(x, y) = x2 + 3xy + y4.

4. Given the matricesA,B, and the vector v below, compute the following
expressions.

A =

1 2 3
3 4 5
7 11 13

 B =

6 2 1
7 8 0
4 2 9

 v =

20
9
3


(a) A ·B
(b) A−1

(c) A · v

5. Create a function f(x) = x2 + 1, and use it to expand compute
f(f(f(f(x)))). Create a list containing f(n) for n from 1 to 20.

6. Modular arithmetic/algebra.

(a) 1989 mod 1024

(b) 5x+ 10y = 2 mod 91, 3x− 6y = 7 mod 91.

7. Find the 1000th prime number.

Find a 25 digit prime.

Factor the number “123456789”.

8. Write a procedure or a function that takes a parameter tanpt and plots
the tangent line to y = sin(x) at the point (tanpt, sin(tanpt)).

1



9. Write a for loop that adds the non-prime numbers between 1 and
1000.

10. Write a procedure that takes name as a parameter and responds: “Hi
name, there are N letters in your name”, where N is the correct number.

11. Find the location of the first instance of the string of numbers “234”
in the digits of π.

2



For your Maple test, you will be allowed to use the built-in Maple help
index. However, you won’t be able to work together, or use the internet.
You should make sure you are familiar with the following commands.

• Plotting: plot, plot3d, implicitplot

• Calculus: diff, finding the critical points of two variable functions.

• Algebra/Arithmetic: solve, factor, sum, evalf

• Linear Algebra: Matrix, Vector, evalm

• Modular Arithmetic: msolve, mod, modp

• Prime Numbers: nextprime, ithprime, ifactor, phi, chrem

• String Operations: cat, searchtext, print, length, convert, parse

• Lists and sequences: op, map, seq, nops

• Functional Programming: writing procedures, for loops, if..then

1



MAT 331 Project 2

Due Friday, April 3rd

In this project, you must research, implement, and write a paper de-
scribing a sophisticated encryption method that we have not discussed in
class. Two acceptable and recommended topics are the Playfair cipher or
ElGamal encryption and signature scheme. Other encryption methods may
be researched, but they must be approved by at the latest Friday, March
27th.

Your submitted work should consist of both a maple worksheet and text
document. In the worksheet you should include both an enciphering pro-
cedure as well as a deciphering procedure, as well as anything else that is
relevant to your research topic. The associated document should be treated
as a brief but clearly written research paper with two main parts. The first
part should discuss the history of your encryption algorithm, mathematically
describe the technique, and evaluate its strengths and weaknesses. The sec-
ond part should explicitly describe your implementation of the method in
Maple. You should explain how your procedure works, giving a step by step
walkthrough but not describing specific syntax.

The expository portion of this project is more important than in the
first project. Specifically, points will be deducted if it is poorly written or
improperly formatted. If pressed, I would say it should be about three pages
long, though length alone has no bearing upon grading. You must cite at
least three sources for your research, of which at least one must not be a
website.

1



MAT 331 HW7

Due March 30th, 2009

(1) List the encryption method you have chosen for your Project 2, and cite
your three sources.

(2) Twenty-one pirates are dividing their horde of gold dubloons. Since they
are a democratic outfit, they first try to divide the coins evenly, but they
find there are 19 coins left over. The “discussion” about how to divide the
remaining coins results in only 16 pirates still needing to divide the horde
(the remaining five went to a place where you can’t bring money or anything
else with you). The redivision among 16 pirates leaves 1 coin left over, and
three of the pirates make a grab for it. These three find themselves to be
missing their hands after this attempt, and the remaining thirteen pirates
decide to divide the share among themselves, leaving the handless ones with
nothing. Fortunately, the horde divides evenly among the thirteen. What
is the minimum number of coins in the horde?

(3) Use RSA with the modulus n = 119 and the exponent e = 7, with
the 95-character alphabet consisting of the printable ASCII characters to
encrypt the word “Yes”. Recall that the alphabet is given by

Alphabet:=cat(op(select(IsPrintable, [seq( convert([i],bytes), i=1..255)])))
so that Y=58, e=70, s=84. Give your encryption as a list of three numbers.

1



Project 1 Extra Credit/Make-up

Due Wednesday, March 25rd

As a last concession for any confusion caused by the instructor change,
those of you who did the third part of Project 1 incorrectly have an oppor-
tunity to make-up it up for 20 of the original 30 points.

In class, we agreed upon two error functions that were acceptable in-
terpretations of the third method in the project description. The second
interpretation, which very few people used, was to minimize the sum of the
squares of the shortest distances from each point to the line. In other words
If a line l has slope 1, the shortest path from a given point p to l is along a
line of slope −1.

To regain points on your project grade, submit through blackboard by
Wednesday, March 25th a Maple file fitting your project data to a line using
the error function above, as well as a text file describing this method and
deriving the error formula used in your worksheet.

To be fair to those who did the third method correctly, I will replace the
lowest grade of any of the three methods with the score from your bonus
submission, if the resulting score is higher. Additionally, the project grades
will not be curved, so if you choose not to submit a make-up your grade will
not be affected.

1



MAT 331 HW5

Due Monday, March 23, 2009

Do two of the following problems.

(1) (a) Modify the procedure ’OneTimePad’ to take a text string as a key.
Specifically, have your procedure convert a text string of equal length to
your message and use it to encrypt the message. This is sometimes called
an Augustus Cypher.

(b) Describe a possible method of cracking a lengthy portion of cypher-
text encyphered with the above method. Be specific.

(2) (a) If we compose a Vignère Cypher of length 3 and a Vignère cypher
of length 5, what type of cypher do we have? Although we begin with eight
unknowns, how long is the resulting key? What if our keys were of length 2
and 6?

(b) Write a procedure to that takes two keys of arbitrary lengths n and
m and applies the Vignère cypher with each of these keys.

(3) (a) Write a procedure AffineMatDecode that takes as its input an en-
crypted message, a 2 × 2 matrix A, and a 2-vector B, and decyphers the
message under the assumption that it was encoded with the affine cypher
x 7→ A · x + B. You may use as a start our existing AffineMatEncode pro-
cedure. Be careful to have your procedure work independent of the specific
alphabet AlphaNumeric. You may assume that the affine cypher is decrypt-
able. That is, that the determinant of A is invertible modulo the length of
your alphabet.

(b) Use this to decrypt the following message, which was encrypted with

the affine cypher A =
[
17 22
4 53

]
, B = [19, 82] using the 95 character alphabet

we have often used in class.

15Ti\"tEbTiN7H05.Fcvq?K^e~[%BFckW

1



Homework 5

Due Monday, March 16, 2009

For the following problems, use the 27 letter alphabet:
‘‘ abcdefghijklmnopqrstuvwxyz’’

(there is a space in the 0th position).

(1) Using a brute force method (trial and error), decrypt the message
lbhnjwzznasisentwarn s

which was encoded with a Caesar cypher and the 27 letter alphabet.

Hint : use a loop.

(2) Suppose you intercept the message
tfqlvddmvleokovt xkthprd

and you know that it is encoded with a Vignère cypher of length 3, using
the above alphabet. Suppose further that you know the message starts with
“it ”. Decode it.

(3) The string below was encrypted using an affine cipher on the same 27
letter alphabet. Decrypt it.

fmw segjaweoouanerj a ceyqrype aswaheoaqbrqabeafrua eeaojerf afmjeayperjpu

Hint : this phrase follows the the typical pattern in English where there are
(almost) as many spaces as words (and so spaces are very common), and
the letter “e” is also very common. You can use the technique described in
chapter 4 of the notes, section 7.3.

(4) (a) Compare and contrast the Vignère cypher of length two to the affine
cypher. Both have two unknowns, but which is easier to decrypt?

(b) Now compare the Vignére of length six with the 2× 2 affine matrix
cypher. Both have 6 unknowns. Does the situation change?

You can type your answer to this problem on your Maple worksheet, or
hand it in before class on Tuesday, March 17.

1



MAT 331, Spring 2009

Project 1: Fitting a line to data

In this project, you are to fit a line to some data in three different ways. First, by using
the “usual” least squares method, which minimizes the sums of the squares of the vertical
distances between the data and the line. Then, find the line given by assuming that the
x variable may contain the errors, and minimizing the sums of squares of the horizontal

distances. Finally, you are to find the line that minimizes the sum of the absolute distances
from the points to the line. You should, of course, also have Maple plot the three lines you
find along with the data points.

Your project should consist in two parts: a Maple (or other program) with computations
and a paper which explains clearly each step you take and why. In particular, you must give
a careful derivation of the functions you minimize— you cannot merely quote the formula
for the distance from a point to a line. You can use built-in Maple commands to check your
results, but you have to perform step by step calculations. You may, of course, assume that
the formula for the distance between two points in the plane is known to the reader. Your
paper should be written so that someone who has a good working knowledge of mathematics
but has never taken this class will understand what you are doing and why.

You should use Maple (or any another appropriate program of your preference) to do
the actual computations. Do not include false starts, mistakes, or irrelevant calculations in
your finished product. Pay attention to spelling, grammar, and sentence structure. The

expository part of this project counts as much as the actual calculations, and
should not be ignored.

Both, the paper and Maple file should be submitted through Blackboard. To submit
the paper you must use SafeAssign and to submit Maple file, you must use a ”regular”
Assignment (as in the homework) You will find a file containing the data points at

http://www.math.sunysb.edu/∼moira/mat331-spr09/data/project1data/yourLastname.txt,

where yourLastname is the your lastname (!).



Homework 4

Due March 2, 2009

(1) (# 11 from previous sheet) Following the book (Fitting a Circle) of the
notes, prove that if we describe the circle of center (a, b) and radius r using
the parameters (a, b, k), with k = a2 + b2− r2, rather than the more natural
parameters (a, b, r), then the error function H(a, b, k) = E(a, b,

√
a2 + b2 − k)

is quadratic in a, b and k. What does this imply about the number of critical
points?

(2) The following is real data illustrating the number of stores carrying a
product (x-axis) vs sales of that product (y-axis). Fit the the data to three
curves: one linear, one quadratic, and one exponential. You may use any
curve fitting procedures used in class. In one or two sentences, explain which
curve you think fits the data better, and suggest a reason why this curve
might model the real-world scenario illustrated by the data.

data:=[[4056.29, 9667.91], [3572.48, 5249.2], [3720.03, 6792.28], [1826.62,
1604.18], [2770.98, 4096.54], [2155.19, 2251.57], [2250.6, 2177.33], [3394.23,
5654.73], [3783.34, 8140.33], [3577.43, 4904.89], [2044.14, 1550.97], [3054.78,
3174.18], [844.56, 1568.49], [2175.06, 1855.8], [2806.39, 3202.34], [1639.95,
1402.94], [2455.29, 1735.76], [1697.39, 1664.51], [1071.2, 984], [1484.8, 1376.29],
[1157.56, 1264.41], [839.34, 1250.43], [641.07, 753.53], [3686.87, 6353.6], [969.75,
1294.29]];

(3) A cryptography question will be added here.

1



MAT 331, Spring 2009, Problems

1. Use Maple to write x
5
−6x3

−5∗x−3x4 +18x2+15 as a product of exact linear factors.
By exact, I mean you should leave any non-rational factors expressed as radicals; do
not approximate terms like

√

3 as 1.73205, etc.

2. Consider the planar curve γ defined by x
2
y

3 + y
2 + y − 2ex = 0. Using only Maple,

find the slope of the tangent line to the curve at (0, 1). Then plot the curve and the
tangent line on the same graph.
Hint: you might want to use implicitplot from the library plots. You might find

implicitdiff helpful, too.

3. Plot the function f(x) = 2 sin x − x
3
− 5, for x ∈ [−4, 4]. Find all the zeros of the

function with an accuracy of 20 decimal digits. Hint: See Digits, fsolve, and/or

evalf. Make sure you find all the zeroes. Justify your answer.

4. Define a Maple function g that, given a positive integer k yields the sum of the first k

primes. What is k such that g(k) ≤ 100, 000 but g(k + 1) > 100, 000? You might find
sum and ithprime helpful.

5. The Fibonacci sequence is a sequence of positive integers defined by recurrence as
follows: F0 = 1, F1 = 1 and for each integer i larger than one, Fi = Fi−1 + Fi−2 . Use
Maple to find the first 100 terms of the sequence without computing these terms one
by one (Hint: See Fibonacci). Use the sequence you found to compute a new sequence
Fi/Fi−1 and try to guess what is the limit of that new sequence. EXTRA CREDIT:
Prove the sequence Fi/Fi−1 converges to the limit you guessed (You may need to refine
your guess to do so).

6. Find a polynomial of degree 3 passing through the points [−3.3, 1], [−2, 2], [0, 3], [1.1, 4]
by two methods: First solve the equations (as in the book). Second, use the build-in
Maple command. Check that the two solutions agree.

7. (a) Find two polynomials of degree 5 passing through the points

[−3.3, 1], [−2, 2], [0, 3], [1.1, 4].

(b) Plot the two polynomials and the points in the same graph.

(c) Is it possible to find more polynomials of degree 5 passing through the 4 points?
Why?

(d) How many polynomials of degree 3 passing through the 4 points can you find?

8. Consider the set of points

[[−3,−9/4], [−2,−3/2], [−1,−3/4], [0, 0], [1, 3/4], [2, 3/2],

[3, 9/4], [4, 3], [5, 15/4], [6, 9/2], [7, 5.35], [8, 6]].

1



(a) Find a polynomial passing through all the points.

(b) find a piecewise linear function passing through all the points.

(c) Fit the points to a line using the least square method.

(d) Plot the three results (the to of the previous problem, and the one you just
obtained and the points in the same graph.

(e) Compare the results. Which one do you think is best and why?

9. Fit the points (−1.9,−4.7), (−0.8, 1.2), (0.1, 2.8), (1.4,−1.2), (1.8,−3.5) by means of a
quadratic function f(x) = ax

2 + bx + c, using the least square method. First, do this
step by step, as we did in class; then, use the built-in Maple command, described in
the notes. Check that the two solutions agree.

10. Fit the set of points

(1.02,−4.30), (1.00,−2.12), (0.99, 0.52), (1.03, 2.51), (1.00, 3.34), (1.02, 5.30)

with a line, using the least square method we used in class. You will see that this is
not a good fit. Think of a better way to do the fit and use Maple to do it. Explain in
your solution why you think your better way is better.

11. Following the book, prove that if we describe the circle of center (a, b) and radius r using
the parameters (a, b, k), with k = a

2 +b
2
−r

2, rather than the more natural parameters
(a, b, r), then the error function H(a, b, k) = E(a, b,

√

a
2 + b

2
− k) is quadratic in a, b

and k. What does this imply about the number of critical points?(Note: You do not
need Maple in this exercise, although you can use it as a word processor. If you’re
more comfortable with paper, you can turn in a paper instead of a Maple worksheet)

12. Fit the points [[1, 1], [2, 3], [3, 1], [1,−1.1]] to a circle.

13. Following the on-line notes, find a set of 25 points which are ”approximately” in a
cubic and:

(a) Find the cubic that best fit the points by the least squares method using the
CurveFitting package.

(b) Find the cubic that best fit the points by the least squares method without using
the CurveFitting package.

(c) (EXTRA CREDIT) Find the corresponding spline.

14. [In this problem use Maple only as a word processor. If you’re more comfortable with

paper, you can turn in a paper instead of a Maple worksheet.] Let n points of the form
(ri, r

2

i
), i = 1, 2, . . . , n, be given. What is the quadratic function f(x) = ax

2 + bx + c

that best fits them? Prove your answer. Does it depend on the optimization method
(least square or others)?

2



 Send me (moira@math.sunysb.edu) with your name, mathematical and computer
 background, hopes and fears about this course and an explanation of what are you planning
 to do with your major. Please include any other information about yourself that you think it
 could be useful for me. Finally, include an acknowledgment of the academic dishonesty
 policy in this course (you can find it in the syllabus, in the webpage of this course). Please
 write in the subject of your email message (and of all your email messages to me)
 MAT331. This will contribute to organize our email communication. Make sure you send
 this message. Future homeworks will be graded only if I received it.
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 Preliminaries about Maple
 Maple is a comprehensive general purpose computer algebra system which can do symbolic and numerical
 calculations and has facilities for 2- and 3-dimensional graphical output. Calculus courses may be structured
 so that Maple can be used as a tool that will help you gain a complete understanding of the material
 discussed. You will discover that the capability of Maple goes well beyond the realm of calculus; it is a tool
 that is used more and more in education and scientific research in mathematics and engineering.

 This chapter is a brief introduction to the use of Maple in the environment that you will discover at Stony
 Brook. It is not exhaustive and its sole purpose is to guide you through the first steps needed to start using
 this tool. Once you become familiar with the basics of Maple and can appreciate its advantages, we
 encourage you to experiment with it, not only to learn mathematics in more detail but also to help you in
 other courses and your own research. More advanced documentation is available on line, in the computer
 lab, and in the library.

 Maple runs on many different types of computers and operating systems. For example, you might use Maple
 from a Sun workstation running Solaris (a flavor of Unix) in the computer lab, from a Windows computer in
 the library, and from a Macintosh at home. Maple behaves similarly on all of them; we will usually point it
 out when we use something specific to one type of computer.

Subsections

Starting a Maple Session
Basic Maple

Maple for numeric calculations
Maple for symbolic manipulations
Graphing in Maple

The Maple worksheet
Introducing the worksheet
Worksheet basics: the front-end and the kernel
Online Maple help
Documenting and structuring your worksheet

Assignments, Functions and Constants
Assignment statements
Variables and subsequent assignments: unassignments
Functions known to Maple. How to define your own functions
Special constants and reserved names

The limit command
The diff (and Diff) command

Higher order derivatives
Implicit differentiation
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The int (and Int) command
Symbolic integrals
Numerical integration
Approximations through Riemann Sums
Multiple integrals

The subs command
Why is subs useful?

Plotting with Maple
Plotting several functions (or curves) on the same axes
Fancier plotting
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 If the Curve Fits, Wear It
 It is not uncommon in science and mathematics to have a collection of data points

 (x1, y1),(x2, y2),...,(xn, yn)

 for which we believe there is a functional relationship between the xi and the yi. Often, we want to get some
 idea of what might be happening at points other than those for which we have data. That is, we want to find
 some f so that f (xi) = yi for each of our points. Of course, in order to do this, we will need to have some
 knowledge (or make some guesses) about the function f, or sometimes about how precisely the points are
 known. In this chapter, we'll look at several different approaches to this problem of fitting a curve through
 (or near) some given data.

Subsections

Interpolation
Polynomial Interpolation
Connect-the-Dots and Splines

When the data is approximate
Fitting a line to data
Fitting a cubic to data
Fitting other types of funtions
Fitting a circle
Robust fitting
A nod toward statistics
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 The Art of Phugoid
 In this chapter, we will explore some aspects of mathematical model of glider flight. This model is called
 Lanchester's phugoid theory3.1, developed by Frederick Lanchester [Lan] at beginning of the twentieth
 century. While this model has its drawbacks, it still is used today to explain oscillations and stalls in airplane
 flight.

 Since this model, like many models, is a set of differential equations, we will need some results which are
 typically covered in a course on differential equations. We will cover the relevant material briefly here, but
 readers needing a more in-depth treatment are encouraged to look in a text on ordinary differential equations,
 such as [BDH], [HW], or [EP]. Of these, the approach in [BDH] is perhaps closest to the one presented here.

Footnotes

... theory3.1

Folklore has it that this name was chosen by Lanchester because he wanted a classically-based name
 for his new theory of oscillations occuring during flight. Since the Greek root phug ( ,

 pronounced ``fyoog'') as well as the Latin root fug- both correspond to the English word ``flight'', he
 decided on the name ``phugoid''. Unfortunately, in both Greek and Latin, this means ``flight'' as in
 ``run away'' instead of what birds and airplanes do-- the same root gives rise to the words ``fugitive''
 and ``centrifuge''. The Latin for flight in appropriate sense is volatus; the Greek word is potê ( o

).
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6$y,� !$;<�"#FO&{�-+XY6$6�#W-/-T�";�1 �A;�L<-9� ��(+*"67-¯�A;�J"-/>?;<�"#z�A. (E�A-��A�,!$#R>?;<. -�-i8,*,6$!$%F!7� 67p?!$��# -F%F� !$;<� � 0,15�"-F. -~1=-
15!$6$6m*"6$;E�R�A�"-~*)(E� ��;+CN� �"-~L<6$!7J"-/.3�A�".W;<y"L<�u# *)(E%/-G³b!�OY-+O�0"!7�43"�-5G%F;:;<.WJ"!$�"(E�A-F#'µ9O

6+y,#W�¯� ;G# -F-��";�1 �A�,!$�"L<#�J"!���-F.�!�C�1=-x>G(Es+-2E �,;<�"¹/-F. ;"0@6$-9�PXY#|%'�)(E�"L<-2E¤(E�"J�L<-9����(E*"6$-T�A;G#W�";�1
y"#�15�"(E���)(+*"*@-/�"#FO={�-T�,-/-/J¸�A;D(+JH»Wy"#z��� �"-T#W�A-F*"# !7¹/-~�A;?L<-F��(�. -/(+# ;<�"(+n"6$-T(+%F%/y". (+%Fp87¶15�)(E��*". -F%/!7# -/6�p
�A�"!7#RJ";:-F#5!$#RJ"-F# %/.W!$n@-/J¸!$���A�"-~�"-i8K��#W-/%9�A!$;+��O
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{r-EXYl+- nm-F-/�d(+%9�A!7�"L�(+#��A�";<y,L<�?»Wy"#z�¯n2p�#W*m-F%/!�Cep:!7�"L�(E��!$�"!��A!$(+6�%/;+�"J"!7� !$;<��0@� �"-/.W-[>�y"#z�¯n@- (D#W;<6$y:�A!$;+��0
(+�"J�!��|>�y,#W��nm-xy"�"!$�Iy"-�³°�A�"(E�|!7#/0¶�A�"-x;<�"6�p¸;+�"-[%F;<. .W-/# *@;<�"J,!$�"L?�A;G� �)(E��!$�"!��A!�(E6�%/;<�,J"!7� !$;<�¶µiO5º|�"J�0m!$�
Cb(+%F�/0,�A�"!7#4!$#3��p:*,!$%P(E6$67p�� . y"-¯C°;<.4(+�2p �W�"!7%/- � J"!7�m-/.W-/�2�A!$(+6�-F�Ky"(E�A!7;<��OB�=y,�R15�,!$%'��J"!7�m-/.W-/�2�A!$(+6�-F�Iy)(E�A!7;<�"#
(+. - �W�"!7%/- �?-F�";<y"L+�]\

{�-|13;<��Xv�R*".W;kl+-|�A�,-|�A�"-F;<. -F>��,-/. -E0"n"y,�31=-¯15!76$6)#z�'(E� -¯!7�/O�QR�"-¯.W-P(+J"-F.4!$#3-/�"%F;<y". (+L<-/J�� ;�6$;K;<s y"*
�A�"-~*".W;:;+CN!$�u(+�2p�J,!7�m-/. -F�2�A!�(E6�-/�Iy)(E� !$;<�,#4�A-98K�/0@#Wy"%'��(E#TtY�4���5wV;<.Ttv��{}w�O
������������� ������� _ � 39`baKf9g�ce\)f[a+` �¯f9gAf%�)c�`M�! Nf#"/] �+cb`�_ �

+%$3
+ ´ ' $&?³ $3(� ´Wµ9/

')( $&�` 3+*'_ �)c�` �)])_H]B3?_ � ��� _'Z)f%� 3�f9c4` �,*'_ �)cq�+` �)` �K^u³ $3 ��� ´�iµ.-4ce\)f%��ce\)f9gAf�` 3�� 3�_/ ]:cb`�_ � $3N³e´Wµ�0&\K`1*'\¸` 3
aKf)2#��f a�_ �g3�_ 2Gf~` �)c�f9g43 �! �³°´��,65Z� ´� B75'µ80&\K`1*'\ 3Z�+cb` 3)24f 3~c°\)fT` �)`ecb`M�! �3 �! ])f4Z@gA_!9: $f%2

+%$3
+ ´ ' $&D³ $3o�W´Wµ $3&³°´�'µ�' $3 � /

;�]Kgic°\)f9g+2G_HgAf<-B` ( $& \ � 3=*'_ �)cb` �)]¶_H]43RZ �+gic�`M�! �aKf9gi`>3 �+cb`>3+f 3<-Sce\K` 3 3�_/ ]:cb`�_ �d` 3T]=�)`�"/])f:?
���Cb(+%F�/0�� �"-?�IpK*@;+�A�,-/# !7#x%/(+�rn@-�1=-/(+s+-F�"-/J (�6$!�� �A67-�n"!��T(+�"Jr#z�A!76$6�*".W-/#W-/.Wl+-G�A�,-?y,�"!$�Iy"-F�"-/#W#/O�º|#

6$;<�"L�(+# $&ñ!7#R(E�=6$-P(E#W�5U�!$*,# �"!��A¹|!7� $3V0,�A�,-¯# ;<67y,�A!7;<�G15!76$6@nm-¯y,�"!$�Iy"-EO±º C°y"�"%F� !$;<� $&ñ!7CV%/(+6$67-/J�U�!7*"# %'�"!��A¹
!7CV�A�"-F. -T!$#R#W;<>D-8@ # ;��A�)(H� A $&?³ $3 j � ´Wµ , $&?³ $3 6 �W´Wµ A B @

A
$3 j , $3 6
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C°;<.¯(+676�´i0 $3 j 0�(+�,J $3 6 O¯QR�"!$#|%/;<�"J,!7�A!7;<��# (Pp:#F0�. ;<y,L<�"67p+0m� �)(E� $& J";K-/#W��XY�¯# *".W-P(+J�;<y,���A;K;��Iy"!$%'sI6�p<O�º|676
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QR�,!$#V>D-/(+�"#��A�"(E�VC°;<.Vy"#/0E(+#V6$;<�,L�(E#V13-±#W�'(PpT(P1=(�p�C°.W;<> � �"-B*"6�(+%F-S15�"-/.W-3;<y,.�J,!7�m-/. -F�2�A!�(E6<-/�Iy)(E� !$;<�
!$# ��XY�5J"-C5)�"-FJo³b!�OÕ-EO�-/�"#Wy". -��A�"(E�5²&1G3<µ90"13-T%/(+��nm-T(+#W# y".W-/J��A�)(H�R�A�"-F. -~!$#5( # ;+6$y,� !$;<��� �". ;<y,L<��-Fl<-F.Wp
*m;<!7�2�P0)(+�,J�� �)(E�5#W;<6$y,� !$;<��!7#Ry"�"!7�Ky,-+O�%�;E�A!$%F-¯�A�)(H�5# !$�,%/-~;<y".R-F�Ky"(E�A!7;<�"#�(+. -~(Ey,�A;<�,;<>D;+y"#T³°� �"-�. !7L<�2�W�
�)(+�"JD# !$J,-��)(E#3�";x-98:*"67!$%F�±J"-F*m-F�"J"-F�"%/-¯;+�D´Wµ90Ky"�"!7�Iy"-/�"-F# #3;+C�# ;+6$y,� !$;<�"#B>?-P(+�,#B� �)(E�3# ;<67y,�A!7;<�"#B%P(E�"�";+�
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{}�)(E��J";K-/# �¸(+*"6$-�J";�15�"-/�}p<;+y (E# s�!7��� ;oJ"!$#W*"6�(Pp�(�# ;<67y,�A!7;<� ;+Cx(�J"!���-F. -F�I� !�(+6�-/�Iy)(H�A!$;+� 15!7�A�

��4? <BA C \ �¯n2lK!$;<y"#W67p+04!7�D%P(+�,�";+�D# ;<6�l<-¸� �"-�-F�Iy)(E�A!7;<�"#D(+�)(+6�pI�A!$%/(+6$6�p<0±# !7�"%/-¸# ;<67y,�A!7;<�"#�J";<��Xv�G(+671=(Pp:#
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QN;DL<-F�|(+�u!$J"-/(D;+C&�";�1 �A�"!7#�%/(+��n@-TJ";<�"-E0@�A(+s+-[(?67;:;<s
(+L2(+!7��(E�S�A�"-5J"!7. -F%F�A!7;<� 5)-/67J C°;<.��A�"-5L<67!$J"-F./ON�3p 67;:;<sI!7�"L
(E�¯�";�1 � �"- (+.W. ;�15#|*@;<!$�2�/0@p+;<yd%P(+��(+6$>?;<#W��L<y,-/# #|�";�1
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�A!$;+��0¶>D;�l<-T!$�u�A�"-TJ"!7. -/%9�A!7;<�¸;EC��A�"-x(+.W. ;�1 �A;��A�"-x�"-98K�
*m;<#W!7� !$;<��ONº4�R�A�)(H�5�"-F1 *m;<!7�2�P0,#z�A-F*¸!7���A�"-�J"!7. -F%F�A!7;<��;+C
�A�"-¯l+-/%F� ;<.�(E�R�A�"(E�R*@;<!$�2�P0"(+�"J�# ;�;<��OSQR�,!$#R!$#3�A�"-~!$J,-P(
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$3�$&% j ' $3�$AB' $&D³ $3�$-� ´�$eµ ´�$&% j ' ´�$AB( 
C°;<.�3*),+-),. , � O�QR�"!$#|l+-/.zp�# !7>D*,6$-[#W%'�"-/>?-�13;<. sI#�n@-/#W�|C°;<.|#W>G(+676�lE(+67y"-/#|;+C/ 7��A�"-�-F. .W;<.|!7���A�"-
(+*"*".W;�8:!7>G(E� !$;<�uC°;<.�(�5,8:-FJ� !$>?-[!$�2� -/.WlE(+6N!$#¯*,. ;<*@;<.W� !$;<�"(+6�� ;0 �OxQR�"!7#�>D-/(+�"#|� �)(E�¯� ;�!$>?*". ;�l+-[�A�"-
(+%/%Fy".A(+%9p�;+C&(��Iy">?-/.W!$%/(+6�# ;+6$y,� !$;<��n2pu(�Cb(+%F� ;<.R;+C � 3,0,13-T�"-/-FJ¸�A;�J";?(+n@;<y,� � 3�� !$>?-/#4>?;<. -¯13;<.Ws@O
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QN;¸L<-F�T# ;+>D-�!$J,-P(+#x(+n@;<y,�T!$>?*". ;�lK!$�,Lu;+�r�Sy"67-/./XY#T>D-9�A�";KJ�0�6$-F�/XÕ#[5).W#W�x�";+� !$%/- � �)(E�[�By,6$-/.FXÕ#T>?-F�A�,;:J
%/;<.W. -/#W*m;+�"J"#±-98,(+%F� 67p�� ;��A�"-56$-9Ce�W�Î�)(+�"J �5!$-F>G(+�,�?#Wy">§15�"-F�G%F;<>D*,y,�A!7�"L~(��Ky,>D-F. !$%/(+6)(+*,*". ;P8:!$>D(E�A!7;<�
�A;�(+��!$�2�A-FL<.A(+6�O*)±;<y�>D(�pu.W-/%P(E6$6VC°. ;<>�%P(E6$%/y,6$y"#5�A�)(H�|�A�,-�6$-9Ce�W���"(+�"J�#Wy">�%/;<�2l<-F. L<-F#��A;D� �"-[lE(+67y"-x;EC
�A�"-~!$�2� -/L<. (+6�0:n"y,�5p<;<yu>�y"#z�5�'(+sE-x(�6�(E. L<-¯�Iy">[nm-F.�;EC&#Wy"nmJ,!7lK!$#W!$;<�"#4� ;�L<-F��(+�2p�(+%F%/y". (+%Fp+O

º >?;<.W-�-,+?%/!7-/�2�?>D-9�A�";KJo!$#�� �"-��A. (+*m-F¹/;<!7Jo. y"67-+0S15�"!7%'��!7#[�A�"-u(Pl<-F.A(+L+-u;EC�� �"-�6$-9Ce�W���"(+�"J (+�"J
. !$L+�I�z���)(E�"J�# y">uOBQR�"-/.W-x!7#5(?�Iy">?-/.W!$%P(E6�# %'�"-F>D-~C°;<.R!7�I� -/L<. (E�A!7�"L?�����S#515�,!$%'��%F;<. .W-/#W*m;<�,J"#�� ; �A�"!7#/0
sK�,;k15�ulE(+. !7;<y"# 6�p�(E#5� �"-�` 2|Z@gA_/3+f a.-3]  $f9g�2Gf9ce\)_/a~;<.4� �"-0/xf9]&�=(P_Hg+2 ]  �+OS�����A�,-~� .A(+*@-/¹F;<!$J�.Wy"6$-E0,1=-
%/;<>?*"y,� -�� �"-�C°y,�"%F� !$;<�G(E�B�A�"-�6$-FCe�3(+�,JG. !7L<�2�±-/�"J"*@;<!7�I� #=;+Cm�A�"-5C°y"�"%9�A!7;<��(+�,J�(Pl<-F.A(+L<-��A�"-�. -F# y"6���7I�A�"-
(+�)(+67;<Lx;EC��A�"!7#313;<y"6$JG. -/�Iy"!7. -¯y,#3�A;�(�l+-/. (+L<-|� �"-|lE(+6$y,-|;+C�� �"-|l+-/%F� ;<.�5)-F6$J�(H�4;<y".3%/y".W. -F�I�4*m;<!7�2�R(+�"J
(E�4�A�,-T�,-98K�5*m;+!$�2�POB��-/. �"(+*"#Rp<;<y�#W-/-��A�"-�%F!$.W%/y"6$(+. !���pG!7>D*"67!$%F!7�B!$��� �)(E�5.W-P(+#W;<�"!$�,L � �A; sI�";�1 � �"-��"-i8:�
*m;<!7�2�P0,13-T13;<y"67J¸�,-/-/Ju�A;?# ;<6�l<-��A�,-xJ"!���-F. -F�I� !�(+6�-/�Iy)(E� !$;<��O � ;,0@!7�"#W� -P(+J�13-TC°y"J,L<-T(?n"!�� � 13-xL+-F��;<y".
(+*"*".W;�8:!7>G(E� !$;<��;+C��A�"-��"-98K�4*@;<!7�I�±n2p?y"# !7�"L��Sy"67-/.FXÕ#3>D-9�A�";KJ�O �¸;+. -|#W*m-F%/! 5)%P(+6767p+0Ky,# !$�,Lx�A�,-��";E�'(E� !$;<�
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qN!$�)(+6767p+0,1=-x. -FJ";G�A�,-x*"!7%F� y". -F#�15!7� ��(?6�(+.WL<-T(+>?;<y"�2�|;EC&C°. !7%F� !$;<�r³ E�' � µiO�%�;+� -x�";�1 � �"-[L<67!$J"-F.

(+%F� #�>?;<.W-�6$!$sE-~( . ;K%'sG�A�)(E��( L<67!$J"-F./0"(E�"Ju� �"-/.W-~!$#R�";?;<# %F!$676�(E� !$;<�G(E��(+6$6�OD ���qh@pKwE=F G H ITJkQBN@I%E&F�`��@RKS `Ps�sB`��KS=J
#�% E=F G HKS � E�_��'�(c�JMH _BO H4`Kc W(c � c��@Roc H�h@n(j�j)( ,KcJ�JMHP_&OPHB`lS n=a h@nocqWoS n=aZh�( j-,Kc � S n&aZh�nKc��oSn=aZh�(%RocBJ HP_BO H@`lS n&a h�nocqWKS n=a%h4Y(j-,Tc � S n&a h@nTc��oS n&a h4YPR�RocH _&OPHB`Ph4[Pi&NKj�j ,'�Zi=NPb�YKcmW�h@nfj ( j�j poc � h@[�( j�j)( noc���h@n(j�j��ocF4N eBOB]�G@F�GPs@h 1=F�`@] 2fcrI H4O�E�I�N��@O h@nfj ( crI�]�O�e&O h J H _&OPHB`Tc W@R=a:c
#�% E=F G HKS � E�_��'�(c�JMH _BO H4`Kc W(c � c��@Roc H�h@n(j�j)( ,KcJ�JMHP_&OPHB`lS n=a h@nocqWoS n=aZh�( j-,Kc � S n&aZh�nKc��oSn=aZh�(%RocBJ HP_BO H@`lS n&a h�nocqWKS n=a%h4Y(j-,Tc � S n&a h@nTc��oS n&a h4YPR�RocH _&OPHB`Ph4[Pi&NKj�j ,'�Zi=NPb�YKcmW�h@nfj ( j�j poc � h@[�( j�j)( noc���h@n(j�j��ocF4N eBOB]�G@F�GPs@h 1=F�`@] 2fcrI H4O�E�I�N��@O h@nfj ( crI�]�O�e&O h J � c���R a cR=a�a�a w
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� ;¸Cb(+.F0�� �"-G%/(+# -F#x13-+Xvl<-�67;:;+s+-/Jr(E�x# -/-F> �A;��"(�l+-�(u�Ky,>�nm-F.x;ECR%/;<>?>?;<�dC°-P(E� y". -F#/Ou�B(+%'���)(+#x�)(+#
(?#W;<6$y,� !$;<��15!��A�¸·"³°´Wµ5(+�"J¸²m³°´Wµ4%/;<�,#W�'(E�I� 7@� �"-/.W-�(+.W-~# ;<67y,�A!7;<�"#R15�"!$%'�¸!$>?>D-FJ"!�(H�A-/6�p��A-/�,J¸�A;�1=(+. Ju�A�"-
%/;<�"#z�'(+�2�B#W;<6$y,� !$;<��³b;<.&;<# %F!$6$6$(E�A-3(+.W;<y"�"J !��iµ90+(+�"J #W;<6$y,� !$;<�,#N15�"!7%'�?J,;¯# ;<>?-4�Iy">�n@-/.S;EC¶6$;K;<*"#�5". #W��³eC°;<.
E-' � 0¶1=-[J"!$J"��XY��J"-/>?;<�"#z�A. (E�A-T�A�"!7#
	�!�C��A�,-[!$�,!7�'(E6V(+�"L<67-x!7#
3,0m(D#W;<6$y:�A!$;+�¸�"-F-/J"#~(E��!$�,!7�A!$(+6�l+-/6$;K%/!���p
6�(+.WL<-/.B�A�)(E� � � O � n@-FC°;<.W-|!��315!76$6¶J"; ([67;:;+*¶µ9O&��;�1 J";[�A�,-|*@;<# #W!$n"67-�#W;<6$y,� !$;<�,#3J"-F*m-F�"J�;<�D� �"-|lE(+67y"-�;EC
E \ q);<.�-98,(+>?*"67-+0¶�A�"-�n@-/�"(�lK!7;<.�;ECB# ;<67y,�A!7;<�"#RC°;<.�ED'D30/ � (+�"JUE-'�30/ � (+. -x�Ky,!7�A-x# !7>D!76�(+.F0"n"y,�¯(+. -
J".A(+>D(E� !$%P(E6$67p�J,!7�m-/. -F�2��C°.W;<> E ' 3�(+�"J E ' � O

�¯�"-T14(Pp�13-�%P(+�¸L<-F�¯(?n@-F�W�A-F.|�)(+�,J"6$-T;<��-i8,(+%F� 67pu�";�1 �A�"-xnm-F�)(PlK!$;<.�;+C&� �"-[#W;<6$y:�A!$;+�"#5J"-/*@-/�"J,#
;<� E !$#=� ;�-98,(+>?!$�"-�15�)(E�R�)(E*"*m-F�"#4�A; #W;<6$y:�A!$;+�"#=�"-/(+.=� �"-�%/;<�,#W�'(E�I�4# ;<67y,�A!7;<��O��ÎCV13-�6$;K;<s�!$�G� �"-~·k�Î²
*"6�(+�,-+0,� �"!$#R#W;<6$y,� !$;<��%F;<. .W-/#W*m;<�,J"#�� ;?(�#W!$�"L+6$-¯*@;<!$�2�/0,15�"!$%'�u!$#R;ECe�A-/��.W-FC°-/.W. -FJ¸�A;?(+#5(�� 5,8:-FJ¸*@;<!$�2� �"O
{r-�-98:*"67!$%F!7�A6�p¸C°;+y"�"J��A�"- 5,8:-/J�*m;+!$�2� �H·"³e´Wµ[' 3=�A²m³°´Wµ�' ��� # ;<67y,�A!7;<��C°;<. E ' 3�!$� 1 � n2p��";+� !$%/!7�"L
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�A�)(E�[15�"-/�"-9l<-F. H· ' 3d(E�"J H² ' 3:0B13-�>�y"#z� �)(Pl<-u(�%F;<�"#W�A(+�2��# ;<67y,�A!7;<�}³b(+�"JolK!$%/-i�Îl+-/. # (2µ9O 	�#W!$�"L
�BAB<�� ;¶0m1=- %/(+�dL<-F�|>G(E*"6$-T�A;G� -/6$6�y"#¯� �"-[15�"-F. -��A�,-Y5,8:-/J�*@;<!$�2�¯!7#�C°;<.|(+. n,!7�A. (+.Wp�lE(+67y"-/#�;+CFE�O¯{r-
y"# - �4A'��� ;�
4C��A;�!$�"#W!$#z�R�A�)(E�5>D(+*"67-�. -F*". -F# -/�2���A�"-~.W-/# y,67��(+#5(�.A(+J"!7%P(+6�0:!7�"#W� -P(+Ju;+CNy"# !7�"L �A�"- ��ABA C!�@8
�";+�'(H�A!$;+��OD ���qh�� ���!�� N � i4G4N e@H��qhB]PG�e4W4OPs�HKSI�G@FPW@OTS��lSWuX�Y�[4]PGBI S-H _&OPHB`Ba�aZbPW@h�nKc[BI N%e(SH�_&O H4`Ba�[ ���ZWuX�Y�h@n��Tc��PHP_&OPHB`KcqW	�Ba:cs4` Q&N�] `�F&a:w

;B` 	�
 _H` �)c � ' �k²2'§³ �

E 6 B �
µ� j�� :�� �¶· ' (E. %F�A(+�V³$,
E�� �

E 6 B �
��� �

E 6 B �
µ �

� ;"0N13-G#W-/-D� �)(E�T�A�"-F. -D!$#T( 5,8:-FJ�*m;+!$�2�xC°;+.x(E6$6�lE(+6$y,-/#T;+C�E ³°# !$�,%/- � B E�6[!7#[(E671=(�pK#T*m;+# !7� !7l+-+0
�A�"-T.A(+J,!$%P(E6N(E671=(�pK#5�'(+sE-/#�. -P(E6�lE(+67y"-/#Aµ9ORq);<. E 1�3,0@·"³°´Wµ5(E���A�"!7#�5,8:-/J�#W;<6$y,� !$;<�u!$#5�"-FL2(E� !7l<-E0m#W;D� �"!$#
%/;<.W. -/#W*m;+�"J"#x� ;�(�J"!7lK!7�"L¸#W;<6$y:�A!$;+��OGº�#YE !7�"%/.W-P(+#W-/#F0&�A�"-D(+�"L+6$-�;+C4� �"-DJ,!7l<-?n@-/%/;+>D-F#[#W� -/-F*m-F.�(+�"J
#W�A-F-/*@-/.FO

{}�"(E��%P(+��1=-~# (�pu(Enm;<y:�5nm-F�)(Pl:!7;<y".5;+CN# ;<67y,�A!7;<�"# ��f �+g±�A�"!7#�5,8:-/Ju# ;<67y,�A!7;<�]\
���G;<. J"-F.3� ; (+�"#z1=-F.=�A�"!7#/0K�";+� !$%/-��A�)(H�313-¯%P(E��(+*"*"6�p�Q&(PpK6$;+./XY#3�A�,-/;<.W-/> �A;x� �"-¯.W!$L<�2�W�Î�)(+�"JD# !7J"-�;EC

;<y".�#WpK#W� -/>�;+CSJ"!���-F. -F�I� !�(+6�-F�Iy)(E�A!7;<�"#FO4QR�)(E��!$#F0¶� �"!$�,s�;+C�;+y".�J,!7�m-/. -F�2�A!�(E6�-/�Iy)(E� !$;<��(+#5nm-F!$�"L?!$���A�"-
l<-/%9�A;<.5C°;<.W>

+ $�
+ ´ ' $&D³ $�dµ%�

15�"-/.W-�³b!7��;<y,.x%/(+# -Pµ $� !7#�tv·"³e´Wµ%�A²m³e´WµÔw�0�(+�"J $&D³��µ ' t7³°² 6 , %F;<#k³b·<µ µ 8E² � ,�# !7�V³�·+µF, E¯² 6 w�OuQN(PpK6$;<.FXÕ#
�A�"-F;<. -F> #A(PpK#�� �)(E�5C°;<. $� �"-/(+. $�r�/0

$&D³ $�dµ�' $&D³ $�6�iµ B�� $&?³ $�r�'µ/³ $� , $�6�iµ B �"!$L<�,-/.R;<.WJ"-/.R�A-F. >?#Z�
15�"-/.W-�� $&?³ $�6�9µ�!7#|�A�"- 6<(+%/;<n,!�(+��;EC $&�-FlE(+67y)(E� -/Jd(E� $�6��O � !$�"%F- $�6��!$#|(�5,8:-/J�*m;+!$�2�P0 $&D³ $�6�9µ�!$#��A�"-
¹/-/.W;¸l+-/%F� ;<./OG��-F�"%/-E0N13-D%/(+�rL<-9�x(uL<;K;KJ!7J"-P(�;+C±15�)(E�x!$#~�)(+*,*m-F�"!$�"Lu%/67;<# - � ;u� �"- 5,8:-/J�*@;<!$�2�~n2p
#W�Ay,J,pK!$�"L��A�"-� ` ��f �+g3#WpK#W� -/> ;+CNJ"!7�m-/.W-/�2�A!$(+6�-F�Ky"(E�A!7;<�"#5L<!7l+-/�un2p��A�"-~J"-F. !�l+(H�A!7l+-~(E�R�A�,- 5:8,-FJ�*@;<!$�2�/O

qN!$. #z�P0213-�L<!�l<-�(~n". !7-FC�.W-FC°.W-/# �,-/.4(Enm;<y:�367!$�"-/(+. � ( � #WpK#z�A-/>?#=;EC�-/�Iy)(H�A!$;+�"#/O�QR�,-�.W-P(+J"-F.3!7#B. -FC°-F. -FJ
�A; �A�"-�� -98K�A#�!$���A�,-T.W-FC°-F. -/�,%/-/#5C°;<.R>?;<. -�%F;<>?*". -F�"-/�"#W!7l+-T� . -P(H�A>?-/�2��;+CN� �"!$#4� ;<*"!7%+O
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UV!7�"-P(E.GJ"!���-F. -/�2� !�(+6�-/�Iy)(E� !$;<�,#³°15!7� � %/;+�"#W�A(+�2��%/;K-,+?%/!7-/�2�A#Aµ�(+. -�� �"-d# !7>D*,6$-/#z��;<�,-/#��A;r# ;<6�l<-�(+�"J
y"�"J"-F. #W�A(+�"J�O � y"%'�u-/�Iy)(H�A!$;+�"#R�)(Pl<-��A�,-~C°;+. > <$#<@? '&%'� �"15�"-F. -(% !$#5(E� . ( .d>D(E�A.W!�8�(+�"J)� !$#5(+�
.@�Îl+-/%9�A;<.FOB{�-+XY6$6�n@-�%/;+�I� -/�2��15!7�A�*. ' � O

qN!$. #z�P0B�";+� !$%F-G�A�)(H�*� ' 3d!$#�(+671=(Pp:#?(N5,8:-/J�*@;<!$�2��C°;<.x�A�"!7# #WpK#W� -/>u0=(+�,J�!�� !$#�� �"-�;<�"6�p�;<�,-+O
� -/%F;<�"J"6�p<02!7C+� j ³e´Wµ�(+�"J*� 6 ³°´Wµ�(+.W-R# ;<67y,�A!7;<�"#&� ;¯�A�"-R#zpK#W�A-F>¸02� �"-/��# ;~!7#�� j ³°´Wµ B,� 6 ³°´WµiO&QR�"!7#S*". ;+*m-F.W��p
!$#R%P(E6$6$-FJ 39]kZ)f9gÎZ)_�39`ecb`�_ �G(E�"Ju15!76$6mnm-�l<-F.Wp�y"#W-FC°y"6�O
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U�-9�PXY#�67;:;<sD(E�R� �"-~# !$>?*"67-/#W�5%/(+# -�C°;<.4� �"- � ( � #zpK#W�A-F> � % '���� 3
3 +�� 0"� �)(E�5!7#/0

H3 ' � 3H5 ' + 5

�ÎC�13-��)(Pl+-¸(E��!$�"!��A!$(+6S%/;<�,J"!7� !$;<�15!7�A� 5�³ 3<µY' 3:0&�A�"-F� 5�³e´Wµ2' 3:OdQR�"!$#�>?-P(E�"#x� �)(E��� �"-�*".W;<n"6$-F>
. -/J,y"%/-F#��A;¸� �"-�;<�,-9��J,!$>?-/�"#W!$;<�)(E6S%P(+#W-+0B(+�"J 3N³°´Wµ2' 3N³ 3<µ��	� ? Ou�ÎC � 1 3:0&�A�"-D# ;<67y,�A!7;<�r>?;�l<-F# (P14(Pp
C°. ;<> � �"-[;<.W!$L<!7�u(+6$;<�,L?� �"- 3"��(H8:!$#�(+#�´R!7�"%/.W-P(+#W-/#07�!7C � B 3,0¶�A�"-x# ;<67y,�A!7;<�u>D;�l<-F#�� ;k1=(+.WJ��A�"-x;<. !7L<!$��O
�ÎCN� �"-�!$�"!��A!$(+6m%F;<�"J"!��A!7;<��!$#R;+��� �"- 52�Ô(H8:!$#F0:� �"-~# !$L+��;+C + %/;+�I� . ;<67#415�"-F� �"-/.5�A�,-�# ;<67y,�A!7;<��>D;�l+-/#�(P14(Pp
³ + 1G32µB;+.±� ;k1=(+.WJ"#�³ + B 32µ��A�,-�;<.W!$L<!7��ON�=-/%/(+y"# -|;+C��A�,-|# y,*m-F. *@;<# !��A!$;+�D*".W;<*@-/.W��p?>?-/�2�A!7;<�"-FJGn@-FC°;<.W-+0
(+�¸!7�"!7� !�(+6@%/;+�"J"!7� !$;<��15!��A�43N³ 32µ�
' 3?(+�"J 5�³ 32µ�
' 3?L+!7l<-F#�.W!$#W-~� ;?(?#W;<6$y,� !$;<��15�"!7%'�¸!7#�(?%F;<>�n"!7�)(E�A!7;<�
;+CN� �"-/#W-T��13;?nm-F�)(Pl:!7;<y".W#/O
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a=+4     d=–2   (saddle)

–2

–1

0

1

2

y

–2 –1 0 1 2x

a=–4     d=–2   (sink)
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–1
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2

y

–2 –1 0 1 2x

º 6$(+. L<-d�Iy">[nm-F.u;EC[67!$�"-/(+.�#WpK#z�A-/>?#unm-F�)(Pl<-�l<-/.zp}# !7>D!76�(+.W67po�A; �A�,-%/(+# -F#�(Enm;�l<-E0¯-98:%F-/*,�u�A�"-
#W�A. (+!$L+�I�z��67!$�"-�# ;<67y,�A!7;<�"#R>D(�pG�";+�567!$-�-98,(+%9�A6�p�(+6$;+�"L��A�"-~%F;:;<.WJ"!$�"(E�A-�(k8,-F#/O



� � ��� �������
	��������	��������	������������ �"!$#

� y"*"*@;<# -~�A�"-F. -~!$#5( #W;<6$y,� !$;<��;EC H� ' %'� 15�,!$%'�u6$!$-F#5(+6$;+�"L�( #W�A. (+!$L+�I�567!$�"-E0:� �)(E�5!$#F0)(+67;<�"L # ;+>D-
l<-/%9�A;<. $²¶O��=-/%/(+y"# -D�A�"-D#WpK#W� -/> !$#T6$!$�,-P(+.F0V� �"!$#T>?-P(+�"#~�A�,-D�'(E�"L<-/�2�xl<-/%9�A;<.W#x� ;¸�A�,!$#T# ;<67y,�A!7;<��>[y"#W�
nm-u;+C¯� �"-uC°;+. > � � C°;<.�# ;+>D-u�Iy">�n@-/.��VO � y,%'��(��Iy">�n@-/.�� !$#?%P(+676$-FJ (+� f9`�^Kf%� 3 �! ]¶f903(+�"J��A�"-
%/;<.W. -/#W*m;+�"J"!$�,LGl<-F%F�A;+. $²�!$#�� �"-�%F;<. .W-/# *@;<�"J,!$�"L�f9`�^Kf%� 3+f<*9c�_HgiO
%�;+�A-x�A�)(E�|!$�u�A�"-�%/(+# -�(+nm;�l+-+0�13-��)(+J
-/!$L+-/�2lE(+6$y"-F# � (+�"J + 15!��A��-/!7L<-/�2l+-/%F� ;<. #�t � � 3Ew�(E�"J�t 3 � � w�O

Q�;)5)�"J��A�"-~-/!7L<-/�2lE(+67y"-/#F0"1=-~�"-F-/J¸� ;�# ;<6�l<-
% � '�� � � ;<.R-F�Ky,!7lE(+6$-F�2�A67p+0 ³ %4,����:µ � ' 3A/

QR�"!$#±%P(+�?;<�"6�p �)(+*,*m-F�G!7C ��!7#S�A�"-�¹/-F. ;xl+-/%9�A;<.F0:;<.S� �"-�J,-F�A-F. >?!$�)(E�I�±;+C %=,���� !$#B¹/-F. ;"O&���D�A�,-�6$(E� � -/.
%P(+#W-+0)1=-~>�y,#W���)(Pl<-

³ � ,��mµF³ + ,��mµ ,��
	�' 3=�
QR�)(E��!$#F0

� 6 , ³ � B + µ��YB ³ � + ,��
	/µ�' 3A/
	�# !7�"L �A�"-~�Iy)(+J,.A(E� !$%¯C°;<.W>�y"6�(:0:13-x#W-/-~�A�)(E�R� �"-~-/!7L<-/�2lE(+6$y,-/#R>�y"#z��nm-

� ' ³ � B + µ��� ³ � B + µ 6 , � ³ � + ,��
	/µ� /

QR�"-~�Ky"(+�2�A!7��p � B + !$#R%/(+6$67-/J�� �"- c�g ��*'f=;+C % ³°>D;+. -¯L<-F�"-/. (+6$6�p<0K�A�"-��A. (+%/-�;EC�( >D(E�A.W!�8G!$#4�A�,-�# y"> ;EC
J"!�(+L+;<�)(+6�-F�I� . !7-/#'µi0�(+�,J � + ,���	~!$#5�A�,-[J"-9�A-/.W>D!7�)(+�2��;+C %[O�QR�"-x-/!$L+-/�2lE(+6$y"-F#|;+CS( � ( � >G(E� . !Ø8�%P(+�
nm-~-98:*".W-/#W# -/J�!$���A-F. >?#R;+C&� �"-��A.A(E%/-~(+�"J��A�,-TJ,-F�A-F. >?!$�)(E�I���|(E#

� : %�� � ³�� : %�µ 6 , � + �/´ %
� /

{r-EXÕ676�y"# -~�A�,!$#4C°;<.W> (+L2(E!$��!$�u(�6$!�� �A67-�15�"!76$-EO
q);<.x6$!7�"-P(+.x#WpK#W� -/>?#/0S�A�,-�-/!$L+-/�2lE(+6$y"-F#�J"-9�A-/.W>D!7�"-D� �"-�y"6��A!$>D(E� -�Cb(H�A-�;+C5#W;<6$y:�A!$;+�"#x� ;��A�"-������RO

q¶.W;<> �A�,-�(+n@;kl+-+0�!��[#W�";<y"67J�n@-G%/67-P(+.~�A�"(E�[� �"-/.W-�(+. -G(+671=(PpK#x��13;d-/!$L+-/�2lE(+6$y"-F#TC°;+.�( � ( � >G(E� . !Ø8
³�(+6��A�";<y,L<��#W;<>?-F�A!7>D-F#¯�A�"-F. -D>D!7L<�2�~nm-D(uJ,;<y"n"67-D-F!$L<-F�IlE(+67y"-+0V15�"-F�}³�� : %�µ 6�, � + �/´ % ' 3<µ9O�U�-F�/XÕ#
%P(+676��A�"-F>�� j (+�,J�� 6 O{�-+Xvl<-r(+6$.W-P(+J:p�# -F-/� *".W;+�A;E��p:*,!$%P(E6�-98,(+>?*"6$-F#�15�,-/. -�A�"--/!7L<-/�2lE(+67y"-/#u(+.W-.W-P(+6�0¯�";<�,¹/-/.W;"0~(+�"J
J"!$#z�A!$�,%F�PO��3y,�~15�)(E�T!7CB�A�,-?-F!$L<-F�2l+(E6$y"-F#x(E. -�%/;<>?*"67-98d%F;<�H»Wy"L<(E�A-u³e15�"!$%'���)(+*"*@-/�"#�15�"-F��³���: %�µ 6 B
� + �/´ %¯µ \ �����A�,!$#�%/(+# -E0±� �"-/.W-�!$#[�,;#z�A. (+!$L<�2�[6$!$�,-G# ;+6$y,� !$;<��!7�r�A�,-�. -P(E6$#/O����"#z�A-/(+J�0±# ;<67y,�A!7;<�"#x� y". �
(+. ;<y,�"J��A�"-�;<.W!$L<!7��O&�ÎC��A�,-�. -P(E6�*)(+.z�R;+CV�A�"-~-F!$L<-F�IlE(+67y"-/#=!$#R*@;<# !��A!7l+-+0:# ;<67y,�A!7;<�"#4#W*"!$. (+6�(P1=(�pGC°. ;<> �A�"-
;<. !7L<!$��0:(+�"Ju!7C�!��5!$#R�"-FL2(E�A!�l<-E0"�A�"-9p�# *"!7.A(+6m�A;�14(E. J"#�!7�/O��ÎC&� �"-~-/!$L+-/�2lE(+6$y"-F#5(+. -~*"y,. -/6�p�!$>D(+L<!7�)(+.zp<02�A�"-
# ;<67y,�A!7;<�"#R�"-F!7�A�,-/.R>?;kl+-~!$���";<.R;<y:��7).A(H�A�"-F./0"�A�,-Fp�%F!$. %F6$-~(+.W;<y"�"J�� �"-~;<. !7L<!$��O

{�-4%/(+� # y">?>D(+. !7¹/-B�A�"!7#�!$�T�A�"-=�A(+n"67-=n@-/6$;�1~O�{r-R(E. -4#WsK!7*"*"!7�"L¯;�l<-F.SJ"-P(+67!$�"L�15!7� �[�A�"-=J"-/L<-F�"-/. (E�A-
%P(+#W-/#/0)15�"-F��� j '�� 6 (+�"J�15�"-F��;<�"-�;ECN� �"-~-/!$L+-/�2lE(+6$y"-F#5!$#R¹/-F. ;"O
��B�È�ÇÁÆmÈ�Â�ÒkÃN×Ø¾9Â�Åi¿Á¿+Ë4ÅiÈ�Â�ÇÁÍzÃWÆ@È�ÄHÅiÈmÈ�ÄkÃNÈ�ÂÎÅ9ÍÔÃNÇÁÆ@È�ÄHÃ&Æ�ÒkËo¾i×KÈ�ÄkÃ&ÃzÇÁÙ9ÃWÊ/ò'Å9¿ÕÒkÃ ÆzçPÅiÊEÓ4È�ÄkÃ�Ó�ÃzÈ�ÃzÂ�Ë4ÇÕÊEÅiÊ/È�ÇÉÆ@È�ÄkÃWÇÕÂ�èkÂ�¾�Ó�ÒHÍ�È Û



� ��� ! ����#-� �"!�)	����������#��! � �������

� j 1 � 6 1G3# ;<y".W%/-
��$�%/;+>D*"67-98m0 E�� �R1�3
# *"!7.A(+6�#W;<y".W%/-

� j B � 6 B 3# !$�,s
��$�%/;+>D*"67-98m0 E�� � B 3
# *"!7.A(+6�#W!$�"s

� j B 3 B � 6#A(+J"J,6$-
��$�%/;+>D*"67-98m0 E�� � '�3
%/-/�2� -/.

qN!$�)(+6767p+0I13-~. -F>G(+.Ws?� �)(E�R� �"-/.W-�!$#R(�%F;<�2l<-/�,!$-/�2��14(PpD�A;�;<. L<(+�"!$¹F-�� �"!$#R!7�,C°;<. >D(E� !$;<�?!$�2�A;�(�#W!$�"L+6$-
J"!�(+L+.A(+>uO � !7�"%/-�� �"-~-/!$L+-/�2lE(+6$y"-F#5;+C�% %/(+�unm-�15. !�� � -/�u(+#

� : %�� � ³�� : %�µ 6 , � + �/´ %
� �

1=-¸%P(+� %F;<�"#W!$J"-F.D�A�,-¸>D(E�A.W!�8 % (+#Dnm-F!$�"Lr(�*@;<!$�2�?!$���A�"-uQN. (+%/-i�Ô�¯-9�A-/.W>D!7�)(+�2�D*"6�(+�,-+O�QR�"-F� �A�"-
%/y".zl<-�15�"-/.W- ³���: %�µ$6 ' � + �/´ % !$#�( *)(+. (+n@;<6�(,O§�ÎC % !$#�(+n@;�l<-d�A�,!$#�*)(+. (+nm;+6�(,0�!7���"(+#�%/;<>?*"6$-i8
-/!$L+-/�2lE(+6$y"-F#/O¤q)y".z�A�"-F. >?;<. -E0�!�C~�A�"-dJ"-9�A-F. >?!$�)(+�2��!7#��"-/L2(H�A!7l+-+0�1=-�>�y"#z���)(Pl<-(o#A(+J,J"6$-dn@-/%/(+y"# - :
� ³�� :�%¯µ 6 , � + �/´ % 1 � :�%x0=15�"!$%'� >D-/(+�"#��A�"-F. -�!7#D;<�,-¸*@;<# !��A!�l<-¸(+�"J ;<�,-��"-FL2(E�A!�l<-u-/!7L<-/�2lE(+6$y,-+O
q&!$�)(E6$67p+0"!7CN�A�"-xJ"-F� -/.W>D!7�)(+�2��!$#�*m;<#W!7� !7l<-E0)�A�"-x-/!$L+-/�2lE(+6$y"-F#�³°;<.5�A�"-F!$.5. -/(+6N*"(+.W�/0@!�C&� �"-Fp¸(+.W-x%F;<>D*,6$-98"µ
!$#4�A�,-T# (+>?-�# !$L+��(+#4� �"-��A. (+%/-~;+CNº[O"{�-~# y">?>G(E. !$¹F-|�A�,!$#5!$��� �"-~J"!�(+L+.A(+>�nm-F6$;�1~O

Tr

Det

saddle

source

spiral source
center

spiral sink

sink

� ÜPÇÁÊHÍzÃ4È�ÄkÃRÓ�ÃzÈ�ÃzÂ�Ë4ÇÕÊEÅiÊ/ÈSÇÁÆ&È�ÄkÃRèkÂ�¾PÓkÒHÍ�ÈS¾i×mÈ�ÄkÃRÃWÇÕÙFÃzÊPò'Åi¿ÁÒkÃWÆWç<È�ÄHÃR¾9Êk¿ÁÐ~Ì�ÅAÐ�ÇYÈBÍzÅ9ÊxÏ+ÃRÊkÃWÙFÅ'È�ÇÕòFÃ3ÇÉÆ�ÇÕ×@È�ÄHÃzÐxÅ9Â�Ã=¾i×¾Fèkè+¾FÆ�ÇYÈ�Ã�Æ�ÇÁÙ9ÊHÆWÛ



� � � � �������
	��������	��������	������������ �"!$#

� ��� � 	��!�����	��	 � � ��� �/'������� 
�	 ��� 
{r-~�";�1 .W-F�Ay,. �¸� ;�;<y".5�";<�"67!$�"-/(+.R#WpK#z�A-/>u0@(+�"Ju6$;K;<s�(H�R�A�"-T6$!7�"-P(+.W!$¹/(E�A!7;<���"-/(+.R�A�"-[5,8:-/J¸*m;+!$�2�POBº|#
1=-T#A(P1 -/(+. 67!$-F.4!$���A�,!$#R# -F%F� !$;<��0"C°;+.R-Fl<-F.Wp�lE(+67y"-�;+C E �A�,-x�S�Iy"L<;+!$Ju>D;KJ"-/6

+ ·
+ ´ '

²�6�,o%F;<#¶·
²

+ ²
+ ´ 'D,�# !7�5·�,�E¯² 6

�)(+#�(25,8:-/J�*@;<!7�I��(H�

· '-,�(+. %9�'(+��� E � �

� B E 6
	 ² ' �� �

� B E 6 /

{r-~�";�1 %/(+6$%Fy"6�(H�A-¯�A�,- 6<(E%/;<n"!$(+��>D(E�A.W!�8m0"y"#W!$�"L ��(+*,6$-+OD t=N�H _(S F@N e=`�F �=a&�
���kh�� � �'�� �kh�@`@]PG�1uN `ZefS^J�SWuX�Y�[4]PGBI S-H _&OPHB`Ba�a�b�Wfc [4I�N e(SHP_&O H4`&a�[ ���ZW�XZY R(c J H _&OPHB`Tc�W@R=a:w

� � ' �� # !7�V³�·+µ
² � , ²�6�,�%F;<#k³�·+µ

² 6
,�%F;<#k³�·+µ , � Ed² ��

�¯�"%F-u13-�sI�";�1 �A�"-�� .A(+%F-¸(E�"J�J,-F�A-F. >?!$�)(E�I�?;+C��A�,- 6<(E%/;<n"!$(+� >G(H�A. !Ø8o(H� �A�"- 5,8:-/J�*m;+!$�2�P0B1=-
%P(+��y"# -�� �)(E��!$�:C°;<. >D(E�A!7;<�r� ;J,-F�A-F. >?!$�"-��,;k1 !7� #���p:*@-r³b# !7�"s¶03#W;<y".W%/-+03#A(+J,J"6$-E03-9�A%+OÁµ¤J"-/*@-/�"J,#D;<�
E�O ��(E�A�"-F.�� �)(+�¸# ;<6�l<-~C°;<.R�A�"-T-/!7L<-/�2lE(+6$y,-/#5J"!$.W-/%9�A67p+0"1=-T15!$676�%/;<>?*"y,� -T� �"-~�A.A(E%/-x(+�"JuJ"-F� -/. >?!$�"(+�2�P0
15�"!$%'�u�)(Pl<-x( # !$>?*"67-/.=C°;<.W> !$��� �"!$#5%/(+# -EO

qN!$. #z�P0K6$-9�PXY#F5)�"JD�A�"- 5,8:-/J�*@;<!$�2�=(+L2(+!7��0I!$# #Wy"!$�,Lx�A�,-|#A(E>D-�%/;<>?>G(E�"JD13-¯J"!7JG-P(E. 6$!7-/.FO&QR�"-F��0,13-+XY6$6
# y"n"#z�A!��Ay,� -T� �)(E��!$�2�A; � �"-~. -/#Wy"67��;+CfC
;8	��;�(+�"J	>=;�C��A;?%P(+67%/y"6$(E�A-|� �"-~�A.A(E%/-T(+�"JuJ"-F� -/.W>D!7�)(+�2��(E�R�A�"-
5,8:-/J�*@;<!7�I�/OD � N � i@GBN%e4H��kh&]�G�e4W@O s�HoSI�G@FPW@OTS��lSWuX�Y�[4]PGBI S-H _&OPHB`Ba�aZbPW@h�nKc[BI N%e(SH�_&O H4`Ba�[ ���ZWuX�Y�h@n��Tc��PHP_&OPHB`KcqW	�Ba:cs4` Q&N�] `�F&a:w

;B` 	�
 _H` �)c � ' �H· ' (+. %9�'(+�V³$,
E�� �

E 6 B �
��� �

E 6 B �
µ%�)²)'ñ³ �

E 6 B �
µ � j�� :�� �

D H�s@L&N � �qh I N+v@E=F4N�L �KS+I ��1�I�S � N � i@GBN e@Hfc�H�sB`4]�OTS � a�a�a:wQ@OPH@L&N � �kh I�N v4E=F@N�L �oS+I ��1uI S � N � i4GBN%e4H(c�Q@OPHoS � a�a�a:w
c�g>2 	 � ' , � E

³ E 6 B � µ j�� :
aKf9c 2 	 � ' ��� E 6 B �



� ���)� ��� !W	 �
	 !�� ��� � � �u�A!$� !C� �
	 !C��� ���^� ��� ��	 !C����� ����� �

� ;"0&13-G# -F-G�A�"(E�xC°;+.[(+676B. -P(E6±lE(+67y"-/#T;+C�E�0&� �"-GJ,-F�A-F. >?!$�)(E�I�x!$#T*@;<# !��A!7l+-�³°>D-/(+�"!7�"L¸# (+J"J"67-/#[(+. -
!$>?*m;<#W# !7n"6$-Pµ9O±q)y".W� �"-/.W>D;<.W-+0)C°;<. E 1 3,0)�A�,-T� .A(+%F-x!7#��,-/L2(E� !7l+-+0¶# ;?�A�"- 5,8:-/J�*@;<!7�I��!7#�(E671=(�pK#�(D#W!$�"s¶O
³°{}�"-F� E ' 3,0K�A�"-¯� .A(+%F-�!$#3¹/-/.W;"0,15�"!7%'��>D-/(+�"#4!��4!$#=*m;<#W# !7n"6$-�C°;<.=�A�,!$#�5,8:-FJu*@;<!7�I�3�A; n@-�(�%/-F�2�A-/.FO��Fµ
q¶.W;<>§� �"-�*,6$;+� #B13-|>D(+J"-5-/(+. 67!$-/.F0<1=-�-98:*@-/%9�=�A�"(E�BC°;<.B# >D(+6$6"lE(+67y"-/#B;+C E�0K13-�15!76$6"�"(�l+-¯(T# *"!7.A(+6)#W!$�"s¶0
n"y,��!���15!76$6�*". ;<n"(+n"67pu�";E�¯# *,!$.A(E6�C°;<.�# y;+?%F!$-/�2� 67p¸6�(+.WL<-xlE(+67y"-/#�;+C�E�O¯{r-[%P(+�d%'�"-F%'s¸� �"!$#¯n2p¸# ;<6�lK!$�"L
C°;<.4�A�"-~*@;<!$�2�R15�"-F. - � :"³ �Vµ 6F' � J"-9��³ �Vµi0"15�"!$%'�u�)(+*"*@-/�,#�15�"-F�NE ' � � � OD I�G@FPW@OTS�S-H�s�L&N � a@XZY h ����Q@OPH@L&N � c �ua:w

� � � � , � � �
� � ¨NM�®/« O�M OS«
	?¥ ��®WM2Q�Q&«
� � M OS«/ªTS ª�
 ��ªD®/¨ROS«/ªTSUQ
QR�"!$#�(+�"(+67pK# !7#�;+C~�A�,-*,. -FlK!7;<y"#�# -F%F� !$;<� (+676$;�15#�y"#�� ;o%/;<>?*"6$-9�A-F67p�%/6�(E# # !�Cep�15�"(E�u�)(+*"*@-/�"#�!7� �A�"-
�B�Iy"L+;<!$J�>?;KJ"-/6)C°;<.3(+6$6 E� t 3=����µ9O�����(+6$6¶%P(E# -/#F0:� �"-
5,8:-/J�*@;<!7�I�3!$��³�·&�A²:µB%F;:;<.WJ"!$�"(E�A-F#=%/;+. . -F# *@;<�"J"#
�A; �A�"-~#W;<6$y,� !$;<�

·,³°´Wµ�'D,�(+. %9�'(+� � E � �

� B E 6 	 ²m³e´Wµ�' �� �

� B E 6 3N³°´Wµ�' ´
³ � B E 6 µ��� 5�³°´Wµ ' ,
Ed´

³ � B E 6 µ���
E ' 3��������A�"!7#|%P(E# -+0�� �"-/.W- !$#��";�J".A(EL"O¯QR�"-25,8:-FJ*@;<!7�I�¯(E��· '�3 � ² ' � %F;<. .W-/#W*m;<�,J"#��A;�(�L<67!$J"-F.

M"pK!$�"L�67-Fl<-F6�15!7� ��(�%F;<�"#z�'(+�2�T# *@-/-FJ�³b6$(+n@-/6$-FJ���!7��� �"-25)L<y,. -/#~n@-/67;k1�µiO QR�"- 5,8:-/J*m;+!$�2��!$#~(
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²�³ 32µ"' � / � � (+67# ;?�Ay".W�"#|�A�,-x15. ;+�"LG1=(�p+0�%F. ;<#W# !$�,L�;�l<-/.¯(+�";+� �"-/.�# ;<67y,�A!7;<��O � !7�"%/-x;<y".|-F�Iy)(E�A!7;<�"#|(+. -
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����;<.WJ"-/.��A;�J"-F%/!$J,- �";�1ñ� ;�5,8�� �"- *".W;<n"6$-F>¸0@1=- >[y"#W��5". #W�~y,�"J"-/.W#W�A(+�"J�15�)(E��!7#¯L<;<!7�"LG15. ;+�"L"O

QR�"-&5). #z��*". ;+n"6$-F> 13-��";+�A!7%/-FJo�)(+*"*@-/�"-FJoC°;<. (�# ;+6$y,� !$;<�r15!��A� ·,³°´�$°µ�� � / �!� �)²m³e´�$°µ�� 30/ 3 � 0Sy"#W!$�"L
(�#z�A-F*"# !7¹/-	 �' 30/ � O � !7�"%/- ��(E*"6$-�!$# y,# !$�,L�( �5y"�"L<-i��<�y,�W�'(�>D-9�A�";KJ�(+# J"-/#W%/.W!$n@-/J !7��1 � O � 0367-F�/XÕ#
%P(+67%/y"6$(E�A-|15�"(E��!$#R�)(+*,*m-F�"!$�"L,O

�5-/%/(+6$6V�A�"(E�¯!7� ��y,�"L<-9�=<�y,� �A(,0@13-�-9l+(E6$y)(E� -x� �"-[l<-F%F� ;<.
5)-F6$Jd(E��C°;<y".�*m;<!7�2�A#/0�(+�"Jd(Pl+-/.A(EL<-[�A�,-/>
�A;<L<-9�A�"-F.�� ;GL<-9��� �"-T�"-98K�¯*@;<!7�I�/O={�-xJ"-F�";+� -/J�� �"-/#W-xl<-F%F� ;<. #�(E# $132 0 $1�� 0 $1�� 0@(+�,J $154 O � !7�"%/-~13-[�)(Pl<-
�A;[%/(+6$%Fy"6�(H�A-R�A�"-�l<-F%F�A;+.F5)-F6$J�(H�3C°;<y,.±*@;<!7�I� #/0I1=-EXÕ676@15.W!7� -�(T6$!�� �A67-4C°y"�"%9�A!$;+�D�A;TJ";[� �"!$#SC°;<.±y"#F0"(+�"JDy"# -
�A�"-~Cb(+%F���A�"(E���¸(+*"6$-T6$-9�A#�y"#�J";�(+.W!7� >D-9�A!$%�;+��6$!7#W� #�(E#�� �";<y"L<�u�A�"-9p¸(+. -x(+%F� y)(+6Vl<-F%F�A;+. # 7@�A�)(H�|!7#/0)1=-
%P(+�¸(+J"J��A�,-/>�(+�"J�>�y,67�A!7*"67pDn2p�# %/(+6�(E. #/O��D _��qh@n(j)( �

� � �qhPE&[��(J�S E#J YPRuX�Y [ ]PGBI S E#J (%R a�a�b�E#J Y Roc [BI�N%efSqE J (%R a�[ ���%E JqY RuXZY R �
E �kh J (:j�� �(c6n(j	��Row
2#JqF R �kh ��� S E�a:w
2#J-]�R �kh ��� S E�/P_&b�Y'�02#JqF R a w
2#J v=R �kh ��� S E�/P_&b�Y'�02#J-]�R a w
2#J s@R �kh ��� S E�/P_�� 2#J v=R=a:wIZH@O�E �khP_&b�
� S 2"J F R / Y'�02#J]�R /^Y'�02#J v=R / 2#J s@R=a:w

� � '§t � / �!� � 30/ 3 � w
1� � '§t , � / ���5� �#� � � � � �W,P/ �9�@� � � �@��� � � w
1�� � '§t , � / ��� ��� � � � � 3 �W,P/ � � 3 � 3 3 ��� � � w
1�� � '§t , � / � � � �#�!��� � 3 �W,P/ �@� � � �5� 3 � � 3Ew
154 � '§t � � 30/ �����5�9� � 3 � , / � � � 3 � � � ���@� w

� ´ � � � '§t � / 3 � ���5�@� � � � � , / 3 �5� 3 � ���9� � � 3Ew
QR�,-�*". ;<n,6$-/> �"-F. -�!$#±�A�"-¯l+-/%9�A;<. $154 0K15�"!$%'���)(E#R(��Iy"L<- H·�%F;<>D*@;<�"-F�2�P0"(E�"J�*m;+!$�2�A#4!7��(�J"!���-F. -/�2�

J"!$.W-/%F� !$;<�¸C°. ;<>��A�"- ;+� �"-/.W#/OxQR�"!$#¯�"(+*"*@-/�"#~n@-/%P(Ey"# - 154 !$#��A�"-�lE(+67y"-�;+CB�A�,-�l<-/%9�A;<.[5)-F6$Jd%/(+6$%Fy"6�(E� -/J
(E��·�� � / ��� 0�²�� ,�30/ 3 3 � �#� OD%�;+��;<�"6�p !7#G�A�,-�l+(E6$y"-�;ECx² l<-F.Wp�#W>G(E6$6��"-/.W- ³°L<!7lK!7�"L�(o�Iy"L<- H·
%/;<>?*m;+�"-/�2�iµi02!7�S!7#S;<y,� # !$J,-4�A�"-5.A(E�"L<-R;+C�(+6$67;�1=-FJ�l+(E6$y"-F#/0I(+�"J � �"-Rl<-/%9�A;<. 5)-F6$J�*@;<!$�2�A#�� �"-415. ;+�"LT1=(Pp<O
� !$>?!$6$(+.=*".W;<n"67-/>?#415!$6$6�;:%F%/y".5C°;<.5(+�2p�# ;+6$y,� !$;<��15�"!7%'��%/;+>D-F#5� ;:;�%F6$;<#W-T� ;?� �"-~²T' 3D(k8,!7#R15!7�A�u²m³°´Wµ
J"-/%F. -P(E# !$�,L"O
%�;�1 � �"-��Iy"-/#z�A!$;+�u!7#=�";�1 �A;�(Pl<;+!$J��A�,!$# \����,-��";+�4l+-/.Wp�#A(E� !$#WCepK!7�"L (+�"#z1=-F.5!$#�»Wy"#z�4�A; y,# -~([l<-F.Wp

# >D(+6$6±#W� -/*�# !$¹F-+O��=y,� � �"-�*". ;+n"6$-F> 15!��A���A�,!$#�!7J"-P(�!7#[�A�)(H��1=-�� �"-/� >�y"#z��J";�(��Iy"L<-�(+>?;<y"�2� ;EC
%/;<>?*"y,�A(E�A!7;<��0,-9l<-F�¸15�"-F�¸�A�,-~l+-/%9�A;<.�5)-/67J�!$#Rn@-/�)(PlK!$�"L?�"!7%/-/6�p<O

º n@-F�W�A-/.5#W;<6$y,� !$;<��!7#4�A;?y"# -T(+� �2a4�9Z@cb`>3+f 39cÔf�Z�39`#"Hf � 15�,-/�¸� �"-�l<-F%F�A;+.�5"-/6$Ju!$# �z�"!$%F- �"0,13-T%P(+�uy"# -
(�6$(+. L+-[#W� -/*�0�(+�,J�15�,-/���A�"- l<-F%F� ;<.[5)-/67Jd!$#�n@-/!$�,L��A. ;+y"n"6$-F# ;<>?-+0m1=-�y"#W-D(�#W>G(+676N#z�A-F*�O ��(+*"67- �)(+#
# y"%'�>D-9�A�";KJ"#¯n,y"!$6��¯!$��� ;�!7�/0�# y"%'��(+#¯� �"- �5y"�"L<-i��<�y,� �A(H�Ôq)-F�"6$n@-/.WL�>D-9�A�";KJ�0�15�,!$%'�d1=-�%/(+��y"# - n2p
(+*"*@-/�"J"!7�"L�7�;@C'� A�>�)
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��4? <BA CmO
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�ÎCR13-D� �"!$�,sd;+CR;<y".T# ;+6$y,� !$;<�%/y".zl<-F# (+#Tnm-F!$�"L¸*)(+.A(E>D-9�A. !7%�%/y".zl<-/#x15!7�A��'(+�,L<-/�2�[l+-/%9�A;<.W#x15�"!7%'�
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6$;K;<sI!$�"L (H��� �"- 6<(+%/;+n"!�(+��O����u� �"-~J"-/#W!$�"L+y"6�(+.W!$¹F-/J�-/�Iy)(E� !$;<�,#/0"�A�,- 6<(E%/;<n"!$(+��!$#
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,�²=%F;<#¶· ,�# !7��·�, � E¯²76 	

# ;��A�"-�6$!7�"-P(E. !$¹/(E�A!7;<��(H��³�� 6 � 32µ|!$# � � 3
3 , � � 0N(E�"Jr(H��³$,�� 6 � 32µ�13-D�"(�l+- � , � 3

3 � � O�QR�"-/#W- 5,8:-FJ
*m;<!7�2�A#|%F;<. .W-/#W*m;<�,J��A;G� �"-[#W;<6$y,� !$;<�,#�15�"!7%'�d#W�A(+6$6�;<y,�/0�(+�,J�(+#�13-�# y,. >?!$# -FJd-P(+.W6$!7-/./0)� �"-Fp¸J"!7lK!7J"-[y"*
�A�"-��Iy)(E6$!7�A(E�A!�l<-~n@-/�)(PlK!$;<.W#/O¯QR�,-�-/!7L<-/�2l<-F%F� ;<. #¯C°;<.�nm;E�A��;ECS�A�"-F>�(+.W-[*)(E.A(+676$-/6�� ;G�A�"-[·�(+�"J�²¸(k8,-F#/0
15�"!$%'�¸#A(PpK#|�A�)(H��#W;<6$y:�A!$;+�"#R�A-/�,J"!$�"L?�A;D(D#z�'(+676±³b;<.�6$-/(�lK!7�"L�;<�"-�µRJ";D# ;Gn2p�M"pK!$�,LG�"-/(+. 6�p�#W� .A(+!7L<�2�|y"*
³b. -F# *�O�J";�15�¶µ�15!7� ��(+�r(+�"L<67-?;EC � 8 � ³b.W-/# *�O , � 8 � µ9O � ;<67y,�A!7;<�"#�15!7� �l+-/.zpr#W>G(+676�l<-F6$;K%/!7��p(E�"J�(+�
(+�"L<67-�# 67!$L<�2�A6�p6$-/#W#��A�)(E� � 8 � M)!$* ;�l<-F.�.A(+*"!7J"67p�� ;�(E� (+�"L<67-�# 67!$L<�2�A6�pr>?;<.W-G�A�)(E��, � 8 � (E�"Jo�A�"-F�
nm-FL<!$���A;�!7�"%/.W-P(+#W-~� �"-/!7.4l<-F6$;K%/!7��p+O

{}�,!$6$-?!7�x!$#T*@;<# #W!$n"67-D�A;¸J"-/J,y"%/-�� �"!$#Tnm-F�)(PlK!$;<.TC°. ;<> �A�,-G;<.W!$L<!7�)(+6S-/�Iy)(H�A!$;+�"#/0�!��[!7#x>[y"%'�o>D;+. -
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